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We investigate the role of different aperiodic sequences in the dynamics of single quantum particles in discrete
space and time. For this we consider three aperiodic sequences, namely, the Fibonacci, Thue-Morse, and Rudin-
Shapiro sequences, as examples of tilings the diffraction spectra of which have pure point, singular continuous, and
absolutely continuous support, respectively. Our interest is to understand how the order, intrinsically introduced
by the deterministic rule used to generate the aperiodic sequences, is reflected in the dynamical properties of
the quantum system. For this system we consider a single particle undergoing a discrete-time quantum walk
(DTQW), where the aperiodic sequences are used to distribute the coin operations at different lattice positions
(inhomogeneous DTQW) or by applying the same coin operation at all lattice sites at a given time but choosing
different coin operation at each time step according to the chosen aperiodic sequence (time dependent DTQW).
We study the energy spectra and the spreading of an initially localized wave packet for different cases, finding
that in the case of Fibonacci and Thue-Morse tilings the system is superdiffusive, whereas in the Rudin-Shapiro
case it is strongly subdiffusive. Trying to understand this behavior in terms of the energy spectra, we look at the
survival amplitude as a function of time. By means of the echo we present strong evidence that, although the
three orderings are very different as evidenced by their diffraction spectra, the energy spectra are all singular
continuous except for the inhomogeneous DTQW with the Rudin-Shapiro sequence where it is discrete. This
is in agreement with the observed strong localization both in real space and in the Hilbert space. Our paper is
particularly interesting because quantum walks can be engineered in laboratories by means of ultracold gases or
in optical waveguides, and therefore would be a perfect playground to study singular continuous energy spectra
in a completely controlled quantum setup.
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I. INTRODUCTION

Quantum walks are the quantum-mechanical analog of
classical random walks and their dynamics can be engineered
in various quantum systems. Just like for their classical
counterparts, two variants exist: discrete-time quantum walks
(DTQWs) [1] and continuous-time quantum walks (CTQWs)
[2]. They have played an important role in the field of
quantum information processing as a powerful component
of quantum algorithms [3,4] and have been shown to be a
universal quantum computation primitive in that any quantum
computation can be realized efficiently [5,6]. Furthermore,
with the ability to engineer quantum walks by controlling the
parameters of the evolution operators, quantum effects such as
localization [7,8] and topological bound states [9] have been
simulated. Controlled dynamics of quantum walks have also
allowed the simulation of relativistic quantum dynamics where
the speed of light is mimicked by the parameter in the evolution
operator [10–14]. Their versatility and ease of implementation
in physical systems such as NMR [15,16], trapped ions
[17,18], atoms [19,20], and photonic systems [21,22] make
them promising candidates to explore and engineer quantum
dynamics beyond the Schrödinger equation. Among the two
variants of quantum walks, DTQWs are defined for a particle
with an internal degree of freedom, to which the quantum
coin operations are applied. These quantum coin operations
can be position and time dependent, which can lead to
deviations from quadratic spreading of the wave packet [23],

including the emergence of Anderson localization [24] for
a completely disordered arrangement of coin operations in
position space and/or time [7,25]. It is therefore natural to
wonder about the behavior of DTQWs when the coin operation
is aperiodic in nature [26]. Studies of the behavior of DTQWs
for coin operations that are arranged in the aperiodic Fibonacci
sequence [26] have already found a diffusive behavior without
any signature of localization [27,28]. However, whether this
behavior is limited to just this sequence or extends to other
aperiodic sequences as well is not yet clear and we will address
this question here.

Below we will first briefly introduce the deterministic
aperiodic sequences that we will study and that have previously
been of great interest in condensed matter physics, photonics,
and material sciences [29,30].

Materials with deterministic aperiodic sequences can be
thought of as in between materials with long-range trans-
lational symmetry (crystals) and amorphous materials with
no long range order. Quasicrystals are one example [31]
and searching for other nonperiodic materials that have a
crystal-like spectrum is an active research area [32,33]. Of
particular interest in this field have been structures based on
the Fibonacci sequence [34,35], the Thue-Morse sequence
[36], and the Rudin-Shapiro sequence [37]. The Fibonacci
quasicrystal has been studied in great detail because it has
a pure point spectrum [34,35]. Thue-Morse crystals were
shown to have a singular continuous spectrum [36] and the
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Periodic

FIG. 1. Schematic of the arrangement of the two values for the
periodic and the deterministic aperiodic sequences.

Rudin-Shapiro crystals have a fully continuous spectrum [37].
Several measures have been proposed to quantify the amount
of order in aperiodic sequences, for instance based on entropy
[38,39], log entropy [40], and the structure of the energy
spectrum [41]. In Fig. 1 we show a schematic of the different
aperiodic sequences.

Here we study the dynamics of the DTQW with spatial and
temporal dislocations in the coin operator based on the three
deterministically aperiodic sequences mentioned above: the
quasiperiodic Fibonacci sequence, the critical Thue-Morse se-
quence, and the Rudin-Shapiro sequence. We compare our re-
sults with the ones for a standard two-periodic sequence of the
form ABAB . . . and show that the support of the diffraction pat-
tern plays a crucial role in determining the spreading properties
of the quantum walker. By studying their energy spectra and
their asymptotic behavior we show that the DTQW using the
Fibonacci sequence, which has a pure point spectrum, shows
diffusive spreading behavior similar to the periodic walks. The
Rudin-Shapiro sequence, which has a continuous spectrum,
shows prominent localization behavior which is closer to a
walk with a random coin sequence. Quantum walks using the
Thue-Morse sequence with a singular continuous spectrum
comprise both diffusing and localized components in the
dynamics.

The paper is organized as follows. In Sec. II we briefly
review the DTQW and in Sec. III we introduce the different
sequences of aperiodic walks with position and time dependent
coin operations. In Secs. IV and V we present the study
of energy spectra and the spreading of the walk for all
configurations. In Sec. VI we present the asymptotic behavior
and conclude in Sec. VII.

