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We continue this series on the great mathematical constants that figure in the `most beautiful' Euler's equation: e (p  i) + 1 = 0. Having seen how much little zero means to us, we are on to 1 now.

I want to be "Number 1" !

What does the number 1 mean to you ?

Depends on who you are, what your interests are. Athletes and sports persons want to be world "Number 1". Goalkeepers in football like to wear jerseys with "1" on them. Many school children think getting "first rank" is a great thing.

For scientists, it is the atomic number of Hydrogen.

For mathematicians, it is the "multiplicative identity": we will see later what that means.

Counting

Very early in our lives, we learn to start counting, one, two, three, .... The number one is our first encounter with the number system, natural to us. Biologists tell us that the numbers one and two make sense to most birds and animals.  Its understanding as a discrete quantity, as not being many, comes easily to us. Why does this very simple number have a pride of place among the great mathematical constants ?  The answer is very simple: it is the very backbone of arithmetic and algebra.

The Numeral 1

Numbers, as such, are not found in all tribal cultures.  The Walpri, an Australian tribe, famously use only "many" and "not-many". Sumerian tablets used tokens to represent numbers and imprinted them on clay. The numeral system in ancient Egypt reflected its society: one was a line, ten was a rope, a hundred a coil of rope, a thousand a lotus (a symbol of pleasure) and ten thousand was a commanding finger. The symbol for million was a prisoner begging for forgiveness. The Egyptians had a standard unit, the cubit, which helped them in building wonders such as the pyramids.

The glyph (picture) used today all over world to represent the number 1, a vertical line, often with a serif at the top and sometimes a short horizontal line at the bottom, traces its roots back to India.  The Guptas wrote it as a curved line, and the Nagari sometimes added a small circle on the left (rotated a quarter turn to the right, this 9-look-alike became the present day numeral 1 in the Gujarati and Punjabi scripts). The Nepali also rotated it to the right but kept the circle small. This eventually became the top serif in the modern numeral, but the occasional short horizontal line at the bottom probably originates from similarity with the Roman numeral I.

What we all know

We learn many things about 1 in the first few years of our lives and in primary school. It is the integer that comes before two and after zero on the integer number line. One is the first non-zero number in the natural numbers as well as the first odd number in the natural numbers.

Any number multiplied by one is that number, so one is its own factorial, its own square, its own cube, and so on. Later we learn that this is true of the extended number systems as well: over the integers, the real numbers and the complex numbers. By then it makes sense to call one the "multiplicative identity": a x 1 = 1 x a = a, for all a.

Prime or composite?

One is neither a prime number nor a composite number, but a unit.  It is the only positive integer divisible by exactly one positive integer (whereas prime numbers are divisible by exactly two positive integers, composite numbers are divisible by more than two positive integers, and zero is divisible by all positive integers). One was formerly considered prime by some mathematicians, using the definition that a prime is divisible only by one and itself. However, this complicates the fundamental theorem of arithmetic, so modern definitions exclude units.

The ancient Egyptians represented all fractions (with the exception of 2/3 and 3/4) in terms of sums of fractions with numerator 1 and distinct denominators. For example, 2/5 = 1/3 + 1/15. Such representations are popularly known as Egyptian Fractions or Unit Fractions.

Number Systems

In positional number systems, we commonly use 10 as the base. Thus 532 stands for 5 hundreds (102), 3 tens (101) and 2 ones (100). We could use other bases; for example the binary system uses base 2. The above number would be written as 1000010010 in binary. Can any whole number be used as a base ?  Unfortunately the number 1 cannot be used as the base of a positional numeral system. It has only one mark, a tally.  We could keep count in unary by writing |, ||, |||, ||||, and so on. The number above would need 532 | marks. You may have seen milk accounts being marked in unary on walls, or scorers using tally marks like these. For small numbers such base-1 counting is manageable, but not for large numbers.

Among the real numbers, the number one is represented in two ways as an infinite decimal: 1.0000... and 0.9999.... 

Other uses

In many scientific and engineering equations, numerical values are typically "normalized" to fall within the unit interval from 0 to 1, where 1 usually represents the maximum possible value in the range of parameters.

By definition, 1 is the probability of an event that is almost certain to occur.

The Fundamental Theorem

When we discussed whether 1 is a prime or not we referred to this theorem. What does it say ?

The Fundamental Theorem of Arithmetic says that every positive integer greater than one can be written uniquely as a product of primes, with the prime factors in the product written in order of non-decreasing size.

For instance, 12 = 2 x 2 x 3; 108 = 2 x 2 x 3 x 3 x 3; and so on.

This was shown by Euclid (and perhaps many others in the world). Here we find most important use of primes: they are the unique building blocks of the multiplicative "group" of integers. Many of the properties of an integer can be traced back to the properties of its prime divisors, allowing us to divide the problem (literally) into smaller problems.

Please don't feel sorry for one, it is part of an important class of numbers called the units (or divisors of unity).  These are the elements (numbers) which have a multiplicative inverse.  For example, in the usual integers there are two units {1, -1}.

The Negative One

The negative integer -1 has some similar but slightly different properties from positive one.  Multiplying a number by -1 is equivalent to changing the sign on the number. The square of -1, i.e. -1 multiplied by -1, equals 1. As a consequence, a product of negative real numbers is positive. Both of these statements can be proved algebraically, but if you are not used to formal proofs from axioms, the proof can look strange.

What about exponentiation, raising to a power ? We know that a2 = a x a.  What is a-1 ? It is defined to be 1/a for any non-zero real number a.  This definition then extended to negative integers preserves the exponential law: pa x pb = p(a+b) for a, b real numbers.

So many properties for literally just one number!

