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Objective: compute F(x, y) with probability > 2/3.

Complexity measure: # bits exchanged.

LYao 1979]
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R1/3(F) : least cost of a randomized protocol with error < 1/3

Df“ /3 (F) : least cost of a deterministic protocol with error < 1/3 w.r.t. u

Theorem (Yao 1983).
Rija(F) = max{D); (F)}.

Proof.
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Duality Theorem. N™* = N.

Uses in communication complexity:

e relations among communication complexity measures
e lower bounds
e tics to other areas
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A=span{|x,w’) :xeX,w e W"

=span{|y,w’) :yeY,w e W}
¢=span{|b) :b=0,1}

e State of protocol = unit vectorin #® ¢ ® &

e Cost-k protocol is {M1, M>, M, . . . , My}, where
My, M3, . . . are unitary transformations in # ® ¢
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Initial(x, y) = L_ Z 1x,0,e)|0)|7,0,e)  (prior entanglement)
VIE| ceE

® Protocol starts 1n state Initial(x, y) e #® ¢ ® &
and ends 1n the state

Final(x, y) =Mk ® I) ... (I ® Ms)(M5 ® I)(I ® M>)(M1 ® I)Initial(x, y)
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Theorem (Yao 1993; Kremer 1995; Razborov 2002). Let II = [I1] be
the matrix of acceptance probabilities of a quantum protocol with cost c,
with or without entanglement. Then

| diag(. .., [X["V2,...) IIdiag(...,|Y]V2,..) |y < 290,

=g gt I - =

\/

duplicate rows duplicate columns

By Yao-Kremer-Razborov, we still have
VB8 B (50 s . 7 7 1 2 0 A 70 o (5o S SO 4



This sketches:

Theorem (Linial and Shraibman 2007). Let II = [I1.y] be the matrix of
acceptance probabilities of a quantum protocol with cost c, with or without
entanglement. Then

miaxy flFdiag (et ipst S L diag it lgd o il =2 e

where the maximum is over all probability distributions {px} and {q,}.



Analytic reformulation

This sketches:

Theorem (Linial and Shraibman 2007). Let II = [I1,] be the matrix of
acceptance probabilities of a quantum protocol with cost c, with or without
entanglement. Then

Taxy || diag(. . ., p2, .. ) [T diag(. . . , qyl/ms 200,

wifere the maximum is over all probability distributions {px} and {q,}.

called y2(17)
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Comparison with
classical models

Communication problem F €{0, 1}**Y

Deterministic { Ri + R» + Rz +. ..+ R nonoverlapping rectangles}
Randomized conv{ R1 + R + R3 + ...+ Ry nonoverlapping rectangles}
Quantum conv{EfR; + R; £ R3 . .. = R:‘: neneverlappme rectangles}
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distributions P and all sign matrices H,

£007,(F) 5 IF 2. (F,HoP)—¢

> .
VIXTIY] [ H o PllyIX]]Y]

Notes (Linial and Shraibman 2007).
e GDM is most general criterion known for high quantum c.c.
e Strong duality = GDM is complete.
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Theorem (Kremer 1995; Cleve, van Dam, Nielsen, and Tapp 1998).

Let F = [(—D)%"),. y be the inner product matrix of order 2". Then

Q>1k/3(F) = §2(n).

Proof:

1—2 e L E
|2 2"F||\/2”2” 3

1_2

I F o PllyIX]]Y]

10(Q7,3(F)) > max
P
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Theorem (Klauck 2001).

Let f:{0,1}" — {—1,+1} be given. Put FF=[f(x A )]y . Then for
eacSIa 2 T LT 7Y

(F)> 2 ; |
Q13 (10g(2/|f(5)|))

Sketch. Wlo.g. S={1,2,...,n}.Put e =|F({1,2,...,n))|.
Then F has correlation € with the inner product matrix.

AR 07,4(F) = 2(n) —log(1/e).