II. DISCRETE-TIME QUANTUM WALK

The one-dimensional DTQW is defined on a position
space and an internal (coin) space. The position space is
spanned by the basis vectors |x〉, with x ∈ Z, and the
internal space of the particle is a two-dimensional space
spanned by |↑〉 = (1

0) and |↓〉 = (0
1). Each step of the walk

consists of the application of one coin and one shift op-
erator. The coin operator is unitary and can be written
as

Ĉ(θ ) =
(

cos(θ ) − sin(θ )
sin(θ ) cos(θ )

)
. (1)

The shift operator performs the translation in the position space
conditioned on the internal degree of freedom of the walker

and can be written as

Ŝ =
N∑

x=−N

|↑〉 〈↑| ⊗ |x − 1〉 〈x| + |↓〉 〈↓| ⊗ |x + 1〉 〈x| . (2)

When the coin operation is homogeneous and time inde-
pendent, the state of the system after t steps (t ∈ N) is
given by |ψt 〉 = Ŵ (θ ) |ψt−1〉 where Ŵ (θ ) = Ŝ[Î ⊗ Ĉ(θ )]. In
the following we will consider the situation where the coin
operator can have two values, θ1 and θ2, and is either time
dependent but homogeneous in space or inhomogeneous in
space and constant in time.

III. APERIODIC QUANTUM WALKS WITH POSITION
AND TIME DEPENDENT COIN OPERATIONS

In this section we will first introduce the sequences of the
coin operations for the aperiodic settings we are going to study
and then calculate the spread in the probability distribution
after a certain time t . As a reference, we will also consider
a DTQW with a regular distribution of two coins, which we
will call a period sequence henceforth. For all walks we will
fix θ1 = π/4 and study the dynamics for different values of
θ2. Other choices of θ1 do not qualitatively change the results
we obtain.

The support of the diffraction pattern of the chosen
sequence plays a crucial role in determining the spreading
properties of the walker. According to the Lebesgue theory
of measure the support can be decomposed into pure point,
singular continuous, and absolutely continuous components.
The Fibonacci, Thue-Morse, and Rudin-Shapiro quasicrystals
are particularly well suited to study the role of each of
these components, since their diffraction measures have pure
point, singular continuous, and absolutely continuous support,
respectively. On the other hand it has also been shown that
their energy spectra are all singular continuous [41,42]. Our
aim is to investigate the implications of the nature of the energy
spectra on the dynamical properties of the quantum system.

A. Periodic and aperiodic sequences

1. Periodic sequence

The two-period sequence is of the form ABABAB . . . AB
and it is the base sequence we will use to compare the
deterministic aperiodic sequences to.

2. Fibonacci sequence

The Fibonacci sequence of two elements is defined by the
substitution rule A → AB and B → A, which can recursively
be written as SN+1 = SNSN−1 (S1 = B,S2 = A).

3. Thue-Morse sequence

The Thue-Morse sequence of two elements is defined by
the substitution rule A → AB and B → BA or recursively as
SN+1 = SNSN (S1 = A), where SN is the string SN in which
the two letters A and B have been exchanged.

4. Rudin-Shapiro sequence

The Rudin-Shapiro sequence is defined by a four-element
substitution sequence with the rules given by P → PQ, Q →
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PR, R → SQ, and S → SR. To obtain a sequence composed
of only two elements, A and B, we perform the mapping
(P,Q) → A, (R,S) → B.

B. Position dependent coin operations

In order to define the position dependent coin operations
we will label each spatial site either A or B, starting with A

at the extreme left position (−N ) and increasing by one unit
until the final position on the right hand side (N ) is reached.
For example, the word sequence ABAAB will correspond to
the lattice the site indices of which are −2, − 1,0,1,2 and the
coin operation at each site will be performed accordingly by
the replacement A → θ1 and B → θ2. By defining the states
|↗x〉 = Ĉ[θ (x)] |↑〉 and |↙x〉 = Ĉ[θ (x)] |↓〉, we can rewrite
the single step evolution operator Ŵ = ŜĈ ′ as

Ŵ =
N∑

x=−N

|↑〉 〈↗x | ⊗ |x − 1〉 〈x| + |↓〉 〈↙x | ⊗ |x + 1〉 〈x| .

(3)

This allows us to interpret the evolution of the system as an
itinerant spin in an inhomogeneous magnetic field and we
expect the mobility of the spin to be related to the spatial
structure of the chosen sequence. To see this let us consider
the single step evolution operator Ŵ = Ŝ ⊗ Ĉ ′ where

Ŝ =
N∑

x=−N

|↑〉 〈↑| ⊗ |x − 1〉 〈x| + |↓〉 〈↓| ⊗ |x + 1〉 〈x| ,

Ĉ ′ =
N∑

x=−N

|x〉 〈x| ⊗ Ĉ[θ (x)].

Because θ (x) can take only two values, θ1 or θ2, we can
partition the whole lattice L into two sublattices L1 and L2

such that L = L1 ∪ L2 where Li = {x : θ (x) = θi}.
Using this observation we can rewrite

Ĉ ′ =
N∑

x=−N

|x〉 〈x| ⊗ [w(x)Ĉ1 + w(x)Ĉ2], (4)

where Ĉi = Ĉ(θi), w(x) = 1 ∀x ∈ L1, and w(x) = 1 −
w(x) = 1 ∀x ∈ L2. The function w(x) [w(x)] encodes infor-
mation on the geometry of the original spatial distribution
of the two coins regardless of the actual form of the coin
operators. Once expressed in this form it is clear that the
dynamics of the walker is linked to the underlying geometric
distribution of the letters A and B of the sequence used. To see
this let us introduce the states |k〉 such that 〈x|k〉 = e−ıxk/

√
L

with L = 2N + 1 and the identity (for the spatial part) in this
basis being 1̂ = ∫

dk |k〉 〈k|. This allows us to write

Ĉ =
∫

dkdq |k〉 〈q| ⊗ [f (k − q)Ĉ1 + f (k − q)Ĉ2] (5)

where

f (q) = 1

L

N∑
x=−N

eıqxw(x), (6)

f (q) = 1

L

N∑
x=−N

eıqxw(x). (7)

The Fourier amplitudes f̃ (q) are nothing but the amplitudes
of the diffraction spectrum of the weighted Dirac combs ω =∑

x w(x)δx and its reverse ω = ∑
x w(x)δx .

