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Multiplicities
Decomposition of tensor product into GLy—irreducibles:

v
Dexp

V>\®V :®VVIJ

Multiplicities CKH — Littlewood-Richardson coefficients.
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Multiplicities
Decomposition of tensor product into GLy—irreducibles:
Va® Vi = @V

Multiplicities CKH — Littlewood-Richardson coefficients.

Theorem (Littlewood-Richardson, 1934 1)
The coefficient CIA/;L is equal to the number of LR tableaux of shape v/u and type .

LFirst proof (with gaps) by Robinson'38, first rigorous proof by Schiitzenberger'77 and Thomas'74.
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Multiplicities
Decomposition of tensor product into GLy—irreducibles:

v
Dexp

V>\®V :®VVIJ

Multiplicities CKH — Littlewood-Richardson coefficients.

Theorem (Littlewood-Richardson, 1934 1)
The coefficient CIA/;L is equal to the number of LR tableaux of shape v/u and type .

1[1[1] 21

[1[3]

(LR tableaux of shape (6, 4, 3)/(3, 1) and type (4, 3, 2). C((gf)ﬁ(?ygﬁz) =2)
Corollary: COMPUTELR is in #P .

LFirst proof (with gaps) by Robinson'38, first rigorous proof by Schiitzenberger'77 and Thomas'74.
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Multiplicities
Decomposition of tensor product into GLy—irreducibles:

v
Dexp

V>\®V :®VVIJ

Multiplicities CKH — Littlewood-Richardson coefficients.

Theorem (Littlewood-Richardson, 1934 1)
The coefficient CIA/;L is equal to the number of LR tableaux of shape v/u and type .

Sn tensor products decomposition (diagonal action):

S)\ ® Su = EBanSIGJB( """""" )

LFirst proof (with gaps) by Robinson'38, first rigorous proof by Schiitzenberger'77 and Thomas'74.
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Multiplicities

Decomposition of tensor product into GLy—irreducibles:

VA ® V= @, Ve

Multiplicities CKH — Littlewood-Richardson coefficients.

Theorem (Littlewood-Richardson, 1934 1)
The coefficient CIA/;L is equal to the number of LR tableaux of shape v/u and type .

Sn tensor products decomposition (diagonal action):

S)\ ® Su = EBanS??g(/\.“:V)

Kronecker coefficients: g(\, i1, v) — multiplicity of S, in Sy ® S,

E.g.: S(2,1) ® S( 71) ( ) @ 8(2’1) D S(l,l,l) and so g((2,1),(2,1),v) =1 for
v=(3),(2,1),(1,1,1).

LFirst proof (with gaps) by Robinson'38, first rigorous proof by Schiitzenberger'77 and Thomas'74.
Greta Panova
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The problems

Problem (Murnaghan 1938, Stanley)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ., s.t. g(A, p,v) = #Ox 0

Conjecture
CoMPUTEKRON s in #P .
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The problems

Problem (Murnaghan 1938, Stanley)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ., s.t. g(A, p,v) = #Ox 0

Conjecture
CoMPUTEKRON s in #P .

Results:
#P formulas for g(\, u, v), when:

® v=(n—k,k) (EEEEBIED) and A1 > 2k — 1, [Ballantine-Orellana, 2006]
® v = (n— k,1%) (goIxm), [Blasiak 2012, Blasiak-Liu 2014

® Other special cases [Colmenarejo-Rosas, Ikenmeyer-Mulmuley-Walter,
Pak-Panova, lkenmeyer-Panoval.
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The problems

Problem (Murnaghan 1938, Stanley)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ., s.t. g(A, p,v) = #Ox 0

Conjecture
CoMPUTEKRON s in #P .

Results:
#P formulas for g(\, u, v), when:

® v=(n—k,k) (EEEEBIED) and A1 > 2k — 1, [Ballantine-Orellana, 2006]
® v = (n— k,1%) (goIxm), [Blasiak 2012, Blasiak-Liu 2014

® Other special cases [Colmenarejo-Rosas, Ikenmeyer-Mulmuley-Walter,
Pak-Panova, lkenmeyer-Panoval.

[Ikenmeyer-Mulmuley-Walter] KRONPOs is NP-hard,
COMPUTEKRON is #P—hard (and is in GapP).

Greta Panova



The mystery Partitions Inequalities and Asymptotics
ooe

The problems

Problem (Murnaghan 1938, Stanley)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ., s.t. g(A, p,v) = #Ox 0

Conjecture
CoMPUTEKRON s in #P .

Results:
#P formulas for g(\, u, v), when:

® v=(n—k,k) (EEEEBIED) and A1 > 2k — 1, [Ballantine-Orellana, 2006]
® v = (n— k,1%) (goIxm), [Blasiak 2012, Blasiak-Liu 2014

® Other special cases [Colmenarejo-Rosas, Ikenmeyer-Mulmuley-Walter,
Pak-Panova, lkenmeyer-Panoval.

[Ikenmeyer-Mulmuley-Walter] KRONPOs is NP-hard,
COMPUTEKRON is #P—hard (and is in GapP).

