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Summary

Understanding the internal structure of hadrons in terms of its fundamental constituents,

quarks and gluons, is one of the central goals of modern high-energy physics. Quantum

Chromodynamics (QCD), the non-abelian gauge theory describing the strong interaction,

provides the theoretical framework to study the dynamics of quarks and gluons inside had-

rons. However, due to the nonperturbative nature of QCD at low energy scales, a complete

description of hadronic structure requires a combination of perturbative calculations from

theory side and phenomenological inputs from experimental measurements.

Deep-inelastic scattering (DIS) has played a important role in revealing the partonic struc-

ture of nucleons. In inclusive DIS, only the scattered lepton is detected in the final state,

and the process provides access to parton distribution functions (PDFs), which describe

the probability of finding a parton carrying a given fraction of the nucleon momentum.

Although inclusive DIS has played a crucial role in determining PDFs with high preci-

sion, it provides only limited information about the hadronization process through which

partons form observable hadrons.

Semi-inclusive deep-inelastic scattering (SIDIS) offers a more detailed probe of the nuc-

leon structure. In SIDIS, in addition to the scattered lepton, a hadron produced in the final

state is also detected. This additional information allows simultaneous access to both

PDFs and fragmentation functions (FFs). While PDFs describe the momentum distri-

bution of partons inside the nucleon, FFs characterize the process through which partons

fragment into observable hadrons. The study of SIDIS therefore provides a opportunity to
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investigate both the partonic structure of nucleons and the dynamics of hadron formation.

Within the framework of QCD factorization, the cross section for SIDIS can be written as

a convolution of perturbatively calculable coefficient functions (CFs) with PDFs and FFs.

The CFs encode the short-distance partonic dynamics and can be computed systematic-

ally within perturbative QCD as a power series in the strong coupling constant. Achieving

high theoretical precision requires the computation of these CFs to higher orders in per-

turbation theory.

For inclusive DIS, coefficient functions and splitting functions have been computed up

to very high orders in perturbation theory, providing a solid theoretical foundation for

global analyses of PDFs. In contrast, the semi-inclusive case is much more involved.

The presence of an additional detected hadron introduces extra kinematic variables and

a more complicated phase-space structure, making higher-order calculations significantly

more challenging. As a consequence, for a long time the SIDIS coefficient functions were

known exactly only up to next-to-leading order (NLO) in QCD.

In recent years, the increasing precision of experimental measurements has motivated

the need for improved theoretical predictions for SIDIS processes. In particular, future

facilities such as the Electron-Ion Collider (EIC) are expected to provide high-precision

data over a wide kinematic range. To fully exploit the potential of these measurements, it

is essential to reduce theoretical uncertainties by incorporating higher-order perturbative

corrections.

The main objective of this thesis is to advance the theoretical understanding of semi-

inclusive deep-inelastic scattering by computing higher-order corrections within the frame-

work of perturbative QCD and QED. In particular, this work focuses on the evaluation

of next-to-next-to-leading order (NNLO) contributions to the SIDIS coefficient functions.

These calculations represent an important step toward achieving precision predictions that

match the accuracy of present and future experimental data.
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The computation of higher-order corrections involves the evaluation of multi-loop Feyn-

man diagrams and the treatment of infrared and collinear singularities that arise in inter-

mediate steps of the calculation. Modern techniques in perturbative quantum field theory,

including integration-by-parts identities, reduction to master integrals, and differential

equation methods, are employed to systematically evaluate the relevant Feynman integ-

rals. These methods allow the complicated loop integrals to be expressed in terms of a fi-

nite set of master integrals, which can then be computed analytically or semi-analytically.

In addition to QCD corrections, electromagnetic effects can also play an important role

in precision studies of SIDIS. Although QED corrections are typically smaller than the

corresponding QCD contributions, their inclusion becomes increasingly important when

aiming for high theoretical accuracy. In this thesis, NNLO QED corrections as well as

mixed QCD⌐QED contributions are also investigated for both unpolarized and polarized

SIDIS observables. These corrections provide a more complete theoretical description of

the process and contribute to reducing the overall theoretical uncertainties.

The results obtained in this work improve the perturbative description of SIDIS and

provide important ingredients for future phenomenological analyses. In particular, the

higher-order corrections computed in this thesis contribute to stabilizing the perturbative

expansion and reducing the dependence of theoretical predictions on the choice of renor-

malization and factorization scales. This improvement in theoretical precision is essential

for reliable extractions of PDFs and FFs from experimental data.

Furthermore, the results presented in this thesis are expected to play an important role

for upcoming high-precision measurements at facilities such as the Electron-Ion Collider

(EIC). The EIC will provide unprecedented access to the 3-d structure of nucleons and

nuclei, and accurate theoretical predictions will be necessary for fully exploiting the sci-

entific potential of this facility.

In summary, this thesis contributes to the ongoing effort to achieve precision theoretical

predictions for SIDIS. By computing higher-order QCD and QED corrections to SIDIS
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coefficient functions, this work provides inputs for future global analyses of parton dis-

tribution and fragmentation functions and helps bridge the gap between theoretical devel-

opments and experimental measurements in the study of hadronic structure.
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Understanding the fundamental structure of matter and the interactions governing its con-

stituents has been a main theme in physics. Over the past century, experiments involving

high-energy particle collisions have played a vital role in revealing the microscopic struc-

ture of matter. By accelerating particles to extremely high energies and allowing them to

collide, physicists are able to probe smaller distance scales, hence uncovering the funda-

mental building blocks of nature.

These experimental efforts have led to the development of the Standard Model of particle

physics, a theoretical framework that successfully describes three of the four known fun-
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damental interactions: the electromagnetic, weak, and strong forces. Within this frame-

work, matter consists of fermions (quarks and leptons), while interactions between them

are mediated by gauge bosons. The discovery of the Higgs boson confirmed the mechan-

ism responsible for providing masses to particles and became an important milestone in

validating the Standard Model.

Among the fundamental interactions, the strong interaction plays a unique role in shaping

the structure of visible matter. It is responsible for binding quarks into hadrons such as

protons and neutrons and for holding these nucleons together within atomic nuclei. The

theory describing the strong interaction is QCD, a non-Abelian gauge theory based on

the symmetry group S U(3)c. In this theory, quarks carry a color charge and interact

through the exchange of gluons, the gauge bosons of the strong force. A hallmark of

QCD is the phenomenon of asymptotic freedom [1–5]: at short distances, corresponding

to large momentum transfers, the strong coupling decreases and the interaction becomes

weak, allowing the use of perturbative techniques. And, at larger distance scales the

coupling grows strong, confining quarks and gluons within color-neutral bound states.

This interplay between perturbative and nonperturbative dynamics makes QCD a rich and

interesting theory.

Although protons and neutrons are often treated as elementary particles in low-energy

phenomena, they are in fact highly dynamic objects composed of quarks and gluons. Un-

derstanding how these constituents contribute to the observable properties of the proton

remains one of the central challenges in strong interaction physics. In particular, determ-

ining how the momentum, spatial distribution, and spin of the proton arise from its quark

and gluon degrees of freedom is an active area of research.

An example of this challenge is the proton spin puzzle [6,7]. Early measurements revealed

that the intrinsic spins of quarks account for only a fraction of the total spin of the proton.

This observation raised fundamental questions about how the remaining spin is distributed

among gluon contributions and the orbital angular momentum of quarks and gluons. This
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problem requires precise experimental measurements together with accurate theoretical

calculations within the framework of QCD.

Future experimental facilities are expected to significantly advance our understanding of

hadronic structure. One of the most ambitious projects in this direction is the Electron-

Ion Collider (EIC) [8, 9], a next-generation accelerator designed to collide electrons with

protons and nuclei. The EIC will provide unprecedented accuracy and a wide kinematic

reach, allowing detailed studies of the internal structure of nucleons and nuclei. Among

its primary scientific goals are the determination of the spin and spatial structure of the

proton, the mapping of the momentum distributions of quarks and gluons, and the invest-

igation of QCD in high parton density regime.

At very high energies and small values of the Bjorken variable x, gluons are expected

to dominate the internal structure of hadrons. In this regime, gluon densities can be-

come extremely large, leading to collective phenomena that cannot be described within

the framework of dilute partonic systems. This region may be characterized by a novel

state of matter known as the Color Glass Condensate (CGC), where gluon fields form

a dense and coherent system governed by nonlinear QCD dynamics. Investigating this

regime represents one of the key objectives of the EIC physics program.

To interpret the results of such experiments, precise theoretical predictions are required.

At sufficiently large momentum transfer, many scattering processes can be described

within perturbative QCD. In this framework, physical observables are computed as expan-

sions in the strong coupling constant. In modern precision calculations, electromagnetic

effects described by QED may also contribute and are often included together with QCD

corrections when higher theoretical accuracy is required. These calculations provide the

connection between experimentally measured cross sections and the underlying partonic

structure of hadrons.
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1.1 Lagrangian

The fundamental interactions among quarks and leptons at the energy scales relevant to

high-energy scattering processes are described by two gauge field theories: Quantum

Chromodynamics (QCD) and Quantum Electrodynamics (QED) [10–15]. QCD gov-

erns the dynamics of the strong interaction, while QED accounts for the electromag-

netic interactions of electrically charged particles. Together they form the gauge structure

S U(Nc) × U(1), which is responsible for the interactions of quarks and leptons with

gluons and photons.

QCD is a non-Abelian gauge field theory based on the local symmetry group S U(Nc)

with Nc = 3, corresponding to the three color charges carried by quarks. In this theory,

quarks interact through the exchange of gluons, which are the gauge bosons associated

with the strong force. Because gluons themselves carry color charge, they interact with

one another, giving rise to nonlinear dynamics responsible for asymptotic freedom and

confinement.

The gauge-invariant classical Lagrangian density of QCD is given by

L
classical
QCD = ⋊

1
4

Ga
µεGµεa +

n f

⩀
f=1
ψ̄ f (iωµDµ ⋊mf )ψ f , (1.1)

where ψ f denotes the quark field of flavor f with mass mf , and Ga
µ represents the gluon

field in the adjoint representation of S U(Nc). The gluon field-strength tensor is defined

as

Ga
µε = ∂µGa

ε ⋊ ∂εGa
µ + gs f abc Gb

µGc
ε , (1.2)

where f abc are the structure constants of the S U(Nc) group and gs is the strong coupling

constant. The nonlinear term proportional to gs reflects the self-interaction among gluons.
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The covariant derivative appearing in the quark kinetic term is

Dµ = ∂µ ⋊ igs Ga
µ T a , (1.3)

where T a are the generators of S U(Nc) in the fundamental representation, satisfying the

Lie algebra

⌝T a, T b
⌝ = i f abc T c . (1.4)

The generators are normalized as Tr(T aT b) = TF ↽ab with TF =
1
2 , and they satisfy the

completeness relation

⩀
a

T a
i j T a

kl = TF ⌝↽il ↽k j ⋊
1
Nc
↽i j ↽kl⌝ . (1.5)

Two important quadratic Casimir operators of S U(Nc) arise frequently in perturbative

calculations:

⩀
a
(T aT a

)i j = CF ↽i j , ⩀
c,d

f acd f bcd
= CA ↽

ab , (1.6)

where CA = Nc is the Casimir of the adjoint representation and CF = (N2
c ⋊1)⌜(2Nc) is the

Casimir of the fundamental representation. For QCD, Nc = 3 gives CA = 3 and CF = 4⌜3.

Under a local S U(Nc) gauge transformation U(x) ∈ S U(Nc), the quark and gluon fields

transform as

ψ f (x)→ U(x)ψ f (x) , Gµ(x)→ U(x)Gµ(x)U⌐1
(x) +

i
gs
(∂µU(x))U⌐1

(x) . (1.7)

The quantization of a non-Abelian gauge theory faces an immediate difficulty: due to

gauge invariance, gauge fields contain redundant degrees of freedom which prevents

unique construction of the gauge field propagator. This is resolved by fixing the gauge,

which in the covariant formulation introduces two additional contributions to the Lag-

rangian: a gauge-fixing term and a ghost term arising from the Faddeev-Popov procedure.
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The full quantized QCD Lagrangian reads

LQCD = L
classical
QCD ⋊

1
2▷g
⌝∂µGa

µ⌞
2
+ (∂µc̄a

) ⌝∂µ↽
ad
⋊ gs f abdGb

µ⌞ cd , (1.8)

where ▷g is the gluon gauge-fixing parameter and cd, c̄a are the anticommuting Faddeev-

Popov ghost and anti-ghost fields. These ghost fields are unphysical scalar fields obeying

fermionic statistics; they never appear as external states but must be included in loop

calculations to cancel unphysical degrees of freedom of the gauge field and maintain

unitarity of the theory. The choice ▷g = 1 corresponds to the Feynman gauge, which is

often used in perturbative calculations, physical observables are independent of ▷g.

The electromagnetic interaction is described by QED, an Abelian gauge theory based on

the local symmetry group U(1). Unlike gluons in QCD, photons do not carry electric

charge and therefore do not self-interact. The QED Lagrangian for a set of nf quark

flavors and nL leptons is

LQED = ⋊
1
4

FµεFµε⋊
1

2▷e
(∂µAµ)

2
+

n f

⩀
f=1
ψ̄ f ⌝iωµ∂µ + eQf ⌜A ⋊mf ⌞ψ f+

nL

⩀
φ=1
ψ̄φ ⌝iωµ∂µ + e ⌜A ⋊mφ⌞ψφ ,

(1.9)

where Aµ is the photon field, e is the electromagnetic coupling constant, Qf is the electric

charge of quark flavor f in units of the proton charge, ψφ denotes the lepton field of flavor

φ with mass mφ, and ▷e is the photon gauge-fixing parameter. The electromagnetic field-

strength tensor is

Fµε = ∂µAε ⋊ ∂εAµ . (1.10)

Since photons are electrically neutral, Fµε is linear in Aµ and contains no self-interaction

terms. Under the Abelian U(1) gauge transformation by a local scalar ϖ(x), the fields

transform as

ψ f (x)→ e⌐ieQ fϖ(x) ψ f (x) , Aµ(x)→ Aµ(x) ⋊ ∂µϖ(x) . (1.11)
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Because the U(1) gauge group is Abelian, no ghost fields are required for the consistent

quantization of QED.

When both strong and electromagnetic interactions are simultaneously present, quarks

carry both color charge and electric charge, and the full theory is based on the gauge

group S U(Nc) ×U(1). The covariant derivative acting on a quark field of flavor f with

electric charge Qf then takes the form

Dµ = ∂µ ⋊ igs Ga
µ T a
⋊ ieQf Aµ , (1.12)

which couples the quark simultaneously to both the gluon and photon fields, extending

eq. (1.3) to the combined S U(Nc) ×U(1) theory. The combined Lagrangian after gauge

fixing is

L =

n f

⩀
f=1
ψ̄ f ⌝iωµ∂µ ⋊ gs ω

µGa
µ T a
⋊ eQf ω

µAµ ⋊mf ⌞ψ f +
nL

⩀
φ=1
ψ̄φ (iωµ∂µ + eωµAµ ⋊mφ)ψφ

⋊
1
4

Ga
µεGµεa ⋊

1
4

FµεFµε ⋊
1

2▷g
⌝∂µGa

µ⌞
2
⋊

1
2▷e
(∂µAµ)

2
+ (∂µc̄a

) ⌝∂µ↽
ad
⋊ gs f abdGb

µ⌞ cd ,

(1.13)

The corresponding propagators and interaction vertices derived from this Lagrangian are

shown below.
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This Lagrangian encodes the full dynamics of quarks and leptons interacting through both

strong and electromagnetic forces, and provides the theoretical starting point for higher-

order perturbative calculations.

1.1.1 Renormalization

Perturbative calculations in QCD and QED generate ultraviolet (UV) divergences from

loop integrals, as well as infrared (IR) divergences associated with massless gluons,

massless photons, and (nearly) massless quarks and leptons. A consistent and Lorentz-

invariant method for handling these divergences is dimensional regularization [16–18], in

which the spacetime dimension is analytically continued to

D = 4 + ϑ , (1.14)

where ϑ is a small parameter. UV and IR divergences appear as poles 1⌜ϑn. Because the

coupling constants gs and e acquire a mass dimension in D ≠ 4, an arbitrary mass scale

µ is introduced to keep the couplings dimensionless. In the modified minimal subtraction

(MS) scheme, renormalized couplings absorb the UV poles along with the combination

ln(4⇁) ⋊ ωE, where ωE ≃ 0.5772 is the Euler-Mascheroni constant. This is encoded in the

factor

S ϑ = exp⌞
(ωE ⋊ ln 4⇁)ϑ

2
⌞ . (1.15)

The MS scheme is the standard choice in modern multi-loop computations due to its

simplicity and the absence of large logarithms at the renormalization scale.

To make physical observables finite, all bare (unrenormalized) fields and parameters in

the Lagrangian are expressed in terms of renormalized quantities through multiplicative

renormalization constants. The quark, lepton, gluon, and photon fields are renormalized

as

ψq = Z1⌜2
2q ψ

r
q , ψφ = Z1⌜2

2φ ψ
r
φ , Ga

µ = Z1⌜2
3 Ga

µ,r , Aµ = Z1⌜2
3ω Aµ,r , (1.16)
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where Z2q, Z2φ, Z3, and Z3ω are the quark-field, lepton-field, gluon-field, and photon-field

renormalization constants,

The coupling constants and masses are renormalized as

gs = Zg gr
s , e = Ze er , mq = Zmq mr

q , mφ = Zmφ mr
φ . (1.17)

All renormalized quantities are designated with a superscript r. Here, Zg, Ze, Zmq , and

Zmφ are the QCD-coupling, QED-coupling, quark-mass, and lepton-mass renormalization

constants. Inserting these relations into the Lagrangian and collecting all terms propor-

tional to ↽Z ≡ Z ⋊ 1 yields the counterterm Lagrangian. Since Zac = Z2
gc

(with c ∈ {s, e}),

the renormalization of the coupling constants can equivalently be expressed in terms of

the rescaled dimensionless couplings

as =
ϖs

4⇁
, ae =

ϖe

4⇁
, (1.18)

with ϖs = g2
s⌜(4⇁) and ϖe = e2⌜(4⇁) being the strong and electromagnetic fine-structure

constants, respectively. the MS factor S ϑ, the unrenormalized couplings âc are therefore

related to the renormalized ones through

âc

(µ2) ϑ⌜2 S ϑ =
ac(µ2

R)

(µ2
R)
ϑ⌜2 Zac⌝as(µ

2
R), ae(µ

2
R), ϑ⌞ , (1.19)

where µ is the arbitrary scale and µR is the renormalization scale. the renormalization

group equation (RGE) for Zac:

µ2
R

d
dµ2

R
ln Zac = ⋊

ϱac(as(µ2
R), ae(µ2

R))

ac(µ2
R)

, (1.20)

where the ϱ-functions admit double expansions in as and ae:

ϱas = ⋊

∞
⩀
i, j=0
ϱs

i j a i+2
s a j

e , ϱae = ⋊

∞
⩀
i, j=0
ϱe

i j a j+2
e a i

s , (1.21)
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with the coefficients ϱs
i j and ϱe

i j accounting for contributions from pure QCD, pure QED,

and mixed QCD ⌐ QED interactions. Solving eq. (1.20) perturbatively and using the

expansions eq. (1.21), one obtains the renormalization constants up to third order [19,20]:

Zas = 1 + as ⌝
2ϱs

00

ϑ
⌝ + asae ⌝

ϱs
01

ϑ
⌝ + a2

s ⌞
4(ϱs

00)
2

ϑ2 +
ϱs

10

ϑ
⌞ + asa2

e ⌝
2ϱe

00ϱ
s
01

3ϑ2 +
2ϱs

02

3ϑ
⌝

+ a2
sae ⌝

4ϱs
00ϱ

s
01

ϑ2 +
2ϱs

11

3ϑ
⌝ + a3

s ⌞
8(ϱs

00)
3

ϑ3 +
14ϱs

00ϱ
s
10

3ϑ2 +
2ϱs

20

3ϑ
⌞ +⋉ (1.22)

Zae = 1 + ae ⌝
2ϱe

00

ϑ
⌝ + aeas ⌝

ϱe
10

ϑ
⌝ + a2

e ⌞
4(ϱe

00)
2

ϑ2 +
ϱe

01

ϑ
⌞ + aea2

s ⌝
2ϱs

00ϱ
e
10

3ϑ2 +
2ϱe

20

3ϑ
⌝

+ a2
eas ⌝

4ϱe
00ϱ

e
10

ϑ2 +
2ϱe

11

3ϑ
⌝ + a3

e ⌞
8(ϱe

00)
3

ϑ3 +
14ϱe

00ϱ
e
01

3ϑ2 +
2ϱe

02

3ϑ
⌞ +⋉ (1.23)

where “⋉” denotes terms of order ai
sa

j
e with i + j > 3. The renormalization constants

eqs. (1.22)-(1.23) are sufficient to make all UV divergences finite; they are organized as

double power series in as and ae.

1.1.2 Running Coupling Constants

A fundamental consequence of renormalization is that the coupling constants become

scale-dependent quantities, commonly referred to as running couplings. This scale de-

pendence follows directly from the RGE [21, 22] eq. (1.20): the bare coupling âc be

independent of renormalization scale µR leads to the evolution equation

µ2
R

d ai(µ2
R)

dµ2
R
= ϱi(as,ae) , i ∈ {s, e} , (1.24)

where ϱi are the ϱ-functions defined in eq. (1.21).

The QCD ϱ-function encodes the running of the strong coupling. Its leading coefficient,

which governs the one-loop running, is

ϱs
00 =

11
3

CA ⋊
4
3

TF nf , (1.25)
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where CA = Nc = 3, TF =
1
2 , and nf is the number of active quark flavors. For nf ≤ 16 (and

in particular for the Standard Model value nf = 6), this coefficient is positive, so the QCD

ϱ-function is negative:

ϱas < 0 ↢⇒ as(µ
2
R) decreases as µ2

R increases. (1.26)

This is the phenomenon of asymptotic freedom: at short distances (high energies) quarks

and gluons interact weakly, making perturbative QCD reliable for hard-scattering pro-

cesses.

The electromagnetic coupling ae also runs with the energy scale, although its variation is

much milder than that of as. The leading coefficient of the QED ϱ-function is

ϱe
00 = ⋊

4
3
⌞Nc

n f

⩀
q=1

e2
q +

nL

⩀
φ=1

e2
φ⌞ , (1.27)

where eq and eφ are the electric charges of quarks and leptons in units of the proton charge,

and nL is the number of active leptons. The color factor Nc reflects the fact that each quark

flavor contributes Nc times to the photon self-energy. Since ϱe
00 < 0, the QED ϱ-function

is positive:

ϱae > 0 ↢⇒ ae(µ
2
R) increases as µ2

R increases. (1.28)

This is the phenomenon of charge screening: the electromagnetic coupling grows log-

arithmically with the energy scale, though the effect is very mild over experimentally

accessible energies since ϖe ≈ 1⌜137 at low energies and ≈ 1⌜128 at µR ∼ MZ.

1.2 Factorization and the Parton Model

The application of perturbative QCD [11,23] to processes involving hadrons is nontrivial

due to the composite nature of hadronic states. Unlike leptons, which are elementary

particles, hadrons are bound states of quarks and gluons whose interactions are governed
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by the strong force. At large distance scales the QCD coupling becomes large, making

direct perturbative calculations unreliable. Hence, a purely perturbative description of

hadronic observables is not possible in general.

Nevertheless, many scattering processes studied in high-energy experiments involve mo-

mentum transfers significantly larger than the strong interactions scale ◁QCD. In this re-

gime asymptotic freedom ensures that as is small, so the short-distance part of the interac-

tion can be treated perturbatively. However, even at high energies, hadronic observables

are influenced by both short-distance and long-distance physics, and therefore cannot be

computed fully within perturbation theory.

A observable in a renormalizable QFT depends on the kinematic scale Q characterizing

the scattering process, on the masses of the particles involved, and on the renormalization

scale µR. The dependence on µR appears through logarithmic terms such as ln(Q⌜µR) or

ln(µR⌜m), where m represents relevant mass scales. Although an appropriate choice of

µR can reduce some of these logarithms, it cannot remove them completely. In particular,

logarithmic terms of the form ln(Q⌜m) involving particle masses signal sensitivity to

long-distance physics, where the strong coupling becomes large and perturbation theory

breaks down. When such logarithms are large, terms of the form an
s lnk
(Q⌜m) (with k ≤

2n) can compensate the smallness of as at each order, making the fixed-order expansion

unreliable. In such kinematic regimes, it becomes necessary to identify and resum these

logarithmically enhanced contributions to all orders in perturbation theory. Systematic

frameworks for carrying out this resummation, such as the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi (DGLAP) evolution equations [24–26], Sudakov resummation [27], and

Soft-Collinear Effective Theory (SCET) [28, 29], have been developed extensively in the

literature. However, resummation [30] lies beyond the scope of the present work; we

restrict ourselves to fixed-order perturbative calculations.

This interplay between short-distance and long-distance dynamics implies that hadronic

cross sections generally contain both perturbative and nonperturbative contributions. A
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powerful theoretical framework that allows these contributions to be systematically sep-

arated is provided by the factorization theorem [11, 23]. The central idea is that phys-

ical observables involving hadrons can be expressed as a convolution of a perturbatively

calculable short-distance part with universal nonperturbative functions that encode the

internal structure of the hadrons.

The physical picture underlying factorization can be understood through the parton model.

In this model, a fast-moving hadron is described as a collection of quasi-free constituents

called partons: quarks, antiquarks, and gluons, each carrying a fraction of the hadron’s

momentum. When the hadron is probed by a highly energetic particle, such as a lepton

in deep inelastic scattering, the interaction occurs on a timescale that is extremely short

compared to the typical timescale of the strong interactions binding the partons together.

As a consequence, the probe effectively interacts with a single parton rather than with the

hadron as a whole.

During the short duration of the hard interaction, the internal dynamics of the hadron can

be considered frozen. A parton participating in the hard scattering carries momentum

x1Pµ, where Pµ is the hadron momentum and the longitudinal momentum fraction x1

satisfies 0 ≤ x1 ≤ 1.

A key ingredient of the parton model is the introduction of parton distribution functions

(PDFs), usually denoted fi(x1). These describe the probability density of finding a par-

ton of type i carrying a fraction x1 of the hadron momentum. The PDFs encode the

long-distance structure of the hadron and are intrinsically nonperturbative: they cannot be

calculated from first principles in perturbation theory but must be extracted from experi-

mental measurements.

Within this framework, the cross section for a high-energy hadronic process can be ex-

pressed as an incoherent sum over the scattering of individual partons, each contribution

weighted by the probability of finding the corresponding parton inside the colliding had-

ron. In a generic electron-hadron collision where one hadron appears in the final state, the
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differential cross section takes the schematic form

d30

dx dy dz
≈ x i⌐1

⩀
a,b
⊍

1

x

dx1

x1
⊍

1

z

dz1

z1
fa⌜P(x1, µ

2
F)DH⌐⌜b(z1, µ

2
F)Ci,ab⌝

x
x1
,

z
z1
,Q2, µ2

F⌝ ,

(1.29)

where fa⌜P(x1, µ2
F) are the PDFs of the incoming hadron, DH⌐⌜b(z1, µ2

F) are the fragment-

ation functions (FFs) describing how a final-state parton b hadronizes into the observed

hadron H⋊, and Ci,ab are the perturbatively calculable coefficient functions (CFs) encod-

ing the short-distance partonic dynamics. The factorization scale µF separates the long-

distance from the short-distance contributions and serves as the argument of the PDFs and

FFs.

The factorized structure of eq. (2.24) clearly separates the perturbatively calculable par-

tonic dynamics from the nonperturbative information contained in the PDFs and FFs.

This separation is one of the central principles underlying the theoretical description of

high-energy hadronic reactions.

1.3 Outline of the Thesis

In this thesis we investigate higher-order perturbative corrections to semi-inclusive deep-

inelastic scattering (SIDIS) within the framework of perturbative QCD, and subsequently

extend the calculation to include QED corrections. Precise theoretical predictions for

SIDIS are essential for extracting detailed information about the internal structure of had-

rons and for interpreting data from present and future high-energy scattering experiments.

In particular, future facilities such as the EIC will provide high-precision measurements

that demand theoretical predictions at the level of next-to-next-to-leading order (NNLO)

accuracy. This thesis therefore focuses on the computation of higher-order corrections

and their implications for phenomenology.
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The structure of the thesis is organized as follows.

Chapter 1 introduces the physical motivation for studying SIDIS. The study of SIDIS

plays a central role in understanding the partonic structure of hadrons because it provides

access to more detailed information than inclusive deep-inelastic scattering. In particular,

the detection of an identified hadron in the final state allows one to probe the fragment-

ation of partons in addition to their distributions inside the nucleon, making SIDIS a

powerful tool for investigating PDFs, FFs, and the three-dimensional structure of had-

rons. The chapter discusses the broader context of high-energy scattering experiments,

the importance of precision measurements, and the relevance of SIDIS for understanding

fundamental aspects of QCD such as the momentum and spin structure of the proton.

The need for higher-order perturbative calculations, including NNLO QCD corrections

and mixed QCD⌐QED effects, is motivated in the context of future precision programs,

especially those planned at the EIC.

Chapter 2 provides the theoretical background necessary for the analysis carried out in this

thesis. It begins by reviewing the kinematics of deep-inelastic scattering and its extension

to semi-inclusive processes. The relevant kinematic variables, the formalism of the had-

ronic tensor and its decomposition in terms of structure functions, and the framework of

collinear factorization are introduced. Within this framework, SIDIS cross sections are

expressed as convolutions of perturbatively calculable coefficient functions with univer-

sal PDFs and FFs. The perturbative expansion of the coefficient functions in the strong

coupling constant is discussed together with the role of renormalization and factorization

scales.

Chapter 3 presents the computation of higher-order QCD corrections to the SIDIS pro-

cess. Beyond leading order, contributions arise from purely virtual loop corrections, real

emission processes, and mixed real-virtual contributions. At NNLO accuracy the calcu-

lation requires the evaluation of two-loop virtual amplitudes as well as real-virtual and

double real emission processes. The chapter describes the techniques used to compute
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these contributions and to combine them into a consistent perturbative prediction, with

particular attention to the treatment of UV and IR divergences. Ultraviolet divergences

are removed through the renormalization procedure, while collinear singularities are ab-

sorbed into the PDFs and FFs via mass factorization. Numerical results illustrating the

impact of the NNLO corrections on SIDIS observables are presented.

Chapter 4 extends the analysis by incorporating electromagnetic corrections. While QCD

effects dominate, QED corrections become important when theoretical predictions reach

high levels of precision, and the interplay between QCD and QED leads to mixed contri-

butions that must be treated consistently within the perturbative framework. This chapter

discusses the inclusion of pure QED as well as mixed QCD⌐QED corrections in the com-

putation of SIDIS coefficient functions. A key methodological tool is the Abelianisation

procedure, which allows the extraction of QED contributions from known QCD results

by systematically modifying color structures and coupling constants. The treatment of

the ω5 matrix in dimensional regularization is also addressed. The phenomenological im-

pact of these corrections on SIDIS observables is analyzed, with particular relevance for

precision measurements of the spin structure of the nucleon.

Finally, Chapter 5 summarizes the main results obtained in this thesis and discusses their

broader implications. The key theoretical developments are reviewed, with emphasis on

the role of NNLO QCD and mixed QCD⌐QED corrections in improving the precision

of SIDIS predictions. The relevance of the present work for the physics program of the

EIC is highlighted, and an outlook on possible future directions is provided, including

extensions of the present calculations to other observables and further refinements of per-

turbative predictions in the combined QCD and QED framework.
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Chapter 2

Theoretical Framework

Contents
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In the previous chapter, we discussed that several important aspects of QCD, such as the

internal structure of the proton, the spin content of the proton, asymptotic freedom, and

the color-glass condensate, are still not completely understood. Therefore, in order to

make accurate theoretical predictions for collider experiments, it is essential to include

higher-order perturbative corrections. One of the most powerful experimental tools for

probing hadronic structure and testing QCD is Deep Inelastic Scattering. This chapter de-

velops the theoretical framework required for the higher-order calculations presented in
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subsequent chapters. We begin by reviewing inclusive DIS and its extension to semi-

inclusive processes, introduce the kinematic variables and tensor decompositions that

characterize these processes, and establish the factorization framework through which

structure functions are related to perturbatively calculable coefficient functions.

