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Panel (a): Escape of a single particle from a potential trap. In this
case, the escape rate is governed by the conventional Arrhenius law,
as given in Eq. (1.5). Panel (b): Escape of a particle in an interact-
ing diffusive system from a potential trap. In this case, the escape
rate deviates from the conventional Arrhenius form and is instead
described by the generalized Arrhenius law, as given in Eq. (1.6).

Schematic illustration of a reaction between two atoms P and Q form-
ing a product R. To form the product, the reactants must overcome
the potential energy barrier E4. The top of this barrier corresponds
to the activated complex. The reaction rate is given by Eq. (1.4).

Panels (a) and (b) schematically show two different potential land-
scapes. In both cases, however, the particle must overcome the same
barrier height AU. When AU > kgT', the exponential factor in the
escape rate is therefore the same for the two potentials, reflecting the

universality of the Kramers escape-rate formula given in Eq. (1.5).

Schematic of the paradigmatic lattice gas models analyzed in this
work: (a) the SSEP, (b) the SIP, (c) the strong particles model and
(A) the ZRP. . . o oo
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2.3

The generalized AL for interacting diffusive systems. The
minimal energy configuration for the SSEP, strong particles model,
and SIP is sketched in the sub-figures of (a) and (b) correspondingly.
For the excluded volume models, the particles pack tightly, leading
to Uwp = U(py). For the SIP, all the particle can accumulate on
the potential minimum at x = 0, leading to U, = 0. The g func-
tion is tested numerically, as a function of p,, with three potentials
U(z): linear AUz, harmonic AUz? and cosine AU(1 — cos(mz)).
We confirm numerically, for the SSEP and the strong particles model
g=1—U(p,) /AU (left panel) and for the SIP g = 1 (right panel),
as predicted by Eq. (2.1). Both predictions are well fitted up to the
expected numerical errors. We refer to Appendix C for more details.
The plot extracts ¢g as a function of the mean density p, for ZRP
defined by x = p(1+ p). These particles experience a linear U/AU =
x, harmonic U/AU = z? or a cosine potential U/AU = (1—coswx)/2.

Clearly, g = 1 up to numerical errors as expected. . . . . . ... ...
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3.1

4.1

Numerically determining ® [Eq. (2.11)] subjected to the boundary
condition in Eq. (2.9). The two panels present g as a function of the
particle density in the trap for three potentials: the linear potential
U/AU = x, the Harmonic potential U/AU = z? and the Cosine po-
tential U/AU = 1(1 — cosz). The left plot presents g for the SSEP
and the strong particles model, both falling within the excluded vol-
ume universality class. For the monotonous potentials under study,
g=1—-U(p,)/AU as obtained from the minimum energy configura-
tion. In the right plot, g is presented for the inclusion process and for
a ZRP with x = p(1+ p). It is confirmed that both processes belong
to the Arrhenius universality class, with ¢ = 1. For both plots, the
numerical values show good agreement with the theoretical predic-
tion and are within the expected errors of the numerical method. We
stress that the numerical code, like the analytical treatment, relies on

the validity of the MFT and of the additivity principle assumption.

(a) The escape problem of a single particle. The bottom figure shows
the traditional inference of the activation barrier height from Arrhe-
nius law Eq. (1.5) (b) Inference of the potential minima and maxima
by employing the many-body Arrhenius law Eq. (1.6). The number of
kinks in the bottom figure corresponds to local maxima and minima
of the potential U(x) in the top figure. Thus, the many-body escape
dynamics (for instance, activated dynamics of a stochastic lattice gas
model with volume exclusion as shown in the top) allow to infer the

metastabilities of the single particle escape problem. . . . . . .. ..
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4.2

4.3

A visualization of the MEC for particles with excluded volume on an
arbitrary non-monotonic potential. Particles occupy the potential for
U(x) < Usop. (a) Here Uy, is smaller then the lowest value of the
potential extrema. Thus, Uy, has a single intersection with U(x),
at position z1, and we find py(Usop = U(21)), leading to Uiop(py) =
U(x = py) as in the monotonous potential. (b) Here Uiy is in the
range where there are three intersection points with U(xz), denoted
by x123. In this case py(Uiop) = 1+ 3 — 9. Notice that in this case
Uiop(Po) ZU(x =10p). - -« o oo oo
(Top) The piecewise linear potential Upy(z) is plotted (solid thick
brown) together with the MEC prediction for 1 — ¢ (solid magenta).
The black circles highlight the positions of the kinks in g. The dashed
lines reveal the convergence of the finite SAU approximation scheme
to the MEC 1 — g curve. Noticeably, the convergence, marked by the

black arrows, is faster away from the kinks. . . . . . . ... ... ...



4.4

5.1

(a) The “free energy” F is calculated for finite SAU values, and com-
pared with the MEC result (AU = o0) for SSEP particles subjected
to the U,y trapping potential. It is evident that the convergence is
better away from the critical point at dp = 0. However, to infer the
criticality, we need to consider the response function Ro. (b) Rescaled
response function Ry/(BAU) for different SAU as found from Eq.
(4.8). The precursor of the kink manifest as a scalable peak, at dis-
tance 1/BAU from the expected kink. (c) Distance d of the peaks
from the expected critical point is shown to scale like 1/AU. We
remind that in finite systems, the singularities characteristic of crit-
ical phenomena are rounded and shifted: response functions exhibit
smooth peaks rather than divergences. As the system size increases,
these peaks grow sharper and their location approaches the true crit-

ical point in the thermodynamic limit. Here, we observe the same for

d as BAU replaces the system size [1]. . . . ... ... ... .. ...

Panel (a): Schematic of a Brownian particle (large sphere) that starts
at x = 0, which is a reflecting boundary, and is eventually absorbed at
x = 1, which is the absorbing boundary, after overcoming a potential
barrier of height AU. By altering the potential structure by intro-
ducing intermediate potential barriers as in panel (b), we would like
to examine whether the mean first-passage time to reach the absorb-
ing boundary can be reduced than that from the unaltered potential
configuration as in panel (a). The Brownian particle is assumed to

be in contact with a thermal bath surrounded by the bath particles

(indicated by the smaller spheres). . . .. .. .. ... ... .....



5.2

2.3

Panels (a) & (c¢): Piecewise linear and harmonic potential with a
single kink at x = @ = 0.3. Panel (b): The inverse speed up factor,
TE/TE, for linear case is plotted as a function of k; with AU =
3 and a = 0.3. For a range of k; values, T¥/T is less than 1,
implying that the modification has accelerated the process completion
in these regimes. Panel (d): The inverse speed-up factor, T /T,
for harmonic case is plotted as a function of k; for AU = 3 and
a = 0.3. Similar to the linear case, 7,7 /T < 1 for several k; values.
Simulation data are shown as points, and the analytical solution is
plotted as continuous curve and kg7 is taken tobe 1. . . . . . . ..
Panels (a) & (c¢) show the optimal potential profiles (for various values
of a) for the case of one kink in linear and harmonic potentials respec-
tively. Panel (b) shows the variation of the inverse maximal speed-up
factor and the corresponding optimal strengths with a, for the linear
case, with AU = 3. The left vertical axis represents this dimension-
less factor, while the right vertical axis indicates the corresponding
optimal strengths, k] and k3. For a = 0.5, we observe kj = ki, im-
plying that the optimal potential is the original linear potential itself
in this case from panel (a). Panel (d) depicts the variation of these
quantities for harmonic case, for AU = 3. It shows that the inverse
maximal speed-up factor never reaches unity. Similar to the linear
case, there exists a range of a values for which ki > k3, while for
other values, k3 > k as shown in panel (d). The MFPTs are deter-
mined analytically and the corresponding optimal values have been

found numerically, while fixing kg7 to unity. . . . . .. ... .. ..



0.4

2.5

The figure presents the linear and harmonic potentials (in blue) along
with their corresponding modified potentials after introducing N =
2n = 2 kinks (in black), as shown in panels (a) and (b), respectively.
The modified potentials consist of segments with alternating strengths
k1 and k5. In both cases, the kinks are equally spaced and positioned
at t =aand v =2a, wherea=1/3. . .. ... ... L.
Variation of the inverse maximal speed-up factor, T /7L, and the
optimal strengths, with the number of kinks N. The left vertical axis
represents the inverse maximal speed-up factor, while the right ver-
tical axis corresponds to optimal strengths, ki and k;. The barrier
height is fixed at AU =5 and kgT = 1. To obtain these results, the
MFPT for a given N is first computed analytically using Mathemat-
ica and the corresponding optimal MFPT is evaluated by numerical
minimization. Panel (a) shows that for any odd N, the inverse max-
imal speed-up factor is unity, indicating no reduction in the MFPT.
In these cases, the optimal strengths satisfy & = k3. Panel (b) illus-
trates the behavior for even values of N = 2n. The inverse maximal
speed-up factor is less than 1 and decreases monotonically, indicating
successive reduction of the MFPT with increasing N. The case N = 0

corresponds to the unmodified linear potential. . . . . . . .. .. ..



2.6

5.7

Al

A2

Variation of the inverse maximal speed-up factor, 7o' /T, and the
optimal strengths with N. The barrier height is fixed at AU = 5
and kT = 1. Panel (a): For odd N, the inverse speed-up factor
is less than one, indicating reduced MFPT as compared to that for
unmodified potential. However, additional kinks does not lead to fur-
ther reduction. Panel (b) illustrates the behavior for even values of
N = 2n, where the introduction of kinks leads to a reduction in the
optimal MFPT. Moreover, the minimal MFPT decreases monotoni-
cally with increasing N, indicating that the introduction of additional
kinks further reduces the MFPT. The case N = 0 corresponds to the
unmodified harmonic potential. . . . . . . . ... ...
Panels (a) & (b): Optimally restructured potential configurations in
linear and harmonic case for N =30, AU =5 and kgT =1. . . . ..

The coarse-graining process: The top panel illustrates the microscopic
dynamics of an exclusion process on a lattice. The middle panel
depicts the process of division of the system into boxes of size ¢, which
is necessary to define the local density(see Eq. (A.1)). After coarse
graining via diffusive rescaling, the system is described in terms of
macroscopic density p(x). The bottom panel shows a representative
density profile. . . . ... o
Fick’s law for a one dimensional boundary driven system. The bound-

aries are coupled to particle reservoirs at densities p;, p, correspond-

ingly. . ..



C.1

D.1

For the SSEP with the potential U = AUx?, we fix F,—y = 1.2 and
solve the Euler-Lagrange equation (6) for the alternative boundary
conditions for the set of A values. The plot shows the value of F' at
the right boundary. Clearly, there is a discrete set of A eigen-values
corresponding to an eigen-function F' satisfying the real boundary

conditions. . . . . ..

The rescaled response functions R, /(BAU)™~* for the piecewise
linear potential Uy (see Fig. 4.3 of the main text) are shown
for n = 2 (panel (a)) and n = 3 (panel (b)), and for different
BAU = {10, 15,20, 25, 30,50}, as indicated by the plot legends. The
response functions are obtained by first applying the perturbative ap-
proach outlined in Sec. D.1 and in the main text. After computing
®\p, we use Eq. 4.6 of the main text to determine R,, for different
BAU. The two vertical dashed red lines highlight the positions of the
expected kinks, as determined by the MEC argument. The scaling
behavior with @« = v = 1 predicted from the theoretical analysis is
confirmed. One can observe that the scaling convergence is reason-
able starting from SAU = 15, and thus the response functions are
able to capture the locations of the kinks at finite SAU values. It is
noteworthy that such high values of SAU are required due to the lim-
itations of the perturbative approach. We expect real data to collapse

even for lower SAU values. . . . . . . .. ... ... ... ...



D.2 Exploring metastabilities in a generic nonlinear potential landscape
Urp/AU = L (2 +sin®(37z/2)), which exhibits two local extrema.
Panel (a): The potential Urr/AU and the corresponding 1 — ¢(p,)
are shown as solid and dashed curves, respectively. The function g is
determined using the MEC argument, as described in the main text.
Panel (b): The function 1 — Urg/AU (dashed blue) and g(p,) (solid)
are plotted, along with the effective free-energy curves F for SAU =
{5,10,15,20}. As BAU increases, F converges to g(p,), consistent
with the limit SJAU — oo. The kinks in ¢(p,) are not visible in F
for finite AU, but emerge in the asymptotic limit where F — ¢(p,).
Panels (c) and (d): The rescaled response functions R, /(BAU)" ¢
are shown for n = 2,3 and AU = {10, 15, 20, 25, 30,50}. The peaks
accurately identify the kink locations (vertical dashed red lines),
demonstrating that the kinks can be detected even at finite SAU.
The scaling exponents are & = 1 and v = 1.15. While the precise
values of a and v are not essential for locating the kinks, the per-
turbative approach requires relatively large SAU (typically 2 15) to
clearly resolve the divergences. In contrast, experimental data is not
expected to suffer from this limitation. Away from the kinks, a faster

convergence is observed, as expected. . . . . .. ... 146
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D.3 Exploring metastabilities in a potential landscape Uxg/AU = %(61’4—

E.1

2sin®(5mx/2)), with four local extrema. Panel (a): The potential
Uxs/AU and 1 — g are plotted as solid and dashed lines, with the ac-
tual positions of the kinks indicated. The locations of these kinks in g
are determined using the MEC argument, which predicts four kinks,
each corresponding to a local extremum of the potential. Panel (b):
The functions 1 — Uxs/AU and g are plotted as dashed blue curve
and a solid line, respectively, as indicated in the legend. The other
legend labels represent the “free energies” curve for F for various val-
ues of AU = {5,10,15,20}. The kinks become apparent only in the
experimentally unfeasible limit SAU — oo, in which case F — g¢.
Panels (c) and (d): The rescaled response functions R, /(BAU)™ ¢
are plotted to infer the locations of the kinks at finite SAU values.
These response functions are shown for n = 2,3 and for different
values of SAU = {10, 15,20, 25,30,50}, as indicated in the legends.
The scaling exponents are v = 1, & = 1. While the diverging peaks of
the response functions accurately identify the kink positions (denoted
by vertical dashed red lines), the scaling collapse is less pronounced.
Nevertheless, extracting the scaling exponents is not essential for lo-

cating the kinks. . . . . . . ...

Semi-logarithmic plots of the scaled variance of the FPT for kT =1,
AU = 3 and a = 0.3, shown for (a) the piecewise linear potential
(Eq. (5.10)) and (b) the piecewise harmonic potential (Eq. (5.17)).
Solid lines represent the analytical solution of corresponding differen-
tial equations and the red dots correspond to the microscopic simu-
lation of Eq. (5.1). The curves falling below unity reflect a reduction

in the FPT variance. . . . . . . . . . . . . . .
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Chapter 1

Introduction

Many physical phenomena become significant when systems are considered at mi-
croscopic scales, where fluctuations play an important role in determining their
properties. At macroscopic scales, fluctuations are typically negligible because they
are strongly suppressed by the presence of an enormous number of constituent parti-
cles, leading to well-defined average behavior. In contrast, at microscopic scales the
fluctuations in quantities such as energy, particle number, or position can become
comparable to their mean values. A classical example is Brownian motion, where a
suspended particle undergoes irregular motion as a result of continuous thermal colli-
sions with surrounding fluid molecules [2]. Consequently, a deterministic description
is often insufficient at this scale, and a proper theoretical framework requires prob-
abilistic approaches, which allow one to quantify the statistics of fluctuations and

understand their impact on macroscopic observables.

One of the earlier microscopic description of such non-deterministic motion was
proposed by Paul Langevin in year 1908, which is now known as the Langevin equa-
tion. Langevin postulated that the dynamics of a Brownian particle are governed by
Newton’s equation of motion, supplemented by two additional forces arising from its
interaction with the surrounding fluid [3]. The first is a viscous drag force, which ac-

counts for the friction experienced by the particle as it moves through the fluid. The
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second is a random fluctuating force that rapidly varies in time and represents the
effect of collisions with the surrounding fluid molecules. Together, these two forces
capture the stochastic influence of the environment on the motion of the Brownian

particle. The resulting Langevin equation is given by [3,4]

mi = —pui + V2D (1) (1.1)

where m denotes the mass of the particle, u is the friction coefficient associated with
viscous drag, and £(t) is a stochastic force/noise with zero mean, (£(t)) = 0, and
delta correlation, (£(t)§(t')) = d(t — t'). The parameter D represents the strength

of the noise.

A fundamental requirement is that, at long times, the particle must relax to thermal
equilibrium with the surrounding medium. This requirement imposes a constraint on
the relative strengths of dissipation and fluctuations. In particular, the dissipative
drag term —pua continuously removes energy from the system, while the noise injects
energy through random kicks. Thermal equilibrium is achieved only when these two
effects balance in a precise manner, leading to a relation between the noise strength
D and the friction coefficient . This relation, known as Einstein’s relation or the
fluctuation—dissipation theorem, is given by D = pkgT', where kg is the Boltzmann

constant and 7' denotes the temperature of the surrounding medium [4].

Since the microscopic dynamics are governed by stochastic equations [Eq. (1.1)], the
observables associated with such dynamics are themselves stochastic, and exhibit
statistical variation around their mean values. As a result, observables of inter-
est must be characterized through their statistical properties, such as probability

distributions, mean values, and higher moments.

Although fluctuations are especially pronounced at microscopic scales, they are not

entirely absent at macroscopic scales. Macroscopic fluctuations arise as a direct
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consequence of the stochastic nature of the microscopic degrees of freedom that
collectively determine the behavior of physical macroscopic systems. Even though
macroscopic observables typically attain the corresponding average values, small de-
viations from these typical values inevitably occur due to the underlying microscopic
randomness. In thermodynamic equilibrium, the probability of such fluctuations
from mean can be determined in a systematic manner, and equilibrium statistical
mechanics provides an explicit relation between fluctuation probabilities and ther-
modynamic variables describing the system. Consequently, equilibrium fluctuations
are quantitatively governed by variations of these macroscopic state functions. As
an illustrative example, let us consider an equilibrium system in the canonical en-
semble. According to statistical mechanics, the probability of the system having an

energy F is given by

P(E) = — f(E)e E/ksT (1.2)

where, Z denotes the canonical partition function, f(E) represents the density of
states of the system at energy E and T is the temperature of the heat bath. This
expression determines the equilibrium energy distribution and encapsulates complete
information about the statistics of energy fluctuations around the mean value (F).

In particular, the energy fluctuations 0% about the mean (E) is given by [5]

oy = (E?) — (E)* = kgT*C,, (1.3)

where C, denotes the heat capacity of the system at constant volume.

Although a well established theoretical framework exists for characterizing fluctu-
ations in systems at thermodynamic equilibrium, as discussed above, the situation
is considerably more challenging for systems out of equilibrium. In contrast to the

equilibrium case, there is no general and universal theory that fully characterizes
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the statistics of fluctuations in systems driven out of equilibrium. Nevertheless,
significant progress has been made toward understanding fluctuations in such sys-
tems. One of the notable developments at the microscopic level is the framework
of Stochastic Thermodynamics, which provides a systematic approach to describe
non-equilibrium processes by extending classical thermodynamic quantities, such as
work, heat, and entropy, to individual stochastic trajectories [6,7]. This formu-
lation enables a detailed characterization of fluctuations at the microscopic scale.
Another significant achievement, at the coarse grained level, is the development of
the Macroscopic Fluctuation Theory (MFT) which provides a systematic framework
to describe fluctuations in a broad class of non-equilibrium systems, namely the
driven diffusive systems. Within this framework, the system is described in terms
of particle density and current fields, which together determine the probability of
a trajectory followed by the system. This formulation enables the computation of
various observables of interest in non-equilibrium settings [8-11]. An overview of

MFT is presented in Appendix A.

