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Polynomials Schur polynomials

USC

Characters of irreducible GL,, modules

Partitions are nonincreasing sequences of nonnegative integers A = (A} > A2 > -+ > \p).

Definition (Schur 1901)

Schur modules V* indexed by partitions are the irreducible polynomial representations of

GL,(C). Schur polynomials are their characters, char(V}) = sy (xq, ..., %)
v(2,1,0) (1]
/ \ Example (Schur modules)
s symmet
@ V(™ = sym™(C) is symmetric product
(1000 1) — Am A A
oV = A"(C) is exterior product
r « ~~ The irreducible characters are a basis of the ring
\ / of symmetric polynomials, indexed by partitions.
2]

VAR VY o @(VA) /z v o S(m)(xl,...,xn) = Z x‘l’l 4..xZn

X ay+--+ap=m
SuSy = A Qs (x Tip)) = Xip %
pv = Cr,uSX (0009 AL e e5dn) — iy i
b\ i <o <im
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Polynomials Schur polynomials

USC

Semistandard Young tableaux

Definition 1[1]2]3]4]
. . 3[3]4]a
A semistandard Young tableauisamap 7 : A — N s.t. 4151515
@ T(c) < T(d) < nif c,d same row with ¢ left of d; 15]

e T(c T(d) if ¢, d same column with ¢ above of d.
(@) <T@ lire, ¢ D) =52 xp x3 x

Example (Enumerating SSYT;(2, 1) to compute s, 1 (x1,x2,x3))

YT

2 2, .2 2 2 2
s(271)(x1,xz,)c3) = X1x + X1X5 + X7x3 + 2X1X0x3 + X5X3 + X1X3 + X3

Here the weight of an SSYT T
is the weak composition wt(T)

Theorem (Schur polynomial indexed by the partition \)

_ t(T), wt(T),
SCREED DR
TESSYT,(X) wt(T); =#isinT
Schur polynomials {SA}Z(MSn form a basis of Z[xy,x2, . .., x| C Z[x1,x2, . . ., Xn).
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Polynomials

l |‘ Key polynomials

Characters of GL,, Demazure modules

Finite dimensional irred. representations of g decompose into weight spaces V» = @, V.
The Weyl group acts on extremal weight spaces {V2 , | w € W}, which are all 1-dimensional.

Definition (Demazure 1974)

The Demazure module V) is the b-submodule of the irreducible g-representation v
generated by the extremal weight space V) , . Demazure characters are char(V;)) = r,,.»

(2 1,0)

/ \,x @ V) = WQ is the 1-dim highest wt space

Example (Demazure modules)

° V) = Vrev(A) = V* is the full module

e For gl,, index Demazure modules by
(W, A) > w- A a > (wa, sort(a))
where w, is the shortest s.t. w, -a = A.

Example (Key polynomials)

A A A A A
{un} =V C V5 C V3, C Vi =V Ay
x)

_ A
® K(Ap,-an) =X

Key polynomials are a basis for Z[xi, . . ., xx] ® K(ay,iony) = SA(XL, - -5 Xn)
with negative structure constants.
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Polynomials

l |‘ Key polynomials

Kohnert diagrams

Definition (Kohnert 1991)
_)
A Kohnert diagram is a diagram obtained by a O
sequence of Kohnert moves on a:
@ select the rightmost cell ¢ of a row

@ move c to the first available position below
@ jump over other cells in its way as needed.

Example (Enumerating KD(0, 2, 1) to compute x5 1).)

BB kR ok K

KD(0,2,1) =
K0,2,1) = xzx; 4+ xjx0x3 + xlx% =+ xz)g =+ xzxz
Theorem (Kohnert 1991) Here the weight of a diagram T is the
weak composition wt(7)
wi(T); Wt(T)n

e 3 A i

TEKD(a) wt(T); = # cells of T in row i
The key polynomials are not always symmetric. However {xa.} are a basis of Z[x, x, . .., x,].
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Polynomials

USC Combinatorial equivalence

oung tableaux as Kohnert diagrams

Recall for X\ a partition of length n, we have x(y, ... ;) = sx(x1,...,xn). Therefore we can
relate the combinatorics of Kohnert diagrams and semistandard Young tableaux.

Definition (Assaf—Searles 2018) Example (The cr

Define a map ¢ on Kohnert diagrams by KD(0,2,1) < ¢
@ label cells of row i with label n — i + 1,
@ raise cells to partition shape (same column order). % = =
. [1]3 [1]2
nise [TT1[2]3]4] @QHH
O 3[3[4]4
415[5]5
5 @ > -
2]
(4,4,3,1,2) (2,1,3,4,4)

— —
Theorem (Assaf—Searles 2018) &l &l

The map ¢ is a weight-reversing, injective map 5
KD(a) — SSYT, (sort(a)). Moreover,  is a bijection if and & - g ooy
only if a is weakly increasing, i.e. fora = (\n, ..., \;).