2.1 Deep Inelastic Scattering

In this section , we introduce deep inelastic scattering as the foundational experimental

and theoretical framework from which our study of hadronic structure proceeds. We trace

how DIS evolved from a discovery tool into a precision QCD laboratory, and establish

the kinematic variables and cross-section structure that carry over directly into the semi-

inclusive extension treated in the next section.

Deep inelastic scattering (DIS) [31–35] has played a fundamental role in the development

of modern particle physics and in establishing our present understanding of the structure

of hadrons. Historically, DIS has evolved through several important stages, each contrib-

uting to a deeper understanding of nucleon structure and the internal dynamics.

The first milestone came in the late 1960s with the electron-proton scattering experiments

at the Stanford Linear Accelerator Center (SLAC). In these experiments, electrons with

sufficiently high energies were scattered from nucleon targets at large momentum transfer.

During the 1970s, neutrino-nucleon DIS experiments at CERN and Fermilab played an

essential role in establishing the flavour structure of quarks and testing the electroweak

theory. These experiments were particularly important because weak interactions could

distinguish between quark flavours and probe the charged-current structure of the Stand-

ard Model.

With QCD, DIS became a precision tool for studying strong interactions. The discov-

ery of scaling violations in structure functions (SFs) demonstrated that partons radiate

gluons, confirming the QCD prediction of logarithmic Q2 dependence. This led to the
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formulation of the DGLAP evolution equations, which describe the scale dependence

of PDFs. A major advance occurred in the 1990s with the HERA electron-proton col-

lider at DESY, which extended DIS measurements to previously unexplored regions of

very small Bjorken-x and very large Q2. HERA data provided precise information on the

gluon density inside the proton and opened new directions in the study of small-x physics,

parton saturation, and high-energy QCD dynamics.

In recent years, DIS has continued to evolve through polarized scattering experiments,

which investigate the spin structure of the proton, and through semi-inclusive and exclus-

ive processes that provide three-dimensional information on hadron structure via trans-

verse momentum dependent distributions (TMDs) and generalized parton distributions

(GPDs). Future facilities such as the Electron-Ion Collider (EIC) are expected to further

deepen our understanding of nucleon structure and gluon-dominated matter.

Figure 2.1: Deep Inelastic Scattering Process

The DIS process can be written schematically as

l(kl) + P(P)→ l(k⋊l) + X (2.1)

where the incoming lepton l carries momentum kl, the incoming hadron P carries mo-

mentum P, and the outgoing lepton carries momentum k⋊l . The remaining unobserved

particles are collectively denoted by X. The four-momentum transfer is q = kl ⋊ k⋊l , and
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the virtuality of the exchanged boson is Q2 = ⋊q2.

The SLAC experiments revealed a scaling behaviour when the cross section was ex-

pressed in terms of the dimensionless Bjorken variable

x =
Q2

2P ⋅ q
(2.2)

where P denotes the momentum of the target nucleon. This phenomenon, known as

Bjorken scaling, suggested that the nucleon contains point-like constituents that interact

with the incoming lepton, later identified as quarks. Another important kinematic variable

is the inelasticity,

y =
P ⋅ q
P ⋅ kl

(2.3)

which measures the fractional energy transferred from the incoming lepton to the hadronic

system in the target rest frame.

The interpretation of DIS experiments led to the formulation of the parton model by Feyn-

man. In this picture the nucleon is viewed as a collection of quasi-free constituents called

partons. When a high-energy lepton scatters off the nucleon, the interaction effectively

takes place with a single parton inside the hadron. The cross section can therefore be ex-

pressed as an incoherent sum over scattering processes involving the individual partons.

The discovery of asymptotic freedom in QCD provided the theoretical framework that

explains the success of the parton model. In the QCD improved parton model the cross

section for DIS can be expressed in terms of structure functions depending on x and Q2,

which encode information about the internal structure of the hadron. Within the frame-

work of QCD factorization, they can be written as convolutions of non-perturbative PDFs

and perturbatively calculable coefficient functions (CFs). PDFs describe the probability

of finding a parton carrying a fraction x1 of the hadron momentum; since they are non-

perturbative, they must be extracted from experimental data. The differential cross-section
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of DIS are related to PDFs fa⌜P and CFs Ci,ab through the QCD improved parton model:

d20

dx dy
≈⩀

a,b
⊍

1

x

dx1

x1
fa⌜P(x1, µ

2
F)Ci,ab⌝

x
x1
,Q2, µ2

F⌝ . (2.4)

With the kinematic variables and the basic cross-section structure of DIS established, we

have the foundation needed to extend the analysis to semi-inclusive processes. Inclusive

DIS, however, does not directly probe the fragmentation of the struck parton into observ-

able hadrons. To access this information and thereby gain sensitivity to FFs alongside

PDFs, we must extend the process to detect a specific hadron in the final state. This is the

subject of the next section.

2.2 Semi-Inclusive Deep Inelastic Scattering

In this section we extend the DIS framework to the semi-inclusive process, where a spe-

cific hadron is identified in the final state alongside the scattered lepton. We introduce the

additional kinematic variable z that characterizes this hadron, define the FFs that describe

parton hadronization, and establish the factorized form of the SIDIS cross section that

forms the central object of this thesis.

Semi-inclusive deep inelastic scattering (SIDIS) is an extension of inclusive DIS in which,

in addition to the scattered lepton, one observes a specific hadron in the final state. The

SIDIS process can be written schematically as

l(kl) + P(P)→ l(k⋊l) +H⋊(PH) + X , (2.5)

where the detected hadron H⋊ has momentum PH, while the remaining unobserved particles

are collectively denoted by X.

The detection of a specific hadron in the final state provides sensitivity to the process of
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Figure 2.2: Semi-Inclusive Deep Inelastic Scattering Process

fragmentation, in which partons produced in the hard scattering transform into hadrons.

To describe this process theoretically, one introduces FFs [36], which give the probability

that a parton produced in the hard scattering fragments into a given hadron carrying a

certain fraction of the parton momentum.

According to the QCD factorization theorem, the SIDIS cross section separates into three

distinct components: parton distribution functions describing the structure of the incom-

ing hadron, FFs describing the hadronization of the outgoing parton, and coefficient func-

tions describing the short-distance hard scattering process. This factorization property

makes SIDIS a powerful tool for studying both the partonic structure of hadrons and the

mechanisms of hadron formation.

Experimentally, SIDIS measurements have been performed at several facilities including

the HERMES experiment [37] at DESY and the COMPASS experiment [38] at CERN.

The Electron-Ion Collider (EIC) at BNL and China is a new initiative to further explore

the fundamental structure and dynamics of hadrons using high-energy electron and ion

beams [39]. The SIDIS reaction will be one of the flagship measurements at the EIC,

covering a large range of hadron kinematics in (x,Q2) and (z,Q2), for the simultaneous

extraction of PDFs and FFs, in particular for the case of polarized beams, which will allow

one to study spin-dependent PDFs in largely unexplored regions. In recent times, meas-

urements from SIDIS experiments [40–42] have already been used [43–47] to directly
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constrain FFs, and also in combined fits of FFs and spin-dependent PDFs [48–50], most

recently at NNLO accuracy [51, 52], improving earlier fits of polarized PDFs [53, 54].

The kinematics of the SIDIS process are described by several Lorentz-invariant variables.

In addition to the DIS variables x and y already introduced, SIDIS requires a third variable:

the fragmentation variable

z =
P ⋅ PH

P ⋅ q
, (2.6)

which describes the fraction of the virtual photon energy carried by the detected hadron.

Together, x, y, and z fully characterize the SIDIS process in the collinear approximation.

More details are available in Appendix ??.

With the SIDIS process defined and its kinematic variables established, we have identified

the three ingredients: PDFs, FFs, and coefficient functions (CFs),that enter the factorized

cross section. To connect these ingredients to experimental observables, we need to de-

velop the tensor formalism that relates the cross section to the underlying hadronic dy-

namics. This requires decomposing the cross section into leptonic and hadronic tensors,

which is the subject of the next section.

2.3 Leptonic and Hadronic Tensors

In this section, we express the SIDIS cross section in a form that separates the calcul-

able leptonic part from the non-perturbative hadronic part. We decompose the hadronic

tensor into structure functions using symmetry constraints, and derive the explicit cross-

section formulae in terms of those structure functions that will serve as the basis for the

perturbative computation in the sections that follow.

In the one-photon exchange approximation the SIDIS, unpolarized and polarized (1) cross

section factorizes into a leptonic tensor and a hadronic tensor. The leptonic tensor de-

scribes the interaction of the lepton with the virtual photon and can be calculated exactly
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using perturbation theory. The hadronic tensor encodes the non-perturbative structure of

the hadron.

d(1)0 =
d3k⋊l

(2⇁)32k⋊0l
1

4
⌟

(kl ⋅ P)2 ⋊m2M2
(1)Lµε(kl, k⋊l ,q)

× ⌝
e4

Q4⌝ (4⇁M) (1)Wµε(q,P,PH) , (2.7)

where e denotes the electric charge and M (m) is the mass of the incoming hadron (lepton);

we drop the lepton mass throughout. For unpolarized scattering the leptonic tensor takes

the form

L
µε
= 2kµl k⋊εl + 2k⋊µl kεl ⋊Q2gµε , (2.8)

while for polarized scattering the antisymmetric leptonic tensor is

L
µε
A = ⋊2i2φ ϑµεϖϱkϖk⋊ϱ , (2.9)

where 2φ is the polarization of the incoming lepton and ϑµε02 is the Levi-Civita tensor

(with ϑ0123 = +1). More details are available in Appendix ??.

2.3.1 Decomposition of the Hadronic Tensor

The non-perturbative information about the hadronic target in deep inelastic scattering is

encoded in the hadronic tensor. For SIDIS it is defined as

Wµε(P,q,PH) =
1

4⇁⩀X
(2⇁)4↽(4)(P + q ⋊ PH ⋊ PX)⌟P⌟Jµ(0)⌟H⋊X⌟⌟H⋊X⌟Jε(0)⌟P⌟ , (2.10)

where Jµ(0) denotes the electromagnetic current operator evaluated at the spacetime point

x = 0 and the sum runs over all unobserved hadronic final states X.

The hadronic tensor is constrained by Lorentz invariance, current conservation ( qµWµε =

0), parity conservation, and time-reversal invariance. These symmetry constraints strongly
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restrict the possible tensor structures that may appear in the decomposition of Wµε.

Using these constraints, the (un)polarized hadronic tensor can be expanded in terms of

two unpolarized structure functions Fi(x, z,Q2) and two polarized structure functions

gi(x, z,Q2) for i = 1,2, see e.g. [55]:

Wµε = ⩀
i=1,2

Wi(x, z,Q2
)Ti,µε(P,q) , (2.11)

1Wµε = ⩀
i=1,2

gi(x, z,Q2
)S i,µε(P,q,S ) , (2.12)

where the tensor structures are

T1,µε = ⋊gµε +
qµqε
q2 ,

T2,µε =
1

M2⌝Pµ ⋊
P ⋅ q
q2 qµ⌝⌝Pε ⋊

P ⋅ q
q2 qε⌝ , (2.13)

and

S 1,µε = ⋊
i

P ⋅ q
ϑµε02 q0S 2 ,

S 2,µε = ⋊
i

P ⋅ q
ϑµε02 q0⌝S 2 ⋊

S ⋅ q
P ⋅ q

P2⌝ , (2.14)

with S 2 = 1 and S ⋅ P = 0. Substituting (1)Wµε into eq. (2.7) and expressing the leptonic

phase space in terms of x and y, we obtain the unpolarized cross section

d30

dx dy dz
=

4⇁ϖ2
e

Q2 ⌞yF1(x, z,Q2
) +

1 ⋊ y
y

F2(x, z,Q2
)⌞ , (2.15)

where ϖe = e2⌜(4⇁), and the unpolarized structure functions Fi are related to Wi through

W1 = F1⌜M and W2 = F2⌜(yE) with E the energy of the incoming lepton. The spin-

dependent cross section is

d310

dx dy dz
=

4⇁ϖ2
e

Q2 (2 ⋊ y)g1(x, z,Q2
) , (2.16)
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where g2 does not contribute since we restrict ourselves to longitudinally polarized had-

rons in the initial state.

The (polarized) unpolarized structure functions are related to PDFs (1) fa⌜P, FFs DH⌐⌜b,

and CFs (1)Ci,ab through the QCD improved parton model [23]:

⌝g1⌞Fi(x, z,Q2
) = xi⌐1

⩀
a,b=q,q̄,g,ω

⊍

1

x

dx1

x1
(1) fa⌜P(x1, µ

2
F)⊍

1

z

dz1

z1
DH⌐⌜b(z1, µ

2
F)

× (1)Ci,ab⌝
x
x1
,

z
z1
,Q2, µ2

F⌝ , (2.17)

where 1 fa⌜P = fa(↑)⌜P(↑) ⋊ fa(↢)⌜P(↑). More technical details regarding the derivation can be

found in Appendix ??.

With the structure functions now expressed in terms of the three factorized components,

the remaining task is to specify how the CFs are extracted from perturbative calcula-

tions. In practice this requires projecting the hadronic tensor onto individual SFs, which

is achieved through a set of projection operators. These are introduced in the next subsec-

tion.

2.3.2 Projectors for Structure Functions

In perturbative calculations it is convenient to extract the structure functions from the

hadronic tensor using appropriate projection operators. These projectors isolate the scalar

functions multiplying the independent tensor structures in the decomposition of Wµε,

avoiding the need to compute the full tensor structure of the scattering amplitude.

The projector tensors P(1)µε , P(2)µε , and 1P(1)µε are defined by the orthonormality conditions

P(i)µε T ( j)µε
= ↽i j , 1P(1)µε S (1)µε = 1 , (2.18)
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so that contracting the hadronic tensor with these projectors directly yields

Fi = P(i)µε T µεi (P,q) , g1 = 1P(1)µε S µε1 . (2.19)

In d-spacetime dimensions the explicit forms are

P(1)µε = 1
d ⋊ 2

⌝⋊gµε +
qµqε

q2 ⌝ ,

P(2)µε = 1
(d ⋊ 2)(P ⋅ q)2

⌝Pµ ⋊
P ⋅ q
q2 qµ⌝⌝Pε ⋊

P ⋅ q
q2 qε⌝ ,

1P(1)µε = i
(d ⋊ 2)(d ⋊ 3)

ϑµε02
q0P2
P ⋅ q

. (2.20)

Applying these projectors to the perturbatively calculated bare partonic tensor yields the

bare partonic structure functions F1, F2 and g1. Ultraviolet divergences are then removed

through renormalization of the strong coupling constant and electromagnetic coupling

constant, and soft divergences immediately disappear once we add all the diagrams, after

which the remaining collinear singularities are removed via mass factorization. This pro-

cedure yields the infrared-safe coefficient functions, which upon convolution with the

PDFs and FFs give the physical structure functions. Further technical details are provided

in Appendices ?? and C.

With both the decomposition of the hadronic tensor and the projection technique in hand,

we have all the ingredients needed to perform explicit perturbative calculations. The next

section describes how the coefficient functions entering eq. (2.17) are actually computed

at higher orders in perturbation theory.

2.4 Perturbative Computation

The goal of this section is to describe how the CFs appearing in the factorized cross

section are obtained from a perturbative calculation. We outline the treatment of UV
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divergences through renormalization, of collinear divergences through mass factorization

via Altarelli-Parisi kernels, and present the double expansion of the coefficient functions

in powers of as and ae that organizes the corrections computed in the subsequent chapters.

The SFs appearing in the cross section can be expressed in terms of PDFs, FFs, and

perturbatively calculable CFs. This decomposition follows from the QCD factorization

theorem, which separates long-distance non-perturbative physics from short-distance per-

turbative dynamics. Within the collinear factorization framework the structure functions

take the form

Fi(x, z,Q2
) =⩀

a,b
fa⌜P ⌐ Ci,ab⌐̃DH⌐⌜b , i = 1,2 , (2.21)

g1(x, z,Q2
) =⩀

a,b
1 fa⌜P ⌐ 1C1,ab⌐̃DH⌐⌜b , (2.22)

where the double convolution is defined by

A(x)⌐ C(x, z) ⌐̃B(z) = ⊍
1

x

dx1

x1
⊍

1

z

dz1

z1
A(x1)C⌝

x
x1
,

z
z1
⌝B(z1) . (2.23)

The coefficient functions describe the short-distance partonic scattering processes and are

computed from partonic cross sections using dimensional regularization. The CFs can be

extracted from the parton-level subprocess cross sections d(1)0̂i,ab⌜dx dy dz through the

relation x(1⌐i)d(1)0̂i,ab⌜dx dy dz = (1)Ĉi,ab, where i labels the structure function and a,b

denote the initial and final-state partons. The partonic cross sections are defined as,

d3(1)0̂i,ab

dxdydz
=
(1)Pµεi

4⇁ ⊍ dPSX+b 3⌟(1)Mab⌟
2
µε ↽⌞

z
z1
⋊

pa ⋅ pb

pa ⋅ q
⌞ (2.24)

After UV renormalization, the CFs are free of UV poles in ϑ, but retain soft and collinear

divergences [56, 57]. The soft divergences cancel upon summing over all contributing

subprocesses and final states, as required by the Kinoshita-Lee-Nauenberg (KLN) the-

orem [58, 59]. The residual collinear singularities, which are of purely long-distance
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origin, do not cancel but instead factorize into universal Altarelli-Parisi (AP) splitting

kernels (1)4 and 4̃ [25]. The mass factorization reads

(1)Ĉi,ab(x, z, ϑ) = (1)4c←a(x, ϑ)⌐ (1)Ci,cd(x, z, ϑ) ⌐̃ 4̃b←d(z, ϑ) , (2.25)

where 4 and 14 are the space-like AP kernels, including spin dependence for the latter,

and 4̃ are the corresponding time-like AP kernels. These kernels absorb all collinear

divergences, so that the renormalized CFs (1)Ci,cd are finite at every order in perturbation

theory. The technical details of this procedure are described in Chapter 3.

After renormalization and mass factorization the CFs admit a double expansion in powers

of the strong and electromagnetic coupling constants:

(1)Ci,ab = (1)C
(0,0)
i,ab + as(µ

2
F) (1)C

(1,0)
i,ab + ae(µ

2
F) (1)C

(0,1)
i,ab

+ a2
s(µ

2
F) (1)C

(2,0)
i,ab + a2

e(µ
2
F) (1)C

(0,2)
i,ab + as(µ

2
F)ae(µ

2
F) (1)C

(1,1)
i,ab +O(a

3
s ,a3

e) .

(2.26)

The leading-order term (1)C(0,0) corresponds to the simple parton model picture, while

higher-order terms arise from radiative corrections involving real and virtual processes.

Setting µR = µF , the pure QCD CFs C(l,0)i,ab for l = 0,1,2 are derived in Chapter 3, while the

pure QED CFs (1)C(0,l)i,ab for l = 1,2 and the mixed QCD⌐QED CFs (1)C(1,1)i,ab are derived

in Chapter 4.

The calculation of higher-order corrections is essential for obtaining precise theoretical

predictions. The CFs for SIDIS have been computed in perturbative QCD to next-to-

leading order (NLO) long ago [60–65]. Beyond NLO, only partial results were available

for a long time [66–69]. In the soft and collinear limit (x → 1 and z → 1), the dominant

threshold logarithms have been obtained recently up to N3LO accuracy in QCD [70, 71],

and resummed to all orders to N3LL accuracy [72–80], see also [12, 36, 81–99, 99–125,

125–168]. In particular, NNLO corrections significantly reduce theoretical uncertainties
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and improve the stability of perturbative predictions. The computation of these NNLO

contributions for SIDIS processes [169–181] forms the central topic of this thesis .

With the factorization framework, projection technique, mass factorization procedure, and

perturbative expansion all in place, this chapter has established the complete theoretical

machinery needed for the higher-order calculations that follow. Chapter 3 uses this frame-

work to carry out the explicit computation of the NNLO QCD coefficient functions, while

Chapter 4 extends the analysis to include QED and mixed QCD⌐QED contributions.
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Chapter 3

NNLO QCD Corrections to

Unpolarised SIDIS

Contents
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In the previous chapter we established the theoretical framework for SIDIS: the factorized

cross section, the decomposition of the hadronic tensor into SFs, and the role of CFs as

the perturbatively calculable short-distance kernels. The task of this chapter is to carry out

the explicit NNLO computation of those CFs for unpolarised SIDIS. The calculation pro-

ceeds in three main stages. First, we identify and classify all partonic subprocesses that
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contribute up to second order in as and compute their squared matrix elements. Second,

we reduce the resulting loop and phase-space integrals to a minimal set of master integrals

(MIs) and evaluate them in dimensional regularization. Third, we perform UV renormal-

ization and mass factorization to extract finite CFs, and present phenomenological results

for the EIC.

3.1 Partonic sub-processes

We identify every partonic subprocess that contributes to the SIDIS CFs through NNLO,

see also [94], generate the corresponding Feynman diagrams, and organize the squared

matrix elements into the classes → VV, RV, and RR- that will be treated separately in the

subsequent integration. This classification is the essential first step before any integral

reduction or divergence analysis can be performed.

The computation of CFs requires parton level cross sections, the UV renormalization

constants and the AP kernels to desired accuracy in the strong coupling constant (as) and

ϑ. Since the latter are all known, we only need to compute the partonic cross sections in

eq. (2.17) to second order in as. We use QGRAF [182] to generate Feynman diagrams for all

the sub-processes. With a set of in-house routines written in FORM [183, 184], the output

of QGRAF is converted into a suitable format to apply Feynman rules and to perform Dirac

algebra, Lorentz contractions and simplifications of color factors. In the computation of

partonic cross section beyond leading order (LO) in perturbation theory, we encounter

both UV and IR divergences. The latter originate from soft and collinear partons due to

massless gluons and quarks (anti-quarks). We work in d = 4+ ϑ space-time dimensions to

regulate them.
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3.1.1 Amplitudes

We list all partonic subprocesses contributing to the CFs up to NNLO, organized by the

number of loops and real emissions. This enumeration determines the complete set of

squared matrix elements that must subsequently be integrated. In the following, we list

the amplitudes corresponding to sub-processes that contribute to the CFs, up to NNLO

level. We begin with the partonic sub-process at LO as shown in Fig. 3.1:

q(q̄) + ω∗ → q(q̄) . (3.1)

Here, the quark (antiquark) in the final state will fragment into hadron H⋊. At the NLO

Figure 3.1: Feynman diagram for the LO process.

level, two types of processes contribute, namely the real parton emission sub-processes

(R) and virtual gluon corrections (V) to the Born amplitude.

q(q̄) + ω∗ → q(q̄) + one loop , (3.2)

q(q̄) + ω∗ → q(q̄) + g , (3.3)

g + ω∗ → q + q̄ . (3.4)

Any one of the final state partons in this list can fragment into the observed hadron H⋊. At
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+ 1.

+ 1. + 1.

Figure 3.2: Sub-processes at NLO. The integers denote the numbers of additional dia-
grams to be considered.

NNLO, we encounter two-loop amplitudes, which we classify as VV. The sub-process is

given by

q(q̄) + ω∗ → q(q̄) + two loops , (3.5)

for which, the schematic Feynman diagrams are given as

+ 12.

Figure 3.3: Schematic representation of two-loop VV Feynman diagrams.

The class RV consists of single real emission amplitudes with one-loop virtual correction,
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as given by:

q(q̄) + ω∗ → q(q̄) + g + one loop , (3.6)

g + ω∗ → q + q̄ + one loop . (3.7)

The Feynman diagrams can be drawn as:

+ 12. + 12.

+ 12.

Figure 3.4: RV diagrams (one-loop with one real emission) at NNLO.

The list of sub-processes with two real emissions reads:

q(q̄) + ω∗ → q(q̄) + g + g , (3.8)

g + ω∗ → g + q + q̄ , (3.9)

q(q̄) + ω∗ → q(q̄) + q⋊ + q̄⋊ , (3.10)

q(q̄) + ω∗ → q(q̄) + q + q̄ . (3.11)

Again, any one of the final state partons in the above list of sub-processes can fragment

into hadron H⋊.
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+ 7. + 7.

Figure 3.5: RR diagrams: emissions of two gluons. The integer indicates the number of
additional diagrams.

+ 7.+ 7.

Figure 3.6: RR diagrams: gluon initiated processes. The integer indicates the number of
additional diagrams.

+

Figure 3.7: RR diagrams: A type as defined in the text.

+

Figure 3.8: RR diagrams: B type as defined in the text.

At NNLO, the VV contributions are given by the two-loop virtual amplitudes, Fig. 3.3,

and the square of one-loop virtual correction to the LO sub-process, cf. upper left diagram
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+

Figure 3.9: RR diagrams: C type as defined in the text.

+

Figure 3.10: RR diagrams: D type as defined in the text.

in Fig. 3.2. The RV contributions arise from the interference of one loop-one real emission

amplitudes, Fig. 3.4 with one real emission amplitudes Fig. 3.2.

The two-parton real emissions (RR) have three distinct sub-processes, namely the ones

with a pair of gluons in the final state, cf. Fig. 3.5, those with one gluon along with a

quark anti-quark pair Fig. 3.6, and the ones that have a final state quark anti-quark pair

from gluon splitting. The latter type contains four different sub-processes denoted by A,

B, C and D, shown in Figs. 3.7 – 3.10.

Having obtained the amplitudes and the squared matrix elements in d dimensions, we

extract the SFs Fi, g1 using appropriate projectors and perform loop as well as phase

space integration as described in the next section.
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3.1.2 Master Integrals

We reduce the large number of loop and phase-space integrals arising from the VV,

RV, and RR squared matrix elements to a minimal set of master integrals (MIs) using

integration-by- parts (IBP) identities, and to present the explicit analytic results for those

MIs in dimensional regularization. We treat the three classes VV, RV, and RR in turn,

since each requires its own family of propagators and reduction strategy.

Common Setup: Phase Space and IBP Framework

Before specifying the individual integral families, we establish the common framework

for phase-space integration and IBP reduction that is used throughout.

The n + 1-body phase space for scattering processes with momenta pa + q → ⊍n
i=1 ki + pb

and a constraint on the momentum pb of the fragmenting parton is given by

⊍
z⌐

[dPS]n+1 =
n

∏
i=1
⌞⊍

ddki

(2⇁)d⌐1 ↽(k
2
i )⌞⊍ dd pb(2⇁)↽(p2

b)

× ↽d
(pb + K ⋊ pa ⋊ q)↽⌝z⋊ ⋊ pa.pb

pa.q
⌝ , (3.12)

where K = ⊍n
i ki and q = kl ⋊ k⋊l . Note that we have introduced an additional delta function

to define scaling variable z⋊ = z⌜z1 corresponding to the fragmenting parton.

In center-of-mass frame of pa and q, the two-body phase space takes the simple form:

⊍
z⌐

[dPS]2 =
2⇁

(4⇁)
d
24 d

2⌐1

⌞
Q2(1 ⋊ x⋊)

x⋊ ⌞

d
2⌐2

⊍

1

0
dw(w(1 ⋊w))

d
2⌐2↽(w ⋊ z⋊) , (3.13)

where the integral ∫z⌐ implies the constraint on z⋊ through ↽(z⋊ ⋊ pa ⋅ pb⌜pa ⋅ q), which

has been omitted for brevity, here x⋊ = x⌜x1. The Gamma function 4(n) is presented as

4n. Similarly, the three-body phase space for the scattering pa + q → k1 + k2 + pb in the
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center-of-mass frame of the momenta k1 and k2 is found to be (see [185–188])

⊍
z⌐

[dPS]3 =
1

(4⇁)d4d⌐3
⌞

Q2(1 ⋊ x⋊)
x⋊ ⌞

d⌐3

⊍

⇁

0
d5(sin 5)d⌐3

⊍

⇁

0
d6(sin6)d⌐4

×⊍

1

0
dw⊍

1

0
dz w

d−4
2 (1 ⋊w)d⌐3

⌝z(1 ⋊ z)⌞
d−4

2 ↽(w ⋊ z⋊) . (3.14)

The computation of the phase space integrals with the constraint z⋊ = pa.pb⌜pa.q is tech-

nically challenging compared to fully inclusive DIS. The significant number of parton

level sub-processes for the RV and RR cases leave us with large number of phase space

integrals, most of them related to each other, though. In order to find a set of basis integ-

rals, called master integrals (MIs), we use integration by parts identities (IBP) [189–192].

To obtain IBP identities for phase space integrals, we use the method of reverse unitar-

ity [193–196], convert all of them into loop integrals with the help of the identity,

(2⇁i)↽(p2
) =

1
p2 + i↼

⋊
1

p2 ⋊ i↼
, (3.15)

and then follow the standard approach that one uses for loop integrals to generate IBP

identities. With the help of these identities, we can express all the phase space integrals

in terms of a few phase space MIs. We group the integrals into families and generate IBP

identities using the Mathematica package LiteRed [197–199].

VV Master Integrals

The VV part up to the NNLO level requires the two-loop contributions to the Born sub-

process (pa + q → pb). All integrals are known up to desired accuracy in as and ϑ, see

[144, 185, 200–211] and details of their computation are listed here for completeness. At

two loops, one encounters two families of integrals

B1: {DB1 ,DB2 ,DB3 ,DB4 ,DB6 ,D
B
7 ,DB8 } ,

B2: {DB1 ,DB2 ,DB3 ,DB5 ,D
B
6 ,D

B
7 ,DB9 } ,
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where the propagators DBi are defined as,

DB1 ∶ (l1)
2 DB4 ∶ (l1 + pa)

2 DB7 ∶ (l2 + pa)
2

DB2 ∶ (l2)
2 DB5 ∶ (l1 ⋊ pb)

2 DB8 ∶ (l2 + pa ⋊ pb)
2

DB3 ∶ (l1 ⋊ l2)
2 DB6 ∶ (l1 + pa ⋊ pb)

2 DB9 ∶ (l1 ⋊ l2 ⋊ pb)
2 .

Here, DB7 and DB5 serve as auxiliary propagators in the families B1 and B2, respectively.

The two-loop integrals J (Bn,n1,⋉,n7) for the family Bn are given by

J (Bn,n1,⋉,n7) = ⊍
ddl1

(2⇁)d
ddl2

(2⇁)d
1

⌝DBa1
⌞

n1
⋉ ⌝DBa7

⌞
n7 , (3.16)

where again the propagators are to be taken from the ordered set of family Bn. An IBP

reduction leads to the following 4 MIs,

J (B1; 0,1,1,0,1,0,0) J (B1; 1,1,0,0,1,0,1)

J (B1; 0,1,1,1,0,0,1) J (B2; 1,1,1,0,1,1,1) .

RV Master Integrals

The RV case [204, 212–215] consists of 3 families. They are given by

C1: {DC1 ,DC2 ,DC3 ,DC6 }

C2: {DC1 ,DC2 ,DC3 ,DC5 }

C3: {DC1 ,DC2 ,DC4 ,DC5 } ,

where the propagators DCi are defined as,

DC1 : (l1)
2 DC2 : (l1 ⋊ pa)

2

DC3 : (l1 + q)2 DC4 : (l1 ⋊ pa ⋊ q + k1)
2

DC5 : (l1 ⋊ pa + k1)
2 DC6 : (l1 + q ⋊ k1)

2 .
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We define an integral in the family Cn as

J (Cn,n1,⋉,n4) =

⊍
ddl1

(2⇁)d ⊍z⌐
[dPS]2

1
⌝DCa1
⌞

n1
⋉ ⌝DCa4

⌞
n4 , (3.17)

for propagators DCa1
,⋉,DCa4

taken from the ordered set of family Cn. After IBP reduction

using LiteRed, we obtain 7 MIs:

J(C1; 0,1,1,0) J(C1; 1,0,0,1) J(C1; 1,0,1,0)

J(C1; 1,1,1,1) J(C2; 1,0,0,1) J(C2; 1,1,1,1)

J(C3; 1,1,1,1)

RR Master Integrals

In the case of RR at NNLO level [216], we have 8 independent propagators which give

13 families. Each family is denoted by Ai, i = 1,⋉,13 and an ordered set,

A1: {DA1 ,DA5 ,D
A
6 } A2: {DA1 ,DA5 ,D

A
7 } A3: {DA1 ,DA5 ,D

A
8 }

A4: {DA1 ,DA6 ,D
A
8 } A5: {DA1 ,DA2 ,DA4 } A6: {DA1 ,DA2 ,DA8 }

A7: {DA1 ,DA4 ,DA5 } A8: {DA1 ,DA4 ,DA7 } A9: {DA1 ,DA4 ,DA8 }

A10: {DA2 ,DA4 ,DA5 } A11: {DA2 ,DA5 ,D
A
7 } A12: {DA2 ,DA5 ,D

A
8 }

A13: {DA2 ,DA5 ,D
A
6 }

where the propagators (DAi ) are defined below.

