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Brief background.

» The convergence rate related questions for random walks on finite groups
are useful in randomization algorithms.
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» The convergence rate related questions for random walks on finite groups
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» This theory took a new direction in 1981, when Diaconis and
Shahshahani introduced the use of non-commutative Fourier analysis
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Brief background.

3/26

The convergence rate related questions for random walks on finite groups
are useful in randomization algorithms.

This has application in many subjects including mathematics, computer
science, statistical physics and biology.

This theory took a new direction in 1981, when Diaconis and
Shahshahani introduced the use of non-commutative Fourier analysis
techniques.

Our models are mainly inspired by the transpose top with random shuffle
studied by Flatto, Odlyzko and Wales in 1985.
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Our models.

» Transpose top-2 with random shuffle: Random walk on the alternating
group A,, generated by 3-cycles of the form (i,n,n — 1) and (i,n — 1,n).
We have obtained sharp mixing time for this shuffle at (n — %) log n.
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Transpose top-2 with random shuffle: Random walk on the alternating
group A,, generated by 3-cycles of the form (i,n,n — 1) and (i,n — 1,n).
We have obtained sharp mixing time for this shuffle at (n — %) logn.
Flip-transpose top with random shuffle: Random walk on the
hyperoctahedral group B,, generated by the signed permutations of the
form (¢,n) and (—i,n) for 1 <4 < n. This shuffle exhibits cutoff
phenomenon with cutoff time nlogn. Moreover a similar random walk on
the demihyperoctahedral group D,, generated by the signed permutations
of the form (i,n) and (—i,n) for 1 <i < n has a cutoff at (n — ) logn.
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Transpose top-2 with random shuffle: Random walk on the alternating
group A,, generated by 3-cycles of the form (i,n,n — 1) and (i,n — 1,n).
We have obtained sharp mixing time for this shuffle at (n — %) log n.
Flip-transpose top with random shuffle: Random walk on the
hyperoctahedral group B,, generated by the signed permutations of the
form (¢,n) and (—i,n) for 1 <4 < n. This shuffle exhibits cutoff
phenomenon with cutoff time nlogn. Moreover a similar random walk on
the demihyperoctahedral group D,, generated by the signed permutations
of the form (i,n) and (—i,n) for 1 <i < n has a cutoff at (n — ) logn.

Warp-transpose top with random shuffle: This is a generalization of the
flip-transpose top with random shuffle, when number of orientations of
each card is more than 2 (also it can depend on n).
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A combinatorial description of G .5,,.

» G: Finite group, S,,: symmetric group on n letters. The complete
monomial group G S,, is the wreath product of G with S,,. The elements
of G1 .S, are (n+ 1)-tuples (g1,92,...,gn;7) where g; € G and 7 € S,,.
The multiplication in G ¢ S,, is given by

(9153 9n; ) - (P1y s hnsm) = (Grhe-1(1)s -+ s Gnlir—1(n); 7).
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> A, (G) denotes the set of all arrangements of n coloured cards in a row
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A combinatorial description of G .5,,.

» G: Finite group, S,,: symmetric group on n letters. The complete
monomial group G S,, is the wreath product of G with S,,. The elements
of G1 .S, are (n+ 1)-tuples (g1,92,...,gn;7) where g; € G and 7 € S,,.
The multiplication in G ¢ S,, is given by

(9153 9n; ) - (P1y s hnsm) = (Grhe-1(1)s -+ s Gnlir—1(n); 7).

> A, (G) denotes the set of all arrangements of n coloured cards in a row
such that the colours of the cards are indexed by the set G.

» Elements of G5, can be identified with the elements of A, (G) as
follows: (g1,...,9n; ™) € GU.S, is identified with the arrangement in
A, (G) such that the label of the i*! card is 7(i) and its colour is G ()
for each i € {1,...,n}.
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The warp-transpose top with random shuffle on G, S,,.