As we shall see, the effect of changing θ2 is to change
the diffusion coefficient of the walker, but not the way the
walker diffuses through the lattice (except for some special
values such as θ2 = π/4,3π/4 and θ2 = ±π/2 which will be
discussed separately in the following).

C. Time dependent coin operations

To study the effect of temporally dependent coin op-
eration we consider the application of Ŵ [θ (t)] at the t th
time step where θ (t) is chosen according to the distribu-
tion of A → θ1 and B → θ2 in the chosen sequence. For
instance, if the chosen string is ABABBBAABB, then
after t = 6 time steps the evolution operator will be Û =
Ŵ (θ2)Ŵ (θ2)Ŵ (θ2)Ŵ (θ1)Ŵ (θ2)Ŵ (θ1).

Similar to the case of the position dependent coin we
can define states |↗t 〉 = Ĉ[θ (t)] |↑〉 and |↙t 〉 = Ĉ[θ (t)] |↓〉,
which allows us to rewrite the single step evolution operator
as

Ŵ [θ (t)] =
N∑

x=−N

|↑〉 〈↗t | ⊗ |x − 1〉 〈x| + |↓〉

× 〈↙t | ⊗ |x+1〉 〈x| . (8)

The total evolution operator connecting the initial state to the
state at time step t , namely, Û (t) = ∏t

s=1 Ŵ [θ (s)], can be
interpreted as the evolution of a spin in a time dependent
magnetic field. In this sense the change in coin operation for
each time (change in magnetic field) in the system can be
interpreted as a periodically kicked itinerant spin on a lattice
with a kick amplitude depending upon the chosen aperiodic
sequence.

IV. ENERGY SPECTRA

In this section we discuss the energy spectra for the DTQWs
using the different sequences introduced in the preceding
section. Here a comment is necessary on what we mean by
energy spectrum in this context and how we derive it. In general
an operator of the form given in Eq. (3) acting on a finite space
is not a unitary operator due to the spatial part. The iterative
application of the single step operators therefore results, in
general, in a nonprobability conserving evolution under a total
operator T̂ . The latter is such that T̂ T̂ † = T̂ †T̂ = Î still acts
as a unitary operator in a sublattice [−Ñ,Ñ ] with Ñ < N .
Therefore, for localized initial states and for a certain t∗ such
that the probability px = | 〈x, ↑ |ψ(t∗)〉 |2 + | 〈x, ↓ |ψ(t∗)〉 |2
of finding the walker at a given position x is px = 0 if
x /∈ [−Ñ,Ñ ], we can restrict the dynamics of the walker
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FIG. 2. Spectrum εn = ı log(λn) where λn are the eigenvalues of
the operator Ŵ in Eq. (3) for the case θ1 = θ2 = π/4. Energy spectra
εn = ı log(λn) where λn are the eigenvalues of the operator Ŵ (θ ) in
Eq. (3), for θ = 0 (left) and θ = π/2 (right). Insets: Spectrum for the
case θ1 = −θ2 = π (top left) and θ1 = −θ2 = π/2 (bottom right).

to that interval and consider it as a unitary evolution. The
energy spectrum is then the spectrum of the unitary operator
Û which is the restriction of T̂ acting onto the above mentioned
subspace. It is worth stressing that this is mainly due to the
numerical limitations, whereas this problem does not arise in
the thermodynamic limit. In what follows we will set N = 2t ,
where t is the number of time steps and we check that the
probability of finding the walker ten sites away from the
boundaries is exactly zero at the chosen final time.

The energy spectrum of a homogeneous and time indepen-
dent DTQW for the case θ = π/4 is shown in Fig. 2. It is
given by εn = ı log(λn), with the λn being the eigenvalues of
Ŵ (θ ), and can be seen to consist of two main bands, which is
what one would expect from a tight binding Hamiltonian with
a two-element unit cell.

The two bands are due to the presence of the internal degree
of freedom (coin) and two extreme cases are (a) θ = xπ

and (b) θ = (2x − 1)π/2 which correspond to Ĉ = (−1)x Î
and (−1)x(|↑〉 〈↓| − |↓〉 〈↑|), respectively. To see this let us
consider an infinite lattice (N → ∞) and introduce the states
|k〉 such that 〈x|k〉 = e−ıxk/

√
L with L = 2N + 1 and the

identity (for the spatial part) in this basis 1̂ = ∫
dk |k〉 〈k|.

This allows us to rewrite the single step evolution operator as

Ŵ =
∫

dk |k〉 〈k| ⊗ (e−ık |↑〉 〈↑| + eık |↓〉 〈↓|)Ĉ(θ ). (9)

For the case (a) C(xπ ) = ±ÎC the eigenstates of Ŵ are |k〉 |↑〉
and |k〉 |↓〉 with eigenvalues e−ık and eık , respectively. On the
other hand in case (b) Ĉ = (−1)x(|↑〉 〈↓| − |↓〉 〈↑|) the eigen-
states are given by e±ı π

2
∫

dk |k〉 (eı k
2 |↑〉 ± e−ı k

2 |↓〉)/√2 with
eigenvalues π/2 and −π/2. Therefore the spectrum in case (a)
is linear without a gap at ε = 0 whereas in case (b) it is flat
inside the two bands which are separated by a gap 	 = π as
shown in the insets of Fig. 2.

When it comes to the study of the energy spectra of
DTQWs the distinction between spatial aperiodic sequences
and temporal aperiodic ones is important.

Periodic Fibonacci

Rudin-ShapiroThue-Morse

FIG. 3. Spectrum εn = ı log(λn) where the λn are the eigenvalues
of the operator Ŵ (θ ) in Eq. (3). The angles chosen are θ1 = π/4 and
θ2 = π/6 and are distributed (from top left to bottom right) according
to the periodic, the Fibonacci, the Thue-Morse, and the Rudin-Shapiro
sequence. In the inset of each figure we show a zoomed in part of the
spectrum to show the self-similarity of the spectra and the presence
of gaps at all energies.

