CHERN-SIMONS CLASSES OF FLAT CONNECTIONS ON
SUPERMANIFOLDS

JAYA NN IYER AND UMA N IYER

ABSTRACT. In this note we define the Chern-Simons classes of a flat superconnection
D+ L on a complex supervector bundle F (restricted to the underlying body manifold of
a supermanifold)) such that D preserves the grading, and L is an odd endomorphism of
E. As an application we obtain a definition of Chern-Simons classes of a (not necessarily
flat) morphism between flat vector bundles on a smooth manifold. We extend Reznikov’s
theorem on triviality of these classes when the manifold is a compact Kéahler manifold
or a smooth complex quasi—projective variety, in degrees > 1.

1. INTRODUCTION

Suppose (X,C¥) is a C*-differentiable manifold endowed with the structure sheaf C
of smooth functions. Let E be a complex C* vector bundle on X of rank r and equipped
with a connection V. The Chern-Weil theory defines the Chern classes

c(E,V) € HiL(X,R), fori=0,1,...,r

in the de Rham cohomology of X. These classes are expressed in terms of the GL,-
invariant polynomials evaluated on the curvature form V2.

Suppose E has a flat connection, i.e., V2 = 0. Then the de Rham Chern classes are
zero. It is significant to define Chern-Simons classes for a flat connection. These are
classes in the R/Z-cohomology and were defined by Chern-Cheeger-Simons in [7], [8].

Quillen has pointed out in [21],[22], a homomorphism v : Ey — E; between vector
bundles on a smooth manifold M and inducing an isomorphism over a subset A C M
corresponds to an element in the relative K-group K (M, A). A Chern character in the
de Rham cohomology of M associated to the homomorphism u is computed in [21] whose
class is shown to be equal to the difference ch(Ey) —ch(E;) of the Chern characters. This
describes the Chern character of the homomorphism .

Quillens proof involves regarding £ = E, & E; as a supervector bundle on M and D be
any connection preserving the grading and associating an odd endomorphism of E, with
respect to u and a choice of a metric.

In this paper, we want to look at a morphism u between flat vector bundles and extend
Quillen’s construction and define Chern-Simons classes for the morphism u. Hence it is
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relevant to define Chern-Simons classes for flat connections in the setting of supermani-
folds, in a more general set-up.

For the definition of supermanifolds, see [9] (as well as [1], [16]). The Chern classes
of supervector bundles are defined in [4], on a supermanifold in the integral cohomology.
In the supersetting, a study of the GL(r, s)-invariant functions has been carried out by
Shander [26]. The differential forms defined by Quillen which are obtained from the Chern

character str ePtE

(here str denotes the supertrace, see (2) below) have their degree 2i
term as str((D + L)*). This term is obtained by substituting the curvature form of the
superconnection in the GL(r, s)-invariant polynomial, P; := str(A; A,...A;) where A; are

(D+L)?

supermatrices (see also Remark 3.8). Even though e is a power series, each degree

term is given by a polynomial.

To define differential characters which are unique liftings of the Chern forms (see §2.2),
we only need to look at the standard polynomials P;. Notice that the forms P;((D + L)%)
are polynomial expressions in the Chern forms and the first Chern form is Py ((D + L)?)
multiplied by a constant.

In this paper we use the standard polynomials P;, as above, to define the Chern-Simons
classes.

Let (M,O)s) denote a complex supermanifold and (Mp,C57) denote the underlying
C*°-manifold.

With notations as in [9] or §2, we show

Theorem 1.1. Suppose {V:}; is a family of superconnections on a complex supervector
bundle E, such that Vo preserves the grading. Suppose Vi, is flat, for some to. Then
there is a uniquely determined Chern-Simons class

én(EB, D) € H™ 1 (Mp,R/Z),
forn >1.

In particular this applies to the following situation:

Corollary 1.2. Suppose (M,Oy;) is a complex supermanifold. Let E° be a complex
supervector bundle on (M, Oyr) equipped with a superconnection V.= D + L such that D
preserves the grading and L is an odd endomorphism of £'°. Assume that V is a flat
superconnection. Then there exists uniquely determined Chern-Simons classes

G(ETE V) € H* Y (Mp,R/Z)

form > 0. Furthermore, if Mg is a compact Kdhler manifold or a smooth complex quasi—
projective variety and D itself is a flat smooth connection, then these classes are torsion,
in degrees > 1.