[Ikenmeyer-Panova, Adv.Math'16]:
g((N — ab, aP), (N — ab, a), (N — |y],)) > 0 for almost all v, a, b (with restrictions),
related to [ no occurrence-obstructions in] Geometric Complexity Theory.
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Partitions inside a rectangle
m
pn = #{\F n} o0 o g
e =TT |
n=0 i=1 q = A
l
pn(l, m) == #{\Fn; X C (m')}

Sentma = (")),

k>0
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Partitions inside a rectangle
m
pn = #{\F n} o0 o g
e =TT |
n=0 i=1 q = A
l
pn(l, m) == #{\Fn; X C (m')}

Sentma = (")),

k>0

Hardy-Ramanujan:

Trivial:
pr<p2 << pp<ppp1 <o
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Partitions inside a rectangle

m
pn = #{\F n} i lo_o[ 1 |
pnq" = !
n=0 i 1—d — A

pn(l, m) == #{\Fn; X C (m')}

Sentma = (")),

k>0

Theorem (Sylvester 1878, Cayley's conjecture 1856)

The sequence po(¢, m), ..., pem(¢, m) is unimodal, i.e.

po(¢,m) < pi(€,m) < ... < plomys2) (6, m) = proms21(6,m) > -+ > pem(€, m)

Greta Panova
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Partitions inside a rectangle

m
pn = #{\F n} i lo_o[ 1 |
pnq" = !
n=0 i 1—d — A

pn(l, m) == #{\Fn; X C (m')}

Sentma = (")),

k>0

Theorem (Sylvester 1878, Cayley's conjecture 1856)

The sequence po(¢, m), ..., pem(¢, m) is unimodal, i.e.

po(¢,m) < pi(€,m) < ... < plomys2) (6, m) = proms21(6,m) > -+ > pem(€, m)

“l am about to demonstrate a theorem which has been waiting proof for the last
quarter of a century and upwards. [...] | accomplished with scarcely an effort a task
which | had believed lay outside the range of human power."

J.J. Sylvester, 1878.
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Partitions inside a rectangle

m
pn = #{\F n} i lo_o[ 1 |
pnq" = !
n=0 e — A

pn(l, m) == #{\Fn; X C (m')}

Sentma = (")),

k>0

Theorem (Sylvester 1878, Cayley's conjecture 1856)

The sequence po(¢, m), ..., pem(¢, m) is unimodal, i.e.

po(¢,m) < pi(€,m) < ... < plomys2) (6, m) = proms21(6,m) > -+ > pem(€, m)

Proofs:

Stanley [1. Hard Lefshetz, 2. linear algebra paradigm],

Kathy O'Hara [1991, combinatorial]

No known (symmetric) chain decomposition of the Partition Lattice
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Partitions inside a rectangle

Theorem (Sylvester 1878, Cayley's conjecture 1856)

The sequence po(¢, m), ..., pem(¢, m) is unimodal, i.e.

po(¢,m) < pi(€,m) < ... < plomy2) (6, m) = proms21(6,m) > -+ > pem(€, m)

Theorem (Pak-P (2014))
Forallm>+¢>8and2< k<{m/2, we have:

2
g(m’, m", (ml =k, K)) = p(£,;m) = pia(lsm) > A=,

5

where s = min{2k, 2}, and A > 0.004 is a universal constant.
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Lower bounds

Theorem[Pak-P (2014)] Let p = '’ be a self-conjugate partition and let
= (2u1 —1,2up — 3,...) F n. Let x*[x] be the character of S* on the permutations
of cycle type w. Then:

g p) > [XP[Al|, forevery Ak,

Greta Panova
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Lower bounds

Theorem[Pak-P (2014)] Let p = '’ be a self-conjugate partition and let
= (2u1 —1,2up — 3,...) F n. Let x*[x] be the character of S* on the permutations
of cycle type w. Then:

g i) > [XP[l|, forevery Ak,

Example:

T | )\:u:

Ix*[(m]l =1

Corollary:[Bessenrodt—Behns] For every pu, s.t. ;= p/ we have (x* ® x*,x") # 0.

Greta Panova
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Lower bounds

Theorem[Pak-P (2014)] Let p = '’ be a self-conjugate partition and let
= (2u1 —1,2up — 3,...) F n. Let x*[x] be the character of S* on the permutations
of cycle type w. Then:

g p) > [XP[Al|, forevery Ak,

= (n"): = (n? — k, k)
g1 3.5, 0l = [bi(n) = bi—a(n)]
= ] 2
[Ta+a™) = 3 e
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Lower bounds

Theorem[Pak-P (2014)] Let p = '’ be a self-conjugate partition and let
= (2u1 —1,2up — 3,...) F n. Let x*[n] be the character of S* on the permutations
of cycle type w. Then:

g\ mp) > X a]|, forevery AFn,

= () NPT
E== IX*(1,3,5, .. )]l = [bk(n) — be_1(n)|
w11 2
ﬁ 1+¢%71) = i by(n) g~.
i=1 k=0

Lemma[Pak-P, Vallejo, etc]:

g((mé)v 122 /'L) = Pk(m, e) - pk*l(mv E)
Corollary[Stanley, 1982; Pak-P, 2016] The following polynomial in g is symmetric and
unimodal on n )
_ 1 + q2171 .
(5, - I« )
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The mystery Partitions Inequalities and Asymptotics Hardness
000 [e]e] o] 00000 0000

Effective bounds

n n?

(1+¢71) = > b(n) g

i=1 k=0
1. Theorem[Pak-P, cor to Almkvist]

1
bi(n) — br_1(n) > szW

Greta Panova
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Effective bounds

n n?

(1+¢71) = > b(n) g

k=0
1. Theorem[Pak-P, cor to Almkvist]

I
-

1
bi(n) — br_1(n) > C2MW

2. Theorem for { = m = n:
n an 2 Zr
g(n",n" (n* — k,k)) = pk(n,n) — px—1(n,n) > C R -
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Effective bounds

n?

(1+¢71) = > b(n) g

k=0
1. Theorem[Pak-P, cor to Almkvist]

B

I
-

1
be(n) — be_1(n) > C2V2K (2K)%/4

2. Theorem for £ = m = n:
2V2k

g(nnvnnv (n2 —k, k)) - pk(n n) — Pk— l(n n) > C (2k)9/4 .