A. Position dependent coin operations

In the case of DTQWs with position dependent coin
operations (θ2 �= θ1) distributed according to a given aperiodic
sequence the spectrum of the system is the same at all time
steps and coincides with that of the single step evolution
operator Ŵ (θ ). It can be seen from Fig. 3 that the effect of
different coin operations on different sites is to open new
gaps inside the two above mentioned main energy bands,
thus creating sub-bands. The position of these new gaps
can be determined in first order perturbation theory (i.e.,
considering the case |θ2 − θ1| ≈ 0) by finding that they open
where the intensity of the Fourier transform of w(x) is higher
[41–44]. Within the two main bands the structure is therefore
determined by the spatial distribution of the two coins and
consequently by the geometry of the chosen arrangement.

The above spectra give rise to the densities of states (DOS)
shown in Fig. 4, from which key properties of each distribution
can be identified. In particular we notice the self-similarity of
the energy spectrum of the Fibonacci sequence (top right) and
the broad availability of states for the Rudin-Shapiro sequence
throughout the whole sub-band. We also notice that each DOS
for all aperiodic arrangements shows singular features (spikes
in the DOS), which are a result of the opening of gaps in
the energy spectrum on a set of zero measure [41,42]. This
translates into plateaus in the integrated DOS.

B. Time dependent coin operations

In the case of DTQWs with time dependent coin operations
given by aperiodic sequences we deal with a nonautonomous
quantum system and therefore we cannot, strictly speaking,
define a general energy spectrum. However, we can look at the
instantaneous or the asymptotic energy spectrum. Applying
different coin operations at different time steps amounts to
changing the energy spectrum between two possible spectra
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Periodic Fibonacci

Rudin-ShapiroThue-Morse

FIG. 4. Density of states normalized to the total number of states
corresponding to the spectra in Fig. 3. The energy window used to
compute these graphs is the same as the one that will be used for the
analysis of the asymptotic properties dε = 2π/tf where tf = 1000
is the number of steps.

in an aperiodic way and the two instantaneous energy spectra
for the cases θ1 = π/2 and θ2 = π/6 are shown in Fig. 5.

To determine the asymptotic properties of the system it
is necessary to look at the spectrum of the total evolution
operator Û (t) for t � 1. From a numerical analysis we note
that after only a few (t ≈ 30) steps the spectrum of the total
evolution operator does not appreciably change any more. The
results for the different sequences are shown in Fig. 6 and one
can immediately notice the absence of sub-band gaps, which
characterized the spectra in the spatially dependent case. On
the other hand, the DOS for the spectrum of the asymptotic
evolution operator reveals a much richer structure (see Fig. 7)
than what we could have gathered from the spectrum itself.
In particular one can note features of the self-similarity for
the Fibonacci (top right) and Thue-Morse (bottom left) cases.
This implies that, although the coin distribution is completely
homogeneous across the system at each time step, the aperiodic

FIG. 5. Spectrum εn = ı log(λn) where λn are the eigenvalues of
the operator Ŵ (θ1) (blue) and W (θ2) (red) for the case θ1 = π/4 and
θ2 = π/6.

FIG. 6. Lowest band of the spectrum εn = ı log(λn) where λn are
the eigenvalues of the operator Û (t) with t = 500. The angles chosen
are θ1 = π/4 and θ2 = π/6.

nature of the temporal distribution arises clearly in the long
time limit.

V. SPREADING OF THE WALKER

In order to characterize the dynamics of the walker we look
at both the mean displacement 〈x(t)〉 and its variance given
by σ 2(t) = 〈x2(t)〉 − 〈x(t)〉2. We choose the initial state to
be |ψ〉 = |x0〉 ⊗ |↑〉+i|↓〉√

2
, such that the spatial part is initially

localized at site x0. In the following we will discuss the
different sequences in detail.

A. Periodic and aperiodic sequences

1. Periodic sequence

The dynamics of a standard DTQW with a single, fixed
coin operator is known to be always ballistic, with a velocity

FIG. 7. Densities of states normalized to the total number of states
and corresponding to the spectra shown in Fig. 6. The energy window
used to compute it is the same as the one that will be used for the
analysis of the asymptotic properties dε = 2π/tf where tf = 500 is
the number of steps.
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x

x

x
x

FIG. 8. Probability distribution after 1000 steps of DTQW using
a two-periodic coin for two sets of angles (θ1,θ2) with same
θ1 = π/4. The probability distribution with spatial coin dependence
and temporal coin dependence is shown in top and bottom figures,
respectively. (Same parameters for other plots of walks).

that depends on θ . From Fig. 8 one can see that this property
prevails for the periodic sequence in the spatial as well as in
the temporal case, but with the velocity v depending now on
θ1 and θ2. This result is not very surprising, since the presence
of a periodicity means that localization is absent and therefore
the spread in position space has to have a form that has the
characteristic two-peaks structure of the standard DTQW.

2. Fibonacci sequence

The probability distributions in position space after 500
steps with the spatial or temporal arrangement of the coin
operation given by the Fibonacci sequence are shown in Fig. 9.
It is immediately notable that neither walk features the peaks in
the outer regions and that no strongly localized peak at origin
(x = 0) exists. This indicates that the Fibonacci sequence
leads to DTQWs with diffusive behavior. We will analyze
and characterize the nature of this diffusive behavior in detail
below.

3. Thue-Morse sequence

The probability distributions for this sequence are shown
in Fig. 10. In the spatial and the temporal case a prominent
peak localized at x = 0 can be seen, while at the same time a
diffusive component is visible as well.

FIG. 9. Same as Fig. 8, but using a Fibonacci coin. For both
situations the distribution can be seen to be dispersive.

x

x

x
x

FIG. 10. Same as Fig. 8, but using a Thue-Morse coin. For both
situations a localized and a diffusing component are visible in the
distribution.
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x

x

x
x

FIG. 11. Same as Fig. 8, but using a Rudin-Shapiro coin. The
distribution using the spatial sequence is more strongly localized
around the origin than the one for the temporal sequence.

