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Summary

In this thesis, we investigate lower bounds for heights in connection with Lehmer’s

conjecture, establishing new relationships between the Weil height and analytic ob-

jects such as the zeros of the Dedekind zeta function. Our results yield a novel

criterion for Lehmer’s conjecture under the Generalized Riemann Hypothesis. In

addition, we prove a p-adic equidistribution theorem for algebraic numbers of small

Weil height, thereby verifying Lehmer’s conjecture for a broad class of algebraic

numbers.

We further study points of small height over infinite algebraic extensions of ratio-

nals, in the spirit of the Bogomolov property introduced by Bombieri and Zannier.

We formulate a new criterion for the Bogomolov property via the notion of asymp-

totically positive extensions. This criterion not only strengthens earlier results of

Bombieri and Zannier but also, in contrast to previously known cases, produces a

substantial class of non-Galois extensions satisfying the Bogomolov property. More-

over, we establish the Bogomolov property for points on elliptic curves defined over

asymptotically positive extensions with respect to the Néron–Tate height.
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Notations

In this thesis, we adopt the following standard notations from number theory.

N ⌐ The set of natural numbers {1,2,3, . . .}

Z ⌐ The set of integers

Q ⌐ The field of rational numbers

R ⌐ The field of real numbers

C ⌐ The field of complex numbers

R(z) ⌐ The real part of z ∈ C

I(z) ⌐ The imaginary part of z ∈ C

K ⌐ A number field

nK ⌐ The degree of K⌜Q

dK ⌐ The absolute discriminant of K

MK ⌐ The set of places of K

M⌐

K ⌐ The set of infinite places of K

Q ⌐ A fixed algebraic closure of Q

K ⌐ The algebraic closure of K inside Q

µ⌐ ⌐ The set of all roots of unity in Q

In addition to the above list, all other notations are defined at their first use. Fur-

thermore, all algebraic extensions of Q are assumed to lie inside Q.
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Chapter 1

Introduction

A classical theme in number theory is the study of integer and rational solutions to

polynomial equations. This line of inquiry, stretching from the ancient problems of

Diophantus to the monumental proof by Andrew Wiles of Fermat’s last theorem,

has been a primary force in shaping the field of modern number theory. Since

the last century, Diophantine geometry has emerged as a branch of mathematics

that employs geometric tools to study integer or rational solutions to systems of

polynomial equations by viewing them as points on algebraic varieties.

Height functions play a central role in Diophantine geometry to provide a mean-

ingful notion of size to number–theoretic objects and serve as an important tool in

proving finiteness results and addressing counting problems. A height function mea-

sures the arithmetic complexity of the underlying objects (e.g. rational solutions of

a polynomial) and induces a total preorder on them. A nice height function should

have only finitely many points of bounded height and degree (so that the height

can be used for ‘counting’). This finiteness property, established by Northcott for

the Weil height on algebraic numbers, is a cornerstone of descent techniques in Dio-

phantine geometry. In the last century, applications of height functions have led to

famous results such as the Mordell-Weil theorem (through the method of descent),

v



Faltings’s proof of Mordell’s conjecture (by introducing the Faltings height) and it

also appears in the statement of the famous Birch and Swinnerton-Dyer conjecture.

The Weil height function on algebraic numbers of bounded degree induces a well–

founded preorder. A theorem of Kronecker classifies the roots of unity as precisely

the algebraic numbers of height zero. In other words, roots of unity are the arith-

metically simplest algebraic numbers. This naturally raises the question of studying

algebraic numbers of small height beyond roots of unity. The arithmetic of points

of small height has a deep geometric significance. For example, Bilu’s theorem tells

that algebraic numbers of small height become equidistributed on the unit circle.

A celebrated conjecture due to Lehmer predicts a non-trivial lower bound on the

heights of algebraic numbers in terms of degree. More precisely, it asserts that there

exists an absolute constant c > 0 such that for all ω ∈ Q
×

that are not roots of unity,

h(ω) >
c

[Q(ω) ⌐ Q]
,

where h denotes the Weil height and [Q(ω) ⌐ Q] is the degree of ω. This conjecture

has been settled in certain special cases, but remains open in general.

In 2001, inspired by the famous Bogomolov conjecture, Bombieri and Zannier

introduced the notion of Bogomolov property for subsets of Q. More precisely, a

subset S ⊆ Q is said to have the Bogomolov property (B) if there exists an

absolute constant c > 0 such that h(ω) > c for all ω ∈ S that are not roots of unity.

It follows from Northcott’s theorem that, for a set S to satisfy property (B)

non-trivially, it must contain algebraic numbers of arbitrarily large degree. This

naturally leads to the following question :

Question. Given an infinite extension L⌜Q, under what conditions L has prop-

erty (B)?

The answer to the above question is known to be a”rmative in certain cases, such

vi



as when L⌜Q is totally real (Smyth [65]), when L⌜Q is abelian (Amoroso–Dvornicich

[3]) and when L⌜Q is Galois with finite local degree at a prime p (Bombieri–Zannier

[12]).

The study of lower bounds for height on subsets of Q
×

can be viewed from

a geometric perspective by identifying Q× with the one-dimensional multiplicative

algebraic group Gm, which may be realized as P1 ∖ {0,⋊} or, equivalently, as the

a”ne curve {(x, y) ∈ A2 ⌐ xy = 1}. This viewpoint motivates the investigation

of lower bounds for heights of points lying on varieties endowed with additional

algebraic structure. The varieties of most natural interest to number theorists in

this context are elliptic curves and, more generally, abelian varieties, which are

projective algebraic groups with a commutative group law. The natural analogue

of the Weil height in this geometric setting is the Néron–Tate height. This leads

to the study of Lehmer-type and Bogomolov-type lower bounds for points on these

varieties.

This thesis is divided into two principal themes. The first concerns lower bounds

for the Weil height of algebraic numbers and their implications towards Lehmer’s

conjecture and the Bogomolov property. The second theme focuses on geometric

analogues, establishing absolute lower bounds for the Néron–Tate height on elliptic

curves over certain infinite extensions.

1.1 Organization of thesis

This thesis is organized as follows.

In Chapter 2, we give a history of Lehmer’s original problem on the Mahler

measure. We also review the Weil height, its properties, and its connection to the

Mahler measure.
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In Chapter 3, we establish a connection between the Weil height and the low-lying

zeros of Dedekind zeta functions in the context of Lehmer’s conjecture. Classical

approaches to lower bounds for heights rely on lower bounds for the discriminants

of minimal polynomials. We derive lower bounds for the discriminants of number

fields in terms of the low-lying zeros of Dedekind zeta functions and combine these

with Mahler’s inequality to obtain lower bounds for heights. As a consequence, we

establish Lehmer’s conjecture for a broad class of algebraic numbers, conditional

on the Generalized Riemann Hypothesis (GRH). The main result of this chapter is

Theorem 3.2.1 ([18, Theorem 1.1]). We also present computational data for algebraic

numbers of small degree in the support of Theorem 3.2.1.

In Chapter 4, we provide an e!ective lower bound for the Weil height of algebraic

numbers satisfying certain local conditions related to non-archimedean places and

formulate a non-archimedean analogue of the angular equidistribution of Galois

conjugates of algebraic numbers. As a consequence, we obtain Lehmer’s conjecture

for algebraic numbers whose su”ciently many conjugates lie in a given local field.

The main results of this chapter are Theorem 4.2.1 ([20, Theorem 1.3]), Proposition

4.2.2 ([20, Proposition 1.4]) and Theorem 4.3.1 ([20, Theorem 1.6]).

In Chapter 5, we introduce the notion of asymptotically positive infinite exten-

sions of the rationals, inspired by asymptotically exact families of number fields.

For these asymptotically positive extensions, we obtain absolute lower bounds on

the Weil height, thereby establishing the Bogomolov property for a wide range of

infinite non-Galois extensions. We develop the theory of relative Weil height and

relative Mahler’s inequality in Section 5.4, an essential tool for our result. Our re-

sult encompasses the famous theorem of Bombieri and Zannier on the Bogomolov

property for totally p-adic extensions of type (e, f). The main result of this chapter

is Theorem 5.3.2 ([19, Theorem 1.2]).

In Chapter 6, we derive lower bounds for the canonical height of points on an

viii



elliptic curve lying in an asymptotically positive extensions, thereby establishing the

Bogomolov property. Our theorem provide a non-Galois framework for an earlier

result of M. Baker for totally v-adic extensions of type (e, f). The main results of this

chapter are Theorem 6.2.1 ([19, Theorem 7.2]) and Corollary 6.2.3 ([19, Corollary

7.4]).
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Chapter 2

Weil height and Lehmer’s

conjecture

2.1 Introduction

A significant part of this thesis revolve around a classical problem posed by D. H.

Lehmer [42] in 1933, widely known as Lehmer’s problem or Lehmer’s conjecture.

The origin of Lehmer’s problem lies in the study of one of the most fundamental

objects in number theory–the prime numbers. In the course of developing a method

to generate large primes, Lehmer studied the Pierce numbers. Let f(x) ∈ Z[x] be a

monic polynomial that factors over C as

f(x) =

n

⩀
i=1

(x − ωi).

The integers#r(f) =⊍
n
i=1(ω

r
i −1) for r ≥ 1 are known as the Pierce numbers. Lehmer

was interested in the factorization of these numbers in the hope of obtaining a large

prime factor of #r(f) with large absolute value. It is straightforward to see that

if any of the ωi is a root of unity, then the sequence #r(f) has only finitely many

1



non-zero values and such polynomials are not useful to produce large primes. For

non-cyclotomic polynomials f , Lehmer proved that

lim
r→⌐

⌜#r+1(f)⌜

⌜#r(f)⌜
=

n

⩀
i=1

max{⌜ωi⌜,1},

and observed that if the quantity ⊍n
i=1max{⌜ωi⌜,1} is small, or equivalently if ⌜#r(f)⌜

does not grow rapidly, then the sequence of integers ⌜#r(f)⌜ is likely to have a large

prime factor.

For a polynomial f as above, we define

M(f) =

n

⩀
i=1

max{⌜ωi⌜,1}.

Note that M(f) > 1 for all non-cyclotomic polynomial and the smallest value of

M(f) Lehmer could found was

M(f) = 1.176280821 . . . ,

for the polynomial f(x) = x10 +x9 −x7 −x6 −x5 −x4 −x3 +x+ 1, known as ‘Lehmer’s

polynomial’. Further, he posed the following problem.

Lehmer’s problem (1933): Among the monic integer polynomials f such that

M(f) > 1, is it possible to choose polynomials with M(f) arbitrarily close to 1?

Lehmer’s problem remains open in general but has been settled for certain cases,

which we shall see at the end of this chapter. To this date, the polynomial with the

smallest M(f) > 1 remains the Lehmer’s polynomial. Subsequently, Mahler studied

the quantity M(f) in 1962 to investigate the transcendence of numbers, calling it

the measure of the polynomial f . Later, in 1979, M. Waldschmidt referred to it as

the Mahler measure.

2



2.2 Mahler measure

The Mahler measure M(f) of a monic integral polynomial f can also be interpreted

as a measure of how far the roots of a polynomial lie from the unit circle. This notion

is captured by logarithmic average of a holomorphic function on the unit circle

and thus provide a way to define Mahler measure for arbitrary nonzero complex

polynomials. Let f(z) ≠ 0 be a polynomial in C[z]. The Mahler measure of f is

defined as

(2.1) M(f) ⌐= exp⌝
1

2ε ⊍
2ω

0
log ⌜f(eiε)⌜dϑ⌝ .

One of the main advantages of defining the Mahler measure in integral form is that it

immediately gives that Mahler measure is multiplicative, i.e., if f and g are complex

polynomials, then M(fg) =M(f)M(g).

We now recall the Jensen’s formula from complex analysis, which enables us to

derive the form of the Mahler measure presented in the previous section. We use

the notation DR for the open disc of radius R centered at the origin in the complex

plane, and CR for its boundary.

Theorem 2.2.1 (Jensen’s formula). Let $ ⊆ C be an open set that contains the

closure of a disc DR and suppose that f is a holomorphic function on $ such that

f(0) ≠ 0 and f vanishes nowhere on the circle CR. If z1, . . . , zn denote the zeros of

f inside the disc (counted with multiplicities), then

log ⌜f(0)⌜ =
n

∑
i=1

log ⌝
⌜zi⌜

R
⌝ +

1

2ε ⊍
2ω

0
log ⌝f ⌝Re

iε
⌝⌝dϑ.

Let f(z) = anzn + an⋊1zn⋊1 + . . . + a0 be a complex polynomial such that a0an ≠ 0

and ω1,ω2, . . . ,ωn be its roots counted with multiplicities. Applying above theorem
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to f yields

M(f) = exp⌝⊍
1

0
log ⌜f(ei2ωt)⌜dt⌝ = exp⌞log ⌜f(0)⌜ −∑

i

logmin{1, ⌜ωi⌜}⌞

= ⌜a0⌜
1

⊍imin{1, ⌜ωi⌜}
= ⌜an⌜⩀

i

max{1, ⌜ωi⌜}.(2.2)

For monic polynomials with integer coe”cients, this coincides precisely with the

Mahler measure introduced in the previous section. Equation (2.2) provides an

explicit description of the Mahler measure of a polynomial in terms of its roots and

leading coe”cient, which is particularly useful for arithmetic applications. Recall

that the minimal polynomial of a non-zero algebraic number over integers is unique

up to sign of its leading coe”cient. This allow us to define the notion of the Mahler

measure of a non-zero algebraic number. The Mahler measure of a non-zero

algebraic number ω is defined as

M(ω) ⌐=M(mϑ(x)),

where mϑ(x) is minimal polynomial of ω over integers. It follows from (2.2) that if

an is the leading coe”cient of mϑ(x) and ω1,ω2, . . . ,ωn are its root, then

M(ω) = ⌜an⌜

n

⩀
i=1

max{1, ⌜ωi⌜}.

We now state Lehmer’s conjecture in terms of Mahler measure of algebraic numbers.

Conjecture 2.2.2 (Lehmer’s problem). There exists an absolute constant c > 0 such

that for all non-zero algebraic numbers ω, not root of unity, we have

logM(ω) > c.

In modern terms, Lehmer’s conjecture is formulated using height functions. In the
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next section, we introduce the notion of the Weil height and see its connection to

the Mahler measure.

2.3 Height functions

The Mahler measure provides a notion of size for polynomials with integral coe”-

cients and behaves analogously to a height function, an arithmetic invariant that

quantifies the complexity of solutions to Diophantine equations. In addition to the

representations given in (2.1) and (2.2), the Mahler measure admits a representation

in terms of the Weil height, providing a local description. More precisely, it decom-

poses as a sum over all places, where each place contributes a local term, thereby

expressing the measure as an aggregate of its local contributions.

One of the most basic examples of a height function is the natural height on the

set of non-zero rational numbers Q∗. Let a
b ∈ Q∗ be in its lowest form. Then, the

natural height of a⌜b is defined as

h⌝
a

b
⌝ = logmax{⌜a⌜, ⌜b⌜}.

For simplicity, the height of zero is defined to be 0. It clearly follows from the

definition that:

“There are only finitely many rationals with bounded natural height”.

This is called the finiteness property of height and it is often desirable for a height

function to satisfy this property. There is another viewpoint for expressing the

quantity max{⌜a⌜, ⌜b⌜} as follows:

logmax{⌜a⌜, ⌜b⌜} =∑
p
logmax⌞1, ⌞

a

b
⌞
p
⌞,
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where the sum runs over all primes p and ⌜ ⋉ ⌜p denotes the p-adic absolute value on

Q, defined for x = pk m
n (p ̸mn) by ⌜x⌜p = p⋊k (and ⌜0⌜p = 0).

This shift in perspective has led André Weil to generalize the above notion of

height to algebraic numbers, known as the Weil height.

2.3.1 Weil height of algebraic numbers

Let K be a number field of degree [K ⌐ Q] = d. A place v of K is an equivalence

class of non-trivial absolute values on K. The set of all places of K is denoted by

MK . For each place v ∈ MK , we write Kv for the completion of K with respect to

v, and dv = [Kv ⌐ Qw] for the local degree, where w ∈ MQ is the place obtained by

restricting v to Q.

It follows from a well known theorem of A. Ostrowski that each place v ∈ MK

corresponds either to a non-zero prime ideal pv in the ring of integers OK of K or

to an embedding ϖv ⌐K ↪ C. If v corresponds to a prime ideal, we call v a finite (or

non-archimedean) place, denoted v ̸⋊. If v corresponds to a complex embedding,

we call v an infinite (or archimedean) place, denoted v ⌜⋊. For each place v ∈MK ,

we choose a representative ⌜ ⋉ ⌜v normalized as follows: If v is finite and ω ≠ 0, then

⌜ω⌜v = Np
⋊

ordpv (ωOK)

dv
v ,

where Npv is the norm of pv from K to Q, and ordpv(ωOK) is the exponent of pv in

the prime ideal factorization of the fractional ideal ωOK . Moreover, we set ⌜0⌜v = 0.

If v is infinite, then

⌜ω⌜v = ⌜ϖv(ω)⌜.

The logarithmic Weil height, also called the absolute height or simply the Weil

6



height, of a non-zero ω ∈K is defined as

h(ω) =
1

[K ⌐ Q]
∑

v∈MK

logmax{1, ⌜ωv ⌜}.

It is clear from the definition of ⌜ ⋉ ⌜v that for any ω ∈K∗, the equality ⌜ω⌜v ≠ 1 holds

for only finitely many places v ∈ MK . Hence, all but finitely many terms in the

above summation vanish. The factor 1
[K ⋉Q] in the definition of h(ω) ensures that

the definition of h(ω) is independent of the number field K. Thus, h(⋉) defines a

well-defined function on Q
∗

and called absolute Weil height.

The Weil height on algebraic numbers satisfies various interesting properties.

Proposition 2.3.1. For all ω,ϱ ∈ Q ∗ and n ∈ Z, the Weil height h is a non-negative

function satisfying

(i) h(ωϱ) ≤ h(ω) + h(ϱ),

(ii) h(ω + ϱ) ≤ log 2 + h(ω) + h(ϱ),

(iii) h(ωn) = ⌜n⌜h(ω),

(iv) h(ϖ(ω)) = h(ω) for all ϖ ∈ Gal(Q⌜Q).

Proof. See [45, Chapter 14].

Moreover, the following theorem due to Kronecker [38] completely classifies al-

gebraic numbers of smallest height.

Theorem 2.3.2 (Kronecker). h(ω) = 0 if and only if ω is a root of unity.

