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Brane Crystals



Brane Tiling model

Flat C3 > Orbifolds > Non-orbifolds [Klebanov-Witten] [Morrison-Plesser]

C(T 1,1)

R1,3
C(Y5) Y5

Calabi-Yau

Y5AdS5

Sasaki-Einstein

D3 on CY3

partial resolution

Ramadevi’s talk

D = 4
N = 1



Brane Tiling model [Hanany-Benvenuti-Franco-Vegh-Wecht]
[Feng-He-Kennaway-Vafa] [Iqbal-Uranga]

    Faces  =  Gauge groups
   Edges  =  Bi-fundamentals
Vertices  =  Super-potential

C3

C(T1,1)

W = tr(XYZ− ZYX)

W = tr(A1B1 A2B2 − A1B2 A2B1)



Apply the idea of brane tiling to ...

→ AdS4×Y7

R1,2
C(Y7) Y7

Brane Crystal model

M2 on CY4

[SL, 0610204][SL, Sungjay Lee, Jaemo Park, 0702120]
[Seok Kim, SL, Sungjay Lee, Jaemo Park, 0705.3540]

D = 3, N = 2 SUSY



Apply the idea of brane tiling to ...

→ AdS4×Y7

R1,2
C(Y7) Y7

Brane Crystal model

M2 on CY4

[Doubt]
Even M2-branes in flat background not understood !

[SL, 0610204][SL, Sungjay Lee, Jaemo Park, 0702120]
[Seok Kim, SL, Sungjay Lee, Jaemo Park, 0705.3540]

D = 3, N = 2 SUSY



Brane Tiling from T-duality

N D3-branes 

IIB IIA IIB

N D4-branes N D5-branes 

Shrinking S1 fibers NS5-brane

[Franco-Hanany-Kennaway-Vegh-Wecht]
[Imamura] [Feng-He-Kennaway-Vafa]

Toric CY3 has T3 fibration            Take T-duality along T2 

SL(2, Z) : τ = B12 +
√

gT2 → −1/τ



Brane Tiling from T-duality

Stack of N 
D3-branes

degenerating 
circle fibers

T 2R2



Brane Tiling from T-duality

Stack of N 
D3-branes

degenerating 
circle fibers

T 2R2

Thickened (p,q)-web
Holomorphic; locally R×S1

vertices of 
toric diagram (u = ex4+ix6

, v = ex5+ix7 ∈ C∗)

∑
(a,b)

c(a,b)uavb = 0



Brane Tiling from T-duality

Stack of N 
D3-branes

degenerating 
circle fibers

T 2R2 R2

T 2

Thickened (p,q)-web
Holomorphic; locally R×S1

vertices of 
toric diagram (u = ex4+ix6

, v = ex5+ix7 ∈ C∗)

∑
(a,b)

c(a,b)uavb = 0



Summary : Brane Tiling

Faces = Gauge groups

Edges = Bi-fundamentals

Vertices = Super-potentials

NS5
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Brane Crystals from T-duality

M2 on CY4 Brane Crystal

IIBIIA IIA

M M
τ = C123 + i

√
gT 3 →−1/τ

SL(3,Z)×SL(2,Z)

Toric CY4 has T4 fibration             Take T-duality along T3 



T-duality and brane configuration

Stack of N 
M2-branes

degenerating 
circle fibers

T 3R3



T-duality and brane configuration

Stack of N 
M2-branes

degenerating 
circle fibers

T 3R3

Union of all 2-fans, thickened!
Locally R2×S1

Special Lagrangian (N=2 SUSY)

Ω = (dx1 + idy1)∧ (dx2 + idy2)∧ (dx3 + idy3)
J = dx1∧dy1 +dx2∧dy2 +dx3∧dy3

d(vol) = ImΩ =−dy1dy2dy3 +(dy1dx2dx3 + cyclic)

No explicit description 
like Newton polynomial!
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Brane Crsytals : examples
GaAs

NaCl

C4

C(Q1,1,1)



Edges & Vertices

Edge : matter fields
  “M2-disc” localized around M5 intersections
  bipartite (two-colored) : due orientations



Edges & Vertices

Edge : matter fields
  “M2-disc” localized around M5 intersections
  bipartite (two-colored) : due orientations

Vertex : super-potential
   patching M2-disc to form a closed sphere
   new gauge symmetry algebra?

