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1. Introduction. The Euler—-Mascheroni constant denoted by = is de-

fined as
) 1
7.:m11_>no10<§ n—logx).

n<x

This constant ~ appears in many areas of mathematics. For instance, it
is given by the constant term in the Laurent expansion of the Riemann
zeta-function,

1
(1) C(S):;+7+O(S—l)
Motivated by , Y. Thara [15] introduced a generalization of v to any
number field K, using the Dedekind zeta-function (5 (s). The Dedekind zeta-
function (x(s) associated to a number field K is defined on the half-plane

R(s) > 1 as

where a runs over all non-zero integral ideals of the ring of integers Og.
The function (x(s) has an analytic continuation to the whole complex plane
except for a simple pole at s = 1. Analogous to the Riemann hypothesis
for ((s), the generalized Riemann hypothesis (GRH) asserts that all zeros of
Cx(s) in the strip 0 < R(s) < 1 must satisfy R(s) = 1/2.
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If the Laurent expansion of (x(s) near s = 1 is written in the form

c_
CK(S) = i +C(] +O($— 1),
then the Euler—Kronecker constant associated to K is defined as
Co
VK = —-
Cc—1

One could also view g as the constant term in the Laurent expansion of
the logarithmic derivative of (x(s) at s =1, i.e.,

@) x

CK
We will show:

THEOREM 1.1. Let K be an algebraic number field and write

() =~ — 7 +0(s ~ 1),

Ck(5) _ <~ Ak(n)
Cr(s) nz:l ns
Setting
Ag(N):= Y Ak(n) - N,
n<N

we have, for any N > 1,

3) k= [logN gv:_lfli(n)] N AK(]]\\;—U +J17§[AI;2($) .

In particular, choosing N =1, we have

(@) j i)

de =1— k.
1
Formula gives us a connecting link between the error term in the
prime ideal theorem and ~g. But there are other links we will establish.
In [15], Thara proved the following bounds for vx:

vrx < 2loglog+/|dk| (under GRH),

i > —log/|dKk] (unconditionally),

where dg denotes the discriminant of K over Q. Thara used Weil’s explicit
formula to prove (5)). We will give simple proofs of and derive new un-
conditional upper bounds for vx.

In [4], the first author proved some unconditional bounds for yx where
K is an almost normal field or has solvable Galois closure. These bounds
depended in an essential way on the earlier work of V. Kumar Murty [27, 28].
In this paper, we obtain unconditional upper bounds for an arbitrary number
field K. In particular, our bounds improve those in [4]. The upper bounds are

()
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closely related to the size of the hypothetical Siegel’s zero of (x(s). Recall
that for K # Q, this zero fy, if it exists, is real, simple and the only zero in
the region

1 1

- S -
Togldr]” W< Tioglag
If K does not contain a quadratic field, we know by the work of Stark [34]

that the Siegel zero does not exist. In such a case, our unconditional upper
bound is vk = O(log |dk|). More precisely, we prove:

IR(s)| > 1

THEOREM 1.2. For any number field K, we have
vk = O(log |dk|)
if Ck(s) has no Siegel zero. If it has a Siegel zero By, the bound is
_ 1
T 2551 - Bo)

Using known results about the location of Siegel’s zero, we obtain the
effective estimate yx = O(|dg|/™) with n = [K : Q] and the ineffective
estimate yx = O(|dk|™) for any e > 0. Here the implied constants are
absolute.

+ O(log |dg|).

If for an algebraic number field K, we let & be the smallest norm of a
prime ideal in K, then (see Theorem 4.1| below)

1 T AK(x)
=1 — .
(6) vk = log Pk + Dy 95 2 dx
K

Formula allows us to focus on the interval where the bulk of the
contribution to v arises. Indeed, if we assume GRH (see below), then
the optimal choice of N is

No = (log |dx|)*(log log |dx|)?,
which leads to

(7) v =logNo— >

n<Ng

Ak (n)

+ O(1),

showing that the main contribution comes from primes of “small” norm. This
formula highlights the intimate relationship between &k and v .

If ¢ is prime and K = Q((,) is the gth cyclotomic field, then &k = q.
In this case, we are led to study error terms in the prime number theorem
for arithmetic progressions. Let us recall several results in this context.

Let 7(x) denote the number of primes < z. The classical prime number
theorem, which was proved independently by Hadamard [12] and de la Vallée
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Poussin [36], states that as z — oo,
m(x) ~ Li(x), where Li(x):

Equivalently, if

Pla)= 3" logp,
pt<w

p prime

then as x — oo, we have ¥(x) ~ z. For (a,q) =1, let

U(wig,a):= Y logp.
p" <z,
p™=a mod q
Then, the prime number theorem for arithmetic progressions asserts that, as

T — 00,
x

V(x5 q,a) ~ Q)

Under the assumption of the generalized Riemann hypothesis, one can show

that
T

z;q,a) — ——| = O(v/z (log qz)?).