The last phrase can be thought of as an extension of Reznikov’s fundamental theorem
[24] on rationality of Chern-Simons classes on compact Kéhler manifold, in the setting
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of supermanifolds. We also define Chern-Simons classes of a (not necessarily flat) ho-
momorphism u : Ey — FE; between flat complex vector bundles, extending Quillen’s
construction of the de Rham Chern character. Then we prove a relative Reznikov theo-
rem (see Theorem 3.14) for the classes of the morphism u. More generally, we extend the
question of Cheeger-Simons on the rationality of these classes (see Question 3.12) for flat
superconnections of the type D + L.

A variant of the cohomology for supermanifolds is considered by Voronov and Zorich
in [28]. They look at a new concept of r|s-differential forms, which differs from the
supergeneralizations of differential forms considered earlier. This gives them a complex
of r|s-forms with a differential such that the cohomology of the global sections gives a
cohomology theory for supermanifolds. As mentioned in their paper, this cohomology
is a superanalogue of the extraordinary cohomology theories of manifolds which were
studied by Novikov [20]. In this paper, since we apply the Cheeger-Simons theory to
define the Chern-Simons classes in the the usual cohomology and not in the Novikov’s
extraordinary cohomology of a manifold, we also define classes in the usual cohomology
[16] of a supermanifold and not in other variants, which may require to define variants of
connection forms on supervector bundles.

It is evident that the question of defining the Chern-Simons invariants for a general
superconnection is interesting (see Remark 3.15) and also to define classes in variants of
the usual cohomology considered here, such as those considered by Novikov (on manifolds)
and the cohomology theories fo Voronov and Zorich. This paper is a first step in defining
the invariants.

2. PRELIMINARIES

We briefly recall the definitions and terminologies from [16] and from the notes by
Deligne and Morgan [9].

Let C™ be the sheaf of C™-functions on RP. The space RP? is the topological space
RP, endowed with the sheaf C*[f,...,0,] of supercommutative super R-algebras, freely
generated over C* by the anticommuting 61, ...,0,. The coordinates ' of R? and the 6;
and all generators of C> obtained from them by any automorphism are said to be the
coordinates of RP9. A supermanifold M of dimension p|q is a topological space Mg (or
also called as the body manifold with the structure sheaf C57) endowed with a sheaf of
super R-algebras which is locally isomorphic to RPI%. The structure sheaf of M is denoted
by Op. We denote plg, the real dimension of the supermanifold M.

On M = RPl4_ the even derivations 9/9t and the odd derivations 9/967 are defined.

Proposition 2.1. [16, 2.2.3] The Oy-module of R-linear derivations of Oy is free of
dimension p|q, with basis: the 0/t and the 9/06.
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Complex supermanifolds are topological spaces endowed with a sheaf of super C-
algebras, locally isomorphic to some (CP, O[f*, ..., #7]). Here O is the sheaf of holomorphic
functions on CP. As before we denote p|g, the complex dimension of the complex super-
manifold M.

Suppose R be a commutative superalgebra and the standard free module A"* is the
module freely generated by even elements ey, ..., e, and odd elements f, ..., fs. An auto-
morphism of A"* is represented by an invertible matrix

X1 Xo
1 X =
0 (% ¥)
such that the (rxr)-matrix X; and the (sxs)-matrix X, have even entries and the (sx7r)—
matrix X3 and the (r X s)-matrix X, have odd entries. The group of all automorphisms

of A is denoted by G L(r, s).
The supertrace of the matrix X is the difference
(2) str(X) := tr(X;) — tr(Xy)

of the usual trace of the matrices X; and Xj,.

Definition 2.2. Suppose M is a supermanifold and locally it looks like RP19 as above. A
complex supervector bundle V. on M is a fiber bundle V over M with typical fiber C''* and
structural group GL(r,s). Alternately, it can be considered as a sheaf of Oyr-supermodules
V, locally free of rank r|s, whose sections are called as supersections.

The tangent bundle 7, is the Oj;-module of derivations of O, and is a supervector
bundle of rank p|q. The cotangent bundle Q}, is the dual of 73;. There is a differential
d: Oy — Q) giving rise to the super de Rham complex Q%, on M.

Lemma 2.3. (Poincaré lemma)[9, p.73] The complex 23, is a resolution of the constant
sheaf on the body manifold Mpg.

In particular, one can use the de Rham cohomology on Mp to compute the de Rham
cohomology of M.

We briefly review the group of differential characters and Chern-Simons classes on a
smooth manifold X.

