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1 Introduction

1. These are some notes for a collection of four lectures given at Matscience in September
2018. It is meant to be an introduction to some of the ideas in the Exact Renormal-
ization Group (ERG). It assumes a background in Quantum Field Theory. While the
material can be understood even by those who are not familiar with renormalization
group, to appreciate it requires some background in the concepts of RG.

2. The basic reference for ERG is the original article in Physics Reports by Kogut and
Wilson. There are other more recent reviews by Bagnuls and Bervillier and a very
comprehensive one by O. Rosten. There is also a good review by Igarashi, Itoh and
Sonoda. This last one is very systematic, compact but gives the mathematical details
in a nice way. I have relied heavily on this one.

3. Some of the derivations and equations I give below are not given in any review but
can easily be derived once the concepts are understood.

4. The notes go into some more detail than the actual lectures in some areas.

5. These notes only deal with scalar field theories and leaves out the vast subject of
gauge theories and symmetry.

2 Wilson’s RG equation
This is a prototype of Wilson’s ERG equation. It is also called a diffusion equation.

o _10 9

ot —202\9s TV (1)

2.1 Solution and Interpretation as Coarse Graining

We use the following mapping to solve Wilson’s RG:
Yy = xet/Qv T = eta w/ = 6t/2¢ (2)
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Thus the coordinate transformation (2) maps “Schroedinger” equation
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to Wilson’s RG equation:
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The solution to is

1
V(yys, 7p) ~ m/dyz
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We are not concerned about overall normalization factors.

Thus the solution to is

tr ti
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T/J(xf» tf) =ez \/m /dajl : e'f —eti w(‘rla tl)
The solution can also be written as
t tf
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As ty — oo we can see that 1)(z¢,t¢) becomes \/%67536?. As ty — t; the kernel becomes

a delta function and (zf,ty) = ¥(xs,t;).

So the final state is identical to the initial state in the beginning. As time progresses
it has less and less information about the initial state. At t; — oo, the initial state is
completely integrated over and the final state is a Gaussian: all information is lost.

2.2 Generalizing to Field Theory

In field theory, x is replaced by z(p), i.e. it becomes a mode of a field, and we have to

integrate over all p. So one would like the rate of integrating out to depend on p: Higher

p’s should get integrated out faster. Thus ¢ should be replaced by some function of p - call

it g(p,t). g(p,t) is a time for each mode - and it should increase with p and also with ¢.

Also A = Age™! is the connection between ¢ and scale - as t increases we move to the IR.
One can replace by a functional DE:

59(p,t) ~—— T z(p)lz(p), 1] (8)

The solution is obviously

(zf<p),ef(9(p,t)*9(%0))zi(p))(zf(,p)fe*(g(%t)*g(p,o))zi(,p))

Ylzs(p),t] = / D:ri(p)e_%f” (1—e~26le=a(.0)))) Y[zi(p), O]

”, (9)
)=/ @

Overall normalization factors are not kept. In field theory v is typically some generating
functional (or partition function), whose normalization is not important.
(8) can also be written as

0 . 1) 0
S0 = [0t e (s ) leo) 8 (10)
Wilson'’s choice:
. 2 2t 2172 2 2t
g=c+2pe =ct o g(t) =ct+p°e (11)

A is the moving scale. ¢ distinguishes high p from low. Also what is considered “high”
changes with ¢ because p is measured relative to the moving scale.
We identify the Bare action Sp and the coarse grained “Wilson action” Sy by:

Wlai(p), t;] = e SlE@ti] Ylap(p),ts] = e~ Saley(0)ity]



We will often write this equation suppressing the momentum label as:

1 0,60

9 9@, 1) = S0 (ot a)(a, ) (12)

this makes the analogy with ordinary q.m. very clear.
For completeness we write the equation for S suppressing momentum labels:

0S(x,t) . *S 05, 08
o —g(t)[@ - (a) ‘HUE]




2.3 Relating Correlations
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3 Wilson Action, Generating Functional

We have defined a coarse graining above which gave a Wilson action at low energies. We
define another way of doing this - more suited for usual Feynman Diagram perturbation
theory.

3.1 Wilson Action
Let us start by defining:

Z[J] = eVl = / Depe=SpléH+], 1(-r)o(p) (14)

Here Sp is the bare action. We separate out the kinetic and interaction terms as follows:

Slg] = 560 + S,110]

p2

2
A e N3 _ Ko(%%)

p? p
The proapagator is regulated. Ag is a cutoff for the bare theory, which we may eventually
take to co. The full propagator will now be written as a sum of two pieces, a high energy

propagator and a low energy propagator: A = Ay + Ay.

