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Introduction

The strong interaction is one of the four fundamental forces of nature. It governs the
dynamics of quarks and gluons, binds them into hadrons, and ultimately provides
the force responsible for holding protons and neutrons together inside atomic nuclei.
Quantum Chromodynamics (QCD), the non-Abelian gauge theory based on the local
SU(3)¢ color symmetry, provides the fundamental description of strong interactions
and has been remarkably successful in explaining a wide range of phenomena across
vastly different energy scales. At short distances, or equivalently at large momentum
transfers, the running of the strong coupling leads to asymptotic freedom, allowing
physical observables to be computed systematically using perturbation theory, while
at large distances the phenomenon of confinement gives rise to the formation of color-
neutral hadrons. Despite the success of QCD as the underlying theory of the strong
interaction, understanding how the observed properties of hadrons emerge from the
dynamics of quarks and gluons remains one of the central challenges of modern

nuclear and particle physics.

Among the most fundamental questions are how the momentum and spin of the nu-
cleon are distributed among its constituents, how different quark flavors contribute
to its internal structure, and how colored partons produced in hard-scattering pro-
cesses hadronize into the color-neutral hadrons observed experimentally. Addressing
these questions requires not only a detailed understanding of the non-perturbative

structure of hadrons but also highly precise perturbative calculations that connect



experimental measurements with the underlying partonic dynamics. In this sense,
high-precision perturbative QCD calculations play an essential role in unraveling the
momentum, flavor, and spin structure of the nucleon, together with the mechanisms

by which partons hadronize into the observed final-state hadrons.

Deep-Inelastic Scattering (DIS), in which a high-energy lepton is scattered from
a hadronic target and only the scattered lepton is detected in the final state, has
played a central role in unveiling the partonic structure of hadrons. The pioneer-
ing experiments at SLAC established the existence of point-like constituents inside
the proton and laid the foundation for the parton model and the subsequent de-
velopment of QCD. Since then, measurements from fixed-target experiments and
high-energy colliders have led to increasingly precise determinations of parton distri-
bution functions (PDFs), which describe the probability of finding a parton carrying
a given fraction of the hadron momentum and encode the longitudinal momentum
distributions of quarks and gluons inside hadrons. Nevertheless, several important
aspects of nucleon structure remain only partially constrained, particularly the fla-
vor decomposition of the sea quark distributions, the polarized parton distributions,
and the parton contribution to the nucleon spin. Moreover, the mechanism through
which energetic partons produced in hard-scattering processes evolve into observable
hadrons is encoded in fragmentation functions (FFs), whose precise determination
is equally essential for understanding hadronic final states. Both PDFs and FFs
are non-perturbative quantities that connect the partonic description of QCD to

experimentally measured hadronic observables.

A major step toward addressing these fundamental questions will be provided by the
Electron-Ion Collider (EIC), a future high-luminosity polarized electron-ion collider
to be constructed at Brookhaven National Laboratory. The EIC has been designed
to explore the structure of nucleons and nuclei with unprecedented precision over a

broad kinematic range. It will collide polarized electrons with polarized protons and
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light ions, as well as unpolarized nuclei, at center-of-mass energies ranging from ap-
proximately 20 to 140 GeV. The combination of high luminosity, polarized beams,
variable center-of-mass energies, and excellent detector capabilities will enable mea-

surements with a level of precision far exceeding that of previous facilities.

The scientific program of the EIC extends well beyond improving the precision of
existing measurements. One of its principal goals is to determine the 3-dimensional
structure of nucleons by simultaneously probing the longitudinal momentum, trans-
verse momentum, spatial distributions, and spin correlations of quarks and gluons.
In particular, the EIC aims to provide precise information on flavor-separated quark
distributions, polarized quark and gluon densities, and the dynamics of gluons at
small Bjorken-z. These measurements are expected to substantially improve our
understanding of the origin of nucleon mass and spin, the emergence of hadronic
structure from QCD, and the behavior of strongly interacting matter in previously

unexplored kinematic regimes.

The unprecedented experimental precision anticipated at the EIC demands equally
precise theoretical predictions. The extraction of partonic distributions from exper-
imental observables relies on perturbative QCD calculations through the QCD fac-
torization theorem, where measurable cross sections are expressed as convolutions of
universal non-perturbative functions and perturbatively calculable coefficient func-
tions. As experimental uncertainties continue to decrease, theoretical uncertain-
ties originating from missing higher-order perturbative corrections become one of
the dominant sources limiting the precision of phenomenological analyses. Con-
sequently, the development of increasingly accurate perturbative predictions has

become indispensable for fully exploiting the scientific potential of the EIC.

Among the key processes to be studied at the EIC, Semi-Inclusive Deep-Inelastic
Scattering (SIDIS) occupies a particularly important role. In SIDIS, in addition

to the scattered lepton, an identified hadron is observed in the final state. This

11



makes the process more differential than inclusive DIS and provides simultaneous
access to the partonic structure of the incoming nucleon and the fragmentation of
final-state partons into observed hadrons. The former is described in terms of parton
distribution functions, while the latter is encoded in fragmentation functions. SIDIS
is therefore an ideal process for studying PDFs and FFs in a unified framework, and
plays a central role in flavor separation, spin-dependent studies, and understanding

of hadron formation mechanism.

Since SIDIS provides simultaneous access to PDFs and FF's, precise theoretical pre-
dictions for this process are essential for the physics program of the EIC. Within
QCD factorization, the measured cross-sections are expressed in terms of universal
non-perturbative PDFs and FFs convoluted with perturbatively calculable coeffi-
cient functions. The inclusion of higher-order QCD corrections is therefore essential
for the accuracy of theoretical predictions and hence the PDF and FF extractions
from experimental data. While the leading-order calculation captures the basic dy-
namics of the process, it generally exhibits a significant dependence on unphysical
scales like renormalization and factorization scales. This dependence is systemat-
ically reduced by including higher-order contributions, thereby improving the sta-
bility and reliability of theoretical predictions. In addition, new partonic channels
open up beyond leading order and can give sizable contributions to the coefficient
functions, making them indispensable for precision phenomenology. Until recently,
theoretical predictions for SIDIS were known fully only up to next-to-leading order,
with approximate information available at next-to-next-to-leading order in certain
limits. The complete NNLO QCD corrections therefore represent an important step
toward precision SIDIS phenomenology, providing the accuracy required to match
the level of precision expected at the EIC and to reduce the theoretical uncertainties

in future phenomenological analyses.

Although the complete NNLO calculation substantially improves the fixed-order de-
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scription of SIDIS, the perturbative coefficient functions contain threshold-enhanced
logarithmic contributions in the partonic threshold region. These logarithms arise
from soft and collinear configurations of QCD radiation and can become dominant
when the partonic kinematics approach the threshold limit, thereby spoiling the
convergence of the perturbative expansion and significantly reducing the reliability
of fixed-order predictions. To obtain stable and precise theoretical results, these
dominant logarithmic contributions must be systematically resummed to all orders
in the strong coupling. Using QCD factorization and renormalization-group invari-
ance, threshold resummation organizes these enhanced terms systematically to all
orders in the strong coupling and provides a natural extension of the fixed-order cal-
culation. It therefore plays an important role in improving theoretical predictions

in the kinematic regions that will be explored by the EIC.

Beyond the electromagnetic SIDIS process mediated by a virtual photon exchange,
the broad kinematic reach of the EIC will also allow detailed studies of neutral-
current and charged-current electroweak SIDIS. Neutral-current interactions receive
contributions from both photon and Z boson exchange, while charged-current pro-
cesses proceed through the exchange of W= bosons. These processes provide com-
plementary information on the flavor structure of the nucleon and offer enhanced
sensitivity to specific combinations of quark and anti-quark distributions that can-
not be accessed through purely electromagnetic interactions. With polarized beams,
they also offer additional access to the spin-dependent structure of the nucleon within
the electroweak sector. Precise theoretical predictions for these processes are there-
fore required for future EIC analyses and form an important part of the precision

SIDIS program addressed in this thesis.

Motivated by these experimental and theoretical developments, the primary objec-
tive of this thesis is to improve the theoretical description of Semi-Inclusive Deep-

Inelastic Scattering within the framework of perturbative QCD. The work presented
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here includes the computation of complete next-to-next-to-leading-order QCD cor-
rections to polarized SIDIS, the evaluation of the master integrals required for these
calculations, the development of a threshold resummation framework beyond fixed-
order perturbation theory, and the extension of the NNLO formalism to neutral-
current and charged-current electroweak SIDIS. Together, these results contribute
toward the level of theoretical precision required to fully exploit the physics potential

of the Electron-Ion Collider.

The remainder of this thesis is organized as follows. Chapter 1 introduces the the-
oretical framework of Quantum Chromodynamics, including the QCD Lagrangian,
Feynman rules, the fundamental properties of perturbative QCD, ultraviolet renor-
malization, and infrared factorization. Chapter 2 presents the theoretical founda-
tions of Deep-Inelastic Scattering, Semi-Inclusive Annihilation, and Semi-Inclusive
Deep-Inelastic Scattering, establishing the factorization formalism and kinematic
framework relevant to this thesis. Chapter 3 presents the complete next-to-next-to-
leading-order QCD calculation of polarized SIDIS with photon exchange, together
with the computational framework and phenomenological analysis. Chapter 4 is de-
voted to the evaluation of the master integrals required for the NNLO calculation.
It discusses the master integrals arising from the different contributions, including
the new integrals associated with double-real radiation. Their analytic evaluation
is described using direct parametrizations, the differential equation method, canon-
ical bases and related techniques for obtaining analytic solutions. Having obtained
the fixed-order NNLO coefficient functions, Chapter 5 develops the framework for
threshold resummation in SIDIS. It derives the dominant logarithmic contributions
beyond fixed-order perturbation theory, organizes them systematically to all orders
using QCD factorization and renormalization-group invariance, and provides pre-
dictions for the threshold enhanced terms up to fourth order. Chapter 6 extends
the NNLO analysis to SIDIS mediated by neutral-current and charged-current elec-

troweak interactions, presenting complete coefficient functions for both polarized
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and unpolarized processes and discussing their phenomenological relevance for fu-
ture EIC studies. Finally, Chapter 7 summarizes the main results of this thesis and

outlines possible directions for future research.
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Chapter 1

Quantum Chromodynamics

Quantum Chromodynamics provides the theoretical foundation for the study of
strong interactions and underlies all perturbative calculations presented in this the-
sis. In this chapter, we introduce the fundamental concepts of perturbative QCD,
including the QCD Lagrangian, the corresponding Feynman rules, and the theoret-
ical framework required for higher-order calculations. Particular emphasis is placed
on ultraviolet renormalization and the treatment of infrared singularities through
mass factorization, which are indispensable ingredients of perturbative QCD. Col-
lectively, these concepts establish the theoretical basis for perturbative studies of

high-energy scattering processes.
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1.1 Introduction

Quantum Chromodynamics (QCD) is the fundamental quantum field theory de-
scribing the strong interaction, one of the four fundamental forces of nature. It
describes the interactions of quarks and gluons, the elementary constituents of
hadrons, through the exchange of color charge. Unlike Quantum Electrodynam-
ics (QED), which is based on the Abelian gauge group U(1), QCD is a non-Abelian
gauge theory based on the local SU(3)¢ color gauge symmetry. As a consequence of
its non-Abelian structure, gluons carry color charge and interact with one another,
leading to remarkable phenomena such as asymptotic freedom at short distances

and color confinement at long distances

The success of QCD has established it as the fundamental theory of strong interac-
tions over a wide range of energy scales. At sufficiently large momentum transfer,
the strong coupling becomes small owing to asymptotic freedom, allowing physical
observables to be computed systematically within perturbative QCD. This pertur-
bative framework forms the basis of the higher-order calculations presented in this
thesis, including the next-to-next-to leading order (NNLO) corrections and threshold

resummation for semi-inclusive deep-inelastic scattering.

In this chapter, we summarize the essential aspects of Quantum Chromodynamics
that form the theoretical foundation of the perturbative calculations presented in this
thesis. Particular emphasis is placed on the formulation of the QCD Lagrangian, the
corresponding Feynman rules, and the perturbative framework required for higher-
order calculations. It is not intended to be a complete review of QCD, but a brief
introduction to establish the conventions and notations used throughout this thesis.
For more details, see for e.g. [4-17] or standard textbooks. The discussion also in-
cludes ultraviolet renormalization and the treatment of infrared singularities through
mass factorization, which constitute the theoretical basis for the precision studies of

Semi-Inclusive Deep-Inelastic Scattering presented in the subsequent chapters.
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1.2 QCD Lagrangian and Feynman Rules

The dynamics of the strong interaction are described by a Lagrangian that is in-
variant under local SU(3)¢ gauge transformations. The gauge-invariant QCD La-
grangian is given by

Line = —ZFﬁVF“ oy Z¢ (i, DL — mygoy;) 1 (1.1)
where zbi(f) denotes the quark field of flavor f, mass m; and of color ¢ (4,5 = 1,2, 3).
The index a = 1,...,8 labels the gluon color index. The matrices y* are the Dirac
gamma matrices, satisfying the anticommutation relation {7*,7"} = 2¢*”. Note, the

repeated color indices are understood to be summed over. The covariant derivative

is defined as
DZ = (51-]0“ — ?:gSE?Aa’H (12)

where g, is the strong coupling constant, 7" are the generators of the SU(3)¢ gauge
group in the fundamental representation and A® denotes the gluon gauge field. The
gluon field-strength tensor is

Fi, = 0,A% — 0,A% + g, f*" AL AL (1.3)
where f¢ are the structure constants of the SU(3)¢ gauge group. The first term in
Eq. (1.1) describes the dynamics of the gluon fields and through the nonlinear term
in F},, generates the characteristic three-gluon and four-gluon self-interactions. The
second term contains the kinetic and mass terms of the quark fields together with

the quark-gluon interaction arising from the minimal coupling to the gluon fields

through the covariant derivative.

The gauge-invariant QCD Lagrangian remains invariant under the local gauge trans-
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formations,

P(x) = U(z)y(z), Aulz) — U(l‘)A#(IB)UT(iL‘) — é(@MU(x))UT(x), (1.4)

where
U(z) = exp [z’@“(az‘)T“} (1.5)

is a space-time dependent element of the SU(3)¢c gauge group, with 6%(x) being the

local gauge transformation parameters.

Although local gauge invariance is the fundamental symmetry underlying QCD, it
also implies that the gluon field possesses redundant, unphysical degrees of freedom.
As a consequence, gauge-field configurations related by a local gauge transformation
describe the same physical state, leading to an over-counting of equivalent config-
urations in the path-integral formulation. Moreover, this redundancy makes the
gluon kinetic operator non-invertible, preventing the construction of a well-defined
gluon propagator. To remove this redundancy and obtain a consistent perturbative

quantization of the theory, a gauge-fixing condition must be imposed.
Throughout the thesis, we employ the covariant Feynman gauge, for which the

gauge-fixing term is

Lo = —% (9#A2)* (1.6)

with the gauge parameter chosen as £ = 1 is called Feynman Gauge. However,

physical observables are independent of the gauge choice.

The covariant gauge-fixing procedure in a non-Abelian gauge theory is more subtle
than in QED. Since the gauge transformations of QCD are nonlinear in the gluon

fields, imposing a gauge condition modifies the path-integral measure by a field-
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dependent Jacobian, known as the Faddeev-Popov determinant. It is represented
by introducing anticommuting scalar fields, called the Faddeev-Popov (FP) ghost
fields, which are spin-0 particles but obeying fermionic statistics. From a physical
point of view, enforcing a covariant gauge condition leaves unphysical polarization
states in the gluon propagator that do not automatically decouple from physical
amplitudes. The ghost fields contribute only through closed loops and exactly cancel
the contributions from the unphysical gluon polarizations. Although, FP ghosts are
not physical particles and never appear as external states, they are essential for
preserving gauge invariance, unitarity, and the consistency of perturbative QCD.

Their dynamics are described by the Faddeev-Popov ghost Lagrangian,
Lpp = O*c* (5“1’8“ + gsf”’b"AZ) c, (1.7)

where ¢* and ¢ denote the ghost and anti-ghost fields, respectively, transforming
under the adjoint representation of the gauge group. The complete gauge-fixed QCD

Lagrangian is therefore given by
Lqcp = Liny + Lar + Lep. (1.8)

The Feynman rules of QCD are obtained directly from the complete gauge-fixed La-
grangian. Throughout this thesis, quarks are represented by straight lines, gluons
by curly lines, and Faddeev-Popov ghosts by dotted lines. The momentum-space
Feynman rules for the quark, gluon, and ghost propagators, together with the quark-
gluon, ghost-gluon, three-gluon, and four-gluon interaction vertices, constitute the
basic ingredients for constructing scattering amplitudes order-by-order in pertur-
bative QCD. The complete set of Feynman rules for an SU(N,) gauge theory is

summarized in Figs. 1.1 and 1.2.
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Figure 1.1: Momentum-space Feynman rules for the quark, gluon, and ghost prop-
agators, together with the quark-gluon and ghost-gluon interaction vertices, in a
general covariant gauge.
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Figure 1.2: Momentum-space Feynman rules for the gluon self-interaction vertices.

In the above Feynman rules, the indices are defined as follows:

e a,b,... denote color indices in the adjoint representation, taking values
1,...,N?2—1.

e 7, 7,... denote color indices in the fundamental representation, taking values
1,..., N,

e o, f3,... denote Dirac spinor indices.

e 4, v, ... denote Lorentz indices.
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The quantities f%¢ are the totally antisymmetric structure constants of the SU(N,)
gauge group. They are related to the generators T of the fundamental representa-

tion through the commutation relation
[T, T"] =if*Te. (1.9)

The generators T are traceless, Hermitian matrices which are normalized according
to

Te(TT") = Tp™, (1.10)
where, Tp = % The generators satisfy the completeness relation

1

ara 1
T‘ikal - 5 (5¢l5kj - Fcézjékl) . (111)

Note, repeated color indices are understood to be summed over. The following

identities are used in simplifying the color algebra:
Ly = Croij, felfret = Cu6, (1.12)

where the quadratic Casimir operators in the fundamental and adjoint representa-

tions are given by
N2 -1
Crp=—
F 2Nc )

Cu=N,. (1.13)

For QCD, corresponding to the gauge group SU(3), one has

N,=3,  Cp=- Ci=3, Tp= (1.14)

1
27

with ny denoting the number of active quark flavors.
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1.3 Perturbative Calculation in QCD

Quantum Chromodynamics exhibits two remarkable and complementary properties:
color confinement and asymptotic freedom. Together, they govern the behavior of

the strong interaction over different distance and energy scales.

At large distances, corresponding to low momentum transfer, quarks and gluons
(collectively called partons) are confined within color neutral hadrons such as pro-
tons, neutrons, and mesons. Unlike the electromagnetic interaction, the attractive
force between colored particles does not diminish as they are separated, instead, it
increases with distance. Consequently, attempting to pull a quark out of a hadron
requires an ever-increasing amount of energy. Once this energy exceeds the thresh-
old for quark-antiquark pair production, new colored particles are created from the
vacuum and combine with the original partons to form new color-singlet hadrons,
rather than allowing isolated quarks or gluons to exist. Although a rigorous ana-
lytical proof of confinement is still lacking, it is strongly supported by experimental

observations, as no free quarks or gluons have ever been detected.

In contrast, at sufficiently short distances or equivalently at high momentum trans-
fer, the interaction between quarks and gluons becomes asymptotically weak. This
remarkable property, known as asymptotic freedom, was discovered independently
by [18] and by [19] in 1973, a discovery recognized with the 2004 Nobel Prize in
Physics, see also [20-22]. Asymptotic freedom implies that quarks and gluons behave
asymptotically free particles in high-energy scattering processes, thereby providing

the theoretical foundation for perturbative Quantum Chromodynamics (pQCD).

In this regime, the strong coupling constant is sufficiently small that physical ob-
servables can be computed systematically as a perturbative expansion in powers of
the strong coupling oy = ¢2/(4r), with successive terms representing higher-order

radiative corrections. A generic perturbative expansion for a physical observable (o)
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can be written as

0=09+a,00 +a26® 4 ... (1.15)

D and the subse-

where o(® denotes the leading-order (LO) contribution, while o
quent terms correspond to the next-to-leading-order (NLO) and higher-order cor-
rections, respectively. The inclusion of higher-order contributions systematically
improves the precision of theoretical predictions and reduces their dependence on
the unphysical scales like renormalization and factorization scales. Beyond leading
order, the calculations receive contributions from both virtual (loop) diagrams and
real-emission processes. These higher-order corrections introduce ultraviolet (UV)
and infrared (IR) divergences in intermediate stages of the calculation. Ultraviolet
divergences arise from the short-distance behavior of loop integrals, whereas infrared
divergences are associated with soft and collinear parton emissions. Throughout this
thesis, both these divergences are regulated using dimensional regularization [23-25],
in which the space-time dimensions is analytically continued to d = 4 + ¢. Within
this framework, the divergences manifest themselves as poles in the dimensional reg-
ularization parameter e. They are systematically treated within perturbative QCD
through renormalization and factorization, respectively. We briefly discuss these

aspects in the following sections.

1.3.1 Ultraviolet Renormalization

Virtual loop integrals in perturbative QCD contain ultraviolet (UV) divergences
arising from the large-momentum region of the loop integrals. These divergences
are regulated using dimensional regularization, in which they appear as poles in the
dimensional regularization parameter €, allowing them to be identified and isolated

in a systematic and gauge-invariant manner.
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The ultraviolet divergences are removed by redefining the parameters and fields ap-
pearing in the QCD Lagrangian. Since all quarks are treated as massless throughout
the thesis, ultraviolet divergences are removed solely through the renormalization
of the QCD coupling constant. The bare coupling a, = ¢2/(167?%) is related to the

renormalized coupling a,(u%) by

2

0.5, = Zu )ty () (116
Hr

where Z,, is the coupling renormalization constant, p is the dimensional-

regularization scale, ug is the renormalization scale, and

Se = exp (% (Ve — 111(477))) : (1.17)

Throughout this thesis, UV renormalization is performed in the modified minimal
subtraction (MS) scheme, in which the renormalization constant Z, absorbs only
the poles in the dimensional regularization parameter €, together with the associated
universal constants contained in S.. An important consequence of renormalization
is that the strong coupling becomes dependent on the renormalization scale. Its

evolution is governed by the renormalization group equation,

dag(p?
) — L)+ i) (118)

where ((as) is the QCD [S-function. It admits a perturbative expansion of the form

Blas) = =Dl (ui)B:- (1.19)

which is known to five loops [26-29], the first two coefficients given by

1., 4 34, 20
bo=5Ca=3Teny,  fr= ECE& — 5 CaTrny — 4CFTpny. (1.20)
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For QCD, Cy = 3, Cp = 4/3, and Tr = 1/2, giving fy > 0 for the physically
relevant number of active quark flavors. Consequently, at leading order, the running
coupling decreases logarithmically with increasing energy scale, giving rise to the
phenomenon of asymptotic freedom. The running of the strong coupling is illustrated
in Fig. 1.3. At high energies, the coupling becomes sufficiently small for perturbative

calculations to be reliable.

0.35 —— . . : e
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Figure 1.3: Measurements of strong coupling constant oy = g2/(47) as a function of
the energy scale ) compared to the running of the coupling computed at five loops
taking as an input the current PDG average, as(m%) = 0.1180 + 0.0009. Pictures
taken from [1].

1.3.2 Infrared Singularities and Factorization

Physical observables, such as scattering cross sections and structure functions, are
computed in perturbative QCD as expansions in the strong coupling constant. At
large momentum transfers, the internal structure of hadrons is resolved, and the hard
interaction occurs between their constituent quarks and gluons. This picture is well

described by the so-called parton model, in which the hadron is treated as a collec-
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tion of quasi-free, point-like constituents called partons. Within the parton model,
the incident probe interacts incoherently with a single parton carrying a fraction of
the parent hadron’s momentum. The probability of finding a parton of a given type
carrying a momentum fraction of the hadron is encoded in the parton distribution
function. The hadronic cross section can then be expressed as a convolution of the
perturbatively calculable partonic cross section with the non-perturbative parton
distribution functions. For semi-inclusive processes in which a particular hadron is
identified in the final state, the factorization formula additionally involves a frag-
mentation function describing the transition of a final state parton into the observed

hadron.

The partonic cross sections are calculated order-by-order in perturbative QCD. Af-
ter ultraviolet renormalization, the partonic amplitudes and and cross sections are,
in general, still not finite (in € — 0) due to the presence of infrared (IR) singu-
larities. In perturbative QCD with massless quarks and gluons, these divergences
arise from two distinct kinematic configurations. Soft divergences occur when the
momentum of an emitted parton approaches zero, whereas collinear divergences
arise when a massless parton becomes collinear to another massless parton. To
obtain physically meaningful predictions, the virtual corrections must be combined
with the corresponding real-emission contributions. The latter also contain soft and
collinear singularities with the same universal structure as those appearing in the
virtual corrections. Upon combining the virtual and real contributions these soft
and collinear singularities cancel according to the Kinoshita-Lee-Nauenberg (KLN)
theorem [30,31], which states that the transition rates obtained after summing over
all experimentally indistinguishable degenerate initial and final states, the infrared

divergences cancel order by order in perturbation theory.

For processes involving hadronic initial states, however, the initial-state collinear

singularities do not cancel. Instead, they are universal and are absorbed into the
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bare parton distribution functions (PDFs) through the procedure of mass factoriza-
tion [32-38]. Likewise, in semi-inclusive processes involving identified hadrons in the
final state, the remaining collinear singularities associated with the fragmentation

process are absorbed into the bare fragmentation functions (FFs).

The universality of PDFs and FF's is a consequence of the QCD factorization theo-
rem, which states that hard-scattering processes involving hadrons can be factorized
into a perturbatively calculable short-distance part and universal non-perturbative
functions describing the hadronic structure and fragmentation. The short-distance
part is process dependent and can be computed order by order in perturbative QCD,
whereas the long-distance functions are universal and can be extracted from experi-
mental data [39-83]. This separation forms the theoretical foundation for precision

QCD predictions involving hadronic processes.

Similar to UV renormalization, mass factorization is performed at an arbitrary scale,
known as the factorization scale, pr. Together with the renormalization scale ug,
it represents an unphysical scale introduced by the perturbative framework. At
any finite order in perturbation theory, physical predictions retain a residual depen-
dence on these scales. This dependence is an artifact of truncating the perturbative

expansion and is progressively reduced as higher-order corrections are included.

1.4 Summary

In this chapter, we have reviewed the basic theoretical framework of Quantum Chro-
modynamics relevant to the perturbative calculations presented in this thesis. We
introduced the QCD Lagrangian together with the gauge-fixing and Faddeev-Popov
ghost terms required for the consistent quantization of the theory, followed by the
corresponding Feynman rules that form the building blocks of perturbative QCD

calculations.
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The distinctive properties of QCD, namely confinement and asymptotic freedom,
determine its behavior at different energy scales. While confinement prevents the
observation of isolated quarks and gluons, asymptotic freedom ensures that the
strong coupling becomes sufficiently small at high energies, thereby enabling reliable

perturbative calculations.

We also briefly introduced the parton model description of high-energy hadronic
scattering, in which a hard probe interacts with the quarks and gluons (collectively
called partons) inside a hadron. Within the QCD factorization framework, hadronic
observables are expressed as convolutions of perturbatively calculable partonic cross

sections with universal non-perturbative distribution functions.

The treatment of ultraviolet and infrared divergences arising in higher-order cal-
culations was briefly reviewed. Ultraviolet divergences are removed through the
renormalization of the strong coupling constant, whereas the remaining collinear
singularities are absorbed into universal parton distribution and fragmentation func-
tions through the procedure of mass factorization. This separation of short-distance
perturbative dynamics from long-distance non-perturbative physics constitutes the
basis of the QCD factorization theorem and underlies precision predictions for hard-

scattering processes involving hadrons.

The concepts presented in this chapter constitute the theoretical foundation for the
perturbative QCD calculations and phenomenological analyses carried out through-

out this thesis.
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Chapter 2

Semi-Inclusive Deep-Inelastic
Scattering: Theoretical

Preliminaries

This chapter provides the theoretical background required for the study of Semi-
Inclusive Deep-Inelastic Scattering (SIDIS) within perturbative Quantum Chromo-
dynamics (QCD). It introduces the key concepts of factorization, partonic structure,
and QCD evolution that form the basis of all subsequent analysis in this thesis. We
begin by reviewing Deep Inelastic Scattering (DIS), the process that played a cen-
tral role in establishing the partonic structure of hadrons and the development of
the QCD improved parton model. This is followed by a brief discussion of semi in-
clusive annihilation and fragmentation functions, which are essential for describing
hadron production in the final state. These ingredients are then combined in the
framework of SIDIS. We discuss its theoretical description within the QCD improved
parton model, emphasizing the factorization of the cross section into perturbatively
calculable coefficient functions and universal parton distribution and fragmentation

functions.
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2.1 Introduction

Understanding the internal structure of hadrons and the dynamics of their con-
stituents remains one of the central goals of high-energy physics. Since quarks and
gluons are confined within hadrons, they cannot be observed as free particles. In-
stead, information about their properties, interaction and their dynamics must be
inferred through high-energy scattering experiments that probe hadronic matter at
increasingly shorter distance scales. Building on the QCD framework introduced
in the previous chapter, we now discuss the high-energy scattering processes that

provide experimental access to the internal structure of hadrons.

The modern understanding of hadron structure originated from Deep Inelastic Scat-
tering (DIS) experiments performed at the Stanford Linear Accelerator Center
(SLAC) in the late 1960s [84,85]. These experiments provided the first evidence
that protons possess an internal substructure and led to the development of the
parton model. The subsequent formulation of QCD and the discovery of asymptotic
freedom established the theoretical foundation for describing the strong interactions

of quarks and gluons.

Today, a variety of scattering processes are used to investigate different aspects of
hadron structure. DIS provides access to the partonic content of hadrons, while
electron-positron annihilation offers direct information on the hadronization of par-
tons. Combining these two perspectives naturally leads to Semi-Inclusive Deep-
Inelastic Scattering (SIDIS), which simultaneously probes both the initial-state par-
tonic structure and the fragmentation process in the final state. Each of these

processes plays a complementary role in understanding QCD dynamics.

In this chapter, we review the theoretical foundations relevant for the study of
SIDIS. We begin with inclusive DIS and the QCD-improved parton model, followed

by a discussion of Semi-Inclusive Annihilation and fragmentation functions. These

34



ingredients are then combined in the framework of SIDIS, which forms the basis of

the calculations presented in this thesis.

2.2 Deep-Inelastic Scattering

Deep-Inelastic Scattering (DIS) has played a fundamental role in uncovering the
internal structure of hadrons and establishing the modern description of strong in-
teractions [86]. The process involves the scattering of a high-energy lepton from
a hadronic target through the exchange of a highly virtual electroweak gauge bo-
son. The large momentum transfer associated with the exchanged boson provides a

short-distance probe capable of resolving the constituents of the hadron.

The first DIS experiments were carried out at the Stanford Linear Accelerator Center
(SLAC) in collaboration with MIT during the late 1960s [84,85]. In these experi-
ments, high-energy electrons were scattered off proton and deuteron targets. The
measured cross sections differed significantly from those expected for a point-like
proton, indicating the presence of internal constituents. Even more remarkably, the
extracted structure functions exhibited an approximate scaling behavior, suggesting

that the scattering occurred from nearly free point-like objects within the proton.

In DIS, high-energy electron off a proton target via the exchange of a highly virtual

photon, the process is given as
e (k) + P(Py) — e (K) + X, (2.1)

where k(k’) denote the momenta of incoming (outgoing) leptons, Py is the momen-
tum of the target proton, and X represents the inclusive hadronic final state. Since
only the scattered lepton is observed, all hadronic final states are summed over in-

clusively. The momentum transferred ¢ = k — k¥’ with Q? = —¢? > 0 measuring the
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Figure 2.1: Schematic diagram of Deep-Inelastic Scattering (DIS), e+ P — e~ + X,
mediated by the exchange of a virtual gauge boson V.

resolving power of the probe and the dimensionless variable z = Q?/(2Pg - q), called
Bjorken variable. The deep-inelastic regime is characterized by large Q2 or large

energy transfer at fixed  which probes the internal constituents of the proton.

The hadronic structure probed in DIS is encoded in the structure functions. For
unpolarized DIS, the leading structure functions are conventionally denoted by
Fi(z, Q%) and Fy(z,Q*). One of the most remarkable observations from the SLAC
experiments was that these structure functions depended predominantly on the vari-
able z, and only weakly on @?. This behavior, known as Bjorken scaling, i.e. at
Q? — oo and Py - ¢ — o0 keeping z fixed, the structure functions become inde-
pendent of Q? i.e. F;(z,Q?%) =~ F;(z), suggested that the proton contains point-like

constituents that behave approximately as free particles during the interaction.

Using current algebra [87], J.D. Bjorken proposed that such scaling should emerge
naturally at asymptotically large momentum transfer. Shortly after, R.P. Feynman,
James Bjorken and Emmanuel A. Paschos introduced the parton model [88-90],
which gave a physical interpretation of this result. He proposed fast-moving hadron
is described as a collection of quasi-free, point-like constituents called partons. At

very high energy, the interaction time of the virtual photon is much shorter than the
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typical QCD interaction time between partons. As a result, the photon effectively
probes a frozen snapshot of the proton. The scattering can therefore be interpreted

as an incoherent sum of elastic scatterings off individual partons.

Within this framework, the structure functions acquire a simple probabilistic in-
terpretation in terms of parton distribution functions. An important consequence
is the Callan—Gross relation, Fo(z) = 22F;(z), which follows from the assumption
that the struck constituents are spin % particles. The experimental verification of
this relation provided strong evidence that the proton constituents observed in DIS
behave like spin % particles, consistent with the quark model proposed by Gell-Mann

and Zweig [91,92].

The identification of these constituents with quarks was further established during
the 1970s through deep-inelastic neutrino-nucleon scattering experiments at CERN
and Fermilab. Unlike electromagnetic interactions, charged-current weak interac-
tions are sensitive to the flavor of the struck quark, enabling detailed investigations
of the flavor structure of the nucleon. These measurements not only strengthened
the quark-parton picture but also provided important tests of the electroweak sector
of the Standard Model. Together with the earlier SLAC measurements, these ex-
periments firmly established deep-inelastic scattering as a powerful tool for probing
hadron structure. As discussed in Chapter 1, the theoretical description of strong in-
teractions is provided by Quantum Chromodynamics (QCD). In particular, the dis-
covery of asymptotic freedom in 1973 established that the strong coupling decreases
at short distances, allowing quarks to behave as nearly free particles when probed
at large momentum transfer. This remarkable property provides the theoretical ex-
planation for the approximate Bjorken scaling observed in the SLAC experiments

and forms the theoretical foundation for the modern description of DIS.

As experimental precision improved, it became clear that Bjorken scaling is not

exact. Instead, the structure functions exhibit a mild dependence on Q?, known
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as scaling violations. This is best seen in plots of F;(x, Q?) as a function of Q? for
fixed values of x, see Fig (2.2). If Bjorken scaling were exact, Fy at fixed = would
be independent of Q?, and each curve would therefore be horizontal, but instead
the figure exhibits logarithmic scaling violations. This behaviour indicates that the

structure of the proton resolved in DIS changes with the probing scale.

. — C T \\\\H‘ T T \\\H\‘ T T T 17177 T \\\\H‘ T \\\H\‘ T T 1]
AN - 0.000050, i = 21 + 2 ]
L x=5 o= e H1 e'p high ]
: [ o0° x = 0.000080, i = 20 phigh Q"
N 6
L 107 o x = 0.00013,i= 19 94-00 N
P x=0.00020, i =18 ]
- ]
r ) 2 ]
[ o oo . x=0.00032, i = 17 o Hle'p low Q" |
1o}
o© x = 0.00050, i = 16
1075 oo oo 96-97 -
E e x = 0.00080, i = 15 ]
P e e 0.0013,i = 14 ]
= x=0. ,i= B
I s BCDMS ]
o 0° x =0.0020,i= 13
1047 000 00 e . NMC B
E o- io} |
g oo %° o x=00032,i=12 ]
r o (o] o OOO O.. b
r 59" x =0.0050,i=11 g
L o -0 oo o-oe-e®® i
. o
3 o0 x = 0.0080, i = 10
107 oo E
|- o o . 4
C =0.01 = ]
Eope o o000 vossseee Xx=0013,i=9 ]
P L gosesseenees X=0020i=8 ]
2 o
107 qpmeet®o” . soess sesesege X=0032i=7 =
Fo, o paeeo®®® ) E
L oo o o PRPSRIPPIPY ¥ SR S ) x=0.050,i=6 ]
L o/ﬁ»%”%o(»o ]
10 L 9»@,&’!%‘#‘&@&@0 OCpeed 00 e0eee o © . X=0.080,i=5 _
C 60 0094 MRBEANNL o gyeee®e®®es o o F  x=013i=4 1
i R R Y N oo vesesse o i 3 x=0.18,i=3 ]
RV
1 = wees 3 Aeseeespec,, . LI ) } x=0.25,i=2 E
E B E
i *g @M@MM oot 1
L Pt e . s — x=040,i=1 |
-1
10 = . { 4
B aca, ]
L éAAﬁAAAgz@AﬁA 5 7.5
2| iﬁ# $ 1 =065i=0 | &
10 E HI1 PDF 2000 t 1 ’ -8
g 1=
r - extrapolation ;8
[ T —
10 -3 L \\\\H‘ L \\\H\‘ L L \\\\H‘ L L \\\\H‘ L L \\\H\‘ L L L1 m
2 3 4 5
1 10 10 10 10 210 5
Q7 /GeV

Figure 2.2: F, structure function as a function of the momentum transfer scale ()2,
here values of Fy in successive = bins are multiplied by factors of 2¢, as indicated on
the vertical axis, plot take from [2], see also [3].

A major advance came in the 1990s with the HERA electron-proton collider at
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DESY, which explored an unprecedented kinematic range in Bjorken-z and Q?. The
precise measurements from HERA significantly improved the determination of par-
ton distribution functions, especially the gluon distribution, and enabled precision

tests of QCD evolution over a wide range of energy scales.