A particularly important consequence of such fluctuations in non-equilibrium sys-
tems is the emergence of rare events, which can drive the system far from its typical
behavior and induce transitions between distinct configurations or phases. These
transitions are particularly significant when the system is confined to a metastable
state, where it can remain trapped for long durations until a rare fluctuation induces
a transition to another state [12]. Such escape constitutes a fundamental class of
fluctuation-induced phenomena and arises in a wide range of physical, chemical,
and biological systems. For example, in chemical reactions, reactant molecules must
overcome an activation barrier to break existing bonds and form new ones, thereby
enabling the transformation of reactants into more stable products. In another
instance, during protein folding, a polypeptide chain can undergo a series of con-
formational transitions across multiple intermediate states by overcoming energy

barriers before ultimately attaining its native, stable structure.
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A quantitative understanding of such transitions or escape processes is credited to
Van’t Hoff and Arrhenius, who empirically established the dependence of chemical
reaction rates on activation barriers and temperature, a relation now known as
the Arrhenius law. In particular, they demonstrated that reaction rates exhibit an
exponential dependence on the activation barrier and the inverse temperature. Many
years later of this formulation, Kramers gave diffusion model of chemical reactions
and he showed that the rate of escape of a Brownian particle from a potential barrier
exhibits the same exponential dependence on the height of the barrier and inverse

temperature; see Eq. (1.5) and Fig. 1.1(a).

The universality of the escape rate, namely its exponential dependence solely on
the barrier height rather than on the detailed structure of the underlying potential
landscape, has motivated extensive investigations of the validity of Arrhenius law
across a broad class of systems. While the Arrhenius form remains valid in many
cases, notable deviations have been reported in certain cases, such as an active par-
ticle system [13]. This naturally leads to the question of whether such universality
persists in interacting systems, which forms the basis of the first part of this the-
sis. In this context, we analyze the escape rate for interacting diffusive systems
by employing the MFT and demonstrate that this universality can break down in
the presence of interactions, leading to a generalized formulation that we refer to
as the generalized Arrhenius law. See Fig. 1.1(b). Furthermore, we show that this
framework can be systematically exploited to infer the number of metastable states

in an unknown energy landscape; see Sections 1.1, 1.2, and 1.3.

In the last part of the thesis, we employ the first-passage formalism to investigate
a strategy for accelerating the escape of a single Brownian particle over a potential
barrier. This study is motivated by the observation that, while the exponential
factor in the Arrhenius law exhibits universality, the pre-exponential factor depends

sensitively on the form of the potential landscape. Consequently, by appropriately
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Figure 1.1: Panel (a): Escape of a single particle from a potential trap. In this case,
the escape rate is governed by the conventional Arrhenius law, as given in Eq. (1.5).
Panel (b): Escape of a particle in an interacting diffusive system from a potential
trap. In this case, the escape rate deviates from the conventional Arrhenius form
and is instead described by the generalized Arrhenius law, as given in Eq. (1.6).

reshaping the potential landscape while keeping the overall barrier height fixed, one

can significantly reduce the mean barrier-crossing time; see Sec. 1.4.

1.1 The conventional Arrhenius law

The Arrhenius law (AL), which provides one of the earliest quantitative descriptions
of escape and activation processes, states that the escape rate r of a chemical reaction
is given by

r = ae FalksT (1.4)

where, « is a pre-factor and E4 denotes the activation energy required to initiate

the reaction.

Subsequent developments in the understanding of escape processes clarified that such
activation events are rare and arise from stochastic fluctuations. In 1935, Eyring [14]
and Evans and Polanyi [15] gave the theory to describe rates of reactions, what later
became known as conventional Transition State Theory (CTST). To briefly explain
the idea of C'TST, consider a reaction between two atoms P and () eventually form-

ing a product R, P + @ = R. For such a system, the potential energy surface
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Figure 1.2: Schematic illustration of a reaction between two atoms P and Q) forming a
product R. To form the product, the reactants must overcome the potential energy
barrier E4. The top of this barrier corresponds to the activated complex. The
reaction rate is given by Eq. (1.4).

reduces to a one-dimensional curve describing the potential energy as a function of
the inter-nuclear separation between P and (). See Fig. 1.2. In reactions involving
more than two atoms, the potential energy surface becomes multidimensional [16]. A
reaction may then be visualized as the motion of the system on this potential energy
surface from the reactant configuration to the product configuration. The reactant
and product states correspond to valleys on the surface. These valleys meet at a
stationary point known as a col or saddle point, which corresponds to an activated
complex. Within this framework, CTST assumes quasi-equilibrium between reac-
tants and the activated complex, allowing its concentration to be determined using
equilibrium statistical mechanics, and further assumes that trajectories crossing the
saddle in the forward direction proceed to products without recrossing. Under these
assumptions, the CTST derives an explicit expression for the reaction rate, thereby

yielding a microscopic statistical derivation of the Arrhenius form [14-16].

In 1940, Kramers presented his seminal work [17], in which he established his dif-
fusion model of chemical reaction. In contrast to the CTST picture, the reacting
system is coupled to a thermal medium maintained at some fixed temperature 7" and

characterized by a viscosity or friction coefficient, so that the motion is influenced
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both by systematic damping and by random thermal noise. The activation process
is modeled as the motion of a one-dimensional Brownian particle in a potential well
U(x), coupled to a heat bath at temperature T', with its dynamics described by the
Langevin equation with an external force term, ma& = —U’(z) — pud + 2D £(t). Es-
cape from the metastable well requires surmounting a barrier of height AU. Within
this framework, Kramers computed the escape rate in distinct damping regimes
by analyzing the corresponding Fokker—Planck equation. In the high-barrier limit,
AU > kgT, he demonstrated that the escape rate is exponentially suppressed and
given by the Boltzmann factor exp(—AU/kgT), reflecting the rarity of escape. Ad-
ditionally, through a careful evaluation of the probability flux across the barrier,
he obtained the viscosity-dependent pre-exponential factor in the intermediate to

strong damping regimes.

In the high damping regime, where the friction is sufficiently large such that the
inertial term in the Langevin equation can be neglected, the escape rate is given

by [17-20]

AU
Q)SP = 76_1 exXp (_k_T) . (15)
B

Here, without loss of generality, we set the friction coefficient to unity. Eq. (1.5)
applies when the barrier height is much greater than the average thermal energy of
the particle, i.e., AU > kgT, where AU is the height of the potential barrier and
T is the temperature of the surrounding environment. The subscript SP denotes
that the system is of single Brownian particle. 7 is microscopic non-universal time
scale of the system that depends on specific form of the potential trap U(z). By
contrast, the exponential factor exhibits a universal character: it depends solely on
the barrier height AU and on the temperature 7', and is independent of any other

details of trap. See Fig. 1.3.

To understand Eq. (1.5) better, imagine a diffusive process on a multidimensional,

rugged energy landscape. Presence of a variety of local minima surrounded by energy

19



Figure 1.3: Panels (a) and (b) schematically show two different potential landscapes.
In both cases, however, the particle must overcome the same barrier height AU.
When AU > kgT, the exponential factor in the escape rate is therefore the same
for the two potentials, reflecting the universality of the Kramers escape-rate formula
given in Eq. (1.5).

barriers AU > kgT renders a natural separation of timescales in these systems—fast
fluctuations in the well followed by slow and rare fluctuations between the wells. In
other words, the particle fluctuates many times within a well (typical trajectories)

before leaving it (rare trajectories). This is a key assumption behind Eq. (1.5) in

generic activation processes [21-24].

The universal exponential dependence exp(—AU/kgT) in Eq. (1.5) implies that the
activation barrier AU can be inferred directly from escape rate data. In particular,
taking the logarithm of the escape rate renders it linear in the inverse temperature
B =1/(kgT). Consequently, a plot of —log ®sp as a function of § yields a straight

line, the slope of which is given by AU.

It is precisely this universal structure of the Arrhenius law that underlies its broad
applicability across a wide range of physical systems and has sustained extensive
theoretical and experimental interest over several decades; comprehensive reviews
may be found in Refs. [18,19]. Despite many years of study, discoveries are still
being made around the AL and exciting applications continue to be found such as
activation in the presence of viscoelastic medium [25,26], escape dynamics of active
particles [13,27-30], temperature dependent activation energies [31, 32], multiple
metastable states [27], experiments with colloids [33, 34|, semiclassical transition

rate theory [35], and inference methods from barrier crossings [36,37]. Further
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notable studies that have provided deeper insight into activation dynamics include
elucidating the influence of long-range temporal correlations or memory effects on
the escape time statistics [38,39], as well as the escape dynamics of composite
systems such as dimers [40-42], thereby underscoring the continuing relevance and

richness of the Arrhenius paradigm across diverse physical settings.

Despite numerous studies, the validity of the AL remains less explored in interact-
ing systems. The presence of interactions raises fundamental questions regarding
the validity and universality of the AL. In addition to the existing slow and fast
timescales, the “nature” of interaction also sets another timescale in the problem.
Consequently, the universal exponential decay in AL may no longer hold true due
to the complex interplay of different agents and their interactions [43-46]. Indeed,
explicit breakdowns of Arrhenius behavior have been demonstrated in several con-
texts. For instance, the rate of escape of an active particle from a potential trap
acquires an exponential contribution that depends explicitly on its self-propulsion
speed, thereby deviating from the classical Arrhenius form. As shown in Ref. [13],
this modification in the exponential term can give rise to the counterintuitive sce-
nario in which, for certain ranges of propulsion speed, a particle may surmount a
higher potential barrier more readily than a lower one, reflecting a qualitative de-
parture from the standard activation picture, Eq. (1.5). Similar deviations arise in
glassy systems. In particular, for most glass-forming liquids, the viscosity does not
exhibit a simple Arrhenius temperature dependence as the system is cooled towards
the glass transition [32]. Therefore, it is not a priori clear whether the exponential
Arrhenius form remains universal in interacting systems, or whether interactions
qualitatively modify the dependence of escape rates on thermal noise. This natu-
rally leads to the question of whether a generalized Arrhenius law can be formulated
for interacting systems, and, if so, how the effective activation barrier are shaped
by interparticle interactions. The first part of this thesis is devoted to addressing

these issues to determine the AL in the context of interacting diffusive systems, as
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discussed in the subsequent sections.

1.2 The generalized Arrhenius law for interacting

diffusive systems

Building on the framework of Macroscopic Fluctuation Theory (MFT), we derive a
generalized Arrhenius law (AL) for interacting diffusive systems and show that it
assumes the following simplified form

Pyp = e PAUIPo) (1.6)
where the subscript MP stands for interacting diffusive many-particles system, p,
is the average particle density of the system and the function ¢(p,) quantifies the

modification induced by interactions in the escape rate relative to the single-particle

result given in Eq. (1.5).

To understand Eq. (1.6) better, let us consider two paradigmatic examples of
interacting-difusive systems, namely the symmetric simple exclusion process(SSEP)
[47] and the zero range process(ZRP) [48]. In SSEP, each lattice site can be oc-
cupied by at most one particle, and a particle can hop to a nearest-neighbour site
only if the target site is vacant. This constraint gives rise to an excluded-volume
interaction, which refers to the geometric restriction that particles cannot occupy
the same spatial region simultaneously, so that each particle effectively excludes a
finite volume from being accessed by others. As a consequence, the system exhibits
an effective repulsive interaction. For such a system having excluded-volume inter-
actions, the function g(p,) depends on the average particle density as well as the
form of the potential trap U(z). Consequently, the exponential factor in Eq. (1.6)

acquires an explicit dependence on the potential landscape, in contrast to the con-
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ventional Arrhenius law in Eq. (1.5), which depends solely on the barrier height.
This establishes that excluded-volume interactions break the universality of the
conventional Arrhenius form. Remarkably, however, all systems characterized by
excluded-volume interactions exhibit the same functional form of g(5,), irrespective
of the details of the underlying microscopic dynamics. We refer to this class of

systems as the excluded-volume universality class.

In contrast to the SSEP, the ZRP does not involve excluded-volume constraints,
as the occupation number at each lattice site is unbounded. The hopping rate
to a neighbouring site depends on the number of particles at the departure site,
which may give rise to either effective attractive or repulsive interactions depending
on its functional form. For such systems without excluded-volume interactions,
the function satisfies g(p,) = 1, implying that the exponential factor in Eq. (1.6)
reduces to that of the conventional Arrhenius form. Consequently, the universality
in Eq. (1.5) is preserved, and such systems are therefore classified as belonging to

the Arrhenius universality class.

The details and analysis are provided in Chapter 2. Further, in Chapter 3 we present
another method called perturbative hydrodynamic approach to analytically validate

the existence and range of validity for these two universality classes.

1.3 Inferring the number of metastable states of
an unknown landscape using the generalized

Arrhenius law.

Going forward, in Chapter 4 we demonstrate that the generalized Arrhenius law for
interacting diffusive systems with excluded volume interactions can be systemati-

cally exploited to infer the number of metastable states in an unknown potential
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landscape, an inference that is not possible within the framework of the traditional
Arrhenius law, Eq. (1.5). In particular, for systems with excluded-volume interac-
tions, the function g(p,), appearing in the exponential term of the escape rate, devel-
ops non analytic points (kinks), the number of which coincides with the number of
extremal points in the underlying landscape. Consequently, determining the number
of metastable states reduces to identifying the number of kinks in ¢g(p,). A practical
challenge, however, arises because these non analytic features become apparent only
in the asymptotic limit AU — oo, a regime that is not experimentally accessible.
To overcome this limitation, we establish a correspondence between the escape prob-
lem under consideration and equilibrium thermodynamic phase transitions, which
enables the introduction of an effective free energy and associated response func-
tions. We show that these response functions exhibit pronounced peaks at finite
values of SAU, and that the number of such peaks is in one to one correspondence
with the number of kinks in ¢g(p,). Thus, although the extrema of the landscape are
formally encoded in the asymptotic non analytic structure of g(p,), their signatures
persist at experimentally relevant barrier heights in the form of pronounced peaks in
response functions. This establishes a robust and experimentally accessible protocol

for identifying the number of extrema in an unknown energy landscape.

1.4 Speeding-up of the Brownian escape

A prominent theme in recent developments in the understanding of escape dynam-
ics is the search for mechanisms or controls that can accelerate the escape pro-
cess—critical in applications ranging from chemical kinetics to molecular machines.
Several innovative strategies have emerged to reduce the mean barrier crossing time.
These include: noise engineering — modulating the memory time of colored noise has
been shown to significantly influence the crossing dynamics [49]; stochastic reset-

ting — introducing resetting protocols [50-58]—where particles are intermittently
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returned to a specific location—can lead to an optimal escape rate under certain
conditions [59-64]; time-dependent driving: applying weak, time-periodic forces to
the system can enhance the likelihood of barrier crossing via stochastic resonance
mechanisms [65]; removal of single maximum trapping time along the path of a tracer
in disordered systems [66]. Such mechanisms are of considerable interest both from
a fundamental perspective and in applications where rapid barrier crossing is desir-
able. The last part of the thesis is devoted to investigating one such mechanism,
with the aim of identifying conditions under which barrier-crossing events can be

systematically accelerated.

Among these approaches, manipulating the underlying potential landscape consti-
tutes one natural way to control barrier-crossing times [34,67,68]. Understanding
how controlled modifications of the potential profile influence escape dynamics re-
mains an active area of research. This is also important since diffusion of particles,
ions, molecules, or even living microorganisms in confined geometries such as tubes
and channels plays a key role across various scales in natural and technological
processes [69-71]. One promising direction in this context involves reshaping the
potential profile, a mechanism that will be explored in Chapter 5 with the aim of

facilitating faster escape.

To explore the effect of reshaping the potential profiles on barrier-crossing times,
we employ the first-passage formalism, in which barrier-crossing time is the mean
first-passage time (MFPT), with the absorbing boundary placed at the top of the
potential barrier. Within this framework, we demonstrate that a suitable modifica-
tion of the potential landscape, while preserving the overall barrier height, can lead
to a substantial reduction in the MFPT relative to that of the original unmodified
potential. The modification is done via the introduction of finite intermediate barri-
ers. Furthermore, we show that increasing the number of such intermediate barriers

yields additional reduction in the MFPT. This effect is not limited to simple linear
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potentials; analogous improvements can also be achieved in non-linear landscapes by
replacing smooth potentials with suitably constructed piecewise profiles. Detailed

results and analysis are presented in Chapter 5.

1.5 Structure of the thesis

For brevity, we now provide an outline of the thesis. In Chapter 2, we derive the
generalized AL and establish the emergence of the universality classes. Additional
technical details related to this chapter are presented in Appendix C. In Chapter 3,
we introduce an alternative derivation based on a perturbative hydrodynamic ap-
proach, which further confirms the existence of the universality classes and identifies
their range of validity. In Chapter 4, we investigate the inference properties of the
generalized AL for interacting diffusive systems with excluded-volume interactions;
supplementary material for this chapter is provided in Appendix D. In Chapter 5, we
examine a mechanism based on controlled manipulation of the potential landscape
to achieve a reduction in barrier-crossing times of a single Brownian particle, with
additional details included in Appendix E. In Chapter 6, we conclude with a sum-
mary of the main results and a discussion of possible future directions. Appendix A
presents an overview of macroscopic fluctuation theory, followed by a discussion of
the additivity principle (which is employed in Chapter 2) in Appendix B. Finally,
Appendix F contains the derivation of diffusivity and mobility for a few representa-

tive models of interacting diffusive systems.

26



Chapter 2

Arrhenius law for interacting diffusive sys-

tems

The content of this chapter has been published in [72]

2.1 Introduction

As discussed in Chapter 1, the conventional Arrhenius law (AL) [Eq. (1.5)] exhibits
universality in its exponential term, in the sense that this term depends only on the
barrier height and is otherwise independent of the detailed structure of the potential
landscape. Surprisingly, this universality has not been systematically examined in
the context of interacting systems. The presence of interactions introduces addi-
tional correlations and collective effects, thereby rendering the dynamics consider-
ably more complex. Consequently, it is not a priori clear whether the universality

exhibited by the conventional Arrhenius law continues to hold in interacting systems.

In what follows, we postulate a setup, where (1.5) cannot hold. Consider a system
of finite size colloids, restricted to move in a 1D tube, and trapped by an external
potential. If the density of colloids in the trap is finite, they cannot all occupy the
bottom of the potential as some of the colloids are pushed away from the bottom.

Hence, an effective activation energy, smaller than AU, may be considered. Naively,
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this effective activation energy can depend on the inter-colloid interaction and the
interaction of the colloid with the medium. Clearly, it also depends on the density
of colloids in the trap, ultimately suggesting a violation of the AL (1.5). This simple
setup rightly shows the key role of interactions in the escape problem of AL and why

a new formulation is very much needed to generalize the AL for interacting systems.

