ON THE GENERALIZED BRAUER-SIEGEL THEOREM
FOR ASYMPTOTICALLY EXACT FAMILIES OF NUMBER FIELDS
WITH SOLVABLE GALOIS CLOSURE

ANUP B. DIXIT

ABSTRACT. In 2002, M. A. Tsfasman and S. G. Vladut [13] formulated the generalized
Brauer-Siegel conjecture for asymptotically exact families of number fields. In this article,
we establish this conjecture for asymptotically good towers and asymptotically bad families
of number fields with solvable normal closure.

1. Introduction

Let K be an algebraic number field. Denote the class number of K by hg, the order of the
ideal class group of K. It is an important theme in number theory to understand how hg
varies on varying K. A prelude to this problem is Gauss’s conjecture, settled independently
by Heegner [4], Stark [11] and Baker [1], which states that there are exactly 9 imaginary
quadratic fields with class number 1. Suppose K = { K };cy is a sequence of number fields. We
call K to be a family if K; # K; for 7 # j. Gauss also predicted that in a family of imaginary
quadratic fields, the class number hx must tend to infinity. This was shown by Heilbronn [3]
in 1934. This sparked the beginning of the study of asymptotic behaviour of the class number
in a family of number fields. An immediate consequence of Heilbronn’s result is that there
are finitely many imaginary quadratic fields with a bounded class number.

However, the same phenomena is not expected to hold for any general family of number
fields. For instance, it is still unknown whether there are infinitely many real quadratic fields
with class number 1, although it is widely believed to be true. One of the difficulties in
bounding the class number is isolating it from the regulator of the number field. This was
observed by Siegel [10] in 1935. He showed that for a family of quadratic fields {K;}, the
class number times the regulator hg, R, tends to infinity as ¢ — oco. In other words, there
are finitely many quadratic fields with bounded hx Rg. In the case of real quadratic fields,
the regulator is the log of the fundamental unit, where as in the case of imaginary quadratic
fields, the regulator is 1. Hence, this is a generalization of Heilbronn’s result.

Furthermore, Siegel also established that if {K;} is a family of quadratic fields, then
. loghg, Rk,
lim =

SRR
where dg, denotes the absolute value of the discriminant |disc(K/Q)|. By Minkowski’s theo-

rem, we know that there are finitely many number fields with bounded discriminant. Hence,
Siegel’s result provides a rate at which hx Rg goes to infinity. Brauer [2] generalized this
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2 ANUP B. DIXIT
result to families of number fields, that are Galois over Q. This is known as the classical
Brauer-Siegel theorem. More precisely, he showed the following.

Theorem 1.1 (Brauer). Let {K} be a family of number fields such that K;/Q is Galois for
all i. Denote by nk, the degree [K;:Q]. If

lim d/"™ = oo,
then log b R
lim B (1)

i=eo Jog/dg, B

Moreover, the condition K;/Q being Galois can be dropped under the assumption of generalized
Riemann hypothesis (GRH).

The reason hi Ry appears in the above result is because of the class number formula.
Recall the Dirichlet class number formula, which states that if px denotes the residue of the
Dedekind zeta-function (i (s) at s =1, then

2" (2m)"?hk Rk
PK = ) (2)
WK\ dK

where r1 denotes the number of real embeddings and ro denotes the number of complex
embeddings up to conjugation of K, and wg denotes the number of roots of unity in K.
Using the class number formula, it is easy to see that equation (1) is equivalent to

lim logpr; _o. (3)

i~ log/dF,

Now one would hope to show (3), relying on the analytic behaviour of (x(s) for certain
families of number fields. The key is to be able to find a zero-free region of (x(s) near s =1
for all K in the family. In 1974, Stark [12] exploited this idea to prove the Brauer-Siegel the-
orem for families of almost normal number fields, which do not contain any quadratic fields
and also obtained effective growth of the class number hg for certain families of CM-fields.

A more extensive study of the Brauer-Siegel theorem, where the condition d i, oo can
be dropped, was carried out by Tsfasman-Vladut [13] in 2002. They formulated the gener-
alized Brauer-Siegel conjecture for asymptotically exact families and proved it in the case of
asymptotically good towers of almost normal number fields. The precise statement of their
conjecture and the details of the background required will be discussed in Section 2. In 2005,
Zykin [14] proved that the generalized Brauer-Siegel conjecture holds for asymptotically bad
families of almost normal number fields.