2

_p2 2
Ko(p, Ao) — K (p, A A _ ez
Ah _ 0(p7 0) (p7 ) — e o e A (15)

p? p?

propagates fields with momenta A < p < Ag. Ag is the bare cutoff which can be taken to
oo in the continuum limit. Note that as p — 0, Ay, is non singular.
Then we can show that Z[.J] can also be written as

20] = /D(me§¢lgl¢>l+J¢1/D¢h6;mghashwmsg,f[mwh}

_ B_SB‘I[%] /D¢l€_é¢lAll¢l+J¢l /quhe_;(z)hAlhdjh—i_Jd)h

(See below for simple proof)
Another version of the Wilson action can then be defined by the following equations:

Z[o] = /D@e—éqﬁzAl—lqﬁz /D¢h€_%¢hA;:1¢h_SB,I[¢l+¢h] (16)

= /D(;gleéaslAllqszSI,A[@} — /D¢ZGSA[¢Z] (17)

9



S1.A]¢] is the interacting part of the Wilson action defined by integrating out the high
momentum modes. We are left with an effective theory that is a QFT description of low

energy phenomena:

o= Sralt) — /D¢he§¢hAh1¢>hSB,I[¢l+¢h] (18)

For this theory A acts as a UV cutoff as in all effective field theories. From the point of view
of the original field theory Sp since we are only integrating modes with momentum above
A, A is an IR cutoff. In fact because we have not done any low momentum integration, Sy
is analytic at p = 0.

Simple proof: Consider

Z1J] = e~ Seal] /D@e;aﬁzglmw@ /Dqﬁhe;m;hmwm

Do the integrals to get (ignoring field independent determinants)

Z[J] = 6—53,1[%]65J(Ah+A1)J
Z1J] = e=Sali] /D¢e—;¢A1¢+J¢
_ /D¢e;¢A1¢+J¢SB,I[¢]

— / D¢6753[¢]+J¢

All though Sy is a low energy effective field theory, because of the analytic nature of
the cutoff, in fact it has all the high energy information in it. Thus in the vertices of the
action, the coefficient functions are actually analytic functions of the momenta and one
can extract high energy behaviour also from it. This will be clear below in and .

3.2 Wy[J]

We start with some definitions:

Z00] = Wl = / D551+l T-P)o0) (19)

10



Now we have seen that Z[J] can be written as

Z[J] = /Dgzﬁle_éd)l&zd)ﬁ]@ /,Dgi)he—é(bhAlh<i>h+J¢>h—SBJ[¢l+¢h} 20)
I[J7¢l]
1y, L i
I1J, ¢1] :/'qu)he 3Ph A, PhtJOh =SB 1lPr+on] (21)

1 1
Z[J7 d)l] = /D¢h6_2¢hAiz¢h+J¢h_SB’I[¢l+¢h}+J¢l — I[J, ¢l]€J¢l = eWA[J7¢l] (22)
I[J, ¢1] can be rewritten as

1 (o — ApJ) ﬁh(¢}L*A;LJ)+%JAhJ*SB,I[¢l+¢h]
N—_——

115.0)= [Dowe 7
_ / Dl 2% By HIB I o AT T AT

_ e—SA,I[¢z+AhJ}+%JAhJ (23)

Also
11, ¢’ = Mals]

Thus [ is the generating functional when ¢, has been integrated out with a source.
In I[J,0] = W[J,0] = Wy[J] is the quantity for which we need an ERG. Thus we have

1
Wald] = =Sag[And] + 5T AnJ (24)

The limit A — 0 gives us Wg[J]
lim Wy [J] = Wg[J] (25)
A—0
Here we see explicitly, that Sj gives the correct behaviour at p >> A.
3.3 WiulJ]
Associated with the Wilson action one can define a generating functional:
ZA[J] _ €WA[J] — /D¢le—5A[¢l}+J¢z (26)

One can use this to calculate correlations using the low energy Wilson action. As will
be shown below, one can reconstruct the original correlations from this. So we conclude
that the Wilson action has all the information about the original theory. This was also
demonstrated earlier in the Wilsonian coarse graining defined in the beginning.

11



3.4 Wg
el / p@e*%d’lfﬁ’l”@ / D ¢h€fé¢hﬁh¢>h—sw[¢>z+¢h]+J¢h (27)

Completing the square and changing variables of integration gives:

B /Dqsle‘%%&,mwm /D(%_Ahj)e—;(m—m(f)gl(¢h—AhJ)—SI,A0[¢1+AhJ+(¢h—AhJ>]+;JAhJ

:/'D(;Sle_;djlAlz¢Z+J¢ZG—SI,A[¢Z+AhJ]+;JAhJ
The last step follows from the definition of Sy . Let ¢; + ApJ = ¢'.

Wl — / Dy e—é(aﬁ'—AhJ)A%(¢’—AhJ)+J<¢’—AhJ)—SI,A[¢’}+§JAhJ

/D¢e L0 AT B g L TR T I AT+ I6 =S AT AT

/D¢e 3¢5 ¢/+JAI¢’/*1JA}‘AJ Sr,al¢']

_ Wald) _ JalE -4 (28)

Here Wy [J] is the (log) of the generating functional of just the Wilson action. AAIJ couples
only to ¢;. If we take A = 2 A =5 and A=

WslJ] = WA[@J] - ljw

J
K 2 Kp?

Differentiate wrt J:

N

(Ko — K)Ko
Kp}

(9(p1)o(p2)) :HKO P1)9(p2))s,

=1

d(p1 + p2)

(@(p1)---d(pn))ss = ]| I_[{(E)(pi)
i=1

(p» (O(p1)--b(pn)) s

upto disconnected pieces involving terms of the form %5 (pi + pj)-

As A — 0, Wy has less and less infmn about high momentum modes. To squeeze out
that infmn the argument of Wy becomes singular: K — 0! Because of the analytic nature
of the cutoff, even for very small A all the infmn about high momentum modes is there.

12



Thus as long as % is analytic no information is lost. Note also that the RHS

KO((p]?)) (P(p1)---0(pn)) s,

1L K
=1

is independent of A.