> Let G € Gy C -+ be a sequence of finite groups such that |G1| > 2.
Then the warp-transpose top with random shuffle on G, .S, is a shuffle
on A, (G,).

» For x,y € G, updating the colour x using colour y means the colour z is
being updated to colour x - y.
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The warp-transpose top with random shuffle on G, S,,.

> Let G € Gy C -+ be a sequence of finite groups such that |G1| > 2.

Then the warp-transpose top with random shuffle on G, .S, is a shuffle
on A, (G,).

» For x,y € G, updating the colour x using colour y means the colour z is
being updated to colour x - y.

> Given an arrangement of coloured cards in A,,(G,,), the shuffling scheme
is the following: Choose a positive integer ¢ uniformly from the set
{1,2,...,n} and choose a colour g uniformly from G,,, independent of
the choice of the integer 1.

> If i = n: update the colour of the n'" card using colour g.

> If i < n: first transpose the i™® and n'™ cards. Then simultaneously
update the colour of the n™® card using colour ¢ and update the colour of

the i*" card using colour g~!.
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Example: Typical transition for this shuffle on Zg .S

Assume Zg, the additive group of integers modulo 3 consists of the colours
red, green and blue such that red represents the identity element. Then a

typical transition for the warp-transpose top with random shuffle on Z31 Sg is
given as follows.

123459786

/

12345789  —— 123459786

N

Recall shuffling scheme: Choose a positive integer ¢ uniformly from the set {1,2,...,n}
and choose a colour g uniformly from G, independent of the choice of the integer <.

» If i = n: update the colour of the nt? card using colour g.

123459786

> If i < n: first transpose the i*" and nt® cards. Then simultaneously update the

colour of the nt® card using colour g and update the colour of the ! card using

colour g~ 1.
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Aim

Study the mixing time for the warp-transpose
top with random shuffle on G, .5,,.
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Discrete time Markov chain on finite state space.

» Markov chain: Sequence of random variables { Xy, X1, ...} satisfying
P(Xt—i-l = y|Xt =2, X1 =241,..., X0 = l’o) =P (Xt+1 = y|Xt = 50) s
for all zg,...,zi—1,2,y € Qand P( Xy =2, X4y = 24-1,..., X9 = x0) # 0.
> Transition matrix: For any t, M = (P (X1 =y|Xe =2)), ,cq-

> If distribution of X is Il then distribution of X; is IIgM?.
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Discrete time Markov chain on finite state space.

>

Markov chain: Sequence of random variables { X, X1, ...} satisfying

P(Xt—i-l = y|Xt =2, X1 =241,..., X0 = 1’0) =P (Xt+1 = y|Xt = 50) s

for all zg,...,zi—1,2,y € Qand P( Xy =2, X4y = 24-1,..., X9 = x0) # 0.

>

>
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Transition matrix: For any ¢, M = (P (X¢y1 = y[Xi = 2)), yeq -

If distribution of Xy is IIy then distribution of X is IToM?®.

Irreducibility: For any x,y € €2 there exists an integer ¢ such that
P(X;,=y| Xo=21)=M'(z,y) > 0.

Stationary distribution: Probability distribution IT on €2 satisfying
M =1I.

Irreducible Markov chain always has a unique stationary distribution.

Subhajit Ghosh Cutoff for random walks on some finite groups



Convergence and mixing time.

» Period of state z (€ ) : The greatest common divisor of 7(z),
T(z) ={t>1|P(X; =z | Xy =z) > 0}.
» Aperiodicity: All states have period 1.

» For an irreducible and aperiodic Markov chain we have, tlim MyM?t =T11.
— 00
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Convergence and mixing time.

» Period of state z (€ ) : The greatest common divisor of 7(z),
T(z) ={t>1|P(X; =z | Xy =z) > 0}.
» Aperiodicity: All states have period 1.

