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We take up a classical Ramsey-type result of Schur, which has its 100th
anniversary this year.

It has seen generalizations in several ways; shall see some of these
generalizations, related open questions and some recent results.

“En un mot, pour tirer la loi de l’expérience, il faut généraliser; c’est une
nécessité qui s’impose à observateur le plus circonspect.”

“In one word, to draw the rule from experience, one must generalize; this is a
necessity that imposes itself on the most circumspect observer.

– Henri Poincaré
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Ramsey theory

Now few words about Ramsey theory - to which the result of Schur belongs.

Existence of regular substructures in general combinatorial structures is the
phenomena which can be said to characterize the subject of Ramsey theory.

Most often, we come across results saying that:

If a large structure is divided into finitely many parts, at least one of the parts
will retain certain regularity properties of the original structure.

In some results in Ramsey theory:

‘Large’ substructures are seen to have certain regularities.

Theodore Motzkin: ”Complete disorder is impossible.”
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Schur’s theorem
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Schur’s theorem: generalizations and some open questions
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The pigeonhole principle and Ramsey’s Theorem

The pigeonhole principle. If kn + 1 objects are put in n pigeonholes, then there
will be a pigeonhole containing at least k + 1 objects.
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A well-known example: If you have a party of at least 6 people, you can
guarantee that there will be a group of 3 people who all know each other, or a
group of 3 people who all do not know each other.
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The pigeonhole principle and Ramsey’s Theorem

The pigeonhole principle. If kn + 1 objects are put in n pigeonholes, then there
will be a pigeonhole containing at least k + 1 objects.

A well-known example: If you have a party of at least 6 people, you can
guarantee that there will be a group of 3 people who all know each other, or a
group of 3 people who all do not know each other.

Proof by graphs (joining by red line when two people know each other)
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The pigeonhole principle and Ramsey’s Theorem contd.

Coloring. If r ∈ Z+, the set of positive integers,

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



The pigeonhole principle and Ramsey’s Theorem contd.

Coloring. If r ∈ Z+, the set of positive integers,

then an r -coloring of a set S is a map

χ : S → {1, · · · , r}.

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



The pigeonhole principle and Ramsey’s Theorem contd.

Coloring. If r ∈ Z+, the set of positive integers,

then an r -coloring of a set S is a map

χ : S → {1, · · · , r}.

If s is an element of S , then χ(s) is called the color of s.

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



The pigeonhole principle and Ramsey’s Theorem contd.

Coloring. If r ∈ Z+, the set of positive integers,

then an r -coloring of a set S is a map

χ : S → {1, · · · , r}.

If s is an element of S , then χ(s) is called the color of s.

A set T ⊂ S is called monochromatic with respect to a coloring χ if χ is
constant on T .

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



The pigeonhole principle and Ramsey’s Theorem contd.

Coloring. If r ∈ Z+, the set of positive integers,

then an r -coloring of a set S is a map

χ : S → {1, · · · , r}.

If s is an element of S , then χ(s) is called the color of s.

A set T ⊂ S is called monochromatic with respect to a coloring χ if χ is
constant on T .

One observes that writing

S = χ
−1(1) ∪ χ

−1(2) ∪ · · · ∪ χ
−1(r),

an r -coloring of a set S is nothing but a partition of S into r parts.
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given positive integers k , r , l(≥ k), there exists a positive integer n = n(k , r , l)
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[n]
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L = {c1, . . . , cl} ⊂ [n]

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



The pigeonhole principle and Ramsey’s Theorem contd.

Ramsey’s Theorem (1930):

Using notation
[n] = {1, 2, . . . , n}

and

(

S

k

)

= collection of k − subsets of a set S ,

given positive integers k , r , l(≥ k), there exists a positive integer n = n(k , r , l)
such that for any r -coloring of the

(

[n]
k

)

,
there is an l-subset

L = {c1, . . . , cl} ⊂ [n]

such that the elements of
(

L

k

)

are of the same color.
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Schur’s Theorem: some historical remarks

Some digression: Ramanujan left for us infinitely many examples where the
sum of two positive cubes miss a cube by as little as 1.

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



Schur’s Theorem: some historical remarks

Some digression: Ramanujan left for us infinitely many examples where the
sum of two positive cubes miss a cube by as little as 1.

x
3
n + y

3
n = z

3
n + (−1)n+1

.
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Schur’s Theorem: some historical remarks

Some digression: Ramanujan left for us infinitely many examples where the
sum of two positive cubes miss a cube by as little as 1.

x
3
n + y

3
n = z

3
n + (−1)n+1

.

A particular case is the taxi-cab number:

1729 = 93 + 103 = 123 + 13.

Regarding solutions of Fermat equations modulo primes, Dickson (1909)
proved the following:

For odd primes e, the congruence

x
e + y

e + z
e ≡ 0 (mod p)

has integral solutions x , y , z , each prime to p, for every p > E(e).
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Schur’s Theorem, contd.

Schur (1916) proved the above result of Dickson as an easy consequence of the
following:
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Schur’s Theorem, contd.

