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Proof.
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(x, y)

Π: deterministic 
     protocol of 
     cost ≤ c

I[Π(x, y) ≠ F(x, y)]
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N !.x/ D maxfhx; yi W N.y/ ! 1g:

N !! D N:Duality Theorem.

Uses in communication complexity:
    ● relations among communication complexity measures
● lower bounds
● ties to other areas
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Quantum communication

∑
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     Initial(x, y) =  |x,0〉|0〉| y,0〉                         (no prior entanglement),
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Analytic reformulation
 Theorem (Yao 1993; Kremer 1995; Razborov 2002).  Let Π = [Πxy] be 
the matrix of acceptance probabilities of a quantum protocol with cost c, 
with or without entanglement. Then
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where

|| A ||F  ≤  2O(c) |X|1/2 ,
|| B ||F  ≤  2O(c) |Y|1/2 .
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Let                                 be the inner product matrix of order 2n. ThenF D Œ.!1/hx;yi!x;y

Q!
1=3.F / D ˝.n/:
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Theorem (Kremer 1995; Cleve, van Dam, Nielsen, and Tapp 1998).

Let                                 be the inner product matrix of order 2n. ThenF D Œ.!1/hx;yi!x;y

Q!
1=3.F / D ˝.n/:

Proof:

2!.Q!
1=3

.F // ! max
P

(
1 " 2

3

kF ı P k
p

jX j jY j

)
!

1 " 2
3

k2!2nF k
p

2n2n
D 2n=2

3
: !

17



II. Fourier coefficients
Theorem (Klauck 2001).

Let  f : {0,1}n → {–1,+1} be given.  Put  F = [ f (x ∧ y)]xy . Then for 
each S ⊆{1, 2, . . . , n},
                      

Q!
1=3.F / ! ˝

 
jS j

log.2=j Of .S/j/

!
:
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4

!
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But

Then F has correlation ε with the inner product matrix.
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II. Fourier coefficients

Corollary (Klauck 2001).

Computing MAJ(x ∧ y) to accuracy 1/3 requires Ω (n / log n) qubits.

bMAJ.f1; 2; : : : ; ng/ D !

!
1p
n

"
gives W

19



III. Hahn matrices

Theorem (Razborov 2002).

Computing DISJ(x, y) = OR(x ∧ y) to accuracy 1/3 requires Ω (n1/2) 
qubits.
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III. Hahn matrices

Theorem (Razborov 2002).

Computing DISJ(x, y) = OR(x ∧ y) to accuracy 1/3 requires Ω (n1/2) 
qubits.

● Tight
● Razborov handles f (x ∧ y) for any symmetric f.
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III. Hahn matrices
F D ŒıjS\T j;0!S;T where S; T 2

!f1;2;:::;ng
n=4

"
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F D ŒıjS\T j;0!S;T where S; T 2
!f1;2;:::;ng

n=4

"

,    distribution matrices!j D cj ŒıjS\T j;j "S;T

F  = Π + E

2

666664

1
0
0
:::
0

3

777775
!

2

666664

h˘; U!0U T i
h˘; U!1U T i
h˘; U!2U T i

:::
h˘; U!kU T i

3

777775
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F D ŒıjS\T j;0!S;T where S; T 2
!f1;2;:::;ng
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,    distribution matrices!j D cj ŒıjS\T j;j "S;T

F  = Π + E

2

666664

1
0
0
:::
0

3

777775
!

X
aj

2

666664

!0;j

!1;j

!2;j

:::
!k;j

3

777775

X
jaj j !

 
n

n=4

!!1

k˘k˙

III. Hahn matrices
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F D ŒıjS\T j;0!S;T where S; T 2
!f1;2;:::;ng

n=4
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,    distribution matrices!j D cj ŒıjS\T j;j "S;T
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2

666664

1
0
0
:::
0

3

777775
!

X
aj

2

666664
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pj .1/
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:::
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3

777775
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X
jaj j !

 
n

n=4

!!1

k˘k˙
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F D ŒıjS\T j;0!S;T where S; T 2
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! n
n=4
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X
jaj j !

 
n

n=4

!!1

k˘k˙
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By Nisan-Szegedy (1992), logfk˘k˙

! n
n=4

"!1g ! p
n: !

X
jaj j !

 
n
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!!1
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V(n, t) =
{
1, 2, . . . ,

n
t

}
×
{

n
t
+ 1, . . . ,

2n
t

}
× · · · ×

{
(t − 1)n

t
+ 1, . . . , n

}
.