2.1. Analytic differential characters on X [7]. Let Si(X) denote the group of k-
dimensional smooth singular chains on X, with integer coefficients. Let Z;(X) denote the
subgroup of cycles. Let us denote

S*(X,Z) := Homy(S,(X), Z)

the complex of Z -valued smooth singular cochains, whose boundary operator is denoted
by 6. The group of smooth differential k-forms on X with real coefficients is denoted by
A¥(X) and the subgroup of closed forms by A% (X). Then A®*(X) is canonically embedded
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in S*(X), by integrating forms against the smooth singular chains. In fact, we have an
embedding
iz A%(X) — S*(X,R/Z).

The group of differential characters of degree k is defined as
H¥g(X) == {(f.a) € Homy(Z1(X),R/Z) & A*(X) : 6(f) = iz(a) and da = 0}.
There is a canonical and functorial exact sequence:
(3) 0 — HY(X,R/Z) — Hrg(X) — AE(X) — 0.
Here A%(X) := ker(A¥(X) — H*(X,R/Z)).

Similarly, one can define the group of differential characters Ifl\’f(c(X ) which have C/Z-
coefficients.

2.2. Cheeger-Chern-Simons classes. Suppose (F,0) is a complex vector bundle with
a connection on X. Then the characteristic forms

cr(E,0) € A2 (X,7Z)
for 0 < k < r=rank (F), are defined using the universal Weil homomorphism [§].
The characteristic classes -
cr(E,0) € H*p(X)
are defined in [7] using a factorization of the universal Weil homomorphism. These classes

are functorial lifting of the forms ¢, (E, 6).

Similarly, there are classes
x(E,0)c € H*¢(X).

Remark 2.4. 1) If the forms cx(E,0) are zero, then the classes ¢x(E,0) lie in the co-
homology H*~Y(X,R/Z). If (E,f) is a flat bundle, then c,(E,0) = 0 and the classes
cx(E,0) are called as the Chern-Simons classes of (E,0). Notice that the class depends
on the choice of 6.

2) In this paper, we will look at the Chern Simons classes defined in the R /Z-cohomology
and which are denoted by ¢ (E,0).

3. CHERN-SIMONS CLASSES OF FLAT SUPERCONNECTIONS ON SUPERMANIFOLDS

Let (M,Ops) be a complex supermanifold of dimension p|g. Consider the sheaf of
differentials Q}, on M and let £7° be a complex supervector bundle on M of rank r|s.

Lemma 3.1. Given a complex supervector bundle ™ of rank r|s on M, there exists a
direct sum decomposition

E=FEy® F,
for some complex smooth vector bundles Ey and Ey of rank r and rank s respectively, on
the underlying C*°-manifold Mpg.
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Proof. A rank r|s complex supervector bundle £7* determines two complex smooth bun-
dles Fy and F; on the underlying smooth manifold Mg of M as follows. One considers
the body map

which is obtained by forgetting the local anticommuting variables ;. Let &rls denote the
sheaf of supersections of £ (see 2.2). Then E,,, := £ ®p,, (C3 ® C) is the sheaf
of sections of a rank r 4+ s smooth complex vector bundle E,.,; on the body manifold
Mpg. Locally, the sheaf £ is generated by r even elements and s odd elements as a
On = C301,...,0,/-module. Hence tensoring with C3¢ locally gives a rank r + s free
Cy;—module given by the same generators. This implies that the complex vector bundle
E, 4, is of rank 7 4+ s. Now, we notice that the structural group of £ is GL(r, s) and the
structural group of the vector bundle E,  factors via the projection

GL(r,s) — GL(r + s).

Using the description of the elements in GL(r, s) in (1), it follows that the image under
this projection consists of block diagonal matrices of sizes r x r and s X s.

This implies that the matrix of the transition functions of F,., is a block diagonal
matrix of rank r and rank s which correspond to smooth complex vector bundles Fy and
E; such that r = rank Ey and s = rank EF; on Mp. ]

Remark 3.2. A supervector bundle may not always be equivalent to a split bundle on Mpg
(see [9, Warnings, p.72]). The surjection

is obtained by dividing out by the ideal generated by the odd degree elements of the structure
sheaf. This means that Mg can be considered as a closed submanifold of M defined by
this ideal. The bundle E is the restriction of E™° to the submanifold Mg and it splits by
the Zy-grading.