One the most important feature of the Weil height function gives a well–founded

preorder on the set of algebraic number with bounded degree and was first observed

by D. G. Northcott [50].
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Theorem 2.3.3 (Northcott). There are only finitely many algebraic numbers ω with

bounded degree and bounded height.

The original motivation for Northcott to study heights and related finiteness

properties was applications to algebraic dynamics. Northcott’s theorem has been

used extensively, especially to deduce finiteness results in Diophantine geometry and

arithmetic dynamics.

2.4 Lehmer’s conjecture

The Weil height is a non-negative function defined on the set of non-zero algebraic

numbers which takes the value zero precisely at the roots of unity (Kronecker’s

theorem). A natural question, therefore, is to identify the algebraic numbers of

small positive height next to the roots of unity. The example h(21⌜n) = log 2⌜n

shows that there exist algebraic numbers of arbitrarily small height, with precise

growth controlled by the degree. This motivates studying how the height grows

with respect to degree. Although determining the precise order of growth is often

di”cult, lower bounds themselves are of significant interest. The formulation of

Lehmer’s conjecture in terms of the Weil height connects the study of lower bounds

on height by predicting the precise lower bound for the height of algebraic numbers

in terms of their degree.

Let K be a number field and ω ∈ K∗ with minimal polynomial mϑ(x) = anx
n +

an⋊1x
n⋊1 + . . . + a0 ∈ Z[x]. The following proposition is useful in expressing Mahler

measure entirely in terms of valuations.

Proposition 2.4.1. Let ω, K, and mϑ be as above. Suppose ω1,ω2, . . . ,ωn are the
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complex roots of mϑ. Then

⌜an⌜
[K ⋉Q(ϑ)]

= ⩀
v∈MK∖M⌐

K

max{1, ⌜ω⌜v} ,
d

⩀
i=1

max{1, ⌜ωi⌜}
[K ⋉Q(ϑ)]

= ⩀
v∈M⌐

K

max{1, ⌜ω⌜v} ,

where M⌐

K denotes the set of archimedean places of K.

Proof. See [45, Proposition 14.4].

As a consequence of the above proposition, the Weil height of ω is related to the

Mahler measure of ω by the relation

logM(ω) = h(ω) [Q(ω) ⌐ Q].

This allows us to formulate Lehmer’s conjecture in terms of the Weil height as

follows.

Conjecture 2.4.2. (Lehmer’s problem) There exists an absolute constant c > 0 such

that if ω ∈ Q is not a root of unity, then

(2.3) h(ω) ≥
c

[Q(ω) ⌐ Q]
.

As mentioned in the beginning of this chapter, the conjecture remains open but

significant progress has been made in recent times. Using a sharpened version of

Siegel’s lemma and thereby constructing an auxiliary polynomial with small coe”-

cients, E. Dobrowolski [21] proved that for ω ∈ Q
∗

not a root of unity,

h(ω) ≥
c

n
⌝
log logn

logn
⌝

3

,

where n = [Q(ω) ⌐ Q] and c > 0 is an absolute constant. Subsequently, this constant c

has been improved in the works of U. Rausch [56] and P. Voutier [71]. We call ω ∈ Q

reciprocal if ω and 1⌜ω are conjugates. In 1971, C. Smyth [65] showed that Lehmer’s
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conjecture holds for all non-reciprocal algebraic numbers. This result, with a weaker

constant, was also obtained by R. Breusch [13] in 1951. On another front, consider

ω ∈ Q, not a root of unity, such that the Galois closure of Q(ω)⌜Q, say Kϑ, has degree

[Kϑ ⌐ Q] polynomially bounded in terms of n = [Q(ω) ⌐ Q] (i.e., [Kϑ ⌐ Q] = O(nk)

for some fixed k ∈ N). For all such ω, F. Amoroso and S. David [1] proved that

Lehmer’s conjecture holds. Consequently, Lehmer’s conjecture holds for all ω such

that Q(ω)⌜Q is a Galois extension.

A weaker version of Lehmer’s conjecture was proposed by A. Schinzel and H. Zassen-

haus [58], which was recently resolved by V. Dimitrov [16]. Let ω denote the house

of ω ∈ Q defined as

ω =max
i
{⌜ωi⌜},

where ωi’s are the conjugates of ω. Then, Dimitrov’s theorem states that for any

non-zero ω ∈ Q not a root of unity,

log ω >
c

[Q(ω) ⌐ Q]

for c = (log 2)⌜4. It is easily seen that Lehmer’s conjecture implies Dimitrov’s theo-

rem, albeit for a di!erent constant c > 0.

The reader may refer to the excellent survey articles [66] and [70] for a compre-

hensive account of Lehmer’s problem.
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Chapter 3

Weil height and low-lying zeros of

zeta function

Classically, two main approaches have been used to obtain lower bounds for the

Weil height. The first relies on the metric properties of absolute values and analyzes

the local factors explicitly that appear in the definition of the Weil height. The

second approach, introduced by K. Mahler, is based on deriving lower bounds for

the discriminant of a polynomial. In 1964, K. Mahler [43] proved the following

inequality, which since then has played a key role in proving Lehmer’s conjecture

for certain classes of algebraic numbers and even obtaining stronger lower bounds

on the Weil height.

Theorem 3.0.1 (Mahler). Let f(x) = anxn +⋯ + a1x + a0 ∈ C[x] be a polynomial

with roots ω1,ω2,⋯,ωn. Let D ⌐= a2n⋊2n ⊍i>j(ωi − ωj)
2 be its discriminant. Then,

⌜D⌜ ≤ n
n
M(f)

2n⋊2
,

where M(f) denotes the Mahler measure of f .

Proof. Expressing the discriminant of f in terms of the Vandermonde determinant
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and using the Hadamard’s inequality, we obtain

⌜D⌜ ≤ ⌜an⌜
2n⋊2

n

⩀
i=1

⌞

n⋊1

∑
j=0

⌜ωi
j
⌜
2
⌞

≤ ⌜an⌜
2n⋊2

n

⩀
i=1

nmax{1, ⌜ωi⌜}
2n⋊2
≤ n

n
⋉M(f)

2n⋊2
.

This simple-looking inequality due to Mahler turns out to be a powerful tool in

deriving lower bounds on height of an algebraic number by studying the discriminant

of its minimal polynomial. In a seminal paper, E. Bombieri and U. Zannier [12] used

Mahler’s inequality together with valuation theory to obtain absolute lower bounds

on the Weil height for totally p-adic extensions of rationals. We shall discuss their

results in detail in Chapter 5.

It follows from the definition of the Mahler measure that for any algebraic non-

integer ω, one has M(ω) ≥ 2. Thus, Lehmer’s conjecture holds for all algebraic non-

integers. For an algebraic integer, a standard fact from algebraic number theory

tells that the discriminant of its minimal polynomial and the field discriminant

di!er only by the index. Let ω be a nonzero algebraic integer and set K = Q(ω). Let

I(ω) ⌐= [OK ⌐ Z[ω]] denote the index of ω, let d(ω) denote the discriminant of the

minimal polynomial of ω, and let dK denote the absolute discriminant ⌜disc(K⌜Q)⌜

of the number field K. It is well known that

d(ω) = I(ω)
2
dK .

This relation reduces the initial problem of studying polynomial discriminant to the

discriminant of number fields. For an algebraic integer ω, if K = Q(ω), applying
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Theorem 3.0.1 along with above relation, we obtain

2h(ω) ≥
log dK
n2
K

−
lognK

nK
+
2 log IK
n2
K

.

As a consequence, in a family of number fields {Ki = Q(ωi)} with ωi algebraic inte-

gers, if log dKi ≥ nKi lognKi + ςnKi , then Lehmer’s conjecture holds for ⋃i{ωi}. The

classical analytic formulae suggest that the growth of the discriminant of a number

field is largely governed by the splitting behavior of primes and the distribution of

low-lying zeros of the associated zeta functions. In fact, in the result of Bombieri

and Zannier, the totally p-adic condition can be interpreted as a situation in which

prime splitting largely governs the growth of the discriminant. With this motiva-

tion, we obtain the lower bound on the height in terms of other field invariants, in

particular, the low lying zeros of the Dedekind zeta function of number fields. In

the next section we give a brief introduction to the Dedekind zeta function and its

properties.

3.1 Dedekind Zeta function

The Dedekind zeta function associated to a number field K is defined on the half-

plane R(s) > 1 as the product

φK(s) ⌐=⩀
p≠0

⌞1 −
1

(Np)s
⌞

⋊1

,

where p runs over all non-zero prime ideals of the ring of integers OK , and Np

denotes the absolute norm of p. The unique factorization of ideals implies that in

the half-plane R(s) > 1, φK(s) has a Dirichlet series expansion

φK(s) = ∑
0≠a⊆OK

1

(Na)s
,
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where the sum runs over all non-zero ideals a of OK .

When K = Q, one recovers φK(s) = φ(s), thus Dedekind zeta functions gener-

alize the Riemann zeta function. These functions first appeared in the work of R.

Dedekind, and later named after him by E. Hecke. Hecke was the first to observe

that φK(s) admits an analytic continuation to the complex plane, except for a simple

pole at s = 1 and satisfies a functional equation [47, Chapter 7, Theorem 7.2]

φK(s) = dK
1
2
⋊s
ε

r1
2
(2s⋊1)

(2ε) r2(2s⋊1)
%⌝1⋊s2 ⌝

r1
%(1 − s)r2

%⌝ s2⌝
r1
%(s)r2

φK(1 − s),

where %(s) denotes the Gamma function, and r1 and r2 are the numbers of real

embeddings and pairs of complex embeddings of the number field K, respectively.

Moreover, the residue at s = 1 encodes important algebraic invariants of K, and is

known as the analytic class number formula.

There is an analogue of the famous Riemann Hypothesis for φK(s), known as

the Generalized Riemann Hypothesis (GRH) (see [35, Section 5.7]).

Conjecture 3.1.1. (Generalized Riemann Hypothesis) If φK(s) = 0 for 0 < Re(s) <

1, then R(s) = 1⌜2.

The discriminant of a number field K is one of the most fundamental arithmetic

invariants attached to it, and determines which rational primes are ramified in K. It

also appears in several important analytic formulae, such as the functional equation

of the Dedekind zeta function of K and the analytic class number formula. A

theorem of C. Hermite tells that there are only finitely many number fields with

bounded discriminant. Thus, the discriminant serves as a height function on the

set of number fields and provides a framework for studying various distribution

problems.

Discriminant bounds have numerous applications in both algebraic and analytic

number theory, and there has been substantial work in this direction. Let K be
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a number field of degree n = r1 + 2r2, where r1 and r2 denote the numbers of real

embeddings and complex embeddings (up to conjugation) of K, respectively. De-

note by dK the absolute discriminant of K. During the late nineteenth century,

in the course of developing a geometric approach to number-theoretic problems, H.

Minkowski proved that

d
1⌜2
K ≥

nn

n!
⌝
ε

4
⌝

r2

≥
nn

n!
⌝
ε

4
⌝

n⌜2

.

An immediate consequence of Minkowski’s bound is that if K ≠ Q, then dK > 1. As

a result, it follows that the only number field unramified at every rational prime

is Q. Moreover, this bound implies that dK ↢ ⋊ as n ↢ ⋊. Hence, Minkowski’s

bound implies Hermite’s finiteness theorem.

In 1974, H. Stark [67] introduced an analytic method to obtain lower bounds on

discriminants by proving a variant of the explicit formula for log dK . His method

provide a substantial improvement over Minkowski’s bound. Later, using the explicit

formula due to A. Guinand and A. Weil [51], improved lower bounds for discriminant

were obtained by A. Odlyzko and G. Poitou. Interested readers may refer to the

excellent survey article by Odlyzko [51] on lower bounds for discriminants and their

connections with regulators, class numbers, and zeros of the Dedekind zeta function.

3.2 Lehmer’s conjecture and low-lying zeros

The zeros of φK(s) that lie near to the real axis in the critical strip 0 <R(s) < 1 are

called low-lying zeros of φK(s). Let NK(T ) denote the number of zeros of φK(s) in

the critical strip with ⌜I(s)⌜ < T and define

↼K(T ) ⌐= ∑

⌜t⌜<T
ϖK(ϱ+it)=0

1

1 + t2
,
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where t runs over the imaginary part of the non-trivial zeros of φK(s). The main

result [18, Theorem 1.1] of this chapter is as follows.

Theorem 3.2.1. Let ω be a non-zero algebraic integer and K = Q(ω). Under GRH

2nK h(ω) ≥
3.67

nK
⌝↼K(2) −

1

5
NK(2)⌝ − lognK +O(1),

where the implied constant is absolute.

mϑ(x) 3.67 ⌝↼K(2) −
1
5NK(2)⌝ nK ⌝lognK +

1
1000⌝ NK(2)

x3 + 2x2 + 28 3.72540010277642 3.29883686600433 2

x3 + 20x + 20 4.51802933608664 3.29883686600433 2

x4 + 21x2 + 1 5.61114340905622 5.54917744447956 4

x4 + 28x2 + 14x + 1 5.64396152749838 5.54917744447956 4

x4 + x + 23 6.38880039028607 5.54917744447956 4

x4 + 91x2 + 1 8.78557905852989 5.54917744447956 4

x5 + 21x2 + 1 9.43790681492255 8.05218956217050 6

Table 3.1: Computational data in support of Theorem 3.2.1

The above theorem implies that for a number field K = Q(ω) generated by an

algebraic integer ω, if

3.67⌝↼K(2) −
1

5
NK(2)⌝ ≥ nK ⌝lognK +

1

1000
⌝ ,

then h(ω) ≥
0.0005
nK

, and hence Lehmer’s conjecture holds for such ω. Table 3.1,

computed using SageMath, provides evidence for the existence of number fields

satisfying this hypothesis. The constant 1⌜1000 is chosen arbitrarily, and the low–

lying zeros term is by no means optimal. A more suitable test function in the explicit

formula would yield a sharper estimate.
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In the following section, we discuss the explicit formula due to Guinand and

Weil, which we shall use to obtain a lower bound on the discriminant in terms of

low-lying zeros of the Dedekind zeta function. We provide the proof of Theorem

3.2.1 in the last section as a consequence of a more general result (Theorem 3.3.5)

that gives a lower bound on discriminant in terms of low-lying zeros of Dedekind

zeta function.

3.3 Explicit formula and lower bound on discrim-

inant

In this section, we state and develop the necessary ingredients towards the proof of

our results.

Explicit formulae in number theory serve as a bridge between algebraic and

analytic number theory. They provide information about arithmetic properties of

number fields (such as discriminant bounds and the splitting behavior of primes)

in terms of purely analytic objects, such as the zeros of φK(s), and vice versa. An

important role in the proof of Theorem 3.2.1 is played by Weil’s explicit formula.

Let F be a real valued even function satisfying the following conditions :

(i) F is continuously di!erentiable on R except at a finite number of points ai

where F (x) and its derivative F ⧖(x) has only discontinuities of the first kind

for which F satisfies the mean condition, i.e.

F (ai) =
1

2
(F (ai + 0) + F (ai − 0)) .

(ii) There exists b > 0 such that F (x) and F ⧖(x) are O (e⋊(1⌜2+b)⌜x⌜) in the vicinity

of ⋊.
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Then, we have the following explicit formula due to Weil (formulated by Poitou

[54]).

Theorem 3.3.1 (Weil’s explicit formula). Let F (x) be an even positive function

defined on the whole real line R satisfying (i) and (ii) such that F (0) = 1 . Define

↽(s) ⌐= ⊍

⌐

⋊⌐

F (x)e
(s⋊1⌜2)x

dx.

Let K be a number field. Denote by nK and dK the degree and absolute discriminant

of K over Q. Let r1 and r2 denote the number of real and complex embedding (upto

conjugation) of K. Then, we have

log dK =r1
ε

2
+ nK(⇀ + log 8ε) − nK ⊍

⌐

0

1 − F (x)

2 sinhx⌜2
dx − r1⊍

⌐

0

1 − F (x)

2 coshx⌜2
dx

− 4⊍
⌐

0
F (x) coshx⌜2dx +∑

ς

⧖
↽(⇁) + 2∑

p

⌐

∑
m=1

N(p)⋊m⌜2F (m logN(p)) logN(p),

where in the first sum ⇁ runs over all zeros of the Dedekind zeta function φK(s) in

the critical strip, where ⇁ and ⇁ are grouped together, p runs over the prime ideals

of K and N(p) denotes the norm of p. Here, ⇀ is the Euler–Mascheroni constant.

The above formula establishes a relation between the complex zeros of the

Dedekind zeta function, which constitute of analytic data, and the sum over prime

powers, which represents arithmetic data. Choosing an appropriate test function

F (x) allows us to bound one term while making the other arbitrarily large. We use

this observation to prove the following lemma.

Lemma 3.3.2. Let K be a number field of degree nK and absolute discriminant dK.

Then under GRH

log dK = ⌞2 −
ε

2
⌞ r1 + (⇀ + log 8ε − 2)nK −

16

3
+∑

t

2

1 + t2
+ 2∑

q

NK(q)
log q

q3⌜2
,

where t runs over imaginary parts of non-trivial zeros of φK(s) and q over all prime
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powers.

Proof. Applying the explicit formula in Theorem 3.3.1 with F (x) = e⋊⌜x⌜, we obtain

log dK = r1
ε

2
+nK(⇀ + log 8ε) − nK ⊍

⌐

0

1 − e⋊⌜x⌜

2 sinhx⌜2
dx − r1⊍

⌐

0

1 − e⋊⌜x⌜

2 coshx⌜2
dx(3.1)

− 4⊍
⌐

0
e
⋊⌜x⌜ coshx⌜2dx + 2∑

p

⌐

∑
m=1

N(p)⋊m⌜2e⋊⌜m logN(p)⌜ logN(p)

+∑
ς

⧖
↽(⇁),

where ↽(⇁) = ⊎
⌐

⋊⌐
e⋊⌜x⌜ ⋉ e(ς⋊1⌜2)xdx

Assuming the GRH, every non-trivial zero ⇁ of φK(s) is of the form 1⌜2+it. Therefore

∑
ς

⧖
↽(⇁) = Re∑

t
⊍

⌐

⋊⌐

e
itx⋊⌜x⌜

dx,

where the sum runs over the imaginary parts t of the non-trivial zeros ⇁ = 1
2 + it of

φK(s).

Substituting this into (3.1) and evaluating the integrals gives

log dK =r1
ε

2
+ nK(⇀ + log 8ε) − 2nK − (ε − 2)r1 −

16

3
+∑

t

2

1 + t2

+ 2∑
q
NK(q)

⌐

∑
m=1

log q

qm⌜2
e
⋊m log q

= ⌝2 −
ε

2
⌝ r1 + (⇀ + log 8ε − 2)nK −

16

3
+∑

t

2

1 + t2
+ 2∑

q

NK(q)
log q

q
3
2

.

as required.