3.4.1 In terms of R
The object R is often introduced in ERG literature. It is defined by the following equation:

1

Ap =
"7 Ry p?

(29)

One can think of it as a generalized mass term - so that even at p = 0 fluctuations of the
field are damped.

2 2
P pK
e R =
1-K 1-K

For simplicity we have taken Ky = 1 corresponding to Ag being infinity. Also

R+p° =

We already have:

In terms of Sy:

1 1 1 1 1
WA[J] = —SA,[[AhJ] — iAhJEAhJ +§JAhJ + §AhJEAhJ
—Sa
1 _Ap(A+ A
— Wi[J] = —SA[AnJ] + LAnAtAn)
2 A
So
1.1

13



3.5 Polchinski’s ERG
3.5.1 Interacting Wilson Action - Sy
Now the ERG for Sp[¢] is the Polchinski equation:

85[7A[¢] 1 OSIA o 825171\
Braldl __aq iy - E2)

Derivation: Start with the definition of St A[¢]:
e~ S1Aldl — /nghe—é(bhAh1¢h—53,1[¢l+¢h]
Note that the entire ¢t dependence in the RHS is from Ap. So

d s 1, d —LonA; on—8
$e 1,A[¢]:/D¢h(_2¢hdt(Ah ))one 5PRA, " On—SB 1[d1+n]

1 Ah _ 1 A_l _
— | D&, = hAL " or—SB,1[¢1+¢n]
/ PhPh A2 pne?

Now consider

ie—SI,A[@] — /D(bhe—édﬁhﬂhlqﬁh 6726—53,1[@-5-%]
OP? OP?

2
= /D%eé%Ahlm 6726*53,1[¢>z+¢h]
0oy,

Dqﬁh—e Llonar;, ¢h€—531[¢z+¢h]
- [ Ponszs

= /D¢h[(¢hAh1)2 — Agl]@_%@mA;l‘f’h6—55,1[¢z+¢h]
Comparing with we see that

d _s; A1) 9% _sal
el , — ,A Y 1,0191]
dt° "oz

which is the same as upto a field independent term.
Note that A; = —Ay,.
We can also write this as
FPYlpt] 1[0

o'[p,t]
o 2Al D2 _“G D2

14
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with ¢/ = e 5rAl%) We will use G interchangeably with A; below. And also as

awl(%t) _ *EA 62¢/(.7),t) _ 71 - azwl(xat)

o 270 e T 27 a2
where x is used in place of ¢. This is the non relativistic Schroedinger equation - Eu-
clideanized.

(37)

3.5.2  Full Wilson Action - Si:

One can write an equation for the full action

1
Sale] = §¢Af1¢z + 51,9
Let
Y(a,t) = e 20 (2,1) = 5

where 1)’ obeys and S is now the full action. Then it is very easy to see by substitution
that

WD _ a2 (2 a0 ey (39)

Note the similarity with - Wilson’s original equation.
In terms of S it reads:

B =30 — (o +267 D) o
3.5.3 Wy[J]
We need AWy dSag[And] 1
@ - a Tl "
We see that dSas[And]  OSaslART] . OSasld]
i o AT lemaw .

We can substitute in the RHS of and the following (let ApJ = @) obtained
from (24)):
OSpr[®] & oW 1
96 A, 0T A,
and
O?Spgl® 1 9PW 1

90> A, 07 A2

15



to obtain
AW 1&[(8WA)2 82WA] _ lﬂ
dt 2A,21 oJ 0J? 2 Ay,
1d,1 .. 0Wy PWy, 1A,
— - (( )+ 55—
2dt Ay, oJ oJ 2Ah

(42)
This is almost the same as the equation for Sy o except that A;l replaces Ayp,.

3.5.4 In terma of R

Since A— =R+p (“)’7, %(A%l) = R. (This is a propagator with anomalous dimension.)
So the equation for W is:

8 WA[J /AaRA 62 BWA[J] .
N 26J(p)dJ(—p)

(43)

3.5.5 Anomalous Dimension
1 J(p)J(=p)
WlJ| = - / 44
=5 ) 2 E T Rao) )
is a quadratic action with anomalous dimension.
Let us introduce explicit A dependence in J by defining

/_Ag i/ U,

J= (Ol Agp =)
oo 1 ()T (p) (—p)
W[J]ZW[J]:Q/Z) ;2( EY1 1 Ry (p)

:1/ J'(p)J'(=p) El/ J'(p)J'(=p)
2 Jp ()1 + (B)1RA(p) 2 Jp p2(5)7 + Ry (p)

This defines R'. Noting that

ORn A _, ., OR\. & A, 5

and plugging into (43)) we get an equation with anomalous dimension.

