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X- equivariant compactification of G

X- smooth complete variety, G C X dense open subvariety,

(G x G) x G — G (left/right multn. (g1,82)Y = g178, - ) extends
to X.

X- regular compactification of G if

X - G x G-equivariant compactification of G and
X -regular as a G x G-variety.

Regular G-variety= X D X2- dense G-orbit, X \ X2- union of
normal crossing boundary divisors, Gx- the transversal
intersection of boundary divisors containing it, T,X/TxGx
contains dense orbit of G,.
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compactifications of the torus. For the adjoint group G,4, the
wonderful compactification G,4 constructed by De Concini and
Procesi is the unique regular compactification of G,4 with a unique
closed G,q x G,g-orbit.

Recall that there exists an exact sequence
15 Z5G6=CxG"T5G—1 (1)

where Z is a finite central subgroup, Cis a torus and G* is
semisimple and simply-connected. In particular, G is factorial and
B:=n"1(B) and T :=n }(T) are respectively a Borel subgroup
and a maximal torus of G.
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curves. Then the image of t* : Kr(X) — K1(XT) is

(fi,...,fm) € R(T)™ such that f; = f; (mod (1 — e™X)) whenever
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Theorem : X-nonsingular projective variety, T acts on X with
finitely many fixed points xi, ..., xn and finitely many invariant
curves. Then the image of t* : Kr(X) — K1(XT) is

(fi,...,fm) € R(T)™ such that f; = f; (mod (1 — e™X)) whenever
x; and x; lie in an invariant irreducible curve C and T-acts on C
through the character x.

For a smooth projective complex G variety X we have the
following isomorphisms:

b K2(X) = K= (X)W,
> Z® e Ke(X) = K(X).

where G and T act on X through the canonical surjections to G
and T respectively.



Structure of regular embeddings

X-projective regular compactification of G.



Structure of regular embeddings

X-projective regular compactification of G.

T - smooth complete toric variety under the action of T x {1},
T is invariant under diag(W).



Structure of regular embeddings

X-projective regular compactification of G.

T - smooth complete toric variety under the action of T x {1},
T is invariant under diag(W).

F - fan associated to T is a smooth subdivision of the Weyl
chambers in X,(T) ® R, W acts on F by reflection about the
Weyl chambers.



Structure of regular embeddings

X-projective regular compactification of G.

T - smooth complete toric variety under the action of T x {1},
T is invariant under diag(W).

F - fan associated to T is a smooth subdivision of the Weyl
chambers in X,(T) ® R, W acts on F by reflection about the
Weyl chambers.

F+ - union of cones of F contained in the positive Weyl chamber
so that F = WF,. T = toric variety associated to F .



Structure of regular embeddings

X-projective regular compactification of G.

T - smooth complete toric variety under the action of T x {1},
T is invariant under diag(W).

F - fan associated to T is a smooth subdivision of the Weyl
chambers in X,(T) ® R, W acts on F by reflection about the
Weyl chambers.

F+ - union of cones of F contained in the positive Weyl chamber
so that F = WF,. T = toric variety associated to F .

The maximal cones F, (/) parametrize the closed G x G-orbits in
X each of which is isomorphic to G/B~ x G/B.  XT*T is
parametrized by F, (/) x W x W.
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T x T-invariant curves in X:

For o € F.(/), Z,-the corresponding closed orbit with base point
Z5.

(1) v C Z, and ~ is conjugate in W x W to a curve 7' joining z,
to (S, 1)z, or to (1,54)zs-

(2) 7 is conjugate in W x W to a curve v/ joining z, and
(Sas Sa)Zo of the closed orbit Z,, where v/ ¢ Z,. In this case, the
cone o € F4 (/) has a facet orthogonal to a.

(3) 7 is conjugate in W x W to a projective line 4/ joining z, and
z,+ which are respectively the base points of distinct closed orbits
Z, and Z,. In this case, the cones o and o’ in (/) have a
common facet.
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Eyg ——— Ep

Exy ——— Ex»

Thus we see that the curves of type (1) lie entirely in the unique
closed orbit, whereas the curves of type (2) meet the open orbit.
Moreover, N = T LI (s4,1)T is the union of diagonal and the
antidiagonal matrices. Hence N contains only the curves of type
(2) and does not contain the curves of type (1).