Since we will be defining the Chern-Simons classes of a special type of superconnection,
which are topological invariants, we restrict our attention on the associated split bundle
E = Ey & E; over the manifold Mpg. With this in mind, in this paper, a complex su-
pervector bundle will be identified with the split bundle E = Ey ® E; and the topological
invariants will be defined corresponding to this identification. The definitions of supercon-
nection and curvature below is on the associated split bundle E and for the definition in
general for superconnections on E°, see [9, p.77).

3.1. Superconnections. Let £1* = E = E, @& E; be a complex supervector bundle on
a manifold Mp. Let Q(Mp) = ®QP(Mp) be the algebra of smooth differential forms with
complex coefficients. Let

Q(Mg, E) := Q(Mg) ®ao(uy) QL (Mg, E).
where Q°(Mp, E) is the space of supersections of E.
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Then Q(Mp, E) has a grading with respect to Z X Zs

A superconnection D on £ is an operator on Q(Mp, E) of odd degree satisfying the
derivation property

D(wa) = (dw)a + (—1)*“Va.

For example, a connection on E preserving the grading when extended to an operator on
Q(Mpg, E) in the usual way determines a superconnection.

In local coordinates, when F is trivial it looks like Mp x V| V is a Zs-graded complex

vector space, and a superconnection D is of the form d + 6, where 6 is an odd element of
Q(Mp) @ End(V).

The curvature of a superconnection D is the even degree operator D? := D o D on
Q(Mp, E).

A superconnection is said to be flat if D?> = 0. We call the pair (7, D) as a flat
complex supervector bundle.

We want to define Chern-Simons classes of (E, D) when D is a flat superconnection,
and is of a special type.

For this purpose, we look at the situation, considered by Quillen [21] when the super-
connection is locally of the form d + 6 where

0=A+LcQ(Mp)® (End V) o Q" (Mp)® (End V).

It is an interesting question to define Chern-Simons classes for arbitrary flat supercon-
nections d + 60, where 6 is an arbitrary odd element of Q(Mp) ® End(V'), which we do not
know how to treat yet.

3.2. Quillen’s construction. Suppose M is a supermanifold and E is a complex super-
vector bundle on M. Regard ¥ = Ey® F, as a complex supervector bundle on M in view
of Lemma 3.1, where Ey and FE; are smooth vector bundles on the body manifold Mp.
Under this identification we omit the suffix B from Mp and without confusion we write
M = Mp in the following discussion.

Suppose E is equipped with a superconnection D. From the curvature D?, one can
construct differential forms

str(D?)" = strD*"
in Q(M)e*". These are even forms since the supertrace preserves the grading.

We have,

Theorem 3.3. The form strD?" is closed, and its de Rham cohomology class is indepen-
dent of the choice of superconnection D.

Proof. See [21, Theorem, p.91]. O
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Quillen described the (super) Chern character of F in terms of the usual Chern char-
acters of Ey and F; in the following situation.

Regard E = Ey® E); as a complex supervector bundle and D = D°+ D! be a connection
on E preserving the grading. Let L be an odd degree endomorphism of £ and write
D, := D + t.L where t is a parameter.

Proposition 3.4. (Quillen)[21] Replacing L by t.L, where t is a parameter, one obtains
a family of forms

(4) stre(PH)” = gpp o 17 HDL+D?

all of which represent the Chern character ch(Ey) — ch(E1) in the de Rham cohomology
of M. Here str denotes the supertrace.

0

The above computations on a supermanifold produces pseudodifferential forms (see [6],
for the definition). For our purpose, since we are looking for the topological invariants
associated to the split bundle Ey @ F, it suffices to note that the trace form in (4) defines
a closed differential form whose de Rham class is independent of the superconnection
[21, Theorem p.91]. In particular we will look only at the degree 2i term in the above
expression %str(D + L)* and which are represented by invariant polynomials, to define
the Chern-Simons classes.

In the above situation we want to define uniquely determined Chern-Simons classes of
(E, D;) which is independent of ¢ and if V; = D + L is flat.

For this purpose, we look at the Character diagram of Simons and Sullivan (see [27]):

Lemma 3.5. Suppose (F,V) is a smooth connection on a manifold M. Then there is a
uniquely determined differential character

G (F,V) € Hrg(M)

which lifts the k-th Chern form defined in A%. Furthermore, if V is flat then ci(F) €
H?(M,Z) vanishes in H*(M,R) and there is a unique lifting cy(F,V) € H**1(M,R/Z)
of the integral class cx(F), for k > 0.

