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Introduction

» General feature of gravitational theories: appearance of
enhanced symmetries under reduction.

Relativity: existence of commuting Killing isometeries
Supergravity: presence of matter fields gives richer structures

Classical example: toroidal reduction of D = 11 supergravity to
D = 4 gives theory controlled by E;7)/SU(8).

» Dualisation of fields important in realising enhancement of
symmetries



The existence of enhanced symmetries useful:
» solution generating method
» clearer understanding of reduced theory ,
» efficient way of classifying gaugings in supergravity: duality
covariant embedding formalism

Question we would like to address in this talk:

Does the enhanced symmetry play a role in the
higher-dimensional unreduced theory?

Two approaches to answering this question.



» Symmetry-based approach: construct field theories
that are built from objects and structures derived from the
enhanced symmetry of interest.

» Useful for investigating possible generalisations.
» Leads to novel mathematical structures.
» Relation to original theory must be established.

» Theory-based approach: reformulate the higher-dimensional
theory in such a way as to make explicit, features of the
enhanced symmetry.

» Relation to original theory (on-shell equivalence) trivial.

» Much simpler setting in which to study reductions, their
consistency and uplift ansatze:
new perspective on Kaluza-Klein theory.

» Any relation of the symmetry-based approaches to the original
theory would be via the theory-based reformulation.



D = 11 supergravity and E;(7)/SU(8)

v

D = 11 supergravity [Cremmer, Julia, Scherk 1978] thought to be
unique.
» Maximum dimension in which one can define a consistent

supergravity.
» Field content:

Ev”, Aunp, V.

» Reduction on T gives maximal ungauged supergravity with
E7(7)/5U(8) symmetry [Cremmer, Julia 1979].

Aim: reformulation of D = 11 supergravity making manifest
as much of the E7(7)/SU(8) structures as is possible.



de Wit-Nicolai formalism

de Wit-Nicolai formulation goes some way into addressing this aim:

> On-shell equivalent refomulation of D = 11 supergravity.

» Gives up manifest Lorentz invariance and spacetime
covariance (11 — 4 + 7).

» There exists manifest local SU(8) symmetry
(SO(7) — SU(8)).

> Analysis of the supersymmetry tranformations in 447 split
used to achieve this.

» Consistency of the S’ reduction to maximal gauged
supergravity proved using this formalism



Natural to work in de Wit-Nicolai formalism.

Find : completion of de Wit-Nicolai reformulation to
include the role of the global E;(7) group.

Note: Ez(7) is not a symmetry of the D = 11 theory.



Introduce six-form dual A) using equation of motion of 3-form
potential A3):

d*F(4)—‘r~-~:0
d(*F(4)—|—...):0
*F(4)—|— = dA(6)

Can determine SUSY transformation of A).
Decompose fields in terms a 4+7 split: zM — (x*, y™)

‘vierbein’ | ‘scalars’ | ‘vectors’ ‘2-forms’
« a m
e €em B,
Amnp -A,umn -A,uum
Aml...ma -A,uml..‘m5 -A,ul/ml..‘m4

» Equivalent to full D = 11 theory: full dependence on (x,y).



Similarly ,
Y, = EAM\UM =(Vq,V,) — (SO,uAaXABC)

Chiral SU(8) indices.
Now consider the SUSY transformations of the redefined fields.

For the vierbein we have

(e}

de, = %EA’)/O‘QOHA + h.c.

Now consider variation of B,™
§B,™ = %e;‘"B [2v22408 + 2y, x*BC] + hc,
where
eag ~ el a5

Can think of e} as facilitating embedding of SO(7) C SU(8).



Moreover

sels = —/2¥ apcpe™ P
Y agcp complex self-dual SU(8) tensor.
Roughly,

d(vector) = scalar x fermions.

Therefore, consider variation of other vector degrees of freedom

Result: we find the same pattern:
d(vector) = scalar x fermions!



Furthermore

All bosonic degrees of freedom assemble into E7(7) objects in
accordance with the decomposition
56 — 28528 —» 7T®2192167

> a

€u
> Vi aB(en®s Ammp, Amy..mg): ‘scalars'—E7(7)/SU(8) element.

. 'vierbein'—singlet under E7(7).

» A,M: ‘vectors'—part of the 56 of E7(7y-

¢ = %EAvacpuA + h.c,

SVwmag = V2Eagco VP,
SAM = i QMNV ag (2v25208 + 27, BC) + hec..

de,

Identical in form to the supersymmetry transformation of maximal
gauged theories in four dimensions !



Uplift formulae

This can be used to derive uplift formulae:

» The linear Kaluza-Klein ansatz for the vector fields is exact

AM(x,y) = BN ()RvM(y)

» Comparing the D = 11 and D = 4 supersymmetry variations,
the generalised vielbeine (components of an element of
E7(7)/SU(8) coset) are related to the D = 4 scalars

VD L AB(x, y) = VO T () RY jly) nf (y)nf (v)

Note: By rewriting the ‘scalars’ in an Ez(7) matrix, the highly
non-linear uplift formulae transform into a linear relation, e.g. V is
cubic in Apnp and highly non-linear in ey,?.



Generalised vielbein postulates (GVPs)

» Components of Ez 7y vielbein Vi ap satisfy generalised
vielbein postulates.

Internal GVP:

OmVmag — Fmm™MVnas + Q5aVmeic = PmascoVm L.

> I'mMN: generalised affine connection.
» Q¢ 4: generalised spin connection.

> P ascp: generalised non-metricity.

There is a rich and beautiful structure here: matter and
gravitational degrees of freedom packaged into E;(7) connections.



External GVP:
O Vamag +2L4,Vrmas + QS 1aVmec = PuascoVm P,

where,
LaVmas = SANONVMas + 6(t) N (ta)p 200 AT Viras
is the E7(7) generalised Lie derivative
Compare this with the Cartan equation that defines D = 4
maximal gauged theories :

VM ag — BT Xp N Vi + QX VMKkYN i = PV,

where X, generate the gauge algebra and are constructed from
the embedding tensor

Xum = @Ma(ta).



The external GVP reduces directly to the Cartan equation in four
dimensions:

Higher-dimensional understanding of the embedding tensor

The last component of the vectors A, drops out of the external
GVP (consequence of generalised Lie derivative). Understanding of
A, m irrelevant for any discussion related to reductions and their
consistency. Furthermore, this proves that

New w-deformed SO(8) gauged maximal theories
can not be realised as a reduction from
D = 11 supergravity.

Could they come from a reduction of a deformed D = 11 theory?
This seems unlikely...



The formalism completed in can be applied to concrete
examples of reductions:

» It can be used to derive in a much simpler manner the SO(8)
gauging in the S” reduction

» Full uplift formulae for all fields of maximal gauged theory

» Applied to give new highly non-trivial non-supersymmetric,
stable (?) solution of D = 11 supergravity

» Provides a derivation of the embedding tensor of
Scherk-Schwarz compactifications with flux from D = 11

More generally, these ideas apply to any reduction
» Type lIB on S° L e



Take home message

A new way of studying and understanding reductions:
formulate the higher-dimensional theory fully in terms of the
duality symmetry obtained under reduction.