3. Semigroup property for Kronecker coefficients: if g(A, u,v), g(a, 8,7) > 0,
then: g(A + o, p+ B, v +7) > max{g(\, u,v), g(a, 8,7}

= g(m®, m®, (ml — k, k)) > g(¢%, 0%, (£2 — s,5)), where s = min{k, ¢?/2}

Greta Panova
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Effective bounds

n n?

(1+¢71) = > b(n) g

k=0
1. Theorem[Pak-P, cor to Almkvist]

I
-

1
be(n) — be_1(n) > C2V2K (2K)%/4

2. Theorem for £ = m = n:
n ,n 2 2\/7
g(n",n" (n* — k,k)) = pk(n,n) — px—1(n,n) > C R -
3. Semigroup property for Kronecker coefficients: if g(A, u,v), g(a, 8,7) > 0,
then: g(A + o, p+ B, v +7) > max{g(\, u,v), g(a, 8,7}

= g(m®, m®, (ml — k, k)) > g(¢%, 0%, (£2 — s,5)), where s = min{k, ¢?/2}

= Theorem[Pak-P (2016)]
W

g(m®, mt, (mt — k, k)) = pi(¢,m) — px_1(¢, m) > 0.004 —— 7 where s =
min{2k, £},

Greta Panova
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The difference pp1(m, £) — pa(m, £)

Theorem (Melczer-P-Pemantle)

Given m,£ and n, let A :={/m and B := n/m? and define c,d as solutions of a given
system of integral equations. Suppose m,{ and n go to infinity so that (A, B) remains
in a compact subset of {(x,y) : x > 2y > 0}. Then

d ern[cA+2dBflog(17e_c_d)}

27m3vD

d
pnt1(€, m) — pp(€, m) ~ ;Pn(& m) ~

Greta Panova
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The difference pp+1(m, ¢) —

Theorem (Melczer-P-Pemantle)

Given m,£ and n, let A :={/m and B := n/m? and define c,d as solutions of a given
system of integral equations. Suppose m,{ and n go to infinity so that (A, B) remains
in a compact subset of {(x,y) : x > 2y > 0}. Then

m[cA+2dBflog(17e_C_d)}

27m3vD

de

d
Pn+1(€, m) — pn(€, m) ~ ;Pn(& m) ~

Corollaries:
Sylvester's unimodality, [Pak-P] bound on the Kronecker to exact asymtptotics etc.

Corollary

The Kronecker coefficient of S,y for the (rectangle, rectangle, two-row) case is
asymptotically given by

d
g((m®),(m"),(mt —n—1,n+1)) = pas1(¢, m) — pa(€, m) ~ —pn(t, m)
m[cA+2dBflog(17efcfd)}

27m3v/D

de

Greta Panova
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Beyond explicit formulas: LR and Kronecker
77 Values of:

Littlewood-Richardson coefficients cﬁu of GL(V):

A
Ve ® Ve =@ Vi
A

Kronecker coefficients g(\, p1, v) of Syt

Sx®S, = @Sﬁ()\,#,’/)
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Beyond explicit formulas: LR and Kronecker

?? Values of:
Littlewood-Richardson coefficients cﬁu of GL(V):

A
Ve ® Ve =@ Vi
A

Kronecker coefficients g(\, p1, v) of Syt
Sx®S, = @Sﬁ()\,#,’/)
v
Theorem [Stanley]
= 1 e—O(V/n)
T maxmEs #hn) = Vil TV,

max maxmax max c;‘y — pn/2=0(Vn),
0<k<n AFn pkk vEn—k ’

Greta Panova
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Beyond explicit formulas: LR and Kronecker

?? Values of:
Littlewood-Richardson coefficients cﬁu of GL(V):

A
Ve ® Ve =@ Vi
A

Kronecker coefficients g(\, p1, v) of Syt
Sx®S, = @Sﬁ()\,#,’/)
v
Theorem [Stanley]

maxmaxmax g(\, u,v) = Vn! efo(ﬁ)v
AEn pbn vbn

max maxmax max c;‘y — pn/2=0(Vn),
0<k<n AFn pkk vbn—k ’

Question: [Stanley] For which A, i, v are these maxima achieved?

Greta Panova



Inequalities and Asymptotics Reduced Kroneckers
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Hardness

The myster Partitions

Maximal D(n) := maxy-, f*
Theorem [Vershik-Kerov, McKay]: The maximal dimension f* for A - n, denoted
D(n) satisfies
Vinle=avVn(+o) < D(n) < Vnle~ 2V (1+o(1))
for some ¢; > ¢ > 0. Moreover A" satisfies f’\(n) > V/nle=2V7 for some a iff it has

the:
Vershik—Kerov—Logan—-Shepp (VKLS) shape if

1
il [A(")] — | < Cn'/% for some Cc >0,
vn

where ¢ : [0,2] — [0, 2] is the 135° rotation of (x, y(x)):

y(x) = 3 (xarcsin% + \/27x2>, —V2 <x<V2
kL 2

D(n) ~ e%nlog(n)f%nnLO(ﬁ)

Greta Panova
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Largest Kroneckers

Identities:
YRR ICNIN o )
A,p,vbn akn
where zo, = 1™ my12™mp! ... when a = (1™M2™M2 ),

so maxg(A, u,v) > +/n!/p(n)3 = e3nlog(n)—3n—0(v/7),

Greta Panova



The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers

000 0000 [e]e] le]e} 0000 0000

Largest Kroneckers

Identities:
YRR ICNIN o )
A,p,vbn akn
where zo, = 1™ my12™mp! ... when a = (1™M2™M2 ),

so maxg(A, u,v) > +/n!/p(n)3 = e3nlog(n)—3n—0(v/7),

Theorem (Pak-Panova-Yeliussizov)
Let {0 = n}, {u™ + nY, {v(") - n} be three partitions sequences, such that

(%) g()\("), H("), ,,(n)) = Vnle V)
Then all three partition sequences are Plancherel (i.e. VKLS shape). Conversely, for

every two Plancherel partition sequences {\") - n} and {u(" & n}, there exists a
Plancherel partition sequence {v(") - n}, s.t. (*) holds.