4. Rudin-Shapiro sequence

The probability distributions for this sequence are shown
in Fig. 11. One can see that, compared to the spread for
the Fibonacci and the Thue-Morse sequences, the probability
distribution for the Rudin-Shapiro sequence is more localized
around the origin, x = 0. The localization is also stronger for
the spatial sequence than for the temporal sequence.

To better understand the different dynamics displayed by
the aperiodic walks, we will characterize the dynamics as a
function of time and link the behavior to the energy spectra of
these walks in more detail below.

B. Position dependent coin operations

We will first focus on the walks with spatially varying coins
and note that while in the standard DTQW evolution the spread
of the probability distribution depends on the coin parameter
θ [23,45] its general form is independent of the specific value.
We can therefore restrict the parameter space by choosing one
of the coins to be a Hadamard (θ1 = π/4) and the obtained
results will hold for all values of θ1.

Let us first look at the Fibonacci sequence, which has a
pure point spectrum and is therefore the closest to a periodic
structure. Comparing Figs. 8(a) and 9(a) one can see that the
width of the spread in position space is roughly identical for
both. However, the standard deviations shown in Fig. 12 show
a slower increase for the Fibonacci sequence compared to the
periodic sequence. In fact, the difference between them grows

σ
σ

FIG. 12. Standard deviation after 1000 steps using inhomoge-
neous coins for a walker initially localized at the center of the
lattice x0 = 0 and L = 2001. Top: θ2 = π/6. Bottom: θ2 = π/3.
The notations used for the sequences are P ↔ Periodic, FB ↔
Fibonacci, TM ↔ Thue-Morse, and RS ↔ Rudin-Shapiro. Insets:
Double logarithmic scale plots showing the power-law dependence
σ (t) ∝ tα .

with increasing number of steps. Unlike the periodic walk,
where the peaks in the probability distribution are observed
at the outer edges of the distribution, the distribution from
the Fibonacci sequence shows larger peaks at multiple spatial
positions.

For the walk using the Thue-Morse sequence, which has a
singular continuous spectrum, the probability distribution in
Fig. 10 shows that the distribution has both a localized and
a diffusing component. The standard deviation as function of
number of steps shown in Fig. 12 shows that it is smaller than
the periodic sequence and the Fibonacci sequence.

Finally, the Rudin-Shapiro sequence has an absolutely
continuous diffraction spectrum, similar to a completely
disordered medium. Here by disorder we mean a random
distribution of two values assigned to each point on the lattice.
From Figs. 11 and 12 one can see that the distribution localizes
around the origin and the value of the standard deviation
remains small with increasing number of steps.

It is also important to note that σ (t) has a power-law
dependence on t , which implies that σ (t) ≈ Dtα . This can be
used to give a more systematic classification of the spreading
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FIG. 13. Distribution of the fitting parameter α describing the
long-time behavior of σ (t) ∝ tα , for different initial positions of the
walker on the lattice, for the inhomogeneous quantum walk with
θ1 = π/4 and θ2 = π/6. The blue (red) histogram refers to a system
size of L = 1001(2001).

properties for each sequence in the asymptotic limit and in
the following we will show that the Fibonacci and Thue-
Morse sequences display superdiffusive behavior (α > 1/2)
whereas the Rudin-Shapiro sequence is strongly subdiffusive
(α < 1/2). To do this we first need to rule out that the aperiodic
nature of the considered sequences introduces effects due to
the particular choice of the initial position of the walker on
the lattice. For instance, in the Fibonacci case, one can have
three different types of configuration for a given site, namely,
AA,AB,and BA. To investigate this possible dependence we
have considered evolutions starting from all possible different
initial states, and calculated for each of these cases the time
dependent σ (t) and the exponent α. These calculations have
confirmed that, for long times, α is independent of the choice of
the initial site of the walker (within an error) and in Fig. 13 we
show the distribution of α for a system with 1001 sites starting
from 101 different initial positions in an interval with center
around x0 = 0 (the center of the lattice) and for θ1 = π/4,
θ2 = π/6. From these distributions it is possible to get the
mean values

αFB = (0.877 ± 0.003) Fibonacci, (10)

αTM = (0.86 ± 0.01) Thue-Morse, (11)

αRS = (0.24 ± 0.05) Rudin-Shapiro. (12)

This allows us to conclude that, within the estimated standard
deviation, the Fibonacci and the Thue-Morse sequences lead to
a superdiffusive behavior, whereas the spreading of the wave
packet for the Rudin-Shapiro sequence is greatly suppressed,
showing a clear subdiffusive behavior. On the other hand, one
can expect that the value of α also depends on the particular
angle θ2 as already visible in Fig. 12. We therefore repeated the
above analysis for different values of θ2 and show in Fig. 14
the mean of the distribution over 101 different initial positions
around the center of the lattice as a function of θ2 with the
error bars given by the standard deviation of the distribution
of points.
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FIG. 14. Dependence of the exponent α (see main text) upon
θ2 for inhomogeneous DTQWs with θ1 = π/4. Each point and the
relative error bar are obtained by choosing 101 different initial
positions around the center of the lattice x = 0 and for L = 1001
(solid blue line) and L = 2001 (dashed red line). The dotted
horizontal black line corresponds to α = 1/2 (diffusive case).

From these results we can conclude that the Fibonacci and
the Thue-Morse sequences induce a superdiffusive behavior
for the walker whereas the Rudin-Shapiro sequence shows
a subdiffusive one for all values of θ2. However, special
cases exist at θ2 = π/4,3π/4 and θ2 = ±π/2. In the first case
(θ2 = π/4,3π/4) one recovers a homogeneous distribution of
the coin operations across the lattice and therefore a purely
ballistic (α = 1) behavior is obtained. On the other hand
in the second case (θ2 = ±π/2) the second coin operation
amounts to flipping the internal degrees of freedom of the
coin (up to a phase factor, namely, Ĉ(π/2) = ∓ıσ̂y) and
therefore at each site where Ĉ(θ2) acts the walker experiences
a “mirroring” effect (the walker reverses its motion), resulting
in a suppression of the spreading.