Lemma. Fix k = 0, 1, ..., n − 1 and f ∈ span{χS : |S | ! k}. Then

| f (1n)| ! 2k
(
n
k

)
max
|x|!k
| f (x)|.

Main Theorem. Put

f (x, y) =
m∧

i=1

m2∨

j=1

(xi j ∧ yi j).

Then U( f ) = Ω(m).

Corollary. Fix f : {0, 1}t → {0, 1}. Then the function

F(x, y) = f
(

x1y1 ∨ x2y2 ∨ x3y3 ∨ x4y4 ,

x5y5 ∨ x6y6 ∨ x7y7 ∨ x8y8 ,

...

x4t−3y4t−3 ∨ x4t−2y4t−2 ∨ x4t−1y4t−1 ∨ x4ty4t
)
,

has quantum communication complexity " 1
4 deg1/3( f ) − 2.

Main Theorem. Any protocol (with or without
entanglement) with error ! 1/5 has cost at least

1
4

deg1/3( f ) · log
⌊ n
2t

⌋
− 2.

0
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Definition. Fix φ : {0, 1}t → R. The (n, t, φ)-pattern matrix is


φ(x|V ⊕ w)




x∈{0,1}n,
(V,w)∈V(n,t)×{0,1}t

.

Let t and n be positive integers with t | n. Split [n] into t contiguous
blocks, each with n/t elements:

[n] =
{
1, 2, . . . ,

n
t

}
∪
{

n
t
+ 1, . . . ,

2n
t

}
∪ · · · ∪

{
(t − 1)n

t
+ 1, . . . , n

}
.

Let V(n, t) denote the family of subsets V ⊆ [n] that have exactly one
element in each of these blocks (in particular, |V | = t). Clearly, |V(n, t)| =
(n/t)t. For a bit string x ∈ {0, 1}n and a set V ∈ V(n, t), define the projection
of x onto V by

x|V def
= (xi1 , xi2 , . . . , xit ) ∈ {0, 1}t,

where i1 < i2 < · · · < it are the elements of V.

Definition (Pattern matrix). For φ : {0, 1}t → R, the (n, t, φ)-pattern
matrix is the real matrix A given by

A =
[
φ(x|V ⊕ w)

]
x∈{0,1}n,

(V,w)∈V(n,t)×{0,1}t
.

In words, A is the matrix of size 2n by 2t(n/t)t whose rows are indexed by
strings x ∈ {0, 1}n, whose columns are indexed by pairs (V, w) ∈ V(n, t) ×
{0, 1}t, and whose entries are given by Ax,(V,w) = φ(x|V ⊕ w).

Proof. The claim is trivial when A = 0 or B = 0, so assume otherwise.
Since the singular values of A + B are precisely the square roots of the
eigenvalues of (A + B)(A + B)T, it suffices to compute the spectrum of the
latter matrix. Now,

(A + B)(A + B)T = AAT + BBT + ABT
︸︷︷︸
=0

+ BAT
︸︷︷︸
=0

= AAT + BBT. (0.1)
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IV.  Pattern matrices

counting multiplicities. Therefore, the proof will be complete
once we show that the only nonzero singular value of AT

S AS
is 2n+t(n/t)t−|S |, with multiplicity (n/t)|S |.

We proceed to analyze the spectrum of AT
S AS . It is conve-

nient to write this matrix as the Kronecker product

AT
S AS = [χS (w)χS (w′)]w,w′ ⊗



∑

x∈{0,1}n
χS (x|V ) χS (x|V′)



V,V′

.

The first matrix in this factorization has rank 1 and entries ±1,
which means that its only nonzero singular value is 2t with
multiplicity 1. The other matrix, call it M, is permutation-
similar to

2n




J
J
. . .

J



,

where J is the all-ones square matrix of order (n/t)t−|S |. This
means that the only nonzero singular value of M is 2n(n/t)t−|S |

with multiplicity (n/t)|S |. It follows from elementary proper-
ties of the Kronecker product that the spectrum of AT

S AS is as
desired. !

Theorem (S. 2008). Fix φ : {0, 1}t → R. Let A be the (n, t, φ)-
pattern matrix. Then

‖A‖ =

√
2n+t
(n

t

)t
max
S⊆[t]

{
|φ̂(S )|

( t
n

)|S |/2}
.

