THE CHERN CHARACTER OF A PARABOLIC BUNDLE, AND A
PARABOLIC COROLLARY OF REZNIKOV’S THEOREM

JAYA NN IYER AND CARLOS T SIMPSON

ABSTRACT. In this paper, we obtain an explicit formula for the Chern character of a
locally abelian parabolic bundle in terms of its constituent bundles. Several features and
variants of parabolic structures are discussed. Parabolic bundles arising from logarithmic
connections form an important class of examples. As an application, we consider the
situation when the local monodromies are semi-simple and are of finite order at infinity.
In this case the parabolic Chern classes of the associated locally abelian parabolic bundle
are deduced to be zero in the rational Deligne cohomology in degrees > 2.

1. INTRODUCTION

Parabolic bundles were introduced by Mehta and Seshadri [Me-Se| [Se] over curves and
the definition was extended over higher dimensional varieties by Maruyama and Yokogawa
[Ma-Yo|, Biswas [Bi], Li [Li], Steer-Wren [Sr-Wr], Panov [Pa] and Mochizuki [Mo2]. A
parabolic bundle F on a variety X is a collection of vector bundles F,,, indexed by a set of
weights, i.e., a runs over a multi-indexing set %Z X %Z X ... X %Z, for some denominator
n. Further, all the bundles F,, restrict on the complement X — D of some normal crossing
divisor D = D; + ... + D,,, to the same bundle, the index « is an m-tuple and the F,
satisfy certain normalization/support hypothesis (see §2.1).

This work is a sequel to [Iy-Si|, which in turn was motivated by Reznikov’s work on
characteristic classes of flat bundles [Re], [Re2]. As a long-range goal we would like
to approach the Esnault conjecture [Es2| that the Chern classes of Deligne canonical
extensions of motivic flat bundles vanish in the rational Chow groups. Reznikov’s work
shows the vanishing of an important piece of these classes, over the subset of definition
of a flat bundle. We think that it should be possible to define secondary classes over a
completed variety for flat connections which are quasi-unipotent at infinity, and to extend
Reznikov’s results to this case. At the end of this paper we treat a first and essentially
easy case, when the monodromy transformations at infinity have finite order. We hope to
treat the general case in the future and regain an understanding of characteristic classes
such as Sasha Reznikov had.

A different method for obtaining a very partial result on the Esnault conjecture, re-
moving a hypothesis from the GRR formula of Esnault-Viehweg [Es-Vi3], was done in
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[Iy-Si]. There we used a definition of the Chern character obtained from the correspon-
dence between locally abelian parabolic bundles and usual vector bundles on a particular
Deligne-Mumford stack denoted by Z, = X (2t ... En) (see [Bo], [Iy-Si, §2.3], [Cad],
[Ma-Ol], [Me-Se], [Bd], [Bi]). The Chern character of F' is defined to be the Chern charac-
ter of the corresponding vector bundle on this stack. This was sufficient for our application
in [Ly-Si], however it is clearly unsatisfactory to have only an abstract definition rather
than a formula.

The aim of this note is to give an explicit formula for the Chern character in terms
of the Chern character of the constituent bundles F, and the divisor components D; in
the rational Chow groups of X. This procedure, using a DM stack to define the Chern
character and then giving a computation, was first done for the parabolic degree by
Borne in [Bo], however his techniques are different from ours. The parabolic aspect of
the problem of extending characteristic classes for bundles from an open variety to its
completion should in the future form a small part of a generalization of Reznikov’s work
and we hope the present paper can contribute in that direction.

With our fixed denominator n, introduce the notation
ay a
[al,...,am] = (g,,f)
for multi-indices, so the parabolic structure is determined by the bundles Fl,, . 4, for

0 < a; < n with a; integers.

We prove the following statement.

Theorem 1.1. Suppose F is a locally abelian parabolic bundle on X with respect to
Dy, ..., D,,, with n as the denominator. Then we have the following formula for the Chern
character of F':

-1 —1 _N\mo %y,
ZZl:O T sz:(] € =tn DZCh(F[alv---va'rrL])
—1 1 __sm aip :
S L e D
In other words, the Chern character of F' is the weighted average of the Chern characters

of the component bundles, with weights e~ Xi=1 Wi,

(1) ch(F) =

The proof is by showing that the parabolic bundle obtained by twisting F' by a direct
sum of line bundles involving D; is componentwise isomorphic to a direct sum of the
constituent bundles Fl,, . ... twisted by parabolic line bundles involving D; (see Corollary
5.7). The proof is concluded by proving the main theorem on the invariance of the
Chern character under componentwise Chow isomorphism (see Theorem 2.9). It says:
given locally abelian parabolic bundles F' and G whose constituent bundles Fl,, . q,.
Glas,....am) have the same Chern character, for all a; with 0 < a; < n, then F' and G also

) and

have the same Chern character in the rational Chow groups of X.

We also give variants of the Chern character formula. One can associate a parabolic
structure F' to a vector bundle F on X and given filtrations on the restriction of £ on
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the divisor components of D (see §2, §6). If X is a surface this is automatically locally
abelian, but in higher dimensions it is not always the case (see Lemma 2.3). When the
structure is locally abelian, we obtain a formula for ch(#") which involves ch(E) and terms
under the Gysin maps on the multiple intersections of the divisor components of D (see
Corollary 7.4 and Corollary 7.5). The shape of the formula depends on the way the
filtrations intersect on the multiple intersections of the divisor components.

In §6 we give two easy counterexamples which show that the Chern character of a
parabolic bundle cannot be obtained easily from just the Chern character of the underlying
bundle and that of its filtrations taken separately, nor from the data of a filtration of
subsheaves indexed by a single parameter for the whole divisor (Maruyama-Yokogawa’s
original definition [Ma-Yo]). These show that in order to obtain a good formula we
should consider all of the bundles Fi,, . 4, This version of parabolic structure was first
introduced by Li [Li], Steer-Wren [Sr-Wr] and Mochizuki [Mo2].

We treat parabolic bundles with real weights in §8. The aim is to define pullback of
a locally abelian parabolic bundle as a locally abelian parabolic bundle. This is done by
approximating with the rational weights case (see Lemma 8.5). Properties like functo-
riality, additivity and multiplicativity of the Chern character are also discussed. In §9,
on a smooth surface, parabolic structures at multiple points are discussed and a Chern
character formula is obtained. Logarithmic connections were discussed by Deligne in [De].
We discuss some filtrations defined by the residue transformations of the connection at
infinity. When the eigenvalues of the residues are rational and non-zero, a locally abelian
parabolic bundle was associated in [Iy-Si], and this construction is considered further in
§10. When the residues are nilpotent, we continue in §9 with something different: assign
arbitrary weights to the pieces of the monodromy weight filtration of the nilpotent residue
operators, creating a family of parabolic bundles indexed by the choices of weights. If
X is a surface then these are automatically locally abelian, and as an example we make
explicit the computation of the parabolic Chern character ch(F) in the case of a weight
one unipotent Gauss-Manin system F', see Lemma 9.3.

In §10 we consider the extension of Reznikov’s theory to flat bundles with finite order
monodromy at infinity. Such bundles may be considered as flat bundles over a DM-
stack of the form Z,, = X (£t ... 2=} and Reznikov’s theorem [Re2] applies directly (or
alternatively, over a finite Kawamata covering). The only knowledge which we can add is
that our formula of Theorem 1.1 gives parabolic Chern classes in terms of the parabolic
structure on X deduced from the flat bundle, and Reznikov’s theorem can be stated as
vanishing of these classes. This might have computational content in explicit examples.

Proposition 1.2 (Parabolic corollary of Reznikov’s theorem). Suppose (Ey,Vy) is a
flat bundle on U with rational and semisimple residues, or equivalently the monodromy
transformations at infinity are of finite order. Let F denote the corresponding locally
abelian parabolic bundle. Recall that Fia, . 4, s the unique bundle on X extending Ey
such that the residues of the connection over D; have eigenvalues in the interval [—a;, 1 —
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a;). Using the same formula as (1) define the Deligne Chern character of F' by

ZZ;:l[) e 22;1:0 e ity %DiChD(F[ah,,”am])
DY SLeh® (D)

a1:O ' am=0 e

ch?(F) =

in the rational Deligne cohomology, and the Chern classes CE(F) by the usual formula.
Then the classes C}?(F) for all p > 2 vanish. This is equivalent to saying that Chf(F) =

chi’ (F)7/p!.
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2. PARABOLIC BUNDLES

Let X be a smooth projective variety over an algebraically closed field of characteristic
zero, with D a normal crossing divisor on X. Write D = Dy + ...+ D,, where D, are
the irreducible smooth components and meeting transversally. We use an approach to
parabolic bundles based on multi-indices (o, ..., a,,) of length equal to the number of
components of the divisor. This approach, having its origins in the original paper of
Mehta and Seshadri [Me-Se|, was introduced in higher dimensions by Li [Li], Steer-Wren
[Sr-Wr], Mochizuki [Mo2] and contrasts with the Maruyama-Yokogawa definition which
uses a single index [Ma-Yo].

2.1. Definition: A parabolic bundle on (X, D) is a collection of vector bundles F,, indexed
by multi-indices o = (v, . .., ) with a; € Q, together with inclusions of sheaves of Ox-
modules

Fy — Fp

whenever «; < f3; (a condition which we write as o <  in what follows), subject to the
following hypotheses:

—(normalization/support) let ¢* denote the multiindex 6; = 1, &5 = 0, i # j, then
F,.si = F,(D;) (compatibly with the inclusion); and

—(semicontinuity) for any given « there exists ¢ > 0 such that for any multiindex e with
0 <¢; < cwe have F,,. = F,.

It follows from the normalization/support condition that the quotient sheaves F,/Fj
for < «a are supported in a schematic neighborhood of the divisor D, and indeed if
B < a < 4> n;0" then F,/Fz is supported over the scheme Zle n;D;. Let d := Zle 5t
Then

Fos= Fa(_D>
and F,/F,_s = F,|p.
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The semicontinuity condition means that the structure is determined by the sheaves
F, for a finite collection of indices a with 0 < a; < 1, the weights.

A parabolic bundle is called locally abelian if in a Zariski neighbourhood of any point
x € X there is an isomorphism between F' and a direct sum of parabolic line bundles. By
Lemma 3.3 of [Iy-Si], it is equivalent to require this condition on an etale neighborhood.

The locally abelian condition first appeared in Mochizuki’s paper [Mo2], in the form of
his notion of compatible filtrations. The condition that there be a global frame splitting
all of the parabolic filtrations appears as the conclusion of his Corollary 4.4 in [Mo, §4], cf
Theorem 2.2 below. A somewhat similar compatibility condition appeared earlier in Li’s
paper [Li, Definition 2.1(a)], however his condition is considerably stronger than that of
[Mo2] and some locally abelian cases such as Case B in §7.1 below will not be covered by
[Li]. The notion of existence of a local frame splitting all of the filtrations, which is our
definition of “locally abelian”, did occur as the conclusion of [Li, Lemma 3.2].

Fix a single n which will be the denominator for all of the divisor components, to make
notation easier. Let m be the number of divisor components, and introduce the notation
“ Gmy

[ay, ... an) ::(n,..., p

for multi-indices, so the parabolic structure is determined by the bundles Fl,, . 4, for
0 < a; < n with a; integers.

2.2. Parabolic bundles by filtrations. Historically the first way of considering para-
bolic bundles was by filtrations on the restriction to divisor components [Me-Se], [Se], see
also [Ma-Yo|, [Bi], [IIS] [Li] [Sr-Wr| [Mo2] [Pa]. Suppose we have a vector bundle £ and
filtrations of E|p, by saturated subbundles:

Elp,=F,DF,>.DF =0

n
for each 7, 1 <i < m.

Consider the kernel sheaves for —n < 7 <0,

E}LD .