AL / M gy OB\®) )i wa)
Sone = LT Wiy T\ an 1)) S5 ep) ) ¢ (')
45
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4  “Solution” or Integral Representation

4.1 Polchinski’s Eqn for S;

We would like to solve Polchinski’s equation:

O (,t) _ 100 (1)

ot 2 oa?
This can be written as:
' (z,t) _ 10%¢(a,t)
oG 2 Ox?
The solution we know from Feynman:
1 1 (Ef*’%)Q
Viert) =gy | e T e (48)
4.2 Polchinski Eqn for S
We would like to now solve the equation for the full action:
oY(x,t) 1., .0 ,0 _
5 = 505 (5 +2G Lz)(z,t) (49)

One way is to use and use ¥ (z,t) = e_%szflw’(x,t):

2
—1, 1 @) o1
+35 +527G,
f T2 e -G T2t lb(xi,ti)

%x?G

1

This can be rewritten as in below.
Another way is to change variables (z,t) — (y,7): Let y = \/% and 7 = t.

g 1G o9 o o 1 0

o~ 2G%y Tor ax JGow
Let us write o/ (x,t) = (y(z,t), 7(t)) - and drop the tildes! Thus LHS of becomes

_ G oy oy
a(%t)_ 2Gy8y+37'

RHS becomes (dropping a constant term)

_1Go% G oy

2 G Oy? Gyay
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So . . .
o 1G % G ov 1G Oy

or ~ 2Goy G'ay T2a0Ydy
Define g = —In G and and use dg = gdr to get
oLy, 1.0%) oY
o )
dg 20y y
This becomes a version of Wilson’s equation whose solution was:

ti—ty
1 (llf—e 2 yi)2

et =Ty t)

1
Y(yg,ty) = m/dw

We just replace t — g to get

9i—95
1 (yp—e 2 v;)2

e > 1= (i, g4)

1
V(yy, g9r) = \/m/dyi

so we get

G
(i oL vi)?

. t"i V(Yi, 9i)

S R S
2

In the last step we restore the variable z = yv/G:

(= JCF w2
Ve Ve
2 T
G 1/)(%791)

V(s 97) \/7@/‘1"’”’

Thus the solution to can be written in a more symmetric way:

1 T L _1
B(zs, b7) = 'ﬂm %% ey ty)
n(1— )

18
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A standard form of all such solutions is

1

W ty) = | do; e 2@ =220y (1 ¢, 56
£ty

Z(p) in this case is % ~ e P /A% and damps the high frequency modes as we have already

seen in Wilson’s origi}lal equation.
5 Composite Operators

5.1 Field theoretic Treatment
1.

This is because

S DV BV - NPVIS o Y /
ZB[J] —_ /D¢B—SB[¢]+J¢ _ /DQS/G 3 Al¢+JAl¢ 2J A J+SI,A[¢'}

ApA

So
0 0 = 17 Kolp)
5J(p1)m(5j(p1)ZB[J] = <¢<p1) ....... ¢(pn)>53 = Zl;Il K(pz) <¢(p1) ....... (b(pn»SA
We have used AAz = %,

2. When

Then we say that
[OB[¢]] = Oal¢]

is the composite operator corresponding to Op.

One can think of it as follows. Perturb Sp by a term of order ¢ and get the change
in S to order e:

/ D~ 39020 on=S1,Blor+nl+eOBld1+n] — o=Sraldil+eOnldi]

One can include sources in Sp to get

19



Welld  _ / Depe— 40 ke+76=S1.nlél+0nd] (58)

_ /D¢l€—é¢z§l¢z+‘]¢l /D¢h6_é(ﬁhAlh¢h_SI,B[¢l+¢h]+€03[¢l+¢h]+c]¢)(59)

— /D¢/€JAAZ¢/_SA[¢/]+EOA[¢]_lJAhAJ (60)
Differentiating wrt J we get
A(pi
Gt Al((];')) (OAlplo(p1)@(p2)----(Pn)) 54
i=1,n i

Note that if p;+p; = 0 one can get extra disconnected pieces proportional to AhA (pi)-
The LHS is independent of A, therefore so is the RHS. This explains the raison d’etre
for defining the composite operators.

3. Schematically
Ulty, t:)O(t)[1(t:)) = O(tp)U (t g, o) [0 (1))

or

O(tf) = U(tﬁ ti)O(ti)Uil(tﬂ ti)

4. Example of a composite operator:

/D¢5SB —Splel+Jo _ /Dqﬁje SB[¢]+J¢>_/D¢J —Salgl+ R2e-1I 5820

_ K 90 +JK0¢ *SA[QZ’]*lJAhAJ_ +J%¢*%JAALJ 4] NG
= [ Dol gpe e = [Dse (e
/ ¢5SA 7SA[¢] +J Od)flJAhA

So
6Sg

0o

55,

[Ko—— 56

J=

5. What is [¢]?

_ 14 1 1,1,
/D(;SQZ)G_SB[(M—FJQ’S:/D(ZSZQ 2¢ZAZ¢Z+J¢Z/D¢}L(¢[+¢]Z)€ 2¢hAh¢h SI’B[¢Z+¢h]+J¢h

20



- /D@e%@Alz@JrJ@ /D¢h(¢z i (s])eéﬂgmsw[@wh]wm
- /qule_é@gl(bz-&-ﬁbz(gbl_}_ i)e—Sz,A[@—&-Ah.]]-i-%JAhJ

/qu e 2¢l 2, ¢Z+J¢l(¢ AhéSI A) —SI’A[¢Z+AhJ}+%JAhJ

5o J=0
So 59
o A
(@] = & "o
. Ko—KdSra
[¢] - Cbl p2 (S(Z)l
Use
0Sia _ 05y 1,
oy 5o A
to get
5SA
[¢] = ¢>z 59251
_ ﬁqg _ Ko — K@
CETT g
Better derivation - without J = 0:
6/D¢e_53[¢]+J¢> /D¢ —30R ST Ay d— 5T TR T=S1ald)
J
A A Lo Lorgi0g L1 72h2 7 g (4]
— - _ . -2 A
—/W(M AhAl De
Ko — K Ko\ —1oo+I506-37 50251 1¢]
— [ Dole - R RN H

The second term is

A A A A

_ /Dgf) Ko— K i J%d))e—lehAJ Salg] /D¢ K(S,S;;Agiqb]e Ko(j)_lJAhAJ Sald]

21



A 3Sx _ Ko 7K0—K5SA[¢]
Klqbz *Ahwl 7 ? e 50

=

(61)

Proved without having to set J = 0.