Aij

Bjk
Cki

= tr(ABC)(cf)



Faces (abelian)

Open M2-brane is charged under
self-dual tensor field B on M5 world-volume

Charge matrix of M2-discs

M5 compactified on                 :R1,2×M3

3

FIG. 3: The crystal for C
4 has the zincblende structure.

FIG. 4: The crystal for C(Q(1, 1, 1)) has the NaCl structure.

fundamentals, thereby identifying the latter. A similar
process in the 2d dimer model was discussed in Ref. [27].

The T-duality transformation turns the baryon M5-
branes in the original picture into M2-branes. Since the
projection of the Σ-brane onto R3 realizes the toric fans,
the baryon M2-brane corresponding to a 3-fan must have
a boundary on the 2-fan walls surrounding it. Topologi-
cally, the M2-baryon is a disc. We can shrink the baryon
until we approach the intersection between the T-branes
and the Σ brane. The intersection is a bond in the crys-
tal formed by the 1-cycles paired with the 2-fans. The
boundary of the M2-baryon is now a small circle on the
Σ brane localized around the intersection. We now show
that the baryon can be smoothly deformed into a collec-
tion of N M2-branes with its boundary on the T-branes
localized around the intersection.

Consider a supersymmetric configuration of two M5-
branes intersecting along a (3+1)-dimensional space.
Keeping the mutually transverse directions only, the in-
tersection can be described locally by a holomorphic
equation zw = 0 with (z, w) ∈ C2. Suppose we have
an M2-brane disc with boundary along a circle around
the origin in the z-plane. Infinitesimal deformation of
the intersection into zw = ε shows that the circle on the
z-plane can be smoothly deformed into another circle on
the w-plane. The argument is easily generalized to multi-
ple branes. An M5-brane on the z-plane intersecting with
N M5-branes on the w-plane is described by zNw = 0.
The same argument as above shows that an M2-disc on
the z-plane now turns into a stack of N M2-discs on the
w-plane. Thus we find that the fundamental excitations
of the CFT3 are the M2-discs whose boundary encircles
the bonds of the crystal lattice. This fundamental M2-

disc is the analog of the bi-fundamental field localized
around the D5/NS5 intersection in the 2d dimer model.

The fundamental M2-discs explain why it is difficult, if
not impossible, to write down a field theory Lagrangian
for the CFT3 (See Refs. [22, 23, 24] for previous at-
tempts). Our model suggests that in order to write
write down the field theory, we first have to understand
the quantum theory of M2-discs on the M5-brane world-
volume. The CFT3 is not likely to be an ordinary any
gauge theory. Recall that each face of the 2d dimer graph
gives an SU(N) gauge group in the quiver gauge theory,
and the matter fields are bi-fundamentals connecting ad-
jacent gauge groups. In contrast, all non-localized M2-
discs in our crystal model are equivalent, and it is not
clear whether they represent gauge fields.

The transition from a baryon to fundamentals also
gives an easy way to find the global charges of the funda-
mentals, as the fundamentals simply inherit the charges
of the baryons. If a fundamental M2-disc originates from
a region of a partition shown in Figure 2, its global
charges are 1/N times the sums of charges (F I

i , QI
a) of

the 3-fans SI inside the region.
The M2 discs localized along the bonds meeting at an

atom can form a spherical membrane. In analogy with
the 2d dimer model, we identify it as a super-potential
term of the CFT3. On general grounds, we expect that
the super-potential terms have R-charge two and van-
ishing flavor charges. It is indeed true because (i) every
atom corresponds to a partition covering the entire toric
diagram (ii) the sum of charges over all 3-fans is either
two (R-charge) or zero (flavor charges) due to the toric
relations. When two atoms are connected by a bond, the
M2-disc contribute to the two super-potential terms with
opposite orientation. If we paint the atoms according to
the orientation, then only atoms with opposite colors can
be connected. In other words, the crystal is bipartite.

