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Introduction

The strong interaction is one of the four fundamental forces of nature. It governs the

dynamics of quarks and gluons, binds them into hadrons, and ultimately provides

the force responsible for holding protons and neutrons together inside atomic nuclei.

Quantum Chromodynamics (QCD), the non-Abelian gauge theory based on the local

SU(3)C color symmetry, provides the fundamental description of strong interactions

and has been remarkably successful in explaining a wide range of phenomena across

vastly different energy scales. At short distances, or equivalently at large momentum

transfers, the running of the strong coupling leads to asymptotic freedom, allowing

physical observables to be computed systematically using perturbation theory, while

at large distances the phenomenon of confinement gives rise to the formation of color-

neutral hadrons. Despite the success of QCD as the underlying theory of the strong

interaction, understanding how the observed properties of hadrons emerge from the

dynamics of quarks and gluons remains one of the central challenges of modern

nuclear and particle physics.

Among the most fundamental questions are how the momentum and spin of the nu-

cleon are distributed among its constituents, how different quark flavors contribute

to its internal structure, and how colored partons produced in hard-scattering pro-

cesses hadronize into the color-neutral hadrons observed experimentally. Addressing

these questions requires not only a detailed understanding of the non-perturbative

structure of hadrons but also highly precise perturbative calculations that connect
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experimental measurements with the underlying partonic dynamics. In this sense,

high-precision perturbative QCD calculations play an essential role in unraveling the

momentum, flavor, and spin structure of the nucleon, together with the mechanisms

by which partons hadronize into the observed final-state hadrons.

Deep-Inelastic Scattering (DIS), in which a high-energy lepton is scattered from

a hadronic target and only the scattered lepton is detected in the final state, has

played a central role in unveiling the partonic structure of hadrons. The pioneer-

ing experiments at SLAC established the existence of point-like constituents inside

the proton and laid the foundation for the parton model and the subsequent de-

velopment of QCD. Since then, measurements from fixed-target experiments and

high-energy colliders have led to increasingly precise determinations of parton distri-

bution functions (PDFs), which describe the probability of finding a parton carrying

a given fraction of the hadron momentum and encode the longitudinal momentum

distributions of quarks and gluons inside hadrons. Nevertheless, several important

aspects of nucleon structure remain only partially constrained, particularly the fla-

vor decomposition of the sea quark distributions, the polarized parton distributions,

and the parton contribution to the nucleon spin. Moreover, the mechanism through

which energetic partons produced in hard-scattering processes evolve into observable

hadrons is encoded in fragmentation functions (FFs), whose precise determination

is equally essential for understanding hadronic final states. Both PDFs and FFs

are non-perturbative quantities that connect the partonic description of QCD to

experimentally measured hadronic observables.

A major step toward addressing these fundamental questions will be provided by the

Electron-Ion Collider (EIC), a future high-luminosity polarized electron-ion collider

to be constructed at Brookhaven National Laboratory. The EIC has been designed

to explore the structure of nucleons and nuclei with unprecedented precision over a

broad kinematic range. It will collide polarized electrons with polarized protons and
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light ions, as well as unpolarized nuclei, at center-of-mass energies ranging from ap-

proximately 20 to 140 GeV. The combination of high luminosity, polarized beams,

variable center-of-mass energies, and excellent detector capabilities will enable mea-

surements with a level of precision far exceeding that of previous facilities.

The scientific program of the EIC extends well beyond improving the precision of

existing measurements. One of its principal goals is to determine the 3-dimensional

structure of nucleons by simultaneously probing the longitudinal momentum, trans-

verse momentum, spatial distributions, and spin correlations of quarks and gluons.

In particular, the EIC aims to provide precise information on flavor-separated quark

distributions, polarized quark and gluon densities, and the dynamics of gluons at

small Bjorken-x. These measurements are expected to substantially improve our

understanding of the origin of nucleon mass and spin, the emergence of hadronic

structure from QCD, and the behavior of strongly interacting matter in previously

unexplored kinematic regimes.

The unprecedented experimental precision anticipated at the EIC demands equally

precise theoretical predictions. The extraction of partonic distributions from exper-

imental observables relies on perturbative QCD calculations through the QCD fac-

torization theorem, where measurable cross sections are expressed as convolutions of

universal non-perturbative functions and perturbatively calculable coefficient func-

tions. As experimental uncertainties continue to decrease, theoretical uncertain-

ties originating from missing higher-order perturbative corrections become one of

the dominant sources limiting the precision of phenomenological analyses. Con-

sequently, the development of increasingly accurate perturbative predictions has

become indispensable for fully exploiting the scientific potential of the EIC.

Among the key processes to be studied at the EIC, Semi-Inclusive Deep-Inelastic

Scattering (SIDIS) occupies a particularly important role. In SIDIS, in addition

to the scattered lepton, an identified hadron is observed in the final state. This
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makes the process more differential than inclusive DIS and provides simultaneous

access to the partonic structure of the incoming nucleon and the fragmentation of

final-state partons into observed hadrons. The former is described in terms of parton

distribution functions, while the latter is encoded in fragmentation functions. SIDIS

is therefore an ideal process for studying PDFs and FFs in a unified framework, and

plays a central role in flavor separation, spin-dependent studies, and understanding

of hadron formation mechanism.

Since SIDIS provides simultaneous access to PDFs and FFs, precise theoretical pre-

dictions for this process are essential for the physics program of the EIC. Within

QCD factorization, the measured cross-sections are expressed in terms of universal

non-perturbative PDFs and FFs convoluted with perturbatively calculable coeffi-

cient functions. The inclusion of higher-order QCD corrections is therefore essential

for the accuracy of theoretical predictions and hence the PDF and FF extractions

from experimental data. While the leading-order calculation captures the basic dy-

namics of the process, it generally exhibits a significant dependence on unphysical

scales like renormalization and factorization scales. This dependence is systemat-

ically reduced by including higher-order contributions, thereby improving the sta-

bility and reliability of theoretical predictions. In addition, new partonic channels

open up beyond leading order and can give sizable contributions to the coefficient

functions, making them indispensable for precision phenomenology. Until recently,

theoretical predictions for SIDIS were known fully only up to next-to-leading order,

with approximate information available at next-to-next-to-leading order in certain

limits. The complete NNLO QCD corrections therefore represent an important step

toward precision SIDIS phenomenology, providing the accuracy required to match

the level of precision expected at the EIC and to reduce the theoretical uncertainties

in future phenomenological analyses.

Although the complete NNLO calculation substantially improves the fixed-order de-
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scription of SIDIS, the perturbative coefficient functions contain threshold-enhanced

logarithmic contributions in the partonic threshold region. These logarithms arise

from soft and collinear configurations of QCD radiation and can become dominant

when the partonic kinematics approach the threshold limit, thereby spoiling the

convergence of the perturbative expansion and significantly reducing the reliability

of fixed-order predictions. To obtain stable and precise theoretical results, these

dominant logarithmic contributions must be systematically resummed to all orders

in the strong coupling. Using QCD factorization and renormalization-group invari-

ance, threshold resummation organizes these enhanced terms systematically to all

orders in the strong coupling and provides a natural extension of the fixed-order cal-

culation. It therefore plays an important role in improving theoretical predictions

in the kinematic regions that will be explored by the EIC.

Beyond the electromagnetic SIDIS process mediated by a virtual photon exchange,

the broad kinematic reach of the EIC will also allow detailed studies of neutral-

current and charged-current electroweak SIDIS. Neutral-current interactions receive

contributions from both photon and Z boson exchange, while charged-current pro-

cesses proceed through the exchange of W± bosons. These processes provide com-

plementary information on the flavor structure of the nucleon and offer enhanced

sensitivity to specific combinations of quark and anti-quark distributions that can-

not be accessed through purely electromagnetic interactions. With polarized beams,

they also offer additional access to the spin-dependent structure of the nucleon within

the electroweak sector. Precise theoretical predictions for these processes are there-

fore required for future EIC analyses and form an important part of the precision

SIDIS program addressed in this thesis.

Motivated by these experimental and theoretical developments, the primary objec-

tive of this thesis is to improve the theoretical description of Semi-Inclusive Deep-

Inelastic Scattering within the framework of perturbative QCD. The work presented
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here includes the computation of complete next-to-next-to-leading-order QCD cor-

rections to polarized SIDIS, the evaluation of the master integrals required for these

calculations, the development of a threshold resummation framework beyond fixed-

order perturbation theory, and the extension of the NNLO formalism to neutral-

current and charged-current electroweak SIDIS. Together, these results contribute

toward the level of theoretical precision required to fully exploit the physics potential

of the Electron-Ion Collider.

The remainder of this thesis is organized as follows. Chapter 1 introduces the the-

oretical framework of Quantum Chromodynamics, including the QCD Lagrangian,

Feynman rules, the fundamental properties of perturbative QCD, ultraviolet renor-

malization, and infrared factorization. Chapter 2 presents the theoretical founda-

tions of Deep-Inelastic Scattering, Semi-Inclusive Annihilation, and Semi-Inclusive

Deep-Inelastic Scattering, establishing the factorization formalism and kinematic

framework relevant to this thesis. Chapter 3 presents the complete next-to-next-to-

leading-order QCD calculation of polarized SIDIS with photon exchange, together

with the computational framework and phenomenological analysis. Chapter 4 is de-

voted to the evaluation of the master integrals required for the NNLO calculation.

It discusses the master integrals arising from the different contributions, including

the new integrals associated with double-real radiation. Their analytic evaluation

is described using direct parametrizations, the differential equation method, canon-

ical bases and related techniques for obtaining analytic solutions. Having obtained

the fixed-order NNLO coefficient functions, Chapter 5 develops the framework for

threshold resummation in SIDIS. It derives the dominant logarithmic contributions

beyond fixed-order perturbation theory, organizes them systematically to all orders

using QCD factorization and renormalization-group invariance, and provides pre-

dictions for the threshold enhanced terms up to fourth order. Chapter 6 extends

the NNLO analysis to SIDIS mediated by neutral-current and charged-current elec-

troweak interactions, presenting complete coefficient functions for both polarized
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and unpolarized processes and discussing their phenomenological relevance for fu-

ture EIC studies. Finally, Chapter 7 summarizes the main results of this thesis and

outlines possible directions for future research.
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Chapter 1

Quantum Chromodynamics

Quantum Chromodynamics provides the theoretical foundation for the study of

strong interactions and underlies all perturbative calculations presented in this the-

sis. In this chapter, we introduce the fundamental concepts of perturbative QCD,

including the QCD Lagrangian, the corresponding Feynman rules, and the theoret-

ical framework required for higher-order calculations. Particular emphasis is placed

on ultraviolet renormalization and the treatment of infrared singularities through

mass factorization, which are indispensable ingredients of perturbative QCD. Col-

lectively, these concepts establish the theoretical basis for perturbative studies of

high-energy scattering processes.
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1.1 Introduction

Quantum Chromodynamics (QCD) is the fundamental quantum field theory de-

scribing the strong interaction, one of the four fundamental forces of nature. It

describes the interactions of quarks and gluons, the elementary constituents of

hadrons, through the exchange of color charge. Unlike Quantum Electrodynam-

ics (QED), which is based on the Abelian gauge group U(1), QCD is a non-Abelian

gauge theory based on the local SU(3)C color gauge symmetry. As a consequence of

its non-Abelian structure, gluons carry color charge and interact with one another,

leading to remarkable phenomena such as asymptotic freedom at short distances

and color confinement at long distances

The success of QCD has established it as the fundamental theory of strong interac-

tions over a wide range of energy scales. At sufficiently large momentum transfer,

the strong coupling becomes small owing to asymptotic freedom, allowing physical

observables to be computed systematically within perturbative QCD. This pertur-

bative framework forms the basis of the higher-order calculations presented in this

thesis, including the next-to-next-to leading order (NNLO) corrections and threshold

resummation for semi-inclusive deep-inelastic scattering.

In this chapter, we summarize the essential aspects of Quantum Chromodynamics

that form the theoretical foundation of the perturbative calculations presented in this

thesis. Particular emphasis is placed on the formulation of the QCD Lagrangian, the

corresponding Feynman rules, and the perturbative framework required for higher-

order calculations. It is not intended to be a complete review of QCD, but a brief

introduction to establish the conventions and notations used throughout this thesis.

For more details, see for e.g. [4–17] or standard textbooks. The discussion also in-

cludes ultraviolet renormalization and the treatment of infrared singularities through

mass factorization, which constitute the theoretical basis for the precision studies of

Semi-Inclusive Deep-Inelastic Scattering presented in the subsequent chapters.
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1.2 QCD Lagrangian and Feynman Rules

The dynamics of the strong interaction are described by a Lagrangian that is in-

variant under local SU(3)C gauge transformations. The gauge-invariant QCD La-

grangian is given by

Linv = −1

4
F a
µνF

a,µν +

nf∑

f

ψ̄
(f)
i

(
iγµD

µ
ij −mfδij

)
ψ

(f)
j , (1.1)

where ψ
(f)
i denotes the quark field of flavor f , mass mf and of color i (i, j = 1, 2, 3).

The index a = 1, . . . , 8 labels the gluon color index. The matrices γµ are the Dirac

gamma matrices, satisfying the anticommutation relation {γµ, γν} = 2gµν . Note, the

repeated color indices are understood to be summed over. The covariant derivative

is defined as

Dµ
ij = δij∂

µ − igsT
a
ijA

a,µ (1.2)

where gs is the strong coupling constant, T a are the generators of the SU(3)C gauge

group in the fundamental representation and Aa denotes the gluon gauge field. The

gluon field-strength tensor is

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gsf

abcAb
µA

c
ν , (1.3)

where fabc are the structure constants of the SU(3)C gauge group. The first term in

Eq. (1.1) describes the dynamics of the gluon fields and through the nonlinear term

in F a
µν , generates the characteristic three-gluon and four-gluon self-interactions. The

second term contains the kinetic and mass terms of the quark fields together with

the quark-gluon interaction arising from the minimal coupling to the gluon fields

through the covariant derivative.

The gauge-invariant QCD Lagrangian remains invariant under the local gauge trans-
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formations,

ψ(x) → U(x)ψ(x), Aµ(x) → U(x)Aµ(x)U
†(x)− i

gs

(
∂µU(x)

)
U †(x), (1.4)

where

U(x) = exp
[

iθa(x)T a
]

(1.5)

is a space-time dependent element of the SU(3)C gauge group, with θa(x) being the

local gauge transformation parameters.

Although local gauge invariance is the fundamental symmetry underlying QCD, it

also implies that the gluon field possesses redundant, unphysical degrees of freedom.

As a consequence, gauge-field configurations related by a local gauge transformation

describe the same physical state, leading to an over-counting of equivalent config-

urations in the path-integral formulation. Moreover, this redundancy makes the

gluon kinetic operator non-invertible, preventing the construction of a well-defined

gluon propagator. To remove this redundancy and obtain a consistent perturbative

quantization of the theory, a gauge-fixing condition must be imposed.

Throughout the thesis, we employ the covariant Feynman gauge, for which the

gauge-fixing term is

LGF = − 1

2ξ

(
∂µAa

µ

)2
. (1.6)

with the gauge parameter chosen as ξ = 1 is called Feynman Gauge. However,

physical observables are independent of the gauge choice.

The covariant gauge-fixing procedure in a non-Abelian gauge theory is more subtle

than in QED. Since the gauge transformations of QCD are nonlinear in the gluon

fields, imposing a gauge condition modifies the path-integral measure by a field-
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dependent Jacobian, known as the Faddeev-Popov determinant. It is represented

by introducing anticommuting scalar fields, called the Faddeev-Popov (FP) ghost

fields, which are spin-0 particles but obeying fermionic statistics. From a physical

point of view, enforcing a covariant gauge condition leaves unphysical polarization

states in the gluon propagator that do not automatically decouple from physical

amplitudes. The ghost fields contribute only through closed loops and exactly cancel

the contributions from the unphysical gluon polarizations. Although, FP ghosts are

not physical particles and never appear as external states, they are essential for

preserving gauge invariance, unitarity, and the consistency of perturbative QCD.

Their dynamics are described by the Faddeev-Popov ghost Lagrangian,

LFP = ∂µc̄ a
(
δab∂µ + gsf

abcAb
µ

)
cc , (1.7)

where ca and c a denote the ghost and anti-ghost fields, respectively, transforming

under the adjoint representation of the gauge group. The complete gauge-fixed QCD

Lagrangian is therefore given by

LQCD = Linv + LGF + LFP. (1.8)

The Feynman rules of QCD are obtained directly from the complete gauge-fixed La-

grangian. Throughout this thesis, quarks are represented by straight lines, gluons

by curly lines, and Faddeev-Popov ghosts by dotted lines. The momentum-space

Feynman rules for the quark, gluon, and ghost propagators, together with the quark-

gluon, ghost-gluon, three-gluon, and four-gluon interaction vertices, constitute the

basic ingredients for constructing scattering amplitudes order-by-order in pertur-

bative QCD. The complete set of Feynman rules for an SU(Nc) gauge theory is

summarized in Figs. 1.1 and 1.2.
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←

p2

j , β

→

p1

i , α

i(2π)4δ4(p1 + p2)δij

(
1

/p1 −mf

)

αβ

←

p2

b, ν

→

p1

a, µ
i(2π)4δ4(p1 + p2)δ

ab 1

p21

×
(

−gµν + (1− ξ)
pµ1p

ν
1

p21

)

←

p2

b

→

p1

a

i(2π)4δ4(p1 + p2)δ
ab 1

p21

j , β

p2
→

i , α

p1
→

p3
→

a, µ

igs(2π)
4δ4(p1 + p2 + p3)T

a
ij(γ

µ)αβ

c

p2
→

b

p1
→

p3

→

a, µ

− gs(2π)
4δ4(p1 + p2 + p3)f

abcpµ1

Figure 1.1: Momentum-space Feynman rules for the quark, gluon, and ghost prop-
agators, together with the quark-gluon and ghost-gluon interaction vertices, in a
general covariant gauge.
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b, ν

p2
→

a, µ

p1
→

p3

→

c , ρ

gs
3!
(2π)4δ4(p1 + p2 + p3)f

abc

×
[

gµν(p1 − p2)
ρ + gνρ(p2 − p3)

µ

+ gρµ(p3 − p1)
ν
]

b, ν

p2
→

a, µ

p1
→

p3
→

c , ρ

p4→

d , σ

− g2s
4!
(2π)4δ4(p1 + p2 + p3 + p4)

×
[(
facef bde − fadef cbe

)
gµνgρσ

+
(
fabef cde − fadef bce

)
gµρgνσ

+
(
facefdbe − fadef cde

)
gµσgνρ

]

Figure 1.2: Momentum-space Feynman rules for the gluon self-interaction vertices.

In the above Feynman rules, the indices are defined as follows:

• a, b, . . . denote color indices in the adjoint representation, taking values

1, . . . , N2
c − 1.

• i, j, . . . denote color indices in the fundamental representation, taking values

1, . . . , Nc.

• α, β, . . . denote Dirac spinor indices.

• µ, ν, . . . denote Lorentz indices.
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The quantities fabc are the totally antisymmetric structure constants of the SU(Nc)

gauge group. They are related to the generators T a of the fundamental representa-

tion through the commutation relation

[
T a, T b

]
= ifabcT c. (1.9)

The generators T a are traceless, Hermitian matrices which are normalized according

to

Tr
(
T aT b

)
= TF δ

ab, (1.10)

where, TF = 1
2
. The generators satisfy the completeness relation

T a
ijT

a
kl =

1

2

(

δilδkj −
1

Nc

δijδkl

)

. (1.11)

Note, repeated color indices are understood to be summed over. The following

identities are used in simplifying the color algebra:

T a
ikT

a
kj = CF δij, facdf bcd = CAδ

ab, (1.12)

where the quadratic Casimir operators in the fundamental and adjoint representa-

tions are given by

CF =
N2

c − 1

2Nc

, CA = Nc . (1.13)

For QCD, corresponding to the gauge group SU(3), one has

Nc = 3, CF =
4

3
, CA = 3, TF =

1

2
, (1.14)

with nf denoting the number of active quark flavors.
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1.3 Perturbative Calculation in QCD

Quantum Chromodynamics exhibits two remarkable and complementary properties:

color confinement and asymptotic freedom. Together, they govern the behavior of

the strong interaction over different distance and energy scales.

At large distances, corresponding to low momentum transfer, quarks and gluons

(collectively called partons) are confined within color neutral hadrons such as pro-

tons, neutrons, and mesons. Unlike the electromagnetic interaction, the attractive

force between colored particles does not diminish as they are separated, instead, it

increases with distance. Consequently, attempting to pull a quark out of a hadron

requires an ever-increasing amount of energy. Once this energy exceeds the thresh-

old for quark-antiquark pair production, new colored particles are created from the

vacuum and combine with the original partons to form new color-singlet hadrons,

rather than allowing isolated quarks or gluons to exist. Although a rigorous ana-

lytical proof of confinement is still lacking, it is strongly supported by experimental

observations, as no free quarks or gluons have ever been detected.

In contrast, at sufficiently short distances or equivalently at high momentum trans-

fer, the interaction between quarks and gluons becomes asymptotically weak. This

remarkable property, known as asymptotic freedom, was discovered independently

by [18] and by [19] in 1973, a discovery recognized with the 2004 Nobel Prize in

Physics, see also [20–22]. Asymptotic freedom implies that quarks and gluons behave

asymptotically free particles in high-energy scattering processes, thereby providing

the theoretical foundation for perturbative Quantum Chromodynamics (pQCD).

In this regime, the strong coupling constant is sufficiently small that physical ob-

servables can be computed systematically as a perturbative expansion in powers of

the strong coupling αs = g2s/(4π), with successive terms representing higher-order

radiative corrections. A generic perturbative expansion for a physical observable (σ)
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can be written as

σ = σ(0) + αs σ
(1) + α2

s σ
(2) + · · · , (1.15)

where σ(0) denotes the leading-order (LO) contribution, while σ(1), and the subse-

quent terms correspond to the next-to-leading-order (NLO) and higher-order cor-

rections, respectively. The inclusion of higher-order contributions systematically

improves the precision of theoretical predictions and reduces their dependence on

the unphysical scales like renormalization and factorization scales. Beyond leading

order, the calculations receive contributions from both virtual (loop) diagrams and

real-emission processes. These higher-order corrections introduce ultraviolet (UV)

and infrared (IR) divergences in intermediate stages of the calculation. Ultraviolet

divergences arise from the short-distance behavior of loop integrals, whereas infrared

divergences are associated with soft and collinear parton emissions. Throughout this

thesis, both these divergences are regulated using dimensional regularization [23–25],

in which the space-time dimensions is analytically continued to d = 4 + ϵ. Within

this framework, the divergences manifest themselves as poles in the dimensional reg-

ularization parameter ϵ. They are systematically treated within perturbative QCD

through renormalization and factorization, respectively. We briefly discuss these

aspects in the following sections.

1.3.1 Ultraviolet Renormalization

Virtual loop integrals in perturbative QCD contain ultraviolet (UV) divergences

arising from the large-momentum region of the loop integrals. These divergences

are regulated using dimensional regularization, in which they appear as poles in the

dimensional regularization parameter ϵ, allowing them to be identified and isolated

in a systematic and gauge-invariant manner.
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The ultraviolet divergences are removed by redefining the parameters and fields ap-

pearing in the QCD Lagrangian. Since all quarks are treated as massless throughout

the thesis, ultraviolet divergences are removed solely through the renormalization

of the QCD coupling constant. The bare coupling âs = ĝ2s/(16π
2) is related to the

renormalized coupling as(µ
2
R) by

âsSϵ = Zas(µ
2
R)as(µ

2
R)

(
µ2

µ2
R

) ϵ
2

, (1.16)

where Zas is the coupling renormalization constant, µ is the dimensional-

regularization scale, µR is the renormalization scale, and

Sϵ = exp
( ϵ

2
(γE − ln(4π))

)

. (1.17)

Throughout this thesis, UV renormalization is performed in the modified minimal

subtraction (MS) scheme, in which the renormalization constant Zas absorbs only

the poles in the dimensional regularization parameter ϵ, together with the associated

universal constants contained in Sϵ. An important consequence of renormalization

is that the strong coupling becomes dependent on the renormalization scale. Its

evolution is governed by the renormalization group equation,

µ2
R

das(µ
2
R)

dµ2
R

=
ϵ

2
as(µ

2
R) + β

(
as(µ

2
R)
)
, (1.18)

where β(as) is the QCD β-function. It admits a perturbative expansion of the form

β(as) = −
∞∑

i=0

ai+2
s (µ2

R)βi . (1.19)

which is known to five loops [26–29], the first two coefficients given by

β0 =
11

3
CA − 4

3
TFnf , β1 =

34

3
C2

A − 20

3
CATFnf − 4CFTFnf . (1.20)
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For QCD, CA = 3, CF = 4/3, and TF = 1/2, giving β0 > 0 for the physically

relevant number of active quark flavors. Consequently, at leading order, the running

coupling decreases logarithmically with increasing energy scale, giving rise to the

phenomenon of asymptotic freedom. The running of the strong coupling is illustrated

in Fig. 1.3. At high energies, the coupling becomes sufficiently small for perturbative

calculations to be reliable.

Figure 1.3: Measurements of strong coupling constant αs = g2s/(4π) as a function of
the energy scale Q compared to the running of the coupling computed at five loops
taking as an input the current PDG average, αs(m

2
Z) = 0.1180 ± 0.0009. Pictures

taken from [1].

1.3.2 Infrared Singularities and Factorization

Physical observables, such as scattering cross sections and structure functions, are

computed in perturbative QCD as expansions in the strong coupling constant. At

large momentum transfers, the internal structure of hadrons is resolved, and the hard

interaction occurs between their constituent quarks and gluons. This picture is well

described by the so-called parton model, in which the hadron is treated as a collec-
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tion of quasi-free, point-like constituents called partons. Within the parton model,

the incident probe interacts incoherently with a single parton carrying a fraction of

the parent hadron’s momentum. The probability of finding a parton of a given type

carrying a momentum fraction of the hadron is encoded in the parton distribution

function. The hadronic cross section can then be expressed as a convolution of the

perturbatively calculable partonic cross section with the non-perturbative parton

distribution functions. For semi-inclusive processes in which a particular hadron is

identified in the final state, the factorization formula additionally involves a frag-

mentation function describing the transition of a final state parton into the observed

hadron.

The partonic cross sections are calculated order-by-order in perturbative QCD. Af-

ter ultraviolet renormalization, the partonic amplitudes and and cross sections are,

in general, still not finite (in ϵ → 0) due to the presence of infrared (IR) singu-

larities. In perturbative QCD with massless quarks and gluons, these divergences

arise from two distinct kinematic configurations. Soft divergences occur when the

momentum of an emitted parton approaches zero, whereas collinear divergences

arise when a massless parton becomes collinear to another massless parton. To

obtain physically meaningful predictions, the virtual corrections must be combined

with the corresponding real-emission contributions. The latter also contain soft and

collinear singularities with the same universal structure as those appearing in the

virtual corrections. Upon combining the virtual and real contributions these soft

and collinear singularities cancel according to the Kinoshita-Lee-Nauenberg (KLN)

theorem [30,31], which states that the transition rates obtained after summing over

all experimentally indistinguishable degenerate initial and final states, the infrared

divergences cancel order by order in perturbation theory.

For processes involving hadronic initial states, however, the initial-state collinear

singularities do not cancel. Instead, they are universal and are absorbed into the
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bare parton distribution functions (PDFs) through the procedure of mass factoriza-

tion [32–38]. Likewise, in semi-inclusive processes involving identified hadrons in the

final state, the remaining collinear singularities associated with the fragmentation

process are absorbed into the bare fragmentation functions (FFs).

The universality of PDFs and FFs is a consequence of the QCD factorization theo-

rem, which states that hard-scattering processes involving hadrons can be factorized

into a perturbatively calculable short-distance part and universal non-perturbative

functions describing the hadronic structure and fragmentation. The short-distance

part is process dependent and can be computed order by order in perturbative QCD,

whereas the long-distance functions are universal and can be extracted from experi-

mental data [39–83]. This separation forms the theoretical foundation for precision

QCD predictions involving hadronic processes.

Similar to UV renormalization, mass factorization is performed at an arbitrary scale,

known as the factorization scale, µF . Together with the renormalization scale µR,

it represents an unphysical scale introduced by the perturbative framework. At

any finite order in perturbation theory, physical predictions retain a residual depen-

dence on these scales. This dependence is an artifact of truncating the perturbative

expansion and is progressively reduced as higher-order corrections are included.

1.4 Summary

In this chapter, we have reviewed the basic theoretical framework of Quantum Chro-

modynamics relevant to the perturbative calculations presented in this thesis. We

introduced the QCD Lagrangian together with the gauge-fixing and Faddeev-Popov

ghost terms required for the consistent quantization of the theory, followed by the

corresponding Feynman rules that form the building blocks of perturbative QCD

calculations.
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The distinctive properties of QCD, namely confinement and asymptotic freedom,

determine its behavior at different energy scales. While confinement prevents the

observation of isolated quarks and gluons, asymptotic freedom ensures that the

strong coupling becomes sufficiently small at high energies, thereby enabling reliable

perturbative calculations.

We also briefly introduced the parton model description of high-energy hadronic

scattering, in which a hard probe interacts with the quarks and gluons (collectively

called partons) inside a hadron. Within the QCD factorization framework, hadronic

observables are expressed as convolutions of perturbatively calculable partonic cross

sections with universal non-perturbative distribution functions.

The treatment of ultraviolet and infrared divergences arising in higher-order cal-

culations was briefly reviewed. Ultraviolet divergences are removed through the

renormalization of the strong coupling constant, whereas the remaining collinear

singularities are absorbed into universal parton distribution and fragmentation func-

tions through the procedure of mass factorization. This separation of short-distance

perturbative dynamics from long-distance non-perturbative physics constitutes the

basis of the QCD factorization theorem and underlies precision predictions for hard-

scattering processes involving hadrons.

The concepts presented in this chapter constitute the theoretical foundation for the

perturbative QCD calculations and phenomenological analyses carried out through-

out this thesis.
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Chapter 2

Semi-Inclusive Deep-Inelastic

Scattering: Theoretical

Preliminaries

This chapter provides the theoretical background required for the study of Semi-

Inclusive Deep-Inelastic Scattering (SIDIS) within perturbative Quantum Chromo-

dynamics (QCD). It introduces the key concepts of factorization, partonic structure,

and QCD evolution that form the basis of all subsequent analysis in this thesis. We

begin by reviewing Deep Inelastic Scattering (DIS), the process that played a cen-

tral role in establishing the partonic structure of hadrons and the development of

the QCD improved parton model. This is followed by a brief discussion of semi in-

clusive annihilation and fragmentation functions, which are essential for describing

hadron production in the final state. These ingredients are then combined in the

framework of SIDIS. We discuss its theoretical description within the QCD improved

parton model, emphasizing the factorization of the cross section into perturbatively

calculable coefficient functions and universal parton distribution and fragmentation

functions.

33



2.1 Introduction

Understanding the internal structure of hadrons and the dynamics of their con-

stituents remains one of the central goals of high-energy physics. Since quarks and

gluons are confined within hadrons, they cannot be observed as free particles. In-

stead, information about their properties, interaction and their dynamics must be

inferred through high-energy scattering experiments that probe hadronic matter at

increasingly shorter distance scales. Building on the QCD framework introduced

in the previous chapter, we now discuss the high-energy scattering processes that

provide experimental access to the internal structure of hadrons.

The modern understanding of hadron structure originated from Deep Inelastic Scat-

tering (DIS) experiments performed at the Stanford Linear Accelerator Center

(SLAC) in the late 1960s [84, 85]. These experiments provided the first evidence

that protons possess an internal substructure and led to the development of the

parton model. The subsequent formulation of QCD and the discovery of asymptotic

freedom established the theoretical foundation for describing the strong interactions

of quarks and gluons.

Today, a variety of scattering processes are used to investigate different aspects of

hadron structure. DIS provides access to the partonic content of hadrons, while

electron-positron annihilation offers direct information on the hadronization of par-

tons. Combining these two perspectives naturally leads to Semi-Inclusive Deep-

Inelastic Scattering (SIDIS), which simultaneously probes both the initial-state par-

tonic structure and the fragmentation process in the final state. Each of these

processes plays a complementary role in understanding QCD dynamics.

In this chapter, we review the theoretical foundations relevant for the study of

SIDIS. We begin with inclusive DIS and the QCD-improved parton model, followed

by a discussion of Semi-Inclusive Annihilation and fragmentation functions. These
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ingredients are then combined in the framework of SIDIS, which forms the basis of

the calculations presented in this thesis.

2.2 Deep-Inelastic Scattering

Deep-Inelastic Scattering (DIS) has played a fundamental role in uncovering the

internal structure of hadrons and establishing the modern description of strong in-

teractions [86]. The process involves the scattering of a high-energy lepton from

a hadronic target through the exchange of a highly virtual electroweak gauge bo-

son. The large momentum transfer associated with the exchanged boson provides a

short-distance probe capable of resolving the constituents of the hadron.

The first DIS experiments were carried out at the Stanford Linear Accelerator Center

(SLAC) in collaboration with MIT during the late 1960s [84, 85]. In these experi-

ments, high-energy electrons were scattered off proton and deuteron targets. The

measured cross sections differed significantly from those expected for a point-like

proton, indicating the presence of internal constituents. Even more remarkably, the

extracted structure functions exhibited an approximate scaling behavior, suggesting

that the scattering occurred from nearly free point-like objects within the proton.

In DIS, high-energy electron off a proton target via the exchange of a highly virtual

photon, the process is given as

e−(k) + P (PH) → e−(k′) +X, (2.1)

where k(k′) denote the momenta of incoming (outgoing) leptons, PH is the momen-

tum of the target proton, and X represents the inclusive hadronic final state. Since

only the scattered lepton is observed, all hadronic final states are summed over in-

clusively. The momentum transferred q = k − k′ with Q2 = −q2 > 0 measuring the
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Figure 2.1: Schematic diagram of Deep-Inelastic Scattering (DIS), e−+P → e−+X,
mediated by the exchange of a virtual gauge boson V .

resolving power of the probe and the dimensionless variable x = Q2/(2PH ·q), called

Bjorken variable. The deep-inelastic regime is characterized by large Q2 or large

energy transfer at fixed x which probes the internal constituents of the proton.

The hadronic structure probed in DIS is encoded in the structure functions. For

unpolarized DIS, the leading structure functions are conventionally denoted by

F1(x,Q
2) and F2(x,Q

2). One of the most remarkable observations from the SLAC

experiments was that these structure functions depended predominantly on the vari-

able x, and only weakly on Q2. This behavior, known as Bjorken scaling, i.e. at

Q2 → ∞ and PH · q → ∞ keeping x fixed, the structure functions become inde-

pendent of Q2 i.e. Fi(x,Q
2) ≈ Fi(x), suggested that the proton contains point-like

constituents that behave approximately as free particles during the interaction.

Using current algebra [87], J.D. Bjorken proposed that such scaling should emerge

naturally at asymptotically large momentum transfer. Shortly after, R.P. Feynman,

James Bjorken and Emmanuel A. Paschos introduced the parton model [88–90],

which gave a physical interpretation of this result. He proposed fast-moving hadron

is described as a collection of quasi-free, point-like constituents called partons. At

very high energy, the interaction time of the virtual photon is much shorter than the
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typical QCD interaction time between partons. As a result, the photon effectively

probes a frozen snapshot of the proton. The scattering can therefore be interpreted

as an incoherent sum of elastic scatterings off individual partons.

Within this framework, the structure functions acquire a simple probabilistic in-

terpretation in terms of parton distribution functions. An important consequence

is the Callan–Gross relation, F2(x) = 2xF1(x), which follows from the assumption

that the struck constituents are spin 1
2
particles. The experimental verification of

this relation provided strong evidence that the proton constituents observed in DIS

behave like spin 1
2
particles, consistent with the quark model proposed by Gell-Mann

and Zweig [91, 92].

The identification of these constituents with quarks was further established during

the 1970s through deep-inelastic neutrino-nucleon scattering experiments at CERN

and Fermilab. Unlike electromagnetic interactions, charged-current weak interac-

tions are sensitive to the flavor of the struck quark, enabling detailed investigations

of the flavor structure of the nucleon. These measurements not only strengthened

the quark-parton picture but also provided important tests of the electroweak sector

of the Standard Model. Together with the earlier SLAC measurements, these ex-

periments firmly established deep-inelastic scattering as a powerful tool for probing

hadron structure. As discussed in Chapter 1, the theoretical description of strong in-

teractions is provided by Quantum Chromodynamics (QCD). In particular, the dis-

covery of asymptotic freedom in 1973 established that the strong coupling decreases

at short distances, allowing quarks to behave as nearly free particles when probed

at large momentum transfer. This remarkable property provides the theoretical ex-

planation for the approximate Bjorken scaling observed in the SLAC experiments

and forms the theoretical foundation for the modern description of DIS.

As experimental precision improved, it became clear that Bjorken scaling is not

exact. Instead, the structure functions exhibit a mild dependence on Q2, known
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as scaling violations. This is best seen in plots of Fi(x,Q
2) as a function of Q2 for

fixed values of x, see Fig (2.2). If Bjorken scaling were exact, F2 at fixed x would

be independent of Q2, and each curve would therefore be horizontal, but instead

the figure exhibits logarithmic scaling violations. This behaviour indicates that the

structure of the proton resolved in DIS changes with the probing scale.
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Figure 2.2: F2 structure function as a function of the momentum transfer scale Q2,
here values of F2 in successive x bins are multiplied by factors of 2i, as indicated on
the vertical axis, plot take from [2], see also [3].

A major advance came in the 1990s with the HERA electron-proton collider at
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DESY, which explored an unprecedented kinematic range in Bjorken-x and Q2. The

precise measurements from HERA significantly improved the determination of par-

ton distribution functions, especially the gluon distribution, and enabled precision

tests of QCD evolution over a wide range of energy scales.

The modern description of DIS is based on the QCD factorization theorem, which

separates short-distance perturbative dynamics from long-distance non-perturbative

hadronic structure [32,33,37,93–97]. In this framework, the structure functions can

be expressed schematically as (eg. see [98, 99])

Fi(x,Q
2) =

∑

a

∫ 1

x

dx1
x1

fa/P (x1, µ
2
F ) Ci,a

(
x

x1
, Q2, µ2

F

)

, (2.2)

where the coefficient functions (CFs) Ci,a are calculable in perturbative QCD which

describes the hard scattering process, while fa/P are universal parton distribution

functions (PDFs) which encode the non-perturbative structure of the hadron. Here

a is summed over quark, anti-quark and gluon degree of freedom. µF is the factor-

ization scale separating short and long distances physics.

Both the parton distribution functions and the coefficient functions depend on the

factorization scale µF . The µF dependence of the PDFs is governed by the Dok-

shitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) evolution equations [100–104],

while the corresponding dependence of the CFs is constrained by renormalization-

group invariance. These µF dependences cancel in the structure functions when all

perturbative orders are included.

A convenient choice is µ2
F = Q2, for which the explicit logarithms of Q2/µ2

F in

the coefficient functions vanish. However, the structure functions retain a physical

dependence on Q2, since the PDFs are then evaluated at the scale Q2 and evolve with

this scale according to the DGLAP equations. This evolution originates from parton

radiation and splitting processes, which modify the partonic content resolved by a
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probe as its resolution scale changes. In addition, the coefficient functions depend on

Q2 through the running strong coupling as(Q
2), governed by the renormalization of

the coupling constant, and through their renormalization group evolution. Together

with the evolution of the PDFs, these effects produce the logarithmic violations of

Bjorken scaling observed in deep-inelastic scattering.

This factorization framework forms the foundation of modern QCD phenomenology

and enables the extraction of universal parton distributions from experimental data.

The universality of PDFs allows them to be extracted from experimental data and

applied to a wide range of high-energy scattering processes.

The concepts developed through DIS provide the basis for understanding a broad

class of high-energy scattering processes. In the following section, we discuss semi-

inclusive annihilation, which introduces fragmentation functions and complements

the information obtained from DIS.

2.3 Towards Semi-Inclusive Process

DIS is an inclusive process, meaning that only the scattered lepton is measured

while all hadronic final states are summed over. This inclusive nature makes DIS

particularly suitable for extracting parton distribution functions, which describe the

momentum distributions of quarks and gluons inside hadrons. However, DIS pro-

vides only partial information about strong interaction dynamics. While it reveals

how partons are distributed within a hadron before the hard scattering, it does not

directly address how energetic quarks and gluons form the hadrons observed in ex-

periments. This non-perturbative process, known as hadronization, is an essential

aspect of QCD phenomenology.

To gain access to hadronization dynamics, one must consider semi-inclusive pro-

cesses, in which a specific hadron in the final state is identified. The observation
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of a final-state hadron provides additional information beyond that available in in-

clusive measurements and introduces fragmentation functions, which quantify the

probability for a parton to produce a given hadron carrying a fraction of its momen-

tum.

Figure 2.3: Schematic diagram of single-inclusive annihilation (SIA), e+e− → h+X,
where a virtual vector boson V , where h is the identified hadron and X denotes the
inclusive hadronic remnant.

The study of hadronization, requires processes that are sensitive to the fragmenta-

tion of partons into identified hadrons. The cleanest environment for such investi-

gations is provided by electron–positron annihilation [105],

e+(k) + e−(k′) → h(Ph) +X (2.3)

where an electron and positron annihilate into a virtual electroweak boson, which

subsequently produces a quark–antiquark pair. The observed hadron h originates

from the fragmentation of one of the final-state partons, while the remaining hadrons

are summed over inclusively. This process, known as Semi-Inclusive Annihilation

(SIA), provides direct access to fragmentation functions and complements the infor-

mation obtained from DIS.

Unlike DIS, where the hadron appears in the initial state, electron–positron anni-

hilation involves no hadrons in the incoming state. Consequently, the process is

free from parton distribution functions and provides a particularly clean laboratory

for studying the hadronization mechanism. The non-perturbative information is
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encoded entirely in fragmentation functions (FFs), which describe the probability

for a parton to fragment into a hadron carrying a given fraction of its momen-

tum [62, 97, 106–111]. FFs therefore play a role analogous to that of parton distri-

bution functions.

Analogous to Bjorken variable x in DIS, the scaling variable associated with the

identified hadron h in SIA is defined as z = (2Ph ·q)/Q2, where Ph is the momentum

of the observed hadron and q = k + k′ is the momentum of the exchanged boson,

with q2 = Q2 > 0. The differential cross section can be expressed in terms of frag-

mentation functions Dh/a, where a labels the fragmenting parton and h the observed

hadron. In the parton model, fragmentation functions admit a probabilistic inter-

pretation analogous to that of parton distribution functions in DIS. While PDFs

describe the probability of finding a parton inside a hadron, fragmentation func-

tions describe the probability of observing a hadron in the fragmentation products

of a parton. They therefore provide complementary information about the non-

perturbative dynamics of QCD. As in DIS, QCD predicts logarithmic violations of

the Bjorken scaling behavior. Partons produced in the hard scattering can radiate

additional gluons and undergo successive branching processes before hadronization.

As a consequence, fragmentation functions become dependent on the hard scale Q2.

Their evolution is governed by time-like DGLAP equations, which are the counter-

parts of the space-like evolution equations for parton distribution functions.

The hadronic dynamics in SIA are encoded in fragmentation structure functions

Fh
i , which admit a factorized representation in perturbative QCD, see e.g. [99], see

also [112–120]. The QCD factorization theorem allows these structure functions to

be written as a convolution of perturbatively calculable coefficient functions and

universal fragmentation functions,

Fh
i =

∑

a

∫ 1

z

dz1
z1
Dh/a(z1, µ

2
F ) Ch

i,a

(
z

z1
, Q2, µ2

F

)

, (2.4)

42



where Ch
i,a denote the hard-scattering coefficient functions and Dh/a are the frag-

mentation functions. This factorized framework provides a systematic description

of hadron production in electron-positron annihilation and enables the extraction of

universal fragmentation functions from experimental data.

Together, deep-inelastic scattering and semi-inclusive hadron production in e+e− an-

nihilation provide complementary information about hadronic structure: DIS probes

the distribution of partons inside hadrons, while SIA probes the fragmentation of

partons into hadrons. A natural process that combines both aspects is Semi-Inclusive

Deep-Inelastic Scattering (SIDIS), where a hadron is observed in the final-state in

addition to the scattered lepton. SIDIS therefore provides simultaneous sensitivity

to both the structure of the incoming hadron and the hadronization of the outgoing

parton.

2.4 Semi-Inclusive Deep-Inelastic Scattering

Semi-Inclusive Deep-Inelastic Scattering (SIDIS) provides a unique framework for

investigating both the partonic structure of hadrons and the hadronization of partons

within QCD. By detecting an identified hadron in the final-state in addition to the

scattered lepton, SIDIS simultaneously probes parton distribution functions (PDFs)

and fragmentation functions (FFs). This unique combination of initial- and final-

state information makes SIDIS an essential process for exploring hadron structure,

parton fragmentation mechanism and underlying dynamics of QCD.

Experimentally, SIDIS has been extensively studied at facilities such as HER-

MES [121] and COMPASS [122] yielding valuable information on nucleon structure

and hadronization mechanisms. Looking forward, the future Electron-Ion Collider

(EIC) at BNL [123, 124], as well as the proposed Electron-Ion Collider in China

(EicC) [125] will significantly extend the kinematic reach and precision of SIDIS
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measurements, making accurate theoretical predictions increasingly important.

Figure 2.4: Schematic representation of π+ production in SIDIS process.

The SIDIS process is described by

l(kl, λl) + H(P, λH) → l′(k′l) + H′(PH) + X , (2.5)

where l (l′) and H (H′) denote the incoming (outgoing) lepton and hadron respec-

tively. For neutral current (NC) processes, we have l′ = l and the intermediate

virtual particles are γ∗, Z∗ and interference between them. For the charged current

(CC) processes , the intermediate vector boson is either W+ or W− depending on

the charge of l′ (l′ ̸= l). Here kl ( kl′) and P (PH) are momenta of incoming (out-

going) lepton and hadron respectively and q = kl − kl′ is the momentum transfer

between incoming leptons and hadrons. We define, q2 = −Q2, defines the hard scale

of the process. λl and λH are the helicity of incoming lepton and hadron respectively.

More on these processes can be found in [126–134].

The SIDIS kinematics is described by the variables

x =
Q2

2P · q , y =
P · q
P · kl

, z =
P · PH

P · q , (2.6)
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along with the center-of-mass energy s = (P + kl)
2. The variable x corresponds

to the Bjorken scaling variable, y denotes the inelasticity, and z is the fraction of

the initial energy transferred to the observed hadron. In the single-vector-boson

exchange approximation, the differential hadronic cross section factorizes into a

leptonic tensor Lµν
j,λl

and a hadronic tensor W j
µν,λH

[83]:

d3σlλlHλH
→l′H′X

dxdydz
= 2πyMHα

2
e

∑

j

DjL
µν
j,λl

(kl, kl′ , q) W
j
µν,λH

(P, PH , S, q) . (2.7)

Here, MH and S are the mass and spin of the incoming hadron. αe is the fine

structure constant, αe = g2e/(4π) and ge is the electromagnetic coupling. For NC

processes the sum includes contributions from j = γγ, ZZ, and j = γZ intermediate

vector bosons, while for CC processes j = W±. Here,

Dγγ =
1

(Q2)2
, DγZ =

(Q2 +M2
Z)

Q2((Q2 +M2
Z)

2 + Γ2
Z)
,

DZZ =
1

((Q2 +M2
Z)

2 + Γ2
Z)
, DW± =

1

((Q2 +M2
W )2 + Γ2

W )
, (2.8)

where MV and ΓV (V = Z,W ) are the mass and width of the intermediate vector

boson V .
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Figure 2.5: Leptonic tensor with a general vector and axial-vector coupling structure.
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For a massless fermion with polarization λl, the leptonic tensor L
µν
j,λl

, corresponding

to a generic vector-axial vertex is given as, see Fig. (2.5),

Lµν
j,λl

=
∑

λl′

(

u(kl′ , λl′) γ
µ
(
C̃j,V + C̃j,Aγ

5
)
u(kl, λl)

)†

×
(

u(kl′ , λl′) γ
ν
(
Cj,V + Cj,Aγ

5
)
u(kl, λl)

)

(2.9)

Similar expression is written for initial anti-fermion. To incorporate generic lepton

of lepton number ll and helicity λl,

Lµν
j,λl

=Tr

[

/kl′ γ
ν
(

Cj,V + Cj,Aγ
5
)

/kl

(
1− llλlγ

5

2

)

γµ
(

C̃∗j,V + C̃∗j,Aγ
5
)]

(2.10)

To define the helicity of fermions (ll = +1) we have used the relation,

u(p, λ)u(p, λ) = /p

(
1− λγ5

2

)

, (2.11)

for fermions with λ = 1 for + or ↑ helicity and λ = −1 for − or ↓ helicity. Here, Cj,V

(Cj,A) and C̃j,V (C̃j,A) denotes the general vector (axial-vector) couplings associated

with the two leptonic currents entering the tensor [116,135–138]. In general, the two

sets of couplings may be identical or different, allowing the expression to describe

both squared amplitudes and interference contributions.

For NC interactions, γ and Z couple to a fermion of flavor f through the vertex

−igeef γµ, ige γ
µ
(

gVf
− gAf

γ5
)

, (2.12)

receptively, where

gVf
=

gVf

2 sin θW cos θW
, gAf

=
gAf

2 sin θW cos θW
. (2.13)

Here θW is the Weinberg mixing angle, and the vector (gVf
) and axial-vector (gAf

)
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couplings are given by

gVf
= T 3

f − 2ef sin
2 θW , gAf

= T 3
f . (2.14)

T 3
f denotes the third component of the weak isospin of the fermion f , and ef is the

electric charge of the fermion f in units of the electron charge [83].

For CC interactions, the vector bosons W+ and W− couple to fermions through the

vertices

igeγ
µ
(
1− γ5

)
V ff ′ , igeγ

µ
(
1− γ5

)
V
∗
ff ′ (2.15)

respectively, V ff ′ =
Vff ′

2
√
2 sin θW

where f and f ′ denote the members of a weak isospin

doublet. In the leptonic sector, f = l and f ′ = νl correspond to a charged lepton

and its associated neutrino (l = e, µ, τ), respectively. However, since the flavor of

the incoming lepton is fixed, the PMNS mixing typically does not appear explicitly

in the cross section. In the quark sector, f = u represents an up-type quark (u, c)

and f ′ = b represents a down-type quark (d, s), with Vub being the corresponding

element of the Cabibbo-Kobayashi-Maskawa (CKM) matrix.

The leptonic tensors Lµν
j,λl

corresponding to exchanges of different electroweak bosons,

j = γγ, γZ, ZZ,W±, are found to be

Lµν
γγ,λl

= 2kµl k
ν
l′ + 2kµl′k

ν
l −Q2gµν − 2illλlϵ

µνσλqσkl,λ,

Lµν
γZ,λl

=
(
gVl

− llλlgAl

)
Lµν
γγ,λl

,

Lµν
ZZ,λl

=
(
g2Vl

+ g2Al
− 2llλlgVl

gAl

)
Lµν
γγ,λl

,

Lµν
W±,λl

= 2
(
1− llλl

)
Lµν
γγ,λl

. (2.16)

Here ll, λl = ±1 represents lepton number, helicity of the incoming lepton respec-

tively, used e2l = 1 for charged lepton. Note, the mass of the lepton is dropped
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throughout. Here, gVl
, gAl

are related to vector and axial-vector couplings of the

lepton to the electroweak gauge bosons see Eq. (2.13). The Levi-Civita tensor ϵµνσλ

is fully anti-symmetric tensor with ϵ0123 = −ϵ0123 = 1.