Greta Panova
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Largest Kroneckers

Identities:
YRR ICNIN o )
A,p,vbn akn
where zo, = 1™ my12™mp! ... when a = (1™M2™M2 ),

so maxg(A, u,v) > +/n!/p(n)3 = e3nlog(n)—3n—0(v/7),

Theorem (Pak-Panova-Yeliussizov)
Let {0 = n}, {u™ + nY, {v(") - n} be three partitions sequences, such that

() g(AD), 4™, M) = ple=OW |

Then all three partition sequences are Plancherel (i.e. VKLS shape). Conversely, for
every two Plancherel partition sequences {\") - n} and {u(" & n}, there exists a
Plancherel partition sequence {v(") - n}, s.t. (*) holds.

Proof:

g\ i, v) <min{fA fH VY, so if g(\, p,v) is large then all £X, F& f¥ are large, i.e.
VKLS shape.

Greta Panova
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Largest Kroneckers

Theorem (Pak-Panova-Yeliussizov)
Let {0 = n}, {u™ = nY, {07 - n} be three partitions sequences, such that

() g(AD, 1y, M) = ple=OW) |

Then all three partition sequences are Plancherel (i.e. VKLS shape). Conversely, for
every two Plancherel partition sequences {\") - n} and {u{" & n}, there exists a
Plancherel partition sequence {v(") - n}, s.t. (*) holds.

Proof:
g\, v) < min{fX 1 7}, so if g(\, i, v) is large then all 2, f# f¥ are large, i.e.
VKLS shape.

S B ) = e

at least one of the summands on the LHS ~ nle= 9V this is v(".

Greta Panova
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Largest Kroneckers

Theorem (Pak-Panova-Yeliussizov)
Let {0 = n}, {u™ = nY, {07 - n} be three partitions sequences, such that

() g(AD, 1y, M) = ple=OW) |

Then all three partition sequences are Plancherel (i.e. VKLS shape). Conversely, for
every two Plancherel partition sequences {\") - n} and {u{" & n}, there exists a
Plancherel partition sequence {v\") - n}, s.t. (*) holds.

Proof:
g\, v) < min{fX 1 7}, so if g(\, i, v) is large then all 2, f# f¥ are large, i.e.
VKLS shape.

S B ) = e

at least one of the summands on the LHS ~ nle= 9V this is v(".
Theorem[PPY]: Let p, v+ n. Suppose f#, f¥ > D(n)/a for some a > 1. Then there
exist A\ F n, s.t.

A D(n) | . D(n)
> /o) and g(Ap,v) > Zp(n)

Greta Panova
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Small number of rows

Theorem (Pak-P'20)
Let X\, pu,v b n such that £(X\) = £, {(p) = m, and {(v) = r. Then:

n [2
e < (14 970) (14 )
n

tmr

Corollary
Let X = (£2), where ¢ = ¥/n, then

g(A A A) <4

(Compare to f* = exp[%nlog(n) + O(n*/3)] and D(n) = exp[%nlogn +O(v/n))

Greta Panova
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Small number of rows

Theorem (Pak-P'20)
Let X\, pu,v b n such that £(X\) = £, {(p) = m, and {(v) = r. Then:

n [2
e < (14 970) (14 )
n

£mr

Corollary
Let X = (£2), where ¢ = ¥/n, then

g(A A A) <4
(Compare to f* = exp[%nlog(n) + O(n?/3)] and D(n) = exp[%nlogn + 0(v/n))
Proof via contingency arrays:

m,r ,r £,m
TOpv) =#{(Xiju) €255 0 D> Xiju =X D Xijk =t 9 Xijk = Vi}s

J=1,k=1 i=1,k=1 i=1,j=1

> )X su()su(z) = D T(a,By) x>y 27

Aopsv a8y

=g\ puv) < T\ p,v),

Greta Panova
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0000 000e0 0000 0000
Small number of rows

Theorem (Pak-P'20)
Let X\, pu,v b n such that £(X\) = £, {(p) = m, and {(v) = r. Then:

n £
e < (14 970) (14 )
n

tmr

Corollary
Let X = (£2), where ¢ = ¥/n, then

g(A A A) <4
(Compare to f* = exp[%nlog(n) + O(n?/3)] and D(n) = exp[%nlogn + 0(v/n))
Proof via contingency arrays:

m,r ,r £,m
TOpv) =#{(Xiju) €255 0 D> Xiju =X D Xijk =t 9 Xijk = Vi}s

j=1,k=1 i=1,k=1 i=1,j=1
S g ) ssu)sn(z) = 3 T(a ) x@y 2.
\p,v a8y
= g\ pv) < T(A pv),
[Barvinok]: The number of 3d contingency tables with marginals (c, 8,7) is
< exp ( max Z(Z,jk + 1) log(Zjjk + 1) — Zjji log(Z;; ))

ZeP(e,B,7) Tk

Greta Panova



The mystery Partitions
000 0000

Inequalities and Asymptotics Hardness
Q000e 0000

The elusive lower bound

g0 AA) >1 for A= N

(from g(>‘7 )‘7 >‘) > |X)\(2)‘1 - ]-a 22X — 3a o )‘ = 1)

Greta Panova
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0000



The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers
000 0000 Q000e 0000 0000

