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When a number of mathematicians were asked to name the most beautiful theorem in mathematics ever, they voted the Euler identity for that title. When the Physics World magazine asked its readers to name the greatest equation ever, Euler's equation tied with Maxwell's equation. The identity or equation says: epi i + 1 = 0. It is named after the famous Swiss-German mathematician Leonhard Euler (pronounced “Oiler”, 15 April 1707 - 18 September 1783). Euler is considered one of the greatest mathematicians of all time, and Srinivasa Ramanujan's genius was often compared with that of Euler. 

This equation is considered beautiful, it features the most important constants in mathematics: e, pi, i, 0 and 1; as also the most basic mathematical operations of addition, multiplication and exponentiation; as also the equality symbol. All these are used exactly once, making for great elegance. 

We have already discussed 0 and 1 in articles appearing in Jantar Mantar – JM MarApr and JM JulAug of this year. We now discuss pi, in this Year of Mathematics.

We continue our study of the great mathematical constants that appear in Euler's “beautiful equation” (epi . i + 1 = 0). After 0 and 1 comes pi, the number that has been a part of human culture and the educated imagination for more than twenty five hundred years. 

What is pi? It is the ratio of the circumference of a circle to its diameter, d: C = pi d = 2 pi r, where r is the radius. The fact that this ratio is always constant, no matter how large or small the circle might be, was one of the great discoveries of ancient humanity. pi is also the area of the circle of radius 1: A = pi r2. 

Why is the Greek symbol pi used for this constant? The mathematician William Jones used it first in his book in 1706, most probably because it is the Greek for the first letter of the word “periphery” which is the term he used for circumference. But it was the great Euler's use of the Greek symbol that made it very popular. 

BOX

What is the actual value of pi? 

pi = 3.1415926535897932384626433832795028841971 ... 

A Mesopotamian clay tablet dating from about 1800 BC makes mention of the ratio of the perimeter of a hexagon to the circumference of its surrounding circle. Unlike our modern decimal system which counts in 10s (decimal system using base 10), they use base-60 notation. Converting their answer of 0;57,36 (if you have learned this base, it is got from solving 6r / 2.pi.r = 57/60 + 36/3600) it follows that pi = 31/8 = 3.125, a lower estimate.

Around the same time the Egyptians found the area of a circle of diameter d to be close to that of an octagon inscribed in a square of side d. This got them: pi = 3.16, an upper estimate. 

pi was also fascinating Indians already in the first millenium BCE. The Baudhayayana Sulabasutra claims that the perimeter of a pit is 3 times its diameter- therefore approximating the value of pi at 3. Later, many other Sulabasutras mention the value of pi to be 18 x (3 - 2 sqrt(2)) = 3.088. The ancient Jaina school of mathematics preferred the approximation of pi as sqrt(10) which is around 3.16. This was later used by Varahamihira, Brahmagupta and Sridhara. 

Around 250 BC Archimedes considered the perimeter of a hexagon, and then repeatedly doubled the number of sides to produce polygons with 12, 24, 48 and 96 sides. Calculating the circumferences of the incircle and circumcircle, he obtained the estimates 3 10/71 < pi < 3 1/7, which yields pi correctly to two decimal places. 

In 250 AD, Chinese scholars gave the approximation 3.1410 < pi < 3.1427 by following Archimedes' method for a polygon with 192 sides! 

With Aryabhatta (476 AD), a new era of mathematics dawned in India. Aryabhatta gave the approximation pi = 62832/20000 = 3.1416. This was astonishingly correct to 4 decimal places and was extensively used by Chinese and Arab scholars later. 

Fibonacci in Italy (1200 AD) and Al-Kashi (Samarkand, 1430) improved these to about 14 decimal places. Madhava of the Kerala school (1340 AD) could approximate pi to about 11 decimal places by a different method. 

The big departure came from Francois Viete (1579) who gave an infinite expression 2/pi = 1/2 sqrt(2) x 1/2 sqrt(2 + sqrt(2)) x 1/2 sqrt(2 + sqrt(2 + sqrt(2))) ..... 