The hadronic tensor contains all information about the strong-interaction dynamics

of the SIDIS process. It is defined through matrix elements of the electroweak

current between hadronic states,

W j
µν,λH

=
1

4πMH

∑

X

∫
d3PH

(2π)3(2P 0
H)

∫ X∏

i=0

d3Pi

(2π)3(2P 0
i )

× (2π)4δ
(
P + q − PH − PX

)
δ

(

z − P · PH

P · q

)

×
(〈

H(P, λH)
∣
∣
∣Jµ
†(0)

∣
∣
∣H′(PH), X

〉〈

H′(PH), X
∣
∣
∣Jν(0)

∣
∣
∣H(P, λH)

〉)j

, (2.17)

where, Jµ denotes the electroweak current responsible for the interaction. The su-

perscript j labels the ordered pair of electroweak currents entering the two current

matrix elements, j = γγ, γZ, ZZ, W+, W−, where the first (second) entry refers

to the current in the left (right) matrix element. The sum over X is performed

inclusively over all hadronic states accompanying the observed hadron H′, and the

delta functions enforce momentum conservation and fix the observed hadron energy

fraction z.

Owing to the composite nature of hadrons, the hadronic tensor cannot be calculated

directly in perturbation theory. Being a second-rank Lorentz tensor, the hadronic

tensor can, subject to electromagnetic current conservation, parity, and time-reversal

invariance, be parametrized in terms of the gµν , ϵµνσρ and the vectors q, P and S,

multiplied by Lorentz invariant structure functions (SFs). These structure functions

encode the non-perturbative information of the process and depend on the kinematic

variables x, z and Q2. The momentum of the observed hadron PH enters through

the scaling variable z and after integrated over hadron phase space subject to the

constraint δ
(
z − P ·PH

P ·q
)
, the dependence on the observed hadron is entirely encoded
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in the structure functions. The most general decomposition of the hadronic tensor

is given by (considering only initial state hadron to be polarized),

W j
µν,λH

=
1

MH

{ (

−gµν +
qµqν
q2

)

︸ ︷︷ ︸

T1,µν

F j
1 +

(
1

P · q P̂µP̂ν

)

︸ ︷︷ ︸

T2,µν

F j
2 − iϵµνσλ

qσP λ

2P · qF
j
3

+iϵµνσλ
qσSλ

P · q g
j
1 + iϵµνσλ

qσ

P · q

(

Sλ − S · q
P · qP

λ

)

gj2

+
1

P · q

[
1

2

(

P̂µŜν + ŜµP̂ν

)

− S · q
P · q P̂µP̂ν

]

gj3

+
S · q
P · q

[(
1

P · q P̂µP̂ν

)

gj4 +

(

−gµν +
qµqν
q2

)

gj5

] }

, (2.18)

with P̂µ =
(

Pµ − P ·q
q2
qµ

)

and Ŝµ =
(

Sµ − S·q
q2
qµ

)

. Here, F j
1,2,3 = F j

1,2,3(x, z,Q
2) de-

note the unpolarized SFs, while gj1,··· ,5 = gj1,··· ,5(x, z,Q
2) correspond to the polarized

ones and S is the spin of incoming hadron aligned in longitudinal direction of lepton

l, such that in S = λH(0, 0, 0,MH), in rest frame of incoming hadron and S ·P = 0

and S2 = −M2
H . Substituting Eqs. (2.16) and (2.18) in Eq. (2.7), we find differential

cross section,

d3σ
NC/CC
lλlHλH

→l′H′X

dxdydz
=

4πα2
e

Q2

[

y F
NC/CC
1 +

(
1− y

xy
− xy

M2
H

Q2

)

F
NC/CC
2 +

2− y

2
F

NC/CC
3

+ λH

{(

2− y − 2x2y2
M2

H

Q2

)

g
NC/CC
1

+ 4x2y
M2

H

Q2
g
NC/CC
2 + 2x

M2
H

Q2

(

1− y − x2y2
M2

H

Q2

)

g
NC/CC
3

+

(

1 + 2x2y
M2

H

Q2

)[(
1− y

xy
− xy

M2
H

Q2

)

g
NC/CC
4 + y g

NC/CC
5

]}]

,

(2.19)

From now on we’ll consider Q2 ≫ M2
H , such that all the hadron mass dependent

terms in Eq. (2.19) and the SFs g
NC/CC
2 and g

NC/CC
3 can be dropped. The NC SFs

can be decomposed into the γγ, ZZ, and γZ contributions and CC SFs into W+ or

49



W− as,

FNC
1,2 = ηγγF

γγ
1,2 + ηZZ

(
g2Vl

+ g2Al
− 2llλlgVl

gAl

)
FZZ
1,2 + ηγZ (gVl

− llλlgAl
)F γZ

1,2 ,

FNC
3 = −llλlFNC

1

∣
∣
∣
∣
F j
1→F j

3

, FCC
1,2,3 = 2ηW±(1− llλl)F

W±

1,2,3 . (2.20)

For the polarized case, the decomposition is identical to that of unpolarized ones

i.e.,

g
NC/CC
1 = −llλl × F

NC/CC
1

∣
∣
∣
∣
F j
1→gj1

, g
NC/CC
4,5 = llλl × F

NC/CC
3

∣
∣
∣
∣
F j
3→gj4,5

. (2.21)

Here, gVl
, gAl

corresponds to vector and axial-vector couplings of the lepton to the

electroweak gauge bosons. The constants ηj encode the electroweak factors associ-

ated with the exchanged boson and are given by, (GF is the Fermi constant)

ηγγ = 1 , ηγZ =

√√
2GFM2

Z

4παe

Q2(Q2 +M2
Z)

(Q2 +M2
Z)

2 + Γ2
Z

,

ηZZ =

(√
2GFM

2
Z

4παe

)

(Q2)2

(Q2 +M2
Z)

2 + Γ2
Z

, ηW± =

(
GFM

2
W√

2(4παe)

)
(Q2)2

(Q2 +M2
W )2 + Γ2

W

.

(2.22)

Since the tensors T1,µν and T2,µν Eq. (2.18) are symmetric in the indices µ and ν,

the corresponding unpolarized SFs FNC
1,2 receive contributions only from the vector-

vector and axial-axial parts of the NC. If the incoming lepton is polarized, then the

SFs gNC
4,5 will receive contribution from interference of vector-axial vector parts. In

contrast, due to anti-symmetric nature of Levi-Civita tensor, the SF FNC
3 arises from

the interference of vector and axial-vector components of the NC for the unpolarized

incoming lepton. When the incoming lepton is polarized, then the vector-vector and

axial vector-axial vector parts will also contributes in gNC
1 .

The structure functions F j
i and gji encode all the non-perturbative information con-

tained in the hadronic tensor and therefore constitute the fundamental observables
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of SIDIS. They can be extracted experimentally through suitable combinations of

polarized and unpolarized cross sections. From the theoretical perspective, the cal-

culation of these structure functions relies on the QCD factorization theorem, which

separates the short-distance dynamics associated with the hard scattering from the

long-distance dynamics governing the structure and hadronization of partons.

Figure 2.6: SIDIS process l + H → l′ + H′ +X mediated by a virtual vector boson
V , illustrating the QCD factorization into PDFs (f a

H
), hard coefficient functions

(Cab), and fragmentation functions (DH′

b
). The dashed line indicates the separation

between leptonic and hadronic parts of the process.

In this thesis, we work within the framework of collinear (longitudinal) factorization,

where the transverse momenta of both the incoming and fragmenting partons are

integrated over. The QCD factorization allows the SFs to be expressed in terms

of perturbatively calculable CFs (∆)Cj
i,ab, the PDF (∆)f a

H
of a parton a inside the

incoming hadron H, and the FF DH′

b
describing the fragmentation of parton b into

the outgoing hadron H′, where the symbol (∆) unifies the notation for unpolarized

and polarized quantities,

(∆)F j
i (x, z,Q

2) =
∑

a,b

∫ 1

x

dx1
x1

(∆)f a
H
(x1, µ

2
F )

∫ 1

z

dz1
z1

DH′

b
(z1, µ

2
F )
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× (∆)C j
i,ab

(
x

x1
,
z

z1
, µ2

F , Q
2

)

. (2.23)

Note, the unpolarized SFs take indices i = 1, 2, 3 and polarized ones i = 1, 4, 5,

F j
1,2,3 =

{

2F j
1 ,
F j
2

x
, F j

3

}

, ∆F j
1,4,5 =

{

gj1,
gj4
2x
, gj5

}

. (2.24)

In Eq. (2.23) the sum is over all possible incoming and outgoing partons a, b = q, q′, g

and µF is the factorization scale and f a
H
denotes the spin averaged PDF and ∆f a

H
=

f a(↑)
H(↑)

− f a(↓)
H(↑)

. Here j = γγ, γZ, ZZ,W±. The scaling variable x1 is the momentum

fraction carried away by the parton a of the hadron H such that pa = x1P , and z1

is the momentum fraction carried away by the final hadron H′ from parton b, i.e.

PH = z1pb. Here, pa and pb are momenta of incident parton and fragmenting parton

respectively. Further defining scaling variables x′ = x/x1 and z′ = z/z1.

The PDFs and FFs satisfy a number of important sum rules reflecting charge and

momentum conservation. For example, the momentum carried by all partons inside

a hadron must add up to the hadron momentum,

∑

a

∫ 1

0

dx xf a
H
(x, µ2

F ) = 1, (2.25)

while the fragmentation functions obey the corresponding momentum sum rule

∑

H′

∫ 1

0

dz zDH′

b
(z, µ2

F ) = 1 . (2.26)

The above relation means that each parton b will fragment with a 100% probability

into some hadron. These relations provide important constraints in global analyses

of PDFs and FFs. These functions are extracted from experimental data and are

process-independent i.e. once determined, can be used to a wide range of other

experiments.
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The CFs, (∆)Cj
i,ab, describe the hard parton-level interactions and are process-

dependent quantities that can be systematically calculated order by order in the

strong coupling within perturbative QCD. The expansion in powers of the strong

coupling constant as(µ
2
R) is given as

(∆) Cj
i,ab

(
x

x1
,
z

z1
, µ2

F , Q
2

)

=
∞∑

k=0

aks
(
µ2
R

)
(∆) Cj,(k)

i,ab

(
x

x1
,
z

z1
, µ2

F , µ
2
R, Q

2

)

, (2.27)

where as(µ
2
R) = g2s(µ

2
R)/(16π

2) in terms of the strong coupling gs, defined in MS

scheme at the renormalization scale µR. The CFs (∆)C j
i,ab are obtained from the

partonic subprocess cross sections denoted by d(∆)σ̂ j
i,ab by applying the correspond-

ing projectors (∆)Pµν
i .

d(∆)σ̂j
i,ab =

(∆)Pµν
i

4π

∫

dPSX+b (∆)Σ|Mab|2j,µν δ
(
z

z1
− pa · pb

pa · q

)

, (2.28)

where (∆)Mab =Ma(↑)b + (−)Ma(↓)b is the spin-independent (dependent) amplitude

for the process, a(pa, sa)+V
∗(q) → b(pb)+X, where the parton b fragments into the

hadron H′ and V = γ, Z,W±. The spin label sa appears only for polarized subpro-

cesses, while in the unpolarized case the spin is averaged over and the dependence

on sa is suppressed. The superscript j labels the type of intermediate bosons: j =

γγ, ZZ, or γZ for NC, and j = W± for CC processes. The quantity (∆)Σ rep-

resents the sum (or difference, for polarized cases) over initial-state polarizations,

and the average over final-state polarizations and color quantum numbers. Here,

dPSX+b denotes the phase space for the final state particles, consisting of b and the

unobserved hadronic remnant X. Note, the Dirac delta function arises from tagging

the parton b, thereby constraining its phase space. In d space-time dimensions, the

projectors (∆)Pµν
i are written in terms of partonic tensors defined as tµν1 = T µν

1 ,

tµν2 = x1T
µν
2 , see Eq. (2.18), and are given by

Pµν
1 = −∆Pµν

5 =
1

d− 2

(

tµν1 +
Q2

pa · q
tµν2

)

,
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∆Pµν
1 =

1

2
Pµν

3 =
i

(d− 2)(d− 3)
ϵµνσλ

qσpa,λ
pa · q

,

Pµν
2 = −∆Pµν

4 =
Q2

(d− 2)pa.q

(

tµν1 +
(d− 1)Q2

pa · q
tµν2

)

. (2.29)

The perturbative coefficient functions, (∆)Cj
i,ab are computed as a power series in the

strong coupling constant as see Eq. (2.27), where the successive terms correspond to

the leading order (LO), next-to leading order (NLO), next-to-next-to leading order

(NNLO), and higher-order contributions. The inclusion of higher-order corrections

is essential for achieving precise theoretical predictions. While the LO calculation

captures the basic dynamics of the process, it suffers from a dependence on the un-

physical scales like renormalization and factorization scales, which are systematically

reduced by including higher-order contributions, thereby improving the reliability

of theoretical predictions and provide a more reliable description of experimental

data. In addition, new partonic channels that open up at higher orders can give

sizeable contributions to the CFs and therefore cannot be neglected in precision

phenomenology.

Beyond improving perturbative stability, higher-order calculations are essential for

the precise extraction of non-perturbative quantities, such as parton distribution

functions (PDFs) and fragmentation functions (FFs), from experimental measure-

ments enabling a more precise determination of the flavor and spin decomposition

of PDFs and FFs [39–43,62,65,68,69, 139–143].

The increasing precision of SIDIS measurements, together with the physics pro-

gramme of the forthcoming Electron-Ion Collider (EIC) [123,125,144,145], demands

theoretical predictions beyond NLO accuracy. The expected percent-level precision

over a wide kinematic range will provide new opportunities to study flavour decom-

position, quark helicity distributions, and parity-violating asymmetries, and will

provide additional constraints on PDFs and FFs in a flavor-sensitive way. Achiev-

ing this precision requires higher-order QCD corrections, with electroweak effects
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becoming relevant for future analyses.

The coefficient functions for SIDIS were first computed in perturbative QCD at

next-to leading order (NLO) corrections long ago [97, 109], see also [74, 110, 129,

146,147]. Beyond NLO, however, only partial results were available for a long time,

see [148–151]. In the soft and collinear limit, the dominant threshold logarithms have

been obtained up to N3LO accuracy in QCD [152,153] and resummed to all orders in

perturbation theory to next-to-next-to-next-to leading logarithmic (N3LL) accuracy,

extending earlier SIDIS resummations studies that had achieved only to next-to-

leading logarithm (NLL) accuracy [150,154–156]. At the same time, measurements

from SIDIS experiments [157–159] have played an increasingly important role in

global QCD analyses. They have been used [140,141,160–164] to directly constrain

FFs, and also in combined fits of FFs and spin-dependent PDFs [71, 77,165–170].

Recently, we computed for the first time complete next-to-next-to leading order QCD

corrections to the SIDIS coefficient functions, for both polarized and unpolarized

initial lepton and hadron beams with photon exchange [171–174]. An independent

calculation by another group has also been performed [175–177], see also [178]. The

results obtained by both the groups are in full agreement. More recently, thresh-

old resummation for the SIDIS CFs has been extended towards N4LL accuracy and

approximate N4LO QCD corrections, including both soft-virtual (SV) and next-

to-soft-virtual (NSV) contributions, have been derived within a systematic frame-

work [179], see also [180]. Furthermore, QCD⊗QED corrections up to NNLO level

for photon exchange SIDIS have also become available [181], see also [182]. A com-

prehensive study of both unpolarized and polarized SFs in QCD up to NNLO level

for neutral as well as charged current reactions has been accomplished in [183–186].

These theoretical developments have enabled the first global analysis of SIDIS data

at full NNLO accuracy, leading to improved determinations of parton distribution

functions (PDFs) and fragmentation functions (FFs) [75,79,187–193]. The growing
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interest in SIDIS is also reflected in extensive studies of observables differential in

the transverse momentum of the detected hadron, see [194–198].

This thesis fills the long-standing gap in precision SIDIS phenomenology by pro-

viding the first complete next-to-next-to-leading-order (NNLO) QCD calculation of

the SIDIS coefficient functions. In particular, we present NNLO QCD corrections

to polarized SIDIS via photon exchange [172]. Building on the same framework,

we extend the study to unpolarized and polarized SIDIS processes involving both

neutral-current (NC) and charged-current (CC) electroweak interactions [186]. Fur-

thermore, this thesis develops the theoretical framework for the resummation of large

threshold logarithms arising in relevant kinematic regions of SIDIS up to N4LO ac-

curacy, providing reliable phenomenological predictions [179].

2.5 Summary

This chapter has introduced the theoretical foundations of deep-inelastic scatter-

ing and its semi-inclusive extension, which serve as essential probes of the partonic

structure of hadrons. The relevant kinematic variables, the leptonic and hadronic

tensors, and the parametrization of the hadronic tensor in terms of Lorentz-invariant

structure functions were presented. The QCD factorization theorem was then in-

troduced, allowing these structure functions to be expressed as convolutions of uni-

versal parton distribution functions, fragmentation functions, and perturbatively

calculable coefficient functions. The computation of these coefficient functions from

partonic cross sections using suitable projection operators was outlined, together

with their perturbative expansion in the strong coupling. Finally, the motivation

for higher-order calculations was discussed, highlighting their importance for reduc-

ing theoretical uncertainties and achieving the precision required by current and

future SIDIS experiments.
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The theoretical framework developed in this chapter forms the basis for the higher-

order calculations presented in the remainder of this thesis. Building upon this

framework, the next chapter presents the complete next-to-next-to leading-order

QCD calculation of polarized Semi-Inclusive Deep-Inelastic Scattering with a pho-

ton exchange, together with the corresponding computational framework and phe-

nomenological analysis.
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Chapter 3

Next-to-Next-to Leading order in

QCD

This chapter presents the computation of the next-to-next-to leading-order (NNLO)

QCD corrections to polarized Semi-Inclusive Deep-Inelastic Scattering (SIDIS) in

the single virtual-photon exchange approximation. After introducing the polarized

SIDIS cross section and its factorization framework, we discuss the partonic sub-

processes contributing through NNLO and outline the computational methodology

employed in the calculation. The treatment of infrared singularities using plus dis-

tributions and the implementation of mass factorization are then presented, leading

to finite coefficient functions in the MS scheme. Finally, we investigate the phe-

nomenological impact of the NNLO corrections through numerical predictions for

the polarized SIDIS structure functions. The work presented here is based on the

publication [172].
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3.1 Introduction

Polarized DIS plays a central role in understanding the spin structure of the nu-

cleon [199, 200]. While unpolarized DIS provides information on the momentum

distributions of quarks and gluons inside the nucleon, polarized DIS probes how

the nucleon spin is shared among its constituent quarks and gluons. It gives ac-

cess to the longitudinal spin structure of hadrons [201], parameterised by helicity

(spin-dependent) PDFs [77, 78, 170, 202], which describe the difference between the

number densities of partons with spins aligned and anti-aligned with the parent

nucleon spin. The proton spin can be determined from a sum-rule for those he-

licity PDFs and therefore provide essential information towards resolving the long-

standing proton spin puzzle. In contrast to inclusive DIS, which mainly constrains

flavor combinations of quark distributions, polarized SIDIS enables the separate ex-

traction of quark and antiquark helicity PDFs from data and significantly improves

our knowledge of the flavor decomposition of the nucleon spin. This makes it a

prominent observable to be measured at the upcoming Electron-Ion collider (EIC)

at the Brookhaven National Laboratory [145]. The unique opportunities to study it

at the EIC challenge the accuracy of available QCD theory predictions and provide

motivation for their improvements.

The unprecedented precision anticipated from future polarized SIDIS measurements

demands equally precise theoretical predictions. In particular, the extraction of he-

licity PDFs and fragmentation functions requires accurate perturbative calculations

of the hard-scattering coefficient functions entering the QCD factorization theorem.

The description of polarized SIDIS in QCD has only been available at NLO accu-

racy [74]. To match the anticipated experimental accuracy and to reduce theoretical

uncertainties arising from renormalization and factorization scale dependence, it is

necessary to extend these calculations to next-to-next-to-leading order (NNLO) in

perturbative QCD.
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This chapter presents the complete NNLO QCD calculation for polarized Semi-

Inclusive Deep-Inelastic Scattering (SIDIS) in the single virtual-photon exchange

approximation. We discuss all contributing partonic channels, the extraction of the

finite coefficient functions in the MS factorization scheme, and their phenomenolog-

ical implications. The NNLO results presented here, which have also been obtained

independently by another group with full agreement [172,176], close a long-standing

gap in the theoretical description of polarized SIDIS and provide the level of preci-

sion required for reliable phenomenological studies.

The SIDIS process is given by

e−(kl, λl) + H(P, λP ) → e−(k′l) + H′(PH) + X , (3.1)

where, we consider the production of a hadron H′ along with the scattered lepton e−

and other inclusive final state particles collectively denoted by X (summed over),

when a lepton e− scatters off a hadron H. Here, kl, k
′
l(P, PH) are momenta of in-

coming and outgoing leptons (hadrons), respectively. λl and λP are the helicity of

incoming lepton and hadron respectively.

Consider the case in which both the incoming lepton and the hadronic target are

longitudinally polarized. Polarized SIDIS is defined by the asymmetry,

d3∆σ

dxdydz
=

1

2

(

d3σe−
↑
H↑→e−H′X

dxdydz
− d3σe−

↑
H↓→e−H′X

dxdydz

)

,

where e−↑ , H↑(↓) denote the (anti-)parallel spin-orientations of the colliding electron

and hadron. Here x = Q2

2P ·q is the Bjorken variable, y = P ·q
P ·kl the inelasticity, and

z = P ·PH

P ·q the scaling variable of the identified hadron.

We consider semi-inclusive deep-inelastic scattering in the electromagnetic interac-

tion, where the interaction between the incoming lepton and hadron is through the

exchange of a virtual photon. In this case, the polarized SIDIS cross section can be
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expressed in terms of spin-dependent structure functions. In particular, for longitu-

dinal polarization, the dominant contribution arises from the structure function g1,

which encodes information about the helicity distributions of quarks and gluons in-

side the nucleon. The structure function g1 therefore plays a central role in probing

the spin-dependent partonic structure of the proton i.e. in understanding the spin

contribution from different partons to the proton spin.

The longitudinal polarized hadronic differential cross section is given by,

d3∆σ

dxdydz
=

4πα2
e

Q2

(
2− y

)
g1(x, z,Q

2) , (3.2)

where αe is the fine structure constant. The QCD factorization at scale µ2
F for

polarized SIDIS takes the form:

g1 =
∑

a,b

∫ 1

x

dx1
x1

∫ 1

z

dz1
z1

∆f a
H
(x1, µ

2
F )DH′

b
(z1, µ

2
F )G1,ab

(
x

x1
,
z

z1
, Q2, µ2

F

)

(3.3)

Here ∆f a
P

denotes the spin dependent parton distribution function (PDFs) given

as the difference between the distributions of parton a with spin aligned and anti-

aligned relative to the proton spin i.e. ∆f a
H

= f a(↑)
H(↑)

− f a(↓)
H(↑)

and DH′

b
denote the

spin-averaged fragmentation functions (FFs). Here x1 represents the momentum

fraction carried by the initial parton a of incident hadron H, i.e. pa = x1P and

z1 denotes the momentum fraction carried by the observed hadron H′ with respect

to the final state parton ‘b’, such that PH = z1pb. We define the scaling variables

x′ = x/x1 and z
′ = z/z1. These non perturbative quantities PDF and FF are process

independent and therefore universal and are extracted for experiments [39–83].

The coefficient function (CF) G1,ab is computable in perturbative QCD in powers of
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the strong coupling, as(µ
2
R) = αs(µ

2
R)/(4π), at the renormalization scale µR,

G1,ab(µ
2
F ) =

∞∑

i=0

ais(µ
2
R)G(i)

1,ab(µ
2
F , µ

2
R) , (3.4)

where we have suppressed the scaling variables. G1,ab is related to the parton level

scattering cross sections d∆σ̂1,ab(= Ĝ1,ab) through projection with ∆Pµν
1 ,

d∆σ̂1,ab = Ĝ1,ab =
∆Pµν

1

4π

∫

dPSX+b Σ
∣
∣∆Mab

∣
∣
2

µν
δ

(
z

z1
− pa · pb

pa · q

)

(3.5)

where the projector in d space-time dimensions reads,

∆Pµν
1 =

i

(d− 2)(d− 3)
ϵµνσλ

qσpa,λ
pa · q

. (3.6)

Here, ∆Mab =Ma(↑)b−Ma(↓)b denotes the spin-dependent amplitude for the process

a(pa, λa)+γ
∗(q) → b(pb)+X, where the parton b fragments into the observed hadron

H′. Also, λa is the helicity of the parton a, and dPSX+b represents the phase-space

for the final-state system consisting of b and the unobserved hadronic remnant X.

The symbol Σ denotes the sum over the spin (or polarization) and color quantum

numbers of the final-state particles, together with the average over the color degrees

of freedom of the incoming parton a.

To obtain the coefficient function G1,ab, we compute the corresponding partonic

cross sections up to second order in the strong coupling constant, as. This requires

the evaluation of the relevant Feynman diagrams contributing to the various par-

tonic channels. At NNLO, the contributions are classified into double-virtual (VV),

real-virtual (RV), and double-real (RR) corrections. Beyond leading order, the cal-

culation involves loop and phase-space integrals, which are evaluated in dimensional

regularization with d = 4 + ϵ space-time dimensions. The resulting partonic cross

sections contain ultraviolet and infrared singularities. After UV renormalization and

mass factorization, finite coefficient functions are obtained.
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In the following sections, we describe the computation of the various contributions

up to NNLO, discuss the techniques employed in their evaluation, and highlight

the main theoretical subtleties. We conclude with a phenomenological study of the

resulting NNLO corrections.

3.2 Partonic Subprocesses

In this section, we identify the partonic subprocesses contributing to SIDIS up to

NNLO in perturbative QCD. Unlike inclusive DIS, SIDIS involves the observation of

a final-state hadron originating from the fragmentation of a parton. Consequently,

in addition to the incoming parton participating in the hard scattering, one must

also identify the fragmenting parton in the final state. This additional constraint

gives rise to new partonic channels, which are absent in the inclusive case.

The relevant Feynman diagrams are generated using QGRAF [203]. All Feynman

diagrams presented here are visualized using axodraw2 [204]. The symbolic output

produced by QGRAF is subsequently converted into a FORM [205–207] format, where

the Dirac and Lorentz algebra, polarization sums, and color algebra are performed.

Figure 3.1: Feynman diagram for the LO process.

At leading order (LO), only single partonic subprocess contributes to polarized

SIDIS, namely the quark (or anti-quark) scattering process i.e. q(q)γ∗ → q(q),

where the outgoing quark (anti-quark) subsequently fragments into the observed
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hadron as shown in Fig. 3.1. The dot indicates the tagged fragmenting parton.

Figure 3.2: Quark initiated partonic subprocesses at NLO. Upper: virtual correc-
tions. Bottom: real-emission corrections.

At next-to-leading order (NLO), both virtual corrections to the LO channel and real-

emission subprocesses contribute. The quark (anti-quark) initiated subprocesses are

(in Fig. 3.2),

q(q) + γ∗ → q(q) + one-loop , (3.7)

q(q) + γ∗ → q(q) + g . (3.8)

For the real-emission subprocess, either the final-state quark (antiquark) or the gluon

can fragment into the observed hadron H′.

In addition, a gluon-initiated subprocess opens up at this order (Fig 3.3).

At next-to-next-to-leading order (NNLO), receives contribution from three distinct

classes of subprocesses: two-loop virtual (VV) corrections, one-loop real virtual (RV)

corrections, and double real-emission (RR) processes.

The VV contribution corresponds to the interference of the two-loop amplitude with
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Figure 3.3: Gluon initiated partonic subprocesses at NLO

the Born amplitude together with the square of the one-loop amplitude. Represen-

tative VV diagrams are shown in Fig. 3.4.

Figure 3.4: Representative Feynman diagrams contributing to the two-loop virtual
corrections.

The RV contribution arises from one-loop corrections to the single real-emission

amplitudes. For quark and gluon initiated channels, the corresponding subprocesses

are

q(q) + γ∗ → q(q) + g + one loop , (3.9)
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g + γ∗ → q + q + one loop . (3.10)

The representative Feynman diagrams for this case are shown in Fig. 3.5. The

corresponding RV contribution to the CF is obtained from the interference of one

loop-one real emission amplitudes, Fig. 3.5 with the corresponding tree-level real-

emission amplitudes shown in Fig. 3.2 and Fig. 3.3.

Figure 3.5: Real Virtual diagrams i.e. one-loop with one real emission at NNLO.

The two-parton real emissions (RR) contribution consists of tree-level subprocesses

with two additional partons in the final state. The list of double real-emission

subprocesses is given by

q(q) + γ∗ → q(q) + g + g , (3.11)

q(q) + γ∗ → q(q) + q′ + q′ , (3.12)

q(q) + γ∗ → q(q) + q + q (3.13)

67



g + γ∗ → g + q + q . (3.14)

Here, q′ denotes a quark of flavor different from the incoming quark. As in the NLO

real-emission case, any of the parton in the final-state in above subprocesses can

fragment into the observed hadron H′. The RR subprocesses may be grouped into

three distinct classes: those with a pair of gluons in the final-state, those containing

one gluon together with a quark anti-quark pair, and those involving an additional

quark anti-quark pair in the final state.

The first class, corresponding to subprocesses with two gluons in the final state, is

illustrated in Fig. 3.6.

Figure 3.6: Sample Feynman diagrams for the RR subprocesses with two gluons in
the final state. The dot indicates the tagged fragmenting parton.

Figure 3.7: Representative gluon-initiated RR subprocesses.
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The second class consists of gluon-initiated subprocesses containing one gluon to-

gether with a quark anti-quark pair in the final state, sample diagrams are shown

in Fig. 3.7.

A

1

2

1

2

B
1

2

1

2

C

1

2

1

2

D

1

2

1

2

Figure 3.8: Feynman diagrams contributing to the subprocesses q + γ∗ → q(1) +
q(2) + q, labeled A,B,C,D.
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The third class comprises the quark-initiated subprocess, q + γ∗ → q(1) + q(2) +

q, with an additional quark anti-quark pair in the final state. These are further

classified into four distinct diagrams, depending on whether the produced quark

pair is identical or non-identical to the incoming quark. The corresponding Feynman

diagrams are shown in Fig. 3.8. For a non-identical quark pair, i.e. q(1) ̸= q(2),

only the diagrams A and C contribute. When the produced quark has the same

flavor as the incoming quark i.e. q(1) = q(2), two additional diagrams, B and D,

also contribute due to the presence of identical quarks in the final state.

After generating the diagrams, the Feynman rules are applied using a set of in-

house routines. The resulting amplitudes are then manipulated symbolically using

FORM to perform the Dirac algebra, Lorentz contractions, and simplification of the

color factors using in-house codes. In the matrix element squared |∆Mab|2µν , see

Eq. (3.5), the Dirac matrix γ5 arises due to spin dependent (anit-)quark states.

In addition, we encounter Levi-Civita tensor from polarization of gluons and also

from the projectors, see e.g. [208]. Since both the γ5 matrix and the Levi-Civita

tensor are intrinsically four-dimensional objects, a prescription is required to define

them in d = 4 + ϵ dimensions [23, 209–221], see also [222–231]. Although several

prescriptions have been proposed, none preserves the chiral Ward identity. A given

prescription then requires an additional renormalization constant or an evanescent

counter-term to preserve this identity. We employed Larin’s prescription [211] to

define γ5 in d = 4 + ϵ,

γµγ5 =
i

6
ϵµνσλγ

νγσγλ. (3.15)

The Levi-Civita tensors contraction is expressed in terms of a determinant containing
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metric tensors defined in d = 4 + ϵ dimensions.

ϵµ1ν1λ1σ1 ϵµ2ν2λ2σ2 =−

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

gµ1µ2 gµ1ν2 gµ1λ2 gµ1σ2

gν1µ2 gν1ν2 gν1λ2 gν1σ2

gλ1µ2 gλ1ν2 gλ1λ2 gλ1σ2

gσ1µ2 gσ1ν2 gσ1λ2 gσ1σ2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

, (3.16)

such that in d = 4, ϵµνλσϵ
µνλσ = −24. The results obtained in Larin’s scheme are

transformed to the MS scheme through a finite renormalization scheme transforma-

tion. The associated renormalization constants [220, 232, 233] used for this scheme

transformation restore the Ward identity and define the CFs in MS scheme. We

discuss this procedure in detail in a subsequent section.

The contribution of each subprocess to the partonic cross section is accompanied

by the appropriate symmetry and interference factors. In particular, subprocess

containing two identical gluons in the final state where quark is fragmenting, i.e.

q(q) + γ∗ → q(q) + g + g, is multiplied by a symmetry factor of 1/2 to account for

the indistinguishability of the final-state gluons. A similar factor arises for channels

with identical quarks in the final state, for example for quark initiated and anit-

quark fragmenting, q + γ∗ → q + q + q, which also requires a symmetry factor of

1/2.

Having discussed the various classes of subprocesses contributing through NNLO,

the complete set of partonic channels is summarize in Table 3.1. For convenience,

the corresponding representative Feynman diagrams and the perturbative order of

each contribution are also listed.

With all partonic subprocesses specified, including the relevant symmetry and in-

terference factors, the computation of the partonic cross sections reduces to the

evaluation of the corresponding matrix elements. The structure function g1 is then

extracted by applying the projector given in Eq. (3.6). The resulting expressions
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Figure
Partonic subprocess

Channel

Fig. 3.1 LO q + γ∗ → q Born

Fig. 3.2 NLO q + γ∗ → q 1-loop correction

Fig. 3.2 q + γ∗ → q + g

Fig. 3.3 g + γ∗ → q + q̄

Fig. 3.4 NNLO q + γ∗ → q 2-loop correction

Fig. 3.5 q + γ∗ → q + g 1-loop correction

Fig. 3.6 q + γ∗ → q + g + g

Fig. 3.8 q + γ∗ → q + qi + q̄i

Fig. 3.5 g + γ∗ → q + q̄ 1-loop correction

Fig. 3.7 g + γ∗ → q + q̄ + g

Table 3.1: Partonic subprocesses contributing up to NNLO. Here, qi may be of the
same or a different flavor than q.

involve loop integrals arising from virtual corrections as well as phase-space integrals

associated with real-emission contributions.

3.3 Loop and Phase-space Integrals

Having constructed the squared amplitude in the Larin scheme, we proceed to the

evaluation of the loop and phase-space integrals arising in the various partonic sub-

processes. The partonic cross sections contain both ultraviolet (UV) and infrared

(IR) divergences. The UV divergences originate from loop corrections, whereas the

IR divergences arise from soft and collinear configurations present in both virtual and

real-emission contributions. We have used dimensional regularization with d = 4+ ϵ

space-time dimensions to regulate both UV and IR divergences.
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The VV contributions involve one-loop and two-loop QCD corrections to the Born

subprocess, together with the one-loop squared contribution at NNLO. These con-

tributions can be obtained using the vector form factor which is known to fourth

order in as [234]. The RV and RR contributions contain real parton emissions, with

the RV terms corresponding to one-loop corrections to single-real emission processes,

while the RR terms involve single-real emissions at NLO and double-real emissions

at NNLO.

The loop integrals are first mapped onto predefined integral families. This is achieved

using the package REDUZE2 [235,236], which identifies the loop momentum shifts and

rewrites propagator belonging to different diagrams in terms of a common family

of propagators. Because of presence of delta functions in the phase space integrals,

arising from momentum conservation, on-shell conditions and the extra constraint

in SIDIS, we cannot make momentum shift to real-emission. Following the identifi-

cation of the integral families, all the scalar products appearing in the numerators

are rewritten in terms of the propagators and thereby mapping the amplitudes onto

integral families.

In the RV and RR contributions, due to the presence of the SIDIS constraint

δ
(

z
z1
− pa.pb

pa.q

)

, the corresponding phase space integrals are more involved com-

pared to fully inclusive DIS. With reverse unitarity [237–239], we have mapped,

the two-body phase-space over one-loop Feynman integrals that appear in RV and

three-body phase space integrals in RR to loop integrals. The constraint delta

function δ
(

z′ − pa·pb
pa·q

)

, recall z′ = z/z1, is replaced by a propagator-like term

− 1
π
Im(1/(z′ − pa·pb

pa·q + iϵ)). This allows us to apply loop-integration techniques,

namely integration-by-parts identities (IBP) [240,241], to reduce them to a smaller

number of integrals called master integrals (MIs). We have used the Mathematica

package LiteRed [242–244] to generate the IBP rules for all VV, RV and RR con-

tributions. Several other publicly available packages and computational frameworks
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for IBP reduction have also been developed, see for e.g. [236, 245–253]. At NNLO,

IBP reduction yields 4 MIs for VV, 7 MIs for RV, and 20 MIs for RR subpro-

cesses. The results for VV MIs can be found in [254–256], the MIs of RV are given

in [173,254,257], and the MIs of RR can be found in [174,177].

The calculation of the MIs poses one of the primary challenges in this computation.

More details regarding the integral families, and computation of master integrals

will be explained in details in the next chapter.

3.4 Pole structure

After substituting the master integrals into the squared amplitudes, the UV and

IR singularities manifested as poles in the dimensional regularization parameter ϵ.

While the ultraviolet singularities are removed through renormalization, the infrared

singularities must be isolated in a form suitable for subsequent factorization.

The infrared singularities originate from soft and collinear configurations of massless

partons are of the form (1−x′)−1 and/or (1−z′)−1, which are divergent at threshold

regions x′ → 1 and z′ → 1. In dimensional regularization, these singularities are

regulated by factors of the form (1−x′)aϵ and (1−z′)bϵ arising from the phase-space

measure.

To systematically extract the poles structure in ϵ, these singular terms are expanded

in terms of ‘+’-distributions and regular functions using the following identity

(1− ξ)−1+aϵ =
1

aϵ
δ(1− ξ) +

∞∑

k=0

(aϵ)k

k!
Dk

ξ , (3.17)

where ξ = x′, z′ and Dk
ξ =

[
logk(1−ξ)
(1−ξ)

]

+
denote the usual ‘+’-distributions, as defined
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by (see also Appendix-B)

∫ 1

0

dw g+(w) f(w) =

∫ 1

0

dw g(w) (f(w)− f(1)) . (3.18)

Since the singularities may occur simultaneously in both variables, the expansion

is performed sequentially, first in one variable and subsequently in the other. The

details of the plus-distribution procedure employed in this work are summarized in

Appendix-B. As a result, all infrared singularities are expressed in terms of poles in

ϵ, accompanied by delta functions, plus-distributions, and regular functions.

The structure of the singular terms depends on the perturbative order and the

type of contribution under consideration. For the purely virtual contribution, the

kinematics are fixed to the Born configuration and the result is proportional to

δ(1− x′), δ(1− z′),

At NLO, the real-emission subprocesses generate endpoint singularities in both scal-

ing variables. These singularities appear in the form (1−x′)ϵ/2

1−x′ and (1−z′)ϵ/2
1−z′ , which

upon expansion i.e. using Eq. (3.17), produce poles in ϵ.

At NNLO, the RV contributions involve more kinematics factors and IR singular

terms of the form

(1− x′)aϵ(1− z′)bϵ|z′ − x′|cϵ|1− z′ − x′|dϵ
(1− x′)(1− z′)(z′ − x′)(1− z′ − x′)

f1(x
′, z′), (3.19)

Similarly, in RR case the IR structure is of the form,

(1− x′)ϵ(1− z′)ϵ

(1− x′)(1− z′)(z′ − x′)
[
(1 + x′)2 − 4x′z′

]f2(x
′, z′), (3.20)

where f1 and f2 are regular function of x′ and z′.

After partial fractioning, intermediate expressions may contain, in addition to the
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endpoint singularities at x′ = 1 and z′ = 1, apparent singularities at x′ = z′ and x′+

z′ = 1. These singularities require special care during the distributional expansion.

Furthermore, the resulting expressions involve multi-valued functions and we need

to define them in different kinematic regions appropriately. We encounter different

regions depending on whether x′ > z′ with x′ + z′ > 1 and/or x′ + z′ < 1 or

x′ < z′ with x′ + z′ > 1 and/or x′ + z′ < 1. The corresponding expressions are

related through analytic continuation, which is implemented using Feynman’s i0

prescription to ensure a smooth continuation across one region to other.

Once the appropriate analytic continuation has been performed, the sequential plus-

distribution procedure can be applied to systematically isolate the endpoint singu-

larities. The singular contributions are thereby expressed in terms of poles in ϵ,

plus-distributions, and regular functions, thereby exposing the infrared structure of

the coefficient functions in a form suitable for mass factorization.

A few remarks regarding the singularity structure are in order. At NLO, the partonic

cross sections contain poles up to 1/ϵ2, while at NNLO highest pole is 1/ϵ4. Ac-

cording to the Kinoshita-Lee-Nauenberg (KLN) theorem, the IR singularities cancel

after summing over all degenerate real and virtual contributions. Consequently, the

1/ϵ2 poles at NLO and the 1/ϵ4 and 1/ϵ3 poles at NNLO cancel after summing over

the relevant subprocesses. In addition, the ultraviolet singularities arising from loop

corrections are removed through coupling-constant renormalization.

Since we are not summing over initial and final state partons there are left over

collinear singularities, originating from configurations in which massless partons

become collinear to either the incoming or outgoing partons. These singularities

are universal and are factored out, see [258–261]. These collinear singularities are

systematically absorbed into the parton distribution functions and fragmentation

functions through the procedure of mass factorization, yielding finite coefficient

functions.
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3.5 Mass factorization

We now discuss the implementation of mass factorization. According to the QCD

factorization theorem, the remaining collinear singularities can be systematically

absorbed into the renormalized parton distribution functions and fragmentation

functions, leaving behind finite short-distance coefficient functions. The factoriza-

tion theorem implies that the partonic cross sections, after combining the degenerate

real and virtual subprocesses, can be expressed as convolutions of universal Altarelli–

Parisi (AP) kernels and coefficient functions. The initial state collinear divergence

are factored out in terms of spin-dependent space-like AP kernel ∆ΓL, defined in

Larin scheme, while the final state collinear divergences are factored out as time-like

AP kernels (Γ̃), defined in MS scheme. Since the spins of the observed final-state

partons are summed over, the time-like kernels are unpolarized.

The partonic cross sections in Eq. (3.5) factorise into the AP kernels ∆ΓL
c←a of PDFs

and Γ̃b←d of FFs, appropriately convoluted with the finite CF (G1,cd) at factorization

scale µF (suppressed here for brevity),

d∆σ̂1,ab(ϵ) = ĜL
1,cd = ∆ΓL

c←a(µ
2
F , ϵ)⊗ GL

1,cd(µ
2
F , ϵ)⊗̃Γ̃b←d(µ

2
F , ϵ) , (3.21)

where L denotes the Larin scheme. The summation over c, d is implied and ⊗ (⊗̃)

denotes a convolution over the scaling variable x′ = x/x1 (z′ = z/z1), defined as

A(x)⊗ C(x, z) ⊗̃B(z) =

∫ 1

x

dx1
x1

∫ 1

z

dz1
z1
A(x1) C

(
x

x1
,
z

z1

)

B(z1) . (3.22)

The spin dependent space-like AP kernels (∆Γc←a) in MS scheme are known at the

order required [233, 262–269]. Since the partonic cross sections in Eq. (3.21) are

derived in Larin’s scheme, these spin-dependent AP kernels need to be taken in the

same scheme, see [233]. On the other hand, the spin-averaged time-like AP kernels
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(Γ̃b←d) are taken in the standard MS scheme [120, 270]. The AP kernels can be

expanded in power of strong coupling constant of as as,

L
c←d(ξ, µ

2
F , ϵ) = δcdδ(1− ξ) +

∞∑

l=1

als(µ
2
F )

L(l)
c←d(ξ, ϵ) , (3.23)

where
L

denotes either the space-like kernels ∆ΓL in Larin scheme or ∆Γ in MS

scheme or the time-like kernels Γ̃. They subject to a renormalization group evolution

equation,

µ2
F

d

dµ2
F

L
c←d =

1

2
Pce(as(µ

2
F ))⊗

L
e←d , (3.24)

where we collectively denote the corresponding splitting functions by the set P.

Their perturbative expansion is given by Pce =
∑∞

l=1 a
l
s(µ

2
F )P

(l−1)
ce . The splitting

functions required for the present analysis are available in the literature to the rele-

vant perturbative order and beyond. For the space-like polarized splitting functions

∆P in the MS scheme, see [233, 262–264, 267–269]. For the time-like unpolarized

splitting functions P̃ , see [120,270] and also [271].

Similarly, the partonic cross section can be expanded in the strong coupling constant

as(µ
2
R) as, (with the explicit Q2 dependence is factored out)

Ĝ1,ab

(
x′, z′, Q2, ϵ

)
= Ĝ(0)

1,ab(x
′, z′) + as(µ

2
R)

(
Q2

µ2
R

) ϵ
2

Ĝ(1)
1,ab(x

′, z′, ϵ)

+ a2s(µ
2
R)

(
2β0
ϵ

)(
Q2

µ2
R

) ϵ
2

Ĝ(1)
1,ab(x

′, z′, ϵ)

+ a2s(µ
2
R)

(
Q2

µ2
R

)ϵ

Ĝ(2)
1,ab(x

′, z′, ϵ) +O
(
a3s
(
µ2
R

))
. (3.25)

Upon substituting the perturbative expansions of the AP kernels ∆Γ
L,(l)
c←a and Γ̃

(l)
b←d

into Eq. (3.21), the finite coefficient functions G1,ab entering Eq. (3.3) can be ex-
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tracted order by order in as as

G1,ab(x
′, z′, Q2, µ2

F ) =G(0)
1,ab

(
x′, z′, Q2, µ2

F , µ
2
R

)
+ as(µ

2
R) G(1)

1,ab

(
x′, z′, Q2, µ2

F , µ
2
R

)

+ a2s(µ
2
R) G(2)

1,ab

(
x′, z′, Q2, µ2

F , µ
2
R

)
+O

(
a3s
(
µ2
R

) )
. (3.26)

For equal scales, setting µR = µF , the CFs GL,(l)
1,ab for l = 0, 1, 2 are given below, with

Q2 and µ2
F dependence suppressed in GL,(l)

1,ab .

At LO (l = 0):

q(q) → q(q)

GL,(0)
1,qq (x′, z′) = ĜL,(0)

1,qq (x′, z′) = e2q δ(1− x′) δ(1− z′) , (3.27)

at NLO (l = 1):

q(q) → q(q)

GL,(1)
1,qq (x′, z′) =

(
Q2

µ2
F

) ϵ
2

ĜL,(1)
1,qq (x′, z′)− e2q δ(1− x′) Γ̃(1)

q←q(z
′)− e2q ∆ΓL,(1)

q←q (x
′) δ(1− z′),

q(q) → g

GL,(1)
1,qg (x′, z′) =

(
Q2

µ2
F

) ϵ
2

ĜL,(1)
1,qg (x′, z′)− e2q δ(1− x′) Γ̃(1)

g←q(z
′),

g → q(q)

GL,(1)
1,gq (x′, z′) =

(
Q2

µ2
F

) ϵ
2

ĜL,(1)
1,gq (x′, z′)− e2q ∆ΓL,(1)

q←g (x
′) δ(1− z′) , (3.28)

at NNLO (l = 2):

q(q) → q(q)

GL,(2)
1,qq (x′, z′) =

(
Q2

µ2
F

)ϵ

ĜL,(2)
1,qq (x′, z′) +

2β0
ϵ

(
Q2

µ2
F

) ϵ
2

ĜL,(1)
1,qq (x′, z′)

− GL,(1)
1,qq (x′, z′)⊗̃Γ̃(1)

q←q(z
′)− GL,(1)

1,qg (x′, z′)⊗̃Γ̃(1)
q←g(z

′)
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− e2q δ(1− x′) Γ̃(2)
q←q(z

′)− e2q ∆ΓL,(2)
q←q (x

′) δ(1− z′)

− e2q ∆ΓL,(1)
q←q (x

′) Γ̃(1)
q←q(z

′)−∆ΓL,(1)
q←q (x

′)⊗ GL,(1)
1,qq (x′, z′)

−∆ΓL,(1)
g←q (x

′)⊗ GL,(1)
1,gq (x′, z′),

q(q) → g

GL,(2)
1,qg (x′, z′) =

(
Q2

µ2
F

)ϵ

ĜL,(2)
1,qg (x′, z′) +

2β0
ϵ

(
Q2

µ2
F

) ϵ
2

ĜL,(1)
1,qg (x′, z′)

− GL,(1)
1,qq (x′, z′)⊗̃Γ̃(1)

g←q(z
′)− GL,(1)

1,qg (x′, z′)⊗̃Γ̃(1)
g←g(z

′)

− e2q δ(1− x′) Γ̃(2)
g←q(z

′)−∆ΓL,(1)
q←q (x

′)⊗ GL,(1)
1,qg (x′, z′)

− e2q ∆ΓL,(1)
q←q (x

′) Γ̃(1)
g←q(z

′),

q(q) → q(q)

GL,(2)
1,qq (x′, z′) =

(
Q2

µ2
F

)ϵ

ĜL,(2)
1,qq (x′, z′)− GL,(1)

1,qg (x′, z′)⊗̃Γ̃
(1)
q←g(z

′)− e2q δ(1− x′) Γ̃
(2)
q←q(z

′)

−∆ΓL,(1)
g←q (x

′)⊗ GL,(1)
1,gq (x′, z′)− e2q ∆Γ

L,(2)
q←q (x

′) δ(1− z′),

q(q) → q′(q′), for {q ̸= q′}

GL,(2)
1,qq′ (x

′, z′) =

(
Q2

µ2
F

)ϵ

ĜL,(2)
1,qq′ (x

′, z′)− GL,(1)
1,qg (x′, z′)⊗̃Γ̃(1)

q←g(z
′)− e2q δ(1− x′) Γ̃

(2)
q′←q(z

′)

−∆ΓL,(1)
g←q (x

′)⊗ GL,(1)
1,gq′ (x

′, z′)− e2q′ ∆Γ
L,(2)
q′←q(x

′) δ(1− z′),

q(q) → q′(q′), for {q ̸= q′}

GL,(2)

1,qq′ (x
′, z′) =

(
Q2

µ2
F

)ϵ

ĜL,(2)

1,qq′ (x
′, z′)− GL,(1)

1,qg (x′, z′)⊗̃Γ̃
(1)
q←g(z

′)− e2q δ(1− x′) Γ̃
(2)

q′←q(z
′)

−∆ΓL,(1)
g←q (x

′)⊗ GL,(1)

1,gq′ (x
′, z′)− e2q′ ∆Γ

L,(2)

q′←q(x
′) δ(1− z′),

g → q(q)

GL,(2)
1,gq (x′, z′) =

(
Q2

µ2
F

)ϵ

ĜL,(2)
1,gq (x′, z′) +

2β0
ϵ

(
Q2

µ2
F

) ϵ
2

ĜL,(1)
1,gq (x′, z′)

− GL,(1)
1,gq (x′, z′)⊗̃Γ̃(1)

q←q(z
′)− e2q ∆ΓL,(1)

q←g (x
′) Γ̃(1)

q←q(z
′)

−∆ΓL,(1)
q←g (x

′)⊗ GL,(1)
1,qq (x′, z′)−∆ΓL,(1)

g←g (x
′)⊗ GL,(1)

1,gq (x′, z′)

− e2q ∆ΓL,(2)
q←g (x

′) δ(1− z′),

g → g
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GL,(2)
1,gg (x′, z′) =

(
Q2

µ2
F

)ϵ

ĜL,(2)
1,gg (x′, z′)−

∑

q

GL,(1)
1,gq (x′, z′)⊗̃Γ̃(1)

g←q(z
′)

−
∑

q

GL,(1)
1,gq (x′, z′)⊗̃Γ̃

(1)
g←q(z

′)−
∑

q

e2q ∆ΓL,(1)
q←g (x

′) Γ̃(1)
g←q(z

′)

−
∑

q

e2q ∆Γ
L,(1)
q←g (x

′) Γ̃
(1)
g←q(z

′)−
∑

q

∆ΓL,(1)
q←g (x

′)⊗ GL,(1)
1,qg (x′, z′)

−
∑

q

∆Γ
L,(1)
q←g (x

′)⊗ GL,(1)
1,qg (x′, z′). (3.29)

Note, in above eq is the electric charge of quark q and e′q is the electric charge of

quark q′ different flavor from q and summation in g → g channel is over the number

of active flavor light quark.

