HOMEWORK VIII

ANALYSIS I

(1) Show, for all integers n > 1, that

n

en"e ™™ < n! < en™tle .

(2) Suppose that for any real number k& > 0,
:L‘kflefx

Show that for all positive real numbers k and [

/0 Cfew) e — )y = frn(o).

(3) Show that for all x,y > 0, the beta function is given by

™

B(z,y) = 2/2 sin®** ! 0 cos?¥ ! 0d6.
0

(4) (Apostol, Mathematical Analysis, Ex. 13-35) For each real number ¢ define

filz) = {ffe”“/(e”” -1 i z i?\{o}

(a) Show that there exists § > 0 such that f; is represented by a power series in z
for all |z| < 6.
(b) Define Py(t), Pi(t), P2(t),... by the equation

Z P,( , for |z| < 4.
and use the identlty
>R -3 R0

to prove that P,(t) = >} _, ( ) % (0 )t" *. This shows that each function P is a
polynomial. Py is called the kth Bernoullz polynomial and By, = P,(0) is called
the kth Bemoulli number.

(c) By=1, B, = o (MBr=0ifn=2,3,....

(d) P.(t) =nP,_ 1(t) for n=1,23,.

(e) P(t+1)— Pn():nnlforn—123

(f) Po(1 —1t)=(=1)"P,(t) and Bg,41 =0 for n=123,....

(g) 1"+ 2"+ -+ (k= 1)" = (Puy1(k) — Poy1(0))/(n + 1) forn=2,3,....

Date: due on 28th October 2005.