DA1 ⌐ (k1 − pa)2 DA2 ⌐ (k1 − q)2 DA3 ⌐ (k2 − pa)2 DA4 ⌐ (k2 − q)2
DA5 ⌐ (k1 − pa − q)2 DA6 ⌐ (k2 − pa − q)2 DA7 ⌐ (k1 + k2)2 DA8 ⌐ (k1 + k2 − pa)2
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An integral J (An,n1,n2,n3) in the family An is given by

J (An,n1,n2,n3) = ⊍
z⌐

[dPS]3
1

⌝DAa1
⌞

n1
⌝DAa2
⌞

n2
⌝DAa3
⌞

n3 , (3.18)

where the propagators DAa1
,DAa2
,DAa3

are the elements from the ordered set of family An.

The solution of the IBP identities leads to the following 20 MIs,

J (A1; 0,0,0) , J (A1; 0,0,1) , J (A1; 1,1,1) , J (A2; 1,1,1) , J (A3; 0,0,1) ,

J (A3; 1,1,1) , J (A4; 1,1,1) , J (A5; 0,0,1) , J (A5; 0,0,2) , J (A5; 0,1,1) ,

J (A5; 1,1,1) , J (A6; 0,1,1) , J (A6; 1,1,1) , J (A7; 0,1,1) , J (A7; 1,1,1) ,

J (A8; 1,1,1) , J (A10; 1,1,1) , J (A11; 1,1,1) , J (A12; 1,1,1) , J (A13; 1,1,1) . (3.19)

The task to evaluate the MIs for the VV, RV and RR type diagrams in dimensional regu-

larization to the desired accuracy in ϑ will be discussed next.

3.1.3 Results of MIs

The goal of this subsection is to provide the explicit analytic expressions for the MIs in

dimensional regularization, discuss the analytic continuation required to extend the RV

results to the full physical region, and identify the structure of IR singularities that must

be removed by mass factorization.

VV and RV Master Integrals: Results

The two-loop MIs for the VV case to the required accuracy in ϑ can be found in [185,

200,201,217]. The MIs for the RV case have been listed in [185]. We also note that these

phase-space integrals have been recently discussed in a publication [176], which expands

on the previous findings presented in [218]. Additionally, in [175], we also have presented
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these integrals along with the complete computational details.

Unlike the pure virtual case (VV), the RV integrals require special care when using them

in the physical regions spanned by the scaling variables x⋊ and z⋊. We list these integrals

below for arbitrary x⋊ and z⋊, and, subsequently, we express them in a form that can be

used in different physical regions with the help of analytic continuation and analyticity

properties of the integrals. For

J (C1; 0,1,1,0) = ⋊i
2
ϑ

Cϑ
(1 + ϑ)

(⋊s)ϑ⌜2 , (3.20)

J(C1; 1,0,0,1) = ⋊i
2
ϑ

Cϑ
(1 + ϑ)

(⋊u)ϑ⌜2 , (3.21)

J (C1; 1,0,1,0) = ⋊i
2
ϑ

Cϑ
(1 + ϑ)

(Q2
)
ϑ⌜2 , (3.22)

J (C2; 1,0,0,1) = ⋊i
2
ϑ

Cϑ
(1 + ϑ)

(⋊t)ϑ⌜2 , (3.23)

J (C1; 1,1,1,1) = ⋊i
8Cϑ
ϑ2 ⌟
(Q2)ϑ⌜2

su
Fϑ⌞

Q2t
su
⌞

⋊
(⋊u)ϑ⌜2

su
Fϑ⌞
⋊t
s
⌞ ⋊
(⋊s)ϑ⌜2

su
Fϑ⌞
⋊t
u
⌞} , (3.24)

J (C2; 1,1,1,1) = ⋊i
8Cϑ
ϑ2 ⌟
(Q2)ϑ⌜2

st
Fϑ⌞

Q2u
st
⌞

⋊
(⋊t)ϑ⌜2

st
Fϑ⌞
⋊u
s
⌞ ⋊
(⋊s)ϑ⌜2

st
Fϑ⌞
⋊u
t
⌞} , (3.25)

J (C3; 1,1,1,1) = ⋊i
8Cϑ
ϑ2 ⌟
(Q2)ϑ⌜2

tu
Fϑ⌞

Q2s
tu
⌞

⋊
(⋊u)ϑ⌜2

tu
Fϑ⌞
⋊s
t
⌞ ⋊
(⋊t)ϑ⌜2

tu
Fϑ⌞
⋊s
u
⌞} , (3.26)

where,

Fϑ(▷) = 2F1 ⌝1, ϑ2 ; 1 + ϑ2 ; ▷⌞ = 1 ⋊
∞
⩀
n=1
⌝⋊
ϑ
2⌞

n
Lin(▷) ,

Cϑ =
1

16⇁2 ⌞
4(1 ⋊ ϑ2)42(1 + ϑ2)
(4⇁)

ϑ
24(1 + ϑ)

⌞ ,

s =
Q2(1 ⋊ x⋊)

x⋊ , t =
⋊Q2(1 ⋊ z⋊)

x⋊ , u =
⋊Q2z⋊

x⋊ . (3.27)
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In the above formulas we imply that

(⋊s)ϑ⌜2 = (⋊s ⋊ i0)ϑ⌜2 = e⌐i⇁ϑ⌜2sϑ⌜2.

Analytic Continuation of RV Integrals

The expressions (3.24)–(3.26) contain hypergeometric functions with arguments which

can be larger than one when x⋊ ⩾ min(z⋊,1 ⋊ z⋊). Therefore, in order to extend the applic-

ability of these formulas to the whole physical region, one should perform an analytical

continuation. Fortunately, it is easy to rewrite eqs. (3.24)–(3.26) in the form which is

explicitly analytic in the whole physical region. For this purpose, we represent Fϑ(▷) for

positive ▷ as,

Fϑ(▷) =
ϑ2(1 ⋊ ▷)

4▷1+ ϑ2 F̃ϑ(1 ⋊ ▷⌐1
) ⋊

ϑ

2▷ϑ⌜2 ⌞ψ⌝
ϑ

2
⌝ + ln ⌝▷⌐1

⋊ 1⌞ + ωE⌞ , (3.28)

where F̃ϑ(z) = 3F2 (1,1,1 + ϑ⌜2; 2,2; z), ψ(x) = 4⋊(x)⌜4(x), and ωE = ⋊ψ(1) = 0.577 . . .

is the Euler constant.

Note that the only function in the right-hand side of eq. (3.28) which has a branching point

on the interval (0,+⧖) at ▷ = 1 is ln (▷⌐1 ⋊ 1). Then it is easy to check that the branching

logarithms cancel in eqs. (3.24)–(3.26). We have

J (C1; 1,1,1,1) = ⋊
2iCϑ
(Q2)2⌐ϑ⌜2 ⌞

(1 ⋊ z⋊)x⋊
(1 ⋊ x⋊)z⋊⌞

1⌐ ϑ2
⌟

x⋊ ⋊ z⋊
(1 ⋊ z⋊)2 [F̃ϑ ⌞

x⋊ ⋊ z⋊
(1 ⋊ z⋊)x⋊⌞ ⋊ x⋊F̃ϑ ⌝ x⋊ ⋊ z⋊

1 ⋊ z⋊ ⌝]

+
4e⌐ i⇁ϑ

2 x⋊(1 ⋊ z⋊)ϑ⌜2⌐1

ϑ2z⋊ϑ⌜2 Fϑ ⌝
z⋊ ⋊ 1

z⋊ ⌝ ⋊
2x⋊ ln(x⋊)
ϑ(1 ⋊ z⋊) } ,

(3.29)

J (C2; 1,1,1,1) = J (C1; 1,1,1,1) ⌟z⌐→1⌐z⌐ , (3.30)

J (C3; 1,1,1,1) = ⋊
2iCϑ
(Q2)2⌐ϑ⌜2 ⌞

(1 ⋊ x⋊) x⋊
(1 ⋊ z⋊) z⋊ ⌞

1⌐ ϑ2
⌟

x⋊ (1 ⋊ z⋊ ⋊ x⋊)
(1 ⋊ x⋊)2 F̃ϑ ⌝

1 ⋊ z⋊ ⋊ x⋊
1 ⋊ x⋊ ⌝
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+
x⋊ (z⋊ ⋊ x⋊)
(1 ⋊ x⋊)2 F̃ϑ ⌝

z⋊ ⋊ x⋊
1 ⋊ x⋊ ⌝ +

(z⋊ ⋊ x⋊) (1 ⋊ z⋊ ⋊ x⋊)
(1 ⋊ x⋊)2 F̃ϑ ⌞

(z⋊ ⋊ x⋊) (1 ⋊ z⋊ ⋊ x⋊)
(x⋊ ⋊ 1) x⋊ ⌞

+
2x⋊

ϑ (1 ⋊ x⋊) ⌝ψ (ϑ⌜2) + ωE ⋊ ln ⌝x⋊⌐1
⋊ 1⌞⌝} . (3.31)

These new expressions are explicitly analytic in the whole physical region. More details

are available in Appendix E. It is well known that the hypergeometric function F̃ϑ(▷) can

be expanded in a power series in ϑ in terms of generalized [219] or harmonic [220–223]

polylogarithms using,

3F2 (1,1,1 + ϑ⌜2; 2,2; z) = ⋊
1
z

∞
⩀
n=0
(⋊ϑ⌜2)n G(0,1, . . . ,1

67777777777777777877777777777777779
n+2

⌟z) =
1
z

∞
⩀
n=0
(ϑ⌜2)n H(2,1, . . . ,1

6777777778777777779
n

⌟z) .

(3.32)

IR Divergence Structure

Our next task is to perform the mass factorization for the partonic cross sections d0̂i,ab in

eq. (2.25) to obtain finite CFs. This removes collinear singularities arising from radiations

off the incoming parton as well as off the fragmenting parton. The AP kernels 4c←a and

4̃b←d are pure counter-terms, containing only poles in ϑ which multiply ‘+’-distributions

D j(w) = (ln j
(1 ⋊ w)⌜(1 ⋊ w))+, delta functions ↽(1 ⋊ w), and regular terms in w, where

w = x⋊, z⋊ (see, e.g. [169]). In order to cancel the collinear singularities in d(1)0̂1,ab against

those from AP kernels, we need to extract from the former ones the poles in ϑ in terms of

the same ‘+’-distributions and regular functions.

The IR divergences in the partonic sub-cross section show up as (1⋊x⋊)⌐1 and/or (1⋊z⋊)⌐1.

These terms originate either from MIs or their coefficients at the level of squared matrix

elements and diverge in the respective threshold regions x⋊ → 1 and/or z⋊ → 1. In d = 4+ ϑ

dimensions, they are regulated by (1 ⋊ x⋊)aϑ and (1 ⋊ z⋊)bϑ respectively which originate

from phase space and loop integrals.

At NNLO, we encounter IR singularities in sub-processes for the RR case through terms
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of the form
(1 ⋊ x⋊)ϑ(1 ⋊ z⋊)ϑ

(1 ⋊ x⋊)(1 ⋊ z⋊)(z⋊ ⋊ x⋊)((1 + x⋊)2 ⋊ 4x⋊z⋊) f1(x⋊, z⋊, ϑ) . (3.33)

After partial fractioning, it is easy to see that these terms contain only simple poles at the

thresholds i.e. x⋊ → 1 and z⋊ → 1 when ϑ → 0. Similarly, in integrals of RV type we find

IR singular terms of the form

(1 ⋊ x⋊)aϑ(1 ⋊ z⋊)bϑ⌟z⋊ ⋊ x⋊⌟cϑ⌟1 ⋊ z⋊ ⋊ x⋊⌟dϑ
(1 ⋊ x⋊)(1 ⋊ z⋊)(z⋊ ⋊ x⋊)(1 ⋊ z⋊ ⋊ x⋊) f2(x⋊, z⋊, ϑ) .

Here, a,b can take the values 1⌜2 or 1 and c,d can be 0 or ⋊1⌜2, while fi, i = 1,2 are

regular in all their arguments.

After partial fractioning, we end up with the following combinations of denominators

1(1⌐x⌐)(1⌐z⌐) , 1(1⌐x⌐)(z⌐⌐x⌐) , 1(1⌐x⌐)((1+x⌐)2⌐4x⌐z⌐) , 1(1⌐x⌐) , 1(1⌐z⌐) etc.

The extraction of the pole structure proceeds sequentially, first separating the singularity

at x⋊ → 1 and then z⋊ → 1, or vice versa. For the RV case, the following form of IR singular

terms is suitable for mass factorization.

(1 ⋊ x⋊)aϑ(1 ⋊ z⋊)bϑ⌟z⋊ ⋊ x⋊⌟cϑ
(1 ⋊ x⋊)(1 ⋊ z⋊) f (x⋊, z⋊) = (1 ⋊ x⋊)aϑE

1 ⋊ x⋊
(1 ⋊ z⋊)bϑE

1 ⋊ z⋊ ⌞⌟z
⋊
⋊ x⋊⌟cϑE f (x⋊, z⋊) ⋊ (1 ⋊ x⋊)cϑE f (x⋊,1)

⋊ (1 ⋊ z⋊)cϑE ⌝ f (1, z⋊) ⋊ f (1,1)⌞⌞

+
(1 ⋊ x⋊)(a+c)ϑ

E

1 ⋊ x⋊ [
(1 ⋊ z⋊)bϑ

1 ⋊ z⋊ ]P

f (x⋊,1)

+
(1 ⋊ x⋊)aϑE

1 ⋊ x⋊ [
(1 ⋊ z⋊)(b+c)ϑ

1 ⋊ z⋊ ]

P

f (1,1)

+ [
(1 ⋊ x⋊)aϑ

1 ⋊ x⋊ ]P

[
(1 ⋊ z⋊)(b+c)ϑ

1 ⋊ z⋊ ]

P

f (1,1)

+ [
(1 ⋊ x⋊)aϑ

1 ⋊ x⋊ ]P

(1 ⋊ z⋊)(b+c)ϑ
E

1 ⋊ z⋊ ⌝ f (1, z⋊) ⋊ f (1,1)⌞

(1 ⋊ x⋊)aϑ(1 ⋊ z⋊)bϑ⌟z⋊ ⋊ x⋊⌟cϑ
(1 ⋊ x⋊)(z⋊ ⋊ x⋊) f (x⋊, z⋊) = (1 ⋊ x⋊)aϑE

1 ⋊ x⋊
(1 ⋊ z⋊)bϑE

z⋊ ⋊ x⋊ ∣z
⋊
⋊ x⋊∣cϑ

E
f (x⋊, z⋊)
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+
(1 ⋊ x⋊)aϑE

1 ⋊ x⋊
(1 ⋊ z⋊)(b+c)ϑ

E

1 ⋊ z⋊ ⌝ f (1, z⋊) ⋊ f (1,1)⌞

⋊ [
(1 ⋊ x⋊)aϑ

1 ⋊ x⋊ ]P

(1 ⋊ z⋊)(b+c)ϑ
E

1 ⋊ z⋊ ⌝ f (1, z⋊) ⋊ f (1,1)⌞

+
(1 ⋊ x⋊)aϑE

1 ⋊ x⋊ [
(1 ⋊ z⋊)(b+c)ϑ

1 ⋊ z⋊ ]

P

f (1,1)

⋊ [
(1 ⋊ x⋊)aϑ

1 ⋊ x⋊ ]P

[
(1 ⋊ z⋊)(b+c)ϑ

1 ⋊ z⋊ ]

P

f (1,1) (3.34)

In the RR case, the numerator ⌟z⋊ ⋊ x⋊⌟cϑ is absent. Hence, we use the same identities after

setting c = 0 in eq. (3.34). The subscripts P and E in eq. (3.34) imply the shorthands as

follows

(7)ςϑE =
∞
⩀
i=0

(ςϑ)i

i!
lni
(7) , (3.35)

[
(1 ⋊ 7)ςϑ

1 ⋊ 7
]

P

=
1
ςϑ
↽(1 ⋊ 7) + [

(1 ⋊ 7)ςϑE
1 ⋊ 7

]

+
=

1
ςϑ
↽(1 ⋊ 7) +

∞
⩀
i=0

(ςϑ)i

i!
[

lni
(1 ⋊ 7)
1 ⋊ 7

]

+
, (3.36)

where the expansions should be properly truncated, since the IR singularities show up

explicitly as poles in ϑ. The IR singularities in the individual contributions → VV, RV,

and RR which consist of two physically distinct types: soft divergences, arising from

the emission of zero-energy gluons, and collinear divergences, arising from emissions

collinear to the incoming or outgoing massless partons. At NNLO, the unrenormalized

partonic cross sections contain poles starting at 1⌜ϑ4, the highest power being generated

by the double-soft and double-collinear limits of the VV,RV and RR contributions. How-

ever, a fundamental consequence of the KLN theorem guarantees that, upon summing

all contributions at a given perturbative order: VV, RV, and RR, the soft poles cancel

exactly. After this cancellation, one is left with poles of order 1⌜ϑ2 and 1⌜ϑ, which are

purely collinear in origin. These remaining poles have a well-defined structure: the 1⌜ϑ2

poles arise from simultaneous collinear singularities in the initial and final states, while

the 1⌜ϑ poles arise from single collinear singularities off either the incoming parton or
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the fragmenting parton. To remove these residual collinear poles and absorb them into

the non-perturbative PDFs and FFs, we employ mass factorization via the Altarelli-Parisi

kernels introduced in eq. (2.25). The next section carries out this procedure explicitly and

presents the resulting finite CFs order by order in as.

3.2 Mass Factorization

This section is to remove all remaining UV and IR divergences from the partonic cross

sections through coupling renormalization and mass factorization, and to present the com-

plete set of finite CFs C(l,0)i,ab at LO, NLO, and NNLO for all relevant partonic channels. At

this stage all UV and IR divergences in the perturbative expansion of the partonic cross

sections have been extracted as poles in ϑ. The UV divergences are removed by renor-

malization of the strong coupling ,

âsS ϑ⌞
1
µ2⌞

ϑ⌜2
= as(µ

2
R)⌞

1
µ2

R
⌞

ϑ⌜2
Zas(µ

2
R) ,

where the renormalization constant Zas to order as is given by

Zas(µ
2
R) = 1 + as(µ

2
R)⌞

2ϱs
00

ϑ
⌞ +O(a2

s) , (3.37)

with the one-loop coefficient of the QCD beta-function ϱs
00 = (

11
3 CA ⋊

2
3nf⎡.

The sub-processes involving emissions of on-shell partons contain soft and collinear di-

vergences [57, 224, 225], with the soft ones canceling in the sum of all real emission and

virtual contributions. The collinear divergences due to emissions from initial(final)-state

partons are removed by space(time)-like AP-kernels. We apply eq. (2.25) to extract the

collinear finite CFs Ci order by order in perturbation theory from the partonic sub-process

cross sections computed in the previous section. The AP kernels can be expanded in
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powers of as

L
c←d(▷, µ

2
F , ϑ) = ↽cd↽(1 ⋊ ▷) +

∞
⩀
l=1

al
s(µ

2
F)
L(l,0)

c←d (▷, ϑ) , (3.38)

where
L

denotes the set
L
∈ {4, 4̃}, subject to a renormalization group evolution equation,

µ2
F

d
dµ2

F

L
c←d =

1
2
Pce(as(µ

2
F))⌐

L
e←d ,

where we abbreviate the splitting functions collectively by the set P ∈ {P, P̃}. Their per-

turbative expansion reads Pce = ⊍
∞
l=1 al

s(µ
2
F)P

(l)
ce and they are all available in the literature

to the required order and beyond, cf. e.g. refs. [79,226–229] for the space-like unpolarized

splitting functions P, refs. [230, 231] for the time-like unpolarized ones P̃.

The AP kernels
L(l,0)

c←d at NLO (l = 1 in eq. (4.18)) are given by,

L(1,0)
q←q =

1
ϑP
(1,0)
qq ,

L(1,0)
g←g =

1
ϑP
(1,0)
gg ,

L(1,0)
q←g =

L(1,0)
q←g =

1
ϑP
(1,0)
qg ,

L(1,0)
q←q = 0,

L(1,0)
g←q =

L(1,0)
g←q =

1
ϑP
(1,0)
gq ,

and at NNLO (l = 2 in eq. (4.18)),

L(2,0)
q←q =

L(2,0),S
q←q +

L(2,0),NS
q←q ,

L(2,0)
q←q =

L(2,0)
q←q ,

L(2,0)
q←q =

L(2,0),S
q←q +

L(2,0),NS
q←q ,

L(2,0),S
q←q =

L(2,0),S
q←q ,

L(2,0)
q⌐←q =

L(2,0)
q⌐←q =

L(2,0),S
q←q , {for q⋊ ≠ q}

and are related to the splitting functions as,
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L(2,0),NS
q←q =

1
2ϑ
P
(2,0),⌐
qq ,

L(2,0),S
q←q =

1
2ϑ
P
(2,0),S
qq +

1
2ϑ2⌞P

(1,0)
qg ⌐P

(1,0)
gq ⌞,

L(2,0),NS
q←q =

1
2ϑ
P
(2,0),NS
qq +

1
2ϑ2⌞2ϱ

s
00P

(1,0)
qq +P

(1,0)
qq ⌐P

(1,0)
qq ⌞,

L(2,0)
g←g =

1
2ϑ
P
(2,0)
gg +

1
2ϑ2⌞2ϱ

s
00P

(1,0)
gg + 2nf(P

(1,0)
gq ⌐P

(1,0)
qg ⎡ +P

(1,0)
gg ⌐P

(1,0)
gg ⌞,

L(2,0)
q←g =

L(2,0)
q←g =

1
2ϑ
P
(2,0)
qg +

1
2ϑ2⌞2ϱ

s
00P

(1,0)
qg +P

(1,0)
qg ⌐P

(1,0)
gg +P

(1,0)
qq ⌐P

(1,0)
qg ⌞,

L(2,0)
g←q =

L(2,0)
g←q =

1
2ϑ
P
(2,0)
gq +

1
2ϑ2⌞2ϱ

s
00P

(1,0)
gq +P

(1,0)
gg ⌐P

(1,0)
gq +P

(1,0)
gq ⌐P

(1,0)
qq ⌞ .

The required expressions for the splitting functions P(l,0)ab up to two loops are collected in

Appendix D. Upon substitution of the AP kernels
L(l,0)

c←d in eq. (2.25) we can extract order

by order the finite CFs Ci entering eq. (2.17),

Ci,ab = C
(0,0)
i,ab + as(µ

2
F) C

(1,0)
i,ab + a2

s(µ
2
F) C

(2,0)
i,ab +O(a3

s(µ
2
F)) . (3.39)

For equal scales, setting µR = µF , the CFs C(l,0)i,ab for l = 0,1,2 are found to be following:

at LO (l = 0):

q(q)→ q(q)

C
(0,0)
i,qq (x

⋊, z⋊) = Ĉ(0,0)i,qq (x
⋊, z⋊) = ↽(1 ⋊ x⋊) ↽(1 ⋊ z⋊),

at NLO (l = 1):

q(q)→ q(q)
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C
(1,0)
i,qq (x

⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ
2

Ĉ
(1,0)
i,qq (x

⋊, z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(1,0)q←q (z⋊) ⋊ 4(1,0)q←q (x⋊) ↽(1 ⋊ z⋊),

q(q)→ g

C
(1,0)
i,qg (x

⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ
2

Ĉ
(1,0)
i,qg (x

⋊, z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(1,0)g←q (z⋊),

g→ q(q)

C
(1,0)
i,gq (x

⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ
2

Ĉ
(1,0)
i,gq (x

⋊, z⋊) ⋊ 4(1,0)q←g (x⋊) ↽(1 ⋊ z⋊),

at NNLO (l = 2):

q(q)→ q(q)

C
(2,0)
i,qq (x

⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

Ĉ
(2,0)
i,qq (x

⋊, z⋊) + 2ϱs
00

ϑ
⌞

Q2

µ2
F
⌞

ϑ
2

Ĉ
(1,0)
i,qq (x

⋊, z⋊) ⋊ C(1,0)i,qq (x
⋊, z⋊)⌐̃4̃(1,0)q←q (z⋊)

⋊ C
(1,0)
i,qg (x

⋊, z⋊)⌐̃4̃(1,0)q←g (z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(2,0)q←q (z⋊) ⋊ 4(2,0)q←q (x⋊) ↽(1 ⋊ z⋊)
⋊ 4(1,0)q←q (x⋊) 4̃(1,0)q←q (z⋊) ⋊ 4(1,0)q←q (x⋊)⌐ C(1,0)i,qq (x

⋊, z⋊)
⋊ 4(1,0)g←q (x⋊)⌐ C(1,0)i,gq (x

⋊, z⋊),
q(q)→ g

C
(2,0)
i,qg (x

⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

Ĉ
(2,0)
i,qg (x

⋊, z⋊) + 2ϱs
00

ϑ
⌞

Q2

µ2
F
⌞

ϑ
2

Ĉ
(1,0)
i,qg (x

⋊, z⋊) ⋊ C(1,0)i,qq (x
⋊, z⋊)⌐̃4̃(1,0)g←q (z⋊)

⋊ C
(1,0)
i,qg (x

⋊, z⋊)⌐̃4̃(1,0)g←g (z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(2,0)g←q (z⋊) ⋊ 4(1,0)q←q (x⋊)⌐ C(1,0)i,qg (x
⋊, z⋊)

⋊ 4(1,0)q←q (x⋊) 4̃(1,0)g←q (z⋊),
q(q)→ q(q)

C
(2,0)
i,qq (x

⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

Ĉ
(2,0)
i,qq (x

⋊, z⋊) ⋊ C(1,0)i,qg (x
⋊, z⋊)⌐̃4̃(1,0)q←g (z

⋊
) ⋊ ↽(1 ⋊ x⋊) 4̃(2,0)q←q (z

⋊
)

⋊ 4(1,0)g←q (x⋊)⌐ C(1,0)i,gq (x
⋊, z⋊) ⋊ 4(2,0)q←q (x

⋊
) ↽(1 ⋊ z⋊),

q(q)→ q⋊(q⋊), for {q ≠ q⋊}

C
(2,0)
i,qq⌐ (x⋊, z⋊) = ⌞

Q2

µ2
F
⌞

ϑ

Ĉ
(2,0)
i,qq⌐ (x⋊, z⋊) ⋊ C(1,0)i,qg (x

⋊, z⋊)⌐̃4̃(1,0)q←g (z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(2,0)q⌐←q(z
⋊
)
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⋊ 4(1,0)g←q (x⋊)⌐ C(1,0)i,gq (x
⋊, z⋊) ⋊ 4(2,0)q⌐←q(x

⋊
) ↽(1 ⋊ z⋊),

q(q)→ q⋊(q⋊), for {q ≠ q⋊}

C
(2,0)
i,qq⌐ (x

⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

Ĉ
(2,0)
i,qq⌐ (x

⋊, z⋊) ⋊ C(1,0)i,qg (x
⋊, z⋊)⌐̃4̃(1,0)q←g (z

⋊
) ⋊ ↽(1 ⋊ x⋊) 4̃(2,0)q⌐←q(z

⋊
)

⋊ 4(1,0)g←q (x⋊)⌐ C(1,0)i,gq (x
⋊, z⋊) ⋊ 4(2,0)q⌐←q(x

⋊
) ↽(1 ⋊ z⋊),

g→ q(q)

C
(2,0)
i,gq (x

⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

Ĉ
(2,0)
i,gq (x

⋊, z⋊) + 2ϱs
00

ϑ
⌞

Q2

µ2
F
⌞

ϑ
2

Ĉ
(1,0)
i,gq (x

⋊, z⋊) ⋊ C(1,0)i,gq (x
⋊, z⋊)⌐̃4̃(1,0)q←q (z⋊)

⋊ 4(1,0)q←g (x⋊) 4̃(1,0)q←q (z⋊) ⋊ 4(1,0)q←g (x⋊)⌐ C(1,0)i,qq (x
⋊, z⋊)

⋊ 4(1,0)g←g (x⋊)⌐ C(1,0)i,gq (x
⋊, z⋊) ⋊ 4(2,0)q←g (x⋊) ↽(1 ⋊ z⋊),

g→ g

C
(2,0)
i,gg (x

⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

Ĉ
(2,0)
i,gg (x

⋊, z⋊) ⋊ C(1,0)i,gq (x
⋊, z⋊)⌐̃4̃(1,0)g←q (z⋊) ⋊ C(1,0)i,gq (x

⋊, z⋊)⌐̃4̃(1,0)g←q (z
⋊
)

⋊ 4(1,0)q←g (x⋊) 4̃(1,0)g←q (z⋊) ⋊ 4(1,0)q←g (x
⋊
) 4̃(1,0)g←q (z

⋊
)

⋊ 4(1,0)q←g (x⋊)⌐ C(1,0)i,qg (x
⋊, z⋊) ⋊ 4(1,0)q←g (x

⋊
)⌐ C

(1,0)
i,qg (x

⋊, z⋊). (3.40)

For the subsequent discussion of the CFs with initial/final quarks of same or different

flavor, it is useful to factor the dependence on the quark electric charges eq as follows:

C
(0,0)
i,qq = C

(0,0)
i,qq = e2

qC(0,0)i,qq ,

C
(1,0)
i,qq = C

(1,0)
i,qq = e2

qC(1,0)i,qq ,

C
(1,0)
i,qg = C

(1,0)
i,qg = e2

qC(1,0)i,qg ,

C
(1,0)
i,gq = C

(1,0)
i,gq = e2

qC(1,0)i,gq ,

C
(2,0)
i,qq = C

(2,0)
i,qq = e2

qC(2),NS
i,qq + ⌞⩀

qk

e2
qk
⌞C(2),PS

i,qq ,

C
(2,0)
i,qg = C

(2,0)
i,qg = e2

qC(2,0)i,qg ,

C
(2,0)
i,gq = C

(2,0)
i,gq = e2

qC(2,0)i,gq ,

C
(2,0)
i,qq = C

(2,0)
i,qq = e2

qC(2,0)i,qq ,
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C
(2,0)
i,gg = ⌞⩀

qk

e2
qk
⌞C(2,0)i,gg ,

C
(2,0)
i,qq⌐ = C

(2,0)
i,qq⌐ = e2

qC(2),[1]i,qq⌐ + e⋊2q C(2),[2]i,qq⌐ + eqe⋊qC(2),[3]i,qq⌐ ,

C
(2,0)
i,qq⌐ = C

(2,0)
i,qq⌐ = e2

qC(2),[1]i,qq⌐ + e⋊2q C(2),[2]i,qq⌐ ⋊ eqe⋊qC(2),[3]i,qq⌐ . (3.41)

where, e⋊q is the electric charge of quark (q⋊) of different flavor from quark q and summa-

tion is over the number of active flavor light quarks.

CFs Diagrams

C(2),NS
i,qq VV [Figs. 3.1,3.2,3.3], RV [Figs. 3.2,3.4], RR [Figs. 3.5],

A2 [Fig. 3.7], B2 [Fig. 3.8], D2 [Fig. 3.10],

AB [Figs. 3.7 3.8], AC [Figs. 3.7,3.9], AD [Figs. 3.7,3.10],

BC [Figs. 3.8,3.9], BD [Figs. 3.8,3.10], CD [Figs. 3.9,3.10]

C(2),PS
i,qq C2 [Fig. 3.9]

C(2,0)i,qq̄ B2 [Fig. 3.8], D2 [Fig. 3.10], BD [Figs. 3.8,3.10]

C(2),[1]i,qq⌐ B2 [Fig. 3.8]

C(2),[2]i,qq⌐ D2 [Fig. 3.10]

C(2),[3]i,qq⌐ BD [Figs. 3.8,3.10]

C(2,0)i,qg RV(qω∗ → g) [Figs. 3.2,3.4], RR [Fig. 3.5]

C(2,0)i,gq RV(gω∗ → q) [Figs. 3.2,3.4], RR [Fig. 3.6]

C(2,0)i,gg RR(gω∗ → g) [Fig. 3.6]

Table 3.1: Feynman diagrams contributing to the CFs of individual partonic channels.