What does the term Ah% mean intuitively?

Assume g¢* theory: ¢ = ¢; + ¢p, So
¢ = (¢ +on)" = & + 48] + ...c.
¢ =~ ¢+ g{dndn) ¢ = 1 + gD}

6. Number Operator: Acting on n field correlators it should give n. Thus

J oo otrggge s = - [ e

/ ¢¢dSB_z) =SB oJ¢

22



- J/D¢ pe 55816 — J/D(;S[ B Sl i

_ ~Salgl-1 5K Re g K O Ly
—/Dm 7Rl e )

/ Do ( SA[¢]) KOQK 2o y5450 54
Ko 5¢

So the number operator is

K 6 0S5
—E(%[Qﬂ - [ﬁb]%)

Inserting we get

dSp

5SA[¢] K Ko— K 6%Syn 054
do *

5] = 975y + e Iggr — (g1 =N Hec

0Sale] Ay 525, dSA o
s+ TG - (G (62
and up to a field independent constant » % I[((O %i((p]j) = oo this is the number operator

N. Like a normal ordering constant.

5.2 A Conceptually Clearer Treatment: Number Operator
5.2.1
Consider the solution to Wilson’s RG:

Y(@,t) = Ut k), 1) = el C9re @y, )

” operator corresponding to the RG equation

dip
dt

U is an‘“evolution

= Gra(t)y

It can be represented by an integration kernel:
Y(z,t) = /d$iK($7t; i, i)Y (i, ti)

1(z—m)° 1 12+1 z
:/dmieQ G—G, 2¢G QGiT/f($i7ti) (63)
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One can ask: What operator acting on v (z,t) has the same effect as ‘Tia%i on Y(x;, t;)?
Call it NV. Let

0 0?
Ny(z,t) = U(t,ti)ngw(x,ti) = NU(, t:)Y(z,t;) = U(t,ti)xaiz/z(m,ti)
N=U(t t~)x£U(t t;) " (64)
- » v 8x » v
In the integral kernel representation:
(A 8+Ba2)/d K (2, t; 24, t)0( -t)—/d K (z,t; 24, t;) i1/1( i, ti)  (65)
xax 8.172 x’b :I;, 7:617 K3 :1:7,7 1) T xl .T7 amu 7 xlaxi .'1:7,, 3
RHS
_ —/dx-a(K(x b i )i ) (i 1) = —/dx-[(1+x»a)K(m b s )]0 (i, )
- Zaxi » Yy ey Ve ] 1y Y1) T (2 zaxi » Yy ey M1 1y V1
_ | (o) | omi gtz
— [dnl( + a5 g+ TR @t )]0t
= [ a0+ (=g ~ G VK )ity
Now LHS: 5 ) )
7 ) = Alg? oy M
A$8$K($,t,l‘z,tz) Alz (G—Gi G) G—Gi]
02 9 1 1 2 2xx; 2xx; x?
Bl tont) =Bt a ga—a)) TaG-6) G-G)r G-G)
Comparing the coefficients of 22 we get
_ GG-Gy)
B=-— a

Comparing the coefficients of zz; we get (on substituting for B):
A=1

One can check that the coefficient of 22 is zero. Thus

P 2
N = UGt )22 U 1)L = 1400 4 GGi=0) &

Ox oz G; 0z2 (66)

—1 is some kind of normal ordering constant - keeps cropping up.
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5.2.2 Another way
eNU(t,t;) = U(t, t;)e"os

defines \V. ,
A D 5
U=e20:2 %0
r ™=V m» .. 8 8 A 9?
L Ue™@or =e w7 eEre:  where ‘o™ = S5 n=-2
2 0z
8 ("°=1) 204 02 ) o (e"—1)( 2a_4\A 32
— oz e ns 2 022 %0z = %oz e  ns (=13 ox2 [J
(€™ -1, A 32
— e ns 2a 262+a$3xU_€aNU
(1— _25) A 9? 0
SNV ety P Sl A

2s 2 Ox2 oz
What are A, s?

94 1 52 N1 92 _g.\1,, 0
fgz 3 T"!‘y@y} (g—gz)gwﬂ—(g gl)2yay

=e
1 . G
A=(9-g); s=5(g—g); ns=-2s=gi—g; =P =e""9=—1
2 G

N = ea[GGiG 081,22"' vz;]

When acting on ¢(y¢,t) (zf = \/éfyf). Writing x for xy, (%22 = Gaa—;g. So acting on
Y(x,t):

G(G;—Q) 52
l eV = e ot ] (67)

5.3 Wilson’s scaling operator

Wilson defines a uniform scaling by

1 (z—e”y)?
flx) = /dy62 e g(y)
This is obtained by
fly) = "3 g(y)
This is a smooth transformation, in contrast to

f(z) = /dy5(y —ez)g(y)

which is obtained by
fly) =eoug(y)
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Also Wilson’s scaling operator 8%(8% + y), commutes with the ERG evolution, so it is

marginal. Also the constant “c” which is the p independent coefficient of the ERG equation
, multiplies precisely this operator and gives the dimension - including anomalous.