To estimate the sum over the zeros of φK(s) in the above lemma, we require

the following result due to Ehsan Hasanalizade, Qingyu Shen, and P. J. Wong [31,

Corollary 1.2], which provides an explicit bound for NK(T ).
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Theorem 3.3.3 (Hasanalizade-Shen-Wong). Let K be a number field and NK(T )

be the number of zeroes ⇁ of φK(s) in the critical strip with ⌜Im(⇁)⌜ ≤ T . Then,

⌟NK(T ) −
T

ε
log

dKT
nK

(2εe)nK
⌟ ≤ 0.228 (log dK + nK logT ) + 23.108nK + 4.520

for T ≥ 1, where dK and nK are absolute discriminant and degree of K, respectively.

We now estimate the sum over the zeros of φK(s) in Lemma 3.3.2 as follows.

Lemma 3.3.4. Under GRH

∑
t

2

1 + t2
= 2∑
⌜t⌜≤2
⌟

1

1 + t2
−
1

5
⌟ + ⌝0.548 + c1⌝ log dK + (0.309 + c2)nK +O(1),

where t runs over the imaginary part of all the non-trivial zeros of φK(s) and ⌜c1⌜ ≤

0.0912 and ⌜c2⌜ ≤ 9.3572.

Proof. If NK(T ) is the number of zeros of φK(s) with imaginary part ⌜t⌜ ≤ T , then

Theorem 3.3.3 gives

⌟NK(T ) −
T

ε
log

dKT
nK

(2εe)nK
⌟ ≤ 0.228 log dK + 0.228nK logT + 23.108nK + 4.520.(3.2)

Since the zeros of φK(s) are symmetric about the real line, for T > 2,

∑

⌜t⌜≤T

2

1 + t2
= ∑

⌜t⌜≤2

2

1 + t2
+ 2 ∑

2<t≤T

2

1 + t2
.

Assume the GRH. As T ↢⋊, using partial summation, we obtain

∑
t

2

1 + t2
= ∑

⌜t⌜≤2

2

1 + t2
−
2

5
NK(2) + 4⊍

⌐

2

t

(1 + t2)2
NK(t)dt.(3.3)

Using (3.2), a standard computation shows that the contribution of the main term

20



in (3.2) to the above integral is

4⊍
⌐

2

t

(1 + t2)2
⌞
t

ε
log

dKt
nK

(2εe)nK
⌞ dt

=
4

ε
⌟ log dK − nK log(2εe)⌟⊍

⌐

2

t2

(1 + t2)2
dt +

4nK

ε
⊍

⌐

2

t2 log t

(1 + t2)2
dt

=
4

ε
⌟ log dK − nK log(2εe)⌟(0.431) +

4nK

ε
(0.774)

= 0.548 log dK + 0.309nK .

Moreover, the contribution of the rest of the terms in (3.2) to the integral in (3.3)

is at most

4(0.228 log dK + 23.108nK + 4.520)⊍
⌐

2

t

(1 + t2)2
dt + 0.228nK ⊍

⌐

2

t log t

(1 + t2)2
dt

= 0.0912 log dK + 9.3572nK + 1.808.

Putting these together, we obtain the lemma.

In [18], we obtain the following lower bound on the discriminant in terms of low

lying zeros of the Dedekind zeta function, conditionally on GRH.

Theorem 3.3.5. Let K be a number field of degree nK and absolute discriminant

dK. Then, under GRH

log dK ≥ 3.67∑
⌜t⌜≤2

⌝
1

1 + t2
−
1

5
⌝ +O (nK) ,

where the implied constant in O(nK) is absolute.
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Proof. From Lemma 3.3.2 and Lemma 3.3.4, we have

log dK = 2∑
⌜t⌜≤2

⌝
1

1 + t2
−
1

5
⌝ + (0.548 + c1) log dK +O (nK)

≥ 2∑
⌜t⌜≤2

⌝
1

1 + t2
−
1

5
⌝ + 0.456 log dK +O (nK) .

Therefore

log dK ≥ 3.67∑
⌜t⌜≤2

⌝
1

1 + t2
−
1

5
⌝ +O (nK) .(3.4)

3.4 Lower bound on height function

We now illustrate application of Theorem 3.3.5 towards the proof of Theorem 3.2.1.

Proof of Theorem 3.2.1. Let K = Q(ω) and f(x) ∈ Z[x] be the minimal polynomial

of ω. From Theorem 3.0.1,

log ⌜D(f)⌜ ≤ nK lognK + 2(nK − 1)nKh(ω).

Since ω is an algebraic integer, we have

⌜D(f)⌜ = I(ω)
2
⌜dK ⌜ ≥ ⌜dK ⌜,

where I(ω) is the index of ω which is always ≥ 1. Hence, by (3.4),

2(nK − 1)nKh(ω) + nK lognK ≥ log dK ≥ 3.67∑
⌜t⌜≤2

⌟
1

1 + t2
−
1

5
⌟ +O (nK) .
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Dividing both sides by nK , we obtain

2nKh(ω) ≥
3.67

nK
⌝↼K(2) −

1

5
NK(2)⌝ − lognK +O(1),

as required.

Recall from Section 3.2 that for K = Q(ω), if

(3.5) 3.67⌝↼K(2) −
1

5
NK(2)⌝ ≥ nK ⌝lognK +

1

1000
⌝ ,

then Lehmer’s conjecture holds for such ω. It follows from Theorem 3.3.3 that the

discriminant dK of a number field can be bounded below by number of low–lying

zeros up to height 2 as

log dK ≥ 1.156NK(2) − 25.317nK − 5.226.

As a consequence of the above inequality, for

NK(2) > 0.865⌝nK lognK +
1

1000
⌝ ,

we obtain h(ω) ≥
0.005
nK

. However, it is crucial to note that Theorem 3.3.3 along

with Mahler’s inequality does not provide a Lehmer type bound when NK(2) <

0.865nK lognK . In the following table, computed using SageMath, we present ex-

amples of number fields satisfying condition (3.5). These data show that condition

(3.5) yields a Lehmer-type bound even when NK(2) < 0.865nK lognK .

The above table indicates that the quantity 3.67 ⌝↼K(2) −
1
5NK(2)⌝ can become

significantly larger than NK(2) in certain cases. This is because it can be interpreted

as a weighted sum over the non-trivial zeros 1⌜2 + it of φK(s) up to ⌜t⌜ ≤ 2, with
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mϑ(x)
3.67⧖

⌝↼K(2) −
1
5NK(2)⌝

nK ⌝lognK +
1

1000⌝ NK(2)
0.865⧖

nK lognK

x3 + 2x2 + 28 3.72540 3.29883 2 2.85349

x3 + 20x + 20 4.51802 3.29883 2 2.85349

x4 + 21x2 + 1 5.61114 5.54917 4 4.80003

x4 + 28x2 + 14x + 1 5.64396 5.54917 4 4.80003

x4 + x + 23 6.38880 5.54917 4 4.80003

x4 + 91x2 + 1 8.78557 5.54917 4 4.80003

x5 + 21x2 + 1 9.43790 8.05218 6 6.96514

Table 3.2: Computational data in support of Theorem 3.2.1

weights 3.67 ⌝ 1
1+t2 −

1
5⌝. When zeros lie close to the real line, the weighted sum tends

to dominate the zero count NK(2), and consequently, a lower bound on this sum is

less restrictive than a corresponding bound on NK(2).

Since 1
1+t2 −

1
5 tends to zero as t approaches ±2, the quantity ⊎⌜t⌜≤2 ⌝

1
1+t2 −

1
5⌝

becomes larger when the imaginary parts of the zeros are more concentrated near

the origin. In particular, if we restrict attention to zeros whose imaginary parts lie

in [−1,1], then

↼K(2) −
1

5
NK(2) ≥ ↼K(1) −

1

5
NK(1) ≥

3

10
NK(1).

Consequently, the following corollary can be deduced from Theorem 3.2.1.

Corollary 3.4.1. Under GRH, every algebraic integer ω ∈ Q with NK(1) ≥ nK lognK,

where K = Q(ω), satisfies

h(ω) ≥ 0.55
lognK

nK
+ o(1).

Consequently, Lehmer’s conjecture holds for all such ω under GRH.
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Moreover, for the set of ω with NK(1) ≥ n2
K , our Theorem 3.2.1 provides an

absolute lower bounds on height, i.e., independent of the degree. In other words,

abundance of low–lying zeros of the Dedekind zeta-function leads to stronger lower

bounds on height of algebraic integers. Consistent with this, in [18, Theorem 2.3]

we also demonstrates that for a Galois monogenic number field K of large degree

with a completely split prime p, one has NK(1)≫p n
2
K under GRH.
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Chapter 4

Small height and p-adic

distribution

We start this chapter by recalling the example h(21⌜n) = log 2⌜n, which implies that

the lower bound in the Conjecture 2.3 is optimal up to the choice of an absolute

constant. It turns out that if we restrict ourselves to certain families of algebraic

numbers, it is possible to obtain significantly stronger lower bounds on the height.

For instance, consider the class of totally real algebraic numbers-those whose Galois

conjugates all lie in R under any choice of embedding Q ↪ C. For such numbers

Schinzel [59] proved in 1973 that the height is bounded below by an absolute constant

independent of the degree,

(4.1) h(ω) ≥
1

2
log⌞

1 +
⌟
5

2
⌞ ,

for all ω ≠ 0,±1 that are totally real. Sets of algebraic numbers for which height is

bounded below by an absolute positive constant are of great interest and they will

be discussed in detail in the next chapter.

The lower bound in (4.1) reflects a deeper geometric rigidity: totally real alge-
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braic integers cannot have all their conjugates very close to ±1. More generally, one

can establish lower bounds on the height of algebraic numbers, whose conjugates

are restricted to a certain region of the complex plane. The following result due to

Mignotte [46] quantitatively captures how the angular distribution of the conjugates

relates to the height.

Theorem ([45], Theorem 15.2). For ω ∈ Q, let d = [Q(ω) ⌐ Q]. For any ϑ with

0 ≤ ϑ ≤ 2ε the number n of conjugates of ω in any fixed sector, based at the origin,

of angle ϑ satisfies

(4.2) ⌟n −
ϑ

2ε
d⌟ ≤ 24 ⌟d2⌜3 (log 2d)1⌜3 + dh(ω)1⌜3⌟ .

This result can be viewed as a quantitative refinement of a classical theorem due

to Erdős and Turán [22] on the distribution of roots of complex polynomials. They

showed that if f(z) ∈ C[z] has small maximum modulus on the unit circle ⌜z⌜ = 1,

its roots are concentrated near the unit circle and exhibit near-uniform angular

distribution.

In 1997, Bilu [10] proved a stronger equidistribution result for Galois conjugates

in the complex plane associated with points of small height. More precisely, if ω

is an algebraic number of height close to zero, then the Galois conjugates of ω are

equidistributed along the unit circle in the sense of weak convergence.

4.1 Small height and p-adic equidistribution

In 2001, Bombieri and Zannier formulated and studied certain properties (Bogo-

molov and Northcott property) concerning points of small height in infinite ex-

tensions of Q, which is the theme of our next chapter. Their paper establishes a

non-archimedean analogue of Bilu’s result as follows.
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Theorem 4.1.1 ([12], Theorem 3). Let L be a finite Galois extension of Q and for

each rational prime p let fp and ep be the residual degree and ramification index of

p in L. Let also p a prime ideal of L dividing (p) and write q ⌐= pfp. Let ω ∈ L∗ be

of degree m and let Vp(ω;L) be the normalized variance

Vp(ω;L) ⌐=
1

m2 ∑

x∈Fq∪{⌐}

⌝Nx −
m

q + 1
⌝

2

,

where, for x ∈ Fq,Nx is the number of conjugates of ω with reduction x modulo p and

N⌐ is the number of conjugates of ω which are not integers in Lp. This variance

does not depend on the choice of p ⌜ p. Then we have

h(ω) ≥ −
logm

2m − 2
+

m

2m − 2
∑
q<m

1

ep
⌝Vp(ω;L) +

1

q + 1
−

1

m
⌝ log p.

The above theorem implies a non-archimedean equidistribution for algebraic num-

bers with height tending to 0. In particular, for any sequence {ωn}n≥1 of algebraic

numbers such that h(ωn)↢ 0 as n↢⋊, we have that if p is unramified in the Galois

closure of ωn then qn ⌐= p
fp,n ↢⋊, where fp,n denotes the inertia degree of p in the

Galois closure of ωn. Moreover,

1

deg(ωn)
2 ∑

x∈Fqn∪{⌐}

⌝Nx −
deg(ωn)

qn + 1
⌝

2

log p#↢ 0.

Subsequently, a quantitative version of Bilu’s theorem was established by Petsche

[52], and generalized by Favre and Rivera-Letelier [23] (see also the corrigendum

[24]).

In this chapter, we establish a refined non-archimedean equidistribution phe-

nomenon analogous to Theorem 4.1.1 in the non-Galois setting, where the conju-

gates of algebraic numbers are distributed over small local fields. Let p be a rational

prime. Denote by Qp the field of p-adic numbers. We fix an algebraic closure Qp
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over Qp and shall assume that all the algebraic extensions of Qp are subfields of Qp.

Further, for each prime p, we fix an embedding ip ⌐ Q ↪ Qp. We say an algebraic

number ω ∈ Q lies in an extension K of Qp if ip(ω) ∈ K. For ease of notation,

we shall identify ip(ω) and ω, when ω ∈ K. Viewing R as the completion of Q at

the archimedean place, one can define a non-archimedean analogue of totally real

numbers, called the totally p-adic numbers. An algebraic number ω is said to be

totally p-adic if its image lies in Qp for any embedding Q ↪ Cp, where Cp denotes

the completion of Qp.

A recent theorem of Pottmeyer [55] provides a p-adic analogue of Schinzel’s result

for totally real numbers. He showed that if ω is a non-zero totally p-adic number

that is not a (p − 1)-th root of unity,

h(ω) ≥
log(p⌜2)

p + 1
.

More generally, let K⌜Qp be a finite extension with ramification index e and inertia

degree f . Let S be the set of algebraic numbers all of whose Galois conjugates lie

in K. Then, a result of Bombieri and Zannier [12, Theorem 2] implies that

lim inf
ϑ∈S

h(ω) ≥
log p

2e(pf + 1)
.

A generalized equidistribution theorem due to Baker and Rumely [8, Theorem

2.3] provides a non-Archimedean analogue of Bilu’s equidistribution theorem, for-

mulated using the framework of Berkovich spaces. It is important to note that the

aforementioned result requires all the Galois conjugates to lie in a fixed local field.

Therefore, it is natural to study the case when a subset of the conjugates lies in a

fixed local field.
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4.2 A p-adic criterion for Lehmer’s conjecture

From the inequality (4.2), we can conclude that algebraic numbers of large degree,

whose conjugates are not angularly equidistributed in the complex plane, are forced

to have height away from zero. In other words, for all ω ∈ Q satisfying

⌟n −
ϑ

2ε
d⌟≫ ⌝d

2 log d⌝
1⌜3

,

with the implied constant > 24, Lehmer’s conjecture holds. The main goal of this

section is to establish a p-adic analogue of the above phenomenon. In particular,

we prove Lehmer’s conjecture for a class of algebraic numbers by quantifying how

many conjugates must lie in a fixed local field.

We now set up the notation necessary to state our results. Let K be a finite

extension of Qp with residue field Fq. Let ω ∈ Q be an algebraic number of degree d,

and ω1,ω2, . . . ,ωd be the Galois conjugates of ω in Q. Define

SK(ω) = { ωi ⌜ ωi ∈K, 1 ≤ i ≤ d} .

In [20, Theorem 1.3], we obtain the following result.

Theorem 4.2.1. Let K be as above. Then, for any ω ∈ Q

h(ω) ≥
1

2 [K ⌐ Qp]
⌝
⌜SK(ω)⌜

d
⌝

2 log q

q + 1
+ od(1),

where od(1) tends to 0 as d tends to infinity.

An archimedean analog of similar nature to 4.2.1 with a condition on the number

of real conjugates of ω was obtained by Garza in [28] using Schinzel’s method. Our

proof is inspired by the proof of [12, Theorem 2] due to Bombieri and Zannier.
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Proof of Theorem 4.2.1. Let K be a finite extension of Qp with ramification index e

and inertia degree f . Let Fq denote the residue field of K, where q = pf . We define

ν to be the unique valuation on K extending the usual p-adic valuation on Qp. Let

ω ∈ Q be a non-zero algebraic number of degree d, and ωi’s be the Galois conjugates

of ω in Q. Recall that

SK(ω) = { ωi ⌜ ωi ∈K, 1 ≤ i ≤ d} .

Let mϑ(x) be the minimal polynomial of ω in Z[x]. Consider L to be the splitting

field of mϑ(x) over K and ω be the unique valuation on L extending ν on Kφ .

Rearrange the conjugates ωi of ω such that

ω(ω1) ≥ ⋯ ≥ ω(ωr) ≥ 0 > ω(ωr+1) ≥ ⋯ ≥ ω(ωd).

The discriminant of mϑ(x) is given by

D(mϑ) = a
2d⋊2
d ⩀

i<j

(ωi − ωj)
2
.

The contribution to the valuation of D(mϑ) from the terms in the product for which

ω(ωj) < 0 can be bounded from below by

ω ⌞

d

⩀
j=r+1

j⋊1

⩀
i=1

(ωj − ωi)⌞ ≥

d

∑
j=r+1

(j − 1)ω(ωj).

Further, it follows from the Gauss’s lemma that ω(ad) = −⊎
d
i=r+1 ω(ωi). Hence, we
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obtain

ω(D(mϑ)) ≥ (2d − 2)ω(ad) + 2 ∑
0<i<j≤r

ω(ωj − ωi) + 2

d

∑
j=r+1

(j − 1)ω(ωj)

≥ 2∑
i<j≤r

ω(ωj − ωi) − 2

d

∑
j=r+1

(d − j)ω(ωj).(4.3)

Since ω(ωj) < 0 for r + 1 ≤ j ≤ d, and ω(ω1), ω(ω2), . . . , ω(ωr) ≥ 0, omitting a few

non-negative terms if necessary, we have the following inequality

ω(D(mϑ)) ≥ 2∑
i<j≤r

ω(ωj − ωi) − 2

d

∑
j=r+1

(d − j)ω(ωj)

≥ 2 ∑
i<j≤r

ωi,ωj∈SK(ω)
ν(ωj − ωi) − 2 ∑

r<j≤d
ωj∈SK(ω)

(d − j)ν(ωj).(4.4)

For each x ∈ Fq, let Nx denote the number of conjugates of ωt ∈ SK(ω) with

1 ≤ t ≤ r, which lie in the residue class xmod ν. If ωi,ωj ∈ SK(ω) lie in the same

residue class modulo ν, then ν(ωi − ωj) ≥
1
e . Hence,

∑
i<j≤r

ωi,ωj∈SK(ω)
ν(ωj − ωi) ≥

1

e
∑
x∈Fq

Nx(Nx − 1)

2
,

where q = pf .