Since the polarized hadronic SF g1 is a physical observable, hence scheme indepen-

dent, i.e. is independent of the prescription adopted for γ5, an additional finite

renormalization is required to convert the Altarelli–Parisi kernels and the finite CFs

from Larin to those in the conventional MS scheme. Denoting the PDFs and coef-

ficient functions defined in Larin’s scheme by ∆fL
a and GL

1,ab(µ
2
F ) respectively, the

mass factorization for g1 reads,

g1 =∆fL
c (µ

2
F )⊗ GL

1,cb(µ
2
F )⊗̃Db(µ

2
F )

=∆fL
c (µ

2
F )⊗ Zca(µ

2
F )⊗

(
Z−1(µ2

F )
)

ad
⊗ GL

1,db(µ
2
F )⊗̃Db(µ

2
F )

=∆fa(µ
2
F )⊗ G1,ab(µ

2
F )⊗̃Db(µ

2
F ) . (3.30)

where summation over a, b, c, d is implied. The CFs in the MS scheme are obtained

by transforming ∆fL
c to MS PDFs through ∆fa = Zca(µ

2
F ) ⊗ fL

c (µ
2
F ) and CFs

to MS CFs, G1,ab = (Z−1(µ2
F ))ad ⊗ GL

1,db(µ
2
F ). The CF GL

1,cb in Eq. (3.30) requires

the polarized AP kernels in Larin’s scheme, which can be derived from the polarized

space-like AP kernels (∆Γc←d) in the MS scheme through the relation Zab by ∆ΓL =

Z−1 ⊗∆Γ. Using this along with Eq. (3.24), leads to the scheme transformation for
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the splitting functions,

∆Pab = Zac ⊗∆PL
cd ⊗

(
Z−1

)

db
− 2β(as) Zac ⊗

d

das

(
Z−1

)

cb
, (3.31)

where β(as) = −∑∞l=0 a
l+2
s (µ2

F )βl.

The symmetric matrix valued Z-factor are dependent on x′ and well known [220,

232,233] and can be expanded perturbatively as,

Zab(x) = δ(1− x) +
∞∑

l=1

alsz
(l)
ab (x) , (3.32)

and with z
(l)
qg = z

(l)
gq = z

(l)
gg = 0, we have Zqg = Zgq = Zgg = δ(1− x). For the quark

sector, the relevant elements of the Z-matrix are expanded as

Zqiqj = δ(1− x) + asz
(1)
qiqj

+ a2sz
(2)
qiqj

+O(a3s) ,

Zqiqj = δ(1− x) + asz
(1)
qiqj

+ a2sz
(2)
qiqj

+O(a3s) , (3.33)

The flavor structure of the finite renormalization coefficients is given by,

z(l)qiqj
= z

(l)
qiqj

= δijz
(l),V
qq + z(l),Sqq ,

z
(l)
qiqj

= z
(l)
qiqj

= δijz
(l),V
qq + z

(l),S
qq . (3.34)

Here i and j denote quark flavors, while the superscripts V and S correspond to the

valence and pure-singlet contributions, respectively. At one loop, the pure-singlet

terms vanish i.e. z
(1),S
qq = z

(1),S
qq = 0 and the remaining of z

(k)
ab coefficients are given

by:

z(1)qiqj
(x) =δijCF

{

− 8 + 8x
}

, z
(1)
qiqj

(x) = 0 ,

z(2),Vqq (x) =CFnfTF

{
16

3

(
1− x

)
ln(x) +

80

9

(
1− x

)
}
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− CACF

{(
80

3
− 8

3
x

)

ln(x) + 4
(
1− x

)
ln2(x) +

592

9

(
1− x

)
− 8ζ2

(
1− x

)
}

+ C2
F

{

16
(
1− x

)
ln(x) ln(1− x)− 8

(
2 + x

)
ln(x)− 16

(
1− x

)
}

,

z
(2),V
qq (x) =−

(

C2
F − 1

2
CACF

){

8
(
1 + x

)(

4Li2(−x) + 4 ln(x) ln(1 + x)− ln2(x)

− 3 ln(x) + 2ζ2

)

− 56
(
1− x

)
}

,

z(2),Sqq (x) =z
(2),S
qq (x) = CFTF

{

4
(
2 + x

)
ln2(x) + 8

(
3− x

)
ln(x) + 16

(
1− x

)
}

.

(3.35)

Using Eqs. (3.31) and (3.32), together with the perturbative expansion of the split-

ting functions, the spin dependent space-like splitting functions in Larin’s scheme

can be obtained as,

∆P
L,(0)
ab = ∆P

(0)
ab ,

∆PL,(1)
qq = ∆P (1)

qq + 2β0z
(1)
qq ,

∆PL,(1)
qg = ∆P (1)

qg −∆P (0)
qg ⊗ z(1)qq ,

∆PL,(1)
gq = ∆P (1)

gq +∆P (0)
gq ⊗ z(1)qq ,

∆P
L,(1)
qq = ∆P

(1)
qq , ∆P

L,(1)
qq′ = ∆P

(1)
qq′ ,

∆PL,(1)
gg = ∆P (1)

gg . (3.36)

Similarly, the coefficient functions in the MS scheme are given by:

G(0)
1,qq = GL,(0)

1,qq = e2q δ(1− x′)δ(1− z′) ,

G(1)
1,qq = GL,(1)

1,qq +
(

− z(1)qq

)

⊗ GL,(0)
1,qq ,

G(1)
1,qg = GL,(1)

1,qg ,

G(1)
1,gq = GL,(1)

1,gq ,

G(2)
1,qq = GL,(2)

1,qq +
(

− z(1)qq

)

⊗ GL,(1)
1,qq

+
(

z(1)qq ⊗ z(1)qq − z(2)qq

)

⊗ GL,(0)
1,qq ,
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G(2)
1,qq = GL,(2)

1,qq +
(

− z
(2)
qq

)

⊗ GL,(0)
1,qq ,

G(2)
1,qq′ = GL,(2)

1,qq′ +
(

− z
(2)
qq′

)

⊗ GL,(0)
1,q′q′ ,

G(2)

1,qq′ = GL,(2)

1,qq′ +
(

− z
(2)

qq′

)

⊗ GL,(0)

1,q′q′ ,

G(2)
1,qg = GL,(2)

1,qg +
(

− z(1)qq

)

⊗ GL,(1)
1,qg ,

G(2)
1,gq = GL,(2)

1,gq , G(2)
1,gg = GL,(2)

1,gg . (3.37)

The final MS scheme CFs thus obtained (after transformation from the Larin

scheme) can be written as,

G1,ab =
∑

r

∆Cr
abhr(x

′, z′) +
∑

β

(

∆Cβ
ab,x′(x

′)Zβ(z
′) + ∆Cβ

ab,z′(z
′)Xβ(x

′)
)

+∆Rab(x
′, z′) . (3.38)

The soft plus virtual (SV) terms hr contain the double distributions hδx′δz′ = δ(1−

x′)δ(1 − z′), hδx′j = δ(1 − x′)Dj
z′ , hj,δz′ = Dj

x′δ(1 − z′), hjk = Dj
x′Dk

z′ . It gets

contribution from only the diagonal channel i.e. a = b = q or q. Terms with

single distributions, namely Zδz′
(z′) = δ(1− z′), Zj(z

′) = Dj
z′ , Xδx′

(x′) = δ(1− x′),

Xj(x
′) = Dj

x′ are called partial-SV (pSV) terms and regular terms are denoted by

∆Rab. Our NLO results are in complete agreement with [74]. ∆Cr
ab are in complete

agreement with those of unpolarized SFs F1,2 [152, 171, 173, 175], see also [272, 273]

and if we expand ∆Cβ
ab,x′(x′) and ∆Cβ

ab,z′(z
′) around x′, z′ → 1, the results are

in complete agreement with the corresponding terms in the unpolarized case up to

order (1−x′)0 and (1−z′)0 respectively, [173,175,274]. The remaining contributions

in Eq. (3.38), i.e., single distributions Xβ, Zβ and regular terms ∆Rab are new.

For convenience, we extract the quark electric charge factors from the CF G1,ab and

define the reduced coefficient functions G1,ab as,

G(0)
1,qq = G(0)

1,qq = e2q δ(1− x′)δ(1− z′) ,
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G(1)
1,qq = G(1)

1,qq = e2q G
(1)
1,qq ,

G(1)
1,qg = G(1)

1,qg = e2q G
(1)
1,qg ,

G(1)
1,gq = G(1)

1,gq = e2q G
(1)
1,gq ,

G(2)
1,qq = G(2)

1,qq = e2q G
(2),NS
1,qq +

(
∑

qk

e2qk

)

G
(2),PS
1,qq ,

G(2)
1,qq = G(2)

1,qq = e2q G
(2)
1,qq ,

G(2)
1,qq′ = G(2)

1,qq′ = e2q G
(2),[1]
1,qq′ + e2q′ G

(2),[2]
1,qq′ + eqeq′ G

(2),[3]
1,qq′ ,

G(2)

1,qq′ = G(2)
1,qq′ = e2q G

(2),[1]

1,qq′ + e2q′ G
(2),[2]

1,qq′ − eqeq′ G
(2),[3]

1,qq′ ,

G(2)
1,qg = G(2)

1,qg = e2q G
(2)
1,qg ,

G(2)
1,gq = G(2)

1,gq = e2q G
(2)
1,gq ,

G(2)
1,gg =

(
∑

qk

e2qk

)

G
(2)
1,gg . (3.39)

At NNLO, the quark coefficient function G(2)
1,qq or G(2)

1,qq naturally decompose into

flavor non-singlet (NS) and pure singlet (PS) contributions. The (PS) contribution

originates from diagrams in which the virtual photon couples to a closed quark

loop that is disconnected from the external quark line connecting the incoming

parton to the fragmenting parton and is therefore proportional to the sum of the

squared electric charges of all active quark flavors. It gets contribution only from the

squared C type real-emission diagrams, denoted by C2 in Fig. 3.8. The remaining

contributions, in which the photon couples directly to the quark line connecting

the initial state quark or the fragmenting quark, constitute the (NS) part and are

proportional to the electric charge squared of the external quark. These receive

contributions from the virtual-loop diagrams shown in Figs. 3.2 and 3.4, from the

real-virtual (RV) diagrams shown in Fig. 3.5, and the double real-emission (RR)

subprocesses. The latter include the two-gluon emission diagrams shown in Fig. 3.6

as well as the squared A, B and D type diagrams, as well as their mutual interference

terms and their interference with the C type diagrams, cf. Fig. 3.8.
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For subprocesses involving two distinct quark flavors namely, G(2)
1,qq′ and G(2)

1,qq′ , addi-

tional charge structures proportional to e2q, e
2
q′ , and eqeq′ appear, corresponding to

the different ways in which the virtual photon couples to the quark lines. The con-

tributions proportional to e2q and e2q′ , denoted by G
(2),[1]
1,qq′ and G

(2),[2]
1,qq′ , originate from

the squared A2 and C2 type diagrams respectively. The mixed charge contribution

proportional to eqeq′ , denoted by G
(2),[3]
1,qq′ , arises from the interference between the A

and C type diagrams, cf. Fig. 3.8.

It is worth noting that the flavor non-singlet coefficient function for polarized SIDIS

coincide with those of the structure function F3, provided that the additional renor-

malization associated with the axial-vector current and the kinematics-independent

transformation from Larin’s scheme to the conventional MS scheme are taken into

account [211,275,276]. This correspondence will be revisited in Chapter 6, where we

extend our analysis to neutral-current and charged-current electroweak interactions.

Finally, the complete set of partonic coefficient functions obtained above is combined

according to the factorization formula, Eq. (3.3), to construct the SIDIS structure

functions. The following section presents a phenomenological analysis of the higher-

order QCD corrections and assesses their impact on precision predictions for polar-

ized SIDIS.

3.6 Phenemonology

In this section, we investigate the numerical impact of the newly computed coeffi-

cient functions on the polarized SIDIS structure function g1 for various centre-of-

mass energies
√
s for the considered range of Bjorken scaling variable x and frag-

mentation variable z. The convolution of the CFs with PDFs and FFs provides

g1 =
∑

l=0 a
l
sg

(l)
1 , such that at LO g

(0)
1 =

∑

q e
2
qHqq (eq being the electric charge of
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quark q) and

g
(1)
1 =

∑

q

e2q

(

Hqq⊗̂G(1)
1,qq +Hqg⊗̂G(1)

1,qg +Hgq⊗̂G(1)
1,gq

)

, (3.40)

g
(2)
1 =

∑

q

e2q

(

Hqq⊗̂G(2)
1,qq,NS +Hqq̄⊗̂G(2)

1,qq̄ +Hqg⊗̂G(2)
1,qg +Hgq⊗̂G(2)

1,gq

)

+
(∑

qi

e2qi

)(

Hqq⊗̂G(2)
1,qq,PS +Hgg⊗̂G(2)

1,gg

)

+
∑

q

∑

q′ ̸=q

(

e2q H
+
qq′⊗̂G

(2)
1,qq′,[1] + e2q′ H

+
qq′⊗̂G

(2)
1,qq′,[2] + eqeq′H

−
qq′⊗̂G

(2)
1,qq′,[3]

)

. (3.41)

The symbol ⊗̂ denotes convolution of G
(l)
1,ab with Hab in both variables x and z.

Hqq = ∆fq(x)Dq(z) + ∆fq̄(x)Dq̄(z) ,

Hqq̄ = ∆fq(x)Dq̄(z) + ∆fq̄(x)Dq(z) ,

Hqg = ∆fq(x)Dg(z) + ∆fq̄(x)Dg(z) ,

Hgg = ∆fg(x)Dg(z) ,

H±qq′ = ∆fq(x)Dq′(z)±∆fq(x)Dq̄′(z)±∆fq̄(x)Dq′(z) + ∆fq̄(x)Dq̄′(z) ,

Hgq = ∆fg(x)Dq(z) + ∆fgDq̄(z) . (3.42)

We evaluate Eqs. (3.40) and (3.41) numerically for the gπ
+

1 SF (with an identified

π+ in the final state) as a function of x and Q2 after integrating z over a range

from 0.2 to 0.85. We use polarized PDFs from MAPPDF10NLO at LO and NLO and

MAPPDF10NNLO at NNLO throughout [187]. The strong coupling constant αs is taken

from the PDF sets at the respective perturbative order and use nF = 3 active flavors.

In Fig. 3.9, we show contributions to gπ
+

1 from all the partonic channels at various

perturbative orders at
√
s = 17.4 GeV after setting the scales µ2

R = µ2
F = Q2, and

using FFs from NNFF10 [64] at the respective perturbative orders. We observe at

every order, that the partonic channel where incoming as well as fragmenting states
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Figure 3.9: Contributions from all partonic channels to SF gπ
+

1 as a function of x
for the COMPASS energy

√
s = 17.4 GeV.

are (anti-)quarks dominate over the rest of the partonic channels.

In the Fig. 3.10, we show how gπ
+

1 changes with respect to renormalization and

factorization scales at various perturbative orders as a function of x at
√
s = 45

GeV. In each plot, the range of x is chosen by constraining y = Q2/(xs) to the

range 0.5 ≤ y ≤ 0.9. The bands at every order are the result of a 7-point scale

variation around the central scale (µ2
R = µ2

F = Q2) with k1µ
2
R, k2µ

2
F where (k1, k2) ∈

[1/2, 2] with a constraint 1/2 ≤ k1/k2 ≤ 2. We have used FFs from MAPFF10NLO at

LO and NLO, MAPFF10NNLO at NNLO [70]. It demonstrates clearly that the inclusion

of NNLO corrections reduces the scale dependence when compared to the previous

orders. We find at small Q2 the sensitivity to these scales is larger compared to that

at larger values of Q2. The reason for this is that at small Q2 the strong coupling

is large and the effect of scale variations is, therefore, amplified. We also observe

that the bands from NLO and NNLO predictions are well separated at lower values
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Figure 3.10: Dependence of gπ
+

1 on renormalization and factorization scales in 7-
point variation of µ2

R and µ2
F , as a function of x at various values of Q2.

of Q2. The reason for this is that contributions from partonic channels at order α2
s

(NNLO) are as large or even bigger than those at αs (NLO).

In Fig. 3.11, we plot the ratio of the polarized SF gπ
+

1 to the unpolarized SF F π+

1 as

a function of x for the COMPASS energy
√
s = 17.4 GeV, using NNPDF3.1 [277] for

unpolarized PDFs and NNFF10 for FFs at the respective perturbative orders. The

plot includes the 7-point scale variation at LO, NLO and NNLO and, for comparison,

the experimental data taken from [122]. Given the accuracy of those data, Fig. 3.11

clearly indicates the need to reduce residual theory uncertainties in SIDIS predictions
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s = 17.4 GeV. The bands correspond to the seven-point scale variation.

at NNLO accuracy.
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Chapter 4

Master Integrals Evaluation

The evaluation of master integrals is one of the principal technical challenges in the

NNLO computation of SIDIS coefficient functions. This chapter supplements the

discussion of the previous chapter by presenting the methods used to evaluate the

master integrals (MIs) appearing in the virtual-virtual (VV), real-virtual (RV), and

double-real (RR) contributions. Particular emphasis is given to the analytic contin-

uation of the RV master integrals and the evaluation of the new RR master integrals,

which constitute the main bottleneck of the calculation. The latter are computed us-

ing two independent approaches: a direct phase-space parameterization in a suitable

reference frame and the method of differential equations. Throughout this chapter,

the master integrals are treated as functions of the dimensional regulator ϵ and the

kinematic variables Q2, x′, and z′.
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4.1 Introduction

The computation of the NNLO QCD corrections to semi-inclusive deep inelastic

scattering (SIDIS) requires the evaluation of a large number of loop and phase-space

integrals originating from the double virtual (VV), real-virtual (RV), and double-

real (RR) subprocesses. Following the tensor decomposition and the application of

Integration-by-Parts (IBP) identities [240,278], these integrals can be systematically

reduced to a much smaller finite set of master integrals (MIs). The determination

and solving these master integrals constitutes one of the central ingredients of the

NNLO calculation. Throughout this chapter, all loop and phase-space integrals are

evaluated in dimensional regularization with the space-time dimension d = 4 + ϵ.

A detailed discussion of the general concepts used here can be found in standard

references, see for example [279–290]. Consequently, the problem of evaluating the

complete NNLO contribution is reduced to determining these master integrals to

the required order in the dimensional regularization parameter ϵ.

The VV contribution involves purely two-loop Feynman integrals evaluated at Born

kinematics, whose analytical results are available in the literature. The real-virtual

contribution contains one-loop amplitudes accompanied by the emission of an addi-

tional real parton and therefore requires the evaluation of loop integrals integrated

over the two-body phase space. The RR contribution, involving two additional real

emissions, requires the evaluation of three-body phase-space integrals. Compared

to fully inclusive DIS, the SIDIS kinematics introduces an additional constraint due

to identified hadron in the final state. At the partonic level, this introduces an

additional kinematic constraint that fixes the momentum fraction carried by the

fragmenting parton through the scaling variable z′, so the phase-space integrations

are subject to an extra delta-function constraint. Employing the reverse unitarity

method, the phase-space delta functions are written as cut propagators, thereby

casting the phase-space integrals into loop integrals like form. This allows the ap-
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plication of standard IBP reduction algorithms to identify the corresponding master

integrals.

The Lorentz-invariant (n + 1)-body phase-space corresponding to the scattering

processes, pa + q → pb +
∑n

i=1 ki, subject to the constraint on the momentum of the

fragmenting parton pb, is given by

∫

z′
[dPS]n+1 =

n∏

i=1

(∫
ddki

(2π)d−1
δ+(k2i )

)∫
ddpb

(2π)d−1
δ+(p2b)

× (2π)dδd(pb +K − pa − q)δ

(

z′ − pa · pb
pa · q

)

, (4.1)

where the notation
∫

z′
indicates that the phase-space integration is performed in the

presence of the additional constraint, δ(z′−pa ·pb/pa ·q). Here, q = kl−k′l denotes the

momentum transferred by the virtual photon, and K =
∑n

i=1 ki represents the total

momentum of the remaining final-state partons. The last delta function imposes

the extra constraint by fixing the scaling variable z′ = z/z1 associated with the

fragmenting parton. For the processes considered in this work, it reduces to the two-

body and three-body phase spaces corresponding to the RV and RR contributions,

respectively. These special cases will be discussed in detail in the following sections.

The computation of the master integrals (MIs) constitutes one of the primary chal-

lenges in obtaining the NNLO coefficient functions. In the following sections, we

present the evaluation of the complete set of MIs required for the present calculation.

We first discuss the master integrals appearing in the double virtual contribution.

We then introduce the reverse unitarity method, which provides a unified framework

for the reduction of the phase-space integrals. The evaluation of the master inte-

grals for the real-virtual contribution is subsequently presented using the two-body

phase-space parametrization, together with the analytic continuation of the results

to the physical SIDIS region. Finally, we discuss the master integrals arising from

the double-real contribution, where the three-body phase-space parametrization and
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the method of differential equations are employed to obtain their ϵ-expansion.

4.2 Double Virtual Integrals

The double-virtual (VV) contribution comprises the interference of the two-loop am-

plitude with the Born amplitude together with the square of the one-loop amplitude.

Since no additional partons are emitted in the final state, the process is described

by the Born kinematics,

a(pa) + γ∗(q) → b(pb), (4.2)

for which the phase-space integration reduces to the one-body phase-space. The

virtual loop integrals are organized into integral families, which are subsequently

reduced to a smaller set of master integrals using IBP identities.

The integral families are constructed from the two independent external momenta,

pa and q, together with the two loop momenta l1 and l2. These four independent

momenta give rise to 10 scalar products and 3 of which are fixed by the kinematic

relations, (using p2b = (pa + q)2 = 0),

p2a = 0, q2 = −Q2, pa · q =
Q2

2
. (4.3)

Thus, 7 independent dot products remain. Accordingly, the integral family is defined

by seven propagators, which form a complete basis for expressing all scalar products

appearing in the integrals.

The two-loop integrals are organized into the following two integral families, specified

by the ordered sets of propagators,
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V1: {DV1 , DV2 , DV3 , DV4 , DV6 , DV7 , DV8 } ,

V2: {DV1 , DV2 , DV3 , DV5 , DV6 , DV7 , DV9 } ,

where the propagators DVi are defined as,

DV1 : (l1)
2 DV2 : (l2)

2 DV3 : (l1 − l2)
2

DV4 : (l1 + pa)
2 DV5 : (l1 − pb)

2 DV6 : (l1 + pa − pb)
2

DV7 : (l2 + pa)
2 DV8 : (l2 + pa − pb)

2 DV9 : (l1 − l2 − pb)
2

Note, in the physical two-loop topologies contain at most 6 propagators. Therefore,

one auxiliary propagator is introduced to complete each integral family. In par-

ticular, DV7 and DV5 serve as the auxiliary propagators for the families V1 and V2,

respectively. The two-loop integrals J (Vn, n1, · · · , n7) for the family Vn are given

by

J (Vn, n1, · · · , n7) =

∫
ddl1
(2π)d

ddl2
(2π)d

1
(
DVa1
)n1 · · ·

(
DVa7
)n7

, (4.4)

where the propagators are taken from the ordered set defining the family Vn. The

IBP identities for these families are generated using the Mathematica package

LiteRed [242–244], all integrals belonging to these two families are then reduced

to 4 master integrals,

J (V1; 0, 1, 1, 0, 1, 0, 0) J (V1; 1, 1, 0, 0, 1, 0, 1)

J (V1; 0, 1, 1, 1, 0, 0, 1) J (V2; 1, 1, 1, 0, 1, 1, 1) .

Their analytical expressions are available in the literature [254–256], see also [291–

293]. The planar topologies are described by the family V1, whereas the non-planar

topology belongs to the family V2. For completeness, we quote the analytical ex-

pressions for the four master integrals below.

96



For convenience, we define

S̃ϵ =
1

(4π)2
Sϵ =

1

(4π)2
exp

( ϵ

2
(γE − log (4π))

)

(4.5)

where γE denotes the Euler-Mascheroni constant. The master integrals are given

by,

J(V1; 0, 1, 1, 0, 1, 0, 0) =
q

=
Q2

2

(
Q2
)ϵ

S̃2
ϵ

{
1

ϵ
− 13

4
+ ϵ

(
115

16
− 1

4
ζ2

)

+ ϵ2
(

−865

64
+

13

16
ζ2 +

4

3
ζ3

)

+ ϵ3
(
5971

256
− 115

64
ζ2 −

13

3
ζ3 −

57

160
ζ22

)

+O(ϵ4)

}

(4.6)

J(V1; 1, 1, 0, 0, 1, 0, 1) =
q

=
(
Q2
)ϵ

S̃2
ϵ

{

− 4

ϵ2
+

8

ϵ
+ (ζ2 − 12) + ϵ

(

16− 2ζ2 −
7

3
ζ3

)

+ ϵ2
(

−20 + 3ζ2 +
14

3
ζ3 +

21

40
ζ22

)

+ ϵ3
(

24− 4ζ2 +
7

12
ζ2ζ3 − 7ζ3 −

31

20
ζ5 −

21

20
ζ22

)

+O(ϵ4)

}

(4.7)

J(V1; 0, 1, 1, 1, 0, 0, 1) =
q pa

pb

=
(
Q2
)ϵ
S̃2
ϵ

{

− 2

ϵ2
+

5

ϵ
−
(
19

2
+
ζ2
2

)

+ ϵ

(
65

4
+

5

4
ζ2 −

13

6
ζ3

)

+ ϵ2
(

−211

8
− 19

8
ζ2 +

65

12
ζ3 +

41

80
ζ22

)

+ ϵ3
(
133

32
+

65

16
ζ2 −

13

12
ζ2ζ3 −

247

24
ζ3 −

121

40
ζ5 −

41

32
ζ22

)
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+O(ϵ4)

}

(4.8)

J(V2; 1, 1, 1, 0, 1, 1, 1) =
q pa

pb

=

(
2

Q2

)2
(
Q2
)ϵ
S̃2
ϵ

{

− 4

ϵ4
+

6ζ2
ϵ2

− 83

6

ζ3
ϵ
+

177

40
ζ22

+ ϵ

(
79

8
ζ2ζ3 −

587

40
ζ5

)

+ ϵ2
(

−2567

144
ζ23 −

59

112
ζ32

)

+ ϵ3
(
3481

320
ζ22ζ3 +

3594

320
ζ2ζ5 +

5

28
ζ7

)

+O(ϵ4)

}

(4.9)

4.3 Reverse Unitarity

Unlike the virtual contribution, the real-emission contributions involve integrations

over the phase space of the emitted partons. As a result, the corresponding inte-

grals contain Dirac delta functions enforcing the on-shell conditions of the final-state

particles, together with the additional constraint associated with the observed frag-

menting parton.

Employing the reverse unitarity method [238, 239], the phase-space delta functions

are rewritten as cut propagators, thereby enabling the application of standard loop-

integral techniques, including integration-by-parts (IBP) identities. In particular,

the delta function is replaced by,

δ
(
k2i
)
→ − 1

π
Im

(
1

k2i + i0

)

, (4.10)

Similarly, δ

(

z′ − pa · pb
pa · q

)

→ − 1

π
Im

(

1

z′ − pa·pb
pa·q + i0

)

(4.11)

In this representation, the Dirac delta functions are replaced by propagator-like

objects. This allows the phase-space integrals to be interpreted as cut Feynman

loop-integrals, where the cut propagators enforce the on-shell conditions of the final-
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state particles as well as the kinematic constraint associated with the observed frag-

menting parton. It should be noted that these on-shell constraints have important

implications. In particular, any contribution containing factors proportional to a

cut momentum vanishes due to k2i δ(k
2
i ) = 0. Furthermore, unlike standard loop

integrals, momentum shifts of the integration variables must be treated with care

and are not permitted in phase-space integrals, since the on-shell delta functions fix

the kinematics of the cut lines. Consequently, the reduction of phase-space integrals

proceeds exactly as for ordinary loop integrals, allowing the systematic identification

of master integrals (MIs).

4.4 Real-Virtual Integrals

The real-virtual contribution consists of one real emission together with a virtual

loop correction and is evaluated over a two-body phase space. Using reverse unitar-

ity, the corresponding phase-space integrations are expressed in terms of cut loop

integrals. The underlying partonic process is

a(pa) + γ∗(q) → b(pb) + k1, (4.12)

where k1 denotes the emitted massless parton.

The Lorentz-invariant two-body phase space, together with the constraint associated

with the observed fragmenting parton, is given by

∫

z′
[dPS]2 =

1

(2π)d−2

∫

ddk1

∫

ddpb δ
+(k21)δ

+(p2b)δ
d(pb + k1 − pa − q)δ

(

z′ − pa ·pb
pa ·q

)

.

(4.13)

Integrating over the momentum pb using the momentum conserving delta function,

leaves 3 cut propagators corresponding to the remaining delta functions. Because
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of presence of extra constraint, the phase-space integration factorizes from the loop

integration, so that the loop integral can be evaluated independently of the two-body

phase-space measure.

The loop integrals depend on the three independent external momenta, pa, q, and

k1 together with the loop momentum l1. These four independent momenta give rise

to 10 scalar dot products, of which 3 are fixed i.e.,

p2a = 0, q2 = −Q2, pa · q =
Q2

2x′
, (4.14)

leaving 7 independent scalar products. The phase-space constraints introduce three

cut propagators, leaving the remaining four scalar products to be represented by

standard propagators. To organize these integrals, suitable integral families must

be constructed, which we describe as,

RV1: {DRV1 , DRV2 , DRV3 , DRV6 } RV2: {DRV1 , DRV2 , DRV3 , DRV5 }

RV3: {DRV1 , DRV2 , DRV4 , DRV5 } ,

where the propagators DRVi are defined as,

DRV1 : (l1)
2 DRV2 : (l1 − pa)

2 DRV3 : (l1 + q)2

DRV4 : (l1 − pa − q + k1)
2 DRV5 : (l1 − pa + k1)

2 DRV6 : (l1 + q − k1)
2 .

We define an integral in the family RVn as

J (RVn, n1, · · · , n4) =

∫

z′
[dPS]2

∫
ddl1
(2π)d

1
(
DRVa1

)n1 · · ·
(
DRVa4

)n4
, (4.15)

for propagators DRVa1
, · · · , DRVa4

taken from the ordered set of family RVn. Apply-

ing reverse unitarity, followed by the IBP reduction implemented in LiteRed, all

integrals belonging to these families are reduced to the following 7 MIs,
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J(RV1; 0, 1, 1, 0) J(RV1; 1, 0, 0, 1) J(RV1; 1, 0, 1, 0) J(RV2; 1, 0, 0, 1)

J(RV1; 1, 1, 1, 1) J(RV2; 1, 1, 1, 1) J(RV3; 1, 1, 1, 1) .

The master integrals listed in the first row correspond to bubble integrals, whereas

those in the second row correspond to box integrals.

A characteristic simplification of the RV contribution is that the two-body phase-

space integration factorizes from the loop integration due to presence of the con-

straint δ
(

z′− pa·pb
pa·q

)

. The master integrals therefore factorize into a one-loop integral

multiplied by the two-body phase-space factor,

PSz′

2 =

∫

z′
[dPS]2 =

2π

(4π)
d
2Γ d

2
−1

(
Q2(1− x′)

x′

) d
2
−2
(
z′(1− z′)

) d
2
−2
, (4.16)

Unlike the pure virtual case, the RV master integrals (MIs) require additional care

when evaluated in the physical regions spanned by the scaling variables x′ and z′. In

the following, we first present the master integrals in their general form for arbitrary

x′ and z′ and subsequently discuss their analytic continuation that can be used in

different physical regions. The result of master integrals are given by (in d = 4+ ϵ),

J (RV1; 0, 1, 1, 0) =PSz′

2 ×
{

− i
2

ϵ

Cϵ

(1 + ϵ)
(−s)ϵ/2

}

, (4.17)

J(RV1; 1, 0, 0, 1) =PSz′

2 ×
{

− i
2

ϵ

Cϵ

(1 + ϵ)
(−u)ϵ/2

}

, (4.18)

J (RV1; 1, 0, 1, 0) =PSz′

2 ×
{

− i
2

ϵ

Cϵ

(1 + ϵ)
(Q2)ϵ/2

}

, (4.19)

J (RV2; 1, 0, 0, 1) =PSz′

2 ×
{

− i
2

ϵ

Cϵ

(1 + ϵ)
(−t)ϵ/2

}

, (4.20)

J (RV1; 1, 1, 1, 1) =PSz′

2 ×
{

− i
8Cϵ

ϵ2

[
(Q2)ϵ/2

su
Fϵ

(
Q2t

su

)

− (−u)ϵ/2
su

Fϵ

(−t
s

)

− (−s)ϵ/2
su

Fϵ

(−t
u

)]}

, (4.21)

J (RV2; 1, 1, 1, 1) =PSz′

2 ×
{

− i
8Cϵ

ϵ2

[
(Q2)ϵ/2

st
Fϵ

(
Q2u

st

)

− (−t)ϵ/2
st

Fϵ

(−u
s

)
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− (−s)ϵ/2
st

Fϵ

(−u
t

)]}

, (4.22)

J (RV3; 1, 1, 1, 1) =PSz′

2 ×
{

−i8Cϵ

ϵ2

[
(Q2)ϵ/2

tu
Fϵ

(
Q2s

tu

)

− (−u)ϵ/2
tu

Fϵ

(−s
t

)

− (−t)ϵ/2
tu

Fϵ

(−s
u

)]}

, (4.23)

where,

s =
Q2(1− x′)

x′
, t =

−Q2(1− z′)

x′
, u =

−Q2z′

x′
. (4.24)

In the above expressions, Cϵ is defined as,

Cϵ =
1

16π2

(
Γ(1− ϵ

2
)Γ2(1 + ϵ

2
)

(4π)
ϵ
2Γ(1 + ϵ)

)

, (4.25)

while Fϵ(ξ) denotes the hypergeometric function

Fϵ(ξ) = 2F1

(
1, ϵ

2
; 1 + ϵ

2
; ξ
)
= 1−

∞∑

n=1

(
− ϵ

2

)n
Lin(ξ) . (4.26)

Although the above expressions provide the complete analytical form of the RV

master integrals, they are not yet suitable for direct use in the physical SIDIS region.

Before performing the ϵ-expansion, the hypergeometric functions together with their

accompanying kinematic prefactors must be analytically continued.

As a first step, the hypergeometric functions are rewritten using suitable transfor-

mation identities so that factors of the form (1−x′)ϵ and (1−z′)ϵ are made explicit.

These factors are then extracted, thereby isolating the threshold behavior in the lim-

its x′ → 1 and z′ → 1. The remaining hypergeometric functions, however, require

further manipulation. Their arguments depend on the scaling variables x′ and z′

and may become equal to or larger than unity, particularly in the kinematic regions

characterized by x′ ≷ z′ and/or x′ + z′ ≷ 1. Since the hypergeometric function

2F1(a, b; c; ξ) is a multivalued function with a branch cut along ξ ≥ 1, its direct

102



expansion in ϵ is not valid over the entire physical region. It is therefore necessary

to analytically continue both the hypergeometric functions and their accompanying

prefactors. In particular, the branch cuts at the kinematic endpoints x′ = 0, 1 and

z′ = 0, 1 must be avoided, so that the arguments of the hypergeometric functions

neither become unity nor +∞. We discuss this procedure in the following subsection.

4.4.1 Analytical Continuation in RV case

The analytic continuation is carried out systematically in the following steps. First,

we employ the well-known transformation identities of the hypergeometric function,

such as the Euler and Pfaff transformations, see for e.g. [294–296], and Eq. (C.3)

to extract the overall factors (1− x′)aϵ and (1− z′)bϵ, thereby making the threshold

behavior explicit. Next, Feynman’s +i0 prescription for the scaling variables i.e.

x′ ≡ x′ − i0 and z′ ≡ z′ − i0, is implemented thereby retaining the i0 dependence

explicitly in both the hypergeometric functions and their accompanying kinematic

prefactors. Finally, identities involving Heaviside theta functions are used to decom-

pose the physical phase space into the relevant kinematic regions, this allows the

ϵ-expansion of the hypergeometric functions to be analytically continued onto the

appropriate branch in each region.

Throughout we have used,

(−s)ϵ/2 = (−1− i0)ϵ/2
(
Q2(1− x′)

x′

)ϵ/2

. (4.27)

The prescription for selecting the appropriate branch of the hypergeometric functions

along with the prefactors, is discussed in Appendix-A. Here, we state the branch to

be chosen for each hypergeometric function appearing in the box master integrals.

Since each MI contains three hypergeometric functions, we consider them separately.

We begin with the first box master integral.
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First box master integral: J (RV1; 1, 1, 1, 1)

Fϵ

(

− t

s

)

=

(
z′ − x′

1− x′

)− ϵ
2

F̃ϵ

(
1− z′

x′ − z′

)

=

∣
∣
∣
∣

z′ − x′

1− x′

∣
∣
∣
∣

− ϵ
2

{

θ1a F̃ϵ

(
1− z′

x′ − z′

)

+ θ1b (−1 + i0)−
ϵ
2 F̃ϵ

(
1− z′

x′ − z′
+ i0

)}

,

Fϵ

(

− t

u

)

=(z′)
ϵ
2 F̃ϵ (1− z′) ,

Fϵ

(
Q2t

su

)

=

(
z′ − x′

z′(1− x′)

)− ϵ
2

F̃ϵ

(
x′(1− z′)

x′ − z′

)

=

∣
∣
∣
∣

z′ − x′

z′(1− x′)

∣
∣
∣
∣

− ϵ
2

{

θ1a F̃ϵ

(
x′(1− z′)

x′ − z′

)

+ θ1b θ2a (−1− i0)−
ϵ
2 F̃ϵ

(
x′(1− z′)

x′ − z′
− i0

)

+ θ1b θ2b (−1 + i0)−
ϵ
2 F̃ϵ

(
x′(1− z′)

x′ − z′
+ i0

)}

. (4.28)

Second box master integral: J (RV2; 1, 1, 1, 1) = J (RV1; 1, 1, 1, 1)
∣
∣
z′→1−z′

Third box master integral: J (RV3; 1, 1, 1, 1)

Fϵ

(

− s

u

)

=

(
z′ + x′ − 1

z′

)− ϵ
2

F̃ϵ

(
1− x′

1− z′ − x′

)

=

∣
∣
∣
∣

1− z′ − x′

z′

∣
∣
∣
∣

− ϵ
2

{

θ2b F̃ϵ

(
1− x′

1− z′ − x′

)

+ θ2a (−1− i0)−
ϵ
2 F̃ϵ

(
1− x′

1− z′ − x′
− i0

)}

,

Fϵ

(

−s
t

)

=

(
x′ − z′

1− z′

)− ϵ
2

F̃ϵ

(
1− x′

z′ − x′

)

=

∣
∣
∣
∣

x′ − z′

1− z′

∣
∣
∣
∣

− ϵ
2

{

θ1b F̃ϵ

(
1− x′

z′ − x′

)

+ θ1a (−1 + i0)−
ϵ
2 F̃ϵ

(
1− x′

z′ − x′
+ i0

)}

,

Fϵ

(
Q2s

tu

)

=

(
(z′ − x′)(1− z′ − x′)

z′(1− z′)

)− ϵ
2

F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)

)

104



=

∣
∣
∣
∣

(z′ − x′)(1− z′ − x′)

z′(1− z′)

∣
∣
∣
∣

− ϵ
2
{

θ1a θ2a F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)
+ i0

)

+ θ1a θ2b (−1 + i0)−
ϵ
2 F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)
+ i0

)

+ θ1b θ2b F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)
− i0

)

+ θ1b θ2a (−1− i0)−
ϵ
2 F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)
− i0

)}

. (4.29)

In the above expressions, (−1 ± i0)αϵ = exp (±iπαϵ), and θ1a = θ(z′ − x′), θ1b =

θ(x′ − z′), θ2a = θ(1− z′ − x′), θ2b = θ(z′ + x′ − 1), with

F̃ϵ(ξ) = 2F1

( ϵ

2
,
ϵ

2
; 1 +

ϵ

2
; ξ
)

(4.30)

and
∣
∣ξ
∣
∣ gives the absolute value of ξ. F̃ϵ(ξ ± i0) can be analytically continued

to the appropriate region and expanded in a power series in ϵ, see [257, 297, 298].

After substituting these analytically continued expressions into the corresponding

master integrals, the resulting expressions are continuous across all four kinematic

boundaries. Furthermore, upon simplifying the ϵ-expanded MIs, all θ functions can

be eliminated, removing the need to distinguish between the different regions of

(x′, z′) kinematic plane.

For completeness, we present an alternative implementation of the analytic contin-

uation that leads directly to a unified representation over the entire (x′, z′) plane,

without introducing θ functions or making any explicit case distinction. Compared

to the previous piecewise representation, this formulation is more compact. The

continuation is carried out directly through a representation of the hypergeometric

function that is valid over the entire physical region. We rewrite Fϵ(ξ) in Eqs. (4.21)-

(4.23) as,

Fϵ(ξ) =
ϵ2(1− ξ)

4ξ1+
ϵ
2

Fϵ

(

1− 1

ξ

)

− ϵ

2ξ
ϵ
2

[

ψ
( ϵ

2

)

+ ln

(
1

ξ
− 1

)

+ γE

]

, (4.31)
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where

Fϵ(x) = 3F2

(

1, 1, 1 +
ϵ

2
; 2, 2; x

)

, (4.32)

and ψ(x) = Γ′(x)/Γ(x). In this representation, the only function possessing a branch

point at ξ = 1 is the logarithm term, ln
(
1
ξ
− 1
)
. Upon substituting Eq. (4.31) into

Eqs. (4.21)–(4.23), these branching logarithms cancel among themselves, yielding

expressions that are explicitly analytic throughout the whole physical region, see

Eqs. (46)-(48) of [173].

4.5 Double-Real Integrals

We now turn to the double-real (RR) contribution, corresponding to the partonic

process

pa + q → pb + k1 + k2, (4.33)

where pb denotes the observed fragmenting parton, while k1 and k2 are the emitted

massless partons. The corresponding three-body phase-space measure is,

∫

z′
[dPS]3 =

1

(2π)2d−3

∫

ddk1

∫

ddk2

∫

ddpb δ
+(k21)δ

+(k22)δ
+(p2b)

× δd (pa + q − pb − k1 − k2) δ

(

z′ − pa.pb
pa.q

)

. (4.34)

Compared to the fully inclusive-DIS case, the presence of the additional constraint

on the scaling variable z′ substantially complicates the evaluation of the phase-

space integrals, see e.g. [299]. As in the RV contribution, we employ the reverse

unitarity method to rewrite the phase-space delta functions as cut propagators,

thereby converting the phase-space integrals into cut loop integrals. This enables
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the application of standard loop-integral techniques, in particular IBP identities.

The significant number of RR partonic subprocesses gives rise to a correspondingly

large set of phase-space integrals. Many of these integrals are related through IBP

identities, enabling their systematic reduction to a much smaller set of master inte-

grals. In the following, we construct the required integral families and perform the

IBP reduction to obtain the complete set of RR master integrals.

The RR integrals depend on the four independent external momenta, pa, q, k1, and

k2. These give rise to 10 independent scalar products. Since 3 of them are fixed by

the external kinematics Eq. (4.14), seven independent scalar products remain. The

phase-space constraints introduce 4 cut propagators, leaving the remaining 3 scalar

products to be represented by standard propagators. The integrals are represented

by introducing a suitable set of propagators, from which the integral families are

constructed.

The RR contribution is described by 13 integral families, denoted by Ri (i =

1, . . . , 13). Each family is specified by an ordered set of propagators,

R1: {DR1 , DR5 , DR6 } R2: {DR1 , DR5 , DR7 } R3: {DR1 , DR5 , DR8 }

R4: {DR1 , DR6 , DR8 } R5: {DR1 , DR2 , DR4 } R6: {DR1 , DR2 , DR8 }

R7: {DR1 , DR4 , DR5 } R8: {DR1 , DR4 , DR7 } R9: {DR1 , DR4 , DR8 }

R10: {DR2 , DR4 , DR5 } R11: {DR2 , DR5 , DR7 } R12: {DR2 , DR5 , DR8 }

R13: {DR2 , DR5 , DR6 } ,

where the propagators (DRi ) are

DR1 : (k1 − pa)
2 DR2 : (k1 − q)2 DR3 : (k2 − pa)

2

DR4 : (k2 − q)2 DR5 : (k1 − pa − q)2 DR6 : (k2 − pa − q)2

DR7 : (k1 + k2)
2 DR8 : (k1 + k2 − pa)

2 .

(4.35)
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An integral belonging to the family Rn is defined as,

J (Rn, n1, n2, n3) =

∫

z′
[dPS]3

1
(
DRa1
)n1
(
DRa2
)n2
(
DRa3
)n3

, (4.36)

whereDRa1 , . . . , D
R
a3

denote the propagators belonging to the ordered set of the family

Rn. The IBP identities for these families are generated using LiteRed. After solving

the resulting IBP system, all RR integrals are expressed in terms of the following

20 master integrals (MIs),

J (R1; 0, 0, 0) , J (R1; 0, 0, 1) , J (R1; 1, 1, 1) , J (R2; 1, 1, 1) , J (R3; 0, 0, 1) ,

J (R3; 1, 1, 1) , J (R4; 1, 1, 1) , J (R5; 0, 0, 1) , J (R5; 0, 0, 2) , J (R5; 0, 1, 1) ,

J (R5; 1, 1, 1) , J (R6; 0, 1, 1) , J (R6; 1, 1, 1) , J (R7; 0, 1, 1) , J (R7; 1, 1, 1) ,

J (R8; 1, 1, 1) , J (R10; 1, 1, 1) , J (R11; 1, 1, 1) , J (R12; 1, 1, 1) , J (R13; 1, 1, 1) .

(4.37)

The remaining task is to evaluate these 20 master integrals. In this work, we employ

two independent methods for their computation, which also provide a valuable cross-

check of the final results. In the following section, we briefly describe these methods.

4.6 Evaluation of the RR Master Integrals

The first approach is based on direct phase-space integration. We choose a suitable

Lorentz frame in which the constraint on the scaling variable z′ assumes a particu-

larly simple form. In this frame, the three-body phase-space measure can be param-

eterized in terms of parametric integration together with the angular integrations

(see Refs. [115, 254, 300, 301] for details). The master integrals are then evaluated

by performing the angular integrations analytically, followed by the remaining para-

metric integration. The analytical evaluation yields the master integrals in terms
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of Goncharov polylogarithms (GPLs) [302, 303], which are further simplified by ex-

pressing them in terms of classical and Nielsen polylogarithms.

The second approach is based on the method of differential equations (DEqs) [304,

305], see also, [282,306]. We construct a coupled system of differential equations for

the master integrals with respect to the kinematic variables Q2, x′, and z′ using the

LiteRed package. The resulting differential equations form a closed coupled system,

which can be written compactly in matrix form with 20 × 20 coefficient matrices.

We then transform this system into the canonical (ϵ-factorized) form [307] using

algorithm of ref. [308] as implemented in the Mathematica package Libra [309].

In this form, the differential equations can be solved systematically order by order

in the dimensional regulator ϵ, yielding the master integrals in terms of iterated

integrals.

We have cross-checked the results obtained from both approaches and found perfect

agreement, providing a strong check of the correctness of the final expressions.

4.6.1 Phase-Space Parameterization

In this approach, the RR master integrals are evaluated by direct integration over

the three-body phase space in a suitably chosen Lorentz frame. The frame is choose

such that the kinematic constraint on the scaling variable z′ takes a particularly

simple form. We work in the center-of-mass (c.m.) frame of the two outgoing

partons k1 and k2, i.e. k⃗1 + k⃗2 = 0. Following Refs. [115,254,300,301], the external

momenta in the k1 − k2 c.m. frame are parameterized as follows,

pa =
(s− t+Q2)

2
√
s12

(1, 0⃗, 0, 0, 1) ,

pb =
(s− s12)

2
√
s12

(1, 0⃗, 0, sinψ, cosψ) ,

k1 =

√
s12
2

(1, 0⃗, sinϕ sin θ, cosϕ sin θ, cos θ) ,
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k2 =

√
s12
2

(1, 0⃗,− sinϕ sin θ,− cosϕ sin θ,− cos θ) ,

q = pb + k1 + k2 − pa , (4.38)

with

s = (pa + q)2 , t = 2pa · pb , u = 2pb · q , s12 = (k1 + k2)
2 = s− t− u ,

q2 = −Q2 , cosψ = 1− 2s12t

(s− t+Q2) (s− s12)
. (4.39)

In this reference frame, the 3-body phase-space Eq. (4.34) can be written as,

∫

z′
[dPS]3 =

1

(4π)d
(s+Q2)3−d

Γ(d− 3)

π∫

0

dθ(sin θ)d−3
π∫

0

dϕ(sinϕ)d−4 (4.40)

∫ s+Q2

0

dt

∫ s−t

−Q2t/(s+Q2)

du
[

t
(
su+Q2(t+ u)

) ]
d−4
2

× (s− t− u)
d−4
2 δ

(

z′ − t

s+Q2

)

(4.41)

Further, changing the variable so that we map the integration limits to 0 to 1, i.e.