In this paper, we prove the generalized Brauer-Siegel conjecture for asymptotically good
towers as well as asymptotically bad families of number fields with solvable Galois closure.
The main ingredient used is the result of V. K. Murty [9] on the zero-free region for (x(s)
near s = 1, when K has solvable Galois closure.

2. Notation

Let K be a number field. We say K is almost normal if there exists a sequence of number
fields {K;} such that
@:KOEKIQ'“QKn:K7
with all the K;/K;_1 normal, 1 <i<n.
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Denote by hg the class number of K, di the absolute value of the discriminant |disc(K /Q)]
and Ry the regulator of K. Define the genus of K as

gK = log \/ dK

Let Ny(K') denote the number of non-archimedean places v of K such that Norm(v) =g.
For a number field K/Q, the Dedekind zeta-function is defined as

Ce(s)= ] A-Ng™)7",

POk

for R(s) > 1, where B runs over all non-zero prime ideals in the ring of integers of K. This

can be re-written as
CK(S) _ H (1 _ q—S)—Nq(K) 7
q

for M(s) > 1, where ¢ runs over all prime powers. (x(s) has an analytic continuation to
the whole complex plane except for a simple pole at s = 1 with residue px. Additionally,
Ck (s) satisfies a functional equation akin to the Riemann zeta-function ((s), invariant under
s~ 1—-s. Owing to the Euler product, (x(s) # 0 for R(s) > 1. Using the functional equation,
it can be shown that the only zeros of (i (s) in fR(s) < 0 are the trivial zeros. The famous
generalized Riemann hypothesis (GRH) asserts that if (x(s) = 0 and 0 < 2R(s) < 1, then
MR(s) = 1/2. In certain applications, the assumption of GRH can often be replaced by a
weaker hypothesis of a zero-free region of (x(s) near s = 1. If there exists a real zero 8 of
(i (s) satisfying
1

-—<f6<1

4 logdg p<l,
then we say that (§ is an exceptional zero (x(s). It is known that for any (x(s), there is
at most one such exceptional zero. In fact, the best known result in this context is due to

Louboutin [8], proving that there is at most one exceptional zero, 3, satisfying

1>62>1- L ,  where Co=2(3+—2\/§)
co 9K 5+5
Suppose K = {K;}ien is a sequence of number fields. We call K to be a family if K; # K;

for i # j. Moreover, we call IC to be a tower if K; ¢ K;41 for all i. We say that a family K is
asymptotically exact if the limits

K; K; K;
gr o tim I 2D gy, NaU)
i~ gK; i gk, i gk,

=161 (4)

exist for all prime powers ¢, where r;(K;) and ro(K;) are the number of real and complex
embeddings of K; respectively.
We say that an asymptotically exact family K = {K;} is asymptotically bad, if ¢4 = ¢ =

¢c = 0 for all prime powers ¢g. This is equivalent to saying that the root discriminant d / "

tends to infinity as ¢ - oo. If an asymptotically exact family K is not asymptotically bad we
say that it is asymptotically good.

The generalized Brauer-Siegel conjecture, as formulated by Tsfasman-Vladut [13] is as
follows.

Conjecture 1. For any asymptotically exact family KC, the limit
log h, Rk,

BS(K) := lim
o 9K;
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exists and is equal to

BS(K)=1+Y¢, 1ogi1 — érlog?2 - bclog 2m. (5)
q q-
Using the class number formula, the above statement is equivalent to the existence of the limit
1 .
p(K) = lim 2L
=0 JK;
and ¢
p(K) =3 ¢glog ——. (6)
q q-1

In the rest of the paper, we refer to the above conjecture as the GBS conjecture. Note that
the GBS conjecture for asymptotically bad families is equivalent to the classical Brauer-Siegel
conjecture. In [13], Tsfasman-Vladut proved GBS for any asymptotically exact family /C under
the assumption of GRH. Unconditionally, they proved it for asymptotically good towers of
almost normal number fields. Later in 2005, Zykin [14] showed GBS for asymptotically bad
families of almost normal number fields.

3. Asymptotically exact families with solvable Galois closure

Let K/Q be a number field and L 2 K 2 Q be the normal closure of K over Q. We say that
K has solvable Galois closure if the Galois group Gal(L/Q) is solvable. Recall that a group
G is said to be solvable if there exists subgroups {1} = Go € G € --- € G,,, = G with G;_1 a
normal subroup of G; and G;/G;_1 abelian for 1 <i < m. We show the following.

