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Introduction - Generating maps

Idea: represent the graph of a map or correspondence h
between product spaces Xy x Yy and X; x Y7 in a “skewed
coordinate system” (McGehee),
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Introduction - Generating maps

Idea: represent the graph of a map or correspondence h
between product spaces Xy x Yy and X; x Y7 in a “skewed
coordinate system” (McGehee),

i.e., as the graph x1 = F(x0,¥1), 0 = G(xo,y1) of a map
(“generating map”) (F, G) : Xo x Y1 — X1 X Yp.
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Introduction - Generating maps

Idea: represent the graph of a map or correspondence h
between product spaces Xy x Yy and X; x Y7 in a “skewed
coordinate system” (McGehee),

i.e., as the graph x1 = F(x0,¥1), 0 = G(xo,y1) of a map
(“generating map”) (F, G) : Xo x Y1 — X1 X Yp.

“Hyperbolic” example. E = Es x E, (Banach spaces),
H=(f,g): (E,0) — (E,0) local C! map, DH(0) = As x A,,
A, invertible, |As| < 1 < |A;Y|7L.
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Introduction - Generating maps

Idea: represent the graph of a map or correspondence h
between product spaces Xy x Yy and X; x Y7 in a “skewed
coordinate system” (McGehee),

i.e., as the graph x1 = F(x0,¥1), 0 = G(xo,y1) of a map
(“generating map”) (F, G) : Xo x Y1 — X1 X Yp.

“Hyperbolic” example. E = Es x E, (Banach spaces),
H=(f,g): (E,0) — (E,0) local C! map, DH(0) = As x A,,
A, invertible, |As| < 1 < |A;Y|7L.

Invert the second component with respect to the second
variable: (x,y) — (x,g(x,y)) local diffeomorphism, local
inverse (x,y’) — (x, G(x,y")).
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Introduction - Generating maps

Idea: represent the graph of a map or correspondence h
between product spaces Xy x Yy and X; x Y7 in a “skewed
coordinate system” (McGehee),

i.e., as the graph x1 = F(x0,¥1), 0 = G(xo,y1) of a map
(“generating map”) (F, G) : Xo x Y1 — X1 X Yp.

“Hyperbolic” example. E = Es x E, (Banach spaces),
H=(f,g): (E,0) — (E,0) local C! map, DH(0) = As x A,,
A, invertible, |As| < 1 < |A;Y|7L.

Invert the second component with respect to the second
variable: (x,y) — (x,g(x,y)) local diffeomorphism, local
inverse (x,y’) — (x, G(x,y")).

If F(x,y') := f(x, G(x,y")) then, near 0,

graph H = {(x,y,x',y") : X' = F(x,y'),y = G(x,y')}.
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Introduction - Generating maps

Idea: represent the graph of a map or correspondence h
between product spaces Xy x Yy and X; x Y7 in a “skewed
coordinate system” (McGehee),

i.e., as the graph x1 = F(x0,¥1), 0 = G(xo,y1) of a map
(“generating map”) (F, G) : Xo x Y1 — X1 X Yp.

“Hyperbolic” example. E = Es x E, (Banach spaces),
H=(f,g): (E,0) — (E,0) local C! map, DH(0) = As x A,,
A, invertible, |As| < 1 < |A;Y|7L.

Invert the second component with respect to the second
variable: (x,y) — (x,g(x,y)) local diffeomorphism, local
inverse (x,y’) — (x, G(x,y")).

If F(x,y') := f(x, G(x,y")) then, near 0,

graph H = {(x,y,x',y") : X' = F(x,y'),y = G(x,y')}.

?
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Introduction - Stable manifolds a la McGehee-Sander

Shut yourself in a small box Z: r > 0 small,
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Introduction - Stable manifolds a la McGehee-Sander

Shut yourself in a small box Z: r > 0 small,
Z=XxY={(x,y) € Es x E,: max{|x],|y|} < r}.
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Introduction - Stable manifolds a la McGehee-Sander

Shut yourself in a small box Z: r > 0 small,
Z=XxY = {(x,y) € Es x E, : max{|x|, |y|} < r}.
A= Lip F|z(~ |As]) < 1, i := Lip G|z(~ |A;}]) < 1
= (F,G)(Z) c Z.
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Introduction - Stable manifolds a la McGehee-Sander

Shut yourself in a small box Z: r > 0 small,
Z=XxY = {(x,y) € Es x E, : max{|x|, |y|} < r}.
A= Lip F|z(~ |As]) < 1, i := Lip G|z(~ |A;}]) < 1
= (F,G)(Z) c Z.