Notice T above lies in KD(4, 1,5,0,4) and in KD(0, 1, 4,4, 5) and in many other Kohnert sets.
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Pieri rules

@ Pierirules
@ Inserting boxes into tableaux
@ Inserting bubbles into diagrams
@ RSK on diagrams

S. Assaf & D. Quijada A Pieri rule for key polynomials



Inserting boxes into tableaux

USC

Adding boxes

Since Schur functions are a basis of symmetric functions, their structure constants are
well-defined. We know from representation theory they must be nonnegative.

Example (Computing the Schur expansion of s(s 4 4.1)5(1))

Theorem (Pieri 1893)

For a partition X, ] ] ] o
u L e |
S)\S(l) = Z S# O] (Je ] ]
LD O
|u/X|=1 SG5,44,1,1) T SG442) T SG5s541) T S6,4.4,1)

For a partition A and m > 0,

DS = D s

pnOA
/X hor. m—strip

5G222) T SG32) T S@e2n) t o S@32) T 85522

We use the poset structure of Young’s lattice defined on partitions by A C p if A; < p; for all i.
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Inserting boxes into tableaux

USC

RSK insertion

An elegant combinatorial proof of the Pieri rule for Schur polynomials uses the
Robinson—-Schensted—Knuth insertion algorithm on semistandard Young tableaux.

Theorem (Schensted 1961)

To insert a letter x into T € SSYT()), RSK is a weight-preserving bijection
@ if x > jforjin row r, append x to row r;
@ else letj be the leftmost entry j > x,

Definition (RSK Insertion)

SSYT,(A) xSSYT, (1) == | | SSYTu()

pmOA
@ swap x,j and insert x into row r + 1. [/ X]=1
1[1[2[3J4k2 [1]1]2]2]4] 1[1]2]2]4] 1[1]2]2]4] 1[1]2]2]4]
3[3]4]4 3[3[@)4] «3 [3]3][3]4 3[3[3]4 3[3[3]4
4]5]5][5 4]5]5][5 4[5)5[5] <4 [4]4]5]5 4]4]5][5
5] 5] 5] 5] “5 [5]5

Row Bumping Lemma (Schensted 1961)
For x <y, the added box of T + x is strictly left of and weakly below the added box of T + y.

Each term corresonds to a set of SSYT, and the sets in the formula are pairwise disjoint,
so taking generating polynomials proves the Pieri formula for Schur polynomials.
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l |‘ Pieri rules Inserting bubbles into diagrams

Adding bubbles

Since sxs(1) = > sa+e for certain j, we might try to write karke, = - ka-+e; for certain j.

K(4,1,5,0,4)(0,0,1,0,0) = K(4,2,5,0,4) T 5(5,1,5,0,4) T K(4,550,1) ~ 1(54,5,0,1) T K(4,1,6,0,4)
N—— N——

KD(4,2,5,0,4) KD(5,1,5,0,4)UKD(4,5,5,0,1) KD(4,1,6,0,4)

The row of added cell must

be weakly below row k. Example (Computing the key expansion of x4 15.0.4)%(0,0,1))

We can drop cells down to
support the added cell.

Some sets are not disjoint:
KD(5,1,5,0,4)NKD(4,5,5,0,1)
=KD(5,4,5,0,1) KD(4,2,5,0,4) U KD(5,1,5,0,4) U KD(4,5,5,0,1) U KD(4,1,6,0,4)

This gives rise to a negative term in the key expansion when taking generating polynomials.

Theorem (Assaf—Quijada 2019+) Unlike in the Schur case,

the union on the right hand
side is not disjoint. Thus the

Given a and k < n, we have a weight-preserving bijection

~ ) negative signs arise from
KD KD — KD(b . ) .
(a) x (&) hga (b+¢)) inclusion—exclusion ~ when
1<j<k taking intersections.
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l |‘ Pieri rules Inserting bubbles into diagrams

Horizontal strips

Theorem (Assaf—Quijada 2019+)
Given a, k < n and m, we have a weight-preserving bijection

KD(a) x KD(me;) — |_JKD(b)
b

over all b obtainable from a sequence b(® b(1) ... b(m = b satisfying:
@ b < aandfori > 0 we haveb® < bl=1 + e, withj; < k;

@ the columns of the added cells b;]”, . ,bj(:’> are all distinct.