∫ s+Q2

0

dt

∫ s−t

−Q2t/(s+Q2)

du =

∫ 1

0

dy

∫ 1

0

dz J(y, z) (4.42)

Using the relations,

u = s(1− y)z − yQ2 and t =
(
s+Q2

)
y , (4.43)

we get the Jacobian, J(y, z) = s (s+Q2) (1− y). So,

u = s

( −x′y
1− x′

+ z − yz

)

, t =
sy

1− x′
,

J =
s2(1− y)

1− x′
, s =

Q2(1− x′)

x′
. (4.44)
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The main advantage of this parameterization is that the constraint delta function

δ
(

z′ − pa·pb
pa·q

)

reduces to δ(z′ − y). So, the 3-body phase-space is rewritten as,

∫

z′
[dPS]3 =

1

(4π)dΓ(d− 3)

(
Q2(1− x′)

x′

)d−3 ∫ π

0

dθ(sin θ)d−3
∫ π

0

dϕ(sinϕ)d−4

∫ 1

0

dy

∫ 1

0

dz y
d−4
2 (1− y)d−3

(
z(1− z)

) d−4
2 δ(y − z′) (4.45)

Note that the phase-space measure is symmetric under the transformation z →

1− z. Finally, all propagators appearing in the master integrals, see Eq. (4.35), are

expressed in terms of the variables x′, z′, z, θ, and ϕ, as,

DR1 =− s(1− z′)

(1− x′)

(1− cos θ)

2
,

DR2 =− s (x′ (1− z (1− z′)) + z′(1− z) + z)

2 (1− x′)

+
s (z′ − z (1 + z′)− x′ (1− z(1 + z′)))

2 (1− x′)
cos θ + s

√

(1− z)zz′ cosϕ sin θ,

DR3 =− s(1− z′)

(1− x′)

(1 + cos θ)

2
,

DR4 =− s (x′ (1− z (1− z′)) + z′(1− z) + z)

2 (1− x′)

− s (z′ − z (1 + z′)− x′ (1− z(1 + z′)))

2 (1− x′)
cos θ − s

√

(1− z)zz′ cosϕ sin θ,

DR5 =
s

2
(1− z (1− z′)) +

s

2
(1− z (1 + z′)) cos θ + s

√

(1− z)zz′ cosϕ sin θ,

DR6 =
s

2
(1− z (1− z′))− s

2
(1− z (1 + z′)) cos θ − s

√

(1− z)zz′ cosϕ sin θ,

DR7 =sz(1− z′),

DR8 =− s(1− z′) (1− (1− x′) z)

(1− x′)
,

DR5 +D
R
6 = s(1− z(1− z′)) ,

DR2 +D
R
4 = −s(x

′(1− z(1− z′)) + z′(1− z) + z)

(1− x′)
. (4.46)

111



The phase space integral without any propagator is given by,

PSz′

3 =

∫

z′
[dPS]3 =

(
Q2(1− x′)

x′

)1+ϵ
2π

(4π)4+ϵ

(
Γ(1 + ϵ

2
)

Γ(2 + ϵ)

)2

z′
ϵ
2

(
1− z′

)1+ϵ
. (4.47)

The parameterization introduced above allows all master integrals to be expressed

as a product of angular and a parametric integration. The angular dependence

arises solely through the propagators and can be integrated analytically. Thus,

the evaluation of the master integrals reduces to a set of angular integrals of the

form [293,301,310,311],

π∫

0

dθ

π∫

0

dϕ
(sin θ)1+ϵ(sinϕ)ϵ

(a+ b cos θ)i (A+B cos θ + C sin θ cosϕ)j
. (4.48)

After appropriate partial-fraction decomposition of the propagator structures, all

angular integrations encountered in the present calculation can be expressed in terms

of the following four cases.

Case 1: a2 = b2 and A2 = B2 + C2, [254, 293].

In this case, the angular integral can be evaluated in closed form as,

π∫

0

dθ

π∫

0

dϕ
(sin θ)1+ϵ(sinϕ)ϵ

(1− cos θ)i (1− cosχ cos θ − sinχ sin θ cosϕ)j
=

21−i−jπ B
(

1 +
ϵ

2
− i, 1 +

ϵ

2
− j
) Γ(1 + ϵ)

Γ(1 + ϵ
2
)

2F1

(

i, j; 1 +
ϵ

2
; cos2

χ

2

)

(4.49)

Here B(α, β) denotes Euler Beta function.

Case 2: a2 ̸= b2 and A2 = B2 + C2, [254, 293].

In this case, the angular integral can be reduced to a one-dimensional integral in-
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volving a hypergeometric function,

π∫

0

dθ

π∫

0

dϕ
(sin θ)1+ϵ(sinϕ)ϵ

(a− cos θ) (1− cosχ cos θ − sinχ sin θ cosϕ)

=π
ϵ

4

Γ(1 + ϵ)

Γ2(1 + ϵ
2
)

1∫

0

dv

1∫

0

dw
(1− v)−1+

ϵ
2w−1+

ϵ
2 (1− w)

ϵ
2

1
2
(a− 1) + 1

2
v(1− cosχ)(1− w) + (1− v)(1− w)

=
π

a− 1

1∫

0

dv (1− v)−1+
ϵ
2

(

1 +
2

a− 1

(

1− v cos2
χ

2

))−1+ ϵ
2

× 2F1

(

ϵ,
ϵ

2
; 1 + ϵ;

−2

a− 1

(

1− v cos2
χ

2

))

. (4.50)

The above integral is symmetric under the transformation v → 1 − v and can be

evaluated order by order in ϵ.

Case 3: a2 = b2 and A2 ̸= B2 + C2.

This case is not independent. By performing a suitable angular rotation, the integral

can be mapped onto the second case and can therefore be evaluated using the same

procedure.

Case 4: a2 ̸= b2 and A2 ̸= B2 + C2.

This is the most complicated case. The analytic expressions for these integrals for ϵ

independent term were derived long ago [312–314], while their extension to higher

orders in ϵ has been studied in [315–319], see also [174,320–327].

After carrying out the angular integrations, the master integrals reduce to a single

remaining parametric integration over the variable z. For the simpler MIs, this inte-

gration can be performed in closed form. In the more involved cases, the integrand

is first expanded as a power series in ϵ [328–331], after which the resulting paramet-

ric integrals are evaluated analytically in terms of GPLs, which are subsequently
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expressed in terms of classical and Nielsen polylogarithms.

4.6.2 Differential Equation Method

An elegant method for evaluating the master integrals is provided by the method

of differential equations (DEqs) [282, 304, 305, 307, 332–339]. The basic idea is to

exploit the dependence of the master integrals on the external kinematic variables

by differentiating them with respect to these variables. The resulting derivatives

can again be expressed as linear combinations of the same master integrals using

IBP identities. Consequently, the master integrals satisfy a closed system of coupled

first-order differential equations.

For the RR master integrals, we construct the differential equations with respect to

the kinematic variables Q2, x′, and z′. The required derivatives and the subsequent

IBP reductions are generated using the LiteRed package [242, 243]. Denoting the

vector of master integrals by I⃗, the system takes the form

∂I⃗

∂Q2
= ÂQ(Q

2, x′, z′, ϵ)I⃗ ,
∂I⃗

∂x′
= Âx′(Q2, x′, z′, ϵ)I⃗ ,

∂I⃗

∂z′
= Âz′(Q

2, x′, z′, ϵ)I⃗ .

(4.51)

where ÂQ, Âx′ , and Âz′ are the corresponding 20 × 20 connection matrices. The

matrix ÂQ is diagonal, reflecting the fact that the dependence of the master integrals

on the overall mass scale Q2 factorizes trivially. Consequently, the Q2 dependence

can be extracted analytically, and in the following we set, Q2 = 1 without loss of

generality. Furthermore, by construction of the master integral basis, the matrices

Âx′ and Âz′ possess a lower-triangular form. Since the master integrals depend

simultaneously on the variables x′ and z′, the coupled differential equations must

satisfy the integrability condition, ensuring that the solution is independent of the
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integration path. This requires

∂2I⃗

∂z′∂x′
=

∂2I⃗

∂x′∂z′
=⇒ ∂Âx′

∂z′
− ∂Âz′

∂x′
+
[

Âx′ , Âz′

]

= 0 (4.52)

Several methods have been developed for solving systems of differential equations

for Feynman integrals. Early approaches relied on series expansions around singular

points [340–344] and on difference equation techniques based on Laplace (Mellin)

transform, which have been successfully applied to a wide variety of multi-loop calcu-

lations [278,306,345–347]. More generally, one may solve the coupled system recur-

sively by exploiting its triangular structure, using forward or backward substitution

together with the method of variation of constants. Alternatively, the system may

be decoupled into higher-order differential equations for individual master integrals,

which can then be solved independently [304,305,333,334,348–351]. The system of

differential equations is not unique, as it depends on the choice of the master-integral

basis. A suitable change of basis can significantly simplify the system and in favor-

able cases, transform it into the canonical (ϵ-factorized) form. Numerous methods

and computational tools have been developed for constructing such a basis, see for

e.g. [285, 307–309, 352–370]. Several public packages are available for the numeri-

cal evaluation of Feynman integrals using differential equations, including DiffExp,

SeaSyde, LINE and AMFlow [341–344,371], see also [340,360,372–381].

In the present work, we adopt the canonical differential equation approach [307].

The central idea is to perform a change of basis i.e I⃗ → J⃗ = T̂−1I⃗ (or gauge

transformation), such that in the differential equation system the ϵ factors out,







∂I⃗
∂x′ = Âx′(x′, z′, ϵ)I⃗

∂I⃗
∂z′

= Âz′(x
′, z′, ϵ)I⃗







−→







∂J⃗
∂x′ = ϵ Âx′(x′, z′)J⃗

∂J⃗
∂z′

= ϵ Âz′(x
′, z′)J⃗







.
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The matrices Âx′ and Âz′ are independent of ϵ and are related to Âx′ and Âz′ as,

Âx′ = T̂−1Âx′T̂ − T̂−1
∂T̂

∂x′
,

Âz′ = T̂−1Âz′T̂ − T̂−1
∂T̂

∂z′
. (4.53)

The solution of the canonical system can be written in terms of the path-ordered

exponential,

J⃗(x′, z′, ϵ) = P exp

[

ϵ

∫ x′,z′

x′
0,z

′
0

(

Âx′dx′1 + Âz′dz
′
1

)]

J⃗(x′0, z
′
0, ϵ) (4.54)

where J⃗(x′0, z
′
0, ϵ) ≡ J⃗0(ϵ) denotes the vector of boundary constants and P represents

path ordering. Expanding the path-ordered exponential order-by-order in ϵ gives,

J⃗(x′, z′, ϵ) = J⃗0(ϵ) + ϵ

[
∫ x′

0

dx′1 Âx′(x′1, 0) +

∫ z′

0

dz′1 Âz′(x
′, z′1)

]

︸ ︷︷ ︸

Ĥ1(x
′, z′)

J⃗0(ϵ)

+ ϵ2

[
∫ x′

0

dx′2 Âx′(x′2, 0) Ĥ1(x
′
2, 0) +

∫ z′

0

dz′2 Âz′(x
′, z′2) Ĥ1(x

′, z′2)

]

︸ ︷︷ ︸

Ĥ2(x
′, z′)

J⃗0(ϵ)

+O
(
ϵ3
)
. (4.55)

The solution is therefore obtained iteratively order by order in ϵ, generating Chen

iterated integrals, which can subsequently be expressed in terms of GPLs.

The integrability condition guarantees that the solution is independent of the in-

tegration path in the (x′, z′) plane. Consequently, the integration contour may be

chosen for convenience when evaluating the path-ordered exponential. Throughout

this work, we choose the integration path to start from the reference point

(x′0, z
′
0) = (0, 0),
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and integrate first along the x′ direction and subsequently along the z′ direction,

as illustrated in Fig. 4.1. To determine the integration constants, however, it is

sufficient to know the master integrals at any convenient kinematic point, which

need not coincide with the starting point of the integration. The boundary vector

J⃗0(ϵ) is determined from the behavior of the master integrals in the k1 − k2 center-

of-mass frame in the limit x′ → 1 and z′ → 1, retaining the factors (1− x′)aϵ+b and

(1− z′)cϵ+d explicitly, see Appendix-D.

(0, 0) (x′, 0)

(x′, z′)

Figure 4.1: Integration path chosen for solving the canonical differential equations.

In the present calculation, the transformation matrix T̂ is constructed using

Libra [309] which is based on the algorithm described in [222, 308, 382], such that

the transformed basis satisfies the canonical differential equations. In particular, it

is constructed so that the boundary vector admits the following expansion in ϵ,

J⃗0(ϵ) =
∞∑

k=0

ϵkJ⃗
(k)

0 , (4.56)

while the original MIs are recovered through I⃗ = T̂ J⃗ . An important consequence

of this choice of basis is that the canonical master integrals J⃗ are of uniform tran-

scendental (UT) weight. Consequently, upon expanding them in ϵ,

J⃗(x′, z′, ϵ) =
∞∑

k=0

ϵkJ⃗ (k)(x′, z′), (4.57)

each coefficient J⃗ (k) is of uniform transcendental weight k. Thus, the transcendental

weight increases uniformly by one at each successive order in the ϵ expansion.

117



The solution of canonical differential equations is naturally expressed in terms iter-

ated integrals, whose integration kernels are constructed from the following set,

x′, z′, (x′ − 1), (x′ + 1), (z′ − 1), (z′ − x′), (z′ + x′),
(

z′ +
1

x′

)

, (1− z′)2 + 4x′z′, (1 + x′)2 − 4x′z′,

√
x′,

√
z′,
√

(1− z′)2 + 4x′z′,
√

(1 + x′)2 − 4x′z′ . (4.58)

Among these functions, four involve square roots. An important simplification is

that the complicated square roots never appear simultaneously in the same iterated

integral, hence they can be rationalized independently.

Following the procedure described in [383], the iterated integrals are first express

in terms of symbolic G-functions. The algebraic kernels are then rationalized, al-

lowing these iterated integrals to be rewritten in terms of GPLs. The square roots

are rationalized using Euler substitutions, see also [384–389]. As a representative

example, consider the square root,

√

(1− z)2 + 4x′z . (4.59)

Introducing the variable y through the Euler substitution,

√

(1− z)2 + 4x′z = 2x′y + (1− z), (4.60)

one obtains

z =
y(1 + x′y)

1 + y
, dz =

1 + x′y(2 + y)

(1 + y)2
dy . (4.61)

The integration limits transform according to

z = 0 =⇒ y = 0, (4.62)
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z = z′ =⇒ y =

√

(1− z′)2 + 4x′z′ − (1− z′)

2x′
. (4.63)

After this transformation, the integration kernels become rational functions of y,

and the resulting iterated integrals can be expressed directly in terms of GPLs.

Similar Euler substitutions are employed for the remaining algebraic letters whenever

required.

The procedure is illustrated below through two representative examples. Consider

first,

G(r1, r2; z
′) =

∫ z′

0

dz1

z1
√

(1− z1)2 + 4x′z1

∫ z1

0

dz2
√

(1− z2)2 + 4x′z2

=

∫
√

(1−z′)2+4x′z′−(1−z′)

2x′

0

dy1
y1(1 + x′y1)

∫ y1

0

dy2
(1 + y2)

(4.64)

Performing a partial-fraction decomposition,

G(r1, r2; z
′) =

∫
√

(1−z′)2+4x′z′−(1−z′)

2x′

0

dy1

(
1

y1
− 1

y1 +
1
x′

)∫ y1

0

dy2
y2 + 1

= G

(

0,−1;

√

(1− z′)2 + 4x′z′ − (1− z′)

2x′

)

−G

(

− 1

x′
,−1;

√

(1− z′)2 + 4x′z′ − (1− z′)

2x′

)

(4.65)

As a second example,

G(0, r2; z
′) =

∫ z′

0

dz1
z1

∫ z1

0

dz2
√

(1− z2)2 + 4x′z2
. (4.66)

Using the same Euler substitution throughout,

G(0, r2; z
′) =

∫
√

(1−z′)2+4x′z′−(1−z′)

2x′

0

dy1
1 + x′y1(2 + y1)

y1(1 + y1)(1 + x′y1)

∫ y1

0

dy2
1 + y2

=

∫
√

(1−z′)2+4x′z′−(1−z′)

2x′

0

dy1

(
1

y1
− 1

y1 + 1
+

1

y1 +
1
x′

)∫ y1

0

dy2
1

y2 + 1
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= G

(

0,−1;

√

(1− z′)2 + 4x′z′ − (1− z′)

2x′

)

−G

(

−1,−1;

√

(1− z′)2 + 4x′z′ − (1− z′)

2x′

)

+G

(

− 1

x′
,−1;

√

(1− z′)2 + 4x′z′ − (1− z′)

2x′

)

(4.67)

The remaining algebraic letters are treated analogously. Since the rationalization

and subsequent partial-fraction decomposition follow a systematic procedure, the

entire conversion to GPLs can be fully automated.

The resulting GPLs are evaluated numerically using packages such as PolyLogTools

[390], handyG [391], see also [392–403]. In addition, the final analytic expressions for

the master integrals have been independently validated against numerical solutions

obtained with AMFlow and found perfect agreement.

4.7 Summary

In this chapter, we presented the computational framework used to evaluate the

loop and phase-space integrals required for the NNLO QCD corrections to SIDIS. A

central ingredient of the calculation is the reduction of the large number of Feynman

and phase-space integrals to a minimal set of master integrals through integration-

by-parts (IBP) identities. By employing the reverse-unitarity technique, the phase-

space integrals associated with real-emission processes are mapped onto loop in-

tegrals, allowing the same IBP machinery to be applied to both virtual and real

contributions.

The real-virtual (RV) and double-real (RR) contributions constitute the most chal-

lenging parts of the NNLO calculation. For the real-virtual contribution, we dis-

cussed the analytic continuation of the known master integrals to the SIDIS physical
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region, ensuring the correct analytic structure of the coefficient functions. For the

double-real contribution, we constructed the required integral families, performed

the IBP reduction, and obtained a complete set of new RR master integrals.

The evaluation of these new RR master integrals, which represents one of the prin-

cipal bottlenecks of the NNLO computation, was carried out using two independent

approaches. The first approach is based on an explicit phase-space parameterization

in a suitable center-of-mass frame, reducing the integrals to angular and paramet-

ric integrations that can be evaluated analytically. The second approach employs

the method of differential equations, where the master integrals are transformed

to a canonical basis and solved systematically in terms of Chen iterated integrals

and Goncharov polylogarithms. The complete agreement between the two methods

provides a strong validation of the final analytic expressions.

The techniques and results presented in this chapter provide the complete set of

master integrals required for the NNLO coefficient functions. They overcome one of

the major technical obstacles in the computation of NNLO corrections to SIDIS and

form the foundation for the derivation of precise perturbative predictions presented

in the thesis. Such precision calculations are essential for fully exploiting the physics

potential of the future Electron-Ion Collider, where NNLO contributions will play a

crucial role.
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Chapter 5

Going beyond NNLO: Threshold

resummation

In this chapter, we develop the threshold resummation formalism for semi-inclusive

deep-inelastic scattering (SIDIS). Using factorization property of the SIDIS cross

section and the renormalization group invariance of QCD, the threshold-enhanced

logarithms contributions are systematically resummed to all orders in perturbation

theory. We further derive higher-order soft-virtual contributions using recent ad-

vances in perturbative QCD and investigate the numerical impact of the resummed

predictions, demonstrating improved perturbative stability and reduced scale de-

pendence when matched to the exact NNLO results. The work presented here is

based on the publication [179].
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5.1 Introduction

In Chapter 2, we studied the fixed-order QCD corrections to polarized semi-inclusive

deep-inelastic scattering (SIDIS) mediated by the exchange of a virtual photon. In

the present chapter, we extend the discussion to both polarized and unpolarized

SIDIS processes and investigate the effects of threshold-enhanced logarithmic con-

tributions.

Within the framework of QCD factorization, the SIDIS cross section can be ex-

pressed as a convolution of perturbatively calculable coefficient functions (CFs) with

non-perturbative parton distribution and fragmentation functions. The fixed order

results for the CFs, parameterizing the hard scattering, often provide reliable theo-

retical predictions for wide range of kinematic variables. However, in the threshold

region, corresponding to the limit x′ → 1 and z′ → 1, they fail because of the

presence of large logarithms. In the case of SIDIS, these logarithms originate from

the partonic configurations where partons are soft and/or collinear to each other.

Although the CFs in SIDIS are infrared-safe, meaning that soft and collinear diver-

gences cancel out, these cancellations lead to certain distributions in CFs represented

by distributions such as δ(1− ξ) and

Dj

ξ
=

[

lnj(1− ξ)

1− ξ

]

+

, j = 0, 1, · · · (5.1)

where ξ = 1 − ξ and ξ = x′, z′ are appropriate scaling variables. Here subscript +

means that Dj

ξ
is a plus distributions defined as,

∫ 1

0

dξ f(ξ) Dj

ξ
=

∫ 1

0

dξ
(

f(ξ)− f(1)
) lnj(1− ξ)

1− ξ
(5.2)

where f(ξ) is regular at ξ = 1. We call them soft plus virtual (SV) contributions, and

their importance was recognized early on, leading to several improvements in QCD
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perturbation theory, see [148–151]. Currently, approximations at next-to-next-to-

next-to leading order (N3LO) accuracy taking into account only threshold contribu-

tions, also called SV and threshold resummation to next-to-next-to-next-to leading

logarithmic (N3LL) accuracy are available [150,152,153], improving upon earlier re-

sults [154–156] at next-to-leading logarithmic (NLL) accuracy. These achievements

were possible thanks to an intriguing connection between SIDIS and the rapidity

distributions of pair of leptons in the Drell-Yan (DY) process, [150, 346, 404, 405].

Beyond the SV contributions, one encounters terms with logarithmic enhancement

of the type lnj(1 − ξ), with ξ = x′, z′, for j = 0, 1, · · · , which are classified as

next-to-leading power (NLP) corrections or next-to-SV (NSV) terms.

Threshold resummation provides a framework to systematically organize and resum

these large logarithms, i.e. the SV terms in Eq. (5.1) and NSV terms, to all orders

in perturbation theory. As a result, the perturbative predictions exhibit improved

convergence and stability, leading to more reliable phenomenological predictions.

In this work, we push threshold resummation for the SIDIS CFs to N4LL except

N independent terms coming from real emission processes and provide their ap-

proximations at N4LO in QCD, accounting for both SV as well as NSV terms in a

systematic procedure.

In this chapter, we develop the threshold resummation formalism for semi-inclusive

deep inelastic scattering (SIDIS) by exploiting the factorization properties of the

cross section together with the renormalization group invariance of QCD. This

framework enables the all-order resummation of threshold-enhanced logarithms in

Mellin space and allows us to predict higher-order soft-virtual and next-to-soft-

virtual contributions beyond the currently available fixed-order calculations.

The chapter is organized as follows. In Sec. 5.2, we review the theoretical framework

of SIDIS, recall the essential aspects of mass factorization in QCD. In Sec. 5.3, we

present the master formula for the diagonal coefficient functions, where we discuss
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in detail the individual building blocks entering the master formula and the differ-

ential equations that they satisfy. These ingredients are then combined in Sec. 5.4

to derive the all-order structure of the threshold-enhanced SV and NSV contribu-

tions. The predictive all-order structure obtained therein forms the basis of the

threshold resummation framework. In Sec. 5.5, we derive the all-order resummed

expression for the threshold logarithms in Mellin space, expressed in terms of the

complex Mellin variables N1 and N2, conjugate to the scaling variables x′ and z′,

respectively. An alternative approach based on the physical evolution kernel (PEK)

is discussed in Sec. 5.6. The phenomenological implications of the resummed results

are presented in Sec. 5.7. Finally, we conclude with a summary of our main findings.

Additional formulae relevant to the threshold resummation formalism are collected

in the Appendix-F.

5.2 Factorization and Threshold Structure

In perturbative QCD, the structure functions factorize as a convolution of the (spin-

dependent) PDFs, (∆)fa/P(x1, µ
2
F ), and FFs, DH′/b(z1, µ

2
F ), with the corresponding

(spin-dependent) CFs, (∆)CJ,ab(x/x1, z/z1, Q2, µ2
F ), the latter being calculable in

perturbation theory. Here and throughout, the symbol (∆) indicates the polarized

case, while the absence of it corresponds to the unpolarized case.

(
gJ
)
FJ(x, z,Q

2) =
∑

a,b=q,q,g

∫ 1

x

dx1
x1

(∆)fa/P
(
x1, µ

2
F

)
∫ 1

z

dz1
z1
DH′/b

(
z1, µ

2
F

)

× (∆)CJ,ab
(
x

x1
,
z

z1
, Q2, µ2

F

)

. (5.3)

Using the same notation and conventions as in the previous chapters, (µF ) denotes

the factorization scale, (x1) and (z1) are the momentum fractions associated with

the incoming and outgoing partons, respectively. Note also, fa/P denotes the spin
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averaged PDF and ∆fa/P denotes spin-dependent PDFs, (∆)fa/P = fa(↑)/P(↑) (−)+

fa(↓)/P(↑), where arrows denote the polarisations of respective particles with respect

to beam direction. Also, CJ,ab ≡ FJ,ab for J = 1, 2 and ∆C1,ab ≡ G1,ab.

The SIDIS CFs are obtained from the corresponding partonic subprocesses via mass

factorization. In the massless quark approximation, these partonic quantities con-

tain collinear divergences associated with collinear parton emissions from the initial

and final states. In dimensional regularization (d = 4 + ϵ), these divergences ap-

pear as poles in ϵ. Thanks to QCD factorization, these singularities factorize from

the bare (spin-dependent) CFs (∆)ĈJ,ab(x′, z′, ϵ), through universal Altarelli-Parisi

kernels at the scale µF ,

(∆)ĈJ,ab(x′, z′, ϵ) = (∆)Γc←a(x
′, µ2

F , ϵ)⊗ (∆)CJ,cd(x′, z′, µ2
F , ϵ)⊗̃Γ̃b←d(z

′, µ2
F , ϵ) (5.4)

The kernels (∆)Γc←a and Γ̃b←d are given in terms of space- and time-like splitting

functions and encode the collinear divergences through poles in ϵ, see, e.g. [173].

The partonic scaling variables are x′ = x/x1 and z′ = z/z1 and the convolutions ⊗

and ⊗̃ are defined in Eq. (3.22).

The collinear finite CFs (∆)CJ,ab in Eq. (5.4) are expanded in powers of strong

coupling constant as = αs/(4π) at the renormalisation scale µR as,

(∆)CJ,ab(x′, z′, µ2
F ) = δabδ(1− x′)δ(1− z′) +

∞∑

i=1

ais(µ
2
R)(∆)C(i)

J,ab(x
′, z′, µ2

F , µ
2
R) .

(5.5)

The CFs (∆)CJ,ab in general contain distributions δ(1 − ξ) and Dj

ξ
, cf. Eq. (5.1),

where ξ = x′, z′ and regular functions of x′, z′. We can write (∆)CJ,ab as,

(∆)CJ,ab = (∆)Cδxδz
J,ab δ(1− x′)δ(1− z′)

+
∑

j

(

(∆)Cδxj
J,abδ(1− x′)Dj

z′ + (∆)Cjδz
J,abδ(1− z′)Dj

x′

)
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+
∑

j,k

(∆)Cj,k
J,abDj

x′Dk
z′ + (∆)Cδx

J,ab,z′(z
′)δ(1− x′) + (∆)Cδz

J,ab,x′(x
′)δ(1− z′)

+
∑

j

(
(∆)Cj

J,ab,z′(z
′)Dj

x′ + (∆)Cj
J,ab,x′(x

′)Dj
z′

)
+ (∆)RJ,ab(x

′, z′) , (5.6)

The functions (∆)RJ,ab contain all remaining terms that are regular (no distribu-

tions). Furthermore, we expand the CFs (∆)CJ,ab,x′ and (∆)CJ,ab,z′ in Eq. (5.6)

around x′ = 1 and z′ = 1, we obtain a series of the form: (1−ξ)i lnj(1−ξ), ξ = x′, z′

for i, j = 0, 1 etc. The leading terms in this series (i = 0) are the so-called NSV

terms, while the rest with powers i > 0 are denoted as beyond-NSV (BNSV) terms.

In this notation, the CFs in Eq. (5.6) read

(∆)CJ,ab = δab

(

(∆)CSV
J

)

+ (∆)CNSV
J,ab + (∆)CBNSV

J,ab , (5.7)

where the SV term does not receive any contributions if a = b = g. Each term in

the above equation can be expanded in powers series of as as,

(∆)CSV
J =(∆)C

(0),δxδz
J,cc δ(1− x′)δ(1− z′)

+
∞∑

n=1

ans

[

(∆)C
(n),δxδz
J,cc δ(1− x′)δ(1− z′) +

2n−1∑

j=0

(∆)C
(n),δxj
J,cc δ(1− x′)Dj

z′

+
2n−1∑

j=0

(∆)C
(n),jδz
J,cc δ(1− z′)Dj

x′ +
2n−2∑

j=0

2n−2−j
∑

k=0

(∆)C
(n),jk
J,cc Dj

x′Dk
z′

]

,

(∆)CNSV
J,ab =

∞∑

n=1

ans

[
2n−1∑

j=0

(

(∆)C
(n),δxj
J,ab δ(1− x′)Lj(z

′) + (∆)C
(n),jδz
J,ab δ(1− z′)Lj(x

′)
)

+
2n−2∑

j=0

2n−2−j
∑

k=0

(

(∆)C
(n),jk
J,ab Dj

x′Lk(z
′) + (∆)C

(n),jk
J,ab Dj

z′Lk(x
′)
)
]

, (5.8)

where Lj(ξ) = lnj(1 − ξ), ξ = x′, z′ and c = q, q. Schematically, (∆)CSV
J contains

double distributions and (∆)CNSV
J,ab contains single distribution in x′ or z′ each mul-

tiplied by powers of lnj(1 − z′) or lnj(1 − x′) respectively, where j = 0, 1, 2 etc.

Any regular terms in x′, z′ which is proportional to (1 − x′) or/and (1 − z′) that
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do not contain any distributions fall within the BNSV category. The NNLO results

in [171–173, 175, 176, 184] for the CFs (∆)CSV
J are in complete agreement with SV

predictions for unpolarised structure functions F1,2 [152], see also [272, 273]. The

leading terms of the NSV contributions agree as well with ref. [152], where the

dominant NLP terms have been presented.

The first principle’s derivation of the threshold enhanced logarithms in Eq. (5.8) ex-

ploits the renormalisation group equations and the factorization of soft and collinear

singularities to all orders in QCD, building on well-known developments for inclusive

cross sections such as DIS, DY and Higgs boson production (or, more generally, col-

orless n-particle production), see e.g. [272,310,311,406–439]. For observables in dif-

ferential kinematics, where the threshold limit is approached in terms of two different

scaling variables, such as the rapidity distributions of lepton pairs in the DY process

or Higgs boson production, threshold logarithms have also been systematically re-

sumed to all orders in perturbation theory, see [272,273,405,407,424,433,440–453].

In addition, both single as well as double variable resummations were extended

for flavor diagonal channels to include NSV contributions [274, 452, 454–475], also

see [476]. The kinematics in these cases, is similar to the SIDIS process, where the

limits x′ → 1 and z′ → 1 are considered.

In the following we develop the formalism to resum both SV as well as NSV loga-

rithms of flavor diagonal contributions, namely (∆)CJ,cc with (c = q, q), to all orders

both in (x′, z′) space as well in their corresponding Mellin space (N1, N2). The reason

to consider only flavor diagonal channels is because of their simple collinear factori-

sation structure. The starting point is the mass factorised form of the bare CFs in

Eq. (5.4) in d = 4 + ϵ dimensions, expanding the sum over the parton channels,

(∆)ĈJ,qq(x′, z′, ϵ) = (∆)Γq←q ⊗ (∆)CJ,qq⊗̃Γ̃q←q + (∆)Γq←q ⊗ (∆)CJ,qq⊗̃Γ̃q←q

+ (∆)Γq←q ⊗ (∆)CJ,qg⊗̃Γ̃q←g + (∆)Γq←q ⊗ (∆)CJ,qq⊗̃Γ̃q←q
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+ (∆)Γq←q ⊗ (∆)CJ,qq⊗̃Γ̃q←q + (∆)Γq←q ⊗ (∆)CJ,qg⊗̃Γ̃q←g

+ (∆)Γg←q ⊗ (∆)CJ,gq⊗̃Γ̃q←q + (∆)Γg←q ⊗ (∆)CJ,gq⊗̃Γ̃q←q

+ (∆)Γg←q ⊗ (∆)CJ,gg⊗̃Γ̃q←g . (5.9)

The convolutions with the space- and time-like AP kernels (∆)Γa←b and Γ̃a←b can

be distinguished as follows:

(i) Terms involving only diagonal combinations, such as (∆)Γq←q⊗(∆)CJ,qq⊗̃Γ̃q←q;

(ii) Contributions involving a product of one diagonal with a pair of non-diagonal

terms, for example (∆)Γq←q ⊗ (∆)CJ,qg⊗̃Γ̃q←g.

The terms in (i) contain SV plus NSV terms when the convolutions have been

performed, while the latter ones in case (ii) will be composed beyond NSV terms

only. The above observation follows from the schematic convolution relations,

SV ⊗ SV ∼ SV + NSV + BNSV, SV ⊗ NSV ∼ NSV + BNSV,

NSV ⊗ NSV ∼ BNSV . (5.10)

To illustrate this, take for example,

D0
ξ ⊗D0

ξ = 2D1
ξ − ζ2 δ(1− ξ)− ln ξ

1− ξ
,

= 2D1
ξ − ζ2 δ(1− ξ)

︸ ︷︷ ︸

SV

+ 1
︸︷︷︸

NSV

+O
(
(1− ξ)

)
(5.11)

D1
ξ ⊗ ln(1− ξ) = Li3(1− ξ)− 2S12(1− ξ) + ζ3 − ln

(
ξ(1− ξ)

)
Li2(1− ξ)

+ ζ2 ln

(
ξ

1− ξ

)

+
1

2
ln3(1− ξ)− ln(ξ) ln2(1− ξ)

=
1

2
ln3(1− ξ)− ζ2 ln(1− ξ) + ζ3

︸ ︷︷ ︸

NSV

+O
(
(1− ξ)

)
, (5.12)

1⊗ ln(1− ξ) = Li2(ξ)− ζ2 = −(1− ξ) (1− ln(1− ξ)) +O
(
(1− ξ)2

)
, (5.13)
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here, Lin and S12 are classical and Nielsen polylogarithms. Note, in all above equa-

tions the terms of O
(
(1− ξ)

)
contributes at BNSV accuracy.

Note that the diagonal AP kernels (∆)Γq←q and Γ̃q←q contain convolutions among

diagonal splitting functions, (∆)Pqq and P̃qq respectively, or one diagonal and a pair

of off-diagonal ones, (∆)Pab, P̃ab, a ̸= b. We drop those terms in (∆)Γq←q (Γ̃q←q),

that contain a pair of off-diagonal splitting functions (∆)Pab (P̃ab), as they contribute

only beyond NSV accuracy. In addition, we drop all the BNSV terms in the diagonal

splitting functions as well. This leads to

(∆)ĈSV+NSV
J,qq = (∆)ΓSV+NSV

q←q ⊗(∆)CSV+NSV
J,qq ⊗̃Γ̃SV+NSV

q←q . (5.14)

Here, the superscript on the AP kernels indicate their truncation to SV and NSV

terms only. In this way we can write the bare CFs in Eq. (5.4) in terms of only

diagonal quantities, i.e., (∆)ĈJ,qq, (∆)CJ,qq and AP kernels (∆)Γq←q, Γ̃q←q, where

BNSV terms and the sum ab over the parton channels are dropped.

The bare off-diagonal CFs instead contain both diagonal and off-diagonal terms from

(∆)CJ,ab and AP kernels. For instance (∆)ĈJ,qg reads

(∆)ĈJ,qg(x′, z′, ϵ) = (∆)Γq←q ⊗ (∆)CJ,qq⊗̃Γ̃g←q + (∆)Γq←q ⊗ (∆)CJ,qq⊗̃Γ̃g←q

+ (∆)Γq←q ⊗ (∆)CJ,qg⊗̃Γ̃g←g + (∆)Γq←q ⊗ (∆)CJ,qq⊗̃Γ̃g←q

+ (∆)Γq←q ⊗ (∆)CJ,qq⊗̃Γ̃g←q + (∆)Γq←q ⊗ (∆)CJ,qg⊗̃Γ̃g←g

+ (∆)Γg←q ⊗ (∆)CJ,gq⊗̃Γ̃g←q + (∆)Γg←q ⊗ (∆)CJ,gq⊗̃Γ̃g←q

+ (∆)Γg←q ⊗ (∆)CJ,gg⊗̃Γ̃g←g . (5.15)

Unlike the diagonal case in Eq. (5.9), no single term provides pure SV contributions

in the threshold limit. Hence, the mass factorised result for the off-diagonal chan-

nel contains NSV terms only and those beyond, where the former ones come from
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contributions that contain at least two diagonal quantities, either from (∆)CJ,ab or

(∆)Γa←b, Γ̃a←b. Dropping all terms that contain more than two off-diagonal quanti-

ties in the mass factorisation formula, we obtain

(∆)ĈNSV
J,qg = (∆)ΓSV+NSV

q←q ⊗ (∆)CSV+NSV
J,qq ⊗̃Γ̃NSV

g←q + (∆)ΓSV+NSV
q←q ⊗(∆)CNSV

J,qg ⊗̃Γ̃SV+NSV
g←g ,

(5.16)

which receives contribution from both CFs, (∆)CJ,qg and (∆)CJ,qq, unlike the diago-

nal channel in Eq. (5.14) which is directly proportional to (∆)ĈJ,qq.

The simple and remarkable structure in the diagonal channel (5.14) makes it easy

for us to study its all order structure of SV and NSV logarithms. We achieve this

by setting up a homogeneous differential equations for CFs in terms of the soft

and collinear anomalous dimensions. In contrast, presence of inhomogeneous terms

in corresponding differential equations for the off-diagonal channel poses technical

challenges when solving them. For this reason, we restrict our analysis in this thesis

to the flavor-diagonal partonic channels.

5.3 Master Formula

We begin by considering the mass-factorization relation Eq. (5.14) rewrite it as,

(∆)CSV+NSV
J,qq =

(

(∆)Γ
)−1

q←q
(x′, µ2

F , ϵ)⊗ (∆)ĈJ,qq(x′, z′, µ2
F , ϵ)⊗̃

(

Γ̃
)−1

q←q
(z′, µ2

F , ϵ)

=
∣
∣
∣F̂q(Q

2, ϵ)
∣
∣
∣

2

×
(

(∆)Γ
)−1

q←q
(x′, µ2

F , ϵ)⊗ (∆)ŜJ,q(Q
2, x′, z′, ϵ)⊗̃

(

Γ̃
)−1

q←q
(z′, µ2

F , ϵ) .

(5.17)

The above equation is the master formula expressing the diagonal coefficient func-

tions in terms of the quark form factor, the AP kernels, and the soft function.

132



Here, F̂q(Q
2, ϵ) is the massless quark form factor (FF) in dimensional regulariza-

tion which captures pure virtual contributions and (∆)ŜJ,q(Q
2, x′, z′, ϵ), called soft

function which gets contributions from real emissions, is defined by

(∆)ŜJ,q(Q
2, x′, z′, ϵ) =

(∆)ĈJ,qq(Q2, x′, z′, ϵ)
∣
∣
∣F̂q(Q2, ϵ)

∣
∣
∣

2 (5.18)

Note that in the absence of any real radiation, the soft functions is constrained by

kinematics and takes the simple form: (∆)ŜJ,q

∣
∣
no radiation

= δ(1− x′)δ(1− z′).

The vector form factor F̂ has been subject to extensive studies, see, e.g. [256, 421,

477–484], see also [276,485–487]. In massless QCD and within dimensional regular-

ization it exhibits IR and UV singularities as poles in ϵ. The UV divergences can

be removed by renormalisation of the strong coupling, while the soft and collinear,

i.e., IR singularities, factories as

F̂q(Q
2, ϵ) = ZF̂q

(Q2, µ2
s, ϵ)Fq,fin(Q

2, µ2
s, ϵ) , (5.19)

where ZF̂q
is IR singular and Fq,fin is IR finite, the scale µs is IR factorisation scale.

Renormalisation group invariance implies that

µ2
s

d

dµ2
s

lnZF̂q
(µ2

s) = γF̂q
(µ2

s) , (5.20)

where γF̂q
to all order in as takes the form

γF̂q
=

1

2

(

− Aq(µ2
s) ln

(

Q2

µ2
s

)

+ 2Bq(µ2
s) + f q(µ2

s)

)

. (5.21)

Here, Aq, Bq, f q denote the cusp, the quark virtual and the eikonal anomalous di-

mensions respectively, they all have expansions in powers of the strong coupling as

Aq(µ2
s) =

∑∞
i=1 a

i
s(µ

2
s)A

q
i etc. They are currently known to four-loop accuracy in

QCD [488–495]. Thus, the solution to Eq. (5.20) for ZF̂q
in the MS scheme contains
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only poles in ϵ whose coefficients are completely controlled by universal anomalous

dimensions Aq, Bq and f q and the coefficients of QCD β function, the latter being

known even to five loops [26–29].

The bare form factor F̂q is subject to a differential equation with respect to Q2,

Q2 d

dQ2
ln F̂q(Q

2, ϵ) = ΓF̂q
(Q2, ϵ) , (5.22)

where

ΓF̂q
(Q2, ϵ) =

1

2

(

Kq
d(µ

2
s, ϵ) +Gq

d(Q
2, µ2

s, ϵ)

)

. (5.23)

The kernel Kq
d = 2d lnZF̂q

/d ln(Q2) contains entire IR singular terms while the

function Gq
d = 2d lnFq,fin/d ln(Q

2) is IR finite by definition. Since, we have defined

the form factor in dimensional regularisation, the solution to this K + G equation

takes the simple form

F̂q(Q
2, ϵ) = exp

(
∫ Q2

0

dλ2

λ2
ΓF̂q

(λ2, ϵ)

)

, (5.24)

with F̂q(Q
2 = 0, ϵ) = 1 as boundary condition. Since all IR poles in ϵ are contained

in Kq
d only and Gq

d is finite, the solution reveals the remarkable structure for the

form factor, namely, at given order ais, all the poles except the single pole in ϵ can

be predicted from knowledge of Kq
d and Gq

d at previous orders up to ai−1s . Explicit

results for Kq
d and Gq

d are presented in [420,421] and also in Appendix-F.1.

Next, we briefly review the structure of the AP kernels in Eq. (5.17) and the associ-

ated splitting functions, controlling their evolution as a function of the factorisation

scale µF . We denote space-like (unpolarized and polarized) and time-like kernels col-

lectively by
L
c←c and their respective splitting functions by Pc←c. In the threshold
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limit only the diagonal splitting functions Pc←c, c = q, q contribute,

µ2
F

d

dµ2
F

L
c←c(µ

2
F , ξ) =

1

2
Pc←c(µ

2
F , ξ)⊗

L
c←c(µ

2
F , ξ) , (5.25)

where ξ = x′, z′. The splitting functions are expanded in powers of as(µ
2
F ) as

Pc←c(µ
2
F ) =

∑∞
i=1 a

i
s(µ

2
F )P

c
i−1 and we have suppressed any dependence on ϵ in both

L
c←c and Pc←c. Due to its simple structure the all order solution of Eq. (5.25) takes

the simple form

L
c←c(µ

2
F , ξ, ϵ) = C exp

(

1

2

∫ µ2
F

0

dλ2

λ2
Pc←c(λ

2, ξ)

)

, (5.26)

where the symbol C denotes an ordered exponential, appropriately defined through

iterated convolutions with respect to x′ or z′, see [421], for brevity, we write

C exp
(
asf(x)

)
= δ(1− x) +

as
1!
f(x) +

a2s
2!
f(x)⊗f(x) + a3s

3!
f(x)⊗f(x)⊗f(x) + · · ·

(5.27)

The relevant splitting functions are known to third order in perturbative QCD [120,

233,262–270] and their expansion in the soft and collinear limit reads

Pc←c(µ
2
F , ξ) =2

(

Ac(µ2
F )

(1− ξ)+
+Bc(µ2

F )δ(1− ξ) + C
c(µ2

F ) ln(1− ξ) +D
c(µ2

F )

)

,

(5.28)

in terms of the cusp and the virtual anomalous dimensions Ac and Bc already

encountered in the form factor above. The NSV terms, denoted as Cc, and Dc, are

determined from Ac, Bc and coefficients of the QCD β-function at lower orders.

There is distinction between space- and time-like kinematics, i.e. Cc = Cq,Dc = Dq

for space-like and Cc = C̃q,Dc = D̃q for time-like splitting functions. Explicit results

are listed in Appendix-F.4.
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The final ingredient in the threshold factorization formulae in Eq. (5.17) is the soft

function (∆)ŜJ,q, hereafter denoted by Ŝq. A differential equation for Ŝq in dimen-

sional regularisation, organizing its all-order perturbative structure, can be obtained

with Eq. (5.17) and the differential equation for the form factor, see Eq. (5.22).

Q2 d

dQ2
C ln Ŝq(Q

2, ϵ) = ΓŜq(Q
2, ϵ) , (5.29)

where we have suppressed the dependence on x′, z′ and

ΓŜq(Q
2, ϵ) = Q2 d

dQ2

(

C ln(∆)CJ,qq(Q2, µ2
R, µ

2
F , x

′, z′, ϵ)

− ln |F̂q(Q
2, ϵ)|2δ(1− x′)δ(1− z′)

)

. (5.30)

The symbol C represents that each product of x′ (z′) dependent functions in the

expansion of ln(∆)CJ,qq in as is treated as convolution with respect to x′ (z′) see

Eq. (5.27). The fact that Ŝq is renormalization group invariant with respect to µR

and µF implies that the Q2 derivative of (∆)CJ,qq in the first term in Eq. (5.30) has

to be a function of only Q2 and x′, z′. This implies that ΓŜq is independent of µR and

µF . Observe that the first term is finite and the second term contains both singular

and finite parts through Kq
d and Gq

d via K +G equation of ΓF̂q
, see Eq. (5.22). This

means that we can express the kernel ΓŜq in Eq. (5.30) as a sum of singular term K
q

d

and finite G
q

d pieces to all orders in perturbation theory, similar to the Q2 evolution

equation of the form factor, i.e., ΓŜq = (K
q

d(µ
2
s, x
′, z′) + G

q

d(Q
2, µ2

s, x
′, z′))/2. Since

the singular part of the kernel comes from Kq
d of the form factor, the term K

q

d can

depend only on µs and process independent anomalous dimension, Aq. The finite

Gq(Q
2, µ2

s, z) will contain G
q
d from the form factor and the other process dependent

terms from CF (∆)CJ,qq.

The fact that the kernel admits the decomposition of singular and finite parts as

it happens for the form factor, implies that the Ŝq is also factorisable, i.e., we can
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write

Ŝq(Q
2, x′, z′) = Zq(Q

2, µ2
s, x
′, z′)⊗ Sq,fin(Q

2, µ2
s, x
′, z′), (5.31)

where Sq,fin is IR finite, Zq is IR singular and identify the IR singular K
q

d =

2d lnZq/d ln(Q
2) and IR finite G

q

d = 2d lnSq,fin/d ln(Q
2). Since K

q

d(µ
2
s) is inde-

pendent of Q2, we can fix only the ln(Q2) terms in Zq. The factorisation of Ŝq

in terms of Zq and Sq,fin at arbitrary scale µs leads to the renormalisation group

equation,

µ2
s

dZq(Q
2, µ2

s)

dµ2
s

= γŜq(Q
2, µ2

s)⊗ Zq(Q
2, µ2

s) ,

where we have suppressed any dependence on x′, z′ in Zq and γŜq . From our

NNLO results we find that γŜq takes the remarkable structure, namely γŜq(Q
2, µ2

s) =

ξ1(µ
2
s, x
′, z′) ln(Q2/µ2

s) + ξ2(µ
2
s, x
′, z′). This is expected to continue to all orders in

perturbation theory because it results from the IR pole structure of Ŝq. In other

words, the singular part of Ŝq, namely, Zq has to contain precisely those IR poles to

cancel against the ones from the form factor and AP kernels leaving (∆)CJ,qq finite

and this pole structure determines the structure of γŜq . Since the poles of the form

factor and AP kernels are controlled by the cusp, virtual and eikonal anomalous

dimensions, γŜq can be expressed as follows:

γŜq=δ(x̄
′)δ(z̄′)Aq(µ2

s) ln

(
Q2

µ2
s

)

+ P ′q←q(µs, x
′, z′) , (5.32)

where

P ′q←q =

[

− 1

2
δ(x̄′)δ(z̄′)f q(µ2

s) + δ(z̄′)
Aq(µ2

s)

(x̄′)+
+ δ(z̄′)

(

Cq(µ2
s) ln(x̄

′) +Dq(µ2
s)
)]

+
(

x′ ↔ z′, Cq ↔ C̃q, Dq ↔ D̃q
)

, (5.33)

137



and we use the shorthand notation x̄′ = 1− x′, z̄′ = 1− z′.

With the boundary Q2 = 0, Ŝq(Q
2 = 0, x′, z′, ϵ) = δ(1− x′)δ(1− z′) to all orders in

as we obtain the solution to Eq. (5.29) as

Ŝq(Q
2, x′, z′, ϵ) = C exp

(
∫ Q2

0

dλ2

λ2
ΓŜq(λ

2, x′, z′, ϵ)

)

= C exp
(
2Φd,q(Q

2, x′, z′, ϵ)
)
. (5.34)

The exponent Φd,q can be decomposed into an IR singular part Φd,q,s and a finite

part Φd,q,f , i.e., Φd,q = Φd,q,s + Φd,q,f . Using this decomposition, we obtain Zq =

C exp(2Φd,q,s) and Sq,fin = C exp(2Φd,q,f ). The singular part is controlled by γŜq

given in Eq. (5.32). A careful inspection of the one- and two-loop results for Ŝq,

i.e., using the results presented in [171,172], provides hints to its all order structure.

However, before we proceed, we split Φd,q into the sum of two parts. The SV part

denoted by ΦSV
d,q contains only distributions such as δ(1 − ξ) and Dξ,i, while NSV

part ΦNSV
d,q summarizes all terms that are products of distributions and lni(1 − ξ)

with ξ = x′, z′. We find that ΦSV
d,q is symmetric under the interchange of x′ and z′

while ΦNSV
d,q is not. Our observations for Φd,q read as follows:

• For the SV terms, at order âs, the leading pole in ϵ starts at order two, at

â2s it is three and it is expected to increase by one unit at every order in

âs. Hence, at order â
i
s, the leading pole in ϵ will be of order i+ 1. As we had

already mentioned, this pole structure is completely dictated by pole structure

of ln |F̂q|2 and the AP kernels. For the NSV terms, we find that at order âs the

leading pole in ϵ is of order one and at two loops, it is two etc. This pattern

indicates that the increment of one unit for the leading poles is expected to

continue with the order of perturbation and hence at order âis, the leading pole

will be of order i.

• At every order in âs, for a given color factor, the combination of ϵ and the
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leading logarithm shows uniform transcendentality weight. If we assign nϵ

weight for ϵ−n and nD for Dn
ξ
, nL for lnn(1− ξ) and nζ for ζn then the highest

weight at every order in ϵ shows uniform transcendentality ω = nϵ+nD+nL+

nζ . For example, in SV, at NLO, we find ω = 2 at every order of ϵ and at

NNLO it is three (ω = 3) etc. For NSV, ω = 1 at NLO and ω = 2 at NNLO

at every order in ϵ etc.