Let A ∈ Rm×n. Then

A =
rank(A)∑

i=1

σiuiv
T
i .

30



Low-order Fourier coeffs of φ small
⇒  || A ||  small.
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∅ {1, ..., t}

Original function  
f : {0,1}t → {–1,1}

deg1/3( f )  = d
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     | f (S) |ˆ

∅ {1, ..., t}

Original function  
f : {0,1}t → {–1,1}

∅ {1, ..., t}

     | ψ (S) |ˆ
Modified function ψ:
  〈 f, ψ〉>    || ψ ||1 –

d

1
3

deg1/3( f )  = d
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IV.  Pattern matrices

Theorem (S. 2008).

Fix  f : {0,1}t → {–1,+1},   d = deg1/3( f ).  

Let F be the (n, t, f )-pattern matrix. Then

Q!
1=3.F / ! ˝

!
d log

n

t

"
:
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2

3
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2

3

Fix f : X × Y → {−1,+1}.

Find g : X ×Y → {−1,+1}, distribution µ on
X × Y s.t.:

f and g well-correlated w.r.t. µ;

Low-cost protocols have negligible advan-
tage for g w.r.t. µ.

=⇒ f has high cost, too.

〈K, F〉 > 1
3

Fix ψ : {0, 1}t → R such that

ψ̂(S ) = 0 for |S | < d,
∑

z∈{0,1}t
|ψ(z)| = 1,

〈ψ, f 〉 > 1
3
.

Let K be the
(
n, t, 2−n

(n
t

)−t
ψ

)
-pattern ma-

trix.

F is the (n, t, f )-pattern matrix.

1
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1

2

3

Theorem (The Pattern Matrix Method).

Given f : {0, 1}t → {0, 1} with d def
= deg1/3( f ).

Let F be the (n, t, f )-pattern matrix.

Then
Q∗1/5(F) ! Ω

(
d log

(n
t

) )
.

Proof. Put f ∗(z) def
= (−1) f (z).

By Approximation/Orthogonality Principle,
∃ ψ : {0, 1}t → R such that

ψ̂(S ) = 0 for |S | < d,
∑

z∈{0,1}t
|ψ(z)| = 1,

〈ψ, f ∗〉 > 2
3
.

Let K be the
(
n, t, 2−n

(n
t

)−t
ψ

)
-pattern matrix.

M is the (n, t, f ∗)-pattern matrix.
Then

‖K‖1 = 1, 〈K,M〉 > 2
3
. (0.1)

Our last task is to calculate ‖K‖. By (??) and Propo-
sition ??,

max
S⊆[t]
|ψ̂(S )| " 1

2t . (0.2)

1

By Approximation/Orthogonality Principle,
∃ ψ : {0, 1}t → R such that

ψ̂(S ) = 0 for |S | < d,
∑

z∈{0,1}t
|ψ(z)| = 1,

〈ψ, f 〉 > 1
3
.

Let K be the
(
n, t, 2−n

(n
t

)−t
ψ

)
-pattern ma-

trix.

F is the (n, t, f )-pattern matrix.

Then

‖K‖1 = 1, 〈K,M〉 > 1
3
. (0.1)

Given f : X × Y → {−1,+1}.
Theorem (The Pattern Matrix Method).
Given f : {0, 1}t → {−1,+1} with d =

deg1/3( f ).
Let F be the (n, t, f )-pattern matrix.
Then

Q∗1/5(F) ! Ω
(
d log

n
t

)
.

1

Fix f : X × Y → {−1,+1}.

Find g : X ×Y → {−1,+1}, distribution µ on
X × Y s.t.:
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●   Multiparty disjointness function 
      [Lee & Shraibman, 2008]
      [Chattopadhyay & Ada, 2008]

●   NPcc ⊄ BPPcc

      [David & Pitassi, 2008]
●   Explicit separation of NPcc and BPPcc

      [David, Pitassi & Viola, 2008]
●   Constant-depth circuits
      [Beame & Huynh-Ngoc, 2008]
●   Explicit separation of NPcc ≠ coNPcc,  NPcc ≠ coAMcc

      [Gavinsky and S., 2009]

IV.  Pattern matrices
Follow-up work

35



V.  Block composition
[Shi and Zhu, 2008]
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V.  Block composition
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 F =  f ( g, g, . . . , g )
any function f : {0,1}n → {0,1}

gadget g : {0,1}k ×{0,1}k → {0,1}

Theorem (Shi and Zhu, 2008). Put d = deg1/3( f ). Then
                              for any gadget g with spectral discrepancy O(d / n).Q!