C. Time dependent coin operations

The time dependent case holds particular interest because,
as was shown in Sec. IV, the spectrum of the asymptotic
evolution operator apparently loses the properties of the
aperiodic sequences chosen and no connection between the
sequence itself and the dynamical properties of the system
seems to exist. Despite this, we will show in the following that
the dynamical properties of the system are strongly influenced
by the chosen sequence and fingerprints of each of them are
left in the spreading properties of the walker.

The standard deviations of a DTQW with time dependent
coin operations after 1000 steps for two particular values of θ2

(θ1 = π/4) are shown in Fig. 15. One can see that the standard
deviation is in general lowest for the Rudin-Shapiro sequence,
which has the absolutely continuous diffraction spectrum
that resembles the properties of a disordered distribution.
This is similar to the inhomogeneous case discussed above,
however in the time dependent case the spreading is larger.
The Fibonacci and the Thue-Morse sequences induce very
fast diffusion through the lattice, which is comparable to the
periodic one. This suggests that the signatures of the three
sequences are still clearly present in the spreading properties
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σ

σ

FIG. 15. Standard deviation for time dependent coin for a walker
initially localized at the center of the lattice x0 = 0 and L = 2001.
Top: θ2 = π/6. Bottom: θ2 = π/3. The notations used for the
sequences are P ↔ Periodic, FB ↔ Fibonacci, TM ↔ Thue-Morse,
and RS ↔ Rudin-Shapiro. Insets: Double logarithmic scale plots
showing the power-law dependence σ (t) ∝ tα .

although the asymptotic energy spectra of the evolution
operator did not show clearly identifiable properties, as they
did in the inhomogeneous case. Furthermore, even in this case
the asymptotic behavior of σ (t) seems to show a power-law
dependence upon t .

In Fig. 16 we show the dependence of the exponent α as a
function of θ2 in order to determine the spreading behavior of
the walker. There are two main observations one can make: (i)
the Thue-Morse sequence induces a very robust, with respect to
a variation of θ2, superdiffusive behavior, even stronger than in
the spatial case; and (ii) the Rudin-Shapiro sequence induces a
nearly diffusive behavior (not-anomalous α ≈ 1/2), unlike the
strongly subdiffusive behavior observed in the inhomogeneous
DTQW.

VI. ASYMPTOTIC BEHAVIOR

We now turn to the characterization of the asymptotic
properties of the DTQWs with different coin sequences and
will highlight the relation between the asymptotic behavior
of the walker distribution and the spectral properties of the
chosen aperiodic sequence. In order to make this discussion
quantitative we will choose the so-called survival probability
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FIG. 16. Dependence of the exponent α (see main text) upon
θ2 for time dependent DTQWs with θ1 = π/4. Each point and the
relative error bar are obtained by choosing 101 different initial
positions as in the inhomogeneous case (although in this case it would
not be necessary if we considered periodic boundary conditions,
therefore enforcing translational invariance) around the center of
the lattice x = 0 and for L = 1001 (solid blue line) and L = 2001
(dashed red line). The dotted horizontal black line corresponds to
α = 1/2 (diffusive case).

or Loschmidt echo L(t) = |ν(t)|2 as our figure of merit, which
is defined via its amplitude:

ν(t) = 〈ψ(0)|ψ(t)〉 , (13)

where |ψ(t)〉 = U (t) |ψ(0)〉.
The reason to consider this quantity is twofold. On one

hand it has a clear physical meaning because it describes
the probability of finding the evolved state in the initial state
after some time t . Therefore, it is strictly linked to the study
of ergodicity and localization of a quantum system and as
such has been widely studied in statistical mechanics. On the
other hand it is directly related to the Fourier transform of the
spectral measure of the evolution operator [46] (and therefore,
for an autonomous system, of its infinitesimal generator, the
Hamiltonian):

|ν(t)|2 =
∣∣∣∣
∫

σ

dμ0(ε)e−ıεt

∣∣∣∣
2

, (14)

where μ0 is the measure induced by the initial state |ψ(0)〉.
Therefore its Fourier transform is the measure itself.

At this point it is important to stress that in the study of
quantum walks it is often the case that the probability for the
walker to be found at the initial position on the lattice is taken
as a figure of merit to classify classical random and quantum
walks in recursive and transient walks [47–49] regardless of
the state of the coin. Here, however, we are interested in the
return of the whole system to its initial state, including the state
of the coin. Therefore, the spreading (localization) properties
we shall refer to in the following are to be meant in the sense
of spreading (localization) through the whole Hilbert space of
the system (which is a tensor product of the Hilbert space
of the walker’s coin and position space) and not only in the
physical space of the positions of the walker. A link between
the two might be possible by reconstruction of the state of the
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coin, which might give useful information on the recurrence
properties of the walker alone [50–52].

A second quantity we will explore is the Cesáro average
(time average) of the echo, which is defined as

〈|ν|2〉T = 1

T

T −1∑
t=0

|ν(t)|2. (15)

Given that the survival amplitude in Eq. (14) is the
Fourier transform of the measure, one can identify a singular
continuous spectrum whenever the conditions [compare with
Eq. (2) in Ref. [54] for the averaged correlation function of an
observable f (t)]

lim
t→∞ |ν(t)| �= 0 not absolute continuous, (16a)

lim
T →∞

〈|ν|2〉T = 0 not pure point (16b)

are both satisfied. The first condition ensures the absence of an
absolutely continuous part in the spectrum because, according
to the Ruelle, Amrein-Georgescu, Enss (RAGE) theorem [46],
limt→∞ ν(t) = 0 is a necessary condition for the presence of
an absolutely continuous part in the spectrum. The second
condition ensures the absence of the pure point spectrum
due to Wiener’s lemma (see Lemma 1.1 in [53]). Therefore
the simultaneous occurrence of conditions in Eqs. (16a) and
(16b) can be interpreted as the spectrum having only singular
continuous parts.

A similar link between the singular continuous nature
of energy spectra, the RAGE theorem, and the spreading
properties of the walker has recently been investigated in
Refs. [56,57]. In these works it was shown that the singular
nature of the energy spectrum entails a power-law decay of the
recurrence probability for the walker to be found in a bounded
spatial region.