Unconditionally, the Siegel-Walfisz theorem states that
x Tos s

8 z;q,a) — ——| = O(ze cNVIosT)
(8) Y(w;q,a) 2 ( )

uniformly for ¢ < (logz)" and a constant cy > 0 dependent on N. The
famous Bombieri-Vinogradov theorem (see [2],[37]) establishes that the GRH-

error term holds on average. More precisely, if

Va(logz) ™ < Q < Va,

then
. _ Y | 5
max wax \1(y;q,a) ¢(Q)‘ O(Vz Q(log z)”).
9=Q (a,9)=1

Extending the range of the Bombieri-Vinogradov theorem beyond /x
has been an important theme of research in number theory. For example,
Fouvry (see [10, Lemma 6]) has shown that for every A > 0,

Z m<¢(x,m0m,a) — M) — OA(Qa:(loga;)*AH),

o ¢(mom)
uniformly for z > 2, @ < z(log x)*QOOA*QOO, where a and mg are coprime

integers such that mg > 1 and 1 < |a| < (logx)?. The reader will observe
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that there are no absolute values in the summand. In this context, there is
the conjecture of Elliott and Halberstam [8]: for any A > 0 and € > 0,

y T

9 max max 1q,a) — < .

(9) ¢ y<z 1<a<q Vwia.0) ¢(q)| " logtz
g<zl=e (a,q)=

We will discuss below how these results and conjectures are related to the
study of Euler—Kronecker constants.

There are several conjectures on bounding the size of yx in terms of d,
over specific families of number fields (see [16, B35]). In particular, for a cy-
clotomic field K = Q((,), we write v, for vk and d,, for its discriminant.
It is known (see [38] p. 11]) that

log |dm| log p
B(m) Zp—l‘

Thus, our general bound for v in this case leads to 7, = O(¢(m)logm).
Of course, GRH implies that the upper bound should be O(logm).

Henceforth, the letters p and ¢ will denote prime numbers. The link be-
tween 7, and primes in arithmetic progressions is revealed by our formula @,
which in our case reduces to

plm

(10) s =togg~ (- 1) | 208 4 o),
q
where .
E(x,q,a) = w(‘raqva’) - M

Perhaps based on this kind of reasoning, or on numerical computations
for m < 8000, Ihara [I6] made the following conjecture.

CONJECTURE 1 (Thara). For K = Q((p):

(&) Ym >0 for all m.
(b) There exist positive constants c1,ca < 2 such that for any € > 0,

(c1 —€)logm < v < (c2 +€)logm
for sufficiently large m. If m is a prime, one can choose ¢y = 1/2 and
Cy = 3 / 2.

In 2014, K. Ford, F. Luca and P. Moree [9] showed that the prime k-tuple
conjecture, as formulated by Hardy and Littlewood, implies -y, < 0 infinitely
often. In fact, they explicitly produced a prime, namely ¢ = 964477901, for
which

vg = —0.18237....

There are further negative values known for ~, and three such values have
been obtained in the recent works of Languasco [21] and Languasco and
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Righi [22] exploiting a new efficient algorithm to compute L'/L(1, x). How-
ever, it is still not known unconditionally if ~,, < 0 for infinitely many
positive integers m.

It is also worth mentioning that there are similarities between Conjec-
ture (b) and Kummer’s conjecture for cyclotomic extensions. Suppose hi(q)
denotes the ratio of the class numbers of Q(¢;) and Q(¢; + ¢, !). Then
Kummer proved that hi(q) is an integer and conjectured that

42\ @1/
hi(q) <>

q

tends to 1 as ¢ — oo. This is famously known as Kummer’s conjecture.
It would appear that the quantity above has similar analytic properties
to v4/logq. We refer interested readers to the excellent survey article of
P. Moree [24] for further details.

1.1. Conjecture 1(b) and primes in arithmetic progressions. The
main theme of our paper is to connect the behaviour of the ~, to error
terms in the prime number theorem for arithmetic progressions. Recently,
there have been developments towards establishing upper bounds for |vy,| as
suggested by Conjecture (b) In this direction, Y. Thara, V. Kumar Murty
and M. Shimura [I7] proved that under GRH, for any prime g,

(11) gl = O((log 9)*)
and unconditionally, for any € > 0,
(12) [7al = Oclq").

The estimate follows from our root discriminant bound mentioned above.
But we will give another proof of the result (see Corollary. The bound
was improved by A. I. Badzyan [1], who showed that under GRH,

|vm| = O(log mloglogm),
for any positive integer m. Let us note that using the explicit formula for
the discriminant of Q((,,), we obtain via the inequality v, < 2logm +
O(loglogm).
As for lower bounds, M. Mourtada and V. Kumar Murty [25] have shown
that v, > —11log ¢ for almost all primes q.

A natural question is whether the bounds in Conjecture [I{b) hold on
average. In this context, V. Kumar Murty [26] proved that

(13) Yol < (@) logQ,
q~Q, q prime

where ¢ ~ @ means @ < ¢ < 2Q and 7%(Q) denotes the number of primes
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in this interval. E. Fouvry [10] generalized this to

22 > Am =1ogQ + O(loglog Q),
m~Q
where m runs over all positive integers in the interval and @) > 3. Both of
these results are quite deep. Kumar Murty’s result uses zero density esti-
mates for Dirichlet L-functions, and Fouvry’s theorem uses the latest results
regarding primes in arithmetic progressions. We will give a simplified proof

of and also show:

THEOREM 1.3. Assuming the Elliott—Halberstam conjecture, we have

(14) > g —loggl = o(Q).

q~Q, g prime
Consequently,
Yo = >, logg+o(@) =Q+0(Q),
q~Q, g prime q~Q, g prime
and
Yo k= Y loga+o@) =Q+0(Q)
q~Q, g prime q~Q, g prime