» For an irreducible and aperiodic Markov chain we have, tlim MyM?t =T11.
— 00

» Total variation distance: ||u — v||rv := sup|u(A) — v(A4)|.
ACQ

» Mixing time: The e-mixing time (0 < & < 1) is defined as follows,
tmix(€) := min{t : d(t) < e}, where d(t) = max ||[M*(x,-) — |y
e

10 /26 Subhajit Ghosh Cutoff for random walks on some finite groups



Convergence and mixing time.

» Period of state z (€ ) : The greatest common divisor of 7(z),
T(z) ={t>1|P(X; =z | Xy =z) > 0}.
» Aperiodicity: All states have period 1.

» For an irreducible and aperiodic Markov chain we have, tlim MyM?t =T11.
— 00

> Total variation distance: ||u — v||rv := sup|u(A) — v(4)].
ACQ

» Mixing time: The e-mixing time (0 < & < 1) is defined as follows,
tmix(€) := min{t : d(t) < e}, where d(t) = max ||[M*(x,-) — |y
e

» Cutoff phenomenon: Let {X (™}, be a sequence of Markov chains and

tigl)x(s) denote the e-mixing time for X (™). Then the sequence is said to
satisfy the cutoff phenomenon if -
n N A
lim fm)x(g) =o0 and lim tw(®) =1forall0<e<1.
n—00 n—00 tgblz((l _ 6)
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Representation theory background

Hom.

> Linear representation of a finite group: p: G —— GL(V), Vis a
finite-dimensional vector space and GL(V) is the set of all invertible
linear maps from V to itself. The vector space V is called a G-module in
this case.

» Character: Trace of the matrix p(g), denoted by x”(g).
> Trivial representation: 1: G — C* defined by 1(g) =1 for all g € G.

Hom.

> Right regular representation: R : G —= GL (C[G]) defined by,

gH(ZC’hhr—) Zchhg>,ChEC,g€G.

heG heG
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finite-dimensional vector space and GL(V) is the set of all invertible
linear maps from V to itself. The vector space V is called a G-module in
this case.

» Character: Trace of the matrix p(g), denoted by x”(g).
> Trivial representation: 1: G — C* defined by 1(g) =1 for all g € G.

Hom.

> Right regular representation: R : G —= GL (C[G]) defined by,

9H<Zchh'—> Zchhg>,ChEC,g€G.

heG heG

» Irreducible representation: There does not exist any non-trivial proper
subspace W of V' such that p(g) (W) C W for all g in G. The set of all
irreducible representations of G is denoted by G.
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Representation theory background

Hom.

> Linear representation of a finite group: p: G —— GL(V), Vis a
finite-dimensional vector space and GL(V) is the set of all invertible
linear maps from V to itself. The vector space V is called a G-module in
this case.

» Character: Trace of the matrix p(g), denoted by x”(g).
> Trivial representation: 1: G — C* defined by 1(g) =1 for all g € G.

Hom.

> Right regular representation: R : G —= GL (C[G]) defined by,

gH(ZC’hhr—) Zchhg>,ChEC,g€G.

heG heG

» Irreducible representation: There does not exist any non-trivial proper
subspace W of V' such that p(g) (W) C W for all g in G. The set of all
irreducible representations of GG is denoted by G.

» Decomposition C[G] into irreducible G-modules:

ClGl = & dim(V7) V7.
oceG
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Non-commutative Fourier analysis techniques.

» Convolution of probability measures on G: (p* q)( Z p(zy™)
yeG

> Fourier transformation of p at a representation p: p(p) = Z p(x)p(z).
zeG
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Non-commutative Fourier analysis techniques.
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Convolution of probability measures on G:  (p* ¢)( Z p(zy 1
yeG
Fourier transformation of p at a representation p: p(p) = Z p(z)p(x).

zeG

Random walk on G driven by p: Markov chain on G with transition
probabilities M, (z,y) =P (X1 = y|Xo = z) :=p(z~y), z,y € G.

MP = (Mp(xvy))x,ng = (ﬁ(R))T

The distribution after k*" transition will be p**, more precisely
P (X), = y|Xo = 2) = p™(z~'y).