A. Position dependent coin operations

In the case of position dependent coin operations the corre-
sponding DTQW is autonomous and therefore its asymptotic
properties are directly related to the system’s energy spectrum
(and to the initial state). As in previous sections we shall
consider an initial state such that the walker is localized at
some site |x = x0〉, however we will see that the asymptotic
properties are largely independent of both the initial position
of the walker and the initial coin state.

Since a state that is initially localized in real space is
completely delocalized in momentum space, we expect it to
have a nonvanishing overlap with most of the eigenstates
of the evolution operator. Indeed, the peaks in the Fourier
transforms |ν̃(u)| of the survival amplitude in Fig. 17 have
values L = 2001, θ1 = π/4, θ2 = π/6 and closely resemble
those of the DOS shown in Fig. 4.

Examining ν̃(u) in more detail, we notice that in the periodic
case a broad series of states (continuum) is occupied around the
main peaks, whereas for the aperiodic arrangements a series
of sharp peaks exists the positions of which are aligned with
those of the corresponding DOS shown in Fig. 4. This is a hint
of the singular nature of the measure induced by such an initial
state which we expect to belong to the singular subspace of the
Hilbert space [46]. In the following we will determine whether

|| ||

||||

FIG. 17. Fourier transform ν̃(u) of the survival probability ν(t)
for DTQWs with spatially inhomogeneous coins. The angles chosen
are θ1 = π/4,θ2 = π/6, and the initial state is |ψ(0)〉 = |x0 = 0〉 ⊗
(|↑〉 + i |↓〉)/√2.

the measure induced by different initial states belongs to the
pure point or singular continuous part.

In Fig. 18 we show the asymptotic values of |ν(t)| and
the corresponding Cesáro averages, 〈|ν|2〉T for the different
aperiodic sequences and for the particular initial state |ψ(0)〉 =
|x0 = 0〉 ⊗ ( |↑〉+i|↓〉√

2
).

For the periodic case (not shown) |ν(t)| goes to zero
and therefore, according to the RAGE theorem, the energy
spectrum of the system has an absolutely continuous part,
as it is to be expected. On the other hand for all aperiodic
sequences ν(t) does not asymptotically vanish, implying
that the corresponding energy spectra lack an absolutely
continuous part. We notice that among all the Rudin-Shapiro
sequence is the one which maintains the highest value at long
times.
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FIG. 18. Left: Absolute value of the survival amplitude |ν(t)| for
different distributions of the coin operators in DTQWs with spa-
tially aperiodically distributed coin operations. Right: Corresponding
Cesáro averages of |ν(t)|2. All plots are in double logarithmic scale.
Parameters are L = 2001,θ1 = π/4,θ2 = π/6 and the initial state is
|ψ(0)〉 = |x0 = 0〉 ⊗ (|↑〉 + i |↓〉)/√2.
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FIG. 19. Average value of the exponent β (and relative error bars)
describing the power-law decay of the Cesáro average at long times
as a function of θ2. The average is obtained by fitting curves for 101
different initial positions of the walker on the lattice. The three curves
refer to different system sizes and/or initial coin states: blue solid line,
L = 1001; red dashed line, L = 2001 and the coin state is ( |↑〉+i|↓〉√

2
)

for both; orange dotted line, L = 2001 and the coin initial state is |↑〉.

The Cesáro average goes to zero algebraically, as shown in
the double logarithmic plots, only for the Fibonacci and for the
Thue-Morse cases. Together with the nonvanishing behavior
of |ν(t)| at long times we expect these systems to have a
spectrum with only singular continuous support. In the case
of the Rudin-Shapiro sequence, the Cesáro average saturates
to a constant value, suggesting the presence of a discrete part
in the energy spectrum. This fact is in agreement with what is
shown in Fig. 11 (top) where the walker remains localized at
its initial position. We therefore expect the Rudin-Shapiro case
to have a discrete energy spectrum and exponentially localized
eigenstates. This behavior was also to be expected from the
absolutely continuous nature of the diffraction spectrum of the
Rudin-Shapiro case, resembling that of a disordered material
where localization can be expected at the single particle level.
In fact, this localization might be useful for applications such
as quantum memories using DTQWs [55].

Similarly to the analysis performed for σ (t) in Sec. V we
have to consider different initial states for inhomogeneous
DTQWs. We therefore considered different initial positions
of the walker as well as different system sizes and different
initial states of the coin. Assuming a power-law dependence
〈ν〉T ∝ T β , we show in Fig. 19 the exponent β for the

|| ||

||||

FIG. 20. Fourier transform ν̃(u) of the survival probability ν(t)
for temporally inhomogeneous DTQWs. The angles chosen are L =
2001,θ1 = π/4,θ2 = π/6 and the initial state is |ψ(0)〉 = |x0 = 0〉 ⊗
(|↑〉 + i |↓〉)/√2.

periodic, the Fibonacci, and the Thue-Morse cases obtained
for N = 101 different initial positions of the walker around the
center x0 = 0. The error bars for each point are also reported.
We can see that there is no significant dependence of the
value of β on the initial state of the coin (also confirmed
by other cases not shown), however increasing the system
size changes the value of β and we assume it will eventually
reach an asymptotic value. Regardless of its actual value, for
what we are interested in here, it is the power-law dependence
of the Cesáro average which tells us that for Fibonacci and
Thue-Morse cases it will vanish at long enough times. We can
therefore conclude that in these two cases the energy spectra
have only singular continuous support. On the other hand by
looking at the behavior of the echo and the corresponding
Cesáro averages for different initial states and system sizes
for inhomogeneous DTQWs with a Rudin-Shapiro sequence
(all similar to the one shown in Fig. 18) we conclude that the
Rudin-Shapiro sequence induces a discrete energy spectrum.