The elusive lower bound
Pyr(a, B,7) := # of pyramids (solid partitions, plane partitions) with marginals

a, B,7.
Theorem [Manivel, Vallejo]

g(A m,v) > Pyr(N,p/ V")

Greta Panova



Inequalities and Asymptotics Hardness Reduced Kroneckers

The mystery Partitions
0000 0000

000 0000 0000e
The elusive lower bound

Pyr(a, B,7) := # of pyramids (solid partitions, plane partitions) with marginals

a, B8,7.
Theorem [Manivel, Vallejo]

g(A m,v) > Pyr(N,p/ V")

Proposition For some «, 8,7 - n we have

Pyr(a,8,7) = exp©(n*/3).
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The mystery Partitions Inequalities and Asymptotics

Reduced Kroneckers
000 0000 [e]elele] ] 0

The elusive lower bound

Pyr(a, B,7) := # of pyramids (solid partitions, plane partitions) with marginals
a, B8,7.
Theorem [Manivel, Vallejo]

g(A m,v) > Pyr(N,p/ V")

Proposition For some «, 8,7 - n we have

Pyr(a,8,7) = exp©(n*/3).

Proposition [Pak-P, '20]: For an explicit A - n we have g(X, X, A) > exp ©(n?/3):

A= (3(2) +773(;) +3,3(;) +2,3(5;1) +7,...,7,3,2)

Greta Panova



The mystery Partitions Inequalities and Asymptotics

[e]e]e]e] }

The elusive lower bound

Pyr(a, B,7) := # of pyramids (solid partitions, plane partitions) with marginals
a, B8,7.
Theorem [Manivel, Vallejo]

g(A m,v) > Pyr(N,p/ V")

Proposition For some «, 8,7 - n we have

Pyr(a,8,7) = exp©(n*/3).

Proposition [Pak-P, '20]: For an explicit A - n we have g(X, X, A) > exp ©(n?/3):

A= (3(2) +773(;) +3,3(;) +2,3(5;1) +7,...,7,3,2)

Conjecture [Pak-P]:

> (MM =exp (%nlogn + O(n)) )

Abn, A=)/

Greta Panova



Computational Complexity
Input: /, size(/) = n (bits)
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The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers
000 0000 00000 @000 0000

Computational Complexity
Input: /, size(/) = n (bits)

1 output

inputs 7 z Y
0

Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(I) # 07
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The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers

000

0000 00000 @000 0000

Computational Complexity
Input: /, size(/) = n (bits)

1 output

inputs 2 P 2
0

Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(I) # 07

- = yes/no answer in time O(n?) some
fixed d.
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lities and Asymptotics

Computational Complexity
Input: /, size(/) = n (bits)

Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(1) # 07

= yes/no answer in time O(n?) some
fixed d.

= "yes" can be verified in O(n9):
Given X, is X € C(I)? Answer in O(n9).

Greta Panova
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@000

Computational Complexity

Input: /, size(/) = n (bits)

Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(1) # 07

n = yes/no answer in time O(n?) some
fixed d.

= "yes" can be verified in O(n9):
Given X, is X € C(I)? Answer in O(n9).

Some NP-complete problems: 3-colorability, 3-SAT, Hamiltonian cycle, knapsack.
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Computational Complexity

Input: /, size(/) = n (bits)

Decision problems: is there... Counting problems:
... an object X, s.t. X € C(I)? Compute F(I) =7
Is C(1) # 07

n = yes/no answer in time O(n?) some
fixed d.

= "yes" can be verified in O(n9):
Given X, is X € C(I)? Answer in O(n9).

Some NP-complete problems: 3-colorability, 3-SAT, Hamiltonian cycle, knapsack.
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@000

Computational Complexity

Input: /, size(/) = n (bits)

Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(1) # 07

n = yes/no answer in time O(n9) some
fixed d.

= "yes" can be verified in O(n9):
Given X, is X € C(I)? Answer in O(n9).

Counting problems:
Compute F(I) =7

H2l = (/) can be found in O(n9) time.

Some NP-complete problems: 3-colorability, 3-SAT, Hamiltonian cycle, knapsack.
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@000

Computational Complexity

Input: /, size(/) = n (bits)

Decision problems: is there... Counting problems:
... an object X, s.t. X € C(I)? Compute F(I) =7
Is C(1) # 07

n = yes/no answer in time O(n9) some Sl — F(/) can be found in O(n9) time.
fixed d.

= "yes" can be verified in O(n9): = |C(I)|, number of objects in C(/)
Given X, is X € C(I)? Answer in O(n9). for an NP problem.

Some NP-complete problems: 3-colorability, 3-SAT, Hamiltonian cycle, knapsack.

Greta Panova



@000

Computational Complexity

Input: /, size(/) = n (bits)

Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(I) # 07

E = yes/no answer in time O(n?) some
fixed d.

= “yes” can be verified in O(n?):
Given X, is X € C(I)? Answer in O(n9).

The P vs NP Millennium Problem:
IsP=NP?

Greta Panova

easy to check

NP

hard to solve

Counting problems:
Compute F(I) =7

= F(I) can be found in O(n9) time.

= |C(/)|, number of objects in C(/)
for an NP problem.