(F,G): Z — Z generating map of H|z~4-1(z) viewed as the
correspondence h of Z into itself (map Z — P(2))
hz) — {{H(z)} if H(z) € Z,

0 otherwise:
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Introduction - Stable manifolds a la McGehee-Sander

Shut yourself in a small box Z: r > 0 small,
Z=XxY = {(x,y) € Es x E, : max{|x|, |y|} < r}.
A= Lip F|z(~ |As]) < 1, i := Lip G|z(~ |A;}]) < 1
= (F,G)(Z) c Z.

(F,G): Z — Z generating map of H|z~4-1(z) viewed as the
correspondence h of Z into itself (map Z — P(2))

hz) = {{H(z)} if H(z) € Z,

0 otherwise:

graphh = {(x,y,x',y’) € Z? : X' = F(x,y'),y = G(x,y')}.

Marc Chaperon Institut de Mathématiques de Jussieu-Paris Invariant manifolds and semi-conjugacy



Introduction - Stable manifolds a la McGehee-Sander

Shut yourself in a small box Z: r > 0 small,
Z=XxY={(x,y) € Es x E,: max{|x],|y|} < r}.
A= Lip Flz(~ |As]) < 1, p:= Lip G|z(~ [A;]) < 1
= (F,G)(Z) c Z
(F,G): Z — Z generating map of H|z~4-1(z) viewed as the
correspondence h of Z into itself (map Z — P(2))

hz) = {{H(z)} if H(z) € Z,

0 otherwise:
graph h = {(x,y,x',y") € Z2 : X' = F(x,y"),y = G(x,y)}.
Orbit of length £ of h: (zo,...,2z) € Z! with zj11 € h(z).
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Introduction - Stable manifolds a la McGehee-Sander

Shut yourself in a small box Z: r > 0 small,
Z=XxY={(x,y) € Es x E,: max{|x],|y|} < r}.
A= Lip Flz(~ |As]) < 1, p:= Lip G|z(~ [A;]) < 1
= (F,G)(Z) c Z
(F,G): Z — Z generating map of H|z~4-1(z) viewed as the
correspondence h of Z into itself (map Z — P(2))
h(z) = {H(z)} if H(z). €z,

0 otherwise:
graph h = {(x,y,x",y') € Z2 . X' = F(x,y'),y = G(x,y")}.
Orbit of length £ of h: (zo,...,2z) € Z! with zj11 € h(z).

(th iterate of h: correspondence h of Z into itself:
h’(z) set of endpoints z of orbits (zo, ..., z/) with zg = z.

Marc Chaperon Institut de Mathématiques de Jussieu-Paris Invariant manifolds and semi-conjugacy



Introduction - Stable manifolds a la McGehee-Sander

Shut yourself in a small box Z: r > 0 small,
Z=XxY = {(x,y) € Es x E, : max{|x|, |y|} < r}.
A= Lip F|z(~ |As]) < 1, i := Lip G|z(~ |A;}]) < 1
= (F,G)(Z) c Z.

(F,G): Z — Z generating map of H|z~4-1(z) viewed as the
correspondence h of Z into itself (map Z — P(2))

hz) = {{H(z)} if H(z) € Z,

0 otherwise:
graph h = {(x,y,x',y") € Z2 : X' = F(x,y"),y = G(x,y)}.
Orbit of length £ of h: (zo,...,2z) € Z! with zj11 € h(z).

(th iterate of h: correspondence h of Z into itself:

h’(z) set of endpoints z of orbits (zo, ..., z/) with zg = z.
Here,  h{(z) = {HY(2)} ifH(z)eZfor0< </
e 2= 0 otherwise.
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Introduction - Stable manifolds a la McGehee-Sander
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Introduction - Stable manifolds a la McGehee-Sander

Every h’ has a generating map (F;, G¢) : Z — Z, and
Fe(x,y) = Fo(X ") < max{Ax = X[, Aly = y'[} (1)
1Ge(x,y) = G(X',y')| < max{ulx = x|, p'ly = y'I}, (2)
written for short (X, \) € Lip, Fy, (1, ) € Lip, Gy.
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Introduction - Stable manifolds a la McGehee-Sander

Every h’ has a generating map (F;, G¢) : Z — Z, and
[Fe(x,y) = Fe(x",y))| < max{X|x = x|, Aly = y/[} (1)
|Ge(x,y) = Ge(x' ¥ < max{ulx — x|, ufly =¥/}, (2)
written for short (X, \) € Lip, Fy, (1, ) € Lip, Gy.
domh® = {z € Z: h(2) # 0} = {(x, Ge(x,y)) : (x,y) € Z}
satisfies diam{Gy(x,y) : y € Y} < 2ru’ for each x € X.

