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Abstract. Recently, we derived a formula for the channel matrix corresponding to narrow sense group
covariant signals with respect to an arbitrary Abelian group. However, some group covariant signals are
not “narrow sense” group covariant, so that a generalization of the formula is desired. In a previous study,
we defined (G, χ̂)-covariant signals, which are generalizations of narrow sense group covariant signals. We
derive here a formula for the channel matrix of a (G, χ̂)-covariant signal set when χ̂ is a specific map.
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1 Introduction

In the classical-quantum channel, a coding theorem for
a quantum channel has been already proved from which
we can calculate a channel capacity, that is, asymptoti-
cally attained maximum mutual information in the limit
of infinite codeword length [1, 2, 3]. However, the compu-
tation of mutual information for finite codeword length
is rather difficult. Consequently, to evaluate the per-
formance of a classical-quantum communication system
in the real world is hard. As an example, consider the
computation of a channel matrix for a classical-quantum
communication in which pure-state signals are transmit-
ted and are measured using the square-root measurement
[1]. The channel matrix is obtained by computing the
square-root of the Gram matrix of the quantum signal
set. However, it is very difficult to compute using a
universal algorithm if there are many signals (typically,
more than 1000). We investigated whether an analytical
solution of the channel matrix can be derived [4, 5, 6].
Recently, a general formula for narrow sense group co-
variant quantum signals [7] was introduced [8]. However,
some important group covariant signal sets (e.g., the four
states used in the BB84 quantum cryptographic protocol
[9] and the set of symmetric informationally complete
(SIC) states [10]) are not narrow sense group covariant.
Because the formula [8] is not applicable to these sig-
nals, a further generalization of the formula is necessary.
Towards this goal, we defined the (G, χ̂)-covariant signal
set, which is a generalization of the narrow sense group
covariant signal set, and derived its necessary and suffi-
cient condition [11].

In the present paper, we derive a formula for the chan-
nel matrix for a (G, χ̂)-covariant signal set when χ̂ is a
specific map. Such a signal set is not “narrow sense group
covariant”, so that this result is not covered by the orig-
inal formula.
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2 (G, χ̂)-covariant quantum signal set and
their necessary and sufficient condition

In this section, we shall describe this (G, χ̂)-covariant
quantum signal set. Its definition is as follows:

Definition 1 [11]
Let (G; ◦) be a finite group with a set of parameters
that are used to characterize pure quantum state signals
{|ψi〉 |i ∈ G}. The set of signals is called (G, χ̂)-covariant
if there exist unitary operators Uk(k ∈ G) such that

Uk|ψi〉 = χ̂(k, i)|ψk◦i〉, ∀i, k ∈ G, (1)

where χ̂ is a map from G×G into U = {x ∈ C
∣∣ |x| = 1}.

Note that the original definition includes not only uni-
tary operators but also anti-unitary operators. Here, for
simplicity, we assume the operators which determine the
(G, χ̂)-covariant signal set are unitary.

In Definition 1, if χ̂(i, j) = 1, (∀i, j ∈ G), the set of sig-
nals is narrow sense group covariant. Therefore, (G, χ̂)-
covariance is a generalization of narrow sense group co-
variance. For a (G, χ̂)-covariant signal set, we have the
following necessary and sufficient condition.

Proposition 2 [11]
A set of pure quantum state signals {|ψi〉 |i ∈ G} is
(G, χ̂)-covariant if and only if, for any i, j ∈ G,

〈ψk◦i|ψk◦j〉 = χ̂(k, i)χ̂(k, j)〈ψi|ψj〉, (2)

for all k ∈ G. Here the overline denotes complex conju-
gation.

Proposition 2 provides the form of the Gram matrix
ΓG = [〈ψi|ψj〉]. The following matrix is an example of
the Gram matrix of a (G, χ̂)-covariant signal set for four
pure quantum state signals:

ΓG =


1 a b c
a 1 −c −b
−b −c 1 a
c b a 1

 , (3)

If b 6= 0 or c 6= 0, the above is not a Gram matrix of a
narrow sense group covariant signal set. An example of



a quantum signal set with the above Gram matrix form
is the four-state set of the BB84 protocol [9].

3 Main result

Now we derive the main result: the formula for the
channel matrix of a (G, χ̂)-covariant quantum signal set
with a specific map χ̂. We define the map χ̂ as follows:

χ̂(i−1, j) =
{

1 i = 0 or j = 0 or j = i,
−1 otherwise. (4)

Combining Eqs.(2) and (4), we have

〈ψi|ψj〉 =
{

〈ψ0|ψi−1◦j〉 i = 0 or j = 0 or j = i,
−〈ψ0|ψi−1◦j〉 otherwise, (5)

Therefore, this signal set is not narrow sense group co-
variant if there exist i and j such that i 6= 0, j 6= 0, j 6= i
and 〈ψi|ψj〉 6= 0.

We next present the formula for the associated channel
matrix. Let

Ĝ = {χ0, χ1, · · · , χM−1}, (6)

be the multiplicative group of the set of all characters
[12] of G and let ΓG be a Gram matrix. Then we have
the following propositions.

Proposition 3

λi = χi(0) −
M−1∑
j=1

χi(j)〈ψ0|ψj〉,

= 1 −
M−1∑
j=1

χi(j)〈ψ0|ψj〉, (7)

and

λi =
1√
M


χi(0)
−χi(1)

...
−χi(M − 1)

 , (8)

are eigenvalues and corresponding eigenvectors of the
Gram matrix ΓG, respectively, where i ∈ G.

Proof
Proposition 3 directly follows by confirming ΓGλi = λiλi

for all i. �
Proposition 4
The eigenvectors λ0,λ1, · · · ,λM−1 of Proposition 3 are
orthonormal.

Proof
From the first orthogonality relation for characters [12],
we have λi ·λj = δij . Here, δij is the Krönecker delta. �

Finally, we have the following theorem from Proposi-
tions 3 and 4.

Theorem 5
For i = j = 0 or 1 ≤ i, j ≤M − 1,

(ΓG)1/2
ij =

1
M

∑
l∈G

χl(i ◦ j−1)

√√√√1 −
M−1∑
k=1

χl(k)〈ψ0|ψk〉, (9)

For i = 0, 1 ≤ j ≤M − 1 or j = 0, 1 ≤ i ≤M − 1,

(ΓG)1/2
ij =

− 1
M

∑
l∈G

χl(i ◦ j−1)

√√√√1 −
M−1∑
k=1

χl(k)〈ψ0|ψk〉. (10)

4 Conclusion

In the present paper, we derived the formula for the
channel matrix of a (G, χ̂)-covariant quantum signal set
given a specific map χ̂. The derived formula is not in-
cluded in the conventional result. Therefore, combining
the conventional and the new formulae, we obtain a gen-
eralized formula. We will further generalize the formula
by considering the other maps.
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