The modern description of DIS is based on the QCD factorization theorem, which
separates short-distance perturbative dynamics from long-distance non-perturbative
hadronic structure [32,33,37,93-97]. In this framework, the structure functions can

be expressed schematically as (eg. see [98,99])

Z/ %fa/P (21, 17) Cia (%Q%&) ; (2.2)

where the coefficient functions (CFs) C;, are calculable in perturbative QCD which
describes the hard scattering process, while f,/p are universal parton distribution
functions (PDFs) which encode the non-perturbative structure of the hadron. Here
a is summed over quark, anti-quark and gluon degree of freedom. pp is the factor-

ization scale separating short and long distances physics.

Both the parton distribution functions and the coefficient functions depend on the
factorization scale up. The urp dependence of the PDFs is governed by the Dok-
shitzer—Gribov—-Lipatov—Altarelli-Parisi (DGLAP) evolution equations [100-104],
while the corresponding dependence of the CFs is constrained by renormalization-
group invariance. These pur dependences cancel in the structure functions when all

perturbative orders are included.

A convenient choice is p% = Q2% for which the explicit logarithms of Q%/u2% in
the coefficient functions vanish. However, the structure functions retain a physical
dependence on ?, since the PDFs are then evaluated at the scale Q? and evolve with
this scale according to the DGLAP equations. This evolution originates from parton

radiation and splitting processes, which modify the partonic content resolved by a
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probe as its resolution scale changes. In addition, the coefficient functions depend on
Q? through the running strong coupling a,(Q?), governed by the renormalization of
the coupling constant, and through their renormalization group evolution. Together
with the evolution of the PDFs, these effects produce the logarithmic violations of

Bjorken scaling observed in deep-inelastic scattering.

This factorization framework forms the foundation of modern QCD phenomenology
and enables the extraction of universal parton distributions from experimental data.
The universality of PDFs allows them to be extracted from experimental data and

applied to a wide range of high-energy scattering processes.

The concepts developed through DIS provide the basis for understanding a broad
class of high-energy scattering processes. In the following section, we discuss semi-
inclusive annihilation, which introduces fragmentation functions and complements

the information obtained from DIS.

2.3 Towards Semi-Inclusive Process

DIS is an inclusive process, meaning that only the scattered lepton is measured
while all hadronic final states are summed over. This inclusive nature makes DIS
particularly suitable for extracting parton distribution functions, which describe the
momentum distributions of quarks and gluons inside hadrons. However, DIS pro-
vides only partial information about strong interaction dynamics. While it reveals
how partons are distributed within a hadron before the hard scattering, it does not
directly address how energetic quarks and gluons form the hadrons observed in ex-
periments. This non-perturbative process, known as hadronization, is an essential

aspect of QCD phenomenology.

To gain access to hadronization dynamics, one must consider semi-inclusive pro-

cesses, in which a specific hadron in the final state is identified. The observation
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of a final-state hadron provides additional information beyond that available in in-
clusive measurements and introduces fragmentation functions, which quantify the
probability for a parton to produce a given hadron carrying a fraction of its momen-

tum.

\X

e+

Figure 2.3: Schematic diagram of single-inclusive annihilation (SIA), ete™ — h+ X,
where a virtual vector boson V', where h is the identified hadron and X denotes the
inclusive hadronic remnant.

The study of hadronization, requires processes that are sensitive to the fragmenta-
tion of partons into identified hadrons. The cleanest environment for such investi-

gations is provided by electron—positron annihilation [105],
et (k) +e (K) = h(P,) + X (2.3)

where an electron and positron annihilate into a virtual electroweak boson, which
subsequently produces a quark—antiquark pair. The observed hadron h originates
from the fragmentation of one of the final-state partons, while the remaining hadrons
are summed over inclusively. This process, known as Semi-Inclusive Annihilation
(SIA), provides direct access to fragmentation functions and complements the infor-

mation obtained from DIS.

Unlike DIS, where the hadron appears in the initial state, electron—positron anni-
hilation involves no hadrons in the incoming state. Consequently, the process is
free from parton distribution functions and provides a particularly clean laboratory

for studying the hadronization mechanism. The non-perturbative information is
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encoded entirely in fragmentation functions (FFs), which describe the probability
for a parton to fragment into a hadron carrying a given fraction of its momen-
tum [62,97,106-111]. FF's therefore play a role analogous to that of parton distri-

bution functions.

Analogous to Bjorken variable x in DIS, the scaling variable associated with the
identified hadron h in SIA is defined as z = (2P, -q)/Q?, where P, is the momentum
of the observed hadron and ¢ = k + £’ is the momentum of the exchanged boson,
with ¢> = Q? > 0. The differential cross section can be expressed in terms of frag-
mentation functions Dj,/,, where a labels the fragmenting parton and h the observed
hadron. In the parton model, fragmentation functions admit a probabilistic inter-
pretation analogous to that of parton distribution functions in DIS. While PDFs
describe the probability of finding a parton inside a hadron, fragmentation func-
tions describe the probability of observing a hadron in the fragmentation products
of a parton. They therefore provide complementary information about the non-
perturbative dynamics of QCD. As in DIS, QCD predicts logarithmic violations of
the Bjorken scaling behavior. Partons produced in the hard scattering can radiate
additional gluons and undergo successive branching processes before hadronization.
As a consequence, fragmentation functions become dependent on the hard scale Q2.
Their evolution is governed by time-like DGLAP equations, which are the counter-

parts of the space-like evolution equations for parton distribution functions.

The hadronic dynamics in STA are encoded in fragmentation structure functions
F? , which admit a factorized representation in perturbative QCD, see e.g. [99], see
also [112-120]. The QCD factorization theorem allows these structure functions to
be written as a convolution of perturbatively calculable coefficient functions and

universal fragmentation functions,
le
-y / T Dl i) ( @ up), (2.4
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where C{fa denote the hard-scattering coefficient functions and D)/, are the frag-
mentation functions. This factorized framework provides a systematic description
of hadron production in electron-positron annihilation and enables the extraction of

universal fragmentation functions from experimental data.

Together, deep-inelastic scattering and semi-inclusive hadron production in e*e™ an-
nihilation provide complementary information about hadronic structure: DIS probes
the distribution of partons inside hadrons, while STA probes the fragmentation of
partons into hadrons. A natural process that combines both aspects is Semi-Inclusive
Deep-Inelastic Scattering (SIDIS), where a hadron is observed in the final-state in
addition to the scattered lepton. SIDIS therefore provides simultaneous sensitivity
to both the structure of the incoming hadron and the hadronization of the outgoing

parton.

2.4 Semi-Inclusive Deep-Inelastic Scattering

Semi-Inclusive Deep-Inelastic Scattering (SIDIS) provides a unique framework for
investigating both the partonic structure of hadrons and the hadronization of partons
within QCD. By detecting an identified hadron in the final-state in addition to the
scattered lepton, SIDIS simultaneously probes parton distribution functions (PDFs)
and fragmentation functions (FFs). This unique combination of initial- and final-
state information makes SIDIS an essential process for exploring hadron structure,

parton fragmentation mechanism and underlying dynamics of QCD.

Experimentally, SIDIS has been extensively studied at facilities such as HER-
MES [121] and COMPASS [122] yielding valuable information on nucleon structure
and hadronization mechanisms. Looking forward, the future Electron-Ion Collider
(EIC) at BNL [123,124], as well as the proposed Electron-Ion Collider in China

(EicC) [125] will significantly extend the kinematic reach and precision of SIDIS
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measurements, making accurate theoretical predictions increasingly important.

Figure 2.4: Schematic representation of 7% production in SIDIS process.

The SIDIS process is described by
Lk, ) + H(P,A\y) — U'(k) + H' (Py) + X, (2.5)

where [ (I') and H (H') denote the incoming (outgoing) lepton and hadron respec-
tively. For neutral current (NC) processes, we have I’ = [ and the intermediate
virtual particles are v*, Z* and interference between them. For the charged current
(CC) processes , the intermediate vector boson is either W or W~ depending on
the charge of I’ (I' #1). Here k; ( ky) and P (Py) are momenta of incoming (out-
going) lepton and hadron respectively and ¢ = k; — ky is the momentum transfer
between incoming leptons and hadrons. We define, ¢> = —Q?, defines the hard scale
of the process. A\; and Ay are the helicity of incoming lepton and hadron respectively.

More on these processes can be found in [126-134].

The SIDIS kinematics is described by the variables

Q* P-q PPy

2P TP Pq’

(2.6)
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along with the center-of-mass energy s = (P + k;)2. The variable z corresponds
to the Bjorken scaling variable, y denotes the inelasticity, and z is the fraction of
the initial energy transferred to the observed hadron. In the single-vector-boson
exchange approximation, the differential hadronic cross section factorizes into a

leptonic tensor L5 and a hadronic tensor Wj% Ay 183

3
d°ou, 1y, 1 H X

PP ) 2.
dxdydz (P, Py, 5, q) (2.7)

= 2nyMpya? Z D;LES (ki kv, q) W3

Hv g
J

Here, My and S are the mass and spin of the incoming hadron. «. is the fine
structure constant, o, = ¢g?/(47) and g, is the electromagnetic coupling. For NC
processes the sum includes contributions from j = vy, ZZ, and j = vZ intermediate

vector bosons, while for CC processes j = W=*. Here,

D - 1 D, @+ M)
NGRS Q@+ MR 1Y)
Dy — ! Dys = ! (2.8)

(@ + MZ)? +17) (@ + Mp)* +T5)

where My and I'y (V' = Z, W) are the mass and width of the intermediate vector

boson V.

v (Gj,v + Gav°)

Figure 2.5: Leptonic tensor with a general vector and axial-vector coupling structure.
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For a massless fermion with polarization \;, the leptonic tensor Léf l;\l, corresponding

to a generic vector-axial vertex is given as, see Fig. (2.5),

~ . f
s =y (ﬂ(kzu M) Y (Civ + Cjan®)ulka, )">>

Ay

X <ﬂ(/{ill, )\l/) ’)/V (Cj,v + Cj,A75)u(kl7 /\l)> (29>

Similar expression is written for initial anti-fermion. To incorporate generic lepton

of lepton number [; and helicity A,

v v 1 - ll)\l’75 Sk “yk
Ly =T {%W (CJ,V + Cj,AVS)%z <T ol < vt Cmfy‘r’) (2.10)

To define the helicity of fermions (I, = +1) we have used the relation,

u(p, \u(p,A) = p (1 _QM ) , (2.11)

for fermions with A = 1 for 4 or 1 helicity and A = —1 for — or | helicity. Here, C; v
(C;.4) and C;y (C; 4) denotes the general vector (axial-vector) couplings associated
with the two leptonic currents entering the tensor [116,135-138]. In general, the two
sets of couplings may be identical or different, allowing the expression to describe

both squared amplitudes and interference contributions.
For NC interactions, 7 and Z couple to a fermion of flavor f through the vertex
—igeef WMa ige ’Yu <§Vf - gAf’}/s) ) (212)

receptively, where

gvy = _ gA;
2 sin Oy cos Oy’ 94r = 9gin Ow cos Oy

Iy, = (2.13)

Here 0y is the Weinberg mixing angle, and the vector (gy,) and axial-vector (ga,)

46



couplings are given by
gv; = T]‘? — 2e; sin® Oy, ga, = T?. (2.14)

T}” denotes the third component of the weak isospin of the fermion f, and ey is the

electric charge of the fermion f in units of the electron charge [83].

For CC interactions, the vector bosons W' and W~ couple to fermions through the

vertices

ige’yu (]- - 75) fo’? igeV“ (]- - 75) fo/ (215)
respectively, Vf = M;/sf—1g9‘4/ where f and f’ denote the members of a weak isospin

doublet. In the leptonic sector, f = [ and f’ = 1 correspond to a charged lepton
and its associated neutrino (I = e, u, 7), respectively. However, since the flavor of
the incoming lepton is fixed, the PMNS mixing typically does not appear explicitly
in the cross section. In the quark sector, f = u represents an up-type quark (u, c)
and f’ = b represents a down-type quark (d,s), with V,, being the corresponding
element of the Cabibbo-Kobayashi-Maskawa (CKM) matrix.

The leptonic tensors Lé." Kl corresponding to exchanges of different electroweak bosons,

J=v7,7Z, ZZ, W=, are found to be

LY = 2Ky + 2k k] — Qg™ — 20l M€ 7 gk 2,

L!ﬁt;)\z - (EVI B ll)\lgAz) L!WLAV/,/\N
Ly = (@, + 9%, — 2bNgya,) L) o

Ly =2(1— L) LY

W+ YA (2'16)

Here [;, \; = %1 represents lepton number, helicity of the incoming lepton respec-

tively, used e} = 1 for charged lepton. Note, the mass of the lepton is dropped
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throughout. Here, gy,,g,, are related to vector and axial-vector couplings of the
lepton to the electroweak gauge bosons see Eq. (2.13). The Levi-Civita tensor e***

is fully anti-symmetric tensor with egio3 = —€%23 = 1.

The hadronic tensor contains all information about the strong-interaction dynamics
of the SIDIS process. It is defined through matrix elements of the electroweak

current between hadronic states,

d3PH
J
Wivru = 47TMHZ / 3(2PY) / H 27r 2P0

P Py
P-q

X(27T)45(P—|-(]—PH—P)()5 (Z—

X (<H(P, )\H)‘JMT(O)‘H’(PH),X><H’(PH),X J 0)(H(P, AH)>>j, (2.17)

where, J,, denotes the electroweak current responsible for the interaction. The su-
perscript j labels the ordered pair of electroweak currents entering the two current
matrix elements, j = vy, vZ, ZZ, W', W~ where the first (second) entry refers
to the current in the left (right) matrix element. The sum over X is performed
inclusively over all hadronic states accompanying the observed hadron H', and the
delta functions enforce momentum conservation and fix the observed hadron energy

fraction z.

Owing to the composite nature of hadrons, the hadronic tensor cannot be calculated
directly in perturbation theory. Being a second-rank Lorentz tensor, the hadronic
tensor can, subject to electromagnetic current conservation, parity, and time-reversal
invariance, be parametrized in terms of the g,., €,.0, and the vectors ¢, P and 9,
multiplied by Lorentz invariant structure functions (SFs). These structure functions
encode the non-perturbative information of the process and depend on the kinematic
variables z, z and Q%. The momentum of the observed hadron Py enters through
the scaling variable z and after integrated over hadron phase space subject to the
P-Py

constraint 6(z — P—q) the dependence on the observed hadron is entirely encoded
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in the structure functions. The most general decomposition of the hadronic tensor

is given by (considering only initial state hadron to be polarized),

1 G I L
Wi“/)\H :M—H{ (_glﬂ/ —+ q ) FJ + (P—qPMP,,) FQJ — ZEMyaAmFg

TLW T2,Aw
vox 1~ VoA 1~ S - —P ]
Tl p I AP-q< q )*

1 .
2
’ 1 A - j me j
22 —PPZ,) J+<— s+ 2 ) ]} , 2.18
.q[(P.qu 94 Guw + =2 | 95 (2.18)

with P, = (Pu — %qﬁ and S, = (Su — %qﬁ. Here, F{,, = F}, 4(z,2,Q%) de-
note the unpolarized SF's, while 9{7,,,75 = g{’mé(x, z, Qz) correspond to the polarized
ones and S is the spin of incoming hadron aligned in longitudinal direction of lepton
[, such that in S = Ay (0,0,0, Mp), in rest frame of incoming hadron and S-P =0
and S? = —M?%. Substituting Egs. (2.16) and (2.18) in Eq. (2.7), we find differential

cross section,

J3Ne/eC

Ulzégglz;mfx _ 42;45 y FNCICC 4 (1 -y Jggl) FNC/CC | Q_TyFé\IC/CC
+)\H{ ( y — 22y Q;{) NC/CC
+ 4z y]gf Nt 2:15]\52 (1 —y — 2% ]\gé{) gNC/CC
o[ een]))

(2.19)

From now on we’ll consider Q% > M3, such that all the hadron mass dependent
terms in Eq. (2.19) and the SFs gNC/CC nd gNC/CC can be dropped. The NC SFs

can be decomposed into the vy, ZZ, and vZ contributions and CC SFs into W or
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W~ as,

FYY =0 FY + 122 (98 + 95, — 2hhigviga,) FEE +nyz (gvi — hhga,) FLS

FyC = —yNF© ; Fiys = 2nw(1— ll)‘l)FLW;E' (2.:20)

F]—FJ

For the polarized case, the decomposition is identical to that of unpolarized ones

ie.,

G g x EYOICC] OO gy gl o)

J_sql J_y ol
F]—g] F3—915

Here, gy;, ga, corresponds to vector and axial-vector couplings of the lepton to the
electroweak gauge bosons. The constants n; encode the electroweak factors associ-

ated with the exchanged boson and are given by, (G is the Fermi constant)

po =1 ny — [ VEOEME_QQ+ M)
LA 7 Ao (Q2+ M3)2+T%

_ [ V2GrMj (@Q*)? _< Gr My ) (Q)?
147\ Thrae ) @13 ™ T (ina,) ) (@ T MR TR

(2.22)

Since the tensors T4, and 715 ,, Eq. (2.18) are symmetric in the indices p and v,
the corresponding unpolarized SFs F 1NQC receive contributions only from the vector-
vector and axial-axial parts of the NC. If the incoming lepton is polarized, then the
SFs g)'5 will receive contribution from interference of vector-axial vector parts. In
contrast, due to anti-symmetric nature of Levi-Civita tensor, the SF F¥C arises from
the interference of vector and axial-vector components of the NC for the unpolarized
incoming lepton. When the incoming lepton is polarized, then the vector-vector and

axial vector-axial vector parts will also contributes in g\°.

The structure functions F/ and g/ encode all the non-perturbative information con-

tained in the hadronic tensor and therefore constitute the fundamental observables
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of SIDIS. They can be extracted experimentally through suitable combinations of
polarized and unpolarized cross sections. From the theoretical perspective, the cal-
culation of these structure functions relies on the QCD factorization theorem, which
separates the short-distance dynamics associated with the hard scattering from the

long-distance dynamics governing the structure and hadronization of partons.

Figure 2.6: SIDIS process [ + H — I’ + H + X mediated by a virtual vector boson

V', illustrating the QCD factorization into PDFs ( f%), hard coefficient functions

(Cap), and fragmentation functions (D g ). The dashed line indicates the separation
b

between leptonic and hadronic parts of the process.

In this thesis, we work within the framework of collinear (longitudinal) factorization,
where the transverse momenta of both the incoming and fragmenting partons are
integrated over. The QCD factorization allows the SFs to be expressed in terms

of perturbatively calculable CFs (A)C/

i,ab?

the PDF (A)fa of a parton a inside the

incoming hadron H, and the FF Dy describing the fragmentation of parton b into
b

the outgoing hadron H', where the symbol (A) unifies the notation for unpolarized

and polarized quantities,

! le

2 D%(’Zla:uF)

BF 200 = T [ @i |

T p
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r Z

17u%,Q2> . (2.23)

—, —
1 =

<1 (

Note, the unpolarized SF's take indices ¢ = 1,2, 3 and polarized ones i = 1,4, 5,
. A . g
‘7:{23: 2F1]’—27F3{ ) A‘7-545: 9{72_47952) . (224)

In Eq. (2.23) the sum is over all possible incoming and outgoing partons a,b = ¢,q, g
and pp is the factorization scale and fa denotes the spin averaged PDF and Afa =

fan — faw . Here j = vy,7vZ, ZZ,W=*. The scaling variable z; is the momentum
H(T) H(T)

fraction carried away by the parton a of the hadron H such that p, = z1 P, and z;
is the momentum fraction carried away by the final hadron H' from parton b, i.e.
Py = z1p,. Here, p, and p, are momenta of incident parton and fragmenting parton

respectively. Further defining scaling variables 2/ = x/x; and 2/ = z/z;.

The PDFs and FFs satisfy a number of important sum rules reflecting charge and
momentum conservation. For example, the momentum carried by all partons inside

a hadron must add up to the hadron momentum,

1
Z/o dx xf%(a:,y%) =1, (2.25)

while the fragmentation functions obey the corresponding momentum sum rule

1
Z/o dz ZDHT/(Z,,LL%) =1. (2.26)
H/

The above relation means that each parton b will fragment with a 100% probability
into some hadron. These relations provide important constraints in global analyses
of PDFs and FFs. These functions are extracted from experimental data and are
process-independent i.e. once determined, can be used to a wide range of other

experiments.
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The CFs, (A)C!

: > describe the hard parton-level interactions and are process-

dependent quantities that can be systematically calculated order by order in the
strong coupling within perturbative QCD. The expansion in powers of the strong

coupling constant a4(u%) is given as

; x oz = ; r oz
A (_,_, 2 2) =3 dF (1) (AW (_,_, 2 12, 2) . (2.27
(A) AT W @ kZ:; (MR) (A) bab \ 70 Wiy gy @ ( )
where a,(p%) = g2(1%)/(167%) in terms of the strong coupling g,, defined in MS
scheme at the renormalization scale pr. The CFs (A)Ci{ab are obtained from the

J

partonic subprocess cross sections denoted by d(A)a/,, by applying the correspond-

ing projectors (A)P!.

j A)PE Sl Z  PaPb
A)o? :—( ! P A) S| M| —_—— 2.2
d( )Uz,ab A /d SX+b( ) | ab|j,w/ 0 <Zl Do q ) ( 8)

where (A)Mqay, = Mgy + (=) Mag)s is the spin-independent (dependent) amplitude
for the process, a(pq, sa) +V*(q) = b(ps) + X, where the parton b fragments into the
hadron H and V = v, Z, W*. The spin label s, appears only for polarized subpro-
cesses, while in the unpolarized case the spin is averaged over and the dependence
on s, is suppressed. The superscript j labels the type of intermediate bosons: j =
vy, ZZ, or vZ for NC, and j = W* for CC processes. The quantity (A)X rep-
resents the sum (or difference, for polarized cases) over initial-state polarizations,
and the average over final-state polarizations and color quantum numbers. Here,
dPSx ., denotes the phase space for the final state particles, consisting of b and the
unobserved hadronic remnant X. Note, the Dirac delta function arises from tagging
the parton b, thereby constraining its phase space. In d space-time dimensions, the
projectors (A)P!" are written in terms of partonic tensors defined as ¢} = T{",

(2

th" = 214", see Eq. (2.18), and are given by

1 2
P ——amy = o (e )

a
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The perturbative coefficient functions, (A)Ciab are computed as a power series in the
strong coupling constant a, see Eq. (2.27), where the successive terms correspond to
the leading order (LO), next-to leading order (NLO), next-to-next-to leading order
(NNLO), and higher-order contributions. The inclusion of higher-order corrections
is essential for achieving precise theoretical predictions. While the LO calculation
captures the basic dynamics of the process, it suffers from a dependence on the un-
physical scales like renormalization and factorization scales, which are systematically
reduced by including higher-order contributions, thereby improving the reliability
of theoretical predictions and provide a more reliable description of experimental
data. In addition, new partonic channels that open up at higher orders can give
sizeable contributions to the CFs and therefore cannot be neglected in precision

phenomenology.

Beyond improving perturbative stability, higher-order calculations are essential for
the precise extraction of non-perturbative quantities, such as parton distribution
functions (PDFs) and fragmentation functions (FFs), from experimental measure-
ments enabling a more precise determination of the flavor and spin decomposition

of PDFs and FFs [39-43,62,65,68,69,139-143].

The increasing precision of SIDIS measurements, together with the physics pro-
gramme of the forthcoming Electron-Ton Collider (EIC) [123,125,144,145], demands
theoretical predictions beyond NLO accuracy. The expected percent-level precision
over a wide kinematic range will provide new opportunities to study flavour decom-
position, quark helicity distributions, and parity-violating asymmetries, and will
provide additional constraints on PDFs and FFs in a flavor-sensitive way. Achiev-

ing this precision requires higher-order QCD corrections, with electroweak effects
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becoming relevant for future analyses.

The coefficient functions for SIDIS were first computed in perturbative QCD at
next-to leading order (NLO) corrections long ago [97,109], see also [74, 110, 129,
146,147]. Beyond NLO, however, only partial results were available for a long time,
see [148-151]. In the soft and collinear limit, the dominant threshold logarithms have
been obtained up to N3LO accuracy in QCD [152,153] and resummed to all orders in
perturbation theory to next-to-next-to-next-to leading logarithmic (N3LL) accuracy,
extending earlier SIDIS resummations studies that had achieved only to next-to-
leading logarithm (NLL) accuracy [150,154-156]. At the same time, measurements
from SIDIS experiments [157-159] have played an increasingly important role in
global QCD analyses. They have been used [140,141,160-164] to directly constrain

FFs, and also in combined fits of FFs and spin-dependent PDF's [71,77,165-170].

Recently, we computed for the first time complete next-to-next-to leading order QCD
corrections to the SIDIS coefficient functions, for both polarized and unpolarized
initial lepton and hadron beams with photon exchange [171-174]. An independent
calculation by another group has also been performed [175-177], see also [178]. The
results obtained by both the groups are in full agreement. More recently, thresh-
old resummation for the SIDIS CFs has been extended towards N*LL accuracy and
approximate N*LO QCD corrections, including both soft-virtual (SV) and next-
to-soft-virtual (NSV) contributions, have been derived within a systematic frame-
work [179], see also [180]. Furthermore, QCD®QED corrections up to NNLO level
for photon exchange SIDIS have also become available [181], see also [182]. A com-
prehensive study of both unpolarized and polarized SFs in QCD up to NNLO level
for neutral as well as charged current reactions has been accomplished in [183-186].
These theoretical developments have enabled the first global analysis of SIDIS data
at full NNLO accuracy, leading to improved determinations of parton distribution

functions (PDFs) and fragmentation functions (FFs) [75,79,187-193]. The growing
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interest in SIDIS is also reflected in extensive studies of observables differential in

the transverse momentum of the detected hadron, see [194-198].

This thesis fills the long-standing gap in precision SIDIS phenomenology by pro-
viding the first complete next-to-next-to-leading-order (NNLO) QCD calculation of
the SIDIS coefficient functions. In particular, we present NNLO QCD corrections
to polarized SIDIS via photon exchange [172]. Building on the same framework,
we extend the study to unpolarized and polarized SIDIS processes involving both
neutral-current (NC) and charged-current (CC) electroweak interactions [186]. Fur-
thermore, this thesis develops the theoretical framework for the resummation of large
threshold logarithms arising in relevant kinematic regions of SIDIS up to N*LO ac-

curacy, providing reliable phenomenological predictions [179].

2.5 Summary

This chapter has introduced the theoretical foundations of deep-inelastic scatter-
ing and its semi-inclusive extension, which serve as essential probes of the partonic
structure of hadrons. The relevant kinematic variables, the leptonic and hadronic
tensors, and the parametrization of the hadronic tensor in terms of Lorentz-invariant
structure functions were presented. The QCD factorization theorem was then in-
troduced, allowing these structure functions to be expressed as convolutions of uni-
versal parton distribution functions, fragmentation functions, and perturbatively
calculable coefficient functions. The computation of these coefficient functions from
partonic cross sections using suitable projection operators was outlined, together
with their perturbative expansion in the strong coupling. Finally, the motivation
for higher-order calculations was discussed, highlighting their importance for reduc-
ing theoretical uncertainties and achieving the precision required by current and

future SIDIS experiments.
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The theoretical framework developed in this chapter forms the basis for the higher-
order calculations presented in the remainder of this thesis. Building upon this
framework, the next chapter presents the complete next-to-next-to leading-order
QCD calculation of polarized Semi-Inclusive Deep-Inelastic Scattering with a pho-
ton exchange, together with the corresponding computational framework and phe-

nomenological analysis.
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Chapter 3

Next-to-Next-to Leading order in
QCD

This chapter presents the computation of the next-to-next-to leading-order (NNLO)
QCD corrections to polarized Semi-Inclusive Deep-Inelastic Scattering (SIDIS) in
the single virtual-photon exchange approximation. After introducing the polarized
SIDIS cross section and its factorization framework, we discuss the partonic sub-
processes contributing through NNLO and outline the computational methodology
employed in the calculation. The treatment of infrared singularities using plus dis-
tributions and the implementation of mass factorization are then presented, leading
to finite coefficient functions in the MS scheme. Finally, we investigate the phe-
nomenological impact of the NNLO corrections through numerical predictions for
the polarized SIDIS structure functions. The work presented here is based on the

publication [172].
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3.1 Introduction

Polarized DIS plays a central role in understanding the spin structure of the nu-
cleon [199,200]. While unpolarized DIS provides information on the momentum
distributions of quarks and gluons inside the nucleon, polarized DIS probes how
the nucleon spin is shared among its constituent quarks and gluons. It gives ac-
cess to the longitudinal spin structure of hadrons [201], parameterised by helicity
(spin-dependent) PDFs [77,78,170,202], which describe the difference between the
number densities of partons with spins aligned and anti-aligned with the parent
nucleon spin. The proton spin can be determined from a sum-rule for those he-
licity PDF's and therefore provide essential information towards resolving the long-
standing proton spin puzzle. In contrast to inclusive DIS, which mainly constrains
flavor combinations of quark distributions, polarized SIDIS enables the separate ex-
traction of quark and antiquark helicity PDFs from data and significantly improves
our knowledge of the flavor decomposition of the nucleon spin. This makes it a
prominent observable to be measured at the upcoming Electron-Ion collider (EIC)
at the Brookhaven National Laboratory [145]. The unique opportunities to study it
at the EIC challenge the accuracy of available QCD theory predictions and provide

motivation for their improvements.

The unprecedented precision anticipated from future polarized SIDIS measurements
demands equally precise theoretical predictions. In particular, the extraction of he-
licity PDFs and fragmentation functions requires accurate perturbative calculations

of the hard-scattering coefficient functions entering the QCD factorization theorem.

The description of polarized SIDIS in QCD has only been available at NLO accu-
racy [74]. To match the anticipated experimental accuracy and to reduce theoretical
uncertainties arising from renormalization and factorization scale dependence, it is
necessary to extend these calculations to next-to-next-to-leading order (NNLO) in

perturbative QCD.
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This chapter presents the complete NNLO QCD calculation for polarized Semi-
Inclusive Deep-Inelastic Scattering (SIDIS) in the single virtual-photon exchange
approximation. We discuss all contributing partonic channels, the extraction of the
finite coefficient functions in the MS factorization scheme, and their phenomenolog-
ical implications. The NNLO results presented here, which have also been obtained
independently by another group with full agreement [172,176], close a long-standing
gap in the theoretical description of polarized SIDIS and provide the level of preci-

sion required for reliable phenomenological studies.

The SIDIS process is given by

6_(]{217 )\l) + H(P, /\p) — €_</€Z) + H’(PH) + X, (31)

where, we consider the production of a hadron H' along with the scattered lepton e~
and other inclusive final state particles collectively denoted by X (summed over),
when a lepton e~ scatters off a hadron H. Here, ki, k;(P, Py) are momenta of in-
coming and outgoing leptons (hadrons), respectively. A\, and Ap are the helicity of

incoming lepton and hadron respectively.

Consider the case in which both the incoming lepton and the hadronic target are

longitudinally polarized. Polarized SIDIS is defined by the asymmetry,

dedydz 2

dBAO' 1 d3ae;HT—>e_H/X d3aeT_H¢—>e_H’X
dxdydz dxdydz
where e, Hy(y) denote the (anti-)parallel spin-orientations of the colliding electron

Q2

and hadron. Here z = =%
2P-q

is the Bjorken variable, y = % the inelasticity, and

P-Py

2= 5y

the scaling variable of the identified hadron.

We consider semi-inclusive deep-inelastic scattering in the electromagnetic interac-
tion, where the interaction between the incoming lepton and hadron is through the

exchange of a virtual photon. In this case, the polarized SIDIS cross section can be
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expressed in terms of spin-dependent structure functions. In particular, for longitu-
dinal polarization, the dominant contribution arises from the structure function gy,
which encodes information about the helicity distributions of quarks and gluons in-
side the nucleon. The structure function g, therefore plays a central role in probing
the spin-dependent partonic structure of the proton i.e. in understanding the spin

contribution from different partons to the proton spin.

The longitudinal polarized hadronic differential cross section is given by,

P Ao 47ra
dedydz Q2

(2 — y)g1 (z,2,Q%, (3.2)

where a, is the fine structure constant. The QCD factorization at scale u? for

polarized SIDIS takes the form:
d{L‘l d21 2 2 z < 2 2
¢ = Z i —— Af (xl,/,LF)DHT’(Zl7,LLF)gLab . Z_17Q s UE (3.3)

Here A fs denotes the spin dependent parton distribution function (PDFs) given
as the difference between the distributions of parton a with spin aligned and anti-
aligned relative to the proton spin i.e. Afe = famT)) — fa((% and DH/ denote the
spin-averaged fragmentation functions (FFs). Here z; represents the momentum
fraction carried by the initial parton a of incident hadron H, i.e. p, = z;P and
2 denotes the momentum fraction carried by the observed hadron H' with respect
to the final state parton ‘0’, such that Py = z1p,. We define the scaling variables

' = x/xy and 2’ = z/z;. These non perturbative quantities PDF and FF are process

independent and therefore universal and are extracted for experiments [39-83].

The coefficient function (CF) G 4 is computable in perturbative QCD in powers of
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the strong coupling, as(u%) = a,s(u%)/(4m), at the renormalization scale pg,
Gran(i) = D (1) Gilo (i ) (3.4)
i=0

where we have suppressed the scaling variables. G 4 is related to the parton level

scattering cross sections dAG qp(= QALab) through projection with AP},

. _apy
dAgl,ab = gl,ab = !

/dPSX+b S| AM %, 8 (Zil = %) (3.5)

where the projector in d space-time dimensions reads,

v { JoDa)
AP = oA 20 3.6
PP 93" wea (3.6)

Here, AM,, = Mgy — My denotes the spin-dependent amplitude for the process
a(pa, Aa)+7*(q) = b(py)+X, where the parton b fragments into the observed hadron
H'. Also, ), is the helicity of the parton a, and dPSx_, represents the phase-space
for the final-state system consisting of b and the unobserved hadronic remnant X.
The symbol ¥ denotes the sum over the spin (or polarization) and color quantum
numbers of the final-state particles, together with the average over the color degrees

of freedom of the incoming parton a.

To obtain the coefficient function G o, we compute the corresponding partonic
cross sections up to second order in the strong coupling constant, as. This requires
the evaluation of the relevant Feynman diagrams contributing to the various par-
tonic channels. At NNLO, the contributions are classified into double-virtual (VV),
real-virtual (RV), and double-real (RR) corrections. Beyond leading order, the cal-
culation involves loop and phase-space integrals, which are evaluated in dimensional
regularization with d = 4 + € space-time dimensions. The resulting partonic cross
sections contain ultraviolet and infrared singularities. After UV renormalization and

mass factorization, finite coefficient functions are obtained.
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In the following sections, we describe the computation of the various contributions
up to NNLO, discuss the techniques employed in their evaluation, and highlight
the main theoretical subtleties. We conclude with a phenomenological study of the

resulting NNLO corrections.

3.2 Partonic Subprocesses

In this section, we identify the partonic subprocesses contributing to SIDIS up to
NNLO in perturbative QCD. Unlike inclusive DIS, SIDIS involves the observation of
a final-state hadron originating from the fragmentation of a parton. Consequently,
in addition to the incoming parton participating in the hard scattering, one must
also identify the fragmenting parton in the final state. This additional constraint

gives rise to new partonic channels, which are absent in the inclusive case.

The relevant Feynman diagrams are generated using QGRAF [203]. All Feynman
diagrams presented here are visualized using axodraw2 [204]. The symbolic output
produced by QGRAF is subsequently converted into a FORM [205-207] format, where

the Dirac and Lorentz algebra, polarization sums, and color algebra are performed.

Y
[ J

Figure 3.1: Feynman diagram for the LO process.

At leading order (LO), only single partonic subprocess contributes to polarized
SIDIS, namely the quark (or anti-quark) scattering process i.e. q(q)v* — q(q),

where the outgoing quark (anti-quark) subsequently fragments into the observed
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hadron as shown in Fig. 3.1. The dot indicates the tagged fragmenting parton.

Y
[ ]

Figure 3.2: Quark initiated partonic subprocesses at NLO. Upper: virtual correc-
tions. Bottom: real-emission corrections.

At next-to-leading order (NLO), both virtual corrections to the LO channel and real-
emission subprocesses contribute. The quark (anti-quark) initiated subprocesses are

(in Fig. 3.2),

q(@) +7" = q(q) + one-loop, (3.7)

q(@) +7" = 9@ +g. (3.8)
For the real-emission subprocess, either the final-state quark (antiquark) or the gluon
can fragment into the observed hadron H'.
In addition, a gluon-initiated subprocess opens up at this order (Fig 3.3).

At next-to-next-to-leading order (NNLO), receives contribution from three distinct
classes of subprocesses: two-loop virtual (VV) corrections, one-loop real virtual (RV)

corrections, and double real-emission (RR) processes.

The VV contribution corresponds to the interference of the two-loop amplitude with
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. <«

Figure 3.3: Gluon initiated partonic subprocesses at NLO

the Born amplitude together with the square of the one-loop amplitude. Represen-

tative VV diagrams are shown in Fig. 3.4.

;@Zﬁéﬁ | Zz 7(; |
Figure 3.4: Representative Feynman diagrams contributing to the two-loop virtual
corrections.

The RV contribution arises from one-loop corrections to the single real-emission
amplitudes. For quark and gluon initiated channels, the corresponding subprocesses

are

q(q@) +~7" — q(@) + g + one loop, (3.9)
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g+~ — g+ q+ oneloop. (3.10)

The representative Feynman diagrams for this case are shown in Fig. 3.5. The
corresponding RV contribution to the CF is obtained from the interference of one
loop-one real emission amplitudes, Fig. 3.5 with the corresponding tree-level real-

emission amplitudes shown in Fig. 3.2 and Fig. 3.3.

&

Figure 3.5: Real Virtual diagrams i.e. one-loop with one real emission at NNLO.