Theorem 3.1. Let K = {K;} be an asymptotically good tower of number fields, where each
K; has solvable Galois closure over Q. Then GBS holds for IC.

Theorem 3.2. Let K = {K;} be an asymptotically bad family of number fields, where each K;
has solvable Galois closure over Q. Then GBS holds for K.

We give a simple example to illustrate Theorem 3.2.

Example 1. Let K, := Q(2/3,3/3, ---,p,l/g), where py, is the n-th prime number. Then, {K,}
forms an asymptotically bad family of number fields where each K, has solvable Galois closure.
By Theorem 3.2, GBS holds for {K,}, i.e.,

1
lim 28PKn _
n—>o00 gKn
For an asymptotically bad family I, GBS implies that p(K) = 0. One of the natural

questions is to determine the rate at which this limit converges to 0. In this context, we show
the following conditional result.

Theorem 3.3. Under the assumption of GRH, for an asymptotically bad family K = {K;},
we have

1 . 1 . .
O8PK; _ O( OgQKZ/nKZ) (7)
9K, 9K, [nK;

where the implied constant only depends on K.

Note that for an asymptotically bad family, gx/nx tends to infinity and hence the right
hand side in (7) tends to 0.
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4. Preliminaries

In this section, we state and prove some results which will be useful in proofs of the main
theorems. A crucial role in our proof is played by a result of V. K. Murty in [9], a weaker
version of which is as follows.

Theorem 4.1. (Murty) Suppose K|Q is an extension of degree n whose Galois closure is
solvable. Let

e(n) := max a,
p*|in

§(n) = (e(n) +1)? 313 12601,
There exists an absolute constant ¢ >0, such that if (i has a real zero in the region

c
1- <B<1, 8
ne(m§(n)log dg p< (8)

then there is a quadratic field N ¢ K, such that (x(5) = 0.

We prove the following important lemma which connects the generalized Brauer-Siegel
conjecture to zero-free regions for Dedekind zeta-functions. The proof of Lemma 4.2 is inspired
by [13] and uses their notation. For a number field K, write

Cre(s) = 25 Fie(s). (9)

where F(s) is entire. Define

d (logF
ZK(s) ::d—(—Og K(s))
8 9K
Lemma 4.2. Let K be a member of an asymptotically good family IKC. Suppose the degree of
K is n and (i (s) has no zero in the region (8). Then there exist absolute constants Cy, Co

and Cg >0 dependent on K, but independent of K, satisfying
|Zk(1+0)| < Cy gg2'*®9%,
for any 0 € (0,1) and any gx > Cs.

Proof. Using Mellin transform of the Chebyshev step function, we have

Zi(s) 1 [T (Gx@) -wya - L (10)
S g J1 SIK
for R(s) > 1, where
Gr(z):= ) Ng(K)logg.

qg,m>1
q"<x

The unconditional Lagarias-Odlyzko [5, Theorem 9.2] estimate for G (x) gives

1 B
|Gk (x) — x| < Cyzexp (—05\ / ng) + %
n

for logz > Cang%(, where Cy, C5, Cg are positive absolute constants. Here, 3 is the possible
real exceptional zero of (x(s). If such a zero does not exist, we set 8 =1/2. By (4), for (x(s)

with no zeroes in the region (8), we have
c 1

-——2>021- .

nem(n) gk g co 9K
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For an asymptotically good family K, note that we have ng,/gx, converges to a positive real
number as ¢ - co. This is because if nk,/gk, - 0 as i - oo, then ¢g, ¢c and ¢, would be
0 for all ¢, which contradicts that K is asymptotically good. Therefore, we can find positive
constants Cy and Cyy depending on K such that

Conk, < gx; < Coonk,,
for all ¢ large. Since K is a member of I, we have
1
%< Oy log gx

0g
<
e(n) < log2 ~

and

5(n) < Crn* < Cygye,
where C7,Cg are absolute positive constants. Therefore, there exists Cy, Cg > 0, such that
for

log & 2 Cig g2 19805

zP , [logx
? :o(xexp(—C’5 - )

we have

where Cf > 0. Let

gic = Cro gz * 7%,
Setting s =1+ 6 in (10), we have
Z(1+6)
—— <L+, +0(1), 11
2D <henvon) (1)
where
1 rox -2-0 L e -2-0
Ilz—f |Gr(z) —x|z™*"dx  and Izz—f |Gr(x) — x|z dx.
9K J1 9K Y9k

