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Littlewood-Richardson coefficients ¢!,

Indexed by partitions: [TT1T17 EH H:D @] E ’

@ Tensor product multiplicities

V( @ C/\u

@ Symmetric function coefficients

v
S\ S = Z C)\/z, Sv
v

Sl = 2 s

@ Intersections in the Grassmannian

CXN =X\N X'u N X,v



Combinatorial description

Littlewood—Richardson rule
¢, = # skew tableaux t of shape v/X and weight u such that row(t) is a
reverse lattice word.
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Combinatorial description

Littlewood—Richardson rule
¢, = # skew tableaux t of shape v/X and weight u such that row(t) is a
reverse lattice word.

Example

l

SHJSHIII..—F?SM _|_

|

n 211 121 o 112 = g3, =2

1] 1] 2]

Gordon James (1987) on the Littlewood-Richardson rule:

“Unfortunately the Littlewood-Richardson rule is much harder to
prove than was at first suspected. The author was once told that
the Littlewood-Richardson rule helped to get men on the moon
but was not proved until after they got there.”



Crystal graph

Action of crystal operators g;, f;, s; on tableaux:
© Consider letters i and i + 1 in row reading word of the tableau
@ Successively “bracket” pairs of the form (i + 1, 1)
© Left with word of the form i"(i + 1)°



Crystal graph

Action of crystal operators g;, f;, s; on tableaux:
© Consider letters i and i + 1 in row reading word of the tableau
@ Successively “bracket” pairs of the form (i + 1, 1)
© Left with word of the form i"(i + 1)°

i i4+1)t ifs>0
/+ 1
0 else
1) stlogf 0
f / " 1) _ i’ I + It r>
0 else

si(i"(i+1)°)=iF@+1)



Crystal reformulation

1]1]2[3]3]3]




Crystal reformulation

1][1]2]3]3]3]




Crystal reformulation

F — € — F
2|2

— fh

1[1]2]3]3] 1[1[22]3]3]

e: change leftmost unpaired 3 into 2
f»: change rightmost unpaired 2 into 3



Crystal reformulation

F — € — F

—

1[1]2]3]3] 1[1[22]3]3]

e: change leftmost unpaired 3 into 2
f»: change rightmost unpaired 2 into 3

Theorem

b where all ej(b) = 0 (highest weight)
< connected component
< irreducible



Crystal reformulation

F — €& — F

10EE <2 11

N

2] 3[3]

e>: change leftmost unpaired 3 into 2
f2: change rightmost unpaired 2 into 3

Theorem

b where all ej(b) = 0 (highest weight)
<> connected component
<+ irreducible

Reformulation of LR rule

cy,, counts tableaux of shape v/\ and weight 1 which are highest weight.



Motivation Crystal for Stanley symmetric functions Crystal for Grothendieck polynomials Properties and results

Crystal reformulation

F — € — F
112(2]3 £ 112213
112]3]3] © ™ 1[12]3]3]
ex: change leftmost unpaired 3 into 2
fo: change rightmost unpaired 2 into 3
Theorem
b where all ej(b) = 0 (highest weight)

<> connected component
<> irreducible
Mechanism to get Schur expansion

ssyv= > xR = N (T

TeB(v/)) TeB(v/))

highest weight
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Variation ¢y,

Indexed by permutations: (1,2,3) (2,1,3) (3,2,1) - -- |

@ Intersections in the set F, of complete flags
o=Wcw,c---cw,=0C"

oy = XuN Xy N Xuow
@ Schubert polynomial coefficients
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y "
Variation ¢y,

Indexed by permutations: (1,2,3) (2,1,3) (3,2,1) - -- |

@ Intersections in the set F, of complete flags
o=Wcw,c---cw,=0C"

oy = XuN Xy N Xuow
@ Schubert polynomial coefficients

6,6, =) Suow

WHAT ARE THESE COUNTING?
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Crystal for Stanley symmetric functions

Stable Schubert polynomials F,

@ restriction: &1, xw — Stanley symmetric functions F,, for w € S,

o for 321-avoiding w,
=S/n= ZCAM S
@ symmetric and Schur positive (Stanley 1984, Edelman, Greene 1987)

FW:ZaW/\S)\
A

coefficient of x1x> - - - x, counts reduced words of w

2 .
Sp=1(s1,...,50—-1) SiSj =SjSi  SiSi+15i = Si4+1SiSi+1 S = id

(3,2,1,4) = 515051 = 5515 = $353515251
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Stable Schubert polynomials

FW pr— Z Xf(VI) o e Xf(vr)
vievli=w

Decreasing factorization of w
@ w is the product of permutations v - - - v1
@ each v/ has a strictly decreasing reduced word

© ((w)= (V') + -+ +U(v*)
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Stable Schubert polynomials

Fo= Y D)
vievli=w
Decreasing factorization of w
@ w is the product of permutations v - - - v1
@ each v/ has a strictly decreasing reduced word

© ((w)= (V') + -+ +U(v*)

w=(2,1,4,3) = s153 = s351:

(s1)(s

3)
3)(s1) — x1x
)

(s
()(s3s1
(

5351)() — X22

> X1X2

— X}

Fo143) =2x0x2 + X7 + %5



Crystal for Stanley symmetric functions

Crystal operators on factorizations — residue map

Recall e; pairing and action:
F pﬂg F e F

1]1]2[3]3]3] 1]1

N
w
[
o]
[y
—
N

2]3]3]
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Crystal operators on factorizations — residue map