Fouvry’s methods do not lead to this result because, as he remarks, one
needs a dense set of moduli to apply his method, and the set of primes is too
sparse. Thus, assuming the Elliott—Halberstam conjecture, we see from our
theorem that v, is “usually” log ¢, and the number of primes ¢ ~ @ for which
|7q —logq| > elogq is o(n*(Q)/e). We note that a similar result under the
Elliot—Halberstam conjecture was also recently obtained by L. Hong, K. Ono
and S. Zhang [14], who showed that

22 D m—logm| = o(log Q).

Q<m<2Q
Theorem [I.3] also implies that
i
(15) }:l—sz%Q+0&%Q%
q<Q ¢-1

and it may be possible to prove this weaker assertion unconditionally. To
this end, formula suggests we study

Age = P(t;q,1) t—Zt/(q Do

2

for a prime ¢ and real number x. The term A,, can be thought of as a
weighted average of the error term in the prime number theorem for a given
arithmetic progression. We prove the following average result for A, ;.
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THEOREM 1.4. Fiz§ > 0. For x,y > 2 satisfying log z > v° and x> x((9),
we have
Z ’Aq,m‘ = O<10gy)a

q<y
q prime

where the implied constant only depends on 6.

The condition logz > 3° in Theorem can be relaxed to logz >
A(logy)? for a constant A > 0 if we assume that L(s, x) has no Siegel zeros
for all x mod ¢ and all ¢ < y.

REMARK. Naively using the GRH-error term, we have A, , = O((log q)?)
and therefore, we find that the sum of the errors over primes ¢ up to y is
O(ylogy). Hence, the average-error in Theorem is much smaller than
expected.

As a consequence of the proof of Theorem [I.4] along with an application
of explicit formula due to Gun, the second author and Rath, we get the

following result.
THEOREM 1.5. Let K = Q((y) for a prime q and logx > q®. Then
Z L O((logm)%Jr%e*CVlogm),
p rp

where p runs over all the non-trivial zeros of (x(s) and c is an absolute con-
stant. The implied constant in the O-term depends on &, but is independent
of q and x.

We conclude this introduction with a curious remark related to almost
primes. As noted earlier, if we assume GRH, we have the formula

A(n)
—=(¢=1) >, == —logNo+0(1),
n<Np
where Nog = Aq?(log q)* with A a sufficiently large constant. Then

-2 W_qlz > /ﬁmw;(n—l)—%gy:dbgy),

2<q<y ! n<Ay?(logy)4

where w(n) is the number of odd prime divisors of n in the interval

[v/n/A (logy) ™2, ).

If we assume the Elliott—Halberstam conjecture, the left hand side is asymp-
totic to —logy, and we deduce

3 A;”) |:wZ(n 1) - ;] = o(logy).

n<Ay?(log y)*
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This essentially means that there are infinitely many primes p such that
(p — 1)/2 is either prime or a product of two prime factors, a result known
unconditionally via the sieve method. The notorious parity problem of sieve
theory is therefore not resolved. Sadly, the theory of the Euler—-Kronecker
constants will not capture the fugitive twin prime problem! However, the
calculation does lead to the interest in the study of wy(n), which we discuss
at the end of the paper.

2. Prolegomena and proof of Theorem It may be useful to
derive a very simple limit formula for a general class of Dirichlet series that
will help us understand the nature of the Euler—-Kronecker constants. This
is the goal of the following proposition.

PROPOSITION 2.1. Let L(s) be a Dirichlet series such that for some m>0,
we can write the Laurent series at s =1 as

L'(5)  =by
_L(s)_ E_j—i_c_‘_O(S_l)
n=1
Put
= an, E(z) := S(z) — mx.
n<x
Assume that
TIE
S | (;C)’ dr < 0o
T
1
Then
TE
c:m—i-g (Qx)dx
.z

Moreover, for any N > 1, we have

(16) c:m+[ Z [::—mlogN—S(N_l)}%—OSOE(x)dzn.
n<N-—-1 N

In particular,

B ) bn S(N —1)
c—m—|—]\}gnoo[ Z g—mlogN— N
n<N-—1
Proof. By partial summation, we see that
L'(s) T S(x) ms T B(z)
_L(s) :s§ porRs] dr = p— +s§ poeEs| dz

=7+m—|—sg
1

s+1
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By our hypothesis, the last integral is analytic for $(s) > 1 and therefore

E
c:m—i—s ;j)dx

1

[e.e]

On the other hand,

N N N
E(z) S(x) —mz S(x)
S > dm:STdm:S 2 dx —mlog N,
1 1 1
and the integral on the right hand side is equal to
N—1j+1 j+1
dx dx
S m)E= X w X |
j=1 j n<j n<N—-1 n<j<N—1 j

1 1
- w3 (5-571)
n<N—-1 n<j<N-1 jgoogtl

The innermost sum on the right hand side telescopes and we get

S(x) 1 1
| 2= 3 n(r-5)
1 n<N—1
As
N 0o
E(z) E(z)
C:m+§ :1;2 dCU"‘]S[ :pz y

this proves . Taking limits as N — oo in (16| gives the final assertion. m

We apply this to derive the limit formula for the Euler-Kronecker con-
stant encoded in Theorem [T.1]

Proof of Theorem[1.1] In the case of the Dedekind zeta-function, m = 1,
and the prime ideal theorem with error term certifies that the hypotheses of
the theorem are satisfied which gives the result via . "

3. Thara’s theorems revisited. The prime ideal theorem assuming
GRH is (see [33, Theorem 4|)

(17) | Ak (2)| < vz (log|dk| + [K : Q]log z) log z.