The mystery Partitions Inequalities and Asymptotics Hardness
000 0000 00000 0@00

Complexity of Computing Multiplicities

Dimension of irreducible representations:

n!

dimSy = A = #SYT())

Greta Panova
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The mystery Partitions Inequalities and Asymptotics Hardness
000 0000 00000 0@00

Complexity of Computing Multiplicities

Dimension of irreducible representations:

n!

dimSy = A = #S5YT(\) =

32— 58 _g

= 723211
%EF] [1[274] [1]2]5] [1[3]4] [L1]3]5]
3[5] 3[4] [2[5] [2[4]

Greta Panova
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The mystery Partitions Inequalities and Asymptotics Hardness
000 0000 00000 0@00

Complexity of Computing Multiplicities

Dimension of irreducible representations:

n!

dimSy = A = #S5YT(\) =

32— 58 _g

= 723211
%EF] [1[274] [1]2]5] [1[3]4] [L1]3]5]
3[5] 3[4] [2[5] [2[4]

Greta Panova
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The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers
000 0000 00000 0e00 0000

Complexity of Computing Multiplicities
Dimension of irreducible representations: cP

n!
dimSy = A = #S5YT(\) = . . )
[Mijex(hi—i+ A —ji+1)

32— 58 _g

= 73211
%EF] [112]4] [1]2]5] [1[3]4] [1]3]5]
[3[5] [3[4] [2[5] [2[4]
Kostka numbers: K, = #SSYT (shape = X, content = p),
(= multy M,, = dim of u-weight space in V)
Kz =2 112 [I[I[13]

3] 3]

Greta Panova



The mystery Partitions Inequalities and Asymptotics Hardness
000 0000 00000 0@00

Complexity of Computing Multiplicities
Dimension of irreducible representations:

n!

dimSy = A = #S5YT(\) =
3,2) — 5! —
F32) = 73211 °
B e
[3[5] [314] 2[5] [2]4]
Kostka numbers: K, = #SSYT (shape = X, content = p),

(= multy M,, = dim of u-weight space in V)
1112 [I[I1[3]

K(a,2,1)3,2,2) = 2

3] 3]
KosTkAPOS: Input A, i, Output: Is Ky, > 0.
Answer: Iff A = (Zf‘zl Ai > Zf'(:1 p; for every i).

Greta Panova
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The mystery Partitions Inequalities and Asymptotics Hardness
000 0000 00000 0@00 0000

Complexity of Computing Multiplicities
Dimension of irreducible representations: cP

n!

l_.[(i,j)e/\()‘i —i+ >\j -j+ 1)-

dimSy = A = #S5YT(\) =
3,2) — 5! —
F32) = 73211 °
B e
[3[5] [314] 2[5] [2]4]
Kostka numbers: K, = #SSYT (shape = X, content = p),

(= multy M,, = dim of u-weight space in V)
1112 [I[I1[3]

K(a,2,1)3,2,2) = 2

3] 3]
KosTkAPOS: Input A, i, Output: Is Ky, > 0.

Answer: Iff A = (Zf‘zl Ai > Zf'(:1 p; for every i).
KostkaPos € P

Greta Panova
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The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers
000 0000 00000 0e00 0000

Complexity of Computing Multiplicities
Dimension of irreducible representations: cP

n!

l_.[(i,j)e/\()‘i —i+ >\j -j+ 1)-

dimSy = A = #S5YT(\) =

32— 58 _g

= 723211
@%@ [1[274] [1]2]5] [1[3]4] [L1]3]5]
3[5] 3[4] [2[5] [2[4]

Kostka numbers: K, = #SSYT (shape = X, content = p),
(= multy M,, = dim of u-weight space in V)

1112 [I[I1[3]

3] 3]
KosTkAPOS: Input A, i, Output: Is Ky, > 0.
Answer: Iff A = (Zf‘zl Ai > Zf'(:1 p; for every i).

K(a,2,1)3,2,2) = 2

KostkaPos € P
CoMPUTEKOSTKA: Input A, 1. Output: the integer K.

Greta Panova



The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers

000

0000 00000 0e00 0000
Complexity of Computing Multiplicities
Dimension of irreducible representations: cP

n!

l_.[(i,j)e/\()‘i —i+ >\j -j+ 1)-

dimSy = A = #S5YT(\) =
£32) — __5! _5

= 723211
%EF] [1[274] [1]2]5] [1[3]4] [L1]3]5]
3[5] 3[4] [2[5] [2[4]

Kostka numbers: K, = #SSYT (shape = X, content = p),
(= multy M,, = dim of u-weight space in V)
1112 [I[I1[3]

K(a,2,1)3,2,2) = 2

3] 3]
KosTkAPOS: Input A, i, Output: Is Ky, > 0.
Answer: Iff A = (Zf‘zl Ai > Zf'(:1 p; for every i).
KostkaPos € P
CoMPUTEKOSTKA: Input A, 1. Output: the integer K.
Theorem (Narayanan'06)
CoMPUTEKOSTKA is #P-complete. (input — binary)

Theorem (Pak-Panova'20+)
CoMPUTEKOSTKA is strongly #P-complete. (input — unary)

Greta Panova



The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers
000 0000 00000 [e]e] o] 0000

Complexity of Computing LR

Littlewood-Richardson coefficients: ¢, = multy V, ® Vi, = #LR — tableaux

ny
(6,4,3) _ .
LR-Pos:
Input: A, u,

Output: Is cﬁ‘y > 0.
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The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers

000 0000 00000 [e]e] ]o) 0000

Complexity of Computing LR

Littlewood-Richardson coefficients: ¢, = multy V, ® Vi, = #LR — tableaux

"z
(6,4,3) _ .
e I
LR-Pos:
Input: A, u,

Output: Is cﬁ‘y > 0.

Theorem (cor. to Knutson-Tao'01)
LR-Pos is in P.
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The mystery Partitions Inequalities and Asymptotics Hardness

000

0000 00000 [e]e] ]o)

Complexity of Computing LR

Littlewood-Richardson coefficients: ¢, = multy V, ® Vi, = #LR — tableaux

"z
(6,4,3) _ .
e I
LR-Pos:
Input: A, u,

Output: Is cﬁ‘y > 0.

Theorem (cor. to Knutson-Tao'01)
LR-Pos is in P.