Irreducible if and only if the support of p generates G. In that case the
stationary distribution is the uniform distribution on G.
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Our model as random walk on G, 1.5,

» The warp-transpose top with random shuffle on G,, ¢ .S,, is the random
walk on G, 1 S, driven by P, defined on G,, 1 S,, by

ﬁ if v =(e,...,e, g;id) for g € Gy,
P(x) = ﬁ ifz=(e,...,e,g7te,...,e,g;(i,n)) forge G,, 1 <i<n,
0 otherwise.
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Our model as random walk on G, 1.5,

» The warp-transpose top with random shuffle on G,, ¢ .S,, is the random
walk on G, 1 S, driven by P, defined on G,, 1 S,, by

ﬁ if v =(e,...,e, g;id) for g € Gy,
P(x) = ﬁ ifz=(e,...,e,g7te,...,e,g;(i,n)) forge G,, 1 <i<n,

0 otherwise.

» The support of P generates G,, 1 Sy, thus irreducible. It is also aperiodic.

» Stationary distribution is the uniform distribution U on G, 1 .S,,.
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Our model as random walk on G, 1.5,
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The warp-transpose top with random shuffle on G, ! S, is the random
walk on G, 1 S, driven by P, defined on G,, 1 S,, by

ﬁ if v =(e,...,e, g;id) for g € Gy,

P(x) = ﬁ ifz=(e,...,e,g7te,...,e,g;(i,n)) forge G,, 1 <i<n,

0 otherwise.

The support of P generates G, ¢ Sy, thus irreducible. It is also aperiodic.
Stationary distribution is the uniform distribution U on G, 1 .5,.

Transition matrix: ﬁ(R)
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The warp-transpose top with random shuffle on G, ! S, is the random
walk on G, 1 S, driven by P, defined on G,, 1 S,, by

ﬁ if v =(e,...,e, g;id) for g € Gy,

P(x) = ﬁ ifz=(e,...,e,g7te,...,e,g;(i,n)) forge G,, 1 <i<n,

0 otherwise.
The support of P generates G, ¢ Sy, thus irreducible. It is also aperiodic.
Stationary distribution is the uniform distribution U on G, 1 .5,.
Transition matrix: ﬁ(R)

Notation: d,, (k) := ||P** — U||1v.
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The warp-transpose top with random shuffle on G, ! S, is the random
walk on G, 1 S, driven by P, defined on G,, 1 S,, by

ﬁ if v =(e,...,e, g;id) for g € Gy,

P(x) = ﬁ ifz=(e,...,e,g7te,...,e,g;(i,n)) forge G,, 1 <i<n,

0 otherwise.
The support of P generates G, ¢ Sy, thus irreducible. It is also aperiodic.
Stationary distribution is the uniform distribution U on G, 1 .5,.
Transition matrix: ﬁ(R)
Notation: d,, (k) := ||P** — U||1v.

Eigenvalues of the transition matrix are useful to bound d,, (k).
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Definitions of useful combinatorial objects.

¢
» Partition: A= (A1,...,Ag) Fnif Ay >+ > A >0 and || ::Z)\i =n.
i=1
» Young diagrams of shape A:
[ | |
L] L]
(4) (3,1) (2,2 (2,1,1)  (1,1,1,1)
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» Partition: A= (A1,...,Ag) Fnif Ay >+ > A >0 and || ::Z)\i =n.
i=1
» Young diagrams of shape A:
[ | |
L] L]
(4) (3,1) (2,2 (2,1,1)  (1,1,1,1)

> yn(@): set of all Young G-diagram with n boxes, mappings y from G to
the set of all Young diagrams such that Z lu(o)| = n.

066
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Definitions of useful combinatorial objects.