Let r⧖ be the number of ν-integral conjugates of ω lying in K. Since there

are ⌜SK(ω)⌜ many conjugates of ω lying in K, there are exactly ⌜SK(ω)⌜ − r⧖ non-

integral conjugates of ω in K. Therefore the second summation in (4.4) runs over

all ⌜SK(ω)⌜ − r⧖ non-integral conjugates of ω in K. As d − j are all distinct positive
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integers, we have

∑
r<j≤d

ωj∈SK(ω)
(d − j) ≥

(⌜SK(ω)⌜ − r
⧖)(⌜SK(ω)⌜ − r

⧖ − 1)

2
.

Note that, for r < i ≤ d, ν(ωi) ≤ −
1
e and therefore, (4.4) implies that

ordp(D(mϑ)) ≥
1

e

⎛

⎜

⎝

(⌜SK(ω)⌜ − r
⧖
)(⌜SK(ω)⌜ − r

⧖
− 1) +∑

x∈Fq

Nx(Nx − 1)
⎞

⎟

⎠

,

where ordp(D(mϑ)) is the usual p-adic valuation of D(mϑ).

Since (⌜SK(ω)⌜ − r⧖) +⊎x∈Fq
Nx = ⌜SK(ω)⌜, applying Cauchy-Schwarz inequality,

we obtain

ordp(D(mϑ)) ≥
1

e

⎛

⎝
(⌜SK(ω)⌜ − r

⧖
)(⌜SK(ω)⌜ − r

⧖
− 1) + ∑

x∈Fq

Nx(Nx − 1)
⎞

⎠

=
1

e

⎛

⎝
(⌜SK(ω)⌜ − r

⧖
)
2
+ ∑

x∈Fq

N
2
x +O(d)

⎞

⎠

≥
1

e
⌝
⌜SK(ω)⌜

2

q + 1
+O(d)⌝ ,

where the implied constant has absolute value ≤ 1. Therefore,

log ⌜D(mϑ)⌜ ≥
1

e
⌜SK(ω)⌜

2
⌝
log p

q + 1
⌝ +O ⌝d

log p

e
⌝

≥
1

[K ⌐ Qp]
⌜SK(ω)⌜

2
⌝
log q

q + 1
⌝ +O ⌞d

log q

[K ⌐ Qp]
⌞ .

Applying Mahler’s inequality (Theorem 3.0.1), we deduce that

dh(ω) = logM(ω) ≥
log ⌜D(mϑ)⌜

2d
−
log d

2

≥
1

2 [K ⌐ Qp]
⌝
⌜SK(ω)⌜

2

d
⌝

log q

(q + 1)
+O ⌞

log q

[K ⌐ Qp]
⌞ −

log d

2
,(4.5)
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where the implied constant in the O-term has absolute value ≤ 1⌜2. Dividing both

side of above inequality by d completes the proof of Theorem 4.2.1.

In Theorem 4.1.1, L is a Galois extension with finite local degree epfp at p. This

implies that for any ω ∈ L∗, all the conjugates of ω lie in a fixed finite extension Lp

of Qp such that [Lp ⌐ Qp] = epfp. Applying Theorem 4.2.1 to this case, we obtain

h(ω) ≥
1

2ep

log p

pfp + 1
+ od(1).

This lower bound is essentially the contribution from q = pfp in the right hand

summation in Theorem 4.1.1. The rest of the terms in the sum can be bounded

above by O (log p⌜ep(pfp + 1)). Hence, we retrieve the main term of Theorem 4.1.1.

But, Theorem 4.2.1 gives more freedom in the choice of ω’s, since we only require a

positive proportion of the conjugates of ω to lie in a finite extension of Qp. On the

other hand, Theorem 4.1.1 only applies when all the conjugates of ω lie in a finite

extension of Qp. It is not di”cult to construct a sequence of algebraic numbers ωn

such that the local degree of the Galois closure of Q(ωn) at p tends to infinity, but a

positive proportion of the conjugates of ωn lie in Qp. If ω is a totally p-adic number

of degree d, then the above theorem implies that

h(ω) ≥
log p

2(p + 1)
+ od(1).

This recovers Pottmeyer’s bound up to the od,p(1) term. The method of proof of

Theorem 4.2.1 can be used to derive the following consequences.

Proposition 4.2.2. Let K be as above. For c > 0, consider the set

S ⌐=

⎧
⎪⎪⎪
⎨
⎪⎪⎪
⎩

ω ∈ Q
×

⌐ ⌜SK(ω)⌜ ≥

⎡

⎤
⎤⎣
⌞
2(q + 1) [K ⌐ Qp]

log q
d⌞ ⌝c +

log (qd)

2
⌝

⎦
⎪⎪⎪
⎢
⎪⎪⎪
⎥

.

Then, h(ω) ≥ c
d for all ω ∈ S and hence Lehmer’s conjecture holds for S.
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Proof of Proposition 4.2.2. From (4.5), we deduce that if

⌜SK(ω)⌜ ≥

⎡

⎤
⎤⎣
⌞
2(q + 1) [K ⌐ Qp]d

log q
⌞ ⌝c +

log (qd)

2
⌝

then

dh(ω) ≥ c +
log q

2
+O ⌞

log q

[K ⌐ Qp]
⌞ .

Since the absolute value of the implied constant of the O-term is bounded above by

1⌜2, we conclude that

h(ω) ≥
c

d
.

The above proposition proves that a condition much weaker than “positive pro-

portion” of conjugates in K is su”cient to establish Lehmer’s conjecture. In partic-

ular, it is enough to show that ≫
⌟
d log d many conjugates of ω lie in a fixed local

field, with a suitable implied constant. This is stated in the following corollary as a

straightforward consequence of the above proposition.

Corollary 4.2.3. Let K be as above, and define

S ⌐= ⌞ω ∈ Q
×

⌐ ⌜SK(ω)⌜ ≥

⟦

q3[K ⌐ Qp]d log d⌞ .

Then, Lehmer’s conjecture holds for S. Moreover, d ⋉ h(ω)↢⋊ as d↢⋊.

Proof of Corollary 4.2.3. Taking ⌜SK(ω)⌜ ≥ (q3 [K ⌐ Qp]d log d)1⌜2 in (4.5), we obtain

(4.6) dh(ω) ≥ ⌞
q3 log q − q − 1

2(q + 1)
⌞ log d +O ⌞

log q

[K ⌐ Qp]
⌞ .

Note that for any real number x ≥ 2,

x3 logx − x − 1

2(x + 1)
≥

2

5
.
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This is because the function in the LHS is increasing for x ≥ 2 and the inequality

holds for x = 2. Applying this to (4.6), we obtain

dh(ω) ≥
2

5
log d +O ⌞

log q

[K ⌐ Qp]
⌞ .

Therefore, as d ↢ ⋊, the Mahler measure M(ω) = dh(ω) also tends to infinity as

required.

An archimedean analogue of Theorem 4.2.1, due to Garza [28], states that if Rϑ

denotes the proportion of conjugates of a non-zero algebraic number ω ≠ ±1 that lie

on the real line, then

(4.7) h(ω) ≥
Rϑ

2
log⌞

21⋊1⌜Rω +

⌟

41⋊1⌜Rω + 4

2
⌞ .

If d is the degree of ω, then (4.7) yields a Lehmer-type bound only when a

proportion of at least O⌟
1

log d⌟ of the conjugates lie in R. In contrast, on the non-

Archimedean side, Theorem 4.2.1 provides a Lehmer-type bound when a proportion

of at least O⌟ log d⌝
d
⌟ conjugates lie in a given local field.

4.3 A non-archimedean equidistribution theorem

We now generalize our setup from the previous section to capture the behaviour of

conjugates spread across multiple local fields over several primes. The results in this

section are proved for algebraic integers but can be extended to algebraic numbers at

the cost of slightly weaker lower bounds. Let ω ∈ Q be an algebraic integer of degree

d, and ω1,ω2, . . . ,ωd be the Galois conjugates of ω in Q. We consider a partition

Pp,ϑ of the conjugates of ω by defining the following equivalence relation:

ωi ∼ ωj if Qp(ωi) = Qp(ωj).
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Each equivalence class P ∈ Pp,ϑ obtained in this way corresponds to a finite ex-

tension KP of Qp. For each KP , denote by eP and fP the ramification index and

inertia degree of KP , respectively, nP = [KP ⌐ Qp] and FqP the residue field. The

intersection of these fields might contain some conjugates of ω non-trivially, but the

corresponding equivalence classes are pairwise disjoint. Since we are dealing with

algebraic integers, we can ignore the contribution to the discriminant coming from

the terms ωi−ωj where ωi and ωj lie in di!erent classes of the partition. This yields

(4.8) ordp(D(mϑ)) ≥ ∑
P ∈Pp,ω

vP⌞ ⩀
ϑi,ϑj∈P
ϑi≠ϑj

(ωi − ωj)⌞,

where νP is the unique valuation on KP extending the usual p-adic valuation on Qp.

In [20, Theorem 1.7], we obtain the following result.

Theorem 4.3.1. Let ω ∈ Q be a non-zero algebraic integer. Let Pp,ϑ be the partition

of conjugates of ω defined above. For P ∈ Pp,ϑ, let KP be the corresponding extension

of Qp. Then,

h(ω) ≥
1

2
∑
p

max

⎧
⎪⎪⎪⎪
⎨
⎪⎪⎪⎪
⎩

0,
⎛

⎜
⎜

⎝

1

⊎
P ∈Pp,ω

eP qP
−

1

d2
∑

P ∈Pp,ω

⌜P ⌜

eP

⎞

⎟
⎟

⎠

⎦
⎪⎪⎪⎪
⎢
⎪⎪⎪⎪
⎥

log p −
log d

2d
.

Proof. Let ω ∈ Q be a non-zero algebraic integer. For P ∈ Pp,ϑ and x ∈ FqP , define

NKP ,x = #{ωi ∈ P ⌐ ωi ≡ x in FqP } .

We can write

⌜D(mϑ)⌜ =⩀
p
p
ordp(D(mω)).

Taking the logarithm and using the lower bound in (4.8), we obtain

log ⌜D(mϑ)⌜ ≥∑
p
∑

P ∈Pp,ω

vP⌞ ⩀
ϑi,ϑj∈P
ϑi≠ϑj

(ωi − ωj)⌞.
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Thus, we have

log ⌜D(mϑ)⌜ ≥∑
p
∑

P ∈Pp,ω

⎛

⎝
∑

x∈FqP

NKP ,x (NKP ,x − 1)
⎞

⎠

log p

eP

≥∑
p

⎛

⎝
∑

P ∈Pp,ω

1

eP
∑

x∈FqP

NKP ,x (NKP ,x − 1)
⎞

⎠
log p.(4.9)

Each term NK,x(NK,x − 1) in the above inequality is non-negative. Therefore,

log ⌜D(mϑ)⌜ ≥∑
p
max
⎧
⎪⎪
⎨
⎪⎪
⎩

0, ∑
P ∈Pp,ω

1

eP
∑

x∈FqP

NK,x (NK,x − 1)
⎦
⎪⎪
⎢
⎪⎪
⎥

log p.(4.10)

Since ⊎x∈FqP
NKP ,x = ⌜P ⌜, using the Cauchy-Schwarz inequality, we obtain

∑
P ∈Pp,ω

1

eP
∑

x∈FqP

N
2
KP ,x ≥ ∑

P ∈Pp,ω

1

eP qP
⌜P ⌜

2
.

As ⊎P ∈Pp,ω
⌜P ⌜ = d, using the Cauchy-Schwarz inequality, we get

∑
P ∈Pp,ω

1

eP qP
⌜P ⌜

2
≥

d2

⊎
P ∈Pp,ω

eP qP

and hence,

(4.11) ∑
P ∈Pp,ω

1

eP
∑

x∈FqP

N
2
KP ,x ≥

d2

⊎
P ∈Pp,ω

eP qP
.

On the other hand

(4.12) ∑
P ∈Pp,ω

1

eP
∑

x∈FqP

NKP ,x = ∑
P ∈Pp,ω

⌜P ⌜

eP
.
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Combining (4.11) and (4.12) in (4.10), we get

log ⌜D(mϑ)⌜ ≥ d
2∑

p

⎛

⎜
⎜

⎝

1

⊎
P ∈Pp,ω

eP qP
−

1

d2
∑

P ∈Pp,ω

⌜P ⌜

eP

⎞

⎟
⎟

⎠

log p.

Finally, applying Mahler’s inequality (Theorem 3.0.1), we conclude the theorem.

The above theorem does not require any preassigned local field as in Theorem

4.1.1 and Theorem 4.2.1. Another important feature here is that the contribution of

the inertia degree is additive. This contrasts with the situation when one considers

all conjugates in a single local field, where the degree of the compositum often grows

multiplicatively. To illustrate this, consider the case when the set Pp,ϑ consists of

only two elements, K and K ⧖, both unramified at p and having inertia degrees 2

and 3, respectively. In this case, the Theorem 4.3.1 gives

h(ω) ≥
1

2

log p

p2(p + 1)
+ od(1).

Meanwhile, since the compositum KK ⧖ is the smallest local field containing the

Galois closure of Q(ω). Hence, Theorem 4.1.1 gives a weaker lower bound

h(ω) ≥
1

2

log p

p6 + 1
+ od(1).

As a consequence of above theorem , we obtain the following corollary.

Corollary 4.3.2. Let ω ∈ Q be a non-zero algebraic integer. Let Pp,ϑ be the partition

of conjugates of ω defined above. For P ∈ Pp,ϑ, let KP be the corresponding extension

of Qp. Then

h(ω) ≥
1

2
∑
p

max
⎧
⎪⎪
⎨
⎪⎪
⎩

0,
1

d2
∑

P ∈Pp,ω

⌞
⌜P ⌜

2

qP
− ⌜P ⌜⌞

log qP
nP

⎦
⎪⎪
⎢
⎪⎪
⎥

−
log d

2d
.
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Proof. By (4.10), we have the inequality

log ⌜D(mϑ)⌜ ≥∑
p
max
⎧
⎪⎪
⎨
⎪⎪
⎩

0, ∑
P ∈Pp,ω

∑
x∈FqP

NKP ,x (NKP ,x − 1)
log qP
nP

⎦
⎪⎪
⎢
⎪⎪
⎥

.

For P ∈ Pp,ϑ, since ⊎
x∈FqP

NKP ,x = ⌜P ⌜ is the total number of conjugates of ω in P ,

using the Cauchy-Schwarz inequality, we obtain

log ⌜D(mϑ)⌜ ≥∑
p
max
⎧
⎪⎪
⎨
⎪⎪
⎩

0, ∑
P ∈Pp,ω

log qP
nP

∑
x∈FqP

NKP ,x (NKP ,x − 1)
⎦
⎪⎪
⎢
⎪⎪
⎥

≥∑
p
max
⎧
⎪⎪
⎨
⎪⎪
⎩

0, ∑
P ∈Pp,ω

⌝
⌜P ⌜2

qP
− ⌜P ⌜⌝

log qP
nP

⎦
⎪⎪
⎢
⎪⎪
⎥

.

The proof now follows by applying Mahler’s inequality (Theorem 3.0.1).

This corollary can be seen as a refinement of Theorem 4.1.1 in the non-Galois

setting and thus gives a non-archimedean equidistribution theorem similar

to Bombieri and Zannier (see the first remark after Theorem 4.1.1). Here, the

lower bound captures the contribution from all the small local fields containing the

conjugates of ω. In other words, if conjugates of ω lie in several local fields K with

small inertia degree, then we obtain a meaningful lower bound for h(ω).

For a totally p−adic algebraic integer, Corollary 4.3.2 implies that

h(ω) ≥
log p

2p
max⟦0, ⌝1 −

p

d
⌝⟦ −

log d

2d
.

Hence, by Northcott’s theorem

lim inf
ϑ∈OQtp

h(ω) ≥
log p

2p
,

where Qtp is the maximal totally p-adic field over Q and OQtp its ring of integers.

This can be realized as a weaker version of Pottmeyer’s result.
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Chapter 5

Points of small height and

asymptotically positive extensions

In the preceding chapters, our motivation for studying points of small height arose

from Lehmer’s conjecture. While Lehmer’s conjecture concerns the minimal rate at

which the Weil height grows with respect to the degree, A. Schinzel [59] showed in

1973 that for totally real algebraic numbers ω ∈ Qtr ∖ {±1},

h(ω) ≥
1

2
log⌞

1 +
⌟
5

2
⌞ .

This result shows that when one restricts to certain subsets of algebraic numbers,

one obtains much stronger lower bounds for the height than those predicted by

Lehmer’s conjecture. In particular, it implies that algebraic numbers of small height

lie in Q∖Qtr. This perspective motivates the study of the location and distribution

of points of small height among algebraic numbers.

The goal of this chapter is to study a property concerning points of small height,

known as the Bogomolov property, which asks whether the values taken by the

height function admit a gap near the origin on the real line, i.e., whether the height
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is bounded away from zero by a positive constant. The origins of this property lie in

the Bogomolov Conjecture (now the Ullmo–Zhang Theorem), which characterizes

the distribution of points of small height on abelian varieties. In the classical setting,

this property distinguishes between sets in which points of small height are isolated

and those in which they are dense.

5.1 Bogomolov and Northcott property

In 2001, E. Bombieri and U. Zannier [12] defined two properties for subsets of Q,

namely Bogomolov (B) and Northcott (N), concerning points of small height. A

subset S ⊆ Q is said to have the Northcott property (N) if for any c > 0, the set

⟦ω ∈ S ⌜ω ≠ 0 and h(ω) < c⟦

is finite. Closely related is the Bogomolov property (B). We say that a set S ⊂ Q

satisfies the property (B) if there exists a constant c > 0 such that

⟦ω ∈ S ⌜ω ≠ 0,ω not a root of unity and h(ω) < c⟦

is empty. Equivalently, S satisfies property (B) (resp. property (N) ) if

lim inf
ϑ∈S∖µ⌐

h(ω) > 0 ⌝resp. lim inf
ϑ∈S

h(ω) =⋊⌝ .

