Modified Channel Crossing Symmetry in Large N U(N)
Chern-Simons Matter Theories

Mangesh Mandlik
DTP, TIFR

20th Dec.
Indian Strings Meeting, 2014
Based on: 1404.6373, 1407.1322

Mangesh Mandlik Modified Channel Crossing Symmetry in Large N U(N) Chern-Simons Matter Theories 1/23



Introduction

@ Chern-Simons theory is a gauge theory in 2+1 dimensions given by
s [ 2
Scs = [ d’z|iet pZTr(Au(?VAp — SAMA,,A,;)
T

@ Pure Chern-Simons theory is a topological theory; it has no
propagating degrees of freedom.

@ However when coupled to matter, it has interesting dynamics, like a
duality between bosonic and fermionic theories, and violation of
channel crossing symmetry.

@ Has interesting applications in planar condensed matter physics.
Provides a very good model for anyonic systems.
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Theories

Chern-Simons coupled to fundamental fermions:
. krp ) _ _
S = / & [ze‘“’p4 Tr(A,0,4, BZAMAVAP) + 9V Dyt + mp i
is dual to Chern-Simons coupled to critical bosons, i.e.

S / P [ig”“pZiTr(Au&,Ap _ %AMA,,AP) + D,dD"

2 o2
Ng——0 - N
+0¢p+ Np by B & B2b4
in the Wilson-Fischer limit
4 2
by — 00, mp — 00, ﬂZnB = m$% = fixed.
4
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-
Duality

@ These theories map to each other under following parameter
identifications:

kF = _kBa
Nr = |kp| — NB,
>\B = )\F — sgn()\p),

mgp = _m%"IAB'

@ Where we work in 't Hooft coupling limit:
kg, kp, Np, Ne — 0o with Ap = 2 and Ap = £ held fixed
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-
Check for duality

@ This duality has been checked at many places.

e The spectra and 3-point functions of single trace operators match
([1110.4382], [1110.4386], [1112.1016])
e Thermal partition functions match ([1211.4843], [1301.6169])

@ In [1404.6373] we aimed at proving that the exact S-matrix for 2 — 2
scattering follows this duality.

@ While working on this problem we encountered many unusual features
of these theories.
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Process and Channels

We will evaluate the exact S-matrix for 2 — 2 scattering of bosons
minimally coupled to Chern-Simons theory in all the channels which are

@ S-channel, i.e. particle-antiparticle singlet scattering channel
Pi(p1) + A'(p2) — Pj(—p3) + A7 (—pa)

@ T-channel, i.e. particle-antiparticle adjoint scattering channel
Pi(p1) + A7 (p2) — Pi(—ps3) + A/ (—pa)

@ U-channel, i.e. particle-particle scattering channel
Py(p1) + P?(p2) = Pi(—p3) + P?(—pa)
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Method

The all-order 4-point function in Euclidean lightcone gauge
(A_ = L\/%’% = 0) for the bosonic theory for general ¢* coupling in 't

Hooft limit is diagrammatically represented below:

where

,,,,,

Mangesh Mandlik Modified Channel Crossing Symmetry in Large N U(N) Chern-Simons Matter Theories 7/23



Method

In 't Hooft large N limit this is just a sum over ladder diagrams which

takes the form of an integral equation called 'Schwinger-Dyson equation’,
which is diagrammatically represented as:

pP+a R k+g pP+ag k+g p+a r+q R k+q
; » // \ T - - - -

v - bep * rop |
i / S i
P Kk P Kk

In Euclidean lightcone co-ordinates, this translates to

dBr W ,T, NV (r k,
V(p,k,q) = Volp. k. q) + / (2m)3 (r;fc%)q?(r + (Q)2 +q§2;)

: E+p_ -
N%(p,k',Q3) - _47TZ)\Bq3ﬂ + b4

(k—p)-
_ kitiks A 2
where k‘i = T, b4 = 27T>\BCB — b4.
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Solution

The Schwinger-Dyson equation can be easily solved using complex analytic
techniques to yield ([1404.6373])