J

0 — FJZ — F —
and define
(2) F[al,az,...,am] = ?ilF_éﬂ

for —n < a; < 0. In particular Fy. o = E£. This can then be extended to sheaves defined
for all values of a; using the normalization/support condition

(3) F[a1,---,ai+n,---,am} = F[a1,a2,---,am](Di>'
We call this a parabolic structure given by filtrations.

Conversely, suppose we are given a parabolic structure F. as described in (2.1) when
all the component sheaves Fl,, . 4, are vector bundles. Set £ := Fy o, and note that

E\p, = E/Fp.,...—n, 0
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where —n is put in the ith place. The image of Fjy . _q, . 0 in E|p, is a subsheaf, and we
assume that it is a saturated subbundle. This gives a parabolic structure “by filtrations”.
We can recover the original parabolic structure F. by the intersection formula (2).

We feel that these constructions only make good sense under the locally abelian hy-
pothesis. We note some consequences of the locally abelian property.

Lemma 2.1. Suppose {F[al’a%m’am]},ngaigo define a locally abelian parabolic bundle on
X with respect to (D1, ..., Dy,). Let E := Fy o, which is a vector bundle on X. Then
F comes from a construction as above using unique filtrations of E|p, and we have the
following properties:
(a) the Fig, a,. a.) are locally free;
(b) for each k and collection of indices (iy, ..., i), at each point in the k-fold intersection
P € Dy N---ND,, the filtrations F, ..., F"* of Ep admit a common splitting, hence the
associated-graded
Griil e Grgk (Ep)

is independent of the order in which it is taken (see [De2]); and
(c) the functions

P+ dim G'r’fii1 = ‘Grﬁik(Ep)

are locally constant functions of P on the multiple intersections D;, N ---N D, .

Proof. Direct. 0

The above conditions are essentially what Mochizuki has called “compatibility” of the
filtrations [Mo, §4], and he shows that they are sufficient for obtaining a compatible
local frame. Compare with [Li, Lemma 3.2] where the proof is much shorter because the
compatibility condition in the hypothesis is stronger.

Theorem 2.2 (Mochizuki [Mo, Cor. 4.4]). Suppose given a parabolic structure which is a
collection of sheaves Fly, as,....am) 0btained from filtrations on a bundle E as above. If these
satisfy conditions (a), (b) and (c) of the previous lemma, then the parabolic structure is
locally abelian.

The situation is simpler in the case of surfaces which we describe here.

Lemma 2.3. Suppose X is a surface with a normal crossings dwisor D = Di+...+D,, C
X. Suppose given data of a bundle E and strict filtrations of E|p, as in Lemma 2.1. Then
this data defines a locally abelian parabolic bundle on (X, D).

Proof. One way to prove this is to use the correspondence with bundles on the DM-stack
covering Z = X (2t .. Pm) (see [Iy-Si, Lemma 2.3]). Let Z' be the complement of
the intersection points of the divisor. On Z’ the given filtrations define a vector bundle,
as can be seen by applying the correspondence of [Bo] [Iy-Si] in codimension 1, or more
concretely just by using the filtrations to make a sequence of elementary transformations.
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Then, since Z is a smooth surface, this bundle extends to a unique bundle on Z, which
corresponds to a locally abelian parabolic bundle on X [Iy-Si].

Another way to prove this is to note that there are only double intersections. At
a point P where D; and D; intersect, the filtrations coming from D; and D; have a
common splitting. This can then be extended along both D; and D; as a splitting of
the respective filtrations, and extended in any way to the rest of X. The resulting direct
sum decomposition splits the parabolic structure. This is illustrated by an example in
8§7.1. O

We mention here a more general notation used by Mochizuki [Mo2, §3.1] for parabolic
bundles given by a filtration, starting with an origin ¢ = (cq,...,¢,) which may be
different from (0,...,0). In this case, the underlying bundle is

E = ﬂc1,...,cm]

and the filtrations on FE|p, are denoted F; indexed by ¢; —n < j < ¢; with ng = E|p,
and F) _
bundles.

., = 0. We can go between different values of ¢ by tensoring with parabolic line

2.3. Parabolic sheaves in the Maruyama-Yokogawa notation. In their original
definition of parabolic structures on higher-dimensional varieties, Maruyama and Yoko-
gawa considered the general notion of parabolic sheaf with respect to a single divisor,
even if the divisor is not smooth [Ma-Yo]. Call this a MY parabolic struture. We can
apply their definition to the full divisor D = Dy + ... 4+ D,,. This is what was done
for example in Biswas [Bi], Borne [Bo] and many other places. Of course for the case of
curves, the two are completely equivalent because a divisor is always a disjoint union of
its components; multi-indexed divisors were used by Mehta and Seshadri [Me-Se|. Some
of the first places where multi-indexed divisors were used in higher dimensions were in Li
[Li], Steer-Wren [Sr-Wr]|, Panov [Pa] and Mochizuki [Mo2]. In the MY case the parabolic
structure is given by a collection of sheaves indexed by a single parameter F'* for a € Q,
with Fetl = F*(D). We use upper indexing to distinguish this from our notations (al-
though they would be the same in the case of a single smooth divisor). If F! is a parabolic
structure according to our notations, then we get a MY-parabolic structure by setting

Conversely, given a MY-parabolic structure F", if we assume that E := F° is a bundle,
then the images of F -5 in Ep, define subsheaves at generic points of the components
D;, which we can complete to saturated subsheaves everywhere. If F" is locally abelian
(that is to say, locally a direct sum of MY-parabolic line bundles) then these saturated
subsheaves are subbundles and we recover the parabolic structure via filtrations, hence
the parabolic structure F in this way. This construction is tacitly used by Biswas in [Bi2,
pp. 599, 602], although he formally sticks to the MY-parabolic notation.
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In the locally abelian case, all of these different points of view permit us to represent
the same objects and going between them by the various constructions we have outlined,
is a commutative process in the sense that by any path we get back to the same objects
in each notation. We don’t attempt to identify the optimal set of hypotheses, weaker
than locally abelian, on the various structures which would allow to give a more general
statement of this sort of commutation of the various constructions. This doesn’t seem
immediately relevant since, for now, it doesn’t seem clear what is the really good notion
of parabolic sheaf.

2.4. Parabolic bundles on a DM-stack. Recall from [Bo] [Cad] [Ma-Ol] [Iy-Si] that
given (X, D) and a denominator n, we can form a DM-stack denoted Z := X(%, cee [;—m>,
and there is an equivalence of categories between parabolic bundles on (X, D) with de-
nominator n, and vector bundles on the DM-stack Z. The Chern character will be defined
using this equivalence, and we would like to analyse it by an induction on the number of

divisor components m. Thus, we are interested in intermediate cases of parabolic bundles
on DM-stacks.

We can carry out all the above constructions in the case when X is a DM stack and D;

are smooth divisors, i.e., smooth closed substacks of codimension 1, meeting transversally
on X.

Lemma 2.4. The construction (X, D) +— Z := X(%) makes sense for any smooth DM
stack X and smooth divisor D C X. The stack Z s then again smooth with a morphism
of stacks Z — X.

Proof. Since the construction [Cad] [Ma-Ol] [Bo] of the DM-stack X (2) when X is a
variety is local for the étale topology (see [ly-Si, §2.2]), the same construction works when
X is a DM-stack. U

Let Zy := X (2t ... ). This is a DM-stack (see [Cad] [Ma-Ol] [Bo] [Iy-Si, §2.2]) and
we have maps
oLy — L1 — ... — Ly = X.

On Z; we have divisors D§k) which are the pullbacks of the divisors D; from X. When
J > k the divisor Dj(.k) is smooth, whereas for 7 < k the divisor Dj(»k) has multiplicity n.

Lemma 2.5. With the above notations, we have the inductive statement that for any
0<k<m,

Proof. Recall the definition of Z;,; : if we assume D; for i = 1,...,k + 1 is defined by
equations z; = 0 and on any local chart (for the étale topology) some of the components

say D1, ..., Dy occur then the local chart for 7, with coordinates u; is defined by the

G

*t1) is obtained

"and z; = u; for i > k. Now Z(

equations z; = ul for i = 1,... k
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from Zj by defining local chart with coordinates w; and repeating the above construction

by considering the component divisor D,ili)l on Z, by applying Lemma 2.4 and having
the same denominator n. It is now clear that both the constructions define the same
stack. O

Suppose X is a smooth DM stack and D C X is a smooth divisor. Then we define
the notion of parabolic bundle on (X, D) (with n as denominator) as follows. A parabolic
structure is a collection of sheaves F, on X (with a € %Z) with Flg — Flo41) (remember
the notation at the start here with m =1 so [a] = (%)). This is a parabolic bundle if the
Fjq) are bundles and the quotient sheaves

Flat1)/Fla)

are bundles supported on D. This is equivalent to a locally abelian condition in the étale
topology of X. Indeed, we can attach weights £ to the graded pieces Fi,11)/Flq whenever
this is non-zero and define locally on a general point of the divisor D a direct sum L of
parabolic line bundles such that if the rank of Fjo41)/Flg) is ng then L =3 O(—=4D)%".

Lemma 2.6. There is an equivalence of categories between bundles on X(%) and parabolic
bundles on (X, D) with n as denominator.

Proof. This is proved by Borne [Bo, Theorem 5] when X is a smooth variety. In the case
of a DM stack since everything is local in the étale topology it works the same way. [

Similarly if D; are smooth divisors meeting transversally on a DM stack X then we
can define a notion of locally abelian parabolic bundle on (X;) . D;), as in §2.1. Here
the locally abelian condition is local in the etale topology which is the only appropriate
topology to work with on X.

Lemma 2.7. With the notations of the beginning, the categories of locally abelian parabolic
bundles on

(Zk; DM

wins e, DY

m

are all naturally equivalent.

Proof. When k = m and for any k, so we consider Z,, and Zj, the equivalence of vector
bundles on Z,, and locally abelian parabolic bundles on Z is proved in [Iy-Si, Lemma
2.3] (actually it is proved when Zj is a variety but as earlier the same proof holds for the
DM-stack Zj). This gives the equivalences of categories on any Z; and Zj. (l

In particular the cases k = 0 so Z, = X and k = m where there are no further divisor
components, correspond to the equivalence of categories of [Iy-Si, Lemma 2.3]:

Corollary 2.8. The category of locally abelian parabolic bundles on X 1is equivalent to
the category of vector bundles on Z,, = X(%, e DT’”)
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2.5. Chern characters. We recall here the abstract definition of the Chern character
of a parabolic bundle. If F is a parabolic bundle with rational weights having common
denominator n, then it corresponds to a vector bundle Fpj; on the DM-stack Z,, =
X (2, .., Bu) Let 7: Z, — X denote the projection. By Gillet [Gi] and Vistoli [Vi] it

induces an isomorphism of rational Chow groups

(4) Tt CH(Zp)g — CH(X)g.

In [Iy-Si|, following an idea of Borne [Bo], we defined the Chern character of F' to be
(5) ch(F) :=m.(ch(Fpum)) € CH(X)gp.

It is a formal consequence of this definition that Chern character is compatible additively
with direct sums (or more generally extensions), multiplicatively with tensor products,
and the pullback of the Chern character is the Chern character of the pullback bundle for
a morphism f of varieties if the normal-crossings divisors are in standard position with
respect to f.

2.6. Statement of the main theorem. Our goal is to give a formula for the Chern
character defined abstractly by (5). The first main theorem is that the Chern character
depends only on the Chern characters of the component bundles, and not on the inclu-
sion morphisms between them. This is not in any way tautological, as is shown by the
examples we shall consider in §5 below which show that it is not enough to consider the
Chern characters of the bundle E plus the filtrations, or just the Maruyama-Yokogawa

components. The full collection of component bundles Fi,, . ,,, is sufficient to account

Lyeeey
for the incidence data among the filtrations, and allows us to obtain the Chern character.