The above observations on the fixed order results and the resemblance of Eq. (5.22)

with Eq. (5.29), the similarity in the pole structure of the respective kernels

Eqs. (5.23) and (5.30) and the renormalization group invariance reveal an all or-

der structure for ΦSV
d,q of the form:

ΦSV
d,q =

∞∑

i=1

âis

(
Q2(1− x′)(1− z′)

µ2

)i ϵ
2

Si
ϵ

[

(iϵ)2

4(1− x′)(1− z′)
ϕ̂
SV,(i)
d,q (ϵ)

]

, (5.35)

where

ϕ̂
SV,(i)
d,q (ϵ) =

1

iϵ

[

K
q(i)

d (ϵ) +G
q(i)

d,SV(ϵ)
]

, (5.36)

and for NSV part

ΦNSV
d,q =

∞∑

i=1

âis

(
Q2(1− x′)(1− z′)

µ2

)i ϵ
2

Si
ϵ

×
[

iϵ

4(1− x′)
φ̂
NSV,(i)
d,z′,q (z′, ϵ) +

iϵ

4(1− z′)
φ̂
NSV,(i)
d,x′,q (x′, ϵ)

]

. (5.37)

Here Sϵ = exp
(
ϵ
2
[γE − ln 4π]

)
with γE being the Euler Mascheroni constant. For

reader’s convenience, we have listed the results of K
q(i)

d and G
q(i)

d,SV in the Appendix-

F.2. After substituting them the constants ϕ̂
SV,(i)
d,q (ϵ) are found to be

ϕ̂
SV,(1)
d,q (ϵ) =

1

ϵ2

(

2Aq
1

)

+
1

ϵ

(

Gq

d,1(ϵ)

)

,
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ϕ̂
SV,(2)
d,q (ϵ) =

1

ϵ3

(

− β0A
q
1

)

+
1

ϵ2

(

1

2
Aq

2 − β0Gq

d,1(ϵ)

)

+
1

2ϵ
Gq

d,2(ϵ) ,

ϕ̂
SV,(3)
d,q (ϵ) =

1

ϵ4

(

8

9
β2
0A

q
1

)

+
1

ϵ3

(

− 2

9
β1A

q
1 −

8

9
β0A

q
2 −

4

3
β2
0G

q

d,1(ϵ)

)

+
1

ϵ2

(

2

9
Ac

3 −
1

3
β1Gq

d,1(ϵ)−
4

3
β0Gq

d,2(ϵ)

)

+
1

ϵ

(

1

3
Gq

d,3(ϵ)

)

,

ϕ̂
SV,(4)
d,q (ϵ) =

1

ϵ5

(

− β3
0A

q
1

)

+
1

ϵ4

(

2

3
β0β1A

q
1 +

3

2
β2
0A

q
2 − 2β3

0G
q

d,1(ϵ)

)

− 1

ϵ3

(

1

12
β2A

q
1 −

1

4
β1A

q
2 −

3

4
β0A

q
3 +

4

3
β0β1Gq

d,1(ϵ) + 3β2
0G

q

d,2(ϵ)

)

+
1

ϵ2

(

1

8
Aq

4 −
1

6
β2Gq

d,1(ϵ)−
1

2
β1Gq

d,2(ϵ)−
3

2
β0Gq

d,3(ϵ)

)

+
1

ϵ

(

1

4
Gq

d,4(ϵ)

)

.

(5.38)

The cusp anomalous dimensions Aq
i in the above equations carry the right sign to

cancel all the leading singularities against the form factor contributions in CFs. The

ϵ dependent terms Gq

d,i originate from |F̂q|2 as well as the CFs (∆)CJ,qq in Eq. (5.30).

Using renormalization group invariance and demanding the cancellation of single

poles in Eq. (5.38) against the form factor and the AP kernels, we can parameterize

Gq

d,i as,

Gq

d,i(ϵ) = −f q
i + χq

d,i +
∞∑

j=1

ϵjGq,(j)

d,i , (5.39)

where

χq
d,1 = 0 , χq

d,2 = −2β0Gq,(1)

d,1 , χq
d,3 = −2β1Gq,(1)

d,1 − 2β0

(

Gq,(1)

d,2 + 2β0Gq,(2)

d,1

)

χq
d,4 = −2β2Gq,(1)

d,1 − 2β1

(

Gq,(1)

d,2 + 4β0Gq,(2)

d,1

)

− 2β0

(

Gq,(1)

d,3 + 2β0Gq,(2)

d,2 + 4β2
0G

q,(3)

d,1

)

.

(5.40)
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Gq,(1)

d,1 = CF

{

− ζ2

}

, Gq,(2)

d,1 = CF

{

1

3
ζ3

}

,

Gq,(3)

d,1 = CF

{

1

80
ζ22

}

, Gq,(4)

d,1 = CF

{

1

20
ζ5 −

1

24
ζ2ζ3

}

,

Gq,(5)

d,1 = CF

{

1

144
ζ23 −

1

896
ζ32

}

,

Gq,(1)

d,2 = CFnf

{

− 328

81
+

8

3
ζ3 +

10

3
ζ2

}

+ CFCA

{

2428

81
− 44

3
ζ3 −

67

3
ζ2 − 4ζ22

}

,

Gq,(2)

d,2 = CFnf

{

976

243
− 70

27
ζ3 −

28

9
ζ2 +

29

60
ζ22

}

− CFCA

{

7288

243
− 43ζ5 −

469

27
ζ3

− 202

9
ζ2 +

71

3
ζ2ζ3 +

319

120
ζ22

}

,

Gq,(1)

d,3 = CFn
2
f

{

11584

2187
− 320

81
ζ3 −

316

27
ζ2 +

152

45
ζ22

}

− C2
Fnf

{

42727

324
− 112

3
ζ5

− 1672

27
ζ3 −

275

6
ζ2 + 40ζ2ζ3 −

152

15
ζ22

}

+ CFC
2
A

{

7135981

8748
− 1430

3
ζ5 − 936ζ3

+
536

3
ζ23 −

379417

486
ζ2 +

4136

9
ζ2ζ3 +

1538

45
ζ22 +

17392

315
ζ32

}

− CFCAnf

{

716509

4374
− 148

3
ζ5 −

12356

81
ζ3 −

51053

243
ζ2 +

392

9
ζ2ζ3 +

1372

45
ζ22

}

.

(5.41)

Here, CA = Nc and CF = N2
c−1
2Nc

are the quadratic Casimirs of the adjoint and

fundamental representations of SU(Nc), respectively, while nf denoted the number

of quark flavors. Note, that the constants in Eq. (5.41) are also related to the

threshold exponent Dq
(
as(q

2(1− z)2)
)
via Eq. (46) of [423].

The results for Gq,(j)

d,i for i = 1, 2 have been obtained from the NLO and NNLO

CFs expanded to sufficient order in ϵ [109, 171, 175]. We find that these results are

identical to the corresponding ones for the rapidity distribution of pairs of leptons

in DY production [272–274,405,424,441,470,496–499], see also [150,404,405], where

a conjecture on the relation between these two processes in the threshold limit had
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been proposed. Assuming that this conjecture holds true beyond NNLO, we have

used Gq,(1)

d,3 of the rapidity distribution for the DY process also for SIDIS at N3LO.

The all order result given in Eq. (5.35) is useful to obtain predictions for the SV

part of the CFs order by order as. However, to study the numerical impact of the

all order result, we need to perform a resummation in Mellin space. This can be

achieved by expressing the summations given in Eq. (5.35) in the integral form. The

integral representation for ΦSV
d,q for the DY process is given in [272] and the same

can be used for SIDIS in Eq. (5.35):

ΦSV
d,q(âs, Q

2, µ2, x′, z′, ϵ) =

[

1

2
δ(z̄′)

(

1

x̄′

{
∫ Q2x̄′

µ2
F

dλ2

λ2
Aq
(
as(λ

2)
)
+G

q
d

(
as
(
Q2x̄′

)
, ϵ
)

})

+

+Q2 d

dQ2

[(

1

4x̄′z̄′

{
∫ Q2x̄′z̄′

µ2
F

dλ2

λ2
Aq
(
as(λ

2)
)
+G

q
d

(
as
(
Q2x̄′z̄′

)
, ϵ
)

})

+

]

+
1

2
δ(x̄′)δ(z̄′)

∞∑

i=1

âis

(
Q2

µ2

)i ϵ
2

Si
ϵ ϕ̂

SV,(i)
d,q (ϵ)

+
1

2
δ(z̄′)

(
1

x̄′

)

+

∞∑

i=1

âis

(
µ2
F

µ2

)i ϵ
2

Si
ϵ K

q,(i)
d (ϵ)

]

+ (x′ ↔ z′) , (5.42)

In complete analogy to the SV part, using the renormalization group, the coefficients

φ̂
NSV,(i)
d,ξ,q in the NSV solution ΦNSV

d,q , Eq. (5.37) can be expanded as follows, for

ξ = x′, z′,

φ̂
NSV,(1)
d,ξ,q (ξ, ϵ) =

1

ϵ
Gq

d,ξ,1(ξ, ϵ) ,

φ̂
NSV,(2)
d,ξ,q (ξ, ϵ) =

1

ϵ2
(−β0Gq

d,ξ,1(ξ, ϵ)) +
1

2ϵ
Gq

d,ξ,2(ξ, ϵ) ,

φ̂
NSV,(3)
d,ξ,q (ξ, ϵ) =

1

ϵ3

(
4

3
β2
0G

q

d,ξ,1(ξ, ϵ)

)

+
1

ϵ2

(

− 1

3
β1Gq

d,ξ,1(ξ, ϵ)−
4

3
β0Gq

d,ξ,2(ξ, ϵ)

)

+
1

3ϵ
Gq

d,ξ,3(ξ, ϵ) ,

φ̂
NSV,(4)
d,ξ,q (ξ, ϵ) =

1

ϵ4
(−2β3

0G
q

d,ξ,1(ξ, ϵ)) +
1

ϵ3

(
4

3
β0β1Gq

d,ξ,1(ξ, ϵ) + 3β2
0G

q

d,ξ,2(ξ, ϵ)

)

+
1

ϵ2

(

− 1

6
β2Gq

d,ξ,1(ξ, ϵ)−
1

2
β1Gq

d,ξ,2(ξ, ϵ)−
3

2
β0Gq

d,ξ,3(ξ, ϵ)

)
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+
1

4ϵ
Gq

d,ξ,4(ξ, ϵ) . (5.43)

In order to cancel the collinear poles from the AP kernels, the quantities Gq

d,ξ,i(ξ, ϵ)

can be further decomposed as

Gq

d,x′,i(x
′, ϵ) = 2Lq

i (x
′) + χq

d,x′,i(x
′) +

∞∑

j=1

ϵjGq,(j)

d,x′,i(x
′) ,

Gq

d,z′,i(z
′, ϵ) = 2L̃q

i (z
′) + χq

d,z′,i(z
′) +

∞∑

j=1

ϵjGq,(j)

d,z′,i(z
′)

(5.44)

with Lq
i (x
′) = Cq

i ln(1− x′) +Dq
i and L̃q

i (z
′) = C̃q

i ln(1− z′) + D̃q
i and

χq
d,ξ,i(ξ) = χq

d,i

∣
∣
∣(
Gq,(j)d,i →G

q,(j)
d,ξ,i(ξ)

) , (5.45)

where χq
d,i is given in Eq. (5.40). The coefficients Cq

i (C̃
q
i ) and D

q
i (D̃

q
i ) are related to

the cusp Aq
i and virtual Bq

i anomalous dimensions in the following way [265,500–502],

see also [503]. For space-like splitting functions one has

Cq
1 =0 , Cq

2 =
(
Aq

1

)2
, Cq

3 = 2Aq
1A

q
2 ,

Cq
4 =
(
Aq

2

)2
+ 2Aq

1A
q
3 , (5.46)

Dq
1 =− Aq

1 , Dq
2 = −Aq

2 − Aq
1 (−Bq

1 + β0) ,

Dq
3 =− Aq

3 − Aq
1 (−Bq

2 + β1)− Aq
2 (−Bq

1 + β0) ,

Dq
4 =− Aq

4 − Aq
1(−Bq

3 + β2)− Aq
2(−Bq

2 + β1)− Aq
3(−Bq

1 + β0) . (5.47)

and for the time-like ones,

C̃q
1 =0 , C̃q

2 = −
(

Aq
1

)2

, C̃q
3 = −2Aq

1A
q
2 ,

C̃q
4 =−

(
Aq

2

)2 − 2Aq
1A

q
3, (5.48)
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D̃q
1 =− Aq

1 , D̃q
2 = −Aq

2 − Aq
1 (B

q
1 + β0) ,

D̃q
3 =− Aq

3 − Aq
1 (B

q
2 + β1)− Aq

2 (B
q
1 + β0) ,

D̃q
4 =− Aq

4 − Aq
1(B

q
3 + β2)− Aq

2(B
q
2 + β1)− Aq

3(B
q
1 + β0) . (5.49)

The renormalised coefficients Gq,(j)

d,ξ,i (ξ) in the above equations are parametrized in

terms of lnk(1− ξ), k = 0, 1, · · · and all the terms vanishing as ξ → 1 are dropped

Gq,(j)

d,ξ,i (ξ) =

i+j−1
∑

k=0

Gq,(j,k)

d,ξ,i lnk(1− ξ) . (5.50)

The leading term in ln(1− ξ) at every order in as depends on the power of as, but

also the power of ϵ. The leading power of ln(1− ξ) can be determined by expanding

the partonic cross sections to high accuracy in ϵ at every order in as. One can also

use the mass factorised results such as the CFs to determine them. In the former

approach, we have computed the partonic cross section at NLO to an accuracy of

ϵ up to third order and at NNLO to first power in ϵ. We expect that the observed

pattern for those logarithms persists at higher orders and we can extrapolate to all

orders in âs and ϵ by fixing the highest power for ln(1−ξ) to be i+j−1 in Eq. (5.50).

For a resummation to all orders an integral form for ΦNSV
d,q is needed to study its

numerical impact. In order to do this, we decompose ΦNSV
d,q as a sum of a singular

part and a finite part. The singular part can be obtained by setting all the terms to

zero in Eq. (5.44) except the first one, 2Lq
i and 2L̃q

i . It contains the correct terms that

will cancel against NSV terms of the AP kernels. We write ΦNSV
d,q = ΦNSV

d,q,s + ΦNSV
d,q,f ,

where the first term is singular as ϵ→ 0 and contains only Lq
i as well as L̃

q
i and the

second one contains the finite remainder. This decomposition facilitates to express

ΦNSV
d,q in an integral form as follows:

ΦNSV
d,q =

1

2
δ(x̄′)

∫ Q2z̄′

µ2
F

dλ2

λ2
L̃q
(
as(λ

2), z′
)
+

1

2

(

1

x̄′
L̃q
(
as(Q

2x̄′z̄′), z′
)

)

+
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+
1

2
δ(x̄′)φq

d,z′,f

(
as(Q

2z̄′), z′
)
+

1

2

(

1

x̄′
Q2 d

dQ2
φq
d,z′,f

(
as(Q

2x̄′z̄′), z′
)

)

+

+
1

2
δ(x̄′)

∞∑

i=1

âis

(
µ2
F

µ2

)i ϵ
2

Si
ϵφ

(i)
d,z′,s(z

′, ϵ) +
(

L̃q ↔ Lq, x′ ↔ z′
)

. (5.51)

In the above equation, the term containing φ
(i)
d,ξ,s is singular while the remaining

ones are all finite as ϵ → 0. The fact that ΦNSV
d,q is renormalization group invariant

implies that φq
d,ξ,s(as(µ

2
F ), ξ) =

∑∞
i=1 â

i
s

(
µ2
F

µ2

)i ϵ
2
Si
ϵφ

(i)
d,ξ,s(ξ, ϵ) satisfies the equations

µ2
F

d

dµ2
F

φq
d,x′,s(as(µ

2
F ), x

′) =Lq(as(µ
2
F ), x

′) ,

µ2
F

d

dµ2
F

φq
d,z′,s(as(µ

2
F ), z

′) =L̃q(as(µ
2
F ), z

′) , (5.52)

where

Lq(as(µ
2
F ), x

′) =
∞∑

i=1

ais(µ
2
F )L

q
i (x
′) , L̃q(as(µ

2
F ), z

′) =
∞∑

i=1

ais(µ
2
F )L̃

q
i (z
′) . (5.53)

Having fixed the divergent part of ΦNSV
d,q completely, we need to understand all order

structure of the finite piece φq
d,ξ,f . Using Eq. (5.50), we can expand this functions

in powers of renormalised coupling as:

φq
d,ξ,f (as(λ

2), ξ) =
∞∑

i=1

ais(λ
2)

i∑

k=0

φ
(k)
q,ξ,i ln

k(1− ξ) , (5.54)

where the highest power of ln(1−ξ) aligns at each order in as with that in Eq. (5.50).

The coefficients φ
(k)
q,ξ,i can be expressed in terms of their unrenormalised counter part

Gq,(j,k)

d,ξ,i ’s in Eq. (5.50) as:

φ
(k)
q,ξ,1 = Gq,(1,k)

d,ξ,1 , k = 0, 1

φ
(k)
q,ξ,2 =

(
1

2
Gq,(1,k)

d,ξ,2 + β0Gq,(2,k)

d,ξ,1

)

, k = 0, 1, 2

φ
(k)
q,ξ,3 =

(
1

3
Gq,(1,k)

d,ξ,3 +
2

3
β1Gq,(2,k)

d,ξ,1 +
2

3
β0Gq,(2,k)

d,ξ,2 +
4

3
β2
0G

q,(3,k)

d,ξ,1

)

, k = 0, 1, 2, 3
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φ
(k)
q,ξ,4 =

(
1

4
Gq,(1,k)

d,ξ,4 +
1

2
β2Gq,(2,k)

d,ξ,1 +
1

2
β1Gq,(2,k)

d,ξ,2 +
1

2
β0Gq,(2,k)

d,ξ,3 + 2β0β1Gq,(3,k)

d,ξ,1

+β2
0G

q,(3,k)

d,ξ,2 + 2β3
0G

q,(4,k)

d,ξ,1

)

, k = 0, 1, 2, 3, 4 (5.55)

The structure of divergent and finite pieces of ΦNSV
d,q allows us to determine the

coefficients Gq,(j,k)

d,ξ,i . Since our final result depends on φ
(k)
q,ξ,i we can directly determine

them by comparison with the fixed order results for the CFs, known to NNLO

level [171–173,175,176,184] and they are listed below:

φ
(0)
q,x′,1 = CF

{

− 4

}

, φ
(1)
q,x′,1 = 0 ,

φ
(0)
q,x′,2 = CFCA

{
1108

27
− 28ζ3 −

44

3
ζ2

}

− CFnf

{
52

27
− 8

3
ζ2

}

− C2
F

{

8ζ2

}

,

φ
(1)
q,x′,2 = CFCA

{

− 10

}

+ C2
F

{

10

}

, φ
(2)
q,x′,2 = C2

F

{

4

}

, (5.56)

φ
(0)
q,z′,1 = CF

{

4

}

, φ
(1)
q,z′,1 = 0 ,

φ
(0)
q,z′,2 = CFCA

{
1492

27
− 28ζ3 −

68

3
ζ2

}

− CFnf

{
364

27
− 8

3
ζ2

}

− C2
F

{

16ζ2

}

,

φ
(1)
q,z′,2 = CFCA

{

10

}

− C2
F

{

10

}

, φ
(2)
q,z′,2 = C2

F

{

− 4

}

, (5.57)

Note that the constants φ
(k)
q,x′,i are different from φ

(k)
q,z′,i unlike those that appearing

in rapidity distributions of the DY process, see [274].

In this section, we established the master formula for the diagonal coefficient func-

tions and analyzed its constituent building blocks, namely the quark form factor, the

mass-factorization kernels, and the soft function. We reviewed the renormalization

group equations and differential equations governing each of these ingredients, high-

lighting their universal infrared structure. Exploiting these properties together with

the known fixed-order results, we derived the all-order structure of the soft-virtual

(SV) and next-to-soft-virtual (NSV) contributions to the soft function. Furthermore,

we obtained integral representations for both the SV and NSV exponents, which pro-
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vide the foundation for the Mellin-space threshold resummation developed in the

following section.

5.4 All order result

Having established the all-order structure of the constituent building blocks of the

master formula, we now combine them to obtain the all-order expression for the

diagonal coefficient functions. Substituting the integral representations for ΦSV
d,q in

Eq. (5.42), for ΦNSV
d,q in Eq. (5.51), the solutions to the form factor in Eq. (5.24) and

the AP kernels in Eq. (5.26) into Eq. (5.17). We find that all the soft and collinear

singularities cancel among themselves leaving SV and NSV parts of the CFs IR

finite.

(∆)CSV+NSV
J,qq = C exp

(

Ψq
d

(
Q2, µ2

F , x
′, z′, ϵ

)
)∣
∣
∣
∣
ϵ=0

, (5.58)

where the IR finite expression Ψq
d takes a simple form

Ψq
d =

δ(x′)

2

(
∫ Q2z′

µ2
F

dλ2

λ2
P̃q
(
as(λ

2), z′
)
+Qq

(
as(Q

2
2), z

′)
)

+

+
1

4

(

1

x′

{

P̃q
(
as(Q

2
12), z

′)+ 2L̃q
(
as(Q

2
12), z

′)

+Q2 d

dQ2

(

Qq
(
as(Q

2
2), z

′)+ 2φq
d,z′,f

(
as(Q

2
2), z

′)
)})

+

+
1

2
δ(x′) δ(z′) ln

(

gqd,0
(
as(µ

2
F )
) )

+
(

x′ ↔ z′
)

. (5.59)

Here, we use the short-hands x′ = (1− x′) and z′ = (1− z′), Q2
1 = Q2 x′,Q2

2 = Q2 z′

and Q2
12 = Q2 x′ z′. The subscript + indicates the standard plus distribution. In the
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above equation, Pq, P̃q are related diagonal splitting functions given in Eq. (5.28),

Pq(as, x
′) = Pq←q(µ

2
s, x
′)− 2Bq(as)δ(x

′),

P̃q(as, z
′) = P̃q←q(µ

2
s, z
′)− 2Bq(as)δ(z

′) , (5.60)

and Qq
d(as, z

′) = 2
z′
Gq

d(as) + 2 φq
d,z′,f (as, z

′) and similar for x′. Note that gqd,0 is

process-dependent and receives contributions only from the form factor and finite

parts of ΦSV
d,q .

The result for (∆)CSV+NSV
J,qq in Eq. (5.59) is valid to all orders in as. The exponent

Ψq
d contains universal (process independent) quantities such as the QCD β function

and anomalous dimensions Aq, Bq, f q etc. and process dependent quantitiesGq
d, φ

q
d,ξ,f

and gqd,0. Each of them can be expanded in powers of as, hence Ψq
d is expanded as

Ψq
d(Q

2, µ2
F ) =

∞∑

i=1

ais(µ
2
R)Ψ

q,(i)
d (Q2, µ2

F , µ
2
R) , (5.61)

where we have suppressed the dependence on x′, z′ in Ψq
d and Ψ

q,(i)
d .

The result in Eq. (5.58) is the main result. It sums up towers of SV and NSV terms

to all orders in as in those CFs, which dominate near threshold. The particular

logarithmic structure of Ψq
d given in Eq. (5.59) allows us to predict certain SV and

NSV terms to any order in as, i.e., a
n
s for the diagonal CFs for all n ≥ 1, provided Ψq

d

is known up to order ams with n > m. The achievable accuracy of those predictions

for Ψ
q,(i)
d s for i = 1, 2, 3 and for general i = n is summarized in Tabs. 5.1 and

5.2. For example, if we know only Ψ
q,(1)
d , we can predict the following terms for

(∆)C(2)
J,cc, i.e., for the SV part, {δx′D3

z′ , δz′D3
x′} and {Di

x′Dj
z′} for i + j = 2 and,

likewise, for the NSV one {δx′L3
z′ , δz′L3

x′}, and {Di
x′Lj

z′ ,Di
z′L

j
x′} for i + j = 2. If,

in addition, we allow for terms present in Ψ
q,(2)
d which depend only on information

about Ψ
q,(1)
d , then, because of the renormalization group equations, we can predict,

for the SV part also {δx′D2
z′ , δz′D2

x′} and {Di
x′Dj

z′} for i + j = 1, and for the NSV
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GIVEN PREDICTIONS FOR SV

Ψ
q,(1)
d Ψ

q,(2)
d Ψ

q,(3)
d Ψ

q,(n)
d (∆)C

(2)
J,cc (∆)C

(3)
J,cc (∆)C

(i)
J,cc

δx′δz′ ,D
j

x′D
k
z′

D
j′

x′δz′ ,D
j′

z′δx′

j + k = 0

j′ = 1, 0

D
j

x′D
k
z′ ,

D
j′

x′δz′ ,D
j′

z′δx′

j + k = 2, 1

j′ = 3, 2

D
j

x′D
k
z′ ,

D
j′

x′δz′ ,D
j′

z′δx′

j + k = 4, 3

j′ = 5, 4

D
j

x′D
k
z′ ,D

j′

x′δz′ ,D
j′

z′δx′

j + k = 2i − 2, 2i − 3

j′ = 2i − 1, 2i − 2

δx′δz′ ,D
j

x′D
k
z′

D
j′

x′δz′ ,D
j′

z′δx′

j + k = 2, 1, 0

j′ = 3, ..., 0

D
j

x′D
k
z′ ,

D
j′

x′δz′ ,D
j′

z′δx′

j + k = 4, 3, 2, 1

j′ = 5, 4, 3, 2

D
j

x′D
k
z′ ,D

j′

x′δz′ ,D
j′

z′δx′

j + k = 2i − 2, ..., 2i − 4, 2i − 5

j′ = 2i − 1, ..., 2i − 3, 2i − 4

δx′δz′ ,D
j

x′D
k
z′

D
j′

x′δz′ ,D
j′

z′δx′

j + k = 4, ..., 0

j′ = 5, ..., 0

D
j

x′D
k
z′ ,D

j′

x′δz′ ,D
j′

z′δx′

j + k = 2i − 2, ..., 2i − 5, ..., 2i − 7

j′ = 2i − 1, ..., 2i − 4, ..., 2i − 6

δx′δz′ ,D
j

x′D
k
z′

D
j′

x′δz′ ,D
j′

z′δx′

j+k = 2n−2, ..., 0

j′ = 2n − 1, ..., 0

D
j

x′D
k
z′ ,D

j′

x′δz′ ,D
j′

z′δx′

j+k=2i−2,...,2i−n−2,...,2i−2n−1

j′ = 2i − 1,...,2i − n − 1,...,2i − 2n

Table 5.1: Towers of SV Distributions (δx′ , δz′ ,Dx′ ,Dz′) that can be predicted for

(∆)C(i)
J,cc for c = q, q given Ψ

q,(n)
d , j, k ≥ 0 and δξ = δ(1 − ξ), Dj

ξ
=
[
lnj(1−ξ)

1−ξ

]

+
with

ξ = x′, z′.

GIVEN, SV + PREDICTIONS FOR NSV

Ψ
q,(1)
d Ψ

q,(2)
d Ψ

q,(3)
d Ψ

q,(n)
d (∆)C

(2)
J,cc (∆)C

(3)
J,cc (∆)C

(i)
J,cc

L
j′

x′δz′ ,L
j′

z′δx′

D
j

x′L
k
z′ ,

D
j

z′L
k
x′

j + k = 0

j′ = 1, 0

D
j

x′L
k
z′ ,D

j

z′L
k
x′

L
j′

x′δz′ ,L
j′

z′δx′

j + k = 2

j′ = 3

D
j

x′L
k
z′ ,D

j

z′L
k
x′

L
j′

x′δz′ ,L
j′

z′δx′

j + k = 4

j′ = 5

D
j

x′L
k
z′ ,D

j

z′L
k
x′ ,L

j′

x′δz′ ,L
j′

z′δx′

j + k = 2i − 2

j′ = 2i − 1

L
j′

x′δz′ ,L
j′

z′δx′

D
j

x′L
k
z′ ,

D
j

z′L
k
x′

j + k = 2, 1, 0

j′ = 3, ..., 0

D
j

x′L
k
z′ ,D

j

z′L
k
x′

L
j′

x′δz′ ,L
j′

z′δx′

j + k = 4, 3, 2

j′ = 5, 4

D
j

x′L
k
z′ ,D

j

z′L
k
x′ ,L

j′

x′δz′ ,L
j′

z′δx′

j + k = 2i − 2, 2i − 3, 2i − 4

j′ = 2i − 1, 2i − 2

L
j′

x′δz′ ,L
j′

z′δx′

D
j

x′L
k
z′ ,

D
j

z′L
k
x′

j + k = 4, ..., 0

j′ = 5, ..., 0

D
j

x′L
k
z′ ,D

j

z′L
k
x′ ,L

j′

x′δz′ ,L
j′

z′δx′

j + k = 2i − 2, ..., 2i − 5, 2i − 6

j′ = 2i − 1, ..., 2i − 3

L
j′

x′δz′ ,L
j′

z′δx′

D
j

x′L
k
z′ ,D

j

z′L
k
x′

j+k = 2n−2, ..., 0

j′ = 2n − 1, ..., 0

D
j

x′L
k
z′ ,D

j

z′L
k
x′ ,L

j′

x′δz′ ,L
j′

z′δx′

j + k=2i − 2,...,2i − n − 2,...,2i − 2n

j′ = 2i − 1, ..., 2i − n

Table 5.2: Towers of NSV logarithms that can be predicted for (∆)C(i)
J,cc for c = q, q

given Ψ
q,(n)
d , j, k ≥ 0 and δξ = δ(1− ξ), Dj

ξ
=
[
lnj(1−ξ)

1−ξ

]

+
and Lj

ξ
= lnj(1− ξ) with

ξ = x′, z′.
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part {D1
x′L0

z′ ,D1
z′L0

x′}. Knowledge on higher-order corrections to the anomalous

dimensions leads to predictions for the SV terms {δx′Di
z′ , δz′Di

x′} for i = 0, 1 and

{D0
x′D0

z′} and for the NSV terms {D0
x′Li

z′ ,D0
z′Li

x′} for i = 0, 1. We elaborate on these

predictions in Appendix-E, where explicit third and fourth order results in as using

the Ψ
q,(i)
d s at i = 1, 2 and together with partial results on Ψ

q,(i)
d s for i > 2.

The all-order expression derived in this section constitutes the central result of the

present work. By combining the universal infrared structure of the quark form

factor, the mass-factorization kernels, and the soft function, we have assembled all

the ingredients entering the master formula, thereby establishing the framework that

systematically resums the threshold-enhanced soft-virtual (SV) and next-to-soft-

virtual (NSV) contributions. Moreover, the predictive structure of the exponent Ψq
d

enables the determination of higher-order threshold logarithms beyond the currently

available fixed-order calculations.

5.5 Resummation in Mellin space

The formalism for the SV and NSV terms applied in the previous section is useful for

obtaining results in (x′, z′) space at a given order ans , provided that the exponent Ψq
d

is known to order ams , wherem = 1, · · · , n−1. It is impractical, though, for studying

the numerical impact at all orders in as, because it involves iterated convolutions

among distributions as well as among distributions and powers of ln(1 − ξ) terms,

which become difficult to evaluate at higher orders in as. All-order resummation

of our result in Eq. (5.58) is therefore carried out in Mellin space spanned by two

complex numbers Ni, i = 1, 2, taking double Mellin moments with respect to Ni, i =

1, 2 of CF given in Eq. (5.58). In Mellin space, the convolution C of the exponential

in Eq. (5.58) becomes an exponential of the double Mellin moment of the exponent
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Ψq
d, i.e.,

(∆)CN⃗
J,qq =N

∫ 1

0

dx′x′
N1−1

∫ 1

0

dz′z′
N2−1(∆)CSV+NSV

qq (x′, z′)

= exp

(

N
∫ 1

0

dx′x′
N1−1

∫ 1

0

dz′z′
N2−1Ψq

d(x
′, z′)

)

=exp
(

GN⃗
d,q

)

, (5.62)

where we have suppressed the dependence on the scales Q2 and µ2
F . In Mellin N⃗ -

space, N⃗ = (N1, N2), the threshold limits of the (x′, z′) space , namely {x′, z′} →

{1, 1}, correspond to taking both {N1, N2} → {∞,∞} and the limits on N1 and N2

are applied simultaneously. The symbol N in Eq. (5.62) indicates that we retain

only the (N1, N2) space versions of SV and NSV terms, which are denoted as SV

and NSV, respectively. Recall that, in the large-N limit, the Mellin moments of the

threshold distributions exhibit the following structure,

δ(1− ξ) → 1 ,

Di
ξ → lni+1(N) + · · ·+ 1

N

(

lni(N) + · · ·
)

+O
(

1

N2

)

,

lni(1− ξ) → 1

N

(

lni(N) + · · ·
)

+O
(

1

N2

)

. (5.63)

Here, the above relations are schematic and are provided only to demonstrate the

characteristic logarithmic behavior in the large-N limit. Note, SV terms are of

the form lni(N1) ln
j(N2) with i, j = 0, · · · ,∞. NSV terms, on the other hand,

include corrections of the type 1/Ni. They are of the form lni(N1)/N1 ln
j(N2) or

lni(N1) ln
j(N2)/N2 where i, j = 0, · · · ,∞. All other terms are classified as BNSV.

We use the overline notations to distinguish the N⃗ -space approximations for those

directly obtained in (x′, z′) space, because the inverse Mellin transform of SV terms

in (x′, z′) space yields SV terms as well as NSV and BNSV terms. Similarly, the

inverse Mellin transform of NSV terms will produce NSV and BNSV terms in (x′, z′)

space.

151



The Mellin moments of Eq. (5.42) contain terms of the type ω = as(µ
2
R)β0 ln(N1N2)

as well as single logarithms ωi = as(µ
2
R)β0 ln(Ni), where large logarithms ln(Ni) and

the strong coupling as(µ
2
R) at moderate values combine into an effective expansion

parameter of O(1), spoiling the reliability of perturbative predictions, if truncated

at specific order in as. A systematic reorganization of the N⃗ -space in the exponent

sums all the terms containing ω, ωi etc using the resummed expression for strong

coupling as as described in Appendix-E of [179], which was derived using [504].

By rewriting GN⃗
d,q = G

N⃗

d,q +GN⃗=1⃗
d,q and defining g̃qd,0 = exp(GN⃗=1⃗

d,q ), we obtain

(∆)CN⃗
J,qq = g̃qd,0(Q

2, µ2
F ) exp

(

G
N⃗

d,q(Q
2, µ2

F )

)

. (5.64)

We expand these N⃗ -independent constants as g̃qd,0 =
∞∑

i=0

ais(µ
2
R) g̃

q
d,0,i(Q

2, µ2
F , µ

2
R), so

that the resummed result takes the following form,

G
N⃗

d,q =g
q
d,1(ω) lnN1 +

∞∑

i=0

ais

(

1

2
gqd,i+2(ω) +

1

N1

gqd,i(ω)

)

+
1

N1

(

hqd,0(ω,N1) +
∞∑

i=1

aish
q
d,i(ω, ω1, N1)

)

+ (N1 ↔ N2, ω1 ↔ ω2) , (5.65)

where

hqd,0(ω,Nl) = hqd,0,0(ω) + hqd,0,1(ω) lnNl ,

hqd,i(ω, ωl, Nl) =
i−1∑

k=0

hqd,i,k(ω, ωl) lnkNl + h̃qd,i,i(ω, ωl) lniNl . (5.66)

The functions gqd,i and g
q
d,i are derived from ΦSV

d,q , as given in Eq. (5.42), and hqd,0 and

hqd,i originate from ΦNSV
d,q , as given in Eq. (5.51).

For brevity, we refrain from displaying these resummation exponents explicitly here.

Their expressions are collected in the Appendix-H of [179].
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5.6 Physical Evolution Kernel

The ingredients of SIDIS structure functions, CFs as well as the PDFs and FFs are

defined in a factorization scheme, but structure functions themselves, being physical

observables are scheme independent. This inherent scheme independence allows to

derive a scheme-invariant combination of CFs and splitting functions by constructing

a system of differential equations among the structure functions [97, 346, 505, 506].

Such physical evolution equations have been employed previously in refs. [507–509]

to obtain certain NSV terms for the CFs of inclusive DIS. With an ansatz based on

the known results for the CFs and the AP kernels from fixed order computations,

predictions for the second and third orders CFs of structure functions in inclusive

DIS were made [509], finding agreement for some of the color factors. A systematic

construction of physical evolution kernels (PEK), relying on the observation about

the logarithmic structure of, namely the single-logarithmic enhancement in ln(1−z)

at large z to all orders, has been performed for the CFs of inclusive DIS, semi-

inclusive e+e− annihilation and the DY process in [462] (also see refs. [463, 491]).

By conjecturing that this behavior holds true at every order in as, constraints on the

structure of the corresponding leading ln(1−z) terms in the kernel could be derived

and predictions for power suppressed contributions, including NSV logarithms at

higher orders in as, were obtained, in agreement with known third-order results for

DY and Higgs production [510,511].

Following ref. [462], we have established physical evolution equations for the struc-

ture functions F1, F2, and g1 to analyze the PEK in the SV and NSV limits. In

these limits, we have found that the evolution equations simplify significantly, with

only diagonal splitting functions and diagonal CFs contributing to the PEK. Setting

µ2
F = Q2 for convenience, we find
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Q2 d

dQ2
(g1)FJ =

{

1

2
(∆)Pq←q(as) +

1

2
P̃q←q(as)

+ β(as)
d(∆)CJ,qq(as)

das
⊗
(

(∆)CJ,qq(as)
)−1
}

⊗ (g1)FJ

= (∆)KJ ⊗ (g1)FJ

=
∞∑

l=0

al+1
s (∆)KJ,l ⊗ (g1)FJ , (5.67)

where as = as(Q
2). Note that the kernels KJ,l in the differential equations contain

scheme-dependent CFs and splitting functions. However, because of the scheme

invariance of the structure functions, the kernels also have to be invariant under

scheme transformations. Since, in the SV + NSV limit, the polarized and unpolar-

ized coefficient functions, as well as the corresponding splitting functions, coincide

for J = 1, 2, we suppress the symbol ∆ and J throughout this section. Using

Eq. (5.5), and expanding the QCD β function and the splitting functions in powers

of as, we get,

K0 =
1

2
P q
0 +

1

2
P̃ q
0 ,

K1 =
1

2
P q
1 +

1

2
P̃ q
1 − β0C(1)

q ,

K2 =
1

2
P q
2 +

1

2
P̃ q
2 − β1C(1)

q − 2β0C(2)
q + β0C(1)

q ⊗2 ,

K3 =
1

2
P q
3 +

1

2
P̃ q
3 − β2C(1)

q − 2β1C(2)
q − 3β0C(3)

q + 3β0C(2)
q ⊗ C(1)

q + β1C(1)
q ⊗2

− β0C(1)
q ⊗3 ,

K4 =
1

2
P q
4 +

1

2
P̃ q
4 − β3C(1)

q − 2β2C(2)
q − 3β1C(3)

q − 4β0C(4)
q + 4β0C(3)

q ⊗ C(1)
q

+ 2β0C(2)
q ⊗2 +3β1C(2)

q ⊗ C(1)
q − 4β0C(2)

q ⊗ C(1)
q ⊗2 +β2C(1)

q ⊗2 −β1C(1)
q ⊗3

+ β0C(1)
q ⊗4 . (5.68)

In the above, we have used short-hand notation C(l)
q for C(l)

J,qq and C(l)
q ⊗i, for the
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(i−1)-fold convolution of C(l)
q with itself, i.e., C(1)

q ⊗2 = C(1)
q ⊗C(1)

q etc. Following the

approach of ref. [462] and using CFs known to second order [171–173, 175, 176, 184]

in as, we obtain Kl for l = 0, 1, 2 in N⃗ -space, The results are given in Appendix-G.

Some observations from looking at the structure of Kl for , l = 0, 1, 2,

• In the SV part of Kl, the highest power of logarithms Ni is constrained, for

example for the logarithms lni(N1) ln
j(N2), we find 0 ≤ i+ j ≤ l + 1.

• In the NSV part of Kl, the power of highest logarithms is constrained, for

example, for the logarithms 1
N1

lni(N1) ln
j(N2) or

1
N2

lni(N1) ln
j(N2), we have

the limit on i, j as 0 ≤ i+ j ≤ l.

Thus, also the SIDIS PEK shows a single-logarithmic enhancement, both in (x′, z′)

space as well as in N⃗ space, similar to what was observed in ref. [462] in the case of

PEKs from inclusive cross-sections. If we conjecture that this logarithm structure

persists at every order in as for Kl, then we can determine certain SV and NSV

logarithms at a given order l for C(l)
q from the knowledge of AP kernels and CFs

from previous order in as, i.e., results for all orders up to aks where k < l.

The validation of the SIDIS PEK predictions against the known second-order CFs

can be readily performed. We use K0 and K1, i.e., the PEKs known from the

NLO CFs and NLO splitting functions. Then, for SV terms, the maximum sum of

logarithmic powers is (i+ j)|max = 3 for terms of the form lni(N1) ln
j(N2). For NSV

terms, the constraint is (i+ j)|max = 2 for logarithms of the form 1
N1

lni(N1) ln
j(N2)

or 1
N2

lni(N1) ln
j(N2). By substituting explicit results for P q

2 , P̃
q
2 and C(1)

q in K2 of

Eq. (5.68), and applying the general structure of SV and NSV terms specified in

Eq. (5.8), we impose the condition that all terms with i+ j > 3 for SV and i+ j > 2

for NSV must vanish. This process yields a set of 13 equations relating the second-

order coefficients C
(2),ξ1ξ2
J,ab in Eq. (5.8). The solutions to these equations provide the

NNLO coefficients for terms such as δx′{Di
z′ ,Li

z′} with i = 3 and {Di
x′Dj

z′ ,Di
x′Lj

z′}
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with i+j = 2, along with similar terms where x′ ↔ z′. We find that these predictions

are in complete agreement with the results obtained from explicit computations

[171–173,175,176,184].

Next, by using known NNLO results, we can predict the third and fourth-order

results for CFs, i.e., classes of logarithms for C(3)
q and C(4)

q . For SV terms in K3, we

consider logarithms of the form lni(N1) ln
j(N2) with the constraint (i + j)|max = 4,

and for NSV logarithms 1
N1

lni(N1) ln
j(N2) or 1

N2
lni(N1) ln

j(N2), the constraint is

(i+j)|max = 3. By imposing that there are no SV logarithms for i+j > 4 and no NSV

logarithms exist for i+ j > 3, we obtain a system of 35 linear equations that relate

the coefficients C
(3),ξ1ξ2
J,ab . Solving for these coefficients, we can predict 35 different

logarithms at N3LO level. For example, at third order, for the CF C(3)
q in (x′, z′)-

space, we can predict terms such as δx′{Di
z′ ,Li

z′} for i = 4, 5 and {Di
x′Dj

z′ ,Di
x′Lj

z′}

for i + j = 3, 4 and similarly for x′ ↔ z′. We have found that all these predictions

are in complete agreement with those obtained using the resummation approach.

Similarly, we can determine the coefficients of highest logarithms in C(4)
q by observing

that the SV logarithms of the form lni(N1) ln
j(N2) are constrained by (i+j)|max = 5

and for NSV logarithms, 1
N1

lni(N1) ln
j(N2) or 1

N2
lni(N1) ln

j(N2), the constraint is

(i+ j)|max = 4. These constraints yield a system of 66 equations, with which we can

predict 47 SV and NSV logarithms in C(4)
q , namely terms of the form δx′{Di

z′ ,Li
z′}

for i = 6, 7 and {Di
x′Dj

z′ ,Di
x′Lj

z′} for i + j = 5, 6, including analogous terms where

x′ ↔ z′. These predictions are also in agreement with the ones obtained via the

resummation approach. However, the remaining 19 equations require information

from C(3)
q and hence we cannot predict them using this current approach.

Alternatively, the physical evolution kernel can be derived within the resummation

formalism. Using Eq. (5.58), together with the perturbative expansion in Eq. (5.61),
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we obtain

Kl = Q2 d

dQ2
Ψ

q,(l+1)
d (5.69)

In this section, we analyzed the threshold behavior of the physical evolution kernels

(PEK) for the SIDIS structure functions. Exploiting their logarithmic structure, we

obtained independent predictions for the threshold-enhanced SV and NSV contri-

butions. The agreement of these predictions with those derived from the master

formula provides a non-trivial validation of the all-order resummation framework.

Having established the consistency of the formalism through two independent ap-

proaches, we now proceed to investigate its phenomenological implications.

5.7 Phenomenology

We illustrate the impact of resummed SV and NSV contributions on the structure

functions F1 and g1 for the EIC at a center-of-mass energy of
√
s = 140 GeV. In

the following, we perform resummation at various logarithmic accuracies, namely

LL, NLL and NNLL, where the bar denotes the inclusion of both SV and NSV log-

arithms. As shown in the first row of Tab. 5.3, the resummed result at LL accuracy

requires the resummed exponents {g̃qd,0,0, gqd,1, gqd,0, hqd,0}. They systematically resum

SV logarithms of the form {lniN1 ln
j N2} (where i + j = 2n) and NSV logarithms

like { lni N1

N1
lnj N2,

lni N2

N2
lnj N1} (where i+ j = 2n− 1) at nth order in as, i.e., a

n
s for

all n > 1:

(∆)CLL
J,qq,N⃗

=
(

g̃qd,0,0

)

exp

[

gqd,1(ω) lnN1+
1

N1

(

gqd,0(ω)+h
q
d,0(ω,N1)

)

+ (N1 ↔ N2)

]

.

(5.70)
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Similarly, for the resummed result at NLL accuracy, as detailed in the second row

of Tab. 5.3, we require the additional resummation exponents {g̃qd,0,1, gqd,2, gqd,1, hqd,1}

alongside the LL exponents. This suffices to sum up the next-to-leading SV loga-

rithms and next-to-highest NSV logarithms to all orders. Specifically, this includes

SV logarithms of the form {lniN1 ln
j N2} (where i+ j = {2n− 1, 2n− 2}) and NSV

logarithms of the form { lni N1

N1
lnj N2,

lni N2

N2
lnj N1} (where i+ j = 2n−2 with n > 2),

i.e.,

(∆)CNLL
J,qq,N⃗

=
(

g̃qd,0,0 + as g̃
q
d,0,1

)

exp

[

gqd,1(ω) lnN1 +
1

2
gqd,2(ω)

+
1

N1

(

gqd,0(ω) + as g
q
d,1(ω) + hqd,0(ω,N1) + as h

q
d,1(ω, ω1, N1)

)

+ (N1 ↔ N2, ω1 ↔ ω2)

]

. (5.71)

GIVEN PREDICTIONS - SV and NSV Logarithms Logarithmic

Accuracy

Resummed

Exponents

Up To

(∆)C
(2)

J,qq,N⃗
(∆)C

(3)

J,qq,N⃗
(∆)C

(4)

J,qq,N⃗
· · · (∆)C

(n)

J,qq,N⃗

g̃
q
d,0,0, g

q
d,1,

ḡ
q
d,0, h

q
d,0

Li
1L

j
2|i+j=4

Li
N1

L
j
2|i+j=3

Li
1L

j
N2

|i+j=3

Li
1L

j
2|i+j=6

Li
N1

L
j
2|i+j=5

Li
1L

j
N2

|i+j=5

Li
1L

j
2|i+j=8

Li
N1

L
j
2|i+j=7

Li
1L

j
N2

|i+j=7

· · · Li
1L

j
2|i+j=2n

Li
N1

L
j
2|i+j=2n−1

Li
1L

j
N2

|i+j=2n−1

LL

g̃
q
d,0,1, g

q
d,2

ḡ
q
d,1, h

q
d,1

Li
1L

j
2|i+j=6,5,4

Li
N1

L
j
2|i+j=5,4

Li
1L

j
N2

|i+j=5,4

Li
1L

j
2|i+j=8,7,6

Li
N1

L
j
2|i+j=7,6

Li
1L

j
N2

|i+j=7,6

· · · Li
1L

j
2|i+j=2n,...,2n−2

Li
N1

L
j
2|i+j=2n−1,2n−2

Li
1L

j
N2

|i+j=2n−1,2n−2

NLL

g̃
q
d,0,2, g

q
d,3

ḡ
q
d,2, h

q
d,2

Li
1L

j
2|i+j=8,...,4

Li
N1

L
j
2|i+j=7,...,5

Li
1L

j
N2

|i+j=7,...,5

· · · Li
1L

j
2|i+j=2n,...,2n−4

Li
N1

L
j
2|i+j=2n−1,...,2n−3

Li
1L

j
N2

|i+j=2n−1,...,2n−3

NNLL

Table 5.3: The set of resummed exponents required to predict the tower of NSV

logarithm in C(n)

J,qq,N⃗
, Li

1 = lni(N1), L
i
N1

= lni(N1)
N1

, Lj
2 = lnj(N2), L

j
N2

= lnj(N2)
N2

.

According to the third row of Tab. 5.3, we include the resummation exponents

{g̃qd,0,2, gqd,3, gqd,2, hqd,2} alongside the LL and NLL terms to achieve NNLL accuracy.

This set resums SV logarithms of the form {lniN1 ln
j N2} (where i + j = {2n −

3, 2n− 4}) and NSV logarithms of the form { lni N1

N1
lnj N2,

lni N2

N2
lnj N1} with i+ j =
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2n− 3, n > 3.

(∆)CNNLL
J,qq,N⃗

=
(

g̃qd,0,0 + as g̃
q
d,0,1 + a2s g̃

q
d,0,2

)

exp

[

gqd,1(ω) lnN1

+
1

2

(

gqd,2(ω) + as g
q
d,3(ω)

)

+
1

N1

(

gqd,0(ω) + as g
q
d,1(ω) + a2s g

q
d,2(ω)

+ hqd,0(ω,N1) + as h
q
d,1(ω, ω1, N1) + a2s h

q
d,2(ω, ω1, N1)

)

+ (N1 ↔ N2, ω1 ↔ ω2)

]

. (5.72)

The resummed results are matched to the respective fixed-order results as follows:

(g1)F
NnLO+NnLL
J = (g1)F

NnLO
J

+
∑

cc

∫ c1+i∞

c1−i∞

dN1

2πi

∫ c2+i∞

c2−i∞

dN2

2πi
(∆)f c

P
,N1(µ

2
F )DH′

c
,N2

(µ2
F )

×
(

(∆)CNnLL
J,cc,N⃗

− (∆)CJ,cc,N⃗
∣
∣
∣
∣
trn

)

. (5.73)

The first term in Eq. (5.73) represents the fixed-order contributions up to NnLO

accuracy. The second term corresponds to the resummed result at NnLL accuracy.

This term is derived by subtracting its fixed-order expansion, truncated up to or-

der ans , from the full resummed result, which precisely avoids double-counting of

threshold logarithms. Therefore, the latter encapsulates the all-order SV and NSV

resummed contributions in perturbation theory starting from an+1
s onward. The

subscript ‘trn’ denotes the nth-order ‘truncated’ part of the resummed result which

is already contained in the fixed-order expressions. The CFs required for (g1)F
NnLO
J

in the first term are known up to NNLO [109,171–173,175,176,184].