Our aim in this chapter is therefore to delve deeper into the AL for interacting
diffusive systems. However, before doing that, it is insightful to derive the AL for
M non-interacting particles. Notably, the AL can be computed from the large time
survival probability which can be derived by mapping the problem to an effective
Schrodinger equation with absorbing boundaries — see the textbook [20] for this
standard procedure. Technically, the survival probability S(t) < exp [—t Png] !,
where the escape rate ®x; = M Ejy and FEj is the ground state energy of the Fokker-
Planck Hamiltonian Hpp = —DyOss + %(@CU/DO)2 — %@mU, where Dy = kgT.
See Appendix C.1 for details (also see [20,74-76]). Here we stress that the escape
rate is the inverse of the mean activation of a single particle 2. Evidently, the
AL universality still prevails for non-interacting particles. What happens to this
universality when we incorporate many-body interactions? Here, we try to address

this important question in different systems as discussed below.
Systems with excluded volume interactions

The symmetric simple exclusion process(SSEP): The SSEP is a lattice gas model,
where each site is either occupied or not (see Fig. 2.1(a)). A particle at site 1,
jumps to the neighboring site j with rate 7;(1 — n;) where 7; denotes the onsite
occupancies. Despite its simplicity, the SSEP has been widely studied in the con-
text of nonequilibrium statistical mechanics and has been used as a paradigmatic

model for understanding the behavior of interacting particle systems in many phys-

! Assuming ¢ > L?/Dy the diffusion time. For the short time limit, see [73].
2While our main goal is to asses the mean activation time of a single particle, in principle one
can generalize our results to the case of the escape of all M particles from the trap.
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Figure 2.1: Schematic of the paradigmatic lattice gas models analyzed in this work:
(a) the SSEP, (b) the SIP, (c) the strong particles model and (d) the ZRP.

ical and biological systems, e.g. traffic flow, tracer dynamics, protein synthesis, and
gene regulation [77,78]. The SSEP typically demonstrates genuine nonequilibrium
behavior, e.g. a non-product steady state measure and long range nonequilibrium
correlations [8,11]. Furthermore, the SSEP is susceptible to exact solutions; micro-

scopically via the Bethe ansatz and macroscopically through the MFT [47,79-82].

The strong particles model(SPM): The strong particles model [83-85] is a lattice
gas model, where each lattice site is either occupied or not. Blocks of k£ occupied
sites can move in their entirety with rate r(k) one step to the right or left (see
Fig. 2.1(c)). This dynamics depicts that a particle is strong enough to push a whole

line of particles — hence the name.
Systems without excluded volume interactions

The simple exclusion process(SIP): The SIP is a lattice gas model, where the particle

occupancy at each site is unbounded. A particle at site ¢ jumps to a nearest neigh-
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boring site j with rate 7;(1 + n;) where 7, ; are the particle occupancies [79, 86-88]
(see Fig. 2.1(b)). Namely, where the SSEP is the classical analog of Fermions, the
SIP is the classical analog of Bosons. It is often the case where if the SSEP dynamics

can be solved analytically, so can the corresponding SIP dynamics [79].

The zero range process(ZRP): The ZRP is a lattice gas model, where a particle at
site ¢ jumps to a neighboring site j with rate r(n;) where 7; is the occupancy at site
i [48] (see Fig. 2.1(d)). That is, only onsite interactions are important. We have
r(0) = 0 for the process to be well defined. Notice that the jump rates are robust
enough to allow a mixture of attractive and repulsive interactions. The relation

between D(p) and x(p) is given by D(p) = %X(p) (see Appendix F.3).

These are the systems that we study in this chapter. To understand the result
consider an extended 1D system of interacting diffusing particles in a monotonically
increasing potential U(x) with initial mean density p, = M/L, where M is the
number of particles and L is the domain size. We show in this chapter that the mean
time it takes for a particle to escape from the potential is given by the following
generalized AL

Dyp < e~ AVeP0)/Do, (2.1)

where g depends both on the density p, and on the inter-particle interactions. Once
again, we stress that ®p is the particle escape rate, its inverse indicates the mean
escape time of a single particle. By minimizing the particle configuration energy,
one can show g = 1 — Uy,,/AU where Uy, is the highest energy a particle can
attain in the minimum energy configuration. The exponential form of the AL is still
preserved. However, the salient point is the emergence of two universality classes.
Whenever AU/Dj is large, and no excluded volume interactions take place, the
minimum energy configuration compresses all the particles at the origin, keeping
the AL universality intact with ¢ = 1. However, excluded volume effects change the

minimum energy configuration and thus g strongly depends on the particle density.
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This implies on one hand the breakdown of the AL universality as g depends on
the shape of the potential. On the other hand, notice that ¢ is independent of the
dynamics at play. That is, we have identified a new universality class — the excluded

volume universality.

To illustrate the generalized AL, consider the paradigm of the symmetric simple
exclusion process (SSEP) where the inter-particle interaction is hard-core exclusion
[77]. Minimizing the particle configuration energy implies that they are tightly
packed around the potential minimum, resulting in g < 1 [see Fig. 2.2(a), details
later|. Therefore, the excluded volume imposes a shorter mean escape time. Eq. (2.1)
is the central result of this chapter and we will demonstrate it for a class of diffusive

interacting systems, within the framework of the macroscopic fluctuation theory

(MFT) [8] (also see Appendix A).

To illustrate the generalized AL, consider the paradigm of the SSEP, or the SPM,
which exhibit excluded volume interactions. Minimizing the particle configuration
energy implies that they are tightly packed around the potential minimum [see
Fig. 2.2(a)]. In this minimum energy configuration, the topmost particle is at the
potential level denoted by Ui, in Fig. 2.2(a). Therefore, this particle does not
have to overcome the full barrier AU. Instead, it effectively experiences a reduced
barrier AU — Uyop. Therefore, the excluded volume imposes a shorter mean escape
time. On the other hand, for systems with no excluded volume interactions, like
the SIP and the ZRP, Ui, = 0 (see Fig. 2.2(b)). Therefore, in order to cross the
barrier, a particle has to overcome the full barrier AU. Eq. (2.1) is the central
result of this chapter and we will demonstrate it for a class of diffusive interacting

systems discussed above, within the framework of the macroscopic fluctuation theory

(MFT) [8] (also see Appendix A).

We confine an interacting-diffusive gas consisting of M particles in a trap of size

L. After doing the diffusive rescaling (see Appendix A), we denote the rescaled
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trapping potential by U(z). At coarse grained level, in the large L limit, the system

is described by the following fluctuating hydrodynamics equation:

asp = —0:J (22&)
j=J(p) +/2Dox/LE(x,s), (2.2b)
J(p) = —=D(p)0xp — x(p)BO,U. (2.2¢)

where, Dy = 1/6 = kgT. p(x,s),j(x,s) are the density and current density re-
spectively. Here x € [0,1] and s € [0,t] are diffusively rescaled. The functions
D(p) and x(p) represent, respectively, the diffusivity and mobility associated with
the underlying microscopic dynamics. The stochastic term &(x,s) is a Gaussian

white noise with zero mean and delta correlations in both space and time, satisfying

(€(x,8)E(a!,s")) = 0(x —a'),d(s — &') — also see Appendix A.

Building on the fluctuating hydrodynamics equation, the fundamental formula of

MFT asserts that the path probability is given by

Prob[{p,j}] = exp [_Dio/o ds/o dx# 0(O0sp+0:7)  (2.3)

where =< indicates possible possible logarithmic corrections. The delta functional
enforces the continuity constraint, d;p+0,j = 0, ensuring that only those trajectories

{p,j} which satisfy this constraint contribute to the path probability.

Further, we assume that the particles are constrained between one reflecting and one
absorbing wall at © = 0 and x = 1 respectively. Thus, S(¢), the survival probability
of the particles to stay inside the region upto time ¢ can be written as a conditional
sum over all the paths Prob[{p, j}] (see Eq. (2.3)) that satisfy the following boundary

conditions

J(p)lo=0 = pla=1 =0, (2.4)
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and the mass conservation in the system

L/dxp(:v,t) =M. (2.5)

The constraint in Eq. (2.5) enforces conservation of the total number of particles
in the system, which is essential since our objective is to compute the survival
probability of the entire system, i.e., all M particles, up to time ¢. This survival
probability, in turn, determines the escape rate associated with the first particle

exiting the system, which is the central quantity of interest.

Within the MFT, one expects S(t) < e *®, where computation of ® (®x; or Pypp)
reduces to a minimization problem of finding an optimal fluctuation {p,j} that
satisfy the above mentioned constraints. Note that the optimal fluctuation governs
® due to the large L saddle dominated probability in Eq. (2.3). However, the
minimization problem still remains hard. To address that, we use the additivity
principle, that was introduced in [89] and proved as a useful tool in evaluating large
deviations [8] (also see [79,80,84,90,91]). The additivity principle posits that the
optimal fluctuation density is time-independent, reducing the complexity of finding

the optimal fluctuations.

For a 1D system, the additivity principle assumption p(z,t) = p(x) implies j(x,t) =
const due to the continuity equation. However, const = 0 since the current vanishes

at the boundaries. Finding ® then reduces to the following minimization problem
DyL
o= %min/dm L(p,0xp), L=

p(x)

J(p)? _
—4A(p— 7o), (2.6)

X
where p(z) is subjected to Eq. (2.4) and A is a Lagrange multiplier ensuring mass
conservation py = M/L = [ dx p(x). It is important to emphasize that the additivity
principle has converted a hard dynamical optimization problem (see Eq. (2.3)) into a

simpler static optimization problem over the time-independent density profile p(x).
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The minimization problem in Eq. (2.6) then boils down to solving an Euler-Lagrange
(EL) equation with the Lagrangian £. Using the transformation [73,92] (we will

henceforth refer to this as F-transformation)

the resulting EL reads

Loz L 7 _ A VX
Oy '+ g(@xU) X' =3 XO0eU = A D (2.8)

where x = x(p[F]) and ¥’ = 0x/0F and U = U/D, (recall that Dy = 1/8 = kgT).

The resulting boundary conditions inherited from (2.4) are
Jrle=0 = p[F]le=1 = 0 (2.9)
with a rescaled current
Jp = 0. F + %xlﬂaxff. (2.10)
Thus, the survival probability can be estimated via (2.6) as
P = DOL/dx Jz, (2.11)

where F' is the solution of (2.8).

Before discussing the interactions, it is instructive to re-derive the results for non-
interacting particles. Indeed, here D = 1,y = p so that p = F? and (2.8) recovers
HppF = DoAF, which is the eigen-value problem for the non-interacting system.
Skipping details, one can show that ®x; = DyLp,A which implies that DyA is the

ground state energy of Hpp (see Appendix C.4).
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Figure 2.2: The generalized AL for interacting diffusive systems. The mini-
mal energy configuration for the SSEP, strong particles model, and SIP is sketched
in the sub-figures of (a) and (b) correspondingly. For the excluded volume models,
the particles pack tightly, leading to U, = U(p,). For the SIP, all the particle
can accumulate on the potential minimum at = 0, leading to U, = 0. The g
function is tested numerically, as a function of p,, with three potentials U(x): linear
AUz, harmonic AUz? and cosine $AU(1 — cos(rz)). We confirm numerically, for
the SSEP and the strong particles model g = 1 —U(p,)/AU (left panel) and for the
SIP g = 1 (right panel), as predicted by Eq. (2.1). Both predictions are well fitted
up to the expected numerical errors. We refer to Appendix C for more details.

For short range interactions, and in the limit of a dilute system, i.e. p, — 0, suggests
interactions become negligible. Indeed in this limit, /' — 0. Thus, Eq. (2.8) can
be linearized in F, leading to the non-interacting case. Thus for dilute systems, the
AL is recovered. In what follows, in order to justify the generalized AL in Eq. (2.1),

we turn to study several interacting systems.

Notation: Before proceeding to the subsequent sections and chapters, we clarify
the notation used throughout the thesis. The symbol ®ypp denotes the escape rate
for interacting diffusive systems. More specifically, ®ssgp, Psip, Pspy and Pzrp
represent the escape rates for the SSEP, the SIP, the strong particles model and the
ZRP respectively. The notation ®y; is used for the escape rate of non-interacting
particles. When no subscript is specified, ® is used in a generic sense to denote the

escape rate, with its precise meaning inferred from the context.

35



2.2 Excluded volume universality

The objective of this section is to demonstrate the emergence of a universality class
associated with diffusive systems exhibiting excluded-volume interactions. We refer
to this as the excluded-volume universality class. In what follows, we establish this
universality within two representative models with excluded-volume effects, namely

the symmetric simple exclusion process and the strong particles model.

2.2.1 The symmetric simple exclusion process (SSEP)

For the SSEP, D = 1, x = p(1—p) [11] (also see Appendix F.1). The transformation
to F leads to p = sin? . We restrict F to the range [0,7/2] to ensure a positive
x/? = 1sin2F. While x,x’ in (2.8) becomes explicit, a solution for arbitrary
potential is challenging. Fortunately, an analytical solution can be obtained for
the linear potential U(z) = AUz (U = U/Dy). In that case (2.8) is simply an
autonomous equation. With the transformation y = cos2F', and by assuming that

the density as well as y are monotonous functions, (2.8) can be reduced to a first

order differential equation (see Appendix C.2)

d 1 -
d_i - §AU\/1—y2\/1—y2+8A(y—yo),

Yo = Yle=0s Y1 =Ylo=1 =1, (2.12)
where A = A/AU?. Note that —1 < yy < 1. Here yy — 1(—1) implies that the
density at the reflecting boundary is approaching zero (unity).

Egs. (2.11) and (2.12) constitute an implicit solution of the survival probability,
denoted by ®gspp, for the SSEP. However, it is worth stressing that one need not

explicitly solve y (and thus F') in order to obtain ®gsgpp. Skipping details from
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Appendix C, we obtain

P C
B Co (1o N - o),

1 yk

dy )
w V1 —92/1—y2+ 8y —w)

where Cj = (2.13)

for £ = 0,1,2. Fortunately, the C} integrals are analytical and involve elliptic func-

tions. Furthermore, ®ggpp is given in terms of (A, yy) which are implicit functions

of AU and 7.

To make the relations explicit, we notice that direct integration of (2.12) leads to
Co = AU/2. Also, recalling that 7, = [ dzsin® F implies that 2p, = 1 — C;/C.
The regime of large AU is supported by 0 < 1+ 1y < A < 1. In these limits and

to leading order A = 2e=2U1=70) and (1 + yo) = e~2U%0. Finally, we have
Dgspp = DyLAe™200~70), (2.14)

where A is a polynomial function of 7, and AU (see Appendix C.2).

At this point, we connect the above with our announced result (2.1). Eq. (2.14)
implies ¢ = 1 — p, for the linear potential. In the exclusion process, the system’s
energy is minimized if the particles are ordered as close to the potential minimum
as possible. Consequently, the minimum energy occurs when the system is fully

occupied between x = 0 and = = p, and therefore Uy,, = U(z = p,) (see Fig. 2.2(a)).

Although solving Eq. (2.8) is hard for generic monotonous potentials, the same
physical arguments can be given to infer the generalized AL. Indeed, the minimum
energy attained by tight packing the exclusion particles in monotonous potentials,
lead to U,y = U(z = py). To demonstrate this behavior, we employ a standard
shooting method algorithm to solve the eigen-problem (2.8) for various potentials

(see Appendix C.5 for more details). The numerical results shown in Fig. 2.2 pro-
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vide an excellent agreement with Eq. (2.1) thus validating the generalized AL for
arbitrary monotonous potentials with excluded volume effects. In the absence of
excluded volume effect, Eq. (2.1) implies ¢ = 1. This is indeed the case for the
reflected Brownian motion, where particles cannot overtake one another, following
from Jepsen line arguments [93-95]. The reflected Brownian motion is precisely the

limit of the SSEP at vanishing p,, in agreement with g = 1.

2.2.2 The strong particles model (SPM)

The strong particles model is a gradient type model. This implies an analytic

calculation of the diffusivity [83,85] (see also Appendix F.4). In our case,

D= 5§f k2r(k)ptt. (2.15)

As long as the rates allow all possible configurations, we have the free energy density
f(p) = plogp+ (1 — p)log(l — p) . This implies that the mobility is given by (see
also Appendix F.4)

X =p(1=p)D. (2.16)

Clearly, for r(k =1) =1 and r(k > 1) = 0 we reduce to the SSEP. Here, we choose
re = 1/k* to simplify the F transformation. This gives x = p,D = 1/(1 — p). We
find that p = y = tanh® F with D = cosh® F. Indeed, Fig. 2.2 confirms that g is
identical for the SSEP and the strong particles model, revealing they both belong

to the excluded volume universality.
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2.3 Arrhenius universality.

In this section, we demonstrate that diffusive systems without excluded-volume
interactions belong to the Arrhenius universality class. In such systems, the expo-
nential contribution to the escape rate depends solely on the barrier height and the
temperature. We establish this universality by analyzing two representative models,

namely the simple inclusion process and the zero-range process.

2.3.1 The simple inclusion process (SIP)

In the literature, one can find numerous studies on the SIP as a model that facili-
tates condensation [96,97]. In this thesis, we focus on diffusive transport, and thus
avoid the condensation region. Hence, the SIP densities are assumed low enough
to avoid any condensation transition. For p, < 0.6, the absence of condensation is

numerically verified.

The interaction among the particles is attractive. Therefore, naively, one might guess
that attractive interactions decrease the escape rate and therefore ultimately result
in ¢ > 1. In contrast, we demonstrate here that ¢ = 1. Namely, the SIP, lacking
excluded volume effects belongs to the Arrhenius universality class and satisfies

Eq. (1.5).

For the SIP, one finds D = 1, x = p(1+4p) (see Appendix F.2). The F-transformation
implies p = sinh? F'. Notice that unlike the SSEP, F' is unbounded for the SIP. Sim-
ilarly to the SSEP analysis, one can explicitly write the Euler-Lagrange equation
(2.8), but an explicit solution is again challenging for an arbitrary potential. How-

ever, some analytical progress can be made for the linear potential. Skipping details,
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we find (see Appendix C.3)
®gp = DoLAe 20, (2.17)

where A once again is a polynomial function of 5,, AU (see Appendix C.3).

Eq. (2.17) remarkably coincides with the single particle AL noting that there is no
slowdown in the escape. This indeed stems from the underlying physics of the SIP,
where the attractive interactions imply that the minimum energy configuration is
attained when all the particles bunch at the potential minimum. Comparing $grp
with Eq. (2.1) results in g = 1. In fact, this holds for any monotonous potential. To
demonstrate this fact, we employ our shooting algorithm to solve (2.8) for different
potentials. The numerical results are illustrated in Fig. 2.2 validating the AL for
SIP regardless of the particle density p,. We should stress that the simplicity of

Eq. (2.17) can be deceptive since there is no simple or trivial way to derive it.

2.3.2 The zero-range process (ZRP)

Assuming x to be polynomial in p, the ZRP indeed conforms to (2.1) with g = 1.
Fig. 2.3 plots numerical g(p,) for a linear potential U(z) = AUz a harmonic
potential U(x) = AUz? and a cosine potential U(x) = AU[l — cos(mx)]/2.
We consider the ZRP characterized within the MFT by x = p(1 + p). For
all three potentials, the numerical results are in agreement with the theoretical

prediction, yielding values of g that remain equal to unity within numerical accuracy.
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Figure 2.3: The plot extracts g as a function of the mean density p, for ZRP
defined by x = p(1 + p). These particles experience a linear U/AU = z, harmonic
U/AU = z* or a cosine potential U/AU = (1 — cosz)/2. Clearly, g = 1 up to
numerical errors as expected.