In Table 3.1 we have listed the individual Feynman diagrams contributing to the CFs for
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the different channels at NNLO level. The non-singlet CFs, i.e. C(2,0),NS
i,qq receive con-

tributions from VV diagrams in Figs. 3.1, 3.2 and 3.3, from RV diagrams in Figs. 3.2

and 3.4, and from RR real emission diagrams. The latter consist of diagrams with gluon

emissions (Fig: 3.5) as well as the squared diagrams A2, B2, D2 and their interference

among themselves along with their interference with C type diagrams, cf. Figs. 3.7, 3.8,

3.9 and 3.10. The pure-singlet CFs, i.e. C(2,0),PS
i,qq , are obtained from the RR diagrams C2

in Figs. 3.9. CFs in partonic channels with other flavor combinations for initial and frag-

menting quarks/anti-quarks arise from RR diagrams. C(2,0)i,qq originates from diagrams of

type B and D in Figs. 3.8 and 3.10, while C(2,0)i,qq⌐ where q ≠ q⋊ is sub-divided into three parts

according to the interaction of the virtual photon with different quark flavors: C(2,0),[1]i,qq⌐

with B2 in Fig. 3.8, C(2,0),[2]i,qq⌐ with D2 in Fig. 3.10, C(2,0),[3]i,qq⌐ with interference between

diagrams B and D.

Finally, for the assembly of all partonic CFs from (3.41) to the SIDIS SFs, cf. eq. (2.17),

it is useful to introduce functions Hab for the combination of PDFs and FFs in as follows:

Hqq = fq(x)Dq(z) + fq̄(x)Dq̄(z) ,

Hqq̄ = fq(x)Dq̄(z) + fq̄(x)Dq(z) ,

Hqg = fq(x)Dg(z) + fq̄(x)Dg(z) ,

Hgq = fg(x)Dq(z) + fgDq̄(z) ,

Hgg = fg(x)Dg(z) ,

H±qq⌐ = fq(x)Dq⌐(z) ± fq(x)Dq̄⌐(z) ± fq̄(x)Dq⌐(z) + fq̄(x)Dq̄⌐(z) . (3.42)

With the perturbative expansion of the SFs in eq. (2.17) as Fi =⩀
l=0

al
sF
(l,0)
i we obtain then

to NNLO,

F(0,0)i =⩀
q

e2
q Hqq , (3.43)
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F(1,0)i =⩀
q

e2
q ⌞Hqq⌐̂C(1,0)i,qq +Hqg⌐̂C(1,0)i,qg +Hgq⌐̂C(1,0)i,gq ⌞ , (3.44)

F(2,0)i =⩀
q

e2
q⌞Hqq⌐̂C(2,0),NS

i,qq +Hqq̄⌐̂C(2,0)i,qq̄ +Hqg⌐̂C(2,0)i,qg +Hgq⌐̂C(2,0)i,gq ⌞

+ (⩀
qk

e2
qk
⎡⌞Hqq⌐̂C(2,0),PS

i,qq +Hgg⌐̂C(2,0)i,gg ⌞

+⩀
q
⩀
q⌐≠q
⌞e2

q H+qq⌐⌐̂C(2,0),[1]i,qq⌐ + e2
q⌐ H+qq⌐⌐̂C(2,0),[2]i,qq⌐ + eqeq⌐H⌐qq⌐⌐̂C(2,0),[3]i,qq⌐ ⌞ . (3.45)

where ⌐̂ denotes the convolution of C(l,0)i,ab with Hab in both variables x and z.

Our results for the CFs have been subject to the following checks. In the threshold ex-

pansion around (x⋊, z⋊) → 1 our results for C(l,0)i,ab , i = 1,2 are in complete agreement with

predictions for all ‘+’-distributions in w = x⋊, z⋊, D j(w) = (ln j
(1⋊w)⌜(1⋊w))+ and terms

to proportional delta functions ↽(1 ⋊w) in the unpolarized SFs F1,2 in refs. [70, 232] (see

also [141, 233]). Also, the complete results have also been checked by the independent

computation of refs. [177, 178], finding also perfect agreement for the full NNLO CFs.

Results for NNLO QCD correction to Polarised SF (g1) can be found in [30, 170, 171].

3.3 Phenomenology

In this section, We demonstrate the phenomenological impact of the new higher-order

QCD corrections to SIDIS for the EIC at the center-of-mass energy of
⌜

s = 140 GeV.

Beyond LO in QCD, the cross section receives contributions from various partonic chan-

nels, i.e. all individual sub-processes discussed in Sec. 3.1.

The hadron level structure function F1 is computed according to eq. (2.17) as a con-

volution of the CFs with the corresponding PDFs and FFs for the specific parton-level

sub-process. The SIDIS structure functions depend on the three scaling variables x, y and

z. The momentum squared transferred, Q2, depends on the center-of-mass energy of the

scattering (s) through Q2 = xys. In the following, we plot the structure function F1 as a
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Figure 3.11: Contributions from all partonic channels to the structure function F1 as a
function of x for the EIC at

⌜
s = 140 GeV.

function of one of these scaling variables, either by fixing the other two variables or by

integrating the SFs in some kinematic range.

Starting with the relative contributions of the various partonic channels to F1 at the EIC

with
⌜

s = 140 GeV, we present in Fig. 3.11 results at successive perturbative orders as a

function of x, after integrating over z in the range between 0.2 and 0.85 and y in the range

0.5 to 0.9. Similarly, in Fig. 3.12, we show the contributions from various sub-processes

to F1 through NNLO as a function of z, after integration of x between 0.1 and 0.8 and of

y between 0.5 and 0.9.

We observe that the contributions from the coefficient functions C(l,0)1,qq , l = 1,2 domin-

ate the perturbative expansion, i.e. they are much larger than those from the coefficient

functions of the other partonic sub-processes. We have set both the renormalization

and the factorization scale equal to the central scale µF = µR = Q. For F1, we use the

NNPDF31 PDF sets [234] at LO, NLO and NNLO, respectively. The FFs are taken from

the NNFF10PIp set [235] at the corresponding perturbative orders.
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Figure 3.12: Contributions from different partonic channels to F1 as a function of z for
the EIC at

⌜
s = 140 GeV.

From Figs. 3.11 and 3.12, we find that the total perturbative corrections at order as as

well as a2
s are negative over a wide range of x and z. As a result, the NLO contribution is

smaller than that of the LO, and the NNLO prediction is less than that of the NLO in the

ranges of x and z. For larger values of x and z, however, the NLO contribution becomes

larger than the LO prediction. Similarly, both the NLO and NNLO corrections become

larger than LO beyond z = 0.7. The exact values of x and z at which this transition occurs

depend on the choice of PDFs and FFs as well as the choices of the integration regions.

In order to quantify the impact of the NLO and NNLO contributions with respect to LO,

we introduce the K-factor defined as

K(N)NLO
F1

=
F(N)NLO

1

FLO
1

. (3.46)

These K-factors for F1 are plotted as a function of x in Fig. 3.13, after integrating y and

z in the ranges 0.5 < y < 0.9 and 0.2 < z < 0.85. Similarly, Fig. 3.14 shows the K-factors
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Figure 3.13: NLO and NNLO K-factors for F1 as a function of x for the EIC at
⌜

s = 140
GeV.

as a function of z, after integration over 0.5 < y < 0.9 and 0.1 < x < 0.8. The same sets of

PDFs and FFs as in Figs. 3.11 and 3.12 are used.

The bands for K-factors correspond to variation of the renormalization scale µ2
R in the

interval [Q2
avg⌜2,2Q2

avg] while keeping the factorization scale µF = Qavg, where Q2
avg =

xyavgs for Fig. 3.13 and Q2
avg = xavgyavgs for Fig. 3.14. We find that theoretical uncertainties

from scale variation decrease when going from NLO to NNLO accuracy, even though the

scale dependence is already moderate at NLO.

In Fig. 3.15 we show the dependence of F1 on the renormalization and factorization scales

for six different values of Q2. The allowed range of x for a given Q2 is obtained by

requiring 0.5 < y < 0.9. The scales are varied independently by a factor of two around the

central value Q2, following the standard seven-point scale variation procedure.

The large uncertainty bands of the LO predictions arise mainly from the significant factor-

ization scale dependence of the PDFs and FFs. The inclusion of higher-order corrections

significantly reduces this dependence. A comparison of uncertainty bands for the NLO
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Figure 3.14: Same as Fig. 3.13, now as a function of z.

Figure 3.15: Scale variation of F1 as a function of x for six different values of Q2.

and NNLO predictions demonstrates a clear reduction of the residual scale dependence at

NNLO.

Finally, in order to investigate the impact of different PDF and FF sets on the predictions

for F1 at NNLO, we consider the ratio

RPDF
F1
=

FPDF
1

FNNPDF
1

. (3.47)
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Figure 3.16: Scale variation of F1 as a function of z for six different values of Q2
avg.
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Figure 3.17: NNLO predictions for the SIDIS structure function F1 for ⇁+ production.
Left panel: Different choices of PDF sets in ratio to predictions with NNPDF31 PDFs
and fixed FFs NNFF10. Right panel: Different choices of FFs sets in ratio to predictions
obtained with NNFF10, keeping the PDFs fixed.

RFF
F1
=

FFF
1

FNNFF
1
. (3.48)

The PDF variation is illustrated in the left panel of Fig. 3.17, where we have integrated
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over the ranges 0.2 < z < 0.85 and 0.5 < y < 0.9. Similarly, the right panel shows the

effect of different FFs parameterizations including NNFF10 and MAPFF10 [236] as a

function of z, after integration over 0.1 < x < 0.8 and 0.5 < y < 0.9. For both ratios we set

µ2
F = µ

2
R = Q2

avg, where Q2
avg = xyavgs for the left panel and Q2

avg = xavgyavgs for the right

panel.

The predictions for F1 obtained using the unpolarized PDF sets MMHT [237] and MSTW [238]

show noticeable deviations from those based on NNPDF in certain regions of large x. Sim-

ilarly, sizable differences are observed when different FFs parameterizations are used.

This highlights the importance of future EIC measurements of SIDIS structure functions

in order to further constrain PDFs and FFs in the relevant kinematic region.
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Chapter 4

NNLO QCD⌐QED Corrections to
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In this chapter, we extend the NNLO QCD framework developed in Chapter 3 to include

pure QED and mixed QCD⌐QED corrections to the SIDIS structure functions F1, F2 and

g1. We begin with the motivation for including electromagnetic contributions, then de-

scribe the additional partonic sub-processes and amplitudes that arise. We next explain

how QED and mixed QCD⌐QED coefficient functions (CFs) can be obtained systemat-

ically from QCD results via Abelianization. Finally, we discuss the phenomenological

impact of these corrections.

4.1 Motivation

The goal of this section is to establish why purely QCD calculations are insufficient for

the level of precision required by modern and future experiments, and to motivate the

specific QED and mixed QCD⌐QED contributions that are computed in the rest of the

chapter. We also define the perturbative expansion in both couplings that organizes all

subsequent results.

The theoretical description of semi-inclusive deep-inelastic scattering (SIDIS) has tra-

ditionally focused on perturbative QCD corrections. With the increasing precision of

modern and upcoming experiments, however, purely QCD calculations are no longer suf-

ficient for achieving the level of theoretical accuracy required for reliable phenomen-

ological studies. In particular, electromagnetic interactions can give rise to additional

contributions that become relevant when aiming at percent-level precision.

QED corrections arise naturally in the perturbative expansion of SIDIS cross sections

once the electromagnetic coupling is treated on the same footing as the strong coupling.

These corrections originate from photon emission, photon-initiated processes and photon

in the loop at the partonic level. Furthermore, QED effects also enter through the evol-

ution of PDFs and FFs, where photon radiation leads to additional splitting channels.

Consequently, the consistent inclusion of QED corrections requires both the computation
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of the corresponding coefficient functions and the use of PDF and FF sets that incorporate

QED evolution.

In addition to pure QED effects, mixed QCD⌐QED contributions appear in the perturb-

ative expansion. These terms arise from diagrams involving both strong and electromag-

netic interactions and therefore represent the interference between QCD and QED dynam-

ics. Although formally suppressed by the electromagnetic coupling, such contributions

can become phenomenologically relevant in precision studies, especially in kinematic re-

gions where the QCD corrections are already under good theoretical control.

The inclusion of QED and mixed QCD⌐QED corrections is also important in view of

future high-precision measurements at facilities such as the EIC. The expected experi-

mental accuracy will make it possible to probe subtle effects in the flavor and spin struc-

ture of the nucleon, and therefore theoretical predictions must incorporate all relevant

perturbative contributions. For SIDIS, the CFs at NNLO in QCD have been completed

[169,171,177–181]. Building upon these developments, we present the first results on the

impact of NNLO QED and mixed QCD⌐QED contributions on unpolarized and polarized

SIDIS. These contributions are essential for enhancing the precision of theoretical predic-

tions, reducing uncertainties resulting from renormalization and factorization scales, and

are particularly relevant for upcoming high-precision experiments such as the EIC [39] at

BNL and China.

The SFs of SIDIS also receive contributions from electroweak interactions via vector bo-

sons such as Z,W±, as well as from additional photons, with the simplest corrections

arising from photons-namely, quantum electrodynamic (QED) effects. There have been

several studies where QED and mixed QCD⌐QED corrections are considered for observ-

ables in DIS, see [19, 20, 150, 239–246].

QED radiative corrections to the leptonic part largely factorize, a fact exploited in analytic

resummations [247] and in formalisms based on lepton distribution functions [248–252].

At the HERA collider, these effects were systematically treated in the experimental ana-
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lysis through dedicated Monte-Carlo generators for QED radiation [253–255]. Non-

factorizable contributions such as two-photon exchange and leptonic-hadronic interfer-

ence are known to be numerically negligible in DIS (well below 0.1% [256]) and lie

beyond the accuracy relevant for a factorized parton-level calculation. In this work, we

also incorporate QED as well as mixed QCD⌐QED corrections to F1, F2 and g1 at NNLO

accuracy within the established single-photon exchange framework used in global PDF

fits and perturbative QCD analyses.

The perturbative expansion of the SIDIS cross section in both the strong and electromag-

netic couplings is given by

0 = 0(0,0) + as0
(1,0)
+ ae0

(0,1)
+ a2

s 0
(2,0)
+ a2

e 0
(0,2)
+ asae0

(1,1)
+⋉ (4.1)

with as = ϖs⌜(4⇁) = g2
s⌜(16⇁2) and ae = ϖ2

e⌜4⇁ = e2⌜(16⇁2) in terms of strong coup-

ling gs and electric charge e. The cross sections 0(m,n) denote the contributions at order

O(am
s ,an

e). In this chapter, we focus on the pure QED corrections at O(a2
e) as well as the

mixed QCD⌐QED contributions at O(asae) to the SFs F1, F2 and g1.

Having established why electromagnetic corrections must be included and how they are

organized in the double expansion of eq. (4.1), the next step is to identify all additional

partonic subprocesses that contribute beyond the pure QCD case. These are listed in the

following section.

4.2 QED and QCD⌐QED Amplitudes at NNLO

In this section, we enumerate the new partonic subprocesses that arise when photons

enter as initial or final state particles at NLO and NNLO. These are the QED and mixed

QCD⌐QED analogues of the VV, RV, and RR classes already classified for pure QCD

in Chapter 3, and they constitute the complete set of diagrams that must be computed to
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obtain the electromagnetic corrections to the CFs.

The LO, NLO, and NNLO QCD sub-processes have been listed in Section 3.1 of Chapter 3.

Here we list only the additional sub-processes that arise when QED and mixed QCD⌐QED

corrections are included. The additional sub-processes at NLO involving photons are:

q(q̄) + ω∗ → q(q̄) + ω , (4.2)

ω + ω∗ → q + q̄ . (4.3)

Figure 4.1: Sub-processes at NLO. These diagrams are for QED correction.

At NNLO, the VV contributions include two-loop diagrams with both QED and mixed

QCD⌐QED insertions:

q(q̄) + ω∗ → q(q̄) + two loops , (4.4)
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Figure 4.2: Representative two-loop (VV) diagrams contributing to the NNLO pure QED
and NNLO mixed QCD⌐QED corrections.

The additional RV sub-processes with photons read:

q(q̄) + ω∗ → q(q̄) + ω + one loop , (4.5)

ω + ω∗ → q + q̄ + one loop . (4.6)

Figure 4.3: Additional RV diagrams (one-loop with one real emission) at NNLO, contrib-
uting to NNLO pure QED and NNLO mixed QCD⌐QED.
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The additional RR sub-processes with photons are:

q(q̄) + ω∗ → q(q̄) + ω + ω , (4.7)

g + ω∗ → ω + q + q̄ , (4.8)

ω + ω∗ → g + q + q̄ , (4.9)

ω + ω∗ → ω + q + q̄ , (4.10)

q(q̄) + ω∗ → q(q̄) + g + ω . (4.11)

Any one of the final-state partons can fragment into the observed hadron H⋊.

Figure 4.4: RR diagrams: emissions of two photons and one photon plus one gluon.
Contributing to NNLO pure QED and NNLO mixed QCD⌐QED.

Figure 4.5: RR diagrams: gluon and photon initiated processes. Contributing to NNLO
pure QED and NNLO mixed QCD⌐QED.

A summary of all partonic sub-processes contributing at NLO and NNLO, classified by

interaction type, is given in Table 4.1.

With all additional amplitudes organized into VV, RV, and RR classes, we have the com-

plete set of matrix elements needed for the QED and mixed QCD⌐QED computation.
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Figure 4.6: RR diagrams: A type. Contributing to NNLO pure QED and NNLO mixed
QCD⌐QED.

Figure 4.7: RR diagrams: B type. Contributing to NNLO pure QED and NNLO mixed
QCD⌐QED.

Figure 4.8: RR diagrams: C type. Contributing to NNLO pure QED and NNLO mixed
QCD⌐QED.

The next section describes the methodology for processing these amplitudes: how the

couplings are renormalized, how the ω5 ambiguity is resolved for the polarized case, and

how mass factorization is extended to include photon channels.
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Figure 4.9: RR diagrams: D type. Contributing to NNLO pure QED and NNLO mixed
QCD⌐QED.

4.3 Methodology

We describe all the technical extensions to the pure QCD framework of Chapter 3 that

are required for the QED and mixed QCD⌐QED computation. This covers the extended

coupling renormalization, the ω5 prescription and the associated scheme transformation

for the polarized case, the master integrals, the extended mass factorization including

photon AP kernels, and the resulting explicit forms of the finite CFs at each order.

The general framework for computing SIDIS structure functions, the collinear factoriza-

tion formula, the definition of partonic cross sections,the calculations of MIs and the mass

factorization procedure has been laid out in Chapter 3. Here we describe the extensions

required for the QED and mixed QCD⌐QED case.

4.3.1 Extended Coupling and Renormalization

The perturbative expansion of the unpolarized (polarized) CFs now runs in powers of both

as and ae, cf. eq. (4.1):

(1)C I,ab =
∞
⩀
i, j=0

ai
s(µ

2
R)aj

e(µ
2
R) (1)C

(i, j)
I,ab (µ

2
R) . (4.12)
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Order Process Contribution type

NLO
q + ω∗ → q (1-loop) QCD, QED
q + ω∗ → q + g(ω) QCD (QED)
g(ω) + ω∗ → q + q̄ QCD (QED)

NNLO

q + ω∗ → q (2-loop) QCD, QED, QCD⌐QED
q + ω∗ → q + g(ω) (1-loop) QCD, QED, QCD⌐QED
g(ω) + ω∗ → q + q̄ (1-loop) QCD, QED, QCD⌐QED
q + ω∗ → q + g(ω) + g(ω) QCD (QED)
q + ω∗ → q + g + ω QCD⌐QED
q + ω∗ → q + q + q̄ QCD, QED, QCD⌐QED
q + ω∗ → q + q⋊ + q̄⋊ QCD, QED
g(ω) + ω∗ → q + q̄ + g(ω) QCD (QED)
g(ω) + ω∗ → q + q̄ + ω(g) QCD⌐QED

Table 4.1: Partonic subprocesses contributing at NLO and NNLO, classified by contribu-
tion type. All final-state partons can hadronize; q⋊ denotes a quark of different flavor from
q.

UV divergences are removed by renormalization of both bare couplings âs and âe at the

scale µR. Let Zac denote the renormalization factor for coupling ac, c = s, e. The bare

couplings are related to the renormalized ones as

âcS ϑ = ac(µ
2
R)Zac ⌝as(µ

2
R),ae(µ

2
R), ϑ⌞ ⌞

µ2

µ2
R
⌞

ϑ⌜2
, (4.13)

where µ is an arbitrary mass scale introduced to keep âc dimensionless in d dimensions

and S ϑ = exp ⌝ ϑ2(ωE ⋊ ln 4⇁)⌝. The Zac factors satisfy renormalization group equations

µ2
R

d
dµ2

R
ln Zac = ⋊

1
ac(µ2

R)
ϱac ⌝as(µ

2
R),ae(µ

2
R)⌞ , (4.14)

where the ϱ functions admit expansions ϱas = ⋊⊍
∞
i, j=0 ϱ

(s)
i j ai+2

s a j
e and ϱae = ⋊⊍

∞
i, j=0 ϱ

(e)
i j a j+2

e ai
s.

The relevant one-loop coefficients are ϱ(s)00 =
11
3 Ca⋊

4
3T f n f and ϱ(e)00 = ⋊

4
3(N⊍

n f
q e2

q+⊍
nL
l e2

l ⎡,

where Ca = N, C f = (N2 ⋊ 1)⌜(2N), T f = 1⌜2, and eq, el are the electric charges of quark

q and lepton l.
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4.3.2 ω5 Prescription and Scheme Transformation

The spin-dependent squared amplitudes (3⌟(1)Mab⌟
2
µε) in eq. (2.24) involve either the

Dirac matrix ω5 or the Levi-Civita tensor ↼µε80, arising from helicity-dependent quark

wavefunctions or gluon/photon polarization states; see, e.g., [257]. Since both are intrins-

ically 4-d objects, we adopt Larin’s scheme [258] to define ω5 in d = 4 + ϑ dimensions:

⌜paω5 = ⋊
i
6
↼µε02pµaωεω0ω2 . (4.15)

The product of two Levi-Civita tensors is expressed as a determinant of Kronecker deltas

in d dimensions,

↼µ1ε12101 ↼
µ2ε22202 =

⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤

↽µ2
µ1 ↽

ε2
µ1 ↽

22
µ1 ↽

02
µ1

↽µ2
ε1 ↽

ε2
ε1 ↽

22
ε1 ↽

02
ε1

↽µ2
21
↽ε221
↽22
21
↽02
21

↽µ2
01 ↽

ε2
01 ↽

22
01 ↽

02
01

⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤⎤

. (4.16)

The QCD contributions in Larin’s scheme are converted to the MS scheme via a finite

renormalization constant [142, 143, 259, 260] that restores the axial Ward identity and

simultaneously transforms the polarized PDFs; see also [170, 179] for a detailed discus-

sion in SIDIS. Currently, no analogous renormalization scheme exists for the QED and

mixed QCD⌐QED contributions. We determine the finite renormalization constants for

these cases from those of QCD via Abelianization (see Section 4.4). The results for 1C1,ab

up to NNLO in the MS scheme are included in the ancillary file of [173].
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4.3.3 Master Integrals and Phase Space

The phase space parameterizations and the IBP reduction to master integrals (MIs) are

identical to those described in Chapter 3, Section 3.1. The MIs needed for pure QED and

mixed QCD⌐QED contributions coincide with those already computed for pure QCD.

Details are available in [170, 175, 176].

4.3.4 Mass Factorization with QED

The soft IR divergences cancel between virtual and real emission contributions by the

KLN theorem [58, 59]. Residual collinear singularities are factorized into (un)polarized

PDFs and FFs via the mass factorization formula:

(1)ĈI,ab(x, z, ϑ) = (1)4c←a(x, ϑ)⌐ (1)CI,cd(x, z, ϑ) ⌐̃ 4̃b←d(z, ϑ) , (4.17)

extended now to include photon channels. For QCD⌐QED interactions, the AP kernels

include pure QED and mixed QCD⌐QED corrections up to two-loop order as detailed

in [228, 239–241, 252, 261].

The AP kernels are expanded in powers of as and ae:

L
c←d(▷, µ

2
F , ϑ) = ↽cd↽(1 ⋊ ▷) +

∞
⩀
l=1

al
s(µ

2
F)
L(l,0)

c←d (▷, ϑ) +
∞
⩀
l=1

al
e(µ

2
F)
L(0,l)

c←d (▷, ϑ)

+

∞
⩀
l=1

∞
⩀
m=1

al
s(µ

2
F)am

e (µ
2
F)
L(l,m)

c←d (▷, ϑ) , (4.18)

where
L
∈ {4,14, 4̃}, subject to the renormalization group evolution equation with split-

ting functions P ∈ {P,1P, P̃}:

Pce =
∞
⩀
l=1

al
s(µ

2
F)P

(l,0)
ce +

∞
⩀
l=1

al
e(µ

2
F)P

(0,l)
ce +⩀

l≥1
m≥1

al
s(µ

2
F)am

e (µ
2
F)P

(l,m)
ce . (4.19)
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The AP kernels
L(l,m)

c←d in QED (l = 0, m = 1) are:

L(0,1)
q←q =

1
ϑP
(0,1)
qq ,

L(0,1)
ω←ω = 1

ϑP
(0,1)
ωω ,

L(0,1)
q←ω =

L(0,1)
q←ω = 1

ϑP
(0,1)
qω ,

L(0,1)
q←q = 0,

L(0,1)
ω←q =

L(0,1)
ω←q =

1
ϑP
(0,1)
ωq ,

and at NNLO in QED (l = 0, m = 2) and at mixed NNLO QCD⌐QED (l = 1, m = 1):

L(0,2)
q←q =

L(0,2),S
q←q +

L(0,2),NS
q←q ,

L(0,2)
q←q =

L(0,2)
q←q ,

L(0,2)
q←q =

L(0,2),S
q←q +

L(0,2),NS
q←q ,

L(0,2),S
q←q =

L(0,2),S
q←q ,

L(0,2)
q⌐←q =

L(0,2)
q⌐←q =

L(0,2),S
q←q , {for q⋊ ≠ q}

L(1,1)
q←q =

L(1,1),S
q←q +

L(1,1),NS
q←q ,

L(1,1)
q←q =

L(1,1)
q←q ,

L(1,1)
q←q =

L(1,1),S
q←q +

L(1,1),NS
q←q ,

L(1,1),S
q←q =

L(1,1),S
q←q ,

L(1,1)
q⌐←q =

L(1,1)
q⌐←q =

L(1,1),S
q←q , {for q⋊ ≠ q}

and are related to the splitting functions as:

L(0,2),NS
q←q =

1
2ϑ
P
(0,1),⌐
qq ,

L(0,2),S
q←q =

1
2ϑ
P
(0,1),S
qq +

1
2ϑ2⌞P

(0,1)
qω ⌐P

(0,1)
ωq ⌞,

L(0,2),NS
q←q =

1
2ϑ
P
(0,1),NS
qq +

1
2ϑ2⌞2ϱ

e
00P

(0,1)
qq +P

(0,1)
qq ⌐P

(0,1)
qq ⌞,

L(0,2)
ω←ω = 1

2ϑ
P
(0,1)
ωω +

1
2ϑ2⌞2ϱ

e
00P

(0,1)
ωω + 2nf(P

(0,1)
ωq ⌐P

(0,1)
qω ⎡ +P

(0,1)
ωω ⌐P

(0,1)
ωω ⌞,

L(0,2)
q←ω =

L(0,2)
q←ω = 1

2ϑ
P
(0,1)
qω +

1
2ϑ2⌞2ϱ

e
00P

(0,1)
qω +P

(0,1)
qω ⌐P

(0,1)
ωω +P

(0,1)
qq ⌐P

(0,1)
qω ⌞,

L(0,2)
ω←q =

L(0,2)
ω←q =

1
2ϑ
P
(0,1)
ωq +

1
2ϑ2⌞2ϱ

e
00P

(0,1)
ωq +P

(0,1)
ωω ⌐P

(0,1)
ωq +P

(0,1)
ωq ⌐P

(0,1)
qq ⌞ ,

85



L(1,1)
q←q =

1
2ϑ
P
(1,1)
qq +

1
2ϑ2⌞P

(1,0)
qq ⌐P

(0,1)
qq +P

(0,1)
qq ⌐P

(1,0)
qq ⌞,

L(1,1)
q←g =

L(1,1)
q←g =

1
2ϑ
P
(1,1)
qg +

1
2ϑ2⌞P

(0,1)
qq ⌐P

(1,0)
qg ⌞,

L(1,1)
q←ω =

L(1,1)
q←ω = 1

2ϑ
P
(1,1)
qω +

1
2ϑ2⌞P

(1,0)
qq ⌐P

(0,1)
qω ⌞,

L(1,1)
g←q =

L(1,1)
g←q =

1
2ϑ
P
(1,1)
gq +

1
2ϑ2⌞P

(1,0)
gq ⌐P

(0,1)
qq ⌞,

L(1,1)
ω←q =

L(1,1)
ω←q =

1
2ϑ
P
(1,1)
ωq +

1
2ϑ2⌞P

(0,1)
ωq ⌐P

(1,0)
qq ⌞ .

The required expressions for splitting functions P(l,m)ab up to NNLO are collected in Ap-

pendix D.

4.3.5 Coefficient Functions at QED and Mixed QCD⌐QED

The perturbative expansion of the parton-level cross sections (1)Ĉi,ab reads:

(1)Ĉi,ab = (1)Ĉ
(0,0)
i,ab + âs ⌞

Q2

µ2
R
⌞

ϑ
2

(1)Ĉ(1,0)i,ab + âe ⌞
Q2

µ2
R
⌞

ϑ
2

(1)Ĉ(0,1)i,ab

+ â2
s ⌝

2ϱs
00

ϑ
⌝⌞

Q2

µ2
R
⌞

ϑ
2

(1)Ĉ(1,0)i,ab + â2
e ⌝

2ϱe
00

ϑ
⌝⌞

Q2

µ2
R
⌞

ϑ
2

(1)Ĉ(0,1)i,ab

+ â2
s ⌞

Q2

µ2
R
⌞

ϑ

(1)Ĉ(2,0)i,ab + â2
e ⌞

Q2

µ2
R
⌞

ϑ

(1)Ĉ(0,2)i,ab + âs âe ⌞
Q2

µ2
R
⌞

ϑ

(1)Ĉ(1,1)i,ab

+O(â3
s , â3

e) . (4.20)

Substituting the AP kernels into eq. (4.17) we extract the finite CFs order by order:

(1)Ci,ab = (1)C
(0,0)
i,ab + as(µ

2
R) (1)C

(1,0)
i,ab + ae(µ

2
R) (1)C

(0,1)
i,ab

+ a2
s(µ

2
R) (1)C

(2,0)
i,ab + a2

e(µ
2
R) (1)C

(0,2)
i,ab + as(µ

2
R)ae(µ

2
R) (1)C

(1,1)
i,ab +O(a3

s ,a3
e) .

