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How would you do calculation if you did not know how to use decimal notation and the arithmetic that you studied in school?

Of course you would know how to count three bananas, or ten plums, or three score and seven grapes (which is 67, since a score is twenty). You would know there are four score of fruit in all. How would you do the addition? Perhaps you can do that all in your mind?

For somewhat larger numbers, say a month and three days of holiday, then four months, one week and one day of school, then two weeks and three days of examinations, how would you add up the days?

If you eat ten chapatis and three bananas at home every day of holiday, five chapatis and a score of grapes every day of school, and six chapatis and seven plums every day of the examinations, how many chapatis and how much fruit do you eat over all the days?
How to count
The most common method is counting on your fingers. (Actually the English word “digit” means finger or toe.) Very clever ways have been devised to represent large numbers using your fingers, and to add, subtract and multiply them. Before the decimal system became popular, the Sumerians and Babylonians in Iraq had a system with base 60 (we still use it for counting time) and they had expert scribes who were very good at calculation. Possibly they were able to represent numbers upto 60 using their fingers and then do the calculation on their hands.

Another method which developed later was the use of an abacus. This used pebbles on a wooden board. If you have seen an abacus today it probably uses beads on wires. Abacuses were common in China, where they are called xuanpan. Again there are experts who are very good at representing numbers (usually a decimal base is used) and moving the pebbles around to do very fast calculations on the board. The picture shows a xuanpan with the number  6,302,715,408. Can you figure it out?
<pic of abacus>
BOX on Bases in Arithmetic
Base 10 refers to the numbering system in common use that uses decimal numbers. Base 10 is also called the decimal system or denary system. In base 10, each digit in a position of a number can have an integer value ranging from 0 to 9 (10 possibilities). The places or positions of the numbers are based on powers of ten (e.g., 1234.56 has entries 6,5,4,3,2,1 respectively in the hundredths, tenths, tens, hundreds, and thousands positions). Why is it called Base 10? Only ten numbers (from 0 to 9) can be entries in anyof the positions. The value of the number is given by the entry times the relevant power of 10. So, in this example, the number 1 actually represents 1x103, which is 1000. The factor of 103 came in because it was the 4th (3 = 4-1) place to the left of the decimal point. So the number 1234.56 equals (1x103+2x102+3x101+4x100+5x10-1+6x10-2).  Exceeding the number 9 in a position starts the counting in the next highest position. Similarly, if we allow only two numbers (0 and 1) in any position, we get the so-called binary system, which is popular in computers. Here 0 and 1 refer to 0 and 1, but to write 2, we must write 10, which can be read as (1x21+0x20=2). It is obvious that counting in Base 60 (also called sexagesimal system) involves multiplying the entries by the correct power of 60.

What is so special about 60? The number 60 is a highly composite number, which means that it has many factors. In fact, it has twelve factors namely 1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, and 60, of which 2, 3, and 5 are prime numbers. With so many factors, many fractions involving sexagesimal numbers are simplified. For example, one hour which is 60 minutes, can be divided evenly into sections of 30 minutes, 20 minutes, 15 minutes, 12 minutes, 10 minutes, 6 minutes, 5 minutes, 4 minutes, 3 minutes, 2 minutes, and 1 minute. 60 is the smallest number that is divisible by every number from 1 to 6; that is, it is the lowest common multiple of 1, 2, 3, 4, 5, and 6. To write fractions in Base 60, see the figure. Here the comma is to be read like a decimal point: for instance, the fraction 1/8 in sexagesimal is 7,30 so 1/8th of an hour refers to 7 minutes and 30 seconds, as you already know! 
Fig: <fractions_60.jpg>
END OF BOX

Difficulties come about when people start trading. I am a merchant who wants to buy several things from you. Maybe bananas, plums and grapes, all at different prices. I come with my trusted accountant (my abacus expert) and you call your accountant and they both sit with their abacuses, calculate and find that the cost is the same. Then I pay you and take my fruit.

But I could be a trader who trades in many markets. Perhaps I send goods out on ships to several ports. It was the need to keep records of calculations that led to the arithmetic we learnt in school.
From Brahma to Arabia and Africa
The Indian mathematician Brahmagupta was born in 598 CE. He lived in Bhinmal (then in Gujarat, now in Rajasthan). In 628 CE he wrote the Brahmasphutasiddhanta (“Doctrines coming from Brahma”), a book which studies earlier siddhantas (texts), criticises them and rewrites them in his own way. Along the way, he introduces zero and negative numbers (this is the earliest book known which talks about them), and the techniques which you now use in school for addition, subtraction and multiplication. 

Later Brahmagupta moved to Ujjain (now in Madhya Pradesh). In 665 CE he wrote the Khandakhadyaka (“Sweet food”), on practical astronomy. From the name it sounds as though it was meant to make a tough subject sweeter for students.