We will use this fact along with the formula to give simpler proofs of
Thara’s theorems (). Thara used Weil’s explicit formula to prove his theo-
rems. Our treatment shows that there is no need for such heavy artillery,
and our elementary approach suggested by the previous section leads to the
results directly.
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THEOREM 3.1. Assuming GRH, we have

log log log |d
Jic < [2loglog |dc| <1 | o<0g0g0glf<l>)

log log |dk|
Proof. Indeed, given the positivity of Ax(n) for all n, from we have
the inequality
Ag(N-1) 1 T
’YK<logN+N+N—]§[
for any value of N > 1. Inserting the bound in the above inequality and
estimating the integral via basic calculus gives

log |dk | '
N +[K : Q)

N = (log|dx|)*(loglog |dxc|)*
and using a simple corollary of the celebrated Minkowski bound that
[K : Q]/(log|dk|) is bounded for all number fields K # Q (see for exam-
ple |20, Theorem 5, p. 121] or [29, Exercise 6.5.21|), we deduce the desired
result. =

AK(QZ>
2

dx,

nyglogN—i—O( logN)

VN

Choosing

4. Euler—-Kronecker constants and the least prime ideal norm.
For any algebraic number field K, let &k be the smallest norm of a prime
ideal in K. Using , we deduce that

P < (logldx|)?.

The function Pk is similar (but not necessarily equal) to the least prime
that splits completely in K, which we will discuss in the next section. The
connecting link between vx and &k is provided by the following theorem.

THEOREM 4.1. For any algebraic number field K, we have

1 T Ak (x)
(18) vk = log Pk + T S 2 dz.
P
Assuming GRH, we have
log |dk|
vk = log P + O(
V Pk

Proof. We apply and observe that

Aa) _ Ar(n) _
Z N(a) Z Kn =0

N(a)<ZPk—-1 n<Pr—1

where A(a) denotes the usual von Mangoldt function defined on the ideals of
the ring of integers of K. This gives . Injecting the error term obtained
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assuming GRH in the prime ideal theorem into , the result is now im-
mediate. »

Based on similarities of &g with the least prime that splits completely
in K, it is reasonable to conjecture that Zx < (log|dx|)!¢ for any € > 0.
In the case of the cyclotomic field, this would be tantamount to saying that
the least prime p congruent to 1 (mod m) is O(m!*€), which is related to
the problem of Linnik’s constant. We see that the error term in the theorem
dominates if in fact
log |di| )2

93 _ oAl
K< <10g10g!dx\

which is the case with the counterexamples to Thara’s conjecture provided
in [9].

5. The least prime of degree one. We can split the sum
> AW
N(a)<z

into two parts, according as N(a) is prime or not. In the second sum, the
norm is a power of a prime pf with f > 2. As there are at most [K : Q] prime
ideals above a given prime, we see that the second sum is O([K : Q]y/z log x).

Thus,
Z Aa) =" Ak(p) Q|Vzloga).

a)<z p<z
Comparing this Wlth ., we deduce

Y Aa) =) Ax(p) + O(Ax(x)).

N(a)<z p<z

Therefore, applying Proposition 2.1 to the series

Ag
Z (p)

P v’
we deduce from :
PROPOSITION 5.1. Assuming GRH for (i (s), we have

a9 o= [oen = 3 BP0l AT
p<N-1

If we let Px be the smallest prime of degree one in K, then the method
of the preceding section now leads to:

COROLLARY 1. Assuming GRH, we have
log |dK|>
VvV Pk

YK :logPK—i-O(
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Thus, from these theorems, we see the intimate connection between g
and Pg, modulo GRH. One can also write down unconditional results using
the known (unconditional) error term in the prime ideal theorem. We will
not do so since we move towards another perspective that reveals a link
between g and the hypothetical Siegel zero.

6. An application of Stark’s lemma. The following simple lemma
due to Stark [34] is derived from the Hadamard factorization theorem applied
to the Dedekind zeta-function. We will give a streamlined proof.

LEMMA 6.1 (Stark, 1974). Let K be an algebraic number field of degree
n = r1+2re, where K has r1 real conjugate fields and 2ro complex conjugate
fields. Recall that
I"(s)
w(s) T F(S)

is the digamma function. Then, for any s € C,

Gl 1
20 2 12

log |dr | + <1 — log7r> + T;¢<;> + ro(1(s) —log2),

where the summation is over the non-trivial zeros of (x(s). In particular,

foro>1,
C}((O') 1 1 |dK’ 1 o
21)  — - 71 Lyl = .
21) k(o) o-1 o' pmmgn ) P30\ g ) Fravlo)
If K # Q, then (x(s) has at most one zero in the region S given by
1 1
R 1—— ()| < ————.
> 1= foganr PEIS Togian]

If such a zero exists, it is real and simple and called a Siegel zero.