B. Time dependent coin operations

In the case of time dependent coin operations linking
the asymptotic behavior to the spectral properties is slightly
different than for the inhomogeneous case. This is due to the
nonautonomous nature of the dynamics of the system, as the
system is driven from the outside and therefore there is no well
defined energy spectrum which we can refer to. On the other
hand, as we have seen in Sec. IV, the energy spectrum of the
system tends to some asymptotic spectrum after few iterations.
It is therefore interesting to look at the asymptotic behavior and
relate it to the spectrum of the asymptotic evolution operator.
The Fourier transform of the survival amplitude ν̃(u) is shown
in Fig. 20 and shares the same structure with the corresponding
DOS, similar to the inhomogeneous case discussed above.
However, the peaks in ν̃(u) are not similar to the ones in
the corresponding DOS of the asymptotic evolution operator,
which is shown in Fig. 7. In fact in the time dependent case
ν̃(u) does not give information only on the measure induced by
the initial state, but has a more complex structure the properties
of which are beyond the scope of our paper. Nevertheless it is
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FIG. 21. Left: Absolute value of the survival amplitude |ν(t)|
for different distributions of the coin operators in time dependent
DTQWs. Right: Corresponding Cesáro averages of |ν(t)|2. All plots
are in double logarithmic scale. Parameters are L = 2001,θ1 =
π/4,θ2 = π/6 and the initial state is |ψ(0)〉 = |x0 = 0〉 ⊗ (|↑〉 +
i |↓〉)/√2.

interesting to note the high fragmentation of the peaks for the
aperiodic sequences which gives some evidence of singularity
in the dynamics of the system. Taking this point of view it
is therefore interesting to look again at the behavior of the
survival amplitudes and their Cesáro averages.

From the left hand side of Fig. 21 we can see that the
survival amplitudes do not go to zero for long times, allowing
us to state that the corresponding energy spectra of the
asymptotic evolution operators do not possess an absolutely
continuous part. Looking at the Cesáro averages (right hand
side of Fig. 21), we observe that the Fibonacci and the Thue-
Morse cases show again a power-law decay. Surprisingly, this
time also the Rudin-Shapiro case shares this property. This
difference in behavior between the inhomogeneous and the
time dependent DTQWs was already visible from the spatial
spreading of the walker reported in Fig. 11: for the case
of the time dependent case the wave packet spreads further
than in the case of the spatial Rudin-Shapiro distribution.
We therefore conclude that for the time dependent case all
considered aperiodic sequences induce a singular continuous
energy spectrum in the asymptotic evolution operator as can
be seen from Fig. 22 showing that the Cesáro average decays
for all aperiodic sequences.

The time dependent cases addressed in our paper can also
be seen from the point of view of the study of chaotic quantum
systems. For instance, in the case of the Fibonacci temporal
distribution of the coin operators, our findings can be linked
to the emergence of a chaotic behavior in the dynamics of the
walker generated by the trace map as the difference between
the two coin operations increases. Indeed, in Ref. [27] it
was shown that the trace map of the Fibonacci quantum
walk for given initial conditions shows an increase in the
chaotic behavior of the system. The power-law behavior is
then ascribed to the system being trapped in a few of the
(small) elliptic points left, which lead the system to temporarily
localize, but from which it will eventually escape. For the
Thue-Morse and Rudin-Shapiro cases an analysis in terms of

FIG. 22. Average value of the exponent β (and relative error bars)
describing the power-law decay of the Cesáro average at long times
as a function of θ2. The average is obtained by fitting curves for 101
different initial positions of the walker on the lattice. The three curves
refer to different system size and/or initial coin state: blue solid line,
L = 1001; red dashed line, L = 2001 and the coin state is ( |↑〉+i|↓〉√

2
)

for both; orange dotted line, L = 2001 and the coin initial state is |↑〉.

maps and their relative attractors has not yet been done to the
best of our knowledge but it would be interesting to look at
it in more detail in order to understand whether the observed
power-law behavior can be ascribed to the same mechanism
and to link it to the role of the singular nature of the asymptotic
energy spectra.

VII. CONCLUSIONS

We have studied the dynamics of discrete-time quantum
walks with different configurations of aperiodic sequences
of position and time dependent coin operations and have
investigated how the order of a given aperiodic sequence,
as determined from its diffraction spectrum, plays a role in
the dynamics of the walker. Specifically we have chosen
three instances of aperiodic sequences, namely, the Fibonacci,
Thue-Morse, and Rudin-Shapiro ones, which are known to
have diffraction spectra with a pure point, singular continuous,
and absolutely continuous spectrum, respectively. The pure
point spectrum can be seen as the spectrum of a normal
periodic crystal, the absolutely continuous one is similar to
that of a completely disordered material, whereas the singular
continuous one is peculiar of “critical” systems (meaning

012111-12



DYNAMICS AND ENERGY SPECTRA OF APERIODIC . . . PHYSICAL REVIEW E 96, 012111 (2017)

here one which is neither perfectly ordered nor completely
disordered). We have explored the link between these types
of energy spectra and the spreading of the walker and its
asymptotic behavior.

We found that when the aperiodic sequence is used
to distribute the action of two coins through the lattice,
the Fibonacci and Thue-Morse cases show a superdiffusive
behavior which is independent from the initial position of the
walker and to some extent from the system size. The Rudin-
Shapiro sequence induces spatial localization of the walker,
which can be understood from the absolutely continuous
nature of the diffraction spectrum, which means the system
closely resembles a disordered material. On the other hand
this behavior is unusual because the Rudin-Shapiro sequence
is derived from a well defined deterministic rule and therefore
it possesses an intrinsic order.

The other case we have considered is that of aperiodic
sequences used to perturb the system in time with coin
operations which are the same throughout the whole lattice
at a given time but change at each time step according to the
chosen sequence. In this case we have observed spreading
for all three sequences, although each of them with peculiar
properties. We have also determined the nature of the energy
spectra induced by the aperiodic sequences by looking at the

survival amplitudes and their Cesáro averages (time averages).
We have concluded that in the case of the inhomogeneous
DTQW the Fibonacci and Thue-Morse sequences induce a
singular continuous energy spectrum, whereas the Rudin-
Shapiro case induces a discrete one. On the other hand in
the time dependent case the asymptotic evolution operator
has a singular continuous energy spectrum for all considered
aperiodic sequences.
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