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ABSTRACT

Let G be a split semisimple group over a finite field Fy, let F' = Fy(t), and let A
denote the adeles of F. For all the irreducible representations of G(A) occurring
in the discrete part of L?(G(F)\G(A)) which have vectors invariant under Iwahori
subgroups at two places of F' and maximal compact subgroups at all other places, we
describe the local constituents at those two places in terms of the irreducible square
integrable representations of an Iwahori Hecke algebra. We include proofs of certain
well known results about the classification of principal G-bundles on the projective

line which we use in our calculations.

1l



ACKNOWLEDGMENTS

I thank, first and foremost, Robert Kottwitz, under whose guidance this work was
done. He suggested this topic to me for a dissertation and supervised me very closely
throughout the time I worked on it. His careful reading of my drafts have been a
great help in the writing of this thesis.

I am grateful to Sam Evens who helped me to prove Theorem 4.4.3. It is a pleasure
to thank Stephen DeBacker and Dipendra Prasad, who read my manuscripts with
great care. I found their comments and corrections very helpful. I am grateful to R.
Narasimhan for historical background on the results in Chapters 2 and 3, specifically,
for pointing out to me the work of Dedekind and Weber [9]. T would like to thank
Patrick Brosnan for his help in working out some early examples connected with these
results.

I also thank James Arthur, Giinter Harder, Kamal Khuri-Makdisi, Evangelos Mou-
rukos, Stephen Kudla, A. Raghuram, Mark Reeder, Paul Sally, Jr., Freydoon Shahidi
and Jiu-Kang Yu for their help and encouragement.

Special thanks are due to Madhav Nori, under whose guidance I completed my
first topic proposal and examination.

I thank the faculty, staff and students of the Department of Mathematics at the
University of Chicago. I have benefitted from several excellent courses and seminars
that I attended here. Laurie Talbo and Laurie Wail made it easy for me to concentrate
on my work by efficiently handling many of my official or administrative affairs.

Lastly, I thank all the members of my family for their support and encouragement.

v



TABLE OF CONTENTS

ABSTRACT . . . iii
ACKNOWLEDGMENTS . . . . .. e iv
1 INTRODUCTION . . . .. e 1
2 REDUCTION THEORY FOR THE PROJECTIVE LINE . . ... .. .. 6
3 THE BIRKHOFF DECOMPOSITION . . . .. ... .. ... ... .... 18
4 EXTENDED IWAHORI HECKE ALGEBRAS . . ... ... ... .... 23
5 FORMULAS FOR CONVOLUTIONS . . ... ... .. ... ... ... 30
6 SPECTRAL DECOMPOSITIONS . . .. ... ... .. ... ... ... 39
REFERENCES . . . . . . 45



CHAPTER 1
INTRODUCTION

1.1 Overview

Let F be a global field and let G be a reductive group defined over F. Let Ap
denote the ring of adeles of F. Let L?(G(F)\G(A))y denote the space of functions
on G(F)\G(A) which are square integrable modulo the center of G(A) and which
transform under the center by a fixed character xy. The adelic group G(A) acts on
this space by right translations. By a discrete automorphic representation of G(A),
we mean an irreducible representation of G(A) that occurs in the discrete part of
L?(G(F)\G(A))y for some x. A fundamental problem in the theory of automor-
phic forms is to describe the discrete automorphic representations of G(A) and the
multiplicities with which they occur (see [2] and [3]). Any discrete automorphic rep-

resentation p has a decomposition

p = Qupu, (1.1.1)

where for each valuation v of F', p, is an irreducible representation of G(Fy). Here
F,, denotes the completion of F' with respect to v. We call p,, the local constituent of
p at v.

By Langlands’ theory of Eisenstein series, discrete automorphic representations
are either cuspidal or arise from the residues of Eisenstein series that are associated to
cuspidal automorphic representations of proper Levi subgroups. For example, when
F' is a number field, Mceglin and Waldspurger [20], by analyzing certain normalized
intertwining operators, describe the discrete automorphic representations of GL,, in
terms of cuspidal representations of GLg4, where djn. When G is a split classical
group and F' is a number field, then Moeglin [18] shows that the representations in
the unramified discrete spectrum have multiplicity one, and are parameterized by
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2

those unipotent orbits in the Langlands dual group which do not intersect the Levi
factor of any proper parabolic subgroup. When G is a split symplectic or orthogonal
group, Mceeglin [19] describes all the automorphic representations that arise from
residues of Eisenstein series of unramified characters of a maximal split torus that are
of the form (ay,...,an) € A™ — |a1|®! ... |an|*™ where n is the rank of G, and the
parameters sq, ..., Sy are arbitrary complex numbers.

In the case of function fields, the simplest non-trivial example is that of F' = F(t)
and G = PGLy. This is studied by Efrat in [10], where he describes the local
constituents of unramified discrete automorphic representations by realizing the space
of unramified automorphic forms as a space of functions on a tree. Furthermore,
Anspach [1] describes the unramified discrete automorphic representations for F' =
F,(t) and G = PSpy.

In this thesis, we take F' to be Fy(t) and G to be any split semi-simple group over
Fy. Let p be a discrete automorphic representation whose local constituents at two
places have non-zero vectors fixed by Iwahori subgroups and which are unramified at
all but these two places. We describe the local constituents at these two places of
any such representation p. Our techniques are completely independent of the group
G and provide results, for the first time, for all exceptional groups.

We would like to point out that our results do not explicitly describe the local
constituents at the other places of the automorphic representations whose local con-

stituents we describe at two places.

1.2 Statement of the Main Theorem

Let F be the finite field with g elements and let G be a split semisimple group defined
over Fy. Fix a maximal Fg-split torus 7" of G' and a Borel subgroup B defined over F,
containing 7. Let F' = F4(t). Let A denote the ring of adeles of F'. For each valuation
v of F,let Fy (resp. Oy) denote the local field (resp. the ring of integers of the local
field) of F' at v. The pre-image of B(F4) under the natural map G(Oy,) — G(Fy) is
an Iwahori subgroup of G(F}), which we denote by I,. Consider the compact open



subgroup

K'=IoxIpx [[ G(Oy) (1.2.1)

v#050,0

of G(A). Let M be the space of functions in L?(G(F)\G(A)) which are right-invariant
under K’. These form a representation (r, M) of the tensor product Heo ® Hy of
Iwahori Hecke algebras (§5.1) at oo and 0. Let (r, M) denote the subrepresentation
of M generated by vectors in the closed irreducible representations of Hoo ® H( that
occur in M. Our main results describe the irreducible representations of Hno ® Hy
that occur in (r, M) and, furthermore, show that they occur with multiplicity one.
Let H denote the abstract extended Iwahori Hecke algebra associated to the data
(G, B, T) (in the sense of §4.2). The algebra H admits automorphisms % and I, both
of order two (§4.4). I is commonly known as the Twahori-Matsumoto involution. Also,

we have an isomorphism ¢, : H, — H for each degree one valuation v of F' (§5.1).

Theorem 1.2.2 (Main Theorem). There is an isomorphism of Hoo @ Hy-modules

(rMg)— € (polodue@poRologyVaV).
(p,V)eH

Here H denotes the set of isomorphism classes of irreducible square integrable repre-

sentations of H (see §4.3).

When the derived group of G is adjoint, Kazhdan and Lusztig have described the
set H in [16] (restated here as Theorem 4.3.1). Moreover, in this case, (po&o I,V)
is isomorphic to (p o I,V) as an H-module (Theorem 4.4.3). This simplifies the

statement of the main theorem to

Theorem 1.2.3 (Main Theorem for groups of adjoint type). When the derived

group of G is adjoint, then there is an isomorphism

(r,Mg)— & (polopu@pologyVaV).

(p,V)eH



1.3 A Guide to the Reader

Chapter 2 is expository in nature. The goal is to prove Theorem 2.1.1, which is a
version of the well known fact that any vector bundle on the projective line P1 can
be decomposed into a direct sum of line bundles. This was proved in the special case
of the direct image of the structure sheaf of a curve mapping to the projective line
by Dedekind and Weber (who did not know about vector bundles) in [9], but their
argument works for all vector bundles. Suppose that G is a group defined over Fy
and X is any irreducible smooth curve over Fy. Let A x denote the adeles of Fy(X),
and Oy the ring of integers at a place v of X. Then the double coset space

G(Fq(X)\G(Ax)/[] G(Ov)

classifies the principal G-bundles on X. When G = GL,, and X = P, the assertion

that vector bundles split is equivalent to saying that the map
T(Fy(X)N\T(Ap1)/ [[T(00) = GF(X)\G(Ax)/ [ G(O0)
v v

induced by inclusion is surjective. Here T is the group of diagonal matrices in GL,,.
The line bundles on P! are determined, up to isomorphism, by their degrees, and the
decomposition into a direct sum of line bundles is unique up to permutations. The
proof that we give is an adaptation of arguments of Godement [12] and Weil [21].
Over the complex numbers, a proof of this result may be found in [13].

