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Continued Fractions (CFs) look forbidding (meaning, unfriendly or threatening in appearance). That is because continued fractions, as the name says, are infinitely continuing expressions! But they are easy once you realise what is happening.

For instance, let us consider Ramanujan's puzzle.

<insert nested-radical-ramanujan.png here>
The answer is 3! Let us see how this comes about.

We know: (x+1)2 = x2 + 2x + 1.

We can rewrite the right hand side as: x (x+2) + 1, then

further rearrange it to read: 1 + x (x+2).

Thus: (x+1)2 = 1 + x (x+2).

Therefore x+1 = sqrt(1 + x (x+2)).

Let x=2. Substituting for x, we get 3 = sqrt (1 + 2 (4)). Notice that there is the number 4 on the right hand side of the equation. Also, if we substitute x=3 in our original equation, we get 4 = sqrt (1 + 3 (5)). Substituting this expression for ‘4’ in our equation, we get:

3 = sqrt (1 + 2 (sqrt (1 + 3 (5)). 

And the next readily waiting equation (using x=5 in our original equation):

5 = sqrt (1 + 4 (6)),

tells us how to proceed.

Beware: such substitutions do not always work, there are some subtle points about `convergence', which means that the generated values should approach a specific real number, however slowly. 

But do you see how you can generate your own continued fractions?
Here is another pretty example. Consider the continued fraction in the picture.

<insert frac.png here>
Can you see that the expression in the inner box is exactly the same as the one in the outer box? If you call the inner one x, the outer one is also x and we get the equation:

x = 1 + 1/x

Multiply throughout by x and rewrite this to get:

x2-x-1 = 0.

You know how to solve quadratic equations, we get two solutions:

x = (1+sqrt(5))/2 and (1-sqrt(5))/2.

But x must be positive. (Can you see why?) So we discard the second solution.

So we find that the continued fraction in the picture is equal to (1+sqrt(5))/2. This is a recurring decimal, which means if you try to find its value, the digits go on for ever, but the first few decimal places are 1.618. It has a special name: it is called the *golden ratio*and denoted by phi. This is another "fundamental constant" in mathematics, much loved by artists. We have written about it in JM earlier. For a reminder, see the Box.

Box on Golden Ratio

The golden ratio is the ratio found by dividing a line into two parts (see figure) so that the ratio a/b is the same as the ratio (a+b)/a. This results in a special and pleasing set of proportions. For instance, the spiral shown in the figure is got by repeatedly drawing sections of circles through rectangles that are constructed in this ratio (that is, 1.618:1). Many shells, including snail shells are perfect examples of the golden ratio.  Many leaves and petals in nature are placed on stems in this ratio. Even the proportions of the famous Pyramids of Giza in Egypt are constructed in this ratio.

END OF BOX