(4.21)

For equal scales µR = µF , the pure QED CFs and mixed QCD⌐QED CFs are found to be
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(showing only the new QED and QCD⌐QED channels; the QCD channels are listed in

Chapter 3):

at LO:

(1)C(0,0)i,qq (x
⋊, z⋊) = ↽(1 ⋊ x⋊) ↽(1 ⋊ z⋊),

at NLO, QED:

(1)C(0,1)i,qq (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ
2

(1)Ĉ(0,1)i,qq (x
⋊, z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(0,1)q←q (z⋊) ⋊ (1)4(0,1)q←q (x⋊) ↽(1 ⋊ z⋊),

(1)C(0,1)i,qω (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ
2

(1)Ĉ(0,1)i,qω (x
⋊, z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(0,1)ω←q (z⋊),

(1)C(0,1)i,ωq (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ
2

(1)Ĉ(0,1)i,ωq (x
⋊, z⋊) ⋊ (1)4(0,1)q←ω (x⋊) ↽(1 ⋊ z⋊),

(4.22)

at NNLO, QED:

(1)C(0,2)i,qq (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(0,2)i,qq (x
⋊, z⋊) + 2ϱe

00

ϑ
⌞

Q2

µ2
F
⌞

ϑ

(1)Ĉ(1,0)i,qq ⋊ (1)C
(0,1)
i,qq (x

⋊, z⋊)⌐̃4̃(0,1)q←q (z⋊)

⋊ (1)C(0,1)i,qω (x
⋊, z⋊)⌐̃4̃(0,1)q←ω (z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(0,2)q←q (z⋊) ⋊ (1)4(0,1)q←q (x⋊) 4̃(0,1)q←q (z⋊)

⋊ (1)4(0,1)q←q (x⋊)⌐ (1)C(0,1)i,qq (x
⋊, z⋊) ⋊ (1)4(0,1)ω←q (x⋊)⌐ (1)C(0,1)i,ωq (x

⋊, z⋊)
⋊ (1)4(0,2)q←q (x⋊) ↽(1 ⋊ z⋊),

(1)C(0,2)i,qω (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(0,2)i,qω (x
⋊, z⋊) + 2ϱe

00

ϑ
⌞

Q2

µ2
F
⌞

ϑ

(1)Ĉ(0,1)i,qω ⋊ (1)4
(0,1)
q←q (x⋊) 4̃(0,1)ω←q (z⋊)
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⋊ (1)4(0,1)q←q (x⋊)⌐ (1)C(0,1)i,qω (x
⋊, z⋊) ⋊ (1)C(0,1)i,qω (x

⋊, z⋊)⌐̃4̃(0,1)ω←ω (z⋊)
⋊ (1)C(0,1)i,qq (x

⋊, z⋊)⌐̃4̃(0,1)ω←q (z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(0,2)ω←q (z⋊),

(1)C(0,2)i,ωq (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(0,2)i,ωq (x
⋊, z⋊) + 2ϱe

00

ϑ
⌞

Q2

µ2
F
⌞

ϑ

(1)Ĉ(0,1)i,ωq ⋊ (1)C
(0,1)
i,ωq (x

⋊, z⋊)⌐̃4̃(0,1)q←q (z⋊)

⋊ (1)4(0,1)ω←ω (x⋊)⌐ (1)C(0,1)i,ωq (x
⋊, z⋊) ⋊ (1)4(0,1)q←ω (x⋊) 4̃(0,1)q←q (z⋊)

⋊ (1)4(0,1)q←ω (x⋊)⌐ (1)C(0,1)i,qq (x
⋊, z⋊) ⋊ (1)4(0,2)q←ω (x⋊) ↽(1 ⋊ z⋊),

(1)C(0,2)i,ωω (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(0,2)i,ωω (x
⋊, z⋊) ⋊ (1)C(0,1)i,ωq (x

⋊, z⋊)⌐̃4̃(0,1)ω←q (z⋊) ⋊ (1)4(0,1)q←ω (x⋊) 4̃(0,1)ω←q (z⋊)

⋊ (1)4(0,1)q←ω (x⋊)⌐ (1)C(0,1)i,qω (x
⋊, z⋊),

(1)C(0,2)i,qq̄ (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(0,2)i,qq̄ (x
⋊, z⋊) ⋊ (1)C(0,1)i,qg (x

⋊, z⋊)⌐̃4̃(0,1)g←q (z⋊)

⋊ (1)4(0,1)ω←q (x⋊)⌐ (1)C(0,1)i,ωq (x
⋊, z⋊) ⋊ (1)4(0,2)q̄←q (x

⋊
) ↽(1 ⋊ z⋊) ⋊ ↽(1 ⋊ x⋊)4̃(0,2)q̄←q (z

⋊
),

(1)C(0,2)i,qb (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(0,2)i,qb (x
⋊, z⋊) ⋊ (1)C(0,1)i,qg (x

⋊, z⋊)⌐̃4̃(0,1)ω←b (z
⋊
)

⋊ (1)4(0,1)ω←b (x
⋊
)⌐ (1)C(0,1)i,ωq (x

⋊, z⋊) ⋊ (1)4(0,2)b←q (x
⋊
) ↽(1 ⋊ z⋊) ⋊ ↽(1 ⋊ x⋊)4̃(0,2)b←q (z

⋊
),

at NNLO, QCD⌐QED:

(1)C(1,1)i,qq (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(1,1)i,qq (x
⋊, z⋊) ⋊ (1)4(1,0)q←q (x⋊)⌐ (1)C(0,1)i,qq (x

⋊, z⋊)

⋊ (1)4(0,1)q←q (x⋊)⌐ (1)C(1,0)i,qq (x
⋊, z⋊) ⋊ (1)4(1,0)q←q (x⋊) 4̃(0,1)q←q (z⋊) ⋊ (1)4(0,1)q←q (x⋊) 4̃(1,0)q←q (z⋊)

⋊ (1)C(0,1)i,qq (x
⋊, z⋊)⌐̃4̃(1,0)q←q (z⋊) ⋊ (1)C(1,0)i,qq (x

⋊, z⋊)⌐̃4̃(0,1)q←q (z⋊) ⋊ (1)4(1,1)q←q (x⋊) ↽(1 ⋊ z⋊)
⋊ ↽(1 ⋊ x⋊) 4̃(1,1)q←q (z⋊),
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(1)C(1,1)i,qg (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(1,1)i,qg (x
⋊, z⋊) ⋊ (1)4(0,1)q←q (x⋊)⌐ (1)C(1,0)i,qg (x

⋊, z⋊)

⋊ (1)4(0,1)q←q (x⋊) 4̃(1,0)g←q (z⋊) ⋊ (1)C(0,1)i,qq (x
⋊, z⋊)⌐̃4̃(1,0)g←q (z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(1,1)g←q (z⋊),

(1)C(1,1)i,qω (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(1,1)i,qω (x
⋊, z⋊) ⋊ (1)4(1,0)q←q (x⋊)⌐ (1)C(0,1)i,qω (x

⋊, z⋊)

⋊ (1)4(1,0)q←q (x⋊) 4̃(0,1)ω←q (z⋊) ⋊ (1)C(1,0)i,qq (x
⋊, z⋊)⌐̃4̃(0,1)ω←q (z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(1,1)ω←q (z⋊),

(1)C(1,1)i,gq (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(1,1)i,gq (x
⋊, z⋊) ⋊ (1)4(1,0)q←g (x⋊)⌐ (1)C(0,1)i,qq (x

⋊, z⋊)

⋊ (1)4(1,0)q←g (x⋊) 4̃(0,1)q←q (z⋊) ⋊ (1)C(1,0)i,gq (x
⋊, z⋊)⌐̃4̃(0,1)q←q (z⋊) ⋊ (1)4(1,1)q←g (x⋊) ↽(1 ⋊ z⋊),

(1)C(1,1)i,ωq (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(1,1)i,ωq (x
⋊, z⋊) ⋊ (1)C(0,1)i,ωq (x

⋊, z⋊)⌐̃4̃(1,0)q←q (z⋊)

⋊ (1)4(0,1)q←ω (x⋊) 4̃(1,0)q←q (z⋊) ⋊ (1)4(0,1)q←ω (x⋊)⌐ (1)C(1,0)i,qq (x
⋊, z⋊) ⋊ (1)4(1,1)q←ω (x⋊) ↽(1 ⋊ z⋊),

(1)C(1,1)i,qq̄ (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(1,1)i,qq̄ (x
⋊, z⋊) ⋊ (1)4(1,1)q̄←q (x

⋊
) ↽(1 ⋊ z⋊) ⋊ ↽(1 ⋊ x⋊) 4̃(1,1)q̄←q (z

⋊
),

(1)C(1,1)i,ωg (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(1,1)i,ωg (x
⋊, z⋊) ⋊ (1)C(0,1)i,ωq (x

⋊, z⋊)⌐̃4̃(1,0)g←q (z⋊) ⋊ (1)4(0,1)q←ω (x⋊) 4̃(1,0)g←q (z⋊)

⋊ (1)4(0,1)q←ω (x⋊)⌐ (1)C(1,0)i,qg (x
⋊, z⋊),

(1)C(1,1)i,gω (x
⋊, z⋊) = ⌞Q2

µ2
F
⌞

ϑ

(1)Ĉ(1,1)i,gω (x
⋊, z⋊) ⋊ (1)C(1,0)i,gq (x

⋊, z⋊)⌐̃4̃(0,1)ω←q (z⋊) ⋊ (1)4(1,0)q←g (x⋊) 4̃(0,1)ω←q (z⋊)

⋊ (1)4(1,0)q←g (x⋊)⌐ (1)C(0,1)i,qω (x
⋊, z⋊). (4.23)

Mass factorization for the polarized SF g1 needs additional care due to the prescription for

ω5 in Larin’s scheme, which requires the use of the spin-dependent AP kernels computed

in same scheme. Given that the hadronic cross sections (here, g1) are scheme independent,
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an additional finite scheme transformation is in order to convert the AP kernels and the

finite CF from Larin’s to the conventional MS scheme. With polarised PDFs 1 f L
a and

polarised CF 1CL
1,ab(µ

2
F) defined in Larin’s scheme (denoted by the superscript L), the

mass factorization for g1 reads

g1 =⩀
a,b
1 f L

a (µ
2
F)⌐ 1C

L
1,ab(µ

2
F)⌐̃Db(µ

2
F) . (4.24)

Here the FFs Db and the time-like AP kernels (4̃c←d) for handling the final state col-

linear singularities are already taken in the MS scheme, since the final state spins are

summed. With a scheme transformation [260] through the finite renormalization con-

stants Zab, known in the literature [142, 259, 260, 262], for PDFs

1 fa(µ
2
F) = Zca(µ

2
F)⌐ 1 f L

c (µ
2
F) (4.25)

and for CF,

1C1,ab(µ
2
F) = ⌝Z⌐1

(µ2
F)⌞ad

⌐ 1CL
1,db(µ

2
F) . (4.26)

g1 in eq. (4.24) can be expressed in terms of MS quantities:

g1 =⩀
a,b
1 fa(µ

2
F)⌐ 1C1,ab(µ

2
F)⌐̃Db(µ

2
F) . (4.27)

For extraction of the CF 1CL
1,ab in Eq. (4.24) requires the polarized AP kernels in Larin’s

scheme, which can derived from the polarized space-like AP kernels (14c←d) in the MS

scheme through the relation Zab by 14L = Z⌐1 ⌐ 14. This leads to the scheme transform-

ation for the splitting functions

1PL
= Z⌐1

⌐ 1P⌐ Z + 2ϱas Z ⌐
dZ⌐1

das
+ 2ϱae Z ⌐

dZ⌐1

dae
, (4.28)

The beta functions ϱas and ϱae are defined in eq. (1.21).
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The symmetric matrix valued Z-factor, e.g. given in [142, 259, 260], reads

Zab = 1 +
∞
⩀

l+m=1
al

sam
e z(l,m)ab , (4.29)

More details about finite renormalization constants Zab are provided in Appendix D.4.

Eq. (4.28) provides the spin dependent space-like splitting functions in Larin’s scheme:

1PL,(1,0)
cd = 1P(1,0)cd ,

1PL,(0,1)
cd = 1P(0,1)cd , (4.30)

1PL,(2,0)
qq = 1P(2,0)qq + 2ϱs

00 z(1,0)qq ,

1PL,(2,0)
qg = 1P(2,0)qg ⋊ 1P(1,0)qg ⌐ z(1,0)qq ,

1PL,(2,0)
gq = 1P(2,0)gq + 1P(1,0)gq ⌐ z(1,0)qq ,

1PL,(2,0)
gg = 1P(2,0)gg , (4.31)

1PL,(0,2)
qq = 1P(0,2)qq + 2ϱe

00 z(0,1)qq ,

1PL,(0,2)
qω = 1P(0,2)qω ⋊ 1P(0,1)qω ⌐ z(0,1)qq ,

1PL,(0,2)
ωq = 1P(0,2)ωq + 1P(0,1)ωq ⌐ z(0,1)qq ,

1PL,(0,2)
ωω = 1P(0,2)ωω , (4.32)

1PL,(1,1)
qq = 1P(1,1)qq + 2ϱs

00 z(0,1)qq + 2ϱe
00 z(1,0)qq ,

1PL,(1,1)
qg = 1P(1,1)qg ,

1PL,(1,1)
gq = 1P(1,1)gq ,

1PL,(1,1)
gg = 1P(1,1)gg ,

1PL,(1,1)
qω = 1P(1,1)qω ,

1PL,(1,1)
ωq = 1P(1,1)ωq ,

1PL,(1,1)
gω = 1P(1,1)gω ,

1PL,(1,1)
ωg = 1P(1,1)ωg ,

1PL,(1,1)
ωω = 1P(1,1)ωω . (4.33)
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Likewise, cf. eq. (4.26), the CF in the MS scheme read,

1C(0)1,qq = 1C
L,(0)
1,qq = ↽(1 ⋊ x⋊)↽(1 ⋊ z⋊) ,

1C(1)1,qq = 1C
L,(1)
1,qq + (⋊z(1)qq )⌐ 1C

L,(0)
1,qq ,

1C(1)1,qg = 1C
L,(1)
1,qg ,

1C(1)1,gq = 1C
L,(1)
1,gq ,

1C(2,0)1,qq = 1C
L,(2)
1,qq + (⋊z(1)qq )⌐ 1C

L,(1)
1,qq

+ (z(1)qq ⌐ z(1)qq ⋊ z(2,0)qq ⎡⌐ 1C
L,(0)
1,qq ,

1C(2,0)1,qq = 1C
L,(2)
1,qq + ( ⋊ z(2,0)qq ⎡⌐ 1C

L,(0)
1,qq ,

1C(2,0)1,qq⌐ = 1C
L,(2)
1,qq⌐ + ( ⋊ z(2,0)qq⌐ ⎡⌐ 1C

L,(0)
1,q⌐q⌐ ,

1C(2,0)1,qg = 1C
L,(2)
1,qg + (⋊z(1)qq )⌐ 1C

L,(1)
1,qg ,

1C(2,0)1,gq = 1C
L,(2)
1,gq , 1C

(2,0)
1,gg = 1C

L,(2)
1,gg . (4.34)

Expressions for z(l)ab are provided in Appendix (D), and the CF in the MS scheme in an

ancillary file of [173]. Note that the flavor-nonsinglet CF of polarized SF g1 SIDIS agree

with those of the SF F3, cf. [174]. The latter requires an additional renormalization of the

axial-vector current and a kinematics independent finite renormalization transformation

from the Larin to the MS scheme [209, 258]. We find full agreement for the respective

CFs, which provides a strong independent check on our computation.

For the removal of initial-state collinear singularities we use the QCD space-like splitting

functions (1)P(i,0)ab with i = 1,2 [31,226,227,230,231,260,263–267], the space-like split-

ting functions (1)P(0, j)ab with j = 1,2 for QED and (1)P(1,1)ab for the mixed QCD⌐QED,

all available in the literature [239–241]. The time-like splitting functions needed to re-

move final-state collinear singularities are known for QCD [230, 231]. For QED and

mixed QCD⌐QED, we derive them here by requiring finite CFs; the results are given in
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Appendix D:

LO ∶ P̃(0,1)qq , P̃
(0,1)
qω , P̃

(0,1)
ωq , P̃

(0,1)
ωω

NLO ∶ P̃(0,2)ωq , P̃
(1,1)
gq , P̃

(1,1)
ωq , P̃

(0,2),NS
qq , P̃(0,2),Sqq , P̃(0,2)qq (4.35)

Using Larin’s scheme with the polarized space-like splitting functions and the unpolarized

time-like splitting functions in MS, we obtain the QED and mixed QCD⌐QED CFs for g1.

The polarized MS splitting functions derived for QED and mixed QCD⌐QED evolution

are in complete agreement with [241, 261]:

LO ∶ 1P(0,1)qq ,1P(0,1)qω ,1P(0,1)ωq ,1P(0,1)ωω

NLO ∶ 1P(0,2)qω ,1P(1,1)qg ,1P(1,1)qω ,1P(0,2),NS
qq ,1P(0,2),Sqq ,1P(0,2)qq

The finite CFs can be expressed in terms of double and single distributions as well as

regular terms, cf. [170] for details. The convolution with PDFs and FFs gives (g1)F1 =

⊍i+ j=0 ai
sa

j
e(g1)F

(i, j)
1 . Since the QCD results F(i,0)I have been presented in Chapter 3, we

give here the expressions for pure QED and mixed QCD⌐QED:

(g1)F
(0,1)
1 =⩀

q
e4

q⌞(1)Hqq⌐̂(1)C
(0,1)
1,qq + (1)Hqω⌐̂(1)C

(0,1)
1,qω + (1)Hωq⌐̂(1)C

(0,1)
1,ωq ⌞ , (4.36)

(g1)F
(0,2)
1 =⩀

q
e6

q⌞(1)Hqq⌐̂(1)C
(0,2)
1,qq,[1] + (1)Hqq̄⌐̂(1)C

(0,2)
1,qq̄ + (1)Hqω⌐̂(1)C

(0,2)
1,qω + (1)Hωq⌐̂(1)C

(0,2)
1,ωq ⌞

+⩀
q

e4
q(N⩀

qi

e2
qi
+⩀

li
e2

li⎡(1)Hqq⌐̂(1)C
(0,2)
1,qq,[2] +⩀

q
e2

q(N⩀
qi

e4
qi
+⩀

li
e4

li⎡(1)Hqq⌐̂(1)C
(0,2)
1,qq,[3]

+⩀
q
⩀
q⌐≠q
⌞e4

qe2
q⌐(1)H+qq⌐⌐̂(1)C

(0,2)
1,qq⌐,[1] + e2

qe4
q⌐(1)H+qq⌐⌐̂(1)C

(0,2)
1,qq⌐,[2] + e3

qe3
q⌐(1)H⌐qq⌐⌐̂(1)C

(0,2)
1,qq⌐,[3]⌞

+ (N⩀
qi

e6
qi
+⩀

li
e6

li⎡⌞(1)Hωω⌐̂(1)C
(0,2)
1,ωω ⌞, (4.37)
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(g1)F
(1,1)
1 =⩀

q
e4

q⌞(1)Hqq⌐̂(1)C
(1,1)
1,qq + (1)Hqq̄⌐̂(1)C

(1,1)
1,qq̄ + (1)Hqg⌐̂(1)C

(1,1)
1,qg + (1)Hgq⌐̂(1)C

(1,1)
1,gq

+ (1)Hqω⌐̂(1)C
(1,1)
1,qω + (1)Hωq⌐̂(1)C

(1,1)
1,ωq ⌞ + (⩀

qi

e4
qi
⎡⌞(1)Hgω⌐̂(1)C

(1,1)
1,gω + (1)Hωg⌐̂(1)C

(1,1)
1,ωg ⌞ ,

(4.38)

where ⌐̂ denotes convolution in both x and z, and the (1)Hab combinations of (polarized)

unpolarized PDFs and unpolarized FFs are defined as,

(1)Hqq = (1) fq(x)Dq(z) + (1) fq̄(x)Dq̄(z) , (1)Hqq̄ = (1) fq(x)Dq̄(z) + (1) fq̄(x)Dq(z) ,

(1)Hqg = (1) fq(x)Dg(z) + (1) fq̄(x)Dg(z) , (1)Hqω = (1) fq(x)Dω(z) + (1) fq̄(x)Dω(z) ,

(1)Hωq = (1) fω(x)Dq(z) + (1) fω(x)Dq̄(z) , (1)Hgq = (1) fg(x)Dq(z) + (1) fg(x)Dq̄(z) ,

(1)Hgg = (1) fg(x)Dg(z) , (1)Hωω = (1) fω(x)Dω(z) ,

(1)Hgω = (1) fg(x)Dω(z) , (1)Hωg = (1) fω(x)Dg(z) ,

(1)H±qq⌐ = (1) fq(x)Dq⌐(z) ± (1) fq(x)Dq̄⌐(z) ± (1) fq̄(x)Dq⌐(z) + (1) fq̄(x)Dq̄⌐(z) .

(4.39)

With the extended AP kernels, the complete mass factorization formulae, and the explicit

finite CFs for all QED and QCD⌐QED channels in hand, we have achieved the main

computational goal of this chapter. Before turning to the numerical results, however, it is

important to establish how these new CFs relate to the known QCD results through the

Abelianization procedure, which also provides an independent check on all of the above.

4.4 Abelianization

In this section, we describe the Abelianization procedure, which provides a systematic

and efficient method to derive QED and mixed QCD⌐QED CFs directly from the known

QCD results by removing non-Abelian gluon self-interactions and replacing color factors

with electric charge factors. This serves both as an independent cross-check of the direct
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computation and as a powerful consistency test of the entire framework.

We have computed the QED and mixed QCD⌐QED CFs from scratch, reproducing the

same results via an independent Abelianization procedure [19, 20, 239, 242, 268]. This

method exploits the structural similarity between QCD and QED by identifying those

NNLO QCD diagrams that survive in the Abelian limit,where non-Abelian gluon self-

interactions are removed and color factors are replaced by appropriate electric charge

factors. By systematically isolating these contributions, one can derive the corresponding

pure QED and mixed QCD⌐QED CFs and the associated splitting functions.

The mapping rules are summarized in Table 4.2. The resulting expressions are checked

against available results for QED evolution kernels, and consistency with factorization

and renormalization group equations is verified. The full agreement between the direct

computation and the Abelianization results establishes the robustness of the approach at

NNLO accuracy and confirms the correctness of all CFs presented in the previous section.

With the Abelianization check confirming the correctness of all CFs, we are now in a pos-

ition to assess the phenomenological size of the QED and mixed QCD⌐QED corrections

relative to the known NNLO QCD predictions. This is the subject of the next section.

4.5 Phenomenology

The goal of this section is to quantify the numerical impact of the pure QED and mixed

QCD⌐QED corrections on the SFs F1 and g1 at the EIC, and to assess whether these

corrections are phenomenologically relevant at the precision level targeted by future ex-

periments. We present results as ratios to the pure QCD predictions so that the relative

size of the electromagnetic contributions is made explicit.

We now illustrate the numerical impact of our (1)C1,ab results for various centre-of-mass

energies
⌜

s for a range of x and z values. We examine the effects of pure QED and mixed
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Mapping Rule

qq(1,0) → qq(0,1) C f → Q2
eu

qg(1,0) → qω(0,1)
gq(1,0) → ωq(0,1)

qq(2,0),NS → qq(0,2),NS C f → Q2
eu,Ca → 0,T f n f → N ⊍Q2

q,T f → N Q2
eu

qg(2,0) → qω(0,2)
gq(2,0) → ωq(0,2)
gg(2,0) → ωω(0,2)
qQ(2,0) → qQ(0,2)
qb(2,0) → qb(0,2)

qq(2,0),PS → qq(0,2),PS C f → Q2
eu,T f ⊍Q2

q → N ⊍Q4
eu

qq(2,0),NS → qq(1,1) C2
f → 2 C f Q2

eu, rest color factor → 0
qQ(2,0) → qQ(1,1)

qg(2,0) → qg(1,1) C2
f → C f Q2

eu, rest color factor → 0
qg(2,0) → qω(1,1)
gq(2,0) → gq(1,1)

ωq(0,2) → ωq(1,1) N Q6
eu → C f Q4

eu

gg(2,0) → gω(1,1) C f → Q2
eu,Ca → 0

ωω(0,2) → ωg(1,1) Q4
eu → C f Q2

eu

Table 4.2: Mapping of QCD color structures to QED and mixed QCD⌐QED analogs via
Abelianization.

F1

z
LO NLOQCD NLOQCD⋉QED NNLOQCD NNLOQCD⋉QED

0.15 1.23119+4.644%⌐4.288% 1.04009+0.952%⌐1.202% 1.04266+0.865%⌐1.121% 0.99712+0.092%⌐0.176% 0.99894+0.175%⌐0.077%

0.25 0.44911+5.814%⌐5.283% 0.38139+1.341%⌐1.620% 0.38257+1.245%⌐1.532% 0.33861+0.156%⌐0.291% 0.33962+0.156%⌐0.211%

0.45 0.08062+7.564%⌐6.741% 0.07737+2.583%⌐2.825% 0.07771+2.474%⌐2.727% 0.07296+0.433%⌐0.720% 0.07329+0.393%⌐0.597%

0.6 0.02339+8.625%⌐7.611% 0.02469+3.588%⌐3.767% 0.02483+3.471%⌐3.666% 0.02463+1.031%⌐1.372% 0.02479+0.885%⌐1.234%

0.75 0.00651+10.229%⌐8.902% 0.00682+5.019%⌐5.069% 0.00687+4.894%⌐4.964% 0.00699+1.897%⌐2.294% 0.00705+1.731%⌐2.141%

Table 4.3: Values of F1 at various orders at the central scale µ2
R = µ

2
F = Q2

avg and scale
variation {µ2

R, µ
2
F} ∈ [Q2

avg⌜2,2Q2
avg] as a function of z. (See text for integration ranges of

x, y.)
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Figure 4.10: Ratio of F1 (upper panel) and g1 (lower panel) with QCD⌐QED contribu-
tions at NLO and NNLO to those with only QCD corrections at the respective order, as a
function of x at the central scale µ2

R = µ
2
F = Q2

avg for the EIC at
⌜

s = 140 GeV. Integration
ranges for y and z are indicated in the plots.
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Figure 4.11: Same as Fig. 4.10 for F1 (upper panel) and g1 (lower panel) as functions of
z.

QCD⌐QED corrections on F1 and g1, included alongside the pure QCD terms, providing

a more complete description up to O(ae as). In Fig. 4.10, the upper (lower) panel shows
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g1

z
LO NLOQCD NLOQCD⋉QED NNLOQCD NNLOQCD⋉QED

0.15 0.59417+4.356%⌐4.034% 0.45428+0.471%⌐0.741% 0.45525+0.467%⌐0.653% 0.42511+0.142%⌐0.183% 0.42599+0.237%⌐0.278%

0.25 0.22688+5.579%⌐5.080% 0.17305+0.804%⌐1.121% 0.17353+0.702%⌐1.026% 0.14799+0.154%⌐0.158% 0.14837+0.250%⌐0.268%

0.45 0.04229+7.416%⌐6.614% 0.03790+2.001%⌐2.313% 0.03806+1.888%⌐2.212% 0.03430+0.266%⌐0.373% 0.03443+0.305%⌐0.286%

0.6 0.01232+8.500%⌐7.505% 0.01236+3.017%⌐3.284% 0.01242+2.896%⌐3.178% 0.01192+0.628%⌐0.990% 0.01199+0.558%⌐0.845%

0.75 0.00341+10.116%⌐8.809% 0.00339+4.422%⌐4.583% 0.00342+4.293%⌐4.473% 0.00337+1.414%⌐1.856% 0.00340+1.245%⌐1.698%

Table 4.4: Same as Tab. 4.3 for g1.

results for F1 (g1) as a function of x, after integration of y between 0.5 and 0.9 and of z

between 0.2 and 0.85. We set µF = µR = Qavg where Q2
avg = xyavgs. In Fig. 4.11, results are

shown as a function of z, after integration of x between 0.1 and 0.8 and of y between 0.5

and 0.9. We use nf = 3 active quark and lepton flavors throughout.

In Tables 4.3 and 4.4, we present the results of F1 and g1 from pure QCD and mixed

QCD⌐QED for z = 0.15,0.25,0.45,0.6,0.75 along with percentage uncertainties from

scale variation. NLOQCD⋉QED indicates contributions at order as from QCD and ae from

QED added to LO; NNLOQCD⋉QED adds to LO the pure QCD contributions up to order

a2
s , pure QED to order a2

e , and mixed QCD⌐QED up to asae.

For F1 we use the LUXqed PDF sets [234, 269] at LO, NLO and NNLO, extended to

include QED effects. For g1 we use the BDSSV24NLO PDF set at LO and NLO, and the

BDSSV24NNLO PDF set [52] at NNLO. In both cases, the NNFF10PIp FF sets [235] are

used at the respective orders. The polarized PDFs and unpolarized FFs for photons are set

to zero throughout; polarized photon PDFs can be found in [261, 270].

We observe that the dominant contribution comes from the QCD sector, while those from

QED and mixed QCD⌐QED are generally small but not negligible, and are expected to

be comparable in size to the N3LO QCD corrections. This confirms that electromagnetic

corrections must be included for any analysis targeting the precision level of the EIC.

In this chapter, we have achieved the following. Starting from the motivation that percent-
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level precision at the EIC requires electromagnetic corrections, we enumerated all addi-

tional QED and mixed QCD⌐QED subprocesses at NLO and NNLO, extended the mass

factorization framework to include photon channels and the new AP kernels, and derived

the finite CFs for all relevant partonic channels. The Abelianization procedure provided

an independent and successful cross-check of every result. The phenomenological ana-

lysis confirms that the QED and mixed QCD⌐QED corrections are numerically small

but non-negligible, comparable in size to N3LO QCD corrections, and therefore import-

ant for precision studies at future facilities. We have also presented the complete NNLO

CFs in the MS scheme, the new time-like QED splitting functions, the polarized QED

and QCD⌐QED splitting functions, and the renormalization constant Z required for the

scheme transformation, all provided as supplementary material in [173].

Supplementary files are provided with [173], including Mathematica notebooks contain-

ing the unpolarized CFs C(i, j)I,ab and polarized CFs 1C(i, j)1,ab in the MS scheme, the required

splitting functions, and the renormalization constant Z for the scheme transformation. All

CFs are simplified to eliminate 5 functions, making all terms real-valued and continuous

throughout 0 ≤ x⋊, z⋊ ≤ 1.
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Chapter 5

Conclusion

This thesis focuses on advancing the theoretical understanding of semi-inclusive deep-

inelastic scattering (SIDIS) through the high-precision computation of higher-order ra-

diative corrections. In this work, we computated full Next-to-Next-to-Leading Order

(NNLO) corrections to SIDIS structure functions in QCD, along with extension of this

framework to include both pure Quantum Electrodynamics (QED) effects and their in-

terplay with QCD at the same order of accuracy. Taken together, these results represent

the contribution to the precision phenomenology of hadronic physics, and are directly

relevant for the physics program of the upcoming Electron-Ion Collider (EIC).

In this thesis, we demonstrate the necessity of achieving NNLO accuracy in SIDIS for

making reliable and precise theoretical predictions. In the QCD sector, we computed

the full set of two-loop virtual corrections, one-loop real-virtual interference terms, and

double-real emission contributions, working in d = 4 + ϑ. Each of these pieces individu-

ally contains ultraviolet (UV) and infrared (IR) divergences that appear as poles in ϑ. We

cancel all UV poles through renormalization of the strong coupling, and of all collinear

IR poles through mass factorization using the Altarelli-Parisi kernels at every perturbat-

ive order. The complete cancellation of UV and IR divergences at every order in coupling

constants provide a check of the entire computation. The final coefficient functions are
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finite, well-defined in the MS scheme, and expressed in terms of generalized polylogar-

ithmic functions.

A technical challenge at NNLO is the computation of Master Integrals (MIs) arising from

the double-real emission contribution, which were not available in the literature prior to

this work. We reduced all the phase-space integrals to these MIs using integration-by-

parts (IBP) identities, and derived their solutions by means of differential equations. The

system of coupled differential equations satisfied by the MIs was brought into canonical

ϑ-form through an appropriate basis transformation, after which the solutions were ob-

tained via path-ordered integration and expressed order-by-order in ϑ in terms of multiple

polylogarithms. The boundary conditions were determined in the limit (x⋊, z⋊) → (1,1),
and the integrability condition of the differential equation system provided an additional

check. This represents the first complete determination of the NNLO double-real phase-

space master integrals for SIDIS.

On the phenomenological side, we demonstrated the impact of the NNLO QCD correc-

tions to the unpolarized SIDIS structure function F1 in kinematic configurations relevant

to the EIC at
⌜

s = 140 GeV. The structure function F1 was evaluated as a convolution of

the newly computed coefficient functions with the NNPDF31 PDF sets and the NNFF10 FF

sets at the respective perturbative orders. We presented predictions for F1 as a function

of both x and z, integrating over appropriate ranges of the remaining kinematic variables.

We found that the QCD corrections are sizable over a wide range of x and z: the NLO

contribution is negative relative to LO over most of the kinematic range, and the NNLO

correction further reduces the prediction, indicating a well-behaved but non-trivial per-

turbative expansion. At large x and z, however, both NLO and NNLO corrections become

positive and dominate over the LO prediction, a behavior that depends sensitively on the

choice of PDFs, FFs, and integration regions. The dominant contribution in all cases

arises from the quark-to-quark channel coefficient function C(l)1,qq at order l = 1,2. These

phenomenological results establish the NNLO QCD framework as essential for precision

102



predictions at the EIC.