Label cells diagonally

F pairing E €2 E
112(2]3 — 13]24|25|36 — 13]24|25|36
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Crystal operators on factorizations — residue map

Label cells diagonally

F pairing E e E
112(2]3 — 13]24|25|36 — 13]24|25|36
1]1]2[3]3]3] 15[16]2/[38[30B1g 15[16]27]25[30B1d
(109861) (754) " (109861) (754)
———— N—_— —_———— N——
label of 3's  label of 2's label of 3's  label of 2's

2, (10961) (8754)
N N——

label of 3's label of 2's

operator €; J

from big to small:
pair x € 3's with smallest y € 2's that is bigger than x
delete smallest unpaired z € 3's and add z — t to 2's



Crystal for Stanley symmetric functions

Crystal operators on factorizations — residue map

Label cells diagonally

[? pairing E €2 E
112(2(3 — 15(24(25|36 — 13(24]25(36
1[1[2]3]3]3] 15|16[27]35[30B1d 15[16[27]25[30B1d

(109861) (754) " (109861) (754)
—_————— ——

—_——— ——
label of 3's  label of 2's label of 3's label of 2's
2, (10961) (8754)
——— N——

label of 3's label of 2's

operator €; J

from big to small:
pair x € 3's with smallest y € 2's that is bigger than x
delete smallest unpaired z € 3's and add z — t to 2's

(986541)(96521) — (98541)(965421)
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Properties and results

Crystal Theorem

Definition

Fix w € S,.

Graph B(w)
@ vertices are decreasing factorizations of w
@ edges are imposed and colored by f;, €

© highest weights are vertices with no unpaired entries
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Crystal Theorem

Definition
Fix w € S,.
Graph B(w)
@ vertices are decreasing factorizations of w
@ edges are imposed and colored by f;, €
© highest weights are vertices with no unpaired entries

Theorem (with Morse; 2016)
B(w) is a crystal graph of type Ay
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Crystal Theorem

Definition
Fix w € S,.
Graph B(w)

@ vertices are decreasing factorizations of w
@ edges are imposed and colored by f;, €

© highest weights are vertices with no unpaired entries

Theorem (with Morse; 2016)
B(w) is a crystal graph of type Ay

Proof

Checking Stembridge local axioms
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Examples
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Crystal for Stanley symmetric functions

Schur expansion

Fix w e S,
Theorem (with Morse; 2016)

FW:ZaW)\S)\
A

awy counts highest weights v - -- vl of B(w) with (£(v),... . 0(v")) = A




Crystal for Stanley symmetric functions

Schur expansion

Fix w e S,
Theorem (with Morse; 2016)

FW:ZaW)\S)\
A

awy counts highest weights v - -- vl of B(w) with (£(v),... . 0(v")) = A

0@ @@

In Ss: = Fg5, =2+ 511

1

O]

(42)0
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Properties and results

Edelman-Greene insertion

Theorem (with Morse; 2016)

For any permutation w € S,,, the crystal isomorphism

B(w) = @ B(A)®2
A

is explicitly given by the Edelman-Greene insertion cng(vl vl) = Q:

gng o€ = € O(,OSG
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Emi]
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Motivation: Schubert Calculus

Polynomial Representatives for Schubert Cells

Grassmannian G, , | Flag Varieties F/,
Cohomology Sx Sy — Fy
K-theory B, (o3
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Motivation: Schubert Calculus
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Combining:
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Crystal for Grothendieck polynomials

Motivation: Schubert Calculus

Polynomial Representatives for Schubert Cells

Grassmannian G, , | Flag Varieties F/,

Cohomology Sx Sy — Fy
K-theory B, (o3

Grassmannian Grothendieck polynomials: &) Lascoux, Schiitzenberger 1982
Stable Grothendieck polynomials: &,, Fomin, Kirillov 1994

Combinatorial Approach?
Combining:
@ Crystal structure on decreasing factorizations for F,,
(Morse, S. 2016)

@ Crystal structure for ) on set-valued tableaux
(Monical & Pechenik & Scrimshaw 2018)
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0-Hecke Monoid

Definition
0-Hecke monoid Ho(n):
monoid of all finite words in [n] := {1,2,..., n} such that

pp=p, pgp=qpq forall p,q € [n]
pq = qp if [p—q| >1
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Definition
0-Hecke monoid Ho(n):
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0-Hecke Monoid

Definition
0-Hecke monoid Ho(n):
monoid of all finite words in [n] := {1,2,..., n} such that

pp=p, pgp=qpq forall p,q € [n]
pq = qp if [p—q| >1

Examples
e 2112 =212=121
e 2121
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0-Hecke Monoid

Definition
0-Hecke monoid Ho(n):
monoid of all finite words in [n] := {1,2,..., n} such that

pp=p, pgp=qpq forall p,q € [n]
pq = qp if [p—q| >1

Examples
e 2112 =212=121
e 2121 = 1211
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0-Hecke Monoid

Definition

0-Hecke monoid Ho(n):

monoid of all finite words in [n] := {1,2,..., n} such that
pp=p, pgp=qpq forall p,q € [n]
pq = qp if [p—q| >1

Examples

e 2112 =212=121
e 2121 =1211 =121 =212
e 31312
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0-Hecke Monoid