Example (Computing the key expansion of x, o 3 2)%(0,0,2) Using Kohnert diagrams)

i Sl el

KD(2,2,3,2) U KD(3,1,3,2) U KD(2,3,3,1) U KD(2,1,4,2) U KD(3,0,4,2) U KD(2,3,4) U KD(2,0,5,2)

K(2,23,2) T K(3,1,3,2) TE2,3,3,1) “K@2,23,1) TE@2,1,42) T EG,04,2) TE23,4) —EGE2,4) T 62,052
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l |‘ Pieri rules
RSK on diagrams

Rectication of diagrams

Lemma (Assaf—Searles 2018)

A diagram T is a Kohnert diagram if and only if for every position (c, r)

#{c— 1) €T s> > #{(c,s) €T [s>1)

Definition (Rectification)

Theorem (Assaf—Quijada 2019+)

To insert a cell into a Kohnert diagram, ForT € SSYT andID(T) its diagram,
@ if T is a Kohnert diagram, then stop;
@ else x such that T \ x Kohnert, D(RSK(T, /) =
@ move x left one position, rectify result. rectify (ID(7) U (¢ + 1,n + 1 —j))

e Y Eb g Eh

Rectification gives the bijection whenever k > n, but does not work for the general case.
In general, decompose U € U,<,KD(b + ¢;) and rectify a piece to recover T € KD(a) and ;.
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@ Top and bottom insertion
@ Schubert polynomials
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Top and bottom insertion

7 USC

Insertlng above row n or at row 1

Example (Computing the key expansion of x; 4.0.3)5(2) (

o0 o Yoo oo e o Yoo oo

K(1,4,2,3) T K(1,4,1,4) T K(1,5,1,3) T K(3,40,3) T K2,4,0,4) T £2,503) T 5(1,4,0,5 T 5(1,6,0,3)

Theorem (Assaf—Quijada 2019+)

Foré(a) < k, we have ka * S (m) ()C] oo ‘Xk) = Z H‘H’ej] +:tej,, 0 Wherej,- iSs max S.t. hj/. =c¢—1.
1 <--<ctm
ci—1€{ay, . san,ci1}
i isl
We have ka - sguy(x1) = Y Ky, wherea® =a andal) = suppizi_z) +ep.

a1<c1<--<cp
ci—l€{ay,...,an,ci 1}

Example (Computing the key expansion of x| 4 9 3)5(2) (x1) using Kohnert diagrams)

e e b B e

KG3403) T R@402 T k5203 0T K40 T “(6,1,0,3)

Insertion into the bottom row is not equivalent to rectification insertion that works at the top.
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l |‘ Schubert polynomials
N Positivity

exillary permutations

Schubert polynomials &,, of Lascoux and Schiitzenberger (1982) are polynomials
representatives of Schubert classes for the complete flag manifold whose structure constants
¢, count points in triple intersections of Schubert varieties, and so ¢;;, € N.

u,v

@ A Grassmannian permutation w has a @ Forw grassmannian, &,, = sx(xy .. .xg)
unique index k with wi > w4 1. where N\¢—i+1 = w; — i, then
@ A vexillary permutation w never has ® Forw vexillary, &, = k), where
wp < wa < wg <wefora<b<ce<d. L(w); = #{ > i | wi > w;}.
Definition (Macdonald 1991) Example (Vexillary compositions)

We have a is vexillary if and only if for i < k
@ if a; > ai, then
#{i<j<k|aj < ax} < ai —ax
@ ifa; <ay, thena; > ajfori <j<k not vexillary vexillary

Proposition (Macdonald 1991)

A permutation w is vexillary if and only if L(w) is vexillary, and in this case &,, = k).
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USC Positivity Schubert Pieri rule

exillary Pieri rule

Theorem (Assaf—Quijada 2019+)
Forw vexillary with L(w) = a and v((m), k) grassmannian corresponding to (m) and k,

GW'Gv((m),k) = Ka " S(m) (xl, boa ,xk) = E Ky (m)
min(ay,...,a)<c;<---<cp
ci—l€{ay,...,an,ci1}

where al) = suppi?j;’ |y + ey, forri < k max such thatal™" < ¢ — 1 (equal if possible).

Example (Computing the key expansion of kg 1 4,3)5(2) (x1, . . ., x3) using Kohnert diagrams)

.t i R

K(1,2,4,3) T K(1,4,4,1) T K(1,1,5,3) T £03,4,3) T E0,4,42) T£0,253) T 604,51 T £0,1,6,3)

We hope to extend our methods to prove a nonnegative rule for 6,&, with u, v vexillary...
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