1=3.F / ! ˝.d/

● Independent of  [S. 2008] 
● Broader class than pattern matrices (g = selector gadget)
● Bounds weaker than pattern matrix, e.g., Q*(DISJ) = Ω(n1/3).
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f̂

Ψ

F

      ψ̂

correlated correlated  

V.  Block composition

This step unlike 
pattern matrix 

method
[S. 2008]
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VI. Margin vs. discrepancy
F ∈{–1, 1}X ×Y

[Linial and Shraibman 2007]
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VI. Margin vs. discrepancy
F ∈{–1, 1}X ×Y

!.F / D max
unit vectors
fuxg;fvyg

min
x;y

Fxyhux ; vyi

D max
QF W!2. QF /!1

min
x;y

Fxy
QFxy D max

QF 2convf˙Rg
min
x;y

Fxy
QFxy

[Linial and Shraibman 2007]

disc.F / D min
distr. P

max
rect. R

jhF ı P; Rij

≈Grothendieck’s Ineq.
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Part 2

Unbounded-Error Communication



Sign-rank defined

A ∈ {–1,+1}m×n

40
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Sign-rank defined

A ∈ {–1,+1}m×n

Definition.
 
    sign-rank(A) 
              = minB {rank(B) : Aij Bij  > 0    ∀i, j}

Sign-rank of A is least rank of a real   
   matrix with A’s sign pattern.
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An example

A = 

+1 +1 +1 +1 +1 +1 +1 +1 +1
–1 +1 +1 +1 +1 +1 +1 +1 +1
–1 –1 +1 +1 +1 +1 +1 +1 +1
–1 –1 –1 +1 +1 +1 +1 +1 +1
–1 –1 –1 –1 +1 +1 +1 +1 +1
–1 –1 –1 –1 –1 +1 +1 +1 +1
–1 –1 –1 –1 –1 –1 +1 +1 +1
–1 –1 –1 –1 –1 –1 –1 +1 +1
–1 –1 –1 –1 –1 –1 –1 –1 +1 n × n
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Solution

B = 

42
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1 3 5 7 9 11 13 15 17
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Solution
v1, v3, v3, . . . , vn  ∈ R2,  unit vectors in g.p.

C = [viTvj]i,j        ⇒  rank C ≤ 2
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1 0.9 0.4 0.3 0.1 0.2 –0.3 –0.5 –0.2

–0.2 1 –0.1 –0.3 –0.1 –0.3 –0.5 –0.3 –0.5

–0.2 –0.2 1 0.9 –0.3 0.9 –0.3 –0.2 –0.2

–0.2 –0.3 0.4 1 –0.3 –0.2 –0.2 –0.5 –0.2

0.9 –0.2 –0.1 –0.3 1 –0.2 0.9 –0.2 –0.5

0.4 –0.3 0.4 –0.3 –0.1 1 –0.3 0.1 –0.2

–0.2 –0.3 –0.1 –0.2 –0.1 –0.3 1 –0.1 0.1

0.9 –0.2 –0.5 0.9 –0.3 –0.1 –0.1 1 –0.1

0.4 –0.2 –0.5 0.9 0.4 –0.5 0.4 –0.5 1

1
1

1
1

1
1

1
1

1

ε –0.9 –0.6 –0.7 –0.9 –0.8 –1.3 –1.5 –1.2

–1.2 ε –1.1 –1.3 –1.1 –1.3 –1.5 –1.3 –1.5

–1.2 –1.2 ε –0.1 –1.3 –0.1 –1.3 –1.2 –1.2

–1.2 –1.3 –0.6 ε –1.3 –1.2 –1.2 –1.5 –1.2

–0.1 –1.2 –1.1 –1.3 ε –1.2 –0.1 –1.2 –1.5

–0.6 –1.3 –0.6 –1.3 –1.1 ε –1.3 –0.9 –1.2

–1.2 –1.3 –1.1 –1.2 –1.1 –1.3 ε –1.1 –0.9

–0.1 –1.2 –1.5 –0.1 –1.3 –1.1 –1.1 ε –1.1

–0.6 –1.2 –1.5 –0.1 –0.6 –1.5 –0.6 –1.5 ε

C´ = 
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x ∈ X y ∈ Y

Objective:  compute  F(x, y) with probability >1/2.
Complexity measure U(F) = # bits exchanged.