Proof. The vanishing of the Chern form for a flat connection is by the Chern-Weil theory.
The rest of the assertion is by the Chern-Simons-Cheeger construction [7] of differential
characters. U
Consider the total Chern class
c(F)=14+ca(F)+..+cp(F)
and the total Segre class

S(F) =14 s1(F) + ...+ s¢(F).
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Then we have the relations

1
(5) “(F) =
and
(6) o(F —G)=c(F).s(G)

where G is any other vector bundle. These relations also hold if we replace the classes
¢i(F) by ¢(F,V) and s;(F) by 8§;(F,V) which are defined by the relation (5). See [7,
p.64-65].

Our goal is to define a canonical lifting in ZIIE(M ) of the supertrace form (4) associated
to a superconnection (E, V).

To motivate the definition, we firstly look at the superconnection of the type D + L
where D preserves the grading and L is an odd endomorphism of the complex supervector
bundle E. We consider the family of superconnection D; = D + t.L as above. We will
see how the class is represented in the de Rham cohomology. Consider the product
manifold R x M and the pullback prj E of the bundle E. This bundle is equipped with a
superconnection

D :=dtd, + D'
whose restriction to {t} x M is D,. In terms of local trivialization of E = M x V we can
describe D, D' as follows. Write D, = dy; + 6;, where 6, is a family of one-forms on M
with values in EndV and let # be the form on R x M not involving dt and having the
restriction 6, on {t} x M. Then D' = dy; + 6 and

D = dtd, + D' = (dtd; + dpr) + 0 = drxps + 0.
See also [21, p.91].

By the homotopy property of de Rham cohomology, it follows that the class of strD?"
in H?"(M,R) is independent of ¢.

Definition 3.6. Suppose there is a superconnection D = D° @ D' on the supervector
bundle E = Ey @® E, which preserves the grading and the individual connections D° and
D' are smooth connections on Ey and E, respectively. Then we define the differential
character of D to be equal to

(7) G(E,D)= Y &(Eo, D°).5,(Ey, D"

ptq=n

Lemma 3.7. The differential character ¢,(E, D) projects to the Chern form of D.

Proof. By Quillen’s theorem (see Proposition 3.4), the Chern character of E is the differ-
ence ch(Ey) — ch(F7). This means that the total Chern class ¢(F) of E is the total Chern
class of £y — Ei, in the de Rham cohomology. Since the differential characters of Dy
and D; project to their respective Chern forms in the exact sequence (3), the differential
character of D which is given by the expression in (7) also projects to its Chern form.
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O

To define the Chern-Simons class for any flat superconnection of the type D + L, we
consider the Chern character of D + L,

ch(D + L) = str P+,
We look at the degree 2i-terms of this expression,
chi(D + L) := (str e(D+L)2>21

and we want to lift ch;(D + L) as a differential character. Notice that there is a GL(r, s)-
invariant polynomial P; defined as P;(A1, Ay, ..., A;) := str(A4;.Ay... A;), for supermatrices
Aj; € M(r,s), and such that the term ch;(D + L) is obtained by plugging in (D + L)? in
P, ie.,

1
(8) chi(D + L) = =.P;((D+ L)% ..., (D + L)?).

i

Remark 3.8. The Cheeger-Simons theory will associate a differential character to any
mvariant polynomial. In the setting of manifolds, the algebra of invariant polynomials
is generated by the polynomials tr(A"), whereas as mentioned in [26], in the supersetting,
the algebra of invariant functions is generated by str(A"). In particular, an invariant
polynomial need not be expressed as a polynomial in terms of the standard generators P;.
We can define the differential character associated to any other invariant polynomial G,
if the form obtained by substituting the curvature form (D + L)? in G is a closed form
and then we can replace P; by G in the following discussion.

Lemma 3.9. Suppose V, is a family of superconnections on a complex supervector bundle
E such that when t = 0, Vq is a connection which preserves the grading. Then we can
define the n-th Chern class of (E,V}) (equivalently @(Vt)) in the ring of differential
characters and this class projects to the Chern form of the superconnection V.

Proof. Firstly, since V preserves the grading on FE, it corresponds to smooth connections
Dy and D; on the component bundles of £ = Ey @ E;. Hence the differential character
én(E, V) is defined by the expression (see (7)),

a(E,Vo) = > G(Ey,Do).5,(Er, D).
ptg=n
Similarly, we can define the n-degree term of the Chern character in terms of the Chern
characters of Fy and FE,

ch,,(E, Vo) := chy(Ep, Do) — chy (Ey, Dy).
To define @L(E, V.), for t # 0, we can use the variational formula of differential

characters of Cheeger-Simons |7, Proposition|, obtained by looking at the polynomial P,
which defines ch,, (E, V1) (see (8)):
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—~ 1 ! d e —~
(9)  cha(E, V)= m/ PV N D)t 7, + o (B, V).