¢
» Partition: A= (A1,...,Ag) Fnif Ay >+ > A >0 and || ::Z)\i =n.
i=1
» Young diagrams of shape A:
[ | |
L] L]
(4) (3,1) (2,2 (2,1,1)  (1,1,1,1)

> yn(@): set of all Young G-diagram with n boxes, mappings y from G to
the set of all Young diagrams such that Z lu(o)| = n.
066

> tabg(n, p): set of all standard Young G-tableaux of shape p.
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> T € tabg(n, n). If i appear in the Young diagram u(o), o € @, then we
write rp(7) = 0. Also let by (i) denote the box in u(o), with the number i
resides and ¢(br(i)) denote the content of br(i).
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> T € tabg(n, n). If i appear in the Young diagram u(o), o € @, then we
write rp(7) = 0. Also let by (i) denote the box in u(o), with the number i
resides and ¢(br(i)) denote the content of br(i).

» Take G = Z1o and assume 210 ={01,09,...,010}. Let p € yw(zlo) be
such that

p(or) = ‘7 pu(oz) = H7 ulos) = H’ p(o0) = D

and p(o;) = ¢ for all i € {3,4,5,6,7,9}. Then for the element T of
tabz,, (10, ) given by

41619 1 3
o)~ i ‘7 (o) ~ » p(os) ~ , u(o10) ~>

and p(o;) ~ ¢ for i € {3,4,5,6,7,9}, we have the following:

r7(8) = os, rr(9) = o1 and ¢(br(8)) = —1, ¢(br(9)) = 2.
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Spectrum of the transition matrix.

» Irreducible representations of G, ! .S, are indexed by elements of yn(én)
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Spectrum of the transition matrix.

» Irreducible representations of G, ! .S, are indexed by elements of yn(én)

> |CAv'n| =t, CAv'n :={o1,...,0¢} and o7 = 1. For p € yn(@n), let
l(oi)| = m; and p) = p(oy). W := irreducible G,,-module
corresponding to o; and d; = dim(W7%) for each 1 < i <t.
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Spectrum of the transition matrix.

» Irreducible representations of G, ! .S, are indexed by elements of yn(@n)

> |én| =t, CAv'n :={01,...,0¢} and oy = 1. For p € yn(én), let
l(oi)| = m; and p) = p(oy). W := irreducible G,,-module
corresponding to o; and d; = dim(W7%) for each 1 < i <t.

Theorem

For each 1 € Y, (Gy), let IB(R)|W denote the restriction of P(R) to the
irreducible G, S,-module V#. Also let x° denote the character of the
irreducible representation of G,, indexed by o(€ G,,). Then the eigenvalues of
ﬁ(R”vu are given by,

1

) (Abr) + (),

with multiplicity d{"* ---dj"*, for each T' € tabg, (n, p).
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[Mlustration.

» Consider G,, = Zs for all n. Focus on the warp-transpose top with
random shuffle on Z3 ! Sy.
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[Mlustration.

» Consider G,, = Zs for all n. Focus on the warp-transpose top with
random shuffle on Z3 ! Sy.

> Let 23 = {01,09,03}, where 0y =1 and p € yg(i;) be such that,

(o) = D:\:D , w(o2) = and p(o3) = D .
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[Mlustration.

» Consider G,, = Zs for all n. Focus on the warp-transpose top with

random shuffle on Z3 ! Sy.

> Let 23 = {01,09,03}, where 0y =1 and p € yg(ig) be such that,

M(Ul) = D:\:\:‘ ) M(Uz) =

and (o) = [] .

» The eigenvalue for the standard Young Zs-tableaux of the form

plon) ~ [x[x[*][9] | p(og) ~

X |k

X |k

and p(o3) ~

is 517 (3+ 1) = 3. There are (, Z 1) % 2 =560 such standard Young

9Ix1

Zs-tableaux. A typical example is given below

p(or) ~ [41617]9], p(o2) ~

115

318

and ji(os) ~ [2] .

ndim(Wr(n))

Recall: Let p € Yn (é\n) For each T € tabg,, (n, 1), eigenvalues of IC—’\(R)|VM are given by,
(c(bT(n)) + (XTT<"),X1>) , with multiplicity di"* ---dj"*.
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» The eigenvalue for the standard Young Zs-tableaux of the form