Theorem 2.9. Suppose F' and G are locally abelian parabolic bundles on a DM stack X
with n as denominator. Suppose that for all a; with 0 < a; < n the bundles Fl,, . 4, and
Glay,....am) have the same Chern character in the rational Chow groups of X. Then the
parabolic bundles F' and G have the same Chern character in the rational Chow group of
X.

When we have two parabolic bundles F' and G satisfying the hypothesis of the theorem,
we say that F' and G are componentwise Chow equivalent. A stronger condition is to say
that ' and G are componentwise isomorphic, meaning that the Fj,, .. and G, a,]
are isomorphic bundles on X. This obviously implies that they are componentwise Chow
equivalent, and so the theorem will imply that they have the same Chern character.

Once we have Theorem 2.9, it is relatively straightforward to give an explicit calculation
of the Chern character by exhibiting a componentwise isomorphism of parabolic bundles.
The componentwise isomorphism which will come into play, will not, however, come
from an isomorphism of parabolic structures because the individual isomorphisms on
component bundles will not respect the inclusion maps in the parabolic structure. The
resulting formula is a weighted average as stated in Theorem 1.1, proven as Theorem 5.8
below.
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3. REDUCTION TO THE CASE OF ONE DIVISOR

In this section and the next, we prove Theorem 2.9. In this section we will use the in-
termediate stacks Zj, in order to reduce to the case of only one smooth divisor component;
then in the next section we prove the formula for that case. To see how the reduction
works we have to note what happens to the component bundles in the equivalence of
Lemma 2.7.

Fix 0 < k < m and consider the equivalence of Lemma 2.7 which we denote (a) in what
follows: suppose E is a locally abelian parabolic bundle on

(Zp—y: DD DUy,

m

then it corresponds to F' which is a locally abelian parabolic bundle on

(Zi; D, ..., D).

m

(k=1
Dy

)
Recall that Z = Z;_1( ) and that we have an equivalence (b) between bundles on

Zy,, and parabolic bundles on Z;_; with respect to the divisor D,(f_l). For any by.1,...,bn,

n

we can let a; vary, and using E we obtain a parabolic bundle

Hlbrenbml = g, By

on Zj_1 with respect to the divisor D,(ffl).

ak,bkt1,000m]

Lemma 3.1. Suppose that E and F correspond via the equivalence (a) as in the above

notations, and define the parabolic bundle Hs+1--bm] a5 above, which for any byi1, . .., bn

1s a parabolic bundle on Zj_1 with respect to the divisor D,(f_l). Then this parabolic bundle

Hbrr1obml 4s the one which corresponds via the equivalence (b) to the component vector
bundle F| | of the parabolic bundle F'.

bk+17"'7bm

Proof. We use the definition of the pushforward ([Iy-Si, §2.2]) which provides the explicit
equivalence in Lemma 2.7. For simplicity, we assume that £ = m — 1 so we are looking
at the case

T == Zpt = T
Let G be the vector bundle on Z,, corresponding to E or F', using the equivalence in
Lemma 2.7. Consider the vector bundle Fj,, on Z,_;. We want to check that the
associated parabolic bundle ¢, Fj,,, is H bm The following equalities prove this claim.

(@ Fop])ams = q*(F[bm}(am_lRleZ”)>

= 0(0:C)p(ama B

= 40 (GOnR) (am B))

= (20 p)(COnR + a1 RI)

= Elay1.6m)

(H[bmb[amﬂ]'
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Here RV R;T_)l and Rﬁff ) are the n-th roots of D,,_1, D,,_1, and D,, respectively, over

m—1 >

Zim—1, Zm and Z,, respectively. O

A corollary of this observation is that we can reduce for Theorem 2.9 to the case of a
single divisor.

Corollary 3.2. Suppose that Theorem 2.9 is known for m = 1, that is for a single smooth
divisor. Then it holds in general.

Proof. Fix X with Dy, ..., D,, and define the sequence of intermediate stacks Z as above.
Suppose F' and G are locally abelian parabolic bundles on X = Z; which are component-
wise Chow equivalent. For any & let F*) and G*) denote the corresponding locally abelian
parabolic bundles on Zj;, with respect to the remaining divisors D,(Ji)l, ey D We claim
by induction on 0 < k < m that the F® and G*® are componentwise Chow equivalent.
This is tautologically true for £ = 0. Fix 0 < £ < m and suppose it is true for k —1. Then
F®=D and G*=1 induce for any by1, ..., b, parabolic bundles which we can denote by

)

respect to the single smooth divisor D,(f:_1 . The components of these parabolic bundles
are Chow equivalent, since they come from the components of F*~Y and G*~Y which
by the induction hypothesis are componentwise Chow equivalent. Therefore, considered
as parabolic bundles with respect to a single divisor, H L?’““"””m] and Hgk“"”’bm} are com-
ponentwise Chow equivalent. In the present corollary we are assuming that Theorem 2.9
is known for the case m = 1 of a single divisor. Applying this case of Theorem 2.9 we
get that the bundles on Zj, associated to H}i’k“"""”"] and Hg;’““"”’bm} are Chow equivalent.

However, by Lemma 3.1 applied to the comparison between F*~1) and F®*) the bundle

on Zj corresponding to the parabolic bundle H }fk“""”’m] is exactly the component
(k)
F[bk+1,...7bm] :

Similarly, applying Lemma 3.1 to the comparison between G*~1 and G®), the bundle on

7. corresponding to the parabolic bundle Hgk“’""bm] is exactly the component
(k)
G[bk-ﬁ-l?"'vbm]'

Thus the result of our application of the single divisor case of Theorem 2.9 is that the
bundles F; [%ill’..'vbm] and fo;zﬂ,nqu] are Chow equivalent. This exactly says that the par-
abolic bundles F®) and G*®) are componentwise Chow equivalent, which completes our
induction step.

When k£ = m at the end of the induction, F™ and G™ are componentwise Chow
equivalent. But these are usual bundles on Z,,, so their Chern characters coincide. The
Chern characters of F' and G are defined as the pushforwards of those of F™ and G,
so these are the same too, giving the statement of Theorem 2.9. U
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4. THE SINGLE DIVISOR CASE

By Corollary 3.2, it now suffices to prove Theorem 2.9 in the case m = 1. Simplify
notation. Suppose we have a smooth DM stack X and a smooth divisor D, and suppose
we have a parabolic bundle F' on X with respect to D. It is a collection of bundles denoted
Fiq with a € Z (as usual without saying so we assume that the denominator is n). Let
Z =X <%>, so F' corresponds to a vector bundle F on Z. According to the definition
(5) we would like to show that the Chern character of E in the rational Chow group of Z
depends only on the Chern characters of the Fj, in the rational Chow group of X', noting
the identification (4).

Let p: Z — X denote the map of DM stacks. The inverse image p*(D) is a divisor in Z
which has multiplicity n, because p is totally ramified of degree n over D. In particular,
there is a divisor R C Z such that

p (D) =n-R.

This R is well-defined as a smooth closed substack of codimension 1 in Z. However, R is
a gerb over D. More precisely, we have a map R — D and there is a covering of D in the
etale topology by maps U — D such that there is a lifting U — R. If we are given such
a lifting then this gives a trivialization

UxpR=U x B(Z/n),

where B(Z/n) is the one-point stack with group Z/n. This can be summed up by saying
that R is a gerb over D with group Z/n. It is in general not trivial. (We conjecture
that the obstruction is the same as the obstruction to the normal bundle Np,x having
an n-th root as line bundle on D.) On the other hand, the character theory for R over D
is trivialized in the following sense. There is a line bundle N := Ox(R)|g on R with the
property that on any fiber of the form B(Z/n), N is the primitive character of Z/n.

Using N, we get a canonical decomposition of bundles on R. Suppose E is a bundle on
R. Then pg.E is a bundle on D which corresponds in each fiber to the trivial character.
Here pg is the map p restricted to R. For any ¢ we have a map

Pi(prs(E®@ N® 7)) @ N® — E.

Lemma 4.1. If E is a bundle on R then the above maps put together for 0 <1 < n give
a direct sum decomposition

n—1

P rilpr-(Ee N © N = .

i=0
Proof. The maps exist globally. To check that the map is an isomorphism it suffices to
do it locally over D in the etale topology (since the map pg is involved). As noted above,
locally over D the gerb R is a product of the form U x B(Z/n). A bundle E on the
product is the same thing as a bundle on U together with an action of the group Z/n.
In turn this is the same thing as a bundle with action of the group algebra Oy[Z/n] but
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relative Spec of this algebra over U is a disjoint union of n copies of U, so E decomposes
as a direct sum of pieces corresponding to these sections. This decomposition may be
written as E' = P, E, where the x are characters of Z/n and Z/n acts on E\ via the
character y. In terms of the DM stack this means that £ decomposes as a direct sum
of bundles on U tensored with characters of Z/n considered as line bundles on B(Z/n).
Using this decomposition we can check that the above map is an isomorphism (actually
it gives back the same decomposition). O

Now suppose F is a bundle on Z. Then its restriction to R, noted Er, decomposes ac-
cording to the above lemma. Define two pieces as follows: Ef gy is the piece corresponding
to ¢ = 0 in the decomposition. Thus

Ersx = pr(pr+ER).

On the other hand, let Eg .y, denote the direct sum of the other pieces in the decompo-
sition. The decomposition of Lemma 4.1 thus gives a direct sum decomposition

ER - ER,ﬁx ¥ ER,var-
Define the standard elementary transformation e(E) of a bundle E over Z, as the kernel
(6) 0—e(F) — E— Egya — 0.

Lemma 4.2. Suppose E is a bundle on Z. Then we have the following exact sequence
for the restriction of the standard elementary transformation of E:

0— ER,Var X N* - (e(E>>R - ER,ﬁx — 0.

Proof. Consider the exact sequence :

00— E®O(-R) — EF — Er — 0.
Since Er = ERfix ® ERyar, and e(E) is the kernel of the composed map
E— Fr— ER,var
there is an induced injective map
E® O(-R) — e(E)
inducing the restriction map on R
(Erfix ® Eryar) ® O(—R)jr — e(E)|r
The kernel of the restriction
(e(E))r — Er — ERrsx
is clearly Egyar @ O(—R)|gr = Epvar ® N*.
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Suppose F is a bundle on Z. Define p(E) to be the largest integer k with 0 < k < n
such that the piece

Pr(Pr+(Br® N®7") @ N®*
in the decomposition of Lemma 4.1 is nonzero.
Actually we may consider this definition for any vector bundle on R.
Corollary 4.3. The invariant p decreases under the standard elementary transformation:
if p(E) > 0 then
p(e(E)) < p(E).
Proof. Consider the exact sequence from Lemma 4.2 :
0— ER,var ® N* — (Q(E))R - ERvﬁX — 0.

Using the pushforward and pullback operations on this exact sequence, after twisting
by powers of N, we notice that it suffices to check that p(Egva @ N*) < p(E) and
p(E Ryﬁx) = O

Now
PiPr«(Erix @ NF)Y@ N¥ = phpr.(phprE @ N7F) @ N*
= p}k%(pR*E ®pR*N_k) & N*
= 0if k#0.
Also,

PiPR+«(ERpvar @ N1 @ N7F) @ N*
= DRPRx (( PE) R (ErR @ N™) @ N @ N7t @ N—k) ® Nk

= Pr ( fi]f) Pr+(ER @ N7 ® pR*Ni—l—k> ® NF.

The summands in the above term corresponding to i — 1 — k # 0 are zero. In other
words, the only term left is for i = k + 1, but if £ > p(F) then this doesn’t occur and the
whole is zero. Hence p(Egyar @ N*) < p(E). O

We now describe the pieces in the decomposition of Lemma 4.1 for Er in terms of the
parabolic structure on X. Introduce the following notation: if F' is a parabolic bundle
on X along the divisor D, then for any a € Z set gri,(F) := Flq/Fjo—1). It is a vector
bundle on the divisor D.