Building upon the NNLO QCD framework, we further extended the calculation to include

the effects of Quantum Electrodynamics (QED) and of the combined QCD ⌐ QED inter-

action at NNLO. This is the first complete calculation of pure QED and mixed QCD ⌐

QED coefficient functions for SIDIS at NNLO accuracy, covering both the unpolarized

and polarized sectors. The relevant partonic subprocesses at O(asae) and O(a2
e) include

virtual corrections involving both gluon and photon exchange, real-virtual interference

between QCD and QED amplitudes, double real emission with simultaneous gluon and

photon radiation, as well as photon-initiated and photon-fragmentation channels. The lat-

ter require the introduction of the photon parton distribution function of the proton and

the photon fragmentation function, which extends the collinear factorization framework

to incorporate photon in both the initial and final states.

We computed QED and mixed QCD ⌐ QED contributions in two ways. First, we per-

formed a direct calculation from scratch, treating QED corrections on the same footing

as the QCD computation and following the same approach of dimensional regularization,

IBP reduction, master integral evaluation, UV renormalization, and mass factorization.

Second, we used an Abelianization procedure, which exploits the structural similarity

between QCD and QED Feynman diagrams: by identifying those NNLO QCD diagrams

that survive in the Abelian limit, where non-Abelian gluon self-interactions are removed

and color factors are replaced by appropriate electric charge factors. One can extract the

pure QED and mixed QCD ⌐ QED contributions from the known QCD results. The com-

plete agreement between both approaches at the level of the coefficient functions provides

a cross-check of our results.

A important outcome of the QED extension is the determination of previously unknown

splitting functions and finite renormalization constants in the in QED and mixed QCD

⌐ QED sector. Specifically, the unpolarized time-like and polarized space-like Altarelli-

Parisi kernels in the QED and mixed QCD ⌐QED sectors, required for mass factorization
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at NNLO, were derived for the first time within this work using the Abelianization pro-

cedure.

The treatment of the polarized structure function g1 requires special care due to the pres-

ence of the ω5 matrix in dimensional regularization. Since ω5 cannot be defined in a fully

anticommuting manner in d ≠ 4 dimensions, we adopted Larin’s prescription, in which ω5

is expressed in terms of the Levi-Civita tensor contracted with products of Dirac matrices.

While this approach provides a consistent computation in d = 4 + ϑ dimensions, it intro-

duces a violation of the axial Ward identity that must be corrected by a finite renormaliz-

ation. The finite renormalization constants in pure QCD are well known in the literature;

however, the corresponding constants in the pure QED and mixed QCD ⌐ QED sectors

were not previously known. In this thesis, we derived these missing finite renormalization

constants explicitly for the first time, thereby completing the scheme-conversion frame-

work in the combined strong and electromagnetic sector. This ensures that the polarized

coefficient functions 1C1,ab are correctly defined in the MS scheme.

The phenomenological impact of the QED and mixed QCD ⌐ QED corrections was stud-

ied numerically for both F1 and g1 in EIC kinematics. For the unpolarized structure func-

tion F1, we used the LUXqed PDF sets extended to include QED effects. For the polarized

structure function g1, the BDSSV24NLO and BDSSV24NNLO PDF sets incorporating QED

effects were used at the respective perturbative orders. In both cases, the NNFF10PIp FF

sets were employed. The numerical results reveal that, although electromagnetic correc-

tions are formally suppressed relative to the dominant QCD contributions, their magnitude

in certain regions of phase space is comparable to that of N3LO QCD corrections. The

QED and mixed corrections modify the SIDIS structure functions at the sub-percent to

percent level. Their inclusion is found to improve the perturbative stability of the pre-

dictions and reduce the scale dependence on the renormalization and factorization scales.

This reduction in scale dependence is a direct indication that the perturbative series is

becoming better controlled as more contributions are included, and it underscores the
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necessity of incorporating electromagnetic effects for percent-level theoretical precision.

The results of this thesis are directly applicable for the experimental program of the

Electron-Ion Collider, which is designed to operate over a wide range of center-of-mass

energies and to measure SIDIS observables with unprecedented precision, particularly for

polarized beams. The NNLO QCD and QCD ⌐ QED coefficient functions derived in this

work provide the necessary theoretical input for global QCD analyses at NNLO accur-

acy, enabling more precise and reliable extractions of PDFs, helicity PDFs, and FFs for

hadrons. At NNLO accuracy, the enhanced scale stability and reduced theoretical uncer-

tainties are necessary for isolating the contributions of individual quark flavours and for

exploring the nucleon’s spin structure in kinematic regimes beyond the reach of current

experiments.

The analytical results, multiloop computational methods, and the factorization framework

developed in this thesis provide a solid foundation for future theoretical developments.

Natural directions for future work include the quark mass, which become relevant for

charm and bottom quark contributions at EIC energies; doing NNLO QCD ⌐ EW and the

eventual calculation of N3LO QCD corrections to SIDIS, which will become necessary as

experimental precision at the EIC continues to improve. The Abelianization and master

integral techniques developed here are generic and can be applied to a wide class of semi-

inclusive processes beyond SIDIS.

In conclusion, our work provides a complete NNLO unpolarized QCD and NNLO unpo-

larized and polarized QCD ⌐ QED description of SIDIS structure functions. Our work is

a step toward the high-precision theoretical accuracy that will be required to fully exploit

the experimental potential of next-generation scattering facilities, and in particular the

Electron-Ion Collider, in unravelling the fundamental dynamics of the strong and elec-

troweak interactions within the nucleon.
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Appendix A

IBP Reduction Example
A.1 Overview

This chapter demonstrates a complete example of integration-by-parts (IBP) reduction for

RV case using the LiteRed2 package in Mathematica. The code illustrates the systematic

reduction of a 1-loop and 1 emission integral family to a basis of independent master

integrals through automated IBP relations.

The IBP method is fundamental in modern perturbative quantum field theory calculations.

It utilizes the fact that total derivatives of loop integrals vanish:

⊍ ddφ
∂

∂φµ
[integrand] = 0 (A.1)

This generates algebraic relations between integrals with different powers of propagators,

allowing systematic reduction to a minimal basis.

A.2 Implementation

A.2.1 Code Listing
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Listing A.1: Mathematica code for IBP reduction using LiteRed2

1 (* Load required packages *)

2 << LiteRed2 ‘;

3

4 (* Working directory *)

5 SetDirectory[NotebookDirectory[]];

6

7 (* Dimensionality *)

8 SetDim[d];

9

10 (* Declare vectors and kinematic variables *)

11 Declare[{l1, k, q, p1}, Vector ,{Q2, x’, z’}, Number];

12

13 (* Kinematic relations *)

14 sp[p1, p1] = 0;

15 sp[p1, q] = Q2/(2 x’);

16 sp[q, q] = -Q2;

17

18 (* Definition of squared scalar products *)

19 s[a_] := sp[a, a];

20

21 (* Propagators *)

22 Pr1 = l1;

23 Pr2 = l1 - p1;

24 Pr3 = l1 + q;

25 Pr4 = l1 - p1 - q + k;

26 Pr5 = l1 - p1 + k;

27 Pr6 = l1 + q - k;

28

29 (* Cut propagators *)
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30 CPr1 := s[k];

31 CPr2 := s[k - p1 - q];

32 CPr3 := ((z’ - 1) sp[p1, q] + sp[k, p1])/sp[p1, q];

33

34 (* Define the integral family *)

35 NewDsBasis[A1, {CPr1, CPr2, CPr3,

36 s[Pr1], s[Pr2],s[Pr3], s[Pr6]},

37 {l1, k}, Directory -> "A1Dir",GenerateIBP -> True];

38

39 (* Analyze sectors with the specified cut *)

40 AnalyzeSectors[ A1,CutDs -> {1, 1, 1, 0, 0, 0, 0}];

41

42 (* Search for symmetries *)

43 FindSymmetries[A1];

44

45 (* Set options for the reduction *)

46 SetOptions[CountMIs];

47 SetOptions[SolvejSector , NMIs -> Automatic];

48

49 (* Solve the IBP system *)

50 Timing[SolvejSector[UniqueSectors[A1]]];

51

52 (* Save the LiteRed basis *)

53 Disksave[A1];

54

55 (* Display the master integrals *)

56 MIs[A1]
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A.2.2 Code Description

Package Loading and Setup

The code begins by loading the LiteRed2 package, which provides automated IBP sys-

tem generation. The working directory is set via SetDirectory and the spacetime di-

mensionality is defined as d. This working example is for one loop-one emission case in

SIDIS. I have given code for one integral family.

Kinematic Configuration

Vectors and kinematic variables are declared:

• Loop momenta: l1

• External momenta: q, p1 and k

• Scalar invariants: Q2, x⋊, z⋊

The kinematic relations specify:

p2
1 = 0 (massless external particle) (A.2)

2p1 ⋅ q =
Q2

2x⋊ (interaction kinematics) (A.3)

q2
= ⋊Q2 (spacelike momentum transfer) (A.4)

Propagator Definition

Seven propagators define the integral family topology. The first three propagators (CPr1,

CPr2, CPr3) appear in the cut specification and correspond to:

CPr1 = k2 (A.5)
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CPr2 = (k ⋊ p1 ⋊ q)2 (A.6)

CPr3 = ((z⋊ ⋊ 1)p1.q + k.p1)⌜(p1.q) (A.7)

(A.8)

and remaining 4 are actual propagators and corresponds to:

Pr1 = l1 (A.9)

Pr2 = l1 ⋊ p1 (A.10)

Pr3 = l1 + q (A.11)

Pr6 = l1 + q ⋊ k (A.12)

(A.13)

Remaining propagators required for other topologies.

Integral Family and IBP Reduction

NewDsBasis initializes the integral family A1 with:

• Cut propagators: CPr1, CPr2, CPr3

• Regular propagators: squared forms of Pr1, Pr2, Pr3, Pr6

• Loop momenta: l1

• Automatic IBP system generation via GenerateIBP -> True

AnalyzeSectors identifies topologically distinct sectors. The cut specification {1,1,1,0,0,0,0}

indicates which propagators are cut propagator (1) or actual propagator (0).
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Reduction and Output

FindSymmetries detects symmetry relations reducing problem size. SolvejSector

solves the IBP system for all unique sectors with NMIs -> Automatic determining the

number of master integrals automatically. The timing of this operation is recorded for

performance analysis.

Finally, Disksave persists the reduced basis to disk, and MIs[A1] displays the list of

independent master integrals.
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Theoretical Preliminaries
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This appendix collects the kinematic conventions, tensor decompositions, and contraction

identities used in the derivation of the deep-inelastic scattering cross sections presented

in the main text. We begin by establishing the four-momentum assignments and exact

kinematic relations for the process φ(k)+H(P)→ φ(k⋊)+X, retaining finite lepton mass mφ

and nucleon mass M throughout. The leptonic and hadronic tensors are then decomposed

in terms of structure functions, and the relevant tensor contractions are evaluated exactly.

These results are subsequently used to derive the kinematic coefficients of the structure

functions F1, F2, and g1 appearing in the double-differential cross section, including all

mass corrections of order M2⌜Q2 and m2
φ⌜Q2. The appendix concludes with the complete

cross-section formulae and consistency checks in the massless limits. The projection

113



operators used to extract the structure functions at the partonic level are discussed in

Appendix C.

B.1 Setup and Conventions

We consider the process φ(k) + H(P) → φ(k⋊) + X mediated by the exchange of a virtual

boson (photon, Z, or W±).

B.1.1 Four-momenta and masses

Pµ = (M, 0, 0, 0) (nucleon, rest frame) (B.1)

S µ = 2H (0, 0, 0, M) (longitudinal spin vector) (B.2)

kµ = (E, 0, 0, ⋊kz) (incoming lepton) (B.3)

k⋊µ = kµ ⋊ qµ (outgoing lepton) (B.4)

qµ = (ε, 0, 0, ⋊⌟⎣q⌟) (virtual photon) (B.5)

where kz =
⌟

E2 ⋊m2
φ and the spin vector satisfies

S ⋅ P = 0, S 2
= ⋊M2. (B.6)

B.1.2 Kinematic invariants

Q2
= ⋊q2

> 0 (photon virtuality) (B.7)

x =
Q2

2P ⋅ q
(Bjorken x, parton momentum fraction) (B.8)

y =
P ⋅ q
P ⋅ k

(inelasticity) (B.9)
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s = (P + k)2 = M2
+m2

φ +
Q2

xy
(CM energy2) (B.10)

Important: The relation Q2 = sxy is not exact. The correct relation is

Q2
= xy ⌝s ⋊M2

⋊m2
φ⌞ (B.11)

The approximation Q2 ≈ sxy holds only when s≫ M2,m2
φ .

B.1.3 Complete kinematic dictionary

The following dot products are exact for any M and mφ:

P ⋅ q =
Q2

2x
(B.12)

P ⋅ k =
Q2

2xy
(exact by definition of y) (B.13)

P ⋅ k⋊ = Q2(1 ⋊ y)
2xy

(B.14)

k ⋅ q = ⋊
Q2

2
(exact for any mφ) (B.15)

k⋊ ⋅ q = +Q2

2
(B.16)

k ⋅ k⋊ = m2
φ +

Q2

2
(B.17)

The lepton energy and 3-momentum in the rest frame:

E =
P ⋅ k
M
=

Q2

2Mxy
, kz =

⎦

E2 ⋊m2
φ =

Q2

2Mxy

⎦

1 ⋊ ↼2φ (B.18)

where we define the dimensionless parameter

↼2φ ≡
4M2x2y2m2

φ

Q4 (B.19)
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B.1.4 Transverse vectors

Current conservation requires all tensor structures to be transverse to qµ. Define

P̂µ = Pµ ⋊
P ⋅ q
q2 qµ = Pµ +

P ⋅ q
Q2 qµ, q ⋅ P̂ = 0 (B.20)

P̂2
= M2

+
Q2

4x2 (B.21)

Dot products with leptons:

k ⋅ P̂ = k⋊ ⋅ P̂ = Q2(2 ⋊ y)
4xy

(B.22)

B.1.5 Spin vector dot products

Using ⌟⎣q⌟ derived from k ⋅ q = ⋊Q2⌜2 exactly:

kz ⌟⎣q⌟ = Eε +
Q2

2
↢⇒ ⌟⎣q⌟ =

Q2⌜2Mx +Mxy
⌟

1 ⋊ ↼2φ
(B.23)

The exact spin-vector dot products are:

S ⋅ k = 2H Mkz =
2HQ2

2xy

⎦

1 ⋊ ↼2φ (B.24)

S ⋅ q = 2H M⌟⎣q⌟ =
2H
⌟

1 ⋊ ↼2φ
⌝

Q2

2x
+M2xy⌝ (B.25)

S ⋅ k⋊ = S ⋅ k ⋊ S ⋅ q =
⋊2H
⌟

1 ⋊ ↼2φ
⌞

Q2(1 ⋊ y)
2xy

+M2xy +
Q2↼2φ
2xy
⌞ (B.26)

Hence:
S ⋅ q
P ⋅ q

=
2H
⌟

1 ⋊ ↼2φ
⌝1 +

2M2x2y
Q2 ⌝ (B.27)
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B.2 Leptonic Tensor

For a lepton of mass mφ and helicity 2φ = ±1:

Lµε = LµεS + LµεA (B.28)

LµεS = 2 ⌝kµk⋊ε + k⋊µkε ⋊ gµε(k ⋅ k⋊ +m2
φ)⌝ (B.29)

LµεA = ⋊2i2φ ϑµεϖϱkϖk⋊ϱ (B.30)

The symmetric part LµεS contracts with symmetric Wµε structures (F1, F2 ). The antisym-

metric part LµεA contracts with antisymmetric structures g1.

B.3 Hadronic Tensor

Setting g2 = g3 = 0 (longitudinal polarization; these are suppressed by M2⌜Q2), the had-

ronic tensor is:

Wµε = T1µε F1 +
P̂µP̂ε
P ⋅ q

F2 +
iϑµεϖϱqϖS ϱ

P ⋅ q
g1 (B.31)

where the transverse metric tensor is

T1µε = ⋊gµε +
qµqε
q2 = ⋊gµε ⋊

qµqε
Q2 (B.32)
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B.3.1 Contraction rules

Since LµεS is symmetric and LµεA is antisymmetric:

LµεS ⋅W
(A)
µε = 0, LµεA ⋅W

(S )
µε = 0 (B.33)

Therefore:

• F1, F2 : contracted with LµεS only

• F3, g1: contracted with LµεA only (require 2φ ≠ 0)

B.4 Key Contractions

B.4.1 LµεS ⋅ T1µε

LµεS T1µε = 2 ⌝kµk⋊ε + k⋊µkε ⋊ gµε(k ⋅ k⋊ +m2
φ)⌝ ⌝⋊gµε ⋊

qµqε
Q2 ⌝ (B.34)

Computing term by term (using k ⋅ q = ⋊Q2⌜2, k⋊ ⋅ q = Q2⌜2, k ⋅ k⋊ = m2
φ +Q2⌜2, gµεgµε = 4):
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Term Expression Value

1 2kµk⋊ε(⋊gµε) ⋊2m2
φ ⋊Q2

2 2k⋊µkε(⋊gµε) ⋊2m2
φ ⋊Q2

3 ⋊2gµε(k ⋅ k⋊ +m2
φ)(⋊gµε) +16m2

φ + 4Q2

4 2kµk⋊ε(⋊qµqε⌜Q2) ⋊Q2⌜2

5 2k⋊µkε(⋊qµqε⌜Q2) ⋊Q2⌜2

6 ⋊2gµε(k ⋅ k⋊ +m2
φ)(⋊qµqε⌜Q2) +4m2

φ +Q2

Total 16m2
φ + 2Q2

LµεS T1µε = 16m2
φ + 2Q2 (B.35)

B.4.2 LµεS ⋅ P̂µP̂ε and T2µε

LµεS P̂µP̂ε = 4(k ⋅ P̂)(k⋊ ⋅ P̂) ⋊ 2(k ⋅ k⋊ +m2
φ)P̂

2 (B.36)

Substituting k ⋅ P̂ = k⋊ ⋅ P̂ = Q2(2 ⋊ y)⌜4xy, P̂2 = M2 +Q2⌜4x2, k ⋅ k⋊ +m2
φ = 2m2

φ +Q2⌜2:

4(k ⋅ P̂)2 =
Q4(2 ⋊ y)2

4x2y2 (B.37)

2(k ⋅ k⋊ +m2
φ)P̂

2
= 2⌝2m2

φ +
Q2

2
⌝⌝M2

+
Q2

4x2⌝

= 4m2
φM

2
+

m2
φQ2

x2 +M2Q2
+

Q4

4x2 (B.38)
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The Q4 terms combine:

Q4(2 ⋊ y)2

4x2y2 ⋊
Q4

4x2 =
Q4

4x2y2 ⌝(2 ⋊ y)2 ⋊ y2
⌝ =

Q4(1 ⋊ y)
x2y2 (B.39)

(using (2 ⋊ y)2 ⋊ y2 = 4 ⋊ 4y = 4(1 ⋊ y)). Therefore:

LµεS P̂µP̂ε =
Q4(1 ⋊ y)

x2y2 ⋊M2Q2
⋊

m2
φQ2

x2 ⋊ 4m2
φM

2 (B.40)

Dividing by P ⋅ q = Q2⌜2x:

LµεS T2µε =
2Q2(1 ⋊ y)

xy2 ⋊ 2xM2
⋊

2m2
φ

x
⋊

8xm2
φM2

Q2 (B.41)

B.4.3 LµεA ⋅ ϑµεϖϱqϖVϱ

For any vector Vϱ:

ϑµε80ϑµεϖϱ = ⋊2 ⌝↽8ϖ↽0ϱ ⋊ ↽
8
ϱ↽
0
ϖ⌞ (B.42)

LµεA ⋅
iϑµεϖϱqϖVϱ

P ⋅ q
=
(⋊2i2φ)(i)

P ⋅ q
ϑµε80ϑµεϖϱ k8k⋊0qϖVϱ

=
22φ
P ⋅ q

⋅ (⋊2) [(k ⋅ q)(k⋊ ⋅ V) ⋊ (k ⋅ V)(k⋊ ⋅ q)] (B.43)

Using k⋊ = k ⋊ q:

(k ⋅ q)(k⋊ ⋅ V) ⋊ (k ⋅ V)(k⋊ ⋅ q) = (k ⋅ q)(k ⋅ V ⋊ V ⋅ q) ⋊ (k ⋅ V)(k ⋅ q +Q2
)

= ⋊(k ⋅ q)(V ⋅ q) ⋊Q2
(k ⋅ V) (B.44)
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Substituting k ⋅ q = ⋊Q2⌜2:

(k ⋅ q)(k⋊ ⋅ V) ⋊ (k ⋅ V)(k⋊ ⋅ q) = Q2

2
(V ⋅ q) ⋊Q2

(k ⋅ V) = Q2
⌞

V ⋅ q
2
⋊ k ⋅ V⌞ (B.45)

B.5 Derivation of F1

The F1 hadronic structure is W(F1)
µε = T1µεF1. Contracting with LµεS :

LµεS W(F1)
µε = ⌝16m2

φ + 2Q2
⌞F1 (B.46)

Applying the prefactor 2⇁yϖ2⌜Q4 and factoring out 4⇁ϖ2⌜xyQ2:

The F1 coefficient in d20
dxdy ⋅

xyQ2

4⇁ϖ2ς is:

2⇁yϖ2

Q4 ⋅ (16m2
φ + 2Q2

) ⋅
xyQ2

4⇁ϖ2 =
xy2

2Q2 (16m2
φ + 2Q2

) = xy2
+

8xm2
φy2

Q2 (B.47)

Coeff. of F1 = xy2
⌞1 +

8m2
φ

Q2 ⌞ (B.48)

B.6 Derivation of F2

The F2 structure is W(F2)
µε = P̂µP̂ε⌜(P ⋅ q) ⋅ F2. Using (B.41):

LµεS W(F2)
µε = ⌞

2Q2(1 ⋊ y)
xy2 ⋊ 2xM2

⋊
2m2
φ

x
⋊

8xm2
φM2

Q2 ⌞F2 (B.49)

Applying the conversion factor xy2⌜2Q2:
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Coeff. of F2 = ⌞1 ⋊ y ⋊
x2y2M2

Q2 ⋊
m2
φy2

Q2 ⋊
4x2y4m2

φM2

Q4 ⌞ (B.50)

B.7 Derivation of g1

The g1 structure is W(g1)
µε = iϑµεϖϱqϖS ϱ⌜(P ⋅ q) ⋅ g1. Using (B.45) with Vϱ = S ϱ:

LµεA W(g1)
µε =

⋊42φ
P ⋅ q

⋅ Q2
⌞

S ⋅ q
2
⋊ S ⋅ k⌞g1

= ⋊82φx ⌞
S ⋅ q

2
⋊ S ⋅ k⌞g1 (B.51)

B.7.1 Evaluate S ⋅ q⌜2 ⋊ S ⋅ k exactly

S ⋅ q
2
⋊ S ⋅ k =

2H

2
⌟

1 ⋊ ↼2φ
⌝

Q2

2x
+M2xy⌝ ⋊

2HQ2

2xy

⎦

1 ⋊ ↼2φ

=
2H
⌟

1 ⋊ ↼2φ
⌞

Q2

4x
+

M2xy
2
⋊

Q2

2xy
(1 ⋊ ↼2φ )⌞

=
2H
⌟

1 ⋊ ↼2φ
⋅

Q2

4xy
⌞(y ⋊ 2) +

2M2x2y2

Q2 + 2↼2φ ⌞ (B.52)

Substituting back:

LµεA W(g1)
µε = ⋊82φx ⋅

2H
⌟

1 ⋊ ↼2φ
⋅

Q2

4xy
⌞(y ⋊ 2) +

2M2x2y2

Q2 + 2↼2φ ⌞g1

=
22φ2HQ2

y
⌟

1 ⋊ ↼2φ
⌞2 ⋊ y ⋊

2x2y2M2

Q2 ⋊
8x2y2m2

φM2

Q4 ⌞g1 (B.53)
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Applying conversion factor xy2⌜2Q2:

Coeff. of g1 =
2φ2H xy
⌟

1 ⋊ ↼2φ
⌞2 ⋊ y ⋊

2x2y2M2

Q2 ⋊
8x2y2m2

φM2

Q4 ⌞ (B.54)

B.8 Complete Cross-Section Formulae

B.8.1 Propagator factors ς j

Without decay widths (exact in the stable boson limit):

ςω = 1 (B.55)

ςωZ =
GF M2

Z

2
⌜

2⇁ϖe
⋅

Q2

Q2 +M2
Z

(B.56)

ςZ = ς
2
ωZ (B.57)

ςW =
1
2
⌞

GF M2
W

2
⌜

2⇁ϖe
⌞

2

⋅
Q4

(Q2 +M2
W)

2 (B.58)

B.8.2 Unpolarized cross-section

d20

dx dy
=

4⇁ϖ2
eς

xyQ2 ⌟[1 ⋊ y ⋊
x2y2M2

Q2 ⋊
m2
φy2

Q2 ⋊
4x2y4m2

φM2

Q4 ]F2 + [y2
+

8m2
φy2

Q2 ] xF1}

(B.59)

The ∓ sign: ⋊ for incoming e+ or ε̄ (2φ = +1), + for incoming e⌐ or ε (2φ = ⋊1).

B.8.3 Polarized cross-section difference

Define 10 = 0(2H = ⋊1,2φ) ⋊0(2H = +1,2φ).
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d210

dx dy
=

4⇁ϖ2
eς

xyQ2
⌟

1 ⋊ ↼2φ

⎢
⎥⎥
⟦
⎥⎥
⟦

2φ2H ⌞2 ⋊ y ⋊
2x2y2M2

Q2 ⋊
8x2y2m2

φM2

Q4 ⌞ x g1

⟦
⎥⎥
⟦
⎥⎥
⟦

(B.60)

B.9 Limits and Checks

B.9.1 Massless lepton: mφ → 0 (↼φ → 0)

d20

dxdy
→

4⇁ϖ2
eς

xyQ2 ⟧⌝1 ⋊ y ⋊
x2y2M2

Q2 ⌝F2 + y2xF1⟧ (B.61)

d210

dxdy
→

4⇁ϖ2
eς

xyQ2 ⟧2φ2H ⌝2 ⋊ y ⋊
2x2y2M2

Q2 ⌝ xg1⟧

(B.62)

B.9.2 Massless lepton and massless nucleon: mφ,M → 0

d20

dxdy
→

4⇁ϖ2
eς

xyQ2 ⟧(1 ⋊ y)F2 + y2xF1⟧ (B.63)

d210

dxdy
→

4⇁ϖ2
eς

xyQ2 {2φ2H(2 ⋊ y)xg1} (B.64)

The massless limits derived above serve as a consistency check on the general mass-

corrected formulae: setting mφ → 0 reproduces the standard target-mass-corrected expres-

sions, while the further limit M → 0 reduces to the parton-model result. The kinematic

framework established here feeds directly into the partonic calculation, where the had-
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ronic tensor is replaced by its partonic counterpart and the structure functions are extrac-

ted using the projection operators described in Appendix C.
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Appendix C

Hadronic Projectors

Contents

C.1 Projection Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

C.1.1 Basis tensors and their properties . . . . . . . . . . . . . . . . . . . 127

C.1.2 General symmetric projector . . . . . . . . . . . . . . . . . . . . . 128

C.1.3 Projector for F1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

C.1.4 Projector for F2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

C.1.5 Projector for g1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

C.1.6 Verification: P(F1) kills F2 and vice versa . . . . . . . . . . . . . . 131

C.1.7 Complete projector table . . . . . . . . . . . . . . . . . . . . . . . . 132

This appendix presents the hadronic projection operators used to extract individual struc-

ture functions directly from the hadronic tensor Wµε. Rather than solving it explicitily,

one constructs a projector Pµε(i) such that its contraction with Wµε isolates a single struc-

ture function Fi or gi while annihilating all others. We begin by introducing the symmetric
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basis tensors that span the hadronic tensor and establishing their contraction identities in

n dimensions. The projectors for F1, F2, and g1 are then derived systematically by impos-

ing orthogonality and normalization conditions, and their mutual consistency is verified

explicitly. The resulting projectors are collected in a summary table for reference. These

operators are applied in the main calculation to extract the partonic structure functions

from the perturbatively computed partonic tensor, as described in the main text. The

splitting functions that arise in the subsequent mass factorization step are collected in

Appendix D.

C.1 Projection Operators

The projection operators allow us to extract individual structure functions directly from

the hadronic tensor Wµε without solving a coupled system. The strategy is to build a

projector Pµε(i) such that

P
µε(i)Wµε = ci ⋅ Fi (or ci ⋅ gi) (C.1)

where ci is a known kinematic factor, while all other structure functions are annihilated.

C.1.1 Basis tensors and their properties

The hadronic tensor is spanned by two symmetric basis tensors:

T µε1 = ⋊gµε +
qµqε

q2 = ⋊gµε ⋊
qµqε

Q2 (C.2)

T µε2 =
P̂µP̂ε

P ⋅ q
(C.3)
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Their self-contractions in n dimensions:

T µε1 T1µε = gµεgµε ⋊
q2

Q2 ⋊
q2

Q2 +
(q2)2

Q4 = n ⋊ 1 ⋊ 1 + 1 = n ⋊ 1 (C.4)

T µε2 T2µε =
P̂4

(P ⋅ q)2
=
(M2 +Q2⌜4x2)2

(Q2⌜2x)2
=
(M2 +Q2⌜4x2)2 ⋅ 4x2

Q4 (C.5)

Crucially, the two basis tensors are orthogonal:

T µε1 T2µε =
1

P ⋅ q
⌞⋊P̂µP̂µ +

qµP̂µqεP̂ε
Q2 ⌞ =

1
P ⋅ q
⌞⋊P̂2

+
(q ⋅ P̂)2

Q2 ⌞ =
⋊P̂2

P ⋅ q
+ 0 ≠ 0 (C.6)

let us compute this carefully. Since q ⋅ P̂ = 0 by construction:

T µε1 T2µε =
1

P ⋅ q
⌝⋊gµε ⋊

qµqε

Q2 ⌝ P̂µP̂ε =
1

P ⋅ q
⌞⋊P̂2

⋊
(q ⋅ P̂)2

Q2 ⌞ =
⋊P̂2

P ⋅ q
(C.7)

This is not zero in general. However, the projectors are constructed so that the unwanted

terms cancel. The projectors use a linear combination ϖT1 + ϱT2, and ϖ, ϱ are fixed to

zero the coefficient of the unwanted structure function.

C.1.2 General symmetric projector

Any symmetric projector can be written as:

P
µε
= ϖT µε1 + ϱT µε2 (C.8)

Contracting with the symmetric hadronic tensor:

W(S )
µε = F1T1µε +

F2
P⋅q P̂µP̂ε
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P
µεW(S )

µε = ϖF1 T µε1 T1µε +
ϖF2

P ⋅ q
T µε1 P̂µP̂ε +

ϱF1

P ⋅ q
P̂µP̂εT1µε ⋅ (P ⋅ q) +

ϱF2

(P ⋅ q)2
P̂µP̂εP̂µP̂ε

= ϖF1(n ⋊ 1) +
ϖF2 P̂2

P ⋅ q
⋅ (⋊1) ⋊ ϱF1 P̂2

+ ϱF2
P̂4

(P ⋅ q)2
(C.9)

where we used T µε1 P̂µP̂ε = ⋊P̂2 (since q ⋅ P̂ = 0) and T1µεP̂µP̂ε ⋅ (P ⋅ q) = ⋊(P ⋅ q)P̂2.

C.1.3 Projector for F1

We want Pµε(F1) to give F1 and kill F2.

Condition to kill F2:

⋊
ϖP̂2

P ⋅ q
+ ϱ

P̂4

(P ⋅ q)2
= 0 ↢⇒ ϱ =

ϖP ⋅ q
P̂2

(C.10)

Condition to normalize F1:

ϖ(n⋊1)⋊ϱP̂2
= 1 ↢⇒ ϖ(n⋊1)⋊ϖP⋅q⋅

P̂2

P̂2
= 1 ↢⇒ ϖ (n⋊2) = 1 ↢⇒ ϖ =

1
n ⋊ 2

(C.11)

Hence ϱ = P ⋅ q⌜[(n ⋊ 2)P̂2] and defining T̃ µε2 = P̂µP̂ε⌜(P ⋅ q):

P
µε(F1) =

1
n ⋊ 2

⌝T µε1 +
P ⋅ q
P̂2

T̃ µε2 ⌝ =
1

n ⋊ 2
⌞⋊gµε ⋊

qµqε

Q2 +
P̂µP̂ε

P̂2
⌞ (C.12)

Verification:

P
µε(F1)W

(S )
µε =

1
n ⋊ 2

[F1(n ⋊ 1) ⋊
P̂2

P ⋅ q
⋅

P ⋅ q
P̂2
⋅ F2 ⋊ F1P̂2

⋅
1
P̂2
+ F2

P̂4

(P ⋅ q)2
⋅

P ⋅ q
P̂2
⋅

1
P ⋅ q
]

=
1

n ⋊ 2
[F1(n ⋊ 1) ⋊ F2 ⋊ F1 + F2] =

F1(n ⋊ 2)
n ⋊ 2

= F1 (C.13)
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At n = 4: Pµε(F1) = 1
2 ⌝⋊gµε ⋊ qµqε⌜Q2 + P̂µP̂ε⌜P̂2⌞.