Schur (1916) proved the above result of Dickson as an easy consequence of the
following:

Theorem. Given a positive integer r , there is N(r) ∈ Z+, such that for any
r -coloring of [N(r)], ∃ a monochromatic subset {x , y , z} of [N(r)] such that

x + y = z .
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Schur’s Theorem, contd.

Schur (1916) proved the above result of Dickson as an easy consequence of the
following:

Theorem. Given a positive integer r , there is N(r) ∈ Z+, such that for any
r -coloring of [N(r)], ∃ a monochromatic subset {x , y , z} of [N(r)] such that

x + y = z .

The situation is described by saying that:
The equation x + y = z has a monochromatic solution for a finite coloring of
Z+.
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Ramsey implies Schur

Take N(r) = n(2, r , 3) of Ramsey’s theorem.
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χ induces an r -coloring χ∗ of
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2

)
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Take N(r) = n(2, r , 3) of Ramsey’s theorem.

Let χ : [N(r)] → [r ] be an r -coloring.

χ induces an r -coloring χ∗ of
(

[N]
2

)

:

χ
∗({i , j}) = χ(|i − j |), i 6= j ∈ [N].
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χ induces an r -coloring χ∗ of
(

[N]
2

)

:

χ
∗({i , j}) = χ(|i − j |), i 6= j ∈ [N].

By the definition of N(r), ∃ {a, b, c} ⊂ [N], a < b < c such that
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Ramsey implies Schur

Take N(r) = n(2, r , 3) of Ramsey’s theorem.

Let χ : [N(r)] → [r ] be an r -coloring.

χ induces an r -coloring χ∗ of
(

[N]
2

)

:

χ
∗({i , j}) = χ(|i − j |), i 6= j ∈ [N].

By the definition of N(r), ∃ {a, b, c} ⊂ [N], a < b < c such that

χ
∗({a, b}) = χ

∗({b, c}) = χ
∗({c, a}),
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Ramsey implies Schur

Take N(r) = n(2, r , 3) of Ramsey’s theorem.

Let χ : [N(r)] → [r ] be an r -coloring.

χ induces an r -coloring χ∗ of
(

[N]
2

)

:

χ
∗({i , j}) = χ(|i − j |), i 6= j ∈ [N].

By the definition of N(r), ∃ {a, b, c} ⊂ [N], a < b < c such that

χ
∗({a, b}) = χ

∗({b, c}) = χ
∗({c, a}),

that is,
χ(b − a) = χ(c − b) = χ(c − a).
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Ramsey implies Schur

Take N(r) = n(2, r , 3) of Ramsey’s theorem.

Let χ : [N(r)] → [r ] be an r -coloring.

χ induces an r -coloring χ∗ of
(

[N]
2

)

:

χ
∗({i , j}) = χ(|i − j |), i 6= j ∈ [N].

By the definition of N(r), ∃ {a, b, c} ⊂ [N], a < b < c such that

χ
∗({a, b}) = χ

∗({b, c}) = χ
∗({c, a}),

that is,
χ(b − a) = χ(c − b) = χ(c − a).

But,
(b − a) + (c − b) = (c − a).
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van der Waerden’s theorem

Rightly finding its place among the ‘pearls’ that Kinchin presents in his ‘Three
pearls of Number theory’ the following theorem of van der Waerden (1927) led
to many interesting developments in combinatorics and number theory.
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Rightly finding its place among the ‘pearls’ that Kinchin presents in his ‘Three
pearls of Number theory’ the following theorem of van der Waerden (1927) led
to many interesting developments in combinatorics and number theory.

Observe the partition:

Z
+ = A ∪ B,

A = {1} ∪ {4, 5, 6} ∪ {11, 12, 13, 14, 15} ∪ · · ·

B = {2, 3} ∪ {7, 8, 9, 10} ∪ {16, 17, 18, 19, 20, 21} ∪ · · ·

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



van der Waerden’s theorem

Rightly finding its place among the ‘pearls’ that Kinchin presents in his ‘Three
pearls of Number theory’ the following theorem of van der Waerden (1927) led
to many interesting developments in combinatorics and number theory.

Observe the partition:

Z
+ = A ∪ B,

A = {1} ∪ {4, 5, 6} ∪ {11, 12, 13, 14, 15} ∪ · · ·

B = {2, 3} ∪ {7, 8, 9, 10} ∪ {16, 17, 18, 19, 20, 21} ∪ · · ·

Theorem. Given k , r ∈ Z+, there exists W (k , r) ∈ Z+ such that for any
r -coloring of {1, 2, · · ·W (k , r)}, there is a monochromatic arithmetic
progression (A.P.) of k terms.
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Here is a higher dimensional version due to Grünwald:
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van der Waerden’s theorem

Rightly finding its place among the ‘pearls’ that Kinchin presents in his ‘Three
pearls of Number theory’ the following theorem of van der Waerden (1927) led
to many interesting developments in combinatorics and number theory.