(o) ~  u(02) ~ [ Tg1 and p(os) ~

*

is 17 (0+0) = 0. There are (, 2 1) X 2 =560 such standard Young
Zs-tableaux. A typical example is given below

115
p(on) ~ [4[6]7[8], p(oz) ~ 57g] and p(os) ~ [2] .
» The eigenvalue for the standard Young Zs-tableaux of the form

(o) ~ . p(o2) ~ - and p(o3) ~ @

X |k

is 557 (0+0) = 0. There are (}) x 2 = 140 such standard Young
Zs-tableaux. A typical example is given below

115
p(or) ~ 12]4]6]7] s p(o2) ~ 38 and p(o3) ~ @ .

Recall: Let p € yn(én). For each T € tabg,, (n, 1), eigenvalues of ﬁ(R)‘Vu are given by,
1

T O (c(br(n)) + ("™, x*)) , with multiplicity dj"* - d}".
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Proof idea of the theorem on spectrum.

Proof uses the result of Mishra and Srinivasan (2016) on Vershik-Okounkov
approach to the representation theory of G, 1.S,,.
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Proof idea of the theorem on spectrum.

Proof uses the result of Mishra and Srinivasan (2016) on Vershik-Okounkov
approach to the representation theory of G, 1.S,,.

» A multiplicity free chain of finite groups G; C Go C -+ - C G,,. Irreducible
G,-modules V' has a canonical decomposition into irreducible G;-modules.
This decomposition is known as Gelfand-Tsetlin decomposition and the
irreducible Gi-modules are known as the Gelfand-Tsetlin subspaces of V.

» GT, is a maximal commuting subalgebra of C[G,] generated by
21, 25,...,2,, where Z; denotes the center of C[G;]. GT,, is known as
the Gelfand-Tsetlin subalgebra of C[G,]. Elements of GT,, act by scalars
on the Gelfand-Tsetlin subspaces of all irreducible representations of G,,.
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Proof idea of the theorem on spectrum.

Proof uses the result of Mishra and Srinivasan (2016) on Vershik-Okounkov
approach to the representation theory of G, 1.S,,.

>

19 /26

A multiplicity free chain of finite groups G; C Go C -+ - C G,,. Irreducible
G,-modules V' has a canonical decomposition into irreducible G;-modules.
This decomposition is known as Gelfand-Tsetlin decomposition and the

irreducible Gi-modules are known as the Gelfand-Tsetlin subspaces of V.

GT, is a maximal commuting subalgebra of C[G,,] generated by

21, 25,...,2,, where Z; denotes the center of C[G;]. GT,, is known as
the Gelfand-Tsetlin subalgebra of C[G,]. Elements of GT,, act by scalars
on the Gelfand-Tsetlin subspaces of all irreducible representations of G,,.

The chain {id} = S; C --- C S, is multiplicity free. The Gelfand-Tsetlin
subalgebra for this chain is generated by the Young-Jucys-Murphy
elements Y7,...,Y,. The Young-Jucys-Murphy elements are defined as
follows: Y1 =0and Y; = (1,4) +---+ (i — 1,4) € C[S;] for all 2 <4 < n.
(Work of Vershik and Okounkov (2005)).
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Upper bound for ||P* — U||rv.

Theorem

For the random walk on G,, ¢ S,, driven by P, we have the following:
1. Let C > 1. Then for k > nlogn + Cnlog(|G,| — 1), we have

. 1+2
1P —Ullrv <4/ = € 27C 4 (1)

2. Let a > % and k = nlogn + Inlog(|Gn| — 1) + anlog(|G,| — 1). Then

V1+2e
2

||P*k—U||Tv< 27a+0(1).
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Upper bound for ||P* — U||rv.

