Answers to last issue's Brain Teasers

1. There are 26 towns and Air Chennai connects every pair of these towns by an air route. How may air routes are there?

Ans: It's simpler to consider 3 towns. Let us call them A, B, C. Then we

need three routes, connecting AB, AC and BC.

How do we generalise this to a large number of towns? Pick town A. It needs to be connected to every other town, except itself, so we need 3-1=2 routes, which are the routes AB and AC. Now, we also need 3-1=2 routes to connect B to every other town, which are routes BA and BC. Now route BA is already covered (it is not distinct from the return trip of route AB) so there is only one new route, BC. You can immediately see that considering town C adds no more new routes.

This is the result if there are three towns. Now, if there are 26 towns (conveniently labelled from A to Z), then there are 25 routes from town A to every other town, 24 distinct routes from town B, etc., so the total number of routes is (25+24+23+...+2+1) = 325 routes.

For those of you who have learned permutations and combinations, you can also calculate this as the number of ways you can pick up two towns from a set of 26, then divide the answer by two, to take care of the fact that AB and BA are the same route. This is called 26C2 (read as 26-choose-2) and is expressed in terms of what are called factorials: n!=1x2x3...xn (where n! is read as n-factorial). Then 26C2 = 26!/((26-2)!2!). For example, 3!=1x2x3=6. So 26!/(24!x2!) = 26x25/2=325.

2. The island of Elbonia have a rather eccentric postal system. Postage for an item can be anything from 1 dinar to 15 dinari, and you must use exact postage. Frustratingly, there is only space on the envelopes in Elbonia to attach a maximum of three stamps. What is more, they only have three different denominations of stamps, can you work out what they are?

Ans: Obviously, we must find three denominations so that the numbers 1 to 15 can be expressed as sums of these three numbers.

We must be able to create 1, so we must have a 1 dinari stamp. The largest number is 15, and it is most likely to be created with three stamps with the largest denomination. Since 15=3x5, let us try a 5 dinari stamp. So 15 dinari will need three 5 dinari stamps.

Let us see what we can do with these two. Can we create postage worth 1, 2, 3, dinari with three stamps? Yes, we only need to use one, two or three 1 dinari stamps:

 1 = 1

 2 = 1 + 1

 3 = 1 + 1 + 1

What about 4 dinari? We cannot use more than three stamps, and 5 is too big, so we need to create a 4 dinari stamp as well. Then we can use just that stamp for 4 dinari.

Of course, for 5 dinari also, we use one 5 dinari stamp. How do we go on?

 6 = 5 + 1

 7 = 5 + 1 + 1

 8 = 4 + 4

 9 = 5 + 4

 10 = 5 + 5

 11 = 5 + 5 + 1

 12 = 4 + 4 + 4

 13 = 5 + 4 + 4

 14 = 5 + 5 + 4

 15 = 5 + 5 + 5

and you can see that every combination can be built with 1, 4, and 5 dinari stamps.

3. You are given a 10x10x10 cube composed of one thousand 1x1x1 "mini-cubes" glued together. If the outer most layer falls off, how many "mini-cubes" would have fallen off?

Ans: The simplest way to answer this question is to ask what is left over! Think of a 10x10 square. If the outer edges fall off, you are left with an 8x8 square. Similarly, for the cube you are left with 8x8x8 cube = 512 cubes. Since we started with 1000 cubes, this means 488 have fallen off.
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