Therefore, the inclusion dom h* > dom h™ for £ < m implies
(N dom h* = graph ¢ and Elim Gi(x, y1) = p(x) uniformly with
—00

respect to x € X and (yy)sen in Y, hence Lip ¢ < u by (2).
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Introduction - Stable manifolds a la McGehee-Sander

Every h’ has a generating map (F;, G¢) : Z — Z, and
[Fe(x,y) = Fe(x",y))| < max{X|x = x|, Aly = y/[} (1)
|Ge(x,y) = Ge(x' ¥ < max{ulx — x|, ufly =¥/}, (2)
written for short (X, \) € Lip, Fy, (1, ) € Lip, Gy.
domh® = {z € Z: h(2) # 0} = {(x, Ge(x,y)) : (x,y) € Z}
satisfies diam{Gy(x,y) : y € Y} < 2ru’ for each x € X.

Therefore, the inclusion dom h* > dom h™ for £ < m implies
(N dom h* = graph ¢ and Elim Gi(x, y1) = p(x) uniformly with
—00
respect to x € X and (yy)sen in Y, hence Lip ¢ < u by (2).
Imh" =, h'(z) = {(Fe(x,y),y) : (x,y) € Z} satisfies
diam{Fy(x,y) : x € X} < 2rX\’; as Im h* © Tm h™ for £ < m,

this yields () Im h* = {(x)(y),y) : y € Y} and
elim Fo(xe,y) = 1(y) uniformly with respect to y € Y and
—00

(x¢)een in X, hence Lipty < X by (1).
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Introduction - Stable manifolds a la McGehee-Sander

(Fe, Go)(x,y) = (w(y), <p(x)) uniformly.

We shall see soon that:

lim
f—00
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Introduction - Stable manifolds a la McGehee-Sander

(Fe, Go)(x,y) = (w(y), <p(x)) uniformly.

We shall see soon that:

lim
f—00

Ws := graph ¢ is the set of all z such that there exists an
infinite orbit (z,)s>0 of h with zy = z (orbit (z¢)¢>0 of H in Z
with zy = z), therefore invariant under h in the sense that
=Y (Ws) = Ws;
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Introduction - Stable manifolds a la McGehee-Sander

(Fe, Go)(x,y) = (w(y), <p(x)) uniformly.

We shall see soon that:

lim
f—00

Ws := graph ¢ is the set of all z such that there exists an
infinite orbit (z,)s>0 of h with zy = z (orbit (z¢)¢>0 of H in Z
with zy = z), therefore invariant under h in the sense that
=Y (Ws) = Ws;

W; is the stable manifold of h at 0, as |z/| < M|z
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Introduction - Stable manifolds a la McGehee-Sander

(Fe, Go)(x,y) = (w(y), <p(x)) uniformly.

lim
{—00
We shall see soon that:

Ws := graph ¢ is the set of all z such that there exists an
infinite orbit (z,)s>0 of h with zy = z (orbit (z¢)¢>0 of H in Z
with zy = z), therefore invariant under h in the sense that
=Y (Ws) = W;

W; is the stable manifold of h at 0, as |z/| < M|z

W, = {(¥(y"),y') : y' € Y} is the set of those z such that
there exists an infinite orbit (z;)¢<g of h with zy = z (in other
words an infinite orbit (z;)¢<o of H in Z such that z = z),
therefore invariant under h=! in the sense that h(W,) = W,;
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Introduction - Stable manifolds a la McGehee-Sander

(Fe, Go)(x,y) = (w(y), <p(x)) uniformly.

We shall see soon that:

lim
f—00

Ws := graph ¢ is the set of all z such that there exists an
infinite orbit (z,)s>0 of h with zy = z (orbit (z¢)¢>0 of H in Z
with zy = z), therefore invariant under h in the sense that
=Y (Ws) = Ws;

W; is the stable manifold of h at 0, as |z/| < M|z

W, = {(¥(y"),y') : y' € Y} is the set of those z such that
there exists an infinite orbit (z;)¢<g of h with zy = z (in other
words an infinite orbit (z;)¢<o of H in Z such that z = z),
therefore invariant under h=! in the sense that h(W,) = W,;

W, is the unstable manifold of h at 0, as |z| < u~*|y|.
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Introduction - Stable manifolds a la McGehee-Sander

Smoothness The generating maps (F;, G;) are constructed via
the ordinary implicit function theorem (no functional analysis
involved) and therefore as smooth as H.
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Introduction - Stable manifolds a la McGehee-Sander

Smoothness The generating maps (F;, G;) are constructed via
the ordinary implicit function theorem (no functional analysis
involved) and therefore as smooth as H.