Chapter 3 proves an important refinement of the results in Chapter 2, which is
exploited in our computation of automorphic representations. In the case where G is
GL,, the double coset space discussed here classifies the vector bundles on P! with
affine flags specified at two rational places.

In Chapter 4, we describe Iwahori and Matsumoto’s presentation [15] of the ex-
tended Iwahori Hecke algebra. We describe the classification of irreducible square
integrable representations due to Kazhdan and Lusztig [16]. Finally, we introduce

two involutions, I and %, which appear in our description of the discrete spectrum.
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We prove that when the derived group of G is of adjoint type, then % takes an irre-
ducible representation of H to its contragredient.

Chapter 5 derives formulas (5.1.1)-(5.1.4) that describe the action of generators
of the Hecke algebras Hy, and Hy on M in terms of a chosen basis for M. The
computation is first reduced to evaluating certain integrals on groups over the local
field (as opposed to the adelic group). These integrals are computed using techniques
from the Theory of Tits systems. Besides the main formulas (5.1.1)-(5.1.4), none of
Chapter 5 is necessary to understand the rest of this thesis.

In Chapter 6 we describe the discrete spectrum of (r, M) in terms of H. This
is done by using a Peter-Weyl type spectral decomposition (Theorem 6.2.1) for a
module (v, N) over H ® H, and then relating it to the spectral decomposition of
(r, M), thereby proving Theorem 1.2.2.



CHAPTER 2
REDUCTION THEORY FOR THE PROJECTIVE LINE

2.1 The Statements

Let G be a split reductive group defined over Fy. Fix a Borel subgroup B defined
over Fy with unipotent radical N, and a maximal Fg-split torus T" contained in B.
Let F' = Fy(t). For a valuation v of F', we denote the corresponding local field by
F, and its ring of integers by O,. Let A denote the adeles of F'. For each v, fix
a uniformizing element m, € F N O,. In particular, fix 7o = ¢t~ and Ty =t as
uniformizing elements at the places co and 0 whose local fields are Fy((¢~1)) and
F4((t)) respectively. Let K be the maximal compact subgroup [], G(Oy) of G(A).
Let X«(T') denote the lattice Hom(Gy,,,T) of algebraic cocharacters of T. Given
n € X«(T), and a valuation v denote by 7, the element 7(m,) € T(F,) C T(A). The

main result of this chapter is the following

Theorem 2.1.1. Ewvery double coset in
G(F\G(A)/K

has a unique representative of the form (t_l)”, where n € Xy (T) is antidominant.

In §2.6, we will deduce Theorem 2.1.1 from the following local result which is
proved in §2.5. Let F§ be the local fields Fy((7)) of Laurent series in 7 with coefficients
in Fy. It contains, as its ring of integers, the discrete valuation ring O = F[[r]], and

as a discrete subring, the polynomial ring R = Fy[r~!]. Let T = G(R).

Theorem 2.1.2. Every double coset in
N"\G(F,)/G(O)

has a unique representative of the form ', where n € X«(T) is antidominant.

6



2.2 Normed Local Vector Spaces

Let V' be a vector space defined over Fy. Let ej,..., e, be a basis of the free O-
module V(O) (so that V(O) is isomorphic to the free O-module generated by the
e;’s). Given a vector x € V(F,), we may write x = z1e] + ...+ zpep, uniquely, with
x; € Fo. Define

|x|| = sup{|x1], ..., |zn|} (2.2.1)

Lemma 2.2.2. If g € GL(V(O)), then ||xg|| = ||x]|-

Proof. Let (g;;) be the matrix of G with respect to the basis chosen above. Let
y=xg. f y=y1e1+...+ynep, then

n
yj =D _widij
=1

and
Iyl = sup1<j<n | 351 2igij]
< SUp1<j<p SUPI<i<p [Tigij|  [ultrametric inequality.]
< Supi<j<p SUPt<i<p [T [since g;; € O]
=[xl
Hence
[yl < [l

We may apply the same reasoning to g*1 to show that

x| < [yl

Therefore,
[yl = IIx]l-
Corollary 2.2.3. The norm || - || is independent of our choice of basis of V(O).

Proof. The coordinates of a vector with respect to two different bases differ by a
matrix with entries in O. The argument in the proof of Lemma 2.2.2 shows that the

norms with respect to two different bases are equal. O
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Lemma 2.2.4. The norm || - || satisfies the ultrametric triangle inequality, i.e., for

vectors x, y in V(Fe),
[x + vl < sup{|Ix]], [y}

Proof. Write x = x1e1 + ...+ xpe, and y = y1e1 + ... + ypen.

Ix +yll = sup{ler +yil,-. ., |20+ ynl}
< sup{sup{|z1],[v1l}, ... sup{lzn| yn|}}
= sup{|z1],[v1l,- -, [@nl, lynl}
= sup{[[x[. [¥[I}- O

Lemma 2.2.5. For a scalar A € Fo and a vector x € V(F,),
A = [A[lIx]-

Lemma 2.2.6. If g € GL(V(Fs)), then there is a constant Cy > 0, such that for any
vector x € V(F,),
x|l < Collx]-

Proof. Suppose that g has matrix (g;;), and x has coordinates (r1,...,7n) with

respect to the basis eq,...,e,. Then

n n
Ixgll = sup{|> wigil,--.|>_ iginl}
i=1 i=1

< sup sup gl
1<j<n1<i<n
Therefore, we may let

Cyg= sup sup |gij|. O
1<j<n1<i<n

Lemma 2.2.7. [fx € V(R) is a non-zero vector then ||x|| > 1.

Proof. By Corollary 2.2.3, we may assume that the elements e; of a basis used to
define || - || lie in V' (Fy). Then at least one coordinate of x is non-zero in R. But any

non-zero element in R has norm at least one. Therefore, ||x|| > 1. O
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Proposition 2.2.8. For any non-zero vector x € V(Fy) and any g € GL(V (F,)),
there is a positive constant E such that for all v € GL(V(R))

[xvgll > E.

Consequently, for any subset S of GL(V(R)), the set {||xsg|| : s € S} has a positive

manimal element.

Proof. Applying Lemma 2.2.6 to ¢~ !, and Lemma 2.2.7 to xv (which lies in V(R)),
we have

[x7gll = -1yl = €1 > 0.

The second part of the assertion follows by noting that the values taken by the norm

| - || are of the form ¢/, where j is an integer. O

2.3 Fundamental Representations

Let aq,...,a; be the simple roots with respect to B in the root system ®(G,T) of G
with respect to T'. Let W = Ng(T')/T be the Weyl group of G with respect to 7. To
each simple root «;, we associate an element s; of order two in W in the usual way.

Given a subset D of {1,...,r}, let Wp denote the subgroup of W generated by
{sjli € D}, and let Pp denote the parabolic subgroup BWpB of GG containing B.

This group has a Levi decomposition
Pp = LpUp,

where Lp is a reductive group of rank |D| and Up is the unipotent radical of Pp.
Lp N B is a Borel subgroup for Lp containing the split torus 7". The set of simple
roots of Lp with respect to Lp N B is {a;|j € D}. Denote by P; (resp., L;, U;) the
parabolic subgroup (resp., Levi subgroup, unipotent subgroup) corresponding to the
set {1,...,4—1,i+1,...,r}. These are the maximal proper parabolic subgroups of

G containing B.
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Theorem 2.3.1 (Chevalley [8]). There exist irreducible finite dimensional rep-
resentations (p;, V) of G, wvectors v; € Vi(Fy) that are unique up to scaling, and

characters A; : Py — Gy, fori=1,...,r all defined over Fy, such that

1. P; is the stabilizer of the line generated by v; and v;p;(p) = A;(p)v; for each
pe P fori=1,...,r.

2. The restrictions pu; to T of A;’s are antidominant weights of T with respect to

B, which generate X*(T) ® Q as a vector space over the of rational numbers.