Observe the partition:

Z
+ = A ∪ B,

A = {1} ∪ {4, 5, 6} ∪ {11, 12, 13, 14, 15} ∪ · · ·

B = {2, 3} ∪ {7, 8, 9, 10} ∪ {16, 17, 18, 19, 20, 21} ∪ · · ·

Theorem. Given k , r ∈ Z+, there exists W (k , r) ∈ Z+ such that for any
r -coloring of {1, 2, · · ·W (k , r)}, there is a monochromatic arithmetic
progression (A.P.) of k terms.

Here is a higher dimensional version due to Grünwald:

Theorem. Let d , r ∈ Z+. Then given any finite set S ⊂ (Z+)d , and an
r -coloring of (Z+)d , there exists a positive integer ‘a’ and a point ‘v ’ in (Z+)d

such that the set aS + v is monochromatic.
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van der Waerden’s theorem, contd.

Monochromatic translated homothety: when d = 1, putting S = {1, · · · , k},
one gets van der Waerden’s theorem.
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van der Waerden’s theorem, contd.

The following statement follows from van der Waerden’s Theorem by induction
on the number of colors:
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van der Waerden’s theorem, contd.

The following statement follows from van der Waerden’s Theorem by induction
on the number of colors:

Theorem *. Given k , r , s ∈ Z+, there exists N = N(k , r , s) ∈ Z+ such that for
any r -coloring of [N], there are a,d ∈ Z+ such that the set

{a, a + d , · · · , a + kd} ∪ {sd} ⊂ [N]

is monochromatic.
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van der Waerden’s theorem, contd.

The following statement follows from van der Waerden’s Theorem by induction
on the number of colors:

Theorem *. Given k , r , s ∈ Z+, there exists N = N(k , r , s) ∈ Z+ such that for
any r -coloring of [N], there are a,d ∈ Z+ such that the set

{a, a + d , · · · , a + kd} ∪ {sd} ⊂ [N]

is monochromatic.

Remark. Taking s = 1 in the above, a monochromatic set {a, a+ d , } ∪ {d}
already implies Schur’s theorem.
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van der Waerden’s theorem, contd.

The following statement follows from van der Waerden’s Theorem by induction
on the number of colors:

Theorem *. Given k , r , s ∈ Z+, there exists N = N(k , r , s) ∈ Z+ such that for
any r -coloring of [N], there are a,d ∈ Z+ such that the set

{a, a + d , · · · , a + kd} ∪ {sd} ⊂ [N]

is monochromatic.

Remark. Taking s = 1 in the above, a monochromatic set {a, a+ d , } ∪ {d}
already implies Schur’s theorem. We shall see later that a much stronger
statement follows from the above theorem.
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Schur’s theorem: generalizations and some open questions

Remark. Schur’s theorem can be restated by saying that for any positive integer
r , there is a positive integer N = N(r) such that for any r -coloring of [N],
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x , y such that the elements x , y and x + y are in [N] and are of the same color.
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Remark. Schur’s theorem can be restated by saying that for any positive integer
r , there is a positive integer N = N(r) such that for any r -coloring of [N], ∃
x , y such that the elements x , y and x + y are in [N] and are of the same color.

A generalization in one direction can be called Folkman-Sanders theorem.

John Folkman personally communicated this to Graham in 1965 and his proof
was published by Graham only in 1981; the proof uses van der Waerden’s
theorem.

Jon Sanders found it independently and wrote this in his 1968 thesis.

The theorem also follows from Rado’s theorem. Now we know that Arnautov
was yet another mathematician to discover this result independently.
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Schur’s theorem: generalizations and some open questions

Remark. Schur’s theorem can be restated by saying that for any positive integer
r , there is a positive integer N = N(r) such that for any r -coloring of [N], ∃
x , y such that the elements x , y and x + y are in [N] and are of the same color.

A generalization in one direction can be called Folkman-Sanders theorem.

John Folkman personally communicated this to Graham in 1965 and his proof
was published by Graham only in 1981; the proof uses van der Waerden’s
theorem.

Jon Sanders found it independently and wrote this in his 1968 thesis.

The theorem also follows from Rado’s theorem. Now we know that Arnautov
was yet another mathematician to discover this result independently.

Theorem. Given any two positive integers r and k , there is a positive integer
n = n(r , k) such that if [n] is r colored,
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Schur’s theorem: generalizations and some open questions

Remark. Schur’s theorem can be restated by saying that for any positive integer
r , there is a positive integer N = N(r) such that for any r -coloring of [N], ∃
x , y such that the elements x , y and x + y are in [N] and are of the same color.

A generalization in one direction can be called Folkman-Sanders theorem.

John Folkman personally communicated this to Graham in 1965 and his proof
was published by Graham only in 1981; the proof uses van der Waerden’s
theorem.

Jon Sanders found it independently and wrote this in his 1968 thesis.

The theorem also follows from Rado’s theorem. Now we know that Arnautov
was yet another mathematician to discover this result independently.