But 4
Q:/4(F) 7= Q>1k/3(F) -log( ) ; L

€



Il. Fourier coefficients

MAJ({1,2,...,n}) = O (%) gives :
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e Tight
e Razborov handles f (x A y) for any symmetric f.
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l1l. Hahn matrices

F = [0/snT|0ls,7 where S, T € ({l’i’/';t"”})

i = cjldisnry,jls,t , distribution matrices

F=II+F
(F.po) | [(Tpo) ]  [(E.po)
(F, 1) (11, 1) (E, p1)
(F,pu2) | = | (T, p2) | 4 | (E, p2)
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= [8|SﬂT|’O]S,T where §,T € (

L2 )
n/4

)

i = cjldisnry,jls,t , distribution matrices

w2

1

0
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i = cjldisnry,jls,t , distribution matrices

F=I+E
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O]
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l1l. Hahn matrices

AN N
F = [8snri0ls,r where S, T € (1 n/4 )

i = cjldisnry,jls,t , distribution matrices

F=[+E
R
Al,j
O = > a; | A2
_O_ _)“k,J_
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= [8|SﬂT|’O]S,T where §,T € (

LA RuL]

i = cjldisnry,jls,t , distribution matrices

w2

1

0

- p;(0)
pj(1)
pj(2)

D) .(k )
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F = [0/snT|0ls,7 where S, T € ({l’i’/';t"”})

i = cjldisnry,jls,t , distribution matrices

F=I+FE
==}
- - - - n
1 p; (0) Z|aj|s(/4) 177 5
0 p;i(1) i v
. <
Ol ~ N g | P ibiddnay
: : pi ()] <27
0] | pj (k) |

1

OR approximable by a polynomial of degree O(log{||II| = ( n’} 4)_ 11

By Nisan-Szegedy (1992), log{||17||2(n’}4)_1} =t
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V. Pattern matrices

LS. 20081

% Bob

Alice % |
E£Ed 4SRd S Ad ERaSR SRRRRRERRSSE

(xl, ‘xz 9999 xn) ll, 12, ceeo ln/4

Given f:{0,1}"*— {-1,1}

Goal: compute f(X;,X;,,..., T8

[Theorem (S.2008). Need Q(degia(f)) qubits j

of communication for accuracy 1/3.
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V. Pattern matrices

[S.2008]
Given f:{0,1}"*— {-1,1}

Alice % Bob
e
(xla X2y o v vy xn) i1, 12, ..., In/4

Goal: compute f(X;,X;,,.... % ).

least degree of a
/ polynomial p with
[Theorem (S. 2008). Need Q(degis(f)) qubits ] A e

of communication for accuracy 1/3.

28
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V. Pattern matrices

p
Theorem (S. 2008). Fix ¢ : {0, 1} — R. Let A be the (n, t, ¢)-

pattern matrix. Then

Al = \/2(§)t gnceﬁ{wsn( )'S'/Z}.

N

Low-order Fourier coeffs of ¢ small
= [lAIll small.

30



%)

V. Pattern matrices

A Original function
. 7(5) f:{0,1}— {-1,1}
degis(f) =d

TEEEEE
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V. Pattern matrices

A Original function
. 7(5) f:{0,1}— {-1,1}
degis(f) =d

TEEEEE

[y (9)] Modified function v
1
“ Lw) >3yl

% 5 {1,...,t}

31
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V. Pattern matrices

Fix ¢ : {0,1) > R

such that

for [S| < d,
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V. Pattern matrices

Fix ¢ : {0,1} - R such that

W(S) =0 for |S| < d,

——
Let K be the (n, AREY WU (;) w)—pattern matrix.

F 1s the (n, t, f)-pattern matrix. e
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1
(%f) > g

=
Let K be the (n, AREY WU (%) w)—pattern matrix.

F 1s the (n, t, f)-pattern matrix. e
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Fix ¢ : {0,1} - R such that

W(S) =0 for |S| < d,

——
Let K be the (n, AREY WU (ftl_) w)—pattern matrix.

F 1s the (n, t, f)-pattern matrix. e

1Kl =1
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V. Pattern matrices

Fix ¢ : {0,1} - R such that

W(S) =0 for |S| < d,
D wl=1
z€{0,1}

——
Let K be the (n, AREY WU (%) gb)—pattern matrix.

F 1s the (n, t, f)-pattern matrix. e

1Kl =1

(K, F) > =

33



V. Pattern matrices

Fix ¢ : {0,1} - R such that

g(S) =0 for |S| < d.
W) =1,
ze{;,l}f K|l =1
1
(lﬁ,f>>§ <K,F>>%—

——
Let K be the (n, AREY WU (ftl_) w)—pattern matrix.