For the unpolarized structure function (F1), we have employed the ABMP16 PDF

sets [39] and NNFF10PIp FF sets [64] at their respective orders, except for the LO

where we use NLO PDF set. For the polarized structure function (g1), we have

used the polarized BDSSV24NLO PDFs at LL and NLL accuracies, and BDSSV24NNLO
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PDFs at NNLL accuracy. The strong coupling as is taken as provided through the

LHAPDF interface [51] with nf = 3 active massless quark flavors throughout. We have

used an in-house FORTRAN code to perform the double Mellin inversion for the re-

summed contributions, and we have adopted the so-called minimal prescription [512]

to handle the Landau pole in the Mellin inversion routines. The parton densities

in N⃗ -space are obtained from their xz-space counterparts following the procedure

described in Appendix-B of [513].

In Figs. 5.1 and 5.2, we present the structure functions F1 and g1 for the EIC at

√
s = 140 GeV center-of-mass energy as a function of x after integrating over the

kinematic ranges y ∈ [0.5, 0.9] and z ∈ [0.2, 0.85]. The displayed curves correspond

to fixed-order QCD predictions up to NNLO accuracy and the resummed cross

sections to NNLO+NNLL accuracy. The associated bands indicates the variation of

the µ2
R and µ2

F scales independently by a factor of two, i.e. µ2
R, µ

2
F ∈ [Q2

avg/2, 2Q
2
avg]

with the constraint 1/2 ≤ µ2
R/µ

2
F ≤ 2 in the so-called seven-point scale variation,

where Q2
avg = xyavgs.
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Figure 5.1: Seven-point scale variation of the structure function F1 as a function of
x (log-scale) for the EIC at

√
s = 140 GeV.
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Figure 5.2: Seven-point scale variation of structure function g1 as a function x(log-
scale) for the EIC at

√
s = 140 GeV.
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Figure 5.3: Seven-point scale variation of the structure function F1 as a function of
z (log-scale) for the EIC at

√
s = 140 GeV.

Figs. 5.3 and 5.4 display again F1 and g1 for the EIC at
√
s = 140 GeV, now

as a function of z after integrating over the kinematic ranges x ∈ [0.1, 0.8] and
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y ∈ [0.5, 0.9], and again showing predictions both at fixed-order NNLO and at

NNLO+NNLL accuracies. The corresponding bands illustrate the uncertainty from

a seven-point scale variation, where µ2
R and µ2

F are independently varied by a factor

of two, i.e. µ2
R, µ

2
F ∈ [Q2

avg/2, 2Q
2
avg], where Q

2
avg = xavgyavgs.
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Figure 5.4: Seven-point scale variation of structure function g1 for z(log-scale) for
the EIC at

√
s = 140 GeV.

Figs. 5.1 and 5.3 (5.2 and 5.4) demonstrate an increase of the cross-sections that

incorporate the SV+NSV resummed results together with the fixed-order predictions

as the logarithmic accuracy improves. In addition, we find that the uncertainty band,

obtained from variations of the renormalization and factorization scales, shrinks

considerably from LO+LL to NNLO+NNLL accuracy. This improvement in scale

independence is more significant in the large-x or large-z regions e.g. x > 0.7 or

z > 0.7, due to dominance of the threshold resummation.

The impact of resummation on F1 and g1 is illustrated for three distinct values of z

(z={0.7, 0.8, 0.9}) in Fig. 5.5 respectively, when compare to the fixed perturbative

QCD predictions and keeping all other parameters consistent with those in Fig. 5.3

e.g. x and y have been integrated over the kinematic ranges x ∈ [0.1, 0.8] and
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Figure 5.5: Various perturbative contributions to F1 (upper) and g1 (lower) at dif-
ferent z values for the EIC at

√
s = 140 GeV.

y ∈ [0.5, 0.9]. In all these plots Fig. 5.5, the vertical lines represent a seven-point

µ2
R, µ

2
F scale variation. Note, that there is a significant scale dependence in the

LO+LL predictions in Fig. 5.5, which arises because the LO contribution inherently

lacks renormalization scale dependence. It then introduced solely by the LL terms

without counteracting contributions. These plots clearly demonstrate how, in the

large x and/or large z regions, the contribution of resummed terms is significant.

Furthermore, they illustrate, how resummed predictions substantially reduce the

theoretical uncertainties arising from the choice of µR and µF .

Finally, in Tabs. 5.4 and 5.5, we present the explicit results for F1 at a few values

of x and z after integrating y and z or x, respectively, and setting µ2
R = µ2

F = Q2
avg

as was done for the Figs. 5.1 and 5.3. A similar table can be constructed for the

polarized case; however, we omit it for brevity.
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F1

x
LO NLO NNLO LO+LL NLO+NLL NNLO+NNLL

0.15 0.5044
+5.971%

−5.389%
0.3980

+1.237%

−1.557%
0.3526

+0.570%

−0.700%
0.5518

+6.393%

−5.740%
0.4077

+0.715%

−0.934%
0.3541

+0.475%

−0.357%

0.25 0.2168
+7.160%

−6.375%
0.1751

+1.758%

−2.104%
0.1569

+0.719%

−0.899%
0.2433

+7.698%

−6.809%
0.1807

+0.919%

−1.189%
0.1579

+0.484%

−0.397%

0.45 0.0426
+9.307%

−8.104%
0.0368

+2.984%

−3.301%
0.0331

+1.180%

−1.452%
0.0518

+10.294%

−8.862%
0.0395

+1.121%

−1.492%
0.0341

+0.244%

−0.360%

0.6 0.0094
+10.991%

−9.400%
0.0087

+4.157%

−4.360%
0.0077

+1.738%

−2.044%
0.0125

+12.509%

−10.521%
0.0098

+1.269%

−1.740%
0.0082

+0.123%

−0.347%

0.75 0.0012
+13.053%

−10.968%
0.0012

+5.773%

−5.787%
0.0010

+2.618%

−2.957%
0.0017

+15.374%

−12.620%
0.0014

+1.604%

−2.160%
0.0011

+0.349%

−0.465%

Table 5.4: Values of resummed structure function F1 at various orders in comparison
to the fixed order results at the central scale µ2

R = µ2
F = Q2

avg as function of x (see
text for integration ranges of y, z).

F1

z
LO NLO NNLO LO+LL NLO+NLL NNLO+NNLL

0.15 1.3176
+4.645%

−4.259%
1.0682

+1.051%

−1.263%
1.0282

+0.441%

−0.554%
1.4127

+4.927%

−4.497%
1.0908

+0.522%

−0.669%
1.0350

+0.214%

−0.176%

0.25 0.4817
+5.822%

−5.261%
0.3909

+1.479%

−1.712%
0.3476

+0.609%

−0.744%
0.5286

+6.257%

−5.619%
0.4020

+0.759%

−0.950%
0.3507

+0.270%

−0.304%

0.45 0.0866
+7.581%

−6.726%
0.0790

+2.765%

−2.945%
0.0741

+1.096%

−1.291%
0.0997

+8.307%

−7.299%
0.0838

+1.494%

−1.715%
0.0752

+0.439%

−0.540%

0.6 0.0251
+8.644%

−7.598%
0.0251

+3.797%

−3.905%
0.0247

+1.790%

−2.003%
0.0299

+9.544%

−8.297%
0.0275

+1.972%

−2.208%
0.0255

+0.680%

−0.817%

0.75 0.0070
+10.248%

−8.889%
0.0069

+5.253%

−5.220%
0.0069

+2.755%

−2.980%
0.0087

+11.255%

−9.656%
0.0079

+2.588%

−2.828%
0.0073

+0.877%

−1.093%

Table 5.5: Values of resummed structure function F1 at various orders in comparison
to the fixed order results at the central scale µ2

R = µ2
F = Q2

avg as function of z (see
text for integration ranges of x, y).
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5.8 Summary

In this chapter, we have developed a threshold-resummation framework for semi-

inclusive deep-inelastic scattering (SIDIS), enabling the systematic all-order resum-

mation of threshold-enhanced soft-virtual (SV) and next-to-soft-virtual (NSV) loga-

rithms. Such logarithms appear in fixed-order perturbative predictions and must be

resummed to obtain reliable theoretical predictions in the relevant kinematic region.

The threshold region in SIDIS is characterized by the scaling variables x′ and z′

tend to unity. In this limit, the fixed-order perturbative predictions of the CFs are

then dominated by the plus and delta function distributions (SV terms) as well as

logj(1−x′) or logj(1−z′) (NSV terms) with j = 0, 1, 2, · · · . This is a situation similar

to the case of rapidity distributions in the Drell-Yan process. Based on the insights

there, we have developed a formalism, using collinear factorisation and renormali-

sation group equations, to achieve the resummation of these threshold logarithms

(SV as well as NSV) both in (x′, z′) space as well as in the space of the conjugate

Mellin variables N⃗ = (N1, N2). In Mellin space, these threshold logarithms show

up as lni(N1) ln
j(N2) for SV as well as lni(N1) ln

j(N2)/N2, ln
i(N1) ln

j(N2)/N1 where

{i, j} = 0, 1, 2, · · · and they can be systematically resummed to all orders in as.

The compact expressions for the resummed results encapsulate both SV and NSV

logarithms in N⃗ -space and allow for phenomenological studies with EIC kinemat-

ics. Upon expansion in as the resummed result generates predictions for the full

SV and partial NSV terms for the CFs (∆)C(3),SV
J,qq , (∆)C(3),NSV

J,qq third order in (x′, z′)

space. At fourth order, using the recently obtained results for four-loop quark vir-

tual and eikonal anomalous dimensions Bq
4 and f q

4 , we have predicted all SV terms

in (∆)C(4),SV
J,qq except the coefficient of δx′δz′ The derivation of the NSV terms has

been corroborated by an independent approach that uses PEKs for the structure

functions, and we have confirmed our predictions both at third and fourth order.

Finally, we have demonstrated the numerical importance of the resummed thresh-
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old logarithms for structure functions F1 and g1 at EIC energies. We have shown,

that at each logarithmic order the resummed contributions are larger than the cor-

responding fixed order ones. Moreover, including these logarithms to all orders

through resummation reduces the dependence on the renormalisation and factori-

sation scales and hence improves the reliability of our predictions. These results

demonstrate the importance of threshold resummation for achieving precision QCD

predictions for SIDIS at the EIC.
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Chapter 6

Neutral and Charged Current

SIDIS

Electroweak interactions provide an additional avenue for probing the partonic struc-

ture of hadrons beyond purely electromagnetic scattering. With the increasing kine-

matic reach and precision of modern lepton-hadron scattering experiments, particu-

larly at the forthcoming Electron-Ion Collider, the inclusion of neutral-current (NC)

and charged-current (CC) interactions becomes essential for precision studies of

semi-inclusive deep-inelastic scattering (SIDIS). These processes offer complemen-

tary sensitivity to the flavor and spin structure of the nucleon. Building upon the

SIDIS formalism developed in the previous chapters, this chapter presents the com-

plete NNLO QCD coefficient functions for polarized and unpolarized SIDIS with

both NC and CC electroweak interactions. We also examine the correspondence be-

tween coefficient functions associated with different electroweak currents, providing

important consistency checks of the calculation, and investigate the phenomenolog-

ical impact of the NNLO corrections for kinematics relevant to the EIC.
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6.1 Introduction

Semi-inclusive deep inelastic scattering (SIDIS) serves as a key process for investigat-

ing the partonic structure of hadrons, the dynamics of quarks and gluons and simul-

taneously providing insight into the fragmentation mechanisms that produce the ob-

served final-state hadrons. Within the framework of QCD factorization, these non-

perturbative aspects are described through parton distribution functions (PDFs),

which describe the partonic content of hadrons, and fragmentation functions (FFs),

which characterize the formation of hadrons from partons [123,144,145].

The discussion in the previous chapters focused primarily on electromagnetic inter-

actions mediated by a virtual photon exchange. However, the broad kinematic range

and unprecedented precision along with high luminosity of the of the forthcoming

Electron-Ion Collider (EIC) will enable studies in a regime where electroweak effects

become increasingly important [145], see also [514–516]. At sufficiently large momen-

tum transfer, neutral-current (NC) processes receive contributions from both photon

and Z-boson exchange, together with their interference, while charged-current (CC)

processes proceed through the exchange of W± bosons. These interactions enrich

the structure of the SIDIS cross section through additional couplings and struc-

ture functions (SFs), providing sensitivity to the chiral and flavor structure of the

nucleon.

The inclusion of NC and CC interactions significantly broadens the physics pro-

gram of SIDIS. In particular, electroweak interactions offer opportunities to dis-

entangle individual quark and antiquark flavor contributions, allowing a more

precise determination of flavor-separated parton distributions, helicity distribu-

tions, and parity-violating asymmetries that are inaccessible in purely electro-

magnetic scattering. Consequently, the combined analysis of electromagnetic,

neutral-current, and charged-current SIDIS measurements offers substantially im-

proved constraints on parton distribution and fragmentation functions and pro-
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vides a more comprehensive understanding of the flavor and spin structure of

hadrons [39–43,62, 65, 68,69,77, 79,139–143,170,187].

In this chapter, we extend the SIDIS formalism developed in the previous chap-

ters to include both neutral-current and charged-current interactions. We derive

the corresponding electroweak structure functions and the complete NNLO QCD

coefficient functions for polarized and unpolarized scattering, thereby providing the

theoretical ingredients required for precision phenomenological studies.

We first describe the methodology and present the computation of the NNLO coef-

ficient functions. This is followed by a discussion of the various checks and compar-

isons performed to validate the calculation, including the correspondence between

coefficient functions associated with different electroweak currents. Finally, we inves-

tigate the phenomenological impact of the NNLO corrections for kinematics relevant

to the Electron-Ion Collider.

6.2 Methodology

The general theoretical framework of SIDIS, including the QCD factorization formal-

ism, the definition of the hadronic structure functions, and their decomposition in

terms of perturbatively calculable coefficient functions, was presented in Chapter 2.

Subsequently, Chapter 3 developed the computational framework for the calcula-

tion of the next-to-next-to-leading-order QCD coefficient functions associated with

the polarized electromagnetic structure function g1. In the present chapter, the

same theoretical formalism and computational setup are employed and extended to

neutral-current and charged-current interactions, leading to a unified treatment of

the complete polarized and unpolarized electroweak SIDIS coefficient functions.

Within the QCD factorization framework, the hadronic structure functions are ex-

pressed as convolutions of perturbatively calculable coefficient functions (CFs) with
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universal parton distribution functions (PDFs) and fragmentation functions (FFs),

(∆)F j
i (x, z,Q

2) =
∑

a,b

∫ 1

x

dx1
x1

(∆)fa/H(x1, µ
2
F )

∫ 1

z

dz1
z1

DH′/b(z1, µ
2
F )

× (∆)C j
i,ab

(
x

x1
,
z

z1
, µ2

F , Q
2

)

. (6.1)

where (∆)fa/H and DH′/b denote the (polarized) parton distribution and fragmen-

tation functions, respectively, while (∆)Cj
i,ab are the perturbatively calculable coef-

ficient functions describing the short-distance partonic dynamics.

The present calculation builds upon the computational framework developed in

Chapter 3. The procedure involves the generation of Feynman diagrams, the al-

gebraic simplification of amplitudes through Dirac algebra, Lorentz contractions,

and color-factor decomposition, the reduction of loop and phase-space integrals to

a basis of master integrals (MIs), and the subsequent substitution of the MIs in

the squared amplitudes. The extension to neutral- and charged-current interactions

introduces several new features compared to the electromagnetic case. In partic-

ular, in the electromagnetic calculation Dirac matrix γ5 appears only through the

helicity projectors of polarized external fermions but in electroweak interactions

introduce additional axial-vector couplings that generate γ5 contributions at the

interaction vertices. As a result, a consistent treatment of γ5 within dimensional

regularization, together with the associated renormalization factors, becomes essen-

tial. Furthermore, the interplay of vector and axial-vector couplings gives rise to a

richer structure of coefficient functions and structure functions, leading to a broader

class of electroweak observables.

At the partonic level, these contributions appear in the matrix element squared

|Mab|2j,µν , see Eq. (2.28), where the γ5 matrix arises due to the axial-vector coupling

as well as from spin dependent (anit-)quark states. In addition, we encounter Levi-

Civita tensor from polarization of gluons and also from the projectors in Eq. (2.29).
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Since both the γ5 matrix and the Levi-Civita tensor are intrinsically four-dimensional

objects, a prescription is required to define them in d = 4 + ϵ dimensions. Several

such prescriptions have been proposed [23,209–221], see also [222–231,517], however,

none is known to preserve the chiral Ward identity automatically. In this work,

for the axial-vector coupling, we employ Larin’s prescription [211] to define γ5 in

d = 4 + ϵ,

γµγ5 =
i

6
ϵµνσλγ

νγσγλ. (6.2)

and to project out the polarization of initial quarks we use, (see [185,518,519]),

/paγ5 =
i

2 pa · q
ϵµνσλγ

µγνpσaq
λ/pa . (6.3)

With the above identities, we have encountered a maximum of four Levi-Civita

tensors which need to be contracted in a particular order see [185,221,228]:

• Those coming from the projector and the polarized parton are contracted first.

• Then we contract the tensors arising from the axial-vector couplings.

• Finally, the remaining Levi-Civita tensors (from polarized partons and the

vertex) are contracted.

The contraction is expressed in terms of a determinant containing metric tensors

defined in d dimensions, see Eq. (3.16). The results obtained in Larin’s scheme are

transformed to the standard MS scheme through a renormalization scheme trans-

formation. The associated renormalization constants [220, 232, 233] used for this

scheme transformation restore the Ward identity and ensure that the final coeffi-

cient functions are defined in the MS scheme.

The ultraviolet (UV) divergences arising from the loop corrections are removed

through the standard renormalization of the strong coupling constant in the MS
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scheme. In addition, since Eq. (6.2) is employed to define the γ5 matrix at the

axial-vector interaction vertices, an additional overall renormalization is required.

This is achieved by multiplying the renormalized amplitudes with the corresponding

MS scheme counter renormalization factor ZA5 = ZAZ5 [211, 275] to each vertex

involving γ5, before performing mass factorization. Expanding ZA5 in powers of as

as ZA5 = 1 +
∑

k=1 a
k
s(µ

2
R) Z

(k)
A5 , where

Z
(1)
A5 = CF

(

−4 + 5ϵ− ϵ2
(
11

2
− 1

2
ζ2

))

,

Z
(2)
A5 = C2

F

(
22
)
− CACF

(
44

3ϵ
+

107

9

)

+ CFnf

(
8

3ϵ
+

2

9

)

. (6.4)

Following UV renormalization, the soft singularities originating from virtual

and real-emission subprocesses cancel among themselves in accordance with the

Kinoshita-Lee-Nauenberg theorem. The remaining collinear singularities associated

with the initial- and final-state partons are removed through mass factorization by

absorbing them into the PDFs and FFs via the space-like and time-like Altarelli-

Parisi kernels, respectively. This procedure is performed at the factorization scale

µF and is expressed as

d(∆)σ̂j
i,ab(ϵ) =(∆)Γc←a(ϵ, µ

2
F )⊗ (∆)Cj

i,cd(ϵ, µ
2
F ) ⊗̃Γ̃b←d(ϵ, µ

2
F ), (6.5)

where summation over the intermediate parton indices c and d is implied. The

symbols ⊗ and ⊗̃ denote convolutions over the momentum fractions associated with

the PDFs and FFs, respectively, see Eq. (3.22).

For the unpolarized SFs, Eq. (6.5) yields the CFs in the MS and the counter terms

in Eq. (6.4) completely remove the scheme dependence from Larin’s prescription. In

the case of polarized SFs, these counter terms remove the scheme dependence from

the γ5 matrices that are present in the vertices. The treatment of the γ5 matrix that

enters through the polarization of incoming partons requires an additional finite
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renormalization to obtain the CFs in MS scheme. This is done in two steps. We

first perform mass factorization for the polarized CFs using the space-like polarized

AP kernels computed in Larin’s scheme and then perform a suitable scheme trans-

formations to convert these Larin scheme CFs to MS ones. Following the procedure

discussed in Chapter 3, the finite renormalization constants Zab [220, 232, 233] are

used to transform the CFs, defined in the Larin scheme, denoted by ∆CL
i,ab to those

in the MS scheme, ∆Ci,ab, according to

∆C1,ab(µ2
F ) =

(
Z−1(µ2

F )
)

ad
⊗∆CL

1,db(µ
2
F ) . (6.6)

where summation over the intermediate parton index d is implied. The explicit

expressions for the finite renormalization constants are presented in Eqs. (3.32)-

(3.35).

After obtaining the polarized and unpolarized coefficient functions, they are sub-

stituted into Eq. (6.1) to construct the corresponding hadronic structure functions.

The resulting coefficient functions satisfy several non-trivial relations, whose ori-

gin can be understood by comparing the underlying electroweak interactions. Such

comparisons also provide important consistency checks of the present calculation.

6.3 Comparison of the Coefficient Functions

The NNLO coefficient functions presented in the previous chapters involve both

vector and axial-vector couplings of the electroweak gauge bosons. Owing to the

presence of the axial-vector current, the treatment of γ5 in dimensional regulariza-

tion plays an important role in establishing the relation between different coefficient

functions. In this section, we compare the coefficient functions obtained for different

electroweak interactions and identify the diagram responsible for their differences.

Throughout this comparison, we consider an even number of massless quark flavors;
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hence, all quark triangle diagrams vanish identically and do not contribute. Fur-

thermore, the overall electroweak coupling factors are omitted from the coefficient

functions to facilitate a direct comparison.

The comparison is carried out in two stages. We first compare the coefficient func-

tions for the unpolarized structure functions obtained from photon and Z-boson

exchange, namely Cγγ
i and CZZ

i for i = 1, 2. This comparison is performed at the

level of the finite coefficient functions after ultraviolet renormalization and mass

factorization, and illustrates how the presence of two γ5 matrices at the electroweak

vertices of the squared amplitude in the ZZ case affects the final result. Although

the discussion is presented for the unpolarized coefficient functions, the same con-

clusions apply to the corresponding polarized coefficient functions.

We next compare the coefficient functions contributing to the parity-violating struc-

ture function F3 with those contributing to the polarized structure function g1,

namely CZZ
3 and ∆Cγγ

1 respectively. In this case, the γ5 matrix originates from dif-

ferent parts of the amplitude, for CZZ
3 it is associated with the axial-vector coupling

of the exchanged electroweak boson, whereas for ∆Cγγ
1 it arises from the polarized

projector of the incoming quark (or antiquark). Whenever the γ5 matrix can be

anti-commuted along the fermion line using the naive anti-commutation relation,

the corresponding contributions to CZZ
3 and ∆Cγγ

1 can be mapped onto each other.

At NNLO, the comparison also requires excluding the mass-factorization terms as-

sociated with the diagram for which such an anti-commutation is not possible. With

these contributions removed, the remaining coefficient functions are found to agree.

In both comparisons, the differences between the corresponding coefficient functions

arise from NNLO diagram in which the γ5 matrices cannot be related by the naive

anticommutation procedure. A common feature of these differences is that they are

all proportional to the color factor CFTF . We begin by comparing the coefficient

functions for photon and Z-boson exchange contributing to the unpolarized structure
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functions.

A B

B B

D D

D B

Figure 6.1: Representative diagrams illustrating the naive anti-commutation of the
γ5 matrix (marked by ×) through the fermion line. The fragmenting parton is
indicated by a dot.

6.3.1 Comparison of Cγγ
i and CZZ

i

For the axial-vector contribution, the squared amplitudes contain two γ5 matrices.

Whenever these matrices belong to the same fermion trace, they can be brought

together by repeatedly using the naive anti-commutation relation,

{γµ, γ5} = 0, (6.7)

after which the identity (γ5)
2 = 1 can be applied. Consequently, these contributions

become identical to the corresponding vector-current coefficient functions. At NLO,

after including the finite renormalization factor ZA5, the coefficient functions Cγγ
i and

CZZ
i are identical for all partonic channels. At NNLO, the coefficient functions also

remain identical for channels with a gluon in the initial and/or fragmenting state.
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Therefore, in the following we restrict the discussion to quark-initiated channels.

At NNLO, for channels with a quark pair in the final state, see Figure 3.8, this

correspondence holds diagram by diagram for all real-emission topologies of types

A, B, C, and D, together with all interference contributions except the BD and

AC interference diagrams. Figure 6.1 illustrates this property: for the first three

diagrams, the two γ5 insertions (marked by ×) can be moved to the same position

along the fermion chain by repeated use of the naive anti-commutation relation. This

is, however, not possible for the last diagram, where the two γ5 matrices belong

to different fermion traces. In contrast, for the double-virtual (VV), real-virtual

(RV), and double real-gluon-emission contributions, the correspondence between

the vector- and axial-vector parts does not hold diagram by diagram. Instead, the

agreement is recovered only after summing all these contributions and including the

axial-current renormalization factor ZA5. Furthermore, the coefficient functions are

identical for channels with a gluon in the initial and/or fragmenting state. Therefore,

only quark-initiated channels are discussed below.

As a consequence, the non-singlet coefficient function CZZ,(2)
i,qq differs from Cγγ,(2)

i,qq only

through the BD interference diagrams. In these diagrams, the two γ5 matrices belong

to different fermion traces and therefore cannot be brought together using the naive

anti-commutation relation, leading to a genuine difference between the vector and

axial-vector coefficient functions.

An analogous situation occurs in the qq̄ channel, where the unmatched contributions

again arise from diagram topologies in which the two γ5 matrices belong to different

fermion traces. Likewise, in the flavor-changing qq′ channel, the difference between

CZZ
I,qq′ and Cγγ

I,qq′ originates solely from the AC interference diagrams, for which the

same argument applies.

Therefore, after ultraviolet renormalization, mass factorization, and the inclusion of

the renormalization factor ZA5, the only differences between the vector and axial-
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vector coefficient functions arise in quark-initiated channels from NNLO diagram in

which the two γ5 matrices cannot be brought together into the same fermion trace.

6.3.2 Comparison between CZZ
3 and ∆Cγγ

1

The correspondence between CZZ
3 and ∆Cγγ

1 is examined similarly to the previous

comparison, with the analysis carried out separately for the qq, qq̄, and qq′ chan-

nels. Since the γ5 matrix in ∆Cγγ
1 originates from the spin-dependent (polarized)

projector of the incoming quark (or antiquark), such a comparison is restricted to

quark-initiated processes. No analogous comparison can be made for gluon-initiated

channels because the polarized gluon projector does not contain γ5. The compari-

son relies on anti-commuting the γ5 matrix from the polarized projector along the

fermion line to the electroweak interaction vertex using the naive commutation rela-

tion. Figure 6.2 illustrates this procedure. In the first two representative diagrams

in a row, the γ5 originating from the polarized external quark can be moved along

the same fermion chain to the virtual gauge-boson vertex by repeated use of the

naive anticommutation relation. Consequently, the resulting Dirac structures be-

come identical to those of the corresponding axial-vector contribution in the ZZ

channel, establishing the correspondence between the two coefficient functions.

In contrast, for channels with a fragmenting gluon, the correspondence holds and,

after including the appropriate finite renormalization at NLO, the coefficient func-

tions are found to agree. In contrast, for channels with a fragmenting gluon and the

NLO coefficient functions agree after including the appropriate renormalization.

At NNLO, besides identifying the diagram for which the γ5 matrix cannot be anti-

commuted to the electroweak vertex, it is also necessary to exclude the corresponding

mass-factorization contributions. For the remaining contributions, the correspon-

dence between CZZ
3 and ∆Cγγ

1 is recovered only after combining the VV, RV, and
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double real-gluon-emission contributions and including the renormalization factors

ZA5 and Zab.

D C B B

D D

C A

Figure 6.2: Representative diagrams illustrating that the γ5 originating from the
polarized external quark (marked by ×) can be brought to the interaction vertex
by repeated application of the naive anti-commutation relation. The fragmenting
parton is indicated by a filled dot.

For the qq channel, the comparison holds for all contributions except the D2 and

BD diagrams, including their associated mass factorization terms, for which the γ5

matrix cannot be anti-commuted to the electroweak vertex along the fermion line.

Consequently, the naive correspondence between the two coefficient functions does

not hold for these contributions. After removing these contributions and including

the corresponding renormalization factors ZA5 and Z-factor, the remaining parts of

the two coefficient functions are in agreement.

In the qq̄ channel, the unmatched contributions arise from D2 and BD together

with the corresponding mass-factorization terms. These are of the same type as

in qq channel. Similarly, in the flavor-changing qq′ channel, the only unmatched

contribution originates from the AC interference diagrams and its associated mass-

factorization term, with the same origin as in the previous channels. After excluding
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these contributions and including the renormalization factors, the corresponding CFs

agree.

This completes the comparison of the NNLO coefficient functions across the different

electroweak channels, providing a non-trivial check of our results and confirm the

treatment of γ5 in dimensional regularization.

Checks: We have further performed several additional checks to validate our re-

sults. At NLO, our findings are in complete agreement with [74, 129]. In the soft

plus virtual (SV) limit, where double-distribution terms alone contribute, the contri-

butions of the qq, qq channel for NC and ub, bu channel for CC survive and they are

found to be identical. Recently, NNLO QCD predictions for both NC and CC pro-

cesses have been published [183,184]. We find complete analytical agreement for all

terms containing distributions for all the channels and numerical agreement for the

regular parts. Furthermore, all coefficient functions have been expressed in terms of

single-valued polylogarithms. This allows to perform numerical computation over

the entire kinematic range of x′ and z′.

We now turn to the phenomenological implications of these findings.

6.4 Phenomenology

In this section, we investigate the numerical impact of the newly computed unpolar-

ized NNLO coefficient functions on the neutral-current and charged-current SIDIS

structure functions for different values of the scaling variables x and z. The structure

functions are evaluated as convolutions of the perturbatively calculable coefficient

functions with the corresponding PDFs and FFs. and expand the structure functions
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in powers of the strong coupling constant as, (here setting µ2
R = µ2

F = Q2)

F j
i =

∞∑

k=0

aks(µ
2
R)F j,(k)

i (µ2
R) . (6.8)

In case of γ exchange, the SFs Fγγ
i , i = 1, 2 up to a2s read

Fγγ,(0)
i =

∑

q

e2q Hqq⊗̂Cγγ,(0)
I,qq , (6.9)

Fγγ,(1)
i =

∑

q

e2q

(

Hqq⊗̂Cγγ,(1)
I,qq +Hqg⊗̂Cγγ,(1)

I,qg +Hgq⊗̂Cγγ,(1)
I,gq

)

, (6.10)

Fγγ,(2)
i =

∑

q

e2q Hqq⊗̂Cγγ,(2),NS
I,qq +

∑

q,qk

e2qk

(

Hqq⊗̂Cγγ,(2),PS
I,qq +Hgg⊗̂Cγγ,(2)

I,gg

)

+
∑

q

e2q

(

Hqg⊗̂Cγγ,(2)
I,qg +Hgq⊗̂Cγγ,(2)

I,gq +Hqq̄⊗̂Cγγ,(2)
I,qq̄

)

+
∑

q

∑

q′ ̸=q

(

e2q H
+
qq′⊗̂C

γγ,(2),[1]
I,qq′ + e2q′ H

+
qq′⊗̂C

γγ,(2),[2]
I,qq′ + eqeq′ H

−
qq′⊗̂C

γγ,(2),[3]
I,qq′

)

.

(6.11)

For γZ interference, the SFs FγZ
i , i = 1, 2 up to a2s are given by

−FγZ,(0)
i =

∑

q

2eqgVq
Hqq⊗̂Cγγ,(0)

I,qq , (6.12)

−FγZ,(1)
i =

∑

q

2eqgVq

(

Hqq⊗̂Cγγ,(1)
I,qq +Hqg⊗̂Cγγ,(1)

I,qg +Hgq⊗̂Cγγ,(1)
I,gq

)

, (6.13)

−FγZ,(2)
i =

∑

q

2eqgVq
Hqq⊗̂Cγγ,(2),NS

I,qq +
∑

q,qk

2eqkgVqk

(

Hqq⊗̂Cγγ,(2),PS
I,qq +Hgg⊗̂Cγγ,(2)

I,gg

)

+
∑

q

2eqgVq

(

Hqg⊗̂Cγγ,(2)
I,qg +Hgq⊗̂Cγγ,(2)

I,gq +Hqq̄⊗̂Cγγ,(2)
I,qq̄

)

+
∑

q

∑

q′ ̸=q

(

2eqgVq
H+

qq′⊗̂C
γγ,(2),[1]
I,qq′ + 2eq′gVq′

H+
qq′⊗̂C

γγ,(2),[2]
I,qq′

+
(

eq′gVq
+ eqgVq′

)

H−qq′⊗̂C
γγ,(2),[3]
I,qq′

)

, (6.14)
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In case of Z-boson exchange, the SFs FZZ
i , i = 1, 2 up to a2s we have

FZZ,(0)
i =

∑

q

(

g2Vq
+ g2Aq

)

Hqq⊗̂Cγγ,(0)
I,qq , (6.15)

FZZ,(1)
i =

∑

q

(

g2Vq
+ g2Aq

)(

Hqq⊗̂Cγγ,(1)
I,qq +Hqg⊗̂Cγγ,(1)

I,qg +Hgq⊗̂Cγγ,(1)
I,gq

)

, (6.16)

FZZ,(2)
i =

∑

q

Hqq⊗̂
(

g2Vq
C

γγ,(2),NS
I,qq + g2Aq

C
AA,(2),NS
I,qq

)

+
∑

q,qk

(

g2Vqk
+ g2Aqk

)(

Hqq⊗̂Cγγ,(2),PS
I,qq +Hgg⊗̂Cγγ,(2)

I,gg

)

+
∑

q

(

g2Vq
+ g2Aq

)(

Hqg⊗̂Cγγ,(2)
I,qg +Hgq⊗̂Cγγ,(2)

I,gq

)

+
∑

q

Hqq̄⊗̂
(

g2Vq
C

γγ,(2)
I,qq̄ + g2Aq

C
AA,(2)
I,qq̄

)

+
∑

q

∑

q′ ̸=q

((

g2Vq
+ g2Aq

)

H+
qq′⊗̂C

γγ,(2),[1]
I,qq′ +

(

g2Vq′
+ g2Aq′

)

H+
qq′⊗̂C

γγ,(2),[2]
I,qq′

+ gVq
gVq′

H−qq′⊗̂C
γγ,(2),[3]
I,qq′ + gAq

gAq′
H+

qq′⊗̂C
AA,(2),[3]
I,qq′

)

, (6.17)

where Hab are given by,

Hqq = fq(x)Dq(z) + fq̄(x)Dq̄(z) , Hqq̄ = fq(x)Dq̄(z) + fq̄(x)Dq(z) ,

Hqg = fq(x)Dg(z) + fq̄(x)Dg(z) , Hgq = fg(x)Dq(z) + fgDq̄(z) ,

H±qq′ = fq(x)Dq′(z)± fq(x)Dq̄′(z)± fq̄(x)Dq′(z) + fq̄(x)Dq̄′(z) ,

Hgg = fg(x)Dg(z) . (6.18)

Here, gVf
and gAf

are defined in Eqs. (2.13), (2.14). For CC SIDIS, the SFs FW−

i , i =

1, 2 are found to be

1

2
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∣V ub

∣
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2
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bu
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with up-and down-type quarks, u, α = {u, c, (t)} and b, β = {d, s, (b)}. The symbol

⊗̂ denotes the convolutions in both variables x and z and here Hab = fa(x)Db(z)
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with V ff ′ is defined in Eq. (2.15).

We now illustrate the numerical impact of the NC and CC contributions to the

unpolarized SF F1 as functions of the scaling variables x in Figs. 6.3 and 6.4, at a

center-of-mass energy
√
s = 140 GeV anticipated at the EIC. NNPDF31 PDFs [277]

and NNFF10 FFs [64] are used consistently at LO, NLO, and NNLO, with nf = 4

active quark flavors. Here y is integrated over [0.5, 0.9] and z over [0.2, 0.85]. The

average momentum transfer is defined as Q2
avg = s x yavg, with the central scale

choice µR = µF = Qavg. FNC
1 and FCC

1 .

0.0017 0.002 0.0025 0.003
x

40

60

80

100

120

140

160

NC 1

EIC
s = 140 GeV

0.2 < z < 0.85
0.5 < y < 0.9

Q2
avg = 30 GeV

0.0035 0.004 0.005 0.006
x

20

30

40

50

60

70

NC 1

EIC
s = 140 GeV

0.2 < z < 0.85
0.5 < y < 0.9

Q2
avg = 60 GeV

0.007 0.008 0.009 0.0102
x

10.0

12.5

15.0

17.5

20.0

22.5

25.0

27.5

NC 1

EIC
s = 140 GeV

0.2 < z < 0.85
0.5 < y < 0.9

Q2
avg = 100 GeV

0.012 0.016 0.018 0.02
x

4

6

8

10

12

14

NC 1

EIC
s = 140 GeV

0.2 < z < 0.85
0.5 < y < 0.9

Q2
avg = 200 GeV

0.025 0.03 0.035 0.04
x

2

3

4

5

6

NC 1

EIC
s = 140 GeV

0.2 < z < 0.85
0.5 < y < 0.9

Q2
avg = 400 GeV

0.05 0.06 0.07 0.08
x

1.0

1.5

2.0

2.5

3.0

NC 1

EIC
s = 140 GeV

0.2 < z < 0.85
0.5 < y < 0.9

Q2
avg = 800 GeV

LO 
LO NC
NLO 

NLO NC
NNLO 
NNLO NC

Figure 6.3: Variation of FNC
1 with the renormalization and factorization scales as a

function of x for six different values of Q2.

To study the dependence of the predictions on the choice of renormalization and fac-

torization scales over a range of momentum transfers, we present in Figs. 6.3 and 6.4

the seven-point scale variation of the structure functions FNC
1 and FCC

1 as functions

of x. The results are shown for six representative values of the momentum transfer,

Q2
avg = {30, 60, 100, 200, 400, 800}GeV2. For each value of Q2, the correspond-

ing range of x is determined by demanding the inelasticity variable y = Q2/(xs)

to lie in the interval 0.5 ≤ y ≤ 0.9. The renormalization and factorization scales
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Figure 6.4: Variation of FCC
1 with the renormalization and factorization scales as a

function of x for six different values of Q2.

are varied independently by a factor of two, with µ2
R, µ

2
F ∈

[
Q2/2, 2Q2

]
, subject to

the constraint 1/2 ≤ µ2
R/µ

2
F ≤ 2, corresponding to the standard seven-point scale

variation.

The large uncertainty bands of the LO predictions, particularly for the FNC
1 and FCC

1

structure functions, arise primarily from the factorization scale dependence of the

PDFs and FFs. The results shown in Figs. 6.3 and 6.4 clearly demonstrate that the

inclusion of higher order QCD corrections substantially reduces the µF dependence.

The renormalization scale dependence can be meaningfully assessed only from NLO

onwards, as illustrated by the plots on the left and in the center. A comparison

of the NLO and NNLO uncertainty bands reveals a significant reduction in the µR

dependence at NNLO. Together with the observed improvement in the convergence

of the perturbative series for SIDIS, this reduced scale sensitivity provides strong

support for the robustness of our theoretical framework.

We now illustrate the numerical impact of the NC and CC contributions to the

unpolarized SF F1 as functions of the scaling variable z in Figs. 6.5 and 6.6, at a
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Figure 6.5: Variation of FNC
1 with the renormalization and factorization scales as a

function of z for three values of Q2.
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Figure 6.6: Variation of FCC
1 with the renormalization and factorization scales as a

function of z for three values of Q2.

center-of-mass energy
√
s = 140 GeV anticipated at the EIC. NNPDF31 PDFs [277]

and NNFF10 FFs [64] are used consistently at LO, NLO, and NNLO, with nf =

4 active quark flavors. For these plots, x is integrated over [0.1, 0.8] and y over

[0.5, 0.9]. The average momentum transfer is defined as Q2
avg = s xavg yavg, with the

central scale choice µR = µF = Qavg.

The shaded bands in all panels correspond to the seven-point variation of the renor-

malization and factorization scales, µ2
R, µ

2
F ∈ [Q2

avg/2, 2Q
2
avg] with the constraint

1/2 ≤ µ2
R/µ

2
F ≤ 2, capturing the combined uncertainty from scale choices after in-

tegration over different ranges of x and y, such that each range gives a fixed value

of Qavg, as indicated in each plot. The bands in the plots represent the seven-point

scale variation around Q2
avg. As before, the dependence on the renormalization and

factorization scales is significantly reduced upon the inclusion of the NLO and NNLO
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QCD corrections. The results show that NNLO QCD corrections are significant and

play a crucial role in reducing theoretical uncertainties from the choice of µR and

µF . The scale variation bands shrink notably from LO to NLO and NNLO, demon-

strating improved perturbative convergence and enhanced stability at higher orders.

At NNLO accuracy, the perturbative expansion exhibits both apparent convergence

and robustness against scale variations, providing a reliable baseline for precision

predictions of SIDIS observables.

Figs. 6.3 and 6.5 show that the photon-mediated contribution dominates in the NC

channel. This behavior can be understood from the propagator structure: the pho-

ton contribution scales as 1/Q2, whereas the Z-boson contribution is suppressed by

the massive propagator 1/(Q2 +M2
Z), which reduces its impact for Q2 < M2

Z . In

addition, the Z-boson couplings to fermions involve both vector and axial-vector

components with weaker effective strengths compared to the electromagnetic cou-

pling, further suppressing its contribution. A similar suppression is observed fo the

CC structure function in Figs. 6.4 and 6.6. This suppression mainly arises from

the massive propagator 1/(Q2 +M2
W ), as well purely left-handed charged-current

interaction of W -boson couplings restricts the contributing fermionic configurations

and reduces the overall magnitude relative to photon exchange.

6.5 Summary

In this chapter, we presented the complete NNLO QCD coefficient functions for un-

polarized and polarized SIDIS, including both neutral-current and charged-current

electroweak interactions. We investigated the correspondence between coefficient

functions associated with different electroweak currents, identifying the origin of the

genuine differences arising from the treatment of γ5 in dimensional regularization.

These comparisons provide important consistency checks of our calculation and are
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in agreement with recent independent results.

The phenomenological analysis demonstrates that the NNLO corrections have a

significant impact on SIDIS observables over the kinematic region relevant to the

Electron-Ion Collider (EIC). The different electroweak channels exhibit complemen-

tary sensitivities to the underlying partonic structure, allowing flavor-dependent

information on parton distribution functions and fragmentation functions to be dis-

entangled through polarization and charged-current/neutral-current asymmetries.

Overall, the results presented in this chapter establish a complete NNLO framework

for precision studies of SIDIS. Combined with the broad kinematic coverage and

particle identification capabilities of the EIC, they open the door to precision tests

of QCD and electroweak interactions in semi-inclusive processes. These results will

improve the extraction of PDFs and FFs, providing more precise, improved con-

straints on the flavor structure of the nucleon and support future investigations of

nucleon structure and the proton spin at the EIC.
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Chapter 7

Conclusion

The work presented in the thesis has been devoted to the development of precision

perturbative QCD predictions for semi-inclusive deep-inelastic scattering (SIDIS),

with particular emphasis on next-to-next-to leading order (NNLO) corrections, the

analytic evaluation of master integrals, threshold resummation beyond fixed order,

and the extension to neutral-current and charged-current electroweak interactions.

SIDIS is one of the key processes for the future Electron-Ion Collider, since it pro-

vides simultaneous access to the partonic structure of the incoming nucleon through

parton distribution functions and to the hadronization of final-state partons through

fragmentation functions. The high precision expected at the EIC makes equally pre-

cise theoretical predictions essential. The work presented in this thesis addresses this

need by providing higher-order perturbative ingredients required for precision SIDIS

phenomenology. These results establish a substantially improved perturbative foun-

dation for precision SIDIS phenomenology and provide the ingredients needed to

fully exploit the anticipated accuracy of future EIC measurements.

Chapter 1 introduced the basic theoretical framework of Quantum Chromodynamics.

After motivating QCD as the non-Abelian gauge theory of the strong interaction,

the chapter reviewed the QCD Lagrangian, the corresponding Feynman rules, and
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the general structure of perturbative calculations. The role of ultraviolet renormal-

ization was discussed, together with the appearance of infrared singularities in per-

turbative QCD. These concepts therefore provide the general field-theoretic frame-

work needed for the fixed-order and resummed calculations developed in the later

chapters.

Chapter 2 presented the theoretical preliminaries of semi-inclusive deep-inelastic

scattering. Starting from inclusive DIS, the chapter reviewed how lepton-hadron

scattering provides direct information about the partonic structure of hadrons. The

discussion was then extended to semi-inclusive processes, where an identified hadron

is observed in the final state. This additional measurement makes SIDIS sensitive

not only to parton distribution functions, but also to fragmentation functions. The

SIDIS kinematics, scaling variables, hadronic tensor, and structure functions were

introduced. The QCD factorization formula was discussed, in which the measured

structure functions are expressed as convolutions of parton distribution functions,

fragmentation functions, and perturbatively calculable coefficient functions. This

chapter established the notation and theoretical setup used throughout the thesis.

Having established the SIDIS framework, in Chapter 3, we turned to the main

fixed-order calculation of the thesis. This chapter was devoted to the computation

of the NNLO QCD corrections to polarized SIDIS, providing the first complete re-

sult for the corresponding coefficient functions at this order. The relevant partonic

subprocesses contributing at different perturbative orders were identified, including

the double-virtual, real-virtual, and double-real contributions at NNLO. The chap-

ter described the loop and phase-space integrals entering the calculation, the pole

structure of the partonic results, and the procedure of mass factorization needed

to obtain finite coefficient functions. The inclusion of higher-order corrections was

shown to be essential for reducing the dependence on unphysical scales like renor-

malization and factorization scales and for improving the reliability of theoretical
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predictions. The phenomenological impact of the NNLO corrections was also dis-

cussed, demonstrating their importance for future precision analyses of SIDIS.

Chapter 4 focused on the evaluation of the master integrals required for the NNLO

calculation. The integrals arising from the double-virtual (VV), real-virtual (RV),

and double-real (RR) contributions were discussed separately. Reverse unitarity was

used to treat phase-space integrals within the framework of integration-by-parts re-

duction. For the RV case, the analytic continuation required to obtain results in

the physical SIDIS region was described. The RR contribution required the evalua-

tion of new master integrals, which were computed using different methods. These

included direct phase-space parametrizations and the differential equation method,

together with the construction of canonical bases and the techniques required to

obtain analytic solutions. The results of this chapter provide one of the central

technical ingredients of the complete NNLO calculation.

Building on the fixed-order NNLO results, Chapter 5 extended the analysis beyond

fixed-order perturbation theory by developing the threshold resummation framework

for SIDIS. Near partonic threshold, the perturbative coefficient functions contain

enhanced logarithmic contributions arising from soft and collinear configurations of

QCD radiation, which can become dominant in the threshold limit i.e. x′ → 1 and

z′ → 1. Using QCD factorization, renormalization-group invariance, the finiteness

of coefficient functions, and the transcendentality structure of the one- and two-loop

results, the chapter systematically obtained the an all-order expression for the di-

agonal coefficient functions in the threshold limit. A master formula was derived to

organize the soft-plus-virtual (SV) and next-to-SV logarithmic contributions to all

orders in the strong coupling. The all-order structure was further studied in Mellin

space, where the resummation was achieved up to NNLL accuracy. The physical

evolution kernel was also discussed as an alternative approach for understanding

the structure of threshold logarithms. The resummed results were expanded to ob-
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tain predictions for threshold-enhanced terms beyond NNLO, up to fourth order in

perturbation theory. The phenomenological studies presented in this chapter illus-

trated the relevance of threshold-enhanced contributions in the kinematic regions

important for SIDIS.

While the preceding chapters focused on QCD corrections to photon-mediated

SIDIS, the broad kinematic reach and polarized beams of the EIC make neutral-

current and charged-current SIDIS important. These processes provide complemen-

tary probes for disentangling the flavor and spin structure of the nucleon. This

motivated Chapter 6, where the NNLO analysis was extended to SIDIS mediated

by electroweak currents. The methodology for including photon, Z boson, photon-Z

interference, and W± exchange contributions was described. The chapter presented

the corresponding coefficient functions for polarized and unpolarized processes. The

treatment of axial-vector couplings and γ5 in dimensional regularization was dis-

cussed, together with the corresponding renormalization factors. Several compar-

isons among the coefficient functions were performed, including the relation between

photon and Z mediated contributions and the comparison between certain parity-

violating and polarized coefficient functions. These comparisons provided non-trivial

checks of the calculation and of the treatment of axial-vector couplings. The chapter

also presented phenomenology relevant for future EIC studies, showing the impor-

tance of electroweak SIDIS channels for flavor separation and precision analyses.

Taken together, the results of this thesis fill an important gap in the perturbative

description of SIDIS. Prior to this work, the coefficient functions for SIDIS were

known completely only up to NLO, while only approximate NNLO results (in the

threshold limit) were available in the literature. This thesis completes the NNLO

QCD description of polarized SIDIS by providing the full coefficient functions at this

order, together with the master integrals required for their analytic computation and

a systematic framework for threshold resummation beyond fixed order. Together

193



with the extension to neutral-current and charged-current electroweak SIDIS, these

results establish a substantially improved theoretical foundation for precision SIDIS

phenomenology.

The complete NNLO coefficient functions obtained in this thesis enable SIDIS analy-

ses at the accuracy required for precision extractions of parton distribution functions,

polarized parton distributions, and fragmentation functions. The improved pertur-

bative stability and reduced residual scale dependence will be essential for reliable

phenomenological studies and global QCD analyses in the EIC era.

Several future directions naturally follow from this work. An important next step is

the implementation of the complete NNLO coefficient functions in phenomenological

programs and global QCD analyses. This will make it possible to quantify the

impact of the NNLO corrections on the extraction of PDFs, polarized PDFs, and

fragmentation functions using existing SIDIS measurements and the high-precision

data expected from the EIC. Such studies will be particularly important for assessing

the reduction of perturbative uncertainties, improving quark-flavor separation, and

obtaining more precise information on the spin and flavor structure of the nucleon.

Another important direction is the systematic inclusion of mixed QCD-QED and

QCD-electroweak corrections. As the experimental precision of SIDIS measurements

increases, electroweak effects may become relevant at a level comparable to the re-

maining QCD uncertainties. A complete precision framework will therefore require

a consistent combination of QCD, QED, and electroweak corrections, together with

the corresponding coupled evolution of parton distribution and fragmentation func-

tions.

A longer term direction is the extension of the fixed-order calculation to N3LO

in QCD. Although technically challenging, the threshold resummation framework

developed in this thesis already predicts important soft-virtual and next-to-soft con-

tributions at this order and higher, providing useful approximations and checks for
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future complete calculations. Further progress may be achieved by matching higher-

accuracy resummation to the NNLO results and extending the analysis beyond di-

agonal partonic channels.
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Appendix A

Analytical Continuation in RV

Integrals

The hypergeometric functions (HFs) appearing in our calculation are generally ex-

pressed through their standard series representation, which converges only within

a restricted domain of the argument. In several kinematic regions, however, the

arguments of these functions may lie outside the convergence region, thereby requir-

ing an analytic continuation to region where argument is less than 1. In addition,

the accompanying prefactors of HFs containing non-integer powers can also develop

branch cut structures and therefore require careful treatment.

To perform the continuation consistently, it is necessary to keep track of the appro-

priate branch structure in the complex plane. This is achieved by introducing the

Feynman +i0 prescription for the kinematic variables, which enables an unambigu-

ous identification of the branch and ensures the correct analytic continuation across

branch cuts. To illustrate the procedure, we discuss two representative examples

below.