The super-potential terms yield the F-term equivalence
relations among the elements of the chiral ring. As in the
2d dimer models, the relations implies that the sum of
terms corresponding to any two connected vertices are
F-term equivalent to zero.

Chiral mesons in CFT3 correspond to algebraic (holo-
morphic polynomial) functions on the CY4 cone X . They
are labeled by integer points m = (m1, m2, m3, m4) in the
solid cone ∆, which are the momentum quantum num-
bers along the T 4 fiber of X . It follows immediately that
the flavor charges of a meson m are Fi(m) = mi. The
R-charge of the meson is then given by [28, 29, 30]

R(m) =
1

2
biFi(m) =

1

2
(m · b). (1)

Under the T-duality transformation, the mesons are
transformed into closed M2-branes. The first three com-
ponents of m define the homology 2-cycle of the M2-
meson along the T 3. It is instructive to confirm this
fact in the crystal model. When an M2-meson wraps

SM2 = TM2

∫

D
d3x

√
−g +

∫

∂D
B

B = Aa(x) ∧ωa(y) + · · ·

Qia =
∫

Ci
ωa = !(Ci, Sa)

Face : gauge group (abelian, at least)



Moduli Space of  Vacua

2. The Abelian Theory

2.1 Charge assignment rule

Intersection number between the ‘matter loops’ and the ‘charge faces’

2.2 M-theoretic origin

B = Aa ∧ ωa + σa ∧ ∗̂ωa (2.1)

S ∼
∫

∂Σ
B (2.2)

Qia =
∫

Ci

ωa (2.3)

Question: Is there any subtlety coming from the self-duality?

2.3 Examples

1. C4

{φ1,φ2,φ3,φ4}, all neutral, W = 0.

2. C2/Z2 × C2

φ X1 X2 Y1 Y2 Y3 Y4

Q 0 0 0 + – + –

W = φ(Y1Y2 − Y3Y4)−X1X2(Y1Y2 − Y3Y4)

3. (C2/Z2)2

X1 X2 X3 X4 Y1 Y2 Y3 Y4

Q1

Q2

W = X1X2Y1Y2 −X3X4Y1Y2 + X3X4Y3Y4 −X1X2Y3Y4

4. C3/(Z2 × Z2)× C
φ1 φ2 A1 A2 B1 B2 C1 C2

Q1 0 0 + – – + 0 0
Q2 0 0 – + 0 0 + –

W = φ1(A1B1C1 −A2B2C2)− φ2(A1B1C1 −A2B2C2)

5. dP3 × C
φ1 φ2 A1 A2 B1 B2 C1 C2

Q1 0 0 + + – – 0 0
Q2 0 0 – – 0 0 + +

– 2 –

C/(Z2×Z2)×C

Gauge-invariant coordinates:

W = (φ1 − φ2)(A1B1C1 − A2B2C2)

φ1 = φ2 (≡ φ) A1B1C1 = A2B2C2 (≡ w)

z1 = A1 A2, z2 = B1B2, z3 = C1C2 z1z2z3 = w2



Summary : Brane Crystal

Brane Crystal model via T-duality

Edge = matter field (M2-disc)
Vertex  = super-potential (M2-sphere)
Face = gauge symmetry (at least in the abelian case)

Checks & Predictions
- moduli space of vacua 
- mesonic / baryonic spectrum
- partial resolution / Seiberg-like duality / RG flow

Difficulities 
- Special Lagrangian sub-manifold of (C*)3  (cf Newton polynomial)

- Non-abelian gauge symmetry : multiple-M2 Lagrangian ??



N     4 Chern-Simons
and M2-branes
≥



Brane Crystal vs. Bagger-Lambert - 1st encounter (winter ’06~’07)

BL 3-algebra as a candidate for the “M2-disc” algebra?