Lemma 4.4. Suppose E is a bundle on Z corresponding to a parabolic bundle F' over X.
Then for any a € Z we have

Pr+(Er ® N®%) = gr,(F).
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Proof. We have

F[a] = p*(E(CLR))
Note that R!p, vanishes on coherent sheaves, since p is a finite map in the etale topology.
Thus p, is exact. This gives

gri (F) = p(E ® (Oz(aR)/Oz((a — 1)R))).

However, (Oz(aR)/Oz((a—1)R)) is a bundle on R which is equal to N®*. This gives the
statement.

O

We say that two bundles on R are Chow equivalent relative to Z if their Chern characters
map to the same thing in the rational Chow group of Z. Caution: this is different from
their being Chow equivalent on R, because the map CH(R)g — CH(Z)p might not be
injective.

Lemma 4.5. Suppose p : Z = X(%) — X is a morphism of DM-stacks as in the

beginning of this section. Then the following diagram commutes :
CH (R)g — CH(Z)g

= l=
CH(D)g — CH (X)g

Proof. Use composition of proper pushforwards [Vo|]. The vertical isomorphisms come

from the fact that Z — X and R — D induce isomorphisms of coarse moduli schemes,
and [Vi] [Gi]. O

Corollary 4.6. Suppose E and G are vector bundles on Z corresponding to parabolic
bundles F' and H respectively on X. If F and H are componentwise Chow equivalent then
each of the components in the decompositions of Lemma 4.1 for Er and Gr are Chow
equivalent relative to Z.

Proof. Since F and H are componentwise Chow equivalent the graded pieces gr(, (F') and
gr(, (H) are Chow equivalent on X. Hence by Lemma 4.4, pg.(E ® N?) and pgr.(G® N?)
are Chow equivalent on X, in other words they are vector bundles on D which are Chow
equivalent relative to X. The pullback of Chow equivalent objects on D relative to
X are Chow equivalent objects on R relative to Z, by Lemma 4.5. Thus, in the sum
decomposition of Er and G as in Lemma 4.1, we conclude that the component sheaves
are Chow equivalent relative to Z. O

Corollary 4.7. Suppose E and G are vector bundles on Z corresponding to parabolic
bundles F' and H respectively on X. Suppose that F' and H are componentwise Chow
equivalent. Then the sheaves Ergx and Grax are Chow equivalent on Z. Similarly, the
sheaves ERvar and Grvar are Chow equivalent on Z.
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Proof. These sheaves come from the components of the decomposition for Ez and Gg. U

Lemma 4.8. Suppose E and G are vector bundles on Z corresponding to parabolic bundles
F and H respectively on X. Suppose that F' and H are componentwise Chow equivalent.
As a matter of notation, let exF and exH denote the parabolic bundles on X corre-
sponding to the vector bundles eE and eG. Then exF and exH are componentwise
Chow equivalent.

Proof. Firstly, we claim that
(7) (ex F)p = Fo-

To prove the claim, note that Fjg = p.(£). On the other hand, since Epg v, has only
components which have trivial direct images, we have p,(Egyar) = 0, so the left exact
sequence for the direct image of (6), shows that

p«(eE) = p.(E).
This gives the claim.
The same claim holds for H.
Now twist the exact sequence in Lemma 4.2 by N and take the pushforward (which
is exact). Do this for both bundles F and G, yielding the exact sequences
0 — Pre(Erpar @ N7 — p(e(E)r ® N*) — pu(Ersix ® N*) — 0
and
0— pR*(GR,var ® N_1+a) — p.(e(G)g ® N*) — p*(GRflx ® N — 0.

By the hypothesis, Corollary 4.6 applies to say that the various components in the de-
composition of Lemma 4.1 for Er., and Eggac are Chow equivalent relative Z to the
corresponding components of G'g yar and G gx. Thus the left and right terms of both ex-
act sequences are Chow equivalent relative to X, so p.(e(F)r ® N%) and p.(e(G)r ® N°)
are Chow equivalent relative to X.

Hence by Lemma 4.4, gr(, (exF') and gr(,(exH) are Chow equivalent relative to X.
Together with the above claim (7), we deduce that the constituent bundles of exF' and
ex H are Chow equivalent on X. O

We can iterate the operation of doing the elementary transform, denoted E — ePFE.
This corresponds to a parabolic bundle on X denoted by F' — €5 F. Note that this is
indeed the iteration of the notation ex

Exercise 4.9. Give an explicit description of ex in terms of parabolic bundles.

Because the invariant p(F) decreases under the operation of doing the standard ele-
mentary transform (until we get to p = 0) it follows that p(e?E) = 0 for some p < n.
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Lemma 4.10. Suppose E is a bundle on E with p(E) = 0. Then E is the pullback of a
bundle on X.

Proof. In this case, we have Ep =~ phpr«Er. Hence by Lemma 4.4, it follows that
gry, (F) = 0 for @ > 0. This implies that F' has only one constituent bundle Fjg and
is a usual bundle on X. Hence E is the pullback of Fg.

O

The next lemma gives the induction step for the proof of the theorem.

Lemma 4.11. Suppose E and G are vector bundles on Z corresponding to parabolic
bundles F' and H respectively on X. Suppose that F' and H are componentwise Chow
equivalent. Suppose also that eE and eG are Chow equivalent on Z. Then E and G are
Chow equivalent on Z.

Proof. The componentwise Chow equivalence gives from Corollary 4.7 that Epg ., and
G gvar are Chow equivalent relative to Z. The exact sequence of Lemma 4.2 gives that
and G are Chow equivalent on Z. O

Finally we can prove Theorem 2.9 in the single divisor case.

Theorem 4.12. Suppose E and G are vector bundles on Z corresponding to parabolic
bundles F' and H respectively on X. Suppose that F' and H are componentwise Chow
equivalent. Then E and G are Chow equivalent on Z.

Proof. Do this by descending induction with respect to the number p given above Lemma
4.10. There is some py such that p(e™E) = 0 and p(e”G) = 0. These come from bundles
on X. By Lemma 4.8, these bundles (which are the zero components of the corresponding
parabolic bundles) are Chow equivalent. Thus e” F and e?°G are Chow equivalent. On the
other hand, by Lemma 4.8, all of the €% F' and €5 H are componentwise Chow equivalent.
It follows from Lemma 4.11, if we know that €™ E and e?™G are Chow equivalent then
we get that e’ E and e’G are Chow equivalent. By descending induction on p we get that
E and G are Chow equivalent. O

Using Corollary 3.2, we have now completed the proof of Theorem 2.9.

5. A FORMULA FOR THE PARABOLIC CHERN CHARACTER

Now we would like to use Theorem 2.9 to help get a formula for the Chern classes.
Go back to the general situation of a smooth variety X with smooth divisors Dy, ..., D,,

intersecting transversally. Once we know the formula for the Chern character of a line
a)

’'n

bundle, we will no longer need to use the stack Z = X [%, e
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Lemma 5.1. Let F' be a parabolic bundle on X with respect to the divisors Dy, ..., D,,.
Then we can form the twisted parabolic bundle F @ O(>.1" % D;). We have the formulae

=0 n
F®O(Z EDZ) :ﬂa1+b1 ..... am+bm]
=0 [@1,....am]
and
e b m b;
h| Fo O 2D, | = exizonPich(F).
c ( ® (;n )) e ch(F)

Proof. Consider the projection p : Z = X(%, ceey %> — X. Let E be the vector bundle
on Z corresponding to F' on X and O(}_. b;R;) be the line bundle on Z corresponding to
o, %Dz) on X. Here R; denotes the divisor on Z such that p*D; = n.R;.

Notice that

(F ® O(Z %Dl)) = p(E® O(Z biR;) ® O(a; R;))
(a1, sam)] i

.....

= p(E® O(Z(@i +b;)R;))

i
= F[a1+b1 ----- am~+bm]*

The formula for the Chern character is due to the fact that the Chern character defined

as we are doing through DM-stacks is multiplicative for tensor products, and coincides

with the exponential for rational divisors, see [Iy-Si|. O

Lemma 5.2. We have the formula for the trivial line bundle O considered as a parabolic
bundle:

m

a;
Olatam] = O(Z[Z]DZ)
=0
where the square brackets on the right signify the greatest integer function (on the left they
are the notation we introduced at the beginning).

Proof. This follows from the definition as in Lemma 5.1. U

Corollary 5.3. Suppose E is a vector bundle on X considered as a parabolic bundle with
its trivial structure. Then

(E@(’)(Z %m)) = E(Z{“izbi]m).
[‘11 am]

i=0 =0

77777

Proof. Use the definition of associated parabolic bundle as in Lemma 5.1. U

Suppose F' is a parabolic bundle on X with respect to D1, ..., D,,. We will now show
by calculation that the two parabolic bundles

m

(@---@O(—Z%Di)>®F

k1=0 km=0 i=1
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and

=0  um=0 i=1
are componentwise isomorphic (and hence, componentwise Chow equivalent). Notice that
the second bundle is a direct sum of vector bundles on X, the component bundles of F,
tensored with parabolic line bundles, whereas the first is F' tensored with a bundle of
positive rank. This will then allow us to get a formula for ch(F).

Lemma 5.4. For any 0 < a; < n we have
n—1 m
k;
O(— —Dy)
((@ 2 Z n ) )

k1=0 km=0 [al ----- am]

by Lemma 5.1 above. U

Lemma 5.5.

u1=0 U =0 =1 ey, ]
n—1 n—1

=P P Furew) ® O [F—1D))
u1=0 Um =0 i=1

77777

.....

We put these two together with the following.

Lemma 5.6.
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n—1 n—1

= @ e @ ﬂal—kl,...,am—km}'
k1=0 km=0

Proof. For given integers 0 < a; < n and 0 < u; < n, set

a; — Uj;

B

ki::ai—ui—n-[
n
so that

a; — U;
a; —ki=u;+n-|

.

n
With this definition of k; we have

a; — U;

F[ul,...,um] ® O(Z[

=1

]DZ> = F[alfkl,wam*km]?

due to the periodicity of the parabolic structure.

Note that 0 < k; < n, because a; —u — ¢ < 0 if and only if the greatest integer piece in
the definition of k; is equal to —1 (otherwise it is 0).

For a fixed (ay,...,ay), as (uq,. .., u,) ranges over all possible choices with 0 < u; < n
the resulting (kq, ..., k) also ranges over all possible choices with 0 < k; < n. Thus we
get the isomorphism which is claimed. U

Corollary 5.7. If F' is a parabolic bundle on X with respect to Dq,...,D,, then the
parabolic bundles

D @OZ D)|©F
& )

k1=0 km=0 =1

and

@ @FUL ,um]®0( Z )

ul= =0 ’LLm—O =

are componentwise isomorphic, hence componentwise Chow equivalent.

Proof. Putting together Lemmas 5.4, 5.5 and 5.6 gives, for any 0 < a; <n

(& 8o5t0)-)

k1=0 km=0 i=1

We can now calculate with the previous corollary.



22 J. N. IYER AND C. T. SIMPSON

Theorem 5.8. Suppose F' is a parabolic bundle on X with respect to D1, ..., D,,, withn
as denominator. Then we have the following formula for the Chern character of F':

-1 -1 _Sm 2.
Ym0 a0 € 2w Pich(Floy,...a,)
—1 —1 _ m ai . .
ZZ:{ZO o e szzo e 21:1 n Dz
In other words, the Chern character of F' is the weighted average of the Chern characters

of the component bundles in the range 0 < a; < n, with weights e~ Xi=1 Wi,

ch(F) =

Proof. By Theorem 2.9, two componentwise Chow equivalent parabolic bundles have the
same Chern character. From the general theory over a DM stack we know that Chern
character of parabolic bundles is additive and multiplicative, and Lemma 5.1 says that
it behaves as usual on line bundles. Therefore the Chern characters of both parabolic
bundles appearing in the statement of Corollary 5.7 are the same. This gives the formula

n—1 n—1 n—1 n—1
(Z Z e~ Lim1 %Di) -ch(F) = Z e Z e Zint %DiCh(F[aL...,am])

a1=0 am=0 a1=0 am=0
The term multiplying ch(F) on the left side is an element of the Chow group which has
nonzero term in degree zero. Therefore, in the rational Chow group it can be inverted
and we get the formula stated in the theorem. O

Remark 5.9. The function
(a1,...,Gm) — € ity %Dich(F[al’Mam])
is periodic in the variables a;, that is the value for a; + n is the same as the value for a;.