Definition
0-Hecke monoid Ho(n):
monoid of all finite words in [n] := {1,2,..., n} such that

pp=p, pgp=qpq forall p,q € [n]
pq = qp if [p—q| >1

Examples
e 2112 =212=121
e 2121 = 1211 =121 =212
e 31312 = 3132
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0-Hecke Monoid

Definition
0-Hecke monoid Ho(n):
monoid of all finite words in [n] := {1,2,..., n} such that

pp=p, pgp=qpq forall p,q € [n]
pq = qp if [p—q| >1

Examples
e 2112 =212=121
e 2121 = 1211 =121 =212
e 31312 =3132 =312=132
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Decreasing factorizations in Ho(n)

Definition
A decreasing factorization of w € Ho(n) into m factors is a product of
decreasing factors

h=h".. HhH
such that h = w in Hg(n).
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Definition
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decreasing factors

h=h".. HhH
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] = set of decreasing factorizations of w in Hg(n) with m factors
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Decreasing factorizations in Ho(n)

Definition
A decreasing factorization of w € Ho(n) into m factors is a product of

decreasing factors
h=h".. hh

such that h = w in Hg(n).
] = set of decreasing factorizations of w in Hg(n) with m factors

Example
Decreasing factorizations for 132 € H(3) of length 5 with 3 factors:
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Stable Grothendieck polynomials for w

Definition
Stable Grothendieck polynomial (or K-Stanley symmetric function):

&, (x,6) = Z lgk(hl)+~-+é’(h”’)fz(w)xf(h1) o)
hm.. .h2hleHm

where ¢(w) is the length of any reduced word of w.
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Stable Grothendieck polynomials for w

Definition

Stable Grothendieck polynomial (or K-Stanley symmetric function):

Gu(x,8)= > IB‘(hl)+“-+!J(h”’)—5(w)xf(h1) LX)
hm..h2hleHm

where ¢(w) is the length of any reduced word of w.

Example
w = 132 € Ho(3)
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Stable Grothendieck polynomials for w

Definition
Stable Grothendieck polynomial (or K-Stanley symmetric function):
Gu(x,8)= > IB‘(hl)+“-+!J(h”’)—5(w)xf(h1) LX)

hm...R2hleNHD

where ¢(w) is the length of any reduced word of w.

Example

w = 132 € Ho(3)
Reduced Hecke words 132,312
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Stable Grothendieck polynomials for w

Definition

Stable Grothendieck polynomial (or K-Stanley symmetric function):

Gu(x,8)= > IB‘(hl)+“-+!J(h”’)—5(w)xf(h1) LX)
hm..h2hleHm

where ¢(w) is the length of any reduced word of w.

Example

w = 132 € Ho(3)
Reduced Hecke words 132,312
Decreasing factorizations for constant term:

(31)(2), (1)(32) (3)(1)(2), (1)(3)(2)
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Stable Grothendieck polynomials for w

Definition
Stable Grothendieck polynomial (or K-Stanley symmetric function):
Bulx,f)= 3 UM HUTIEn D )

hm...h2hleHD

where ¢(w) is the length of any reduced word of w.

Example

w = 132 € Ho(3)
Reduced Hecke words 132,312
Decreasing factorizations for constant term:

(31)(2), (1)(32) (3)(1)(2), (1)(3)(2)

2 2 2 2 2 2
8o (Xix2 + X{x3 + X5x3 + x1%5 + x1x3 + x0x3) + 2x1X0X3 = Sp1



Crystal for Grothendieck polynomials

Schur positivity

Schur positivity (Fomin, Greene 1998)
Gu(x,8) =D AN ghsi(x)

)
gh = |{T € SSYT"(\)| column reading of T =w}]
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Schur positivity

Schur positivity (Fomin, Greene 1998)
Gu(x,8) =D AN ghsi(x)
Y

gh = |{T € SSYT"(\)| column reading of T =w}]

Example

B132(x, 8) = 501 + B(25011 + 20) + B2 (350111 + 25021) + - - -
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321-avoiding Hecke words (braid-free)

Definition
w € Ho(n) is 321-avoiding if none of the reduced expressions for w
contain a consecutive subword of the form j i+ 1/ for any i € [n — 1].

Examples
@ 1321 = 3121 = 3212 is not 321-avoiding
e 22132
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Definition
w € Ho(n) is 321-avoiding if none of the reduced expressions for w
contain a consecutive subword of the form j i+ 1/ for any i € [n — 1].

Examples
@ 1321 = 3121 = 3212 is not 321-avoiding
@ 22132 = 2132
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321-avoiding Hecke words (braid-free)

Definition
w € Ho(n) is 321-avoiding if none of the reduced expressions for w
contain a consecutive subword of the form j i+ 1/ for any i € [n — 1].

Examples
@ 1321 = 3121 = 3212 is not 321-avoiding
@ 22132 =2132 = 2312
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321-avoiding Hecke words (braid-free)

Definition
w € Ho(n) is 321-avoiding if none of the reduced expressions for w
contain a consecutive subword of the form j i+ 1/ for any i € [n — 1].

Examples
@ 1321 = 3121 = 3212 is not 321-avoiding
@ 22132 = 2132 = 2312 is 321-avoiding



Crystal for Stanley symmetric ctions Crystal for Grothendieck polynomials Properties and

321-avoiding Hecke words (braid-free)

Definition
w € Ho(n) is 321-avoiding if none of the reduced expressions for w
contain a consecutive subword of the form j i+ 1/ for any i € [n — 1].