Unbounded-error model
[Paturi and Simon 1986]
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Quick facts
● One round always enough     [Paturi and Simon 1986]
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Quick facts

● Most powerful model  (cf.  D, N, R, Q, Q*)

● Exponential separations
  U(DISJ)  =  Θ(log n) 
Q*(DISJ)  =  Ω(n1/2)          [Razborov 2002]
  R(DISJ)  =  Ω(n)              [Kalyanasundaram and Schnitger 1992]
                                            [Razborov 1992]

● ∃ f : {0,1}n → {–1,1} such that
         U( f ) = O(log n),
         Q*( f ) = Ω(n1/2)  for advantage exp(–n1/2)               
        

        [Buhrman, Vereshchagin, and de Wolf 2007]
        [S. 2007] 

● One round always enough     [Paturi and Simon 1986]
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Relation to sign-rank

 Theorem  (Paturi and Simon 1986).
  Put  F = [ f (x, y) ]x,y.   Then
 
           U( f ) = log2 (sign-rank F ) ± O(1).
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Relation to sign-rank

 Theorem  (Paturi and Simon 1986).
  Put  F = [ f (x, y) ]x,y.   Then
 
           U( f ) = log2 (sign-rank F ) ± O(1).

Will show:     U( f ) ≥ log2 (sign-rank F )
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A
0 1

p0(x) p1(x)

B

TRUEFALSE

p00(y) p01(y)

B

FALSE

1

p11( y)p10(y)

A

FALSETRUE

p111(x)p110(x)

probability
of taking this

path is:
   

   α(x)β(y)

Proof
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F = sign
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paths π

απ (x)#π (y) − 1
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
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Proof

FT FT FT FT FT FT FT FT

F = sign








∑

accepting
paths π

απ (x)#π (y) − 1
2





x,y





=
∑

accepting
paths π

απ (x)#π (y)

P[P (x, y) = TRUE]

rank ≤ 2U( f )

}
☐
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I. Counting arguments

 Theorem (Alon, Frankl & Rödl, 1985).
 A random matrix in {–1, +1}n × n  has sign-rank Θ(n) w.v.h.p.   

First nontrivial result on sign-rank:
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II. Forster’s method
A ∈{–1, +1}N×M ,     sign-rank(A) = r
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II. Forster’s method
A ∈{–1, +1}N×M ,     sign-rank(A) = r

 ∃      u1, u2, . . . , uN  ∈ S  
r – 1,

         v1,  v2, . . . , vM   ∈ S  
r – 1   such that

 Aij = sign 〈ui, vj〉.

⇒

  Lemma (Forster).  Can choose ui, vj  with  Σi,j  〈ui, vj〉2  ≥ N M / r.

|| (B–1)T vj ||
1

|| Bui ||
1

Idea. For any B ∈GL(r), can transform
 ui →              Bui,         vj  →                  (B–1)T vj.

Find needed B by compactness.
51



  Σi,j  〈ui, vj〉2  ≥  N M / r.So,

II. Forster’s method
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  Σi,j  〈ui, vj〉2  ≥  N M / r.So,

Σi,j  〈ui, vj〉2  ≤  || A ||2 r But:

(matrix analysis)

II. Forster’s method
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Theorem (Forster 2001).   For all A ∈{–1, +1}N×M ,

sign-rank(A) ≥
"

N M
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Theorem (Forster 2001).   For all A ∈{–1, +1}N×M ,

sign-rank(A) ≥
"

N M
‖A‖ .

Theorem (Forster, Krause, Lokam, Mubarakzjanov, Schmitt,
      and Simon 2001).   For all A ∈ RN×M ,

sign-rank(A) ≥
"

N M
‖A‖ · min |Ai j |.

  Corollary (Forster 2001).  A Hadamard matrix of order 2n 
  has sign rank ≥ 2n/2.

II. Forster’s method
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III. Sign-rank vs. PH
[Babai, Frankl, and Simon, 1986]
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Π0 Σ0

2n × 2n 

Σ1 = NP∧
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2polylog(n) 
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. . .
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III. Sign-rank vs. PH
[Babai, Frankl, and Simon, 1986]

55



∨

∧ ∧

. . .. . .
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2n × 2n 
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III. Sign-rank vs. PH
[Babai, Frankl, and Simon, 1986]
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∨
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. . .. . .
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2polylog(n) 2polylog(n) 

2n × 2n 

. . . . . .
. . .