F 1s the (n, t, f)-pattern matrix. e

33



V. Pattern matrices

Fix ¢ : {0,1} - R such that

d/2 r\~1/2
y 1K< (+) (2(9))
n 4

1Kl =1

(lﬁ,f>>§ <K,F>>—

——
Let K be the (n, AREY WU (?) gb)—pattern matrix.

F 1s the (n, t, f)-pattern matrix. e

%3



V. Pattern matrices

Fix ¢ : {0,1} - R such that

N2y T2
i(S) = 0 for |S| < d, IKi < ;) (2 (?))
(@)l =1,
{;} 1Kl = 1
1
: 1
W 1> 3 K.y L

=
Let K be the (n, AREY WU (ftl_) gb)—pattern matrix.

F 1s the (n, t, f)-pattern matrix. e

33



V. Pattern matrices

—1/2

f d/?2 t
1Kl < (—) (z(f))

n 5
1Kl = 1

1
K.F)> =
Wy =



V. Pattern matrices

1

0js(F) > 7d 1og(§)—2.

O



V. Pattern matrices

Follow-up work

e Multiparty disjointness function

[Lee & Shraibman, 20081
[Chattopadhyay & Ada, 20081

o NP« g BPP
LPavid & Pitassi, 20081

e Explicit separation of NP and BPP¢c
LPavid, Pitassi & Viola, 20081

e Constant-depth circuits

[Beame & Huynh-Ngoc, 20081

e Explicit separation of NP £ coNP<, NP £ coAMcc
[Gavinsky and S., 20091
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V. Block composition

LShi and Zhu, 20081

/ /\any function f: {0,1}"— {0,1}

[F i ] sadget g : {0,1}4x{0,1}* - {0,1}
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V. Block composition
I

[Shiand Zhy, 20081

,(///\any function f: {0,1}"— {0,1}
[F = /(g8 ..., g) ]

gadget g : {0,1}%x{0,1}*— {0,1}

-

Theorem (Shi and Zhu, 2008). Put d = degi3( ). Then
Q71/3(F) > 2(d) for any gadget g with spectral discrepancy O(d/n).

N

o
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V. Block composition

[Shiand Zhy, 20081

//\any function f: {0,1}"— {0,1}
)

F=Ceg g, lig

gadget g : {0,1}%x{0,1}¥— {0,1}

Theorem (Shi and Zhu, 2008). Put d = degi3( f). Then
Q71/3(F) > 2(d) for any gadget g with spectral discrepancy O(d/n).

e Independent of LS. 20081

e Broader class than pattern matrices (g = selector gadget)
e Bounds weaker than pattern matrix, e.g., O (DISJ) = Q(n'?).

%6



V. Block composition

A




V. Block composition
AL,

correlated
WA




V. Block composition

ik

correlated
WA e




V. Block composition

correlated
v

correlated
WM s




[TI0N

ik

Block compos

V.

correl

S—

f

correlated
A
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V. Block composition

correlated correlated

. L
[\ e S - > . A -~
2o i LA Y.
-

" This step unlike §

pattern matrix
: method W
g -[8.2008]
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[Linial and Shraibman 20071
Fe{-1,1}x*Y

uw(F)= max min Fy,(ux,vy)
unit vectors X,)Y
{ux}a{vy}

38
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[Linial and Shraibman 20071
Fe{-1,1}x*Y

uw(F)= max min Fy,(ux,vy)
unit vectors X,y
{uxt.ivy}
= max min Fyy Fy,
572X S i 4
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V1. Margin vs. discrepancy

[Linial and Shraibman 20071
Fe{-1,1}x*Y

w(F) = max min Fyy(uy,vy) disc(F) = min max |(F o P, R)]
%Eit i]eflt)ori X,y distr. P rect. R
X S y

= max min Fyy Fy,
FEy (EY=1TEeD
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V1. Margin vs. discrepancy

[Linial and Shraibman 20071
Fe{-1,1}x*Y

w(F) = max min Fyy(uy,vy) disc(F) = min max |(F o P, R)]
unit vectors X,y distr. P rect. R
{uxtivy}
= max min Fyy Fyy = _ max min Fyy Fyy
Fiyr(F)<1 X5 Feconv{£R} *»Y

38



V1. Margin vs. discrepancy

[Linial and Shraibman 20071
Fe{-1,1}x*Y

uw(F)= max min Fy,(ux,vy) disc(F) = min max |(F o P, R)]
unit Vectors X,y distr. P rect. R
{uxtivy}
max  min ny max  min nyny
F v (F)<1 XY FEconV{:I:R} tADA .