This defines c/h\n(E , V1) and similarly for any ¢. By well-known formulas we obtain an
expression for é,(E, V) also from ch,(E, V;) in the ring of differential characters. O

Corollary 3.10. With notations as above, suppose {V,}; is a family of superconnections
on E, such that Vo preserves the grading. Assume that Vi, is flat, for some ty. Then
there 1s a uniquely determined class

C/;L(E) Dto) S H2n_1(M7 R/Z)u
forn > 2.
Proof. We use definition of ¢,(E,, Dy,) € ﬁlR(M) from Lemma 3.9. Since Dy, is flat,

the Chern form is zero and the Character diagram in [27] or (3), gives a Chern-Simons
class. 0O

Corollary 3.11. Suppose V = D + L is flat superconnection on E = Ey & Ey, such that
D preserves the grading. Then there is a uniquely determined class

&(E,D) =6(E, D+ L) € H"'(M,R/Z),
forn > 2.

Proof. Write a family of superconnections V; := D +t.L on E, for t > 0. Now apply
Corollary 3.10 directly to obtain the claim. O

We can extend the question of Cheeger and Simons as follows:
Question 3.12. Suppose M is a supermanifold and (E, D + L) is a complez flat super-
connection on M such that its Chern-Simons classes are defined. Are the classes
en(BE,D+ L)€ H" ' (M,R/Z)
torsion, if n > 2.

We will see some special situations in the next subsection where this question has a
positive answer.

3.3. Chern Simons classes for a morphism between flat connections. Consider a
homomorphism u : Ey — E; between complex vector bundles on a smooth manifold M.
Then u determines a class in the K-group K(M).

Let
A 0 u*
(10) Lz(u O)'
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Here u* is the adjoint of u relative to a given metric (see [21]). Regard £ = E; & E;
as a complex supervector bundle on M and Dy = D® + D' be a superconnection on F
preserving the grading. Then L is an odd degree endomorphism of £ and as shown in
[21], D + L is a superconnection and its curvature form F' = (D + L)? is an even form
with values in EndF.

Definition 3.13. Suppose (Ey, D°) and (Ey, D) are flat connections and u and L are as
above. Then we can define the Chern-Simons classes of the morphism u (which need not
be a flat morphism) in the R/Z-cohomology of M by setting

(11) én(u) == é(E,Dy+ L) € H* Y(M,R/7Z)
forn >1.

We look at the following superconnection of the type D + L, considered by Quillen.

Theorem 3.14. (Relative Reznikov theorem) Suppose u : Ey — FEj is a (not necessar-
ily flat) homomorphism between flat complex vector bundles (Ey, D°) and (Ey, D') on a
compact Kdahler manifold M or a smooth complex quasi—projective variety M. Then the
classes

Gi(u) € H*"(M,R/Q)

are zero, for i > 2.

Proof. By Corollary 3.11 and definition 3.13, we have the equality
Cn(u) =6 (E,D+ L) =¢,(E, D).
By definition 3.6, we have the explicit expression of the class
Culu) = Y &(Eo, D°).5,(Ey, DY),
pta=n
When M is a compact Kéhler manifold then Reznikov’s theorem [24] says that

Ca(Eo, D), &(E1, DY) € H*""'(M,R/Z)

are torsion, if n > 2. A similar result is true if M is a smooth complex quasi—projective
variety, by [12]. Since the classes §; are expressed in terms of ¢ for i < ¢, the assertion
follows. This proves the theorem 0

Remark 3.15. 1) It is important to look at superconnections on complex supervector
bundles which are not equivalent to a split supervector bundle £ = FEy @& E; and define
their Chern-Simons invariants in the de Rham algebra of the supermanifold, as pointed
out by the referee. This will involve developing a theory of superconnections, curvature,
Chern-Sitmons invariants and differential characters using the super de Rham complex

2) We think that it would be good to look at a quiver, i.e., a sequence of homomorphisms

between vector bundles
EFy—FE —..— FE,
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over a smooth manifold and define the Chern character of the sequence in the de Rham
cohomology. This will involve a study of Z,1-graded objects, which might be of interest.
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