For I, we use the following bound on G g (),
Gg(z)= > Ng(K)logg<n Y, logq < gk zlogz.

q,m>1 q,m>1
q"<x q"<x

Therefore, for some constant C11 > 0, we have
|Gr(z) — x| < Ci1 gk xlogx.
Thus the integral
1

9 9
I = — fl " |G (2) - 2]z 0de < Oy / © g1t logzdx < C11 g5 (1-exp(-0g%)) < g}<2.
9K 1

We now show that the integral I» is bounded. By the Lagarias-Odlyzko estimate (10),
using the change of variables z = y9% °8¥ | we have

Cy [ /1 0 ,
L<=2 [ exp|-C; 08T o 10y = 2Cy f y G109 logy o0, gy,
9K Jox 9K exp(\/97 [9K )

For large gk and any fixed € > 0, we bound logy < y¢ and get

<20, /oo y—Cé—1+e—99K 10gydy <20, /
exp(\/97 /9K ) exp(\/97 /9K )

oo

y—C’é—1+e—9\/gTKdy' (12)
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Evaluating the integral (12), we have

204 ( p )—Cé+€—9\/ﬁ
exp |/ < Cha.
—CL-1+e-0/(g)) Gicl 9 2

for some absolute constant Ci2. Thus, we have the lemma. O

In order to find a zero-free region for all the Dedekind zeta-functions attached to number
fields in an asymptotically good family, we prove a crucial lemma below.

Lemma 4.3. Let K = {K;} be an asymptotically good family of number fields. Set
Q(K) :={k; [k:Q] =2 and k c K; for some i}.

Then, Q(K) is a finite set.

Proof. Since K is asymptotically good, we have

. Ng;
lim L
i~ JK;

> 0.

Thus, there exists a fixed € > 0, such that ng,/gx, > € for all i. Since k ¢ K;, we have
2 NK,
R BN
9k 9k 9K,

Thus, g < 2/e. Hence, Q(K) is finite. O
A vital role in our proof is also played by the following result of Stark (see [12, Lemma 4]).

Lemma 4.4. (Stark) There exists an effectively computable constant ¢’ >0 such that for any
number field K, we have

PK > C,(l - B)a
where B is the possible exceptional zero of (i (s). If such a zero does not exist, then we set

B=1/2.

Moreover, a theorem of Louboutin [7] regarding an upper bound for residues of Dedekind
zeta-functions is of significance and hence, is stated below.

Theorem 4.5. (Louboutin) Let K be a number field. If (x(8) =0 for 1/2< 5 <1, then

prc < (1-9) (52 ) (13)

The following conditional bound is utilized in the proof of Theorem 3.3.

Lemma 4.6. Under the assumption of GRH, for any number field K, we have

|ZK(1 + 0)| «1
1+0
for 0 €(0,1).
Proof. For any number field K, from (10), we have
VA 1 o0 1
L (19
s 9K J1 SYK

for R(s) > 1, where
Gi(@)= ¥ Ny(K)loga.

qg,m>1
q"<x
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The Lagarias-Odlyzko estimate assuming GRH (see [5, Theorem 9.1]) for Gg (x) gives
IGx(2) - x| < cgr z'/? (logz)?.

Using this estimate in (14), we get the lemma. O
5. Proof of main theorems

5.1. Proof of Theorem 3.1. Taking log on both sides of (9) and dividing by gk, we get for
s=1+ 9[{

log(x(1+0x) logpk . log Fr(1+0k) loglx
9K 9K 9K 9K
Here, and in the rest of the paper, log is chosen to be the principal branch. In [13], it is shown
that for any asymptotically exact family of number fields,

(15)

lo
lim sup ——* O8PK: Z bq log
1—00 9K; 1

Therefore, in order to prove Theorem 3.1, it sufﬁces to show that for an asymptotically good
tower K = {K;} of number fields with solvable Galois closure,

liminf ———— log pr; > Z¢q log
v JK; 1

Hence by (15), for a suitable choice of O, - 0, we are reduced to showing that,

log CKZ' (1 + GK'L)

lim inf > ¢qlog 16
§—>00 IK; zq: d qg-1 ( )
log F, (1 + 0k,
lim sup 08 Fie,(1+ O:) <0, (17)
and lox 8
lim 87K _ . (18)
= JK;

We first prove (17) and make our choice of f,’s. From Lemma 4.3, it is clear that if
we consider an asymptotically good tower of number fields { K;} where each K; has solvable
Galois closure, there are at most finitely many of them with (g, having zeroes in the region
(8). So hereafter we will assume that our tower I does not have any number field K such
that (i has a zero in the region (8).