Y
[ J

A

The two-parton real emissions (RR) contribution consists of tree-level subprocesses
with two additional partons in the final state. The list of double real-emission

subprocesses is given by

(@) +7 = q@ +g+y, (3.11)
@)+ —q@+4q +7, (3.12)
@)+ = q(@ +q+7 (3.13)
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g+ = g9+q+q. (3.14)

Here, ¢’ denotes a quark of flavor different from the incoming quark. As in the NLO
real-emission case, any of the parton in the final-state in above subprocesses can
fragment into the observed hadron H'. The RR subprocesses may be grouped into
three distinct classes: those with a pair of gluons in the final-state, those containing
one gluon together with a quark anti-quark pair, and those involving an additional

quark anti-quark pair in the final state.

The first class, corresponding to subprocesses with two gluons in the final state, is

illustrated in Fig. 3.6.

Figure 3.6: Sample Feynman diagrams for the RR subprocesses with two gluons in
the final state. The dot indicates the tagged fragmenting parton.

/
\/
([ J

A
Y

Figure 3.7: Representative gluon-initiated RR subprocesses.
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The second class consists of gluon-initiated subprocesses containing one gluon to-
gether with a quark anti-quark pair in the final state, sample diagrams are shown

in Fig. 3.7.

66 2
g 1 g 1
2
56 1
> 2

2

A Y
—<— —)—
C 2
1 1
_)_1 ——————

A Y
L .
D 1
2 2

Figure 3.8: Feynman diagrams contributing to the subprocesses ¢ + v* — ¢(1) +
q(2) + g, labeled A, B, C,D.
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The third class comprises the quark-initiated subprocess, ¢ +~v* — ¢(1) + ¢(2) +
g, with an additional quark anti-quark pair in the final state. These are further
classified into four distinct diagrams, depending on whether the produced quark
pair is identical or non-identical to the incoming quark. The corresponding Feynman
diagrams are shown in Fig. 3.8. For a non-identical quark pair, i.e. ¢(1) # ¢(2),
only the diagrams A and C contribute. When the produced quark has the same
flavor as the incoming quark i.e. ¢(1) = ¢(2), two additional diagrams, B and D,

also contribute due to the presence of identical quarks in the final state.

After generating the diagrams, the Feynman rules are applied using a set of in-
house routines. The resulting amplitudes are then manipulated symbolically using
FORM to perform the Dirac algebra, Lorentz contractions, and simplification of the
color factors using in-house codes. In the matrix element squared |AMab|,2w, see
Eq. (3.5), the Dirac matrix 75 arises due to spin dependent (anit-)quark states.
In addition, we encounter Levi-Civita tensor from polarization of gluons and also
from the projectors, see e.g. [208]. Since both the 5 matrix and the Levi-Civita
tensor are intrinsically four-dimensional objects, a prescription is required to define
them in d = 4 + € dimensions [23,209-221], see also [222-231]. Although several
prescriptions have been proposed, none preserves the chiral Ward identity. A given
prescription then requires an additional renormalization constant or an evanescent
counter-term to preserve this identity. We employed Larin’s prescription [211] to
define v5 in d = 4 + ¢,

i

TuVs = 6 EMVUA'YV’YU’Y/\ (315)

The Levi-Civita tensors contraction is expressed in terms of a determinant containing
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metric tensors defined in d = 4 + € dimensions.

Guipe Gpive Guide Gupioo

Guips  Grive Guida  Grioo
€pividior Cuavadaoy = ) (3'16)

Iapz  Gxave Grida Ghioe

galuz Go1va Yorxa YGoios

such that in d = 4, em,,\ge’“’M = —24. The results obtained in Larin’s scheme are
transformed to the MS scheme through a finite renormalization scheme transforma-
tion. The associated renormalization constants [220,232,233] used for this scheme
transformation restore the Ward identity and define the CFs in MS scheme. We

discuss this procedure in detail in a subsequent section.

The contribution of each subprocess to the partonic cross section is accompanied
by the appropriate symmetry and interference factors. In particular, subprocess
containing two identical gluons in the final state where quark is fragmenting, i.e.
q(@) +7v* — q(q) + g + g, is multiplied by a symmetry factor of 1/2 to account for
the indistinguishability of the final-state gluons. A similar factor arises for channels
with identical quarks in the final state, for example for quark initiated and anit-
quark fragmenting, ¢ +v* — @ + ¢ + ¢, which also requires a symmetry factor of

1/2.

Having discussed the various classes of subprocesses contributing through NNLO,
the complete set of partonic channels is summarize in Table 3.1. For convenience,
the corresponding representative Feynman diagrams and the perturbative order of

each contribution are also listed.

With all partonic subprocesses specified, including the relevant symmetry and in-
terference factors, the computation of the partonic cross sections reduces to the
evaluation of the corresponding matrix elements. The structure function g; is then

extracted by applying the projector given in Eq. (3.6). The resulting expressions
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Figure Partonic subprocess

Channel
Fig. 3.1 LO qg+7v"—q Born
Fig. 3.2 | NLO g+ —q 1-loop correction
Fig. 3.2 q+v"—q+g
Fig. 3.3 g+v"—=q+q
Fig. 3.4 | NNLO q+7—=q 2-loop correction
Fig. 3.5 g+ —q+g 1-loop correction
Fig. 3.6 q+v"—=q+9g+yg
Fig. 3.8 a+7v =9+ ¢+ G
Fig. 3.5 g+v" —q+q 1-loop correction
Fig. 3.7 g+v" —=q+q+g

Table 3.1: Partonic subprocesses contributing up to NNLO. Here, ¢; may be of the
same or a different flavor than q.

involve loop integrals arising from virtual corrections as well as phase-space integrals

associated with real-emission contributions.

3.3 Loop and Phase-space Integrals

Having constructed the squared amplitude in the Larin scheme, we proceed to the
evaluation of the loop and phase-space integrals arising in the various partonic sub-
processes. The partonic cross sections contain both ultraviolet (UV) and infrared
(IR) divergences. The UV divergences originate from loop corrections, whereas the
IR divergences arise from soft and collinear configurations present in both virtual and
real-emission contributions. We have used dimensional regularization with d = 4+¢

space-time dimensions to regulate both UV and IR divergences.
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The VV contributions involve one-loop and two-loop QCD corrections to the Born
subprocess, together with the one-loop squared contribution at NNLO. These con-
tributions can be obtained using the vector form factor which is known to fourth
order in a, [234]. The RV and RR contributions contain real parton emissions, with
the RV terms corresponding to one-loop corrections to single-real emission processes,
while the RR terms involve single-real emissions at NLO and double-real emissions

at NNLO.

The loop integrals are first mapped onto predefined integral families. This is achieved
using the package REDUZE2 [235,236], which identifies the loop momentum shifts and
rewrites propagator belonging to different diagrams in terms of a common family
of propagators. Because of presence of delta functions in the phase space integrals,
arising from momentum conservation, on-shell conditions and the extra constraint
in SIDIS, we cannot make momentum shift to real-emission. Following the identifi-
cation of the integral families, all the scalar products appearing in the numerators
are rewritten in terms of the propagators and thereby mapping the amplitudes onto

integral families.

In the RV and RR contributions, due to the presence of the SIDIS constraint
0 (i — %), the corresponding phase space integrals are more involved com-
pared to fully inclusive DIS. With reverse unitarity [237-239], we have mapped,
the two-body phase-space over one-loop Feynman integrals that appear in RV and
three-body phase space integrals in RR to loop integrals. The constraint delta
function o (z’ — %), recall 2/ = z/z, is replaced by a propagator-like term
—2Im(1/(z" — Eelt + ie)). This allows us to apply loop-integration techniques,
namely integration-by-parts identities (IBP) [240,241], to reduce them to a smaller
number of integrals called master integrals (MlIs). We have used the Mathematica

package LiteRed [242-244] to generate the IBP rules for all VV, RV and RR con-

tributions. Several other publicly available packages and computational frameworks
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for IBP reduction have also been developed, see for e.g. [236,245-253]. At NNLO,
IBP reduction yields 4 MIs for VV, 7 MIs for RV, and 20 MIs for RR subpro-
cesses. The results for VV MIs can be found in [254-256], the MIs of RV are given
in [173,254,257], and the MIs of RR can be found in [174,177].

The calculation of the MIs poses one of the primary challenges in this computation.
More details regarding the integral families, and computation of master integrals

will be explained in details in the next chapter.

3.4 Pole structure

After substituting the master integrals into the squared amplitudes, the UV and
IR singularities manifested as poles in the dimensional regularization parameter e.
While the ultraviolet singularities are removed through renormalization, the infrared

singularities must be isolated in a form suitable for subsequent factorization.

The infrared singularities originate from soft and collinear configurations of massless
partons are of the form (1 —2/)~! and/or (1—2)"!, which are divergent at threshold
regions ¥’ — 1 and 2/ — 1. In dimensional regularization, these singularities are
regulated by factors of the form (1 —2')% and (1 — 2/)% arising from the phase-space

measure.

To systematically extract the poles structure in €, these singular terms are expanded

in terms of ‘4+’-distributions and regular functions using the following identity

(1 — €)tHae = éau O+ (a]:,)kpg, (3.17)
k=0 '

where £ = 2/, 2/ and Dg = [log(i(_lg)g)} denote the usual ‘4’-distributions, as defined
+
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by (see also Appendix-B)

/0 dw g, (w) f(w) = / dw g(w) (f(w) — F(1)). (3.18)

Since the singularities may occur simultaneously in both variables, the expansion
is performed sequentially, first in one variable and subsequently in the other. The
details of the plus-distribution procedure employed in this work are summarized in
Appendix-B. As a result, all infrared singularities are expressed in terms of poles in

¢, accompanied by delta functions, plus-distributions, and regular functions.

The structure of the singular terms depends on the perturbative order and the
type of contribution under consideration. For the purely virtual contribution, the

kinematics are fixed to the Born configuration and the result is proportional to

0(1—2),0(1 =2,

At NLO, the real-emission subprocesses generate endpoint singularities in both scal-

. . . .- . —z/)e/ —21e/ .
ing variables. These singularities appear in the form % and (11;), 2, which

upon expansion i.e. using Eq. (3.17), produce poles in €.

At NNLO, the RV contributions involve more kinematics factors and IR singular

terms of the form

(1 _ £L’I>a€(1 _ Z/)be|Z/ _ l,/lce|1 — :E/|d6
(1—a")(1—2)(2"—2)(1 -2 —2a)

fila, 2", (3.19)

Similarly, in RR case the IR structure is of the form,

(1 —2")(1-=2)
(1—a)(1—2)( —2/)[(1 4 2/)% — 4a’2]

fa(a', 2", (3.20)

where f; and f, are regular function of 2’ and 2’.

After partial fractioning, intermediate expressions may contain, in addition to the
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endpoint singularities at 2’ = 1 and 2’ = 1, apparent singularities at 2’ = 2’ and 2’ +
2 = 1. These singularities require special care during the distributional expansion.
Furthermore, the resulting expressions involve multi-valued functions and we need
to define them in different kinematic regions appropriately. We encounter different
regions depending on whether ' > 2’ with 2/ + 2/ > 1 and/or 2’ + 2/ < 1 or
¥ < 2 with 2/ + 2 > 1 and/or 2’ + 2/ < 1. The corresponding expressions are
related through analytic continuation, which is implemented using Feynman’s 0

prescription to ensure a smooth continuation across one region to other.

Once the appropriate analytic continuation has been performed, the sequential plus-
distribution procedure can be applied to systematically isolate the endpoint singu-
larities. The singular contributions are thereby expressed in terms of poles in e,
plus-distributions, and regular functions, thereby exposing the infrared structure of

the coefficient functions in a form suitable for mass factorization.

A few remarks regarding the singularity structure are in order. At NLO, the partonic
cross sections contain poles up to 1/€2, while at NNLO highest pole is 1/¢*. Ac-
cording to the Kinoshita-Lee-Nauenberg (KLN) theorem, the IR singularities cancel
after summing over all degenerate real and virtual contributions. Consequently, the
1/€* poles at NLO and the 1/¢* and 1/¢ poles at NNLO cancel after summing over
the relevant subprocesses. In addition, the ultraviolet singularities arising from loop

corrections are removed through coupling-constant renormalization.

Since we are not summing over initial and final state partons there are left over
collinear singularities, originating from configurations in which massless partons
become collinear to either the incoming or outgoing partons. These singularities
are universal and are factored out, see [258-261]. These collinear singularities are
systematically absorbed into the parton distribution functions and fragmentation
functions through the procedure of mass factorization, yielding finite coefficient

functions.
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3.5 Mass factorization

We now discuss the implementation of mass factorization. According to the QCD
factorization theorem, the remaining collinear singularities can be systematically
absorbed into the renormalized parton distribution functions and fragmentation
functions, leaving behind finite short-distance coefficient functions. The factoriza-
tion theorem implies that the partonic cross sections, after combining the degenerate
real and virtual subprocesses, can be expressed as convolutions of universal Altarelli—
Parisi (AP) kernels and coefficient functions. The initial state collinear divergence
are factored out in terms of spin-dependent space-like AP kernel AT'*, defined in
Larin scheme, while the final state collinear divergences are factored out as time-like
AP kernels (T), defined in MS scheme. Since the spins of the observed final-state

partons are summed over, the time-like kernels are unpolarized.

The partonic cross sections in Eq. (3.5) factorise into the AP kernels AT'Z, | of PDFs

c<—a

and ['p.q of FFs, appropriately convoluted with the finite CF (G1.ca) at factorization

scale pup (suppressed here for brevity),

dAé‘l,ab(E) = gAlL,cd - AFﬁea(M%‘? 6) ® glljcd(ﬂ’%’v E)®f‘b<—d(ﬂ’%’v E) ) (321)

where L denotes the Larin scheme. The summation over ¢, d is implied and ® (®)
denotes a convolution over the scaling variable ©’ = z /1 (2/ = z/2;), defined as

A(z) ® C(x, 2) & B(z / dxl/ &y <£,3) B(z1). (3.22)

T 2

The spin dependent space-like AP kernels (AT, ,) in MS scheme are known at the
order required [233,262-269]. Since the partonic cross sections in Eq. (3.21) are
derived in Larin’s scheme, these spin-dependent AP kernels need to be taken in the

same scheme, see [233]. On the other hand, the spin-averaged time-like AP kernels
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(Tyq) are taken in the standard MS scheme [120,270]. The AP kernels can be

expanded in power of strong coupling constant of ay as,
Fced(&: :u%‘v ) - 6Cd5 1—- + Z ag ]Filld ) s (323)
=1

where I' denotes either the space-like kernels AI'* in Larin scheme or AT in MS
scheme or the time-like kernels . They subject to a renormalization group evolution

equation,

d 1
N%mﬂjced = §Pce(a5(/ﬁ«“)) Qe a, (3.24)

where we collectively denote the corresponding splitting functions by the set IP.
Their perturbative expansion is given by P.. = >, al(u%) PEY | The splitting
functions required for the present analysis are available in the literature to the rele-
vant perturbative order and beyond. For the space-like polarized splitting functions
AP in the MS scheme, see [233,262-264,267-269]. For the time-like unpolarized

splitting functions P, see [120,270] and also [271].

Similarly, the partonic cross section can be expanded in the strong coupling constant
as(p%) as, (with the explicit @ dependence is factored out)

5 GO o (2N sy,
gl ;ab (l’ Z Q ) 1 ab(x z ) + aS(:uR) vl gl,ab('x y 2 6)

HR

2\ 2
) (%) (%) GO, (', )

€ Hr

2\ €
+ a2(1i7) (ff—) G 2 )+ 0 (a (1) . (3.25)

R

Upon substituting the perturbative expansions of the AP kernels ATEY and f,()i)_ d

into Eq. (3.21), the finite coefficient functions G; 4 entering Eq. (3.3) can be ex-
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tracted order by order in a, as

Grap(@', 2/, Q% 1) =G1 0, (2,2, Q% 13, 1) + as (1) GLy (2,2, Q2 i, i)

Fa2d) G, (22, QR b i) + O(a? (13)) . (3.20)

For equal scales, setting ur = pur, the CFs Qi;fé) for [ = 0,1, 2 are given below, with

@Q* and p2% dependence suppressed in Qi a(é)

At LO (I = 0):
(@) — 4(q)
GL, ) = GED () = e 5(1 — ') 5(1 —2'), (3.27)
at NLO (I =1):
(@) = (@)

Grp (') =<%) Gri(@, ) —e26(1 —2') TW (') — 2 ATEW (2') 5(1 — 2'),

q(q) — g
L (V) 1 1y _ Q2 : S5L,(1) ¢ 1 1 2 (1) /
gl,qg (ZL‘ 7Z) -\ 2 gl ,q9 ( ) — & 5(1 ) Fg<—q( )
Hr
9 —q(q)
2
Giy (2, 2) = (%) GO (!, 2') — €2 ATEW () 5(1 - =), (3.28)
at NNLO (I = 2):
q(q) — q(q)
GLD !, ) = (Q—2) Gty )+ 22 ()
Hr
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—el5(1—2/) T () —e] Argﬁq( 3 5(1—2')

9(q) = g
2\ € N
L,(2 Q 5L,(2 250 Q 2 SLL(1
glyq(g)(aj,?Z/) = (_2) gl,q(g)(f/, 2+ — (—2) qu(g)(:E/, 2')

Hr e \ %
L1 -

_ Qlﬁq(q)(:v’,z’)®l“éﬂq( Ny — gt o V(2 VeI ()

L,
o 62 61— ) Féaq( /) Aré_q (z /) ® qu(g)(x/’ Z/)

& ATED @) TP (),

4@ — 7(0)
GHO (/) = (ff) GEO (o, 1) — GO (o NETD () — & 5(1 - of) T2 ()
F
— ATL) (@) @ Gy (o, 2') — ef ATE2 (') 6(1 = &),

0@ — d'(@), for {qg+#d}
| Q°\° , - )
6132w ) = (%) L) = L B, () = 301 =) T ()
~ ATEW (@) @ 61 D(',2') — €2 ATED) () 5(1 — 2,

q(@) = 7(q), for{q#d’}

2 €

1,qq 2 1,49’
— AT () @ Gy D(a!, 2') — €2 AT (2/) 5(1 - 2),

9 —4q(Q)
§ 2
Grgg (@',7) = (Q) GO (@, ) + 20 (Q—z) G (@)
G Wi

— W@ 2RI, () — €2 ATED () TW. ()

a<q a<g q<—

— AT (@) @ Gy (o), ) — AT () @ 61y, (@, )

g 9+
ey AL (') 6(1~ '),

a<g

g—49
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L1
— > Gi (@, )T Z INVICORVANED
q
- X AT Tl - AT 0 65w 4)
L.(1
ZAFQ<—(9) ® gl ,49 (‘T Z) (329)

Note, in above e, is the electric charge of quark ¢ and e is the electric charge of
quark ¢’ different flavor from ¢ and summation in ¢ — ¢ channel is over the number

of active flavor light quark.

Since the polarized hadronic SF g is a physical observable, hence scheme indepen-
dent, i.e. is independent of the prescription adopted for 5, an additional finite
renormalization is required to convert the Altarelli-Parisi kernels and the finite CFs
from Larin to those in the conventional MS scheme. Denoting the PDFs and coef-
ficient functions defined in Larin’s scheme by Afl and Gf,, (1) respectively, the

mass factorization for g reads,

=AfEuE) @ Gl (1d) @Dy (1)
=AfF(E) @ Zea(piz) @ (Z71(1F)) .y ® Gl an(15) R Dy(17)

=Afa(13) ® Grav(p3)@Dy(13) - (3-30)

where summation over a, b, ¢, d is implied. The CFs in the MS scheme are obtained
by transforming AfY to MS PDFs through Af, = Z.(p%) ® f*(u%) and CFs
to MS CFs, Grap = (Z7'(1%))aa ® GLgy(pF). The CF Gi,, in Eq. (3.30) requires
the polarized AP kernels in Larin’s scheme, which can be derived from the polarized
space-like AP kernels (Al'._4) in the MS scheme through the relation Z,, by AT'" =

Z71® AT. Using this along with Eq. (3.24), leads to the scheme transformation for
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the splitting functions,

APy = Zae @ APL @ (Z71) , — 26(s) Zae ® %(Zl)cb, (3.31)

S

where B(as) = = 327% o (1) Bi-

The symmetric matrix valued Z-factor are dependent on z’ and well known [220,

232,233] and can be expanded perturbatively as,
Zap(x) =0(1—2)+_a2li(x), (3.32)
=1

and with zélg) =) = z§2 =0, we have Z,, = Z,, = Z,, = §(1 — x). For the quark

sector, the relevant elements of the Z-matrix are expanded as

Zgq, = 0(1 — ) + aszgq)j + afz(gfq)j +0(a?)

Zyg, = 01— 2) + agzgy +alzi) +0(al) | (3.33)

04, 54,4,
The flavor structure of the finite renormalization coefficients is given by,

SONEIPURNEY SORGUNUE

445 9;4; J7qq q 7
l l 0,V ),S
= oAh, = by + 205, (334

Here 7 and j denote quark flavors, while the superscripts V and S correspond to the

valence and pure-singlet contributions, respectively. At one loop, the pure-singlet

(1),5 (1),5 )

terms vanish l.e. z4¢ " = 2,7 = 0 and the remaining of zib coefficients are given

by:

20 () :csz-jCF{ —8+ 81:} o W) =o,

945 f

zé?])’v(x) :C'anTF{§(1 — z) In(z) + %(1 - ZL‘)}
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992

_CACF{<? — gx) In(z) +4(1 — z) In*(z) + T(l —z) —8((1 —g;)}

+ C'F{16(1 — ) In(z)In(1 — z) — 8(2 4 z) In(z) — 16(1 — x)} :
2DV () = (02 - —C’AC’F) 8(1+x) 4Li2(—x) +41n(x) In(1 + 2) — In?(2)
~3In(z) + 2G) — 56(1 - x)}

2(2)’8(1’) :Z(g) S(l‘) _ CFTF{4(2 4 x) IDQ(IB) + 8(3 _ 3;) ln(x) + 16(1 — 33)} .

(3.35)

Using Eqgs. (3.31) and (3.32), together with the perturbative expansion of the split-
ting functions, the spin dependent space-like splitting functions in Larin’s scheme

can be obtained as,

AP — APO)
L,(1) _
APED = APD + 26,2

qaq 7’

APLD = APY) — APO & 21

qq

L,(1) _
APLW = AP + AP §q> :

L,(1) L,(1) (1)
APEW =APD  APEY = AP,

L) _ 1
APLW = AP (3.36)
Similarly, the coefficient functions in the MS scheme are given by:

GO = ghO — 2 51— a")s(1 - =),

Gl =Gt + (=) = 00y

Giiag = Griag

Grag = G’

Gl = 01+ (—20) @ 012
(o) D) e ol
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Gl =i+ (— 22 ) e gl
G0y =Gl + (=20 @6l
Gy =i+ (— =) 2 gl
G, =0t + (= =0) w1y
Gy = Grng + Ging = Gray - (3.37)

The final MS scheme CFs thus obtained (after transformation from the Larin

scheme) can be written as,

Grav = ACHh (2, 2) + (ACfb,x, () Zs(2") + Acfb,z,w)xg(x'))
T B

+ ARy, 7). (3.38)

The soft plus virtual (SV) terms &, contain the double distributions hs s, = 6(1 —
2")0(1 — 2'), hs,; = 6(1 — 2 )D,, hjs, = D,6(1 — 2'), hy = DD, Tt gets
contribution from only the diagonal channel i.e. a = b = ¢ or g. Terms with
single distributions, namely Zs ,(2') = 0(1 — 2'), Z;(¢) = D, X5, (2") = 0(1 — a'),
X;(z') = D/, are called partial-SV (pSV) terms and regular terms are denoted by
ARg. Our NLO results are in complete agreement with [74]. AC?, are in complete
agreement with those of unpolarized SFs Fy 5 [152,171,173,175], see also [272,273]

and if we expand AC’SM,(I’) and AC? (2') around ',z — 1, the results are

ab,z’
in complete agreement with the corresponding terms in the unpolarized case up to
order (1—2') and (1—2")° respectively, [173,175,274]. The remaining contributions

in Eq. (3.38), i.e., single distributions Xz, Zz and regular terms AR, are new.

For convenience, we extract the quark electric charge factors from the CF G, 4 and

define the reduced coefficient functions Gy 4 as,



1 1 1
Gas = Gl = € Glag

[\

1 1 1
giq)g = giﬁ)g =& Gi;w

1 1 1
Goa = Gin = € Glia-

2 _ A2 _ 2 ~(2),NS 2 (2),PS
gl,qq - gl,@ =& Gl,qq + (Z 6%) Gl,qq )

dk

2 2 2
Glan = Gia = € G-

2 2 2),[1 2),12 2),3
Qiq)q, = Qiq)—q/ =el Gg’;q[,] +e G;;q[,} + eqey Gg,;q[,] :

2 _ @ _ 2 ~(2)[] 2 ~(2),[2] (2),[3]
quE/ - gl,ﬁq/ = eq Gqual + eq/ leqa/ - eqeq/ Gqua/ 5

Glan = Gias = €5 Gy

G = Gian = €5 Giiga-

Gioy = (Z ) Gy (3.39)

ak

At NNLO, the quark coefficient function g{?q’q or Qf% naturally decompose into
flavor non-singlet (NS) and pure singlet (PS) contributions. The (PS) contribution
originates from diagrams in which the virtual photon couples to a closed quark
loop that is disconnected from the external quark line connecting the incoming
parton to the fragmenting parton and is therefore proportional to the sum of the
squared electric charges of all active quark flavors. It gets contribution only from the
squared C type real-emission diagrams, denoted by C? in Fig. 3.8. The remaining
contributions, in which the photon couples directly to the quark line connecting
the initial state quark or the fragmenting quark, constitute the (NS) part and are
proportional to the electric charge squared of the external quark. These receive
contributions from the virtual-loop diagrams shown in Figs. 3.2 and 3.4, from the
real-virtual (RV) diagrams shown in Fig. 3.5, and the double real-emission (RR)
subprocesses. The latter include the two-gluon emission diagrams shown in Fig. 3.6
as well as the squared A, B and D type diagrams, as well as their mutual interference

terms and their interference with the C type diagrams, cf. Fig. 3.8.
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For subprocesses involving two distinct quark flavors namely, gfq’q, and g@a,, addi-

tional charge structures proportional to eg, e?

o+ and egeq, appear, corresponding to

the different ways in which the virtual photon couples to the quark lines. The con-
ST : 2 2 (2),11] (G p——

tributions proportional to e; and e, denoted by Gy """ and Gy ', originate from

the squared A% and C? type diagrams respectively. The mixed charge contribution

(2),[3]

proportional to ese,, denoted by Gy ", arises from the interference between the A

and C type diagrams, cf. Fig. 3.8.

It is worth noting that the flavor non-singlet coefficient function for polarized SIDIS
coincide with those of the structure function F3, provided that the additional renor-
malization associated with the axial-vector current and the kinematics-independent
transformation from Larin’s scheme to the conventional MS scheme are taken into
account [211,275,276]. This correspondence will be revisited in Chapter 6, where we

extend our analysis to neutral-current and charged-current electroweak interactions.

Finally, the complete set of partonic coefficient functions obtained above is combined
according to the factorization formula, Eq. (3.3), to construct the SIDIS structure
functions. The following section presents a phenomenological analysis of the higher-

order QCD corrections and assesses their impact on precision predictions for polar-

ized SIDIS.

3.6 Phenemonology

In this section, we investigate the numerical impact of the newly computed coeffi-
cient functions on the polarized SIDIS structure function g; for various centre-of-
mass energies /s for the considered range of Bjorken scaling variable x and frag-
mentation variable z. The convolution of the CFs with PDFs and FFs provides

9= D alsgy), such that at LO gio) = Y., €oHyq (eq being the electric charge of
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quark ¢) and

ggl) _ Z ( qq®G1 T jﬁlqg@)G1 a0+ ng®G1 gq) , (3.40)

q

2 A~ 2 2
¢ =3¢ (qu®G§,;quS + Hyg®GY) + Hyy®GY) + Hyy@GY gq)
q

+ (Z 62 > ( QQ®G1 ,aq,PS + H99®G1 gg)

qi

+Zz(e HL6GD 4 HEGOD )t eepHy GO0 [3). (3.41)

q q'#q

The symbol & denotes convolution of G%b with H,, in both variables  and z.

Hyg = Afq(x)Dy(2) + Afz(x) Dg(2) ,

Hyg = Afy(2)Dg(2) + Afz(x) Dy(2) ,

Hyg = Afo(w)Dy(2) + Afg(x) Dy(2)

Hyg = Afy(x)Dy(2),

Hao = Afo(w) Dy (2) £ Afy(2) Dy (2) £ Afg(x) Dy (2) + Afg(x) Dy (2),

Hy, = Afy(x)Dy(2) + AfyDy(2) . (3.42)

We evaluate Eqs. (3.40) and (3.41) numerically for the g7 SF (with an identified
7t in the final state) as a function of z and @Q? after integrating z over a range
from 0.2 to 0.85. We use polarized PDFs from MAPPDF10NLO at LLO and NLO and
MAPPDF10NNLO at NNLO throughout [187]. The strong coupling constant c is taken

from the PDF sets at the respective perturbative order and use np = 3 active flavors.

In Fig. 3.9, we show contributions to gf from all the partonic channels at various
perturbative orders at /s = 17.4 GeV after setting the scales p% = p3 = @2, and
using FFs from NNFF10 [64] at the respective perturbative orders. We observe at

every order, that the partonic channel where incoming as well as fragmenting states
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Figure 3.9: Contributions from all partonic channels to SF g{ﬁ as a function of x
for the COMPASS energy /s = 17.4 GeV.

are (anti-)quarks dominate over the rest of the partonic channels.

In the Fig. 3.10, we show how g{# changes with respect to renormalization and
factorization scales at various perturbative orders as a function of x at /s = 45
GeV. In each plot, the range of x is chosen by constraining y = Q?/(xs) to the
range 0.5 < y < 0.9. The bands at every order are the result of a 7-point scale
variation around the central scale (u% = p% = Q?) with kyu%, ke where (ki, ko) €
[1/2, 2] with a constraint 1/2 < ky/ky < 2. We have used FFs from MAPFF10NLO at
LO and NLO, MAPFF10NNLO at NNLO [70]. It demonstrates clearly that the inclusion
of NNLO corrections reduces the scale dependence when compared to the previous
orders. We find at small Q? the sensitivity to these scales is larger compared to that
at larger values of Q2. The reason for this is that at small Q? the strong coupling
is large and the effect of scale variations is, therefore, amplified. We also observe

that the bands from NLO and NNLO predictions are well separated at lower values
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Figure 3.10: Dependence of gf on renormalization and factorization scales in 7-
point variation of p% and p%, as a function of z at various values of Q2.

of Q2. The reason for this is that contributions from partonic channels at order a?

(NNLO) are as large or even bigger than those at o (NLO).

In Fig. 3.11, we plot the ratio of the polarized SF ¢7" to the unpolarized SF F{T+ as
a function of = for the COMPASS energy /s = 17.4 GeV, using NNPDF3.1 [277] for
unpolarized PDFs and NNFF10 for FF's at the respective perturbative orders. The
plot includes the 7-point scale variation at LO, NLO and NNLO and, for comparison,
the experimental data taken from [122]. Given the accuracy of those data, Fig. 3.11

clearly indicates the need to reduce residual theory uncertainties in SIDIS predictions

89



= LO
- |— NLO
 |— NNLO
0.8 | ¢ COMPASS
0.6_—
ol *
0.4/—
02—
0_—I 1 é 1 1 | | | . 1 1 1 1 1 1 11 | 1 1 1 1

107 X 10

Figure 3.11: The ratio of SFs ngr/Fl’T+ as a function of x for the COMPASS energy
\/s = 17.4 GeV. The bands correspond to the seven-point scale variation.

at NNLO accuracy.
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Chapter 4

Master Integrals Evaluation

The evaluation of master integrals is one of the principal technical challenges in the
NNLO computation of SIDIS coefficient functions. This chapter supplements the
discussion of the previous chapter by presenting the methods used to evaluate the
master integrals (MIs) appearing in the virtual-virtual (VV), real-virtual (RV), and
double-real (RR) contributions. Particular emphasis is given to the analytic contin-
uation of the RV master integrals and the evaluation of the new RR master integrals,
which constitute the main bottleneck of the calculation. The latter are computed us-
ing two independent approaches: a direct phase-space parameterization in a suitable
reference frame and the method of differential equations. Throughout this chapter,
the master integrals are treated as functions of the dimensional regulator € and the

kinematic variables Q?, 2’, and 2’
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4.1 Introduction

The computation of the NNLO QCD corrections to semi-inclusive deep inelastic
scattering (SIDIS) requires the evaluation of a large number of loop and phase-space
integrals originating from the double virtual (VV), real-virtual (RV), and double-
real (RR) subprocesses. Following the tensor decomposition and the application of
Integration-by-Parts (IBP) identities [240,278], these integrals can be systematically
reduced to a much smaller finite set of master integrals (MIs). The determination
and solving these master integrals constitutes one of the central ingredients of the
NNLO calculation. Throughout this chapter, all loop and phase-space integrals are
evaluated in dimensional regularization with the space-time dimension d = 4 + .
A detailed discussion of the general concepts used here can be found in standard
references, see for example [279-290]. Consequently, the problem of evaluating the
complete NNLO contribution is reduced to determining these master integrals to

the required order in the dimensional regularization parameter e.

The VV contribution involves purely two-loop Feynman integrals evaluated at Born
kinematics, whose analytical results are available in the literature. The real-virtual
contribution contains one-loop amplitudes accompanied by the emission of an addi-
tional real parton and therefore requires the evaluation of loop integrals integrated
over the two-body phase space. The RR contribution, involving two additional real
emissions, requires the evaluation of three-body phase-space integrals. Compared
to fully inclusive DIS, the SIDIS kinematics introduces an additional constraint due
to identified hadron in the final state. At the partonic level, this introduces an
additional kinematic constraint that fixes the momentum fraction carried by the
fragmenting parton through the scaling variable z’, so the phase-space integrations
are subject to an extra delta-function constraint. Employing the reverse unitarity
method, the phase-space delta functions are written as cut propagators, thereby

casting the phase-space integrals into loop integrals like form. This allows the ap-

93



plication of standard IBP reduction algorithms to identify the corresponding master

integrals.

The Lorentz-invariant (n + 1)-body phase-space corresponding to the scattering
processes, P, +q — py + .y ki, subject to the constraint on the momentum of the

fragmenting parton py, is given by

/Z, [dPS],,,, = f[ (/ (265)]31&(;{;3)) / (Qfﬁbﬁ*(zﬂi)

i=1

<l K== s (- 22

where the notation fz, indicates that the phase-space integration is performed in the
presence of the additional constraint, (2’ —p,-ps/pa-q). Here, ¢ = k;—kj denotes the
momentum transferred by the virtual photon, and K = ), k; represents the total
momentum of the remaining final-state partons. The last delta function imposes
the extra constraint by fixing the scaling variable 2’ = z/z; associated with the
fragmenting parton. For the processes considered in this work, it reduces to the two-
body and three-body phase spaces corresponding to the RV and RR contributions,

respectively. These special cases will be discussed in detail in the following sections.

The computation of the master integrals (MIs) constitutes one of the primary chal-
lenges in obtaining the NNLO coefficient functions. In the following sections, we
present the evaluation of the complete set of MIs required for the present calculation.
We first discuss the master integrals appearing in the double virtual contribution.
We then introduce the reverse unitarity method, which provides a unified framework
for the reduction of the phase-space integrals. The evaluation of the master inte-
grals for the real-virtual contribution is subsequently presented using the two-body
phase-space parametrization, together with the analytic continuation of the results
to the physical SIDIS region. Finally, we discuss the master integrals arising from

the double-real contribution, where the three-body phase-space parametrization and
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the method of differential equations are employed to obtain their e-expansion.

4.2 Double Virtual Integrals

The double-virtual (VV) contribution comprises the interference of the two-loop am-
plitude with the Born amplitude together with the square of the one-loop amplitude.
Since no additional partons are emitted in the final state, the process is described

by the Born kinematics,

a(pa) +7"(q) = b(ps), (4.2)

for which the phase-space integration reduces to the one-body phase-space. The
virtual loop integrals are organized into integral families, which are subsequently

reduced to a smaller set of master integrals using IBP identities.

The integral families are constructed from the two independent external momenta,
pe and ¢, together with the two loop momenta [; and [,. These four independent
momenta give rise to 10 scalar products and 3 of which are fixed by the kinematic

relations, (using p? = (p, + ¢)* = 0),

2

Q
p2=0, ¢F=-Q° p.q= - (4.3)

Thus, 7 independent dot products remain. Accordingly, the integral family is defined
by seven propagators, which form a complete basis for expressing all scalar products

appearing in the integrals.

The two-loop integrals are organized into the following two integral families, specified

by the ordered sets of propagators,
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Wit {DY, Dy, DY, DY, Dy, Dy, D},
VQ: {D¥7D;}7D%}’D%)7D%27D;}’D2;} )

where the propagators DY are defined as,

DY« (hh)? Dy : (l)? Dy (h—1a)?
DX : (ll +pa)2 D%) : (ll - pb)2 D%} : (ll +pa - pb)2
D}} : (lQ —|—pa)2 D;; : <l2 —I—pa — pb)2 Dg : (ll — l2 — Pb)2

Note, in the physical two-loop topologies contain at most 6 propagators. Therefore,
one auxiliary propagator is introduced to complete each integral family. In par-
ticular, DY and DY serve as the auxiliary propagators for the families V; and Vs,
respectively. The two-loop integrals J (V,,ny,--- ,ny) for the family V, are given
by

- ddll ddl2 1
J (Vo n7) = / (2m)* 2m)* (D)™ - (DY)

(4.4)

where the propagators are taken from the ordered set defining the family V,,. The
IBP identities for these families are generated using the Mathematica package
LiteRed [242-244], all integrals belonging to these two families are then reduced

to 4 master integrals,

J(V1;0,1,1,0,1,0,0) J(V1;1,1,0,0,1,0,1)
J(V1;0,1,1,1,0,0,1) J(Ve;1,1,1,0,1,1,1) .