Clearly, if S satisfies (N), it also satisfies (B). It follows immediately from North-

cott’s theorem that number fields, as well as sets of algebraic numbers of bounded

degree, satisfy property (N). As a consequence, if a sequence of algebraic numbers

ωn satisfies h(ωn) ↢ 0, then necessarily deg(ωn) ↢ ⋊. This shows that the only

interesting subsets of Q that satisfy property (B) or (N) in a non-trivial way must
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contain algebraic numbers of arbitrarily large degree. In particular, one can ask

whether an infinite algebraic extension of Q satisfies property (B).

One such infinite extension is Qtr, the maximal totally real extension of Q, which

satisfies property (B) as a consequence of Schinzel’s bound. In [3], F. Amoroso and

R. Dvornicich proved that Qab, the maximal abelian extension of Q, satisfies property

(B). They showed that for non-zero ω ∈ Qab, not a root of unity,

h(ω) >
log 5

12
.

This was generalized to Kab by F. Amoroso and U. Zannier [4] for any number field

K. Earlier, in 1973, A. Schinzel [59] obtained property (B) for the set Qtr of totally

real numbers. More precisely, for ω ∈ Qtr ∖ {±1}, he proved that

h(ω) ≥
1

2
log⌞

1 +
⌟
5

2
⌞ .

Another family of infinite extensions of Q for which we know property (B) are

totally p-adic fields of type (e, f), i.e., infinite Galois extensions of Q with finite local

degree over a prime p. This is the famous theorem of E. Bombieri and U. Zannier

[12].

Theorem 5.1.1 (Bombieri-Zannier). Let L over Q be an infinite Galois extension.

Define

S(L) ⌐= ⟧p prime ⌝ [Lv ⌐ Qp] <⋊ for some v above p⟧.

Then

(5.1) lim inf
ϑ∈L

h(ω) ≥
1

2
∑

p∈S(L)
log p

ep (p
fp + 1)

,

where ep is the ramification index and fp is the residual degree of Lv⌜Qp.
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Thus, if S(L) is non-empty, then L satisfies property (B). Furthermore, if the

right-hand side in (5.1) diverges, then L satisfies property (N). An explicit example

where the RHS diverges can be found in S. Checcoli and A. Fehm [15]. Note that

if p ∈ S(L), then for any ω ∈ L, all the conjugates of ω lie in a finite extension Lv

of Qp. This can be considered as a non-archimedean analog of Schinzel’s result on

Qtr. There have been refinements of Theorem 5.1.1 in recent times. In 2015, P. Fili

and C. Petsche [26] used methods of potential theory to obtain lower bounds on the

height of algebraic numbers, all whose conjugates lie in certain local fields. This was

later extended by P. Fili and I. Pritsker [27] to obtain new lower bounds for height

of algebraic numbers all of whose conjugates lie in real intervals and p-adic discs.

All the above results give property (B) for infinite Galois extensions of Q. The

goal of this chapter is to establish property (B) for certain infinite extensions of

Q, which are not necessarily Galois. This is a rare instance where property (B)

is proved for infinite non-Galois extensions. One of the main challenges in non-

Galois extensions is the absence of natural invariants such as ep and fp, which were

crucial in (5.1). To overcome this, we introduce the theory of asymptotically positive

extensions, inspired by the study of asymptotically exact families by M. A. Tsfasman

and S. G. Vlăduţ [69].

5.2 Asymptotically positive extension

For a number field K and a rational prime power q = pf , define

Nq(K) ⌐= the number of prime ideals of K with norm q.

An infinite extension L⌜Q can be written as an infinite tower

L ⊋ ⋯ ⊋ Lm ⊋ Lm⋊1 ⊋ ⋯ ⊋ L1 = Q,
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where Li⌜Q are finite extensions. Define

▷q(L) = ▷q ⌐= lim
i→⌐

Nq(Li)

[Li ⌐ Q]
.

We shall show that this limit exists and is well-defined, i.e., independent of the tower

{Li} and 0 ≤ ▷q ≤ 1. For instance, if a prime p splits completely in L, then ▷p = 1

and ▷pf = 0 for all f > 1.

We now show that the limit above is well-defined and in fact the following lemma

proves a stronger result.

Lemma 5.2.1. Let L⌜K be an extension of number fields. Then, for any positive

real number x > 1,

∑
q≤x

Nq(K) log q

[K ⌐ Q]
≥∑

q≤x

Nq(L) log q

[L ⌐ Q]
,

where q runs over all prime powers.

Proof. If a prime ideal q in L has norm ≤ x, then the prime ideal below, p = q ∩K

also has norm ≤ x. Suppose a prime ideal p in K splits into {q1,q2,⋯,qr} in L.

Then,

⩀
i

N(qi) ≤ N(p)
[L ⋉K]

.

Therefore,
⌝
logx
logp
⌝

∑
k=1

k Npk(L) ≤ [L ⌐K]

⌝
logx
logp
⌝

∑
k=1

k Npk(K).

Mutliplying by log p and dividing by [L ⌐ Q], we obtain for any prime p

∑

q≤x,q=pk

Nq(K) log q

[K ⌐ Q]
≥ ∑

q≤x,q=pk

Nq(L) log q

[L ⌐ Q]
.

Summing over all primes p ≤ x, we obtain the lemma.
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Hence, we deduce that for any tower L = {Li} and any x > 1, the limit

lim
i→⌐

∑

q≤x,q=pk

Nq(Li) log q

[Li ⌐ Q]

exists. Therefore, inductively, we can conclude that the limit

▷q = lim
i→⌐

Nq(Li)

[Li ⌐ Q]
,

is well-defined for all prime powers q and takes value between 0 and 1.

Definition 5.2.2. We say that an infinite extension L⌜Q is asymptotically pos-

itive if ▷q > 0 for some prime power q.

Under this notation, for an infinite Galois extension L⌜Q, the RHS of (5.1.1) can

be written as

(5.2)
1

2
∑

p∈S(L)

log p

ep (p
fp + 1)

=
1

2
∑
q
▷q

log q

q + 1
,

where q runs over all prime powers. This interpretation o!ers a remarkable advan-

tage as it allows us to define analogous quantities for non-Galois extensions. More-

over, the condition S(L) being non-empty is equivalent to L⌜Q being asymptotically

positive.

Proposition 5.2.3. Let L⌜Q be an infinite extension and q be a rational prime

power. Suppose {Li} and {Ki} are two towers of number fields such that L = ⋃iKi =

⋃iLi. Then,

lim
i→⌐

Nq(Li)

nLi

= lim
i→⌐

Nq(Ki)

nKi

.

Proof. Let ▷q ⌐= limi→⌐
Nq(Ki)

nKi
and ▷⧖q ⌐= limi→⌐

Nq(Li)

nLi
for a prime power q = pm.

Suppose Ki = Q(ω). Since Ki ⊂ L = ⋃j Lj, there exists Lj such that ω ∈ Lj. Hence,

Ki ⊂ Lj for some j. Similarly, every Lj ⊂Kl for some l. Therefore, applying Lemma
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5.2.1, for every i, there exists j and l such that using

∑

pk≤x
Npk(Ki) log pk

nKi

≥∑

pk≤x
Npk(Lj) log pk

nLj

≥∑

pk≤x
Npk(Kl) log pk

nKl

.

Since ▷q and ▷⧖q exist for all prime powers, taking i to infinity, we conclude that for

all x > 1,

∑
q≤x

▷q log q ≥∑
q≤x

▷
⧖

q log q ≥∑
q≤x

▷q log q.

Hence, ▷q = ▷
⧖
q for all prime powers q.

Definition 5.2.4. For an infinite extension L = ⋃iLi over Q, we say that a prime

ideal p ∈ Lj almost totally splits in L if the number of prime ideals above p in Lt is

[Lt ⌐ Lj] + o(nLt) for t > j as t↢⋊.

If ▷q > 0 for some prime power q, then over any tower L = ⋃iLi, there exists

an Lj such that all the primes above p in Lj with norm q almost totally split in L.

More precisely, we have the following.

Proposition 5.2.5. Let L = {Li} be an infinite extension of Q and p be a fixed

rational prime. Suppose ▷pm > 0. Then there exists an integer N such that all prime

ideals p ∈ LN with norm pm almost totally split in L. Furthermore, for any ς > 0,

there exists an M such that except at most ςnLM , all prime ideals above p in LM

almost totally split in L.

Proof. To begin with, ▷pm is well-defined. Therefore, there exists an N0 such that

for all i ≥ N0, and j > i,

Npm(Lj)

nLj

−
Npm(Li)

nLi

= o(1),

as j ↢⋊. Thus,

(5.3) Npm(Lj) = [Lj ⌐ Li]Npm(Li) + o(nLj).
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Let m be the smallest positive integer such that ▷pm > 0. Since ▷pt = 0 for all t <m,

the number of prime ideals in Li with norm < pm is o(nLi). Thus, almost all the

prime ideals in Lj with norm pm lie above the prime ideals in Li with norm pm.

By equation (5.3), we deduce that above every p in Li with norm pm, there are

[Lj ⌐ Li]+ o(nLj) prime ideals in Lj, which implies that p almost totally splits in L.

Now suppose m1 > m is the smallest positive integer with ▷pm1 > 0. As ▷pm1 is

well-defined, we get that there exists an N1 such that for all i ≥ max(N0,N1) and

j > i,

Npm1(Lj) = [Lj ⌐ Li]Npm1(Li) + o(nLj)

as j ↢ ⋊. Note that all prime ideals with norm pm almost totally split in L.

Also, since ▷q = 0 for all prime ideals with norm ∈ (pm, pm1), the number of

prime ideals in Li with norm ∈ (pm, pm1) is o(nLi). Therefore, we deduce that

[Lj ⌐ Li]Npm1(Li) + o(nLj) prime ideals in Lj with norm pm1 lie above Npm1(Li)

prime ideals in Li with norm pm1 . Hence, every prime p in Li with norm pm1 almost

totally split in L. Inductively, for any X > 1, there exists a N such that all prime

ideals with norm pm ≤X in LN almost totally split in L if ▷pm > 0.

To prove the second statement, taking K = Q in Lemma 5.2.1 gives

∑
q
▷q log q ≤ log p,

where q runs over all the powers of p. Therefore, ⊎m▷pm is bounded and for every

ς > 0, there exists X > 1 such that

∑
pm>X

▷pm <
ς

2
.
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Using Lemma 5.2.1, one can find an M uniformly such that for all i ≥M ,

∑

pk≥X
Npk(Li) log pk

nLi

< ς.

In other words, the number of prime ideals in Li with norm pm >X is at most ςnLi

for i ≥M . This proves the proposition.

Lemma 5.2.6. Let L be an asymptotically positive extension and F be a number

field. Then the compositum LF is also an asymptotically positive extension.

Proof. Let L = {Li}i≥0 be a tower of number fields. Since L is asymptotically posi-

tive, there exists a prime power q = pf such that ▷q(L) > 0. Let F be a number field

of degree d, and define the tower LF = {LiF}i≥0. By definition, we have

Nq(Li) = ▷q(L)nLi + o(nLi).

It follows that
d

∑
k=1

Nqk(LiF ) ≥ ▷q(L)nLi + o(nLi).

Dividing both sides by nLiF and taking the limit as i↢⋊, we obtain

d

∑
k=1

▷qk(LF ) ≥
▷q(L)

d
.

Therefore, there exists some k ∈ {1,2, . . . , d} such that for q⧖ = qk,

▷q′(LF ) ≥
▷q(L)

d2
> 0.

Hence LF is asymptotically positive.
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5.3 Bogomolov property for asymptotically posi-

tive extension

Inspired by Theorem 5.1.1, we proposed the following conjecture in [18, Conjecture

2.2].

Conjecture 5.3.1. Let L⌜Q be an infinite algebraic extension. Then,

(5.4) lim inf
ϑ∈K

h(ω) ≥
1

2
∑
q
▷q

log q

q + 1
,

where q runs over all prime powers. Hence, if L is asymptotically positive, then L

has property (B).

For infinite Galois extensions, the RHS in (5.4) is same as the RHS in (5.1).

Indeed, let L⌜Q be an infinite Galois extension and p ∈ S(L), then

log p

ep(p
fp + 1)

=
log pfp

epfp(p
fp + 1)

= ▷pfp ⌞
log pfp

pfp + 1
⌞ ,

with ep and fp as before. The advantage of this formulation in terms of ▷q’s enables

us to conjecture the analog of Theorem 5.1.1 for infinite non-Galois extensions. For

totally p-adic fields, Bombieri and Zannier [12, Example 3] demonstrated that (5.1)

is close to being optimal. More precisely, let S be a finite set of primes and L be

the field of all totally p-adic algebraic numbers for p ∈ S. Then, they showed that

∑
p∈S

log p

p − 1
≥ lim inf

ϑ∈L
h(ω) ≥

1

2
∑
p∈S

log p

p + 1
.

Therefore, we also expect the lower bound in Conjecture 5.3.1 to be close to optimal.

In [19, Theorem 1.2], we partially resolve this conjecture as follows.

Theorem 5.3.2. Let L⌜Q be an infinite extension, and let OL be the ring of algebraic

integers of L.

50



(a) The following inequality holds:

lim inf
ϑ∈OL

h(ω) ≥
1

2
∑
q
▷q

log q

q
,

where q runs over all prime powers.

(b) If ▷q(L) > 0 for q = pf , there exists a positive integer ↼, depending on p, q and

L, such that

lim inf
ϑ∈L∖µ⌐

h(ω) ≥
log q

p↼(q + 1)
.

Therefore, if L is asymptotically positive, then L has property (B). Moreover, if the

sum in (a) diverges, then OL has property (N).

Although Conjecture 5.3.1 still remains open, the bound in Theorem 5.3.2 (a)

establishes it for algebraic integers. For algebraic non-integers, we obtain a weaker

lower bound in Theorem 5.3.2 (b). Nevertheless, this proves property (B) for asymp-

totically positive extensions.

We emphasize that Theorem 5.3.2 (a) is not a straightforward generalization of

Theorem 5.1.1. When L⌜Q is Galois, the condition [Lv ⌐ Qp] < ⋊ is equivalent to

the existence of a finite Galois extension L⌜Q with L ⊂ L such that all the prime

ideals above p in L split completely in L. However, if L⌜Q is not Galois, one may

not have such eventual complete splitting, yet it is still possible to have ▷q(L) > 0

for some prime power q. In this case, applying Theorem 5.1.1 to the Galois closure

of L⌜Q would lead to poor bounds on h(ω). We illustrate this with an example below.

Example. Fix a rational prime p. We construct an infinite extension L⌜Q such

that ▷p > 0, but p ∉ S(⟧L), where ⟧L is the Galois closure of L over Q. Thus, Theorem

5.1.1 is not applicable to ⟧L, where as Theorem 5.3.2 gives property (B) for OL. Let

K⌜Q be a number field with distinct prime ideals P1, P2, ..., Ps and Q1,Q2, ...,Qt. For
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any integer n ≥ 2, there exists a degree n extension L of K such that P1, P2, ..., Ps

split completely and Q1,Q2, ...,Qt totally ramify over L. It is clear that such an L

exists, for instance, by solving the congruence system

f(x) ≡ (x − 1)(x − 2)⋯(x − n) (mod P
m
j ) for j = 1,2, . . . , s,

f(x) ≡ x
n
− bi (mod Q

2
i ) for i = 1,2, . . . , t,

where m is su”ciently large and bi ∈ Qi ∖ Q
2
i . As an application of the Chinese

Remainder Theorem, we obtain a polynomial f(x) ∈ OK[x] satisfying the above

system of congruences. The congruence conditions and the choices of bi ensure that

f(x) is an Eisenstein polynomial at each Qi. Hence, f(x) is irreducible, and each

Qi totally ramifies in the number field L obtained by adjoining a root of f(x). In

order to show that Pj splits completely in L, it su”ces to prove that f(x) splits

into distinct linear factors over KPj , the completion of K at Pj. It follows from

Hensel’s lemma or the Newton approximation scheme [12, Lemma 1] that each

integer 1 ≤ i ≤ n can be lifted to a unique root of f(x) in KPj when m is su”ciently

large. Thus, f(x) splits into linear factors over KPj .

With the above observation, we now illustrate an example. Let L1⌜Q be a degree

4 extension where p splits completely into p1,p2,p3,p4. Construct L2⌜L1 a degree

9 extension such that p1,p2,p3 split completely and p4 ramifies, but not totally in

L2. This is achieved by first constructing L⧖2⌜L1 of degree 3 such that p1,p2,p3

split completely and p4 ramifies completely. Then, we construct L2⌜L
⧖

2 where all

primes in L⧖2 above p1,p2 and p3 split completely and the prime above p4 also splits

completely. Inductively construct Li+1⌜Li, an extension of degree p2i+1, where pi is

the i-th prime number, such that Np(Li)−
Np(Li)

pi2
of the prime ideals of Li with norm

p split completely in Li+1 and the remaining prime ideals with norm p ramify in
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Li+1, but not completely. For this tower L = {Li}, note that

▷p = lim
i→⌐

Np(Li)

[Li ⌐ Q]
≥⩀

pi

⌝1 −
1

pi
2
⌝ =

1

φ(2)
,

where the product above runs over all rational primes pi. Thus, we have ▷p > 0.

However, since the ramification degree of p is unbounded, p ∉ S(⟧L).

The maximal totally v-adic extensions of number fields are extreme examples of

asymptotically positive extensions. For a random infinite extension K with ▷q > 0, it

is in highly unlikely to expect K to be Galois or a maximal totally v-adic extension

of a number field. The asymptotically positive condition is much weaker, as it is

a density condition rather than a structural one. In particular, it does not require

complete splitting, bounded local degrees at all places above a prime, or uniform

Frobenius distribution.

The proof of Theorem 5.3.2 (a) requires developing the theory of relative height

which will be discussed in the later sections. Towards the proof of Theorem 5.3.2

(b), we use metric properties of non-archimedean places as in Amoroso–David–

Zannier [2]. Unfortunately, this method yields a significantly weaker lower bound

as compared to Theorem 5.3.2 (a).

We need the following acceleration lemma from [2, Lemma 2.1].

Lemma 5.3.3. Let L be a number field, v be a finite place of L over a rational

prime p and let ⇁ > 0. Let ⇀1,⇀2 ∈ OL such that ⌜⇀1 − ⇀2⌜v ≤ p
⋊ς. Then for any non-

negative integer ↼ we have ⌞⇀pε

1 − ⇀
pε

2 ⌞v
≤ p⋊sp,ϑ(↼) with sp,ς(↼) ↢ +⋊ for ↼ ↢ +⋊.