Remark 5.10. Also the formula is clearly additive.

6. EXAMPLES WITH PARABOLIC LINE BUNDLES

We verify the formula of Theorem 5.8 for parabolic line bundles, and then give some
examples which are direct sums of line bundles which show why it is necessary to include
all of the terms Fj,, . 4, in the formula.

6.1. Verification for line bundles. Suppose L = O(«a.D) is a parabolic line bundle on
(X, D) where D is an irreducible and smooth divisor and o = % € Q. The formula of
Theorem 5.8 is obviously invariant if we tensor the parabolic bundle by a vector bundle
on X, in particular we can always tensor with an integer power of O(D) so it suffices to

check when 0 < h < n.
Notice that the constituent bundles are
Ly, =0 Hfo<ag;, <n—-h-1
=0(D) ifn—h<a; <n.
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We have to check that the Chern character of L is

ch(L) = e*P
The formula in Theorem 5.8 gives
h(L) = 1T Dy pe D p e D D e D D
l+enD 4. e "5tD
_ l+enP e —OSEED - OTED oDy o~ oD
( ;D)(enDJre TPl e D)

Suppose Dy, Ds, ..., D,, are distinct smooth divisors which have normal crossings on X.
Let L; = O(a;.D;) be parabolic line bundles with «; € Q, for 1 < ¢ < m. Then the
constituent bundles of the tensor product L .= L; ® Ly ® ... ® L,, are

(Ll QL ® ... ® Lm)[a1,az ..... am] — (Ll)[aﬂ ® (L2)[a2} ®. & (Lm)[am]-

and

ch ((L1 RLy®..Q Lm)[al,az ,,,,, am]) = ch ((Ll) al]) .ch ((LQ)[az]) ...ch ((Lm)[am}) .

The formula in Theorem 5.8 is now easily verified for the case when L is a parabolic line
bundle as above, once it is verified for the parabolic line bundles I;. Indeed, the formula
in this case is essentially the product of the Chern characters of L;, for 1 <i < m.

6.2. The case of two divisors and n = 2. Suppose we have two divisor components
D, and D, and suppose the denominator is n = 2. Then a parabolic bundle may be
written as a 2 X 2 matrix

In particular by Lemma 5.2 we have
Dy (@) @) Dy, (O O(Dy)
O<2)_(O(D1) (’)(Dl))’ ol 2)—(0 (’)(D2))’
(@)
@

o (383 383). o0

and
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6.3. Counterexample for filtrations. Giving a parabolic bundle by filtrations amounts
essentially to considering the bundle E = Fjy o together with its subsheaves Fj_; and
Fio,—1]. By the formula (3) these subsheaves are determined by Fj; o) and Flg 1), that is the
upper right and lower left places in the matrix. The lower right place doesn’t intervene
in the filtration notations. This lets us construct an example: if

F=0he0(2), ¢=0800 1+

then F' and G have the same underlying bundle £ = O @& O, and the Chern data for
their filtrations are the same, however their Chern characters are different. For example
if X =P? and D, and D, are two distinct lines whose class is denoted H then

1 H?
(8) ch(F) = ch (OX( Dy + 2D2) ® OX) —14eP 3P 0L H 4 5
and
2

1 1 1 H
(9) ch(G)=ch (OX( D)) & OX( )) =Dt peal2 — 22 =04 H 4 R

6.4. Counterexample for MY structure. Similarly, the MY-parabolic structure con-
sists of Fjpo and Fj; ), that is the diagonal terms in the matrix, and the off-diagonal
terms don’t intervene. A different example serves to show that there is no easy formula
for the Chern character in terms of these pieces only. Put

D D D
F o= 0(71 + 72) & 0(Dy), G:=0(D; + 72) ® (9( b,
Then
Fog = O ® O(Dy) = Gy
and

F[l,l] — O(Dl —|— DQ) EB O(D1> - G[l,l]'

On the other hand, again in the example X = P? and D; and D, are lines whose class is
denoted H we have

ch(F) = exP1+aP2 4 oDt = 2eH = 2+ 2H + H?

whereas
Dy

)
ch(G) = DI T =% +e2—2+2H+ZH2.

In both of these examples, of course the structure with filtrations or the MY-parabolic
structure permits to obtain back the full multi-indexed structure and therefore to get
the Chern character, however these examples show that the Chern character cannot be
written down easily just in terms of the Chern characters of the component pieces.
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7. A FORMULA INVOLVING INTERSECTION OF FILTRATIONS

In this section we will give another expression for the parabolic Chern character for-
mula, when the parabolic structure is viewed as coming from filtrations on the divisor
components. This formula will involve terms on the multiple intersections of the divisor
components, of intersections of the various filtrations. To see how these terms show up
in the formula, we first illustrate it by an example below.

7.1. Example on surfaces. We consider more closely how the intersection of the filtra-
tions on D; and Dy comes into play for determining the Chern character. Panov [Pa] and
Mochizuki [Mo2] considered this situation and obtained formulas for the second parabolic
Chern class involving intersections of the filtrations.

For this example we keep the hypothesis that X is a surface and the denominator is
n = 2, also assuming that there are only two divisor components D, and D, intersecting
at a point P. The typical example is X = P? and the D; are distinct lines meeting at P.

Let £ = Fjoo be a rank two bundle. Consider rank one strict subbundles B; C E|p,.
Note that
Elp, = Foo/Fi-20, FElp, = Flo0/Fo,-2-

There is a unique parabolic structure with

By = Fi_19/F 20,
and

By = Fio,1/ Flo,-2)-
The quotient (E|p,)/B; is a line bundle on D; and similarly for D,, and if the parabolic
structure corresponds to the B; as above then

(Elp,)/By = Foo/Fi-1.0]
and similarly on Ds.
In particular, F|_; ) is defined by the exact sequence
0— Fl_10q— FE — (E|p,)/B1 — 0.
Similarly, Fjg _1j is defined by the exact sequence
0 — Fo,y) = E— (El|p,)/ Bz = 0.

Note that the Chern characters of Fj_; g and Fjo_;) don’t depend on the intersection
of the B; over D; N Dy. On the other hand, Fj_; _y; is a vector bundle, by the locally
abelian condition. Furthermore, as a subsheaf of £ it is equal to Fj_; along D; and
Fjo,—1) along D,. Thus, in fact Fj_; _y) is the subsheaf of £ which is the intersection of
these two subsheaves. To prove this note that the intersection of two reflexive subsheaves
of a reflexive sheaf is again reflexive because it has the Hartogs exension property. In
dimension two, reflexive sheaves are vector bundles, and they are determined by what
they are in codimension one.
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We have a left exact sequence
0= Fi-)— E = (Elp,)/B1 & (E|p,)/Ba.

Here is where the intersection of the filtrations comes in: in our example D N D is a
single point, denote it by P. We have one-dimensional subspaces of the two dimensional
fiber of £ over P:

By p,Bsp C Ep.
There are two cases: either they coincide, or they don’t.

Case A: they coincide—In this case we can choose a local frame for F in which B; and
Bs are both generated by the first basis vector. We are basically in the direct sum of two
rank one bundles, one of which containing the two subspaces and the other not. In this
case there is an exact sequence

0— F_1-y— FE— (E|p,)/B1® (E|p,)/B: — Q@ —0

where ) is a rank one skyscraper sheaf at P. This is because the fibers of (E|p,)/B;
and (E|p,)/B, coincide at P, and @ is by definition this fiber with the map being the
difference of the two elements. Things coming from E go to the same in both fibers so
they map to zero in Q.

An example of this situation would be the parabolic bundle (’)X(%Dl + %Dg) ® Ox.

Case B: they differ—In this case we can choose a local frame for £ in which B; and
B, are generated by the two basis vectors respectively. In this case the map in question
is surjective so we get a short exact sequence

0= Fi1y— E— (Elp,)/Bi @ (Elp,)/ B2 — 0.

An example of this situation would be the parabolic bundle Ox (3D:) & Ox (3 Ds).

The formula for the Chern character will involve the Chern character of E, the Chern
characters of the bundles B;, and a correction term for the intersection. All other things
being equal, the formulas in the two cases will differ by ch(Q) at the place Fj; 1y (this
is the same as for F_; _1). When the weighted average is taken, this comes in with a
coefficient of (i + ...), but the higher order terms multiplied by the codimension 2 class
ch(Q) come out to zero because we are on a surface. Therefore, the formulae in case A
and case B will differ by ich(Q). Fortunately enough this is what actually happens in
the examples of the previous section!

7.2. Changing the indexing. When describing a parabolic bundle by filtrations, we
most naturally get to the bundles Fj,, . ., with —n < a; < 0. On the other hand,
the weighted average in Theorem 5.8 is over a; in the positive interval [0,n — 1]. It is
convenient to have a formula which brings into play the bundles in a general product of
intervals. The need for such was seen in the example of the previous subsection.

We have the following result which meets up with Mochizuki’s notation and discussion
in [Mo2, §3.1].
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Proposition 7.1. Let b = (by,...,by,) be any multi-indez of integers. Then ch(F) is
obtained by taking the weighted average of the ch(Fiqa, . q,.]) with weights e~ Lt %D", over
the product of intervals b; < a; < b; +n, and then multiplying by e~ 2= WD (that is the

weight for the smallest multi-index in the range). This formula may also be written as:

bi1+n—1 bmtn—1 __y¥m %ip,
(10) ch(F) = Sttt o= N S Dich (i, an)

n—1 n—1 —Sm  Yip;
S e i D

Proof. If a; and a] differ by integer multiples of n then by using condition (3) of §2.2, we

have )
e~ Xit1 %Dich(F[afl,...,a;n]) = e i %Dich(F[ah._’am]).
Thus, the numerator in the formula (10) is equal to the numerator of the formula in
Theorem 5.8. The denominators are the same. On the other hand, if we form the
weighted average as described in the first sentence of the proposition, then the numerator
will be the same as in (10). The denominator of the weighted average is
b1+n—1 bm+n—1

-1 -1
m % m biD < v m o aip
E E 6_21':1? i —= @ Zui=1Tn "t E E @_Zizlﬁ i

a1=b1 A =bm a1=0 Ay =0
Hence, when we multiply the weighted average by e~ 2-i=1 WD e get (10). U

Remark 7.2. If we replace the denominator n by a new one np then the formulae of
Theorem 5.8 or the previous proposition, give the same answers.

Indeed, the parabolic structure F for denominator np contains the same sheaves, but
each one is copied p™ times:

Fpartar.eopam+am] = Flar....am]
for 0 < ¢; < p — 1. Therefore, both the numerator and the denominator in our formulae
are multiplied by

p—1 p—1 )
Z ce Z 6*2?;1 %Di’
q1=0 qm=0

and the quotient stays the same.

7.3. A general formula involving intersection of filtrations. We can generalize the

example of surfaces in §7.1, to get a formula which generalizes the codimension 2 formulae
of Panov [Pa] and Mochizuki [Mo2].