Theorem. Given any two positive integers r and k , there is a positive integer
n = n(r , k) such that if [n] is r colored, there are positive integers
a1 < a2 < · · · < ak satisfying

∑

1≤i≤k ai ≤ n such the elements
∑

i∈I ai are
identically colored as I varies over different non-empty subsets of {1, 2, · · · , k}.
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Schur’s theorem: generalizations and some open questions

The following result was first conjectured by Jon Sanders.
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The following result was first conjectured by Jon Sanders.
(The conjecture was later appeared in an article of Graham and Rothschild,
and was made popular by some talks of Erdős).
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Schur’s theorem: generalizations and some open questions

The following result was first conjectured by Jon Sanders.
(The conjecture was later appeared in an article of Graham and Rothschild,
and was made popular by some talks of Erdős).

Theorem.(Hindman, 1974) Given any finite coloring of Z+, there always exist
an infinite subset of Z+ all the finite sums of which are of the same color.
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Schur’s theorem: generalizations and some open questions

The following result was first conjectured by Jon Sanders.
(The conjecture was later appeared in an article of Graham and Rothschild,
and was made popular by some talks of Erdős).

Theorem.(Hindman, 1974) Given any finite coloring of Z+, there always exist
an infinite subset of Z+ all the finite sums of which are of the same color.

The proof of Hindman was later simplified by Baumgartner (1974).

Different proofs were later given by Furstenberg and Weiss (1978) and Glazer.
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Schur’s theorem: generalizations and some open questions

From Schur’s theorem and a special case of van der Waerden’s theorem we see
that
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Schur’s theorem: generalizations and some open questions

From Schur’s theorem and a special case of van der Waerden’s theorem we see
that
for any finite coloring of Z+, there are monochromatic solutions of the
following equations:

x + y = z ,

x + z = 2y .
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From Schur’s theorem and a special case of van der Waerden’s theorem we see
that
for any finite coloring of Z+, there are monochromatic solutions of the
following equations:

x + y = z ,

x + z = 2y .

Theorem.(Rado, 1933) (abridged version). Given an equation

c1x1 + · · ·+ cnxn = 0, ci ( 6= 0) ∈ Z,
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From Schur’s theorem and a special case of van der Waerden’s theorem we see
that
for any finite coloring of Z+, there are monochromatic solutions of the
following equations:

x + y = z ,

x + z = 2y .

Theorem.(Rado, 1933) (abridged version). Given an equation

c1x1 + · · ·+ cnxn = 0, ci ( 6= 0) ∈ Z,

it has a monochromatic solution (x1, · · · , xn), where xi ’s may not be distinct,
in Z+ with respect to any finite coloring

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



Schur’s theorem: generalizations and some open questions

From Schur’s theorem and a special case of van der Waerden’s theorem we see
that
for any finite coloring of Z+, there are monochromatic solutions of the
following equations:

x + y = z ,

x + z = 2y .

Theorem.(Rado, 1933) (abridged version). Given an equation

c1x1 + · · ·+ cnxn = 0, ci ( 6= 0) ∈ Z,

it has a monochromatic solution (x1, · · · , xn), where xi ’s may not be distinct,
in Z+ with respect to any finite coloring if and only if some non-empty subset
of {c1, · · · , cn} sums to zero.
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Schur’s theorem: generalizations and some open questions

From Schur’s theorem and a special case of van der Waerden’s theorem we see
that
for any finite coloring of Z+, there are monochromatic solutions of the
following equations:

x + y = z ,

x + z = 2y .

Theorem.(Rado, 1933) (abridged version). Given an equation

c1x1 + · · ·+ cnxn = 0, ci ( 6= 0) ∈ Z,

it has a monochromatic solution (x1, · · · , xn), where xi ’s may not be distinct,
in Z+ with respect to any finite coloring if and only if some non-empty subset
of {c1, · · · , cn} sums to zero.

Remark. If an equation c1x1 + · · ·+ cnxn = 0 has a monochromatic solution
with respect to any finite coloring (respectively, r -coloring), it is called regular
(respectively, r -regular).
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Schur’s theorem: generalizations and some open questions

That the condition in the abridged version of Rado’s theorem is sufficient
follows from Theorem*, the generalized version of van der Waerden’s Theorem.
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That the condition in the abridged version of Rado’s theorem is sufficient
follows from Theorem*, the generalized version of van der Waerden’s Theorem.

For necessity, one uses the following coloring:
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That the condition in the abridged version of Rado’s theorem is sufficient
follows from Theorem*, the generalized version of van der Waerden’s Theorem.

For necessity, one uses the following coloring:

For any q ∈ Q∗,

q =
pja

b
, j ∈ Z, a ∈ Z, b ∈ Z

+
, p 6 |a, p 6 | b and gcd (a, b) = 1,
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the so-called super modulo color Sp on Q∗ is defined by:
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Schur’s theorem: generalizations and some open questions

That the condition in the abridged version of Rado’s theorem is sufficient
follows from Theorem*, the generalized version of van der Waerden’s Theorem.

For necessity, one uses the following coloring:

For any q ∈ Q∗,

q =
pja

b
, j ∈ Z, a ∈ Z, b ∈ Z

+
, p 6 |a, p 6 | b and gcd (a, b) = 1,

the so-called super modulo color Sp on Q∗ is defined by:

Sp(q) =
a

b
(mod p) ∈ F

∗
p .
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Schur’s theorem: generalizations and some open questions

That the condition in the abridged version of Rado’s theorem is sufficient
follows from Theorem*, the generalized version of van der Waerden’s Theorem.