Proof. Formula is [34, (9)]. As usual, we should group p and p in
the summation to ensure absolute convergence. For ¢ > 1, we have

1 1
+ — >0,
oc—p O0—p

and this gives . Finally, if there are two non-real zeros in the region .S,
we rewrite (20 as

1 1 1
(22) Z = 5_1 log\dK|+<—2log7r>

0 (5) + ratuts) ~ 02 +

(ke (s)
Ck(s)
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As (o) is monotonically increasing for 0 < ¢ < 2 and

(1) ==, ¥(2)=-7+1<log2,
we see that all the terms on the right hand side of after the term
3 log |dk| are negative. Therefore, for 1 < o < 2, we have

Z < —— 4= log|dK|.
g —

1
pES

If p=B+inisin S with n # 0, then p is also in § and pairing them together
gives the inequality

2(0 — ) 11
—log|dk]|.
<a—6>2+n2<a—1+ g d]
As K #Q, |di| >3, and for 0 = 1 4 —1— Sld] < 2 we have
2(0 — B)
23 —— " < —log|dk|.
) e R

Writing A = %log|dK\ and 8 =1—¢, we see that 0 — 8 = ﬁ + € and the
above inequality is equivalent to

o Loye) <3al( L+ 2+2
24 "€ 24 ) T
1

As || < &5 and |n| < g, we deduce that 324 < 284, a contradiction.
A similar analysis shows we cannot have two real zeros or a real zero which
is not simple in the region S. =

The fecundity of is amazing. We record two results needed later.
The first is a fundamental inequality, and the second is an effective bound
on the number n(t) of zeros p of (x(s) with ¢ < |3(p)| < t + 1. The method
is standard (see for example [30, p. 246]). For future reference, we record
these in the following lemmas.

LEMMA 6.2. For real s > 1,

Gl®) . Cls) L1
BY @ S o) T S a1t g sl

LEMMA 6.3. We have
n(t) < log|dk |+ [K : Q]log([t| + 1),

where the implied constant is absolute.

THEOREM 6.4. We have

(25) Z AKn( n) < e<logm + flog |dK|>

n<z
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Proof. For any € > 0, by we have

ZAKn(”) < iAKn(”)(Q <x6<61+;10g|d1(‘>'

n<x n=1
Choosing € = 1/log x gives the result. =

We will improve Thara’s unconditional lower bound for g using the above
lemma.

THEOREM 6.5. For any algebraic number field K, we have

1 1
(26) Zp:p:'YK—i-QIOgIdK\—’YZn—(n—Frg)logQ—Zlogw—i—l,
1
@7 k= —jlogldl+ 2+
Proof. Recall that from , we have
[_ Cr(s) 1 }
Cr(s) o-—1
Taking the limit s — 1 in and noting the well-known values for the
digamma function,

(r1+1m2)log2 + glogﬂ -1

Y(1) = —, w(é) = —y —2log2,

along with the observation that
1 1
1—p Z o
P P
gives the first assertion. For the second, we take the limit ¢ — 17 in ,

and deduce
1 |dK‘ 1 1
— < — — — .
K S 1+ g 10g<227"27rn) +3 w(2> +r29(1)

Again inserting the special values of the digamma function, we deduce
1 n n
VK 2 5 logldk | + % + (1 +12)log2+ 5 logm — 1,
as claimed. This improves Thara’s bound for n > 2 as logm > 1. =

We make some editorial remarks. The positivity of is step one in Li’s
criterion for the generalized Riemann hypothesis. Formula also appears
in earlier literature (see [I3, Theorem B|) and it allows us to derive an
unconditional upper bound for g in terms of Siegel’s zero, which does not
seem to have been noted anywhere though both and are nascent
in Thara’s paper [15].
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Proof of Theorem [1.3 By pairing p and 1 — p on the left hand side of
(26) and taking real parts, we have

1 1 1 1 n n

The sum on the left hand side is absolutely convergent and splits into two
parts according as |3(p)| < 1 and |S(p)| > 1. Using Lemma[6.3] the second
sum is easily seen to be log |dx|. Again by Lemma the number of terms
in the first sum is O(log |dx|). We will estimate

> )
pES: [S(p)I<1
By the cosine law,
[1+6—pf* <[1—pf+6°+2]1—pls.
Choosing 6 = 1/log |dk|, and noting that for p ¢ S, 4|1 — p| > §, we deduce
[1+0—p|* < 25]1 — p|*.
Consequently,
() T =P ()
and now implies

1 1
— ) < = +1 .
S w(iryy) <t i

pES:[S(p)|<1

Combining everything gives the result if there is no Siegel zero. If there is
a Siegel zero [y, the contribution from it must be taken into account in our
sum over the zeros, and the result is now clear. =

COROLLARY 2. If K/Q is normal and contains no quadratic subfield,
then vk = O(log |dk|).

Proof. By [34, Lemma 8|, the existence of 3y implies that K contains a
quadratic field F' such that (x(8p) = 0. Hence the corollary. m

There are effective and ineffective bounds for 8y. We will not discuss here
the ramifications of all the variegated results that one can obtain. Rather,
we single out one. As noted in the proof of the previous corollary, fy arises
from a quadratic subfield F' of discriminant dr, and Siegel’s bound for S
gives the ineffective

1— o> |dp|™".
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As 1/2 < By < 1, this means Bo(1 — Bo) > |dr|~¢. As |dp|[™? divides dx
(see, for example, |29, Exercise 5.6.25]), we deduce that
Bo(1 — Bo) > |d| /™.

Injecting this into Theorem [I.2], we obtain:

COROLLARY 3. For any number field K and for any € > 0, we have

i = O(|dg[*/™),

where the implied constant depends only on €.

As Siegel’s theorem is effective if we take e = 1/2, we get the effective
estimate yx = O(|dg|"/™). Tt is worth noting that in the case of the cyclo-

tomic field, we deduce from the above corollary the result of Ihara, V. Kumar
Murty and M. Shimura [I7] cited in the introduction.