2.4 Discussion.

Understanding escape times in a thermal activation process while accounting for
many-body interactions is at the heart of this chapter. To this end, we have studied
the survival probability of interacting particles with diffusive dynamics in a poten-
tial trap. In the limit of weak thermal fluctuations AU > Dg, we show, using the
seminal macroscopic fluctuation theory, that the Arrhenius law can be generalized
(Eq. (2.1)) with AUg an effective activation energy. Importantly, we reveal that
the escape problem in lattice gas models branches into two universality classes. We
demonstrate our result in five distinct paradigmatic models. Particle models with
excluded volume exhibit a decrease in g leading to a facilitated escape from the
potential. Importantly ¢ is independent of the interaction. On the other hand,
whenever excluded volume effects are not present, we reach quite surprisingly and
non-trivially to an effective single particle problem. Thus, the canonical AL applies
for processes without excluded volume effects. It should be stressed that albeit its

technical simplicity and intuitively appealing physical interpretations, any attempts
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to generalize the insight gained from single particle AL to many particles with ar-
bitrary interactions remains exorbitantly challenging. Furthermore, the generalized

AL holds in store quite a few surprises.

Naively, one expects that the generalized AL would be more restrictive from an
experimental stand point. However, Eq. (2.1) suggests the opposite with two imme-
diate interesting directions within the excluded volume universality class. Consider
a narrow tube serving as a 1D transport channel for colloids, where both the trap
and the interactions can be manipulated externally. Here, the new universality
class suggests that such changes would not affect escape rates from the potential
trap. However, changes in the colloids density, or varying the shape of the poten-
tial (modulated by, e.g. optical tweezers), while keeping AU fixed, will result in
different escape rates. Therefore, measurement of escape rates allows to infer the
particle density in the trap as we change the potential, or vice versa. See [98-101]

and especially [33] for similar inference problems.

Beyond these applications, this work opens new avenues of research. First, it will
be important to extend Eq. (2.1) to include arbitrary potential landscape, possibly

also to higher dimensions [102,103].

A yet unexplored path is to consider the AL for multi-species particles, where D, x
become matrices [104]. It will be worth investigating whether such inter-species

interactions can speed up the escape rate of a complex activation process.
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Chapter 3

Emerging universality classes in thermally
assisted activation of interacting diffusive
systems: A perturbative hydrodynamic

approach

The contents of this chapter has been published in [105].

In Chapter 2, we derived Arrhenius law for interacting diffusive systems using the
framework of the macroscopic fluctuation theory (MFT). Our analysis revealed the
existence of two distinct universality classes: systems without excluded-volume inter-
actions fall within the Arrhenius universality class, whereas systems with excluded-
volume interactions belong to the excluded-volume universality class. The results
were demonstrated with the aid of numerical analysis. In this chapter, we present
a perturbative hydrodynamic approach to analytically validate the existence and

range of validity for the two universality classes.

More specifically, in Chapter 2, the Euler-Lagrange equation [Eq. (2.8)], arising from
the underlying variational minimization problem, could not be solved analytically
for arbitrary potential landscapes. In what follows, we address this limitation by

adopting an alternative analytical strategy. The idea is to bypass the need for an
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exact solution of the Euler-Lagrange equation by employing a perturbative approach
constructed around the thermal equilibrium. This enables a systematic analytical

treatment of the minimization problem.

3.1 A perturbation theory close to equilibrium

We are now in a position to address the main claim of this work; diffusive particle
systems, within the framework of the MFT belong either the Arrhenius universality

class, or the excluded volume universality class. In this section, we present the proof.

Importantly, the proof provided here has to be carried out independently for each
dynamics D, x. Therefore, we start by stating the essence of the proof, and only
then continue to demonstrate it for: non-interacting particles, the symmetric simple
exclusion process (SSEP), the strong particles model, the simple inclusion process

(SIP) and finally the family of zero-range processes (ZRPs).

The premise of our method is to notice that at the AU > Dy limit, the escape
rate & < 1. Namely, the escape rate of particles from a deep trap is small. Con-
sidering an equilibrium density profile pey (correspondingly Fe,), where J(peq) = 0
(correspondingly Jr,, = 0) implies ® = 0 directly from Eqs. (2.10) and (2.11). The
equilibrium density profile is small but non vanishing at the absorbing boundary;,
in contradiction with the boundary conditions (2.9). Therefore, it seems plausible
that the optimal fluctuation can be written as a perturbative expansion around the

equilibrium fluctuation. Let us construct this perturbation theory.

3.1.1 The essence of the proof

In order to estimate the escape rate ®, we need to solve the Euler-Lagrange equation

(2.8) subjected to the boundary conditions (2.9). The premise of the method is
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that the optimal profile F' can be approximated by invoking a perturbative analysis

around the equilibrium setup
F = Fq+wiF + O(w?), (3.1)

where w is a small parameter, yet to be determined, and §F is an order 1 pertur-
bation. It is important to state from the get-go that it is hard to carry out the
perturbation theory to the next order. Nevertheless, it will prove useful for the task

at hand, as ® < w? to leading order.

First, we explicitly find Fi, as the solution of Jp,, = 0. The equilibrium solution
F.q naturally depends on the particle mass in the system M = Lp,. Therefore F¢,
is determined from Jg,, = 0 up to a constant we denote by A. Then, it is important
to find A = A(%g,ﬁo), where Dy = kgT. We expect this is typically possible

analytically at the limit of large AU/ D.

F.q, the equilibrium component, satisfies the reflecting boundary condition, but it
does not account for the absorbing boundary condition. We posit that the correction
term wd F' is responsible to mend the absorbing boundary condition. Namely, F,, +

wdF|,—1 = 0. More precisely, we fix §F|,—; = —1 so that
w = Feqlz=1. (3.2)

This implies that to leading order in w

/

_ 2 s X 2
¢ = LDyw r%l}pn/da: (0,0F + 4D0X1/2axU5F) : (3.3)

where x = x(Feq). The new minimization problem of 6 F' is in no way simpler than
the original problem and we make no attempt to solve it. Instead, we notice 6 F' is

of order 1 and therefore the integral in (3.3) is typically non-vanishing and leads to
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a polynomial function of AU/Dg. Therefore, it is w that determines the exponential

decay of .

In simple words, using this perturbative approach, we have thus reduced the problem
from solving a hard minimization problem on F', to finding the proper scaling w.
Finally, after determining w, we recover ® < w? to recover the generalized AL at

the limit where AU/Dy > 1.

In what follows, we implement this methodology for a set of paradigmatic lattice

gas models.

3.1.2 Non-interacting particles

Within the MFT formalism, D = 1, and y = p for non-interacting diffusive particles.
In this case, the F' transformation (2.7) implies p = F>. With the above in mind, we
write the escape rate for non-interacting particles @y, the resulting Euler-Lagrange

equation, and the boundary conditions

1
CDNI = DoL/d]f(axF‘i‘ ﬁFa:cU)2 +A(F2 _pO)a
0

1
L+ —F0,U|— = F|.—1 = 0. 4
8+2D08U|0 lo=1 =0 (3.4)
According to the recipe of Sec. 3.1.1, we posit (3.1), and for a vanishing Jp, , we
find

U(x)

F, = Ae o, and

2 EO
A B f dx e_U(X)/DO ’ (35>

where A is obtained from the mass conservation at the leading order. At the large
AU/ Dy limit, we can explicitly evaluate A% = ﬁo%ﬁ:o) + O(1), provided the first

derivative around = = 0 is non-vanishing. More generally, when 95U (z = 0) = 0 for
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k < n, one finds A? o< p,(AU/Dy)"/™ up to subleading contributions in AU/D.

From (3.2), satisfying the absorbing boundary condition, we find

AU

w=Ae o, (3.6)

This choice is justified if w is indeed small. Since A is polynomial in AU/ Dy, and 5,
is finite, we confirm w < 1 at large AU/Dy and the perturbation theory is justified.

Moreover, we verify that

dn1 = DyLw?*Poly(AU/Dy) (3.7)

AU, _au
—  DyMPoly(=—)e B,
Do

where the polynomial contribution comes from both the w? term and from the inte-
gral in (3.3). Therefore, we have reconstructed the famous AL for non-interacting
particles. In what follows, we show that the same methodology, with a tad more
technicality, re-affirms the classification to two AL universality classes; differentiat-

ing between processes with and without excluded volume.

3.1.3 The symmetric simple exclusion process (SSEP)

In this subsection, we focus on inferring ¢ of (2.1) for the SSEP. (For microscopic
details of SSEP, see Appendix F.1.) It will demonstrate that the SSEP belongs to

the excluded volume universality class, as predicted by (2.1).

We recall that within the MFT formalism, the SSEP is defined by D = 1, and ,
x = p(1 — p). The F transformation (2.7) implies p = sin? F' for the SSEP. Let us,

once again, collect the escape rate ®gggp and the boundary conditions for the SSEP
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d
] / do T2+ A(sin? F — 3,),

1 .
Fle=1 = 0.,F+ 4—Dosm 2F0,U|z=0 =0,

r .

Our methodology states that we need to find F explicitly. Imposing Jr,, = 0 Vz
implies

F.q = arctan(A e~ U/2Po), (3.9)

A is inferred from the mass conservation p, = [ dx sin® F, i.c.

_ 1
1—p0:/d 1+ A26-U()/Do" (3.10)

At large AU/ D, values, and assuming monotonous potentials, it is possible to eval-

uate A2 = eVP0)/Po yp to subleading corrections. Indeed, we notice that 2:

Po
/1+A2 -U(x)/Do </ /p ) 1+eU(p01)30U(>

(3.11)
~ 1 -
Now that we have evaluated A, we recall that (3.2) implies
w = Fuylee) = arctan Ae=2Y/2Do, (3.12)

Pgspp = DoLPoly(AU/Dg)w”

= Dy LPoly(AU/Dg)e2Vs/Po,

for deep potentials, and with g = 1 — U(p,)/AU for monotonous U as suggested

'Here we refrain from writing the Euler-Lagrange equation as the scaling of w stems from the
absorbing boundary condition.
2The subleading term Dy/AU can change to a different power law if 9,U|,—o vanishes.
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in [72]. Note that §F is of order 1 and thus the polynomial contributions arise from
the integral. Moreover, for a finite density w? = arctan e 2V8/Po <« 1, thus justifying

the perturbative approach.

We have shown that this perturbative scheme is sufficient to capture the generalized
Arrhenius law in monotonous potentials. The extension to non-monotonous poten-
tials can be pursued by the perturbative scheme and amounts to re-evaluating the
integral (3.11). While non-monotonous potentials lead to interesting results on their

own right, a focused study will be presented in Chapter 4.

We have verified for the SSEP the main claim of (2.1). The excluded volume results
in g < 1. In what follows, we show that even in the case of a more complex dynamics
than the SSEP, involving excluded volume effects, we still recover the same g given
by (2.1). Namely, processes in the excluded volume universality class lead to the

same ¢, independent of the dynamics.

3.1.4 The strong particles model (SPM)

We recall from Chapter 2 that for strong particles, the rate r(k) = 1/k? leads to
D = 1/(1 — p) with x = p. Furthermore, the F' transformation (2.7) leads to

p =y = tanh? F with D = cosh? F.

Collecting the setup for the strong particles model, we have

P
DS(]E/I = m};n/dx JZ + A(tanh® F — 5,),
1
F|x:1 - a,z:F + ﬁ tanh FaxU|x:0 E 0,
0

1

0

Setting Jp,, = 0, we find F, = arcsinh Ae~U/20 where A is determined by mass
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conservation

1
_ 2
Do = /dmtanh Foy= /dx1+A_2eU(x)/D0. (3.14)

For large AU/D,, and for monotonous potentials, we can evaluate A? = ¢Y®o)/Po,

Now, we have from (3.2) that w = arcsinh Ae=2Y/2P0_leading to the escape rate for
deep potentials
®gpy = Do LPoly(AU/Dg)e 2U8/Po, (3.15)

where g =1 —U(p,)/AU as expected. To conclude, ¢ is identical for the SSEP and
the strong particles model. They both belong to the excluded volume universality

class.

We verify numerically that the SSEP and strong particles model both belong to the

excluded volume universality class. See Fig. 3.1.

We have established the excluded volume universality class, where g is independent
of the type of interactions. We move onwards to analyze the simple inclusion process
(SIP), which involves attractive interactions, but no excluded volume effects. This,
in order to argue that even with interactions, but no excluded volume effects, the

process lies within the Arrhenius universality.

3.1.5 The simple inclusion process (SIP)

Within the MFT framework, the SIP is captured by D = 1, and x = p(1 + p). The

F transformation (2.7) reads p = sinh® F. We therefore recover
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Figure 3.1: Numerically determining ® [Eq. (2.11)] subjected to the boundary con-
dition in Eq. (2.9). The two panels present g as a function of the particle density
in the trap for three potentials: the linear potential U/AU = z, the Harmonic
potential U/AU = z* and the Cosine potential U/AU = (1 — cosmz). The left
plot presents g for the SSEP and the strong particles model, both falling within
the excluded volume universality class. For the monotonous potentials under study,
g = 1—=U(py)/AU as obtained from the minimum energy configuration. In the
right plot, ¢ is presented for the inclusion process and for a ZRP with x = p(1+ p).
It is confirmed that both processes belong to the Arrhenius universality class, with
g = 1. For both plots, the numerical values show good agreement with the theo-
retical prediction and are within the expected errors of the numerical method. We
stress that the numerical code, like the analytical treatment, relies on the validity
of the MFT and of the additivity principle assumption.
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Pgrp : : _
DL m};n/dx J2 4+ A(sinh® F — p,), (3.16)

1.
F|x:1 = 82F + 4_D0 sinh 2F(91U|I:0 = 0,

1
Jr = 31F+4—Dosinh2F8xU.

Setting Jp,, = 0, we find F.q = arctanhAe~Y/?Po. This implies, together with (3.2)

that

w = arctanh Ae”2V/2Do, (3.17)

_ 1
1+ Po = dx 11— A2e—U(X)/DO7

where we have recovered A from the mass conservation. Eq. (3.17) suggests that
for any finite density p,, one should have 0 < A? < 1 whenever AU/Dy > 1.
Evaluating the latter integral can be done exactly only for a set of potentials. Nev-
ertheless, for p, — 0 we have A% — 0 and similarly as p, — oo we have A% — 1~.
Moreover, A? is an increasing (and bounded) function of p,. Therefore, we find

w? = arctanh?(Ae=AV/2Po) ~ A2e=2AU/Do This implies

®gip = Dy LPoly(AU/Dg)e 2V/Po, (3.18)

following (2.1), and as proposed in [72]. The SIP, lacking excluded volume effects,

is indeed within the Arrhenius universality class.

Let us conclude the analysis with the zero-range processes, allowing to account
for non-trivial interactions, repulsive and attractive, but with no excluded volume

effects.
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3.1.6 The zero-range process (ZRP)

In this subsection, we turn to study the set of zero-range processes (ZRP). Un-
like the previous models, where the interaction was restricted to either repulsive or
attractive, the set of ZRP allows to have repulsive, attractive or a mixture of re-
pulsive and attractive interactions. Like the SIP, the site occupation is unbounded.
Therefore, there are no excluded volume effects, and (2.1) implies ¢ = 1. Here, we
show this is indeed the case, showing that the type of interaction plays no role in
the determination of g, where no excluded volume effects are present in lattice gas

models.

Within the MFT, the ZRP is captured by D = d,x. Generally for the ZRP, the F

transformation implies y = F?. Hence, we have

Pzrp : ' D
Dol = m};n/d:c JI%—FA(HW[X] —Po);
1
Fl., = 8,F 1/2 ) Ul = 1
ot = OF + 5px 20U =0, (3.19)
1
= Z'F P— 1/2 A
Jp ) +2D0X 9,U

Here we have denoted inv[y| as the inverse function to x. Requiring Jp,, = 0 implies

F,, = Ae™Y/2D0 where the constant A is found from the mass conservation

Do = / dz inv[x](FZ,)- (3.20)

From (3.2), we find w = Ae=AU/Do  We stress that the perturbative approach works
as long as w < 1. Hence, we will need to infer the value of A, which of course

depends on the mobility y.

Since x is a monotonous increasing function of p, inv[x] is also a monotonous in-

creasing function of F. Hence, together with inv[x](0) = 0, we can use the mass
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conservation equation to express A

Do = /dx inv[y](AZ%e~U/P0) c%inv [x] (A%), (3.21)

where ¢ > 0 is a constant depending on the exact shape of y. Taking this into

account we demand

1
w? =y (—AUﬁO) e AU/Mo « 7, (3.22)
CDO

for the validity of the perturbation approach. Eq. (3.22) is satisfied for a polynomial
x and we find as expected

(I)ZRP = eiAU/DD. (323)

In the rather extreme case, where x is an exponentially increasing function, there
exists some density where w is not longer small. In this case, the perturbative ap-
proach breaks down. Physically, an exponentially increasing mobility and diffusivity
imply that particles do not tend to bunch up, and that the particle jump rate is
increasing with the local occupancy. In this case, particles leave the trap fast. It
is beyond the scope of the present work to asses what is the escape rate in such a
scenario. Nevertheless, notice that this is the exact opposite case to one leading to a
condensation transition [106], where the particle rates become slow when the onsite

density is large.

3.2 Discussion

In this work, we have delved deeper into the Arrhenius Law for interacting particle
systems. To this end, we have computed the survival probability of interacting dif-
fusive particles in a deep potential trap. Typically, the survival time is significantly

longer than the diffusive time L?/Dy when the trap is deep, i.e. AU/Dy > 1. In
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this case, the survival probability takes the large deviation form S(t) < e*® where
® is the large deviation function. To asses ® — the escape rate from the trap —
we have employed the MFT, a nonequilibrium hydrodynamic theory for diffusive
systems. Analytically, we have established, for a list of paradigmatic processes,
that the escape rate falls into one of the two universality classes. If particle occu-
pancy is unbounded, the process belongs to the Arrhenius universality class, where
® =< e~2U/Do_ This is demonstrated for the non-interacting case, the SIP and a large
class of zero-range processes. If particle occupancy is bounded, i.e. particles gener-
ate excluded volume, the process belongs to the excluded volume universality and
P =< e=AU/Do where g = 1 — U(p,)/AU for monotonous potentials. Importantly,
g is independent of the dynamics of process. This was demonstrated for the SSEP
and the strong particles model which share the same g despite having completely
different dynamics, see Fig. 3.1. We refer to Table 3.1 for a concise summary of the

generalized AL.

An intuitive way to interpret ¢ in the escape rate is through the minimum energy
configuration [72]. At low temperatures, i.e. Dy < AU, an equilibrium system
is dominated by its minimum energy configuration. Hence, the activation energy
AU g is the necessary energy to activate a single particle. For deep potentials, the
minimum energy configuration packs the particles as tightly as possible around the
global minimum. Particles that can be packed into a single point at finite energy
will be found in the Arrhenius law. Particles with exclusion dynamics change their
minimum energy configuration as a function of their density in the trap. For a
monotonous trap, we expect to find the highest energy particle at x = p,. Hence, the
activation energy is AUg = AU — U(p,). Indeed this intuitive argument, suggested
in [107] for systems with linear dynamics, allows to infer the rigorous results obtained

in this work.

The approach developed here significantly reduces the complexity of calculating the
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escape rate ®. Previously in [72], ® was obtained by direct solution of the non-linear
Euler-Lagrange equation (2.8). Analytically, solving (2.8) is feasible for a limited
set of potentials. Numerically, solving (2.8) via a shooting method is restricted
to AU/Dg no larger than ~ 40. Using the perturbative approach developed here,
we notice that at the expanse of ignoring the sub-exponential terms of the escape
rate, the perturbative approach allows to gain analytical insight for any potential.
Numerically, one can employ the perturbative approach which basically boils down
to extracting A from the mass term, see e.g. (3.10). For the SSEP, one can easily
go to AU/Dgy ~ 100 by numerical integration of (3.10). The numerical advantage of
the perturbative approach will be crucial when studying non-monotonous potentials

(see Chapter 4).