In this case we do not have curves of type (3) since there is a
unique closed G x G-orbit.
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K-theory of regular embeddings

By restricting to the T x T-fixed points (w, w’) - z, for
w,w’ € W, followed by taking W x W-invariants and further
using the exact sequence

1 diag(T) > TxT—T—1, (2)
we get

Theorem: KEXNE(X) consists in alljamilies (fy)(o € Fi(1)) of

elements of R(T x {1}) ® R(diag(T)) such that

(1) (1,84)f5(u,v) = £, (u, v) (mod (1 —e~*")) whenever o € A
and the cone o € F. (/) has a facet orthogonal to .

(ii) £ = £y (mod (1 — e X)) whenever y € X*(T) and the
cones o and ¢’ € F4 (/) have a common facet orthogonal to
X-
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Equivariant line bundles on X

» The group of isomorphism classes of G x G-linearised line
bundles on X is isomorphic to PL(F )-piecewise linear
functions on F.

» Lp-the line bundle on X corresponding to
h = (hs)ocr. € PL(F4), B~ x B acts on the fibre £y, |,, by
the character (h,, —hy).

> L, =L, |T+ isa T x T-linearized line bundle on the toric

\@riety~7Jr corresponding to h € PL(F.). In particular,
T~ x T acts on the fibre Ly, |,, by the character h,.



Equivariant K-ring of X

Theorem:

Kexa(X @H(l ) K+(T TH@RT).  (3)

ICA acl

The above direct sum is a free K7.(7+) ® R(G)-module of rank
|W| with basis

{H N f,: veC and I C A}

ael

Moreover, we can identify the component
Kz ®1C Kz(Z)® R( T)"W in the above direct sum with the
subrmg of Kz, z(X) generated by Picz  =(X).
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Some additional notations

» ck : R(T) = Kz(G/B) — K(G/B)- char. hom.
» A= ck([Toe/ (T —e7), I C A

> fv = CK(fv)
> )y = CK |R(5) (a¥ ) €L

v,v/
> R(TT) = Z@p g Ke(T') = Z@p g Ke(GxT T7) =
K(GxTTH) = K(G xBT") where B actson T via its
quotient T. In other words, R(TJF) is the Grothendieck ring
of the toric bundle over G/B associated with T



Ordinary K-ring of X

Theorem:
X) =~ @PRT) (4)
veWw
where
wi=10[f] e R(T )@ K(G/B), (5)

for v € C! for every | C A. Here R(T+) can be identified with
the subring of K(X) generated by Pic(X). Further, the above
isomorphism is a ring isomorphism, where

v W = Z Z )\Iml" /u/')\J) v Twe (6)

JC(IUly wec?
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Comparison with equivariant K-ring of the wonderful
compactification

We have a canonical G x E—equivariant surjective morphism

f: X— Gad-

The ring KExE(X) gets the structure of an algebra over the ring
Kaxa(?ad), by pull-back of equivariant vector bundles along f.

Theorem: The ring Kz  z(X) has the following presentation as a
Kz, z(Gag)-algebra

Kz, e(Gad) X« pj € Fi(1)]

Ko, a(X) = —¢x€ - (7)

GxG

where J is the ideal in K&x&(?ﬂd)[xjﬂ . pj € F1(1)] generated by
the elements Xp for F ¢ Fy and (I, 1) X "77) = [Lulgye
for u e X*(T).
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Comparison with the ordinary K-ring of the wonderful
compactification

The ring K(X) gets the structure of an algebra over the ring
K(G.q), via pull-back of vector bundles along f.

Theorem: The ring K(X) has the following presentation as a
K(G,q)-algebra:

=\ry+l .
ki) - KX o € Fi(1)] -

where J is the ideal in K(Gie.,d)[ijEl : pj € F1+(1)] generated by the
elements Xg for F ¢ F, and (Hpjeﬂu) )<j<u,‘/j>) — [£,] for

u € X*(T). Here [£,] denotes the class of the line bundle £, in
K(Gaq).
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Geometric interpretation

» X- projective regular compactification of G.q.

» /- corresponding T,4- toric variety associated to a smooth
subdivision of the positive Weyl chamber.

» On G,4, we have a canonical G* x G*-linearized line bundle
L; which admits a section s; whose zero locus is the
boundary divisor D; for 1 < i <r.

» P- the principal T,4 = G}, -bundle associated to @, Lo,
over Gog

> 7: P — Gyy is G** x G**-equivariant for the canonical
G*° x G**-action on Gg,q4.

Theorem: The ring Kgssxgss(X) as a Kgssx gss(Gaq)-algebra and
K(X) as a K(G,q)-algebra are respectively isomorphic to the
G** x G*-equivariant and ordinary Grothendieck ring of the toric

bundle P x,, Z over G,q.
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