Examples
@ 1321 = 3121 = 3212 is not 321-avoiding
@ 22132 = 2132 = 2312 is 321-avoiding

Definition
H'™* = set of decreasing factorizations into m factors for 321-avoiding w
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321-avoiding Hecke words (braid-free)

Definition
w € Ho(n) is 321-avoiding if none of the reduced expressions for w
contain a consecutive subword of the form j i+ 1/ for any i € [n — 1].

Examples
@ 1321 = 3121 = 3212 is not 321-avoiding
@ 22132 = 2132 = 2312 is 321-avoiding

Definition
H'™* = set of decreasing factorizations into m factors for 321-avoiding w

Example
o ()(1)(21) € H3, ¢ H>
o (31)(2) € H?>*
o (2)(21)(32) € H3*



Crystal for Grothendieck polynomials

*-Crystal on H™* (Morse, Pan, Poh, S.)

Bracketing rule on h™ ... Tt h' . At

@ Start with the largest letter b in A", pair it with the smallest a > b
in h'. If there is no such a, then b is unpaired.

@ Proceed in decreasing order in h'T!, ignore previously paired letters.
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*-Crystal on H™* (Morse, Pan, Poh, S.)

Bracketing rule on h™ ... Tt h' . At

@ Start with the largest letter b in A", pair it with the smallest a > b
in h'. If there is no such a, then b is unpaired.

@ Proceed in decreasing order in h'T!, ignore previously paired letters.

Crystal operator f*, x : largest unpaired letter in A’
o If x+ 1€ hnh*L then remove x + 1 from A, add x to h**1.

@ Otherwise, remove x from h' and add x to AtL.
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*-Crystal on H™* (Morse, Pan, Poh, S.)

Bracketing rule on h™ ... Tt h' . At

@ Start with the largest letter b in A", pair it with the smallest a > b
in h'. If there is no such a, then b is unpaired.

@ Proceed in decreasing order in h'T!, ignore previously paired letters.

Crystal operator f*, x : largest unpaired letter in A’
o If x+ 1€ hnh*L then remove x + 1 from A, add x to h**1.

@ Otherwise, remove x from h' and add x to AtL.

Example

e (1)(32)
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*-Crystal on H™* (Morse, Pan, Poh, S.)

Bracketing rule on h™ ... Tt h' . At

@ Start with the largest letter b in A", pair it with the smallest a > b
in h'. If there is no such a, then b is unpaired.

@ Proceed in decreasing order in h'T!, ignore previously paired letters.

Crystal operator f*, x : largest unpaired letter in A’
o If x+ 1€ hnh*L then remove x + 1 from A, add x to h**1.

@ Otherwise, remove x from h' and add x to AtL.

Example

bracket

e (1)(32) = (1)(32)
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*-Crystal on H™* (Morse, Pan, Poh, S.)

Bracketing rule on h™ ... Tt h' . At

@ Start with the largest letter b in A", pair it with the smallest a > b
in h'. If there is no such a, then b is unpaired.

@ Proceed in decreasing order in h'T!, ignore previously paired letters.

Crystal operator f*, x : largest unpaired letter in A’
o If x+ 1€ hnh*L then remove x + 1 from A, add x to h**1.

@ Otherwise, remove x from h' and add x to AtL.

Example

bracket "

o (1)(32) P2t (1)(32) 25 (31)(2)



Crystal for Stanley symmetric ctions Crystal for Grothendieck polynomials Properties and

*-Crystal on H™* (Morse, Pan, Poh, S.)

Bracketing rule on h™ ... Tt h' . At

@ Start with the largest letter b in A", pair it with the smallest a > b
in h'. If there is no such a, then b is unpaired.

@ Proceed in decreasing order in h'T!, ignore previously paired letters.

Crystal operator f*, x : largest unpaired letter in A’
o If x+ 1€ hnh*L then remove x + 1 from A, add x to h**1.

@ Otherwise, remove x from h' and add x to AtL.

Example

bracket "

o (1)(32) P2t (1)(32) 25 (31)(2)
o (7532)(621)
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*-Crystal on H™* (Morse, Pan, Poh, S.)

Bracketing rule on h™ ... Tt h' . At

@ Start with the largest letter b in A", pair it with the smallest a > b
in h'. If there is no such a, then b is unpaired.

@ Proceed in decreasing order in h'T!, ignore previously paired letters.

Crystal operator f*, x : largest unpaired letter in A’
o If x+ 1€ hnh*L then remove x + 1 from A, add x to h**1.

@ Otherwise, remove x from h' and add x to AtL.
Example
r f
o (1)(32) "2 (1)(32) = (31)(2)
o (7532)(621) "2 (7532)(621)
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*-Crystal on H™* (Morse, Pan, Poh, S.)

Bracketing rule on h™ ... Tt h' . At

@ Start with the largest letter b in A", pair it with the smallest a > b
in h'. If there is no such a, then b is unpaired.

@ Proceed in decreasing order in h'T!, ignore previously paired letters.

Crystal operator f*, x : largest unpaired letter in A’

o If x+ 1€ hnh*L then remove x + 1 from A, add x to h**1.

@ Otherwise, remove x from h' and add x to AtL.