Their analytical expressions are available in the literature [254-256], see also [291—
293]. The planar topologies are described by the family V;, whereas the non-planar
topology belongs to the family V,. For completeness, we quote the analytical ex-

pressions for the four master integrals below.
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For convenience, we define

~ 1 1 €
Se = (47r)256 = (in)? exp (5 (ve — log (47r))) (4.5)

where v denotes the Euler-Mascheroni constant. The master integrals are given

by,

q
J(Vl;o’]"l?OaluO?O) = %
Q2 e ~o[1 13 115 1
:7(Q2) S¢ E—Z—l-e E_Z_LCQ
865

13, 4
2 —_—— — —
te ( 64+16CQ+3C3)

5971 115 13 57
3 s " _ - _ 2 4
e (256 -2, 160@) O >} (4.6)

q
J(V1;1,1,0,0,1,0,1) = m

=(Q*) 52{ - ;iz + % + (¢ —12) + ¢ (16 —2¢; — ggg)

14 21
2 -9 il =2
+ € < 043¢ + 3C3+40C2>

+é <24 — 4 + 1_72C2C3 — 73 — %Cs — §<22> + 0(64)}

20
q DPa
J(Vl;(),l,l,l,(),(),l): )
Do

:(QQ)ESE{_2+§— (9*'9)4'6(@4'%(2—%3(3)

e € 2 2 4
211 19 65 41
o (2l 19 0o 2l
+e ( 3 8C2+12C3+80C2)
133 65 13 247 121 41
3190 0o, 1o _oaml ol Al
+€ < 3 T 16C2 12(2(3 21 G3 10 G5 32<2)
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+ 0(64)} (4.8)

q DPa
J(We;1,1,1,0,1,1,1) = +<Z:
Do

2\ e a2 4 6¢ 83¢ 177
—(—) (@%) Se{—e—4+6—2———+4—()§2

Q? 6 €
79 587 [ 2567 , 59 .,
+€(8C2C3 10 C5) t+e ( 114 G3 112@2)
3481 3594 5)
S =—=¢2 - — O(e* 4.9
+ € ( 320 CyCs + 390 GaCs + 28C7) + O(e )} (4.9)

4.3 Reverse Unitarity

Unlike the virtual contribution, the real-emission contributions involve integrations
over the phase space of the emitted partons. As a result, the corresponding inte-
grals contain Dirac delta functions enforcing the on-shell conditions of the final-state
particles, together with the additional constraint associated with the observed frag-

menting parton.

Employing the reverse unitarity method [238,239], the phase-space delta functions
are rewritten as cut propagators, thereby enabling the application of standard loop-
integral techniques, including integration-by-parts (IBP) identities. In particular,

the delta function is replaced by,

1 1
§ (k) —» —=Im | 54— 4.10
1) = () 10
Similarly, 4] (z’ — M) — —lIm (%) (4.11)
Pa " q T z —m—i-z

In this representation, the Dirac delta functions are replaced by propagator-like
objects. This allows the phase-space integrals to be interpreted as cut Feynman

loop-integrals, where the cut propagators enforce the on-shell conditions of the final-
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state particles as well as the kinematic constraint associated with the observed frag-
menting parton. It should be noted that these on-shell constraints have important
implications. In particular, any contribution containing factors proportional to a
cut momentum vanishes due to k?§(k?) = 0. Furthermore, unlike standard loop
integrals, momentum shifts of the integration variables must be treated with care
and are not permitted in phase-space integrals, since the on-shell delta functions fix
the kinematics of the cut lines. Consequently, the reduction of phase-space integrals
proceeds exactly as for ordinary loop integrals, allowing the systematic identification

of master integrals (MIs).

4.4 Real-Virtual Integrals

The real-virtual contribution consists of one real emission together with a virtual
loop correction and is evaluated over a two-body phase space. Using reverse unitar-
ity, the corresponding phase-space integrations are expressed in terms of cut loop

integrals. The underlying partonic process is

a(pa) + 7 (q) = b(ps) + k1, (4.12)

where k; denotes the emitted massless parton.

The Lorentz-invariant two-body phase space, together with the constraint associated

with the observed fragmenting parton, is given by

_; d d + 01,2\ 54,2\ 5d o 1 PaPo
/ZI [4PS], = 5 /d kl/d T3 ()0 + b — = )3 (£ = 22

(4.13)

Integrating over the momentum p, using the momentum conserving delta function,

leaves 3 cut propagators corresponding to the remaining delta functions. Because
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of presence of extra constraint, the phase-space integration factorizes from the loop
integration, so that the loop integral can be evaluated independently of the two-body

phase—space measure.

The loop integrals depend on the three independent external momenta, p,, ¢, and
k1 together with the loop momentum /;. These four independent momenta give rise

to 10 scalar dot products, of which 3 are fixed i.e.,

2

21"’

pi = 07 q = _Q27 Pa - q = (414)

leaving 7 independent scalar products. The phase-space constraints introduce three
cut propagators, leaving the remaining four scalar products to be represented by
standard propagators. To organize these integrals, suitable integral families must

be constructed, which we describe as,

RVi: {DRY, DRV, DRV, DRV} RV, {DRY,DFY, DRV, DRV}
RVy: {DRY, DRV, DRV DRV} |

where the propagators D}V are defined as,

DRV . (I))? DXV i (I — pa)? D}V : (4 +q)?
va t (ly = pa—q+ ky)? Dgav o (Iy = po + K1)? Déw s (i +q—Fk)?.

We define an integral in the family RV, as

dl 1
J(Rvn,nl, o ,714) = /, [dPS]2/ (27T)1d (DRV)m . (DRV)TM ) (4'15)

z

RV RV :
for propagators D", .-+, D" taken from the ordered set of family RV,. Apply-

ing reverse unitarity, followed by the IBP reduction implemented in LiteRed, all

integrals belonging to these families are reduced to the following 7 MIs,
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J(RV1;0,1,1,0)  J(RVy;1,0,0,1)  J(RV;;1,0,1,0)  J(RV2;1,0,0,1)
J(RV1;1,1,1,1)  J(RVs;1,1,1,1)  J(RVs1,1,1,1).

The master integrals listed in the first row correspond to bubble integrals, whereas

those in the second row correspond to box integrals.

A characteristic simplification of the RV contribution is that the two-body phase-
space integration factorizes from the loop integration due to presence of the con-
straint 0 (z’ — %) . The master integrals therefore factorize into a one-loop integral

multiplied by the two-body phase-space factor,

ol

-2

PS: - / [aps], = (47T>2g7;d_1 (Q2(1$,_ 9”/)) (-7 (416)

Unlike the pure virtual case, the RV master integrals (MIs) require additional care
when evaluated in the physical regions spanned by the scaling variables 2’ and z’. In
the following, we first present the master integrals in their general form for arbitrary
2’ and 2’ and subsequently discuss their analytic continuation that can be used in

different physical regions. The result of master integrals are given by (in d = 4 +¢€),

J(RV1;0,1,1,0) =PS3 x { - ig(lcfE)(—s)e/?} : (4.17)
J(RV1:1,0,0,1) =PS% x { _ 2 G (—u)6/2} (4.18)
) Y Y ) € (1 + 6) Y
J(RV1;1,0,1,0) =PSZ x { - z’gi(cf)ﬁ/?} (4.19)
) Y Y ) € (1 + 6) Y
J (RV2;1,0,0,1) =PS% x { _2 G (-t)ﬁﬂ} (4.20)
) Y Y ) € (1 + 6) Y
2\€/2 2 €/2
J(RV1;1,1,1,1) =PS% x { —1'8% (@) FE<Q t) _ (e F<_—t>
€ SU SU SU S




= zeﬂF (—_“)H (4.22)
J(RVy:1,1,1,1) =PS { [ T (Qz) (_BE/QFC(_TS)

_ (tt_l)t/zp(f)} } : (4.23)

where,

Qu-z) QU= Q%

S = T, = T, p (424)
In the above expressions, C, is defined as
1 F(1—9T2(1+ <
c. — (1= A+3)Y (4.25)
1672 (4m)2T(1 +¢€)
while F.(£) denotes the hypergeometric function
Fe(§) =2F (1, 51+ 5:€) =1-) _ (—5)"Lia(€). (4.26)

Although the above expressions provide the complete analytical form of the RV
master integrals, they are not yet suitable for direct use in the physical SIDIS region.
Before performing the e-expansion, the hypergeometric functions together with their

accompanying kinematic prefactors must be analytically continued.

As a first step, the hypergeometric functions are rewritten using suitable transfor-
mation identities so that factors of the form (1 — /)€ and (1 — 2’)¢ are made explicit.
These factors are then extracted, thereby isolating the threshold behavior in the lim-
its ' — 1 and 2/ — 1. The remaining hypergeometric functions, however, require
further manipulation. Their arguments depend on the scaling variables ' and 2z’
and may become equal to or larger than unity, particularly in the kinematic regions
characterized by =’ =2 2’ and/or 2/ + 2’ =2 1. Since the hypergeometric function

o F1(a,b;¢;€) is a multivalued function with a branch cut along & > 1, its direct
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expansion in € is not valid over the entire physical region. It is therefore necessary
to analytically continue both the hypergeometric functions and their accompanying
prefactors. In particular, the branch cuts at the kinematic endpoints ' = 0,1 and
z/ = 0,1 must be avoided, so that the arguments of the hypergeometric functions

neither become unity nor +00. We discuss this procedure in the following subsection.

4.4.1 Analytical Continuation in RV case

The analytic continuation is carried out systematically in the following steps. First,
we employ the well-known transformation identities of the hypergeometric function,
such as the Euler and Pfaff transformations, see for e.g. [294-296], and Eq. (C.3)
to extract the overall factors (1 — /)% and (1 — 2/)%, thereby making the threshold
behavior explicit. Next, Feynman’s +i0 prescription for the scaling variables i.e.
' =12 —i0 and 2’ = 2/ — 40, is implemented thereby retaining the ¢0 dependence
explicitly in both the hypergeometric functions and their accompanying kinematic
prefactors. Finally, identities involving Heaviside theta functions are used to decom-
pose the physical phase space into the relevant kinematic regions, this allows the
e-expansion of the hypergeometric functions to be analytically continued onto the

appropriate branch in each region.

Throughout we have used,

€/2
€ -\ € Q2<1 — I'/)
The prescription for selecting the appropriate branch of the hypergeometric functions
along with the prefactors, is discussed in Appendix-A. Here, we state the branch to
be chosen for each hypergeometric function appearing in the box master integrals.
Since each MI contains three hypergeometric functions, we consider them separately.

We begin with the first box master integral.
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First box master integral: J(RVy;1,1,1,1)

| A 3 0. T r'(1—2")
2'(1—a) =2
¢~ 1=z
+ 6y B3y (—1 —i0)5F, (x 1-7) —20)
r -z
¢ =~ "1—=2
+601p O (—14140)"2 F, (a:x,—_;,) + iO) } : (4.28)

Second box master integral: J (RVy;1,1,1,1) = J(RVy;1,1,1,1)

21—z
Third box master integral: J(RV3;1,1,1,1)
P <_£> :(z’—i-x’—l)_; E( 1—2a )
u k4 1—2 =2
{e% F ()

=g}

‘1—2’—x’

Z/
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T,
+ 01y O Fe( vl - ) —iO)

(' —2)(1 =2 —a')

+ 0y Ooq (—1 —0)75F, ( vl -7 5 io) } . (4.29)

In the above expressions, (—1 % i0)*¢ = exp (Lirae), and 0y, = 0(z' — '), b1, =
Oz’ —2'), 020 = 0(1 — 2/ — '), O = O(2' + 2’ — 1), with
- € € €
F(6) = oF (—, S P ) 4.30
(&) = o1 25 + 7 3 (4.30)
and ‘f ‘ gives the absolute value of &. 156(5 + i0) can be analytically continued
to the appropriate region and expanded in a power series in €, see [257,297,298|.
After substituting these analytically continued expressions into the corresponding
master integrals, the resulting expressions are continuous across all four kinematic
boundaries. Furthermore, upon simplifying the e-expanded MIs, all # functions can

be eliminated, removing the need to distinguish between the different regions of

(2',2") kinematic plane.

For completeness, we present an alternative implementation of the analytic contin-
uation that leads directly to a unified representation over the entire (z’,z") plane,
without introducing # functions or making any explicit case distinction. Compared
to the previous piecewise representation, this formulation is more compact. The
continuation is carried out directly through a representation of the hypergeometric
function that is valid over the entire physical region. We rewrite F.(£) in Egs. (4.21)-
(4.23) as,

F.(€) :62(1—_;)@6(1 - 1) S [¢ (5)+m (% - 1) + VE] . (431)
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where

Z.(x) = 3F (1, 1,1+ g; 2,9: x) : (4.32)

and 1 (z) = I'"(x)/I'(x). In this representation, the only function possessing a branch
point at £ = 1 is the logarithm term, In (% — 1). Upon substituting Eq. (4.31) into
Eqgs. (4.21)—(4.23), these branching logarithms cancel among themselves, yielding
expressions that are explicitly analytic throughout the whole physical region, see

Eqgs. (46)-(48) of [173].

4.5 Double-Real Integrals

We now turn to the double-real (RR) contribution, corresponding to the partonic

process
Pa +q — Dy + k1 + ko, (4.33)

where p, denotes the observed fragmenting parton, while k; and k5 are the emitted

massless partons. The corresponding three-body phase-space measure is,

/z,[dpsh Zﬁ / d'k, / d'k, / d'py 5% (kD)6 (13)5* (5})

><6d(pa+q—pb—k;1—k2)5(z’—];“'ib> . (4.34)

Compared to the fully inclusive-DIS case, the presence of the additional constraint
on the scaling variable 2z’ substantially complicates the evaluation of the phase-
space integrals, see e.g. [299]. As in the RV contribution, we employ the reverse
unitarity method to rewrite the phase-space delta functions as cut propagators,

thereby converting the phase-space integrals into cut loop integrals. This enables
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the application of standard loop-integral techniques, in particular IBP identities.

The significant number of RR partonic subprocesses gives rise to a correspondingly
large set of phase-space integrals. Many of these integrals are related through IBP
identities, enabling their systematic reduction to a much smaller set of master inte-
grals. In the following, we construct the required integral families and perform the

IBP reduction to obtain the complete set of RR master integrals.

The RR integrals depend on the four independent external momenta, p,, ¢, k1, and
ko. These give rise to 10 independent scalar products. Since 3 of them are fixed by
the external kinematics Eq. (4.14), seven independent scalar products remain. The
phase-space constraints introduce 4 cut propagators, leaving the remaining 3 scalar
products to be represented by standard propagators. The integrals are represented
by introducing a suitable set of propagators, from which the integral families are

constructed.

The RR contribution is described by 13 integral families, denoted by R; (i =

1,...,13). Each family is specified by an ordered set of propagators,

Ri ADE DS, Dy Re: {DF,DFDF} Rsr {Dr D5, Dt}
Ra: ADEDg,DFy  Rs: {DF, Dy, DY} Re {Dr, Dy, Dgf}
Ry ADF,DEDFY  Re: {DFDEDF} Re: {DF, DY, Dif}
Ri:  {Dy, DF, DF} Ru: {DF,DE,DF} Rip: {DF,DF,DE}

Ris: {DF,DEF,DF},

where the propagators (DF) are

DF: (k1 — pa)? DY : (ki —q)? D¥ : (ky — pa)?
DF: (ks—q)?  DF: (ki—p.—q)? DE: (ky—po—q)?  (4.35)

DF (k1 + ko)? DE: (ky + ko — pa)?.
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An integral belonging to the family R, is defined as,

T (Roy, 1, nigs ) — / dPS), ! (4.36)

2 (D)™ (DE)™ (DE)™

where DZfl, ceey Dgi denote the propagators belonging to the ordered set of the family
R.. The IBP identities for these families are generated using LiteRed. After solving
the resulting IBP system, all RR integrals are expressed in terms of the following

20 master integrals (MIs),

J (R1;0,0,0), J(R1:0,0,1), J(Ry;1,1,1), J(Ry;1,1,1), J(R5:0,0,1),
J(Rs;1,1,1), J(Ri:1,1,1), J(R5:0,0,1), J(R5;0,0,2), J(Rs:0,1,1),
J(Rs:1,1,1), J(Re:0,1,1), J(Re;1,1,1), J (R 0,1,1), J(Rs;1,1,1),
J(Re;1,1,1), J(Rios1,1,1),J (Rin; 1, 1,1),J (Ria; 1,1,1), J (Rys; 1,1, 1)
(4.37)

The remaining task is to evaluate these 20 master integrals. In this work, we employ
two independent methods for their computation, which also provide a valuable cross-

check of the final results. In the following section, we briefly describe these methods.

4.6 Evaluation of the RR Master Integrals

The first approach is based on direct phase-space integration. We choose a suitable
Lorentz frame in which the constraint on the scaling variable 2z’ assumes a particu-
larly simple form. In this frame, the three-body phase-space measure can be param-
eterized in terms of parametric integration together with the angular integrations
(see Refs. [115,254,300,301] for details). The master integrals are then evaluated
by performing the angular integrations analytically, followed by the remaining para-

metric integration. The analytical evaluation yields the master integrals in terms
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of Goncharov polylogarithms (GPLs) [302,303], which are further simplified by ex-

pressing them in terms of classical and Nielsen polylogarithms.

The second approach is based on the method of differential equations (DEqs) [304,
305], see also, [282,306]. We construct a coupled system of differential equations for
the master integrals with respect to the kinematic variables 2, 2/, and 2’ using the
LiteRed package. The resulting differential equations form a closed coupled system,
which can be written compactly in matrix form with 20 x 20 coefficient matrices.
We then transform this system into the canonical (e-factorized) form [307] using
algorithm of ref. [308] as implemented in the Mathematica package Libra [309].
In this form, the differential equations can be solved systematically order by order
in the dimensional regulator ¢, yielding the master integrals in terms of iterated

integrals.

We have cross-checked the results obtained from both approaches and found perfect

agreement, providing a strong check of the correctness of the final expressions.

4.6.1 Phase-Space Parameterization

In this approach, the RR master integrals are evaluated by direct integration over
the three-body phase space in a suitably chosen Lorentz frame. The frame is choose
such that the kinematic constraint on the scaling variable 2z’ takes a particularly
simple form. We work in the center-of-mass (c.m.) frame of the two outgoing
partons k; and ky, i.e. k; + ko = 0. Following Refs. [115,254,300,301], the external

momenta in the k; — ko c.m. frame are parameterized as follows,

Pa = w(laoa()ao?l)a

2.\/512

(5 —s12) . = .
————(1,0,0,sin, cos ) ,

k=~ ;12(1,6, sin ¢ sin @, cos ¢ sin 0, cos f) ,

Py =
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ko =~ ;12(1,6, —sin ¢sinf, — cos ¢sin f, — cos ),

q=npp+ ki + ks —pa, (4.38)

with

s=Pata), t=2pa b, u=2py-q, s=(k+tk) =s—t—u,

2812t

2 2 1
q¢ =—-Q°, cosyp=1 Gt 0 (5 )

(4.39)

In this reference frame, the 3-body phase-space Eq. (4.34) can be written as,

T ™

/ [dPS]5 = L (s+ @) / df(sin 0)43 / d¢(sin ¢)4~* (4.40)

(4m) T(d—3)

s+Q? s—t d%zk
/ dt/ du [t (Su+Q2(t+u))]
0 —Q%t/(s+Q%)
d—4 , t
X(s—t—u)2§<z—S+Q2) (4.41)

Further, changing the variable so that we map the integration limits to 0 to 1, i.e.

s4+Q? s—t 1 1
/ dt/ du :/ dy/ dz J(y, 2) (4.42)
0 —Q2%t/(s+Q2?) 0 0

Using the relations,
u=s(1—1y)z—yQ? and t=(s+Q%)y, (4.43)

we get the Jacobian, J(y, z) = s (s + Q%) (1 — y). So,

—a'y sy
u:s(l_x,+z—yz>, t:Txl,
s*(1-y) Q*(1 —a')
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The main advantage of this parameterization is that the constraint delta function

) (z’ — %) reduces to 0(z" — y). So, the 3-body phase-space is rewritten as,

1—:1: =3 , . 7 . 4
lmmﬂ 4de 3( ) Acﬂmﬂw3ldﬂmmﬁ

d—4

/(@/‘m T1—y) P (z(1-2)) T Sy —2) (4.45)

Note that the phase-space measure is symmetric under the transformation z —
1 — z. Finally, all propagators appearing in the master integrals, see Eq. (4.35), are

expressed in terms of the variables 2/, 2/, z, 0, and ¢, as,

s(1 —2") (1 —cos?)

DF:_ )
(1—2a) 2

os(@(1=2(1=2)+2(1—2)+2)
Dy =~ 2(1—a')

42 (7 —=(+ Z/)(l__zlxg)l —(1+2))) cos @ + s/ (1 — z)zz' cos ¢ sin 0,
r_ 8(1—2") (14 cosb)
D3__(1—f) 2
Df:—S($/<1_Z(1_Z/))+Z/(1_Z)+Z)

2(1—2a)

_slF—z( +22)(1_—$x€)1 —(1+2))) cosf — sy/(1 — z)zz' cos psin b,
DEF g(l—z(l—z))—i-g(l—z(l—i—z/))cosﬁ—l—s\/(l—z)zz’cos¢sin9,
DEF g(l—z(l—z)) g(l—z(l—i—z'))cos@—s (1 — 2)z2' cos ¢psin b,

DF =s2(1 -2,
s(1=2)Y(1-(1-12")2)
(EFE

D} =—

DE4DE = 5(1 —2(1 - 7)),

DR4DR — s’ —2(1 —(f’z);—)z’(l—z)+z) ‘ (4.46)
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The phase space integral without any propagator is given by,

- s (FA)" (B

:L./

The parameterization introduced above allows all master integrals to be expressed
as a product of angular and a parametric integration. The angular dependence
arises solely through the propagators and can be integrated analytically. Thus,
the evaluation of the master integrals reduces to a set of angular integrals of the

form [293,301,310,311],

™ T

/ d / d (5in0) "(sing)° . (4.48)
(a4 bcosh)" (A+ Beos + Csinf cos ¢)’

0 0

After appropriate partial-fraction decomposition of the propagator structures, all
angular integrations encountered in the present calculation can be expressed in terms

of the following four cases.

Case 1: a®> = b? and A? = B% + C?, [254,293].

In this case, the angular integral can be evaluated in closed form as,

] ] 9/” » (sin )1+ (sin )¢ -
) ) (1 —cosf)" (1 — cos y cos — sin y sin 0 cos ¢)’
o , A\ (1 +¢) . € X
27 B (15 =il 5 =) ey 2R (631 + SicosS) (44
™ +2 2 +2 J F(l—l—%) 21\ %, 5 +2>COS 2 ( 9)

Here B(a, ) denotes Euler Beta function.

Case 2: a® # b? and A? = B% + C?, [254,293].

In this case, the angular integral can be reduced to a one-dimensional integral in-
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volving a hypergeometric function,

™ ™

/dﬁ/dqﬁ (sin @)1+¢(sin ¢)°
(a — cosB) (1 — cos x cosf — sin y sin § cos ¢)
0o 0

1 1
(1 1— o) e 35 (1 —w)s
_el+9 [ o [ i (L—0) o (1~ w)
sa—1)

4T2%(14 %) +30(1 —cosx)(1 —w) + (1 —v)(1 —w)
o 0
™ / 2 X ~its
— 1— o)+ (1 (1-veos )
a_l/dv( v) 2(+a—1 veos” 5
0
woFy (6614 —2 (1 2X> (4.50)
= ; —wvecos =) | . :
21| 65 & a1 v 9

The above integral is symmetric under the transformation v — 1 — v and can be

evaluated order by order in €.

Case 3: a?> =0? and A% # B* + C°.

This case is not independent. By performing a suitable angular rotation, the integral
can be mapped onto the second case and can therefore be evaluated using the same

procedure.

Case 4: a® #b? and A% # B* + C°.

This is the most complicated case. The analytic expressions for these integrals for e
independent term were derived long ago [312-314], while their extension to higher

orders in € has been studied in [315-319], see also [174,320-327].

After carrying out the angular integrations, the master integrals reduce to a single
remaining parametric integration over the variable z. For the simpler MIs, this inte-
gration can be performed in closed form. In the more involved cases, the integrand
is first expanded as a power series in € [328-331], after which the resulting paramet-

ric integrals are evaluated analytically in terms of GPLs, which are subsequently
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expressed in terms of classical and Nielsen polylogarithms.

4.6.2 Differential Equation Method

An elegant method for evaluating the master integrals is provided by the method
of differential equations (DEqs) [282, 304, 305,307, 332-339]. The basic idea is to
exploit the dependence of the master integrals on the external kinematic variables
by differentiating them with respect to these variables. The resulting derivatives
can again be expressed as linear combinations of the same master integrals using
IBP identities. Consequently, the master integrals satisfy a closed system of coupled

first-order differential equations.

For the RR master integrals, we construct the differential equations with respect to
the kinematic variables Q?, 2/, and 2’. The required derivatives and the subsequent
IBP reductions are generated using the LiteRed package [242,243]. Denoting the
vector of master integrals by _f, the system takes the form

.o oI .

— = AQ(QQ,x',Z el B = sz(Q2,x’,z’, e)l, e AZ/(QQ,x', Ze)l.

(4.51)

where AQ, AI/, and A, are the corresponding 20 x 20 connection matrices. The
matrix AQ is diagonal, reflecting the fact that the dependence of the master integrals
on the overall mass scale Q? factorizes trivially. Consequently, the Q? dependence
can be extracted analytically, and in the following we set, Q% = 1 without loss of
generality. Furthermore, by construction of the master integral basis, the matrices
A, and A, possess a lower-triangular form. Since the master integrals depend
simultaneously on the variables 2’ and 2/, the coupled differential equations must

satisfy the integrability condition, ensuring that the solution is independent of the
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integration path. This requires

oI 01 0Ay  9A.

02'0x'  Ox'dz — 0z ox’

n [AI,,AZ/] —0 (4.52)

Several methods have been developed for solving systems of differential equations
for Feynman integrals. Early approaches relied on series expansions around singular
points [340-344] and on difference equation techniques based on Laplace (Mellin)
transform, which have been successfully applied to a wide variety of multi-loop calcu-
lations [278,306,345-347]. More generally, one may solve the coupled system recur-
sively by exploiting its triangular structure, using forward or backward substitution
together with the method of variation of constants. Alternatively, the system may
be decoupled into higher-order differential equations for individual master integrals,
which can then be solved independently [304,305,333,334,348-351]. The system of
differential equations is not unique, as it depends on the choice of the master-integral
basis. A suitable change of basis can significantly simplify the system and in favor-
able cases, transform it into the canonical (e-factorized) form. Numerous methods
and computational tools have been developed for constructing such a basis, see for
e.g. [285,307-309, 352-370]. Several public packages are available for the numeri-
cal evaluation of Feynman integrals using differential equations, including DiffExp,

SeaSyde, LINE and AMFlow [341-344,371], see also [340, 360, 372-381].

In the present work, we adopt the canonical differential equation approach [307].
The central idea is to perform a change of basis i.e [ - J=1T7" (or gauge

transformation), such that in the differential equation system the ¢ factors out,

% = Ax/(:)j 72/, E)[ R % = € Ax/(ﬂ’,‘/’ Z/)J
oL = A, 2 )l 9 =e A (2,2)J
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The matrices fle and ./le/ are independent of € and are related to AI/ and flz/ as,

" N il "71 aT

Ay =T A, T — T ==
A ox'’
. 0T
Ay =T AT —-T1 = PrE (4.53)

The solution of the canonical system can be written in terms of the path-ordered

exponential,

2!

J(@', 7€) = Pexp |:€/

0770

-

(flx/dx/l + /Alzfdz{) } (x4, 20, €) (4.54)

where J(z), 2, €) = Jo(€) denotes the vector of boundary constants and P represents

path ordering. Expanding the path-ordered exponential order-by-order in € gives,

/ ’

J(@', 2, €) = Jole) + ¢ / 'y Ay (2, 0) +/ dz} Azf(x’,zi)] Jo(e)
0 0

(. /

Hy(2, 2
+ € / daly Ay (2, 0) Hy (2, 0) +/ dzh A (', 2)) ]fll(ﬁc’,zé)] Jo(€)
0 0
Hy(2', 2"
+0 (%) . (4.55)

The solution is therefore obtained iteratively order by order in €, generating Chen

iterated integrals, which can subsequently be expressed in terms of GPLs.

The integrability condition guarantees that the solution is independent of the in-
tegration path in the (2, 2’) plane. Consequently, the integration contour may be
chosen for convenience when evaluating the path-ordered exponential. Throughout

this work, we choose the integration path to start from the reference point

(0, 29) = (0,0),
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and integrate first along the 2’ direction and subsequently along the 2’ direction,
as illustrated in Fig. 4.1. To determine the integration constants, however, it is
sufficient to know the master integrals at any convenient kinematic point, which
need not coincide with the starting point of the integration. The boundary vector
JB((—:) is determined from the behavior of the master integrals in the k; — ko center-
of-mass frame in the limit 2’ — 1 and 2’ — 1, retaining the factors (1 — 2/)%*® and

(1 — 2/)etd explicitly, see Appendix-D.

(0,0) (2,0)

Figure 4.1: Integration path chosen for solving the canonical differential equations.

In the present calculation, the transformation matrix T is constructed using
Libra [309] which is based on the algorithm described in [222,308,382], such that
the transformed basis satisfies the canonical differential equations. In particular, it

is constructed so that the boundary vector admits the following expansion in €,
Jo(e) =i, (4.56)
k=0

while the original MIs are recovered through I=TJ An important consequence
of this choice of basis is that the canonical master integrals J are of uniform tran-

scendental (UT) weight. Consequently, upon expanding them in e,

J(@' 2 e) =) T W' ), (4.57)

k=0

each coefficient J ® is of uniform transcendental weight k. Thus, the transcendental

weight increases uniformly by one at each successive order in the e expansion.
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The solution of canonical differential equations is naturally expressed in terms iter-

ated integrals, whose integration kernels are constructed from the following set,

2 (2 =1), (@ +1), (1), (=2, '+,

1
(z’ + ?> , (=22 4+ 42, (1+2)) — 42’2,

\/;, \/?, \/(1—2’)2+4x’z’, \/(1+a:’)2—4:c’z’.

(4.58)

Among these functions, four involve square roots. An important simplification is

that the complicated square roots never appear simultaneously in the same iterated

integral, hence they can be rationalized independently.

Following the procedure described in [383], the iterated integrals are first express

in terms of symbolic G-functions. The algebraic kernels are then rationalized, al-

lowing these iterated integrals to be rewritten in terms of GPLs. The square roots

are rationalized using Euler substitutions, see also [384-389]. As a representative

example, consider the square root,

V(L —2)2 4 4o/

Introducing the variable y through the Euler substitution,

V(1 —2)2 +4a'z =22y + (1 - 2),

one obtains

1 /
Z:y(+xw’ @

1+y

C14+2y(2+4y)
(1+y)?

The integration limits transform according to
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(4.59)

(4.60)

(4.61)

(4.62)



(4.63)

After this transformation, the integration kernels become rational functions of y,
and the resulting iterated integrals can be expressed directly in terms of GPLs.
Similar Euler substitutions are employed for the remaining algebraic letters whenever

required.

The procedure is illustrated below through two representative examples. Consider

first,

!

MY R
ri,70; %) =
b2 0 zl\/(l —21)2 442’z Jo \/(1 — 29)2 + 4a' 29

oy Ay, [ (4.64)
0 yi(l+2'y1) Jo (1+y2) '

Performing a partial-fraction decomposition,

AP T —(1—")

I 1 1 Y1 d
G(T1,7"2;Z,):/ ’ dy <—— 1)/ V2
0 no ot/ Jo y2tl

_ G(o, .t VI =)+ A’ — (1 - z’))

2z

_G(_i 1. \/(1—z’)2+4x’z’—(1_zr))

' 21!

(4.65)

As a second example,

le /
G(0,7r9; 2 4.66
z / \/ 1 — 29)2 + 4o’ ZQ ( )

Using the same Euler substitution throughout,
V(=22 +4al 2 —(1-2)

Yy 1 / 2 Y1 d
G (0,2 ) :/ : a2 ) / e
0 y(I+y)d+2y) Jo 1+
V(1—2")2+4a' 2 —(1-2")

(
2/ 1 ]_ 1 v 1
_ dy [ — - 4 / d
/0 . (yl y1+1 yl"’%) 0 y2y2+1
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=G (0’ —1; V(1 =22+ 4z — (1 — Z/))

' 2z
ol 1 \/(l—z’)2+4x’z’—(1—z')
) ) 21_/
1 — 12 4 It (1 — !
+G<—%,—1; VA +2;,Z ( Z)> (4.67)

The remaining algebraic letters are treated analogously. Since the rationalization
and subsequent partial-fraction decomposition follow a systematic procedure, the

entire conversion to GPLs can be fully automated.

The resulting GPLs are evaluated numerically using packages such as PolyLogTools
[390], handyG [391], see also [392-403]. In addition, the final analytic expressions for
the master integrals have been independently validated against numerical solutions

obtained with AMFlow and found perfect agreement.

4.7 Summary

In this chapter, we presented the computational framework used to evaluate the
loop and phase-space integrals required for the NNLO QCD corrections to SIDIS. A
central ingredient of the calculation is the reduction of the large number of Feynman
and phase-space integrals to a minimal set of master integrals through integration-
by-parts (IBP) identities. By employing the reverse-unitarity technique, the phase-
space integrals associated with real-emission processes are mapped onto loop in-
tegrals, allowing the same IBP machinery to be applied to both virtual and real

contributions.

The real-virtual (RV) and double-real (RR) contributions constitute the most chal-
lenging parts of the NNLO calculation. For the real-virtual contribution, we dis-

cussed the analytic continuation of the known master integrals to the SIDIS physical
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region, ensuring the correct analytic structure of the coefficient functions. For the
double-real contribution, we constructed the required integral families, performed

the IBP reduction, and obtained a complete set of new RR master integrals.

The evaluation of these new RR master integrals, which represents one of the prin-
cipal bottlenecks of the NNLO computation, was carried out using two independent
approaches. The first approach is based on an explicit phase-space parameterization
in a suitable center-of-mass frame, reducing the integrals to angular and paramet-
ric integrations that can be evaluated analytically. The second approach employs
the method of differential equations, where the master integrals are transformed
to a canonical basis and solved systematically in terms of Chen iterated integrals
and Goncharov polylogarithms. The complete agreement between the two methods

provides a strong validation of the final analytic expressions.

The techniques and results presented in this chapter provide the complete set of
master integrals required for the NNLO coefficient functions. They overcome one of
the major technical obstacles in the computation of NNLO corrections to SIDIS and
form the foundation for the derivation of precise perturbative predictions presented
in the thesis. Such precision calculations are essential for fully exploiting the physics
potential of the future Electron-lon Collider, where NNLO contributions will play a

crucial role.
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Chapter 5

Going beyond NNLO: Threshold

resummation

In this chapter, we develop the threshold resummation formalism for semi-inclusive
deep-inelastic scattering (SIDIS). Using factorization property of the SIDIS cross
section and the renormalization group invariance of QCD, the threshold-enhanced
logarithms contributions are systematically resummed to all orders in perturbation
theory. We further derive higher-order soft-virtual contributions using recent ad-
vances in perturbative QCD and investigate the numerical impact of the resummed
predictions, demonstrating improved perturbative stability and reduced scale de-
pendence when matched to the exact NNLO results. The work presented here is

based on the publication [179].

123



5.1 Introduction

In Chapter 2, we studied the fixed-order QCD corrections to polarized semi-inclusive
deep-inelastic scattering (SIDIS) mediated by the exchange of a virtual photon. In
the present chapter, we extend the discussion to both polarized and unpolarized
SIDIS processes and investigate the effects of threshold-enhanced logarithmic con-

tributions.

Within the framework of QCD factorization, the SIDIS cross section can be ex-
pressed as a convolution of perturbatively calculable coefficient functions (CFs) with
non-perturbative parton distribution and fragmentation functions. The fixed order
results for the CFs, parameterizing the hard scattering, often provide reliable theo-
retical predictions for wide range of kinematic variables. However, in the threshold
region, corresponding to the limit 2’ — 1 and 2z’ — 1, they fail because of the
presence of large logarithms. In the case of SIDIS, these logarithms originate from
the partonic configurations where partons are soft and/or collinear to each other.
Although the CFs in SIDIS are infrared-safe, meaning that soft and collinear diver-
gences cancel out, these cancellations lead to certain distributions in CF's represented

by distributions such as (1 — &) and

| (1-9) :

where £ =1 — ¢ and € = 2/, 2/ are appropriate scaling variables. Here subscript +

means that D% is a plus distributions defined as,

I (1 - )

e (5.2)

IRICES RIUEE)

where f(§) is regular at £ = 1. We call them soft plus virtual (SV) contributions, and

their importance was recognized early on, leading to several improvements in QCD
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perturbation theory, see [148-151]. Currently, approximations at next-to-next-to-
next-to leading order (N®*LO) accuracy taking into account only threshold contribu-
tions, also called SV and threshold resummation to next-to-next-to-next-to leading
logarithmic (N3LL) accuracy are available [150,152,153], improving upon earlier re-
sults [154-156] at next-to-leading logarithmic (NLL) accuracy. These achievements
were possible thanks to an intriguing connection between SIDIS and the rapidity
distributions of pair of leptons in the Drell-Yan (DY) process, [150, 346,404, 405].
Beyond the SV contributions, one encounters terms with logarithmic enhancement
of the type In/(1 — &), with & = 2/,2/, for j = 0,1,---, which are classified as

next-to-leading power (NLP) corrections or next-to-SV (NSV) terms.

Threshold resummation provides a framework to systematically organize and resum
these large logarithms, i.e. the SV terms in Eq. (5.1) and NSV terms, to all orders
in perturbation theory. As a result, the perturbative predictions exhibit improved
convergence and stability, leading to more reliable phenomenological predictions.
In this work, we push threshold resummation for the SIDIS CFs to N*LL except
N independent terms coming from real emission processes and provide their ap-
proximations at N*LO in QCD, accounting for both SV as well as NSV terms in a

systematic procedure.