For necessity, one uses the following coloring:

For any q ∈ Q∗,

q =
pja

b
, j ∈ Z, a ∈ Z, b ∈ Z

+
, p 6 |a, p 6 | b and gcd (a, b) = 1,

the so-called super modulo color Sp on Q∗ is defined by:

Sp(q) =
a

b
(mod p) ∈ F

∗
p .

Sp is a (p − 1)-coloring of Q∗ with the property that

Sp(x) = Sp(y) ⇒ Sp(αx) = Sp(αy) ∀ α ∈ Q
∗
.
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Schur’s theorem: generalizations and some open questions

It is an open question whether the following equation is regular

x
2 + y

2 = z
2
.
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It is an open question whether the following equation is regular

x
2 + y

2 = z
2
.

Another open question is as follows.

Rado made the conjecture that there is a function r : Z+ → Z+ such that given
any equation c1x1 + · · ·+ cnxn = 0 with integer coefficients which is not regular
over Z+,
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Another open question is as follows.

Rado made the conjecture that there is a function r : Z+ → Z+ such that given
any equation c1x1 + · · ·+ cnxn = 0 with integer coefficients which is not regular
over Z+,

there exists a partition of Z+ into at most r(n) parts with no part containing a
solution to the equation.
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We state it for a single homogeneous equation as it has been proved by Rado
that if the conjecture is true for a single equation, then it is true for a system
of finitely many linear equations and
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Rado made the conjecture that there is a function r : Z+ → Z+ such that given
any equation c1x1 + · · ·+ cnxn = 0 with integer coefficients which is not regular
over Z+,

there exists a partition of Z+ into at most r(n) parts with no part containing a
solution to the equation.

We state it for a single homogeneous equation as it has been proved by Rado
that if the conjecture is true for a single equation, then it is true for a system
of finitely many linear equations and

Fox and Kleitman, 2006 has shown that if the conjecture is true for a linear
homogeneous equation, then it is true for any linear equation.
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Another open question is as follows.

Rado made the conjecture that there is a function r : Z+ → Z+ such that given
any equation c1x1 + · · ·+ cnxn = 0 with integer coefficients which is not regular
over Z+,

there exists a partition of Z+ into at most r(n) parts with no part containing a
solution to the equation.

We state it for a single homogeneous equation as it has been proved by Rado
that if the conjecture is true for a single equation, then it is true for a system
of finitely many linear equations and

Fox and Kleitman, 2006 has shown that if the conjecture is true for a linear
homogeneous equation, then it is true for any linear equation.

This conjecture is known as Rado’s Boundedness Conjecture.
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Schur’s theorem: generalizations and some open questions

It is an open question whether the following equation is regular

x
2 + y

2 = z
2
.

Another open question is as follows.

Rado made the conjecture that there is a function r : Z+ → Z+ such that given
any equation c1x1 + · · ·+ cnxn = 0 with integer coefficients which is not regular
over Z+,

there exists a partition of Z+ into at most r(n) parts with no part containing a
solution to the equation.

We state it for a single homogeneous equation as it has been proved by Rado
that if the conjecture is true for a single equation, then it is true for a system
of finitely many linear equations and

Fox and Kleitman, 2006 has shown that if the conjecture is true for a linear
homogeneous equation, then it is true for any linear equation.

This conjecture is known as Rado’s Boundedness Conjecture.
The first nontrivial case of the conjecture has been proved by Fox and Kleitman.
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Schur’s theorem: generalizations and some open questions

Definitions. The degree of regularity of

E : a1x1 + a2x2 + · · ·+ akxk = 0, ai ∈ Z

is the largest integer r ≥ 1, if any,
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Definitions. The degree of regularity of

E : a1x1 + a2x2 + · · ·+ akxk = 0, ai ∈ Z

is the largest integer r ≥ 1, if any, such that (E) is r -regular.
This number is denoted by dor(E). If no such r is there, dor(E) is said to be
infinite.
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Conjecture (Rado) For each positive integer r , there is a linear homogeneous
equation that has degree of regularity r .
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Conjecture (Rado) For each positive integer r , there is a linear homogeneous
equation that has degree of regularity r .

Alexeev and Tsimerman (2010) proved the conjecture.
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A proof of a conjecture of Fox and Radoićıc̆ (2005) by Golowich (2014)
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Definitions. The degree of regularity of

E : a1x1 + a2x2 + · · ·+ akxk = 0, ai ∈ Z

is the largest integer r ≥ 1, if any, such that (E) is r -regular.
This number is denoted by dor(E). If no such r is there, dor(E) is said to be
infinite.

Conjecture (Rado) For each positive integer r , there is a linear homogeneous
equation that has degree of regularity r .

Alexeev and Tsimerman (2010) proved the conjecture.

