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We provide a construction of sets of d/2 + 1 mutually unbiased bases (MUBs) in dimen-
sions d = 4, 8 using maximal commuting classes of Pauli operators. We show that these
incomplete sets cannot be extended further using the operators of the Pauli group. How-
ever, specific examples of sets of MUBs obtained using our construction are shown to be
strongly unextendible; that is, there does not exist another vector that is unbiased with re-
spect to the elements in the set. We conjecture the existence of such unextendible sets in
higher dimensions d = 2n(n > 3) as well.
Furthermore, we prove an interesting connection between these unextendible sets and

state-independent proofs of the Kochen-Specker Theorem for two-qubit systems. Our con-
struction also leads to a proof of the tightness of a H2 entropic uncertainty relation for any
set of three MUBs constructed from Pauli classes in d = 4.

Two orthonormal bases A = {|ai〉, i = 1, . . . , d} and B = {|bj〉, j = 1, . . . , d} of a d-dimensional
Hilbert space C

d are said to be mutually unbiased if for all basis vectors |ai〉 ∈ A and |bj〉 ∈ B,

|〈ai|bj〉| =
1√
d
,∀i, j = 1, . . . , d. (1)

A set of orthonormal bases {B1,B2, . . . ,Bm} in C
d is called a set mutually unbiased bases (MUBs)

if every pair of bases in the set is mutually unbiased. Such bases play an important role in our
understanding of complementarity in quantummechanics and are central to quantum cryptographic
tasks such as quantum key distribution [1] and two-party protocols in the noisy-storage model [2].
MUBs correspond to measurement bases that are most ‘incompatible’, as quantified by uncertainty
relations [3], and the security of these cryptographic tasks relies on this property of MUBs. MUBs
also form a minimal and optimal set of orthogonal measurements for quantum state tomography [4,
5].

The maximum number of MUBs that can exist in a d-dimensional Hilbert space is d + 1 and
explicit constructions of such complete sets are known when d is a prime power [5–7]. However,
in composite dimensions, whether a complete set of MUBs exists, still remains an open problem.
Related to the question of finding complete sets of MUBs is the important concept of unextendible
sets of MUBs.

A set of MUBs {B1,B2, . . . ,Bm} in C
d is said to be unextendible if there does not exist another

basis in C
d that is unbiased with respect to all the bases Bj, j = 1, . . . ,m. While examples of such

unextendible sets are known [8, 9], we provide a systematic construction of such unextendible sets
of MUBs for systems of n-qubits.

Specifically, let Pn/{I} denote the set of n-qubit Pauli operators in d = 2n dimensions, excluding
the identity operator I. Our construction involves forming a collection of mutually disjoint maximal
commuting classes, that is, subsets {C1, C2, . . . , CL|Cj ⊂ Pn/{I}} of size |Cj | = d−1 such that (a) the
elements of Cj commute for all 1 ≤ j ≤ L and (b) Cj ∩Ck = ∅ for all j 6= k. The common eigenbases
of L such disjoint maximal commuting classes form a set of L mutually unbiased bases [6].

The set Pn/{I} can always be partitioned into such a set of d+ 1 maximal commuting classes
in d = 2n dimensions, their common eigenbases forming a complete set of d+1 MUBs [6, 7]. Here,
we show that there exist smaller sets of k < d+1 commuting classes {C1, C2, . . . , Ck} in d = 2n that



are unextendible in the following sense—no more maximal commuting classes can be formed out
of the remaining n-qubit Pauli operators that are not contained in C1 ∪ C2 . . .∪ Ck. The eigenbases
of {C1, . . . , Ck} thus constitute a set of k MUBs which cannot be extended using joint eigenvectors
of maximal sets of commuting Paulis. We call such sets weakly unextendible.

We also obtain examples of strongly unextendible sets of MUBs using our construction of unex-
tendible classes in d = 4, 8, that is, there does not exist even a single vector unbiased with respect
to the bases in these sets. For two-qubit systems, our construction of unextendible sets of maxi-
mal commuting Pauli classes enables us to prove the tightness of an entropic uncertainty relation.
Finally, we also demonstrate an interesting connection between unextendible sets of classes and
state-independent proofs of the Kochen-Specker Theorem [10, 11].

We merely summarize our results here, and refer to the arxiv preprint [12] for further details
and proofs.

Result 1 (Weakly Unextendible Sets of 3 MUBs in d = 4). Given three Pauli classes S1, S2, S3

that belong to a complete set of classes in d = 4, there exists exactly one more maximal commuting
class of Pauli operators S (distinct from S1, S2, S3) that can be formed using the operators in
S1 ∪ S2 ∪ S3.

The class S along with the remaining two classes S4 and S5 (in the complete set) form an
unextendible set of Pauli classes, whose common eigenbases form a weakly unextendible set of three
MUBs.

For example, the following set of three Pauli classes

C1 = {Y ⊗ Y, I ⊗ Y, Y ⊗ I},
C2 = {Y ⊗ Z,Z ⊗X,X ⊗ Y },
C3 = {X ⊗ I, I ⊗ Z,X ⊗ Z}, (2)

is an unextendible set obtained using our construction. Correspondingly, the common eigenbases
of C1, C2 and C3 form a set of weakly unextendible MUBs.