One can try to interpret our results within the experimental context in the following
way. We consider once more the colloidal particles, restricted to travel through a
tube or a channel. Moreover, they are subjected to a trap potential, which can be
facilitated by optical tweezers, fixed in time. Assume the density of the colloids in
the trap to be finite. In the case of a narrow tube, where the radius of the tube is
comparable to that of the colloids, the escape rate is determined by the excluded
volume. Naturally, such scenarios belong to the excluded volume universality class.
Importantly, the interactions between the colloids hardly effect the escape rate.
Conversely to the Arrhenius universality, the shape of the potential and the colloid

density in the trap play a key role in determining g.

The perturbative method is able to corroborate for a number of important models
the existence of the two universality classes; the Arrhenius universality class for
lattice gas models with unbounded particle occupancy, and the excluded volume
universality class for lattice gas models with bounded particle occupancy. One case
where the perturbative approach is inconclusive, is for a ZRP where y is exponen-

tially increasing for large densities. This process, microscopically, corresponds to a
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Table 3.1: Summary of the Generalized AL

AL
Models D&x F,, w = e_%fg(,so)
Non- D=1 _U@) _au
interacting B Ae 2P0 (3.5) Ae 2P0 (3.6) g=1
particles X=P
Arrhenius
v universality
D=1 _U@ | arctanh(Ae 2P)
SIP arctanh(Ae  2Do =1
X =p(l+p) ( ) (3.17) g
_U=) _ AU
ZRP D =0,x Ae Do Ae 2Do g=1
D=1 tan(A ‘%) tan(A ‘ZATU)
= arctan(Ae  2Do arctan(Ae  2Do 1 U
SSEP Y= p(1—p) (3.9) (3.12) g=1-3% Excluded
volume
universality
Strong parti- D = 1% . ) . -AU _ U(po)
cles model Y= o arcsinh(Ae 200) | arcsinh(Ae 20o) g=1-3

model where particle bunching leads to strong repulsion. While the perturbative
approach fails to capture the escape rate ®, it should still be possible to employ the
shooting-method algorithm in [72] to understand whether the universality is main-
tained. Moreover, it could also be possible to invoke microscopic techniques in order

to capture the escape rate ® [48].

Another point worth discussing is the importance of the F' transformation in the
analytical analysis. First, there exist non-particle transport models, like the Kipnis-
Marchioro-Presutti (KMP) model [108], where a continuous quantity like energy is
being transported. For the KMP model, with D = 1,y = p?, the F transformation
diverges. Simply put, this implies, that the large deviation form of the survival
probability can no longer be assumed. We do not expect such escape problem could
be successfully analyzed using the MFT. Second, the macroscopic presentation using

D, x of many particle models is either unknown, or given by convoluted expressions
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[109]. This implies that only numerical approximations to the F' transformation are
possible. It would be useful to develop such a protocol to advance the perturbative

approach analysis to deal with arbitrary diffusive dynamics.

To conclude, the successful identification of the two universality classes motivates
further studies, beyond the diffusive regime. Can a similar classification in active
systems, multi-particle species, particles with inertia be observed? Is it possible to
identify other universality classes when we leave the realm of lattice gas models, e.g.
in soft particles? These questions show that indeed the study of the escape problem

from a deep trap is far from resolved.
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Chapter 4

Inferring intermediate states by leveraging

the many-body Arrhenius law

The content of this chapter has been published in [110]

In Chapters 2 and 3, we developed a generalized Arrhenius law for interacting diffu-
sive systems with and without excluded volume interactions. In particular, for sys-
tems with excluded volume interactions, we demonstrated that the function g(p,),
which appears in the escape rate ®yp < e #2U900)  depends explicitly on the form
of the confining potential U(z). In the present chapter, we show that this depen-
dence can be systematically exploited to infer the number of metastable states in

an unknown energy landscape.

4.1 Introduction

Determining the escape-time statistics of a system evolving in a potential landscape
is of fundamental importance. Of particular interest is the associated inverse prob-
lem, namely the inference of properties of the underlying energy landscape from
observed escape-time statistics. One aspect of the inverse problem, prevalent in the
theory of chemical dynamics, is predicting the value of the energy barrier AU by

interpreting experimental data. Such an activation process may extend beyond the
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Figure 4.1: (a) The escape problem of a single particle. The bottom figure shows the
traditional inference of the activation barrier height from Arrhenius law Eq. (1.5)
(b) Inference of the potential minima and maxima by employing the many-body
Arrhenius law Eq. (1.6). The number of kinks in the bottom figure corresponds to
local maxima and minima of the potential U(x) in the top figure. Thus, the many-
body escape dynamics (for instance, activated dynamics of a stochastic lattice gas
model with volume exclusion as shown in the top) allow to infer the metastabilities
of the single particle escape problem.

standard Kramers setup, and involve a conformational or configurational transition
as motion along the reaction coordinate in a rugged energy landscape [23]. A sec-
ond aspect of the inverse problem is inferring the coordinates and number of local
minima in the energy landscape. The local minima can be identified as long-lived
states, or metastabilities, where the system spends significant time. Identifying these
metastabilities enables the reduction of the system’s state space by filtering out fast
degrees of freedom, a crucial technique for simplifying complex dynamics in chemical
physics. While the AL Eq. (1.5) is equipped to address finding AU as the slope of
the semilog plot of ®gp (see Fig. 4.1(a)), building on the subexponential dependence

on Ty, it is ill equipped to infer the number and positions of the metastabilities.

The problem of quantifying the state space of long-lived states was addressed in the
literature, especially by employing statistical tools to assess the state space number,
i.e. the number of local minima of the trapping potential or metastabilities. For

instance, one key result in chemical kinetics is that the randomness parameter or the
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coefficient of variation measured from the turnover time of an enzymatic reaction,
can place a strict lower limit on the topology i.e., the number of metastable kinetic
states in any viable model for the mechanism of a given enzyme [22]. Another
method based on escape time was proposed by Li and Kolomeisky [111] to determine
the mechanism and topology of complex chemical and biological networks. There,
the authors hypothesized that the dwell-time distributions of events between two
states can encode information on number of intermediate states, pathways, and
transitions that lie between initial and final states. Recently, this theoretical work
was tested in a high precision experiment [33] for an overarching set of complex
molecular or nanoscale systems to unravel the quantitative features of the underlying
energy landscape. In another work, the structure of the protein folding energy
landscape involving multiple kinetic traps was predicted via the multiple relaxation
time scales emanating from the first passage time distribution between reactants
and products of these biomolecules [112]. In a similar vein, here we show that
the generalized Arhhenius law, Eq. (1.6), enables the inference of the number of
metastabilities in a potential landscape— thereby establishing a powerful and robust
theoretical method irrespective of the complex underlying mechanisms, and which

could not be achieved within the traditional Arrhenius law, Eq. (1.5).

We recall that the diffusive particles with excluded volume interactions, positioned
in a deep trap, acquire the escape rate given by the many-body Arrhenius law in
Eq. (1.6) [72,105](see chapters 1, 2 and 3). AUg(p,) in Eq. (1.6) is termed as the
effective activation energy. The function g(p,) represents the many-body correction
to the conventional Arrhenius law. Notably, while g(p,) depends on the particle
density p, and on the specific form of the trapping potential, it remains independent
of the microscopic details of the particle interactions. The only requirement is that
the interactions include, but are not restricted to hardcore repulsion — there exist an
excluded volume (see Chapter 3 for specific examples). Moreover, the function g(p,)

is computable for an arbitrary trapping potential, using a geometric argument. In
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this work, we show that for a given potential, varying p, — the particle density in the
trap may lead to kinks in g(p,). These kinks are associated with the local minima
and maxima of the trap potential (see FIG. 4.1). We reveal a surprising equivalence
between ®yp and a thermodynamic partition function. Drawing on the theory of
critical phenomena, we construct analogous thermodynamic response functions as
quantitative tools to detect metastabilities, treating them as the counterparts of

thermodynamic phase transitions.

4.2 Setup

We recall that in the limit of deep traps, i.e., SAU > 1 and large M, L, with a
fixed particle density in the trap p, = M/L, the escape rate for interacting diffusive
systems is given by Eq. (1.6) (See Chapters 2 and 3 for details). For diffusive systems
with excluded volume interactions, the function g in Eq. (1.6) is explicitly given by
9(Pg) = 1 = Utop(py) /AU, with Uy, defining the maximum potential value occupied
by particles when they are arranged in the minimum energy configuration (MEC)

(see FIG. 4.2). This implies

o= [ drO(Uin — BU@)), (4.1

where O is the Heaviside function.

Eq. (1.6) is non-trivial to derive in the many-body case, yet, it can be understood by
an intuitive argument. In the limit SAU — oo, the particles organize into the MEC,
which is primarily determined by the structure of the potential (see FIG. 4.2). The
escaping particle is the one with the highest potential energy, Uy, in the MEC ( also
see Langer et al. [107]). This intuition essentially leads to Eq. (1.6), recalling that
9(py) = 1 —Usop(py)/AU. Note that activating a single particle from the MEC leads

to an energy dominated free energy change in the macroscopic system. The latter
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Figure 4.2: A visualization of the MEC for particles with excluded volume on an
arbitrary non-monotonic potential. Particles occupy the potential for U(z) < Usep.
(a) Here Uy, is smaller then the lowest value of the potential extrema. Thus, Uy
has a single intersection with U(z), at position zy, and we find py(Uiop = U(21)),
leading to Uop(py) = U(x = py) as in the monotonous potential. (b) Here U,y is in
the range where there are three intersection points with U(z), denoted by x123. In
this case py(Utop) = ©1 + 3 — x2. Notice that in this case Usop(py) # U(z = 7y)-

assertion may differ for particles with long-range interactions like polymers [113],

which we do not consider within our formalism.

For the sake of concreteness, we stress that our analysis relies on two assumptions.
First, that the typical time scale for activation is much larger than the diffusive
time scales. Second, that the activation time from the initial condition is much
longer than the relaxation time to the MEC. Physically, this means that there is
no set of particles that start too close to the absorbing boundary, or a macroscopic
set of particles that starts in a local potential minimum, away from the origin, and

detached from the main bulk of particles.

Within our trap setup, and for monotonous potentials, the MEC predicts via Eq.
(4.1) that Uip = U(z = 7y), leading to

Jmonotone(Pg) = 1 — U(z = py)/AU. (4.2)

See also FIG. 4.2. Intuitively, the escape rate should increase as we fill the trap with

excluded volume particles, since adding particles pushes the highest energy particle
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in the trap closer to the activation energy. Hence, ¢g(p,) has to be a monotonous
decreasing function of 7,. From this reasoning alone, it is clear that g(p,) cannot
follow Eq. (4.2) for non-monotonous potentials. The presence of non-monotonic
potentials is quite ubiquitous in the context of particle, ion or metabolite transport
through confined geometries containing narrow openings, corners, bottlenecks or
channels. Despite their pervasiveness, the inverse problem of inferring the structure
of the channel, the nature of the potential from the escape time statistics remains
a challenge [112]. In what follows we analyze the structure of g(p,) for an arbitrary

non-monotonic potential, and show the relevance to the inference problem.

4.3 Emergence of the kinks

In non-monotonic potentials, the escape rate, and in particular g(p,) varies dra-
matically from the monotonic case captured in Eq. (4.2). Indeed, one still infers
9(py) from the MEC. Before providing ¢(p,) for an arbitrary trapping potential, it
is instructive to first consider a minimal model for a non-monotonic potential — the
piecewise linear potential (see FIG. 4.3). Recall that ¢(p,) = 1—Usop(py) /AU for any
arbitrary potential. However, crucially Uy, # U(z = py) for the non-monotonous
potentials. Now, one may proceed by determining Uy, (p,), or alternatively the

inverted function py(Uiep) from Eq. (4.1), the latter leads to

Utop Utop l
A for 0 < o < 3
Po(Usop) = Usop _ 1 1 - Uip 2 4.3
Po(Utop) 235 — 5, for g < ZPp <3 (4.3)
Utop
+1 2 U,
AU 2 top
T for £ < 3P <L

It should then be understood that the kinks in py(Uop) correspond to the local

minimum and maximum of U,y;. These kinks would be inherited by ¢g(p,). Recalling
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Figure 4.3: (Top) The piecewise linear potential Upw(z) is plotted (solid thick
brown) together with the MEC prediction for 1 — ¢ (solid magenta). The black
circles highlight the positions of the kinks in g. The dashed lines reveal the conver-
gence of the finite SAU approximation scheme to the MEC 1 — g curve. Noticeably,
the convergence, marked by the black arrows, is faster away from the kinks.

9(py) = 1 = Uiop/AU, one can invert Eq. (4.3), to find (see FIG. 4.3)

D=

1=9(p) = {ip,+1 forl<p, <2 (4.4)

20, — 1 for 2 <p, <1

The treatment above for Uy, can be generalized to an arbitrary potential trap. It is
the local minima and maxima of the potential trap that introduce kinks in ¢(p,). Let
n be the number of intersections of Uy,, with an arbitrary trapping potential U(x).
Unless Uy, exactly intersects with a local maximum or minimum point, n = 2m+1

is an odd number larger or equal to one. The MEC implies that

Utop Z Toit+1 — xQz ) (45)

where 2y = 0 and z; is the i-th intersection of U(z) with Uy, (FIG. 4.2 (b) demon-

strates the idea). The origin of the kinks observed in ¢(p,) can be understood as
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follows. See Fig.4.1(b). For small values of p,, the particles arrange themselves
around the reflecting boundary in the MEC. As p, increases further beyond a cer-
tain value, the MEC paradigm suggests that the particles begin to populate not
only the region near the reflecting boundary but also the vicinity of the first po-
tential minimum (which lies at a lower energy level than the second minimum; see
FIG. 4.1(b)). This shift in spatial distribution of particles marks the emergence of
the first kink in g(p,) shown in FIG. 4.1. With subsequent increases in density,
similar organizational shifts occur, leading to additional kinks in g(7,). The num-
ber of kinks equals the number of local minima and maxima of the potential U as
shown in FIG. 4.1(b). It should be noted that it is hard in general to provide an
analytic expression of ¢g(p,) as it involves finding analytically the intersections of
the arbitrary trap potential U(z) = Uy, for any 0 < Upp < 1, and then invert
Eq. (4.5). Nevertheless, a numerical inference of g(p,) is straight-forward for any
arbitrary trap potential and at any desired level of precision. Thus, we are able to

represent g(p,) for both monotonous and non-monotonous trap potentials using the

MEC.

4.4 The kinks and thermodynamic phase transi-

tions

Importantly, the MEC and the resulting kinks are obtained as asymptotic results in
the BAU — oo limit. The kinks constitute dynamical phase transitions as the mean
density is varied. However, the escape rate ®yp, or ¢g(7,), is expected to be ana-
lytic at finite SAU. To build this intuition, let us draw a correspondence between
the kinks in the escape problem and the critical phenomena in thermodynamics. A
thermodynamic phase transition points to a non-analyticity in the thermodynamic

potential, say the Helmholtz Free energy, when the temperature is varied beyond
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a critical temperature. The non-analytic point is apparent only in the thermody-
namic limit of an infinite system. Translating to the MEC, the large system size
in thermodynamics corresponds to the SAU — oo limit and the temperature cor-
responds to the mean density p,, which can be externally controlled. Bridging this
correspondence, we can define

1 oF

F=- log ¢ Rp=—
BAU 0g Pmp, ap,"

(4.6)

to correspond to the free energy per volume, where SAU serves as the volume
parameter and R, are the associated response functions. It is important to note
that in the limit SAU — oo, the free energy density F corresponds to g(p,), and
that the singular behavior arises from ®yp which corresponds to a partition function

in statistical mechanics.

Crucially, the non-analytic nature of the escape rate becomes apparent only in the
thermodynamic limit, i.e. at BAU — oo. At finite SAU, it is especially hard to
observe the emerging kinks, as SAU is rather limited experimentally to order of 20,
contrary to the macroscopic volume in thermodynamic systems (see Appendix D.2,
FIG. D.2 and FIG. D.3). A standard method to observe phase transition is by mea-
suring the scaling of response functions such as susceptibilities and other derivatives
of the thermodynamic potentials. This essentially corresponds to looking at the
derivatives of F and the scaling of the divergences close to the critical densities, i.e.
where we expect the kinks. That is, instead of the MEC, it is required to determine
®\p for a finite SAU. This has been achieved [105] in Chapter 3, by developing
a perturbative approach, estimating g analytically at a finite (but large) SAU .
From the knowledge of ®y\p at finite SAU, the corresponding finite-3AU response
functions can be obtained using Eq. (4.6). These response functions capture the

signatures of kinks in ¢, thereby revealing the number of metastable states in the

Tn [72] Chapter 2, an exact approach was developed. However, the treatment is much harder
analytically, and numerically the estimation is limited to about SAU = 20.
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potential landscape.

Statistical physics states that finite systems can only lead to analytic thermodynamic
observables. Therefore, phase transitions occur only in the thermodynamic limit of
infinite system size. However, for a macroscopic particle number of the order of
Avogadro’s number, it is hard to tell the difference between a true divergence of,
e.g. the response functions, and a large but finite increase close to the critical point.
Here, BAU serves as the equivalent of the system size, whereas the density serves
as the control parameter to manipulate toward the critical points. This implies that
observing the kinks experimentally is unattainable. It is more practical to focus on
the scaling properties of the diverging response functions. To see that, we recall

that

F = g(py) + Fs + non-singular subleading terms,

F. = AUf, (BAUSp"). (4.7)

The regular part is dominated by g(p,) at large SAU, and the singular part is given
by a singular scaling function f;. Here dp is the distance from the critical density,
and «,y > 0 are critical exponents. We note, however, that the inference of kinks

in g(p,) doesn’t require the exact determination of these critical exponents.

4.5 Response functions for an interacting lattice

gas model

To demonstrate the emergence of the kinks through the response functions, we focus
on the symmetric simple exclusion process (SSEP). We start with the general ex-

—BAU

pression for the escape rate namely ®yp =< A2%e , as derived in Chapter 3. Here,

one can infer A from the value of the equilibrium density profile at the absorbing
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boundary using Eq. (3.10)

For the SSEP particles in a piecewise linear potential Uy, Eq. (3.10) can be solved
to get an expression for A in the “finite size” limit, revealing the precursor to the
criticality in the escape rate in the “finite size” limit (see Appendix D.1). This
determines ®yp at finite SAU. Subsequently, the corresponding free energy density
F is computed from ®yp using Eq. (4.6) and is shown in FIG. 4.3 as dashed curves
for various SAU values. We next examine in greater detail the regime 0 < p, < 1/6
where the finite size expression of A (and, therefore the escape rate) can be made
simpler (see Appendix D.1). However, the analysis could be extended to the full
range of p,, doing so in the main text would introduce technical complexity, going
against our pedagogical purposes. Thus, we provide a full numerical analysis of the

piecewise linear potential in Appendix D.1.