Grothendleck’s Ineq.

38



Part 2

Unbounded-Error Communication



Sign-rank defined

A€ {—1+1}mn



Sign-rank defined

A e {-1,+1}mn

Sign-rank of 4 is least rank of a real
matrix with A’s sign pattern.
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Sign-rank of 4 1s least rank of a real
matrix with 4’s sign pattern.
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rank(A4) =n
sign-rank(A4) = 2
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Solution
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15 17
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muwi N Wi K 1 i

42



Solution

S
3
1

7
S
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9 11131517

7
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e Wi K e
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Solution

51 F—19--11-- 131517
NN S SR N EREE e N R Yo
TS D I D
] R 00 B 0 7 8 1
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Solution

51 F—19--11-- 131517

NN S SR N EREE e N R Yo

TS D I D
] R 00 B 0 7 8 1
e el B ) AR S A
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11 13 15 17

9
7

7

3 rrlS
9

9
7

11 13

11

—1
-3
-5
—7

-3
-5
—7

-5
—7
-9

—1
-3
-5
—7

-1
-3
-5
—7

—1
-3
-5

11 -9

3
1

1
-1

-1
-3

-13 -11 -9

-15 -13 -11 -9




A trickier example

+ -1 -1 -1 -1 -1 -1 -1 -1

-1 +1 -1 -1 -1 -1 -1 -1 -1

-1 -1 +1 -1 -1 -1 -1 -1 -1

=5 PREES | W e NS PR =Y BEe= e |

-1 -1 -1 -1 +1 -1 -1 -1 -1

-1 -1 -1 -1 -1 +1 -1 -1 -1
-1 -1 -1 -1 -1 -1 +¥1 -1 -1
-1 -1 -1 -1 -1 -1 -1 +1 -1
-1 -1 -1 -1 -1 -1 -1 -1 +1

A:
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-1 +1
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== il il |
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—1
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rank(A4) =n
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Solution

., V» € R?, unit vectors in g.p.
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Y v3L V3L, |

Solution

., V» € R?, unit vectors in g.p.

U= [Viij] ij = rank C <2
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Y v3L V3L, |

Solution

., V» € R?, unit vectors in g.p.

C= [ViTVj] ij = rank C <2
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Vi, V3, V3, ..., V» € R?, unit vectors in g.p.

C= [ViTVj] ij = rank C <2

1 09 04 03 0.1 02 -0.3 -0.5-0.2
-02 1 -0.1 -03 -0.1 -0.3 —0.5 -0.3 -0.5
-0.2 -02 1 09 -03 09 -0.3 -0.2 -0.2
-0.2 -03 04 1 -03 -0.2 -0.2 -0.5 -0.2
= 09 -02 -01-03 1 -02 09 -0.2 -0.5
04 -03 04 03 -01 1 -03 0.1 -0.2
-0.2 -0.3 -0.1 -0.2 -0.1 -0.3 ] -0.1 0.1
0.9 -02 -05 09 -03 -0.1 -01 1 -0.1
0.4 -02 -05 09 04 05 04 05 1




Vi, V3, V3, ..., V» € R?, unit vectors in g.p.

C= [ViTVj] ij = rank C <2

-1.2 ¢ -11 -13 -1.1 -1.3 -1.5 -1.3 -1.5
-1.2 -1.2 ¢ -01 -1.3 0.1 -1.3 -1.2 -1.2
-1.2 -1.3 0.6 ¢ -13 -12 -1.2 -1.5 -1.2

-0.6 -13 -0.6 -1.3 -11 g -13 -09 -1.2
-1.2 -1.3 -1.1 -1.2 -1.1 -1.3 ¢ -1.1 0.9
-0.1 -1.2 -15 -0.1 -1.3 -1.1 -1.1 g -1.1
-0.6 -1.2 -1.5 -0.1 -0.6 -1.5 0.6 -1.5 ¢




Unbounded-error wmodel

LPaturi and Simon 19861

01001010
0001
1010101011

Bob

“The answer 1s 0.” 3

yevyt

Objective: compute F(x, y) with probability >1/2.
Complexity measure U(F) = # bits exchanged.
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01001010
OOOl
1010101011

Alice Bob

“The answer i1s 0.” 3

yevyt

Objective: compute F(x, y) with(probability >1/2.