In particular, they are holomorphic when H is; in that case

¢ : X — Y is holomorphic (inside X), being the uniform limit
of the holomorphic functions x — Gy(x,y) forany y € Y,
hence so is W;; same for W,,.
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Introduction - Stable manifolds a la McGehee-Sander

Smoothness The generating maps (F;, G;) are constructed via
the ordinary implicit function theorem (no functional analysis
involved) and therefore as smooth as H.

In particular, they are holomorphic when H is; in that case

¢ : X — Y is holomorphic (inside X), being the uniform limit
of the holomorphic functions x — Gy(x,y) forany y € Y,
hence so is W;; same for W,,.

(complexification) W and W, are real analytic when H is.

Still without functional analysis, one can see that:

Marc Chaperon Institut de Mathématiques de Jussieu-Paris Invariant manifolds and semi-conjugacy



Introduction - Stable manifolds a la McGehee-Sander

Smoothness The generating maps (F;, G;) are constructed via
the ordinary implicit function theorem (no functional analysis
involved) and therefore as smooth as H.

In particular, they are holomorphic when H is; in that case

¢ : X — Y is holomorphic (inside X), being the uniform limit
of the holomorphic functions x — Gy(x,y) forany y € Y,
hence so is W;; same for W,,.

(complexification) W and W, are real analytic when H is.

Still without functional analysis, one can see that:
W, and W, are C! when H is;

Marc Chaperon Institut de Mathématiques de Jussieu-Paris Invariant manifolds and semi-conjugacy



Introduction - Stable manifolds a la McGehee-Sander

Smoothness The generating maps (F;, G;) are constructed via
the ordinary implicit function theorem (no functional analysis
involved) and therefore as smooth as H.

In particular, they are holomorphic when H is; in that case

¢ : X — Y is holomorphic (inside X), being the uniform limit
of the holomorphic functions x — Gy(x,y) forany y € Y,
hence so is W;; same for W,,.

(complexification) W and W, are real analytic when H is.
Still without functional analysis, one can see that:

W, and W, are C! when H is;

they are C¥ when H is for 2 < k < oo, which can be proved
inductively (variant of the “Hirsch-Pugh-Shub trick"):
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Introduction - Stable manifolds a la McGehee-Sander

Smoothness The generating maps (F;, G;) are constructed via
the ordinary implicit function theorem (no functional analysis
involved) and therefore as smooth as H.

In particular, they are holomorphic when H is; in that case

¢ : X — Y is holomorphic (inside X), being the uniform limit
of the holomorphic functions x — Gy(x,y) forany y € Y,
hence so is W;; same for W,,.

(complexification) W and W, are real analytic when H is.

Still without functional analysis, one can see that:

W, and W, are C! when H is;

they are C¥ when H is for 2 < k < oo, which can be proved
inductively (variant of the “Hirsch-Pugh-Shub trick"):

obtain the 1-jet x > (p(x), Dg(x)) of ¢ in the same way as
@, replacing h by its natural extension to a suitable box in the
jet space JY(X,Y) = X x Y x L(Es, E,);
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Introduction - Stable manifolds a la McGehee-Sander

Smoothness The generating maps (F;, G;) are constructed via
the ordinary implicit function theorem (no functional analysis
involved) and therefore as smooth as H.

In particular, they are holomorphic when H is; in that case

¢ : X — Y is holomorphic (inside X), being the uniform limit
of the holomorphic functions x — Gy(x,y) forany y € Y,
hence so is W;; same for W,,.

(complexification) W and W, are real analytic when H is.

Still without functional analysis, one can see that:

W, and W, are C! when H is;

they are C¥ when H is for 2 < k < oo, which can be proved
inductively (variant of the “Hirsch-Pugh-Shub trick"):

obtain the 1-jet x > (p(x), Dg(x)) of ¢ in the same way as
@, replacing h by its natural extension to a suitable box in the
jet space JY(X,Y) = X x Y x L(Es, E,);

this holds for non-integer k as well.
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Theorem

Let X,Y be metric spaces one of which at least is complete, and
let h be a correspondence of Z = X x Y into itself admitting a
Lipschitzian generating map (F,G) : Z — Z such that

A:=LipF and p:=LipG satisfy A\u<1.