These methods were learnt by Arabian merchants about 700 CE. The Islamic caliph al-Mansur in Baghdad (ruled from 754 to 776 CE) invaded Sindh and Gujarat. Kanaka, an astronomer from there with knowledge of Brahmagupta's works, came to Baghdad as part of an embassy from Sindh. The Iraqi astronomer Muhammad ibn Ibrahim (son of Ibrahim) al-Fazari in the court of al-Mansur, translated the Brahmasphutasiddhanta into Arabic as the Zij al-Sindhind al-kabir (roughly, “Great tables from Sindhind”) and the Khandakhadyaka as the Arakhand. With the spread of Islam all the way from Africa to India, Muslim merchants learnt how to do arithmetic using Indian numerals, so much so that they are often known as Arabic numerals.
Abu Abdallah Muhammad ibn Musa (son of Musa) al-Khwarizmi (from Khwarizm, Khiva, in Uzbekistan) lived around 800 to 850 CE. He wawas a Persian scholar who produced works in mathematics, astronomy and geography under the patronage of the Caliph Al-Ma'mun of the Abbasid Caliphate (modern Iraq). He wrote his own version of the Sindhind, called the Kitab al-Hisab al-Hindi (“Book of Indian accounting”), which was translated into Latin in the 13th century CE using the name Algorithmi de numero indorum (or “Al-Khwarizmi's Indian numbers”), from where we get the English word “algorithm”, named after the person who described the methods!

His Kitab al jabr w'al-muqabala (“Book of restoration and compensation”) has methods for solving linear equations (as in a spreadsheet), and also solving simple quadratic equations. More colloquially, its title describes “forcing” numbers from one side to another in the “contest” between the two sides of an equation. It was translated into Latin in 1145 by Robert of Chester, who used the name Liber algebrae et almucabala, from where we get the English word “algebra”.
A towering figure from Pisa
Pisa in Tuscany (today in Italy) was a port in the middle ages. It is on the river Arno, a little inside from today's sea-port of Livorno. In the 12th century CE, the state was thriving with business. Its port would import grain from other Italian city states, salt from Sardinia, squirrel skins from Sicily, goatskin from North Africa, fur from Hungary, horses from Provence in France, spices from the East, and so on. Alum was imported and used in leather manufacture. Dyes and wool were imported and used for textiles. Timbers came by barge from upriver for shipbuilding, bars of crude iron came from the islands of Elba and Giglio. The city exported Tuscan wine, oil, hemp, flax, smelted iron and silver, tools, weapons, armour. In the port one could find Turks, Arabs, Libyans, selling silks, carpets, vases and other goods. Imagine the kinds of coins of different kinds that were used: librae, solidi, denarii (just like pounds, shillings, and pence)!
Leonardo Pisano (from Pisa) was born about 1170 CE. His father Guilielmo (William) Bonacci was a prosperous merchant. He was posted at Bugia (today Bejaia) in Algeria in north Africa as a trade and customs officer. He urged Leonardo to learn the methods of calculation of the Arabian merchants which were far superior to those used by his countrymen.

Leonardo did learn them, and it seems clear that he read the books by Al-Khwarizmi and perhaps also by other Arab mathematicians. But then he also wrote a “book of calculation” in Latin, Liber abbaci, explaining these methods. He later came to be called Leonardo Fibonacci (family of Bonacci), and he is mostly known today as Fibonacci. His book is similar in spirit to that of Al-Khwarizmi and is distinguished by having many more examples. One of his examples, involving rabbits, was immortalized as the Fibonacci sequence by American mathematician Edouard Lucas in the 1870s.

BOX on What is the Fibonacci Sequence?

This sequence is a never ending series. It is 1, 1, 2, 3, 5, 8, ... whose next number is obtained by adding the previous two numbers. The sequence is very interesting and appears naturally in several settings, for example, in branching in trees, the arrangement of leaves on a stem, the fruit sprouts of a pineapple, an uncurling fern and the arrangement of a pine cone's bracts. The picture shows a spiral aloe plant with 5 spirals.

END OF BOX

The first edition of Liber abbaci was in 1202. There was a second edition in 1228, of which 14 copies survive today. He also wrote many other books. The last reference we have to Leonardo is about 1240. Almost immediately many Italian writers wrote their own books of calculation, making copies of some of the material in Latin and in Italian.

Translation of these voluminous books took even longer than Al-Khwarizmi's. The first English translation of Liber abbaci was completed only in 2002.

The printing press was invented around 1450, and today we know about 400 Italian “books of calculation”, published between the 13th and 16th century.
Popular writing on arithmetic
Why did Leonardo's books become so popular in Europe, much more so than Al-Khwarizmi's which were already available? Al-Khwarizmi's books were translated into Latin. Even the translations into modern languages remained in the hands of European scholars. Leonardo's books, although they were first written in Latin, were quickly translated into Italian, and spread fast among the Italian merchants. The printing press made them accessible to all Italians.

The Arabic arithmetic methods, and also the Indian ones, involve writing over and crossing out numbers. Thus although calculation can be done very fast and the final answer written out, the record of the calculation itself may get erased. In Leonardo's methods the whole calculation is displayed, and its record remains.

Al-Khwarizmi's books have many example problems, dealing with inheritance, legacies, dowries, and legal issues. Leonardo's examples were easily adapted to dividing capital among partners, finding value of merchandise in different quantities and currencies, minting and alloying of money. His examples would have immediately made sense to merchants.

American finance professor William Goetzmann wrote in 2004 that Leonardo's books gave the advantage to merchants who could calculate the relative value of commodities (like saffron or pepper) in the market, like today's stockbrokers do in a share market. The books explained how profit from a joint venture with unequal contributions from partners can be split in a fair way. They explain how to do accounting for a sequence of business trips where expense, withdrawal and profit occur at every stop. They explain how to work with quarterly and annual compound interest. This was the time when Italian trade and manufacture was growing and these practices became common to business. These teachings were widely adopted, and eventually entered schools.
Based on Finding Fibonacci by Keith Devlin