Complexity measure U(F) = # bits exchanged.

45



Quick facts

e One round always enough  [Paturiand Simon 19861
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e Most powerful model (cf. D, N, R, O, Q")
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Quick facts

e One round always enough  [Paturiand Simon 19861

e Most powerful model (cf. D, N, R, O, Q")

e Exponential separations
U(DISJ) = O(log n)
O*(DIS)) = Q(n'?) [Razborov 20021

R(DIS)) = Q(n) [Kalyanasundaram and Schnitger 19921
[Razborov 19921
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Quick facts

e One round always enough  [Paturiand Simon 19861

e Most powerful model (cf. D, N, R, O, Q")

e Exponential separations
U(DISJ) = O(log n)
O*(DIS)) = Q(n'?) [Razborov 20021

R(DIS)) = Q(n) [Kalyanasundaram and Schnitger 19921
[Razborov 19921

e3f:{0,1}"— {-1,1} such that
U(f) = O(log n),
O'(f) = Q(n'?) for advantage exp(-n'’?)

[Buhrman, Vereshehagin, and de Wolf 20071
[S. 20071

46



Relation to sign-rank




Relation to sign-rank

Will show:  U(f) = logz (sign-rank F')
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Proof




Proof

po(x) pi(x)



po(x)
poo(y/ \pm(y)

FALSE TRUE

0

Proof

pi(x)
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po(x)
poo(y/ \pm(y)

FALSE TRUE

0

Proof

1
pi(x)

1
p1ro(y) \Pll(y)

FALSE
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po(x)
poo(y/ \pm(y)

FALSE TRUE

Proof

1
pi(x)

1
p1ro(y) \Pll(y)

FALSE

pno()y \§111(x)

TRUE FALSE
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poo(y/ \pm(y)

FALSE TRUE

48



poo(y/ \pm(y)

FALSE TRUE

probability
of taking this
path is:

ax)p(y)

48






AR
i

FITFTFTFTFTFTFTFT

Proof

P[P (x,y) = TRUE]

T 2 U (x)ﬁat (y)

accepting
paths &
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Proof

e
/

|
2

2 Ay (X) 7 (y)

cepting

pt
paths &
2 Ox (x)ﬁn ()’) EE
ccepting

P[P (x,y) = TRUE]



AR
i

FITFTFTFTFTFTFTFT

Proof

P[P (x,y) = TRUE]

2 Ay (X) 7 (y)

accepting
paths &

F = sign

|
2 an(x)ﬁn(y) EE 5

| paths

- -~

\ accepting

rank <2U()

o/

49



l. Counting arguments

First nontrivial result on sign-rank:

p
Theorem (Alon, Frankl & Rodl, 1985).

A random matrix in {—1,+1}"*" has sign-rank ©®(n) w.v.h.p.
.

_/

50



. Forster’s method

Ae{-1,+1}VM _ sign-rank(4) =r



. Forster’s method

Ae{-1,+1}VM _ sign-rank(4) =r

e I3 7 S uy € R,
IRy, SEERER vy € R’ such that

Ajj = sign {ui, vj).
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. Forster’s method

Ae{-1,+1}VM _ sign-rank(4) =r

A ok, uy € S*1,
PrREys sEEsEs vme € S”=1 such that

Ajj = sign {ui, vj).
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. Forster’s method

Ae{-1,+1}VM  gign-rank(4) =r

3 w,uz, ..., uvn €S
Vi, v2,...,vu € S"1 such that

Ajj = sign {ui, vj).

[Lemma (Forster). Can choose u;, v; with 2;; {ui, viy* > NM/r. ]

91



Ae{-1,+1}VM  gign-rank(4) =r

3 u,uz, ..., un €S,
vi, v2,...,vm € S”-1 such that

Aij = sign (ui, Vj>.

Lemma (Forster). Can choose ui, v; with 2. (i, viY> > NM/r.

Idea. For any B € GL(r), can transform ,

1 CHNT
U — Bui, Vi (B ) Vj.
| Bui| 1 (B v

Find needed B by compactness.