Example

o (1)(32) 2 (1)(32) 5 (3 he)
o (7532)(621) 2Kt (7532)(621) (75321)(61)
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@ Properties and results



Properties and results

Grothendieck polynomials for skew shapes

S, nxip)= > pDxT) (Buch 2002)
TESVT(v/N)
SVT(v/\) = set of semistandard set-valued tableaux of shape /A
Excessin T is ex(T)



Properties and results

Grothendieck polynomials for skew shapes

S, nxip)= > pDxT) (Buch 2002)
TESVT(v/A)
SVT(v/\) = set of semistandard set-valued tableaux of shape /A
Excessin T is ex(T)

Semistandard set-valued tableaux SVT(v/\)

Fill boxes of skew shape v/\ with nonempty sets. Semistandardness:

C

max(A) < min(B), max(A) < min(C)
AlB|
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Grothendieck polynomials for skew shapes

S, B) = > p(Tx(T) (Buch 2002)
TESVT(v/))
SVT(v/\) = set of semistandard set-valued tableaux of shape /A
Excessin T is ex(T)

Semistandard set-valued tableaux SVT(v/\)

Fill boxes of skew shape v/\ with nonempty sets. Semistandardness:

C

max(A) < min(B), max(A) < min(C)
AlB|

Example (Which one is a valid filling?)

\34 45 ]34 35 \2 35
12 25\ 12 456\ 14 56\
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Grothendieck polynomials for skew shapes

S, B) = > p(Tx(T) (Buch 2002)
TESVT(v/))
SVT(v/\) = set of semistandard set-valued tableaux of shape /A
Excessin T is ex(T)

Semistandard set-valued tableaux SVT(v/\)

Fill boxes of skew shape v/\ with nonempty sets. Semistandardness:

C

max(A) < min(B), max(A) < min(C)
AlB|

Example (Which one is a valid filling?)

\34 45 ]34 35 \2 35
12 25\ 12 456\ 14 56\
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Grothendieck polynomials for skew shapes

S, B) = > p(Tx(T) (Buch 2002)
TESVT(v/))
SVT(v/\) = set of semistandard set-valued tableaux of shape /A
Excessin T is ex(T)

Semistandard set-valued tableaux SVT(v/\)

Fill boxes of skew shape v/\ with nonempty sets. Semistandardness:

C

max(A) < min(B), max(A) < min(C)
AlB|

Example (Which one is a valid filling?)

/\34 45 ]34 35 \ 2 [35
12 25\ 12 456\ 14 56\




Crystal structure on SVT (Monical, Pechenik, Scrimshaw)

Signature rule

Assign — to every column of T containing an i but not an j + 1.
Assign + to every column of T containing an i 4+ 1 but not an i.
Successively pair each + that is adjacent to a —.
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Crystal structure on SVT (Monical, Pechenik, Scrimshaw)

Signature rule

Assign — to every column of T containing an i but not an j + 1.
Assign + to every column of T containing an i 4+ 1 but not an i.
Successively pair each + that is adjacent to a —.

Crystal operator f;

@ changes the rightmost unpaired i — to i + 1, except

@ if its right neighbor contains both 7, i + 1, then move the i over and
turn it into / 41
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Properties and results

Crystal structure on SVT (Monical, Pechenik, Scrimshaw)

Signature rule

Assign — to every column of T containing an i but not an j + 1.
Assign + to every column of T containing an i 4+ 1 but not an i.
Successively pair each + that is adjacent to a —.

Crystal operator f;
@ changes the rightmost unpaired i — to i + 1, except
@ if its right neighbor contains both 7, i + 1, then move the i over and
turn it into / 41

Example

\34 45| h,
12|25
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Crystal structure on SVT (Monical, Pechenik, Scrimshaw)

Signature rule

Assign — to every column of T containing an i but not an j + 1.
Assign + to every column of T containing an i 4+ 1 but not an i.
Successively pair each + that is adjacent to a —.

Crystal operator f;
@ changes the rightmost unpaired i — to i + 1, except

@ if its right neighbor contains both 7, i + 1, then move the i over and
turn it into / 41

Example
+ _ _
[3a]45] & 34[45] A,
0 12 25\
12|25
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Crystal structure on SVT (Monical, Pechenik, Scrimshaw)

Signature rule

Assign — to every column of T containing an i but not an j + 1.
Assign + to every column of T containing an i 4+ 1 but not an i.
Successively pair each + that is adjacent to a —.

Crystal operator f;
@ changes the rightmost unpaired i — to i + 1, except

@ if its right neighbor contains both 7, i + 1, then move the i over and
turn it into / 41

Example

+ — —

[34[45] 5 [34]45 [34]45] &,
12[25] 12[35] 12]25]
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Crystal structure on SVT (Monical, Pechenik, Scrimshaw)

Signature rule

Assign — to every column of T containing an i but not an j + 1.
Assign + to every column of T containing an i 4+ 1 but not an i.
Successively pair each + that is adjacent to a —.

Crystal operator f;
@ changes the rightmost unpaired i — to i + 1, except

@ if its right neighbor contains both 7, i + 1, then move the i over and
turn it into / 41

Example
T — -+
[34[45] 5 [34]45 [34]45] &,
12[25] 12[35] 12]25]
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Crystal structure on SVT (Monical, Pechenik, Scrimshaw)

Signature rule

Assign — to every column of T containing an i but not an j + 1.
Assign + to every column of T containing an i 4+ 1 but not an i.
Successively pair each + that is adjacent to a —.