We begin with the first example and analyse the analytic structure of the prefactor

197



and the argument of the hypergeometric function appearing in

Fϵ

(
1− z′

1− x′

)

=

(
z′ − x′

1− x′

)−ϵ/2
F̃ϵ

(
1− z′

x′ − z′

)

. (A.1)

where, Fϵ is defined in Eq. (4.26) and F̃ϵ in Eq. (4.30). Note, in the region x′ > z′, the

prefactor develops a branch structure and also the argument of the hypergeometric

function (HF) exceeds unity. Hence, we have to analytically continued the HF to

an argument less than unity. Using the Feynman +i0 prescription for the kinematic

variables i.e. x′ ≡ x′− i0 and z′ ≡ z′− i0, we can determine the appropriate branch

of the complex plane unambiguously. For the prefactor we write

z′ − x′

1− x′
≡ z′ − x′

1− x′ + i0

=
z′ − x′

1− x′

(

1− i0

1− x′

)

=
z′ − x′

1− x′
− i0

z′ − x′

(1− x′)2
. (A.2)

Similarly, for the argument of the hypergeometric function,

1− z′

x′ − z′
≡ 1− z′ + i0

x′ − z′

=
1− z′

x′ − z′

(

1 + i0
1

1− z′

)

=
1− z′

x′ − z′
+ i0

1

x′ − z′
. (A.3)

The sign of the infinitesimal imaginary part depends on the either x′ > z′ or x′ <

z′. Hence we decompose the expression into different kinematic regions using step

functions,

z′ − x′

1− x′
= θ(z′ − x′)

(
z′ − x′

1− x′
− i0

)

+ θ(x′ − z′)

(

−x
′ − z′

1− x′
+ i0

)

=

∣
∣
∣
∣

z′ − x′

1− x′

∣
∣
∣
∣

{

θ(z′ − x′)(1− i0) + θ(x′ − z′)(−1 + i0)
}

. (A.4)
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Using this decomposition, we obtain

Fϵ

(
1− z′

1− x′

)

=

∣
∣
∣
∣

z′ − x′

1− x′

∣
∣
∣
∣

−ϵ/2
{

θ(z′ − x′) F̃ϵ

(
1− z′

x′ − z′
− i0

)

+θ(x′ − z′) (−1 + i0)−ϵ/2F̃ϵ

(
1− z′

x′ − z′
+ i0

)}

. (A.5)

After fixing the branches of the prefactors and of the hypergeometric functions, we

perform the expansion of the latter about ϵ = 0 and the resulting polylogarithms are

then continued to the required kinematic region using the same branch prescription,

see Eqs. (C.6) and Eqs. (C.11)-(C.12).

Let us discuss one more example.

Fϵ

(
x′(1− x′)

z′(1− z′)

)

=

(
(z′ − x′)(1− z′ − x′)

z′(1− z′)

)− ϵ
2

F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)

)

(A.6)

Following the procedure as in the previous example, we first consider the prefactor:

(z′ − x′)(1− z′ − x′)

z′(1− z′)
≡(z′ − x′)(1− z′ − x′ + i0)

(z′ − i0)(1− z′ + i0)

=
(z′ − x′)(1− z′ − x′)

z′(1− z′)

(

1 +
i0

1− z′ − x′
+
i0

z′
− i0

1− z′

)

=
(z′ − x′)(1− z′ − x′)

z′(1− z′)
+ i0

(z′ − x′)

z′(1− z′)

+ i0
(z′ − x′)(1− z′ − x′)

(z′)2(1− z′)
− i0

(z′ − x′)(1− z′ − x′)

z′(1− z′)2

=
(z′ − x′)(1− z′ − x′)

z′(1− z′)

+ i0

(
(1− z′)(1− z′ − x′) + x′z′

)
(z′ − x′)

(z′)2(1− z′)2
(A.7)

and similarly for the argument of hypergeometric function

x′(1− x′)

(x′ − z′)(1− z′ − x′)
≡ (x′ − i0)(1− x′ + i0)

(x′ − z′)(1− z′ − x′ + i0)

=
x′(1− x′)

(x′ − z′)(1− z′ − x′)

(

1− i0

x′
+

i0

1− x′
− i0

1− z′ − x′

)
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=
x′(1− x′)

(x′ − z′)(1− z′ − x′)
− i0

(1− x′)

(x′ − z′)(1− z′ − x′)

+ i0
x′

(x′ − z′)(1− z′ − x′)
− i0

x′(1− x′)

(x′ − z′)(1− z′ − x′)2

=
x′(1− x′)

(x′ − z′)(1− z′ − x′)
+ i0

(
(1− x′)(1− z′ − x′) + x′z′

)

(z′ − x′)(1− z′ − x′)2

(A.8)

Note for both prefactor as well as argument of HF, the sign of the imaginary part

depends on either x′ > z′ or x′ < z′ or x′ + z′ > 1 or x′ + z′ < 1. Consequently, we

decompose the expression into four different regions as,

(z′ − x′)(1− z′ − x′)

z′(1− z′)
=

∣
∣
∣
∣

(z′ − x′)(1− z′ − x′)

z′(1− z′)

∣
∣
∣
∣

{

θ(z′ − x′)θ(1− z′ − x′)
(
1 + i0

)

+ θ(z′ − x′)θ(z′ + x′ − 1)
(
− 1 + i0

)

+ θ(x′ − z′)θ(z′ + x′ − 1)
(
1− i0

)

+ θ(x′ − z′)θ(1− z′ − x′)
(
− 1− i0

)
}

(A.9)

Using the above decomposition, we obtain,

Fϵ

(
x′(1− x′)

z′(1− z′)

)

=

(
(z′ − x′)(1− z′ − x′)

z′(1− z′)

)− ϵ
2

F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)

)

=

∣
∣
∣
∣

(z′ − x′)(1− z′ − x′)

z′(1− z′)

∣
∣
∣
∣

− ϵ
2

×
{

θ1a θ2a F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)
+ i0

)

+ θ1a θ2b (−1 + i0)−
ϵ
2 F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)
+ i0

)

+ θ1b θ2b F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)
− i0

)

+ θ1b θ2a (−1− i0)−
ϵ
2 F̃ϵ

(
x′(1− x′)

(x′ − z′)(1− z′ − x′)
− i0

)}

,

(A.10)

where θ1a = θ(z′ − x′), θ1b = θ(x′ − z′), θ2a = θ(1− z′ − x′), θ2b = θ(z′ + x′ − 1).
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Appendix B

Plus Distribution Procedure

In this appendix, we describe the procedure used to extract endpoint singularities

in terms of plus distributions. These singularities appear in the partonic coefficient

functions when one or both of the scaling variables approach their threshold values,

i.e. x′ → 1 and z′ → 1. The method is used repeatedly in the NLO and NNLO

calculations to isolate the singular behaviour in the threshold limits as explicit poles

in the dimensional regularization parameter, accompanied by plus distributions and

delta functions.

The plus distribution is defined through its action on a test function. For a function

g(ξ) which is regular at ξ = 1, we define (see [8, 103,104,109,429])

∫ 1

0

dξ g(ξ)
[
h(ξ)

]

+
=

∫ 1

0

dξ
(
g(ξ)− g(1)

)
h(ξ) . (B.1)

Here
[
h(ξ)

]

+
= h(ξ) for ξ ̸= 1. Like the Dirac delta function, the plus distribution

action is defined only under an integral.

Equivalently, the plus distribution may be represented as

[
h(ξ)

]

+
= lim

β→0+

[

h(ξ)θ(1− ξ − β)− δ(1− ξ − β)

∫ 1−β

0

dy h(y)

]

. (B.2)
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This form makes explicit how the endpoint contribution is isolated into a delta

function. For example, one obtains

[
1

1− ξ

]

+

= lim
β→0+

[
1

1− ξ
θ(1− ξ − β) + log(β)δ(1− ξ − β)

]

, (B.3)

[
log(1− ξ)

1− ξ

]

+

= lim
β→0+

[
log(1− ξ)

1− ξ
θ(1− ξ − β) +

1

2
log2(β)δ(1− ξ − β)

]

. (B.4)

In the coefficient functions of SIDIS, infrared singularities arise from soft and

collinear configurations of massless partons. Near threshold, these singularities ap-

pear as factors of the form (1− x′)−1 and/or (1− z′)−1, which are divergent in the

limits x′ → 1 and z′ → 1. Such terms can arise either from the master integrals

themselves or from the coefficients multiplying them at the squared-amplitude level.

In dimensional regularization, with d = 4+ ϵ, these endpoint singularities are regu-

lated by factors such as (1−x′)aϵ and (1−z′)bϵ, which originate from the phase-space

measure.

The double-virtual contribution is localized at Born kinematics and is therefore

proportional to

δ(1− x′)δ(1− z′). (B.5)

In contrast, the real-emission contributions contain non-trivial endpoint structures.

At NLO, the real-emission contribution contains singular factors of the form

(1− x′)
ϵ
2 (1− z′)

ϵ
2

1− x′
f(x′, z′, ϵ),

(1− x′)
ϵ
2 (1− z′)

ϵ
2

1− z′
f(x′, z′, ϵ),

(1− x′)
ϵ
2 (1− z′)

ϵ
2

(1− x′)(1− z′)
f(x′, z′, ϵ), (B.6)

where f(x′, z′, ϵ) is regular in the endpoint limits.

At NNLO, similar structures occur in the real-virtual contribution. In addition,
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factors depending on combinations such as z′ − x′ and 1 − z′ − x′ may appear. A

representative structure is

(1− x′)aϵ(1− z′)bϵ|z′ − x′|cϵ|1− z′ − x′|dϵ
(1− x′)(1− z′)(z′ − x′)(1− z′ − x′)

f1(x
′, z′, ϵ). (B.7)

Here f1(x
′, z′, ϵ) is regular in its arguments. In the cases encountered in the calcu-

lation, a and b take values such as 1/2 or 1, while c and d can take values such as 0

or −1/2.

For the double-real contribution, one encounters terms of the form

(1− x′)ϵ(1− z′)ϵ

(1− x′)(1− z′)(z′ − x′)
(
(1 + x′)2 − 4x′z′

)f2(x
′, z′, ϵ), (B.8)

where f2(x
′, z′, ϵ) is regular in the relevant endpoint limits. After partial fractioning,

the singular factors can be organized into combinations such as

1

(1− x′)(1− z′)
,

1

(1− x′)(z′ − x′)
,

1

(1− x′)
(
(1 + x′)2 − 4x′z′

) , (B.9)

together with single endpoint factors such as

1

1− x′
,

1

1− z′
. (B.10)

Several public packages are available for performing partial fraction decomposition

and related algebraic manipulations, see for e.g. [248, 520–524]. The extraction of

the endpoint pole structure is then performed sequentially. One may first isolate

the singularity at x′ → 1 and then at z′ → 1, or vice versa. The final result is

independent of this order, provided the distributions are consistently interpreted

under the corresponding integrals.
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Let us first consider the one-variable case. We start from

∫ 1

0

dξ g(ξ)
(1− ξ)aϵ

1− ξ
=

∫ 1

0

dξ
(
g(ξ)− g(1)

)(1− ξ)aϵ

1− ξ
+ g(1)

∫ 1

0

dξ
(1− ξ)aϵ

1− ξ

=

∫ 1

0

dξ
(
g(ξ)− g(1)

)
∞∑

i=0

(aϵ)i

i!

logi(1− ξ)

1− ξ
+
g(1)

aϵ

=

∫ 1

0

dξ g(ξ)
∞∑

i=0

(aϵ)i

i!

[
logi(1− ξ)

1− ξ

]

+

+
g(1)

aϵ

∫ 1

0

dξ δ(1− ξ).

(B.11)

Since this relation holds for an arbitrary regular test function g(ξ), we obtain the

distributional identity

(1− ξ)aϵ

1− ξ
=

[
(1− ξ)aϵ

1− ξ

]

P

=
1

aϵ
δ(1− ξ) +

[
(1− ξ)aϵ

1− ξ

]

+

=
1

aϵ
δ(1− ξ) +

∞∑

i=0

(aϵ)i

i!

[
logi(1− ξ)

1− ξ

]

+

. (B.12)

In practical calculations, this expansion is truncated at the sufficient order in ϵ

required by the accompanying poles from the matrix elements, master integrals,

renormalization constants, and mass-factorization kernels.

If the singular factor multiplies a regular function f(ξ), it is useful to add and

subtract the endpoint value f(1):

(1− ξ)aϵ

1− ξ
f(ξ) =

(
f(ξ)− f(1)

)(1− ξ)aϵ

1− ξ
+ f(1)

(1− ξ)aϵ

1− ξ

=
(
f(ξ)− f(1)

)
∞∑

i=0

(aϵ)i

i!

logi(1− ξ)

1− ξ
+ f(1)

[
(1− ξ)aϵ

1− ξ

]

P

=
(
f(ξ)− f(1)

)(1− ξ)aϵR
1− ξ

+ f(1)

[
(1− ξ)aε

1− ξ

]

P

. (B.13)

The first term is regular at ξ = 1, because f(ξ)− f(1) vanishes in this limit. There-

fore it may be expanded as an ordinary function. The second term contains the
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distributional contribution.

The same procedure can be applied to the case of two endpoint variables. For a

function f(x′, z′) which is regular in the endpoint limits, one obtains

(1− x′)aϵ

1− x′
(1− z′)bϵ

1− z′
f(x′, z′)

=
(1− x′)aϵ

1− x′

(
(

f(x′, z′)− f(x′, 1)
)(1− z′)bϵR

1− z′
+ f(x′, 1)

[
(1− z′)bϵ

1− z′

]

P

)

=
(

f(x′, z′)− f(x′, 1)− f(1, z′) + f(1, 1)
)(1− x′)aϵR

1− x′
(1− z′)bϵR
1− z′

+
(

f(1, z′)− f(1, 1)
)[(1− x′)aϵ

1− x′

]

P

(1− z′)bϵR
1− z′

+
(

f(x′, 1)− f(1, 1)
)(1− x′)aϵR

1− x′

[
(1− z′)bϵ

1− z′

]

P

+ f(1, 1)

[
(1− x′)aϵ

1− x′

]

P

[
(1− z′)bϵ

1− z′

]

P

. (B.14)

Here the subscript R denotes the regular part, which can be expanded as an ordi-

nary function in ϵ, while the subscript P denotes the distributional prescription, see

Eq. (B.12). The last term contains the double-endpoint contribution, including the

δ(1− x′)δ(1− z′) term.

In some contributions, the endpoint singularities are multiplied by additional factors

such as |z′ − x′|cϵ, , where |z′ − x′| denotes the modulus of z′ − x′. In this case, the

endpoint subtraction must also account for the limiting behaviour of this factor. For

instance,

|z′ − x′|cϵ
∣
∣
∣
∣
z′=1

= (1− x′)cϵ, |z′ − x′|cϵ
∣
∣
∣
∣
x′=1

= (1− z′)cϵ. (B.15)

A useful decomposition is then

(1− x′)aϵ(1− z′)bϵ|z′ − x′|cϵ
(1− x′)(1− z′)

f(x′, z′)
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=
(1− x′)aϵ

(1− x′)

(
(

f(x′, z′)
∣
∣z′ − x′

∣
∣
cϵ − f(x′, 1)(1− x′)cϵ

)(1− z′)bϵR
1− z′

+ f(x′, 1)(1− x′)cϵ
[
(1− z′)bϵ

1− z′

]

P

)

=
(

f(x′, z′)
∣
∣z′ − x′

∣
∣
cϵ

R
− f(1, z′)(1− z′)cϵR

)(1− x′)aϵR
1− x′

(1− z′)bϵR
1− z′

+f(1, z′)

[
(1− x′)aϵ

1− x′

]

P

(1− z′)
(b+c)ϵ
R

1− z′
−
(

f(x′, 1)−f(1, 1)
)(1− x′)

(a+c)ϵ
R

1− x′
(1− z′)bϵR
1− z′

− f(1, 1)

[
(1− x′)(a+c)ϵ

1− x′

]

P

(1− z′)bϵR
1− z′

+
(

f(x′, 1)− f(1, 1)
)(1− x′)

(a+c)ϵ
R

1− x′

[
(1− z′)bϵ

1− z′

]

P

+ f(1, 1)

[
(1− x′)(a+c)ϵ

1− x′

]

P

[
(1− z′)bϵ

1− z′

]

P

. (B.16)

This form separates the endpoint contributions while keeping the remaining terms

regular in the appropriate limits.

Another useful case occurs when denominators of the form 1/(z′−x′) appear together

with an endpoint denominator. In the limit x′ → 1, one has

(z′ − x′)

∣
∣
∣
∣
x′=1

= −(1− z′). (B.17)

Therefore, the subtraction at x′ = 1 generates terms involving 1/(1− z′). A repre-

sentative decomposition is

(1− x′)aϵ(1− z′)bϵ|z′ − x′|cϵ
(1− x′)(z′ − x′)

f(x′, z′)

=(1− z′)bϵ

(( |z′ − x′|cϵ
z′ − x′

f(x′, z′) +
(1− z′)cϵ

1− z′
f(1, z′)

)
(1− x′)aϵR
1− x′

− (1− z′)cϵ

1− z′
f(1, z′)

[
(1− x′)aϵ

1− x′

]

P

)

=f(x′, z′)
(1− x′)aϵR
1− x′

(1− z′)bϵR |z′ − x′|cϵR
z′ − x′

+
(
f(1, z′)− f(1, 1)

)(1− x′)aϵR
1− x′

(1− z′)
(b+c)ϵ
R

1− z′

+ f(1, 1)
(1− x′)aϵR
1− x′

[
(1− z′)(b+c)ϵ

1− z′

]

P
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−
(
f(1, z′)− f(1, 1)

)
[
(1− x′)aϵ

1− x′

]

P

(1− z′)
(b+c)ϵ
R

1− z′

− f(1, 1)

[
(1− x′)aϵ

1− x′

]

P

[
(1− z′)(b+c)ϵ

1− z′

]

P

. (B.18)

The procedure described above provides a systematic way to extract the endpoint

pole structure from the real-emission contributions. After applying this decom-

position to all singular terms, the coefficient functions can be written in terms of

ordinary functions, plus distributions in x′ and z′, and delta functions. These contri-

butions are then combined with the virtual corrections, renormalization of coupling

constant, and performing mass-factorization, to obtain the finite renormalized coef-

ficient functions.
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Appendix C

Useful Formulas

In this appendix, we collect some useful formulas for special functions that appear

in the evaluation of master integrals and in the analytic expressions of the coefficient

functions.

C.1 Hypergeometric Functions

An integral representation of the Gauss hypergeometric function 2F1 is given by

2F1(A1, A2;B1; z) =
ΓB1

ΓA2ΓB1−A2

∫ 1

0

du
uA2−1(1− u)B1−A2−1

(1− zu)A1
. (C.1)

This representation is valid for Re(B1) > Re(A2) > 0, for real values of z, the

integral is well defined for z < 1.

Several transformation identities are useful in simplifying and analytically continuing

hypergeometric functions. First, the function is symmetric under the interchange of

the first two parameters,

2F1(A1, A2;B1; z) = 2F1(A2, A1;B1; z) , (C.2)
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Euler’s transformation and Pfaff transformations are given by

2F1(A1, A2;B1; z) = (1− z)B1−A1−A2
2F1(B1 − A1, B1 − A2;B1; z),

2F1(A1, A2;B1; z) = (1− z)−A1
2F1

(

A1, B1 − A2;B1;
z

z − 1

)

,

2F1(A1, A2;B1; z) = (1− z)−A2
2F1

(

B1 − A1, A2;B1;
z

z − 1

)

. (C.3)

For further details on hypergeometric functions and their properties, see, for

e.g. [294–296]. Some of the identities used in this thesis to manipulate the pa-

rameters of hypergeometric functions are

(A2 − A1)(1− z) 2F1(A1, A2;B1; z)− (B1 − A1) 2F1(A1 − 1, A2;B1; z)

+ (B1 − A2) 2F1(A1, A2 − 1;B1; z) = 0, (C.4)

B1(1− z) 2F1(A1, A2;B1; z)− B1 2F1(A1, A2 − 1;B1; z)

+ (B1 − A1) z2F1(A1, A2;B1 + 1; z) = 0, (C.5)

Hypergeometric functions depending on the dimensional regularization parameter ϵ

can be expanded in powers of ϵ and get polylogarithms. For example,

2F1

( ϵ

2
,
ϵ

2
; 1 +

ϵ

2
; z
)

= 1 +
( ϵ

2

)2

Li2(z) +
( ϵ

2

)3 [

S1,2(z)− Li3(z)
]

+
( ϵ

2

)4 [

S1,3(z)− S2,2(z) + Li4(z)
]

+O(ϵ5). (C.6)

This expansion is initially obtained in the region |z| < 1. It can then be analyti-

cally continued to other regions using the appropriate branch prescription. Several

packages for expanding hypergeometric functions in ϵ have been discussed [328–331].

Here Lin(z) denotes the classical polylogarithm, while Sn,p(z) denotes the Nielsen

polylogarithm. We recall their definitions and some useful properties below.
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C.2 Classical Polylogarithms

The classical polylogarithm is given through the integral relation

Lin+1(z) =

∫ z

0

dt

t
Lin(t), n ≥ 1, (C.7)

with Li1(z) = − log(1− z). Some useful integral representations for n = 2, 3 are

Li2(z) = −
∫ z

0

dt
log(1− t)

t
= −

∫ 1

0

dt
log(1− zt)

t
,

Li3(z) =

∫ 1

0

dt
log(t) log(1− zt)

t
=
z

2

∫ 1

0

dt
log2(t)

1− zt
. (C.8)

For argument z = 1, Li reduces to Riemann zeta function i.e. Lin(1) = ζn for n ≥ 2.

A useful generalization of the classical polylogarithms is given by the Nielsen poly-

logarithms, defined as

Sn,p(x) =
(−1)n+p−1

p!(n− 1)!

∫ 1

0

dt

t
logn−1(t) logp(1− xt). (C.9)

With this convention, the classical polylogarithms are obtained as the special case

Sn,1(x) = Lin+1(x).

For the case with n = 1, p = 2,

S1,2(z) =
1

2

∫ 1

0

dt

t
log2(1− zt) = z

∫ 1

0

dt
log(t) log(1− zt)

1− zt
. (C.10)

These functions frequently appear in the ϵ-expansion of hypergeometric functions

and in the analytic expressions of the master integrals. For more details on classical

and Nielsen polylogarithms, see for e.g. [525–528].

For arguments outside the principal convergence region, the functions are defined
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by analytic continuation. With the branch prescription, one has for x > 0,

log(−x+ i0) = log(x) + iπ. (C.11)

Some useful continuation identities are x ≤ 1,

Li2

(
1

x
+ i0

)

= log(x) log(1− x)− 1

2
log2(x) + Li2(1− x) + ζ2 − iπ log(x) ,

Li2 (1 + x+ i0) = − log(x) log(1 + x)− Li2(−x) + ζ2 − iπ log(1 + x) ,

Li3

(
1

x
+ i0

)

= −1

2
log2(x) log(1− x) +

1

6
log3(x)− S1,2(1− x)

− Li2(1− x) log(x) + ζ3 − ζ2 log(x) +
i

2
π log2(x) ,

Li3(1 + x+ i0) = −1

2
log(x) log2(1 + x)− S1,2(−x)− Li2(−x) log(1 + x)

+ ζ3 + ζ2 log(1 + x)− i

2
π log2(1 + x) ,

S1,2

(
1

x
+ i0

)

= −1

2
log(x) log2(1− x) +

1

2
log2(x) log(1− x)− 1

6
log3(x)

− S1,2(1− x) + Li3(1− x)− Li2(1− x) log(1− x) + ζ3

+ 3ζ2 log(x) + iπ log(x) log(1− x)− i

2
π log2(x) + iπ Li2(1− x) ,

S1,2(1 + x+ i0) =
1

2
log2(x) log(1 + x)− Li3(−x) + Li2(−x) log(x) + ζ3

− 3ζ2 log(1 + x) + iπ log(x) log(1 + x) + iπ Li2(−x) . (C.12)

where following identities are used,

Li2(x) = ζ2 − log(x) log(1− x)− Li2(1− x) ,

Li3(x) = ζ3 −
1

2
log2(x) log(1− x)− S1,2(1− x)− Li2(1− x) log(x) + ζ2 log(x) ,

S1,2(x) = ζ3 +
1

2
log(x) log2(1− x)− Li3(1− x) + Li2(1− x) log(1− x) . (C.13)

The precise imaginary parts depend on the branch prescription and must be chosen

consistently with the kinematic region under consideration.
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C.3 Generalized Polylogarithms

Generalized polylogarithms (GPLs) provide a convenient representation of the it-

erated integrals encountered in multi-loop and phase-space calculations [290, 397,

529–539], see also [393,398,539–544]. In the differential-equation method for solving

Feynman integrals, they often appear in the solution of differential systems for mas-

ter integrals. In this thesis, GPLs arise in the coefficients obtained after expanding

the master integrals in powers of ϵ.

The generalized polylogarithm of weight n is defined recursively by

G(a1, a2, . . . , an; z) =

∫ z

0

dt

t− a1
G(a2, . . . , an; t), (C.14)

here, ai and z are complex variables and G(; z) = 1. The ai are called the indices,

or letters, of the GPL. The set of all such letters appearing in a given problem is

called the alphabet. The number of indices is called the weight of the GPL. Thus,

G(a1, . . . , an; z) has weight n. If all indices are zero, the definition is understood as

G(0, . . . , 0
︸ ︷︷ ︸

n

; z) =
1

n!
logn z. (C.15)

The classical polylogarithms can be written as special cases of GPLs:

G(a, . . . , a
︸ ︷︷ ︸

n

; z) =
1

n!
logn

(

1− z

a

)

,

G(0, . . . , 0
︸ ︷︷ ︸

n−1

, a; z) = −Lin

(z

a

)

,

G(0, . . . , 0
︸ ︷︷ ︸

n−k

, a, . . . , a
︸ ︷︷ ︸

k

; z) = (−1)kSn−k,k

(z

a

)

(C.16)

In above equation a ̸= 0. GPLs are therefore a direct generalization of logarithms

and classical polylogarithms.
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GPLs satisfy a shuffle algebra. The product of two GPLs with the same argument

can be expressed as a sum over all shuffles of their indices. Let a⃗ = (a1, a2, . . . , an)

denotes an ordered lists of indices. Then

G(⃗a; z)G(⃗b; z) =
∑

c⃗∈a⃗ ⊔⊔ b⃗

G(c⃗; z), (C.17)

where a⃗ ⊔⊔ b⃗ denotes the set of all possible ways of merging the ordered lists a⃗ and

b⃗ while preserving the relative order of the entries inside each list. For example,

G(a; z)G(b, c; z) = G(a, b, c; z) +G(b, a, c; z) +G(b, c, a; z) ,

G(a, b; z)G(c, d; z) = G(a, b, c, d; z) +G(a, c, b, d; z) +G(a, c, d, b; z) +G(c, a, b, d; z)

+G(c, a, d, b; z) +G(c, d, a, b; z) . (C.18)

Such relations are useful for simplifying products of GPLs for reducing expressions

to a chosen functional basis.

There are a few special cases which require care. For G(a1, a2, . . . , an; z), endpoint

singularities may arise when a1 = z; in particular, for argument z = 1, this corre-

sponds to a1 = 1. GPLs with trailing zeros i.e an = 0, are also treated separately

using shuffle identities in order to express them in terms of GPLs without trailing

zeros. For example, G(a, 0; z) for a ̸= 0,

G(a, 0; z) = G(a; z)G(0; z)−G(0, a; z) . (C.19)

Another useful property is the rescaling relation, for an ̸= 0 and k ̸= 0,

G(ka1, ka2, . . . , kan; kz) = G(a1, a2, . . . , an; z) . (C.20)

In practical calculations, GPLs may contain letters depending on kinematic vari-
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ables. The fibration basis construction is a method for rewriting GPLs by exchang-

ing the role of a variable appearing in the letters with the argument of the GPL.

Let w⃗(x) be an ordered list of letters depending on x and let z be independent of x.

If the GPL is known at a reference point x0, one may write

G(w⃗(x); z) = G(w⃗(x0); z) +

∫ x

x0

dy
d

dy
G(w⃗(y); z). (C.21)

The derivative lowers the weight and gives lower-weight GPLs multiplied by rational

functions of y. After partial fractioning and integration by parts, the expression is

integrated back in y, yielding a representation in which the dependence on x is

moved from the letters to the argument.

As a simple example, consider G(1−x; z), where the variable x appears in the letter.

We want to rewrite it in a form where x appears as the argument instead. Using

the fibration-basis change, we write (choosing x0 = 0),

G(1− x; z) = G(1; z) +

∫ x

0

dy
∂

∂y
G(1− y; z)

= G(1; z) +

∫ x

0

dy
∂

∂y

∫ z

0

dw1

w1 − (1− y)

= G(1; z)−
∫ x

0

dy

∫ z

0

dw1
(
w1 − (1− y)

)2

= G(1; z) +

∫ x

0

dy

[
1

z − (1− y)
− 1

y − 1

]

= G(1; z) +G(1− z; x)−G(1; x). (C.22)

As a second example, consider G(1, 1 − x; z), using the fibration-basis change, we

obtain

G(1, 1− x; z) = G(1, 1; z) +

∫ x

0

dy
∂

∂y
G(1, 1− y; z)

= G(1, 1; z) +

∫ x

0

dy
∂

∂y

∫ z

0

dw1

w1 − 1

∫ w1

0

dw2

w2 − (1− y)
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= G(1, 1; z) +

∫ x

0

dy

∫ z

0

dw1

w1 − 1

[
1

w1 − (1− y)
− 1

y − 1

]

= G(1, 1; z) +

∫ x

0

dy

∫ z

0

dw1

y

[
1

w1 − 1
− 1

w1 − (1− y)

]

−G(1; z)G(1; x)

= G(1, 1; z) +

∫ x

0

dy
1

y
[G(1; z)−G(1− y; z)]−G(1; z)G(1; x)

= G(1, 1; z)−
∫ x

0

dy
1

y
[G(1− z; y)−G(1; y)]−G(1; z)G(1; x)

= G(1, 1; z)−G(0, 1− z; x) +G(0, 1; x)−G(1; z)G(1; x). (C.23)

The examples above illustrate how the fibration-basis change can be used to rewrite

GPLs with variable-dependent letters into an equivalent form in which the chosen

variable appears as the argument. This representation is often more convenient for

analytic continuation and for simplifying the final expressions.

The formulae collected in this appendix form the basic toolkit used throughout the

calculation, in particular for simplifying the master integrals, carrying out analytic

continuation, and presenting the final results in a compact form.
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Appendix D

Boundary Values of the RR

Master Integrals

In this appendix, we present the explicit boundary values of the RR master integrals

listed in Eq. (4.37), evaluated in the limit x′ → 1 and z′ → 1. These boundary values

are obtained in closed form and serve as the boundary conditions required for solving

the differential equations satisfied by the master integrals. They are evaluated in

the k1 − k2 center-of-mass frame while keeping factors of the form (1− x′)aϵ+b and

(1− z′)cϵ+d. For convenience, we define,

C̃ϵ =
1

(4π)4+ϵ

Γ2
(
1 + ϵ

2

)

Γ2 (1 + ϵ)
(D.1)

The boundary values of the master integrals are given by,

J (R1, 0, 0, 0)
∣
∣
∣
{x′,z′}→1

=
2πC̃ϵ

(1 + ϵ)2
(
Q2
)ϵ+1

(1− x′)
ϵ+1

(1− z′)
ϵ+1

,

J (R1, 0, 0, 1)
∣
∣
∣
{x′,z′}→1

=
4πC̃ϵ

ϵ (1 + ϵ)

(
Q2
)ϵ
(1− x′)

ϵ
(1− z′)

1+ϵ
,

J (R1, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
−16πC̃ϵ

ϵ2
(
Q2
)ϵ−2

(1− x′)
ϵ−1

(1− z′)
ϵ
,
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J (R2, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
−8π

(4π)4+ϵ

1

ϵ

(
Q2
)ϵ−2

(1− x′)
ϵ−1

(1− z′)
ϵ−1

× 3F2

(
ϵ
2
, ϵ
2
, ϵ
2
, 1 + ϵ

2
, 1 + 3ϵ

2
, 1
)

Γ (1 + ϵ)
,

J (R3, 0, 0, 1)
∣
∣
∣
{x′,z′}→1

=
−2πC̃ϵ

(1 + ϵ)2
(
Q2
)ϵ
(1− x′)

ϵ+1
(1− z′)

ϵ
,

J (R3, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
8πC̃ϵ

ϵ2
(
Q2
)ϵ−2

(1− x′)
ϵ
(1− z′)

ϵ−1
,

J (R4, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
8πC̃ϵ

ϵ2 (1 + ϵ)2
(
Q2
)ϵ−2

(1− x′)
ϵ
(1− z′)

ϵ−1
,

J (R5, 0, 0, 1)
∣
∣
∣
{x′,z′}→1

=
−2πC̃ϵ

(1 + ϵ)2
(
Q2
)ϵ
(1− x′)

ϵ+1
(1− z′)

ϵ+1
,

J (R5, 0, 0, 2)
∣
∣
∣
{x′,z′}→1

=
2πC̃ϵ

(1 + ϵ)2
(
Q2
)ϵ−1

(1− x′)
ϵ+1

(1− z′)
ϵ+1

,

J (R5, 0, 1, 1)
∣
∣
∣
{x′,z′}→1

=
2πC̃ϵ

(1 + ϵ)2
(
Q2
)ϵ−1

(1− x′)
ϵ+1

(1− z′)
ϵ+1

,

J (R5, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
−4πC̃ϵ

ϵ (1 + ϵ)

(
Q2
)ϵ−2

(1− x′)
ϵ+1

(1− z′)
ϵ
,

J (R6, 0, 1, 1)
∣
∣
∣
{x′,z′}→1

=
2πC̃ϵ

(1 + ϵ)2
(
Q2
)ϵ−1

(1− x′)
ϵ+1

(1− z′)
ϵ
,

J (R6, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
−4πC̃ϵ

ϵ (1 + ϵ)

(
Q2
)ϵ−2

(1− x′)
ϵ+1

(1− z′)
ϵ−1

,

J (R7, 0, 1, 1)
∣
∣
∣
{x′,z′}→1

=
−4πC̃ϵ

ϵ (1 + ϵ)

(
Q2
)ϵ−1

(1− x′)
ϵ
(1− z′)

ϵ+1
,

J (R7, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
8πC̃ϵ

ϵ2
(
Q2
)ϵ−2

(1− x′)
ϵ
(1− z′)

ϵ
,

J (R8, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
8πC̃ϵ

ϵ2
(
Q2
)ϵ−2

(1− x′)
ϵ
(1− z′)

ϵ−1
,

J (R10, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
4πC̃ϵ

ϵ (1 + ϵ)

(
Q2
)ϵ−2

(1− x′)
ϵ
(1− z′)

ϵ+1
,

J (R11, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
−8πC̃ϵ

ϵ2
(
Q2
)ϵ−2

(1− x′)
ϵ−1

(1− z′)
ϵ
,

J (R12, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
4πC̃ϵ

ϵ (1 + ϵ)

(
Q2
)ϵ−2

(1− x′)
ϵ
(1− z′)

ϵ
,

J (R13, 1, 1, 1)
∣
∣
∣
{x′,z′}→1

=
−8πC̃ϵ

ϵ (1 + ϵ)

(
Q2
)ϵ−2

(1− x′)
ϵ−1

(1− z′)
ϵ+1

. (D.2)
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Appendix E

Results of the SV and NSV

Coefficient functions

In this appendix, we present the analytic results of the SV and NSV CFs, (∆)CSV
J,cc

and (∆)CNSV
J,cc for c = {q, q} respectively. We present complete results at NLO and

NNLO and partial results at N3LO in the threshold region for the CFs, expanded in

as as (∆)C(N)SV
J,cc =

∑∞
i=0 a

i
s(µ

2
R)(∆)C(i),(N)SV

J,cc . For compactness, we do not present the

expressions for the fourth order SV and NSV coefficient functions. These results are

given in Eq. (66) and Eq. (70) respectively of [179]. Their normalization at LO reads

(∆)C(0),SV
J,cc = δ(1− x′)δ(1− z′) and (∆)C(0),NSV

J,cc = 0, and we have set µ2
F = µ2

R = Q2

in the sequel.

E.1 SV Coefficient functions

For the perturbative expansion of the SV part of the CFs, we define in addition to

CA and CF further group invariants of the color SU(Nc) gauge group, namely We
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also define

dabcdabc
NF

=
(N2

c − 1)(N2
c − 4)

16N2
c

,
dabcdF dabcdF

NF

=
(N2

c − 1)(N4
c − 6N2

c + 18)

96N3
c

,

dabcdF dabcdA

NF

=
(N2

c − 1)(N2
c + 6)

48
,

dabcdA dabcdA

NA

=
N2

c (N
2
c + 36)

24
,

dabcdF dabcdA

NA

=
Nc(N

2
c + 6)

48
,

dabcdF dabcdF

NA

=
(N4

c − 6N2
c + 18)

96N2
c

,

NF = Nc , NA = (N2
c − 1) , N4 =

(N2
c − 4)

Nc

. (E.1)

Also, below we will use nfv, which is defined as the charge weighted sum of quark

flavors. At NLO, i.e. at O(as),

(∆)C(1),SV
J,cc = δ

x
′D

1

z
′

[

CF

{

4

}]

−δ
x
′δ

z
′

[

CF

{

8

}]

+D
0

x
′D

0

z
′

[

CF

{

2

}]

+ (x′
↔z

′) .

(E.2)

The NNLO CF at SV accuracy read

(∆)C(2),SV
J,cc = δ

x
′D

3

z
′

[

C2
F

{

8

}]

− δ
x

′D
2

z
′

[

CFCA

{
22

3

}

− CFnf

{
4

3

}]

+D
1

x
′D

1

z
′

[

C2
F

{

24

}]

+D
0

x
′D

2

z
′

[

C2
F

{

24

}]

−D
0

x
′D

1

z
′

[

CFCA

{
44

3

}

− CFnf

{
8

3

}]

+ δ
x

′D
1

z
′

[

CFCA

{
268

9
− 8ζ2

}

− CFnf

{
40

9

}

− C2
F

{

64 + 32ζ2

}]

− δ
x

′δ
z
′

[

CFCA

{
1535

24
− 86

3
ζ3 +

269

9
ζ2 −

34

5
ζ22

}

− C2
F

{
511

8
− 30ζ3 + 29ζ2 −

28

5
ζ22

}

− CFnf

{
127

12
+

4

3
ζ3 +

38

9
ζ2

}]

+D
0

x
′D

0

z
′

[

CFCA

{
134

9
− 4ζ2

}

− CFnf

{
20

9

}

− C2
F

{

32 + 16ζ2

}]

− δ
x

′D
0

z
′

[

CFCA

{
808

27
− 28ζ3 −

44

3
ζ2

}

− CFnf

{
112

27
− 8

3
ζ2

}

− C2
F

{

32ζ3

}]

+ (x′
↔ z

′) . (E.3)

In the following we predict the CF at third order in as using the available infor-

mation on the perturbative results.

• the knowledge of Ψ
q,(1)
d and Ψ

q,(2)
d can be used to predict the coefficients of

{δx′Di
z′ , δz′Di

x′} for i = 5, 4, 3, 2 and {Di
x′Dj

z′} for i+ j = 4, 3, 2, 1 in (∆)C(3),SV
J,cc .
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• the results on the cusp and eikonal anomalous dimensions (Aq
3, f

q
3 ) can be used

to obtain the coefficients of {δx′Di
z′ , δz′Di

x′} for i = 1, 0 and {D0
x′D0

z′}

• using Gq,(1)
d,3 from the three-loop form factors and Gq,(1)

d,3 from the three-loop soft

functions, we can obtain the coefficient of δx′δz′ .

The results for the SV part of the CFs at third order obtained in this way read

(∆)C(3),SV
J,cc = D

2

x
′D

2

z
′

[

C3
F

{

120

}]

+ δ
x

′D
5

z
′

[

C3
F

{

8

}]

− δ
x

′D
4

z
′

[

C2
FCA

{
220

9

}

− C2
Fnf

{
40

9

}]

+ δ
x

′D
3

z
′

[

CFC
2
A

{
484

27

}

− CFnfCA

{
176

27

}

+ CFn
2
f

{
16

27

}

+ C2
FCA

{
1072

9
− 32ζ2

}

− C2
Fnf

{
160

9

}

− C3
F

{

128 + 128ζ2

}]

− δ
x

′D
2

z
′

[

CFC
2
A

{
3560

27
− 88

3
ζ2

}

+ CFn
2
f

{
80

27

}

− CFCAnf

{
1156

27
− 16

3
ζ2

}

+ C2
FCA

{
560

9
− 168ζ3 − 264ζ2

}

− C2
Fnf

{
68

9
− 48ζ2

}

− C3
F

{

320ζ3

}]

+D
1

x
′D

3

z
′

[

C3
F

{

160

}]

−D
1

x
′D

2

z
′

[

C2
FCA

{
880

3

}

− C2
Fnf

{
160

3

}]

+ δ
x

′D
1

z
′

[

CFC
2
A

{
31006

81
− 176ζ3 −

680

3
ζ2 +

176

5
ζ22

}

− CFCAnf

{
8204

81
− 512

9
ζ2

}

+ CFn
2
f

{
400

81
− 32

9
ζ2

}

− C2
FCA

{
8893

9
+

368

3
ζ3 +

5288

9
ζ2 −

912

5
ζ22

}

+ C3
F

{

511

− 240ζ3 + 744ζ2 +
288

5
ζ22

}

+ C2
Fnf

{
1072

9
+

320

3
ζ3 +

944

9
ζ2

}]

+D
0

x
′D

4

z
′

[

C3
F

{

40

}]

−D
0

x
′D

3

z
′

[

C2
FCA

{
880

9

}

− C2
Fnf

{
160

9

}]

+D
1

x
′D

1

z
′

[

CFC
2
A

{
484

9

}

− CFCAnf

{
176

9

}

+ CFn
2
f

{
16

9

}

+ C2
FCA

{
1072

3
− 96ζ2

}

− C2
Fnf

{
160

3

}

− C3
F

{

384 + 384ζ2

}]

−D
0

x
′D

1

z
′

[

CFC
2
A

{
7120

27
− 176

3
ζ2

}

− CFCAnf

{
2312

27
− 32

3
ζ2

}

+ CFn
2
f

{
160

27

}

+ C2
FCA

{
1120

9
− 336ζ3 − 528ζ2

}

− C2
Fnf

{
136

9
− 96ζ2

}

− C3
F

{

640ζ3

}]

− δ
x

′D
0

z
′

[

CFn
2
f

{
1856

729
+

32

27
ζ3 −

160

27
ζ2

}

+ C2
Fnf

{

3 +
944

9
ζ3 −

40

27
ζ2 −

224

15
ζ22

}

− CFCAnf

{
62626

729
− 536

9
ζ3 −

7760

81
ζ2 +

208

15
ζ22

}

− C2
FCA

{
12928

27
+

256

9
ζ3 +

128

27
ζ2

− 352ζ2ζ3 −
352

3
ζ22

}

+ CFC
2
A

{
297029

729
+ 192ζ5 −

14264

27
ζ3 −

27752

81
ζ2 +

176

3
ζ2ζ3

+
616

15
ζ22

}

− C3
F

{

384ζ5 − 512ζ3 − 512ζ2ζ3

}]

+ δ
x

′δ
z
′

[

CFN4nfv

{

4− 80

3
ζ5 +

14

3
ζ3
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+ 10ζ2 −
2

5
ζ22

}

−CFn
2
f

{
7081

486
+

152

81
ζ3 +

1028

81
ζ2 +

64

135
ζ22

}

− CFC
2
A

{
1505881

1944
+ 102ζ5

− 125105

162
ζ3 +

200

3
ζ23 +

124895

162
ζ2 − 234ζ2ζ3 −

23539

270
ζ22 +

4456

315
ζ32

}

+ CFCAnf

{
110651

486

− 4ζ5 −
9944

81
ζ3 +

5696

27
ζ2 −

8

3
ζ2ζ3 −

1054

135
ζ22

}

+ C2
FCA

{
74321

72
− 3812

9
ζ5 −

2986

3
ζ3

+
632

3
ζ23 +

33451

27
ζ2 −

2480

9
ζ2ζ3 +

1304

135
ζ22 − 3896

63
ζ32

}

− C2
Fnf

{
421

6
+

112

9
ζ5 − 180ζ3

+
3844

27
ζ2 +

448

9
ζ2ζ3 +

2504

135
ζ22

}

− C3
F

{
5599

12
− 664ζ5 + 230ζ3 −

368

3
ζ23 +

1598

3
ζ2

− 280ζ2ζ3 +
442

5
ζ22 − 20816

315
ζ32

}]

+D
0

x
′D

2

z
′

[

CFC
2
A

{
484

9

}

− CFCAnf

{
176

9

}

+ CFn
2
f

{
16

9

}

+ C2
FCA

{
1072

3
− 96ζ2

}

− C2
Fnf

{
160

3

}

− C3
F

{

384 + 384ζ2

}]

+D
0

x
′D

0

z
′

[

CFC
2
A

{
15503

81
− 88ζ3 −

340

3
ζ2 +

88

5
ζ22

}

− CFCAnf

{
4102

81
− 256

9
ζ2

}

+ CFn
2
f

{
200

81
− 16

9
ζ2

}

− C2
FCA

{
8893

18
+

184

3
ζ3 +

2644

9
ζ2 −

456

5
ζ22

}

+ C2
Fnf

{
536

9

+
160

3
ζ3 +

472

9
ζ2

}

+ C3
F

{
511

2
− 120ζ3 + 372ζ2 +

144

5
ζ22

}]

+ (x′
↔ z

′) . (E.4)

Similarly at fourth order we can predict various terms as follows:

• using Ψ
q,(1)
d , Ψ

q,(2)
d , and the three-loop cusp and eikonal anomalous dimensions

(Aq
3, f

q
3 ), we can obtain the coefficients of {δx′Di

z′ , δz′Di
x′} for i = 7, 6, 5, 4, 3, 2

and {Di
x′Dj

z′} for i+ j = 6, 5, 4, 3, 2, 1, in (∆)C(4),SV
J,cc .

• using Gq,(1)

d,3 from the three-loop soft functions as given in Eq. (5.41), along with

higher order anomalous dimensions (Aq
3, A

q
4, B

q
3, f

q
3 ), we obtain the coefficients

of {δx′D1
z′ , δz′D1

x′} and {D0
x′D0

z′}.

• finally, thanks to the recent computation [495], on four-loop eikonal anomalous

dimension (f4), see also [503], the coefficients of {δx′D0
z′ , δz′D0

x′} in (∆)C(4),SV
J,cc ,

can now be predicted.