6 Fixed Points and Anomalous Dimension

6.1 What is a Fixed Point?

If we keep evolving RG for a long time one can expect that if a coupling constant is
restricted to be finite, then either it has to go to a fixed value after some time or it has to
enter some limit cycle. Fixed points are more common. (Though there are some examples
of limit cycles recently - due to an angular variable that keeps increasing with time - since
Physics is periodic in 27 we have an example of a limit cycle.)

At a fixed point physics is scale invariant - by definition. How can it be scale invariant
if there is a scale -the RG scale A7 Answer: If there is no other scale in the problem,
then this scale has no physical meaning - everything is relative to this scale. So to see this
behaviour one has to work in dimensionless variables. Everything is in units of A. Thus

p=pA ¢ = pA%
where dy is the dimension of the field. In scalar field theory the dimension of ¢(x) is % —1.
D D
— -1 =——=-1

Note that A keeps getting smaller as we evolve, so the dimensionless variable keeps changing
w.r.t the dimensionful variable - which is the original physical object.

So at the fixed point one finds that the action, written in terms of ¢ and p has dimension-
less coupling constants. At a fized point, as you do RG transformation these dimensionless
coupling constants remain the same. Thus they are independent of A. As a simple example
take a mass parameter m. We define dimensionless m by

m? = m?A?
Normally, ie. when we do perturbation about the trivial fixed point or free theory, m? is
fixed, so m? being equal to m?/A? will increase as A is decreased. This is the notorious
naturalness problem for light scalars. However at a non trivial fixed point this is not the
case. m? is fixed. That means m? = m2?A? has to “run” with A (due to interactions) in
such a way that m? is fixed.

6.1.1 Rescaling and Dimensionless Variables

First we define dimensionless variables:
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o) =A%¢(B) ; p=Ap

The Wilson action is:

S [ alorpee s NS0 0(00)
n Y DPiroPn-1

/ Vi 2en () (91926 (01) $(12) .- 0P (68)
Pis-sPn—1

I
3M

Viom(A) are the couphng constants - they can be dimensionful. The A dependence is due

to RG evolution.
We write the RG equation as

oS
¥ = GrcS (69)
In terms of dimensionless variables:
5] = Z/ APV, (91 pa, ey pay AVA™G(51) 6(52) - Bn)
Pis--sPn—1
-3 A N, P ) 02). 60
Dis-sPn—1
= Z / ACTDDHRAG Y o (M) (5i-57) ™ G (51) B(B2) -6 ()
PissPn—1
=Y [ VO 000 0(5) (70)
Pis--sPn—1
Thus we have defined dimensionless coupling constants
(71)

an?m(t) _ A(n 1)D+2m+nd¢vn Zm(A)

A fixed point is characterised by Vj, 2m(t) being t-independent - they should not run.
m = mA, then m should not change by

Thus if there is a mass parameter for instance:
RG cvolutlon Normally when m is the mass parameter, it is m that is fixed and m goes

as e!. But at a fixed point, due to effects of interactions, m should be independent of ¢.
dv, A v, t _ _ c
nflzl( ) - [ ng;n( ) + [(n - 1)D +2m + ndé]Vn,m(t)]A(n DD+2metndg
The t dependence of the LHS is due to RG evolution. The RHS has two contributions
One is the running of the dimensionless coupling due to tRG and the second is the effect
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of change of units as we evolve: all the factors of A which are used to make the coupling
dimensionless - A is the unit and it is changing.

Thus the LHS is given by Wilson’s (Polchinski’s) eqn and the fixed point condition is

Vn,2m (1)
for 5

to vanish. Let us concentrate on a particular term. The RG equation is:

s / Vo (M)
Pis-sPn—1

dt = )P (01)d(p2) - S(pn) = OGS

pirs = [ (1) DbV (DA 1)) )
Piy--sPn—1

= [ Pl D+ 2 g Vo () 256672 Hpn)

ot
0S[¢p -
= 8Et¢] = GaaS19]
So
GiuS = —[(n —1)D + 2m + ndj] = —[Ny(D + dg) + N, — D] (72)
So now the RG eqn becomes
0S[¢ - _
00 G54510] = GrasIa (73)

ag—w = 0 is the fixed point condition, modulo a subtlety: We must ensure that the kinetic
term has standard normalization before imposing this. Thus if we have two actions related
by a fixed rescaling of the field, these two are equivalent, even though the coupling constants
are all different.