Theorem (Pak-Panova'20+)
CoMPUTELR is strongly #P-hard.
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The mystery Partitions Inequalities and Asymptotics Hardness
000 0000 00000 oooe

Complexity of Computing ...

x*(a) = character of Sy at permutation of cycle type a.
CHARPOS:

Input: A a.

Output: is x*(a) # 07

Greta Panova
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The mystery Partitions Inequalities and Asymptotics Hardness
000 0000 00000 oooe

Complexity of Computing ...

x*(a) = character of Sy at permutation of cycle type a.
CHARPOS:

Input: A a.

Output: is x*(a) # 07

COMPUTECHAR:
Input: A\ a.
Output: the integer |x*(a)|.

Greta Panova
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The mystery Partitions Inequalities and Asymptotics Hardness
000 0000 00000 oooe

Complexity of Computing ...

x*(a) = character of Sy at permutation of cycle type a.
CHARPOS:

Input: A a.

Output: is x*(a) # 07

COMPUTECHAR:

Input: A\ a.

Output: the integer |x*(a)|.

Theorem (Pak-Panova'20+)
CHARPOS is strongly NP -hard. COMPUTECHAR is strongly #P -hard.

Greta Panova
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000 0000 00000 [e]e]e] ) 0000

Complexity of Computing ...

x*(a) = character of Sy at permutation of cycle type a.
CHARPOS:

Input: A a.

Output: is x*(a) # 07

COMPUTECHAR:

Input: A\ a.

Output: the integer |x*(a)|.

Theorem (Pak-Panova'20+)

CHARPOS is strongly NP -hard. COMPUTECHAR is strongly #P -hard.

and the worst...

Theorem (lkenmeyer-Mulmuley-Walter'16)
KroNPoOS is NP -hard.
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The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers
000 0000 00000 [e]e]e] ) 0000

Complexity of Computing ...

x*(a) = character of Sy at permutation of cycle type a.
CHARPOS:

Input: A a.

Output: is x*(a) # 07

COMPUTECHAR:

Input: A\ a.

Output: the integer |x*(a)|.

Theorem (Pak-Panova'20+)

CHARPOS is strongly NP -hard. COMPUTECHAR is strongly #P -hard.

and the worst...

Theorem (lkenmeyer-Mulmuley-Walter'16)
KroNPoOS is NP -hard.

Theorem (Biirgisser-lkenmeyer’'08)
COMPUTEKRON is in GapP (= F — G, where F, G € #P).
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000 0000 00000 [e]e]e] ) 0000

Complexity of Computing ...

x*(a) = character of Sy at permutation of cycle type a.
CHARPOS:

Input: A a.

Output: is x*(a) # 07

COMPUTECHAR:

Input: A\ a.

Output: the integer |x*(a)|.

Theorem (Pak-Panova'20+)

CHARPOS is strongly NP -hard. COMPUTECHAR is strongly #P -hard.

and the worst...

Theorem (lkenmeyer-Mulmuley-Walter'16)
KroNPoOS is NP -hard.

Theorem (Biirgisser-lkenmeyer’'08)
COMPUTEKRON is in GapP (= F — G, where F, G € #P).

Conjecture
COMPUTEKRON is in #P .

Greta Panova



The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers
000 0000 00000 0000 @000
The reduced (but not simpler!) Kronecker coefficients

E(a, 577) = n|i>moo g(a[n],,@[n],'y[n]), a[n] = (n - |a|,a1,a2, .- ')7 n> |01| + azi,

g(a, B,7) = cg, for |a| = (8] + 1l
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The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers
000 0000 00000 0000 @000

The reduced (but not simpler!) Kronecker coefficients
E(av ﬁ:’Y) = nimoo g(a[nlvﬂ[n]v’Y[n])’ a[n] = (n - |o¢|,a1,a2, .. ~)7 n 2 |a| + o,
g(a, B,7) = cg, for |a| = (8] + 1l

Conjecture (Kirillov, Klyachko)

The reduced Kronecker coefficients satisfy the saturation property:

g(Na,NB,Nv) >0 forsome N>1 = g(a,8,7)>0.

Greta Panova



The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers

000 0000 00000 0000 @000

The reduced (but not simpler!) Kronecker coefficients
E(av 577) = nimoo g(a[nlvﬂ[n]v’}/[n]% a[n] = (n - |Oé|,0{1,0¢27 .. ~)7 n> |a| + o,
g(a,B,7) = cg, for ol = [B] + ],

Conjecture (Kirillov, Klyachko)

The reduced Kronecker coefficients satisfy the saturation property:

g(Na,NB,Nv) >0 forsome N>1 = g(a,8,7)>0.

Theorem (Pak-P, '20)

For all k > 3, the triple of partitions (1k2_1, 1"2_1, kk_l) is a counterexample to the
Conjecture. For every partition v s.t. yo» > 3, there are infinitely many pairs
(a,b) € N2 s.t. (ab,ab,~) is a counterexample.
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The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers

000 0000 00000 0000 @000

The reduced (but not simpler!) Kronecker coefficients
E(av 577) = nimoo g(a[nlvﬁ[n]v’}/[n]% a[n] = (n - |Oé|,0{1,0¢27 .. ~)7 n> |a| + o,
g(a,B,7) = cg, for ol = [B] + ],

Conjecture (Kirillov, Klyachko)

The reduced Kronecker coefficients satisfy the saturation property:

g(Na,NB,Nv) >0 forsome N>1 = g(a,8,7)>0.

Theorem (Pak-P, '20)

For all k > 3, the triple of partitions (1k2_1, 1"2_1, kk_l) is a counterexample to the
Conjecture. For every partition v s.t. yo» > 3, there are infinitely many pairs
(a,b) € N2 s.t. (ab,ab,~) is a counterexample.