NV = o2 (tan ! (HEE ) —uan 2 (2520 ) (47Ti)\BQ3H + 5(gs, AB))

where
Jas. he) _
AmiApqs
(47m')\3q3 + 54) FB 3]‘3> + (—47m')\BQ3 + b~4> eTiABsgn(g3)
(47Ti)\BQ3 + b, ) et f> - (—4m’)\BQ3 + 54) emirpsgn(qs)

alp) = \/2psp- +
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T and U channel results

When this Euclidean result is analytically continued to 7" and U channels

and the onshell limit is taken we get the scattering matrix in those
channels:

Tf(p1,p2,p3,p4, ka )‘Bv 8470.3)

dim Jut
-E o jult
(p1,p2,p3) iV s

: YN
—M\/jt (by — 4midpy/—t) 4 (by + 4widpy/—t)e ~2iAp tan 1(2|c\

B
kp

—(by — Amidpyv/—t) + (by + Amidp/—t)e ~2ig tan~ (31557

~—r

h
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T and U channel results

and

T[?(plvp2ap3ap47 kB, ABa 64703)

dim st
—F =
(p1,p2,P3) Vi

—4ﬂ\/jt (b4—47TZ>\B\/ ) (b4+47TZ)\B\/

) —2iAg tan~! (2@‘ )

) —2idp tan—! <2@‘)

ks (b4 —4miAgy/— ) (b4 + 4midAgy/ —
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Duality of T" and U channel results

When we take Wilson-Fischer limit, i.e. by — 00, of these results,

dim Jut
TE>(p1,p2, 3,14, kB, AB> CB) ZE(plap%ps)E o
. 1 V=
4 i 14 ¢ 2Btan I(mCB)
Ok vt 2i\p tan—1( /=L
B 1 2wt (3)
dim st
TE®(p1,p2, 3,4, kB, AB, CB) ZE(p1,p27p3)E o
) AN
4irm e )
ok vt 2iAp tan—1 (/=L
B L 2 tant (30

Which match with the fermionic results derived independently under
duality mapping. This matching is very nontrivial.
12 /23
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Something wrong with S-channel?

However, when this result is naively analytically continued to S-channel,

u
Ttmal (W)\B) 4“[E(p1,p27p3)\/;

~ ) - l_;,_iB AB
(47TAB\/§ + b4> +ei™\B (—47TAB\/§ + b4) (fg)
2 5
+ (71')\3) 4\/§ 1 ;/'; by
(4%)\3\/54- b~4) — ei™AB (—471’)\3\/54- b~4> <f_é/Bg>
2TVs

Unlike other channels this result is not consistent with unitarity due to the
presence of a nontrivial cut in the S channel.
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Remedy: the conjecture

Hence we propose a conjecture for the S-channel S-matrix:In the case of

the bosonic theory we conjecture that S matrix in the S-channel is given
by ([1404.6373])

sin(mAR)

T8 = —i(cos(mAg) — 1) I(p1,p2, p3, p1) +
TARB

Tirial

Which, in centre of mass frame can be written as:

Ts(v/s,0) = 8miv/s(1 — cos(mAg))d(0) + 4iy/ssin(wAg) Pv <cot <Z>)
+ 4+/ssin(rw|Ag|)jn,

(4l + ba) + Pl (—dnlxplv5 + ) ( b+ )'AB

M =

- - 1, \ A8l
(47r|/\3\\/§—|—b4) _ einlAs] (_4W\ABW§+ b4) (_21++:B>
2

This conjectured S-matrix is manifestly unitary.
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Salient features of the conjecture

@ It is compatible with the duality, i.e. it is dual to a similar conjecture
on the fermionic side.

@ It proposes a d function in forward scattering. So it is non-analytic.
Perturbatively, it should start showing up at every odd loop order
from the 1st loop order.

@ Its analytic piece differs from the result for other channels by the
factor of % This should show up in perturbative expansion from

second loop order.
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Connection with Aharonov-Bohm scattering

@ The equation of motion for the gauge field in Chern-Simons theory is

2T
F#V = —?E#ijp

e [; component of this equation says that every charge traps a
magnetic flux.