6.1.2 A more formal way of doing the same thing:

Define dimensionless variables as before:
_ T/ -/ D
p=Ap 5 6(p) = A%o(p) = A%e() (74)

From this one can undertand how a scaling changes the fields. Thus think of a transfor-
mation law: ) )
P=x 5 ) =X%o(p) = X% /N) (75)
(Note that scalars under coordinate transf obey ¢'(p’) = &(p). In this case because
it has a scaling dimension it is not a scalar under these transformations - it transforms
multiplicatively by \%.)
Thus .
&) = (1+€%p(p(1—¢)

28



= ¢(p) + e(dy — p—-)o(p)

dp
So J
— (P
6¢(p) = e(dy, — pdfpw(p) (76)
Here dg is the dimension of the scalar field in momentum space. Thus
1 " 1
D] =5 (D-2)=df ; [o(p)] = —(D+2) =

So when we have an action S[¢(p;)] we implement this by - note the sign convention
chosen to match :
d

5S[6(p)) = / (45 = 4)0(a) 75y S0 (p)] (77)

Let us apply this to

S[é(py)] = / wW(P1s P2, oo ) S(D1)(D2) - S(0)5P (D1 + D2+ o+ D)

n

68 = w(pr,p2, )61+ 2 ) D (P — D)D) 6(p2)- 6(pn)]
P1,P2;5---Pn i=1 pZ

Integrate by parts on p; to get

n

= / (Z(—Pidj — dfy — D)[u(p1,p2, s Pn)6” (p1 + P2 + . + P) (1) B(p2) .- (pn)

P =1

d
- {( (_pli —dj _D)[u(plap%“wpn)]éD(pl +p2+—|—pn>
/plvm,---pn Z dpi ¢

n

+u(p1, P2, -+, Pn) Z(—pziwl)(pl +p2+ - 4 pa)|}o(p1)(p2)--- S (Pn)

i=1 dpi
The scaling dimension of the delta function is —D. So we get
- d
— [ A Cpig Nl P p )51+ 2+ )
P1:P25---Pn ;=1 Di

—ndj — (n = 1)D[u(py, p2, .. pn)J0” (p1 + P2 + . + Pn) }S(P1) S (P2) -6 ()
=[-Ny(D+d8) + D —N,]S (78)

where we have set n = Ny and " | pidipi = N, which is (72).
So to conclude: a compact way is to write

Gaa = /q (05 — )00 557 (79)
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6.2 Rescaling or Wave Function Renormalization

Consider an illustrative example. Suppose the fixed point action has a form

. ;
Sa = / (;lw)}; [%é(ﬁ)ﬁ%(—ﬁ) + %m%? + %&4 +

with ¢ = A%¢$ And suppose after an evolution from A — %A it becomes

dPp 1, oo e 1l o oy A, oo
Su2 = [ g L5 (VRHODF (VR ) + 5t (VE5 + (V2 + .

where now ¢(p) = (%)d¢gz§(ﬁ). Note that since ¢ is fixed, ¢ is larger now by a factor of

24o_ This is just due to the engineering dimension of ¢. The new action S, /2 is clearly

physically the same as the old one. One can see this by rescaling;:

V26 =6

In terms of ¢ the actions are identical. This for every factor of 2 (decrease) in A there is
a factor of v/2 in ¢. This is then over and above the factor of 2% that is already there
for engineering dimensions. Net scaling factor is 9245+3 | Thus we can say that the scaling
dimension of ¢ has changed from dy — dg + % And we can write:

o(p) = Ad¢<AAO>%<5<m

In terms of q~5 the action is really fixed. Note that the engineering dimension of ¢ has not
changed - only the scaling dimension has changed - the change (in our example, %) is called
the anomalous dimension. We have a dimensionless ratio of scales for the anomalous
dimension - so that the engineering dimension is unchanged.

Thus it makes sense to require time independent couplings only after we perform a
rescaling over and above that required to make the field dimensionless. We can then
impose a given normalization condition - say for the kinetic term. This in general will
require a continuous time dependent field rescaling as we evolve, because the kinetic term
will keep getting corrections. This additional time dependent rescaling of the field variable
effectively changes the scaling dimension of the field - this change is denoted by 3. [|

To summarize: When the evolution is continuous and parametrized by ¢ one obtains a
factor of the form e multiplying the kinetic term. Thus if one wants a fized point solution
one has to rescale the field by this factor before comparing coupling constants and deciding
whether they are fixed or not. Thus we define a new field by

— n

p=c2lp=()%¢ (80)

LOf course it is worth repeating that the engineering dimension cannot change.
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or A
o= A" ()15 (81)
Ao

The engineering dimension of ¢~> continues to be zero. The scaling dimension of ¢ is thus
said to be modified. Expressed in terms of ¢, p the fixed point action is really fixed and
does not change under RG evolution.

The parameter 7 is the anomalous dimension of ¢. Note that it is introduced in
order to be able to write down a fixed point action. So it is tied to the physics of a
particular fixed point - whatever scaling is necessary to keep the action invariant has to be
performed and the amount is decided by the interactions.

This is the same factor that i§ called “wave function renormalization” in renormalization

theory : ¢op =72 %gbR. and ddhfnZA? =75= g is the usual terminology.

6.3 Effect of n on two point function
Suppose we calculate the two point function using the fixed point action:
(6(D)9())
This is a dimensionless quantity and must be of the form p*3”(p 4 ) for some a. Using
(81)) we see that

A D A—2+77—a
— A2ds 1(EyapADsDy L oy =2 e
(¢(p)o(q)) ()"} (»+9) AT P
But LHS must be independent of A. Thus a = —2 + . This gives
1
(p(p)o(—p)) = m

6.4 Fixed Point equation

Use the above concepts to derive the fixed point equation. The fixed point equation can be
understood as an equation for an action where the kinetic term is kept always normalized
by a field redefinition.