Crystal operator f;
@ changes the rightmost unpaired i — to i + 1, except

@ if its right neighbor contains both 7, i + 1, then move the i over and
turn it into / 41

Example
T — -+
[34[45] 5 [34]45 EAENZE
12[25] 12/35] 12]25] 12]25]




Residue map as a crystal isomorphism

Theorem (Morse, Pan, Poh, S. 2019)

The crystal on skew semistandard set-valued
Y ) SVTM(A/p) —rey pm

tableaux and the crystal on decreasing factor-

izations H™* intertwine under the residue map. lfk fe

k
That is, the following diagram commutes: SVT™(\ /) —re gm
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Crystal for Grothendieck polynomials

Properties and results

Residue map as a crystal isomorphism

Theorem (Morse, Pan, Poh, S. 2019)

The crystal on skew semistandard set-valued

tableaux and the crystal on decreasing factor-
izations H™* intertwine under the residue map. lfk fe

SVT™(A/p) —%s Hm>

k

That is, the following diagram commutes:

SVT™(A\ /) — Hm*,

Example
31 res
1, [1234
1l
31 res
12,1233




Crystal for Grothendieck polynomials

Properties and results

Residue map as a crystal isomorphism

Theorem (Morse, Pan, Poh, S. 2019)

The crystal on skew semistandard set-valued

tableaux and the crystal on decreasing factor-
izations H™* intertwine under the residue map. lfk fe

SVT™(A/p) —%s Hm>

k

That is, the following diagram commutes:

Example

31

SVT™(A\ /) — Hm*,

res

1, [1234

lf

31

(31)(3)(32)

res

12,5(233
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Properties and results

Residue map as a crystal isomorphism

Theorem (Morse, Pan, Poh, S. 2019)

The crystal on skew semistandard set-valued

tableaux and the crystal on decreasing factor-
izations H™* intertwine under the residue map. lfk fe

SVT™(A/p) —%s Hm>

k

That is, the following diagram commutes:

Example

31

SVT™(A\ /) — Hm*,

res

1, [1234

lf

31

(31)(3)(32)
f:'l*

res

12,5(233




Crystal for Stanley symmetric functions Crystal for Grothendieck polynomials

Properties and results

Residue map as a crystal isomorphism
Theorem (Morse, Pan, Poh, S. 2019)

The crystal on skew semistandard set-valued
g . VTT(A ) " Hm

tableaux and the crystal on decreasing factor-

izations H™* intertwine under the residue map. lfk fe

k
That is, the following diagram commutes: SVT™(\ /) —re m.

Example

31 res

31)(3)(32
e (31)(3)(32)

1l f

31 res

31)(32)(2
o e (31)(32)(2)




Properties and results

*-Insertion

Insert x into row R of a transpose of a semistandard tableau
© Try to append x to the right of R (terminate and record)
@ x ¢ R, bump the minimal z > x (proceed to the next row)

© x € R, proceed to next row with y minimal such that [y,x] C R
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*-Insertion

Insert x into row R of a transpose of a semistandard tableau
© Try to append x to the right of R (terminate and record)
@ x ¢ R, bump the minimal z > x (proceed to the next row)
© x € R, proceed to next row with y minimal such that [y,x] C R

Example
h = (42)(42)(31) = [i ;

NN

2
4

w =
—= =
| S
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*-Insertion

Insert x into row R of a transpose of a semistandard tableau
© Try to append x to the right of R (terminate and record)
@ x ¢ R, bump the minimal z > x (proceed to the next row)
© x € R, proceed to next row with y minimal such that [y,x] C R

Example
h = (42)(42)(31) = [ﬁ -2

2 11
4 31
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*-Insertion

Insert x into row R of a transpose of a semistandard tableau
© Try to append x to the right of R (terminate and record)
@ x ¢ R, bump the minimal z > x (proceed to the next row)
© x € R, proceed to next row with y minimal such that [y,x] C R

Example
332211
h = (42)(42)(31) = [4 > 4 9 3 1]

%

%
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*-Insertion

Insert x into row R of a transpose of a semistandard tableau
© Try to append x to the right of R (terminate and record)
@ x ¢ R, bump the minimal z > x (proceed to the next row)
© x € R, proceed to next row with y minimal such that [y,x] C R

Example
332211
h:(42)(42)(31):[4 > 4 2 3 1]
— - B
18
— - 2]
[L[1] [1]1
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*-Insertion

Insert x into row R of a transpose of a semistandard tableau
© Try to append x to the right of R (terminate and record)
@ x ¢ R, bump the minimal z > x (proceed to the next row)
© x € R, proceed to next row with y minimal such that [y,x] C R

Example
332211
h:(42)(42)(31):[4 > 4 3 3 1]
— — 3] — 3]
'm (M
— — 2] — 2]
[1]1] 11 1]1]2]
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*-Insertion

Insert x into row R of a transpose of a semistandard tableau
© Try to append x to the right of R (terminate and record)
@ x ¢ R, bump the minimal z > x (proceed to the next row)
© x € R, proceed to next row with y minimal such that [y,x] C R

Example

332211
h:(42)(42)(31):[4 > 0 3 3 1]

— — 3] — 3] — E

12 [Tz [1
1[2]4]