So,

. Forster’s method

2 {ui, viy = NM/r.



So,

But:

. Forster’s method

2 {ui, viy = NM/r.

iy (ui, vi? < ||A|Pr

(matrix analysis)
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. Forster’s method




. Forster’s method

(Theorem (Forster 2001). Forall A € {-1,+1}VM

\_

VNM
sign-rank(A) > AL

Corollary (Forster 2001). 4 Hadamard matrix of order 2"
has sign rank > 2"2,
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Theorem (Forster 2001). Forall A € {—1,+1}VM

vVNM
IAl

sign-rank(A) >

Corollary (Forster 2001). 4 Hadamard matrix of order 2"
has sign rank > 2"2,

Theorem (Forster, Krause, Lokam, Mubarakzjanov, Schmitt,
and Simon 2001). For all A € RVM |

sign-rank(A) > ——— -min|A;;|.



l1l. Sign-rank vs. PH

[Babai, Frankl, and Simon, 19861
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UPP = { functions f : {0,1}7x{0,1}" —{—1,+1}
with U( /) <polylog(n) }
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l1l. Sign-rank vs. PH

[Babai, Frankl, and Simon, 19861

UPP = { functions f : {0,1}7x{0,1}" —{—1,+1}
with U( /) <polylog(n) }

= { 27 x 2" sign matrices F with sign-rank(F) < 2P°1yl°g(”)}.
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l1l. Sign-rank vs. PH

[Babai, Frankl, and Simon, 19861
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l1l. Sign-rank vs. PH

1y

[Babai, Frankl, and Simon, 19861

20
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[Babai, Frankl, and Simon, 19861
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l1l. Sign-rank vs. PH

[Babai, Frankl, and Simon, 19861

DD

' | MEON

>1=NP

ppolylog(n)

L
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l1l. Sign-rank vs. PH

[Babai, Frankl, and Simon, 19861

I1o 2.0
2n X 2n
IT; = coNP >1=NP
2 polylog(n) it 2 polylog(n)

L
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l1l. Sign-rank vs. PH

[Babai, Frankl, and Simon, 19861

£ ()
2 polylog(n)

2 polylog(n)

21 x 2
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l1l. Sign-rank vs. PH

[Babai, Frankl, and Simon, 19861

Dpolylog(n)
o(1)
2 polylog(n)

2 polylog(n)
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l1l. Sign-rank vs. PH

20, 21, Lo, IT1 € UPP

[Babai, Frankl, and Simon, 19861: >, c UPP ?
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l1l. Sign-rank vs. PH

20, 21, 1o, IT; € UPP

[Babai, Frankl, and Simon, 19861: >, c UPP ?

Corollary. 3,1 € UPP.
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of a function l.b. for a matrix
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. approximate q
degree
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-----------------------------------

LS. 2007 20081
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l1l. Sign-rank vs. PH

analytic property communication
of a function l.b. for a matrix

--------------------------------------------------------------------------
oooooo

. fhashigh |
. approximate q q
degree

.......
--------------------------------------------------------------------------

£(x]s) has high |
bounded-error

LS. 2007 20081
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l1l. Sign-rank vs. PH

analytic property communication
of a function l.b. for a matrix

-----------------------------------
o* LS

f has high
threshold

degree [S.2007 20081

0. ’0
-----------------------------------
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l1l. Sign-rank vs. PH

analytic property communication
of a function l.b. for a matrix

--------------------------------------------------------------------------
oooooo

has high
{hreshogid USRS o
i discrepancy
degree

.......
--------------------------------------------------------------------------
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l1l. Sign-rank vs. PH

analytic property communication
of a function l.b. for a matrix
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l1l. Sign-rank vs. PH

analytic property communication
of a function l.b. for a matrix

-----------------------------------
o* LS

f(x) has a

smooth
: orthogonalizing :

distribution £S.2007 20081

Q. ’0
-----------------------------------
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l1l. Sign-rank vs. PH

analytic property communication
of a function l.b. for a matrix

. f(x)hasa ¢ - [ (xls) Adxls) |

. smooth q . has small

: orthogonalizing : i spectral norm, :

i distribution LS. 20 07, 2008] A smooth :