@ i.e. a charged particle going around another should behave like a
charged particle going around a magnetic flux.

@ So the 2 — 2 scattering in this theory in nonrelativistic limit and in
centre of mass frame becomes the quantum mechanical problem with
a charge moving around a point magnetic flux at origin.

@ This is the Aharonov-Bohm scattering problem.
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Aharonov-Bohm scattering as the nonrelativistic limit

When we take "near-threshold” nonrelativistic limit ([1407.1322]) of the

conjecture
1
ob k k 2D gl
P4 o Lo Z(EE)TT 2 fiked.
CB CB cg \ 0by
0by = by — b5, 5" = 8mep| Mgl
we find that the result is a one parameter set of solutions
0
Ts(v/s,0) = —16micp(cos(mAp) — 1)d(0) + Sicp sin(wAp) Pv <cot <2>>
1+ eimAs8l_Ar
. k2Bl
+ 8cp|sin(mAp)] T v
k22 Bl

2|\
Sba (2c5)25!
R = —_——
167|Ag|cs.
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Aharonov-Bohm scattering as the nonrelativistic limit

which matches with the selfadjoint extension of the Aharonov - Bohm -
Ruijsenaars scattering matrix ([hep-th/9406213)])

Tnr = —167icg (cos (mAp) — 1) §(6) + icp sin(wAp)Pv <cot Z) ,

ir|Ag| _ANR
L+e k2Bl

+803\sin7r)\3\1_ poy S v
k212 Bl

oo ZL(2 2251 P14 |Ap))

NE= S \R I'(1—|Ag)

under following parameter map:

—w (cgR)? el = 554 (16 Ag| (1+\)\B’)>_

I'(1 = [Ag])
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Non-analyticity from Feynman diagrams?

@ Thus, this conjecture is the relativistic generalization of
Aharonov-Bohm scattering, which retains the characteristic § function
in forward scattering.

@ There are no textbook examples of such non-analytic piece coming
from onshell Feynman diagram computation.

@ However when we compute the nonrelativistic Coulomb gauge bosonic
scattering diagrams in Chern-Simons theory, at first two loop order
they reduce to the Lippmann-Schwinger diagrams obtained from the
anyonic Aharonov-Bohm scattering.

@ These Lippmann-Schwinger diagrams on evaluation do give the
desired delta function at one loop, provided a particular onshell limit
is taken when we consider the near forward scattering region.

@ Also they give the conjectured answer at second loop.
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-
Landau gauge calculation

@ The modified channel crossing symmetry is evident if the calculations
are done in a manifestly covariant gauge. Here we work in Landau
gauge.

@ Unlike lightcone gauge, in Coulomb and Landau gauges obtaining the
exact result by solving an integral equation is not feasible due to
nonabelian gauge coupling. So we work perturbatively.

@ We find that at one loop in the offshell calculation, we can divide the
result into two parts:

e one that onshell goes smoothly to the analytic piece
o the other that goes to delta function, i.e. it is zero for nonzero
scattering angles, but blows up in forward scattering.

o If 'the other' piece is evaluated near forward direction in an onshell
limit analogous to the coulomb gauge nonrelativistic calculation, we
find that it gives rise to the desired § function in the S-channel, while
in other channels it vanishes.
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Summary

@ The lightcone gauge calculation for 2 — 2 singlet scattering
amplitude in Chern-Simons coupled to fundamental matter
(boson/fermion) is found to violate unitarity.

@ A conjecture for the S-matrix in this channel is made which is unitary,
and reduces to Aharanov-Bohm-Ruijsenaars anyonic scattering in the
nonrelativistic limit.

@ This conjecture has nonanalyticity in the form of a § function in
forward scattering direction, and its analytic piece is different from
the analytic continuation of other channels.

@ These features can be seen even in perturbative Feynman diagram
calculation in a particular onshell limit, which is currently being
analysed.
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