In this section we suppose we are working with the notation of a locally abelian parabolic
structure I’ given by filtrations, on a vector bundle E := Fjy ¢ with filtrations

Elp,=F,>F,D>..DF , =0

Then for —n < a; < 0 define the quotient sheaves supported on D;

i ElDi
Q[ai] = Fi
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and the parabolic structure F' is given by

(11) Flay,..am) = ker (B — @72,Q1,1) -
More generally define a family of multi-indexed quotient sheaves by
i E D;
Qlay) i o D;
y E|p.~p.
Q. = ———onD;ND;
[a:,a;4] ng + ng
L E|D1ﬂ...ﬁDm
Q[al,ag,...,am] = on D1 N D2 N...N Dm

Fl +...+Fm
In these notations we have —n < q; < 0.

If we consider quotient sheaves as corresponding to linear subspaces of the Grothendieck
projective bundle associated to F, then the multiple quotients above are multiple intersec-
tions of the Qfai]. The formula (11) extends to a Koszul-style resolution of the component
sheaves of the parabolic structure.

Lemma 7.3. Suppose that the filtrations give a locally abelian parabolic structure, in
particular they satisfy the conditions of Lemma 2.1. Then for any —n < a; < 0 the
following sequence is well defined and exact:

0— F[al,ag,...,am] — FE — @Qz[az] - @in’%] e Q[al,ag,...,am] — 0.
=1

i<j

Proof. The maps in the exact sequence are obtained from the quotient structures of the
terms with alternating signs like in the Cech complex. We just have to prove exactness.
This is a local question. By the locally abelian condition, we may assume that E with
its filtrations is a direct sum of rank one pieces. The formation of the sequence, and its
exactness, are compatible with direct sums. Therefore we may assume that E has rank
one, and in fact £ = Ox.

In the case where E is the rank one trivial bundle, the filtration steps are either 0 or
all of Op,. In particular, there is —n < b; < 0 such that Fj = Op, for j > b; and Fj =
for j < b;. Then

U150k
[@iq sesaiy]

if a;; <b;; forall j =1,...,k, and the quotient is zero otherwise.

= ODilﬂmmDik

The sequence is defined for each multiindex aq, . . ., a,,. Up to reordering the coordinates
which doesn’t affect the proof, we may assume that there is p € [0, m] such that a; < b; for
i < p, but a; > b; for ¢ > p. In this case, the quotient is nonzero only when i1, ..., < p.
Furthermore,

F[m,...,am] = O<_D1 . — Dp)
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In local coordinates, the divisors Dy, ..., D, are coordinate divisors. Everything is con-
stant in the other coordinate directions which we may ignore. The complex in question
becomes

O(=Dy — -+ = Dp) = O — @1<i<pOp, — P1<i<j<pOp;np;, = --- — Opin.rip, -

Etale locally, this is exactly the same as the exterior tensor product of p copies of the
resolution of @41 (—D) on the affine line A! with divisor D corresponding to the origin,

OAl(—D) — OAl — OD — 0.
In particular, the exterior tensor product complex is exact except at the beginning, where

it resolves O(—Dy — --- — D,) as required. O

Using the resolution of Lemma 7.3 we can compute the Chern character of Fi,, 45, a.]
in terms of the Chern character of sheaves supported on intersection of the divisors D;, N
..N D;, . This gives us

ch(Flas o, an)) = ch(B) + 3 (=1)" 3 ch(@™, ).
k=1 11 <i2<...<ip

Substituting this formula for ch(Fj,, as,..a,,) into Theorem 5.8, or rather into (10) of
Proposition 7.1 with b; = —n, we obtain the following formula for the associated parabolic
bundle. Note that the limits of the sums are different in the numerator and denominator,
as in (10). Also the term ch(F) occurs with a different factor in the numerator and
denominator; the ratio of these factors is e2i=1 Pi = P,

Corollary 7.4. If F is a locally abelian parabolic bundle then
ch(F) = ePch(E)+
e e Ry (1) Z¢1<i2<...<zk (Qf;;lj o))
ZZf:lo"'ZZmioe PO :

In fact, we can also write the formula in terms of an associated graded. For this, fix 1 <

11 < -+ <1 < m and analyze the quotient Q """ ) along the multiple intersection

a _17 ) Zk
D, ... iy, Das k filtrations Faij D indexed by —n < a;; <0,

leading to a multiple-associated-graded defined as follows. For —n < a;;, < 0 put

iq i

k
015050k — ij
F[ail,-~~7aik} ) mFai-|D11 i
Jj=1
Then define
01500l
[ailv---vai ]
12 it LTk
( ) G [@iy - azk] Zk J eI
q=1 [ail,...,aiq—l,...aik]

where the indices in the denominator are almost all a;; but one a;, — 1. A good way to
picture this when k = 2 is to draw a square divided into a grid whose sides are the intervals
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[—n, 0]. The filtrations correspond to horizontal and vertical half-planes intersected with
the square. Pieces of the associated-graded are indexed by grid squares, indexed by their
upper right points. Thus the pieces are defined for 1 —n < a;; <0.

If the parabolic structure is locally abelian then the filtrations admit a common splitting
and we have

GT“’ k= Grfill Grfi; L GrE(E

azl ” azk @i,

Dil“'ik)’

or more generally the same thing in any order. Without the common splitting hypothesis,
the multi-graded defined previously would not even have dimensions which add up.

The multi-quotient has an induced multiple filtration whose associated-graded is a sum
of pieces of the multi-graded defined above. In the & = 2 picture, the multi-quotient
corresponds to a rectangle in the upper right corner of the square. For example, we have

(SN 1150l LSRRy
= —
Gr[azlv 7azk] ker (Q[ail_la-- A _1] @ Q[azl 1,. iy 70«%_1])

where in the direct sum, the indices are all a;, — 1 except for one which is a;;.

Thus in the Grothendieck group of sheaves on D;, N---N D, , we have an equivalence

[
Ulyensly Gr (SRPRY
Y
Q[ail,...,aik} @ [C’Ll: 7Czk]
¢ a;<ci; <0

This gives us the following formula, based on Corollary 7.4 which in turn comes from (10)
of Proposition 7.1 (thus as before the limits of the sum in the numerator and denominator
are different).

Corollary 7.5. Suppose F' is a locally abelian parabolic structure. Define the multi-
associated-graded by (12) above. Then we have the formula

ch(F) = ePch(E) +

-3, 4D, ES™ NS (e J
angal,...,am<0 € 2271 nr ZZL:I(_]‘) Zi1<i2< <ik Zaij <Cij <0 Ch(Grfclll, Z,Clk])
-1 1 )
Sy e i

7.4. The case of a single smooth divisor. In the case when there is only one smooth
divisor component D this formula becomes

an<c§0 (Z n<a<c ) Ch(Gr[C])
Zo<a<n E

This can be simplified using the identity (1 +z+...+2" 1) = (1 —2)~(1 — 2") applied
tox =e nl , which gives

(13) ch(F) = ePch(E) —
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We can again rewrite this in terms of the rational indexing in the interval (—1, 0], denoting
by Gr, the graded G7y,o. The formula becomes

el — e~

-D

(14) h(F) = Peh(B) = 3 -

—1<a<0

ch(Gry).

1—e¢

The expression on the right should be interpreted formally, in the sense that the expo-
nentials are written as power series, then the division is done formally, and finally the
resulting power series is applied to D € CH'(X)g. The result is a polynomial in D
because of the nilpotence of the product structure on CH>°(X)g.

Our formula still is not in optimal form. One checks that it gives the right formula for a
line bundle F' = (’)(%D). We leave it to the reader to make the analogous transformations
of the formula in the case of several divisors, possibly meeting only pairwise as a start,
and to compare the result with the codimension 2 formulae of Panov [Pa] and Mochizuki
[Mo2].

A. J. de Jong pointed out that one would also like to compare this with the formula
given by Esnault and Viehweg [Es-Vi, Corollary (B.3), p. 186] for the global Newton
class of a flat bundle in terms of local contributions. Given a flat bundle on X — D,
one associates a parabolic bundle in a natural way and we would expect the formula of
[Es-Vi] to be a simple consequence of the fact that the parabolic Chern classes of the
resulting bundle are zero at least in rational cohomology. Indeed, the overall shape of the
formula in [Es-Vi] is very similar to the ones we are considering here, namely the global
contribution from the bundle on X is balanced out by local contributions from the graded
pieces of the parabolic structure. However, it seems that the comparison with [Es-Vi] is
not immediate: one would need to make use of some additional special identities which
must be satisfied by the ch(Gr,(E)) due to the fact that the parabolic structure comes
from a flat bundle. All in all, it seems clear that there is much room for further progress
in understanding this question.

8. PARABOLIC BUNDLES WITH REAL WEIGHTS

In this section we consider parabolic bundles with real weights and define their Chern
character and pullback bundles.

Let X be a smooth variety and D be a normal crossing divisor on X. Write D =
Dy+...4+ D,, where D; are the irreducible smooth components and meeting transversally.

A parabolic bundle on (X, D) is a collection of vector bundles F, indexed by multi-
indices a = (a,...,ax) with o; € R, satisfying the same conditions as recalled in §2.
The structure is determined by the sheaves F,, for a finite collection of indices a with
0 < a; < 1, the weights.
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Remark 8.1. A parabolic bundle with rational weights and denominator n can be con-
sidered as a parabolic bundle with real weights by setting

P R TEIT Sy

Eltr ot = Flinnr) nta).. . ntn]] = F o) ta]  ntml

where [nt;] is the greatest integer less than or equal to nt;, for any t; € [0,1) C R.

We say that F'is locally abelian if in a Zariski neighbourhood of any point x € X, I is
isomorphic to a direct sum of parabolic line bundles with real coefficients.

8.1. Perturbation of parabolic bundles with real weights. The following construc-
tion is a simplified version of the one considered by Mochizuki [Mo2, §3.3], and which
suffices for our purpose. Variations of parabolic weights were considered earlier in [Me-Se],
[Bd-Hu], [Th].

Suppose F'is a parabolic bundle with real weights on a smooth variety (X, D). Consider
the real weights

{a=(aq,0a9,...;a) 1 0 < a; <1}

By definition

F.
Folp = —2
D Fos

and denote the image

Fa;Dim :=Im (F(a11-~-7’7i1-~-7am) FCV|Di)
whenever a; — 1 < ; < a;.

Note that if v is a multiindex with o; — 1 < 7; < «; then we have an exact sequence

F,|p.
0—F, —F,— bt B
i a;Diyvi
Consider the graded sheaves
) F.lp.
3 P (¢4 Dz
gramF == .
a;Di i

By the semicontinuity condition there are finitely many indices and ~; such that the graded
sheaves gri, _ F are non-zero.

Let
To; = min{|a; — vy : 8ry, /I # 0}
Choose €,, such that €,, < r,, and o; + ¢; is a rational number, for each .

The following construction was used by Mochizuki in [Mo2, §3.4].

Definition 8.2. A parabolic bundle F with rational weights a; = a; + €4, is defined by
setting :

€
F[al 7a2:~~7am] )

We call F¢ an e—perturbation of F' on X.

a1+€a1 seeesOmF€ayy *
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For any rational weights t = [t1, ..., t,,], we have the inclusion of sheaves
Ft — FtE
In other words, we can write
F — F*
Write € = {e,, }, where «; runs over the finite set of real weights which determine F'.

Suppose {F'}ic; is a projective system of parabolic bundles indexed by an ordered set
I with inclusions F' < FJ for ¢ < j. Define the intersection by the formula

Gwﬂ:zﬂm.
icl o icl

This defines a parabolic sheaf. We say that the collection { F};c; is simultaneously locally
abelian if there is an etale covering of X such that on the pullback to this etale covering,
each of the F* admits a direct sum decomposition as a sum of parabolic line bundles,
and the inclusion maps are compatible with these direct sum decompositions. Inclusions
of parabolic line bundles are just inequalities of real divisors, and the intersection of a
family of parabolic line bundles just corresponds to taking the inf of the family of real
coefficients. Thus we have the following useful fact.