A proof of a conjecture of Fox and Radoićıc̆ (2005) by Golowich (2014)
that the degree of regularity of the following is (n − 1) gives another proof of
the conjecture:
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Schur’s theorem: generalizations and some open questions

Definitions. The degree of regularity of

E : a1x1 + a2x2 + · · ·+ akxk = 0, ai ∈ Z

is the largest integer r ≥ 1, if any, such that (E) is r -regular.
This number is denoted by dor(E). If no such r is there, dor(E) is said to be
infinite.

Conjecture (Rado) For each positive integer r , there is a linear homogeneous
equation that has degree of regularity r .

Alexeev and Tsimerman (2010) proved the conjecture.

A proof of a conjecture of Fox and Radoićıc̆ (2005) by Golowich (2014)
that the degree of regularity of the following is (n − 1) gives another proof of
the conjecture:

x1 + 2x2 + · · ·+ 2n−2
xn−1 − 2n−1

xn.
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Schur’s theorem: generalizations and some open questions

For k , n ∈ Z+ consider the linear Diophantine equation

x1 + x2 + · · ·+ xk + c = xk+1. (1)
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Schur’s theorem: generalizations and some open questions

For k , n ∈ Z+ consider the linear Diophantine equation

x1 + x2 + · · ·+ xk + c = xk+1. (1)

Definition. The n-color Rado number, denoted Rk(n, c), is the smallest positive
integer N, if any, such that for every n-coloring of the integer interval
[1,N] = {1, . . . ,N}, there exists a monochromatic solution to equation (1). If
no such N exists, then Rk(n, c) is defined to be infinite.
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Definition. The n-color Rado number, denoted Rk(n, c), is the smallest positive
integer N, if any, such that for every n-coloring of the integer interval
[1,N] = {1, . . . ,N}, there exists a monochromatic solution to equation (1). If
no such N exists, then Rk(n, c) is defined to be infinite.

Schaal (1993,1995) showed that Rk(2, c) is finite if and only if k or c is even
and that R2(3, c) is always finite.
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integer N, if any, such that for every n-coloring of the integer interval
[1,N] = {1, . . . ,N}, there exists a monochromatic solution to equation (1). If
no such N exists, then Rk(n, c) is defined to be infinite.

Schaal (1993,1995) showed that Rk(2, c) is finite if and only if k or c is even
and that R2(3, c) is always finite.

After experimenting with some more particular cases, we (A., Boza, Eliahou,
Maŕın, Revuelta, Sanz) conjectured that:
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[1,N] = {1, . . . ,N}, there exists a monochromatic solution to equation (1). If
no such N exists, then Rk(n, c) is defined to be infinite.

Schaal (1993,1995) showed that Rk(2, c) is finite if and only if k or c is even
and that R2(3, c) is always finite.

After experimenting with some more particular cases, we (A., Boza, Eliahou,
Maŕın, Revuelta, Sanz) conjectured that:

Let k ,n, c be integers with k ≥ 2, n ≥ 1 and c ≥ 0. Then Rk(n, c) is finite if
and only if every divisor d ≤ n of k − 1 also divides c.
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For k , n ∈ Z+ consider the linear Diophantine equation

x1 + x2 + · · ·+ xk + c = xk+1. (1)

Definition. The n-color Rado number, denoted Rk(n, c), is the smallest positive
integer N, if any, such that for every n-coloring of the integer interval
[1,N] = {1, . . . ,N}, there exists a monochromatic solution to equation (1). If
no such N exists, then Rk(n, c) is defined to be infinite.

Schaal (1993,1995) showed that Rk(2, c) is finite if and only if k or c is even
and that R2(3, c) is always finite.

After experimenting with some more particular cases, we (A., Boza, Eliahou,
Maŕın, Revuelta, Sanz) conjectured that:

Let k ,n, c be integers with k ≥ 2, n ≥ 1 and c ≥ 0. Then Rk(n, c) is finite if
and only if every divisor d ≤ n of k − 1 also divides c.

We have established it (part of it to appear in Math. Comp.) when (k − 1)
divides c or k ≤ 7.

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



Schur’s theorem: generalizations and some open questions

Sketch of proof of a subcase.

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



Schur’s theorem: generalizations and some open questions

Sketch of proof of a subcase.

Consider a somewhat more general version of equation (1).

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



Schur’s theorem: generalizations and some open questions

Sketch of proof of a subcase.

Consider a somewhat more general version of equation (1). If

α = (α1, . . . , αk+1) and x = (x1, . . . , xk+1), consider the linear Diophantine
equation

(L) : α · x = −c
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Sketch of proof of a subcase.

Consider a somewhat more general version of equation (1). If

α = (α1, . . . , αk+1) and x = (x1, . . . , xk+1), consider the linear Diophantine
equation

(L) : α · x = −c

and its associated homogeneous version,

(L0) : α · x = 0.

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



Schur’s theorem: generalizations and some open questions

Sketch of proof of a subcase.

Consider a somewhat more general version of equation (1). If

α = (α1, . . . , αk+1) and x = (x1, . . . , xk+1), consider the linear Diophantine
equation

(L) : α · x = −c

and its associated homogeneous version,

(L0) : α · x = 0.

Our equation (1) is a special case of equation (L), namely where

α = (1, 1, . . . , 1,−1) ∈ Z
k+1

.