In this chapter, we develop the threshold resummation formalism for semi-inclusive
deep inelastic scattering (SIDIS) by exploiting the factorization properties of the
cross section together with the renormalization group invariance of QCD. This
framework enables the all-order resummation of threshold-enhanced logarithms in
Mellin space and allows us to predict higher-order soft-virtual and next-to-soft-

virtual contributions beyond the currently available fixed-order calculations.

The chapter is organized as follows. In Sec. 5.2, we review the theoretical framework
of SIDIS, recall the essential aspects of mass factorization in QCD. In Sec. 5.3, we

present the master formula for the diagonal coefficient functions, where we discuss
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in detail the individual building blocks entering the master formula and the differ-
ential equations that they satisfy. These ingredients are then combined in Sec. 5.4
to derive the all-order structure of the threshold-enhanced SV and NSV contribu-
tions. The predictive all-order structure obtained therein forms the basis of the
threshold resummation framework. In Sec. 5.5, we derive the all-order resummed
expression for the threshold logarithms in Mellin space, expressed in terms of the
complex Mellin variables N; and N, conjugate to the scaling variables 2’ and 2/,
respectively. An alternative approach based on the physical evolution kernel (PEK)
is discussed in Sec. 5.6. The phenomenological implications of the resummed results
are presented in Sec. 5.7. Finally, we conclude with a summary of our main findings.
Additional formulae relevant to the threshold resummation formalism are collected

in the Appendix-F.

5.2 Factorization and Threshold Structure

In perturbative QCD, the structure functions factorize as a convolution of the (spin-
dependent) PDFs, (A)f,/p(2z1, #7), and FFs, Dy (21, p3), with the corresponding
(spin-dependent) CFs, (A)Cjau(x/x1,2/21, Q% u%), the latter being calculable in
perturbation theory. Here and throughout, the symbol (A) indicates the polarized

case, while the absence of it corresponds to the unpolarized case.

(9)Fy(z,2,Q%) = Z / dxl A) fasp (ilihup)/ diDH’/b (21, 43

a,b=q,q,9
1

<A (£ 2. 53

Using the same notation and conventions as in the previous chapters, (ur) denotes
the factorization scale, (x1) and (2;) are the momentum fractions associated with

the incoming and outgoing partons, respectively. Note also, f,/p denotes the spin
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averaged PDF and Af,/p denotes spin-dependent PDFs, (A) fo/p = fairypry (=) +
Ja()/P(1), Where arrows denote the polarisations of respective particles with respect

to beam direction. Also, Cjup = Fiap for J = 1,2 and ACy g = G106

The SIDIS CF's are obtained from the corresponding partonic subprocesses via mass
factorization. In the massless quark approximation, these partonic quantities con-
tain collinear divergences associated with collinear parton emissions from the initial
and final states. In dimensional regularization (d = 4 + €), these divergences ap-
pear as poles in €. Thanks to QCD factorization, these singularities factorize from
the bare (spin-dependent) CFs (A)Cjq(2, 2/, €), through universal Altarelli-Parisi

kernels at the scale up,
(A)éJ,ab(xlv Z/a 6) = (A>FCFG($,> :u??a 6) ® (A)CJ,Cd(x/7 Z/, :u%‘? €)®fbkd<zl? :u?ﬂ 6) (54)

The kernels (A)T'.., and ['peq are given in terms of space- and time-like splitting
functions and encode the collinear divergences through poles in €, see, e.g. [173].
The partonic scaling variables are @’ = x/xy and 2’ = z/2; and the convolutions ®

and ® are defined in Eq. (3.22).

The collinear finite CFs (A)Cyq in Eq. (5.4) are expanded in powers of strong

coupling constant as = «a/(47) at the renormalisation scale pg as,
(A)Cra(@, 2, 12) = dud(1 = )(1 = ) + 3 @t (WB) (A, (o, 2, i i)
i=1
(5.5)

The CFs (A)Cjq in general contain distributions §(1 — £) and Dl, cf. Eq. (5.1),

where £ = 2/, 2’ and regular functions of 2, 2. We can write (A)C, 4 as,

(8)Crap = (A)C 0(1 — 2')d(1 — =)

+ Z ( )CY95(1 — )DL + (A)Cz5(1 — zm;,)
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+ ) (A)CTRDLDE + (A)CT,, . (2)5(1 — 2') + (A)CTy o (2)5(1 = )

+ > ()00 (2D + (D)) () DL) + (A) Ry, 2), (5.6)

The functions (A)R ;4 contain all remaining terms that are regular (no distribu-
tions). Furthermore, we expand the CFs (A)Cja and (A)Cap in Eq. (5.6)
around 2’ = 1 and 2’ = 1, we obtain a series of the form: (1—¢)*In?(1—¢),€ =2/, 2/
for i,7 = 0,1 etc. The leading terms in this series (i = 0) are the so-called NSV

terms, while the rest with powers ¢ > 0 are denoted as beyond-NSV (BNSV) terms.

In this notation, the CFs in Eq. (5.6) read
(8)Csa = 0as (A ) + ()Y + (AT (5.7)

where the SV term does not receive any contributions if @ = b = g. Each term in

the above equation can be expanded in powers series of a, as,

(A)CFY =(A)CE6(1 - 2)3(1 — =)

2n—1
+ Z a? [ (A)CTE5(1 — )61 — &) + 3 (A)CTE5(1 — /)DL,
=0

2n—1 2n—22n—2—j

- ps+ 3 S (A)Oﬁt?f’“@iﬂi@] |
2n—1 e
N —za

> (@) 80 = a)Ls() + (A)CTR*0(1 = ) Ly(a))
2n—22n—2—j

7=0
+Z Z ((a)Ch" DL Ly <z’>+<A>c§i21;j’“1>;Lk<x'>)], (5.8)
Jj=

where L;(¢) = In’(1 — €),& = 2/,2" and ¢ = ¢,q. Schematically, (A)CSV contains
double distributions and (A)CFSY contains single distribution in 2’ or 2’ each mul-
tiplied by powers of In’(1 — 2/) or In?(1 — 2/) respectively, where j = 0,1,2 etc.

Any regular terms in 2’, 2’ which is proportional to (1 — z’) or/and (1 — Z’) that
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do not contain any distributions fall within the BNSV category. The NNLO results
in [171-173,175,176, 184] for the CFs (A)C5Y are in complete agreement with SV
predictions for unpolarised structure functions Fj o [152], see also [272,273]. The
leading terms of the NSV contributions agree as well with ref. [152], where the

dominant NLP terms have been presented.

The first principle’s derivation of the threshold enhanced logarithms in Eq. (5.8) ex-
ploits the renormalisation group equations and the factorization of soft and collinear
singularities to all orders in QCD, building on well-known developments for inclusive
cross sections such as DIS, DY and Higgs boson production (or, more generally, col-
orless n-particle production), see e.g. [272,310,311,406-439]. For observables in dif-
ferential kinematics, where the threshold limit is approached in terms of two different
scaling variables, such as the rapidity distributions of lepton pairs in the DY process
or Higgs boson production, threshold logarithms have also been systematically re-
sumed to all orders in perturbation theory, see [272,273,405,407,424,433,440-453].
In addition, both single as well as double variable resummations were extended
for flavor diagonal channels to include NSV contributions [274, 452, 454-475], also
see [476]. The kinematics in these cases, is similar to the SIDIS process, where the

limits ' — 1 and 2’ — 1 are considered.

In the following we develop the formalism to resum both SV as well as NSV loga-
rithms of flavor diagonal contributions, namely (A)C .. with (¢ = ¢,7), to all orders
both in (2/, ') space as well in their corresponding Mellin space (N7, Ns). The reason
to consider only flavor diagonal channels is because of their simple collinear factori-
sation structure. The starting point is the mass factorised form of the bare CFs in

Eq. (5.4) in d = 4 + € dimensions, expanding the sum over the parton channels,

(A)éJ,qq(x/7 Z, €) = (A>Fq%q ® (A)CJ,qq(gf‘qeq + (A)quq ® (A>CJ,q§®fqeﬁ

+ (A)Fq%q ® (A)CJ,qQéqug + (A)FEHJ ® (A)CJ@q@)f‘qHz

129



+ (A>F6<—q ® (A)CJ@@’I:‘%—E + (A)F@—q ® (A)CJ@g@éf‘m—g
+ (A>Fg<—q ® (A)CJ,gqé’f‘m—q + (A)Fm—q ® (A)CJ,.(E@f‘w—ﬁ

+ (A)Fg%q ® (A)CJ,ggéfqeg : (5-9)

The convolutions with the space- and time-like AP kernels (A)l',., and [, can

be distinguished as follows:

(i) Terms involving only diagonal combinations, such as (A)T e ®(A)CJ0q®T gy
(ii) Contributions involving a product of one diagonal with a pair of non-diagonal

terms, for example (A) gy @ (A)Clgg@T g y-

The terms in (i) contain SV plus NSV terms when the convolutions have been
performed, while the latter ones in case (ii) will be composed beyond NSV terms

only. The above observation follows from the schematic convolution relations,

SV ® SV ~ SV + NSV + BNSV, SV ® NSV ~ NSV + BNSV,

NSV @ NSV ~ BNSV.. (5.10)

To illustrate this, take for example,

DY@ DY =2D¢ — (6(1— &) — 11%55
=2D{ — (0(1 —¢) +\1/+(9((1 —¢)) (5.11)
h Re 7 NSV
Di @In(1 —¢€) = Lig(1 — &) — 2812(1 — &) + ¢ — In (£(1 — €))Ly (1 =€)
46 <15j) + %ln?)(l — ) — () (1 — &)
= S I*(1- &)~ GIn(1 — ) + G +O((1- ), (5.12)
) NSV ’

1oh(l—¢&) =Lih(¢) —G=—1-§1-In(1-¢)+0((1-¢)?), (513)
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here, Li,, and Sq» are classical and Nielsen polylogarithms. Note, in all above equa-

tions the terms of (9((1 — §)) contributes at BNSV accuracy.

Note that the diagonal AP kernels (A)I',., and fq<_q contain convolutions among
diagonal splitting functions, (A)P,, and pqq respectively, or one diagonal and a pair
of off-diagonal ones, (A)Pu, Py, a # b. We drop those terms in (A)Tqy (Tgeq),
that contain a pair of off-diagonal splitting functions (A) Py, (P,), as they contribute
only beyond NSV accuracy. In addition, we drop all the BNSV terms in the diagonal
splitting functions as well. This leads to

(A)éSV+NSV _ (A)FSV—I—NSV@ (A)CS\H—NSV@I:\SV—}—NSV ] (514)

J,qq q<q Jqq g<q

Here, the superscript on the AP kernels indicate their truncation to SV and NSV
terms only. In this way we can write the bare CFs in Eq. (5.4) in terms of only
diagonal quantities, i.e., (A)Cjqq, (A)Crqq and AP kernels (A)T ey, Tyeyq, Where

BNSV terms and the sum ab over the parton channels are dropped.

The bare off-diagonal CF's instead contain both diagonal and off-diagonal terms from

(A)Cap and AP kernels. For instance (A)Cj,, reads

(A)Cgg(', 7€) = (AT geq @ (A)Craq®Tge g + (AT g q @ (A)Crg@T ge g
+ (A g @ (A)Cgg@T gy + (A5 g @ (A)Crg,0T g g
+ (AT ® (A)Cs70 g g + (A5 ® (A)Cgg®T gy
+ (A e g ® (A)Crgq®T g g + (AT g g @ (A)Cs 4@ ye g

+ (A)Fm—q ® (A)CJ,gg®fg<—g : (5-15)

Unlike the diagonal case in Eq. (5.9), no single term provides pure SV contributions
in the threshold limit. Hence, the mass factorised result for the off-diagonal chan-

nel contains NSV terms only and those beyond, where the former ones come from
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contributions that contain at least two diagonal quantities, either from (A)Cj 4 or
(AL, f‘m_b. Dropping all terms that contain more than two off-diagonal quanti-
ties in the mass factorisation formula, we obtain

(A)éNSV — (A)FSV+NSV ® (A)CSV+NSV®fNSV + (A)FSV+NSV®(A)CNSV®fSV+NSV 7

J,q9 qq J,qq g<q qq J,q9 g<g

(5.16)

which receives contribution from both CFs, (A)C; 4, and (A)C, 44, unlike the diago-

nal channel in Eq. (5.14) which is directly proportional to (A)Cj4-

The simple and remarkable structure in the diagonal channel (5.14) makes it easy
for us to study its all order structure of SV and NSV logarithms. We achieve this
by setting up a homogeneous differential equations for CFs in terms of the soft
and collinear anomalous dimensions. In contrast, presence of inhomogeneous terms
in corresponding differential equations for the off-diagonal channel poses technical
challenges when solving them. For this reason, we restrict our analysis in this thesis

to the flavor-diagonal partonic channels.

5.3 Master Formula

We begin by considering the mass-factorization relation Eq. (5.14) rewrite it as,

-1

-1 R s ,
(A =((A)F) (@) & (A)Coales 21 OB (T) (2 ue)

q<—q q<—q
R 2
- FQ<Q27€)
-1 ro2 5 2 1o ~ =\t ro2
<((AF) (@10 @ (A)S(Q% 0 2, 93 (T) (4 e).
qg<—q q<—q

(5.17)

The above equation is the master formula expressing the diagonal coefficient func-

tions in terms of the quark form factor, the AP kernels, and the soft function.
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Here, ﬁq(Qz, €) is the massless quark form factor (FF) in dimensional regulariza-
tion which captures pure virtual contributions and (A)S 14(Q%, 2,2 €), called soft

function which gets contributions from real emissions, is defined by

(8)8,(Q% ) = (BN @ 2. (.19
Fq (Q27 6)

Note that in the absence of any real radiation, the soft functions is constrained by

kinematics and takes the simple form: (A)S‘]’q} =0(1—2a")o(1—2").

no radiation

The vector form factor F' has been subject to extensive studies, see, e.g. [256,421,
477-484], see also [276,485-487]. In massless QCD and within dimensional regular-
ization it exhibits IR and UV singularities as poles in €. The UV divergences can
be removed by renormalisation of the strong coupling, while the soft and collinear,

i.e., IR singularities, factories as

A

F(@Q% €) = Zp, (Q°, 113, €) Fopin (@7, 13 €) (5.19)

where Z £, is IR singular and F} , is IR finite, the scale p, is IR factorisation scale.

Renormalisation group invariance implies that

d
Ngd—ﬂg InZp, (1) = 7z, (13) (5.20)

where 75 to all order in a, takes the form

q
S

V8, = % ( — A?(p?) In (%) +2BY(13) + fq(ui)) : (5.21)

Here, A%, B4, f? denote the cusp, the quark virtual and the eikonal anomalous di-
mensions respectively, they all have expansions in powers of the strong coupling as
Ad(p?) = >7 al(u?)A? ete. They are currently known to four-loop accuracy in

QCD [488-495]. Thus, the solution to Eq. (5.20) for Zp in the MS scheme contains
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only poles in € whose coefficients are completely controlled by universal anomalous
dimensions A%, B? and f? and the coefficients of QCD g function, the latter being

known even to five loops [26-29].

The bare form factor Fq is subject to a differential equation with respect to @2,

d A
@ Q%0 = T4 (@), (5:22
where
(@40 = 5 (Kl 0+ 6@ a). (5.29

The kernel K = 2dInZ 7, /d In(Q?) contains entire IR singular terms while the
function G4 = 2d1n F, t;,,/dIn(Q?) is IR finite by definition. Since, we have defined
the form factor in dimensional regularisation, the solution to this K + G equation

takes the simple form
N Q? A2
F(Q% €) = exp / ST ) (5.24)
0

with ]:ﬁq(Q2 = 0,¢) = 1 as boundary condition. Since all IR poles in € are contained
in K only and GY is finite, the solution reveals the remarkable structure for the
form factor, namely, at given order a’, all the poles except the single pole in € can
be predicted from knowledge of K7 and GY at previous orders up to a’ . Explicit

results for K and G are presented in [420,421] and also in Appendix-F.1.

Next, we briefly review the structure of the AP kernels in Eq. (5.17) and the associ-
ated splitting functions, controlling their evolution as a function of the factorisation
scale up. We denote space-like (unpolarized and polarized) and time-like kernels col-

lectively by I'.._. and their respective splitting functions by P.. .. In the threshold
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limit only the diagonal splitting functions P.. ., ¢ = ¢, q contribute,

d 1
M%?_lecec(,u%‘a 5) = _Pcec(ﬂi‘a f) ® Ecec(ﬂ%‘a 6) ) (525)
dps 2

where ¢ = 2/,2/. The splitting functions are expanded in powers of a,(u%) as

Poeo(pg) = o0, al(uf)Ps, and we have suppressed any dependence on € in both
I'ei. and P, .. Due to its simple structure the all order solution of Eq. (5.25) takes

the simple form

1 [HF dN?
Ecec(ﬂ%‘a 57 6) = CeXp (5/ VIPC%C()\Qa f)) ) (526)
0
where the symbol C denotes an ordered exponential, appropriately defined through

iterated convolutions with respect to ' or 2/, see [421], for brevity, we write

Coxp (auf (@) = 6(1 = 2) + Tf () + S f @)D f(2) + S f (@) @ f (@) @ () + -

(5.27)

The relevant splitting functions are known to third order in perturbative QCD [120,

233,262-270] and their expansion in the soft and collinear limit reads

2

2 _ A°(p)
P o(pp, &) =2 <(1—

I B(p)d(1 — &) + C(ufp) In(1 =€) + DC(M%)) :

(5.28)

in terms of the cusp and the virtual anomalous dimensions A¢ and B¢ already
encountered in the form factor above. The NSV terms, denoted as C¢, and D¢, are
determined from A€, B¢ and coefficients of the QCD pS-function at lower orders.
There is distinction between space- and time-like kinematics, i.e. C¢ = C'9, D¢ = D4
for space-like and C° = €%, D¢ = DY for time-like splitting functions. Explicit results

are listed in Appendix-F .4.
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The final ingredient in the threshold factorization formulae in Eq. (5.17) is the soft
function (A)SY 7.¢» hereafter denoted by Sq. A differential equation for Sq in dimen-
sional regularisation, organizing its all-order perturbative structure, can be obtained

with Eq. (5.17) and the differential equation for the form factor, see Eq. (5.22).

de%PCInSq(QQ, &) =T (@), (5.29)

where we have suppressed the dependence on 2/, 2 and

d
U5, (@7 6) = @ 50 (CIn(A)Cra(@ o 134 2 )
—In|E,(Q% ¢)26(1 — )8 (1 — z')) . (5.30)

The symbol C represents that each product of 2’ (2') dependent functions in the
expansion of In(A)Cy,, in as is treated as convolution with respect to 2’ (2') see
Eq. (5.27). The fact that Sq is renormalization group invariant with respect to ug
and pp implies that the Q? derivative of (A)Cy,, in the first term in Eq. (5.30) has
to be a function of only @2 and 2, /. This implies that I" s, i independent of g and
pr. Observe that the first term is finite and the second term contains both singular
and finite parts through K] and G via K + G equation of ', see Eq. (5.22). This
means that we can express the kernel I'g 'in Eq. (5.30) as a sum of singular term K
and finite Efl pieces to all orders in perturbation theory, similar to the Q? evolution
equation of the form factor, ie., I's = (Ka(p2, 2, 2') + Go(Q?, 2, 2', 2')) /2. Since
the singular part of the kernel comes from K of the form factor, the term FZ can
depend only on pus and process independent anomalous dimension, A?. The finite
aq(QQ, p2, z) will contain GY from the form factor and the other process dependent

terms from CF (A)Cy -

The fact that the kernel admits the decomposition of singular and finite parts as

it happens for the form factor, implies that the Sq is also factorisable, i.e., we can

136



write

S‘](Q27 ‘1./7 Z/) = Z‘](Q27 /‘1’37 mI? Z/) ® Sq»ﬁn(Q27 /“Lg’ xl? Zl)’ (531)

where S, 5, is IR finite, Z, is IR singular and identify the IR singular Ki =
2dIn Z,/dIn(Q?) and IR finite G5 = 2dInS, sin/dIn(Q?). Since Kg(p2) is inde-
pendent of Q?, we can fix only the In(Q?) terms in Z,. The factorisation of Sq
in terms of Z, and S, 4, at arbitrary scale p, leads to the renormalisation group

equation,

Qqu(Q27 ,LL?)

Hs duQ = WSQ(Q% ﬂi) & Zq(Q27 :ug) )

where we have suppressed any dependence on z’,2" in Z, and s, From our
NNLO results we find that 8, takes the remarkable structure, namely 8, (Q?, 1?) =
&(p2, 2 In(Q?/u?) + &(p?, 2, 2'). This is expected to continue to all orders in
perturbation theory because it results from the IR pole structure of Sq. In other
words, the singular part of S’q, namely, Z, has to contain precisely those IR poles to
cancel against the ones from the form factor and AP kernels leaving (A)Cj,, finite
and this pole structure determines the structure of Vs, Since the poles of the form
factor and AP kernels are controlled by the cusp, virtual and eikonal anomalous

dimensions, g, can be expressed as follows:

2
73q=5(j')5(2’)AQ(M§) In (%) + P;(_q(lus7flyzl)7 (5.32)

S

where

Piea=| = 0@ ) + ()

7 (@) 4

+ <f’ 7,01 C DY+ Dq> , (5.33)

#8000 ) + D)
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and we use the shorthand notation 7’ =1—2/,z2' =1 — 2.

With the boundary Q2 = 0, S,(Q* = 0,2/, 2, €) = 6(1 — 2/)6(1 — 2') to all orders in

as we obtain the solution to Eq. (5.29) as

2
S,(Q% 2, 7€) = Cex ¢ d—)\ZFA (N2, 2,2 €)
q 9 9 9 - p 0 )\2 Sq 9 9 Y

= Cexp (2<I>d,q(Q2,x’,z',e)) . (5.34)

The exponent ®,, can be decomposed into an IR singular part ®,,, and a finite
part @4, ¢, e, Pgy = Pyqs + Pyqr. Using this decomposition, we obtain Z, =
Cexp(2®@4,s) and S, pin = Cexp(2®4, ). The singular part is controlled by 8,
given in Eq. (5.32). A careful inspection of the one- and two-loop results for Sq,
i.e., using the results presented in [171,172], provides hints to its all order structure.
However, before we proceed, we split ®4, into the sum of two parts. The SV part
denoted by CDCSL\; contains only distributions such as §(1 — &) and Dg;, while NSV
part ®Y5V summarizes all terms that are products of distributions and In’(1 — ¢)

with £ = 2/, 2. We find that @3}2 is symmetric under the interchange of ' and 2z’

while ¢§§V is not. Our observations for ®4, read as follows:

e For the SV terms, at order a,, the leading pole in e starts at order two, at

a? it is three and it is expected to increase by one unit at every order in
as. Hence, at order ai, the leading pole in € will be of order i + 1. As we had
already mentioned, this pole structure is completely dictated by pole structure
of In |1UA’,1|2 and the AP kernels. For the NSV terms, we find that at order a, the
leading pole in € is of order one and at two loops, it is two etc. This pattern
indicates that the increment of one unit for the leading poles is expected to

continue with the order of perturbation and hence at order a’, the leading pole

will be of order 7.

e At every order in ag, for a given color factor, the combination of € and the
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leading logarithm shows uniform transcendentality weight. If we assign n,
weight for e and np for Dg, ng, for In"(1 — &) and n¢ for ¢, then the highest
weight at every order in € shows uniform transcendentality w = n.+np+ng +
n¢. For example, in SV, at NLO, we find w = 2 at every order of € and at
NNLO it is three (w = 3) etc. For NSV, w = 1 at NLO and w = 2 at NNLO

at every order in € etc.

The above observations on the fixed order results and the resemblance of Eq. (5.22)
with Eq. (5.29), the similarity in the pole structure of the respective kernels
Egs. (5.23) and (5.30) and the renormalization group invariance reveal an all or-

der structure for ®3V of the form:

@37\; - Zl:di (Q 1= 2/2)(1 - Z/)) 5 S [4(1 — S/E))(l — Z/)QBS,\;7(i)(€)] ’ (5.35)

(i L T=a) (i)
Gy () = - |Ki" (0 + T ()] (5.36)

and for NSV part

o] ] 2 1 — / 1— / Z% '
- (CU=0 )
7 =1 H
ie ANSV, (i) (s 1€ ANSV,(i) /s
X [4<1 _ x/) gpd,z/,q (Z 7€> + 4(1 _ Z/) (pd7xl,q (:C 76)] . (537)

Here S, = exp (£ [yg — In4x]) with v5 being the Euler Mascheroni constant. For
reader’s convenience, we have listed the results of Fz(i) and @3%)\, in the Appendix-

F.2. After substituting them the constants ég}é’(i) (¢) are found to be

R 1 1/
¢3,\;’(1)(€) = 2 (QA?) += (gZJ(E)) ;
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1 1(1 - l =
(753,\; (2)< ) = = ( — 5014({) + 2 <§A3 - 50931,1(@) + Zgg,z(e) ’
1 1 8 1 5e
</5§,\; (3)<€> = 3 (9 gAq> 3 ( B Af — 550143 - gﬁggg,1(€)>

1 (2 1. = 4 1({1=
+€_2 <§A§ - 55193,1(6) — 55093,2(6)> + - <§g3,3(6)) 5

1 1(2 3 c
(bi\; (4)<€> = 3 ( — 53A§> + s (gﬁoﬁv‘l({ + 550214% - 253g§,1(6)>

1(1 1 3 4 — _
= <EM — BAL = DRAY + SBuBi T, (€) + 35392,2<e>)
1(1 1 = 1 = 3 = 1(1-
+€—2 (gAZ - 652g3,1(€) - §B1g372<€) - 55093;;(6)) + E (Z—lg374<e)> .

(5.38)

The cusp anomalous dimensions A} in the above equations carry the right sign to
cancel all the leading singularities against the form factor contributions in CFs. The
¢ dependent terms Gfm originate from |F,|? as well as the CFs (A)Cj4, in Eq. (5.30).
Using renormalization group invariance and demanding the cancellation of single

poles in Eq. (5.38) against the form factor and the AP kernels, we can parameterize

gg,i as,
Gaale) = —f +Xi, + Z dgi, (5.39)
where

_ — ,(1) 1)
Xg,l = OaX32 = 2ﬁ0gd1 7Xd3 = —251gq — 20 ( o +25ogd1 >

Ko = =200 =200 (Gu’ =+ 40000," ) — 260 (007 + 2000057 + 45590
(5.40)
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gi = Cr {8104 } , gi = CF{%@ - i@@} ,
Giy' =C {144<3 821)6C }
3311(21) = Oan{ - ﬁ —C3 + Cz} + CFCA{Q;JL? - —Cs - —C2 4(22} ;
5311(22) = Oan{% - —C3 - —C2 —3(22} - OFCA{ZQT? — 43¢ — 4@@3
-+ Dog+o2a }
?Zlé Can{zll—?;—@@—ﬁ@ 152C2} —C’%nf{%—%gs
Ay 2, 4 400G, %2@} ¥ OFOi{ oL~ 120, — 936
. 536 o 31984617 - 4136 ot 1538 L 1;3?5)2 Cg}
_a CAnf{ 7312??19 - ? ‘" 1283156 ‘o 5;223 ‘o Cz - 1372 LILh }
(5.41)
Here, Cy = N, and Cp = % are the quadratic Casimirs of the adjoint and

fundamental representations of SU(IV,), respectively, while ny denoted the number
of quark flavors. Note, that the constants in Eq. (5.41) are also related to the
threshold exponent D?(ay(¢*(1 — 2)?)) via Eq. (46) of [423].

The results for GZ;’E” for ¢+ = 1,2 have been obtained from the NLO and NNLO
CFs expanded to sufficient order in € [109,171,175]. We find that these results are
identical to the corresponding ones for the rapidity distribution of pairs of leptons
in DY production [272-274,405,424,441,470,496-499], see also [150,404,405], where

a conjecture on the relation between these two processes in the threshold limit had
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been proposed. Assuming that this conjecture holds true beyond NNLO, we have

used gq( ) of the rapidity distribution for the DY process also for SIDIS at N3LO.

The all order result given in Eq. (5.35) is useful to obtain predictions for the SV
part of the CFs order by order as. However, to study the numerical impact of the
all order result, we need to perform a resummation in Mellin space. This can be
achieved by expressing the summations given in Eq. (5.35) in the integral form. The
integral representation for ®3¥ for the DY process is given in [272] and the same

can be used for SIDIS in Eq. (5.35):

Q*z
an @0 = [ [ G000 + o @), |
Iz +

In complete analogy to the SV part, using the renormalization group, the coefficients
¢§§V(> in the NSV solution ¢§,§V, Eq. (5.37) can be expanded as follows, for

€:x72/7

1—
Gacn (€6 = Guei(6,6),

1
¢§§Vq“<£,e>= S (=BuGaea(€.€) + 5 gw(s ),
1 1 =q ! =q
Paeg (Er€) = 3( B5Gaea(&, )+€_2(_§51gd,§,1(§76)_gﬁogd,§,2(£7€))
1
3_gd§3(€7 )7

4 —q -9
Agg (3 )— ( 265G ae1(6,0) + <§30519d,5,1(576)+3ngd,§2(§’e))

1 1 —4 3 —q
—2< 52gd§1 ¢, ) §ﬁlgd7§,2<£7€) - §5ogd,g,3(f,€)>
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1_—
+ 4_693,5,4(5a €). (5.43)

In order to cancel the collinear poles from the AP kernels, the quantities Gg,m(g ,€)

can be further decomposed as
iwrs(@,€) = 2L2) + X000, (2) + D @Gi (@),
j=1

Gioi(2e) = 2L+ XL () + 3 dGhu()
j=1

(5.44)

with LI(2') = C?In(1 — 2') + D? and L(2') = C¢In(1 — 2') + D¢ and
Yo =xt 5.45
Xd,{,z(g) Xd,i (?3’,5])—@222(6)) ( )

where X ; is given in Eq. (5.40). The coefficients C} (C9) and DY(D?) are related to
the cusp A7 and virtual Bf anomalous dimensions in the following way [265,500-502],

see also [503]. For space-like splitting functions one has

C =0, C = (A1), Cf = 24943,
C? =(A9)* + 24749, (5.46)
Di=—Al.  Dj=-A{—Al(~B]+ /).

D3 =— A5 - A (=B; + f1) — A3 (=Bi + b) ,

Dy =~ A AU=Bi+ o) — AY~BY+ B) — AY-BI+ f).  (547)

and for the time-like ones,

~ ~ 2
ci=0,  Cf=—(a1),  Cf=-2414,

Cf = — (43)" — 24745, (5.48)
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Di=—A{, Dj=-Af— AL(B]+B),
Di=— A% — Al (Bi+ B1) — AY(B! + Bo) ,

Df = — Af — AU(Bj + ) — A3(B3 + B1) — A§(B{ + Bo) - (5.49)

The renormalised coefficients ?3({]2 (€) in the above equations are parametrized in

terms of lnk(l —&),k=0,1,--- and all the terms vanishing as £ — 1 are dropped

i+j—1

G Z GO k(1 - ¢). (5.50)

The leading term in In(1 — &) at every order in a, depends on the power of a4, but
also the power of e. The leading power of In(1 — &) can be determined by expanding
the partonic cross sections to high accuracy in € at every order in as;. One can also
use the mass factorised results such as the CFs to determine them. In the former
approach, we have computed the partonic cross section at NLO to an accuracy of
e up to third order and at NNLO to first power in e. We expect that the observed
pattern for those logarithms persists at higher orders and we can extrapolate to all

orders in a, and e by fixing the highest power for In(1—¢) to be i+j—1 in Eq. (5.50).

For a resummation to all orders an integral form for CIDNSV is needed to study its

as a sum of a singular

numerical impact. In order to do this, we decompose Cbggv

part and a finite part. The singular part can be obtained by setting all the terms to

zero in Eq. (5.44) except the first one, 2L¢ and 2L¢. It contains the correct terms that

(I)NSV q)NSV + (I)NSV

will cancel against NSV terms of the AP kernels. We write dg.s da.f>

where the first term is singular as € — 0 and contains only L? as well as L? and the
second one contains the finite remainder. This decomposition facilitates to express

@5V in an integral form as follows:

1 _y Q2 2 d)\2 / 1 1= =/ =/ /
(I)NSV = 55($ ) /2 ﬁLq(aSOP)? Z) + 5 <;Lq(a3(Q2x < )’ < )>
HE +
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1 o 11, d o
—|—§5(x’)gog7z,7f (as(@?7),2") + 5 (56227622%%]@ (as(Q*T'?), z/)>

o) 2 5 ~
)Y d (’;—5) Sield, (2, )+<Lq<—>Lq,x’Hz’>. (5.51)

+

In the above equation, the term containing 905;,)5,3 is singular while the remaining

ones are all finite as € — 0. The fact that (I)ggv is renormalization group invariant

implies that ¢} . (as(p3),&) = Do, d (’;—%) : Sﬁgp&f)gvs(ﬁ, €) satisfies the equations

d
H%d 2 903,95',5(@8(“%)7 IE/) :Lq<a8(:u%‘)7 [IZ'/> )
K

,UFdZQ Sodz s<a5<:uF> 2') :Eq(as(,u%), 2, (5.52)

where

Las(u3), Za Li(ag(p2), ia 2. (5.53)
i=1

Having fixed the divergent part of @2{2\’ completely, we need to understand all order
structure of the finite piece gog% - Using Eq. (5.50), we can expand this functions

in powers of renormalised coupling a,:

i

Phe (@A), =D al(0) Y B mF1—¢), (5.54)
k

=1 =0

where the highest power of In(1—¢) aligns at each order in as with that in Eq. (5.50).

The coefficients @ékg) , can be expressed in terms of their unrenormalised counter part

GYUs in Bq. (5.50) as

—_(k —q,(1,k)
SO‘(Iaf)J = gd§ 1> k= 0, 1
1
—(k q (1,k) —a,(2,k)
Bote = ( ies +BoTach ) k=012
—(k) _ =a,(1,k) 2 =4,(2,k) 2 —4q,(2,k) 4 954,(3,k) B
QDQ,§,3 - gd£3 + gﬂlgd,f,l + gﬁogd@Q + gﬂogd,ﬁ,l , k= O, 17 2, 3
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_ 1k) 2.k
801(112)74 = < Qd( + 52gd51 + Blgdm + 5ogd )+25051gd51

+3GESY 4 og3ga it ) k=0,1,2,3,4 (5.55)

allows us to determine the

The structure of divergent and finite pieces of q)ygv

coeflicients ngﬁ’“’ Since our final result depends on @ékgl we can directly determine
them by comparison with the fixed order results for the CFs, known to NNLO

level [171-173,175,176,184] and they are listed below:

—(0 —(1
SO( )/ 1 - CF{ }, @;7;/’1 - 0,

1108 52 8

620;,2 CrCy ——2843——§2}—0an{——§<2}—012,{8€2}7

{ }+02{ } @ffg,,Q:C,%{AI}, (5.56)
A= Cr{a). B, -

1492 364 8
@gg/2 CFCA ——28C3——<2} CF f{ o7 3<2}—C?7{16C2},

7, = CFCA{l()} - C%{IO} , B, = O%{ - 4} , (5.57)
(k)

(k) . _
g2 are different from @,

= CrCy

qx’2

Note that the constants © , unlike those that appearing

in rapidity distributions of the DY process, see [274].

In this section, we established the master formula for the diagonal coefficient func-
tions and analyzed its constituent building blocks, namely the quark form factor, the
mass-factorization kernels, and the soft function. We reviewed the renormalization
group equations and differential equations governing each of these ingredients, high-
lighting their universal infrared structure. Exploiting these properties together with
the known fixed-order results, we derived the all-order structure of the soft-virtual
(SV) and next-to-soft-virtual (NSV) contributions to the soft function. Furthermore,

we obtained integral representations for both the SV and NSV exponents, which pro-
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vide the foundation for the Mellin-space threshold resummation developed in the

following section.

5.4 All order result

Having established the all-order structure of the constituent building blocks of the
master formula, we now combine them to obtain the all-order expression for the
diagonal coefficient functions. Substituting the integral representations for @2}; in
Eq. (5.42), for @)%Y in Eq. (5.51), the solutions to the form factor in Eq. (5.24) and
the AP kernels in Eq. (5.26) into Eq. (5.17). We find that all the soft and collinear
singularities cancel among themselves leaving SV and NSV parts of the CFs IR

finite.