We can now write the corresponding free-energy in the finite size limit following

(4.6)
F o= 'FO + ‘FS7 (48)
F o L V1 + 12e-200PAU
s ﬂAU og 6 ’

where dp = 1/6 — p, measuring the distance from the critical density p, = 1/6. Here
Fo = 2/3is aregular contribution that will not lead to the divergence of the response
functions. We note that there are subleading terms in F, that are discarded in our
perturbative approach. F; is the singular part of the associated free energy. The
singularity appears at dpSAU — oo which corresponds to a finite dp (distance from
the critical density) and infinite SAU. It is then clear that observing the singularity
directly from F is impractical. In other words, the formation of the kinks will
become apparent only at exceptionally large values of AU ~ 100. Therefore, to
observe the precursors of the kinks, we turn to the response functions. The response

functions accentuate the singular part of F, i.e. R, o (BAU)"! when keeping
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Figure 4.4: (a) The “free energy” F is calculated for finite SAU values, and com-
pared with the MEC result (AU = oo) for SSEP particles subjected to the Upy
trapping potential. It is evident that the convergence is better away from the crit-
ical point at dp = 0. However, to infer the criticality, we need to consider the
response function R,. (b) Rescaled response function Ry /(BAU) for different SAU
as found from Eq. (4.8). The precursor of the kink manifest as a scalable peak,
at distance 1/SAU from the expected kink. (c) Distance d of the peaks from the
expected critical point is shown to scale like 1/AU. We remind that in finite sys-
tems, the singularities characteristic of critical phenomena are rounded and shifted:
response functions exhibit smooth peaks rather than divergences. As the system size
increases, these peaks grow sharper and their location approaches the true critical
point in the thermodynamic limit. Here, we observe the same for d as SAU replaces
the system size [1].

BAUGp finite. FIG. 4.4 demonstrates our findings. We first show that while F
converges to its MEC value as we increase SAU, the convergence is slower close to
the critical point, i.e. for dp — 0. Moreover, we demonstrate the scaling behavior

of the response function Rs.

Finding an analytical expression for F for arbitrary potential landscape turns out
to be completely intractable, even for the SSEP within the perturbative approach.
Nevertheless, inference of the kinks through the response functions is not limited to
an analytic treatment alone, but can be probed using numerical techniques using
the response functions. This is demonstrated in Appendix D.2 for nonlinear trap

potentials with multiple metastabilities — the appearance of similar potential energy
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barriers in the activation gating of the bacterial ion channels is quite ubiquitous [114].
It is demonstrated in Appendix (see FIG. D.2 and FIG. D.3) how F systematically
converges to the MEC limit in the large SAU limit while the response functions
clearly indicate the emergence of the kinks. In a nutshell, the local minima and
maxima of the potential can be inferred from the response functions, obtained from

escape time measurements, without prior knowledge of the trap potential.

4.6 Discussion

In this chapter, we have revisited the survival probability of interacting particles
located in a deep trap potential. The particle escape rate follows the generalized
Arrhenius form ®yp < e #2Ue(P0) where g(p,) can be asymptotically assessed via
the MEC. It was shown that in the excluded volume universality, i.e. for lattice
gas models where the lattice site occupancy is capped, g(p,) becomes singular in
BAU — oo when the trap potential introduces local minima and maxima. More
precisely, local maxima and minima of the trap potential lead to kinks in g(p,).
Thus, reversing the logic, measurement of kinks in the many-body ¢(p,) allows to
infer the number of the single particle long-lived states (metastabilities) induced
by the trap potential local minima. The salient point of this work is proposing
a statistical test, based on the measureable mean escape time of the many-body
problem, that allows to quantify the number of long-lived states in the single-particle

activation problem.

By establishing a correspondence between the kinks in g(7,) in the escape problem
and thermodynamic phase transitions, we introduced the free energy F and the
associated response functions R, in Eq. (4.6). The response functions R, (for
n > 2) capture the signature of emergence of kinks at finite SAU values, which

would otherwise manifest only in the asymptotic limit AU — oco. In the example
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considered here, we found that the critical exponents related to the scaling functions
(see Eq. (4.7)) are @ = v = 1. However, we emphasize that determining the exact
values of these exponents is not essential (and lies beyond the scope of the present
study), identifying the onset of them is sufficient for our problem. Thus, our key
objective has been to develop a framework that can identify the criticality, rather
than its precise nature. Notably, one might be tempted to claim universality of the
critical exponents due to symmetries of the Lagrangian. However, a recent work [115]
by one of us suggests that while the critical exponents are indeed universal for smooth
potentials, they can be different for non-differentiable piecewise linear potentials.
This is indeed what we have observed numerically (see captions of Figs. D.1, D.2

and D.3).

As a proof of concept, it was demonstrated that this approach allows to infer the
position of the kinks in an analytically solvable model — the piecewise linear po-
tential. Additionally, we demonstrate in the Appendices that our method allows to
infer the number of metastabilities of models that are not susceptible to analytical
investigations. It is important to stress that there are obvious limits to the method.
For example, if two extremal points in the potential are in close proximity, or if the
trap potential introduces a very rugged landscape, the sharpness of the response

function scaling test is reduced.

Experimentally, we expect our method to be useful in analyzing transport of inter-
acting particles through a narrow channel, and against a potential gradient. The
robust experimental setup by Thorneywork et al. [33] that recently designed colloid
transport in the presence of multiple traps by an optical tweezers setup could be
a potential avenue to validate our method. Within this setup, collecting measure-
ments on the particle escape rates at different particle densities would allow us to
predict the number of local extrema of the potential gradient. We recall that for the

initial conditions, one would have to consider the particles to be located well within
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the trap, never to be too close to the absorbing boundary. Additionally, our anal-
ysis would change dramatically if a macroscopic set of particles would be detached
from the MEC, and repositioned around a local minimum of the potential. In an
alternative setup, one could also consider tracking the current of a boundary driven
setup with an additional bulk drive represented by the trap. Here, initial conditions
become immaterial, as the steady state current is associated with the mean escape
rate. This setup and its implications will be discussed in a subsequent publication.
It is important to emphasize that the response function approach becomes partic-
ularly useful when escape times become too large due to large energy barriers, at
which the kinks in the data become apparent. Higher-order response functions en-
hance the peaks — the precursors of the kinks — allowing their identification at lower
energy barriers. However, this improvement comes at the cost of increased data
acquisition, as higher-order responses require measurements of escape rates over a
denser range of densities. Since the determination of escape rates is itself experimen-
tally challenging and prone to under-sampling [116-118], the optimal order of the
response function must be chosen with care, depending on the specific experimental

conditions.

In this work, we have restricted the trap potential to 1D. Nevertheless, we point
out that the treatment can be extended to higher dimensions, as well as to multi-
channel activation problems. It would be interesting to consider also non-diffusive
activation processes introducing interacting systems [119,120], as well as particles
with soft interactions, going beyond lattice gas models [121,122]. Finally, it may
be interesting to apply novel approaches to use the finite SAU scaling close to the
critical points of the escape rate ®yp in order to obtain better predictions of the

behavior away from the criticality [123].
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Chapter 5

Speeding up Brownian escape via interme-

diate finite potential barriers

The contents of this chapter has been published in [12/]

As discussed in Chapter 1, the exponential factor in the conventional Arrhenius
law, Eq. (1.5), is universal in the sense that it depends solely on the height of
the potential barrier. In contrast, the pre-exponential factor is non-universal and
depends sensitively on the form of the underlying potential landscape. Consequently,
the barrier-crossing time can be modulated through appropriate modifications of the
potential profile. This observation provides the motivation for the present chapter,
in which we investigate how controlled reshaping of the potential landscape, while
preserving the overall barrier height, can be employed to reduce the barrier-crossing

time.

Despite extensive research in escape processes over the past several decades, the
problem of systematically manipulating the shape of a potential landscape to re-
duce the mean first-passage time (MFPT) associated with barrier crossing remains
relatively less explored. (We recall that, within the first-passage formalism, the
mean barrier-crossing time is referred to as the MFPT.) A notable initial contri-
bution in this area is due to Wagner and Kiethaber [67], who numerically studied

the effect of partially folded intermediates along the reaction pathway on the rates
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Figure 5.1: Panel (a): Schematic of a Brownian particle (large sphere) that starts
at x = 0, which is a reflecting boundary, and is eventually absorbed at x = 1,
which is the absorbing boundary, after overcoming a potential barrier of height AU.
By altering the potential structure by introducing intermediate potential barriers
as in panel (b), we would like to examine whether the mean first-passage time to
reach the absorbing boundary can be reduced than that from the unaltered potential
configuration as in panel (a). The Brownian particle is assumed to be in contact
with a thermal bath surrounded by the bath particles (indicated by the smaller
spheres).

of protein folding. By modeling the folding process as the diffusion of reaction co-
ordinates in a potential energy landscape, they showed that placing intermediates
within the barrier, without changing its overall height, can enhance folding rates if
the intermediate barriers are of moderate heights. Another important contribution
in this direction was made by Palyulin and Metzler [68], who demonstrated that re-
placing a simple linear potential with a piecewise linear potential consisting of two
segments (while maintaining a fixed barrier height AU) allows for tuning the seg-
ment slopes to minimize the MFPT. It was shown that the optimal MFPT achieved
in this segmented configuration was lower than that of the original linear potential.
Another crucial development along this line was due to Chupeau et al. [34], who
experimentally demonstrated that the MFPT of the Brownian particle for reaching
a target can be reduced by guiding it through a suitably engineered potential bar-
rier profile. This acceleration of the first-passage process was observed in both the

underdamped and overdamped regimes.

This naturally leads to the following compelling questions: Can a faster comple-

tion be achieved when a potential is composed of multiple segments instead of just
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two? Can the systematic control of the potential shape—achieved through struc-
tural modifications of individual segments—indeed expedite the completion process?
The purpose of this work is to study a comprehensive model combined with theory
and simulations to address such questions. By leveraging the knowledge of such
arrangements, it may become possible to design potential landscapes that serve as
regulators of transport, where modifications to the potential shape can systemati-
cally control the rate at which large molecules, ions, or metabolites escape through

confining channels.

To investigate these questions, we consider a prototypical set-up of a Brownian par-
ticle diffusing in a landscape depicted in Fig. 5.1(a); the particle starts at position
x = 0, which acts as a reflecting boundary while the boundary at = 1 is absorbing.
Let 7 denote the MFPT for the particle to reach z = 1 by crossing the potential
barrier of height AU. Now, consider the alternative setup shown in Fig. 5.1(b),
where the potential is replaced with a piecewise structure by introducing multiple
intermediate barriers of smaller heights—creating several linear segments—while
keeping the overall barrier height AU unchanged. We denote the MFPT in this
modified potential by 7™°d. The central question we explore is whether a suitably
chosen piecewise linear potential can yield a lower MFPT, such that 77°¢ < 77? Us-
ing analytical tools from first-passage theory [20], we show that by carefully tuning
the slopes of the individual segments in the piecewise linear potential, the MFPT
can be significantly reduced. Moreover, we find that increasing the number of in-
termediate barriers—i.e., the number of adjustable segments—further decreases the
MFPT, yielding a powerful control for optimizing escape times. These insights are
not limited to linear potentials. We extend our analysis to non-linear landscapes as
well, demonstrating that analogous improvements in MFPT can be achieved by re-
placing smooth non-linear potentials with carefully constructed piecewise non-linear
profiles, as illustrated in Fig. 5.4(b). These general findings establish the introduc-

tion of intermediate barriers as a general and robust technique for facilitating faster
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barrier crossing in diffusive systems.

This chapter is organized in the following way. The system set up is described in
section 5.1. This section further discusses the first-passage formalism to compute
the MEPT. In section 5.2.1, we review the case of single barrier [68] and extend to
other potentials in section 5.2.2. Section(5.3) discusses the impact of introducing
multiple intermediate barriers in both linear and non-linear potential landscapes. It
is shown that a systematic arrangement of barriers can lead to a successive reduction
in the MFPT with increasing number of barriers employed. We conclude in Sec. 5.4
with a future outlook. Some additional details (including the effect of intermediate

barriers to the fluctuations in first-passage time) are included to the Appendix E.

5.1 Setup and review of the first-passage formal-
ism

Consider a Brownian particle, whose position z(t) is described by the overdamped

Langevin equation in an external potential U(z) [3,4]
i(t) = —@ + V2DE(2), (5.1)
where £(t) is a Gaussian white noise with the following statistical properties
€) =0,  ®Et) =@t —t). (5.2)

By the fluctuation dissipation theorem, D = kgT'/~, where v is the viscosity of the
surrounding medium, which we assume to be unity, implying D = kgT". We confine
the particle in the region x € [0,1] as shown in Fig. 5.1(a). The particle starts

from xy € [0,1] and it must surmount a potential barrier of height AU = U(x =
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1) = U(x = 0), in order to be absorbed at z = 1. Furthermore, without loss of

generality, we set U(x = 0) = 0 which implies that U(z = 1) = AU.

In this specific set up, the MFPT, T (zy), is the average time it takes for the particle
to get absorbed at x = 1 starting from an initial position z, € [0,1]. To find
T (xo), we start by writing the backward Fokker Planck equation, for the survival
probability S(t,zg), which denotes the probability that the particle has not been
absorbed up to time ¢, given that it started at position z at t = 0. From S(t, z),
the first-passage time density is derived using

f(t, I’O) = —%S(t, ZL‘Q), (53)

where F(t,xo)dt represents the probability that the particle has been absorbed in
the time between ¢ and t + dt. The MFPT is then obtained using the following

relation

T (z0) = / t F(t,x0)dt, (5.4)
0
which satisfies the following backward Fokker-Planck equation [20]:

2

.0 5 B

where note that the initial position z( is now being treated as a variable [20]. To
determine 7 (xg), this equation must be solved subject to the two boundary condi-

tions

Ouo T () =0, and T(zg=1)=0. (5.6)

zo=0

To compute the corresponding MFPT for an arbitrary potential, sometimes it is

useful to recast Eq. (5.5) into an integral form [20]

11
1 1 T

dxlleU(x//)/k‘BT/ da: e*U((ﬂ)/kgT) 57
kBT 0 0 ( )

T (20) =
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where we have already imposed the boundary conditions. Setting zq = 0, we will
henceforth denote the MFPT as 7. Moreover, we will also adopt the following
notation: Uy refers to a potential with N barriers/kinks, where each segment is
linear. The associated MFPT for this potential is denoted by Tx. Similarly, UL
represents a potential with N barriers/kinks, where each segment is harmonic. The

corresponding MFPT for this potential is denoted by Tx.

5.2 Introducing one intermediate barrier

In this section, we demonstrate that introducing an intermediate barrier (or kink)
in potential landscapes and adjusting the strength of the segments on either side of
the kink, while keeping the kink position and overall barrier height fixed, can reduce

the MFPT compared to the original potential profile.

In subsection 5.2.1, we briefly reproduce the results of Palyulin and Metzler [68]
for the case of a linear potential. In subsection 5.2.2, we extend it to consider a
harmonic potential, investigating whether such modification results in a reduction

of the MFPT in this case as well.

5.2.1 MFPT reduction in linear potential

Consider a linear potential described as follows:

Uy («)

—_— = <zxr<l1 .
AU x, 0<z< (5.8)

To determine the MFPT associated with this potential, we solve Eq. (5.5) subject

to the two boundary conditions in Eq. (5.6). This leads to the following expression
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for the MFPT for the particle starting at xq = 0:

1
TE = NI (kpTeAURET - AU — kpT). (5.9)

We now modify the linear potential into a piecewise-linear form consisting of two

segments, defined as:

Uf(z) ki, 0<z<a (5.10)

AU
ko(z — a) + ka, a<z<l1

where, k1 and ks can be thought of as the strength of the potential segments which

can take any real values. Imposing the setup constraint UX(x = 1) = AU implies

AU = AUkia + ko(1 — a)] (5.11)

Fig. 5.2(a) depicts this potential, Eq. (5.10), for one particular values of k;, ks and a.
To determine the associated MFPT, we solve Eq. (5.5) separately over two regions:
Region I, defined on the interval xy € [0, a], and Region II, defined on xy € [a, 1].
The general solutions in each region contain constants of integration, which are
determined by enforcing the two boundary conditions, together with the following

matching conditions at the position of the kink (see Appendix E.1 for details)
711%1(% =a) = 7;%11(370 =a) (5.12)

and

8107'11?1(9‘50 =a) = 8wo7—1]f11(550 =a) (5.13)

where, T (zo) (or T%;(x0)) denotes the MFPT if the particle starts in region I

(or IT). Applying these conditions determines the MFPT as a function of xy. For
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4
k1
Figure 5.2: Panels (a) & (c¢): Piecewise linear and harmonic potential with a single
kink at x = a = 0.3. Panel (b): The inverse speed up factor, T /Ty, for linear case
is plotted as a function of k; with AU = 3 and a = 0.3. For a range of k; values,
TE/TE is less than 1, implying that the modification has accelerated the process
completion in these regimes. Panel (d): The inverse speed-up factor, 737 /T3, for
harmonic case is plotted as a function of k; for AU = 3 and a = 0.3. Similar to the
linear case, TH /T < 1 for several k; values. Simulation data are shown as points,
and the analytical solution is plotted as continuous curve and kg7 is taken to be 1.
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xo = 0, it takes the following form

kgT 1 1 a 1l—a kgT
L_ Rkl L LN _ B
[N <k§ * k§> AU AU | kAl
kgT (1 1 ak1AU/kpT kgT AU/kpT
TAD? <k$ k:lk2>€ YN (5.14)
n ’CB_T<i _ L)ekzu—a)w/kﬂ
AUZ\IZ Tk,

At fixed values of @ and AU, MFPT only depends on k; and ky;. However, due
to the constraint in Eq. (5.11), only one of k; and ko is free. We take k; to be
the free parameter so that ky is automatically determined by ko = (1 — kya)/(1 —
a). In Fig. 5.2(b), we plot TX/T as a function of k; for fixed a = 0.3. Quite
interestingly, for a range of k; values, this ratio remains below unity, implying that
the modification leads to a reduction in the MFPT compared to the unmodified
case in this parameter regime. This reduction can be attributed to the interplay of
the times taken in traversing the two segments of the modified linear potential [68].
By tuning the strengths k; and ks, the additional time required to cross the steeper
segment—relative to crossing the same spatial portion of unmodified potential with
strength AU—can be outweighed by the time gained on the shallower segment. For
appropriate choices of k; and ks, this trade-off leads to a net decrease in the MFPT
compared to the unmodified case. To quantify this, we introduce the factor speed-up

which will be discussed next.

Maximal speedup for the process completion:

We define the speedup factor as the ratio of the MFPT corresponding to the orig-
inal unmodified potential to that corresponding to the potential modified by the
introduction of intermediate barrier(s). In the present case, it is given by T/ T".
A ratio less than unity indicates that the modification results in slowing down the

process, whereas a ratio greater than unity signifies the acceleration of the process.
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In Fig. 5.2(b), we plot the inverse of this factor with k; for a given a, which shows
that for a range of k; values, the inverse speedup factor 7*/Ty < 1, implying that
in this range the first passage process is accelerated by the modified potential, as

compared to the unmodified one.