Then, for each ¢ € N and each z = (x,y) € Z, there is exactly one
orbit (zy, ..., zs) of h such that the X-component of zy equals x
and the Y -component of zy equals y; setting then

zi = (F{(2), G!(2)), 0 < i < ¢, the correspondence h clearly
admits the generating map (F}, G§) and one has

(N, Aut™") € Lipy Ff

; , <7<
(4N, 1) € Lip, G for 0<i</¢
FM(x,y) = F-e(x G/ (x y)) )
1A LN ’ for 0<i<{<m.
G,m(va) = GiK(X> Gem(X,y)) o o o
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Corollary (pseudo-stable subspaces)

If, moreover, Y is complete, bounded and p < 1 then:
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Corollary (pseudo-stable subspaces)
If, moreover, Y is complete, bounded and p < 1 then:

i) For each x € X, there is precisely one orbit (z;)i>o of h such
that the X-component of zg equals x; it is given by
zi = elim (F,-Z(x,yg), G,-g(x,yg)), limit independent of (y¢)e>o0;
—00 -

in particular, zy = (x, lim Gg(x,yg)> =: (x, cp(x)).
{—00
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Corollary (pseudo-stable subspaces)
If, moreover, Y is complete, bounded and p < 1 then:

i) For each x € X, there is precisely one orbit (z;)i>o of h such
that the X-component of zg equals x; it is given by
zi = elim (F,-Z(x,yg), G,-E(X,yg)), limit independent of (y¢)e>o0;
—00 -

in particular, zy = (x, lim Gg(x,yg)> =: (x, cp(x)).
{—00

ii) Thus, the graph W;s of the map ¢ : X — Y so defined consists
of those z € Z such that there exists an orbit (z;)i>o of h with
29 = z, it is invariant by h and Lip p < p.
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Corollary (pseudo-stable subspaces)
If, moreover, Y is complete, bounded and p < 1 then:

i) For each x € X, there is precisely one orbit (z;)i>o of h such
that the X-component of zg equals x; it is given by
zi = elim (F,-Z(x,yg), G,-E(X,yg)), limit independent of (y¢)e>o0;
—00 -

in particular, zy = (x,EILrgO Gg(x,yg)> =: (x, cp(x)).

ii) Thus, the graph W;s of the map ¢ : X — Y so defined consists
of those z € Z such that there exists an orbit (z;)i>o of h with
29 = z, it is invariant by h and Lip p < p.

iit) The correspondence W5 > z +— h(z) N Ws is a map
hs - Ws — Wi and therefore hs(x, o(x)) = (fs(x),go(fs(x)));

thus, in i), zi = hi(x,p(x)) = <fs’(x), ap(fs’(x))> hence
fs(x) = Klim Ff(x,yg) and Lip hs = Lip f; < \.
—00
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Corollary (pseudo-unstable subspaces)

Under the hypotheses of the theorem, if X is complete, bounded
and A < 1 then:
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Corollary (pseudo-unstable subspaces)

Under the hypotheses of the theorem, if X is complete, bounded
and A < 1 then:
i) Foreachy € Y, there is precisely one orbit (z;)i>o of h™?
such that the Y-component of zy equals y; it is given by
zi = limy_oo (FL_;(xe¥), Gf_;(x¢. y)), limit independent of

(x¢)e>o0; in particular, zg = (ﬁin;o Ff(Xg,y),y) =: (@b(y),y).
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Corollary (pseudo-unstable subspaces)

Under the hypotheses of the theorem, if X is complete, bounded
and A < 1 then:
i) Foreachy € Y, there is precisely one orbit (z;)i>o of h™?
such that the Y-component of zy equals y; it is given by
zi = limy_oo (FL_;(xe¥), Gf_;(x¢. y)), limit independent of

(x¢)e>o0; in particular, zg = (ﬁan;o Ff(Xg,y),y) =: (@b(y),y).

i) Thus, the ‘graph” W, = {(¢(y),y) :y € Y} of p: Y = X
is the set of those z € Z such that there exists an orbit (z;)i>o
of ™1 with zg = z; it is invariant by h™1 and Lip ¢ < \.
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Corollary (pseudo-unstable subspaces)

Under the hypotheses of the theorem, if X is complete, bounded
and A < 1 then:

i) Foreachy € Y, there is precisely one orbit (z;)i>o of h™?
such that the Y-component of zy equals y; it is given by
zi = limy_oo (FL_;(xe¥), Gf_;(x¢. y)), limit independent of
(xe)ezo; in particular, zo = ( Jim Ff (Xe,y),y) = (¥(y).)-

i) Thus, the ‘graph” W, = {(¢(y),y) :y € Y} of p: Y = X
is the set of those z € Z such that there exists an orbit (z;)i>o
of ™1 with zg = z; it is invariant by h™1 and Lip ¢ < \.

iii) The correspondence W, > z +— h=Y(z) N W, is a map
hy : W, — W, and therefore writes

hy (Y(y),y) = <¢(gu(y)),gu(y)>; it follows that, in i),

7= () (4y).y) = (¥(el(¥)). £4(»)), hence
gu(y) = Jim G{_1(xy) and Lip h; = Lip gy < p.
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The second corollary follows from the first, applied to the dual
correspondence of h, i. e., the correspondence h* of Z* = Y x X
into itself obtained from h™! by exchanging X and Y, which
admits the generating map (F*, G*) : (y,x) — (G, F)(x,y).
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The second corollary follows from the first, applied to the dual
correspondence of h, i. e., the correspondence h* of Z* = Y x X
into itself obtained from h™! by exchanging X and Y, which
admits the generating map (F*, G*) : (y,x) — (G, F)(x,y).