, (5.58)

e=0

()35 = Coxp (W@ ko' #,6))

where the IR finite expression U? takes a simple form

5(F @7 G2 .
Wi — <§> ( / P (a0),7) + ¢ (aS(Q§>,2’)>
K +

+ i (%{75(1 (as(Q%,),7') + 2L (a4(Q%y),7)

+ Q“’d%Q (Qq (a:(@2),7) + 2070 4 (a:(@3), 7) ) })

450 62) (g (0.03) ) + (o7 & ). (5.59)

+

Here, we use the short-hands 7/ = (1 —2/) and 7/ = (1 - 2), @ = Q* 7 ,Q3 = Q* 7

and Q%, = Q* 7' 7. The subscript + indicates the standard plus distribution. In the
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above equation, P, P4 are related diagonal splitting functions given in Eq. (5.28),

P as,T') = Py y(p?,7) — 2B%(as)0(T),

Pi(as,2) = Pyeq(p3,7) — 2B%(a,)8(2') , (5.60)

and Qf(as,7') = 2Gi(as) + 2 ¢]. ;(as,Z) and similar for 2/. Note that gj, is
process-dependent and receives contributions only from the form factor and finite

parts of ®3Y

The result for (A)C%; NSViin Eq. (5.59) is valid to all orders in a,. The exponent
U? contains universal (process independent) quantities such as the QCD f function
and anomalous dimensions A?, BY, f? etc. and process dependent quantities G, ¢ ef

and ggp. Each of them can be expanded in powers of a,, hence U? is expanded as

VYQA 1) =D a(ud) VS (Q% i iid) . (5.61)

=1
where we have suppressed the dependence on 2/, 2’ in W9 and \Ifg’(i)

The result in Eq. (5.58) is the main result. It sums up towers of SV and NSV terms
to all orders in ag in those CFs, which dominate near threshold. The particular
logarithmic structure of U? given in Eq. (5.59) allows us to predict certain SV and
NSV terms to any order in as, i.e., a? for the diagonal CFs for all n > 1, provided ¥?
is known up to order a!" with n > m. The achievable accuracy of those predictions
for \I/g’(i)s for ¢ = 1,2,3 and for general + = n is summarized in Tabs. 5.1 and

(1)

5.2. For example, if we know only W%’ we can predict the following terms for

(A)CSQC)C, i.e., for the SV part, {6zD2,6-D3} and {DLDL} for i +j = 2 and,
likewise, for the NSV one {63, 0-L2}, and {DL L., DLLL} for i+ j = 2. If,

(2)

in addition, we allow for terms present in W% which depend only on information

about \I/fl’(l), then, because of the renormalization group equations, we can predict,

for the SV part also {6zD2,6>D2} and {DL, DL} for i +j = 1, and for the NSV
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GIVEN

PREDICTIONS FOR SV

Xe)
g

o) ®
g w5

,(n)
wah

(AP,

(AP,

(A)CJ (@@

6785, DL, DE,
DI, 52, D25

Yy i
D26z, DL, 65

J Dk
DI, Dk,
DI,62, DL 65

. .
DI Dk, DY 6. D5y
Jik=2i-2,2i-3
j=2i—-1,2i -2

DI62, DL b

i+ k = 0 ji+k =215 +k = 43
ji’=1,0 i =32 i =54
676z, DL DL, DI, Dk, DI, Dk, DL, 6, DL,5%

D762, DI, by

j+k=2i—-2,.., 2i—4,2i =5
j=2i—1,..,2i —3,2i — 4

j+k =210 j4k =4,321
i ' =3,...,0 i =5,4,3,2
Oz 057, D§ D’g,
" o
DI 620, D6
i+ k=4,..0
i =5,..,0

0z 85, DL, DE,
DI 52, D)o

P e
D., Dk, DL, 6z, DL, 6
JH+k=2i—2,...,.2i—n—2

Table 5.1: Towers of SV Distributions (07, 0z, Dz, Dz) that can be predicted for

(A)CJCC for ¢ = ¢,q given \I/q

,j,k > 0 and dz = 4(1

— ), D%:

[—mj(l_g)} with
+

1-¢
E=a, 7.
GIVEN, SV + PREDICTIONS FOR NSV
(1 ,(2 ,(3 b 2 3 )
vy vy ® vy vy Ol 78 ), O
L7620, L2, 65 DI £ DLLY | DLk, DL k| DLk Dk, L2620, L2, 65
DL Lk, L0650, L1650 | L1065, L3655
DI, rk, itk=2 itk=4
jfk=0 j =3 =5
j’'=1,0
L3020, 2,6 DI,k DL LY | DLLk, DL L, L6z, LL 0
J ok i JHk=2i-22 —372i—4
' j=2i-1,2i -2
L0620, L2, 65 DI, Lk, DIk, L7620, £0)6
DI rk Stk Z2i 2,2 52— 6
D}p/ﬁii j'=2i—1,..,2i—3
TERZ
i'=5,...,0
L2650, L0 65

Dl, Lk, Di, ck,

Table 5.2: Towers of NSV logarithms that can be predicted for (A)CL(]T‘Z,C for c =q,q

given 4™, j k >0 and 6 = §(1

E=2a, 7.

- ),

1
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part {DL,L%.DLLY}. Knowledge on higher-order corrections to the anomalous
dimensions leads to predictions for the SV terms {6zD.,6»DL} for i = 0,1 and
{DY, DY} and for the NSV terms {DY, L%, DY LL,} for i = 0, 1. We elaborate on these

predictions in Appendix-E, where explicit third and fourth order results in a, using

the \Ilg’(i)s at ¢ = 1,2 and together with partial results on \I/Z’(i)s for ¢ > 2.

The all-order expression derived in this section constitutes the central result of the
present work. By combining the universal infrared structure of the quark form
factor, the mass-factorization kernels, and the soft function, we have assembled all
the ingredients entering the master formula, thereby establishing the framework that
systematically resums the threshold-enhanced soft-virtual (SV) and next-to-soft-
virtual (NSV) contributions. Moreover, the predictive structure of the exponent ¥4
enables the determination of higher-order threshold logarithms beyond the currently

available fixed-order calculations.

5.5 Resummation in Mellin space

The formalism for the SV and NSV terms applied in the previous section is useful for
obtaining results in (z/, 2’) space at a given order a?, provided that the exponent U?
is known to order a7, where m = 1,--- ,n—1. It is impractical, though, for studying
the numerical impact at all orders in a,, because it involves iterated convolutions
among distributions as well as among distributions and powers of In(1 — &) terms,
which become difficult to evaluate at higher orders in a,. All-order resummation
of our result in Eq. (5.58) is therefore carried out in Mellin space spanned by two
complex numbers N;, ¢ = 1, 2, taking double Mellin moments with respect to N;,7 =
1,2 of CF given in Eq. (5.58). In Mellin space, the convolution C of the exponential

in Eq. (5.58) becomes an exponential of the double Mellin moment of the exponent
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q -
vy, ie.,

. 1 1
(A)CY :N/ dx’a:'Nl_l/ dz’z'NQ_l(A)quV*NSV(w',z’)
0

J,qq
0

1 1
=exp (N/ dm'm’Nll/ dz'z’NQl\IJZ(x’,z'))
0 0

—exp (G,). (5.62)

where we have suppressed the dependence on the scales Q2 and p2. In Mellin N-
space, N = (N7, Ny), the threshold limits of the (2, 2’) space , namely {2/, 2’} —
{1, 1}, correspond to taking both { Ny, No} — {00, 00} and the limits on N; and N
are applied simultaneously. The symbol N in Eq. (5.62) indicates that we retain
only the (N, Ny) space versions of SV and NSV terms, which are denoted as SV
and NSV, respectively. Recall that, in the large-N limit, the Mellin moments of the

threshold distributions exhibit the following structure,

6(1—-¢) —1,
D —>1ni+1(N)+---+%(lni(NH—---) o) (%) ,
In‘(1—¢) — %<lni(N)+---) +0 (%) : (5.63)

Here, the above relations are schematic and are provided only to demonstrate the
characteristic logarithmic behavior in the large-N limit. Note, SV terms are of
the form In‘(N;)In/(Ny) with 4,5 = 0,---,00. NSV terms, on the other hand,
include corrections of the type 1/N;. They are of the form In’(N;)/NyIn/(Ny) or
In’(Ny) In/(N,) /Ny where 4,5 = 0,--- ,00. All other terms are classified as BNSV.
We use the overline notations to distinguish the N -space approximations for those
directly obtained in (', 2') space, because the inverse Mellin transform of SV terms
in (2/,2") space yields SV terms as well as NSV and BNSV terms. Similarly, the
inverse Mellin transform of NSV terms will produce NSV and BNSV terms in (1, 2/)

space.
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The Mellin moments of Eq. (5.42) contain terms of the type w = a,(u%) 5o In( Ny Ny)
as well as single logarithms w; = a,(u%) B In(N;), where large logarithms In(N;) and
the strong coupling a,(p%) at moderate values combine into an effective expansion
parameter of O(1), spoiling the reliability of perturbative predictions, if truncated
at specific order in a,. A systematic reorganization of the N -space in the exponent
sums all the terms containing w, w; etc using the resummed expression for strong

coupling a, as described in Appendix-E of [179], which was derived using [504].

By rewriting Gfgq = Eflfq + Gé\?q and defining g; , = exp(G q:T) we obtain

(A)CT, = (@ i) ex (G Qi) ) (5.6
We expand these N-independent constants as Jao = > at(un) 9404(Q% pF, uF), s0
i=0

that the resummed result takes the following form,

_ 1
Gag :gdl w)In Ny + Za ( 9d e (w) + EQZ@W))

1
+ N (hdo(w Ny) + Za th w wl,N1)> + (N1 <> No,wy <> wa), (5.65)
=1

where

hg,o(wa Ny) = hg,o,o(w) + hio,l(w) In Ny,
i—1
hg i (w, wi, Np) = Zhdzk w,w;) In® Ny + hd”(w w;) In" N;. (5.66)
k=0

The functions g;; and g3, are derived from @(Si\;, as given in Eq. (5.42), and hj, and

hy ; originate from ®J5V, as given in Eq. (5.51).

For brevity, we refrain from displaying these resummation exponents explicitly here.

Their expressions are collected in the Appendix-H of [179].
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5.6 Physical Evolution Kernel

The ingredients of SIDIS structure functions, CFs as well as the PDFs and FFs are
defined in a factorization scheme, but structure functions themselves, being physical
observables are scheme independent. This inherent scheme independence allows to
derive a scheme-invariant combination of CFs and splitting functions by constructing
a system of differential equations among the structure functions [97,346, 505, 506].
Such physical evolution equations have been employed previously in refs. [507-509]
to obtain certain NSV terms for the CFs of inclusive DIS. With an ansatz based on
the known results for the CFs and the AP kernels from fixed order computations,
predictions for the second and third orders CFs of structure functions in inclusive
DIS were made [509], finding agreement for some of the color factors. A systematic
construction of physical evolution kernels (PEK), relying on the observation about
the logarithmic structure of, namely the single-logarithmic enhancement in In(1 —z)
at large z to all orders, has been performed for the CFs of inclusive DIS, semi-
inclusive ete” annihilation and the DY process in [462] (also see refs. [463,491]).
By conjecturing that this behavior holds true at every order in as, constraints on the
structure of the corresponding leading In(1 — z) terms in the kernel could be derived
and predictions for power suppressed contributions, including NSV logarithms at
higher orders in a4, were obtained, in agreement with known third-order results for

DY and Higgs production [510,511].

Following ref. [462], we have established physical evolution equations for the struc-
ture functions Fj, Fh, and ¢; to analyze the PEK in the SV and NSV limits. In
these limits, we have found that the evolution equations simplify significantly, with
only diagonal splitting functions and diagonal CF's contributing to the PEK. Setting

p3 = @Q? for convenience, we find
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@ (o) = {%(A)Pwms) + 5P qlo)
d(A)Cqq(as)

+ B(as)

dag

® <(A)CJ,qq(a5))_1} ® (91)F

= (A)K; @ (q1)Fy

= Z ai™ (A)Kyy @ (g1)Fy,

(5.67)

where a, = a,(Q?). Note that the kernels K;; in the differential equations contain

scheme-dependent CFs and splitting functions. However, because of the scheme

invariance of the structure functions, the kernels also have to be invariant under

scheme transformations. Since, in the SV + NSV limit, the polarized and unpolar-

ized coefficient functions, as well as the corresponding splitting functions, coincide

for J = 1,2, we suppress the symbol A and J throughout this section.

Using

Eq. (5.5), and expanding the QCD g function and the splitting functions in powers

of a,, we get,

1 1-
Ko = 5P + 5k
K= Spig Lpo_ gew
1—5 1+§ 1_/60(17

1

1 s
Ky = 5P+ 5P — ic{Y = 28CY

2 2
1

2
- BOC(gl)(X)g )
1 1

K3 =

Ky = P} + 5P - 530{51) - 2520(52

2 2

+28,C ®* +38,CP @ V) —

+ Bocq(,l) ®" .

1~
Pi + ipg — BCM —28,C

)+ BCiNe?

) —3B,CY +36,CP @ C + fiCN®?

) =381C) — 4B,V + 4B,C{ @ €V

46oCP @ CM @ +6,CN @* — 1L &P

(5.68)

In the above, we have used short-hand notation Cél) for % and C(gl)®i, for the

Jqq
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(1 — 1)-fold convolution of C(gl) with itself, i.e., C§1)®2 = Cél) ®Cc§1) etc. Following the
approach of ref. [462] and using CFs known to second order [171-173,175,176, 184]

in as, we obtain K; for [ =0,1,2 in N -space, The results are given in Appendix-G.

Some observations from looking at the structure of K; for ,[ =0,1, 2,

e In the SV part of K, the highest power of logarithms /V; is constrained, for

example for the logarithms In’(N;) In?(N,), we find 0 <4+ 5 <1+ 1.

e In the NSV part of K;, the power of highest logarithms is constrained, for
example, for the logarithms N% In‘(Ny) In? (Ny) or NLQ In’(Ny) In? (NV,), we have

the limit on 7,7 as 0 <i+4 5 <.

Thus, also the SIDIS PEK shows a single-logarithmic enhancement, both in (2, 2’)
space as well as in N space, similar to what was observed in ref, [462] in the case of
PEKSs from inclusive cross-sections. If we conjecture that this logarithm structure
persists at every order in ay for K, then we can determine certain SV and NSV
logarithms at a given order [ for Cél) from the knowledge of AP kernels and CF's

from previous order in as, i.e., results for all orders up to a* where k < [.

The validation of the SIDIS PEK predictions against the known second-order CFs
can be readily performed. We use Ky and Kj, i.e., the PEKs known from the
NLO CFs and NLO splitting functions. Then, for SV terms, the maximum sum of
logarithmic powers is (i 4 j)|max = 3 for terms of the form In‘(N;) In? (N5). For NSV
terms, the constraint is (7 + j)|max = 2 for logarithms of the form N% In’(Ny) In? (V)
or 5 In’(N;) In’(N,). By substituting explicit results for P, P¢ and C\" in K> of
Eq. (5.68), and applying the general structure of SV and NSV terms specified in
Eq. (5.8), we impose the condition that all terms with ¢+ j > 3 for SV and i+j > 2
for NSV must vanish. This process yields a set of 13 equations relating the second-
order coefficients Cfgflg? in Eq. (5.8). The solutions to these equations provide the

NNLO coefficients for terms such as dz{D%, £} with i = 3 and {DL,D’,, DL L)}
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with i+7 = 2, along with similar terms where ' <> 2’. We find that these predictions
are in complete agreement with the results obtained from explicit computations

[171-173,175, 176, 184].

Next, by using known NNLO results, we can predict the third and fourth-order
results for CFs, i.e., classes of logarithms for Cég) and Cé4). For SV terms in K3, we
consider logarithms of the form In’(N;)In?(N,) with the constraint (i + j)|max = 4,
and for NSV logarithms N% In*(N;) In? (N,) or N%ln"(]\ﬁ) In’ (N3), the constraint is
(147)|max = 3. By imposing that there are no SV logarithms for i+j > 4 and no NSV
logarithms exist for ¢ + j > 3, we obtain a system of 35 linear equations that relate
the coefficients 05?35,5152. Solving for these coefficients, we can predict 35 different
logarithms at N3LO level. For example, at third order, for the CF Cé3) in (2, 2')-
space, we can predict terms such as 0z {DL, L%} for i = 4,5 and {DL, DL, DL L1}
for i + j = 3,4 and similarly for 2’ <+ z’. We have found that all these predictions

are in complete agreement with those obtained using the resummation approach.

Similarly, we can determine the coefficients of highest logarithms in C(g4) by observing
that the SV logarithms of the form In’(N;) In? (V,) are constrained by (i +5)|max = 5
and for NSV logarithms, N% In‘(Ny) In? (N,) or N%lni(Nl) In? (V,), the constraint is
(14 J)|max = 4. These constraints yield a system of 66 equations, with which we can
predict 47 SV and NSV logarithms in Cé4), namely terms of the form 6z {D., L.}
for i = 6,7 and {D%,D;, D%,L;} for ¢« + j = 5,6, including analogous terms where
x' <> 2. These predictions are also in agreement with the ones obtained via the
resummation approach. However, the remaining 19 equations require information

from C§3) and hence we cannot predict them using this current approach.

Alternatively, the physical evolution kernel can be derived within the resummation

formalism. Using Eq. (5.58), together with the perturbative expansion in Eq. (5.61),
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we obtain

2 \I,q (+1) .
=Q 02 (5.69)

In this section, we analyzed the threshold behavior of the physical evolution kernels
(PEK) for the SIDIS structure functions. Exploiting their logarithmic structure, we
obtained independent predictions for the threshold-enhanced SV and NSV contri-
butions. The agreement of these predictions with those derived from the master
formula provides a non-trivial validation of the all-order resummation framework.
Having established the consistency of the formalism through two independent ap-

proaches, we now proceed to investigate its phenomenological implications.

5.7 Phenomenology

We illustrate the impact of resummed SV and NSV contributions on the structure
functions F; and g; for the EIC at a center-of-mass energy of /s = 140 GeV. In

the following, we perform resummation at various logarithmic accuracies, namely

LL, NLL and NNLL, where the bar denotes the inclusion of both SV and NSV log-
arithms. As shown in the first row of Tab. 5.3, the resummed result at LL accuracy
requires the resummed exponents {§; ¢, 941, 940> Pgo}- They systematically resum
SV logarithms of the form {In’ NyIn’ N5} (where i + j = 2n) and NSV logarithms
like {IHJZV% In’ Ny, 1“;\,% In’ N;} (where i + j = 2n — 1) at nth order in a, i.e., a” for

all n > 1:

— 5 1
(I, = (dhao) exp g ) Vi - (T () ) + (8 0 o)

(5.70)
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Similarly, for the resummed result at NLL accuracy, as detailed in the second row
of Tab. 5.3, we require the additional resummation exponents {gg 1,952, 941, g1 }
alongside the LL exponents. This suffices to sum up the next-to-leading SV loga-
rithms and next-to-highest NSV logarithms to all orders. Specifically, this includes
SV logarithms of the form {In’ Ny In/ Ny} (where i +j = {2n —1,2n — 2}) and NSV

logarithms of the form {lnjlv% In’ N,, % In’ N, } (where i +j = 2n — 2 with n > 2),

ie.,
1
NLL _ ( =q ~q q 1 g
(A)C) gu —(gd,o,o T s 9d,o,1> exp [gd,l(w) In N1+ 5 64(w)
+i gl o(w) +as g (w) + hl (w, Ny) + as b (w,wi, Ny)
N, 9d,0 s 941 d,0\%5 4V1 s 1vqg 1\, W1, 4V1
+ (Nl e Ng,wl Ad WQ):| . (571)
GIVEN PREDICTIONS - SV and NSV Logarithms Logarithmic
Accuracy
(2) (3) (4) (n)
Resummed (A)Cvquqﬁ (A)CJ,qu (A)CJJ”‘N ... (A)CJ,qq,z\?
Exponents
Up To
94,000 9410 LiL%\g‘Hﬂ LiLditj=s LiLé|:i+j:8 L§L§|g+jzzn LL
-‘73-,0’ hg,o L?\h Lé litj=3 Ly, L’§|i+j:5 Ly, L’é|i+y‘:7 Ly, ‘L;Q\,;Jr_,:z,,,,l
LiL?V‘Z"H:‘% LllLéVzli+v’i:5 UIL';\ble:? LllL'f\*z‘iJr_/:zn,ﬂ
90,1 9.2 LiL;‘fH:ﬁﬁA LiL]z|1i+j:8-7~6 L}Léll"+]72n ..... 2n—2 NLL
Gi1ohia L}:\,] L|itj=s Lff\rl Llivj=r6 L’{Vl L%\z’ﬂ:‘m—mn—z
LiLy,livi=sa LiLY, livs=r.6 LiL, li+j=2n—1,2n0-2
9020943 LiL}itj=s....a LiL}itjm2n,...2n0-4 NNLL
G40 hd 5 L?VLL-;|«:+]’:7,...,5 L}Vl ‘L-;\,-,ﬂ:%,_ly__‘%_fs
LiLyg, lij=1,..5 LiLy, litj=2n—1,...2n3

Table 5.3: The set of resummed exponents required to predict the tower of NSV

. . n i i i In*(N j i j In? (N
logarithm in CS,;q,N’ L =1In"(Ny), Ly, = %’ L} =/ (N,), Ly, = 1322)‘

According to the third row of Tab. 5.3, we include the resummation exponents
{93,025 943> Gi2> g} alongside the LL and NLL terms to achieve NNLL accuracy.
This set resums SV logarithms of the form {In’ Ny In? Ny} (where i + j = {2n —

3,2n — 4}) and NSV logarithms of the form {0 In Ny, 22 Ind Ny} with i + j =
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2n —3,n > 3.

(A)Cinq%]% = (9370,0 + as LZJg’O’l + a2 f]gl,o,z) exp {gg’l(w) In NV,
1 1 _ _
b5 () 4 00 ) + - () + 0 7y )+ 2 Ta(0)
+ h?l,o(val) + as h§,1(W7W17N1) + af, hg,z(W>W17N1)>

+ (Nl < Ng,wl <~ (,UQ):| . (572)
The resummed results are matched to the respective fixed-order results as follows:

(g0) Py MO = () FSH

/cl+ioo le co+i00 dNQ
+ JE— JE—

211
) . (5.73)
trn

The first term in Eq. (5.73) represents the fixed-order contributions up to N"LO

ce 1—1100 C2—100

J,cc,ﬁ B

‘ ((A)CN“LL (A, 5

accuracy. The second term corresponds to the resummed result at N"LL accuracy.
This term is derived by subtracting its fixed-order expansion, truncated up to or-
der a?, from the full resummed result, which precisely avoids double-counting of

threshold logarithms. Therefore, the latter encapsulates the all-order SV and NSV

n+1

ot onward. The

resummed contributions in perturbation theory starting from a
subscript ‘tr™ denotes the n'P-order ‘truncated’ part of the resummed result which
is already contained in the fixed-order expressions. The CFs required for (g;)F}Y ©

in the first term are known up to NNLO [109,171-173,175,176, 184].

For the unpolarized structure function (F7), we have employed the ABMP16 PDF
sets [39] and NNFF10PIp FF sets [64] at their respective orders, except for the LO
where we use NLO PDF set. For the polarized structure function (g;), we have

used the polarized BDSSV24NLO PDF's at LL and NLL accuracies, and BDSSV24NNLO
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PDFs at NNLL accuracy. The strong coupling a, is taken as provided through the
LHAPDF interface [51] with ny = 3 active massless quark flavors throughout. We have
used an in-house FORTRAN code to perform the double Mellin inversion for the re-
summed contributions, and we have adopted the so-called minimal prescription [512]
to handle the Landau pole in the Mellin inversion routines. The parton densities
in N -space are obtained from their xz-space counterparts following the procedure

described in Appendix-B of [513].

In Figs. 5.1 and 5.2, we present the structure functions F; and g; for the EIC at
/s = 140 GeV center-of-mass energy as a function of z after integrating over the
kinematic ranges y € [0.5,0.9] and z € [0.2,0.85]. The displayed curves correspond
to fixed-order QCD predictions up to NNLO accuracy and the resummed cross
sections to NNLO+NNLL accuracy. The associated bands indicates the variation of
the p3 and p7 scales independently by a factor of two, i.e. p%, up € [Q%,/2,2Q%,,]

with the constraint 1/2 < p%/p% < 2 in the so-called seven-point scale variation,

2 _
where Q},, = TYavgS-
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Figure 5.1: Seven-point scale variation of the structure function Fj as a function of
z (log-scale) for the EIC at /s = 140 GeV.
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Figure 5.2: Seven-point scale variation of structure function g; as a function z(log-
scale) for the EIC at /s = 140 GeV.
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Figure 5.3: Seven-point scale variation of the structure function Fj as a function of
z (log-scale) for the EIC at /s = 140 GeV.

Figs. 5.3 and 5.4 display again F; and g¢; for the EIC at /s = 140 GeV, now

as a function of z after integrating over the kinematic ranges = € [0.1,0.8] and
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y € [0.5,0.9], and again showing predictions both at fixed-order NNLO and at
NNLO+NNLL accuracies. The corresponding bands illustrate the uncertainty from
a seven-point scale variation, where p% and p% are independently varied by a factor

of two, i.e. %, up € [Qa,/2,2Q%,,], where Q%) = Tavglavgs-

avg avg

— 10 — 10 0.007 — 10
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Figure 5.4: Seven-point scale variation of structure function g; for z(log-scale) for

the EIC at /s = 140 GeV.

Figs. 5.1 and 5.3 (5.2 and 5.4) demonstrate an increase of the cross-sections that
incorporate the SV4+NSV resummed results together with the fixed-order predictions
as the logarithmic accuracy improves. In addition, we find that the uncertainty band,
obtained from variations of the renormalization and factorization scales, shrinks
considerably from LO+LL to NNLO+NNLL accuracy. This improvement in scale
independence is more significant in the large-z or large-z regions e.g. x > 0.7 or

z > 0.7, due to dominance of the threshold resummation.

The impact of resummation on F} and g; is illustrated for three distinct values of z
(2={0.7, 0.8, 0.9}) in Fig. 5.5 respectively, when compare to the fixed perturbative
QCD predictions and keeping all other parameters consistent with those in Fig. 5.3

e.g. « and y have been integrated over the kinematic ranges z € [0.1,0.8] and
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Figure 5.5: Various perturbative contributions to F; (upper) and g; (lower) at dif-
ferent z values for the EIC at /s = 140 GeV.

y € [0.5,0.9]. In all these plots Fig. 5.5, the vertical lines represent a seven-point
p%, u% scale variation. Note, that there is a significant scale dependence in the
LO+LL predictions in Fig. 5.5, which arises because the LO contribution inherently
lacks renormalization scale dependence. It then introduced solely by the LL terms
without counteracting contributions. These plots clearly demonstrate how, in the
large x and/or large z regions, the contribution of resummed terms is significant.
Furthermore, they illustrate, how resummed predictions substantially reduce the

theoretical uncertainties arising from the choice of pug and pp.

Finally, in Tabs. 5.4 and 5.5, we present the explicit results for F; at a few values

2

of z and z after integrating y and z or z, respectively, and setting p% = u% = ave

as was done for the Figs. 5.1 and 5.3. A similar table can be constructed for the

polarized case; however, we omit it for brevity.
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"
x N ___ [E—
LO NLO NNLO LO+LL NLO+NLL NNLO+4NNLL
+5.971% +1.237% +0.570% +6.393% +0.715% +0.475%
0.15 0‘5044—2.389% 0'3980—1.557% 0'3526—0.;00% 0'5518—5.740% 0'4077—0.932% 0‘3541—0.357%
+7.160% +1.758% +0.719% +7.698% +0.919% +0.484%
0.25 0.216817 150% 0.17511} 7o8% 0.156910749% 0.243317 C08% 0.180719915% 0.157910382%
045 | 00426 03T | 003683 | 0033t | 0.0sishGY | 00305t R | 003t
0.6 0 0094+10,991% 0 0087+4,157% 0 0077+1.738% 0 0125+12.509% 0 0098+1.269% 0 0082+0'123%
. N —9.400% . —4.360% N —2.044% - —10.521% . —1.740% N —0.347%
+13.053% +5.773% +2.618% +15.374% +1.604% +0.349%
0.75 0.0012173:058% | 0.001215773% 0.001012515% 0.0017H15:375% 1 0.001415500% 0.001115389%

Table 5.4: Values of resummed structure function Fj at various orders in comparison

to the fixed order results at the central scale pu% = p% =

text for integration ranges of y, z).

avg

2 as function of z (see

8.889%

—5.220%

2.980%

—9.656%

F
° Lo NLO NNLO LO+IL NLO+NLL NNLO+NNLL
015 | LaTetha | Loos O | Lowxat | Laem i | Looos 0 | Logs0rtny
0.25 0.4817+3-522% 0.390971-479% 0.3476+0-609% 0.5286+6-257% 0.402070-759% 0.3507F0-270%
045 | o0se TR | 00m0 it | oortet | oosor it | oossst | 0omrba
06 | 0025158 | 0025193 | 0020730 | 0.0209°95% | 0.0275° L9 | 0,025 0%
0.75 | 0.0070F 0285 | 0.006933555% | 0.00697355% || 0.00875%2057 | 0.007973355% | 0.0073195T%

2.828%

1.093%

Table 5.5: Values of resummed structure function Fj at various orders in comparison

to the fixed order results at the central scale pu% = p2 =

text for integration ranges of x, y).
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5.8 Summary

In this chapter, we have developed a threshold-resummation framework for semi-
inclusive deep-inelastic scattering (SIDIS), enabling the systematic all-order resum-
mation of threshold-enhanced soft-virtual (SV) and next-to-soft-virtual (NSV) loga-
rithms. Such logarithms appear in fixed-order perturbative predictions and must be
resummed to obtain reliable theoretical predictions in the relevant kinematic region.
The threshold region in SIDIS is characterized by the scaling variables =’ and 2’
tend to unity. In this limit, the fixed-order perturbative predictions of the CFs are
then dominated by the plus and delta function distributions (SV terms) as well as
log’ (1—2") or log? (1—2") (NSV terms) with j = 0, 1,2, ---. This is a situation similar
to the case of rapidity distributions in the Drell-Yan process. Based on the insights
there, we have developed a formalism, using collinear factorisation and renormali-
sation group equations, to achieve the resummation of these threshold logarithms
(SV as well as NSV) both in (2, 2’) space as well as in the space of the conjugate
Mellin variables N = (N7, N3). In Mellin space, these threshold logarithms show
up as In’(Ny) In? (Ny) for SV as well as In‘(N;) In? (Ny) /Ny, In*(Ny) In? (N,) /N, where

{i,j} =0,1,2,--- and they can be systematically resummed to all orders in a.

The compact expressions for the resummed results encapsulate both SV and NSV
logarithms in N -space and allow for phenomenological studies with EIC kinemat-
ics. Upon expansion in a, the resummed result generates predictions for the full
SV and partial NSV terms for the CFs (A)CS?;&SV, (A)CS?’;&NSV third order in (2/, 2’)
space. At fourth order, using the recently obtained results for four-loop quark vir-
tual and eikonal anomalous dimensions B{ and fj], we have predicted all SV terms
in (A)Cfgfv except the coeflicient of d05 The derivation of the NSV terms has
been corroborated by an independent approach that uses PEKs for the structure

functions, and we have confirmed our predictions both at third and fourth order.

Finally, we have demonstrated the numerical importance of the resummed thresh-
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old logarithms for structure functions F} and ¢g; at EIC energies. We have shown,
that at each logarithmic order the resummed contributions are larger than the cor-
responding fixed order ones. Moreover, including these logarithms to all orders
through resummation reduces the dependence on the renormalisation and factori-
sation scales and hence improves the reliability of our predictions. These results
demonstrate the importance of threshold resummation for achieving precision QCD

predictions for SIDIS at the EIC.
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Chapter 6

Neutral and Charged Current
SIDIS

Electroweak interactions provide an additional avenue for probing the partonic struc-
ture of hadrons beyond purely electromagnetic scattering. With the increasing kine-
matic reach and precision of modern lepton-hadron scattering experiments, particu-
larly at the forthcoming Electron-Ion Collider, the inclusion of neutral-current (NC)
and charged-current (CC) interactions becomes essential for precision studies of
semi-inclusive deep-inelastic scattering (SIDIS). These processes offer complemen-
tary sensitivity to the flavor and spin structure of the nucleon. Building upon the
SIDIS formalism developed in the previous chapters, this chapter presents the com-
plete NNLO QCD coefficient functions for polarized and unpolarized SIDIS with
both NC and CC electroweak interactions. We also examine the correspondence be-
tween coefficient functions associated with different electroweak currents, providing
important consistency checks of the calculation, and investigate the phenomenolog-

ical impact of the NNLO corrections for kinematics relevant to the EIC.
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6.1 Introduction

Semi-inclusive deep inelastic scattering (SIDIS) serves as a key process for investigat-
ing the partonic structure of hadrons, the dynamics of quarks and gluons and simul-
taneously providing insight into the fragmentation mechanisms that produce the ob-
served final-state hadrons. Within the framework of QCD factorization, these non-
perturbative aspects are described through parton distribution functions (PDF's),
which describe the partonic content of hadrons, and fragmentation functions (FFs),

which characterize the formation of hadrons from partons [123,144,145].

The discussion in the previous chapters focused primarily on electromagnetic inter-
actions mediated by a virtual photon exchange. However, the broad kinematic range
and unprecedented precision along with high luminosity of the of the forthcoming
Electron-Ion Collider (EIC) will enable studies in a regime where electroweak effects
become increasingly important [145], see also [514-516]. At sufficiently large momen-
tum transfer, neutral-current (NC) processes receive contributions from both photon
and Z-boson exchange, together with their interference, while charged-current (CC)
processes proceed through the exchange of W+ bosons. These interactions enrich
the structure of the SIDIS cross section through additional couplings and struc-
ture functions (SFs), providing sensitivity to the chiral and flavor structure of the

nucleon.

The inclusion of NC and CC interactions significantly broadens the physics pro-
gram of SIDIS. In particular, electroweak interactions offer opportunities to dis-
entangle individual quark and antiquark flavor contributions, allowing a more
precise determination of flavor-separated parton distributions, helicity distribu-
tions, and parity-violating asymmetries that are inaccessible in purely electro-
magnetic scattering. Consequently, the combined analysis of electromagnetic,
neutral-current, and charged-current SIDIS measurements offers substantially im-

proved constraints on parton distribution and fragmentation functions and pro-
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vides a more comprehensive understanding of the flavor and spin structure of

hadrons [39-43,62,65,68,69,77,79,139-143,170, 187].

In this chapter, we extend the SIDIS formalism developed in the previous chap-
ters to include both neutral-current and charged-current interactions. We derive
the corresponding electroweak structure functions and the complete NNLO QCD
coefficient functions for polarized and unpolarized scattering, thereby providing the

theoretical ingredients required for precision phenomenological studies.

We first describe the methodology and present the computation of the NNLO coef-
ficient functions. This is followed by a discussion of the various checks and compar-
isons performed to validate the calculation, including the correspondence between
coefficient functions associated with different electroweak currents. Finally, we inves-
tigate the phenomenological impact of the NNLO corrections for kinematics relevant

to the Electron-Ion Collider.

6.2 Methodology

The general theoretical framework of SIDIS, including the QCD factorization formal-
ism, the definition of the hadronic structure functions, and their decomposition in
terms of perturbatively calculable coefficient functions, was presented in Chapter 2.
Subsequently, Chapter 3 developed the computational framework for the calcula-
tion of the next-to-next-to-leading-order QCD coefficient functions associated with
the polarized electromagnetic structure function g;. In the present chapter, the
same theoretical formalism and computational setup are employed and extended to
neutral-current and charged-current interactions, leading to a unified treatment of

the complete polarized and unpolarized electroweak SIDIS coefficient functions.

Within the QCD factorization framework, the hadronic structure functions are ex-

pressed as convolutions of perturbatively calculable coefficient functions (CFs) with
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universal parton distribution functions (PDFs) and fragmentation functions (FFs),

d d
(A)F (z,2,Q%) Z/ Il JZ/H(%MF)/ %DH’/b(Zl )

< (A)C, (ﬁ, i,u%,cf) | (6.1)

T =

where (A)f,/n and Dy, denote the (polarized) parton distribution and fragmen-
tation functions, respectively, while (A)Cf . are the perturbatively calculable coef-

ficient functions describing the short-distance partonic dynamics.

The present calculation builds upon the computational framework developed in
Chapter 3. The procedure involves the generation of Feynman diagrams, the al-
gebraic simplification of amplitudes through Dirac algebra, Lorentz contractions,
and color-factor decomposition, the reduction of loop and phase-space integrals to
a basis of master integrals (MIs), and the subsequent substitution of the MIs in
the squared amplitudes. The extension to neutral- and charged-current interactions
introduces several new features compared to the electromagnetic case. In partic-
ular, in the electromagnetic calculation Dirac matrix v° appears only through the
helicity projectors of polarized external fermions but in electroweak interactions
introduce additional axial-vector couplings that generate 7° contributions at the
interaction vertices. As a result, a consistent treatment of +° within dimensional
regularization, together with the associated renormalization factors, becomes essen-
tial. Furthermore, the interplay of vector and axial-vector couplings gives rise to a
richer structure of coefficient functions and structure functions, leading to a broader

class of electroweak observables.

At the partonic level, these contributions appear in the matrix element squared

| Map|? .., see Eq. (2.28), where the 75 matrix arises due to the axial-vector coupling

T2
as well as from spin dependent (anit-)quark states. In addition, we encounter Levi-

Civita tensor from polarization of gluons and also from the projectors in Eq. (2.29).
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Since both the 5 matrix and the Levi-Civita tensor are intrinsically four-dimensional
objects, a prescription is required to define them in d = 4 4 € dimensions. Several
such prescriptions have been proposed [23,209-221], see also [222-231,517], however,
none is known to preserve the chiral Ward identity automatically. In this work,
for the axial-vector coupling, we employ Larin’s prescription [211] to define 5 in
d=4+c¢,

/l: v_.o
YuVs = 6 E€uvar Y 'Y)\- (62)

and to project out the polarization of initial quarks we use, (see [185,518,519]),

EWUA’Y“’VVPZQ)\]% . (63)

a5 =
]b ’ 2pa'q

With the above identities, we have encountered a maximum of four Levi-Civita

tensors which need to be contracted in a particular order see [185,221,228]:

e Those coming from the projector and the polarized parton are contracted first.
e Then we contract the tensors arising from the axial-vector couplings.

e Finally, the remaining Levi-Civita tensors (from polarized partons and the

vertex) are contracted.

The contraction is expressed in terms of a determinant containing metric tensors
defined in d dimensions, see Eq. (3.16). The results obtained in Larin’s scheme are
transformed to the standard MS scheme through a renormalization scheme trans-
formation. The associated renormalization constants [220, 232, 233] used for this
scheme transformation restore the Ward identity and ensure that the final coeffi-

cient functions are defined in the MS scheme.

The ultraviolet (UV) divergences arising from the loop corrections are removed

through the standard renormalization of the strong coupling constant in the MS
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scheme. In addition, since Eq. (6.2) is employed to define the 75 matrix at the
axial-vector interaction vertices, an additional overall renormalization is required.
This is achieved by multiplying the renormalized amplitudes with the corresponding
MS scheme counter renormalization factor Zas = ZaZs [211,275] to each vertex
involving s, before performing mass factorization. Expanding Z 5 in powers of ag

as Zas =1+ 3, _, ab(u2) Z), where

11 1
Zl(qlg)) = CF (_4 + 5e — 62 (5 — §<2)> s

@) 44 107 8 2
ZA5—C}2;(22)—CACF (§+T —i—Can §+§ . (6.4)

Following UV renormalization, the soft singularities originating from virtual
and real-emission subprocesses cancel among themselves in accordance with the
Kinoshita-Lee-Nauenberg theorem. The remaining collinear singularities associated
with the initial- and final-state partons are removed through mass factorization by
absorbing them into the PDFs and FFs via the space-like and time-like Altarelli-
Parisi kernels, respectively. This procedure is performed at the factorization scale

pr and is expressed as
d(A)6] (€) =(A)Teale, 1) @ (A)C] g, 1) @Lpeale, 1) (6.5)

where summation over the intermediate parton indices ¢ and d is implied. The
symbols ® and & denote convolutions over the momentum fractions associated with

the PDFs and FFs, respectively, see Eq. (3.22).