7. Explicit formula and some identities. The previous sections un-
derscore the need for error terms to estimate the size of vg, and this motiv-
ates our discussion of the explicit formula method of the next and later
sections. One of the main ingredients to prove Theorem is an explicit
formula by S. Gun, the second author and P. Rath [II]. As usual, A(n)
denotes the von Mangoldt function given by

1 if n = pk
A(n) = 08P B =P
0 otherwise.

For 0 < < 1 and 1/x not a prime power, we have the following explicit
formula (see Ingham [I8| p. 81]):

where v is the Euler-Mascheroni constant and p runs over all the non-trivial
zeros of ((s). The generalization of the above explicit formula to the Selberg
class S was established in [I1].

Let us recall that the Selberg class S, introduced by A. Selberg [32],
consists of meromorphic functions F'(s) with the following properties:

(1) (Dirichlet series) F can be expressed as a Dirichlet series

o0

F(sy =y ),

nS

n=1
which is absolutely convergent in the region R(s) > 1. We also normalize
the leading coefficient as ap(1) = 1.
(2) (Analytic continuation) There exists a non-negative integer mp such
that (s — 1)™F F'(s) is an entire function of finite order.
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(3) (Functional equation) There exist real numbers @ > 0 and A; > 0, and
complex numbers ; and w, with R(u;) > 0 and |w| = 1, such that

(28) O(s) == Q [ [ I'(\is + ) F (s)
satisfies the functional equation
d(s) = wd(1 — 5).
(4) (Euler product) There is an Euler product of the form

(29) Fs)= [I Eu(s).

p prime
where
o br(p*
log Fy(s) = 3 L
k=1 p

with bg(p¥) = O(p*?) for some 6 < 1/2.
(5) (Ramanujan hypothesis) For any € > 0,

(30) lar(n)] = Oc(n).

The Selberg class has been extensively studied, and interested readers
may refer to survey articles [5, 31} [I9] to get an account of the recent devel-
opments.

For R(s) > 1 and F € S, write

o0

log F'(s) = Z bF(n).

nS

n=1
Since F' satisfies an Euler product, the coefficients by (n) are only supported

on prime powers. Thus, the logarithmic derivative of F(s) for R(s) > 1 is
given by

F’ . Ap(n)
_F(S) = Z ns
n=1

where Ap(n) is given by Ap(n) = bp(n)logn. This function Ap(n) is con-
sidered the generalization of the von Mangoldt function A(n). In analogy
with Thara’s definition of the Euler—Kronecker constants of a number field,
we define, for F' € S, the Euler—Kronecker constant g via the Laurent

expansion

F'(s) m

~F(s) :s—1_7F+O(8_1)'

We now state the explicit formula for elements in S, as shown in [I1].
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THEOREM 7.1 (GMR explicit formula). Let F' € S. For any z € (0,1)
such that 1/x is not a prime power, we have

A p
Z rln) _ —mplogz —yp + Y —
P

n
n<l/x p
T . .
)\ -:L-l+u]/)‘3
PRENY /M j
£ 3 (h y (a) 4 HED,
7j=1
where p runs over all the non-trivial zeros of F' and
oo Zn
ful2) = nz::l n+u

For a number field K/Q, the Dedekind zeta-function (x(s) is an element
in the Selberg class. Suppose 71 and 272 denote the number of real and
complex embeddings of K respectively. The function

Erc(s) = |dr " Tr(s)™ Te(s)™ Cre(s),
satisfies the functional equation {x(s) = {x (1 — s). Here,
Ii(s) =72 (s/2) and TIg(s):=2(2r)"I'(s).

We review some basic facts about cyclotomic fields that will be used
below. First, the only prime that ramifies in Q((,) is ¢ and it ramifies totally.
That is, (¢) = g9~ with Nq = ¢. If p is a prime coprime to ¢, then p factors
as a product of g distinct prime ideals p; each with norm p/» and fp is the
order of p (mod ¢). Thus, ¢ — 1 = gf.

Next, in the case of the cyclotomic field Q(¢,), 11 = 0,72 = (¢ — 1)/2
and A; = 1, u; = 0. In this setting, the last term in Theorem simplifies
considerably. With z replaced by 1/z, we have

Aqy(n) 1 qg—1 1
1 20) _og (= g1 2 L),
(31) n;c - =logx — 7, + 2y < 5 >0g( x)

LEMMA 7.2. For a cyclotomic field K = Q((,), where q is a prime and
x > 1 not a prime power, we have

A(n 1
Y=—(a-1) Y E,L)+10gw+zxpp
P

n=1 mod ¢
q—1 1 log ¢ log ¢
——1 1—-— )| ———=+4+0
2 Og( 3«“) g—1" ( )’

n<x
where the implied constants are independent of q and x.