Corollary (“hyperbolic” situation)

Assume the hypotheses of both the previous corollaries satisfied, i.e.
Z bounded, complete and \, i less than 1. Then:

i) The correspondence h has a unique fixed point p (meaning
that p € h(p)) and W; N W, = {p}.
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The second corollary follows from the first, applied to the dual
correspondence of h, i. e., the correspondence h* of Z* = Y x X
into itself obtained from h™! by exchanging X and Y, which
admits the generating map (F*, G*) : (y,x) — (G, F)(x,y).

Corollary (“hyperbolic” situation)
Assume the hypotheses of both the previous corollaries satisfied, i.e.
Z bounded, complete and \, i less than 1. Then:
i) The correspondence h has a unique fixed point p (meaning
that p € h(p)) and W; N W, = {p}.
i) The subspace W; is the stable subspace of p, i. e., for all
z € W; the orbit (hg(z))’.eN of h tends to p: more precisely,

d(hi(2), p) < Nid(z.p).
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The second corollary follows from the first, applied to the dual
correspondence of h, i. e., the correspondence h* of Z* = Y x X
into itself obtained from h™! by exchanging X and Y, which
admits the generating map (F*, G*) : (y,x) — (G, F)(x,y).

Corollary (“hyperbolic” situation)

Assume the hypotheses of both the previous corollaries satisfied, i.e.
Z bounded, complete and \, i less than 1. Then:

i) The correspondence h has a unique fixed point p (meaning
that p € h(p)) and W; N W, = {p}.
i) The subspace W; is the stable subspace of p, i. e., for all
z € W; the orbit (hg(z))’.eN of h tends to p: more precisely,
d(hi(2), p) < Nid(z,p).
iii) The subspace W, is the unstable subspace of p in the sense
that, for all z € W,,, the orbit ((h;)/(2)),.y of h™! tends to

p: more precisely, d((h; ) (z), p) < p'd(z,p) for all i € N.
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Proof.  The fixed points of h are those of the strict contraction
(F, G). The constant sequence z; = p is an orbit of both h and
h= hence p € W, N W,;; now, W N W, consists of all (x,go(x))
with x = 1) 0 p(x) and therefore contains only p since Yo is a

strict contraction of X. O

Invariant manifolds and semi-conjugacy
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Absolute normal hyperbolicity

Here, Z is the product Zs x Z. x Z, of three complete metric
spaces with #Z. > 2, equipped with the product space metric, and
h is a correspondence of Z into itself, satisfying both
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Absolute normal hyperbolicity

Here, Z is the product Zs x Z. x Z, of three complete metric
spaces with #Z. > 2, equipped with the product space metric, and
h is a correspondence of Z into itself, satisfying both

» the hypotheses of the first corollary for X = Z; x Z., Y = Z,
with constants A = A\ and p = us,
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Absolute normal hyperbolicity

Here, Z is the product Zs x Z. x Z, of three complete metric

spaces with #Z. > 2, equipped with the product space metric, and
h is a correspondence of Z into itself, satisfying both

» the hypotheses of the first corollary for X = Z; x Z., Y = Z,
with constants A = A\ and p = us,

» the hypotheses of the second corollary for X = Z,
Y = Z. x Z, with constants A = A\, and pu = .
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Corollary
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Corollary

i) The zy terms of orbits (z,)n>0 of h form the h-invariant graph
Ws of a map ¢ : Zs x Zo — Z, with Lip p < us, and h
restricts to a map hs of W into itself, which writes
hs (X,H, o(x, 9)) = (fs(x,H), ¢ o fs(x, 0)) with Lip f¢ < As.

Invariant manifolds and semi-conjugacy
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Corollary

i) The zy terms of orbits (z,)n>0 of h form the h-invariant graph
Ws of a map ¢ : Zs x Zo — Z, with Lip p < us, and h
restricts to a map hs of W into itself, which writes
hs (X, 0, o(x, 9)) = (fs(x, 0), ¢ o fs(x, 0)) with Lip f¢ < As.