More precisely, let us define an integer k = kp,ς by k = 0 if (p − 1)⇁ > 1 and by

p
k⋊1
(p − 1)⇁ ≤ 1 < pk(p − 1)⇁
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otherwise. Then we can take

sp,ς(↼) = p
k
⇁ +max(0,↼ − k).

Let L⌜Q be a number field and ω ∈ L× not a root of unity. For a non-archimedean

place v of L above p, denote by ev and fv the ramification index and inertia degree

of v respectively. Since the residue field corresponding to v has order q = pfv , if ω is

v-integral, we have

⌜ω
q
− ω⌜v ≤ p

⋊1⌜ev .

On the other hand, if ω fails to be v-integral, then its reciprocal ω⋊1 must be v-

integral, and consequently

⌜ω
⋊q
(ω

q
− ω)⌜v = ⌜ω⌜v ⌜ω

⋊q
− ω

⋊1
⌜v ≤ p

⋊1⌜ev ⌜ω⌜v $⇒ ⌜ω
q
− ω⌜v ≤ p

⋊1⌜ev ⌜ω⌜
q+1
v

Therefore, for non-archimedean places v ⌜ p of norm q, we get

⌜ω
q
− ω⌜v ≤ c(v)max (1, ⌜ω⌜v)

q+1
,(5.5)

where c(v) = p⋊1⌜ev . For all other places w ∈ML,

⌜ω
q
− ω⌜w ≤ c(w)max (1, ⌜ω⌜w)

q+1
,

where

c(w) =

⎧
⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪
⎩

1, if w ̸⋊, N(w) ≠ q;

2, if w ⌜⋊.
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Since ω is not a root of unity, ωq − ω ≠ 0. Hence, the product formula gives

0 = ∑
w∈ML

[Lw ⌐ Qw]

[L ⌐ Q]
log ⌜ωq

− ω⌜w

≤ ∑
w∈ML

[Lw ⌐ Qw]

[L ⌐ Q]
(log c(w) + (q + 1) logmax{1, ⌜ω⌜w})

=
⎛

⎝
∑

w⌜⌐

[Lw ⌐ Qw]

[L ⌐ Q]
⎞

⎠
log 2 −

⎛

⎝
∑

w⌜p,N(w)=q

[Lw ⌐ Qw]

[L ⌐ Q]
⎞

⎠

log p

ew
+ (q + 1)h(ω)

= log 2 −
Nq(L)

[L ⌐ Q]
log q + (q + 1)h(ω).

So, we immediately deduce that

h(ω) ≥
1

q + 1
⌞
Nq(L)

[L ⌐ Q]
log q − log 2⌞ .

Suppose L = ⋃iLi. Taking liminf, we get

(5.6) lim inf
ϑ∈L∖µ⌐

h(ω) ≥
1

q + 1
(▷q(L) log q − log 2) .

This bound is meaningful only if

▷q(L) >
2

log q
,

which may not hold, as ▷q can take arbitrarily small positive values. To overcome

this limitation, we use the Lemma 5.3.3 with ⇁ = 1⌜ev. Proceeding similarly to (5.5),

we obtain

(5.7) ⌞ω
pfv+ε

− ω
pε
⌞
v
≤ c
⧖
(v)max (1, ⌜ω⌜v)

p(fv+ε)+pε
,

where c⧖(v) = p⋊sp,ϑ(↼).

Proof of Theorem 5.3.2 (b). Suppose L⌜Q is an asymptotically positive extension

with ▷q(L) > 0 for q = pf . Write L = ⋃⌐i=1Li as a tower of number fields.
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In order to apply (5.7), note that sp,ς(↼) depends on both ↼ and the place v. For

our application, we first show that we can choose ↼ depending only on p such that

the sp,ς(↼) is bounded below uniformly, for a positive proportion of places above p.

Indeed

Nq(Li) ≤ ∑

v⌜p,
N(v)=q

ev ≤ [Li ⌐ Q]

and hence,

1

Nq(Li)
∑

v⌜p,
N(v)=q

ev ≤
[Li ⌐ Q]
Nq(Li)

.

For su”ciently large i, let ςi be such that the number of v ⌜ p, with N(v) = q and

ev ≤
2

↽q(L)
is given by (1 − ςi)▷q(L)[Li ⌐ Q]. Clearly, ςi ↢ 0 as i ↢ ⋊. For all such

places with ev ≤
2

↽q(L)
, the value of ⇁ = 1

ev
is uniformly bounded below. Therefore,

for all such places, ↼ can be chosen so that sp,ς(↼) is bounded below uniformly.

Using metric estimates for ⌝ωpε+q − ωpε ⌝
v
obtained in (5.7), we deduce that

p
↼
(q + 1) h(ω) ≥

⎛

⎜
⎜
⎜
⎜

⎝

∑

v⌜p, N(v)=q
ev≤

2
ϖq(L)

[(Li)v ⌐ Qp]

[Li ⌐ Q]

⎞

⎟
⎟
⎟
⎟

⎠

sp,ς(↼) log p − log 2

≥ sp,ς(↼)(1 − ςi)▷q(L) log q − log 2,

Since ςi ↢ 0 as i↢⋊, we conclude that

lim inf
ϑ∈L∖µ⌐

h(ω) ≥
1

p↼(q + 1)
(sp,ς(↼) ▷q(L) log q − log 2) .

Now choosing ↼ large enough so that sp,ς(↼) > 2⌜▷q(L), we deduce that

lim inf
ϑ∈L∖µ⌐

h(ω) >
log q

p↼(q + 1)
.
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This proves the theorem.

5.4 Relative Weil height and Mahler’s inequality

In this section, we develop the theory of relative Weil height and prove an analog of

Mahler’s inequality (Theorem 3.0.1), which shall play a crucial role in the proof of

Theorems 5.3.2 (a).

Let K be a number field and ω ∈ Q ∖ K be an algebraic integer of degree

n = [Q(ω) ⌐ Q]. Let

f(x) = x
n
+ an⋊1x

n⋊1
+ . . . + a0

be the minimal polynomial of ω over Q. Let fK(x) = xm + bm⋊1x
m⋊1 + . . . + b0 be the

minimal polynomial of ω over OK of degree m = [K(ω) ⌐ K] and ω1,ω2, . . . ,ωm be

its roots in the algebraic closure of K. We define the relative Mahler measure of ω

with respect to an embedding ϖ ⌐K ↪ C as

Mϱ(K)(ω) =

m

⩀
i=1

max⟦1, ⌜ωϱ
j ⌜⟦ ,

where ⟦ωϱ
j ⌐ 1 ≤ j ≤m⟦ are the complex roots of ϖ(fK(x)). Counting all the roots

with multiplicity, one obtains

(5.8) f(x)
[K(ϑ)⋉Q(ϑ)]

=⩀
ϱ
ϖ(fK(x)),
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where ϖ runs over all the embeddings of K.

Q

K

K(ω)

Q(ω)

n

m

Thus, a natural way to define the relative height of ω with respect to an embedding

ϖ ⌐K ↪ C is

hϱ(K)(ω) =
logMϱ(K)(ω)

[K(ω) ⌐K]
=
logMϱ(K)(ω)

m
.

Using the multiplicativity of Mahler measure, from (5.8) we have

(5.9) h(ω) =
1

[K ⌐ Q]∑
ε

hϱ(K)(ω).

In other words, the logarithmic Weil height is the average of relative heights with

respect to all the embeddings.

Mahler’s inequality for relative height

Let ω and fK be as above. The discriminant of fK is given as

D(fK) = ⩀
i<j≤m

(ωi − ωj)
2
.

Thus for an embedding ϖ ⌐K ↪ C, we have

⌜ϖ(D(fK))⌜ = ⩀
i<j≤m

⌜ω
ϱ
i − ω

ϱ
j ⌜

2
.
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We now proceed as in the proof of Mahler’s inequality [43]. The product in the last

equality is square of absolute value of a Vandermonde determinant. Thus applying

Hadamard’s inequality, we obtain

⌜ϖ(D(fK))⌜ ≤

m

⩀
i=1

⌞

m⋊1

∑
j=0

⌜ω
ϱ
i ⌜

2j
⌞

≤

m

⩀
i=1

m max{1, ⌜ωϱ
i ⌜

2m⋊2
}

=m
m
⌝Mϱ(K)(ω)⌝

2m⋊2
.

Taking the logarithm, we deduce Mahler’s inequality for relative height as below.

Lemma 5.4.1. Let ω ∈ Q ∖ K be an algebraic integer, with minimal polynomial

fK(x) over K of degree m. Then, for any embedding ϖ ⌐K ↪ C, we have

log ⌜ϖ(D(fK)⌜ ≤ m logm + (2m − 2) logMϱ(K)(ω).

In other words, for relative height

hϱ(K)(ω) ≥
1

2
⌝
log ⌜ϖ(D(fK)⌜

m2
−
logm

m
⌝ .

Summing over all embeddings of K and using (5.9), we deduce that

(5.10) h(ω) ≥
1

2 [K ⌐ Q]
⎛

⎝

log ⌝⌜NK⌜Q (D(fK)) ⌜⌝

m2

⎞

⎠
−
logm

m
.

It is sometimes advantageous to work with the norm of the discriminant over a

number field K, as opposed to considering the discriminant over Q. For example, in

the special case where K ⊆ Q(ω), we have

⌜D(f)⌜ ≥ ⌜disc(K⌜Q)⌜[Q(ϑ)⋉K]⌜NK⌜Q(D(fK))⌜,
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where f and fK are the minimal polynomials of an algebraic integer ω over Q and

K respectively, and disc(K⌜Q) is the discriminant of K⌜Q. Thus ⌜NK⌜Q(D(fK))⌜ is

smaller than ⌜D(f)⌜ and hence, it is more feasible to obtain upper bounds for this

norm.

The lower bound in (5.10) can be compared with a related result due to Silverman

[61, Theorem 2], which states that

h(ω) ≥
1

2m − 2
⌝
1

m
log ⌜NK⌜Q ⌝#K(ϑ)⌜K⌝ ⌜ − [K ⌐ Q] logm⌝ ,

where #K(ϑ)⌜K denotes the discriminant ideal. Notably, when K = Q and ω is an

algebraic integer, the relation ⌜D(f)⌜ = [OQ(ϑ) ⌐ Z[ω]]2⌜#Q(ϑ)⌜ demonstrates that

(5.10) provides a sharper lower bound.

Remark. The natural obstruction to extending the theory of relative Weil height to

algebraic numbers is that the ring of integers of a general number field is not nec-

essarily a principal ideal domain (PID). Consequently, there is no canonical choice

for the minimal polynomial of an element ω ∈ L ∖K over OK. One can still extend

the theory to the case when the number field K has class number one.

5.5 Improved height bound for asymptotically pos-

itive extensions

The outline of the proof of Theorems 5.3.2 (a) is inspired by the argument of

Bombieri-Zannier in [12]. The new idea is to incorporate relative Mahler’s inequality

as developed in Section 5.4.

We also recall the following well known lemma from algebraic number theory

(see [49, Prop. II. 8.2])
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Lemma 5.5.1. Let K be a number field. Suppose L =K(ω) and fK(x) ∈ OK[x] be

the minimal polynomial of ω over K. For a prime ideal p ∈K, if

pOL = q
e1
1 qe22 ⋯q

eg
g

and fK(x) factors in Kv, the local field corresponding to p, as

fK(x) = f1(x)f2(x)⋯fG(x),

then g = G and up to ordering, deg fj(x) = ejfj, where ej and fj are the ramification

index and the residue class degree of qj respectively.

In particular, let L = Q(ω) and f(x) ∈ Z[x] be the minimal polynomial of ω. If

pOL = p
e1
1 pe22 ⋯p

eg
g and f(x) factors in Qp as f(x) = f1(x)f2(x)⋯fG(x), then g = G

and up to ordering deg fj(x) = ejfj.

Proof of Theorem 5.3.2 (a). Let L⌜Q be an infinite algebraic extension. For any

number field L ⊂ L, by Northcott’s theorem, there are finitely many ω ∈ L with

degree ≤ nL such that h(ω) ≤ ⊎q ▷q(L)
log q
q+1 , provided this sum converges.

For any X > 1, by Proposition 5.2.5, there exists a number field L ⊂ L such that

for all prime powers q ≤ X with ▷q(L) > 0, all prime ideals of norm q in any finite

extension of L contained in L almost totally split in L.

For any ω ∈ OL ∖L, let fL(x) = xn + an⋊1x
n⋊1 +⋯+ a0 be its minimal polynomial

over OL. Let q ≤ X be such that ▷q(L) > 0 with q = pm. Let p ⊂ OL be a prime

ideal with norm q and Lv be the completion of L at the non-archimedean place v

corresponding to p. Since p is almost totally split in L and L(ω) ⊆ L, by Lemma

5.5.1, the polynomial fL factors over Lv as

fL(x) = (x − ω1) (x − ω2) . . . (x − ωt) g(x),
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where t = n + o(n).

Let Pw be the splitting field of fL(x) over Lv with the unique valuation w ex-

tending v. Write

fL(x) = (x − ϱ1)(x − ϱ2)⋯(x − ϱn).

The discriminant of fL is given by

D(fL) =⩀
i<j

(ϱi − ϱj)
2
.

Therefore,

w(D(fL)) ≥ 2 ∑
i<j≤n

w(ϱj − ϱi)

Restricting to ϱj’s which lie in Lv gives

v(D(fL)) ≥ 2 ∑
i<j≤n

⇀i,⇀j∈Lv

v(ϱj − ϱi).

The number of ϱj ∈ Lv is n+o(n). Let Fq ⌐= OL⌜p be the residue field at p. For each

x ∈ Fq, let Nx denote the number of roots ϱj of fL in Lv which lie in the residue

class xmod p. Then, we have the lower bound

v(D(fL) ≥ ∑
x∈Fq

Nx(Nx − 1).

Since ⊎x∈Fq
Nx = n + o(n), applying Cauchy-Schwarz inequality, we obtain

v(D(fL)) ≥ ∑
x∈Fq

Nx(Nx − 1)

≥
n2

q
+ o(n

2
).(5.11)

Here n = [L(ω) ⌐ L] and error term is o(n2) as n ↢⋊. Taking the sum in equation
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(5.11) over all places v ∈ML with norm ≤X, we obtain

logNL⌜Q(D(fL)) = ∑
v∈ML

v(D(fL)) log(Norm(v))

≥ ∑
v∈ML

Norm(v)≤X

v(D(fL)) log(Norm(v))

≥

⎛

⎜

⎝

∑
q≤X
Nq(L)

log q

q

⎞

⎟

⎠

n
2
+ o(n

2
),

where q runs over all prime powers ≤X. Using this in the relative Mahler’s inequality

(5.10), we deduce that

h(ω) ≥
1

2[L ⌐ Q]

⎛

⎜

⎝

∑
q≤X
Nq(L)

log q

q

⎞

⎟

⎠

+ o(1).

Hence,

lim inf
ϑ∈OL

h(ω) ≥
1

2
∑
q≤X

Nq(L)

[L ⌐ Q]
log q

q
.

Since L ⊆ Li for all large enough i and every extension of L has the property that

all the ideal of norm q almost totally split in L, thus

lim inf
ϑ∈OL

h(ω) ≥
1

2
∑
q≤X

Nq(Li)

[Li ⌐ Q]
log q

q

for all but finitely many Li. Taking the limit as i ↢ ⋊ followed by X ↢ ⋊, we

obtain Theorem 5.3.2 (a).

5.6 Applications

We start by recalling that a subset S ⊆ Q has Bogomolov property (B) if

lim inf
ϑ∈S∖µ⌐

h(ω) > 0.
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The exclusion of roots of unity is natural, since they are precisely the algebraic

numbers of height zero. The necessity of this exclusion is supported by the extension

Qab, which contains all the roots of unity yet has heights bounded away from 0 on

Qab∖µ⌐. Among the other known cases of property (B) are Qtr the maximal totally

real extension of Q and Qtp the maximal algebraic extension of Q at which p is totally

split. The former has only ±1 as roots of unity and the latter has only finitely many

roots of unity, as implied by Theorem 5.1.1.

To distinguish the condition of finiteness of roots of unity from the Bogomolov

property, the notion of the strong Bogomolov property has been introduced in the

literature. We say a subset S ⊆ Q has strong Bogomolov property if it has

property (B) and contains only finitely many roots of unity, in other words

lim inf
ϑ∈S

h(ω) > 0.

It follows immediately from Theorem 5.3.2 (a) that an asymptotically positive ex-

tension contains finitely many roots of unity. This fact together with Theorem 5.3.2

(b) implies the following corollary.

Corollary 5.6.1. Let K⌜Q be an asymptotically positive extension, then K has strong

Bogomolov property.

Alternatively, one can see the finiteness of roots of unity in an asymptotically

positive extension as follows. Let L be an asymptotically positive extension with

▷pf (L) > 0. Suppose there exists an infinite tower of cyclotomic subfields of L, say

K = ⋃
⌐

i=1Ki with Ki = Q(φni). Clearly, ▷pf (K) > 0. For su”ciently large i, the

inertia degree of p in Ki must equal f . This implies that pf ≡ 1 mod ni for all large

enough i, which is a contradiction.

A discrete norm on an Abelian group A is a non-negative function ⌜⌜ ⋉ ⌜⌜ ⌐ A ↢ R

which satisfies the triangle inequality, is homogenous with respect to scaling of A
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by Z, and is bounded away from 0 on A ∖ {e}. Here e is the identity element of A.

It follows from a result of Zorzitto [73] that a countable abelian group is discretely

normed i! it is a free abelian group.

One can ask for which fields F ⊆ Q the multiplicative group F × is free modulo

torsion part. It follows from the unique factorization property Z that Q×⌜{±1} is a

free abelian group. More generally, for a number field K the unique factorization

of ideals and Dirichlet’s unit theorem implies that K× is free modulo torsion. It

is an interesting question to investigate the similar question for infinite algebraic

extensions of Q. In 1953, Iwasawa [36] proved that (Kab)× is free modulo torsion.

Some years later Schenkman [57] showed that (Q(d))× is free modulo torsion for all

positive integers d, where Q(d) is the compositum of all number fields of degree at

most d.

Denote by (F ×)tor the torsion subgroup of F ×. It follows from the properties of

Weil height that for any field F , the function h ⌐ F ×⌜(F ×)tor ↢ [0,⋊) is a norm.

Moreover, if F satisfy property (B) then h is a discrete norm. As a consequence of

Theorem 5.3.2, we have the following result.

Corollary 5.6.2. Let K⌜Q be an asymptotically positive extension, then K×⌜(K×)tor

is a free abelian group.