Choosing 0y as

—(C2+1)loggx

QK =0k ;
using Lemma 4.2 and the fact that Fx (1) =1, we get
logFK(l +9K)

- b —loggk
= Zr(1+0)do < g .
9K 0

Therefore, (17) holds. Furthermore, we have
log Ok, < (log gk, )>.
Hence, we also get (18). For (16), note that
(1+40 Ny(K;
GL00) 5 NyF)

9K, q 9K,

=3 Np(K5) log

1 > q<K>
-1-60 _ ,—1-6"
1-q- 7 9K, 1- q

k>1
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In a tower, we know that ¢, < % Therefore,

Ny(K;
5 (&)

p JK;

1 1
1 > ¢ log ———
08 7 — 10 ; ¢plog 1—p-1-0

for any 6 > 0. We also have

Nq(K;) 1 1
2. log -——5 = 2. dlos T— 5
g=p*, IKi 9 a=p", 9
k>1 k>1

uniformly for 6 > —§, for some § > 0. Hence, we get

liminf (x, (1 + 0k, ) > Zéqung-
71— 00 q q—

5.2. Proof of Theorem 3.2. Let K = {K;} be an asymptotically bad family of number
fields. If K;’s do not have zeroes in the region (8), then Lemma 4.4 gives
c

ne(m§(n)logdy

Since g, — oo and ng,/gx, — 0, we have the desired result.
Suppose some K; has zero in the region (8), say (3;. Then, by Theorem 4.1, there is a
quadratic sub-field k; of K;, which also has a zero at 3;. Now, using Theorem 4.5 stated in

Section 4, we get
PK; c(1-5)
pK,' = (_)sz 2 e;K— 2 pk‘l
Pk (1-5) (=5*)

pr; > (1-8)>c

Taking log and dividing by gg,, we have

2
4
10ng1 > 10gc(egKi) + longl

9K; 9K; IK;
Now using the classical Brauer-Siegel theorem for quadratic fields, we are done.

5.3. Proof of Theorem 3.3. We start with the equation (15), as in the proof of Theorem
3.1. Recall the definition

d (log Fx(s
ds JK
Using Lemma 4.6, we have
9 !/
9K 0 9K
Since,
Cke ¢ nK
0<-—=—= <-ng-—-
< CK(U) nKC(U)<U—1

for o > 1, using [6, Lemma (a)], we have

0<w=_[ _SK (5 do < T —U="—Klog(—) (20)
JK g J1+0k CK 9K J1+0k O — 1 9K

Choosing | /
_ 089K /K

Ok
9K [nK
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and using (20) and (19), we have

logpre _ (loggK/nK)
9K 9K [nK

6. Bounds on regulators

As an application of the generalized Brauer-Siegel theorem, we follow the methods in [13]
to produce some lower bounds on the regulators of number fields with solvable Galois closure
in asymptotically good towers. Proposition 7.1 of [13] states that for an asymptotically exact
family K = {K;} of number fields,

log h g,
lim sup 08 UK; <1- (log2ﬁ+ 7
1— 00 gKl

)¢R—(log4ﬂ'+7)¢c+2¢qlog 4
q q-1

+1
2
Comparing this with the Theorem 3.1, we have

Theorem 6.1. For an asymptotically good tower K = {K;} of number fields with solvable
Galois closure,

. . . logRp,
lim inf :
e 9K

7. CONCLUDING REMARKS

> (IOg\/E-f- %)gbR-f' (log2+7v)oc.

The approach used in the proof of Theorem 3.1 and Theorem 3.2 does not give any infor-
mation on the rate at which log pg,/gx, tends to its limit ¥, ¢, logq/(q—1). In [12], Stark
showed that for an asymptotically bad family almost normal fields K not containing any
quadratic subfield,

log pxc _ O(loggK)’

9K 9K
where the implied constant is independent of K. Hence, we get some information on the rate
at which log pk, /g, converges to 0 in such a family. It is interesting to investigate a similar
question in more generality. Unfortunately, no such result is known for asymptotically good
families. For an asymptotically bad family of number fields with solvable Galois closure, one
may use [9, Theorem 3.1] to give a partial result for a large sub-class of these number fields.
However, this question still remains open in general.
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