Proof. Let K = Q(¢q) and pOg = p1---py be the decomposition of the
ideal pOk. Since K/Q is a Galois extension with degree ¢ — 1, we have
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q—1 = gfy, where p/r = |Og/p;| = Np; for all 1 < j < g. Thus, for

R(s) > 1,
-1
1\! 1\ &
wor=(-5) I (-5) ©
Taking log, we obtain

1 -1 1
p
1 p#q P P

Differentiating both sides

CK logq (g—1)logp
=g X X g
n=1 >1 pEq 1>1
p prime
Hence
(g —1)logp if n = p*¥r for some k € N, p # q,
(32)  Ay(n) =14 loggq if n = ¢! for some I € N,
0 otherwise.
Thus,
Ag(n) (g—1)A(n) logg _logg log g
3 CASAA —_ =
ay YAy DA g loeslosg o (loea)
n<z n=1 mod ¢ ¢ <z
n<x

noting the remark about f, being the order of p (mod ¢), underlined earlier.
Using the GMR explicit formula (31)), for any « > 1, not a prime power,

Aqy(n) 1 g—1 1
’yq:—ZT+log$+Zpr—T log 1—; .
n<lx 14
Comparing with , we have the lemma. m
The function Z(z) = >_,1/(2”p), which appears in the above lemma,
is rather mysterious. Note that (x(p) = 0 if and only if {x(p) = 0. Hence,
Z(x) is a real-valued function. From the GMR explicit formula, we see that

the series Z(x) converges for x > 1. Denoting the sum of the reciprocals of
the real zeros in the critical strip by R, we note that

_poN i oIl _Ietr
(34) Z(1) R—zp:p 2zpj<p+p> 22{):

lpl?’

where the summations are over the non-real zeros. Since the number of zeros
of (x(s) in the critical strip with |3(s)| < T is < ¢T'log ¢T', using partial
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summation, one can conclude that Z(1) converges and is O(glog¢q). There-
fore, it is of interest to understand whether Z(x) is bounded as =z — oo,
as we vary over the number fields K. For cyclotomic fields, this is answered
in Theorem [L.5

It would appear that understanding Z(z) for smaller values of x holds the
key to unravelling the nature of 7,. The study of Z(z) associated to (x(s)
for any number field K is of independent interest. For instance, we know
that Z(1) > 0 from (34)). However, for « > 1, the sign of Z(z) is unclear.

As we are interested in the real part of Z(x), we can estimate it using
GRH. Indeed, pairing up p and p, we get

1 log |d
%(Z(x))<<x—1/ZZW<< Og| K‘
p

J

an estimate consonant with our earlier study in previous sections.

8. Averaging 7, and proof of Theorem Let
belx) = Aq(n).

n<x

Then ¢4(z) = 0 for x < ¢, and for x > ¢, from (32)) and formula of
Theorem [LI] we have
log

= -1 1).
o) = | 1E2] 4 (g = Dol )
Writing Ay () = ¥4(x) — = and using formula we have

T Ay
'yq:logq—x ig )dx.

q

For x > q, we have

log z
Afa) = (0= DB 1) + |52 |

where -

E 1) = 1) — .

(2,q,1) =(2,q,1) 1
Therefore,
e}
E(z,q,1)dx 1

(35) 7q=10gq+(q—1)ﬂ($2)+0<q),

q
making it patently clear that the sign behaviour of v, is intimately connected
with oscillations of the error term in the prime number theorem for arith-
metic progressions. We will average this formula over primes ¢ to deduce
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both and Theorem To this end, we need two lemmas. The first is a
standard sieve result, and the second is a variation of a lemma of Fouvry [10].

LEMMA 8.1. For a fized positive integer m and x > m, the number of
solutions of the equation

p—1=mgq,
with p and q prime < x s
< x
¢(m) log?(x/m)
Proof. This is a classical application of Brun’s sieve and can be found in
many places such as, for example, |3, Exercise 13, p. 110]. »

LEMMA 8.2. We have

Z w(2$7% 1)—711(%% )

q~Q, q prime

—|—flog T

10 Q
Proof. The sum in question is clearly bounded by

(log z)#{(p,m,q) : p" =1 =qm, p" ~z, ¢ ~ Q}.
As in [I0], we observe that the contribution from r > 2 is at most
Z d(p ) < z'/? log x,
T~z T>2

where d(n) denotes the divisor function. When r = 1, Q < /x, we can apply
the Brun—Titchmarsh theorem to bound the size of the set by

Z (r(2z,q,1) — w(z,q,1)) < Z o< m(z)

q~Q, g prime g~Q, g prime qlogz log @

using the Chebyshev estimate

2 ;:O(lo;cz)'

q~Q, g prime

When @Q > /x, we have m < y/z and so we can reverse the roles of ¢ and m.
Applying Lemma we see that the set is bounded by

x x
Z d(m) log? < o2

) Q log” x

using the well-known formula due to Landau,

L®), (e
2w T @ +o(7F)

This completes the proof. m
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Proof of Theorem . Summing (35 over primes g, we have

> g —logdl <<QS<Z B2, q,1 )dm

q~Q q~Q

We split the integral into two parts according as z < Q'*¢ and = > Q'**.
In the second part, we apply the Elliott—Halberstam conjecture and deduce
the total contribution to the right hand side of the above inequality is

Q

<
log” @

for any A > 0. The first part is

Q1+6 1+e
<Q | Z(w(a:,q,mz) ;li" <Q S (Y v(.a,1) ;%” +€Q.

Q q~@Q
By Lemma we have

Ql+5
@] (3 vt ) %
~Q
Q1+c

<Q |
Q

x
log Q log

d
+ vz log? x>£<<eQ.

This completes the proof. =

We remark that if instead of breaking the integral at Q'¢, we broke it
at Q**¢, then we could have used the Bombieri-Vinogradov theorem instead
of the Elliott—Halberstam conjecture. This would then give an unconditional
estimate and a new proof of .

9. Proof of Theorems [1.4] and [1.5} Towards the proof of Theorem
1.4} we first prove the followmg lemma, which is a more precise version of
[9, Proposition 3].