— — 2] — 2] — E

[1]1] 11 1]1]2] 2
1]1]2]
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*-Insertion

Insert x into row R of a transpose of a semistandard tableau
© Try to append x to the right of R (terminate and record)
@ x ¢ R, bump the minimal z > x (proceed to the next row)
© x € R, proceed to next row with y minimal such that [y,x] C R

Example
332211
h:(42)(42)(31):[4 > 4 2 3 1]
— — 3] — 3] — E — 3]
1[2 1]2]4] 1 1[4
1[2]4] 1]2]4
— — 2] — 2] — E — 3]
[1]1] 11 1]1]2] 2 2[3
1]1]2] 1[1]2]




dieck polynomials Properties and results

Association with x-crystal

Theorem (Morse, Pan, Poh, S. 2019)

pm= 2, ssyTm
The following diagram commutes: l - J -

ymx 9, soyTm
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Association with x-crystal

Theorem (Morse, Pan, Poh, S. 2019)

gmx L ggyTm

The following diagram commutes: l - l -
gmx L, sgyTm
Example
* ? ’?
(42)(42)(31) —————[1]4] [2]3
1[2]4] [1]1]2]
lfl* Lh
* ? ’?
(42)(421)3) —————[1]4] [2]3
1[2]4] [1]2]2]




Properties and results

Uncrowding SVT

Uncrowding operator Lenart 2000; Buch 2002; Bandlow, Morse 2012;
Patrias 2016; Reiner, Tenner, Yong 2018

@ ldentify the topmost row in T containing a multicell.
@ Let x be the largest letter in that row which lies in a multicell.

@ Delete x and perform RSK algorithm into the rows above. Repeat.

@ Result is a single-valued skew tableau.
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Uncrowding SVT

Uncrowding operator Lenart 2000; Buch 2002; Bandlow, Morse 2012;
Patrias 2016; Reiner, Tenner, Yong 2018

Identify the topmost row in T containing a multicell.

@ Let x be the largest letter in that row which lies in a multicell.
@ Delete x and perform RSK algorithm into the rows above. Repeat.
°

Result is a single-valued skew tableau.

Example

34]45
12[25
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Uncrowding SVT

Uncrowding operator Lenart 2000; Buch 2002; Bandlow, Morse 2012;
Patrias 2016; Reiner, Tenner, Yong 2018

o ldentify the topmost row in T containing a multicell.
@ Let x be the largest letter in that row which lies in a multicell.
@ Delete x and perform RSK algorithm into the rows above. Repeat.

@ Result is a single-valued skew tableau.

Example

34]45
12[25) 12[25]
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Uncrowding SVT

Uncrowding operator Lenart 2000; Buch 2002; Bandlow, Morse 2012;
Patrias 2016; Reiner, Tenner, Yong 2018

o ldentify the topmost row in T containing a multicell.
@ Let x be the largest letter in that row which lies in a multicell.
@ Delete x and perform RSK algorithm into the rows above. Repeat.

@ Result is a single-valued skew tableau.

Example

()]

34]45
12[25] 12]25] 12[25]
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Uncrowding SVT

Uncrowding operator Lenart 2000; Buch 2002; Bandlow, Morse 2012;
Patrias 2016; Reiner, Tenner, Yong 2018

o ldentify the topmost row in T containing a multicell.
@ Let x be the largest letter in that row which lies in a multicell.
@ Delete x and perform RSK algorithm into the rows above. Repeat.

@ Result is a single-valued skew tableau.

Example

(6]
=]

34]45
12[25) 12[25] 12[25] 12[2
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Uncrowding SVT

Uncrowding operator Lenart 2000; Buch 2002; Bandlow, Morse 2012;
Patrias 2016; Reiner, Tenner, Yong 2018

o ldentify the topmost row in T containing a multicell.
@ Let x be the largest letter in that row which lies in a multicell.
@ Delete x and perform RSK algorithm into the rows above. Repeat.

@ Result is a single-valued skew tableau.

Example

(6]
=]

34]45
12[25) 12[25] 12[25) 12[2 1]2




Properties and results

Connection to uncrowding map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT™(\), (P, Q) = uncrowd(T), and (P, Q) = % o res(T).
Then Q = 2
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Properties and results

Connection to uncrowding map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT™(\), (P, Q) = uncrowd(T), and (P, Q) = % o res(T).
Then Q = 2

Example

31
1, 1234
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Properties and results

Connection to uncrowding map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT™(\), (P, Q) = uncrowd(T), and (P, Q) = % o res(T).
Then Q = 2

Example

uncrowd 31

1 1, 1233

l—\l\.)w‘
w
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Properties and results

Connection to uncrowding map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT™(\), (P, Q) = uncrowd(T), and (P, Q) = % o res(T).
Then Q = 2

Example

uncrowd 31

1 1, 1233

res

l—\l\.)w‘
w

(31)(3)(32)




Crystal for Stanley symmetric functions Crystal for Grothendieck polynomials

Properties and results

Connection to uncrowding map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT™(\), (P, Q) = uncrowd(T), and (P, Q) = % o res(T).
Then Q = 2

Example

uncrowd 31

1 1, 1233

res

l—\l\.)w‘
w

(31)(3)(32) =

»—tr\)w‘
w
»—\Mw‘
w




Properties and results

Hecke insertion (Buch 2008, Patrias, Pylyavskyy 2016)