For the unpolarized SFs, Eq. (6.5) yields the CFs in the MS and the counter terms
in Eq. (6.4) completely remove the scheme dependence from Larin’s prescription. In
the case of polarized SF's, these counter terms remove the scheme dependence from
the v5 matrices that are present in the vertices. The treatment of the v5 matrix that

enters through the polarization of incoming partons requires an additional finite
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renormalization to obtain the CFs in MS scheme. This is done in two steps. We
first perform mass factorization for the polarized CFs using the space-like polarized
AP kernels computed in Larin’s scheme and then perform a suitable scheme trans-
formations to convert these Larin scheme CFs to MS ones. Following the procedure
discussed in Chapter 3, the finite renormalization constants Z,, [220,232,233] are
used to transform the CFs, defined in the Larin scheme, denoted by ACfab to those

in the MS scheme, AC; qp, according to

ACap(17) = (Z71(uF)),, ® ACT 4 (13) - (6.6)

where summation over the intermediate parton index d is implied. The explicit

expressions for the finite renormalization constants are presented in Egs. (3.32)-

(3.35).

After obtaining the polarized and unpolarized coefficient functions, they are sub-
stituted into Eq. (6.1) to construct the corresponding hadronic structure functions.
The resulting coefficient functions satisfy several non-trivial relations, whose ori-
gin can be understood by comparing the underlying electroweak interactions. Such

comparisons also provide important consistency checks of the present calculation.

6.3 Comparison of the Coefficient Functions

The NNLO coefficient functions presented in the previous chapters involve both
vector and axial-vector couplings of the electroweak gauge bosons. Owing to the
presence of the axial-vector current, the treatment of +5 in dimensional regulariza-
tion plays an important role in establishing the relation between different coefficient
functions. In this section, we compare the coefficient functions obtained for different
electroweak interactions and identify the diagram responsible for their differences.

Throughout this comparison, we consider an even number of massless quark flavors;
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hence, all quark triangle diagrams vanish identically and do not contribute. Fur-
thermore, the overall electroweak coupling factors are omitted from the coefficient

functions to facilitate a direct comparison.

The comparison is carried out in two stages. We first compare the coefficient func-
tions for the unpolarized structure functions obtained from photon and Z-boson
exchange, namely C;]” and C#Z for i = 1,2. This comparison is performed at the
level of the finite coefficient functions after ultraviolet renormalization and mass
factorization, and illustrates how the presence of two 75 matrices at the electroweak
vertices of the squared amplitude in the ZZ case affects the final result. Although
the discussion is presented for the unpolarized coefficient functions, the same con-

clusions apply to the corresponding polarized coefficient functions.

We next compare the coefficient functions contributing to the parity-violating struc-
ture function F3 with those contributing to the polarized structure function g,
namely CZZ and AC]” respectively. In this case, the 5 matrix originates from dif-
ferent parts of the amplitude, for CZ7 it is associated with the axial-vector coupling
of the exchanged electroweak boson, whereas for AC{” it arises from the polarized
projector of the incoming quark (or antiquark). Whenever the 5 matrix can be
anti-commuted along the fermion line using the naive anti-commutation relation,
the corresponding contributions to CZ# and AC]” can be mapped onto each other.
At NNLO, the comparison also requires excluding the mass-factorization terms as-
sociated with the diagram for which such an anti-commutation is not possible. With

these contributions removed, the remaining coefficient functions are found to agree.

In both comparisons, the differences between the corresponding coefficient functions
arise from NNLO diagram in which the ~; matrices cannot be related by the naive
anticommutation procedure. A common feature of these differences is that they are
all proportional to the color factor CrTr. We begin by comparing the coefficient

functions for photon and Z-boson exchange contributing to the unpolarized structure
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functions.

Y
- - - - -
Y

P

Figure 6.1: Representative diagrams illustrating the naive anti-commutation of the
~vs matrix (marked by x) through the fermion line. The fragmenting parton is
indicated by a dot.

6.3.1 Comparison of C;” and C#?

For the axial-vector contribution, the squared amplitudes contain two 5 matrices.
Whenever these matrices belong to the same fermion trace, they can be brought

together by repeatedly using the naive anti-commutation relation,

{551 =0, (6.7)

after which the identity (75)? = 1 can be applied. Consequently, these contributions
become identical to the corresponding vector-current coefficient functions. At NLO,
after including the finite renormalization factor Z 45, the coefficient functions C;” and

CZZ

i

are identical for all partonic channels. At NNLO, the coefficient functions also

remain identical for channels with a gluon in the initial and/or fragmenting state.
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Therefore, in the following we restrict the discussion to quark-initiated channels.

At NNLO, for channels with a quark pair in the final state, see Figure 3.8, this
correspondence holds diagram by diagram for all real-emission topologies of types
A, B, C, and D, together with all interference contributions except the BD and
AC interference diagrams. Figure 6.1 illustrates this property: for the first three
diagrams, the two 75 insertions (marked by x) can be moved to the same position
along the fermion chain by repeated use of the naive anti-commutation relation. This
is, however, not possible for the last diagram, where the two 5 matrices belong
to different fermion traces. In contrast, for the double-virtual (VV), real-virtual
(RV), and double real-gluon-emission contributions, the correspondence between
the vector- and axial-vector parts does not hold diagram by diagram. Instead, the
agreement is recovered only after summing all these contributions and including the
axial-current renormalization factor Z,5. Furthermore, the coefficient functions are
identical for channels with a gluon in the initial and /or fragmenting state. Therefore,

only quark-initiated channels are discussed below.

As a consequence, the non-singlet coefficient function Cf qi’@) differs from CZ ;}(2) only
through the BD interference diagrams. In these diagrams, the two 5 matrices belong
to different fermion traces and therefore cannot be brought together using the naive

anti-commutation relation, leading to a genuine difference between the vector and

axial-vector coeflficient functions.

An analogous situation occurs in the gg channel, where the unmatched contributions
again arise from diagram topologies in which the two 5 matrices belong to different
fermion traces. Likewise, in the flavor-changing ¢q¢’ channel, the difference between
C7Z, and C]’ , originates solely from the AC interference diagrams, for which the

same argument applies.

Therefore, after ultraviolet renormalization, mass factorization, and the inclusion of

the renormalization factor Z 45, the only differences between the vector and axial-
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vector coefficient functions arise in quark-initiated channels from NNLO diagram in

which the two 75 matrices cannot be brought together into the same fermion trace.

6.3.2 Comparison between CZZ and AC]”

The correspondence between CZZ and AC]” is examined similarly to the previous
comparison, with the analysis carried out separately for the qq, ¢, and ¢¢' chan-
nels. Since the 5 matrix in AC{” originates from the spin-dependent (polarized)
projector of the incoming quark (or antiquark), such a comparison is restricted to
quark-initiated processes. No analogous comparison can be made for gluon-initiated
channels because the polarized gluon projector does not contain 5. The compari-
son relies on anti-commuting the 75 matrix from the polarized projector along the
fermion line to the electroweak interaction vertex using the naive commutation rela-
tion. Figure 6.2 illustrates this procedure. In the first two representative diagrams
in a row, the ~; originating from the polarized external quark can be moved along
the same fermion chain to the virtual gauge-boson vertex by repeated use of the
naive anticommutation relation. Consequently, the resulting Dirac structures be-
come identical to those of the corresponding axial-vector contribution in the ZZ

channel, establishing the correspondence between the two coefficient functions.

In contrast, for channels with a fragmenting gluon, the correspondence holds and,
after including the appropriate finite renormalization at NLO, the coefficient func-
tions are found to agree. In contrast, for channels with a fragmenting gluon and the

NLO coefficient functions agree after including the appropriate renormalization.

At NNLO, besides identifying the diagram for which the v5 matrix cannot be anti-
commuted to the electroweak vertex, it is also necessary to exclude the corresponding
mass-factorization contributions. For the remaining contributions, the correspon-

dence between CZ# and AC]” is recovered only after combining the VV, RV, and
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double real-gluon-emission contributions and including the renormalization factors

ZA5 and Zab-

e

Figure 6.2: Representative diagrams illustrating that the 75 originating from the
polarized external quark (marked by X) can be brought to the interaction vertex
by repeated application of the naive anti-commutation relation. The fragmenting
parton is indicated by a filled dot.

For the gq channel, the comparison holds for all contributions except the D? and
BD diagrams, including their associated mass factorization terms, for which the 5
matrix cannot be anti-commuted to the electroweak vertex along the fermion line.
Consequently, the naive correspondence between the two coefficient functions does
not hold for these contributions. After removing these contributions and including
the corresponding renormalization factors Z 45 and Z-factor, the remaining parts of

the two coefficient functions are in agreement.

In the ¢g channel, the unmatched contributions arise from D? and BD together
with the corresponding mass-factorization terms. These are of the same type as
in ¢gq channel. Similarly, in the flavor-changing ¢¢’ channel, the only unmatched
contribution originates from the AC interference diagrams and its associated mass-

factorization term, with the same origin as in the previous channels. After excluding
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these contributions and including the renormalization factors, the corresponding CF's

agree.

This completes the comparison of the NNLO coefficient functions across the different
electroweak channels, providing a non-trivial check of our results and confirm the

treatment of 75 in dimensional regularization.

Checks: We have further performed several additional checks to validate our re-
sults. At NLO, our findings are in complete agreement with [74,129]. In the soft
plus virtual (SV) limit, where double-distribution terms alone contribute, the contri-
butions of the ¢q, g channel for NC and ub, bu channel for CC survive and they are
found to be identical. Recently, NNLO QCD predictions for both NC and CC pro-
cesses have been published [183,184]. We find complete analytical agreement for all
terms containing distributions for all the channels and numerical agreement for the
regular parts. Furthermore, all coefficient functions have been expressed in terms of
single-valued polylogarithms. This allows to perform numerical computation over

the entire kinematic range of 2’ and 2.

We now turn to the phenomenological implications of these findings.

6.4 Phenomenology

In this section, we investigate the numerical impact of the newly computed unpolar-
ized NNLO coefficient functions on the neutral-current and charged-current SIDIS
structure functions for different values of the scaling variables x and z. The structure
functions are evaluated as convolutions of the perturbatively calculable coefficient

functions with the corresponding PDFs and FFs. and expand the structure functions
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in powers of the strong coupling constant as, (here setting u% = p% = Q?)
_ ki, 2 JT_'J"(k) 2 6.8
_ZG’S<IMR) i (1R) - (6.8)
k=0

In case of v exchange, the SFs F;” ;i = 1,2 up to a? read

0
FO Ze Hoy&C ), (6.9)
]-77,(1) _ Z ( q®C, " )¢ Hg®O, " )+ H q®(}] o > , (6.10)
]—“?%(2) — Zeg qu®C]71q 54 Zegk( qq®C']Zq C?Zg )
q 4,4k
2) 2) (2)
+ 3 b HuBCT? + Hu®CT" + Hub 7y )
q
Y (R H AT+ BT ¢ ey HybOTP )
q qd#q
(6.11)

For vZ interference, the SFs F Z i=1,2up to a? are given by

Z
_F%0 Zzquv Hyy&C70 O (6.12)
Z,(1 —
-7 “:Z%qqu( HuS Ol + B OpY + My )7 613
q

Z,(2 _ 2),NS 2)
—FA — Z26ngq Hyg® ;/7](]( ’ +22equv ( &CT g +H99®C?;9( )
q

9,4k

_ 2 @)
+ 3 20y, (HuSCT, + HuSCT,Y + Hyo T )
— (2),[1] — 2
+ Z Z (Qquvq HL,@C’]V Wy 2eq/qu/ H;],(X)C”/“/( )2

qq’ I,qq
q q'#q

+ <€¢J’§Vq + quVq/> C?Zq ) ; (6.14)
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In case of Z-boson exchange, the SFs F#Z i = 1,2 up to a? we have

FAO _5 <§2Vq n giq) Hog®CT1), (6.15)

q
g g (1
FEEm 37 (g2vq + giq) ( Hy@C7 0 + Hyy&O7 Y 4 Hyy 07 ))  (6.16)
q
Z7,(2 N = ! AA,(2),NS
i ():ZH‘” ( ; CIVZq +9124qcl,qq() >
q
q q 2
+ (93@ + giqk> ( &OTITS 4+ Hy @07 >)
9,9k
+) <§2Vq + aiq) ( Ho@O70® + Hy @070 )
q
> AA
+ Z Hyq® (gv C?gq + gAqC'I qq( )>
q
Ly ]
D0 ( (g?/q + giq) H e W 4 (gV/ + 74, ) H &P

q q'#q

+g gV gV/ O’IY’Z](](Q) b + gAqu ’ ’®OI [3]> ) (617)

where H,, are given by,

Hyg = [o(2)Dg(2) + fa(2)Dg(2) ,  Hog = [o(2)Dg(2) + fa(x)Dyg(2) ,

Hog = fo(x)Dy(2) + f(2) Dy(2), Hgg = fo(x)Dy(2) + foDa(2),

Hyo = [o(2) Dy (2) = fo(2) Dy () = fo(2) Dy (2) + fo(x) Dy (2),

Hy,, = f,(x)Dy(2). (6.18)

Here, gy, and g, are defined in Egs. (2.13), (2.14). For CC SIDIS, the SFs FV™ i =

1,2 are found to be

ZIW (Hu + Heg) ©CT 0" (6.19)

I,qq

=37l (o + 50) ST + (1 + 5, )T
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+ (Hy + Hy) &7 ) , (6.20)

1 _ _
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uu’ b,b’ «a

with up-and down-type quarks, u,a = {u, ¢, (t)} and b, 8 = {d, s, (b)}. The symbol

® denotes the convolutions in both variables z and z and here Hy, = f,(x)Dy(2)
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with V¢ is defined in Eq. (2.15).

We now illustrate the numerical impact of the NC and CC contributions to the
unpolarized SF F; as functions of the scaling variables x in Figs. 6.3 and 6.4, at a
center-of-mass energy /s = 140 GeV anticipated at the EIC. NNPDF31 PDFs [277]
and NNFF10 FFs [64] are used consistently at LO, NLO, and NNLO, with n; =4
active quark flavors. Here y is integrated over [0.5,0.9] and z over [0.2,0.85]. The
average momentum transfer is defined as wag = ST Yavg, With the central scale

choice pp = pir = Qave- FFC and .7-"1CC.
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Figure 6.3: Variation of F1"“ with the renormalization and factorization scales as a
function of x for six different values of Q2.

To study the dependence of the predictions on the choice of renormalization and fac-
torization scales over a range of momentum transfers, we present in Figs. 6.3 and 6.4
the seven-point scale variation of the structure functions F° and F{° as functions
of z. The results are shown for six representative values of the momentum transfer,

2w = {30, 60, 100, 200, 400, 800} GeV?. For each value of )%, the correspond-
ing range of z is determined by demanding the inelasticity variable y = Q*/(zs)

to lie in the interval 0.5 < y < 0.9. The renormalization and factorization scales
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Figure 6.4: Variation of F°¢ with the renormalization and factorization scales as a
function of z for six different values of Q2.

are varied independently by a factor of two, with z%, u3 € [Q?/2, 2Q?], subject to
the constraint 1/2 < p%/u% < 2, corresponding to the standard seven-point scale

variation.

The large uncertainty bands of the LO predictions, particularly for the F~¢ and F&°
structure functions, arise primarily from the factorization scale dependence of the
PDFs and FFs. The results shown in Figs. 6.3 and 6.4 clearly demonstrate that the
inclusion of higher order QCD corrections substantially reduces the pz dependence.
The renormalization scale dependence can be meaningfully assessed only from NLO
onwards, as illustrated by the plots on the left and in the center. A comparison
of the NLO and NNLO uncertainty bands reveals a significant reduction in the pug
dependence at NNLO. Together with the observed improvement in the convergence
of the perturbative series for SIDIS, this reduced scale sensitivity provides strong

support for the robustness of our theoretical framework.

We now illustrate the numerical impact of the NC and CC contributions to the

unpolarized SF F; as functions of the scaling variable z in Figs. 6.5 and 6.6, at a
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Figure 6.5: Variation of FI'¢ with the renormalization and factorization scales as a
function of z for three values of Q2.

EIC 0.004 EIC 0.0175 4 EIC

VS =140 GeV VS =140 GeV VS =140 GeV

08 0.004<x<0.01 0.03<x<0.04 0.0150 - 0.5<x<0.7
0.1<y<0.2 0.5<y<0.9 0.5<y<0.9
Q2,4 =20.58 GeV? 0.003 Q3,5 =480.2 GeV? 001251 Q3,4 = 8232 GeV?

Q
kﬁ—( 0.0100 4

0.0075

0.0050
0.001 Locc
—— NLOCC

0.0025 — NNLO CC

0.000 0.0000
0.6 0.8 0.1 0.2 0.3 0.4 0.6 0.8 0.1 0.2 0.3 0.4 0.6 0.8

Figure 6.6: Variation of F¢ with the renormalization and factorization scales as a
function of z for three values of Q2.

center-of-mass energy /s = 140 GeV anticipated at the EIC. NNPDF31 PDF's [277]
and NNFF10 FFs [64] are used consistently at LO, NLO, and NNLO, with n; =

4 active quark flavors. For these plots, = is integrated over [0.1,0.8] and y over

2

avg = S Tavg Yavgs with the

[0.5,0.9]. The average momentum transfer is defined as

central scale choice pp = pp = Qave-

The shaded bands in all panels correspond to the seven-point variation of the renor-

malization and factorization scales, up, up € [Qh,/2,2Q3%,] with the constraint

1/2 < p%/p3 < 2, capturing the combined uncertainty from scale choices after in-
tegration over different ranges of x and y, such that each range gives a fixed value

of Qaug, as indicated in each plot. The bands in the plots represent the seven-point

2

avg- As before, the dependence on the renormalization and

scale variation around ()

factorization scales is significantly reduced upon the inclusion of the NLO and NNLO
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QCD corrections. The results show that NNLO QCD corrections are significant and
play a crucial role in reducing theoretical uncertainties from the choice of ur and
pr. The scale variation bands shrink notably from LO to NLO and NNLO, demon-
strating improved perturbative convergence and enhanced stability at higher orders.
At NNLO accuracy, the perturbative expansion exhibits both apparent convergence
and robustness against scale variations, providing a reliable baseline for precision

predictions of SIDIS observables.

Figs. 6.3 and 6.5 show that the photon-mediated contribution dominates in the NC
channel. This behavior can be understood from the propagator structure: the pho-
ton contribution scales as 1/Q?, whereas the Z-boson contribution is suppressed by
the massive propagator 1/(Q* + M%), which reduces its impact for Q* < M%. In
addition, the Z-boson couplings to fermions involve both vector and axial-vector
components with weaker effective strengths compared to the electromagnetic cou-
pling, further suppressing its contribution. A similar suppression is observed fo the
CC structure function in Figs. 6.4 and 6.6. This suppression mainly arises from
the massive propagator 1/(Q* + M3,), as well purely left-handed charged-current
interaction of W-boson couplings restricts the contributing fermionic configurations

and reduces the overall magnitude relative to photon exchange.

6.5 Summary

In this chapter, we presented the complete NNLO QCD coefficient functions for un-
polarized and polarized SIDIS, including both neutral-current and charged-current
electroweak interactions. We investigated the correspondence between coefficient
functions associated with different electroweak currents, identifying the origin of the
genuine differences arising from the treatment of +5 in dimensional regularization.

These comparisons provide important consistency checks of our calculation and are
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in agreement with recent independent results.

The phenomenological analysis demonstrates that the NNLO corrections have a
significant impact on SIDIS observables over the kinematic region relevant to the
Electron-Ion Collider (EIC). The different electroweak channels exhibit complemen-
tary sensitivities to the underlying partonic structure, allowing flavor-dependent
information on parton distribution functions and fragmentation functions to be dis-

entangled through polarization and charged-current /neutral-current asymmetries.

Overall, the results presented in this chapter establish a complete NNLO framework
for precision studies of SIDIS. Combined with the broad kinematic coverage and
particle identification capabilities of the EIC, they open the door to precision tests
of QCD and electroweak interactions in semi-inclusive processes. These results will
improve the extraction of PDFs and FFs, providing more precise, improved con-
straints on the flavor structure of the nucleon and support future investigations of

nucleon structure and the proton spin at the EIC.
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Chapter 7

Conclusion

The work presented in the thesis has been devoted to the development of precision
perturbative QCD predictions for semi-inclusive deep-inelastic scattering (SIDIS),
with particular emphasis on next-to-next-to leading order (NNLO) corrections, the
analytic evaluation of master integrals, threshold resummation beyond fixed order,
and the extension to neutral-current and charged-current electroweak interactions.
SIDIS is one of the key processes for the future Electron-Ion Collider, since it pro-
vides simultaneous access to the partonic structure of the incoming nucleon through
parton distribution functions and to the hadronization of final-state partons through
fragmentation functions. The high precision expected at the EIC makes equally pre-
cise theoretical predictions essential. The work presented in this thesis addresses this
need by providing higher-order perturbative ingredients required for precision SIDIS
phenomenology. These results establish a substantially improved perturbative foun-
dation for precision SIDIS phenomenology and provide the ingredients needed to

fully exploit the anticipated accuracy of future EIC measurements.

Chapter 1 introduced the basic theoretical framework of Quantum Chromodynamics.
After motivating QCD as the non-Abelian gauge theory of the strong interaction,

the chapter reviewed the QCD Lagrangian, the corresponding Feynman rules, and
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the general structure of perturbative calculations. The role of ultraviolet renormal-
ization was discussed, together with the appearance of infrared singularities in per-
turbative QCD. These concepts therefore provide the general field-theoretic frame-
work needed for the fixed-order and resummed calculations developed in the later

chapters.

Chapter 2 presented the theoretical preliminaries of semi-inclusive deep-inelastic
scattering. Starting from inclusive DIS, the chapter reviewed how lepton-hadron
scattering provides direct information about the partonic structure of hadrons. The
discussion was then extended to semi-inclusive processes, where an identified hadron
is observed in the final state. This additional measurement makes SIDIS sensitive
not only to parton distribution functions, but also to fragmentation functions. The
SIDIS kinematics, scaling variables, hadronic tensor, and structure functions were
introduced. The QCD factorization formula was discussed, in which the measured
structure functions are expressed as convolutions of parton distribution functions,
fragmentation functions, and perturbatively calculable coefficient functions. This

chapter established the notation and theoretical setup used throughout the thesis.

Having established the SIDIS framework, in Chapter 3, we turned to the main
fixed-order calculation of the thesis. This chapter was devoted to the computation
of the NNLO QCD corrections to polarized SIDIS, providing the first complete re-
sult for the corresponding coefficient functions at this order. The relevant partonic
subprocesses contributing at different perturbative orders were identified, including
the double-virtual, real-virtual, and double-real contributions at NNLO. The chap-
ter described the loop and phase-space integrals entering the calculation, the pole
structure of the partonic results, and the procedure of mass factorization needed
to obtain finite coefficient functions. The inclusion of higher-order corrections was
shown to be essential for reducing the dependence on unphysical scales like renor-

malization and factorization scales and for improving the reliability of theoretical
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predictions. The phenomenological impact of the NNLO corrections was also dis-

cussed, demonstrating their importance for future precision analyses of SIDIS.

Chapter 4 focused on the evaluation of the master integrals required for the NNLO
calculation. The integrals arising from the double-virtual (VV), real-virtual (RV),
and double-real (RR) contributions were discussed separately. Reverse unitarity was
used to treat phase-space integrals within the framework of integration-by-parts re-
duction. For the RV case, the analytic continuation required to obtain results in
the physical SIDIS region was described. The RR contribution required the evalua-
tion of new master integrals, which were computed using different methods. These
included direct phase-space parametrizations and the differential equation method,
together with the construction of canonical bases and the techniques required to
obtain analytic solutions. The results of this chapter provide one of the central

technical ingredients of the complete NNLO calculation.

Building on the fixed-order NNLO results, Chapter 5 extended the analysis beyond
fixed-order perturbation theory by developing the threshold resummation framework
for SIDIS. Near partonic threshold, the perturbative coefficient functions contain
enhanced logarithmic contributions arising from soft and collinear configurations of
QCD radiation, which can become dominant in the threshold limit i.e. 2/ — 1 and
2/ — 1. Using QCD factorization, renormalization-group invariance, the finiteness
of coefficient functions, and the transcendentality structure of the one- and two-loop
results, the chapter systematically obtained the an all-order expression for the di-
agonal coefficient functions in the threshold limit. A master formula was derived to
organize the soft-plus-virtual (SV) and next-to-SV logarithmic contributions to all
orders in the strong coupling. The all-order structure was further studied in Mellin
space, where the resummation was achieved up to NNLL accuracy. The physical
evolution kernel was also discussed as an alternative approach for understanding

the structure of threshold logarithms. The resummed results were expanded to ob-
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tain predictions for threshold-enhanced terms beyond NNLO, up to fourth order in
perturbation theory. The phenomenological studies presented in this chapter illus-
trated the relevance of threshold-enhanced contributions in the kinematic regions

important for SIDIS.

While the preceding chapters focused on QCD corrections to photon-mediated
SIDIS, the broad kinematic reach and polarized beams of the EIC make neutral-
current and charged-current SIDIS important. These processes provide complemen-
tary probes for disentangling the flavor and spin structure of the nucleon. This
motivated Chapter 6, where the NNLO analysis was extended to SIDIS mediated
by electroweak currents. The methodology for including photon, Z boson, photon-Z
interference, and W+ exchange contributions was described. The chapter presented
the corresponding coefficient functions for polarized and unpolarized processes. The
treatment of axial-vector couplings and 75 in dimensional regularization was dis-
cussed, together with the corresponding renormalization factors. Several compar-
isons among the coefficient functions were performed, including the relation between
photon and Z mediated contributions and the comparison between certain parity-
violating and polarized coefficient functions. These comparisons provided non-trivial
checks of the calculation and of the treatment of axial-vector couplings. The chapter
also presented phenomenology relevant for future EIC studies, showing the impor-

tance of electroweak SIDIS channels for flavor separation and precision analyses.

Taken together, the results of this thesis fill an important gap in the perturbative
description of SIDIS. Prior to this work, the coefficient functions for SIDIS were
known completely only up to NLO, while only approximate NNLO results (in the
threshold limit) were available in the literature. This thesis completes the NNLO
QCD description of polarized SIDIS by providing the full coefficient functions at this
order, together with the master integrals required for their analytic computation and

a systematic framework for threshold resummation beyond fixed order. Together
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with the extension to neutral-current and charged-current electroweak SIDIS, these
results establish a substantially improved theoretical foundation for precision SIDIS

phenomenology.

The complete NNLO coefficient functions obtained in this thesis enable SIDIS analy-
ses at the accuracy required for precision extractions of parton distribution functions,
polarized parton distributions, and fragmentation functions. The improved pertur-
bative stability and reduced residual scale dependence will be essential for reliable

phenomenological studies and global QCD analyses in the EIC era.

Several future directions naturally follow from this work. An important next step is
the implementation of the complete NNLO coefficient functions in phenomenological
programs and global QCD analyses. This will make it possible to quantify the
impact of the NNLO corrections on the extraction of PDF's, polarized PDFs, and
fragmentation functions using existing SIDIS measurements and the high-precision
data expected from the EIC. Such studies will be particularly important for assessing
the reduction of perturbative uncertainties, improving quark-flavor separation, and

obtaining more precise information on the spin and flavor structure of the nucleon.

Another important direction is the systematic inclusion of mixed QCD-QED and
QCD-electroweak corrections. As the experimental precision of SIDIS measurements
increases, electroweak effects may become relevant at a level comparable to the re-
maining QCD uncertainties. A complete precision framework will therefore require
a consistent combination of QCD, QED, and electroweak corrections, together with
the corresponding coupled evolution of parton distribution and fragmentation func-

tions.

A longer term direction is the extension of the fixed-order calculation to N3LO
in QCD. Although technically challenging, the threshold resummation framework
developed in this thesis already predicts important soft-virtual and next-to-soft con-

tributions at this order and higher, providing useful approximations and checks for
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future complete calculations. Further progress may be achieved by matching higher-
accuracy resummation to the NNLO results and extending the analysis beyond di-

agonal partonic channels.
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Appendix A

Analytical Continuation in RV

Integrals

The hypergeometric functions (HFs) appearing in our calculation are generally ex-
pressed through their standard series representation, which converges only within
a restricted domain of the argument. In several kinematic regions, however, the
arguments of these functions may lie outside the convergence region, thereby requir-
ing an analytic continuation to region where argument is less than 1. In addition,
the accompanying prefactors of HF's containing non-integer powers can also develop

branch cut structures and therefore require careful treatment.

To perform the continuation consistently, it is necessary to keep track of the appro-
priate branch structure in the complex plane. This is achieved by introducing the
Feynman +:0 prescription for the kinematic variables, which enables an unambigu-
ous identification of the branch and ensures the correct analytic continuation across
branch cuts. To illustrate the procedure, we discuss two representative examples

below.

We begin with the first example and analyse the analytic structure of the prefactor
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and the argument of the hypergeometric function appearing in

1—-2 A\ 1=
F. — | = — F. — - (A.1)
1—=z 1—=x T —z

where, F is defined in Eq. (4.26) and F, in Eq. (4.30). Note, in the region ' > 2/, the

prefactor develops a branch structure and also the argument of the hypergeometric
function (HF) exceeds unity. Hence, we have to analytically continued the HF to
an argument less than unity. Using the Feynman —+i0 prescription for the kinematic
variables i.e. ' = 2’ —i0 and 2z’ = 2’ —i0, we can determine the appropriate branch

of the complex plane unambiguously. For the prefactor we write

2 -3 -z
1—2 1—2'+i0
2 —a 10 2 —a 2 —a
_1—x’( _1—x’>_1—x’_lo(1—x’)2 (4.2)

Similarly, for the argument of the hypergeometric function,

1—2 1—2"4+10
' — 2 ' — 2

1—2 1 1-2 1
— i <1+@'()1 /) = © L0 . (A.3)
—Z

x =2 x — 2 ! —

The sign of the infinitesimal imaginary part depends on the either 2’ > 2’ or ' <
z'. Hence we decompose the expression into different kinematic regions using step

functions,

S =0(z' —a') (Z — 7 —i0> +0(x — 2" (_37 —- +i0>

1—2a 1—2a 1—2a
2 —a
1—2a

{e(z' — (1 —i0) + Oz’ — 2)(—1 + iO)}. (A.4)
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Using this decomposition, we obtain

1—2 o — g |72 - (1-Z
Fe (1_33/) - 1_x/ {Q(Zl—xl)Fe (Q}/—Z/_ZO)

+0(a' — 2') (=1 +1i0)"</?F, (;/_ z +i0> } (A.5)

—

After fixing the branches of the prefactors and of the hypergeometric functions, we
perform the expansion of the latter about € = 0 and the resulting polylogarithms are

then continued to the required kinematic region using the same branch prescription,

see Egs. (C.6) and Egs. (C.11)-(C.12).

Let us discuss one more example.

r (S0 - (S =) N () o

Following the procedure as in the previous example, we first consider the prefactor:

(=21 -2 =2") (F—=2a)(1—2 -2 +1i0)

(=2 (1 -2 —2a) i0 i0 10
2'(1—2") <1+1—z’—x’ ?_l—z’)
=)= =) ()
B 2'(1 =2 +ZOZ’(1—Z’)
(Z =21 =2 =1 _, (=2 (1—-2 —2)
R ETE T R (e
:(z’—x’)(l—z’—x’)
2(1—2")

(A7)

and similarly for the argument of hypergeometric function

(1 —a) (' —i0)(1 — 2’ +i0)

(' =21 =2 —2a) (2 =2")(1—2 —2a' +i0)

B (1 —a) <1 i0 N i0 i0 )
- = _

(2 = 2")(1 =2/ —a) o 1—a 11—z -2
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(' — 21— 2" — ') o (' —2)(1 — 2/ — a!)?
, ((1 -2 (1 -2 —2a') —|—x’z’)
(/= 2")(1 =2 —a) (z/ —a")(1 =2 —a')?

(A.8)

Note for both prefactor as well as argument of HF', the sign of the imaginary part
depends on either 2’ > 2" or 2/ < 2z or 2/ + 2’ > 1 or 2/ + 2’ < 1. Consequently, we
decompose the expression into four different regions as,

(/=2 (1 =2 —2a) _ (/=2 (1 -2 —2a)
2'(1—2) 2'(1—2")

{0(2’ —2)0(1 — 2" — 2')(1 +40)
+0(z' —2")0(z' + 2’ — 1)(— 1+10)
+0(z' — 2)0(z' + 2’ — 1)(1 — i0)

+ 0 =201 -2 — ) (—1— ZO)} (A.9)

Using the above decomposition, we obtain,

A ()

F 01y O (—1 —i0) "5 ( rl-7) = iO) } ,

(' =21 =2 —2a

(A.10)

where 01, = 0(2' — 2'), O, = 0(x' — 2'), Opp = 0(1 — 2/ — 2'), Ogp, = O(2' + 2/ — 1).
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Appendix B

Plus Distribution Procedure

In this appendix, we describe the procedure used to extract endpoint singularities
in terms of plus distributions. These singularities appear in the partonic coefficient
functions when one or both of the scaling variables approach their threshold values,
ie. ¥’ = 1 and 2 — 1. The method is used repeatedly in the NLO and NNLO
calculations to isolate the singular behaviour in the threshold limits as explicit poles
in the dimensional regularization parameter, accompanied by plus distributions and

delta functions.

The plus distribution is defined through its action on a test function. For a function

g(&) which is regular at £ = 1, we define (see [8,103,104,109,429])

| d s, = [ s o0 - s (B.1)

Here [h(£)] . = h(§) for  # 1. Like the Dirac delta function, the plus distribution

action is defined only under an integral.

Equivalently, the plus distribution may be represented as

1-p
M), = Jim (o0 —¢—p-sa-c-5) [ ay h<y>]. (B.2)

B—0t
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This form makes explicit how the endpoint contribution is isolated into a delta

function. For example, one obtains

1 . 1
L——gL = L——g"“ — &~ B) +log(A)S(1 — & - 6)} , (B.3)
{%] . = /313& [%9(1 —¢{—B)+ %bgz(ﬁ)(s@ — - 5)} . (B.4)

In the coefficient functions of SIDIS, infrared singularities arise from soft and
collinear configurations of massless partons. Near threshold, these singularities ap-
pear as factors of the form (1 — 2’)~! and/or (1 — 2/)~!, which are divergent in the
limits ' — 1 and 2z’ — 1. Such terms can arise either from the master integrals
themselves or from the coefficients multiplying them at the squared-amplitude level.
In dimensional regularization, with d = 4 + ¢, these endpoint singularities are regu-
lated by factors such as (1 —2')% and (1—2')*, which originate from the phase-space

measure.

The double-virtual contribution is localized at Born kinematics and is therefore

proportional to

6(1 —2")o(1 = 2). (B.5)

In contrast, the real-emission contributions contain non-trivial endpoint structures.

At NLO, the real-emission contribution contains singular factors of the form

(1—a)5(1—2)s (1—a')i(1— 23

T f@' 2 e), T f(2' 2 e),
(1—2")2(1—2")2 .
(1—2")(1-2") f(@' 2se), (B.6)

where f(2',2',€) is regular in the endpoint limits.

At NNLO, similar structures occur in the real-virtual contribution. In addition,
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factors depending on combinations such as 2’ — 2’ and 1 — 2/ — 2/ may appear. A

representative structure is

(1 N x/)ae(l N z/)be|zl N x/’ce|1 o $/|de
(I—2)(1—=2)( =21 -2 —2a)

fil@' 2 e). (B.7)

Here fi(2/, 2, €) is regular in its arguments. In the cases encountered in the calcu-
lation, a and b take values such as 1/2 or 1, while ¢ and d can take values such as 0

or —1/2.
For the double-real contribution, one encounters terms of the form

(1 —2)(1-2)°
(1—a)(1—2)( —2)((1+a")? — 42'2)

fg(l’/,Z,,E), (BS)

where fo(2', 2, €) is regular in the relevant endpoint limits. After partial fractioning,

the singular factors can be organized into combinations such as

1 1 1
B.9
(1—a")(1-2") (1—a)(z'—a')’ (1—a)((1+a)2 —42'2")’ (B.9)
together with single endpoint factors such as
1 1
1—2a" 1—2 (B.10)

Several public packages are available for performing partial fraction decomposition
and related algebraic manipulations, see for e.g. [248,520-524]. The extraction of
the endpoint pole structure is then performed sequentially. One may first isolate
the singularity at 2’ — 1 and then at 2z’ — 1, or vice versa. The final result is
independent of this order, provided the distributions are consistently interpreted

under the corresponding integrals.
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Let us first consider the one-variable case. We start from

[ e o B2 = [ e ot - o) S g [ U

- = -
= / dg (g(f)—gu))zW@,?”O%i@;@ +gi)
/d§g Z af [log 129} +g$)/0 de §(1 - €).

(B.11)

Since this relation holds for an arbitrary regular test function g(¢), we obtain the

distributional identity

1-¢ 1-¢
dr-ge [0=9
_ ié(l . 5) + Z (CL;')Z {log;(i; 5):| _ (B.12)

In practical calculations, this expansion is truncated at the sufficient order in e
required by the accompanying poles from the matrix elements, master integrals,

renormalization constants, and mass-factorization kernels.

If the singular factor multiplies a regular function f(§), it is useful to add and

subtract the endpoint value f(1):

06" 16 (5100 sp S 4 sy ="

e JO=UO-JO) T+ /07—
-0 [ag
= (10— 1) S T s [
- (re - 1) = o [SEE (B.13)

The first term is regular at £ = 1, because f(£) — f(1) vanishes in this limit. There-

fore it may be expanded as an ordinary function. The second term contains the

204



distributional contribution.