Brane Crystal vs. Bagger-Lambert - 1st encounter (winter ’06~’07)

BL 3-algebra as a candidate for the “M2-disc” algebra?

polyhedra with 4, 5, 6,... faces products of 4, 6, 8, ... fields

two orientations for 4-hedron unique product of 4 fields

Brane Crystal Bagger-Lambert

cf) tr(ABC− CBA)

f abcd AaBbCcDdDifficulties with



Brane Crystal vs. Bagger-Lambert - 2nd encounter (spring ’08)

BLG theory ...
- can be recast as ordinary gauge theory [Raamsdonk]

- is the first to escape the N = 3 bound [Lee-Kao ’92][Schwarz ’04]

More theories with                       must exist!  (orbifolds) 

Interpretation of BLG unclear 
[Lambert-Tong][Distler-Mukhi-Papageorgakis-Raamsdonk], etc.

- String/M theory derivation of CS theories desirable.

Any clues on CS theories from the Brane Crystal?  YES!

4 ≤ N ≤ 8



Brane Crystals for orbifolds

(C2/Zn)2

Symmetric under exchange of X and Y .
Both X and Y should be hyper-multiplets ... of opposite type.



N = 4 multiplets

N = 4 super-algebra includes SO(4) = SU(2)L x SU(2)R R-symmetry

(hyper)

(vector)

SU(2)L SU(2)R
qα 2 1
ψα̇ 1 2
Aµ 1 1
χαα̇ 2 2
sα̇β̇ 1 3

SU(2)L SU(2)R
1 2 q̃α̇
2 1 ψ̃α
1 1 Ãµ
2 2 χ̃αα̇
3 1 s̃αβ

(ordinary) (twisted)



N = 4 multiplets

N = 4 super-algebra includes SO(4) = SU(2)L x SU(2)R R-symmetry

(hyper)

(vector)

SU(2)L SU(2)R
qα 2 1
ψα̇ 1 2
Aµ 1 1
χαα̇ 2 2
sα̇β̇ 1 3

SU(2)L SU(2)R
1 2 q̃α̇
2 1 ψ̃α
1 1 Ãµ
2 2 χ̃αα̇
3 1 s̃αβ

(ordinary) (twisted)

CS theories for M2-branes require both types of hypers !

- Brane Crystal on orbifolds
- BLG N = 8 written in N = 4 notation



T-dual, T-dual, T-dual !

M2 on (C2/Zn)2

Brane Crystal
M5-M5’

IIBIIA IIA

M M
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M2 on (C2/Zn)2

Brane Crystal
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[Porrati-Zaffaroni ’99]

D2-D6 on (C2/Zn) 

(hyper)x(vector)

IIBIIA IIA

M M
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D2-D6 on (C2/Zn) 

(hyper)x(vector)

D3-D5-NS5

(hyper)x(hyper)

IIBIIA IIA

M M
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IIBIIA IIA

M M

[Gaiotto-Witten 0804]
[HLLLP 0805]

One type of hypers

Both types of hypers



T-dual, T-dual, T-dual !

M2 on (C2/Zn)2

Brane Crystal
M5-M5’

[Porrati-Zaffaroni ’99]

D2-D6 on (C2/Zn) 

(hyper)x(vector)

D3-D5-NS5

(hyper)x(hyper)

IIBIIA IIA

M M

[Gaiotto-Witten 0804]
[HLLLP 0805]

One type of hypers

Both types of hypers

[ABJM 0806]



Gaiotto-Witten - I. field content

Gauge group : G ⊂ Sp(2n)

(tm)A
B satisfy [tm, tn] = f mn

ptp, Tr(tmtn) = kmn

tm
AB ≡ ωAC(tm)C

B = tm
BA

Sp(2n) with ωAB

q̄αA = (qA
α )† = εαβωABqB

βreality condition :
hyper-Kahler :

Gauge field : (Am)µ

Matter fields :                    qA
α ,ψ

A
α̇ , q̃A

α̇ , ψ̃
A
α



SU(2)diag ⊂ SU(2)L × SU(2)R global symmetry.

Begin with N = 1 SUSY theory with

Adjust the N = 1 super-potential to restore                              .SU(2)L × SU(2)R

The SO(4) R-symmetry together with N = 1 SUSY 
generate a full N = 4 structure.