However, the coefficient of δx′δz′ cannot be predicted with the available information.
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E.2 NSV Coefficient functions

The NSV contributions to the CFs are next. At NLO, i.e at O(as), we have

(∆)C(1),NSV
J,cc = δ

z
′L

0

x
′

[

CF

{

4

}]

− δ
x
′L

0

z
′

[

CF

{

4

}]

−D
0

x
′L

0

z
′

[

CF

{

4

}]

−D
0

z
′L

0

x
′

[

CF

{

4

}]

− δ
x
′L

1

z
′

[

CF

{

4

}]

− δ
z
′L

1

x
′

[

CF

{

4

}]

. (E.5)

The NSV terms of the CFs at NNLO are given by

(∆)C(2),NSV
J,cc = δ

x
′L

0

z
′

[

CFCA

{
1108

27
− 28ζ3 −

44

3
ζ2

}

− CFnf

{
52

27
− 8

3
ζ2

}

+ C2
F

{

64

− 32ζ3 − 24ζ2

}]

+ δ
z
′L

0

x
′

[

CFCA

{
1492

27
− 28ζ3 −

68

3
ζ2

}

− CFnf

{
364

27
− 8

3
ζ2

}

− C2
F

{

64 + 32ζ3 + 32ζ2

}]

−D
0

x
′L

0

z
′

[

CFCA

{
268

9
− 8ζ2

}

− CFnf

{
40

9

}

− C2
F

{

52 + 32ζ2

}]

−D
0

z
′L

0

x
′

[

CFCA

{
532

9
− 8ζ2

}

− CFnf

{
88

9

}

− C2
F

{

76 + 32ζ2

}]

+D
0

x
′L

1

z
′

[

CFCA

{
44

3

}

− CFnf

{
8

3

}

− C2
F

{

16

}]

+D
0

z
′L

1

x
′

[

CFCA

{
44

3

}

− CFnf

{
8

3

}

+ C2
F

{

48

}]

−D
0

x
′L

2

z
′

[

C2
F

{

24

}]

−D
0

z
′L

2

x
′

[

C2
F

{

24

}]

−D
1

x
′L

1

z
′

[

C2
F

{

48

}]

−D
1

z
′L

1

x
′

[

C2
F

{

48

}]

+D
1

x
′L

0

z
′

[

CFCA

{
44

3

}

− CFnf

{
8

3

}]

+D
1

z
′L

0

x
′

[

CFCA

{
44

3

}

− CFnf

{
8

3

}

+ C2
F

{

32

}]

− δ
x

′L
1

z
′

[

CFCA

{
358

9
− 8ζ2

}

− CFnf

{
40

9

}

− C2
F

{

62 + 32ζ2

}]

− δ
z
′L

1

x
′

[

CFCA

{
442

9
− 8ζ2

}

− CFnf

{
88

9

}

− C2
F

{

66 + 32ζ2

}]

+ δ
x

′L
2

z
′

[

CFCA

{
22

3

}

− CFnf

{
4

3

}

− C2
F

{

12

}]

+ δ
z
′L

2

x
′

[

CFCA

{
22

3

}

− CFnf

{
4

3

}

+ C2
F

{

28

}]

−D
2

x
′L

0

z
′

[

C2
F

{

24

}]

−D
2

z
′L

0

x
′

[

C2
F

{

24

}]

− δ
x

′L
3

z
′

[

C2
F

{

8

}]

− δ
z
′L

3

x
′

[

C2
F

{

8

}]

. (E.6)

At third order, only partial result for NSV contributions can be obtained with

the the presently known ingredients, unlike the SV case. Using the complete second

order results for Ψ
q,(1)
d and Ψ

q,(2)
d along with third order results (Aq

3, C
q
3 , C̃

q
3 , D

q
3, D̃

q
3)

222



and an intriguing relation φ
(3)
q,z′,3 = −φ(3)

q,x′,3 = −16/9β0C
2
F , see [545], we can predict

the coefficients of {δx′Li
z′ , δz′Li

x′} for i = 5, 4, 3 and of {Di
x′Lj

z′ ,Di
z′L

j
x′} for i + j =

4, 3, 2, 1, 0. The coefficients of {δx′Li
z′ , δz′Li

x′} for i = 2, 1, 0 cannot be predicted

at third order, as they require explicit information at that order, namely φ
(i)
q,ξ,3 for

i = 0, 1, 2 and ξ = x′, z′. Thus, the available partial NSV results at O(a3s) are

(∆)C(3),NSV
J,cc = D

0

x
′L

0

z
′

[

CFnfCA

{
11012

81
− 560

9
ζ2

}

−CFn
2
f

{
400

81
− 32

9
ζ2

}

−C2
Fnf

{
940

9
+

320

3
ζ3

+
1136

9
ζ2

}

− CFC
2
A

{
46450

81
− 176ζ3 − 256ζ2 +

176

5
ζ22

}

+ C2
FCA

{
7987

9
+

512

3
ζ3

+
6920

9
ζ2 −

912

5
ζ22

}

− C3
F

{

325− 112ζ3 + 640ζ2 +
288

5
ζ22

}]

+D
0

z
′L

0

x
′

[

C2
FCA

{
35605

27
+

896

3
ζ3 +

10520

9
ζ2 −

912

5
ζ22

}

+ CFnfCA

{
21572

81
− 656

9
ζ2

}

− CFn
2
f

{
1648

81
− 32

9
ζ2

}

− C2
Fnf

{
4588

27
+

320

3
ζ3 +

2000

9
ζ2

}

− CFC
2
A

{
62242

81
− 176ζ3

− 944

3
ζ2 +

176

5
ζ22

}

− C3
F

{

697− 880ζ3 + 848ζ2 +
288

5
ζ22

}]

+D
0

x
′L

1

z
′

[

CFn
2
f

{
160

27

}

+ CFC
2
A

{
9100

27
− 176

3
ζ2

}

− CFnfCA

{
2672

27
− 32

3
ζ2

}

+ C2
FCA

{
580

9
−336ζ3 − 496ζ2

}

+ C2
Fnf

{
80

9
+ 96ζ2

}

+ C3
F

{

256− 640ζ3

}]

+D
0

z
′L

1

x
′

[

CFC
2
A

{
10948

27
− 176

3
ζ2

}

− CFnfCA

{
4064

27
− 32

3
ζ2

}

+ C2
FCA

{
2420

3
− 336ζ3 − 720ζ2

}

− C2
Fnf

{
416

3
− 96ζ2

}

− C3
F

{

768 + 640ζ3 + 736ζ2

}

+ CFn
2
f

{
352

27

}]

+D
0

x
′L

2

z
′

[

C3
F

{

352 + 384ζ2

}

+ CFnfCA

{
176

9

}

−CFC
2
A

{
484

9

}

−CFn
2
f

{
16

9

}

−C2
FCA

{

368− 96ζ2

}

+C2
Fnf

{

48

}]

+D
0

z
′L

2

x
′

[

CFnfCA

{
176

9

}

− CFn
2
f

{
16

9

}

− CFC
2
A

{
484

9

}

− C2
FCA

{
2096

3
− 96ζ2

}

+ C2
Fnf

{
368

3

}

+ C3
F

{

416 + 384ζ2

}]

+D
0

x
′L

3

z
′

[

C2
FCA

{
880

9

}

− C2
Fnf

{
160

9

}

− C3
F

{

48

}]

+D
0

z
′L

3

x
′

[

C2
FCA

{
880

9

}

− C2
Fnf

{
160

9

}

+ C3
F

{

176

}]

−D
0

x
′L

4

z
′

[

C3
F

{

40

}]

−D
0

z
′L

4

x
′

[

C3
F

{

40

}]

+D
1

x
′L

0

z
′

[

CFC
2
A

{
7120

27
− 176

3
ζ2

}

+ CFn
2
f

{
160

27

}

− CFnfCA

{
2312

27
− 32

3
ζ2

}

+ C2
FCA

{

376− 336ζ3 − 560ζ2

}

− C3
F

{

640ζ3 + 96ζ2

}

− C2
Fnf

{

40− 96ζ2

}]

+D
1

z
′L

0

x
′

[

CFC
2
A

{
12928

27
− 176

3
ζ2

}
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+ CFn
2
f

{
352

27

}

− CFnfCA

{
4424

27
− 32

3
ζ2

}

+ C2
FCA

{
4456

9
− 336ζ3 − 656ζ2

}

− C2
Fnf

{
808

9
− 96ζ2

}

− C3
F

{

512 + 640ζ3 + 640ζ2

}]

+D
1

x
′L

1

z
′

[

C3
F

{

664 + 768ζ2

}

+ CFnfCA

{
352

9

}

− CFC
2
A

{
968

9

}

− CFn
2
f

{
32

9

}

− C2
FCA

{
2264

3
− 192ζ2

}

+ C2
Fnf

{
320

3

}]

+D
1

z
′L

1

x
′

[

CFnfCA

{
352

9

}

− CFC
2
A

{
968

9

}

− CFn
2
f

{
32

9

}

+ C2
Fnf

{
704

3

}

− C2
FCA

{
4136

3
− 192ζ2

}

+ C3
F

{

872 + 768ζ2

}]

+D
1

x
′L

2

z
′

[

C2
FCA

{
880

3

}

− C2
Fnf

{
160

3

}

− C3
F

{

80

}]

+D
1

z
′L

2

x
′

[

C2
FCA

{
880

3

}

− C2
Fnf

{
160

3

}

+ C3
F

{

464

}]

−D
1

x
′L

3

z
′

[

C3
F

{

160

}]

−D
1

z
′L

3

x
′

[

C3
F

{

160

}]

+D
2

x
′L

0

z
′

[

CFnfCA

{
176

9

}

− CFC
2
A

{
484

9

}

− CFn
2
f

{
16

9

}

− C2
FCA

{

416− 96ζ2

}

+ C2
Fnf

{

64

}

+ C3
F

{

312 + 384ζ2

}]

+D
2

z
′L

0

x
′

[

CFnfCA

{
176

9

}

− CFC
2
A

{
484

9

}

− CFn
2
f

{
16

9

}

+ C2
Fnf

{
320

3

}

− C2
FCA

{
1952

3
− 96ζ2

}

+ C3
F

{

456 + 384ζ2

}]

+D
2

x
′L

1

z
′

[

C2
FCA

{
880

3

}

− C2
Fnf

{
160

3

}]

+D
2

z
′L

1

x
′

[

C2
FCA

{
880

3

}

− C2
Fnf

{
160

3

}

+ C3
F

{

384

}]

−D
2

x
′L

2

z
′

[

C3
F

{

240

}]

−D
2

z
′L

2

x
′

[

C3
F

{

240

}]

+ δ
x

′L
3

z
′

[

CFnfCA

{
176

27

}

− CFC
2
A

{
484

27

}

− CFn
2
f

{
16

27

}

− C2
FCA

{
3316

27
− 32ζ2

}

+ C2
Fnf

{
400

27

}

+ C3
F

{

124 + 128ζ2

}]

+ δ
z
′L

3

x
′

[

CFnfCA

{
176

27

}

− CFC
2
A

{
484

27

}

− CFn
2
f

{
16

27

}

+ C2
Fnf

{
1136

27

}

− C2
FCA

{
6284

27
− 32ζ2

}

+ C3
F

{

132 + 128ζ2

}]

+D
3

x
′L

0

z
′

[

C2
FCA

{
880

9

}

− C2
Fnf

{
160

9

}

+ C3
F

{

32

}]

+D
3

z
′L

0

x
′

[

C2
FCA

{
880

9

}

− C2
Fnf

{
160

9

}

+ C3
F

{

96

}]

−D
3

x
′L

1

z
′

[

C3
F

{

160

}]

−D
3

z
′L

1

x
′

[

C3
F

{

160

}]

+ δ
x

′L
4

z
′

[

C2
FCA

{
220

9

}

− C2
Fnf

{
40

9

}

− C3
F

{

16

}]

+ δ
z
′L

4

x
′

[

C2
FCA

{
220

9

}

− C2
Fnf

{
40

9

}

+ C3
F

{

48

}]

−D
4

x
′L

0

z
′

[

C3
F

{

40

}]

−D
4

z
′L

0

x
′

[

C3
F

{

40

}]

− δ
x

′L
5

z
′

[

C3
F

{

8

}]

− δ
z
′L

5

x
′

[

C3
F

{

8

}]

. (E.7)
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In analogy to the third order, many terms at the fourth order can be predicted from

the knowledge of Ψ
q,(1)
d , Ψ

q,(2)
d and other higher order results (Aq

3, C
q
3 , C̃

q
3 , D

q
3, D̃

q
3)

and the relation φ
(3)
q,z′,3 = −φ(3)

q,x′,3 = −16/9β0C
2
F . For example, we can predict the

coefficients of {δx′Li
z′ , δz′Li

x′} for i = 7, 6, 5 and {Di
x′Lj

z′ ,Di
z′L

j
x′} for i+j = 6, 5, 4 and

in addition the following terms:{Di
x′Lj

z′ ,Di
z′L

j
x′} for i+ j = 3 with constraint i ≥ 2.

However, with the present information available we cannot predict {δx′Li
z′ , δz′Li

x′} for

i = 4, 3, 2, 1, 0 and {Di
x′Lj

z′ ,Di
z′L

j
x′} for i = 1, 0 and j = 2, 1, 0. They require explicit

third and fourth order results for φ
(i)
q,ξ,3 for i = 0, 1, 2 and φ

(i)
q,ξ,4 for i = 0, 1, 2, 3, 4

where ξ = x′, z′.

Since the explicit expressions for the SV and NSV part of the fourth-order coefficient

functions are rather lengthy, we do not present them here, the complete results can

be found in Eq. (66) and Eq. (70) of [179].
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Appendix F

Ingredients for Threshold

Resummation

F.1 Coefficients in ΓF̂q
: Kq

d and Gq
d

The coefficients Kq
d used in Eq. (5.23) up to fourth order in âs are given below:

Kq
d(µ

2
R, ε) =

∞∑

i=0

âis

(
µ2
R

µ2

)i ε
2

Si
εK

q(i)
d (ε) , (F.1)

where

K
q(1)
d (ε) =

1

ε

{

− 2Aq
1

}

,

K
q(2)
d (ε) =

1

ε2

{

2β0A
q
1

}

+
1

ε

{

− Aq
2

}

,

K
q(3)
d (ε) =

1

ε3

{

− 8

3
β2
0A

q
1

}

+
1

ε2

{

2

3
β1A

q
1 +

8

3
β0A

q
2

}

+
1

ε

{

− 2

3
Aq

3

}

,

K
q(4)
d (ε) =

1

ε4

{

4β3
0A

q
1

}

− 1

ε3

{

8

3
β0β1A

q
1 + 6β2

0A
q
2

}

+
1

ε2

{

1

3
β2A

q
1 + β1A

q
2 + 3β0A

q
3

}
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+
1

ε

{

− 1

2
Aq

4

}

. (F.2)

The constants Aq
i are the ais coefficients of the cusp anomalous dimension Aq:

Aq(as(µ
2
R)) =

∑

i

ais(µ
2
R) A

q
i . (F.3)

The finite terms Gq
d in Eq. (5.23) can be written as

Gq
d(âs, Q

2, µ2
R, ε) = Gq

d(as(Q
2), ε) +

∞∑

i=1

âis

(
Q2

µ2

)i ε
2

Si
ε K

q,(i)
d (ε)−Kq

d(µ
2
R, ε) . (F.4)

The first terms is expanded as: Gq
d(as(Q

2), ε) =
∑∞

i=1 a
i
s(Q

2)Gq
d,i(ε), where

Gq
d,i(ε) = 2Bq

i + f q
i + χq

d,i +
∞∑

j=1

εjGq,(j)
d,i , (F.5)

with

χq
d,1 = 0 , χq

d,2 = −2β0Gq,(1)
d,1 , χq

d,3 = −2β1Gq,(1)
d,1 − 2β0

(

Gq,(1)
d,2 + 2β0Gq,(2)

d,1

)

,

χq
d,4 = −2β2Gq,(1)

d,1 − 2β1

(

Gq,(1)
d,2 + 4β0Gq,(2)

d,1

)

− 2β0

(

Gq,(1)
d,3 + 2β0Gq,(2)

d,2 + 4β2
0Gq,(3)

d,1

)

.

(F.6)

Next, the results for Gq,(j)
d,i are given below

Gq,(1)
d,1 =CF

{

− 8 + ζ2

}

, Gq,(2)
d,1 = CF

{

8− 7

3
ζ3 −

3

4
ζ2

}

,

Gq,(3)
d,1 =CF

{

− 8 +
7

4
ζ3 + ζ2 +

47

80
ζ22

}

,

Gq,(4)
d,1 =CF

{

8− 31

20
ζ5 −

7

3
ζ3 − ζ2 +

7

24
ζ2ζ3 −

141

320
ζ22

}

,

Gq,(5)
d,1 =CF

{

− 8 +
93

80
ζ5 +

7

3
ζ3 −

49

144
ζ23 + ζ2 −

7

32
ζ2ζ3 +

47

80
ζ22 +

949

4480
ζ32

}

,
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Gq,(1)
d,2 =CFnf

{

5813

162
− 8

3
ζ3 +

37

9
ζ2

}

− CFCA

{

70165

324
− 260

3
ζ3 +

575

18
ζ2 −

88

5
ζ22

}

− C2
F

{

1

4
+ 60ζ3 − 58ζ2 +

88

5
ζ22

}

,

Gq,(2)
d,2 =CFnf

{

− 129389

1944
+

301

27
ζ3 −

425

54
ζ2 +

7

12
ζ22

}

− C2
F

{

109

16
− 12ζ5 − 184ζ3

+
437

4
ζ2 + 28ζ2ζ3 −

108

5
ζ22

}

+ CFCA

{

1547797

3888
− 51ζ5 −

12479

54
ζ3 +

7297

108
ζ2

+
89

3
ζ2ζ3 −

653

24
ζ22

}

,

Gq,(3)
d,2 =CFnf

{

2628821

23328
− 6ζ5 −

4085

162
ζ3 +

8405

648
ζ2 −

11

6
ζ2ζ3 −

1873

720
ζ22

}

− CFCA

{

31174909

46656
− 105ζ5 −

154405

324
ζ3 +

569

6
ζ23 +

155701

1296
ζ2 +

239

12
ζ2ζ3

− 100907

1440
ζ22 +

809

140
ζ32

}

+ C2
F

{

1287

64
− 9ζ5 −

1807

4
ζ3 + 134ζ23 +

2991

16
ζ2

+ 13ζ2ζ3 −
127

2
ζ22 +

858

35
ζ32

}

,

Gq,(4)
d,2 =CFnf

{

− 50947325

279936
+

3109

180
ζ5 +

91985

1944
ζ3 −

289

108
ζ23 −

160493

7776
ζ2 +

791

216
ζ2ζ3

+
12781

2160
ζ22 +

953

480
ζ32

}

+ CFCA

{

599567077

559872
+ 93ζ7 −

96503

360
ζ5 −

3643249

3888
ζ3

+
32339

216
ζ23 +

3110773

15552
ζ2 +

497

20
ζ2ζ5 +

16739

432
ζ2ζ3 −

619829

4320
ζ22 +

7103

120
ζ22ζ3

− 7073

1344
ζ32

}

− C2
F

{

10901

256
+

675

2
ζ7 − 99ζ5 −

50219

48
ζ3 +

373

2
ζ23 +

19405

64
ζ2

+ 3ζ2ζ5 +
235

6
ζ2ζ3 −

24453

160
ζ22 +

2597

30
ζ22ζ3 +

123

4
ζ32

}

,

Gq,(1)
d,3 =CFN4nfv

{

12− 80ζ5 + 14ζ3 + 30ζ2 −
6

5
ζ22

}

− CFC
2
A

{

48902713

8748
− 688

3
ζ5

− 85883

18
ζ3 +

1136

3
ζ23 +

1083305

486
ζ2 −

1786

9
ζ2ζ3 −

37271

90
ζ22 +

6152

63
ζ32

}

− CFn
2
f

{

258445

2187
− 536

81
ζ3 +

3466

81
ζ2 +

40

9
ζ22

}

+ C2
FCA

{

230

3
− 3020

3
ζ5
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− 23402

9
ζ3 + 296ζ23 +

55499

18
ζ2 −

3448

3
ζ2ζ3 +

2432

45
ζ22 −

15448

105
ζ32

}

− C3
F

{

1527

4
− 1992ζ5 + 2130ζ3 − 48ζ23 + 206ζ2 − 840ζ2ζ3 + 534ζ22

− 21584

105
ζ32

}

+ CFCAnf

{

3702974

2187
− 72ζ5 −

68660

81
ζ3 +

155008

243
ζ2

+
392

9
ζ2ζ3 −

1298

45
ζ22

}

+ C2
Fnf

{

73271
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− 368

3
ζ5 +

19700

27
ζ3 −

7541

18
ζ2

− 152

3
ζ2ζ3 −

704

45
ζ22

}

. (F.7)

F.2 Coefficients in Φ
SV
d,q : K

q
d and G

q
d

Here we present the SV coefficients in Φd,q in Eq. (5.35). We expand

K
q

d(µ
2
R, x

′, z′, ε) = δ(1 − x′)δ(1 − z′)
∑∞

i=0 â
i
s

(

µ2
R

µ2

)i ε
2

Si
εK

q(i)

d (ε) to fourth order in

as, where

K
q(1)

d (ε) =
1

ε

{

2Aq
1

}

,

K
q(2)

d (ε) =
1

ε2

{

− 2β0A
q
1

}

+
1

ε

{

Aq
2

}

,

K
q(3)

d (ε) =
1

ε3

{

8

3
β2
0A

q
1

}

+
1

ε2

{

− 2

3
β1A

q
1 −

8

3
β0A

q
2

}

+
1

ε

{

2

3
Aq

3

}

,

K
q(4)

d (ε) =
1

ε4

{

− 4β3
0A

q
1

}

+
1

ε3

{

8

3
β0β1A

q
1 + 6β2

0A
q
2

}

+
1

ε2

{

− 1

3
β2A

q
1 − β1A

q
2

− 3β0A
q
3

}

+
1

ε

{

1

2
Aq

4

}

. (F.8)

229



The finite terms G
q(i)

d,SV(ε) are related to its renormalised counter parts Gq

d,i(ε) in the

following way:

∞∑

i=1

âis

(
Q2(1− x′)(1− z′)

µ2

)i ε
2

Si
ε G

q,(i)

d,SV(ε) =
∞∑

i=1

ais
(
Q2(1− x′)(1− z′)

)
Gq

d,i(ε) .

(F.9)

we find,

G
q(1)

d,SV(ε) =Gq

d,1(ε) ,

G
q(2)

d,SV(ε) =
1

ε

(

− 2β0Gq

d,1(ε)

)

+ Gq

d,2(ε) ,

G
q(3)

d,SV(ε) =
1

ε2

(

4β2
0G

q

d,1(ε)

)

+
1

ε

(

− β1Gq

d,1(ε)− 4β0Gq

d,2(ε)

)

+ Gq

d,3(ε) ,

G
q(4)

d,SV(ε) =
1

ε3

(

− 8β3
0G

q

d,1(ε)

)

+
1

ε2

(

16

3
β0β1Gq

d,1(ε) + 12β2
0G

q

d,2(ε)

)

,

+
1

ε

(

− 2

3
β2Gq

d,1(ε)− 2β1Gq

d,2(ε)− 6β0Gq

d,3(ε)

)

+ Gq

d,4(ε) . (F.10)

F.3 QCD β-functions

The QCD β-function is expanded as,

β(as) = −
∞∑

i=0

ai+2
s βi , (F.11)

and known to five loops [26–29]. Here results up to four loops are presented,

β0 =
11

3
CA − 2

3
nf ,

β1 =
34

3
C2

A − 2nfCF − 10

3
nfCA ,

β2 =
2857

54
C3

A − 1415

54
C2

Anf +
79

54
CAn

2
f +

11

9
CFn

2
f −

205

18
CFCAnf + C2

Fnf ,
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β3 =nf
dabcdF dabcdA

NA

{

512

9
− 1664

3
ζ3

}

− dabcdA dabcdA

NA

{

80

9
− 704

3
ζ3

}

+ CAn
3
f

{

53

243

}

− n2
f

dabcdF dabcdF

NA

{

704

9
− 512

3
ζ3

}

+ C2
An

2
f

{

3965

162
+

56

9
ζ3

}

+ CFn
3
f

{

154

243

}

− C3
Anf

{

39143

162
− 68

3
ζ3

}

+ C4
A

{

150653

486
− 44

9
ζ3

}

+ C2
Fn

2
f

{

338

27
− 176

9
ζ3

}

+ CFCAn
2
f

{

4288

243
+

112

9
ζ3

}

+ CFC
2
Anf

{

7073

486
− 328

9
ζ3

}

+ C3
Fnf

{

23

}

− C2
FCAnf

{

2102

27
− 176

9
ζ3

}

. (F.12)

F.4 Anomalous dimensions

In the SV+NSV limit, the diagonal Altarelli-Parisi splitting function Pqq takes the

simple form

Pqq(µ
2
F , z) =

2Aq(µ2
F )

(1− z)+
+ 2Bq(µ2

F )δ(1− z) + 2Cq(µ2
F ) ln(1− z) + 2Dq(µ2

F ) . (F.13)

Here, the cusp anomalous dimension Aq, which governs the behavior of soft-collinear

emissions, is known up to four loops in QCD [488, 489, 492], see also [265, 266, 407,

546,547] for the lower-order results.

The collinear anomalous dimension Bq which encodes the contribution from purely

collinear emissions [265, 266], whereas the eikonal anomalous dimension f q de-

scribes wide-angle soft-gluon emissions [266, 548]. Both quantities are known up

to three loops in QCD. The first four-loop results for Bq and f q were obtained in

refs. [490, 491] and were subsequently refined in refs. [494, 549, 550]. More recently,

analytic expressions have become available [495], determining Bq and f q up to a

single constant, denoted by b4,FA. This constant was previously known numerically

to high precision [494], and has recently also been expressed in terms of Riemann-
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zeta values [503]. The coefficients Cq and Dq govern the NSV contribution. They

can be expressed in terms of the perturbative coefficients of Aq, Bq, and the QCD

β-function at lower orders, see Eqs. (5.46)–(5.49) and also [494, 500–502]. These

relations have recently been confirmed up to fourth order [503]. In the following, we

present the corresponding results through fourth order in as.

Soft anomalous dimensions:

f q
1 =0 ,

f q
2 =CFCA

{

808

27
− 28ζ3 −

22

3
ζ2

}

− CFnf

{

112

27
− 4

3
ζ2

}

,

f q
3 =− C2

Fnf

{
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9
ζ3 − 4ζ2 −
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5
ζ22

}

+ CFC
2
A

{
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+ 192ζ5 −

1316

3
ζ3
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81
ζ2 +
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3
ζ2ζ3 +

352

5
ζ22

}

−CFCAnf

{

11842

729
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27
ζ3 −

2828

81
ζ2 +
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5
ζ22

}

− CFn
2
f

{

2080

729
− 112

27
ζ3 +

40

27
ζ2

}

,

f q
4 =

dabcdF dabcdA

NF

{

192− 2b4,FA + 3484ζ7 −
1840

9
ζ5 −

7808

9
ζ3 −

3344

3
ζ23 −

2176

3
ζ2

+ 1024ζ2ζ5 − 1792ζ2ζ3 +
224

15
ζ22 −

736

5
ζ22ζ3 +

27808

315
ζ32

}

+ CFCAn
2
f

{

27875

17496
− 112ζ5 +

32152

243
ζ3 −

15481

729
ζ2 −
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9
ζ2ζ3 +

776

45
ζ22

}

− nf
dabcdF dabcdF

NF

{

1600

9
ζ5 −
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9
ζ3 +

320

3
ζ23 − 256ζ2 +
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5
ζ22 +
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ζ32

}

− CFn
3
f

{

16160

6561
+

400
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ζ3 +
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ζ2 −

256
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ζ22

}

− CFC
2
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{
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1944
+
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ζ5

+
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243
ζ3 −

4420
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ζ23 −
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729
ζ2 +
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9
ζ2ζ3 +

4420
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ζ22 −
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}

+ CFC
3
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{

9311591

6561
+

1
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ζ7 +
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ζ5 −
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ζ3 −
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− 1164703

729
ζ2 −

1376

3
ζ2ζ5 +
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9
ζ2ζ3 +
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135
ζ22 −

4228

15
ζ22ζ3 −
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315
ζ32
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Fn

2
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+
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9
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81
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Fnf
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− 1600
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4424

9
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. (F.14)

Cusp anomalous dimensions:

Aq
1 =4CF ,

Aq
2 =CACF

{

268

9
− 8ζ2
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− CFnf

{

40

9

}

,

Aq
3 =CFC

2
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3
+
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− 320ζ5 +
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. (F.15)

Collinear anomalous dimensions:

Bq
1 =3CF ,

Bq
2 =C2
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and the constant b4,FA is,
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Cq for space-like splitting functions:
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(F.18)
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C̃q for time-like splitting functions:

C̃q
1 =0 ,

C̃q
2 =− 16C2

F ,

C̃q
3 =− C2

FCA

{

2144

9
− 64ζ2

}

+ C2
Fnf

{

320

9

}

,

C̃q
4 =C2

Fn
2
f

{

− 1216

81

}

+ C2
FCAnf

{

41504

81
+

896

3
ζ3 −

640

3
ζ2

}

− C2
FC

2
A

{

177664

81
+

704

3
ζ3 −

4288

3
ζ2 +

1728

5
ζ22

}

+ C3
Fnf

{

880

3
− 256ζ3

}

.

(F.19)

Dq for space-like splitting functions:
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D̃q for time-like splitting functions:
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. (F.21)

Above the color factors are defined in Eq. (E.1).
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Appendix G

Results of Physical Evolution

Kernel in SV and NSV limit

In this appendix we present the N⃗ -space result of Kl for l = 0, 1, 2, in threshold

limit.
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, (G.1)

where Li
j = lni(Nj), for j = 1, 2.
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and Giovanni Stagnitto. Antenna subtraction for processes with identified

particles at hadron colliders. JHEP, 08:073, 2024. arXiv:2406.09925, doi:

10.1007/JHEP08(2024)073.

[178] Juliane Haug and Fabian Wunder. Single-valued representation of unpolar-

ized and polarized semi-inclusive deep inelastic scattering at next-to-next-

to-leading order. Phys. Rev. D, 112(11):114036, 2025. arXiv:2505.18109,

doi:10.1103/s8wt-hsxx.

[179] Saurav Goyal, Sven-Olaf Moch, Vaibhav Pathak, Narayan Rana, and

V. Ravindran. Soft and virtual corrections to semi-inclusive DIS up to four

loops in QCD. Phys. Rev. D, 113(3):034004, 2026. arXiv:2506.24078,

doi:10.1103/p81j-bq5t.

[180] Stefano Forte, Giovanni Ridolfi, and Francesco Ventola. Threshold resumma-

tion of semi-inclusive deep-inelastic scattering. Eur. Phys. J. C, 86(4):386,

2026. arXiv:2601.06245, doi:10.1140/epjc/s10052-026-15590-7.

266

https://arxiv.org/abs/2412.16509
https://doi.org/10.1103/22x4-dmmp
https://doi.org/10.1103/22x4-dmmp
https://arxiv.org/abs/2401.16281
https://doi.org/10.1103/PhysRevLett.132.251901
https://doi.org/10.1103/PhysRevLett.132.251901
https://arxiv.org/abs/2404.08597
https://doi.org/10.1103/PhysRevLett.133.211904
https://arxiv.org/abs/2406.09925
https://doi.org/10.1007/JHEP08(2024)073
https://doi.org/10.1007/JHEP08(2024)073
https://arxiv.org/abs/2505.18109
https://doi.org/10.1103/s8wt-hsxx
https://arxiv.org/abs/2506.24078
https://doi.org/10.1103/p81j-bq5t
https://arxiv.org/abs/2601.06245
https://doi.org/10.1140/epjc/s10052-026-15590-7


[181] Saurav Goyal, Roman N. Lee, Sven-Olaf Moch, Vaibhav Pathak, and V. Ravin-

dran. NNLO QCD⊗QED corrections to unpolarized and polarized SIDIS. 10

2025. arXiv:2510.18872.

[182] Vaibhav Pathak. NNLO QCD⊗QED corrections to unpolarized and polarized

SIDIS. PhD thesis, Homi Bhabha National Institute, Mumbai, India, 2026.

[183] Leonardo Bonino, Thomas Gehrmann, Markus Löchner, Kay Schönwald,
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nea, L. Vernazza, and C. D. White. Diagrammatic resummation of leading-

logarithmic threshold effects at next-to-leading power. JHEP, 11:002, 2019.

arXiv:1905.13710, doi:10.1007/JHEP11(2019)002.

[461] G. Soar, S. Moch, J. A. M. Vermaseren, and A. Vogt. On Higgs-exchange DIS,

physical evolution kernels and fourth-order splitting functions at large x. Nucl.

Phys. B, 832:152–227, 2010. arXiv:0912.0369, doi:10.1016/j.nuclphysb.

2010.02.003.

[462] S. Moch and A. Vogt. On non-singlet physical evolution kernels and large-

x coefficient functions in perturbative QCD. JHEP, 11:099, 2009. arXiv:

0909.2124, doi:10.1088/1126-6708/2009/11/099.

[463] D. de Florian, J. Mazzitelli, S. Moch, and A. Vogt. Approximate N3LO

Higgs-boson production cross section using physical-kernel constraints. JHEP,

10:176, 2014. arXiv:1408.6277, doi:10.1007/JHEP10(2014)176.

302

https://arxiv.org/abs/1410.6406
https://doi.org/10.1016/j.physletb.2015.02.008
https://arxiv.org/abs/1503.05156
https://doi.org/10.1007/JHEP06(2015)008
https://arxiv.org/abs/1610.06842
https://doi.org/10.1007/JHEP12(2016)121
https://arxiv.org/abs/1706.04018
https://doi.org/10.1007/JHEP11(2017)057
https://doi.org/10.1007/JHEP11(2017)057
https://arxiv.org/abs/1905.13710
https://doi.org/10.1007/JHEP11(2019)002
https://arxiv.org/abs/0912.0369
https://doi.org/10.1016/j.nuclphysb.2010.02.003
https://doi.org/10.1016/j.nuclphysb.2010.02.003
https://arxiv.org/abs/0909.2124
https://arxiv.org/abs/0909.2124
https://doi.org/10.1088/1126-6708/2009/11/099
https://arxiv.org/abs/1408.6277
https://doi.org/10.1007/JHEP10(2014)176


[464] Martin Beneke, Alessandro Broggio, Mathias Garny, Sebastian Jaskiewicz,

Robert Szafron, Leonardo Vernazza, and Jian Wang. Leading-logarithmic

threshold resummation of the Drell-Yan process at next-to-leading power.

JHEP, 03:043, 2019. arXiv:1809.10631, doi:10.1007/JHEP03(2019)043.

[465] Martin Beneke, Mathias Garny, Sebastian Jaskiewicz, Robert Szafron,

Leonardo Vernazza, and Jian Wang. Leading-logarithmic threshold resum-

mation of Higgs production in gluon fusion at next-to-leading power. JHEP,

01:094, 2020. arXiv:1910.12685, doi:10.1007/JHEP01(2020)094.

[466] Martin Beneke, Alessandro Broggio, Sebastian Jaskiewicz, and Leonardo Ver-

nazza. Threshold factorization of the Drell-Yan process at next-to-leading

power. JHEP, 07:078, 2020. arXiv:1912.01585, doi:10.1007/JHEP07(2020)

078.

[467] Ajjath A H, Pooja Mukherjee, and V. Ravindran. Next to soft corrections to

Drell-Yan and Higgs boson productions. Phys. Rev. D, 105(9):094035, 2022.

arXiv:2006.06726, doi:10.1103/PhysRevD.105.094035.

[468] Ajjath A H, Pooja Mukherjee, V. Ravindran, Aparna Sankar, and Surabhi Ti-

wari. Next-to SV resummed Drell–Yan cross section beyond leading-logarithm.

Eur. Phys. J. C, 82(3):234, 2022. arXiv:2107.09717, doi:10.1140/epjc/

s10052-022-10174-7.

[469] Ajjath A H, Pooja Mukherjee, V. Ravindran, Aparna Sankar, and Surabhi

Tiwari. Resummed Higgs boson cross section at next-to SV to NNLO+NNLL.

Eur. Phys. J. C, 82(9):774, 2022. arXiv:2109.12657, doi:10.1140/epjc/

s10052-022-10752-9.

[470] Ajjath A H, Pooja Mukherjee, V. Ravindran, Aparna Sankar, and Surabhi

Tiwari. Next-to-soft-virtual resummed rapidity distribution for the Drell-

Yan process to NNLO+NNLL¯. Phys. Rev. D, 106(3):034005, 2022. [Er-

303

https://arxiv.org/abs/1809.10631
https://doi.org/10.1007/JHEP03(2019)043
https://arxiv.org/abs/1910.12685
https://doi.org/10.1007/JHEP01(2020)094
https://arxiv.org/abs/1912.01585
https://doi.org/10.1007/JHEP07(2020)078
https://doi.org/10.1007/JHEP07(2020)078
https://arxiv.org/abs/2006.06726
https://doi.org/10.1103/PhysRevD.105.094035
https://arxiv.org/abs/2107.09717
https://doi.org/10.1140/epjc/s10052-022-10174-7
https://doi.org/10.1140/epjc/s10052-022-10174-7
https://arxiv.org/abs/2109.12657
https://doi.org/10.1140/epjc/s10052-022-10752-9
https://doi.org/10.1140/epjc/s10052-022-10752-9


ratum: Phys.Rev.D 108, 019901 (2023)]. arXiv:2112.14094, doi:10.1103/

PhysRevD.106.034005.

[471] Ajjath A H, Pooja Mukherjee, and V. Ravindran. Going beyond soft plus

virtual. Phys. Rev. D, 105(9):L091503, 2022. arXiv:2204.09012, doi:10.

1103/PhysRevD.105.L091503.

[472] Sourav Pal and Satyajit Seth. On Higgs+jet production at next-to-leading

power accuracy. Phys. Rev. D, 109(11):114018, 2024. arXiv:2309.08343,

doi:10.1103/PhysRevD.109.114018.

[473] Sourav Pal and Satyajit Seth. Soft quark effects on H+jet production at

NLP accuracy. Phys. Lett. B, 860:139179, 2025. arXiv:2405.06444, doi:

10.1016/j.physletb.2024.139179.

[474] Arunima Bhattacharya, Chinmoy Dey, M. C. Kumar, and Vaibhav Pandey.

Next to soft threshold resummation for VH production. Eur. Phys.

J. ST, 234(26):8055–8066, 2026. arXiv:2502.20331, doi:10.1140/epjs/

s11734-025-01996-z.

[475] Arunima Bhattacharya, M. C. Kumar, Prakash Mathews, and V. Ravin-

dran. Next-to-soft-virtual resummed prediction for pseudoscalar Higgs bo-

son production at NNLO+NNLL¯. Phys. Rev. D, 105(11):116015, 2022.

arXiv:2112.02341, doi:10.1103/PhysRevD.105.116015.

[476] Saurav Goyal, Sven-Olaf Moch, Vaibhav Pathak, and V. Ravindran. Soft and

Jet functions for SCET at four loops in QCD. 12 2025. arXiv:2512.23666.

[477] V. V. Sudakov. Vertex parts at very high-energies in quantum electrodynam-

ics. Sov. Phys. JETP, 3:65–71, 1956.

[478] Ashoke Sen. Asymptotic Behavior of the Sudakov Form-Factor in QCD. Phys.

Rev. D, 24:3281, 1981. doi:10.1103/PhysRevD.24.3281.

304

https://arxiv.org/abs/2112.14094
https://doi.org/10.1103/PhysRevD.106.034005
https://doi.org/10.1103/PhysRevD.106.034005
https://arxiv.org/abs/2204.09012
https://doi.org/10.1103/PhysRevD.105.L091503
https://doi.org/10.1103/PhysRevD.105.L091503
https://arxiv.org/abs/2309.08343
https://doi.org/10.1103/PhysRevD.109.114018
https://arxiv.org/abs/2405.06444
https://doi.org/10.1016/j.physletb.2024.139179
https://doi.org/10.1016/j.physletb.2024.139179
https://arxiv.org/abs/2502.20331
https://doi.org/10.1140/epjs/s11734-025-01996-z
https://doi.org/10.1140/epjs/s11734-025-01996-z
https://arxiv.org/abs/2112.02341
https://doi.org/10.1103/PhysRevD.105.116015
https://arxiv.org/abs/2512.23666
https://doi.org/10.1103/PhysRevD.24.3281


[479] John C. Collins. Sudakov form-factors. Adv. Ser. Direct. High Energy Phys.,

5:573–614, 1989. arXiv:hep-ph/0312336, doi:10.1142/9789814503266_

0006.

[480] Lorenzo Magnea and George F. Sterman. Analytic continuation of the

Sudakov form-factor in QCD. Phys. Rev. D, 42:4222–4227, 1990. doi:

10.1103/PhysRevD.42.4222.

[481] Lorenzo Magnea. Analytic resummation for the quark form-factor in QCD.

Nucl. Phys. B, 593:269–288, 2001. arXiv:hep-ph/0006255, doi:10.1016/

S0550-3213(00)00623-4.

[482] George F. Sterman and Maria E. Tejeda-Yeomans. Multiloop amplitudes and

resummation. Phys. Lett. B, 552:48–56, 2003. arXiv:hep-ph/0210130, doi:

10.1016/S0370-2693(02)03100-3.

[483] S. Moch, J. A. M. Vermaseren, and A. Vogt. The Quark form-factor at

higher orders. JHEP, 08:049, 2005. arXiv:hep-ph/0507039, doi:10.1088/

1126-6708/2005/08/049.

[484] T. Gehrmann, E. W. N. Glover, T. Huber, N. Ikizlerli, and C. Studerus.

Calculation of the quark and gluon form factors to three loops in QCD. JHEP,

06:094, 2010. arXiv:1004.3653, doi:10.1007/JHEP06(2010)094.

[485] R. N. Lee, A. V. Smirnov, and V. A. Smirnov. Analytic Results for Massless

Three-Loop Form Factors. JHEP, 04:020, 2010. arXiv:1001.2887, doi:

10.1007/JHEP04(2010)020.

[486] Taushif Ahmed, Goutam Das, Prakash Mathews, Narayan Rana, and

V. Ravindran. Spin-2 Form Factors at Three Loop in QCD. JHEP, 12:084,

2015. arXiv:1508.05043, doi:10.1007/JHEP12(2015)084.

305

https://arxiv.org/abs/hep-ph/0312336
https://doi.org/10.1142/9789814503266_0006
https://doi.org/10.1142/9789814503266_0006
https://doi.org/10.1103/PhysRevD.42.4222
https://doi.org/10.1103/PhysRevD.42.4222
https://arxiv.org/abs/hep-ph/0006255
https://doi.org/10.1016/S0550-3213(00)00623-4
https://doi.org/10.1016/S0550-3213(00)00623-4
https://arxiv.org/abs/hep-ph/0210130
https://doi.org/10.1016/S0370-2693(02)03100-3
https://doi.org/10.1016/S0370-2693(02)03100-3
https://arxiv.org/abs/hep-ph/0507039
https://doi.org/10.1088/1126-6708/2005/08/049
https://doi.org/10.1088/1126-6708/2005/08/049
https://arxiv.org/abs/1004.3653
https://doi.org/10.1007/JHEP06(2010)094
https://arxiv.org/abs/1001.2887
https://doi.org/10.1007/JHEP04(2010)020
https://doi.org/10.1007/JHEP04(2010)020
https://arxiv.org/abs/1508.05043
https://doi.org/10.1007/JHEP12(2015)084


[487] Daniel de Florian, Maguni Mahakhud, Prakash Mathews, Javier Mazzitelli,

and V. Ravindran. Quark and gluon spin-2 form factors to two-loops in QCD.

JHEP, 02:035, 2014. arXiv:1312.6528, doi:10.1007/JHEP02(2014)035.

[488] Johannes M. Henn, Gregory P. Korchemsky, and Bernhard Mistlberger. The

full four-loop cusp anomalous dimension in N = 4 super Yang-Mills and QCD.

JHEP, 04:018, 2020. arXiv:1911.10174, doi:10.1007/JHEP04(2020)018.

[489] Andreas von Manteuffel, Erik Panzer, and Robert M. Schabinger. Cusp

and collinear anomalous dimensions in four-loop QCD from form factors.

Phys. Rev. Lett., 124(16):162001, 2020. arXiv:2002.04617, doi:10.1103/

PhysRevLett.124.162001.

[490] Goutam Das, Sven-Olaf Moch, and Andreas Vogt. Soft corrections to inclu-

sive deep-inelastic scattering at four loops and beyond. JHEP, 03:116, 2020.

arXiv:1912.12920, doi:10.1007/JHEP03(2020)116.

[491] G. Das, S. Moch, and A. Vogt. Approximate four-loop QCD corrections to

the Higgs-boson production cross section. Phys. Lett. B, 807:135546, 2020.

arXiv:2004.00563, doi:10.1016/j.physletb.2020.135546.

[492] Bakul Agarwal, Andreas von Manteuffel, Erik Panzer, and Robert M. Sch-

abinger. Four-loop collinear anomalous dimensions in QCD and N=4 su-

per Yang-Mills. Phys. Lett. B, 820:136503, 2021. arXiv:2102.09725, doi:

10.1016/j.physletb.2021.136503.

[493] Roman N. Lee, Andreas von Manteuffel, Robert M. Schabinger, Alexander V.

Smirnov, Vladimir A. Smirnov, and Matthias Steinhauser. Fermionic cor-

rections to quark and gluon form factors in four-loop QCD. Phys. Rev.

D, 104(7):074008, 2021. arXiv:2105.11504, doi:10.1103/PhysRevD.104.

074008.

306

https://arxiv.org/abs/1312.6528
https://doi.org/10.1007/JHEP02(2014)035
https://arxiv.org/abs/1911.10174
https://doi.org/10.1007/JHEP04(2020)018
https://arxiv.org/abs/2002.04617
https://doi.org/10.1103/PhysRevLett.124.162001
https://doi.org/10.1103/PhysRevLett.124.162001
https://arxiv.org/abs/1912.12920
https://doi.org/10.1007/JHEP03(2020)116
https://arxiv.org/abs/2004.00563
https://doi.org/10.1016/j.physletb.2020.135546
https://arxiv.org/abs/2102.09725
https://doi.org/10.1016/j.physletb.2021.136503
https://doi.org/10.1016/j.physletb.2021.136503
https://arxiv.org/abs/2105.11504
https://doi.org/10.1103/PhysRevD.104.074008
https://doi.org/10.1103/PhysRevD.104.074008


[494] S. Moch, B. Ruijl, T. Ueda, J. Vermaseren, and A. Vogt. Additional moments

and x-space approximations of four-loop splitting functions in QCD. Phys.

Lett. B, 849:138468, 2024. arXiv:2310.05744, doi:10.1016/j.physletb.

2024.138468.

[495] B. A. Kniehl, S. Moch, V. N. Velizhanin, and A. Vogt. Flavor Nonsinglet Split-

ting Functions at Four Loops in QCD: Fermionic Contributions. Phys. Rev.

Lett., 135(7):071902, 2025. arXiv:2505.09381, doi:10.1103/hkg5-88hr.

[496] Taushif Ahmed, M. K. Mandal, Narayan Rana, and V. Ravindran. Higgs

Rapidity Distribution in bb̄ Annihilation at Threshold in N3LO QCD. JHEP,

02:131, 2015. arXiv:1411.5301, doi:10.1007/JHEP02(2015)131.

[497] Taushif Ahmed, Ajjath A H, Pooja Mukherjee, V. Ravindran, and Aparna

Sankar. Rapidity distribution at soft-virtual and beyond for n-colorless parti-

cles to N4LO in QCD. Eur. Phys. J. C, 81(10):943, 2021. arXiv:2010.02980,

doi:10.1140/epjc/s10052-021-09658-9.

[498] V. Ravindran, Aparna Sankar, and Surabhi Tiwari. Resummed next-to-soft

corrections to rapidity distribution of Higgs boson to NNLO+NNLL¯. Phys.

Rev. D, 108(1):014012, 2023. arXiv:2205.11560, doi:10.1103/PhysRevD.

108.014012.

[499] V. Ravindran, Aparna Sankar, and Surabhi Tiwari. Rapidity distribution of

pseudoscalar Higgs boson to NNLOA+NNLL¯. Phys. Rev. D, 110(1):016019,

2024. arXiv:2309.14833, doi:10.1103/PhysRevD.110.016019.

[500] Yu. L. Dokshitzer, G. Marchesini, and G. P. Salam. Revisiting parton evolution

and the large-x limit. Phys. Lett. B, 634:504–507, 2006. arXiv:hep-ph/

0511302, doi:10.1016/j.physletb.2006.02.023.

307

https://arxiv.org/abs/2310.05744
https://doi.org/10.1016/j.physletb.2024.138468
https://doi.org/10.1016/j.physletb.2024.138468
https://arxiv.org/abs/2505.09381
https://doi.org/10.1103/hkg5-88hr
https://arxiv.org/abs/1411.5301
https://doi.org/10.1007/JHEP02(2015)131
https://arxiv.org/abs/2010.02980
https://doi.org/10.1140/epjc/s10052-021-09658-9
https://arxiv.org/abs/2205.11560
https://doi.org/10.1103/PhysRevD.108.014012
https://doi.org/10.1103/PhysRevD.108.014012
https://arxiv.org/abs/2309.14833
https://doi.org/10.1103/PhysRevD.110.016019
https://arxiv.org/abs/hep-ph/0511302
https://arxiv.org/abs/hep-ph/0511302
https://doi.org/10.1016/j.physletb.2006.02.023


[501] A. Mitov, S. Moch, and A. Vogt. Next-to-Next-to-Leading Order Evolution of

Non-Singlet Fragmentation Functions. Phys. Lett. B, 638:61–67, 2006. arXiv:

hep-ph/0604053, doi:10.1016/j.physletb.2006.05.005.

[502] B. Basso and G. P. Korchemsky. Anomalous dimensions of high-spin operators

beyond the leading order. Nucl. Phys. B, 775:1–30, 2007. arXiv:hep-th/

0612247, doi:10.1016/j.nuclphysb.2007.03.044.

[503] Thomas Gehrmann, Andreas von Manteuffel, Vasily Sotnikov, and Tong-Zhi

Yang. The four-loop non-singlet splitting functions in QCD. 4 2026. arXiv:

2604.09534.

[504] M. R. Ahmady, F. A. Chishtie, V. Elias, A. H. Fariborz, N. Fattahi, D. G. C.

McKeon, T. N. Sherry, and Thomas G. Steele. Closed form summation of RG

accessible logarithmic contributions to semileptonic B decays and other per-

turbative processes. Phys. Rev. D, 66:014010, 2002. arXiv:hep-ph/0203183,

doi:10.1103/PhysRevD.66.014010.

[505] Stefano Catani. Physical anomalous dimensions at small x. Z. Phys. C, 75:665–

678, 1997. arXiv:hep-ph/9609263, doi:10.1007/s002880050512.

[506] W. L. van Neerven and A. Vogt. Nonsinglet structure functions beyond the

next-to-next-to-leading order. Nucl. Phys. B, 603:42–68, 2001. arXiv:hep-ph/

0103123, doi:10.1016/S0550-3213(01)00158-4.

[507] G. Grunberg and V. Ravindran. On threshold resummation beyond leading

1-x order. JHEP, 10:055, 2009. arXiv:0902.2702, doi:10.1088/1126-6708/

2009/10/055.

[508] Georges Grunberg. On threshold resummation of the longitudinal structure

function. 10 2009. arXiv:0910.3894.

308

https://arxiv.org/abs/hep-ph/0604053
https://arxiv.org/abs/hep-ph/0604053
https://doi.org/10.1016/j.physletb.2006.05.005
https://arxiv.org/abs/hep-th/0612247
https://arxiv.org/abs/hep-th/0612247
https://doi.org/10.1016/j.nuclphysb.2007.03.044
https://arxiv.org/abs/2604.09534
https://arxiv.org/abs/2604.09534
https://arxiv.org/abs/hep-ph/0203183
https://doi.org/10.1103/PhysRevD.66.014010
https://arxiv.org/abs/hep-ph/9609263
https://doi.org/10.1007/s002880050512
https://arxiv.org/abs/hep-ph/0103123
https://arxiv.org/abs/hep-ph/0103123
https://doi.org/10.1016/S0550-3213(01)00158-4
https://arxiv.org/abs/0902.2702
https://doi.org/10.1088/1126-6708/2009/10/055
https://doi.org/10.1088/1126-6708/2009/10/055
https://arxiv.org/abs/0910.3894


[509] Georges Grunberg. Large-x structure of physical evolution kernels in Deep

Inelastic Scattering. Phys. Lett. B, 687:405–409, 2010. arXiv:0911.4471,

doi:10.1016/j.physletb.2010.03.036.

[510] Charalampos Anastasiou, Claude Duhr, Falko Dulat, Franz Herzog, and

Bernhard Mistlberger. Higgs Boson Gluon-Fusion Production in QCD at

Three Loops. Phys. Rev. Lett., 114:212001, 2015. arXiv:1503.06056,

doi:10.1103/PhysRevLett.114.212001.

[511] Claude Duhr, Falko Dulat, and Bernhard Mistlberger. Drell-Yan Cross Sec-

tion to Third Order in the Strong Coupling Constant. Phys. Rev. Lett.,

125(17):172001, 2020. arXiv:2001.07717, doi:10.1103/PhysRevLett.125.

172001.

[512] Stefano Catani, Michelangelo L. Mangano, Paolo Nason, and Luca Trentadue.

The Resummation of soft gluons in hadronic collisions. Nucl. Phys. B, 478:273–

310, 1996. arXiv:hep-ph/9604351, doi:10.1016/0550-3213(96)00399-9.

[513] Anna Kulesza, George F. Sterman, and Werner Vogelsang. Joint resummation

in electroweak boson production. Phys. Rev. D, 66:014011, 2002. arXiv:

hep-ph/0202251, doi:10.1103/PhysRevD.66.014011.

[514] U. Amaldi et al. REPORT FROM THE STUDY GROUP ON DETECTORS

FOR CHARGED CURRENT EVENTS. In ECFA Study of an ep Facility for

Europe, pages 377–414, 1979.

[515] U. Amaldi, editor. Study of an ep Facility for Europe DESY, Hamburg, April

2-3, 1979., volume 790402, Hamburg, Germany, 1979. Deutsches Electron

Synchrotron / European Committee for Future Accelerators.

[516] P. Allen et al. An Investigation of Quark and Diquark Fragmentation in

Neutrino p and Anti-neutrino p Charged Current Interactions in BEBC. Nucl.

Phys. B, 214:369, 1983. doi:10.1016/0550-3213(83)90239-0.

309

https://arxiv.org/abs/0911.4471
https://doi.org/10.1016/j.physletb.2010.03.036
https://arxiv.org/abs/1503.06056
https://doi.org/10.1103/PhysRevLett.114.212001
https://arxiv.org/abs/2001.07717
https://doi.org/10.1103/PhysRevLett.125.172001
https://doi.org/10.1103/PhysRevLett.125.172001
https://arxiv.org/abs/hep-ph/9604351
https://doi.org/10.1016/0550-3213(96)00399-9
https://arxiv.org/abs/hep-ph/0202251
https://arxiv.org/abs/hep-ph/0202251
https://doi.org/10.1103/PhysRevD.66.014011
https://doi.org/10.1016/0550-3213(83)90239-0


[517] Matthias Jamin and Markus E. Lautenbacher. TRACER: Version 1.1: A

Mathematica package for gamma algebra in arbitrary dimensions. Comput.

Phys. Commun., 74:265–288, 1993. doi:10.1016/0010-4655(93)90097-V.
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