Moreover, for any subset D of {1,...,r}, the mazimal parabolic subgroups of Lp
are P; N Lp, where 1 € D, and the representations of Lp provided by the preceding
assertions applied to Lp may be taken to be the restrictions of the representations

(pi, Vi) from G to Lp.

2.4 Ordering by Roots

Lemma 2.4.1. Let L be a Levi subgroup of G associated to a parabolic subgroup P

containing B. Then there is a canonical surjection

<I>G
G(F,)/G(0) —E= L(F,)/L(0).

If Q@ = MN is a parabolic subgroup of G containing B and contained in P, then M

1s a Levi subgroup for L corresponding to the parabolic subgroup L N Q of L, and
L G _ G

Dy o OF = DY,

Proof. Given g € G(F,), we may use the Iwasawa decomposition to write g = luk,
where | € L(F,), u € U(F,) and k € G(O). Moreover, if g = I"u/k’ is another such
decomposition, then, setting [ = -1, and ko = Kk,

o' gu = kg € G(O).

On the other hand,
ko = ' Hou = loly 'u'pu.
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Since L normalizes U, lo_lu'_llo € U(F,), and hence, setting ug = lalu’_llou €
U(F°)7

Therefore l()ugl = ko € G(O) N P(F,) = P(0), so that Iy € L(O). This shows that
luk — [ induces a well defined map @% : G(Fe)/G(O) — L(F,)/L(O). It is clear that
this map is surjective. To see that (13%4 o @g = (I)%, note that we may write g = muk
with m € M(F,), u € N(F,) and k € G(O). But N(F,) = (N(Fe) N L(Fs))U(Foe),
so we may write u = ujug, where uy € N(Fo) N L(F,) and ug € U(F,). Therefore,
we see that mM (O) = @ﬁ(mul) = <I>J\G4(g). O

In the sequel we denote @g simply by ®. Define
Qg :={9€G(Fs) : |ajoP(g)|>1fori=1,...,r}. (2.4.2)

Proposition 2.4.3. G(F,) =1'Q¢.

Proof. The rank one case. Here G has one simple root aq, and one fundamental
representation (p1,V7) and a vector vi € V1(Fy) such that for any element p in the
parabolic subgroup B = T'N, where N is the unipotent radical of B,

vip1(b) = A (b)vy, (2.4.4)

where the character A1 : B — Gy, (defined over Fy) restricts to a dominant weight
1 on the maximal split torus T'. Let g € G(Fs). We wish to show that g € I'Qy. To
this end, by Proposition 2.2.8, by replacing g, if necessary by an appropriate element
of I'g, we may assume that g has the property that

[vip1(v9)ll = Ivip1(g)| for all v € T (2.4.5)

Write g = tnk, where t € T'(Fs), n € N(F,) and k € G(O). By Theorem 2.3.1 and
Lemma 2.2.2,

[vip()ll = 1AL @Ol[vill = lpa (D). (2.4.6)
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Fix an isomorphism uq, : Gq — N defined over Fy, and let x € Fo be such that
n = g, (). Choose o in the nontrivial T'(Fq)-coset of NgT'(Fy). Note that if S € R,
then ouq, (S) € I, therefore, using Proposition 2.2.8,

@) = lvipi(9)ll

< [vipi(oua, (S)tua, (2))]

= |vip1(“toua (a1(t)"H(S + a1 (t)x)))]|
1 (0] Vi1 (u—ay (a(t) 'S + ).

Here u—q; = Jualcr*l, and its image is the root subgroup for —aq. The element
ufal(a(t)_ls + x) lies in the derived group of G' which is isomorphic to either SLo
or PG Lo in the rank one case. When the derived group of G is isomorphic to SLo,
we may take V] to be the right action of SLo on the space of 1 x 2-matrices by right
multiplication. One may take the torus 7" to consist of diagonal matrices in SLg, B
the upper triangular matrices in S Lo and vy to be the vector (0,1). Calculating with

matrices, one may verify that
IV1p1(u—aq (a(t) 'S + 2))|| < sup{1, [a(t) 'S +2|}.

Therefore,

sup{1, a1 (1) 715 + al} = [ (1), (2.4.7)

Choose S in R such that |S + a(t)z| < 1. Then |aq(t)~1S + z| < |ai(t)|~!. Suppose
that |a1(t) 1S + x| > |p1(t)]?. Then |aq(¢)|~F > |uq(t)[>. This is impossible, since
o (1)1 = 1 ()% Tt follows that |aq(t) 1S + x| < |u1(t)|?. Therefore, (2.4.7) can
hold only if 1 > |u1(t)|?, which is the same as |aq(¢)] > 1. This completes the proof
of Proposition 2.4.3 when the derived group of GG is isomorphic to SLs.

In the case where the derived group of G is isomorphic to PG Lo, choosing once
again the upper triangular Borel and diagonal torus, we may take V7 to be the sub-
space of the vector space of 2 x 2 matrices (on which PG Ly acts by right conjugation)

generated by any non-zero nilpotent upper-triangular matrix with entries in F 4, which
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we may take to be vy. In this case, a calculation with matrices shows that
IV1p1 (u—ay (01 ()18 +2))|| < sup{1, |ag () 1S + x|, g (£) 1S + 2/}

Therefore,

sup{1, a1 ()18 + [, Jag ()18 + 2|2} > [ (1)[%. (2.4.8)

As before, choose S in R such that |S + a(t)z| < 1. Suppose that |oq (t) LS + z|? >
lu1()]?. Then |aq(t)|72 > |p1(t)|?>. This is impossible, since a1(t)™t = u(t).
Therefore, (2.4.8) implies that either 1 > |u1 ()2, or |ag(t)|™! > |u1(¢)[2. In either
case, it follows that |u1(t)] < 1, so that aq(t) > 1. This takes care of the case when
the derived group of GG is isomorphic to PG L9, completing the proof of Proposition
2.4.3 in the rank one case.

The general case. Let G be a group of rank r, and g € G(F,). By modifying g on
the left by an element of I', we may, for the purposes of this proof, assume, using the

second assertion of Proposition 2.2.8, that

[vipi(g)ll < llvipr(vg)ll for all v € I. (2.4.9)

Note that if v € Py(Fe)NT, then v1p;1(vg) = A1(7)v1p1(g). Since Ai(y) € Fo[r 1%,
[A1(y)| = 1. Therefore, [[vip1(v9)ll = [[A1(7)vip1(g)ll. We may use the second

assertion of Proposition 2.2.8 again, to assume, for the purposes of this proof, that
[vap2(9)ll < [[vapa(vg)| for all v € I'N Py (Fe). (2.4.10)
while preserving (2.4.9). Continuing in this manner, we may assume that
Ivipi(Il < lvipj(vg)| for ally e TN P(F)N...0 P (F), (2.4.11)

for y =1,...,r. Therefore, it suffices to prove that

Lemma 2.4.12. If an element g € G(Fs) satisfies the inequalities (2.4.11) for each
integer 1 < j <r, then g € Q¢.
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The proof of Proposition 2.4.3 in the rank one case shows that Lemma 2.4.12 is
true when G is of semisimple rank one. We proceed to prove it by induction on the
semisimple rank of G.

The Levi subgroup L, has semi-simple rank r — 1, therefore, if we write g = luk,
where [ € Ly(F,), u € Up(Fs), and k € G(O), then by the induction hypothesis,
| o@%(l)\ >1,forj=1,...,7r— 1. But

laj 0 B(g)| = |oj 0 RF(1)] > 1.

Therefore,

lajo®(g)| >1forj=1,...,7r—1

It remains to see that |a, o ®(g)| > 1. In order to do this, we may repeat the above

argument replacing L, by the rank one Levi subgroup L () m

2.5 Local Reduction Theory

In order to prove the existence part of Theorem 2.1.2, it suffices to show that every
element g in 2 may be written as g = yn'k, where v € I', n € X«(T') is antidominant
and k£ € G(O). To this end, we may assume (using the Iwasawa decomposition) that
we are given g € Q¢, with ¢ = tn, with ¢t € T(F,) and n € N(F,). Since g, and
hence t, is in Q¢, |a;(t)] > 1, so that o;(t)~t € O, for i = 1,...,r. For each root
a € O(G,T), let U, denote the corresponding root subgroup. Fix an isomorphism

Uq : Gg — Uq defined over Fy. Then for x € F,, we have
tua(z) = (tua (@)t = ua(a(t)z)t.
Therefore, if we write a(t)x = P + h, where P € R and h € O, then
o () = tua (a(t) " Plua(a(t) " h) = ua(P)tua(a(t) " h).

