REPRESENTATION THEORY

ASSIGNMENT DUE ON OCTOBER 3, 2011

Assume whenever you wish that K is a field of characteristic > n

(1)
(2)
3)

(9)

Assuming that K, > 0 if and only if p1 < A, show that Ny, > 2 if ¢/ < X
[Hint: use the dual RSK correspondence].

Express the product m; 1)ym2) as a linear combination of monomial sym-
metric functions.

Let X, = trace(w,, V)), where w), is an element with cycle decomposition
of shape p. Show that

det X =[] ﬁmi()\)!

Abn i=1
[Hint: Compute the determinant of the matrix Py, = trace(w,, Xx) by
showing that it is upper triangular and then computing its diagonal ele-
ments]
For a partition A, let m;(\) denote the number of times i occurs in A. Let
gi(\) denote the number of parts of A which occur at least i times. For
example, if A = (3,2,2,2,1,1) then ma(A) = 3, whereas g2(A\) = 2. Show

that
E mi(\) = E gi(A).
A A

Show that the determinant of the character table of S, (semisimple case)

is given by
det X = H H >\z
AFn i
the product of all the parts of all partitions of n [Hint: use the two previous
problems].
Let w: A}, — A% be given by
w(ex) = hy for each A\ F n.

Show that w? is the identity map [Hint: use transition matrices].
Show that the number of permutations in .S,, which commute with an ele-
ment with cycle decomposition of shape A is given by

|Zs, (wy)| = 1™ M 12m2M it

Let P, denote the ring of polynomials in K[z, ...,z,] which are invariant
under any permutation of the variables. Define r, : Ax — P,, by

ro(f)(@1, .. 2n) = f(21,...,20,0,...)
Let Par,, denote the set of partitions of n with at most n parts. Show that
{rn(mx)|A € Par,} is a basis of P,. Moreover, r,(my) = 0 if A ¢ Par,,.
Show that {r,(h)|\ € Par,} and {r,(ex)|\' € Par,} are bases of P,.
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