Gaiotto-Witten - II. condition for N = 4 SUSY

kmntm
(ABtn

C)D = 0 (“fundamental identity”)

Adding twisted hypers : 
more terms in Lagrangian, but no more constraints. [HLLLP]



General N = 4 Lagrangian : Summary

L = εµνλ
(

kmn Am
m∂ν An

λ +
1
3

fmnp Am
µ An

ν Ap
λ

)

+ωAB

(
−εαβDqA

α DqB
β + iεα̇β̇ψA

α̇ D/ ψB
β̇

)
+ ω̃AB

(
−εα̇β̇Dq̃A

α̇ Dq̃B
β̇

+ iεαβψ̃A
α D/ ψ̃B

β

)

−ikmnεαβεγ̇δ̇ m
αγ̇ n

βδ̇
− ikmnεα̇β̇εγδ ̃mα̇γ ̃n

β̇δ
+ 4ikmnεαγεβ̇δ̇ m

αβ̇
̃n
δ̇γ

+ikmn

(
εα̇γ̇εβ̇δ̇µ̃m

α̇β̇
ψA

γ̇ tn
ABψB

δ̇
+ εαγεβδµm

αβψ̃A
γ t̃n

ABψ̃B
δ

)

− 1
12

fmnp(µm)α
β(µn)β

γ(µp)γ
α −

1
12

fmnp(µ̃m)α
β(µ̃n)β

γ(µ̃p)γ
α

+
1
2
(µ̃mn)γ̇

γ̇(µm)α
β(µn)β

α +
1
2
(µmn)γ

γ(µ̃m)α̇
β̇
(µ̃n)β̇

α̇,

µm
αβ ≡ tm

ABqA
α qB

β , mαγ̇ ≡ qA
α tm

ACψC
γ̇

µ̃m
α̇β̇
≡ t̃m

ABq̃A
α̇ q̃B

β̇
, ̃m

α̇α ≡ q̃A
α̇ t̃m

ABψ̃B
α

(moment map multiplets)



Classification by super-algebra [Gaiotto-Witten]

[Mm, Mn] = f mn
p Mp, [Mm, QA] = QB(tm)B

A, {QA, QB} = tm
AB Mm.

Fundamental identity is “solved” by (auxiliary) super-algebras :

[{QA, QB}, QC] + (cyclic) = 0 ⇐⇒ kmntm
(ABtn

C)D = 0

G1

G2

q

q

G1 G2q

Typical examples : U(N|M), OSp(N|M)

Super-algebras classify              theories completely! N ≥ 4



Classification and linear quiver theories [Gaiotto-Witten][HLLLP]

G3

G4

G1

G2

G2G1 G3 G4

q

q

q

q

q̃

q̃

q̃ qq

Hypers and twisted hypers 
should independently 
form super-algebra structure. 

Generically, they form quivers 
with the two types of hypers 
alternating between gauge groups.

The quiver can either have open 
ends or form a closed loop.



Enhancement to N = 5

A necessary condition
two types of hypers form a single N > 4 multiplet :
same representation under the gauge group

For N = 5, this is sufficient, too! 

Mm
αβ ≡ tm

ABΦA
α ΦB

β , Mmn
αβ ≡ (tmtn)ABΦA

α ΦB
β , J m

αβ ≡ tm
ABΦA

α ΨB
β .

SU(2)× SU(2) ⊂ USp(4) ≈ SO(5)

ΦA
α =

(
qA

α
q̃A

α̇

)
, ΨA

α =
(

ψ̃A
α

ψA
α̇

)
; Cαβ =

(
εαβ 0
0 εα̇β̇

)
.