Given two positive roots a and 3, the commutator [Uq, Ug] is contained in the product

of root subgroups U, where the o' are roots which can be written as positive linear
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combinations of @ and J and are distinct from either a or 3. Moreover, we may
enumerate the positive roots as (31, 32, ... so that if j > ¢, then [3; can not be written

as a sum of §; and any other positive roots.
Write n as J[; ug, (z;). Then

tn = tug, (x1) H ug, (z4)

i>1

If we write 51 (t)x1 = P} + hy, where P} € Fq[ﬂ'_l] and h € O, then

-1
tn = ug, (P)tug, (B1(t) " h1) [ ] ug,(x;)
1>1
Since Uﬂl(Pl) €T, 51(t)~! € O, and the image of ug, normalizes all the subsequent
roots subgroups whose elements appear in the above expression, we may assume for

the purpose of proving Theorem 2.1.2; that

tn=t H u&,(:p,ﬁ-),
1>1
for x; € Fo. We may continue in this manner to reduce tn to t. It is then easy to see
(using the decomposition F* = 720*) that t may be replaced by 7 for n € X (T).
Since |a;(7T)| > 1, it follows that 1 is antidominant, proving the existence part of
Theorem 2.1.2.

We now prove the uniqueness part of Theorem 2.1.2. In order to do this, it
suffices to show that if n and v are two dominant coweights, and #” = "'k for some
v €T and k € G(O), then v = 7. Since the weights p1, ...,y corresponding to the
fundamental representations in Theorem 2.3.1 generate the vector space X*(T') ® Q,
it suffices to show that (u;,v) = (u;,n) for each 7. In order to do this, we need the

following

Lemma 2.5.1. For any non-zero vector v € Vi(Fe) and any antidominant coweight
we Xi(T),
[vpi(m)I o [lvipi(™)]l
vl = flvall
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Proof. Since T' is an Fg-split torus and p; is defined over Fy, V' has a decomposition

V=V
A

where 7" acts on V) by the character A : T" — Gyy,. It is easy to see that p; is the

(over Fy) into root subspaces

lowest weight of T" occurring in (p;, V;), so that (u;, u) > (A, p) for any weight A of T
occuring in (p;, V;) and any antidominant coweight p. Given any vector v € V(F,),

we may write
v = ijuj, where z; € Fe and u; € V)\j(Fq) for each 7,

where x; € Fo and u; € V)\j(Fq) for each j and the A;’s are not necessarily distinct.

Ivoste) = || A )juy|

= sup{|\;(7")z;[}
J

= sup{q~ Nz}
J
> W sup{|z)}
J

= [vipi(@)|l [Iv]

Since ||v;|| = 1, this completes the proof of Lemma 2.5.1. O

Lemma 2.5.1 allows us to compare (u;, v) and (u;,7):

—{pin) [vipi ()|

q pr—y _—
[[vill

[vipi(ym)]|

[vipi ()]l

[vipi(ya")|
[[vill

[vip1 (7"l
[[vill
= g i),
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The first inequality is Lemma 2.5.1 applied to v = v;p;(7). The second inequality
follows from Lemma 2.2.7 with x = v;p;(7y). Interchanging the roles of n and v in the
above arguments shows that (u;,n) = (u;, v) for each i. This completes the proof of

the uniqueness part of the assertion of Theorem 2.1.2.

2.6 Global Reduction Theory

If g = (gv)v is an element of G(A) then, since g, € G(O,) for all but finitely many
places v of F', we may assume, for the purpose of proving Theorem 2.1.1 that ¢ is a
finite product g = googuvy Gy - - - Guy,, With goo € G(Fixo) and Ju; € G(ij), vj # 00,
for 1 < j < k. By Theorem 2.1.2, there is a decomposition

1
9oy, = TeTop Kk

where 7 € G(Fq[’ﬁv_kl]), e € X«(T), and ki, € G(Oyy). Now 7y and nglz are

contained in G(F') and in G(Qy) for all v # oo. Therefore, by multiplying g on the

1

left by 7rv_knk’y_ we get an element of the subset

k—1
G(Fso)x [[GF) x [ G(Ow).
J=1 all other v

of G(A).

We have now reduced ¢ to an element with non-trivial entries at only at most k—1
places and co. We may continue in this manner until the entries at all places except
oo are trivial. Finally, the use of Theorem 2.1.2 to v = oo gives us a representative
each double coset of type asserted by Theorem 2.1.1.

The uniqueness part of the theorem follows from the corresponding assertion in

the local situation, because two elements g and h of G(F) lie in the same double

coset if and only if g = yhk, with v € G(F[t]) and k € G(Oxo).



CHAPTER 3
THE BIRKHOFF DECOMPOSITION

3.1 The Statement

We use the notation introduced in Chapter 2. Moreover, for a degree one valuation
v (such as oo or 0), let I, denote the pre-image of B(Fy) under the natural map

G(0Oy) — G(Fy). Consider the compact, open subgroup

K'=IoxIpx [[ G(Oy).
v#0,00

Let W denote the Weyl group Nq(T')/T of G with respect to T. Fix a function
¢ : W — G(Fy) (which is not necessarily a group homomorphism) such that ¢(w) €
B(Fy)wT (Fy)B(Fy) for each w € W. For each valuation v of F', our choice of a

uniformizing element 7, € O, N F' gives us a function
W x X(T) — G(Fy) — G(A)
which we denote by ¢,,, defined by the formula
v (wn) = d(w)my.
Theorem 3.1.1 (Birkhoff decomposition). The map ¢,—1 induces a bijection
W x X (T)=G(F)\G(A) /K.

K’ is a subgroup of finite index in K. Theorem 2.1.1 gives us the structure of

G(F)\G(A)/K. We prove Theorem 3.1.1 by studying the fibers of the function

U: G(F)\GA)/K' — G(F)\G(A)/K.

18
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3.2 Structure of the Fiber

Fix a dominant coweight 7 € X4 (T'). For convenience in notation, let u denote ¢~ 1.
Any element k € K gives us an element G(F)u"kK' in the fiber of ¥ over G(F)u"K.
Clearly, two elements of K give the same element in the fiber if they lie in the same
double coset of K Nu~"1G(F)u"\K/K’. Since K and K’ differ only at the places oo
and 0,

K/K' = G(Os)/Inc x G(O0)/Iy = G(Fg)/B(Fy) x G(F,)/B(Fy).

The latter identification is obtained via the natural map ¢, : G(Oy) — G(Fy).
Moreover, k € K acts on the left of G(Fy)/B(Fq) x G(Fy)/B(F4) as componentwise
left multiplication by (goo(kso), qo(ko)), where &, denotes the component of k at the
place v.

Let K denote the subgroup K Nu™""G(F)u' of K. For each root «, fix an

isomorphism uq : Gg — Uy, where Uy, is the root subgroup for a.

Lemma 3.2.1. For each adeéle v = (x4)y of F, uq(x) lies in u"Kyu™" if and only if
x is a polynomial in t of degree at most voo(a(u'))) (a rational function, and hence
a polynomial in t is identified with the adele whose entries at all places equal this
function). In particular, if (a,n) < 0, then uq(x) lies in uTKyu™" if and only if

x = 0.