.......
--------------------------------------------------------------------------
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l1l. Sign-rank vs. PH

analytic property communication
of a function l.b. for a matrix
f(x)hasa ¢ - [ (xls) Adxls) |
. smooth q . has small
: orthogonalizing : i spectral norm, :
i distribution [S. 20 07, 2008] A smooth :

.......
--------------------------------------------------------------------------

----------------------------------------
* .‘
*

has high
sign-rank

. %
----------------------------------------
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Open problems

- Lots of results quantum vs. classical in alternate models (one-way,
~ message passing, sampling, partial functions/relations)

[Raz 19991

[Buhrman, Cleve, Watrous, de Wolf, 20011
[Bar-Yossef, Jayram, and Kerenidis, 20041

[Gavinsky, Kempe, Regev, and de Wolf, 20061
[Gavinsky, Kempe, and de Wolf, 20061

[Gavinsky, Kempe, Kerenidis, Raz, and de Wolf, 20071
[Gavinsky 20081

[Gavinsky and Pudlak, 20081

[Regev 20101

Only a quadratic separation for total functions

[Razborov 20021
LAaronson and Ambainis, 20051
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Open problems

Power of entanglement

\ [Buhrman and de Wolf, 20011
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Open problems

Power of entanglement

\ [Buhrman and de Wolf, 20011

;& Alternative to Yao-Kremer-Razborov?
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If A1, A>
" |l41 A A2 A -+ A Ak || is high.

Open problems

OOOOO

Ar € {—1,+1}"*" have low sign-rank, show that
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If A1, A, ..., Ax € {—1,+1}"*" have low sign-rank, show that
| A1 A A2 A -+ A Ar || 1s high.

Exhibit 4,€ {-1,+1}"" n=1,2,3,..., with
sign-rank(A4,) = (n).
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Open problems

If A1, A, ..., Ax € {—1,+1}"*" have low sign-rank, show that
| A1 A A2 A -+ A Ar || 1s high.

Exhibit 4,€ {-1,+1}"" n=1,2,3,..., with
sign-rank(A4,) = (n).

Best known: sign-rank(4,) > n'2  [Forster 20011
Probabilistic method: sign-rank(4,) >n—6. [Alon, Frankl, Rodl, 19851
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l. Real algebraic geometry

o :R" >R, n«N
Object of study: geometry of ¢(R")
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p:R"—>RY n«N
Object of study: geometry of ¢(R")

How many quadrants of RY does ¢(R”) intersect?

Equivalently:

How large 1s the set
20 = { sign (@(X)1, (x)2, ..., p(x)y) : x € R” } I

[ D=2
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l. Real algebraic geometry

p:R"—> RN n«N

How large 1s the set

20 = { sign ( ()1, p(x)2, . . ., gp(x)N) . xeR? } ?
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l. Real algebraic geometry

p:R"—> RN n«N

How large 1s the set
2= { sign ((@(X)1, p(x)2, . . ., o(x)v) : xeR” } ?

Studied by J. Milnor (1964), R. Thom (1965).

67



p:R"—>RY n«N

How large is the set
20 :{ sign (@(X)1, p(x)2, ..., p(x)ny) : x € R” } ?
Studied by J. Milnor (1964), R. Thom (1965).

Theorem (Alon, Frankl & Rodl, 1985).
Let ¢ : R" — RN be a polynomial map of degree d. Then

| X | <(8Nd/n)>.



p:R"—>RY n«N

How large is the set
20 :{ sign (@(X)1, p(x)2, ..., p(x)ny) : x € R” } ?
Studied by J. Milnor (1964), R. Thom (1965).

Theorem (Alon, Frankl & Rodl, 1985).
Let ¢ : R" — RN be a polynomial map of degree d. Then

| X | <(8Nd/n)>.
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l. Real algebraic geometry

{ sgn(Rn ..... Rt R,m) . ReR"* rank R<r }
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l. Real algebraic geometry

‘ { sgn(Rn ..... Rt Rnn) . ReR"* rank R<r }

= I { son (o tvn) B )R s ) ERFH
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l. Real algebraic geometry

degree-2 polynomial map
O : RZan_)Ran
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degree-2 polynomial map
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l. Real algebraic geometry

degree-2 polynomial map

8n Adnr O : R2n Xr _y R#*n

< 2" forr = o(n). ]
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