By 1700 such approaches using trigonometric functions could give pi up to a 100 places. This approach led to a great deal of interesting mathematical analysis. 

A very different method was introduced by the Comte de Buffon in 1777, in his 'needle experiment'. Suppose that you throw a large number of needles (or matchsticks) of length L onto a grid of parallel lines at a distance A apart, where L < A, and note the number of needles that cross a line of the grid. It can be shown that the probability that a given needle crosses a line is equal to 2L / (pi A), from which a value for pi can be calculated. 

Once desk calculators and computers entered the scene, it became possible to use various tan-1 series to calculate pi to more and more decimal places using the fact that tan(pi/4)=1. (pi/4 is just 45 degrees, expressed in the more natural angular unit of radians). Today the number of known decimal places stands at over a trillion.

END OF BOX

The significance of pi 

Because its definition relates to the circle, pi is found in many formulae in trigonometry and geometry, especially those concerning circles, ellipses, or spheres. It is also found in formulae from other branches of science, such as cosmology, number theory, statistics, fractals, thermodynamics, mechanics, and electromagnetism.

pi is irrational 

All the values that have been found for pi (see the Box) involve computing it to the first decimal place, the second, the 100th and so on. How many places are needed to get an exact value of pi? It had long been expected that pi is an irrational number - that is, it cannot be written as a fraction a/b, where a and b are whole numbers. (So all values of pi which express it as a decimal will always be approximations and never exact!) But this turned out to be difficult to prove.

After a long struggle this was proved by Johann Heinrich Lambert in 1767, who proved that if x is a rational number (other than 0), then tan x cannot be rational; thus, if tan x is rational, then x must be irrational or 0. Since tan pi/4 = 1, which is rational, it follows that pi/4, and hence pi, cannot be a rational number. The significance of this fact is not only that its decimal representation never ends but also that it never repeats! This is why approximating the value is interesting.

pi is transcendental

Moreover, pi is a transcendental number -- a number that is not the solution of any nonzero polynomial having rational coefficients. For example, a polynomial in x is P(x) = a x2 + b x + c, containing powers of x up to 2. The coefficients are a,b,c. You can find a solution for x by setting P(x)=0. The statement means that you cannot write pi as such a polynomial where the coefficients are rational. The transcendence of pi implies that it is impossible to solve the ancient challenge of squaring the circle with a compass and straight-edge. (That is, given a circle, construct a square square with the same area as a given circle by using only a finite number of steps with compass and a scale.)

pi as a continued fraction

Every irrational number, including pi, can be represented by an infinite series of nested fractions, called a continued fraction. Mathematicians have enjoyed devising beautiful continued fractions for pi, such as the one in the figure. 

The great mathematician Srinivasa Ramanujan gave the amazing formula for pi in 1914, which converges (approaches the true value) much faster than any method known at that time.

Are the digits of pi random?

The digits of pi have no apparent pattern and pass many tests for randomness devised by mathematicians. So we believe that there is no pattern to the order of digits in pi. However nobody has as yet been able to prove that it is a random sequence. (Beware, it contains some sequences of digits that may appear non-random to non-mathematicians, such as the Feynman point, which is a sequence of six consecutive 9s that begins at the 762nd  decimal place of the decimal representation !) 

In culture

Somehow pi has always evoked great mystery in popular culture, for many centuries. pi can be found in the design of the pyramids at Giza in Egypt. 

The late physicist Carl Sagan, in his novel Contact, imagined a time when Earth scientists were sufficiently able to unravel enough of pi to find encoded messages from our creators -- messages that would allow our primitive race to leap into a greater universal awareness. After all, if you were going to hide a long numeric message in the very fabric of our reality, pi would be a natural place to do it. 

For a time, the perfume brand Givenchy offered a men's cologne emblazoned only with the symbol pi. The Nobel Prize winner (for literature) Wislawa Szymborska wrote a poem about pi, and pop star Kate Bush sang 100 digits of pi on her album Aerial. 

March 14 is celebrated as the Pi Day: written American style, March 14 is 3.14 rather than the Indian style of 14.3 and is a close approximation of pi. Naturally it is celebrated with American Pies, as seen in this photo of a pi-pie at Delft University! 