Proof. The lemma follows from the observation that the following conditions are

imposed upon x:
1. x e FCA.
2. xy € Oy for all v # oco.
3. ((u™)2)oo € Ono-

The first two conditions imply that x is a polynomial in ¢, and the third condition

implies that this polynomial is of degree at most voo (a(u')). O



20

Let D denote the set of simple reflections s in W such that s(u’) = «". Then
we may associate a parabolic subgroup Pp with unipotent radical Up and Levi com-
ponent Lp to D as in §2.3. Let L be the group Lp(Fy) C Lp(F) C Lp(A) and
U the subgroup of G(A) generated by elements un(z), where x € FF C A is a
polynomial in ¢ of degree at most voo(a(u')). It follows, from Lemma 3.2.1, that
Ky = w "LUu". Moreover, this group acts on the first and second components of
G(Fy)/B(Fy) x G(Fy)/B(F) (which we have identified with K/K’) via its the con-
stant term of its constituents at co and 0 respectively, viewed as polynomials in the
uniformizer. The constituents at oo and 0 of L are the same, because conjugation by
u' fixes L. On the other hand, u™"uq(xg + 2zt + ... + xvoo(a(un))tvoo(o‘(“n)))u” acts
on the first component by ua (%, (q(um))) and on the second component by ua/(zo).
Let A : G(Fy) — G(F;) x G(Fy) denote the diagonal inclusion, and j; denote the
inclusion of G(F) into G(F4) x G(F) along the ith coordinate. We have shown that
the fiber of ¥ over G(F)u" K is in bijective correspondence with

S = A[Lp(Fo)li1[Up(Fo)lje[Up(Fo)\G(Fq)/B(Fq) x G(Fq)/B(Fq)].  (3.2.2)

Let A: W — W x W denote the diagonal inclusion.

Proposition 3.2.3. The map A(Wp)\(W x W) — S which takes A(Wp)(wy,ws)
to the double coset of (p(wy), p(ws)) in S is a bijection.

Proof. Let
wP = {w e W | l(ws) > l(w) for all s € D}.

This is the set consisting of the unique longest elements of the left (or right) Wp-
cosets. As an L(F)-space,

U(Fg\G(Fg)/B(Fg) = [[ L(Fg)/Bp(Fy),
weWwD
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where Bp = BN Lp. Therefore,

LF\UF)\G(Fq)/B(Fq) x UF)\G(Fq)/B(Fq)| =

=LF)\ [ [L(Fy)/Bp(Fy) x L(¥y)/Bp(F)l =[] Wp.
wDxwD wDxwD

This shows that the sets S and A(Wp)\(W x W) have the same cardinality.

To show that the map in the assertion is surjective, it suffices to show that every
double coset in (3.2.2) has a representative in the image of ¢ x ¢. For the remainder
of this section, we will, for convenience, write w instead of ¢(w).

Given (g1, g9) € G(Fq)Q, we may write
g; = Liujw;b; 5 l; € Lp(Fy), u; € Up(Fy), w; € W and b; € B(Fy), fori=1,2.

Since Lp normalizes Up, it follows that the double coset of (g1,g2) contains the
element (lwy,ws), where [ = l2_1l1. Let ®* (resp. @JZS) denote the positive roots in
®(G,T) (resp. ®(Lp,T) with respect to B (resp. BN Lp). Then,

Lemma 3.2.4. For any w € W, there exists w € Wp such that UNJ(I)B c wdt.

Proof of lemma. We may write w = wD(wD)_l, with wp € Wp, and wP € WP (14,

p. 123]. Moreover, wD@E C ®T [14, p. 111]. Therefore, if we set @ = wp = ww?,

u?q)JDr = wquDB cwdT. 0O

Let w; be the element of W provided by the above lemma when it is applied to

w = wjy, for i = 1,2. Use the Bruhat decomposition for Lp to write
71)2_1[@1 = bjwbg, where b; € B(Fy) N L(Fy) and w € Wp.

Then, using ~ to denote the equivalence relation of belonging to the same double
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coset,

(lwi,wa) = (wobjwbaty 'wy,wo)
~ (wbgw1 w1,1)1 W, 1w2)
= (wwy w1w1 w1b2w1 1w1,w2 1w2w2 wgb1 W, 1w2)
~ (ww1 w, W, 1w2)

proving surjectivity (the last step uses the fact that 1; conjugates B(Fq) N L(Fg) into
w; B(Fy)w; 1), O

7

Let X (T)™" denote the set of dominant coweights. Define a function q : W x
Xo(T) — X«(T)™" by mapping wn € W x X.(T) to the unique dominant weight in
the W-orbit of 5. Clearly, the diagram

W K X4(T) ﬁll(;(F)\G(A) /K’

| v

Xo(T)TF ——=G(M\G(A)/K

commutes. The lower horizontal arrow is a bijection. We have shown that the fibers
of the vertical arrows are in bijective correspondence. Therefore, the upper horizontal
arrow is also a bijection.

This completes the proof of Theorem 3.1.1.



CHAPTER 4
EXTENDED IWAHORI HECKE ALGEBRAS

4.1 The Extended Affine Weyl Group

Let G be a split semi-simple group over F,, with a simple root system. As before, fix
a maximal split torus 7" and a Borel subgroup B containing 1" defined over F,. Let
Fq be the local field of Laurent series in one variable m with coefficients in Fg, and
denote its ring of integers by O.

The extended affine Weyl group of G is the group

W = Ng(T)(F.)/T(0).

The Weyl group W of G acts on the lattice X« (T") of algebraic cocharacters of 7.
Moreover, the map taking a cocharacter n to n(w) € T'(Fe) induces an isomorphism
X.(T) — T(F,)/T(O). The extended affine Weyl group W is the semidirect product
W x Xy(T). Let @ denote the sublattice of X« (T"), known as the root lattice, which
is generated by the set of roots ® = ®(G, T') of G with respect to T. The subgroup
Wo =W x @ is called the affine Weyl group of G.

Let Xy = Xu(T) @ R. @ is a root system in the dual vector space X*. Let
at,...,qp denote the set of simple positive roots with respect to the Borel subgroup
B. Let s; denote the reflection about the hyperplane a; = 0 in X. Then sq,..., s,
generate W. Let & denote the highest root, and sg denote the reflection about the
hyperplane & = 1. Then W, is generated by the simple reflections sq, sq,..., s,
subject to the relations that 522 = 1 for each ¢, and for every pair of distinct simple

reflections s; and s, a braid relation:
8i5jSi ... = 8j8;sj... (my; factors on each side) .

23
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for some integer m;; > 1.

Let ag denote the affine linear functional 1 — &. Let
C={xeXs|ajx)>0fori=0,...,r}

The closure of C' is a fundamental domain for the action of W, on Xx.

The quotient IT = X,(T)/Q is a finite abelian group, and W = W, x II. The
group Il may be realized as a subgroup of W, whose elements map C' into itself,
acting on X via symmetries of C'. We say that G is of simply connected type if II is
trivial. Since G is semi-simple, the Killing form gives a non-degenerate W-invariant
bilinear form (-,-) on the vector spaces Xy and X*. For each o« € ® let & be the

linear functional on X™* given by

The set of coroots of G with respect to 7" is the subset
d={alacd}

of X.. The sublattice of X,(T) generated by ® in X, is known as the coroot lattice.
We say that G is of adjoint type if the coroot lattice equals the lattice X« (7).

As in §3.1, fix a map ¢ : W — G(Fy). Define ¢ W — G(Fs) by ¢(w,n) =
¢(w)7", where 7' denotes m(n) € T'(Fo). Let Io denote the Iwahori subgroup of
G(F,) corresponding to B. Then the affine Bruhat decomposition asserts that qz~5
induces a bijection W — I4\G(Fs)/Is. For the remainder of this section we will

abuse notation and denote ¢(w) simply by w for all w € W.

4.2 The Extended Iwahori Hecke Algebra

Consider the convolution algebra H of compactly supported complex valued measures

on G(F,) which are left and right invariant under translation by elements of Io with
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the convolution product;

/ F(9)d(yu1 * p)g) = / F(g192)d(u © 2)(g192).
G(F)

G(Fe)xG(Fe)

This algebra is known as the extended Iwahori Hecke algebra.

The affine Bruhat decomposition yields a vector space isomorphism
CW|— H

taking the basis element 1, of C[W] to 17,,1,dg, for each w € W, where, for any
subset S of G(F,), 1g denotes the characteristic function of S, and dg is the Haar
measure on G(Fe) which assigns unit measure to lo. Let T; denote the image of 15,
under the above isomorphism. Let H, (known as the affine Hecke algebra) be the
sub-algebra of H generated by the T;’s, for ¢ = 0, ..., r. Then Iwahori and Matsumoto

have shown that H, has a presentation with generators 7;, ¢ = 0, ..., r, with relations
T2=q+(¢— V)T fori=0,...,r (4.2.1)
T;TiT; ... =T;T;T; ... (m;; factors), for each pair i # j. (4.2.2)

and the algebra H is an extension of H, by C|[II], acting by

LTl =Ty, (4.2.3)

where a(i) is such that as;a™! = Sa(i)s for a € 1I.