Further, as k; is varied, the inverse speed-up factor T /T exhibits a minimum at a
specific value, denoted by k. We denote this minimum MFPT by 7% = T|x, s,
so that the speed-up ratio 7.“ /7% is maximum. The inverse maximal speedup factor
is plotted as a function of a in Fig. 5.3(b). For a < 1/2, the optimal strengths satisfy
k > ki, whereas for a > 1/2, kT < k3, indicating that in the optimal configuration
(See Fig. 5.3(a) for a few representative optimal potential profiles.), the region with
the steeper strength occupies a smaller fraction of the spatial domain. Interestingly,
TY /TE < 1, with equality only at @ = 1/2. This implies that the minimum MFPT
is strictly smaller than the MFPT of the unmodified linear potential, or in other
words, the maximal speed-up ratio is greater than 1 for all a # 1/2. At a = 1/2,
the equality T,*" = 7T arises because the optimal strengths satisfy kf = ki (see
Fig. 5.3(b)), indicating that the optimal potential coincides with the original linear
potential. These observations demonstrate that introducing an intermediate barrier
into a linear potential enables a robust reduction in MFPT and, therefore, a robust

speeding-up of the process completion across the entire range of a.

5.2.2 MFPT reduction in harmonic potential

We now turn our attention to the motion in the presence of a harmonic potential

described by
Uy' (x) 2

=X

AU ’

0<z<l1. (5.15)
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Figure 5.3: Panels (a) & (c) show the optimal potential profiles (for various values of
a) for the case of one kink in linear and harmonic potentials respectively. Panel (b)
shows the variation of the inverse maximal speed-up factor and the corresponding
optimal strengths with a, for the linear case, with AU = 3. The left vertical
axis represents this dimensionless factor, while the right vertical axis indicates the
corresponding optimal strengths, k] and k3. For a = 0.5, we observe ki = k3,
implying that the optimal potential is the original linear potential itself in this case
from panel (a). Panel (d) depicts the variation of these quantities for harmonic case,
for AU = 3. It shows that the inverse maximal speed-up factor never reaches unity.
Similar to the linear case, there exists a range of a values for which £ > k3, while for
other values, k; > k] as shown in panel (d). The MFPTs are determined analytically
and the corresponding optimal values have been found numerically, while fixing kgT
to unity.
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The corresponding MFPT for the particle, starting at o = 0, can be obtained by

solving Eq. (5.5) with the two boundary conditions, and reads [100)]

H 1

3 AU
- F (1,1; 2 o —> 5.16
T = gy 2 2" kgT (5.16)
where ,Fy(ay,- -+ ,ap;b1,- - ,by; 2) stands for the generalized hypergeometric func-

tion. We now introduce a kink in the harmonic potential at z = a (see Fig. 5.2(c))

defining a piecewise harmonic potential as follows

2
Uf'(z) _ kya?, 0<z<a (517
AU '
ko(x — a)? + kia? a<zr<l1l

where, k; and ko denote the strength of the potential segments which can take any

real value. The set up constraint naturally implies

Uz = 1) = AU = AUk1a® + ky(1 — a)?]. (5.18)

The associated MFPT for this modified potential is derived following Section 5.2.1,

yielding

2
eu, kk;?U - erf ((l /klAU> e/r’fl ((lfa)\/ k2AU>

TH — vkgT VkgT
! 4k ko AU
werf (—(17‘1)%1?TU> erfi (—FH(Z%{W)
Aky AU (5.19)
a® 3 P’k AU
Fy(1,1;=,2;
+2]{,’BT2 2( ) a27 ) kaT )
(—1+a)? 3

- W o Iy (1, 1; 5,2; —ﬁ) )

where 8 = (1 — a)*kAU/kpT and erf(z) = \% I e ¥’ dy denotes the error func-
tion, er fi(z) = —ierf(iz) denotes the imaginary error function. Following a similar

approach as in Section 5.2.1, we obtain Fig. 5.2(d), which illustrates the dependence
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of the inverse speed-up factor, T{ /T, on k; for the harmonic case. As in the linear
case, TH/TH < 1 over a range of ki, indicating a reduced MFPT for the modified

potential compared to the unmodified harmonic case.

Maximal speedup for the process completion:

Like the piecewise-linear potential, the inverse speed-up factor exhibits a minimum
as shown in Fig. 5.2(d), which corresponds to the maximal speedup of the pro-
cess completion. Further, Fig. 5.3(d) presents the variation of the inverse maximal
speed-up factor, T /T and optimal strengths ki and ki with a, where k} (and
k%) for a given a corresponds to the minimum MFPT and, therefore, the maximal
speedup in the process completion for that specific value of a. See Fig. 5.3(c) for a
few representative optimal potential profiles. Further, Fig. 5.3(d) shows that there
exists a range of the parameter a such that ki > k3, and at other values, k5 > k7.

Interestingly, we find T, /T H < 1 for all a, demonstrating a robust reduction in the

optimal MFPT across the entire range of a, thus showcasing a similar optimization.

5.3 Introducing multiple intermediate barriers

Previously, we analyzed the effect of incorporating a single intermediate barrier on
the controlled reduction of the mean first-passage time (MFPT). The aim of this
section is to extend this analysis by introducing multiple intermediate barriers in the
potential structure. As a means to achieve this, the potential is restructured into
segments with alternating strengths of k£ and ko, starting with ky; an illustration for
a three-segment case is provided in Fig. 5.4. This introduces intermediate barriers,
with their number N equal to one less than the number of segments, N + 1. For
simplicity, we assume the kinks are uniformly spaced in the interval z € |0,1],

located at * = a,2a,...,Na with a = 1/(N + 1), where N is the number of kinks.
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Figure 5.4: The figure presents the linear and harmonic potentials (in blue) along
with their corresponding modified potentials after introducing N = 2n = 2 kinks
(in black), as shown in panels (a) and (b), respectively. The modified potentials
consist of segments with alternating strengths k1 and ky. In both cases, the kinks
are equally spaced and positioned at z = a and x = 2a, where a = 1/3.

5.3.1 Observation I: Intermediate barriers resulting from
even number of segmentations do not facilitate the

further reduction of the MFPT with increasing seg-

ments

Let us consider the linear potential as in Eq. (5.8), partitioned now into N + 1
segments by introducing N kinks, where N is assumed to be odd. The potential
then consists of (N + 1)/2 segments each with strengths k; and k;. Under this

condition, the set up constraint, Uk(z = 1) = AU, implies:

N +1
2

N +1

k‘la -+ AU

Ux(z=1)=AU = AU koa (5.20)

We analytically solve Eq. (5.5) to compute the MFPT, T, using mathematica. This
computation involves the two boundary conditions and 2N connecting conditions,
two per kink (see Appendix E.1 for the details). Following the method in Section 5.2,
we determine the minimum MFPT, T%", for various odd values of N and compute
the inverse maximal speed-up factor, T /7. Fig. 5.5(a) shows its variation along

with the corresponding optimal strengths ki and k3 as a function of odd N. The
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result 7% /T =1 for all odd N shows that introducing such intermediate barriers

does not reduce the MFPT in the linear case.
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Figure 5.5: Variation of the inverse maximal speed-up factor, TF /7, and the
optimal strengths, with the number of kinks N. The left vertical axis represents
the inverse maximal speed-up factor, while the right vertical axis corresponds to
optimal strengths, k7 and k3. The barrier height is fixed at AU = 5 and kT = 1.
To obtain these results, the MFPT for a given N is first computed analytically
using Mathematica and the corresponding optimal MFPT is evaluated by numerical
minimization. Panel (a) shows that for any odd N, the inverse maximal speed-up
factor is unity, indicating no reduction in the MFPT. In these cases, the optimal
strengths satisfy kf = k3. Panel (b) illustrates the behavior for even values of N =
2n. The inverse maximal speed-up factor is less than 1 and decreases monotonically,
indicating successive reduction of the MFPT with increasing N. The case N = 0
corresponds to the unmodified linear potential.

We now analyse the case of harmonic potential. Similar to the case of linear poten-

tial, the constraint for N + 1 harmonic segments(N odd) is

N1 N1
AUt

U(e =1) = AU = AU .

koa® (5.21)

Following the same procedure as for the linear case, we compute the inverse maxi-
mal speed-up factor, TA /T8, and the corresponding optimal strengths &} and k.
Figure 5.6(a) shows their dependence on odd N. While the modified harmonic po-
tential yields a lower MFPT than the unmodified case, the minimal MFPT increases
with IV, indicating that the maximum reduction occurs at N = 1. Thus, adding

more kinks does not further accelerate the absorption.

88



@ 09 * TH T . (b)T * T /T 300
! — 1.
2 oki oki g 3 L¥ ok ok o ® g
St 2 2 Zos o®® ¢ 100 3
208 * 8 2 & 09 ® g
wn ° < wn ® o, s
5 |* E 306} ° . -100 £

4 S g ) =
= ° Y R * ° o
2 e ® ° ©  Xo4l X ok ok ok ok ok kX o
= 075 : : J0 = b : : : : 1300
S 3 5 7 ~ 0 4 8 12 16 20
N(odd) N(even)

Figure 5.6: Variation of the inverse maximal speed-up factor, 7o /7, and the
optimal strengths with N. The barrier height is fixed at AU = 5 and kT = 1.
Panel (a): For odd N, the inverse speed-up factor is less than one, indicating reduced
MFPT as compared to that for unmodified potential. However, additional kinks
does not lead to further reduction. Panel (b) illustrates the behavior for even values
of N = 2n, where the introduction of kinks leads to a reduction in the optimal
MFPT. Moreover, the minimal MFPT decreases monotonically with increasing /V,
indicating that the introduction of additional kinks further reduces the MFPT. The
case N = 0 corresponds to the unmodified harmonic potential.

5.3.2 Observation II: Intermediate barriers resulting from
odd number of segmentations of potential landscapes

do facilitate the successive reduction of the MFPT

Let us now modify the linear potential as in Eq. (5.8) by dividing it into three seg-
ments (two kinks) as shown in Fig. 5.4(a). The resulting piecewise-linear potential
is given by

(
kix 0<zx<a

N/ \ ko(x — a) + kia a<z<2a (5.22)

ki(x —2a) + (k1 + k)a 2a <z <1
L

Here, the kinks are located at x = a and z = 2a, with a = 1/3. Imposing the
constraint Uk (x = 1) = AU yields AU = AU|[2k; + ko]a. Generalizing to N kinks

(with even N), the potential is divided into N + 1 segments. Letting n = N/2, the
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condition Uk (z = 1) = AU gives:

AU = AU(n + 1)kia + AUnksa (5.23)

The inverse maximal speed-up factor, TF" /T, along with the corresponding optimal
strengths k] and k3 for various even values of IV, is computed following the procedure
outlined in Section 5.3.1. As shown in Fig. 5.5(b), the inverse maximal speed-up
factor decreases with increasing N, satisfying TF /T < 1 for all N > 0 (with
N = 0 corresponding to the unmodified linear potential). This monotonic decrease

indicates that adding more such intermediate barriers is beneficial.

We now analyze the case of harmonic potential. As an example, consider partitioning
the harmonic potential in Eq. (5.15) into three segments, by introducing two kinks.

The resulting piecewise-harmonic potential is given by

kyx? 0<z<a

UH(x
2A§]> =\ kao(x — a)? + kya® a<x<2a (5.24)

ki(x —2a)* + (ki + ko)a? 2a <z <1

\

See Fig. 5.4(b) for a schematic of this potential. Imposing U'(z = 1) = AU implies

AU = AU(2k; + kg)a?. For any N(even) number of kinks, the constraint becomes

Uiz =1) = AU = AU (n + 1)ka® + AUnkya® (5.25)

where, n = N/2. A similar analysis to that for the linear case reveals that the
inverse maximal speed-up factor, T /T, decreases monotonically with increasing
number of such intermediate barriers, or equilvalently, with increasing even N. See

Fig. 5.6(b). The figure also shows the variation of k] and k3 with N.

We have thus demonstrated that the minimum MFPT decreases monotonically with
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increasing even values of N in both the linear and harmonic cases. This monotonic
decrease implies that the maximal speedup achievable in the completion time of
the process increases with increasing even N, i.e., To*/T¥.o > T /T (similarly
T T, > T3 /T for the harmonic case) for all even N. This behavior is at-
tributed to “additional degrees of freedom” which emanates from the incorporation
of more kinks/barriers into the potential profile. Each pair of additional kinks (i.e.,
increasing N to N + 2) seems to introduce greater control in shaping the poten-
tial profile as the enhanced degree redistributes the strengths of the uphill and
downhill segments in a manner that reduces the overall traversal time, resulting in

L* L* H* H*
N+2 <TN (and TN+2 <TN )

We continue to investigate the behavior of the optimal potential profiles in the large
and even N — oo limit. To this end, we plotted the optimal profiles for large
N(=30) in Fig. 5.7, which is helpful in understanding the asymptotic structure. To
determine the scaling of the optimal strength £}, we fitted the dataset {kf, N} for
even values of N from N = 2 to N = 20, and confirmed that it correctly gives the
result at larger values of N (up to N = 100). For AU = 5, the resulting fit for the
linear case is

ki~ 1.058 + 0.618 N, (5.26)

while for the harmonic case it is

k¥~ 1.185 + 1.505 N + 0.487 N2, 5.27
1

where the symbol = indicates that the coefficients have been rounded to three dec-
imal places. Once k} is known, the corresponding value of k3 can be computed
using the constraint equations, Eq. (5.23) for the linear case and Eq. (5.25) for the

harmonic case.
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Figure 5.7: Panels (a) & (b): Optimally restructured potential configurations in
linear and harmonic case for N = 30, AU =5 and kgT = 1.

5.4 Conclusions and discussion

In this work, we investigate how the mean first-passage time (MFPT) of a Brownian
particle can be controlled by tailoring the shape of the external potential. We show
that the MFPT required for a particle to cross a potential barrier of height AU can
be markedly reduced by systematically modifying the potential landscape, without
altering the overall barrier height. In particular, we demonstrate that replacing a
single large barrier with a sequence of smaller intermediate barriers—constructed
by partitioning the landscape into segments via the introduction of kinks—leads to

a significant acceleration of the first-passage process.

These observations were based on rigorous analysis of the MFPT in a linear and
harmonic potential, both unperturbed and modified likewise. We began our anal-
ysis by demonstrating that the introduction of a single intermediate barrier in the
potential can result in the reduction of the MFPT compared to that of the original
unmodified potential. Building on this, we extended the study to the case of multi-
ple equidistant kinks, denoted by NN, and investigated the corresponding effects on
the MFPT. We further examined a speed-up factor to quantitatively account for
the efficacy of the transition rendered by the intermediate barriers. The results are

summarized in Table 5.1.
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Table 5.1: Summary of main results. We recall that Ty denotes the MFPT for a
piecewise linear potential with N 4 1 segments or N kinks. The case N = 0 refers
to the pure linear potential. The MFPT for the piecewise harmonic potential with
N kinks is TA', where again the case N = 0 refers to the pure harmonic potential.

Potential Type No. of kinks (N) | Optimal Shape | MFPT Behav-
ior with NV
_ o Even Non-uniform seg- | T < T& and
Fiecewise Linear ment strengths | 74 monotoni-
cally  decreases
with N
Odd Uniform  linear | Linear case al-
potential ways optimal
_ _ _ Even Non-uniform seg- | T3~ < T8 and
Piecewise Harmonic ment strengths | 737 monotoni-
cally  decreases
with N
Odd Non-uniform seg- | 7% < T for
ment strengths | some N, but T
increases with NV

Similar to the MFPT, another important observable in the study of first-passage
processes is the variance of the first-passage time(FPT), which typically characterizes
the fluctuations around the MFPT. While the MFPT is the average time required
for a stochastic process to reach the target for the first time, the variance quantifies
the deviation around the MFPT. Although a detailed investigation of the variance
of the FPT lies beyond the objective of this work, we briefly examine it for a few
cases. We first study the variance corresponding to linear potential (as in Eq. (5.8)),
and that corresponding to modified linear potential with one intermediate barrier
(see Eq. (5.10)). We then follow this analysis for the case of harmonic potential (as
in Eq. (5.15)) and for modified harmonic potential with one intermediate barrier
(see Eq. (5.17)). Skipping details from the analysis presented in Appendix E.2; we
can conclude that adding intermediate barrier can also reduce the fluctuations of

the escape time of a Brownian particle.

In summary, this study has demonstrated that modifying the potential landscape
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can be an effective strategy for reducing the mean first-passage time (MFPT) and
the variance of the first-passage time of an overdamped Brownian particle. In partic-
ular, the piecewise harmonic potential offers a realistic and experimentally accessible
model. It can be readily implemented using arrays of optical traps [125-127], mak-
ing it a practical framework for experimentalists and a promising tool for exploring

such mechanisms in real systems.

This work also points out to several important directions that remain open. Al-
though our findings suggest that introducing intermediate barriers into complex
potential landscapes generally lowers the MFPT, a rigorous theoretical proof of this
observation is certainly lacking. Establishing such a result or identifying the extent
to which these controls are robust would be a crucial step forward, with potential
implications for processes such as molecular or ionic transport through membranes
and channels [33,71]. Another promising direction is to explore the optimal number
of subdivisions in complex potential landscapes, extending similar ideas as in [128],
where the potential was partitioned into linear segments within a specific setup which
preserves the area under the potential. Unlike our current work that achieves MFPT
reduction by tuning the strengths of the potential segments, this optimization with
regard to the number of barriers could be another prospective robust control over
the barrier crossing time. In addition, it would be worthwhile to investigate whether
similar reductions in first-passage times can be achieved for inertial, underdamped
Brownian particles through analogous modifications of the potential. Another inter-
esting direction involves examining the effect of intermediate barriers in anomalous
diffusive systems. Indeed, a study by Palyulin and Metzler [129] demonstrated that
the first-passage dynamics of a subdiffusive continuous-time random walk can be
accelerated by introducing a finite potential barrier. However, the influence of mul-
tiple intermediate barriers (as well as their effect to other non-diffusive processes
such as [130]), as done in this paper, on the MFPT in such systems remains to be

explored.
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Another promising direction would be to investigate whether introducing interme-
diate barriers can accelerate the mean first-passage time (MFPT) in stochastic pro-
cesses with multiplicative noise, such as geometric Brownian motion [131]. Finally,
it would be interesting to explore the combined optimization effects arising from the
interplay between intermediate barriers and stochastic resetting. However, one may
need to adapt an annealed resetting algorithm [132] to see such an effect in confined

geometries such as ion channels [60,71,133].
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Chapter 6

Conclusions

Concluding, this thesis was broadly divided into two parts. The first part was
dedicated to the formulation of the Arrhenius law for interacting diffusive systems,
along with an analysis of its inference properties. The second part examined the
role of finite intermediate barriers in accelerating the barrier-crossing dynamics of a
single Brownian particle. In what follows, we summarize the central results arising

from this thesis and outline potential directions for future research.

In Chapters 2, 3, and 4, we have presented a detailed study of the generalized
Arrhenius law for interacting diffusive systems. In Chapter 2, we derived this gen-
eralized form and demonstrated that, in contrast to the conventional Arrhenius
law, the exponential term is non-universal, in the sense that it depends on detailed
features of the potential landscape and interparticle interactions, and hence is not
determined solely by the barrier height. Despite this non-universality, our analysis
revealed the emergence of two distinct universality classes, which we termed the
Arrhenius universality class and the excluded-volume universality class. Systems
with excluded-volume interactions fall into the excluded-volume universality class,
wherein the exponential term in the escape rate assumes a common form across
different models. In contrast, systems without excluded-volume interactions be-

long to the Arrhenius universality class, for which the exponential term reduces to
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that of the conventional Arrhenius law. In Chapter 3, we presented a perturba-
tive hydrodynamic approach to analytically validate the existence and the range of
validity for the two universality classes. In Chapter 4, we illustrated how one can
use the generalized Arrhenius law for interacting diffusive systems with excluded
volume interactions to count the number of metastable states in an unknown energy

landscape.