Example: a = 1%, v = 32. Then g(a, a,v) =0, but g(2a,2a,2v) > 0.
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The mystery Partitions Inequalities and Asymptotics Hardness Reduced Kroneckers
000 0000 00000 0000 @000

The reduced (but not simpler!) Kronecker coefficients
E(av 577) = nimoo g(a[nlvﬁ[n]vw[n])’ a[n] = (I’l - |Oé|,051,0¢27 .. ~)7 n> |a| + o,
g, 8,7) = cg, for |a| = [B] + |,

Conjecture (Kirillov, Klyachko)

The reduced Kronecker coefficients satisfy the saturation property:

g(Na,NB,Nv) >0 forsome N>1 = g(a,8,7)>0.

Theorem (Pak-P, '20)

For all k > 3, the triple of partitions (1k2_1, 1"2_1, kk_l) is a counterexample to the
Conjecture. For every partition v s.t. yo» > 3, there are infinitely many pairs

(a,b) € N2 s.t. (ab,ab,~) is a counterexample.

Example: a = 1%, v = 32. Then g(a, a,v) =0, but g(2a,2a,2v) > 0.

Proof sketch:

[Dvir]: If g(A, ,v) > 0 then d(X) < 2d(u)d(v). (d— Durfee square size)
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000 0000 00000 0000 @000

The reduced (but not simpler!) Kronecker coefficients
E(avﬁzw) = nimoo g(a[nlvﬁ[n]vw[n])’ a[n] = (I’l - |Oé|,041,0¢27 .. ')7 n= |a| + azx,
g, 8,7) = cg, for |a| = [B] + |,

Conjecture (Kirillov, Klyachko)

The reduced Kronecker coefficients satisfy the saturation property:

g(Na,NB,Nv) >0 forsome N>1 = g(a,8,7)>0.

Theorem (Pak-P, '20)

For all k > 3, the triple of partitions (1k2_1, 1"2_1, kk_l) is a counterexample to the
Conjecture. For every partition v s.t. yo» > 3, there are infinitely many pairs

(a,b) € N2 s.t. (ab,ab,~) is a counterexample.

Example: a = 1%, v = 32. Then g(a, a,v) =0, but g(2a,2a,2v) > 0.

Proof sketch:

[Dvir]: If g(A, ,v) > 0 then d(X) < 2d(u)d(v). (d— Durfee square size)

Let a, b be s.t. b > max{3¢(7)3/2, |y|/(3v/2d(7[a]) — 6)} and |~]/(6b) < a < /d(r[a)/2. By
[Ikenmeyer-P, Adv.Math'16] for N > 3¢2/a:

g(No, Na,v) > g((Na)®™, (Na)®™, Ny[n]) > 0.

Greta Panova 19
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a+b+c<3n ata
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000 0000 00000 0000 o] lee]

Bounds

Theorem
We have:

max_ max max max g(a,8,7) = Vn! 2
atb+c<3n ata pBFb ~kc

Proof:
[Bowman-DeVisscher-Orellanal:
Lk/2]

E(Ol, B, AY) = Z Z Z Z Z ngp Cpﬂwra C;\ng' g()" s V) ’

m=0 7wkq+m—b ptg+m—a ob-m X\,u,v-k—2m

Greta Panova
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000 0000 00000 0000 o] lee]

Bounds

Theorem
We have:

max_ max max max g(a,8,7) = Vn! 2
atb+c<3n ata pBFb ~kc

Proof:
[Bowman-DeVisscher-Orellanal:
Lk/2]

E(Ol, B, AY) = Z Z Z Z Z ngp Cpﬂwra C;\ng' g()" s V) ’

m=0 whkq+m—b ptq+m—a obm \,u,v-k—2m

Z(a, 8,7) < (3n/2) - p(3n)° - 33/2 . V/nl = Vnl 9.

Greta Panova
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Bounds
Theorem
We have:
max  max max max g(a,B,7) = Vnl 9,
atb+c<3n ata pBFb ~kc g( B ’Y)
Proof:

[Bowman-DeVisscher-Orellanal:
Lk/2]

E(Ol, B, AY) = Z Z Z Z Z ngp Cpﬂwra C;\ng' g()" s V) ’

m=0 whkq+m—b ptq+m—a obm \,u,v-k—2m
2(e, 8,7) < (3n/2) - p(3n)®-3%7/2 . \/nl = V/nl 90,

Lower bound: g(a, 8,7) > g(a, 8,7)
+

[Stanley:] maxg(a, 8,7) > V/nle9)

Greta Panova 20
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Complexity

Theorem
Computing the reduced Kronecker coefficients g(c, 3,7) is strongly #P-hard.
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Complexity

Theorem
Computing the reduced Kronecker coefficients g(c, 3,7) is strongly #P-hard.
Proof:

[Briand-Orellana-Rosas]:

2(p) £(v) ) ]
ghmr) = D> (1) g, pt ),

i=1

where X' = (A1 +1,..., 21+ 1, A\jy1, .- .).

Greta Panova
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Complexity

Theorem
Computing the reduced Kronecker coefficients g(c, 3,7) is strongly #P-hard.

Proof:

[Briand-Orellana-Rosas]:
o) L(v) ) .
ghmr) = D> (1) g, pt ),

i=1

where X' = (A1 +1,..., 21+ 1, A\jy1, .- .).

+
[Ikenmeyer-Mulmuley-Walter]: CoMPUTEKRON is strongly #P -hard.

Greta Panova
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Thank you!

oooe

22



	The mystery
	

	Partitions
	

	 Inequalities and Asymptotics
	

	Hardness
	
	Reduced Kroneckers
	