4.3 Square Integrable Representations

Given a representation (p, V') of H, we define its contragredient representation to be
the representation (5, V), where V is the vector space Homg (V, C) and the action of
H on V is defined by

(Vp(h)(v) = v(vp(hP)) for all v € V, v € V and h € H.
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Here h°P is the image of h € H under the anti-involution (i.e., algebra homomorphism

H — H°P) which takes each generator T; of H to itself. Note that on the level of

/ f(9)du°P(g) = / Flg™Hdu(g)
G(Fa) G(F)

for every compactly supported locally constant function f on G(F,).

measures,

The representation theory of extended affine Hecke algebras has been studied in
terms of the Langlands dual group of G. This is a complex Lie group G with a
maximal split torus 7" that is identified with the set of unramified complex characters
of T, so that the lattice, X*(T'), of algebraic characters of T is identified with X, (T),
and such that its root system with respect to 7' is identified with ®.

Let (p, V) be an irreducible representation of H and let (5, V) denote its contra-
gredient. Fix non-zero vectors v € V and v € V. We define the matriz coefficient of

(p, V) with respect to the vectors v and v as the C-linear function H — C given by
o thims (7,v0(R))

This corresponds, in a natural manner, to a complex valued function on I¢\G(Fe)/ I,
which we will also denote by ¢y 5. We say that an irreducible representation V' is a
square integrable representation of H if for any pair of vectors (v,v) € V' x V, the
function cy g is square integrable with respect to a Haar measure on G(F6).

Let H denote the set of irreducible square integrable representations of H. Kazh-

dan and Lusztig describe H in terms of G in [16]:

Theorem 4.3.1 (Kazhdan-Lusztig). Assume that G is of adjoint type and H is the
associated extended Iwahori Hecke algebra. The irreducible square-integrable represen-
tations of H are parameterized by the set of conjugacy classes of triples (s,u, o), where

L — w4 and

s is a semisimple element of G, u a unipotent element of G such that sus™
such that both s and u are not contained in the Levi subgroup of any proper parabolic
subgroup of G, and o is a representation of the group of connected components of the
simultaneous centralizer of s and u in G which occurs in Hy (B, Q), where Bsy s

the variety of Borel subgroups of G containing both s and u.
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4.4 Involutions

We discuss here two involutions that appear in our description of discrete automorphic

representations.

The Iwahori-Matsumoto Involution

The Iwahori-Matsumoto involution is an algebra homomorphism I : H — H of order
two. We first define it on the subalgebra H, in terms of the generators 7; by the

formula

I(T;) = —qT; ! (4.4.1)

Firstly, observe that (4.2.1) may be used to compute

T l=( ' =D +¢ 7 (4.4.2)

7

In particular, Ti_l is well defined. Also,

TP = (—qT; ')
= Pllg -1 +q ')
= [1-q+T;)?
= 1-q’+q+(1—qT;

On the other hand

[(T?) = I[g+(¢— 1T}
= ¢+ (g-1)(-q)(¢g ' = 1) +¢ T}
= (1-¢+q+(1—qT;,

showing that I preserves the relations (4.2.1). It is clear that I preserves the braid
relations (4.2.2). Therefore, (4.4.1) gives a well defined algebra homomorphism (ob-

viously of order two) H, — H,. The automorphism / commutes with the action of
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CI[II] on Hg, and hence lifts to an automorphism I : H — H. We call the resulting

automorphism the Iwahori-Matsumoto involution on H.

The Involution ®

The finite Weyl group W of GG contains a unique element wq of maximal length in

terms of the generators sq, ..., s,. Define an involution & : W —-Ww by
F(wr') = wowwo_lﬂ_w()(n) for all w € W and n € X«(T).
It is easily verified that the above formula defines an automorphism on W. Moreover,

if ¢ is such that s; = wosiwo_l for i = 1,...,7, then K(s;) = s; If we view W as a

subgroup of the group of affine automorphisms of X, then
E(w)(x) = w(—wp(x))
Since wp(&) = —a&, we have:

r{x|a(x) =1}

{—wo(x)|a(x) =1}
= {x|a(x) =1}.

This shows that &(sg) = sg. Since % fixes C, it also maps II into itself.
We now define an automorphism of H, which we also denote by &, by requiring

that

T; — T:fori=1,...,r,
TO = T(), and

1, — 1E(a) for all a € II.

Since ® maps generators, to generators, it preserves the relations (4.2.1). Since it

comes from an automorphism of W, it preserves the relations (4.2.2) and (4.2.3).
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Clearly, the automorphism % is of order two. It has a simple interpretation in terms

of the representations of H when G is of adjoint type:

Theorem 4.4.3. Suppose that G is of adjoint type, and (p,V') is an irreducible rep-
resentation of H. Then (po &, V) and (p,V) are isomorphic as representations of

H.

Proof. For any dominant cocharacters 171 and 79,

(I pgnm 1,49) * (1 gzn2 g dg) = 1; oy +ng g, d9-

These elements, therefore, generate a commutative subalgebra S of H that is canon-
ically isomorphic to C[X«(T")]. By [11, Theorem 5.5], the isomorphism class of an
irreducible finite-dimensional H-module is determined by the weights of .S on it. The
weights of S on (p, V) coincide with the weights of S on the normalized Jacquet
module (pp, V), where N C B is the maximal unipotent subgroup [7, Section 3.
By [5, Lemma 4.7], it suffices to show that the weights of S on (p o K, Viy) are the
same as those on ((p)y, (V) ). By [7, Corollary 4.2.5], (7). (V)y) is isomorphic
to the contragredient of (,ON7 VW)7 where N is the maximal unipotent subgroup of B.
But 1 is a weight of (p3r, V7) if and only if wl(p) is a weight of (p, Viy). Therefore
the weights of S on ((5)y, (V) ) are of the form —w!(p). However, & induces the

involution y — —w!(p) on X (T). O



CHAPTER 5
FORMULAS FOR CONVOLUTIONS

5.1 Bases and Generators

Let M. be the space of compactly supported complex-valued functions on G(F)\G(A)
that are invariant under right translation by K’ (K’ is defined in (1.2.1). We endow
M, (and all other functions spaces in this chapter) with the usual L?-norm. The
complex vector space M. has a basis consisting of the characteristic functions of the
K’-orbits on G(F)\G(A). By Theorem 3.1.1, these orbits are indexed by the elements
of W. Let t,, denote the indicator function of the orbit of ¢,—1(w), for each w € w.

For each degree one valuation v of F', let H, denote the convolution algebra of
I,-biinvariant measures on G(Fy). The choice of a uniformizing element m, gives us
an isomorphism ¢, : H, — H. We have seen, in §4.2, that the algebra H is generated
by elements T;, I = 0,...,r and C[II]. Let T} € H, be such that ¢,(T}’) = T;, for
i=0,...,r, and 1} be such that ¢, (1Y) = 1, for each a € II.

In the remainder of this chapter, we will prove the following formulas for the ac-
tions of the generators of Hy, and H( described above in terms of the basis {4, }

of M,:

weWw

.

(g — Dtw + qtws;

if [(wows;) > l(wow),
by - T = (wowsi) > Hwow) i=0,...,r (5.1.1)

twsi

| if lwows;) < l(wow)
twlcolo - twa, a € H, (512)

30
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(¢ = Dtw + qtﬁ(si)w

if [(s;r(wow)) > l(k(wow)),

t - T) = (sin(wow)) > Hslwow)) i=0,...,r (5.1.3)
te

R(si)w

| if [(sik(wow)) < l(k(wow))

twld = fr(g)-1,:0 €11 (5.1.4)

K

Here & is the involution defined in Lemma 5.4.1.

5.2 Reformulation

It turns out that the calculations are easiest when, instead of K’, we work with

K =1y x Ty x H G(0y),
v#00,0

where Iy = woTowy 1 Instead of M., we may consider the module M. of compactly
supported functions on G(F)\G(A) that are constant on K'-orbits. The vector space
M is then a module over Hso ® H(), where H is the convolution algebra of measures
on G(F) that are biinvariant under translations in 1.