Hence for an asymptotically positive extension K, combining both the corollaries

above we deduce that

K
×
≅ (K

×
)tor ⧖⊓

N
Z,

where (K×)tor is the finite torsion part.
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Chapter 6

Points of small height on Elliptic

curves

The study of lower bounds for height on subsets of Q
×

can be viewed from a geomet-

ric perspective by identifying Q× with the one-dimensional multiplicative algebraic

group Gm, which can be realized as P1 ∖ {0,⋊} or, equivalently, as the a”ne curve

defined by the set {(x, y) ∈ A2 ⌐ xy = 1}. This viewpoint motivates the investigation

of lower bounds for heights of points lying on varieties endowed with additional

algebraic structure. The varieties of interest to number theorists in this context

are elliptic curves and, more generally, abelian varieties, which are projective alge-

braic groups with a commutative group law. In this chapter, we study questions

concerning lower bounds for heights of points on elliptic curves.

Let E be an elliptic curve defined over a number fieldK i.e. a smooth, projective,

and non-singular curve of dimension one over K with a rational point. It is well

known that (see [62, III. 1.]) every elliptic curve E⌜K can be described in the form

of a Weierstrass equation

y
2
= x

3
+Ax +B,
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where A, B ∈K and −16 (4A3 + 27B2) ≠ 0. The quantity −16 (4A3 + 27B2) is called

the discriminant of an elliptic curve and is denoted by #. The condition # ≠ 0 is

equivalent to the non-singularity of E.

For an extension L⌜K, we denote by E(L) the set of points P = (x, y) ∈ E(K)

such that x, y ∈ L. The set E(L) along with an additional point O, point at infinity,

forms an abelian group, called the Mordell–Weil group. One of the major applica-

tions of height functions in the context of elliptic curves is the famous Mordell–

Weil theorem which asserts that if L⌜K is a finite extension, then the Mordell–Weil

group E(L) is a finitely generated abelian group.

One can naively define a height function on an elliptic curve as follows: for a

point P = (x, y) ∈ E(K) ∖ {O}, set h(P ) ⌐= h(x(P )), where h(x(P )) denotes the

(logarithmic) Weil height of the x-coordinate of P . This height function is called the

naive height in the literature. A height function defined in this manner satisfies a

finiteness property (Northcott’s theorem) and thus induces a well–founded preorder

on E(L) for finite extensions L⌜K. Recall that the Weil height on the multiplicative

group Q
×

characterizes roots of unity as those of height zero and is compatible with

the group structure, in the sense that h(ωn) = ⌜n⌜h(ω). In contrast, the above

defined height function on an elliptic curve does not enjoy such compatibility with

the group law. This issue was resolved independently by Néron and Tate through the

introduction of a new notion of height, known as the canonical height or Néron–Tate

height.
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6.1 Canonical height on elliptic curves

Let E be an elliptic curve defined over a number field K. The canonical height of a

point P ∈ E(K) ∖ {O} is defined by the following limit process, due to Tate:

⟧h(P ) ⌐= lim
n→⌐

h([2n] ⋉ P )

4n
,

where h denotes the naive height. The canonical height ⟧h is a quadratic form on

E(K) and satisfies the following properties (see [48] or [39, Chapter IV, §3 ]) :

(a) ⟧h(P ) ≥ 0 for all P ∈ E(K), and ⟧h(P ) = 0 i! P is a torsion point.

(b) ⟧h([n] ⋉ P ) = n2⟧h(P ) for all n ∈ Z.

(c) ⟧h(P1 + P2) +
⟧h(P1 − P2) = 2⟧h(P1) + 2⟧h(P2).

The canonical height is the unique function satisfying the properties described above.

Moreover, there is an analogue of Lehmer’s problem for elliptic curves, due to Ander-

son and Masser [5], which predicts a uniform lower bound for the canonical height

of non-torsion points.

Conjecture 6.1.1 (Lehmer’s problem). Let E be an elliptic curve over a number

field K. For any P ∈ E(K), let K(P ) denote the field obtained by adjoining the

coordinates of P to K. Then, there exists a constant C(E,K) depending only on E

and K such that

⟧h(P ) >
C(E,K)

[K(P ) ⌐K]
,

for all non-torsion points P ∈ E(K).

This remains open but weaker lower bounds have been obtained in special cases.

For a fixed number field K and a non-torsion point P ∈ E(K), denote by D =
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[K(P ) ⌐ K] the degree of the field of definition of P over K. Some classical results

towards Lehmer’s conjecture are listed below.

⟧h(P ) ⩾ Restriction on E Reference

cD⋊10(logD)⋊6 none Anderson-Masser (1980) [5]

cD⋊1 ⌟
log log(D)
log(D) ⌟

3
CM Laurent (1983) [41]

cD⋊3(logD)⋊2 none Masser (1989) [44]

cD⋊2(logD)⋊2 j non-integral Hindry-Silverman (1990) [33]

Table 6.1: Bounds on ⟧h for E(K)

6.2 Bogomolov property for elliptic curves

The notion of the Bogomolov property introduced in Chapter 5 has a natural ex-

tension to elliptic curves. Analogous to the earlier definition, for an elliptic curve E

over K and a subset S ⊆K, the group E(S) is said to have the Bogomolov property

(B) if there exists a positive constant C(E,K) such that ⟧h(P ) > C(E,K) for all

non-torsion points P ∈ E(S). It is natural to expect that if property (B) holds for

an infinite extension L⌜Q, it should also hold for E(L). In fact, for most of the

known results, this is the case.

Let L⌜Q be an infinite algebraic extension satisfying property (B) with respect to

the Weil height. We are interested in the question of whether E(L) satisfies property

(B) with respect to the canonical height. The first result of this kind is due to S.

Zhang [72], who showed that for an elliptic curve E⌜Q, the set of totally real points

E(Qtr) satisfies property (B). This can be thought of as the analog of Schinzel’s

result [59] for Qtr. An elliptic curve E is called CM (complex multiplication) if it

has endomorphisms other than the ones given by multiplication by integers. The

j-invariant of an elliptic curve y2 = x3 +Ax +B is defined as
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jE = −1728
(4A)3

16 (4A3 + 27B2)

The significance of the j-invariant lies in the fact that two elliptic curves defined

over a number field K are isomorphic over K if and only if they have the same

j-invariant (see [62, III. 1. 4.]). It turns out that for an elliptic curve with complex

multiplication, jE is an algebraic integer. In 2002, M. Baker proved property (B)

for E(Kab) when E is either CM or has non-integral j-invariant. This is the analog

of the theorem of Amoroso-Zannier [4], where they showed property (B) for Kab.

Moreover, Baker’s bound only depends on the j−invariant of E and is e!ectively

computable. Later, Silverman [64] proved property (B) for E(Kab) when E is non-

CM with the constant being ine!ective. Some known bounds on ⟧h over infinite

extensions are summarized in the table below.

⟧h(P ) ⩾ Restriction on E Reference

cD⋊2 none Silverman (1981) [60]

cD⋊1(logD)⋊2 none Masser (1989) [44]

cD⋊2⌜3 j non-integral Hindry-Silverman (1990) [33]

c j non-integral or CM Baker (2003) [6]

c none Silverman (2003) [64]

Table 6.2: Bounds on ⟧h for E(Kab)

Recall that a subfield L of Q is said to be totally p-adic of type (e, f) if for any

place v in L above p, Lv⌜Qp is a finite extension with ramification index and residue

class degree bounded above by e and f respectively. Let E⌜K be an elliptic curve

with semistable reduction at all places above p ≠ 2. In 2005, M. Baker and C. Petsche

[7] showed that if L⌜K is a totally p-adic field of type (e, f) for a prime p, then E(L)

has property (B). This can be regarded as the elliptic analog of Bombieri-Zannier’s

result Theorem 5.1.1. In this case, they also gave an e!ective upper bound for the
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number of torsion points in E(L). Let E⌜Q be an elliptic curve and Q(Etor) denote

the field generated by all torsion points of E in Q. In 2013, Habegger [30] showed

that both Q(Etor) and E(Q(Etor)) have property (B) with respect to the Weil and

the canonical height respectively. Note that the Kronecker-Weber theorem implies

that Qab is generated by all the roots of unity in Q. Therefore, the field Q(Etor) can

be thought of as the elliptic analog of Qab.

Let L⌜Q be an asymptotically positive infinite extension. By Theorem 5.3.2, we

know that L satisfies property (B). The goal of this chapter is to establish property

(B) for E(L) for every elliptic curve E as proved in [19]. Towards this, we introduce

some notation.

Consider an elliptic curve E⌜K and a tower L = {Li}i≥0 containing K. For any

rational prime power q = pk, denote by Gq(Li) and Bq(Li) the number of prime

ideals in Li of norm q with good reduction and split multiplicative reduction at

E⌜Li respectively. Define

◁q(L) ⌐= lim
i→⌐

Gq(Li)

[Li ⌐ Q]
and 0q(L) ⌐= lim

i→⌐

Bq(Li)

[Li ⌐ Q]
.

Since every prime of bad reduction attains split multiplicative reduction after a

finite base change, there exists a number field L⌜K such that E⌜L has semistable

reduction i.e. either good or split multiplicative reduction at every non-archimedean

place in L. Suppose L = ⋃⌐i=1Li be an asymptotically positive extension and L ⊂ L,

then clearly

▷q(L) = ◁q(L) + 0q(L).

On the other hand, if L ⌜⊂ L, then note that the compositum L ⋉L = ⋃
⌐

i=1LLi is also

an asymptotically positive extension. Since E⌜L has semistable reduction over all
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non-archimedean primes, we have, for all primes powers q,

▷q(L ⋉L) = ◁q(L ⋉L) + 0q(L ⋉L).

Example. Note that, in the above paragraph, the desired reduction property of

the elliptic curve E holds for L ⋉L, but not necessarily for L. For instance, let E⌜Q

be the elliptic curve given by y2 = x3 + 7x and let L ⌐= Qt7 , the maximal totally

7-adic extension of Q. Then, L is asymptotically positive with ▷7(L) = 1 and for

any Li ⊂ L, E⌜Li has additive reduction at all the places of Li above 7. However, in

L = Q(
⌟
−1), the prime 7 remains inert and E has split multiplicative reduction over

the unique prime above 7 in L. Now, considering the infinite extension L⧖ = L ⋉ L,

we note that L⧖ is asymptotically positive with ▷49(L
⧖) > 0 and E has semistable

reduction over all the primes above 7 in L⧖.

Our main result, as established in [19, Theorem 7.2], is as follows.

Theorem 6.2.1. Let E⌜K be an elliptic curve and L = ⋃iLi be an infinite algebraic

extension of K. Then,

lim inf
P ∈E(L)

⟧h(P ) ≥
1

48
∑
q

⌞6 ⌞
q + 1

q + 1 + 2
⌟
q
⌞ ◁q(L) + (q + 1) cE 0q(L)⌞

log q

q + 1
,

where the sum runs over all prime powers q and cE is a positive constant depending

on E and K.

This answers a question raised by P. Fili and Z. Miner [25] about obtaining a

quantitative lower bound for canonical height of points on elliptic curves over totally

p-adic extensions. This question appears in the pre-print version of the paper (see

page 4 of https://math.okstate.edu/people/fili/equi-splitting.pdf).
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As an immediate corollary to Theorem 6.2.1 and Lemma 5.2.6, we deduce the

following.

Corollary 6.2.2. Let E⌜K be an elliptic curve. Let L⌜Q be an asymptotically pos-

itive extension containing K. Then E(L) satisfies property (B).

Proof. Let L⌜K be a finite extension such that E⌜L has good reduction or split

multiplicative reduction over all non-archimedean places in L. Since L⌜Q is asymp-

totically positive, Lemma 5.2.6 implies that L ⋉L is also an asymptotically positive

extension and

▷q(L ⋉L) = ◁q(L ⋉L) + 0q(L ⋉L) > 0

for some prime power q. Now, Theorem 6.2.1, implies that E(L⋉L) satisfies property

(B) and hence, E(L) satisfies property (B).

Let E⌜Q be an elliptic curve with good reduction at p. For q = pm and any

infinite extension L⌜Q, by definition ▷q(L) = ◁q(L). Hence, we have the following

corollary.

Corollary 6.2.3. Let E⌜Q be an elliptic curve and L be an infinite algebraic exten-

sion of Q. Then,

lim inf
P ∈E(L)

⟧h(P ) ≥
1

8
∑
⧖

q
▷q(L)

log q

q + 1 + 2
⌟
q
,

where ∑
⧖

runs over all prime powers q = pm such that E has good reduction at p.

In particular, if ▷pm > 0 and E has good reduction at p, then E(L) satisfies property

(B).

The condition in the corollary above can be relaxed from primes of good reduction

to primes of potentially good reduction for E. This is because if E⌜Q has potentially

good reduction at p, then there exists a finite extension K⌜Q such that E⌜K has

good reduction at all places of K lying above p.
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Note that the lower bound in the above corollary is independent of the elliptic

curve. By Corollary 6.2.3, one may vary over all elliptic curves E⌜Q with good re-

duction at p and still obtain a uniform lower bound on ⟧h. It is worthwhile comparing

this to Lang’s conjecture [39, p. 92], which states that for a fixed number field K⌜Q,

there exist constants C1 and C2 depending only on K such that for any elliptic curve

E⌜K and every non-torsion point P ∈ E(K),

⟧h(P ) ≥ C1 logNK⌜Q# − C2,

where # is the discriminant of E over K.

In the subsequent sections, we develop the necessary tools for the proof of The-

orem 6.2.1 and conclude the proof in the final section.

6.3 Local heights on elliptic curves

Let K be a number field. Denote by MK and M⌐

K the set of all places and the

set of archimedean places of K respectively. Suppose that v ∈MK ∖M
⌐

K be a non-

archimedean place corresponding to a prime ideal p in K above p. Denote by ⌜ ⋉ ⌜v

the unique absolute value on Kv which extends the usual p-adic absolute value on

Qp.

Let E⌜K be an elliptic curve with point of infinity O. Similar to Weil height,

the canonical height ⟧h on E has a decomposition into local height functions ↼v ⌐

E(Kv) ↢ R (called Néron local heights) for each place v in MK (see [63, Chapter

VI, Theorem 1.1]). For any P ∈ E(K) ∖ {O}, we have

(6.1) ⟧h(P ) = ∑
v∈MK

[Kv ⌐ Qv]

[K ⌐ Q]
↼v(P ).
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Unlike the canonical height ⟧h, the local height ↼v can take negative values, but such

places are only finitely many. We start by discussing explicit formula for ↼v and

some lower bounds on ↼v for both archimedean and non-archimedean places.

6.3.1 Archimedean place

Let v be an Archimedean place of K. Then, the completion Kv of K at v is either

R or C. Thus, we can assume E to be defined over C. By uniformization theorem

for elliptic curves over C, we get the following isomorphism

E(C) ≅ C⌜&⇁
≅

#####↢
z↢u=e2ϱiz

C∗⟧qZ
⇁ ,

where &⇁ is the lattice Z + 1Z in C for some 1 in the complex upper half plane and

q⇁ = e
2ωi⇁ . The local height function

↼v ⌐ E(C) ∖ {O}↢ R

is given by

(6.2) ↼v(P ) = −
1

2
B2 ⌞

Im(z)

Im(1)
⌞ log ⌜q⇁ ⌜ − log ⌜1 − u⌜ −∑

n≥1

log ⌝(1 − q⇁
n
u)(1 − q⇁

n
u
⋊1
)⌝ ,

where B2(T ) = T
2 −T +

1
6 is the second Bernoulli polynomial for 0 ≤ T ≤ 1, extended

to R periodically and z (resp. u) is the image of P in C⌜&⇁ (resp. C∗⟧qZ
⇁ ). The

periodicity of B2(T ) ensures that the definition of ↼v(P ) is independent of the rep-

resentative z in C⌜&⇁ . Further, the convergence of the series is guaranteed by the

fact that Im(1) > 0. The following proposition gives a lower bound on the discrep-

ancy of archimedean local heights and will be useful in controlling the contribution

from the archimedean places in our main theorem.

Proposition 6.3.1. Let P1, P2, . . . , PN ∈ E(C) ∖ {O} be N distinct points. Then,
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there is a constant b(E) > 0 depending on E such that

(6.3) ∑
1≤i, j≤N

i≠j

↼v(Pi − Pj) ≥ −
1

2
N logN − b(E)N.

This proposition follows from a result of Elkies, slightly di!erent proof of which

is given in [34, pp. 218] and [40, Chapter VI, Theorem 5.1]. An explicit version

using results from Fourier analysis can be found in [7, Proposition 4].

6.3.2 Non-archimedean place

For a non-archimedean place v ∈ MK , let Kv be the completion of K. Thus, E⌜K

can be seen as an elliptic curve over Kv. Denote by # the discriminant of a Weier-

strass equation of E. Let ⌜ ⋉ ⌜v be the absolute value corresponding to the place v.

Throughout this chapter we fix the associated normalized valuation v on Kv de-

fined as v(x) = − log ⌜x⌜v for all non-zero elements x ∈ Kv. Consider, the minimal

Weierstrass equation

(6.4) y
2
+ a1xy + a3y = x

3
+ a2x

2
+ a4x + a6

of E corresponding to v, i.e., v(#) is minimal, subject to the condition that the

coe”cients are v-integral. Let ⟧E be the curve obtained by reduction of Weierstrass

equation of E at v. Define,

E0(Kv) = ⟦P ∈ E(Kv) ⌜
⟧E is smooth at P⟦ ,

where P is the reduction of P at v. Thus, E0(Kv) consists of all the points of E(Kv)

that reduce to a non-singular point after reducing modulo v. An explicit formula

for ↼v at these points is given as follows [63, Chap. VI, Theorem 4.1].
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Proposition 6.3.2. Let E⌜Kv be an elliptic curve and v be non-archimedean place

of K. Let # be the discriminant of a Weierstrass equation of E with v−integral

coe!cients. Then the local height function

(6.5) ↼v(P ) =
1

2
max⟦v(x(P )⋊1),0⟦ +

1

12
v(#)

for all P ∈ E0(Kv) /{O}.

The above formula for local height does not depend on the choice of the Weier-

strass equation. However, it only holds for points in E0(Kv), which depends on the

choice of Weierstrass equation, and hence, for two di!erent Weierstrass equation,

the formula coincides on the intersection.

Moreover, equation (6.5) is valid only for points that are non-singular modulo v.

The explicit description of ↼v on E(Kv) /E0(Kv) depends on the nature of reduction

type of E(Kv) and is discussed below briefly case by case. We refer the reader to

[63, Chapter VI, Section 4] for further details. For the minimal Weierstrass equation

(6.4), following [62, pp. 42], define

b2 = a1
2
+ 4a4, b4 = 2a4 + a1a3, b6 = a3

2
+ 4a6 and c4 = b2

2
− 24b4.