General N = 5 Lagrangian :

L = ωABCαβ
(
−DΦA

α DΦB
β + iΨA

α DΨB
β

)
− ikmnCαβCγδ

(
J m

αγJ n
βδ − 2J m

αγJ n
δβ

)

+
1
15

fmnp(Mm)α
β(Mn)β

γ(Mp)γ
α +

3
10

(Mmn)γ
γ(Mm)α

β(Mn)β
α ,



Enhancement to N = 6

The matter fields are in a pseudo-real representation
(
Recall : q̄αA = (qA

α )† = εαβωABqB
β .
)

Further enhancement to N = 6 occurs if and only if                    .    R = R + R

(ΦA
α )N=5 =

(
ΦA
α

CαβΦ̄
β
A

)
, (ΨA

α )N=5 =

(
CαβΨβA
−Ψ̄αA

)
; (ωAB)N=5 =

(
0 δA

B

−δA
B 0

)
.

(tA
B)N=5 =

(
tA

B 0
0 −tB

A

)
, (tm)A

B(tm)C
D + (tm)A

D(tm)C
B = 0 .

ΦA
α Φ̄α

A ΨαA Ψ̄αA

Gauge R R̄ R R̄
SO(6)R 4 4̄ 4̄ 4



Enhancement to N = 6

CαβCγδ + CαγCδβ + CαδCβγ = εαβγδ .

General N = 6 Lagrangian :

USp(4)     ⊂ SU(4) ≈ SO(6)

(Mm)α
β = −(Mm)α

β − CαδCβγ(Mm)γ
δ ,

(Mmn)α
β = −(Mmn)α

β + CαδCβγ(Mnm)γ
δ ,

(J m)αβ = (Jm)αβ − CαγCβδ( J̄m)γδ ,

Super-algebras give classification of all N = 5, 6 theories.
Alternative approaches : [Bagger-Lambert][Schnabl-Tachikawa][Bergshoeff et al]

L = −DΦ̄α
ADΦA

α + iΨ̄αADΨαA

+
i
4

[
2( J̄m)αβ(Jm)αβ − 4( J̄m)αβ(Jm)βα + εαβγδ(Jm)αβ(Jm)γδ + εαβγδ( J̄m)αβ( J̄m)γδ

]

− 1
12

fmnp(Mm)α
β(Mn)β

γ(Mp)γ
α +

1
4
(Mmn)α

β(Mm)β
γ(Mn)γ

α.



Explicit examples

(N = 8) : BLG

(N = 6) : ABJM                           ;                             , etc.O(2)× Sp(2N)U(N)×U(N)

(N = 4) : linear U or OSp quivers, etc.
[HLLLP][Benna-Klebanov-Klose-Smedback][Imamura-Kimura][Terashima-Yagi]

(N = 5) :                                , etc. [HLLLP]O(2N)× Sp(2N)



Back to Brane Tiling

M2 on CY4

Brane Crystal

Chern-Simons 
clearly visible

IIBIIA IIA

M M

M5-M5’

[Martelli-Sparks]
[Hanany-Zaffaroni]
[Imamura-Kimura]

IIA Brane Tiling

D4-NS5



IIA Brane Tiling [Martelli-Sparks][Hanany-Zaffaroni][Imamura-Kimura]

S =
1

2π

∫

∂D4
A ∧ dA ∧ dφ

scalar on NS5 ~ X11 coordinate

D4

NS5



Instanton effects
in ABJM



Instantons in 3-dim Yang-Mills

D3 D3

D1

Monopole in 4-dim

D2 D2

D0

Instanton in 3-dim

Idea : compare world-volume theory and bulk theory
          A non-perturbative test of the ABJM proposal!



Instantons in ABJM

Classical instanton action D0 : DBI + RR

Strings stretched between D2’sHiggs mechanism

Zero-instanton 
one-loop Super-graviton exchange

D0 exchangeOne-instanton 
one-loop

ABJM model 11/10-dim bulk

subtleties due to imaginary value of 
Chern-Simons action, etc.
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Summary

Brane Crystals

Superconformal Chern-Simons theories

Instanton effects in ABJM theory 



Discussions

Beyond ordinary gauge symmetry? (connection to M5)

More on instantons.

Vortex solitons and relation to NR AdS/CFT? 

Beta deformation and fuzzy three-torus

Topological twisting of CS-matter theories : 
relation to pure-CS and Rozansky-Witten theories?



Thank you