We now describe how one may pass between M. and M.. In what follows, we
denote by (goo,g0), the element ¢, —1(goo)®t(g0) of G(A), where goo,gg € G(Fe).
Then M. = M, * 0(1,ug) (as a subspace of L*(G(F)\G(A)), and Hy = S * Ho * Oy,
where d(q ) (resp. Oy, is the unit delta measure on G(A) at (1,wp) (resp. on G(Fp)
at ¢r(wg)). Set

ew == twow * 5(1,1110)’ fOl" aﬂ w € W, (521)
Ti = Owy* TP % Ouy, foralli =0,...,7 and (5.2.2)
lg = Owy* 19 « Ow for all a € IL. (5.2.3)
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Then (5.1.1)-(5.1.4) are equivalent to

(g —1)0w + qewsi
if [(ws;) > l(w),
O x TP° = (wsi) > Uw) i=0,..

Qwsi
| if lws;) < l(w),

(

O + TV = it i{sie(w)) > U{(w)) i=0,....7 (5.2.6)
o

T (5.2.4)

K(sq)w
\ if [(s;r(w)) < l(k(w)),
Ouwly = Opip-1,00 € 1L (5.2.7)

These formulas are equivalent to Theorems 5.4.10 and 5.4.11 put together. The
remaining sections of this chapter are devoted to proving these formulas and the

asserted equivalence.

5.3 Reduction to local calculations

Fix a G(A)-invariant measure on G(F)\G(A) such that G(F)F/ has unit measure.
Consider the subgroup I'sg of G(F') consisting of elements whose image (under the
completion map) in G(Fy) lies in I, and whose image in G(F,) lies in G(Oy) for all
v # 00,0. Fix a G(Fx)-invariant measure on I'no\G(Fo) such that I'so o has unit
measure.

Analogously, define Ty to be the subgroup of G(Fp) consisting of elements whose
image (under the completion map) in G(Fxo) lies in I, and whose image in G(Fy)

lies in G(Oy) for all v # 00, 0. Then, we also have

Lemma 5.3.1. 1. The map ¢,—1 : G(Foo) — G(A) induces an isometry

01 : Too\G(Fso)/Ino — G(F)\G(A)K.
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2. The map ¢ : G(Fy) — G(A) induces an isometry
o1 : To\G(Fy) /Ty — G(P\G(AK .

Proof. 1t is clear from the definition of ' that the map is well defined. It is surjective
because every double coset in G(F)\G (A)F/ has a representative in G(F), by
Theorem 3.1.1. That it is an isometry is evident from our normalization of measures.

This proves part (1). The proof of part (2) is similar. O

Define

M = Ce(Too\G(Fxo)/I0),
M. = Ce(To\G(Fp)/Io).
The former is an Hso-module and the latter an Hy-module.

Proposition 5.3.2. 1. The map ¢,—1 between double cosets defined in Lemma

5.3.1 induces an isometry of Hoo-modules
Loo: M. — Mgo

2. The map ¢g between double cosets defined in Lemma 5.5.1 induces an isometry
of Hy-modules
Ly: Mq— M(C)

Proof. By Lemma 5.3.1, it only remains to check that Lo, (resp. Lg) preserves the
Hyo (vesp. Hp)-module structure. Indeed, given oo € Hoo and f € M,

Loo(f - proo)(T00) = (f'NOO)<¢,g—1<xOO))
= / f(¢t—1($m9;ol))dﬂm(gm)
G(Foo)

_ / Loo(f) (@oogsc))dtioo (g00)
G(Fo)

= (Loo(f) " poo)(To),
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for each 2o € G(Fx). This completes the proof of part (1). The proof of (2) is

similar. O

5.4 Local Calculations

For each w € W, let 72° € M, (resp. 79 € MS) be the characteristic function of
Toody—1(w)Io (resp. Togr(w)lp).

Lemma 5.4.1. Let ks : W — W be the automorphism wr" — wr™", for w € W and
n € X«(T). Then the following diagram commutes:

~ K ~

w w

N

G(F).

Proof. 1t is clear that the diagram commutes when restricted to either W or X4 (T,

from which the proposition follows. O
A simple corollary is the following
Lemma 5.4.2. For each w € W,

70 = Lo(6w).

The action of Hy

For each root o € ®(G,T), fix an morphism u, : G — G (defined over Fy), which
is an isomorphism onto the root subgroup corresponding to a.

Given a root o’ € ®(G,T), we may think of it as a linear functional X, — R. In
addition, given an integer n, denote by o/ 4+ n the affine linear map x — o/(x) +n

from X, to R. The set of affine roots is defined as

PG T)={a=d+n: X, -R|d €dG,T), ncZ}.
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Let aq be the affine root —& + 1 where @ is the highest positive root in (G, T') with
respect to our choice {aq,...,a;} of simple roots. The affine roots {«y,...,a;} are
called the simple affine roots. We say that an affine root « is positive, and write
a > 0, if it can be written as a linear combination of the simple affine roots with all
coefficients positive. Then for each affine root «, either a > 0 or —a > 0.

Given an affine root o = o/ 4 n, define Uy to be u/(t""Fy) C G(Fx).
Lemma 5.4.3. 1. Uy C I if and only if a > 0.
2. Uy C T if and only if a < 0.

Lemma 5.4.4. For eachi € {0,...,r},

Ioosiloo = SilooH H U (§)siloo
(EF

= Si]ooH H Sitla; (§)siloo
(ER

Proof. Since [Iso : Ioo N 8;1508;] = ¢, Iso8;Iso consists of ¢ right Ino-cosets. Clearly,

Si]ooH H Uai(g)siloo C IoSiloo-

X
¢cF;

Moreover, no non-trivial element of Uy, fixes s;C(. Hence the right cosets appearing
above are distinct. Since Uy, fixes the hyperplane a;(z) = 0 in A, each of the
chambers uq, (§)Cp shares a face contained in this hyperplane with Cp. Now s;uq, (§)s;
fixes s;Cp, but not Cp for £ € F. Therefore, for non-zero £, sjuq,(§)s;Co are the

alcoves sharing a face with Cy which is contained in o;(z) = 0. [

Let dz denote the Haar measure on G(F) which assigns unit measure to /.

This determines an identification of Hyo with the convolution algebra of functions
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Ce(Ino\G(Fxo)/Ino). For ¢ € M., and f(z) in Heo,
@O = [ ot () (5:49
G(Feo)

Specifically, taking f(x) to be the characteristic function 17,7, so that f(z)dr =
T7° and ¢ = 77 to be 1y, 1. (recall that w here represents ¢,—1(w)),

w%mmzﬁmﬁww%m

_ / 720tz da
9l

:%W+memw (5.46)
(EF

= 70(ts) + Y T (tsiuag (€)s;) (5.4.7)
¢eFg

The last two steps use Lemma 5.4.4.
Relation to lengths. From the theory of Tits systems (see, for example [6, Chapitre
IV]) , we know that

Lemma 5.4.8. If w € W, then l(ws;) = l(w) + 1 if and only if woy; > 0.
Lemma 5.4.9. Let w € W, with w € Wy. Then

1. wsiuai(ﬁ)siw_l € T for all £ € FF if and only if wa; > 0, ie., l(ws;) =
l(w) + 1.

2. wuai@)w_l €T forall§ € Fy if and only if wo; <0, d.e., l(ws;) = l(w) — 1.

Proof. The lemma follows from lemma 5.4.8, proposition 5.4.3 and the fact that

Evaluation of 7,7 * T7°. Case 1: l(ws;) = [(w) + 1. Then

Tg(wsiuai (5)82) - Tl?)o(wsiuai ({)s w lw) L.
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since ws;Uq; (§)siw_1 € I' by lemma 5.4.9, part 1. Substitute ¢t = ws; in equation

(5.4.6) to get:

ol T0(ws;) = Too(w) 4+ Y Tl (wsita, (€)s;)
EER
= q—1.

Substitute t = w in equation (5.4.7) to get:

oo # T%(w) = Td(wsi) + Y Tl (wsjua,(€)s;)
EeF
= qg— 1L
Case 2: l(ws;) = l(w) — 1. Then

To (Wiia,; (§)s;) = Ty (W, (§)w_1wsi) =0 for £ # 0.

since wug, (©)w™! €I by lemma 5.4.9, part 2. Proceeding as in Case 1, we see that

Ty ¥ T2 = 0 and 77 % T7°(ws;) = 1. This proves the first part of the following

Theorem 5.4.10. For eachw € W, andi=1,...,r,

(¢ — V1o’ +arpg, if UWws;) =1(w) +1

Tl * T =
Tws; if Nws;) =l(w) — 1.
and for each a € 11,
T % 100 =100,

The second formula in the statement above follows from the fact that II normalizes
I. Formulas (5.2.4) and (5.2.5) follow from the above theorem, Proposition 5.3.2
and Lemma 5.4.2.
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The action of Hy

Similarly, we may prove

Theorem 5.4.11. For eachw € W, andi=1,...,r,

w0 _ Jla=Dm+ams, i lws) =1(w) +1
70 if  Hws;) = l(w) — 1.

ws;

and for each a € 11,

720519 =7V

Formulas (5.2.6) and (5.2.7) follow from Theorems 5.4.10 and 5.4.11, Proposition
5.3.2 and Lemma 5.4.2.