We go back to the notation where z is the field and ¢ (z,t) = e~ St

Imagine continuously redefinition of the starting bare field so that the kinetic term at
time t is always normalized. So 1 (z;,t;) we write as

9
e o= (24, )

and choose a = 3t so that at time ¢, 1)(z,t) has a normalized kinetic term which fact we
indicate by writing v, (z, t)E|

g )
2In terms of ¢(p) the operator is e* Jo P55y
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6.4.1 A property of number operator

Start with: )
Ut t))eoz U(t, ;)" = eN®

LU+ Ad ) e 55Ut + At )" = Ut + At e NOU(E + At 1)1 = N EHAD

Thus
(1+ AtGra()e™M (1 — AtGra(t)) = e N EFAD

So

At[ch;(t), ea/\/(t)] _ eaN(t+At) . ea./\f(t) _ ea/\/(t)-‘:—aAtN’(t)) - eaN(t) (82)

Since N'(t) and N (¢) do not commute we have to retain them as exponentials.
Useful Result:
Lemma:

A(l4+e€1),e2B] e[A7€2B] — O( A(l+en),[A(1+er),e2B]] _ e[A’[A’EQB]] = .... (83)

el €1€9) = el

Because if either €1, €5 are zero the answer is zero.
Now the Baker Campbell Hausdorf formula gives
eAJrB — eAeBeq [A,Bl+c2[A,[A,B]+... (84)
where the dots denote various commutators involving A and B. Using these two results
we can say that to linear order in €; or €o:

eA(l+61)+€QB _ eA+€2B — eA(l+61)eEQBecl[A(].+€1),GQB}+... o eAeegBecl[A,ezB]+...

€A(1 + elA)eegBecl[A(1+e1),egB}+... o eA€EQBec1[A,EQB]+...

— GAGEZB [ecl[A(l-i-el),EzB]—i-... _ ecl[A,egBH-...] +€A€1A€EZB

~~

O(ere2)
Thus

eAlte)tel _ jAtaB _ o pedeeB | O(e1€2) (85)
6.4.2 Fixed Point ERG equation

Y(t) = Ut t:)(t:)
Write
p(t) = e2 N Wy, (1)

where 1, (t) has a normalized kinetic term. This fixes 7.
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LHS:
¢(t+ At) o Q;Z)(t) _ 6gtN(tH_gAtN(t)+gtAtN/(t)1/}n(t—I— At) . egtN(t)¢n(t)
_ 6gtj\/'(t)+gAt/\/(t)+gtAt/\/’(t)¢n(t) _ egtN(t)z/)n(t) + egw(t)ﬁt%(t)

RHS:
= AtGra ()0 (t) = AtGra(t)e 3™V Oy, (¢)

= 2 NOAGRa(t)1hn(t) + At[Gra(t), e2N O]y, (1)
= 2™V AtGra () (t) + [e2NOFTHAND) _ 3N By, (¢)
Equating LHS and RHS we get

e2 N Aty (1) = 2O AtGra (£ (1) +[e 2N T 2IANO) _eztN O3 AN+ 38N O, (1)

Set

At
A= gtj\/(t), a==. B= gt/\f’(t), € = At

Using we see that to order At the equation becomes

BNO A (1) = BV OMGRG (1)n(t) — F AN (H)edN s, 1)

or finally

[ wn(t) = gRG(t)wn(t) - gN(t)wn(t) (86)

with 7 fixed by the requirement that v, (¢) have a normalized kinetic term.

6.5 Wilson’s Equation

In Wilson’s equation

V) 1= [ b 1) 5 (s ) Ulao) 1 (57)

there is a function

2

2
g=c+2p** =c+ %, g(t) = ct + p?e (88)
Wilson chose:
_ n
c=1—-—
2
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Thus 7 multiplies the operator [ﬂ

1 6 0

5?(@(7%(—])) + z(p))

We have already seen that this implements a momentum independent scaling of x;

1 _l(zf%
vlants) = 27r(1@ti—tf)/dxie T () (89)

So we see that Wilson’s ERG equation already has incorporated in it the rescaling
necessary to find a fixed point.

6.6 Integral Representation for Wilson-Polchinski with Anomalous Di-
mension

The equation is really the fixed point equation reproduced here:

On(t)
ot

Change variables: (z,t) — (y,7):

1. . GGy—-G) 2 @G

= Gra(t)n(0)~ INWn(®) = [5Gy =) D L (90

82 et 62

0 dyo  9rd e s

0
g " 0wdy ozor G oy a2 G oy
0 dyo oro G, n 0 0

o otoy " ator - G 2%y Tar

LHS becomes )
0y, G

_ &m0
RHS becomes oo )
1, .. GGy—G) e d G n 0
Thus we get (replacing t by 7)
Np, 1d 1 1. 9
or 2dr G Gy dy
H-1=h

3The constant 1 denotes a specific choice of engineering dimension for the field and can be changed by
rescaling the field with powers of A.
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Thus the equation can be written as

A — 1872¢
oh  20y2""

Thus the solution is easily written down:

1 w—yp?
Q[)n(yaT):/dyie 2 h=h @Z)n(yivTi)

Putting back the original variables:

| (%eigtf—%eigti)Q
-3 =Tl
Yn(xs,t5) :/dacie Hy 1 Un (x4, t;)
with
1 1
H*l _ (- T\,
(G Go)
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