Result 2 (Five Weakly Unextendible MUBs in d = 8). Given five maximal commuting Pauli
classes C1,. . . , C5 that belong to a complete set of classes in dimension d = 8, there exists exactly
one more maximal commuting class that can be constructed using the elements of C1 ∪ . . . ∪ C5.
Denoting this new class as S, {C6, C7, C8, C9,S} is a set of five unextendible Pauli classes, the
common eigenbases of which form a set of weakly unextendible MUBs in d = 8.

In fact, we show that the number of MUBs in a weakly unextendible set is exactly three in
d = 4 dimensions and five in d = 8 dimensions; no more, no fewer. We also present examples of
sets obtained from our construction, that are in fact strongly unextendible [12].

Properties of Unextendible Sets in d = 4: Our construction of unextendible sets of classes
in dimensions where a complete set of such classes exist, offers new insight into the structure of
MUBs in these dimensions. We now discuss potential applications of such smaller sets of MUBs
for quantum foundations and for cryptographic tasks.

State-independent Proofs of the KS Theorem: Consider the set of three MUBs in d = 4
in (2). There exists an alternate partitioning of the nine operators that constitute the set, leading
to another set of three commuting classes, namely,

C′

1 = {Y ⊗ Y,Z ⊗X,X ⊗ Z},
C′

2 = {I ⊗ Y,X ⊗ Y,X ⊗ I},
C′

3 = {Y ⊗ I, Y ⊗ Z, I ⊗ Z}. (3)



The new classes C′

i are formed by picking one commuting element each from each of C1, C2 and C3.
Each of the 9 Pauli operators in (2) is a part of two maximal commuting classes – Ci and C′

i. The
partitions in (2) and (3) provide two separate contexts for each of these 9 Pauli operators, thus
leading to a state-independent proof of the Kochen-Specker (KS) Theorem in d = 4 similar to the
proof by Mermin [11].

We show here that the existence of two such contexts for the same set of nine operators is a
property unique to unextendible sets of classes in d = 4. The existence of two such partitions of
the same set of nine operators is not possible for an arbitrary triple of commuting classes that we
may pick out of the complete set of five classes that exist in d = 4.

Result 3 (State-independent Proofs of the KS Theorem). Given an unextendible set of three
maximal commuting Pauli classes {C1, C2, C3}, the nine operators that constitute these classes can
be partitioned into a different set of three maximal commuting classes {C′

1, C′

2, C′

3} such that C′

i has
one operator each from each of C1, C2, and C3.

Our construction thus provides a systematic way to construct Mermin-like proofs in d = 4
and could potentially lead to stronger tests of contextuality. In fact, combining such Mermin-like
proofs has been shown to yield a stronger violation of non-contextuality [13, 14] than simply using
Mermin’s proof.

Tightness of H2 EUR:MUBs correspond to measurement bases that are most “incompatible”,
where the degree of incompatibility is quantified by entropic uncertainty relations (EURs). Here
we will focus on the collision entropy H2 of the distribution obtained by measuring state |ψ〉 in the

measurement basis Bi = {|b(j)i 〉, j = 1, . . . , d}, defined as, H2(Bi||ψ〉) = − log
∑d

j=1(|〈b
(j)
i |ψ〉|2)2.

For LMUBs in d dimensions, the collision entropy satisfies the following uncertainty relation [3]:

1

L

L
∑

i=1

H2(Bi||ψ〉) ≥ log2

(

L+ d− 1

dL

)

. (4)

However, it is not known if this EUR is tight in general. Here, we show that this uncertainty
relation is in fact tight for any three MUBs in d = 4, whether they be (a) part of a complete set of
MUBs, or (b) a set of weakly unextendible MUBs.

Result 4 (Tightness of H2 Entropic Uncertainty Relation). Given a set of three maximal com-
muting Pauli classes {C1, C2, C3} in dimension d = 4, let S be the maximal class constructed by
picking one element from each of C1, C2, and C3. Then, the common eigenstates of the operators
in S saturate (4), with Bi denoting the common eigenbasis of the operators in Ci.

Conclusions: We have explored the question of whether there exist smaller, unextendible sets
of mutually unbiased bases in dimensions d = 2n. We show by explicit construction the existence of
sets of d/2+1 MUBs in dimensions d = 4, 8 from Pauli classes, that are unextendible using common
eigenbases of operator classes from the Pauli group. Our construction is based on grouping the n-
qubit Pauli operators into unextendible sets of d/2+ 1 maximal commuting classes. We show that
specific examples of such unextendible Pauli classes in fact lead to strongly unextendible MUBs.

Since our construction relies on general properties of a complete set of Pauli classes which
hold for any d = 2n, we are led to conjecture the existence of such unextendible classes in higher
dimensions (n > 3) as well. Since our construction essentially relies on partitioning a unitary
operator basis into classes of commuting operators, it has the potential to be generalized to the
case of prime-power dimensions.



In the case of two-qubit systems we prove that unextendible sets of Pauli classes lead to state-
independent proofs of the Kochen-Specker Theorem. We also show that the tightness of the H2

EUR for any set of three MUBs in d = 4 follows as an important consequence of our construction.
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[14] M. Kleinmann, O. Gühne, J. R. Portillo, J.-Å. Larsson, and A. Cabello, New Journal of Physics 13,

113011 (2011).

http://arxiv.org/abs/1302.3709

	References