LEMMA 9.1. Let § > 0 be fized. There is an xy(d) such that for any
x> x0(8) and any prime q satisfying logx > ¢,

(36)
Y= —(g—1) Z AE?)+10gx—(?_gql+O((logm)é+§exp(—c\/loga:))
n=1 mod ¢
n<x

for some constant ¢ > 0 independent of q and x.
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Proof. For K = Q((,),

s) 11 L(s: %),
XFX0
where the product is over all irreducible characters x mod g and yq is the

principal character. Taking the logarithmic derivative on both sides, we de-
duce

(37) Yo=v+ > Lf(l
XF#X0
For x # xo,
= x(n)A(n)
2

Using similar methods as in the proof of prime number theorem, it is known
(see [23, Chapter 11, Cor. 11. 18]) that

ZX n) < xexp(—cy/logz)

n<x

for z > 2¢(8) and logz > ¢°. By partial summation,

52 M0 g 4 § 200 = oty exp(-cy oz

n>x T
Therefore,
r n)A(n
f(l,x) =— Z X()n() + O(y/log x exp(—cy/logx)).
n<lz
From ,
A
(38) Yg="7— Z X(n)n(n) + O(gv/1og z exp(—cy/logx))
n<lz
X#X0
— = 3 XA L o 1oga)itE exp(—cy/Toga)).
n<x
XFX0

It is well-known (see [23, Exercise 4, Chapter 6.2]) that

Z /15171) =logz — v + O(exp(—cy/log z)).

n<x

Using this and the fact that

g—1 ifn=1mod g,
> x(n) = .

0 otherwise,
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we can write as
Vg = loga — Z /lgln) - Z x(mAn) + O((logx)%Jr% exp(—cy/logx))

n

n<x n<x

X#X0
log g (n)
= — 1 — -1 7

= tlogr—(g-1) Y —
n=1 mod ¢q
n<x

+0 <lo§x> + O((log x)%Jr% exp(—cy/log 1)),

where in the last step we have separated ¢ |n and ¢ coprime to n in the first
sum of the penultimate step and used

Z Afln) :ilogq B Z log q _ log q +O<lo§x>.

J J —1
n<z, qln j=1 1 ¢I>x 1 q

Noting that

0(*E2) = Of(tog)} 4 exp(—cv/fog )

T

completes the proof. m
COROLLARY 4. For any € > 0, we have v, = O(¢°).

Proof. We put logz = ¢° in (36]). The error term is clearly O(g). The
Brun—Titchmarsh inequality (see for example [9, Proposition 6|) shows that
for > 10q,

S~ ) g+ (loga)(og os(a/a)
qg—1 '
n=1 mod ¢q
n<x

By formula , the result follows. =

Proof of Theorem[1.4 Using partial summation and the Siegel-Walfisz
theorem (noting that ¢ is in the range of applicability), we get the identity

A(n 0 iq, 1 1
> A _futtan, (1)

n=1 mod ¢ 2 q
n<x
Moreover,
Coltq)  (vEe) - () () logz  log?2
[l g, U g i g g, -
5 t 5 t 5 t qg—1 qg-—-1
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Therefore,
A(n)  logx 1
Ay = —t - — - .
(39) - 72 . q_1+0 p
n=1 mod ¢
n<x

From Lemma for logz > ¢°,
1 1
(40) Ay, = —qpﬁ] . + O( 0ng> + O(q 1 (logm)%Jr% exp(—chogx))

o).
q—1 q

We now invoke V. Kumar Murty’s result [26], as stated in , given by

th! = O(logy).

q<y
By partial summation, we obtain

5

> hal_ O(logy).
q—l

q<y

Using this in , we conclude that Zq<y |Ag | < logy. This proves The-
orem [[Z] = B

Proof of Theorem . Combining Lemmas and , for logz > ¢°
and x > z¢(9), the result now follows immediately. m

10. Concluding remarks. Two formulas of independent interest emerge

from our study. One is (see (40))

1 |
Agyp=——" 1 + o( Ong> + o<q : (logz)3+3 exp(—m/@))

— 7‘1 4 O(1>,
qg—1 q
and the other is (see (39))

A 1 1
A= ¥ fﬁ_w+0(>7

n=1 mod ¢
n<x

both valid for logz > ¢°. Thus,

g A(n) 1
-y ey A [wym 1= 30 |+ Olloglogy).
q<y n<x <y
Here, wy(n) denotes the number of distinct prime divisors of n not exceed-
ing y. Heuristic reasoning would suggest that w, (n) has normal order log log y
and the Erdés—Kac theorem is inapplicable given our range of y compared
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to x. This naturally leads to the question of studying small prime divisors
of p+ a, where p runs over prime numbers and a is a fixed integer. This mo-
tivated us to study the distribution of wy(p + a), where p runs over primes,
and in [7], we establish a “localized” Erdés-Kac theorem for wy(p+a), which
relies on a general method initiated in [6].
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Abstract (will appear on the journal’s web site only)

As a natural generalization of the Euler—-Mascheroni constant v, Y. Ihara
introduced the Euler-Kronecker constant «x attached to any number field
K. He obtained bounds on g conditional upon the generalized Riemann
hypothesis. In this paper, we establish unconditional bounds on yg in terms
of the Siegel zero of (i (s). We also produce an alternative proof of Thara’s
theorem without invoking the explicit formula. Furthermore, using known
upper bounds on 7g(¢,), we obtain a bound on the error term in the prime
number theorem, averaging over certain arithmetic progressions.
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