Lemma 8.3. If {F"}icr is a simultaneously locally abelian projective system of inclusions

of parabolic bundles, then the intersection (), ; F* is a locally abelian parabolic bundle.

iel
Lemma 8.4. Suppose F' s a locally abelian parabolic bundle with real weights o =
(a1, .oy am) on (X, D). Then any e—perturbation F€ of F is also locally abelian with the
same decomposition. Thus the family of F€ is a simultaneously locally abelian projective
system of inclusions. Taking the intersection we have

F:ﬂF.

e—0
Proof. Since this is a local question, we assume that

F = @jo(z V;Dz‘)nj
for some 7} € R. Any e-perturbation of F'is

F = ®,0() _dl.D;)"

where aé- = ”y} + ej- are rational numbers and e;'- are small. Hence F* is locally abelian. [

8.2. Pullback of parabolic bundles with real weights. Consider a morphism
f:(Y,D") — (X,D)

such that f~1(D) C D’. Here X, Y are smooth varieties and D, D’ are normal crossing
divisors on X and Y respectively.

In [Iy-Si, Lemma 2.6], the pullback of a locally abelian parabolic bundle with rational
weights was defined, using its correspondence with usual vector bundles on a DM-stack.



34 J. N. IYER AND C. T. SIMPSON

Our aim here is to define the pullback f*F on (Y, D’) of a locally abelian parabolic bundle
F with real weights on (X, D).

Lemma 8.5. Suppose F' is a locally abelian parabolic bundle with real weights on (X, D).
For any morphism f : (Y, D') — (X, D) such that f~*D C D', we can define the pullback
f*F on (Y, D) as a locally abelian parabolic bundle with real weights.

Proof. By Lemma 8.4, we can write

F:ﬂw.

e—0

By [Iy-Si, Lemma 2.6], f*F* is a locally abelian parabolic bundle with rational weights.

Locally, by Lemma 8.4, each F is locally abelian, and the decompositions are compat-
ible for different e. Thus we can write locally

[TFC = @;00) di(e).D))"

where a;'»(e) are rational numbers depending on €. In other words, the pullbacks form
a simultaneously locally abelian projective system. By Lemma 8.4, we can define the
pullback of F' as the intersection

f*F — ﬂ f*FE,
e—0

and it is a locally abelian parabolic bundle. In fact, locally let o = lim._ aj(e) (which
converges and is a real number), then

fF = @,0()  aj.D)".
]

8.3. Tensor products of parabolic bundles with real weights. Suppose F' and G
are two locally abelian parabolic bundles with real weights. We would like to define their
tensor product. Recall that by [Iy-Si, Lemma 2.3], the tensor product of locally abelian
parabolic bundles with rational weights can be defined using the correspondence with
usual vector bundles on a DM-stack.

Lemma 8.6. Suppose F' and G are locally abelian parabolic bundles with real weights on
(X, D). Then we can define F @ G as a locally abelian parabolic bundle with real weights.

Proof. By Lemma 8.4, we can write
F=(\F, G=()G
e—0 e—0

The families {F¢}_o and {G}o_¢ are simultaneously locally abelian, and we can take a
common refinement of the two coverings so that they are locally abelian with respect to the
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same covering. Then the family of tensor products {F’ 6(X)GEI}“/HO is again simultaneously
locally abelian with respect to the same decomposition and we can define

FoG:= ()] FFac.

€,/ —0

One can also consider duals and internal Hom.

8.4. Description by filtrations on a linear constructible decomposition of the
space of weights. For both of the operations defined above, the description in terms of
filtrations can jump when the parabolic weights cross “walls”. Fix a vector bundle £ and
filtrations of Ep,. These filtrations determine an open subset of possible assignments of
weights o to the filtrations FY with o/ " < aJ. This defines an open subset W (E, {F/}) C
RY. Note that the locally abelian condition doesn’t depend on the choice of weights but
is just a statement about the filtrations. However, when we apply the pullback operation
for a map (Y, D’) — (X, D) the filtrations on the pullback bundle might depend on the
choice of weights o € W (E, {F}}).

A subset of R is linear-constructible if it is defined by a finite number of linear equal-
ities and inequalities. It is Q-linear-constructible if the equalities and inequalities have
coefficients in Q.

The filtrations for the pullback parabolic bundle are fixed over a Q-linear constructible
stratification of the space of weights. This phenomenon is somewhat similar to what was
observed by Budur in [Bu].

Proposition 8.7. Suppose f : (Y, D') — (X, D) is a morphism of smooth varieties with
normal crossings divisors in good position. Suppose (E, {FZJ}) 15 a locally abelian datum of
filtrations for a parabolic structure on (X, D). There is a stratification of W (E, {F/}) into
a finite disjoint union of Q-linear constructible sets W (p) such that over each stratum,
there is a fixed collection of filtrations ﬁf(p) for the pullback bundle E = f*E and a
Q-linear function of weights f*(p) : W(p) — W(E,{F/(p)}) such that for a € W (p) the
pullback of the parabolic bundle (E,{F'},a) is equal to (f*E,{F(p)}, f*(p)(a)).

We leave the proof to the reader.

A similar statement holds for tensor product, which is again left to the reader.

8.5. Chern character of parabolic bundles with real weights. Suppose K C R is
a subfield, and suppose V' is a K-vector space. If f € V ® K|[z] then we can define in
a formal way fol f € V. The same is true if f is a formal piecewise polynomial function
whose intervals of different definitions are defined over K. A similar remark holds for
multiple integrals—in the case we shall consider the domains of piecewise definition will
be products of intervals defined over K but this could also extend to K-linear constructible
regions.
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Using this meaning, the formula of Theorem 5.8 may be rewritten replacing sums by

integrals:
f; =0 f(i g€ T iPich(F,)
(15) ch(F) = == s,
falzo. ’ .famzoe lelal !

In this formula note that the exponentials of real combinations of divisors are interpreted
as formal polynomials. The power series for the exponential terminates because the
product structure of CH>%(X) is nilpotent.

If F is a parabolic bundle with rational weights, then this still takes values in CH (X)g.

If F'is a parabolic bundle with real weights, then the formula (15) may be taken as
the definition of ch(F) € CH (X)g := CH (X) ®z R. No topology or metric structure is
needed on C'H'(X)g because the integrals involved are piecewise polynomials.

Theorem 8.8. The Chern character of locally abelian parabolic bundles with real weights,
15 additive for exact sequences, multiplicative for tensor products, and functorial for pull-
backs along good morphisms of varieties with normal crossings divisors.

Proof. Additivity for exact sequences follows from the shape of the formula. Suppose
f:(Y,D) — (X, D) is a good morphism of varieties with normal crossings divisors. Fix
a bundle and collection of filtrations (F, {F7}) on (X, D). The Chern character may then
be viewed as a function
ch: W(E,{F/}) — CH (X)g.

This function is obtained as a polynomial with coefficients which are rational linear com-
binations of the various Chern classes of the intersections of the filtrations, see §7.3. The
same may be said of the Chern character of parabolic bundles over (Y, D) once filtrations
are fixed. Use Proposition 8.7 to decompose the space W (E,{F’}) into a finite union of
Q-linear constructible subsets on which the filtrations of the pullback parabolic structure
will be invariant. Over these subsets the Chern character of the pullback parabolic struc-
tures are again polynomials with coefficients in CH (X )g. On the other hand, by [Iy-Si,
Lemma 2.8], whenever the weights are rational we have that the Chern character of the
pullback is the pullback of the Chern character. We therefore have two polynomials with
CH (X)q coefficients which agree on the rational points of a certain Q-linear constructible
set. It follows that the polynomial functions into C'H (X )g agree on the real points of the
@-linear constructible set. This proves compatibility of the Chern character for pullbacks
of real parabolic bundles.

The proof for tensor products is similar, using the analogue of Proposition 8.7. U
9. VARIANTS

In this section we consider a variant of the notion of parabolic structures for the case of
a divisor with multiple points, and also a variant of the construction of parabolic bundle
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associated to a logarithmic connection, concerning the case of unipotent monodromy at
infinity. In both cases, we will restrict to the case when X is a smooth projective surface.

9.1. Parabolic structures at multiple points. Let X be a nonsingular projective
surface. Let D C X be a divisor such that D = U”, D; and D; are smooth and irreducible
curves. Let P = {P,,..., P} be a set of points. Assume that the points P; are crossing
points of D;, and that they are general multiple points, that is through a crossing point
P; we have divisors Dy, ..., Dy which are pairwise transverse. Assume that D has normal
crossings outside of the set of points P.

Let m : X’ — X be the blow—up of X at P and E be the exceptional divisor on X’;
note that F is a sum of disjoint exceptional components F; over the points P; respectively.
The pullback divisor D' = "." | Dj+ E is a normal crossing divisor, where D} is the strict
transform of D;, for 1 <7 < m.

We will define a notion of exceptionally constant parabolic structure on (X, D, P). The
term “exceptionally constant” means that the parabolic structure pulls back to one which
is constant along the exceptional divisors. Following notation of Mochizuki [Mo2] we fix
an origin for the filtrations which is a multi-index c. This may be important in the present
case since the structures might differ for different values of c.

Definition 9.1. Fix a positive integer n for the denominator, and an uplet of integers ¢ =
(¢pas---sCDm,CPA,-- -, Cpy). An exceptionally constant parabolic structure on (X, D, P)
(denoted by (H, F',G")) with origin ¢ consists of a vector bundle H on X together with
filtrations F' on the restrictions Hp, of H on D;, and furthermore filtrations G’ of the
vector spaces Hp,. The indexing of these filtrations is Fj’ forcp; —n < j < cp,; with

Fi,, = Hlp, and F; _, = 0, and Gl for cp; —n < k < cp; with analogous end
conditions.

Let H' = 7*H be the pullback of the vector bundle H. The filtrations F} along the
D} and G}, along the exceptional divisors E; determine a parabolic structure denoted
O(H,F',G) over (X', D'+ FE). By Lemma 2.3, it is automatically locally abelian.

We can use the formula of Theorem 5.8 to obtain a formula for the Chern character of
®(H,F,G)

Consider the push—forward map
m:CH(XY®oQ —CH(X)®Q
We define the Chern character of the exceptionally constant parabolic structure on X,

(H,F,G), to be
ch(H, F',G)) = m.ch ®(H, F,G).

9.2. Parabolic bundles associated to unipotent monodromy at infinity. Recall
that one can associate a parabolic bundle to a logarithmic connection with rational
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residues, in a canonical way, such that the weights correspond to the eigenvalues of the
residues (see [Iy-Si] or §10 below). In this section, we point out that one can do something
substantially different, in the case of nilpotent residues. Suppose (F,V) is a logarithmic
connection on X, with singularities along a normal-crossings divisor D = Dy + ...+ D,,,
such that the residue 7; of V are nilpotent, for each i = 1,...,m. In other words, (£, V)
is the Deligne extension of a flat bundle with unipotent monodromy at infinity.

In this case, we still have some different natural filtrations along divisor components,
but the eigenvalues of the residue are zero so there is no canonical choice of weights.
Instead, define some characteristic numbers by arbitrarily assigning weights to these fil-
trations. Assume that X is a surface here, so that the resulting parabolic structures will
automatically be locally abelian. It seems to be an interesting question to determine when
the locally abelian condition holds for these kinds of filtrations in the case of dimension
> 3.

Consider the Image filtration on the restriction Ep, of E to a divisor component:
Ep,=F,2F >..D>F_DF ;=0
where
F; = image (1) : Ep, — Ep,),
ng :=1n; 0m; 0 ...on; (j-times) and [; + 1 is the order of 7.

Alternatively, we can consider the Kernel filtration induced by the kernels of the oper-
ator n;: write
F} := kernel (ni*t'™7 . Ep, — Ep,).