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



Schur’s theorem: generalizations and some open questions

Definitions. Given n ∈ Z+, the equation (L) is said to be n-regular if, for every

n-coloring of Z+, there exists a monochromatic solution x ∈ (Z+)
k+1

to (L).
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Schur’s theorem: generalizations and some open questions

Definitions. Given n ∈ Z+, the equation (L) is said to be n-regular if, for every

n-coloring of Z+, there exists a monochromatic solution x ∈ (Z+)
k+1

to (L).

As before, the degree of regularity of (L) is the largest integer n ≥ 0, if any,
such that (L) is n-regular. This (possibly infinite) number is denoted by dor(L).
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Schur’s theorem: generalizations and some open questions

Definitions. Given n ∈ Z+, the equation (L) is said to be n-regular if, for every

n-coloring of Z+, there exists a monochromatic solution x ∈ (Z+)
k+1

to (L).

As before, the degree of regularity of (L) is the largest integer n ≥ 0, if any,
such that (L) is n-regular. This (possibly infinite) number is denoted by dor(L).

If dor(L) = ∞, then (L) is regular.
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Schur’s theorem: generalizations and some open questions

Definitions. Given n ∈ Z+, the equation (L) is said to be n-regular if, for every

n-coloring of Z+, there exists a monochromatic solution x ∈ (Z+)
k+1

to (L).

As before, the degree of regularity of (L) is the largest integer n ≥ 0, if any,
such that (L) is n-regular. This (possibly infinite) number is denoted by dor(L).

If dor(L) = ∞, then (L) is regular.

In general one speaks about n-regularity over A ⊆ Z and defines dorA(L).
For any A ⊆ B ⊆ Z, clearly

1 ≤ dorA(L) ≤ dorB(L).

We show that if (L0) is regular, and the coordinate sum of α is nonzero, then

dorZ+(L) = dorZ(L).
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An associated hypergraph.

If H = (V , E) is a hypergraph, a proper n-coloring of H is a coloring

∆: V −→ {1, . . . , n}

of its vertices such that none of its hyperedges is monochromatic.

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



Schur’s theorem: generalizations and some open questions

An associated hypergraph.

If H = (V , E) is a hypergraph, a proper n-coloring of H is a coloring

∆: V −→ {1, . . . , n}

of its vertices such that none of its hyperedges is monochromatic.

The chromatic number χ(H) of H is defined to be the least positive integer n
such that H admits a proper n-coloring.
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∆: V −→ {1, . . . , n}

of its vertices such that none of its hyperedges is monochromatic.

The chromatic number χ(H) of H is defined to be the least positive integer n
such that H admits a proper n-coloring.

For any subset W ⊆ V , we denote by

H|W = (W ,E|W )

the restriction of H to W .
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The chromatic number χ(H) of H is defined to be the least positive integer n
such that H admits a proper n-coloring.

For any subset W ⊆ V , we denote by

H|W = (W ,E|W )

the restriction of H to W .

By definition, the vertex set of H|W is W , and its hyperedges are all
hyperedges of H which are contained in W .
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An associated hypergraph.

If H = (V , E) is a hypergraph, a proper n-coloring of H is a coloring

∆: V −→ {1, . . . , n}

of its vertices such that none of its hyperedges is monochromatic.

The chromatic number χ(H) of H is defined to be the least positive integer n
such that H admits a proper n-coloring.

For any subset W ⊆ V , we denote by

H|W = (W ,E|W )

the restriction of H to W .

By definition, the vertex set of H|W is W , and its hyperedges are all
hyperedges of H which are contained in W .

That is, for E ∈ E , we have

E ∈ E|W ⇐⇒ E ⊆ W .

S. D. Adhikari HRI, Allahabad, India adhikari@hri.res.in A classical Ramsey-type result of Schur



Schur’s theorem: generalizations and some open questions

An associated hypergraph.

If H = (V , E) is a hypergraph, a proper n-coloring of H is a coloring

∆: V −→ {1, . . . , n}

of its vertices such that none of its hyperedges is monochromatic.

The chromatic number χ(H) of H is defined to be the least positive integer n
such that H admits a proper n-coloring.

For any subset W ⊆ V , we denote by

H|W = (W ,E|W )

the restriction of H to W .

By definition, the vertex set of H|W is W , and its hyperedges are all
hyperedges of H which are contained in W .

That is, for E ∈ E , we have

E ∈ E|W ⇐⇒ E ⊆ W .

Clearly, the chromatic number is monotonous with respect to restriction.
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Schur’s theorem: generalizations and some open questions

Notation. Let z = (z1, . . . , zm) ∈ Zm.
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Schur’s theorem: generalizations and some open questions

Notation. Let z = (z1, . . . , zm) ∈ Zm. We denote by U(z) the underlying set of
the coordinates of z , i.e.

U(z) = {z1, . . . , zm}.
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Notation. Let z = (z1, . . . , zm) ∈ Zm. We denote by U(z) the underlying set of
the coordinates of z , i.e.

U(z) = {z1, . . . , zm}.