{
O(1)

III. Sign-rank vs. PH

PH

[Babai, Frankl, and Simon, 1986]
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III. Sign-rank vs. PH

Σ2 ⊆ UPP   ?[Babai, Frankl, and Simon, 1986]:

  Theorem (Razborov and S., 2008).  
   Let 

  Then the matrix [f (x,  y)]x, y has sign rank 2Ω(m).

f (x, y) =

m∧

i=1

m2∨

j=1
(xi j ∧ yi j ).
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Σ0, Σ1, Π0, Π1  ⊆  UPP

III. Sign-rank vs. PH

Σ2 ⊆ UPP   ?[Babai, Frankl, and Simon, 1986]:

  Theorem (Razborov and S., 2008).  
   Let 

  Then the matrix [f (x,  y)]x, y has sign rank 2Ω(m).

f (x, y) =

m∧

i=1

m2∨

j=1
(xi j ∧ yi j ).

Corollary.        Σ2, Π2 ⊆ UPP.
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distribution

[f (x|S) λ(x|S)]x,y 
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spectral norm,
λ smooth

[f (x|S)]x,y 
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sign-rank

[Forster 2001]

III. Sign-rank vs. PH

find it by 
solving dual

 problem
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Open problems
    Lots of results quantum vs. classical in alternate models (one-way,
    message passing, sampling, partial functions/relations)
       [Raz 1999]
       [Buhrman, Cleve, Watrous, de Wolf, 2001]
       [Bar-Yossef, Jayram, and Kerenidis, 2004]
       [Gavinsky, Kempe, Regev, and de Wolf, 2006]
       [Gavinsky, Kempe, and de Wolf, 2006]
       [Gavinsky, Kempe, Kerenidis, Raz, and de Wolf, 2007]
       [Gavinsky 2008]
       [Gavinsky and Pudlak, 2008]
       [Regev 2010]

    Only a quadratic separation for total functions
       [Razborov 2002]
       [Aaronson and Ambainis, 2005]
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Open problems

    Power of entanglement
    [Buhrman and de Wolf, 2001]
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Open problems

    Power of entanglement
    [Buhrman and de Wolf, 2001]

    Alternative to Yao-Kremer-Razborov?
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Open problems
       If A1, A2, . . . , Ak  ∈{–1, +1}n × n  have low sign-rank, show that 
       || A1  ∧  A2  ∧ ⋅⋅⋅ ∧  Ak  ||  is high.
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            Exhibit  An ∈ {–1,+1}n×n , n = 1, 2, 3, . . . , with
                                            sign-rank(An) = Ω(n).

       Best known:                 sign-rank(An) ≥ n1/2        [Forster 2001]
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Open problems
       If A1, A2, . . . , Ak  ∈{–1, +1}n × n  have low sign-rank, show that 
       || A1  ∧  A2  ∧ ⋅⋅⋅ ∧  Ak  ||  is high.

1 3 5 7
–1 1 3 5
–3 –1 1 3
–5 –3 –1 1
–7 –5 –3 –1

            Exhibit  An ∈ {–1,+1}n×n , n = 1, 2, 3, . . . , with
                                            sign-rank(An) = Ω(n).

       Best known:                 sign-rank(An) ≥ n1/2        [Forster 2001]
       Probabilistic method:   sign-rank(An) ≥ n – 6.     [Alon, Frankl, Rödl, 1985]
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Σφ ={ sign ( φ(x)1, φ(x)2, . . . , φ(x)N )  :   x ∈ Rn } ?

Studied by J. Milnor (1964), R. Thom (1965).

 Theorem (Alon, Frankl & Rödl, 1985).
 Let φ : Rn → RN be a polynomial map of degree d. Then
   

 | Σφ | ≤ (8 N d / n ) 
2n.
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|{ sgn(R11, . . . , Rij, . . . , Rnn)  :   R ∈ Rn  ×n,  rank R ≤ r }|
= |{ sgn (〈u1, v1〉, . . . , 〈ui, vj〉, . . . , 〈un, vn〉)  :   ui, vj  ∈ Rr }|

degree-2 polynomial map
  φ : R2n ×r → Rn ×n 

☐! 2n2
for r = o (n).

≤
(

8n
r

)4nr
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