Additive reduction (v(#) > 0, v(c4) > 0) :

Let f(x) ∈Kv[x] be a polynomial. For P ∈ E(Kv)∖ {O}, denote f(x(P )) by f(P ).

Consider the polynomials :

F (x) ⌐= 4x3
+ b2x

2
+ 2b4x + b6,

G(x) ⌐= (3x4
+ b2x

3
+ 3b4x

2
+ 3b6x + b8)

2
.
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Then, for P ∈ E(Kv) /E0(Kv), we have

↼v(P ) =

⎧
⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪
⎩

−
1
6v(F (P )) +

1
12v(#) if v(G(P )) ≥ 3v(F (P )),

−
1
16v(G(P )) +

1
12 .

Multiplicative reduction (v(#) > 0, v(c4) = 0) :

Let

ω(P ) =min⟧
v((2y + a1x + a3)P )

v(#)
,
1

2
⟧ .

Then, for P ∈ E(Kv) /E0(Kv), the local height is given by

(6.6) ↼v(P ) =
1

2
B2(ω(P ))v(#).

Good reduction (v(#) = 0) :

In this case, we have E0(Kv) = E(Kv) and v(#) = 0. Therefore, by (6.5), we get

↼v(P ) =
1

2
max⟦v(x(P )⋊1),0⟦

for all P ∈ E(Kv) /{O}. Further, it follows from [53, eq. (20) on p. 357] that

1

2
max{v(x(P )⋊1),0} =max⟧v ⌞

x(P )

y(P )
⌞ ,0⟧ .

Therefore, in the good reduction case

(6.7) ↼v(P ) =max⟧v ⌞
x(P )

y(P )
⌞ ,0⟧ .
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6.3.3 Explicit formula for local height and Tate map

Similar to the uniformization theorem for complex elliptic curves, Tate provides a

way to parametrize elliptic curves over non-archimedean complete fields ([63, See

V.5]) known as Tate parametrization. Therefore, for an elliptic curve E⌜Kv, which

has multiplicative reduction at v, there exists qE ∈ K
×
v such that ⌜qE ⌜v < 1 and the

corresponding parametrization (Tate map) is given by the isomorphism

↽ ⌐K
×

v ⟧q
Z
E

≅

##↢ E(Kv).

The Tate parametrization provides an analog of explicit formula for the local height

function (6.2) in the non-archimedean case as follows (see [63, Chapter V, Theorem

4.2]).

Theorem A (Tate). Let Kv⌜Qp be a finite extension and E⌜Kv be an elliptic curve

with multiplicative reduction at v. Let ↽ be the Tate map of E⌜Kv discussed above.

Then,

(i) the Néron local height function

↼v ⌐ E(Kv)/{O}#↢ R

is given by the formula

↼v(↽(u)) =
1

2
B2 ⌞

v(u)

v(qE)
⌞ v(qE) + v(1 − u) +∑

n≥1

v ⌝(1 − qnEu) ⌝1 − q
n
Eu
⋊1
⌝⌝ .

(ii) If we choose u (by periodicity) to satisfy

0 ≤ v(u) < v(qE),
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then

↼v(↽(u)) =

⎧
⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪
⎩

1
2B2 ⌟

v(u)
v(qE)
⌟ v(qE), if 0 < v(u) < v(qE),

v(1 − u) + 1
12v(qE), if v(u) = 0.

Remark. Suppose that E has multiplicative reduction. If P ∈ E (Kv), we write

u(P ) for the image of P in K×v ⟧q
Z
E under the Tate map E(Kv) ≃K

×
v ⟧q

Z
E. Consider,

the retraction homomorphism r ⌐ E (Kv)#↢ R⌜Z defined as

(6.8) r(P ) =
log ⌜u(P )⌜v
log ⌜qE ⌜v

.

Since { ⌜x⌜v ⌜ x ∈K×v } ⊆ p
Q, the image of r is actually contained in the subgroup Q⌜Z

of R⌜Z.

We end this section with the following non-archimedean analog of Proposition

6.3.1. For a non-archimedean place v of a number field K, we denote by Cv the

algebraic closure of the completion Kv.

Proposition 6.3.3. Let P1, P2, . . . , PN ∈ E(Cv)∖ {O} be N distinct points, where v

is a non-archimedean place. Then,

(6.9) ∑
1≤i, j≤N

i≠j

↼v(Pi − Pj) ≥ −
N

12
v(#).

Above proposition holds trivially in the good reduction case, so it is enough to

consider additive and multiplicative reduction case. Since the local height is invari-

ant under base change to a higher extension, there always exists a finite extension of

Kv such that E has either good reduction or multiplicative reduction at v. There-

fore, it is enough to prove Proposition 6.3.3 for the multiplicative reduction case.

We need the following result from Fourier analysis for the proof of Proposition 6.3.3

(see [11] or [63, Excercise 6.11(b)]).
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Lemma 6.3.4. Let t1, . . . , tN ∈ R and B2(t) = (t − [t])
2 − (t − [t])+

1
6 be the periodic

extension of second Bernoulli polynomial on the interval [0,1]. Then,

∑
1≤i,j≤N

i≠j

B2 (ti − tj) ≥ −
N

6
.

Proof. The Fourier expansion of B2(t) is given by

B2(t) =
1

2ε2 ∑
n∈Z,n≠0

e2ωint

n2
.

Therefore,

∑
1≤i,j≤N

i≠j

B2 (ti − tj) =
1

2ε2 ∑
n∈Z,n≠0

1

n2 ∑
1≤i,j≤N

i≠j

e
2ωin(ti⋊tj)

=
1

2ε2 ∑
n∈Z,n≠0

1

n2

⎛

⎝
⌟ ∑
1≤i≤N

e
2ωinti ⌟

2

−N
⎞

⎠

≥ −
N

6
.

From Lemma 6.3.4, we can easily deduce Proposition 6.3.3 as follows.

Proof of Proposition 6.3.3. LetKv be a finite extension of Qp such that P1, P2, . . . , PN ∈

E(Kv) ∖ {O}, and E⌜Kv has multiplicative reduction. It follows from Theorem A

(ii) and the retraction map (6.8) that

∑
1≤i, j≤N

i≠j

↼v(Pi − Pj) =
v(#)

2
∑

1≤i, j≤N
i≠j

B2(r(Pi) − r(Pj)).

Applying Lemma 6.3.4 with ti = r(Pi), we have the proposition.
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6.4 Lower bound on height for elliptic curves over

asymptotically positive extensions

Let E⌜K be an elliptic curve over a number field K and L = ⋃iLi be an asymptot-

ically positive tower over K. Let L ⊆ L be a finite extension of K. For a finite set

Z = {P1, P2, . . . , PN} ⊆ E(L), define

⟧h(Z) =
1

⌜Z ⌜
∑
P ∈Z

⟧h(P )

to be the average of canonical heights. Using the parallelogram property of canonical

height, we obtain

⟧h(Z) ≥
1

4N(N − 1)
∑

1≤i, j≤N
i≠j

⟧h(Pi − Pj)

≥
1

4N(N − 1)
∑
v∈ML

[Lv ⌐ Qv]

[L ⌐ Q]
∑

1≤i, j≤N
i≠j

↼v(Pi − Pj).(6.10)

Now we begin the proof of Theorem 6.2.1. Throughout the proof, we assume that

E⌜L has either good or split multiplicative reduction at any non-archimedean place

v ∈ ML. If not, this can be ensured by a finite base change. The proof consists of

three parts: obtaining lower bound of the contribution in (6.10) due to archimedean

places, places of good reduction, and places of split multiplicative reduction. The

lower bound for the split multiplicative case is inspired by [7, Theorem 20].

Proof of Theorem 6.2.1. Let L⌜K be a number field contained in L, and let

Z = {P1, P2, . . . , Pn} ⊆ E(L) be a finite set of points as above. For an archimedean

place v ∈M⌐

L , it follows from (6.3) that

∑
1≤i, j≤N

i≠j

↼v(Pi − Pj) ≥ −
1

2
N logN − b(E)N.
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Since ⊎v∈M⌐

L
[Lv ⌐ Qv]⌜[L ⌐ Q] = 1, we can write

(6.11) ∑
v∈M⌐

L

[Lv ⌐ Qv]

[L ⌐ Q]
∑

1≤i, j≤N
i≠j

↼v(Pi − Pj) ≥ −
1

2
N logN − b(E)N.

Suppose E has good reduction at v ∈ML∖M
⌐

L , a non-archimedean place lying above

the rational prime p. By (6.7), we have

∑
1≤i, j≤N

i≠j

↼v(Pi − Pj) ≥
1

2
∑

1≤i, j≤N
i≠j

max⟧v ⌞
x(Pi − Pj)

y(Pi − Pj)
⌞ ,0⟧ .

Let Fq be the residue field of Lv⌜Qp and ⟧E be the reduction of E at v. Suppose

⟧E(Fq) = {T1, T2, . . . , Tm}.

For 1 ≤ l ≤m, define

Al ⌐= ⌜{Pi ∈ Z ⌜Pi ≡ Tl (mod v )}⌜ .

Clearly, ⊎m
i=1Ai = N . Note that if Pi ≡ Pj mod v, then

v ⌞
x(Pi − Pj)

y(Pi − Pj)
⌞ ≥

log p

ev
,

where p is the rational prime dividing v and ev is ramification index of v. Therefore,

∑
1≤i, j≤N

i≠j

↼v(Pi − Pj) ≥
1

2

log p

ev
⌞

m

∑
l=1

Al (Al − 1)⌞

≥
1

2

log p

ev
⌝
N2

m
−N⌝ ,

where the last step follows from the Cauchy-Schwartz inequality. By Hasse’s in-

equality,

m ≤ q + 1 + 2
⌟
q.
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Hence,

∑
1≤i, j≤N

i≠j

↼v(Pi − Pj) ≥
1

2[Lv ⌐ Qp]
⌞

N2

q + 1 + 2
⌟
q
−N⌞ log q.

Therefore,

(6.12) ∑
⧖

v∈ML

[Lv ⌐ Qp]

[L ⌐ Q]
∑

1≤i, j≤N
i≠j

↼v(Pi − Pj) ≥
N2

2
∑
q

Gq(L)

[L ⌐ Q]
⌞

1

q + 1 + 2
⌟
q
−

1

N
⌞ log q,

where ∑
⧖

runs over all non-archimedean v ∈ML at which E has good reduction.

Finally, suppose E has split multiplicative reduction at v ∈ ML ∖M
⌐

L , a non-

archimedean place with norm q. Let kv = −ordv (jE) ≥ 1. Recall that the retraction

homomorphism r ⌐ E (Kv)↢ R⌜Z factors as

E (Kv)#↢K
×

v ⌜q
Z
E #↢ R⌜Z,

where qE ∈ K
×
v with ⌜qE ⌜v = ⌜1⌜jE ⌜v. Here the first map is the Tate parametrization

and the second map is given by u ↦
log ⌜u⌜v
log ⌜q⌜v

. Note that Im(r) = ⟨1⌜kv⟩ ⊆ R⌜Z, and

therefore e2ωinr(Pj) = 1 whenever kv ⌜ n. Since Pi ≠ Pj for i ≠ j, using Theorem A (ii),

we obtain

∑
1≤i, j≤N

i≠j

↼v(Pi − Pj) ≥
1

2
v(qE) ∑

1≤i, j≤N
i≠j

B2 ⌞
v(u(Pi)) − v(u(Pj))

v(qE)
⌞

≥
1

2
v(qE)

⎛

⎜
⎜

⎝

1

2ε2 ∑
n∈Z, n≠0

1

n2 ∑
1≤i,j≤N

i≠j

e
2ωin⌝

v(u(Pi))⋊v(u(Pj))

v(qE)
⌝

⎞

⎟
⎟

⎠

≥
1

4ε2
v(qE)

⎛

⎜
⎜

⎝

N(N − 1) ∑
n∈kvZ, n≠0

1

n2
+ ∑

n∈Z∖kvZ

1

n2 ∑
1≤i,j≤N

i≠j

e
2ωin⌝

v(u(Pi))⋊v(u(Pj))

v(qE)
⌝

⎞

⎟
⎟

⎠

≥
1

4ε2
v(qE)

⎛

⎝
N(N − 1) ∑

n∈kvZ, n≠0

1

n2
+ ∑

n∈Z∖kvZ

1

n2

⎛

⎝
⌟ ∑
1≤i≤N

e
2ωin⌝

v(u(Pi))
v(qE)

⌝

⌟

2

−N
⎞

⎠

⎞

⎠

≥ N(N − 1)
log ⌜jE ⌜v
4ε2 ∑

n∈kvZ⌞{0}

1

n2
+O(N)
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As φ(2) = ⊎n≥1
1
n2 =

ω2

6 , we deduce that

∑
1≤i, j≤N

i≠j

↼v(Pi − Pj) ≥ N(N − 1)
log ⌜jE ⌜v
12kv

2 +O(N)

≥ N(N − 1)
log p

12kv
+O(N).

Since jE is fixed, there exists a constant cE > 0 only dependent on E such that

kv ≤
ev

cE
,

where ev is the ramification index of Lv⌜Qp. Therefore,

∑
⧖⧖

v∈ML

[Lv ⌐ Qp]

[L ⌐ Q]
∑

1≤i, j≤N
i≠j

↼v(Pi − Pj) ≥∑
⧖⧖

v∈ML

[Lv ⌐ Qp]

[L ⌐ Q]
⌝
log p

12kv
N(N − 1) +O(N)⌝

≥ cE ∑
⧖⧖

v∈ML

[Lv ⌐ Qp]

[L ⌐ Q]
⌝
log p

12 ev
N(N − 1) +O(N)⌝

≥ cE N(N − 1)∑
q

Bq(L)

[L ⌐ Q]
log q

12
+O(N),(6.13)

where ∑
⧖⧖

runs over all non-archimedean v ∈ML at which E⌜L has split multiplica-

tive reduction and q runs over all prime powers. Combining (6.11), (6.12) and (6.13)

in (6.10), we obtain

⟧h(Z) ≥
1

4N(N − 1)
⌞−

1

2
N logN − b(E)N +

N2

2
∑
q

Gq(L)

[L ⌐ Q]
⌞

1

q + 1 + 2
⌟
q
−

1

N
⌞ log q

+N(N − 1)∑
q

Bq(L)

[L ⌐ Q]
log q

12
+O(N)⌞.(6.14)

For any N , the above inequality holds for all possible N -points {P1, P2,⋯, PN} ⊂

E(L). Considering an infinite sequence {Pn}n≥1 in E(L) such that lim ĥ(Pn) =

lim infP ∈E(L) ĥ(P ). Thus lim ĥ(ZN) = lim infP ∈E(L) ĥ(P ), where ZN = {P1, P2, . . . , PN}.
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Taking N large, (6.14) implies that

lim inf
P ∈E(L)

⟧h(P ) ≥
1

8
∑
q

◁q(L)
log q

q + 1 + 2
⌟
q
+
cE

48
∑
q

0q(L) log q

as required.

6.5 Concluding remarks

The problem of obtaining lower bound on canonical height can be formulated in a

more general setting of abelian varieties. An abelian variety over a number field K

is a projective group variety such that the morphisms corresponding to the group

operations are defined over K. Elliptic curves are precisely abelian varieties of

dimension one. A very ample line bundle L on an abelian variety A allows one to

realize A as a subvariety of projective space. Consequently, the Weil height on A

with respect to L is defined using the corresponding projective embedding. Applying

Tate’s limiting process to this Weil height then yields the canonical height ĥL. Thus,

a natural question is to ask for which infinite extensions K⌜K, the group of points

A(K) has the Bogomolov property with respect to ĥL.

It is known that for an abelian variety A⌜Q, the group of totally real points A(Qtr)

satisfies the Bogomolov property ([72]). For a number field K and an abelian variety

A⌜K, the group of abelian points A(Kab) also satisfies the Bogomolov property ([9]).

In this chapter, we have seen that for an elliptic curve E⌜Q, the set E(Qtp) satisfies

property (B) with respect to the canonical height. Hence one can ask the following

question in the context of abelian varieties.

Question. Let A⌜Q be an abelian variety and L be a very ample line bundle on

A. Does A(Qtp) satisfy property (B) with respect to ĥL?
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When A has bad reduction at a prime p, a tropical equidistribution theorem due

to Gubler [29] answers the above question in a”rmative. On the other hand, when A

has good reduction at p, a non-archimedean equidistribution theorem of Chambert-

Loir’s [14] establishes property (B) for a dense Zariski open subset of A(Qtp). Despite

these progress, it remains an open problem whether A(Qtp) satisfies the Bogomolov

property in the good reduction case. In fact, this question was explicitly raised by

Vesselin Dimitrov (https://mathoverflow.net/questions/123096) around 2013.

We address the above question in a recent work [37] and establish Bogomolov

property for A(Qtp) for all but finitely many primes p. However, proving this for

all primes remains an open problem. More generally, one could also consider the

above question for semi-abelian varieties and for points over asymptotically positive

extensions. This opens the door to several promising directions for future research.
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des points de petite hauteur sur la droite projective [Math. Ann., 335(2), pp.

311–361, (2006)], Math. Ann., 339(4), pp. 799–801, (2007).

[25] P. Fili, Z. Miner, Equidistribution and the heights of totally real and totally

p-adic numbers, Acta Arith., 170, no. 1, 15–25, (2015).

[26] P. Fili and C. Petsche, Energy integrals over local fields and global height

bounds, Int. Math. Res. Not. IMRN, 5, pp. 1278–1294, (2015).

[27] P. Fili, I. Pritsker, Height bounds for algebraic numbers satisfying splitting

conditions, J. Number Theory, 175, pp. 250-264, (2017).

[28] J. Garza, On the height of algebraic numbers with real conjugates, Acta Arith.,

128, no. 4, 385–389, (2007).

[29] W. Gubler, The Bogomolov conjecture for totally degenerate abelian varieties,

Invent. math., 169, pp. 377–400, (2007).

[30] P. Habegger, Small height and infinite nonabelian extensions, Duke Math. J.,

162(11), pp. 2027–2076, (2013).

[31] E. Hasanalizade, Q. Shen, P. Wong, Counting zeros of Dedekind zeta functions,

Mathematics of Computation, 91, pp. 277-293, (2021).

90



[32] M. Hindry, J. H. Silverman, The canonical height and integral points on elliptic

curves, Invent. Math., 93, pp. 419-450, (1988).

[33] M. Hindry, J. H. Silverman, On Lehmer’s conjecture for elliptic curves, in
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