i) The zg terms of orbits (z,)n<o of h form the h~'-invariant
“graph” W, of a map v : Z. x Z, — Zs with Lipy < A\, and
h=! restricts to a map h;, of W, into itself, which writes
hy (0(0,),0,y) = (¥ 0 gu(6, ), 8u(0, y)) with Lip gy < puu.
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Corollary

i) The zy terms of orbits (z,)n>0 of h form the h-invariant graph
Ws of a map ¢ : Zs x Zo — Z, with Lip p < us, and h
restricts to a map hs of W into itself, which writes
hs (X, 0, o(x, 0)) = (fs(x, 0), p o fs(x, 0)) with Lip f¢ < As.

i) The zg terms of orbits (z,)n<o of h form the h~'-invariant
“graph” W, of a map v : Z. x Z, — Zs with Lipy < A\, and
h=! restricts to a map h;, of W, into itself, which writes
h; (w(eay)v 07)/) = (¢ © gu(07)/)7gu(97)/)) with Lip gy < phu.

iit) The subspace W, := Ws N W, of all zy terms of orbits (zp)nez
of h is invariant by hs and h;; the restriction he : W — W,
of hs is bijective and hZ1 is the restriction of hy, .
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Corollary

D)

The zy terms of orbits (zp),>0 of h form the h-invariant graph
Ws of a map ¢ : Zs x Zo — Z, with Lip p < us, and h
restricts to a map hs of W into itself, which writes

hs (X, 0, o(x, 0)) = (fs(x, 0), p o fs(x, 0)) with Lip f¢ < As.
The zy terms of orbits (z,)n<o of h form the h=1-invariant
“graph” W, of a map v : Z. x Z, — Zs with Lipy < A\, and
h=! restricts to a map h;, of W, into itself, which writes

h; (w(eay)v 07)/) = (¢ © gu(07)/)7gu(97)/)) with Lip gy < phu.
The subspace W, := Wy N W, of all zy terms of orbits (zp)nez,
of h is invariant by hs and h;; the restriction he : W — W,
of hs is bijective and hZ1 is the restriction of hy, .

The subspace W, is the “graph” of a map x : Z. — Zs X Z,
whose components s, X, satisfy Lip xs < Ay, Lip xu < is.
Thus he(xs(0), 0, xu(8)) = (xs © f<(8), f(8), xu © f(0)) with
fe invertible, Lip f- < As and Lip(f7 1) < p.
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Two lemmas
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Two lemmas

Basic Lemma

Given metric spaces Uy, ..., Up E, set U := Uy x --- x U, and
assume that ® : U x E — E satisfies (ci,...,¢p,¢) € Lip, 1 @ for
nonnegative real numbers c1, ..., cp, c. If E is complete and ¢ < 1

then each x — ®(u, x) has a unique fixed point B(u), which
defines a map B : U — E with (c1,...,cs) € Lip, B.
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Two lemmas

Basic Lemma

Given metric spaces Uy, ..., Up E, set U := Uy x --- x U, and
assume that ® : U x E — E satisfies (ci,...,¢p,¢) € Lip, 1 @ for
nonnegative real numbers c1, ..., cp, c. If E is complete and ¢ < 1

then each x — ®(u, x) has a unique fixed point B(u), which
defines a map B : U — E with (c1,...,cs) € Lip, B.

Proof.  Setting x = B(u) and x’ = B(u'), one has

d(X,X/) = d(q)(U,X),q)(U/,X/))
< max{cd(ug, uy),...,cod(un, ul), cd(x,x')};
if the maximum on the right-hand side were strictly ¢ d(x, x’),

we would get the absurdity 0 < (1 — ¢)d(x,x’) <0, hence
d(B(u), B(v)) < max{crd(u1, uy), ..., cnd(un, u,)}. O
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Two lemmas

Composition Lemma. Given metric spaces Xg, Yo, X1, Y1, X2,
Y5 and, for m = 1,2, a correspondence h,, of Xp_1 X Ym_1
into X, X Yy, having a generating map (F,, Gm—1) with

(m, Bm) € Lipy Fy and (ym—1,0m—1) € Lip, Gpy—1, assume
Y7 or X1 complete and $1v1 < 1. Then:
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Two lemmas

Composition Lemma. Given metric spaces Xg, Yo, X1, Y1, X2,
Y5 and, for m = 1,2, a correspondence h,, of Xp_1 X Ym_1
into X, X Yy, having a generating map (F,, Gm—1) with
(m, Bm) € Lipy Fy and (ym—1,0m—1) € Lip, Gpy—1, assume
Y7 or X1 complete and $1v1 < 1. Then:
i) hyo hy has a generating map (F, G) : Xp x Ya — Xz x Yj with
(aparr, max{a25161, Ba}) € Lipz_l:_ and
(max{%, (5071041}, (5()(51) S Lip2 G.
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Two lemmas