C.1.4 Projector for F2

We want Pµε(F2) to give F2 and kill F1.

Condition to kill F1:

ϖ(n ⋊ 1) ⋊ ϱP̂2
= 0 ↢⇒ ϱ =

ϖ(n ⋊ 1)
P̂2

(C.14)

Condition to normalize F2:

⋊
ϖP̂2

P ⋅ q
+ϱ

P̂4

(P ⋅ q)2
= 1 ↢⇒ ⋊

ϖP̂2

P ⋅ q
+
ϖ(n ⋊ 1)P̂2

(P ⋅ q)
= 1 ↢⇒

ϖP̂2(n ⋊ 2)
P ⋅ q

= 1 ↢⇒ ϖ =
P ⋅ q

(n ⋊ 2)P̂2

(C.15)

Hence:

P
µε(F2) =

P ⋅ q
(n ⋊ 2)P̂2

⌞T µε1 +
(n ⋊ 1) P̂µP̂ε

P̂2
⌞ (C.16)

In terms of Q2, x, M using P ⋅ q = Q2⌜2x and P̂2 = M2 +Q2⌜4x2:

ϖ =
Q2⌜2x

(n ⋊ 2)(M2 +Q2⌜4x2)
, ϱ =

(n ⋊ 1)Q2⌜2x
(n ⋊ 2)(M2 +Q2⌜4x2)2

(C.17)

Massless nucleon limit M → 0:

P̂2
→

Q2

4x2 , ϖ→
Q2⌜2x

(n ⋊ 2)Q2⌜4x2 =
2x
(n ⋊ 2)

, Pµε(F2) →
2x

n ⋊ 2
⌝T µε1 +

4x2(n ⋊ 1)
Q2 P̂µP̂ε⌝

(C.18)
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C.1.5 Projector for g1

The g1 projector uses the antisymmetric tensor with S instead of P:

AµεS =
i ϑµεϖϱqϖS ϱ

P ⋅ q
(C.19)

Self-contraction of AS :

AµεS ASµε =
2(q2S 2 ⋊ (S ⋅ q)2)

(P ⋅ q)2
=

2(⋊Q2(⋊M2) ⋊ (S ⋅ q)2)
(P ⋅ q)2

=
2(Q2M2 ⋊ (S ⋅ q)2)

(P ⋅ q)2
(C.20)

Contraction AµεS W(g1)
µε :

AµεS ⋅
iϑµεϖϱqϖS ϱ

P ⋅ q
g1 =

Q2M2 ⋊ (S ⋅ q)2

(P ⋅ q)2
⋅ (⋊2)g1 (C.21)

The g1 projector:

P
µε(g1) =

⋊i ϑµεϖϱqϖPϱ
(n ⋊ 2)(n ⋊ 3)P ⋅ q

(C.22)

C.1.6 Verification: P(F1) kills F2 and vice versa

To ensure the consistency of the projection operators, we verify their orthogonality by

applying them to the corresponding hadronic tensors.

P(F1) applied to W(F2):

P
µε(F1) ⋅

P̂µP̂ε
P ⋅ q

=
1

n ⋊ 2
⌝T µε1 +

P ⋅ q
P̂2

T̃ µε2 ⌝
P̂µP̂ε
P ⋅ q

=
1

n ⋊ 2
⌞

T µε1 P̂µP̂ε
P ⋅ q

+
P̂4

(P ⋅ q)P̂2
⌞

=
1

n ⋊ 2
⌞
⋊P̂2

P ⋅ q
+

P̂2

P ⋅ q
⌞ = 0 (C.23)
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P(F2) applied to W(F1) = T1µεF1:

P
µε(F2) ⋅ T1µε =

P ⋅ q
(n ⋊ 2)P̂2

⌝T µε1 T1µε +
(n ⋊ 1)

P̂2
P̂µP̂εT1µε⌝

=
P ⋅ q

(n ⋊ 2)P̂2
⌞(n ⋊ 1) +

(n ⋊ 1)(⋊P̂2)

P̂2
⌞

=
P ⋅ q

(n ⋊ 2)P̂2
⋅ (n ⋊ 1)(1 ⋊ 1) = 0 (C.24)

C.1.7 Complete projector table

SF Projector Pµε Type

F1
1

n ⋊ 2
⌞⋊gµε ⋊

qµqε

Q2 +
P̂µP̂ε

P̂2
⌞ Symmetric

F2
P⋅q

(n ⋊ 2)P̂2
⌞⋊gµε ⋊

qµqε

Q2 +
(n ⋊ 1)P̂µP̂ε

P̂2
⌞ Symmetric

g1
⋊i ϑµεϖϱqϖPϱ

(n ⋊ 2)(n ⋊ 3)P⋅q
Antisymmetric

The projectors presented here are valid in n = 4 + ϑ dimensions, which is essential for

their use within dimensional regularization. At n = 4 they reduce to the familiar four-

dimensional expressions, but the n-dimensional forms must be retained throughout the

intermediate steps of the calculation to correctly capture the ϑ-dependent terms that con-

tribute after mass factorization. The splitting functions that enter the mass factorization

kernels (1)4 are listed in Appendix D.
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Appendix D

Splitting Functions

Contents

D.1 Space-like Unpolarised Splitting Functions . . . . . . . . . . . . . . . . . . 134

D.2 Space-like Polarised Splitting Functions . . . . . . . . . . . . . . . . . . . 137

D.3 Time-like Unpolarised Splitting Functions . . . . . . . . . . . . . . . . . . 140

D.4 Z-Factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

This appendix collects the space-like unpolarised and polarised and time-like unpolar-

ised splitting functions that enter the mass factorization procedure and the transforma-

tion between renormalization schemes. The splitting functions are organized according

to their perturbative order in the strong coupling as and the electromagnetic coupling

ae, with the superscript notation P(i, j) denoting i powers of as and j powers of ae. We

list separately the unpolarized space-like splitting functions in Section D.1, the polarized

space-like splitting functions in Section D.2, and the time-like unpolarized splitting func-

tions in Section D.3. The appendix concludes with the finite renormalization constants Zab

that govern the transformation of splitting and coefficient functions from the Larin scheme

to the MS scheme. These quantities enter directly into the construction of the physical
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coefficient functions discussed in the main text. The sector decomposition identities used

in evaluating the phase-space integrals over these kernels are presented in Appendix E.

D.1 Space-like Unpolarised Splitting Functions

P(1,0)gg = CA

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 16 +
22
3
↽(1 ⋊ x) +

8
1 ⋊ x

+
8
x
+ 8x ⋊ 8x2

⟦
⎥⎥
⟦
⎥⎥
⟦

⋊
8
3
↽(1 ⋊ x)nFTF (D.1)

P(1,0)gq = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 8 +
8
x
+ 4x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.2)

P(1,0)qg =

⎢
⎥⎥
⟦
⎥⎥
⟦

2 ⋊ 4x + 4x2
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.3)

P(1,0)qq = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 6↽(1 ⋊ x) +
8

1 ⋊ x
⋊ 4x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.4)

P(0,1)ωω =⩀ e2
f

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊
8
3
↽(1 ⋊ x)

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.5)

P(0,1)ωq = e2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 8 +
8
x
+ 4x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.6)

P(0,1)qω = e2
q N
⎢
⎥⎥
⟦
⎥⎥
⟦

4 ⋊ 8x + 8x2
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.7)

P(0,1)qq = e2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 6↽(1 ⋊ x) +
8

1 ⋊ x
⋊ 4x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.8)

P(1,1)qg = e2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

28 ⋊ 58x + 40x2
⋊ 892 + 16x92 ⋊ 16x292 + 16x ln(1 ⋊ x) ⋊ 16x2 ln(1 ⋊ x)

+ 4 ln2
(1 ⋊ x) ⋊ 8x ln2

(1 ⋊ x) + 8x2 ln2
(1 ⋊ x) + 6 ln x ⋊ 8x ln x + 16x2 ln x

⋊ 8 ln(1 ⋊ x) ln x + 16x ln(1 ⋊ x) ln x ⋊ 16x2 ln(1 ⋊ x) ln x + 2 ln2 x ⋊ 4x ln2 x
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+ 8x2 ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.9)

P(1,1)qω = CFe2
qN
⎢
⎥⎥
⟦
⎥⎥
⟦

56 ⋊ 116x + 80x2
⋊ 1692 + 32x92 ⋊ 32x292 + 32x ln(1 ⋊ x) ⋊ 32x2 ln(1 ⋊ x)

+ 8 ln2
(1 ⋊ x) ⋊ 16x ln2

(1 ⋊ x) + 16x2 ln2
(1 ⋊ x) + 12 ln x ⋊ 16x ln x + 32x2 ln x

⋊ 16 ln(1 ⋊ x) ln x + 32x ln(1 ⋊ x) ln x ⋊ 32x2 ln(1 ⋊ x) ln x + 4 ln2 x ⋊ 8x ln2 x

+ 16x2 ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.10)

P(1,1)qq,NS = CFe2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 80 + 6↽(1 ⋊ x) + 80x ⋊ 48↽(1 ⋊ x)92 + 96↽(1 ⋊ x)93 ⋊
48 ln x
1 ⋊ x

⋊ 32x ln x

+ 32 ln(1 ⋊ x) ln x ⋊
64 ln(1 ⋊ x) ln x

1 ⋊ x
+ 32x ln(1 ⋊ x) ln x ⋊ 8 ln2 x ⋊ 8x ln2 x

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.11)

P(1,1)qq̄ = CFe2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

64 ⋊ 64x + 3292 ⋊ 32x92 ⋊
6492
1 + x

+ 64Li2(⋊x) ⋊ 64xLi2(⋊x) ⋊
128Li2(⋊x)

1 + x

+ 32 ln x + 32x ln x ⋊ 16 ln2 x + 16x ln2 x +
32 ln2 x
1 + x

+ 64 ln x ln(1 + x)

⋊ 64x ln x ln(1 + x) ⋊
128 ln x ln(1 + x)

1 + x

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.12)

P(1,1)qq, S = 0 (D.13)

P(2,0)qg = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

28 ⋊ 58x + 40x2
⋊ 892 + 16x92 ⋊ 16x292 + 16x ln(1 ⋊ x) ⋊ 16x2 ln(1 ⋊ x)

+ 4 ln2
(1 ⋊ x) ⋊ 8x ln2

(1 ⋊ x) + 8x2 ln2
(1 ⋊ x) + 6 ln x ⋊ 8x ln x + 16x2 ln x

⋊ 8 ln(1 ⋊ x) ln x + 16x ln(1 ⋊ x) ln x ⋊ 16x2 ln(1 ⋊ x) ln x + 2 ln2 x ⋊ 4x ln2 x

+ 8x2 ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

+CA

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 8 +
80
9x
+ 100x ⋊

872
9

x2
⋊ 16x92 ⋊ 8Li2(⋊x) ⋊ 16xLi2(⋊x)

⋊ 16x2Li2(⋊x) ⋊ 16x ln(1 ⋊ x) + 16x2 ln(1 ⋊ x) ⋊ 4 ln2
(1 ⋊ x) + 8x ln2

(1 ⋊ x)
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⋊ 8x2 ln2
(1 ⋊ x) + 4 ln x + 32x ln x +

176
3

x2 ln x ⋊ 4 ln2 x ⋊ 8x ln2 x ⋊ 8 ln x ln(1 + x)

⋊ 16x ln x ln(1 + x) ⋊ 16x2 ln x ln(1 + x)
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.14)

P(2,0)qq,NS = CFnFTF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊
16
9
⋊

4
3
↽(1 ⋊ x) ⋊

160
9(1 ⋊ x)

+
176
9

x ⋊
32
3
↽(1 ⋊ x)92 +

16
3

ln x ⋊
32 ln x

3(1 ⋊ x)

+
16
3

x ln x
⟦
⎥⎥
⟦
⎥⎥
⟦

+C2
F

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 40 + 3↽(1 ⋊ x) + 40x ⋊ 24↽(1 ⋊ x)92 + 48↽(1 ⋊ x)93 ⋊
24 ln x
1 ⋊ x

⋊ 16x ln x + 16 ln(1 ⋊ x) ln x ⋊
32 ln(1 ⋊ x) ln x

1 ⋊ x
+ 16x ln(1 ⋊ x) ln x ⋊ 4 ln2 x ⋊ 4x ln2 x

⟦
⎥⎥
⟦
⎥⎥
⟦

+CACF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊
316
9
+

17
3
↽(1 ⋊ x) +

536
9(1 ⋊ x)

⋊
220
9

x + 892 +
88
3
↽(1 ⋊ x)92 ⋊

1692
1 ⋊ x

+ 8x92

⋊ 24↽(1 ⋊ x)93 ⋊
20
3

ln x +
88 ln x

3(1 ⋊ x)
⋊

20
3

x ln x ⋊ 4 ln2 x +
8 ln2 x
1 ⋊ x

⋊ 4x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.15)

P(2,0)qq̄ = C2
F

⎢
⎥⎥
⟦
⎥⎥
⟦

32 ⋊ 32x + 1692 ⋊ 16x92 ⋊
3292
1 + x

+ 32Li2(⋊x) ⋊ 32xLi2(⋊x) ⋊
64Li2(⋊x)

1 + x

+ 16 ln x + 16x ln x ⋊ 8 ln2 x + 8x ln2 x +
16 ln2 x
1 + x

+ 32 ln x ln(1 + x) ⋊ 32x ln x ln(1 + x)

⋊
64 ln x ln(1 + x)

1 + x

⟦
⎥⎥
⟦
⎥⎥
⟦

+CACF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 16 + 16x ⋊ 892 + 8x92 +
1692
1 + x

⋊ 16Li2(⋊x) + 16xLi2(⋊x)

+
32Li2(⋊x)

1 + x
⋊ 8 ln x ⋊ 8x ln x + 4 ln2 x ⋊ 4x ln2 x ⋊

8 ln2 x
1 + x

⋊ 16 ln x ln(1 + x)

+ 16x ln x ln(1 + x) +
32 ln x ln(1 + x)

1 + x

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.16)

P(2,0)qq, S = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 8 +
80
9x
+ 24x ⋊

224
9

x2
+ 4 ln x + 20x ln x +

32
3

x2 ln x ⋊ 4 ln2 x ⋊ 4x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.17)

P(0,2)qω = e4
qN
⎢
⎥⎥
⟦
⎥⎥
⟦

56 ⋊ 116x + 80x2
⋊ 1692 + 32x92 ⋊ 32x292 + 32x ln(1 ⋊ x) ⋊ 32x2 ln(1 ⋊ x)

+ 8 ln2
(1 ⋊ x) ⋊ 16x ln2

(1 ⋊ x) + 16x2 ln2
(1 ⋊ x) + 12 ln x ⋊ 16x ln x + 32x2 ln x
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⋊ 16 ln(1 ⋊ x) ln x + 32x ln(1 ⋊ x) ln x ⋊ 32x2 ln(1 ⋊ x) ln x + 4 ln2 x ⋊ 8x ln2 x + 16x2 ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.18)

P(0,2)qq,NS = e2
q ⩀ e2

f

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊
16
9
⋊

4
3
↽(1 ⋊ x) ⋊

160
9(1 ⋊ x)

+
176

9
x ⋊

32
3
↽(1 ⋊ x)92 +

16
3

ln x ⋊
32 ln x

3(1 ⋊ x)

+
16
3

x ln x
⟦
⎥⎥
⟦
⎥⎥
⟦

+ e4
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 40 + 3↽(1 ⋊ x) + 40x ⋊ 24↽(1 ⋊ x)92 + 48↽(1 ⋊ x)93 ⋊
24 ln x
1 ⋊ x

⋊ 16x ln x + 16 ln(1 ⋊ x) ln x ⋊
32 ln(1 ⋊ x) ln x

1 ⋊ x
+ 16x ln(1 ⋊ x) ln x ⋊ 4 ln2 x ⋊ 4x ln2 x

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.19)

P(0,2)qq̄ = e4
q

⎢
⎥⎥
⟦
⎥⎥
⟦

32 ⋊ 32x + 1692 ⋊ 16x92 ⋊
3292
1 + x

+ 32Li2(⋊x) ⋊ 32xLi2(⋊x) ⋊
64Li2(⋊x)

1 + x

+ 16 ln x + 16x ln x ⋊ 8 ln2 x + 8x ln2 x +
16 ln2 x
1 + x

+ 32 ln x ln(1 + x) ⋊ 32x ln x ln(1 + x)

⋊
64 ln x ln(1 + x)

1 + x

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.20)

P(0,2)qq, S = e4
qN
⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 16 +
160
9x
+ 48x ⋊

448
9

x2
+ 8 ln x + 40x ln x +

64
3

x2 ln x ⋊ 8 ln2 x ⋊ 8x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.21)

D.2 Space-like Polarised Splitting Functions

1P(1,0)gg = CA

⎢
⎥⎥
⟦
⎥⎥
⟦

8 +
22
3
↽(1 ⋊ x) +

8
1 ⋊ x

⋊ 16x
⟦
⎥⎥
⟦
⎥⎥
⟦

⋊
8
3
↽(1 ⋊ x)nFTF (D.22)

1P(1,0)gq = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

8 ⋊ 4x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.23)

1P(1,0)qg =

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 2 + 4x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.24)
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1P(1,0)qq = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 6↽(1 ⋊ x) +
8

1 ⋊ x
⋊ 4x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.25)

1P(0,1)ωω =⩀ e2
f

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊
8
3
↽(1 ⋊ x)

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.26)

1P(0,1)ωq = e2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

8 ⋊ 4x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.27)

1P(0,1)qω = e2
q N
⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 8x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.28)

1P(0,1)qq = e2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 6↽(1 ⋊ x) +
8

1 ⋊ x
⋊ 4x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.29)

1P(1,1)qg = e2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

4 + 6x + 892 ⋊ 16x92 + 16 ln(1 ⋊ x) ⋊ 16x ln(1 ⋊ x) ⋊ 4 ln2
(1 ⋊ x) + 8x ln2

(1 ⋊ x)

⋊ 2 ln x + 32x ln x + 8 ln(1 ⋊ x) ln x ⋊ 16x ln(1 ⋊ x) ln x ⋊ 2 ln2 x + 4x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.30)

1P(1,1)qω = CFe2
qN
⎢
⎥⎥
⟦
⎥⎥
⟦

8 + 12x + 1692 ⋊ 32x92 + 32 ln(1 ⋊ x) ⋊ 32x ln(1 ⋊ x) ⋊ 8 ln2
(1 ⋊ x)

+ 16x ln2
(1 ⋊ x) ⋊ 4 ln x + 64x ln x + 16 ln(1 ⋊ x) ln x ⋊ 32x ln(1 ⋊ x) ln x ⋊ 4 ln2 x

+ 8x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.31)

1P(1,1)qq,NS = CFe2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 80 + 6↽(1 ⋊ x) + 80x ⋊ 48↽(1 ⋊ x)92 + 96↽(1 ⋊ x)93 ⋊
48 ln x
1 ⋊ x

⋊ 32x ln x

+ 32 ln(1 ⋊ x) ln x ⋊
64 ln(1 ⋊ x) ln x

1 ⋊ x
+ 32x ln(1 ⋊ x) ln x ⋊ 8 ln2 x ⋊ 8x ln2 x

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.32)

1P(1,1)qq̄ = CFe2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 64 + 64x ⋊ 3292 + 32x92 +
6492
1 + x

⋊ 64Li2(⋊x) + 64xLi2(⋊x) +
128Li2(⋊x)

1 + x

⋊ 32 ln x ⋊ 32x ln x + 16 ln2 x ⋊ 16x ln2 x ⋊
32 ln2 x
1 + x

⋊ 64 ln x ln(1 + x) + 64x ln x ln(1 + x)
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+
128 ln x ln(1 + x)

1 + x

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.33)

1P(1,1)qq, S = 0 (D.34)

1P(2,0)qg = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

4 + 6x + 892 ⋊ 16x92 + 16 ln(1 ⋊ x) ⋊ 16x ln(1 ⋊ x) ⋊ 4 ln2
(1 ⋊ x) + 8x ln2

(1 ⋊ x)

⋊ 2 ln x + 32x ln x + 8 ln(1 ⋊ x) ln x ⋊ 16x ln(1 ⋊ x) ln x ⋊ 2 ln2 x + 4x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

+CA

⎢
⎥⎥
⟦
⎥⎥
⟦

48 ⋊ 44x ⋊ 892 ⋊ 8Li2(⋊x) ⋊ 16xLi2(⋊x) ⋊ 16 ln(1 ⋊ x) + 16x ln(1 ⋊ x)

+ 4 ln2
(1 ⋊ x) ⋊ 8x ln2

(1 ⋊ x) + 4 ln x + 32x ln x ⋊ 4 ln2 x ⋊ 8x ln2 x ⋊ 8 ln x ln(1 + x)

⋊ 16x ln x ln(1 + x)
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.35)

1P(2,0)qq,NS = CFnFTF

⎢
⎥⎥
⟦
⎥⎥
⟦

176
9
⋊

4
3
↽(1 ⋊ x) ⋊

160
9(1 ⋊ x)

⋊
16
9

x ⋊
32
3
↽(1 ⋊ x)92 +

16
3

ln x ⋊
32 ln x

3(1 ⋊ x)

+
16
3

x ln x
⟦
⎥⎥
⟦
⎥⎥
⟦

+C2
F

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 40 + 3↽(1 ⋊ x) + 40x ⋊ 24↽(1 ⋊ x)92 + 48↽(1 ⋊ x)93 ⋊
24 ln x
1 ⋊ x

⋊ 16x ln x + 16 ln(1 ⋊ x) ln x ⋊
32 ln(1 ⋊ x) ln x

1 ⋊ x
+ 16x ln(1 ⋊ x) ln x ⋊ 4 ln2 x ⋊ 4x ln2 x

⟦
⎥⎥
⟦
⎥⎥
⟦

+CACF

⎢
⎥⎥
⟦
⎥⎥
⟦

212
9
+

17
3
↽(1 ⋊ x) +

536
9(1 ⋊ x)

⋊
748

9
x + 892 +

88
3
↽(1 ⋊ x)92 ⋊

1692
1 ⋊ x

+ 8x92

⋊ 24↽(1 ⋊ x)93 ⋊
20
3

ln x +
88 ln x

3(1 ⋊ x)
⋊

20
3

x ln x ⋊ 4 ln2 x +
8 ln2 x
1 ⋊ x

⋊ 4x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.36)

1P(2,0)qq̄ = CACF

⎢
⎥⎥
⟦
⎥⎥
⟦

16 ⋊ 16x + 892 ⋊ 8x92 ⋊
1692
1 + x

+ 16Li2(⋊x) ⋊ 16xLi2(⋊x) ⋊
32Li2(⋊x)

1 + x

+ 8 ln x + 8x ln x ⋊ 4 ln2 x + 4x ln2 x +
8 ln2 x
1 + x

+ 16 ln x ln(1 + x) ⋊ 16x ln x ln(1 + x)

⋊
32 ln x ln(1 + x)

1 + x

⟦
⎥⎥
⟦
⎥⎥
⟦

+C2
F

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 32 + 32x ⋊ 1692 + 16x92 +
3292
1 + x

⋊ 32Li2(⋊x) + 32xLi2(⋊x)

+
64Li2(⋊x)

1 + x
⋊ 16 ln x ⋊ 16x ln x + 8 ln2 x ⋊ 8x ln2 x ⋊

16 ln2 x
1 + x

⋊ 32 ln x ln(1 + x)
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+ 32x ln x ln(1 + x) +
64 ln x ln(1 + x)

1 + x

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.37)

1P(2,0)qq, S = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

4 ⋊ 4x ⋊ 4 ln x + 12x ln x ⋊ 4 ln2 x ⋊ 4x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.38)

1P(0,2)qω = e4
qN
⎢
⎥⎥
⟦
⎥⎥
⟦

8 + 12x + 1692 ⋊ 32x92 + 32 ln(1 ⋊ x) ⋊ 32x ln(1 ⋊ x) ⋊ 8 ln2
(1 ⋊ x) + 16x ln2

(1 ⋊ x)

⋊ 4 ln x + 64x ln x + 16 ln(1 ⋊ x) ln x ⋊ 32x ln(1 ⋊ x) ln x ⋊ 4 ln2 x + 8x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.39)

1P(0,2)qq,NS = e2
q ⩀ e2

f

⎢
⎥⎥
⟦
⎥⎥
⟦

176
9
⋊

4
3
↽(1 ⋊ x) ⋊

160
9(1 ⋊ x)

⋊
16
9

x ⋊
32
3
↽(1 ⋊ x)92 +

16
3

ln x ⋊
32 ln x

3(1 ⋊ x)

+
16
3

x ln x
⟦
⎥⎥
⟦
⎥⎥
⟦

+ e4
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 40 + 3↽(1 ⋊ x) + 40x ⋊ 24↽(1 ⋊ x)92 + 48↽(1 ⋊ x)93 ⋊
24 ln x
1 ⋊ x

⋊ 16x ln x + 16 ln(1 ⋊ x) ln x ⋊
32 ln(1 ⋊ x) ln x

1 ⋊ x
+ 16x ln(1 ⋊ x) ln x ⋊ 4 ln2 x ⋊ 4x ln2 x

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.40)

1P(0,2)qq̄ = e4
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 32 + 32x ⋊ 1692 + 16x92 +
3292
1 + x

⋊ 32Li2(⋊x) + 32xLi2(⋊x) +
64Li2(⋊x)

1 + x

⋊ 16 ln x ⋊ 16x ln x + 8 ln2 x ⋊ 8x ln2 x ⋊
16 ln2 x
1 + x

⋊ 32 ln x ln(1 + x) + 32x ln x ln(1 + x)

+
64 ln x ln(1 + x)

1 + x

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.41)

1P(0,2)qq, S = e4
qN
⎢
⎥⎥
⟦
⎥⎥
⟦

8 ⋊ 8x ⋊ 8 ln x + 24x ln x ⋊ 8 ln2 x ⋊ 8x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.42)

D.3 Time-like Unpolarised Splitting Functions

P̃(1,0)gg = CA

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 16 +
22
3
↽(1 ⋊ z) +

8
1 ⋊ z

+
8
z
+ 8z ⋊ 8z2

⟦
⎥⎥
⟦
⎥⎥
⟦

⋊
8
3
↽(1 ⋊ z)nFTF (D.43)
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P̃(1,0)gq = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 8 +
8
z
+ 4z
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.44)

P̃(1,0)qg =

⎢
⎥⎥
⟦
⎥⎥
⟦

2 ⋊ 4z + 4z2
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.45)

P̃(1,0)qq = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 6↽(1 ⋊ z) +
8

1 ⋊ z
⋊ 4z
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.46)

P̃(0,1)ωω =⩀ e2
f

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊
8
3
↽(1 ⋊ z)

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.47)

P̃(0,1)ωq = e2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 8 +
8
z
+ 4z
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.48)

P̃(0,1)qω = e2
q N
⎢
⎥⎥
⟦
⎥⎥
⟦

4 ⋊ 8z + 8z2
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.49)

P̃(0,1)qq = e2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 6↽(1 ⋊ z) +
8

1 ⋊ z
⋊ 4z
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.50)

P̃(1,1)gq = CFe2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 12892 ⋊
12892

z
⋊ 6492z + 36z ⋊ 128Li2(1 ⋊ z) +

128Li2(1 ⋊ z)
z

+ 64zLi2(1 ⋊ z)

+ 16z ln(1 ⋊ z) ⋊ 16 ln2
(1 ⋊ z) +

16 ln2
(1 ⋊ z)
z

+ 8z ln2
(1 ⋊ z) ⋊ 64 ln z + 4z ln z

⋊ 64 ln(1 ⋊ z) ln z +
64 ln(1 ⋊ z) ln z

z
+ 32z ln(1 ⋊ z) ln z + 8 ln2 z ⋊ 4z ln2 z

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.51)

P̃(1,1)ωq = CFe2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 12892 ⋊
12892

z
⋊ 6492z + 36z ⋊ 128Li2(1 ⋊ z) +

128Li2(1 ⋊ z)
z

+ 64zLi2(1 ⋊ z)

+ 16z ln(1 ⋊ z) ⋊ 16 ln2
(1 ⋊ z) +

16 ln2
(1 ⋊ z)
z

+ 8z ln2
(1 ⋊ z) ⋊ 64 ln z + 4z ln z

⋊ 64 ln(1 ⋊ z) ln z +
64 ln(1 ⋊ z) ln z

z
+ 32z ln(1 ⋊ z) ln z + 8 ln2 z ⋊ 4z ln2 z

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.52)

P̃(1,1)qq,NS = CFe2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 80 + 6↽(1 ⋊ z) ⋊ 48↽(1 ⋊ z)92 + 96↽(1 ⋊ z)93 + 80z ⋊ 80 ln z +
48 ln z
1 ⋊ z

⋊ 48z ln z
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⋊ 32 ln(1 ⋊ z) ln z +
64 ln(1 ⋊ z) ln z

1 ⋊ z
⋊ 32z ln(1 ⋊ z) ln z + 40 ln2 z ⋊

64 ln2 z
1 ⋊ z

+ 40z ln2 z
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.53)

P̃(1,1)qq̄ = CFe2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

64 + 3292 ⋊ 64z ⋊ 3292z ⋊
6492
1 + z

+ 64Li2(⋊z) ⋊ 64zLi2(⋊z) ⋊
128Li2(⋊z)

1 + z

+ 32 ln z + 32z ln z ⋊ 16 ln2 z + 16z ln2 z +
32 ln2 z
1 + z

+ 64 ln z ln(1 + z) ⋊ 64z ln z ln(1 + z)

⋊
128 ln z ln(1 + z)

1 + z

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.54)

P̃(1,1)qq, S = 0 (D.55)

P̃(2,0)gq = C2
F

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 12892 ⋊
12892

z
⋊ 6492z + 36z ⋊ 128Li2(1 ⋊ z) +

128Li2(1 ⋊ z)
z

+ 64zLi2(1 ⋊ z)

+ 16z ln(1 ⋊ z) ⋊ 16 ln2
(1 ⋊ z) +

16 ln2
(1 ⋊ z)
z

+ 8z ln2
(1 ⋊ z) ⋊ 64 ln z + 4z ln z

⋊ 64 ln(1 ⋊ z) ln z +
64 ln(1 ⋊ z) ln z

z
+ 32z ln(1 ⋊ z) ln z + 8 ln2 z ⋊ 4z ln2 z

⟦
⎥⎥
⟦
⎥⎥
⟦

+CACF

⎢
⎥⎥
⟦
⎥⎥
⟦

40 ⋊ 9692 +
136
9z
+

12892
z
⋊ 8z + 6492z ⋊

352
9

z2
+ 128Li2(1 ⋊ z) ⋊

128Li2(1 ⋊ z)
z

⋊ 64zLi2(1 ⋊ z) + 32Li2(⋊z) +
32Li2(⋊z)

z
+ 16zLi2(⋊z) ⋊ 16z ln(1 ⋊ z) + 16 ln2

(1 ⋊ z)

⋊
16 ln2

(1 ⋊ z)
z

⋊ 8z ln2
(1 ⋊ z) + 64 ln z ⋊

48 ln z
z
+ 72z ln z +

64
3

z2 ln z + 32 ln(1 ⋊ z) ln z

⋊
32 ln(1 ⋊ z) ln z

z
⋊ 16z ln(1 ⋊ z) ln z ⋊ 16 ln2 z ⋊

32 ln2 z
z
⋊ 24z ln2 z + 32 ln z ln(1 + z)

+
32 ln z ln(1 + z)

z
+ 16z ln z ln(1 + z)

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.56)