The same procedure can be applied to the case of two endpoint variables. For a
function f(«’,z") which is regular in the endpoint limits, one obtains

(1 _ I,/)ae (1 _ Z/)be
(R S A CAED

:g%;%gi<<ﬂ¢“5*‘f”‘”>955%§*+f@gn{Q%Eéiqp)
(1—a2)F (1-2)%

= (f(a,2)— f(«',1)— f(1,2") + f(1, 1>) =~ o)k (1= 2)
+(ﬂLw_¢QJD{a_xW1Pﬂ_gﬁ

11— —
<+O@UU_ﬂLDyzjggFii?&L
oo [5] [2 o

Here the subscript R denotes the regular part, which can be expanded as an ordi-
nary function in €, while the subscript P denotes the distributional prescription, see
Eq. (B.12). The last term contains the double-endpoint contribution, including the
(1 —2")o(1 — 2') term.

In some contributions, the endpoint singularities are multiplied by additional factors

such as |2/ — 2/|*, , where |z’ — 2| denotes the modulus of 2/ — z/. In this case, the
endpoint subtraction must also account for the limiting behaviour of this factor. For

instance,

|Z/ _ xl|ce — (1 _ I'I)C€, Z/ _ xl|ce — (1 _ Z/)CE' (B15)

2'=1 x/'=1

A useful decomposition is then

(1 o x/)ae(l _ Z/)be|z/ - x/’ce
(I—2")(1-2")

f@' )
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— ((f(x’, =o' = a1 —ayr) LK
R )

ce / 1\ ce 1_/(16].—,176
:(f(x/,z’)|z’ —a' R f(l,z )(1 - Z)R)< 1 —I;LBR ( 1 —Zz?R

ae b+c)e a+c)e e
= } s (1— 2™ (1 — )k
P

L,z |22 R ()= F1 1))
1—=x 1—2 -z 1-2

- sy 1] O
()BT [0
Bk {(1 _1:8_/);6)6]13 [(11__221)6]13- (B.16)

This form separates the endpoint contributions while keeping the remaining terms

regular in the appropriate limits.

Another useful case occurs when denominators of the form 1/(z’'—x') appear together

with an endpoint denominator. In the limit ' — 1, one has

(2 — a2 =—(1-2"). (B.17)

z/=1
Therefore, the subtraction at @’ = 1 generates terms involving 1/(1 — 2’). A repre-
sentative decomposition is

(1 _ Jfl)ae(l _ Z/)bE‘Z, _ x’]“

(1 _ x/)(zl _ x/) f(xla Z,)
=(1— Z/)be ((Mf(x/, Z/) + ﬂf(l, z')) (1—2)g

z—a 1—2 1—2a

(b+c)e
(1= o) (1= )il — ol (1= 2y (1= )t
:f(a:,?’zl) 1 _ x/ Z/ _ :C/ + (f(]‘?zl) - f(17 1)) 1 _ x/ 1 — Z/
(1— o) [(1 = )
1,1
+ f( ) ) 1 _ :L,/ 1 _ Z/ p
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_ e _ (b+c)e

(1-— x/)ae} {(1 _ z/)(b+c)e:| |

B.1
1—2a 1—2 (B.18)

- s |

The procedure described above provides a systematic way to extract the endpoint
pole structure from the real-emission contributions. After applying this decom-
position to all singular terms, the coefficient functions can be written in terms of
ordinary functions, plus distributions in 2’ and 2/, and delta functions. These contri-
butions are then combined with the virtual corrections, renormalization of coupling
constant, and performing mass-factorization, to obtain the finite renormalized coef-

ficient functions.
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Appendix C

Useful Formulas

In this appendix, we collect some useful formulas for special functions that appear
in the evaluation of master integrals and in the analytic expressions of the coefficient

functions.

C.1 Hypergeometric Functions

An integral representation of the Gauss hypergeometric function 5 F} is given by

FB 1 uAQ—l(l _ U)Bl—AQ—l
Fi (A, As: By 2) = ————— d ) C.1
2F1 (A1, Ag; By; 2) FA2F31A2/0 u (1— zu)™ (C.1)

This representation is valid for Re(B;) > Re(Az) > 0, for real values of z, the

integral is well defined for z < 1.

Several transformation identities are useful in simplifying and analytically continuing
hypergeometric functions. First, the function is symmetric under the interchange of

the first two parameters,
2F1 (A, Ay; Br; z) = oF1(Ag, Ay Bys 2), (C.2)
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Euler’s transformation and Pfaff transformations are given by

2F1(A1,A2; By; Z) = (1 - Z)BlfAlfAQQFl(Bl — Ay, By — Ag; By; 2)7

oFy (A, Ag; By 2) = (1 — 2) 4,1 (AhBl — Ay; By : 1) ;
Z_

Z
2F1(A17A2§Bl§z) = (1 - Z)_A22F1 (Bl — Ay, Ay; By; - _ 1) . (C-3)

For further details on hypergeometric functions and their properties, see, for
e.g. [294-296]. Some of the identities used in this thesis to manipulate the pa-

rameters of hypergeometric functions are

(Az - Al)(l - Z) 2F1(A1,A2;Bl;2) - (31 - A1) 2F1(A1 - 1,A2;Bl;2)
+ (B — As) oF1(Ay, Ay — 1, By;2) =0, (C.4)
Bi(1—2) oF1(Ay, Ag; B1;2) — By oF1 (A1, Ay — 15 By 2)

+ (B1 — Ay) 20F1(Ay, Ay; Bi + 1;2) =0, (C.5)

Hypergeometric functions depending on the dimensional regularization parameter e

can be expanded in powers of € and get polylogarithms. For example,

A =1 (5 1o+ (3) e 1]
+ (94 [5173@) — Spa(2) + Li4(z)} L O, (C.6)

This expansion is initially obtained in the region |z| < 1. It can then be analyti-
cally continued to other regions using the appropriate branch prescription. Several
packages for expanding hypergeometric functions in € have been discussed [328-331].
Here Li,(z) denotes the classical polylogarithm, while S, ,(2) denotes the Nielsen

polylogarithm. We recall their definitions and some useful properties below.
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C.2 Classical Polylogarithms

The classical polylogarithm is given through the integral relation

“dt
Liy i (2) = / YLt n>1, (.7)
0
with Li;(z) = —log(1 — z). Some useful integral representations for n = 2,3 are
? log(l— b log(l —
LW):_/ dtM:_/ g el =2t
0 t 0 t
b log(t)log(1 — b log?
Lis(2) :/ g 10elos(l = =1) f/ g 20 (0). (C.8)
0 t 2 Jo 1—2zt

For argument z = 1, Li reduces to Riemann zeta function i.e. Li, (1) = ¢, for n > 2.

A useful generalization of the classical polylogarithms is given by the Nielsen poly-

logarithms, defined as

(_1)n+p71 1 dt

Snp(z) = FICESy log" () log? (1 — at). (C.9)

With this convention, the classical polylogarithms are obtained as the special case

Sni(x) = Lipq(2).

For the case with n =1,p = 2,

1 (tat U log(t)log(1 — =t
Sia(2) == [ Slog(1 — 2t) = z/ a1 0e®) O_g< a2 (C.10)
2 )y t 0 1—zt

These functions frequently appear in the e-expansion of hypergeometric functions
and in the analytic expressions of the master integrals. For more details on classical

and Nielsen polylogarithms, see for e.g. [525-528].

For arguments outside the principal convergence region, the functions are defined
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by analytic continuation. With the branch prescription, one has for x > 0,
log(—z 4 i0) = log(z) + im. (C.11)
Some useful continuation identities are x < 1,

Lis (é + z’O) = log(z)log(1 — z) — %logZ(Q;) + Lis(1 — x) + (& —imlog(x),
Lis (1 + 2 +10) = —log(z) log(1 + z) — Lis(—x) + (o — imlog(1l + x),
1 1 1
Lis (; + iO) =—3 log?(z) log(1 — z) + 6 log®(z) — S12(1 — )
— Lig(1 — z)log(z) + (3 — (2 log(x) + %Wlogf(:c) ,
1
Li3(1 4 = +140) = ~3 log(z)log?(1 4+ z) — S1a2(—2) — Liy(—2) log(1 + z)
+ G+ Golog(1+ ) — Slog’(L+2) |
1 1 ) 1, 1,
Sig | —+10) = ~3 log(x)log®(1 — x) + 3 log*(x) log(1l — x) — 8 log”(x)
T
+ 3¢z log(x) + imlog(z) log(1 — ) — %wlogQ(:B) +im Lig(1 — z),
1
S12(1+2+410) = 5 log?(z) log(1 + 2) — Liz(—z) + Lis(—x) log(x) + G

— 3¢ log(1 4 x) + imlog(z)log(1 + ) + im Lig(—x) . (C.12)
where following identities are used,

Liz(z) = G — log(z) log(1 — @) — Lis(1 — ),
Liz(z) = (3 — %IOgQ(x) log(1 — ) — S12(1 — x) — Lis(1 — ) log(z) + (2 log(z)

Sio(x) =G+ %log(x) log?(1 — x) — Lig(1 — 2) + Liy(1 — z)log(1 — ).  (C.13)

The precise imaginary parts depend on the branch prescription and must be chosen

consistently with the kinematic region under consideration.
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C.3 Generalized Polylogarithms

Generalized polylogarithms (GPLs) provide a convenient representation of the it-
erated integrals encountered in multi-loop and phase-space calculations [290, 397,
529-539], see also [393,398,539-544]. In the differential-equation method for solving
Feynman integrals, they often appear in the solution of differential systems for mas-
ter integrals. In this thesis, GPLs arise in the coefficients obtained after expanding

the master integrals in powers of €.

The generalized polylogarithm of weight n is defined recursively by

dt

t—a1

G(ay,az,...,a,;2) :/ G(ag,...,an;t), (C.14)
0

here, a; and z are complex variables and G(;z) = 1. The a; are called the indices,
or letters, of the GPL. The set of all such letters appearing in a given problem is

called the alphabet. The number of indices is called the weight of the GPL. Thus,

G(ay, ..., a,; z) has weight n. If all indices are zero, the definition is understood as
1
G(0,...,0;2) = —log" 2. (C.15)

n

The classical polylogarithms can be written as special cases of GPLs:

1
G(a,...,a;z) = —log" (1—3) :
—— n! a

G(0,...,0,a;2) = —Li, <E> )

NGRS a
n—1
) — (1) z
G(0,...,0,a,...,a;2) = (=1)"Sp_kk (a) (C.16)
n—k k

In above equation a # 0. GPLs are therefore a direct generalization of logarithms

and classical polylogarithms.
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GPLs satisfy a shuffle algebra. The product of two GPLs with the same argument
can be expressed as a sum over all shuffles of their indices. Let @ = (aq,aq,...,a,)

denotes an ordered lists of indices. Then

G(a;2)G(b; z) = G(¢ z), (C.17)

where @ LLIb denotes the set of all possible ways of merging the ordered lists @ and

b while preserving the relative order of the entries inside each list. For example,

Cla: )C(b,c:2) = Cla,bei2) + Glb e 2) + Clb,c.a:2).
G(a,b;2)G(c,d; z) = G(a, b, e, d; z) + G(a, ¢, b,d; z) + G(a, ¢,d, b; 2) + G(c,a,b,d; z)

+Gl(c,a,d,b; z) + G(e,d,a,b; 2) . (C.18)

Such relations are useful for simplifying products of GPLs for reducing expressions

to a chosen functional basis.

There are a few special cases which require care. For G(ay,as,...,a,; z), endpoint
singularities may arise when a; = z; in particular, for argument z = 1, this corre-
sponds to a; = 1. GPLs with trailing zeros i.e a,, = 0, are also treated separately
using shuffle identities in order to express them in terms of GPLs without trailing

zeros. For example, G(a,0; z) for a # 0,

G(a,0;2) = G(a; 2)G(0;2) — G(0,a;2) . (C.19)

Another useful property is the rescaling relation, for a,, # 0 and k # 0,

G(kay, kas, ... kap; kz) = G(ay,aq, ..., a,;2). (C.20)

In practical calculations, GPLs may contain letters depending on kinematic vari-
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ables. The fibration basis construction is a method for rewriting GPLs by exchang-
ing the role of a variable appearing in the letters with the argument of the GPL.
Let w(x) be an ordered list of letters depending on = and let z be independent of x.

If the GPL is known at a reference point xy, one may write

G(ii(); =) = G(i(x0); 2) + / "y diya(w(y); 2. (c.21)

The derivative lowers the weight and gives lower-weight GPLs multiplied by rational
functions of y. After partial fractioning and integration by parts, the expression is
integrated back in y, yielding a representation in which the dependence on x is

moved from the letters to the argument.

As a simple example, consider G(1—x; z), where the variable x appears in the letter.
We want to rewrite it in a form where x appears as the argument instead. Using

the fibration-basis change, we write (choosing zy = 0),

G(l—x;2) =G(1;2) —i—/ dy gG(l —y;2)
0 Ay

:G(1;2)+/0:dy%/02$
_G(l;z)—/0 dy/o (01 —d(tfl— y)*
. 1

1
:G(1;2>+/0 W L—(l—y) _y—l}
=G(L;2)+G(1 — z;2) — G(1; 2). (C.22)

As a second example, consider G(1,1 — z; 2), using the fibration-basis change, we

obtain

G(1,1 —=x;2) = G(1,1;2) —I—/ dy ﬁG(l, 1 —y;2)
0 dy

0 # dw1 /w1 de
0

=G(1,1; +/d —
( ) 0 yay o wy—1 wy — (1 —y)
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=G(1,1;2)+

=G(1,1;2)+
- G(1;2)G(1;2)

=G(LLz) + [G(1;2) = G(1 —y;2)] = G(1;2)G(1;2)

ho\
S|l S|

=G(LLz)— [ dy —[G(1 = zy) - G(Ly)] — G(1;2)G(1; )

=G(1,1;2) = G(0,1 — z;2) + G(0, 1; ) — G(1; 2)G(1; ).  (C.23)

The examples above illustrate how the fibration-basis change can be used to rewrite
GPLs with variable-dependent letters into an equivalent form in which the chosen
variable appears as the argument. This representation is often more convenient for

analytic continuation and for simplifying the final expressions.

The formulae collected in this appendix form the basic toolkit used throughout the
calculation, in particular for simplifying the master integrals, carrying out analytic

continuation, and presenting the final results in a compact form.
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Appendix D

Boundary Values of the RR

Master Integrals

In this appendix, we present the explicit boundary values of the RR master integrals
listed in Eq. (4.37), evaluated in the limit 2 — 1 and 2’ — 1. These boundary values
are obtained in closed form and serve as the boundary conditions required for solving
the differential equations satisfied by the master integrals. They are evaluated in
the ky — ky center-of-mass frame while keeping factors of the form (1 — 2/)**" and

d :
(1 — )", For convenience, we define,

.1 I*(1+9)
Ce= (4m)*T T2 (1+¢) (D-1)

The boundary values of the master integrals are given by,

27TC~'6

JR707070 _ o\ e+1 1_x/6+1 1_Z/6+17
Ri0.0.0)| = gr @) A=) =)
47TC~’€ € 1+
J(R1,0,0,1 = N1 —a)1-2)"
(R1,0,0,1) {a'23=»1  €(l+¢) (@) (=) (=20,
—167Tée e—2 e— €
J(R1,1,1,1) oy = o (@) (1-2) 1—2),
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J (R2a 17 17 1)

J (R3,0,0,1)
J(Rs,1,1,1)
J (R4, 1,1,1)
J (R5,0,0,1)
J (Rs5,0,0,2)
J(Rs,0,1,1)
J(Rs,1,1,1)
J (R¢,0,1,1)
J(Re,1,1,1)
J(R7,0,1,1)
J(Ry,1,1,1)
J(Rs,1,1,1)
J (R, 1,1,1)
J(Ru,1,1,1)
J(Ri2,1,1,1)

J (Rl?); 17 17 1)

{z/,2'}—1

{z/,2'}—1

{z’,2’}—1

{z!,2'}—1

{z/,2'}—=1

{z’,2'}—1

{z’,2'}—=1 €

{z’,2'}—1

{z',2'}—=1 €

—8m 1 (
{z!,z'}—1 (47{)4+E

1

)

Y

Q)T (-a) (1)
b (555145145 1)
] [(1+e) ’
@ a—ata=ey
_3Zf€@yyf%1_x0%1—z3“l,
—a( Zﬁ—flr? (@) a-a) -7
- @ - -
_(121066)2 (QQ)G—I (1— x/)e+1 (1— Z/)eJrl
@) A
_gﬁg(Qﬂeal—ff“ﬂ—ZTa
e @Ay
—47?6’€

{z/,2'}—1

{z!,z'}—1

{z/,2'}—1

{z/,2/}—=1

{z!,2'}—1

{z/,2'}—1

{x’,z’}%l

B 87rCE

(1+e¢)
—471’@6

e(1+e)
87TC

€2

2
47TC~'6
e(l1+e)

—87TC’

€2
47TC6
e(l+e)
—87TC
(1 +€)

(Q2)6*2 (1 o ZB/)€+1 (1 N Z/)E—l :

(@)~

(@)

(@)

(1—a') " (1=2)"",

(1 - $/)6 (1 - z/)e ’

(@)

— (@)

(@)

(@)
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Appendix E

Results of the SV and NSV

Coefficient functions

In this appendix, we present the analytic results of the SV and NSV CFs, (A)C?,XC
and (A)CJEY for ¢ = {q,q} respectively. We present complete results at NLO and
NNLO and partial results at N3LO in the threshold region for the CFs, expanded in
as as (A)Cglsv =32 ai(u%)(A)C&f}z;(N)sv. For compactness, we do not present the
expressions for the fourth order SV and NSV coefficient functions. These results are
given in Eq. (66) and Eq. (70) respectively of [179]. Their normalization at LO reads
(A)CYSY = 5(1 — 2)6(1 — 2) and (A)CNY =0, and we have set p2 = % = Q?

J,cc J,cc

in the sequel.

E.1 SV Coefficient functions

For the perturbative expansion of the SV part of the CF's, we define in addition to

C4 and CF further group invariants of the color SU(N,) gauge group, namely We
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also define

d®dy,, (N2 —1)(N2 — 4) dabedgabed (N2 _ 1)(N* — 6N2 + 18)
Nr 16N2 ! Np 96N3 ’
dgeddsded (N2 —1)(NZ +6) doeddsed  N2(NZ + 36)
Np 48 ! N. 24 ’
dabedgabed N (N2 4 6) dabedgabed (N4 _ N2 4 18)
N. 48 N. 96N ’
Np=N,,  Ni=(N>-1), N4:%. (E.1)

Also, below we will use ny,, which is defined as the charge weighted sum of quark

flavors. At NLO, i.e. at O(as),

CF{4}] _55’52'

(A)CS = 65D, +D% DY + (2 2).

o)

o)

(E.2)

The NNLO CF at SV accuracy read

44 8
+ D2, D2 {c%{m}] - D2 DL [CFCA{ 3 }_ anf{3}]

+ 65 DL {CFCA{%S —8@} - Cpnf{?} - C%{64+32CQH

9
1535 269 34 511
— 0505 [CFCA{24 - *C:’) C - 5C22} OF{8 —30(3 + 29¢2 — Cz}
127 4 134 20

—Can{ 2 + C3+ C2}:| +D0/DO |:OFCA{9 —4<2} C’an{ 9 }

e s 808, 4 2 8

CF{32 - 16C2H =Dz {CFCA{ o7 ~ B = gy~ Oy o7~ 56
— C,%{32§3H +(z' + 2'). (E.3)

In the following we predict the CF at third order in a4 using the available infor-

mation on the perturbative results.

e the knowledge of \Ifg’(l) and \Ilg’(z) can be used to predict the coefficients of

{6DL, 62DL )} for i = 5,4,3,2 and {DLDL} fori+j = 4,3,2,1in (A)C.
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e the results on the cusp and eikonal anomalous dimensions (A, f{) can be used

to obtain the coefficients of {0z D.,, 6= DL} for i = 1,0 and {D2, DY}

e using gg;é” from the three-loop form factors and GZ’S) from the three-loop soft

functions, we can obtain the coefficient of dzd5 .

The results for the SV part of the CFs at third order obtained in this way read

22 4
0%{120} 02{8}] — C’FCA{ 90} Can{ 90 H
484 176 16 1072
CFOA{ 27 } - CanCA{ o7 } + Can{Q?} +CI270A{9 - 32(2}
3560 88 30
CFCA{27 - 342} Can{27}

11 1
- C'FC'Anf{ %6 _16, } + CFCA{5 — 168(5 — 264(2} - cjénf{(s; - 48@}

27 3
—02{320@,} + DL D2, [CF{160}] DL, D2, [CFCA{8§O} C2n f{lgo}
68

(A)CPSY — p2,p2,

J,cc

5
+ 551 DEI

160
— %nf{g} CF 128+128C2 —6,D2,

-+ (SE' D%

0 4
+ D2 D,

288
— 240¢3 + 744¢2 + Cg}-i-CF f{

—- DY D3, +DL DL

31006 176 8204 512
CFCA{81176C3 C2+<2}CFCAnf{819C2}
400 32 8893 368 5288 912
+ Cpn} - Cz —C3Cy +—CG+—C— (2 +C3{511
81 9 3 9
1072 320 944
+ 30,4 %, ci{a
9 3
880 160 176
CFCA OF ng CFCA CFCAnf
9 9 9
1 1072 1
+ Can{ 96} + C%CA{(); - 96§2} Can{ 60} c3 {384 + 384(2}]
7120 176 2312 32 160
— Dngll CFCE; —_— — C CFCAnf - C
r oz 27 3 3
112 1
+ CFCA{go — 336(5 — 528@} anf{;’G - 96@} - 02{64043}]
1856 32 160 944 40 224
2 v e 2 Rl Y
CF”f{ 729 T % T 7 @} +OF”f{3+ A TAch <2}

0
- E' DEI

62626 536 7760 208 12928 256 128
—CrC b =2 C = -
Cr Anf{ =9 o B~ g Ca+ 5 <2} FCA{ o + 9 (s + o )
352 297029 14264 27752 176
—352C2(3 — Cz} + CFCE;{m +192¢5 — o7 (3 — 31 G2+ 742(3
616 80 14
+ Cz} - C%{384C5 —512¢3 — 512C2C3} + 0505 CFN4nfv{4 - ng + ng
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2 7081 152 1028 5 [ 1505881

125105 200 124895 23539 4456

L T R N mcg}wwmf{
_4C5_

9944 5696 1054 , ) 74321 3812 2986
BT C243_135CQ}+OFC“‘{ 72 9 P 3
632 33451 2480 1304 3896 421 112
7(:3 o7 G2 — Ca(3 + 135 G- Cz} -Ch f{ 6 + 7C5 — 180¢3

3844 2504 5599 368 1598
- — 664Cs +230¢5 — — (2 4+ ——
o7 9 C2§3 135 Cz} F{ 2 (s + 3 G5+ 3

3
442 20816 484 176
— 280(2(s + —42 _315@” + D2, D2, CFOA{ 5 } CFcAnf{ 5 }

16 1072 160

15503 340 4102 256 }

88
CFCA{ 31 — 88(3 — 7C2 CzQ} - CFCAnf{81 - 7(2

200 16 8893 184 2644 456 536
+0Fﬂ?v{—C } OFCA{ 7(3 Cz} Cin f{

110651
486

3

G2

+ DYDY

81 9 18 9

160 472 ol1 144
743 + Cz} C%{Q —120¢3 + 372¢2 + 5C22} + ((13, <~ Z,) . (E4)

Similarly at fourth order we can predict various terms as follows:

’(1), \I/Z’l’@), and the three-loop cusp and eikonal anomalous dimensions

e using V¥
(A4, f1), we can obtain the coefficients of {0zD.,, é»DL } for i = 7,6,5,4,3,2

and {DL, DL} for i +j = 6,5,4,3,2,1, in (A)C}25".

e using ngg) from the three-loop soft functions as given in Eq. (5.41), along with
higher order anomalous dimensions (A1, A}, Bi, f{), we obtain the coefficients

Of {(55/1)%/, (ng,D%/} and {Dg/Dg/}

e finally, thanks to the recent computation [495], on four-loop eikonal anomalous
dimension (fy), see also [503], the coefficients of {0DY,6>D2} in (A)CS?‘C)C’SV,

can now be predicted.

However, the coefficient of 0705 cannot be predicted with the available information.
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E.2 NSV Coefficient functions

The NSV contributions to the CFs are next. At NLO, i.e at O(as), we have

ol -werfold] o)
OF{4} @{4}] 6Lk, _@{4} . (E5)

The NSV terms of the CFs at NNLO are given by

(AN = 5,28,

- Dg/ E%l — 65/ L%/

1108 52
(AN = 62,2 CFCA{ — 28Cs — gg} anf{ 42} + c%{64

27
1492 364 8
CFCA{27_28<3_<2} Can{—Cz}

268 40
CFCA{g —8C2} Can{ 5 }

CFCA{E)S2 - SCz} - Can{898} - C’%{76+32§2}]
CFCQ{44}Cbnf{8}C%{16} CFCA{44}
3 3 3
_anf{i} +O%{48H -D2 2, 02{24}] - D% L2, C%{M}]
C%{48}] ~DLcl, c%{zxs} CFCA{ZI;} - anf{i}]
CFCA{ZL;}_CF”f{i}"‘C%{?’Q} CFCA{?)SS—SQ}
_ Can{490} - C%{62 + 32@}] — 0z LY, CFCA{432 - 8§2} Can{Sgg}
CFCA{M} — Cpnf{4} — C%{l?}
3 3
CFC%{22}‘—C%nf{g}—+02{28} C%{24}]
02{24}] — 6 L3, C’%{S}] — 6z L3, c%{s}] . (E.6)

At third order, only partial result for NSV contributions can be obtained with

—32C3 — 24@} + 6 L2,

- C%{M +32¢3 + 32@} -D2,LY,

- 02{52 + 32@} -D2,2,

+ D% LL +D Ll

- DLl + Dy Ly

+DLLY, — 0y L

- C%{GG + 32@} + 0 L2,

2 0
+ 571 Efl - Dil ‘CEI

2 0
-D2Y,

the the presently known ingredients, unlike the SV case. Using the complete second

order results for 2" and U4 along with third order results (A%, C,C4, DI, DY)
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and an intriguing relation gpg ;, 3= —cpé i/ 3= —16/95,C%, sce [545], we can predict
the coefficients of {0z L%, 6> LL,} for i = 5,4,3 and of {D%L;,D;E;,} for i+ j =
4,3,2,1,0. The coefficients of {0zL,, 0L} for i = 2,1,0 cannot be predicted
at third order, as they require explicit information at that order, namely @ég?) for

i=0,1,2 and £ = 2/, 2. Thus, the available partial NSV results at O(a?) are

f 11012 560 400 32 940 320
(AT = DY, £2 CF”fCA{ Cz} Can{ - 42} Can{ + 22

81 81 9 3

1136 46450 176 7987 512

6920
9

91242} - C§{325 — 112C5 + 640Co + 28842}

35605 896 10520 912 21572 656
— @+ ——C— Cz}Jr CanCA{ C2}

CFCA{ 27 73 9 81 9
1648 32 4588 320 . 2000 62242
- ~ = = R |
Crn f{ 81 9C} CF"f{ 7 T3 8T } CFCA{ 81 663
160
2

9100 176 2672 580
+ Cpcfx{w - Cz} C’FTLfCA{27 - Cz} CFCA{ —336¢3 — 496(2}

+D% L2,

944 176

2
-5 et Cz} - C%{697 — 8803 + 848C2 + ?)8422} + DL

10948 17
+c%nf{890+96<2}+C%{256—640<3} + DLl CFCA{ 02978_6C2}

4064 32 2420 416
- CF”)“CA{27 - C2} CFCA{3 —336¢3 — 720C2} - szrnf{g - 96(2}

352
- 02{768 + 6405 + 73642} + Cpnfc{w} +D2, L2,

1 484 1
+0anc,4{ ;6} C’FCA{ g } Can{ 96} —C%CA{368—96§2} +C%nf{48}]
1 1 484 2
CFTLfCA{ ;6} —CFH?{QG} CFCA{ 3 } C’FCVA{O;6 —96C2}

880 160
CFCA{ 9 } CF f{ 9 }

c3 {352 + 38442}

+ Dfl L:,,

368
+0an{ 3 }+C§{416+384g2} + D2, L3,

880 160
—C%{48} +D2,3, CFCA{ } C%n f{ 5 }+C§{176}
-Do, s, 02{40} - D% L2, 02{40} + DL 2 Cpci{gio 176@}

160 2312 32

+ Cpn?c{} — CanCA{Z? — 3C2} + C%CA{376 — 336(3 — 560C2}
12928 176

+DL LY, }

OFCA{ - 7(2

= 02{640@, + 9642} - O%nf{zm - 96@} o7 3
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352 4424 32 4456
+CFn}{} CanCA{ 342} CFCA{Q — 336¢3 — 656(2}

27 27
808
Can{g — 9642} — 02{512 + 6405 + 640(2} +DL cl, 02{664 + 768@}

352 968 32 2264
+anfOA{ 5 } CFCA{ 5 } Can{ 5 }c%cA{g 192@}
+Cpnf{3§0} CFTLfCA{gSQ} CFCA{968}—CFTL?{?;2}

+ Can{ 72 } CFCA{41336 - 192@} + 02{872 + 768@}

880 160 - 880
A0} 1) )] s i)
_ 160 3 3 gyl p3 3

1 484 1
CFTlfOA{ ;6} CFCA{ S } CF’I?,f{ 96} — C%CA{416 — 96(2}
1 484
CanCA{ 76} CFCA{ 8 }
9 9
1 1952
—Cpnfc{;} CF f{330} CFCA{g?)S—96C2}+C?7{456+384C2}‘|

880 160 880 160
e -am{ T mer|de - { T
+c§{384} 02{240}] - D22, cj’;{mo}

176 484 16 3316
anch{ > } - CFCE,{W} - Cpni{w} - c%cA{27 - 32@}

4 . 1 484
+Can{ 2070}+Cf:{124+12842} CFTlfCA{ 776}0}70124{287}

1 11 284
_an}{£}+cF f{ 236} C’FCA{G;;—32@}—%0%{1324—128@}1

+DLcl,

+ DL L2 +DL L2

1 3
- DL c?,

+ D—/ L:—/

+D2,L2,

+ C%nf{m} + 02{312 + 384(2}

+D2,LL +D2CL,

2 2
~- D22,

+ 6 /ﬁfl

+ 6z L3

1
+ D2, L2 CFCA{8SO} Cin f{ go}+cg{32} + D2, 2, CFCA{8§O}
—C%n {160} 03{96} -D3,cl 03{160}]—’1)3 Ll 03{160}]
F'f 9 +CF '~z |YF z/ % |YF
4
+ 0z L2, CFCA{2§O} Cin f{ 90}—0%{16} + 0z L2 CFCA{230}

4 0
~-DLcY

- C%nf{?} +C§é{48}
cg{s}lagc;

ofo)] oter[sfo)
c%{S}]. (E7)
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In analogy to the third order, many terms at the fourth order can be predicted from

the knowledge of W% w%® and other higher order results (A%, CZ,C4, DI, Df)
and the relation Eg,ﬁ = —@S;,ﬁ = —16/98,C%. For example, we can predict the
coefficients of {0 L%, 0z L%, } for i = 7,6, 5 and {D%,Eé,, D;E%,} for i4+j = 6,5,4 and
in addition the following terms:{D% £7,, DL, L} for i + j = 3 with constraint i > 2.
However, with the present information available we cannot predict {0z L%, 6L, } for
i=4,3,2,1,0 and {D;,E;,, D%,C%,} fori =1,0 and j = 2,1,0. They require explicit
third and fourth order results for @((;;)573 for i = 0,1,2 and @1(1274 fori =0,1,2,3,4

_ /
where £ = 2/, 2.

Since the explicit expressions for the SV and NSV part of the fourth-order coefficient
functions are rather lengthy, we do not present them here, the complete results can

be found in Eq. (66) and Eq. (70) of [179].
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Appendix F

Ingredients for Threshold

Resummation

F.1 Coefficients in FFq‘ K} and G¢

The coefficients K; used in Eq. (5.23) up to fourth order in a, are given below:

o0 2 z%
~i [ P i i
Ko = Yot (2 ) st e) (F1)

1=0

3

1 8 1]2 8 1 2
Kg(3)(€) :_{ — §5§A‘i’} + g{gﬁlA[l] + gﬁoAg} + g{ - §Ag}v

) 118 111
45314%} - {gﬁoﬁv‘l(f + 65314%} + 8—{55214({ + 1A + 35014%}
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4 é{ - %AZ} | (F.2)

The constants A? are the a’ coefficients of the cusp anomalous dimension A¢:

A'as(pg)) = Z a, (i) Al (F.3)

The finite terms G? in Eq. (5.23) can be written as

> 2\ .
G0 ihne) = Glan(@)2) + Y it (L) "t KEOE) - Ki(uoe). (R
=1

The first terms is expanded as: G(a.(Q?),€) = >_2, al(Q*)Gy,(€), where
Ga4(e) = 2B+ fl+ x5, + >G5, (F.5)
j=1

with

=0 Xd2 = _2ﬁ0gd 11) ,ng = _2519(1 - 260 (g 5 + 250gd1 > )

= —26,G51" — 261 (Q ”+4ﬁog‘“2)) 26 ( 26,658 +4ﬁogq(3)> .
(F.6)

Next, the results for G ) are given below

7 3
g%”=c'{—8+@} 9$”=<¥{8—§@‘z@}’

@ —m—@+@+ @}

_OF{
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F.2 Coefficients in CD?};: K, and G

Here we present the SV coefficients in ®,, in Eq. (5.35). We expand

i

Y I
Ki(ph, o' 2 e) = 0(1 — 2)3(1 — 2/) S22, al (”—’;) S;KZ()(g) to fourth order in

as, where

8 q 1 2 q q 2

553141} + 5_2{ — 55114 3ﬁoA } _{§A }

1 3 49 1]8 q 2 149 q
(8) :6_4 — 45014.1 + ? gﬁoﬁlfll + 650142 — —5214 ﬁlA

111
—3B0A§}+g —A1Y (F.8)
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The finite terms a%}v(s) are related to its renormalised counter parts ngi(s) in the

following way:

Z&Zs <Q (1—55/)(1—2/)) 551 GZ(SlV Za l—ZL’ (1 _Z/>)§Z,z‘(5)'

=1 'u2 =1
(F.9)
we find,
Chsv () =Gi(
1 _
Gd sv =z ( - 25094 1 ) + gg,z(f) ;
1 1 -4 -4
GdSV = <4 gdl ) ( Blgd 1(e) = 4/60%,2(5)) +Gas(e),
1 35 16 —q 259
Gd sv _—3< 8509651 ) (?Bﬂﬁlgd,l(g) + 125ogd,2(5)> ;
L1
€

( 52gd 1(e) = 25133,2(5) - 65063,3(5)> + 6374(5) : (F.10)

F.3 QCD pj-functions

The QCD [-function is expanded as,

Blas) ==Y al*?B;, (F.11)
=0

and known to five loops [26-29]. Here results up to four loops are presented,

11 2

——C,-Z
BU 3 A 3nf7
34 10
By :EC‘% 2nCp — Enfcfh
2857 1415 205
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dabedabed [ 512 1664 dabedgabed (80 704 53
B3 =ng———4 { - C3}—&{———C3}+CAH?«{—}

N4 9 3 N4 9 3 243
_ nfcd?‘ifi%b"’d{% _ 5_;)2@} + Cﬁnfc{% + %Cg} + Cpnj’;{%}
+ C’FCAn?{ZL;T? + %Cg} + CFOinf{% — %C{;} + C’%nf{23}
— C’%C’Anf{% — %6@} : (F.12)

F.4 Anomalous dimensions

In the SV4+NSV limit, the diagonal Altarelli-Parisi splitting function P, takes the

simple form

Pog(is 2) = % + 2B ()0 (1 — 2) + 2C(pf) In(1 — 2) + 2D () . (F.13)

Here, the cusp anomalous dimension A, which governs the behavior of soft-collinear
emissions, is known up to four loops in QCD [488,489,492], see also [265,266, 407,

546,547] for the lower-order results.

The collinear anomalous dimension B¢ which encodes the contribution from purely
collinear emissions [265, 266], whereas the eikonal anomalous dimension f9 de-
scribes wide-angle soft-gluon emissions [266, 548]. Both quantities are known up
to three loops in QCD. The first four-loop results for B? and f¢ were obtained in
refs. [490,491] and were subsequently refined in refs. [494,549,550]. More recently,
analytic expressions have become available [495], determining B? and f¢ up to a
single constant, denoted by b4 4. This constant was previously known numerically

to high precision [494], and has recently also been expressed in terms of Riemann-
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zeta values [503]. The coefficients C? and D? govern the NSV contribution. They
can be expressed in terms of the perturbative coefficients of A%, BY, and the QCD
p-function at lower orders, see Eqgs. (5.46)—(5.49) and also [494,500-502]. These
relations have recently been confirmed up to fourth order [503]. In the following, we

present the corresponding results through fourth order in a,.

Soft anomalous dimensions:
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Cusp anomalous dimensions:
Al =4CF,
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Collinear anomalous dimensions:
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and the constant by p4 is,

1232 944
by pa =96 + 2800C7 —400¢5 — (3 — T04¢5 — —C2 + 320¢2(s — 896(2(3 + 5(22
12496
_ e F.17
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C1 for space-like splitting functions:
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C for time-like splitting functions:

Cf =0,

CY = —16C%,
~ 2144 320
Cg = — CIQTCA{T - 64(2} + C%nf{?} s

~ 1216 41504 896 640
Ci :C%n?‘{ - 8_1} + C%CA”f{— + G- ?CQ}

81 3
177664 704 4288 1728 880
— 0203{8—1 + 74’3 - Co+ = c%} + O%nf{? — 256’(3} .
(F.19)

D1 for space-like splitting functions:
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D¢ for time-like splitting functions:
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Above the color factors are defined in Eq. (E.1).
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Appendix G

Results of Physical Evolution
Kernel in SV and NSV limit

In this appendix we present the N -space result of K; for [ = 0,1,2, in threshold

limit.
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