CHAPTER 6
SPECTRAL DECOMPOSITIONS

6.1 The Local Module

Let H be as in §4.2. Consider the right H ® H module (v, N), where
N = LAGRNG(F) x G(F)]/(In % 1)),
and the action is given by

nv(pt, po) (1, 22) = / n(r1gy L wagy d(1n © ) (g1, 92),
G(Fe)\[G(Fe)xG(Fa)]

for all n € N, uy,po € H, and (21, 29) € G(Fe) X G(Fo).
Consider the H ® H module (7, H), with action

hir(p1, pg) = py” * hox .
The isometry
G(F)\[G(Fo) X G(Fs)]/(Le x Is) = L\G(F6)/ 1o

induced by (g1,92) — g5 191 induces and isometry of H ® H-modules (v, N) and
(7, H). For each w € W, let 7, denote the characteristic function of the double coset

G(Fe)(wow, 1)(le x lo). Then one may use [15, §3| and the above isomorphism to

39
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compute the action of H ® H in terms of the basis elements {Tw}w e

Tws; if l{wows;) > l(wow)

Twv(Tj, 1) = , (6.1.1)
qTws; + (¢ — 1)1 if Hwows;) < I(wow)

TwV(la,q) + Twa, (6.1.2)
Ts.w if [(s;wow) > [(wow

rov(1,T) = {7 (ivow) = o) : (6.1.3)
qTs;w + (@ — 1)1 if I(s;wow) < I(wow)

Twv(1,1p) = 71, (6.1.4)

6.2 The Discrete Spectrum of the Local Module

The following theorem is a form of the Peter-Weyl Theorem. Since this form is not
standard, we sketch a proof. Let (v, N;) denote the discrete part of (v, N) (i.e., the

submodule generated by eigenvectors for the center of H ® H).

Theorem 6.2.1. The map

o: P vev-N
(p,V)eH

defined by setting

O(v@V)(91,92) = (vl orp do),vp(ly 1) dr))

for (p, V) € H,v eV andv €V is an isomorphism.

Proof. One may check, from the definition that ®(v ® V), is left invariant under the
left diagonal action of G(Fs) and the right action of Is x le). It is square integrable
because ®(vev)(gy 1g1, 1) is a matrix coefficient of a square-integrable representation
of H.

Let f be an eigenvector for the center of H ® H in (v, N). In order to prove the
surjectivity of @, it suffices to show that f lies in the image of ®. Consider the module
V= fv(H @ {1}).



41

Lemma 6.2.2. The vector space Vy is finite dimensional.

Proof. Tt follows from [4] that H is a finitely generated module over its center Z(H).
Let hq,...hj, be generators of H over Z(H). Given h € H, write h = )_ a;h;, with
a; € Z(H). Then fr(h®1) is then a linear combination of the fv(a;h;,1)’s. However,
each fr(a;h;,1) is a scalar multiple of fr(hy,1) since the center of H ® H acts by
scalars on f. This means that Vy is generated by the f v(h;,1)’s as a complex vector

space. ]

The Hecke algebra H admits complex antilinear antiinvolution h — h*, where

h*(z) = h(z=1). The complex vector space Vy inherits a Hermitian inner product

(+,+) from the usual Hermitian inner product on N. For f; and fs in Viand h e H,

(f1v(h, 1), fo) = (f1, f2v(h", 1)),

It follows that the orthogonal complement of an H-submodule of V is also an H-

module. Therefore, Vy is a semisimple H module. Write V; as a finite direct sum
Vi=V "M e e vdmn,
where V7, ...V}, are pairwise non-isomorphic irreducible H-modules. Let
Vi="&...0V.

The natural maps Vi@mi — V; induced by summation induce a map p : Vy — Vf.
Similarly, we have a map p : Vy — V on contragredients. These maps have the
property that

(v,v) = (p(v),p(v)) for all v.€ Vy and v € f/f.

Let v be a vector in Vf defined by requiring that

(v,v) =v(1) for all v e Vy.
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A vector in V} is viewed as a complex-valued function in the above definition. Then

<VV(1951, 1),p(f)V(1gl—17 1)) = f(g91,92),

for any g1, g2 € G(Fs). Therefore, f lies in the image of ®.

In order to see that ® is injective, note that the V ® V are irreducible and pair-
wise non-isomorphic modules. The kernel of ®, being an H ® H-submodule, must
consist of a direct sum of a subset of these constituent modules. But no non-trivial
representation could lie in the kernel. Therefore, the kernel must be trivial. O

6.3 Comparison of Modules

We compare the H x H module (v, N) with the Hy ® Hp-module (r, M). Both M
and N have bases indexed by elements of the extended affine Weyl group. We use
this bijection to construct an isomorphism of vector spaces. In the first part of this
section we discuss how this isomorphism relates the module structures. In the second

part we verify that it is in fact, an isometry.

Algebra

Define a vector space isomorphism J : N — M by requiring
J Ty — (—q)l(wow)tw, for each w € W.
Then, using the formulas (5.1.1)-(5.1.4), we may verify that
J(ruv(T; @ Tj)) = J(7u)r(¢50 o I(T;) @ ¢y o T o B(T})) (6.3.1)
for all w € W, 0<i4,5<r,and

J(rwv(la ® 1p)) = J(1u)r(d50 0 I(1a) ® ¢+ o I 0 F(1y)) (6.3.2)
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for all w € W, a,b € IL. It follows that for every hi,ho € H and n € N,

J(nv(hy @ ha)) = J(n)r(¢ag o I(h1) ® ¢+ o I o F(ha)). (6.3.3)

Measures

First, we compute the L2-norm of 7, € N, which is the same as the measure of the
double coset G(Fe)(wow, 1)(le X Is). If we normalize the measure so that Ie X Ie has
unit measure, the measure of the double coset in question is equal to the number of

right Ie X le-cosets that occur in this double coset, i.e., the index [/, : wowlew LwyN
L,].

Lemma 6.3.4. Let a be an affine root. Then Uy C wlew ™! if and only if w™ o > 0.

Proof. U, C wlew™ 1 if and only if wlU,w C Te, or, U,-1a C lo. By Lemma
5.4.3, this is equivalent to wla > 0. O

Now, as a set,

Ie = A(Fo) x ] Ua
a>0

and by Lemma 6.3.4,

Tenwlaw ' =AF)x ] U

a>0, wla>0

Consequently, the index

o : Lo N wlew 1] = Ha<0 such that w=la>0} _ ).

Therefore,
170l = ¢/(@ow) (6.3.5)

Now let us calculate the L2-norm of t,,. By Proposition 5.3.2 and Lemma 5.4.2, this

is the same as the norm of T%w. This is the measure of the double coset I'sowowlo.

The group I' acts transitively on the set of right I cosets in I'nqwowls with finite
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stabilizers. Therefore, if we normalize our measure so that I'/, has unit measure, then
the double coset in question has measure inverse to the cardinality of the stabilizers.
Again, as a set,

r=AFN [] 00)x ] Vo

VF#00 a<0

Therefore, by Lemma 6.3.4,

H{y Nwlow ™1} = g Ho<0 such that w™la>0} _ ).

Therefore,
1

womm (6.3.6)

[twl] =

Proposition 6.3.7. The linear map J is an isometry of Hilbert spaces.

Proof. This is evident from (6.3.5) and (6.3.6):

1T ? = [[(—q)! (0wt |2
- qQI(wOw)”th

2l (wow) l{(wow)

= q Xq

= HTwH

Since the 7,’s and ,,’s form orthogonal bases for N and M respectively, it follows

that J is an isometry. O

Theorem 1.2.2 now follows from Theorem 6.2.1, equation (6.3.3) and Proposition
6.3.7.
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