Insert x to row R of an increasing tableau
@ Try to append x to the right of R (record and terminate)

@ Try to bump the smallest letter that is bigger (proceed to the next
row)




Properties and results

Hecke insertion (Buch 2008, Patrias, Pylyavskyy 2016)

Insert x to row R of an increasing tableau
@ Try to append x to the right of R (record and terminate)

@ Try to bump the smallest letter that is bigger (proceed to the next
row)

H™ «— (P, Q)
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Hecke insertion (Buch 2008, Patrias, Pylyavskyy 2016)

Insert x to row R of an increasing tableau
@ Try to append x to the right of R (record and terminate)
@ Try to bump the smallest letter that is bigger (proceed to the next

row)
H™ s (P, Q)
Example
h = (2)(31)()(32) = B 2 i ; j
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Hecke insertion (Buch 2008, Patrias, Pylyavskyy 2016)

Insert x to row R of an increasing tableau
@ Try to append x to the right of R (record and terminate)
@ Try to bump the smallest letter that is bigger (proceed to the next

row)
H™ s (P, Q)
Example
h = (2)(31)()(32) = E 3 i ; 'ﬂ

E
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Hecke insertion (Buch 2008, Patrias, Pylyavskyy 2016)

Insert x to row R of an increasing tableau
@ Try to append x to the right of R (record and terminate)
@ Try to bump the smallest letter that is bigger (proceed to the next

row)
H™ s (P, Q)
Example
h = (2)(31)()(32) = E 3 i fl’w ﬂ

=
=]
=] =
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Hecke insertion (Buch 2008, Patrias, Pylyavskyy 2016)

Insert x to row R of an increasing tableau
@ Try to append x to the right of R (record and terminate)
@ Try to bump the smallest letter that is bigger (proceed to the next

row)
H™ s (P, Q)
Example
h = (2)(31)()(32) = E 3 i ; j
— - &
1 3‘
B 3]
BEgnn
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Hecke insertion (Buch 2008, Patrias, Pylyavskyy 2016)

Insert x to row R of an increasing tableau
@ Try to append x to the right of R (record and terminate)
@ Try to bump the smallest letter that is bigger (proceed to the next

row)
H™ «— (P, Q)
Example
4 3 311
h:(z)(sl)(xsz):[2 31 3 2].
— - B - [2]
i3] (1B
N 3] [3]
[1]1] 1]1] 1]13]
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Properties and results

Hecke insertion (Buch 2008, Patrias, Pylyavskyy 2016)

Insert x to row R of an increasing tableau
@ Try to append x to the right of R (record and terminate)
@ Try to bump the smallest letter that is bigger (proceed to the next

row)
H™ «— (P, Q)
Example
4 3311
h:(z)(sl)(xsz):[z 31 3 2].
— — 2] — 2] — |2 3:P,
1|3] 1|3 1[2
N 3] o 8] = [3[4]=0.
[1]1] 1]1] 1]13] 113




Properties and results

Hecke insertion and the residue map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT(A) and [k, h]* = res(T). Apply Hecke row insertion from the
right on [k, h]* to obtain the pair of tableaux (P, Q). Then @ = T.
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Hecke insertion and the residue map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT(A) and [k, h]* = res(T). Apply Hecke row insertion from the
right on [k, h]* to obtain the pair of tableaux (P, Q). Then @ = T.

Example

T — 21|45| res
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Hecke insertion and the residue map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT(A) and [k, h]* = res(T). Apply Hecke row insertion from the
right on [k, h]* to obtain the pair of tableaux (P, Q). Then @ = T.

Example

4 3
2 3

T =[2]% ﬂ(2)(3)(31)(2)—[ 3 1 ﬂ
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Hecke insertion and the residue map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT(A) and [k, h]* = res(T). Apply Hecke row insertion from the
right on [k, h]* to obtain the pair of tableaux (P, Q). Then @ = T.

Example

4 3
2 3

r_[a]% 3(2)(3)(31)(2)—[ 5 i ﬂ
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Example
. 21 42 res _ 4 3 2 2 1
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Hecke insertion and the residue map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT(A) and [k, h]* = res(T). Apply Hecke row insertion from the
right on [k, h]* to obtain the pair of tableaux (P, Q). Then @ = T.

Example

4
2

114o| res — 3221
T = 12433 —>(2)(3)(31)(2)—l 331 2]
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— —>
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2]
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Hecke insertion and the residue map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT(A) and [k, h]* = res(T). Apply Hecke row insertion from the
right on [k, h]* to obtain the pair of tableaux (P, Q). Then @ = T.

Example
. 214 res . 4 3 2 2 1
13" (13
i7" (1=
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Hecke insertion and the residue map

Theorem (Morse, Pan, Poh, S. 2019)

Let T € SVT(A) and [k, h]* = res(T). Apply Hecke row insertion from the
right on [k, h]* to obtain the pair of tableaux (P, Q). Then @ = T.

Example
12114 res . 4 3 2 2 1
— —> 2] — 2] — [2]3]|="P.
1]3] 1]3] 1]2
So2ls 2l s [2] o =Q
1]2] 1]23] 123
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Future Work

o Crystal structure for the non-321 avoiding case (beyond skew shapes)
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Future Work

o Crystal structure for the non-321 avoiding case (beyond skew shapes)

@ Demazure crystal structure to compute the intersection number?



Properties and results

Thank you !
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