P̃(2,0)qq,NS = CFnFTF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊
16
9
⋊

4
3
↽(1 ⋊ z) ⋊

32
3
↽(1 ⋊ z)92 ⋊

160
9(1 ⋊ z)

+
176
9

z +
16
3

ln z ⋊
32 ln z

3(1 ⋊ z)
+

16
3

z ln z
⟦
⎥⎥
⟦
⎥⎥
⟦

+CACF

⎢
⎥⎥
⟦
⎥⎥
⟦

212
9
+

17
3
↽(1 ⋊ z) + 892 +

88
3
↽(1 ⋊ z)92 ⋊ 24↽(1 ⋊ z)93 +

536
9(1 ⋊ z)

⋊
1692
1 ⋊ z

⋊
748
9

z

+ 892z ⋊
20
3

ln z +
88 ln z

3(1 ⋊ z)
⋊

20
3

z ln z ⋊ 4 ln2 z +
8 ln2 z
1 ⋊ z

⋊ 4z ln2 z
⟦
⎥⎥
⟦
⎥⎥
⟦
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+C2
F

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 40 + 3↽(1 ⋊ z) ⋊ 24↽(1 ⋊ z)92 + 48↽(1 ⋊ z)93 + 40z ⋊ 40 ln z +
24 ln z
1 ⋊ z

⋊ 24z ln z

⋊ 16 ln(1 ⋊ z) ln z +
32 ln(1 ⋊ z) ln z

1 ⋊ z
⋊ 16z ln(1 ⋊ z) ln z + 20 ln2 z ⋊

32 ln2 z
1 ⋊ z

+ 20z ln2 z
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.57)

P̃(2,0)qq̄ = C2
F

⎢
⎥⎥
⟦
⎥⎥
⟦

32 + 1692 ⋊ 32z ⋊ 1692z ⋊
3292
1 + z

+ 32Li2(⋊z) ⋊ 32zLi2(⋊z) ⋊
64Li2(⋊z)

1 + z

+ 16 ln z + 16z ln z ⋊ 8 ln2 z + 8z ln2 z +
16 ln2 z
1 + z

+ 32 ln z ln(1 + z) ⋊ 32z ln z ln(1 + z)

⋊
64 ln z ln(1 + z)

1 + z

⟦
⎥⎥
⟦
⎥⎥
⟦

+CACF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 16 ⋊ 892 + 16z + 892z +
1692
1 + z

⋊ 16Li2(⋊z) + 16zLi2(⋊z)

+
32Li2(⋊z)

1 + z
⋊ 8 ln z ⋊ 8z ln z + 4 ln2 z ⋊ 4z ln2 z ⋊

8 ln2 z
1 + z

⋊ 16 ln z ln(1 + z) + 16z ln z ln(1 + z)

+
32 ln z ln(1 + z)

1 + z

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.58)

P̃(2,0)qq, S = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 32 ⋊
80
9z
+ 16z +

224
9

z2
⋊ 20 ln z ⋊ 36z ln z ⋊

32
3

z2 ln z + 4 ln2 z + 4z ln2 z
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.59)

P̃(0,2)ωq = e4
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 4 + 12892 ⋊
12892

z
⋊ 6492z + 36z ⋊ 128Li2(1 ⋊ z) +

128Li2(1 ⋊ z)
z

+ 64zLi2(1 ⋊ z)

+ 16z ln(1 ⋊ z) ⋊ 16 ln2
(1 ⋊ z) +

16 ln2
(1 ⋊ z)
z

+ 8z ln2
(1 ⋊ z)

⋊ 64 ln z + 4z ln z ⋊ 64 ln(1 ⋊ z) ln z +
64 ln(1 ⋊ z) ln z

z
+ 32z ln(1 ⋊ z) ln z + 8 ln2 z ⋊ 4z ln2 z

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.60)

P̃(0,2)qq,NS = e2
q 3e2

f

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊
16
9
⋊

4
3
↽(1 ⋊ z) ⋊

32
3
↽(1 ⋊ z)92 ⋊

160
9(1 ⋊ z)

+
176
9

z +
16
3

ln z ⋊
32 ln z

3(1 ⋊ z)
+

16
3

z ln z
⟦
⎥⎥
⟦
⎥⎥
⟦

+ e4
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 40 + 3↽(1 ⋊ z) ⋊ 24↽(1 ⋊ z)92 + 48↽(1 ⋊ z)93 + 40z ⋊ 40 ln z +
24 ln z
1 ⋊ z

⋊ 24z ln z

⋊ 16 ln(1 ⋊ z) ln z +
32 ln(1 ⋊ z) ln z

1 ⋊ z
⋊ 16z ln(1 ⋊ z) ln z + 20 ln2 z ⋊

32 ln2 z
1 ⋊ z

+ 20z ln2 z
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.61)
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P̃(0,2)qq̄ = e4
q

⎢
⎥⎥
⟦
⎥⎥
⟦

32 + 1692 ⋊ 32z ⋊ 1692z ⋊
3292
1 + z

+ 32Li2(⋊z) ⋊ 32zLi2(⋊z) ⋊
64Li2(⋊z)

1 + z

+ 16 ln z + 16z ln z ⋊ 8 ln2 z + 8z ln2 z +
16 ln2 z
1 + z

+ 32 ln z ln(1 + z) ⋊ 32z ln z ln(1 + z)

⋊
64 ln z ln(1 + z)

1 + z

⟦
⎥⎥
⟦
⎥⎥
⟦

(D.62)

P̃(0,2)qq, S = e4
qN
⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 64 ⋊
160
9z
+ 32z +

448
9

z2
⋊ 40 ln z ⋊ 72z ln z ⋊

64
3

z2 ln z + 8 ln2 z + 8z ln2 z
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.63)

D.4 Z-Factor

Here, we present the finite renormalization constant Zab which enters into the transform-

ation of the splitting and coefficient functions from the Larin to MS scheme,

Z(i, j)qφqm = ↽φm Z(i, j)qq,V + Z(i, j)qq,S (i + j ≥ 2), (D.64)

Z(i, j)qφq̄m
= ↽φm Z(i, j)qq̄,V + Z(i, j)qq,S (i + j ≥ 2), (D.65)

Z(i, j)qφq̄m
= 0 (i + j = 1). (D.66)

Z(1,0)qq = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 8 + 8x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.67)

Z(0,1)qq = e2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 8 + 8x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.68)

Z(2,0)qQ,V = C2
F

⎢
⎥⎥
⟦
⎥⎥
⟦

56 ⋊ 56x ⋊ 1692 ⋊ 16x92 ⋊ 32Li2(⋊x) ⋊ 32xLi2(⋊x) + 24 ln x + 24x ln x + 8 ln2 x + 8x ln2 x

⋊ 32 ln x ln(1 + x) ⋊ 32x ln x ln(1 + x)
⟦
⎥⎥
⟦
⎥⎥
⟦

+CACF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 28 + 28x + 892 + 8x92 + 16Li2(⋊x) + 16xLi2(⋊x) ⋊ 12 ln x ⋊ 12x ln x

⋊ 4 ln2 x ⋊ 4x ln2 x + 16 ln x ln(1 + x) + 16x ln x ln(1 + x)
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.69)
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Z(2,0)qq,V = CFnFTF

⎢
⎥⎥
⟦
⎥⎥
⟦

80
9
⋊

80
9

x +
16
3

ln x ⋊
16
3

x ln x
⟦
⎥⎥
⟦
⎥⎥
⟦

+C2
F

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 16 + 16x ⋊ 16 ln x ⋊ 8x ln x + 16 ln(1 ⋊ x) ln x ⋊ 16x ln(1 ⋊ x) ln x
⟦
⎥⎥
⟦
⎥⎥
⟦

+CACF

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊
592
9
+

592
9

x + 892 ⋊ 8x92 ⋊
80
3

ln x +
8
3

x ln x ⋊ 4 ln2 x + 4x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.70)

Z(2,0)qq,S = CF

⎢
⎥⎥
⟦
⎥⎥
⟦

8 ⋊ 8x + 12 ln x ⋊ 4x ln x + 4 ln2 x + 2x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.71)

Z(0,2)qQ,V = e4
q

⎢
⎥⎥
⟦
⎥⎥
⟦

56 ⋊ 56x ⋊ 1692 ⋊ 16x92 ⋊ 32Li2(⋊x) ⋊ 32xLi2(⋊x) + 24 ln x + 24x ln x + 8 ln2 x

+ 8x ln2 x ⋊ 32 ln x ln(1 + x) ⋊ 32x ln x ln(1 + x)
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.72)

Z(0,2)qq,V = e2
q ⩀ e2

f

⎢
⎥⎥
⟦
⎥⎥
⟦

80
9
⋊

80
9

x +
16
3

ln x ⋊
16
3

x ln x
⟦
⎥⎥
⟦
⎥⎥
⟦

+ e4
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 16 + 16x ⋊ 16 ln x ⋊ 8x ln x + 16 ln(1 ⋊ x) ln x ⋊ 16x ln(1 ⋊ x) ln x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.73)

Z(0,2)qq,S = e4
qN
⎢
⎥⎥
⟦
⎥⎥
⟦

16 ⋊ 16x + 24 ln x ⋊ 8x ln x + 8 ln2 x + 4x ln2 x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.74)

Z(1,1)qQ,V = CFe2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

112 ⋊ 112x ⋊ 3292 ⋊ 32x92 ⋊ 64Li2(⋊x) ⋊ 64xLi2(⋊x) + 48 ln x + 48x ln x

+ 16 ln2 x + 16x ln2 x ⋊ 64 ln x ln(1 + x) ⋊ 64x ln x ln(1 + x)
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.75)

Z(1,1)qq,V = CFe2
q

⎢
⎥⎥
⟦
⎥⎥
⟦

⋊ 32 + 32x ⋊ 32 ln x ⋊ 16x ln x + 32 ln(1 ⋊ x) ln x ⋊ 32x ln(1 ⋊ x) ln x
⟦
⎥⎥
⟦
⎥⎥
⟦

(D.76)

Z(1,1)qq,S = 0 (D.77)
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The Z-factors listed above complete the set of ingredients required for the scheme trans-

formation. Together with the splitting functions of the preceding sections, they fully de-

termine the mass factorization kernels (1)4 and 4̃ at the orders considered in this work.

The phase-space integrals over these kernels involve ⇀-function constraints whose treat-

ment under dimensional regularization requires a careful i↽ prescription, which is detailed

in Appendix E.
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Appendix E

Sector Decomposition: i↽ prescription

for ⇀-functions

Contents

E.1 Case (1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

E.2 Case (2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

E.3 Case (3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

E.4 Case (4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

E.5 Case (5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

E.6 Case (6) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

E.7 Case (7) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

This appendix documents the i↽ prescription used to handle the ⇀-function constraints

that arise in the phase-space integrals during sector decomposition. In dimensional reg-

ularization, products of ⇀-functions multiplying singular distributions require a careful
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analytic continuation to correctly assign the imaginary part of the propagator and resolve

the sign ambiguity of the integration variable. The prescription amounts to deforming the

argument of each power-law factor by a small imaginary shift i↽, expanding in the sign of

the argument using ⇀(z⋊ ⋊ x⋊) and ⇀(x⋊ ⋊ z⋊), and reading off the phase (⋊1 ± iϑ)⌐ϑ⌜2 car-

ried by each sector. We work through seven representative cases that exhaust the distinct

kinematic structures encountered in the calculation, presenting the derivation and the final

boxed result for each.

E.1 Case (1)

⌞
z⋊ ⋊ x⋊
1 ⋊ x⋊ ⌞

⌐ϑ⌜2
= ⌞

z⋊ ⋊ x⋊
1 ⋊ x⋊ + ⟧1 ⋊

i↽
1 ⋊ x⋊⟧⌞

⌐ϑ⌜2

= ⌞⌝
z⋊ ⋊ x⋊
1 ⋊ x⋊ ⌝ + {1 ⋊ i↽ (⇀(z⋊ ⋊ x⋊) +⇀(x⋊ ⋊ z⋊))}⌞

⌐ϑ⌜2
(E.1)

If z⋊ > x⋊:

= ⌞⟧
z⋊ ⋊ x⋊
1 ⋊ x⋊ ⟧ (1 ⋊ i↽)⌞

⌐ϑ⌜2
⇀(z⋊ ⋊ x⋊)

= ⟧
z⋊ ⋊ x⋊
1 ⋊ x⋊ ⟧

⌐ϑ⌜2
⇀(z⋊ ⋊ x⋊) (E.2)

If x⋊ > z⋊:

= ⌞⟧
x⋊ ⋊ z⋊
1 ⋊ x⋊ ⟧ (⋊1 + i↽)⌞

⌐ϑ⌜2
⇀(x⋊ ⋊ z⋊)

= ⟧
x⋊ ⋊ z⋊
1 ⋊ x⋊ ⟧

⌐ϑ⌜2
(⋊1 + iϑ)⌐ϑ⌜2⇀(x⋊ ⋊ z⋊) (E.3)

Answer:

⟧
z⋊ ⋊ x⋊
1 ⋊ x⋊ ⟧

⌐ϑ⌜2
⟧⇀(z⋊ ⋊ x⋊) + (⋊1 + iϑ)⌐ϑ⌜2⇀(x⋊ ⋊ z⋊)⟧ (E.4)
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E.2 Case (2)

⌞
x⋊ ⋊ z⋊
1 ⋊ z⋊ ⌞

⌐ϑ⌜2
= ⌞⌝

x⋊ ⋊ z⋊
1 ⋊ z⋊ ⌝⟧1 ⋊

i↽
1 ⋊ z⋊⟧⌞

⌐ϑ⌜2

= ⌞⌝
x⋊ ⋊ z⋊
1 ⋊ z⋊ ⌝{1 ⋊ i↽ (⇀(z⋊ ⋊ x⋊) +⇀(x⋊ ⋊ z⋊))}⌞

⌐ϑ⌜2
(E.5)

If z⋊ > x⋊:

= ⌝⋊ ⟧
z⋊ ⋊ x⋊
1 ⋊ z⋊ ⟧{1 ⋊ i↽⇀(x⋊ ⋊ z⋊)}⌝

⌐ϑ⌜2

= ⟧
z⋊ ⋊ x⋊
1 ⋊ z⋊ ⟧

⌐ϑ⌜2
(⋊1 + iϑ)⌐ϑ⌜2⇀(x⋊ ⋊ z⋊) (E.6)

If x⋊ > z⋊:

= ⌝⋊ ⟧
x⋊ ⋊ z⋊
1 ⋊ z⋊ ⟧{1 ⋊ i↽}⌝

⌐ϑ⌜2
⇀(z⋊ ⋊ z⋊) (E.7)

Answer:

⟧
z⋊ ⋊ x⋊
1 ⋊ x⋊ ⟧

⌐ϑ⌜2
⌝⇀(z⋊ ⋊ x⋊) + (⋊1 + iϑ)⌐ϑ⌜2⇀(x⋊ ⋊ z⋊)⌝ (E.8)

E.3 Case (3)

⌞
z⋊ + x⋊ ⋊ 1

z⋊ ⌞

⌐ϑ⌜2
= ⌞⌝

z⋊ + x⋊ ⋊ 1
z⋊ ⌝⟧1 ⋊

i↽
z⋊ + x⋊ ⋊ 1

+
i↽
z⋊ ⟧⌞

⌐ϑ⌜2
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= [⌝
z⋊ + x⋊ ⋊ 1

z⋊ ⌝⌟1 + i↽⌞
x⋊ ⋊ 1

z⋊(z⋊ + x⋊ ⋊ 1)
⌞}]

⌐ϑ⌜2

= ⌞⌝
z⋊ + x⋊ ⋊ 1

z⋊ ⌝{1 + i↽ (⇀(z⋊ + x⋊ ⋊ 1)) + i↽ (⇀(1 ⋊ z⋊ ⋊ x⋊))}⌞
⌐ϑ⌜2

(E.9)

(Note: (x⋊ ⋊ 1) and z⋊ are absorbed into ↽ because x⋊ ⋊ 1 < 0 and z⋊ > 0.)

If z⋊ + x⋊ ⋊ 1 > 0:

= [⌝
z⋊ + x⋊ ⋊ 1

z⋊ ⌝

⌐ϑ⌜2
(1 ⋊ iϑ)⌐ϑ⌜2⇀(z⋊ + x⋊ ⋊ 1)]

= ⟧
z⋊ + x⋊ ⋊ 1

z⋊ ⟧

⌐ϑ⌜2
⇀(z⋊ + x⋊ ⋊ 1) (E.10)

If 1 ⋊ x⋊ ⋊ z⋊ > 0:

= ⌞⋊⌝
1 ⋊ x⋊ ⋊ z⋊

z⋊ ⌝{1 + i↽}⌞
⌐ϑ⌜2
⇀(1 ⋊ z⋊ ⋊ x⋊)

= ⟧
1 ⋊ x⋊ ⋊ z⋊

z⋊ ⟧

⌐ϑ⌜2
(⋊1 ⋊ iϑ)⌐ϑ⌜2⇀(1 ⋊ z⋊ ⋊ x⋊) (E.11)

Answer:

⟧
z⋊ + x⋊ ⋊ 1

z⋊ ⟧

⌐ϑ⌜2
⟧⇀(z⋊ + x⋊ ⋊ 1) + (⋊1 ⋊ iϑ)⌐ϑ⌜2⇀(1 ⋊ z⋊ ⋊ x⋊)⟧ (E.12)

E.4 Case (4)

[
z⋊ ⋊ x⋊

z⋊(1 ⋊ x⋊)]
⌐ϑ⌜2
= [

z⋊ ⋊ x⋊
z⋊(1 ⋊ x⋊) + ⟧1 ⋊

i↽
1 ⋊ x⋊ +

i↽
z⋊ ⟧]

⌐ϑ⌜2
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= [⌞
z⋊ ⋊ x⋊

z⋊(1 ⋊ x⋊)⌞⌟1 + i↽⌞
1 ⋊ z⋊ ⋊ x⋊
z⋊(1 ⋊ x⋊)⌞}]

⌐ϑ⌜2

⇒ [⌞
z⋊ ⋊ x⋊

z⋊(1 ⋊ x⋊)⌞{1 + i↽⇀(1 ⋊ z⋊ ⋊ x) ⋊ i↽⇀(z⋊ + x⋊ ⋊ 1)}]
⌐ϑ⌜2

(E.13)

(splitting z⋊ ⋊ x⋊ = (z⋊ ⋊ x⋊)[⇀(z⋊ ⋊ x⋊) +⇀(x⋊ ⋊ z⋊)])

⇒ [⌞
z⋊ ⋊ x⋊

z⋊(1 ⋊ x⋊)⌞ (⇀(z
⋊
⋊ x⋊) +⇀(x⋊ ⋊ z⋊)) {1 + i↽⇀(1 ⋊ z⋊ ⋊ x) ⋊ i↽⇀(z⋊ + x⋊ ⋊ 1)}]

⌐ϑ⌜2

⇒ [⌞
z⋊ ⋊ x⋊

z⋊(1 ⋊ x⋊)⌞{1 + i↽⇀(1 ⋊ z⋊ ⋊ x⋊)⇀(z⋊ ⋊ x⋊) ⋊ i↽⇀(z⋊ + x⋊ ⋊ 1)⇀(z⋊ ⋊ x⋊)

+i↽⇀(1 ⋊ z⋊ ⋊ x⋊)⇀(x⋊ ⋊ z⋊) ⋊ i↽⇀(z⋊ + x⋊ ⋊ 1)⇀(x⋊ ⋊ z⋊)}]⌐ϑ⌜2 (E.14)

If 1 ⋊ z⋊ ⋊ x > 0 and z⋊ ⋊ x⋊ > 0:

∣
z⋊ ⋊ x⋊

z⋊(1 ⋊ x⋊) ∣
⌐ϑ⌜2
⇀(1 ⋊ z⋊ ⋊ x⋊)⇀(z⋊ ⋊ x⋊) (E.15)

If z⋊ + x⋊ ⋊ 1 > 0 and z⋊ ⋊ x⋊ > 0:

∣
z⋊ ⋊ x⋊

z⋊(1 ⋊ x⋊) ∣
⌐ϑ⌜2
⇀(z + x⋊ ⋊ 1)⇀(z⋊ ⋊ x⋊) (E.16)

If 1 ⋊ z⋊ ⋊ x⋊ > 0 and x⋊ ⋊ z⋊ > 0:

∣
x⋊ ⋊ z⋊

z⋊(1 ⋊ x⋊) ∣
⌐ϑ⌜2
(⋊1 ⋊ iϑ)⌐ϑ⌜2⇀(1 ⋊ z⋊ ⋊ x⋊)⇀(x⋊ ⋊ z⋊) (E.17)

If z⋊ + x⋊ ⋊ 1 > 0 and x⋊ ⋊ z⋊ > 0:

∣
x⋊ ⋊ z⋊

z⋊(1 ⋊ x⋊) ∣
⌐ϑ⌜2
(⋊1 + iϑ)⌐ϑ⌜2⇀(z⋊ + x⋊ ⋊ 1)⇀(x⋊ ⋊ z⋊) (E.18)
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Answer:

∣
z⋊ ⋊ x⋊

z⋊(1 ⋊ x⋊) ∣
⌐ϑ⌜2
⟧⇀(z⋊ ⋊ x⋊) +⇀(x⋊ ⋊ z⋊) + (⋊1 ⋊ iϑ)⌐ϑ⌜2⇀(1 ⋊ z⋊ ⋊ x⋊) + (⋊1 + iϑ)⌐ϑ⌜2⇀(z⋊ + x⋊ ⋊ 1)⟧

(E.19)

E.5 Case (5)

⌞
1 ⋊ z⋊ ⋊ x⋊

1 ⋊ x⋊ ⌞
⌐ϑ⌜2
= ⌞⌝

1 ⋊ z⋊ ⋊ x⋊
1 ⋊ x⋊ ⌝⟧1 +

i↽
1 ⋊ z⋊ ⋊ x⋊ ⋊

i↽
1 ⋊ x⋊⟧⌞

⌐ϑ⌜2

= [⌝
1 ⋊ z⋊ ⋊ x⋊

1 ⋊ x⋊ ⌝⌟1 + i↽⌞
z⋊

(1 ⋊ z⋊ ⋊ x⋊)(1 ⋊ x⋊)⌞}]
⌐ϑ⌜2

⇒ ⌞⌝
1 ⋊ z⋊ ⋊ x⋊

1 ⋊ x⋊ ⌝{1 + i↽⇀(1 ⋊ z⋊ ⋊ x⋊) ⋊⇀(z⋊ + x⋊ ⋊ 1)}⌞
⌐ϑ⌜2

(E.20)

If 1 ⋊ z⋊ ⋊ x⋊ > 0:

⟧
1 ⋊ z⋊ ⋊ x⋊

1 ⋊ x⋊ ⟧
⌐ϑ⌜2
⇀(1 ⋊ z⋊ ⋊ x⋊) (E.21)

If z⋊ + x⋊ ⋊ 1 > 0:

⟧
z⋊ + x⋊ ⋊ 1

1 ⋊ x⋊ ⟧
⌐ϑ⌜2
(⋊1 + iϑ)⌐ϑ⌜2⇀(z⋊ + x⋊ ⋊ 1) (E.22)

Answer:

⟧
1 ⋊ z⋊ ⋊ x⋊

1 ⋊ x⋊ ⟧
⌐ϑ⌜2
⟧⇀(1 ⋊ z⋊ ⋊ x⋊) + (⋊1 + iϑ)⌐ϑ⌜2⇀(z⋊ + x⋊ ⋊ 1)⟧ (E.23)
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E.6 Case (6)

[
1 ⋊ z⋊ ⋊ x⋊

(1 ⋊ x⋊)(1 ⋊ z⋊)]
⌐ϑ⌜2
= [⌞

1 ⋊ z⋊ ⋊ x⋊
(1 ⋊ z⋊)(1 ⋊ x⋊)⌞⌟1 +

i↽
(1 ⋊ z⋊ ⋊ x⋊) ⋊

i↽
(1 ⋊ x⋊) ⋊

i↽
(1 ⋊ z⋊)}]

⌐ϑ⌜2

(E.24)

After simplifying:

= [⌞
1 ⋊ z⋊ ⋊ x⋊

(1 ⋊ x⋊)(1 ⋊ z⋊)⌞⌟1 + i↽
z⋊(1 ⋊ x⋊) ⋊ (1 ⋊ z⋊)(1 ⋊ z⋊ ⋊ x⋊)
(1 ⋊ z⋊ ⋊ x⋊)(1 ⋊ x⋊)(1 ⋊ z⋊) }]

⌐ϑ⌜2
(E.25)

There is sign-ambiguity in (1 ⋊ z⋊ ⋊ x⋊), hence:

⇒ [⌞
1 ⋊ z⋊ ⋊ x⋊

(1 ⋊ x⋊)(1 ⋊ z⋊)⌞{1 + i↽⇀(1 ⋊ z⋊ ⋊ x⋊) ⋊⇀(z⋊ + x⋊ ⋊ 1)}]
⌐ϑ⌜2

(E.26)

If 1 ⋊ z⋊ ⋊ x⋊ > 0:

∣
1 ⋊ z⋊ ⋊ x⋊

(1 ⋊ x⋊)(1 ⋊ z⋊) ∣
⌐ϑ⌜2
⇀(1 ⋊ z⋊ ⋊ x⋊) (E.27)

If z⋊ + x⋊ ⋊ 1 > 0:

∣
z⋊ + x⋊ ⋊ 1

(1 ⋊ x⋊)(1 ⋊ z⋊) ∣
⌐ϑ⌜2
(⋊1 + iϑ)⌐ϑ⌜2⇀(z⋊ + x⋊ ⋊ 1) (E.28)

Answer:

∣
1 ⋊ z⋊ ⋊ x⋊

(1 ⋊ x⋊)(1 ⋊ z⋊) ∣
⌐ϑ⌜2
⟧⇀(1 ⋊ z⋊ ⋊ x⋊) + (⋊1 + iϑ)⌐ϑ⌜2⇀(z⋊ + x⋊ ⋊ 1)⟧ (E.29)
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E.7 Case (7)

[
(z⋊ ⋊ x⋊)(1 ⋊ z⋊ ⋊ x⋊)

z⋊(1 ⋊ z⋊) ]

⌐ϑ⌜2
= [
(z⋊ ⋊ x⋊)(1 ⋊ z⋊ ⋊ x⋊)

z⋊(1 ⋊ z⋊) ⋅ ⟧1 + i↽⌝
1

1 ⋊ z⋊ ⋊ x⋊ +
1
z⋊ ⋊

1
1 ⋊ z⋊⌝⟧ (1 + i↽)]

⌐ϑ⌜2

= [⌞
(z⋊ ⋊ x⋊)(1 ⋊ z⋊ ⋊ x⋊)

z⋊(1 ⋊ z⋊) ⌞⌟
(1 ⋊ z⋊)(1 ⋊ z⋊ ⋊ x⋊) + z⋊z⋊
(1 ⋊ z⋊ ⋊ x⋊) z⋊(1 ⋊ z⋊) }]

⌐ϑ⌜2

⇒ [
(z⋊ ⋊ x⋊)(1 ⋊ z⋊ ⋊ x⋊)

z⋊(1 ⋊ z⋊) ⌟1 + i↽
x⋊z⋊

(1 ⋊ z⋊ ⋊ x⋊) z⋊(1 ⋊ z⋊)}]
⌐ϑ⌜2

⇒ [
(z⋊ ⋊ x⋊)(1 ⋊ z⋊ ⋊ x⋊)

z⋊(1 ⋊ z⋊) {1 + i↽⇀(1 ⋊ z⋊ ⋊ x⋊) ⋊ i↽⇀(z⋊ + x⋊ ⋊ 1)}]
⌐ϑ⌜2

(E.30)

If 1 ⋊ z⋊ ⋊ x > 0: (splitting via ⇀(z⋊ ⋊ x⋊) +⇀(x⋊ ⋊ z⋊))

⇒ [
(z⋊ ⋊ x⋊)(1 ⋊ z⋊ ⋊ x⋊)

z⋊(1 ⋊ z⋊) (⇀(z⋊ ⋊ x⋊) +⇀(x⋊ ⋊ z⋊)) {1 + i↽⇀(1 ⋊ z⋊ ⋊ x⋊) ⋊ i↽⇀(z⋊ + x⋊ ⋊ 1)}]
⌐ϑ⌜2

⇒ [
(z⋊ ⋊ x⋊)(1 ⋊ z⋊ ⋊ x⋊)

z⋊(1 ⋊ z⋊) {1 + i↽⇀(1 ⋊ z⋊ ⋊ x⋊)⇀(z⋊ ⋊ x⋊) ⋊ i↽⇀(z⋊ + x⋊ ⋊ 1)⇀(z⋊ ⋊ x⋊)

+i↽⇀(1 ⋊ z⋊ ⋊ x⋊)⇀(x⋊ ⋊ z⋊) ⋊ i↽⇀(z⋊ + x⋊ ⋊ 1)⇀(x⋊ ⋊ z⋊)}]⌐ϑ⌜2 (E.31)

If (1 ⋊ z⋊ ⋊ x⋊) > 0 and x⋊ > x⋊ (i.e. z⋊ > x⋊):

∣
(z⋊ ⋊ x⋊)(1 ⋊ z⋊ ⋊ x⋊)

z⋊(1 ⋊ z⋊) ∣

⌐ϑ⌜2
⇀(1 ⋊ z⋊ ⋊ x⋊)⇀(z⋊ ⋊ x⋊) (E.32)

If 1 ⋊ z⋊ ⋊ x⋊ > 0 and x⋊ ⋊ z⋊ > 0:

∣
(x⋊ ⋊ z⋊)(1 ⋊ z⋊ ⋊ x⋊)

z⋊(1 ⋊ z⋊) ∣

⌐ϑ⌜2
(⋊1 ⋊ iϑ)⌐ϑ⌜2⇀(1 ⋊ z⋊ ⋊ x⋊)⇀(x⋊ ⋊ z⋊) (E.33)

If z⋊ + x⋊ ⋊ 1 > 0 and x⋊ ⋊ z⋊ > 0:
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(Note: the sign from the power ⋊ϑ⌜2 acting on z⋊ ⋊ x⋊ < 0 and on 1 ⋊ z⋊ ⋊ x⋊ < 0 together

gives (⋊1)⌐ϑ⌜2 ⋅ (⋊1)⌐ϑ⌜2 = (⋊1 + iϑ)⌐ϑ⌜2)

∣
(x⋊ ⋊ z⋊)(z⋊ + x⋊ ⋊ 1)

z⋊(1 ⋊ z⋊) ∣

⌐ϑ⌜2
(⋊1 + iϑ)⌐ϑ⌜2⇀(z⋊ + x⋊ ⋊ 1)⇀(x⋊ ⋊ z⋊) (E.34)

If z⋊ + x⋊ ⋊ 1 > 0 and x⋊ ⋊ z⋊ > 0:

∣
(x⋊ ⋊ z⋊)(z⋊ + x⋊ ⋊ 1)

z⋊(1 ⋊ z⋊) ∣

⌐ϑ⌜2
⇀(z⋊ + x⋊ ⋊ 1)⇀(x⋊ ⋊ z⋊) (E.35)

Answer:

∣
(z⋊ ⋊ x⋊)(1 ⋊ z⋊ ⋊ x⋊)

z⋊(1 ⋊ z⋊) ∣

⌐ϑ⌜2

⎢
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⟦
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⟦

⇀(1 ⋊ z⋊ ⋊ x⋊)⇀(z⋊ ⋊ x⋊)

+ ⇀(z⋊ + x⋊ ⋊ 1)⇀(x⋊ ⋊ z⋊)

+ (⋊1 ⋊ iϑ)⌐ϑ⌜2⇀(1 ⋊ z⋊ ⋊ x⋊)⇀(x⋊ ⋊ z⋊)

+ (⋊1 + iϑ)⌐ϑ⌜2⇀(z⋊ + x⋊ ⋊ 1)⇀(x⋊ ⋊ z⋊)

⟦
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⟦
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⟦

(E.36)

The seven cases presented above cover all the kinematic structures that arise in the sector

decomposition of the real-emission phase-space integrals in this calculation. In each case

the procedure is the same: introduce the i↽ shift, split the integration domain using ⇀-

functions, and extract the phase carried by each sector. The resulting expressions, with

explicit (⋊1 ± iϑ)⌐ϑ⌜2 factors, are then expanded in ϑ to yield the distributional identities

used in the evaluation of the coefficient functions.
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