Mixing these two filtrations gives rise to the monodromy weight filtration {W;} defined
by Deligne [De3]. This is an increasing filtration

{0} Cc Wy C Wy C ... C Wy, = Ep,

uniquely determined by the conditions:

o (W) C Wi

e the induced map 7! : Gryy(W,) — Grj_(W,) is an isomorphism for each .

Here Gry(W,) := W;/W,_;.

Explicitly, the filtration is defined by induction as follows: let

Wy = image(n") and Wy, _; = ker(n}).
Now fix some [ < [; 4+ 1; if
0C Wiy CWy,oy C Wy, =Ep,

has already been defined in such a way that

i (Wag—) € Wiy
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then we define
Wi/ Wiy = image(n; ™"« Wat,—i/Wiey — Wai,i/Wis)
and W;, Wy,_;—1 to be the corresponding inverse images. Notice that
Wi/Wiy C Way, g1 /Wia

so that W; C Wy, ;. Clearly, nﬁi_l(ngi,l,l) C W, so that the induction hypothesis is
satisfied.

Lemma 9.2. Suppose X is a surface. Consider the Image or the Kernel or the mon-
odromy weight filtrations considered above, on the restrictions Ep, of E to the divisor
components. We can associate a locally abelian parabolic bundle on (X, D) with respect
to (Ey, V) together with either of these filtrations by assigning aribitrary weights.

Proof. By Lemma 2.3, the parabolic structure defined by the filtrations is automatically
locally abelian. O

9.3. Examples arising from families. Suppose 7 : X — S is a semi-stable family
of projective varieties such that 7y : Xy — U is a smooth morphism, for some open
subvariety U C S and D := S — U is a normal crossing divisor. Let d be the relative
dimension of X — S.

In this situation, the Gauss—Manin bundles H' := Rlﬂ*(Q;(/S(Wle)) for 0 <1 < 2d,
are equipped with a logarithmic flat connection. Furthermore, the local monodromies are
unipotent and H' is the Deligne extension of the restriction H}, (see [St]). Let n; be the
residue transformations along the divisor components D;. Unipotency of the monodromy
operators implies nilpotency of n; and the order of nilpotency is at most [ 4+ 1 (see [La]).
In particular, the length of the Image and the Kernel filtrations in the previous subsection
is at most [+ 1 and the monodromy weight filtration is of length at most 2/ 4+ 1. We make
an explicit computation of the Chern character of the associated locally abelian parabolic
bundle in the following case:

Suppose S is a surface and X — S is a semi-stable family of abelian varieties. We
consider the Gauss-Manin system H! of weight one on S. For simplicity assume that D is
a smooth irreducible divisor. Then the residue transformation 1 has order of nilpotency
two and in this case the monodromy weight filtration is written as

H1|D:WQDW13WODW,1:O.

Here W, = kernel(n) and W, = image(n). The graded pieces
Wi
Wm—l

carry a polarized pure Hodge structure of weight m (see [Sc]). Also, the graded piece of

gr,, =

weight two is isomorphic to the piece of weight zero, by the monodromy operator N (in
[Sc], N polarizes the mixed Hodge structures).
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By Lemma 9.2, we can associate a locally abelian parabolic bundle F' on S corresponding
to {W.}, with arbitrary weights (ag, a1, ag) with —1 < ag < ay < ag < 0.

Lemma 9.3. Suppose X — S is a semi-stable family of abelian varieties of genus g. Let
g; denote the rank of gr; for i1 =0,1,2, thus g = go+ g1 + g2 and go = g2. With notations
as above, assigning weights (ag, aq, ), the Chern character of the locally abelian parabolic
bundle F is given by the formula

2
ch(F) =Y gie ™" € CH(S)q.
i=0
In other words it is Chow-equivalent to a direct sum of parabolic line bundles.

Proof. Let k : D — X denote the inclusion. Suppose A is a rank r bundle along D whose
Chern character is 7 € CHY(D)g. Then, the sheaf k,(A) on X has Chern character given
by a Riemann-Roch formula. This formula depends only on the Chern character of A on
D, in particular it is r times the value for the case A = Op. In that case we can use the
exact sequence

0—-0(-D)—-0—0p—0
to conclude that the Chern character of k,(A) is r(1 — e ).

Turn now to the situation of the lemma. By [vdG] or [Es-Vi3], we have
ch(F) =g € CH(S)q

and similarly for ch(gr;) which corresponds to a family of abelian varieties along D, we
get

ch(gr,) = g, € CH(D)q.
Clearly, ch(gr,) = go € CH"(D)g, thus ch(gr,) = go € CH"(D)g by the isomorphism
between the weight two and weight zero piece given by the monodromy operator. Plug-
ging these into the formula (14) of §7.4 and using the previous paragraph for the Chern
characters of k,(A) we get the formula

2 D a
_ D 2 : e —e ™ -D .
Ch(F) =€ g— — mgl<1 — € ) e CH (S)Q
Simplifying with g = gg + g1 + g2 gives the stated formula. O

10. EXTENDED REZNIKOV THEORY FOR FINITE ORDER MONODROMY AT INFINITY

Suppose U is a nonsingular variety defined over the complex numbers. Consider a non-
singular compactification X of U such that D := X — U is a normal crossing divisor.
Suppose (Ey, V) is a bundle with a flat connection on U. Consider the canonical ex-
tension (E,V) of (Ey,Vy) on X (see [De]). Here V is a logarithmic connection on F,
ie.,

V:E— E®Qx(logD)
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is a C-linear map and satisfies the Leibnitz rule. Flatness implies that V o V = 0.

Consider the sequence induced by the Poincaré residue map

E — E®Qx(logD) =% E ® Op.

This induces an operator

res

i+ Ep, — (E ® Qx(logD))p, — Eb,

called the residue transformation along the divisor component D; and n; € End(Ep,).

Definition 10.1. We say that (E, V) has rational residues if the eigenvalues of the residue
transformations n; above are rational numbers.

This is equivalent to saying that the local monodromy transformations around the
divisor components D; of D are quasi-unipotent.

If o; are the rational residues then [De]

e?™i — ejgenvalues of the local monodromy.

Suppose the residues of (E, V) are non-zero and rational. In [Iy-Si, Lemma 3.3], a locally
abelian parabolic bundle £ on (X, D) was associated to (E, V). In fact, £ was associated
to the flat connection (Ey, Vi) on U and the constituent bundles were defined, using a
construction due to Deligne-Manin. If we choose the extension (F, V) on X such that the
rational residues lie in the interval [0,1) then the weights are precisely the negatives of
the rational residues. In other words, if 0 < —af < —a? < ... < —af"" < 1 are the rational

residues along D; then the weights are o > a? > ... > a"

along D;.

10.1. Residues are rational and semisimple. Suppose that the residues are rational
and furthermore on the associated-graded of the parabolic structure, the residue of the
connection induces a semisimple operator. In this case, the monodromy transformations
of the corresponding local system are semisimple with eigenvalues which are roots of
unity, thus they are of finite order. If n denotes a common denominator for the rational
residues of the connection (and hence for the corresponding parabolic weights) then the
monodromy transformations have order n. This implies that the connection extends to a
flat connection on the DM-stack Z := X <%, cee DTT”> Conversely any flat connection on
the DM-stack Z gives rise to a connection on U with semisimple and rational residues.

The locally abelian parabolic bundle on X corresponds to the vector bundle on Z under-
lying the flat bundle as extended over Z. Indeed, when the monodromy transformations
have order n, the monodromy around the divisor at infinity in Z is trivial, and in this case
the Deligne canonical extension is the vector bundle underlying the extended flat bundle.
By [Ly-Si| the Deligne canonical extension over Z is the vector bundle corresponding to
the parabolic bundle on X.
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10.2. Reznikov’s theory in the case of rational semisimple residues. The theory
of secondary characteristic classes works equally well on the DM-stack Z. In particular,
we can define the rational Deligne cohomology

Hy' (Z,Q(p)) == H*(Z*:Qp) — Qgan — .. — Dn),
and also the cohomology
H?(2,C/Q) = H(Z"Q — Q).
Dividing by the Hodge filtration provides a map
(16) H*71(Z,C/Q) — Hp'(Z,Q(p))-

On the other hand, the Deligne cycle class map from Chow groups to Deligne cohomology
is a map

(17) CHY(Z)g — Hp'(Z,Q(p))-

If E is a vector bundle on Z then its Chern character in CH (Z)g maps to its Chern
character in ©,HZ(Z,Q(p)).

Lemma 10.2. Pullback for the map Z — X gives an isomorphism of Deligne cohomology
groups

HY(X,Q(p). — HZ(Z,Q(p))

compatible with the isomorphism of rational Chow groups and the map (17). It also
induces an isomorphism

H* (X, C/Q) — H* '(Z,C/Q)

and this is compatible with the projection (16).

Suppose F'is a locally abelian parabolic bundle on X. Define the Chern character of F
in Deligne cohomology of X by using the formula of Theorem 5.8 and taking the Chern

characters of the pieces Fl,, . q,,) in the Deligne cohomology of X. Thus

n—1 n—1 Sy m %% D(p.
Zalzo PN Zam:() e Zz:l n 1 (Dz)chD(F[al 7777 am]>

z"—l ..Z”—l e~ ity el (D)

a1=0" am=0

(18) chP(F) =

The products are taken with the product structure of Deligne cohomology which is com-
patible with the intersection product in Chow groups [Es-Vi2].

Corollary 10.3. Suppose F' is a locally abelian parabolic bundle on X with n as common
denominator for the rational weights, corresponding to a vector bundle E on Z. Then
ch®(F) as given by the above formula (18), pulls back to ch®? (E) on Z via the isomorphism
of Lemma 10.2.

Proof. By Theorem 5.8 this is the case for the Chern character in Chow groups, and we
have the compatibility of the isomorphism of Lemma 10.2 with the projection (17). O
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Now, go back to the situation where (Ey, Vi) is a flat bundle on U with rational and
semisimple residues. It extends to a flat bundle (£, V) on Z and also the local system
Ly on U extends to a local system L on Z.

Consider a Kawamata cover (see [Kaw])
f:Yy—»X
so that Y is a smooth projective variety. Then there is a factorization
y 2z X

such that f = 7w o h. The flat connection on Z pulls back to a flat connection (Ey, Vy)
on Y. Thus, Esnault’s theory of secondary classes for flat bundles [Es] gives a class
¢,(L) € H*1(Z,C/Q). By [Es], this class projects under the map (16) to the Deligne
Chern class ¢} (E) for the vector bundle E on Z.

Proposition 10.4. Reznikov’s result on the vanishing of the rational secondary classes
works equally well over a smooth projective DM-stack. Thus, with the above notations

(L) =0 in H*"Y(Z,C/Q), forp > 2.

Proof. Either of Reznikov’s proofs of [Re| work equally well over the DM-stack Z. Al-
ternatively, we can reduce to the utilisation of [Re] on the finite cover Y as follows: by
Reznikov’s theorem the secondary classes of (Ey, Vy) are trivial in the C/Q-cohomology
in degrees > 3 of Y. The map Y — Z induces an injection H'(Z,V) < H'(Y,V) for any
Q-vector space V, in particular V' = C/Q. This implies that the secondary classes vanish
on Z

(L) =0 € H*(Z,C/Q)
for p > 2.
O

Combining with our formula of Theorem 5.8 we obtain a formula for an element of
the Deligne cohomology over the compactification X of U which vanishes by Reznikov’s
theorem.

Corollary 10.5. Suppose (Ey,Vy) is a flat bundle on U with rational and semisimple
residues, or equivalently the monodromy transformations at infinity are of finite order.
Let F' denote the corresponding locally abelian parabolic bundle. Define the Deligne Chern
character chP(F) on X by the formula (18). Then the rational Deligne Chern classes
D

¢, (F) in all degrees > 2 vanish.

Proof. This follows from Corollary 10.3 and Proposition 10.4. U
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