For example, if z = (2,−1, 2, 1, 1) ∈ Z5, then U(z) = {−1, 1, 2}.
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Notation. Let z = (z1, . . . , zm) ∈ Zm. We denote by U(z) the underlying set of
the coordinates of z , i.e.

U(z) = {z1, . . . , zm}.

For example, if z = (2,−1, 2, 1, 1) ∈ Z5, then U(z) = {−1, 1, 2}.

Definition. The hypergraph H = H(L) associated to equation (L) is defined as
follows.
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Schur’s theorem: generalizations and some open questions

Notation. Let z = (z1, . . . , zm) ∈ Zm. We denote by U(z) the underlying set of
the coordinates of z , i.e.

U(z) = {z1, . . . , zm}.

For example, if z = (2,−1, 2, 1, 1) ∈ Z5, then U(z) = {−1, 1, 2}.

Definition. The hypergraph H = H(L) associated to equation (L) is defined as
follows.

Its set of vertices is Z, and a subset E ⊆ Z is a hyperedge in H if and only if

E = U(δ)

for some solution δ ∈ Zk+1 to equation (L).
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Schur’s theorem: generalizations and some open questions

We observed that, if H = H(L) is the hypergraph associated to equation (L),
and A ⊆ Z, then
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Schur’s theorem: generalizations and some open questions

We observed that, if H = H(L) is the hypergraph associated to equation (L),
and A ⊆ Z, then

dorA(L) = χ(H|A)− 1. (2)
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Schur’s theorem: generalizations and some open questions

We observed that, if H = H(L) is the hypergraph associated to equation (L),
and A ⊆ Z, then

dorA(L) = χ(H|A)− 1. (2)

So, we work with χ(H|A).
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We observed that, if H = H(L) is the hypergraph associated to equation (L),
and A ⊆ Z, then

dorA(L) = χ(H|A)− 1. (2)

So, we work with χ(H|A).

By a study of the combinatorics of the stable triples, considering equation (L)
with parameters k = 5, α = (1, 1, 1, 1, 1,−1) ∈ Z6 and c = 2,
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dorA(L) = χ(H|A)− 1. (2)

So, we work with χ(H|A).

By a study of the combinatorics of the stable triples, considering equation (L)
with parameters k = 5, α = (1, 1, 1, 1, 1,−1) ∈ Z6 and c = 2,
that is, the equation

x1 + x2 + x3 + x4 + x5 − x6 = −2,
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By a study of the combinatorics of the stable triples, considering equation (L)
with parameters k = 5, α = (1, 1, 1, 1, 1,−1) ∈ Z6 and c = 2,
that is, the equation

x1 + x2 + x3 + x4 + x5 − x6 = −2,

and observing that the corresponding homogeneous equation is regular, we
show that χ(H|V ) ≥ 4,
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We observed that, if H = H(L) is the hypergraph associated to equation (L),
and A ⊆ Z, then

dorA(L) = χ(H|A)− 1. (2)

So, we work with χ(H|A).

By a study of the combinatorics of the stable triples, considering equation (L)
with parameters k = 5, α = (1, 1, 1, 1, 1,−1) ∈ Z6 and c = 2,
that is, the equation

x1 + x2 + x3 + x4 + x5 − x6 = −2,

and observing that the corresponding homogeneous equation is regular, we
show that χ(H|V ) ≥ 4,

where, V = {−5,−3,−2,−1, 0, 1, 2, 4}
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Schur’s theorem: generalizations and some open questions

We observed that, if H = H(L) is the hypergraph associated to equation (L),
and A ⊆ Z, then

dorA(L) = χ(H|A)− 1. (2)

So, we work with χ(H|A).

By a study of the combinatorics of the stable triples, considering equation (L)
with parameters k = 5, α = (1, 1, 1, 1, 1,−1) ∈ Z6 and c = 2,
that is, the equation

x1 + x2 + x3 + x4 + x5 − x6 = −2,

and observing that the corresponding homogeneous equation is regular, we
show that χ(H|V ) ≥ 4,

where, V = {−5,−3,−2,−1, 0, 1, 2, 4}

Therefore, by (2), dorV (L) ≥ 3 and hence dorZ(L) ≥ 3.
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Schur’s theorem: generalizations and some open questions

We observed that, if H = H(L) is the hypergraph associated to equation (L),
and A ⊆ Z, then

dorA(L) = χ(H|A)− 1. (2)

So, we work with χ(H|A).

By a study of the combinatorics of the stable triples, considering equation (L)
with parameters k = 5, α = (1, 1, 1, 1, 1,−1) ∈ Z6 and c = 2,
that is, the equation

x1 + x2 + x3 + x4 + x5 − x6 = −2,

and observing that the corresponding homogeneous equation is regular, we
show that χ(H|V ) ≥ 4,

where, V = {−5,−3,−2,−1, 0, 1, 2, 4}

Therefore, by (2), dorV (L) ≥ 3 and hence dorZ(L) ≥ 3.

But, from the 4-coloring of the integers according to the class mod 4, it follows
that dorZ(L) < 4.
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THANK YOU !!!
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