Composition Lemma. Given metric spaces Xg, Yo, X1, Y1, X2,
Y5 and, for m = 1,2, a correspondence h,, of Xp_1 X Ym_1
into X, X Yy, having a generating map (F,, Gm—1) with
(m, Bm) € Lipy Fy and (ym—1,0m—1) € Lip, Gpy—1, assume
Y7 or X1 complete and $1v1 < 1. Then:
i) hyo hy has a generating map (F, G) : Xp x Ya — Xz x Yj with
(aparr, max{a25161, Ba}) € Lipz_l:_ and
(max{%, (5071041}, (5()(51) € Lip2 G.
ii) For all (xo,y2) € Xo x Ya there is one orbit (zg, z1, z2) of
(h1, ho) with (xo,y2) = (pry20, pryze); setting
71 =: (A(Xo,yg), B(Xo,yz)), one has (y1a1,91) € Lip, B and
(a1, B161) € Lip, A.
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Two lemmas

Composition Lemma. Given metric spaces Xg, Yo, X1, Y1, X2,
Y5 and, for m = 1,2, a correspondence h,, of Xp_1 X Ym_1
into X, X Yy, having a generating map (F,, Gm—1) with
(m, Bm) € Lipy Fy and (ym—1,0m—1) € Lip, Gpy—1, assume
Y7 or X1 complete and $1v1 < 1. Then:
i) hyo hy has a generating map (F, G) : Xp x Ya — Xz x Yj with
(aparr, max{a25161, Ba}) € Lipz_l:_ and
(max{vg, (5071041}, (5()(51) € Lip2 G.
ii) For all (xo,y2) € Xo x Ya there is one orbit (zg, z1, z2) of
(h1, ho) with (xo,y2) = (pry20, pryze); setting
71 =: (A(Xo,yg), B(Xo,yz)), one has (y1a1,91) € Lip, B and
(a1, B161) € Lip, A.

Proof. ((x07y0), (x1, 1), (Xg,yz)) is an orbit of (hy, hp) iff

X1 = F1(X0,)/1), Yo = Go(Xo,)/1), X2 = Fz(X17Y2), yi= Gl(Xl,)/2):
replace the last equation by y; = Gy (Fi(x0, 1), y2) =t P(x0,¥2, y1);
as Lip; ® > (y101,01,7101), 1151 < 1, this reads y; = B(xo, y2)
with (y11,81) € Lip, B when Y; is complete. The rest follows. [
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Proof of the theorem

(N, Au*=7) € Lip, F! is obvious if i = 0 since F§(x,y) = x.
(uA', 1*=7) € Lip, G is obvious if i = £ since G/(x,y) = y.
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Proof of the theorem

(N, Au*=7) € Lip, F! is obvious if i = 0 since F§(x,y) = x.
(uA', 1*=7) € Lip, G is obvious if i = £ since G/(x,y) = y.
For positive ¢, we proceed by induction on £:
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Proof of the theorem

(N, Au*=7) € Lip, F! is obvious if i = 0 since F§(x,y) = x.
(uA', 1*=7) € Lip, G is obvious if i = £ since G/(x,y) = y.
For positive ¢, we proceed by induction on £:

» If £ =1 then h has the generating map (F}, G3) = (F, G) and
A = Lip F does imply (A, \) € Lip, F: same for G.
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Proof of the theorem

(N, Au*=7) € Lip, F! is obvious if i = 0 since F§(x,y) = x.
(uA', 1*=7) € Lip, G is obvious if i = £ since G/(x,y) = y.
For positive ¢, we proceed by induction on £:

» If £ =1 then h has the generating map (F}, G3) = (F, G) and
A = Lip F does imply (A, \) € Lip, F: same for G.

» Otherwise, assume the theorem proved for all smaller values of
¢ and apply the composition lemma to h; = h' and hy, = h*~/
for0 < i <.
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Proof of the theorem

(N, Au*=7) € Lip, F! is obvious if i = 0 since F§(x,y) = x.
(pA', 1*=7) € Lip, G is obvious if i = £ since Gf(x,y) =y
For positive ¢, we proceed by induction on £:

» If £ =1 then h has the generating map (F}, G3) = (F, G) and
A = Lip F does imply (A, \) € Lip, F: same for G.

» Otherwise, assume the theorem proved for all smaller values of
¢ and apply the composition lemma to h; = h' and hy, = h*~/
for0 < i <.

> Finally, the relations F™(x, y) = Ff(x, G/"(x,y)) and
G™(x,y) = Gf(x, G™(x,y)) reflect the fact that
(zi)o<i<m = (F’"(x ¥), G(X,¥))o<;<m is the sole orbit such
that the X-component of zo equals x and the Y-component of
zm equals y, and (zj)o<i<¢ is the sole orbit such that the
X-component of zy equals x and the Y-component of z
equals G;"(x, y).
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