Theorem

For the random walk on G,, ¢ S,, driven by P, we have the following:
1. Let C > 1. Then for k > nlogn + Cnlog(|G,| — 1), we have

1+ 2e
2

2. Let a > % and k = nlogn + Inlog(|Gn| — 1) + anlog(|G,| — 1). Then

V1+2e
2

[|[P** — Ul|rv < 279 4 o(1).

||P*k—U||Tv< 27a+0(1).

Key inequality: For all k£ > nlogn,

xk 2 n26727f€ _ 712(|C¥n\71)6727{C _
4|P Ullv < e 1)+efe 1

R T e e )
n

Recall: t™) () == min{k : [|P** —Ul|py <e}, 0 <e < 1.

mix
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Lower bound for ||P** — Ul||ry

Theorem

Let ¢ < 0. Then for k = nlogn + cn, we have

2(2+ ) (e + ) +o(D)(1+e70 +e72)
HP*k_UHTV> 1— [Grl [Gnl

(g +0+ 0(1))6—0)2

21/26 Subhajit Ghosh Cutoff for random walks on some finite groups



Lower bound for ||P** — Ul||ry

Theorem

Let ¢ < 0. Then for k = nlogn + cn, we have

2 (2 + |G71n|> (e‘c 4 ﬁ) +o(1)(14+e ¢ +e2)

|P** = Ullry > 1 - 5
(1 + @+ o())e)

Sketch of proof:

> Let V = C[G,, x {1,...,n}] be the complex vector space of all formal
linear combinations of elements of G,, x {1,...,n}.

» Define the representation R : G, 1.S, — GL(V') on the basis elements of
V by

R(g1,- - gni ™) ((hy 1)) = (gr(iyhy w(3)) -

» The random variable X counts the number of fixed points of the action
of R i.e. X is the character x™ of R.
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Lower bound for ||P** — U||ty (proof sketch continued).

Lemma

We have Ey(X) =1 and for k£ > 1, the following hold:

Ep(X)~ 14 ((n—1)|Gn|—1)e ",
Vark(X) ~ |G| + ((n = D|Gnl? = |Gul) €% — (n = 1)|Gnl?e™
+en (14 (1Gal - 1),

where ¢,, — 0 as n — oo.

» Using Ey(X) =1, Chebychev’s and Markov’s inequality inequality, we

have AVarg(X) 2
arg
Pk U >1— - .
| v 21 Eoor B
> Now use the values of Fy(X) and Varg(X). O
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Cutoff.

Theorem

The warp-transpose top with random shuffle on G, S,, exhibits cutoff
phenomenon with cutoff time nlogn if |G| = o(n?) for all § > 0.
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Cutoft.

The warp-transpose top with random shuffle on G, S,, exhibits cutoff
phenomenon with cutoff time nlogn if |G| = o(n?) for all § > 0.

Sketch of proof: (The condition implies cutoff)
> |G| =o(n?) forall § >0 = lim 42U — 0. Let e € (0,1).

n— 00 logn
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Cutoff.

Theorem

The warp-transpose top with random shuffle on G, S,, exhibits cutoff
phenomenon with cutoff time nlogn if |G| = o(n?) for all § > 0.

Sketch of proof: (The condition implies cutoff)
> |G| =o(n?) forall § >0 = lim 42U — 0. Let e € (0,1).

n— 00 logn

» For appropriate choice of a positive integer Ny, C' > 1 and ¢ < 0, we have
nlogn + cn < tE:l)x(s) < nlogn+ Cnlog(|G,| — 1), for all n > Ny

(n)
— lim mix(e)

=1 = Cutoff at nlogn.
n—oo nlogn

Recall: ts:l?x(s) :=min{k : ||P** —Ul|ty <e}, 0<e < 1.
> ||P*F —Ul|lry < 4/ % 2=C 4 0o(1) for k > nlogn + Cnlog(|Gn| — 1), C > 1.

> ||PE—Ullry > ] Gz (“ﬁ)““;(lﬂ%e%)
(‘571‘+(1+0(1)))

for kK = nlogn+cn, ¢ < 0.
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