Despite these advances in the formulation of the Arrhenius law for interacting sys-
tems, several important regimes remain unexplored. One such direction is the exten-
sion to multi-species interacting systems, where the diffusivity and mobility become
matrices [104]. Understanding how inter-species interactions influence the Arrhe-
nius law constitutes an interesting open problem. Another important avenue is the
investigation of the Arrhenius law in non-diffusive interacting systems [119,120], as
well as in systems with soft interactions that go beyond lattice gas models [121,122].
A further promising direction is the numerical inference of metastable states in un-
known potential landscapes using polymer systems [134], which provide a natural
and physically realistic platform to test the inference property of the generalized

Arrhenius law developed in Chapter 4.

In Chapter 5, we investigated the dynamics of a single Brownian particle in a con-
fined domain, where the particle must surmount a potential barrier of height AU
prior to absorption. We showed that appropriate modifications of the potential
landscape, achieved through the introduction of finite intermediate barriers while
preserving the overall barrier height, can lead to a substantial reduction in the mean
barrier-crossing time. Moreover, we demonstrated that the inclusion of additional
intermediate barriers can further enhance this reduction, thereby systematically ex-
pediting the crossing dynamics. This effect was observed to hold for both linear and

nonlinear potential landscapes.

An important direction for future research is to investigate the effect of introducing
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finite intermediate barriers on the mean barrier-crossing time of active particles
[13,135-137], where a nontrivial interplay between self-propulsion and the modified
potential landscape is expected to arise. Another promising avenue is to examine the
influence of intermediate barriers on barrier-crossing dynamics in viscoelastic media
in which the evolution of the particle is non-Markovian [138]. In addition, it would
be worthwhile to explore alternative mechanisms for reducing the mean barrier-
crossing time. One such approach is to consider space-dependent diffusivity [139]
and to determine the constrained optimal diffusivity profile, that minimizes the
mean crossing time. The imposition of constraint is essential as the unconstrained
optimal diffusivity profile is trivially infinite everywhere. A natural example of
such a constraint is a fixed diffusivity budget, whereby the spatial integral of the

diffusivity over the domain is held constant.

A further direction is to extend the analysis presented in Chapter 5 to higher-
dimensional systems. In such settings, the presence of multiple escape pathways
introduces additional complexity, and it would be of great interest to investigate
how the interplay between these pathways and intermediate barriers influences the
barrier-crossing dynamics, and whether a comparable reduction in the crossing time

can be achieved as in one dimension.
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Appendix A

The macroscopic fluctuation theory

A.1 Introduction

The macroscopic fluctuation theory (MFT) provides a hydrodynamic framework for
characterizing fluctuations in interacting diffusive systems driven out of thermo-
dynamic equilibrium. The theory is based on a coarse-grained description of the
system, referred to as fluctuating hydrodynamics [85], in which the state of the sys-
tem is described in terms of the local density and the associated particle currents.
The microscopic stochastic dynamics are effectively encoded through fluctuating

hydrodynamic equations that govern the evolution of these fields.

Building on the fluctuating hydrodynamics equation, the starting step in MF'T con-
sists of constructing a path-integral representation for the probability of observ-
ing a given history of the density and current fields, denoted by the trajectories
{p(z,s),j(x,s)}. In the limit of large system size, the path integral is dominated
by its saddle point, so that the evaluation of fluctuation probabilities reduces to
a variational problem. The optimal fluctuation trajectory is therefore obtained by
minimizing the associated action functional, which leads to the corresponding Euler—

Lagrange equations.
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Figure A.1: The coarse-graining process: The top panel illustrates the microscopic
dynamics of an exclusion process on a lattice. The middle panel depicts the process
of division of the system into boxes of size ¢, which is necessary to define the local
density(see Eq. (A.1)). After coarse graining via diffusive rescaling, the system is
described in terms of macroscopic density p(z). The bottom panel shows a repre-
sentative density profile.

In this chapter, we briefly discuss the coarse-graining description of interacting dif-
fusive systems and subsequently state the fluctuating hydrodynamic equations that

form the starting point for the formulation of macroscopic fluctuation theory.

A.2 Coarse-graining in diffusive systems, fluctu-
ating hydrodynamics and the macroscopic

fluctuation theory

To briefly explain the idea of coarse-graining, let us consider an example of an
exclusion process on a lattice in 1-D as shown in top panel in FIG. A.1, where a is
the lattice spacing. The particle diameter is considered to be smaller than the lattice

spacing a, and thus its information becomes irrelevant upon coarse-graining. In other
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words, the particle diameter does not influence the hydrodynamic description. The
position of the " lattice is X = ia. We assume L to be large, so that a rescaled,
dimensionless, continuous spatial coordinate z = X/L could be introduced. Since
the system is diffusive, we could also introduce a macroscopic time, s = 7/L?
The dimensions of other quantities transcend accordingly. (We note, however, that
throughout the thesis we set a = 1 for simplicity, thereby rendering all quantities
effectively dimensionless.) Following the review by Derrida [140], we can now define
a macroscopic density. To this end, the system is partitioned into boxes of length ¢
(see middle panel of Fig. A.1) such that a < ¢ < L. The local macroscopic density
p(x,T) is then defined as the total number of particles contained within a box of size
¢, where the box begins at the lattice site with index ¢ = Lz /a and extends over a
physical length ¢, divided by ¢. Mathematically,

L £
1 =21

p(x,s) = 7 ni(T = LQS), (A1)

where, 7; denotes the occupation variable at site ¢, which for models with excluded-
volume for example take the value 1 if the site is occupied by a particle, and 0 if it is
vacant. Note that the dimension of the density in Eq. (A.1) is (length)~* (However,
when a = 1, the density is effectively dimensionless). Further, since there is no sink
or source of particle in the bulk, a continuity equation can be written in the bulk in

terms of macroscopic density and current.

At the hydrodynamic (large L) limit, the dynamics of density p(z,s) and current
density j(z, s) (of any interacting-diffusive systems) are encapsulated in the fluctuat-

ing hydrodynamics equations (restricted here to one-dimension and a single particle
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species for brevity)

Osp = —0yJ (A.2a)
j=J(p) +/2Dox/L&(, ), (A.2b)
J(p) = =D(p)0zp — x(p)BO:U. (A.2c)

where, Dy = 1/ = kgT. D(p) and x(p) are the density-dependent diffusivity
and mobility which encapsulate the diffusive dynamics. In other words, all the
interparticle interactions of the dynamics of diffusive systems are captured in D
and y. Further, these quantities are not entirely independent; they are related via

Einstein’s equation [§]

D(p) = x(p)f"(p)- (A.3)

In Eq. (A.3), 8 =1/kgT has been assumed to be unity and f(p) is the equilibrium
free energy density. In Eq. (A.2) z € [0,1] and s € [0, ] are diffusively rescaled.
Eq. (A.2a) is the continuity equation for the bulk, which takes care of the fact that
particles can leave the system only through the boundaries. Eq. (A.2b) describes

the current density using a Langevin equation !

, where the deterministic part is
given by Fick’s law of the current J. The Fick’s law current in (A.2c) depends on
the diffusivity D and mobility x, which are typically local functions of the density.
Fick’s law implies that the current stems both from a density gradient and from an
external forcing due to the potential gradient 0,U. See Fig A.2. Importantly, D, x

are experimentally measurable. The noise term in (A.2b) is weak as we consider a

large system size L. &(x,s) is a white noise term in both = and s, satisfying

€z, s)E(2',8)) = 0(x — 2")o(s — o). (A.4)

!The Langevin equation has a weak noise, and therefore, time discretization questions are
immaterial.
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Figure A.2: Fick’s law for a one dimensional boundary driven system. The bound-
aries are coupled to particle reservoirs at densities p;, p, correspondingly.

The noise strength in Eq. (A.2b) is found to depend on the mobility x in order to

satisfy the Gallavotti-Cohen fluctuation relations [11].

The starting point of the macroscopic fluctuation theory (MFT) is to write the
probability weight for observing a trajectory {p,j} during the time window [0, ¢].
Employing the Martin-Siggia-Rose formalism [141-143], this probability is given by

the following relation

Prob[{p,j}] = exp [_Dio/o ds/o dxw 0(0sp+ 0:7) (A.5)

where =< indicates possible possible logarithmic corrections. The delta functional
enforces the local conservation law, implying that the density and current fields are

not entirely independent; they must satisfy the continuity equation.

The MFT is a coarse grained theory, and hence, large systems are assumed. The
fundamental formula [Eq. (A.5)] reveals that calculations are dominated by the
saddle point due to the large L limit we consider. Hence the problem converts into a
variational problem. This fact helped facilitating a large number of results within the
MFT framework, from calculations of full counting statistics [47,103,144-147], non-

equilibrium correlations [148], first passage problems [73,92], and more [149-152].
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Appendix B

The additivity principle

One of the central problems in non-equilibrium statistical physics is to understand
the fluctuations of currents in systems maintained out of equilibrium by bound-
ary driving. A paradigmatic setup consists of a one-dimensional diffusive system
connected at its boundaries to two reservoirs imposing different densities or tem-
peratures. In such situations, the system reaches a non-equilibrium steady state

(NESS) characterized by a non-zero average current.

A natural approach to understand the properties of such a system is to focus on
macroscopic observables such as the time-integrated current. For a system of size L,
let Y; denote the integrated current over a long time ¢. The probability of observing

such an integrated current assumes the following large deviation form [89]:

Y,

PL <(] = ?7 P p'r) ~ e_tIL(Q7pl7pT) (Bl)

where p, and p, denotes the density of the left and the right reservoir respectively.
Z.(q,p,, p.) denotes the large deviation function (LDF) which depends on L, ¢, p,
and p,. Moreover, the LDF also depends on coupling between reservoirs and the
system [89]. However, for notational simplicity, this dependence is not made explicit

in Eq. (B.1).
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However, determining Zj(q, p,, p,) remains, in general, a highly non-trivial prob-
lem. In particular, within most theoretical approaches, the computation of current
cumulants becomes progressively more difficult with increasing order, rendering a
direct characterization of the full distribution intractable. In this context, Bodineau
and Derrida [89] introduced the additivity principle, which provides a simple yet
powerful framework to compute the large deviation function, and thereby the full
statistics of current fluctuations. By postulating this principle, they showed that
the full statistics of current fluctuations can be expressed in terms of the first two

cumulants.

The additivity principle [89] provides a remarkably simple way to compute current
fluctuations in diffusive systems. The central idea of the additivity principle is
to relate the probability of sustaining a given current in a large system to the
probabilities of sustaining the same current in smaller subsystems. More precisely,
consider a system of size L connected to two reservoirs at densities p, and p,. The
probability of observing an integrated current ¢ in the system at large times is given
by Eq. (B.1). Now, suppose the system is divided into two subsystems of lengths
L—L" and L’. Bodineau and Derrida then assumed that for large system size L and
the current ¢ is of the order 1/L, the large deviation function obeys the additivity

principle given as

Zr(q,p,,p,.) = mpin[IL—Lf(q, P, P) +I(q, p,p,)l- (B.2)

The above property, (Eq. (B.2)), immediately implies the following relation for the

probability

PL(QHOUPMt) = m;lX |:PL7L’(Q7 P> P t) PL’(Q7p7 pr7t> . (B3>

It is clear from Eq. (B.3) that the two subsystems behave effectively independently,
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except for the constraint imposed at their interface, where the intermediate density

p is selected so as to maximize the overall probability.

They [89] then introduced the scaling hypothesis Z;.(q, p,, p,) = L™'*G(Lq, p,, p,) and
proceeded by iteratively decomposing the system of size L into smaller and smaller
subsystems. If each subsystem is very small, the density difference at the two ends
of the subsystem would be very small. This implies that for small currents ¢ of the
order of L~!, each subsystem is approximately in equilibrium. This then implies that
the current will exhibit Gaussian fluctuation, around its mean value determined by
Fick’s law [153]. In the continuum limit, one then obtains the following expression

of the function G [89]

i [t D)p@)
¢lo) =mit /0 Ax(p(x)) ! (B4)

where, D(p) is the diffusivity and x(p) is the mobility. So, the determination of G(q)
and therefore of the current LDF Z; reduces to a simple static variational problem.
Specifically, the minimization over p(x) leads to the Euler-Lagrange equation which
must be supplemented by the boundary conditions, p(z = 0) = p, and p(x = 1) = p,
in order to determine the optimal density profile p(x). This optimal density profile

can then be used in Eq. (B.4) to determine G and hence the LDF Z.

After determining the function G, the computation of the current cumulants follows
in a standard manner via the scaled cumulant generating function. We define ¥ (\)

as

Y(A) = lim ! In(eM?). (B.5)

t—o00

The function ¥ (A) is obtained from G through a Legendre transform. Using the
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scaling relation Zy(q) = L~'G(Lq), one obtains

w0 = 7 max g = Gl ). (B:6)

Once ¥(A) is known, the cumulants of the integrated current can be obtained by
successive derivatives with respect to A. In particular, the n-th cumulant per unit
time is given by

Ye _ A"V
t o d |,

(B.7)

Thus, the knowledge of (), and hence of G, allows one to determine all current

cumulants in a systematic manner.
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Appendix C

Appendix for Chapter 2

C.1 The survival probability of an overdamped

particle

The purpose of this section is to show that the survival probability for a single par-
ticle can be inferred from the ground state energy of the Fokker-Planck Hamiltonian

A

Let P(x,t) be the probability density of an over-damped particle. Given an initial
probability distribution, the evolution of the probability density is given by the

Fokker-Planck equation
P = Dy0y, P + 0,(PO,U), (C.1)

where U(x) is the potential, Dy = kT and we have set the friction coefficient to 1.
We consider the potential trap in x = [0, L] with reflecting boundary conditions at

x = 0 corresponding to the center of the potential trap

D0, P + PO,Ul4—g = 0, (C.2)
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and absorbing boundary conditions at x = L corresponding to the peak of the

potential trap
Pl,—1 = 0. (C.3)

The survival probability — the probability that the particle has not been absorbed

upto time ¢ — is given by

S(t) = /de(:U,t). (C4)

with S(t =0) = 1 and S(t — o0) = 0. At large times, significantly larger than the
diffusive time L?/Dy, the survival probability is expected to follow a large deviation
form S(t) < e~®', where we recall that ® is the escape rate, given by the AL. Here,
= implies ® = — lim;_,, % log S(t). While we focus here on the long time statistics
of the survival probability, we note that the short time statistics contain useful

information [33].

An explicit solution for the survival probability in the presence of an arbitrary
potential U(z) does not exist. However, several methods exist to capture the large
time behavior. Omne such way is to convert the Fokker-Planck equation into an
imaginary-time Schrodinger equation [20]. This can be done by considering the
transformation P(z,t) = e~U®@)/2Poy)y(x ) such that ¢(x,t) satisfies the imaginary

time Schrodinger equation. Namely

—O0p = Hppi, (C.5)
X 1 /0,U\> 0,,U
0 0

Quantum-mechanically, the presence of reflecting and absorbing boundaries implies

that the particle is bounded. This in turn implies that the energy spectrum of the
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system would be discrete !. Hence, we can now write,
U(x,t) = Z Crpn(x)e™Ert, (C.6)

where, F, is the n-th eigenvalue of the Hamiltonian Hpp in Eq.(C.5), ¢, are the
corresponding eigenfunctions, and C,, are coefficients determined by the initial con-

ditions.

The transformation to the quantum problem is useful when considering the large

Eot where Ej is the ground state energy of

time limit as it is easy to see that ¢ ~ e~
Hpp. Translating the same to the survival probability [Eq.(C.4)], one should have,

in the large time limit,
S(t) < e o, (C.7)

which allows us to identify Ey = ®. Moreover, we notice that initial conditions
hardly effect the long time behaviour 2. The argument can be extended to M non-

interacting particles such that
S(t) =< e MFo, (C.8)

from which one can identify that ® = M Ej for M non-interacting particles, where
Ey is the ground state energy of the single particle Hamiltonian Hpp 3. Here, it
is important to stress that we will consider the limit of large M, L, but a fixed
density p, = M/L and then take the large AU/Dg limit. Under these conditions,

the activation of a single particle remains exponentially rare. Conversely, if one

We assume here that U is smooth and bounded.

2With the obvious exception that the initial condition ¢ (x,t = 0) is almost completely orthog-
onal to the ground state. Or physically, the particle starts close to the absorbing boundary.

3To be precise, it is possible that for a large enough M, ® shows discrepancies from the mean
escape time [154, 155]. Nevertheless, here we will consider M,L — oo but the density is kept

_au
constant. In this limit, the non-interacting case typically implies ® ~ p%e Do
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fixes the trap size and the energy barrier, while increasing the number of particles,
the typical activation times need not be long anymore and ¢ will typically not be

associated with the escape rate [154, 155].

C.2 The SSEP survival probability with a linear

potential

The purpose of this section is to present in full the derivation of the survival prob-
ability of SSEP particles subjected to the linear potential U (x) = AUz. Let us
first recall that for the SSEP, D = 1,x = p(1 — p). The F-transformation (2.7)
implies p = sin? F. Thus, the corresponding Euler-Lagrange equation (2.8) and the
boundary conditions (2.9) in the presence of the linear potential are respectively
given by

72

Oy F
T

1
sin4dF = §A sin 2F (C.9)

AU
axF + T sin 2F|$:0 = F|m:1 = 0,

where we take F € [0,7/2] to keep x'/? non-negative.

Eq. (C.9) is an autonomous equation and can thus be simplified by setting v = 0, F'.
Then, 0,.F = vj—;. Now, v and F' can be integrated independently in Eq. (C.9)
leading to

1 -
v? = Acos2F — 3—2AU cos 4F + Hy, (C.10)

where Hj is a constant of integration. Using the boundary conditions, and making
the transformation y = cos 2F leads to the derivation of Eq. (2.12), where we have
assumed that the slope of y(z) is monotonously increasing due to the monotonicity

of the potential. To find AU, we merely integrate Eq. (2.12) with respect to x and
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y independently at the limit = € [0, 1] and correspondingly y € [yo, 1]. This leads to
Co = AU/2 (see the definition of Cj, in Eq. (2.13)). For the density, we recall that

Do = /dmp(x) = /dxsin2 F. (C.11)

Using the y transformation as well as Eq. (2.12), we find p, = £(1 — g—;) or AUp, =

Cp — (). Finally, using the relation between Cj and C} to py, AU, we can express

Ogspp AU 9
DL /d:t(@xF+ 1 sin2F) (C.12)
A
- /dz( %y AU Ay (C.13)
21 —y? 4
1, - (dy/dz)?  AU? )
- 4AU(y0—1)+/d:):4(1_y2) (1)

C
- 70(y0 — 14 Co — O+ 4XN(C1 — 1o (o)),

where we have used Egs. (2.10) and (2.11). In order to evaluate ®gggp as a function
of AU and 7, it is now necessary to evaluate the Cy integrals [Eq. (2.13)]. We

consider two limiting cases.

C.2.1 The low density limit

In the limit 1 — yy < A < 1, we find the small density limit with at AU > 1. This
can be easily inferred since yy — 1 implies that the highest density point in the

regime is small. The integrals can then be approximated

1
Co = —§>\(1 +log \) (C.14)
1

Co—Cy = oy(l+4X+2N).
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Using the C} values in Eq. (C.12) allows to evaluate ®gggp to leading order. We

find as expected the AL
Dgspp ~o0_ AT
=AU ) C.15

We note that to leading order, one can infer from the Cy — C} calculation that

6y = 2AUp,. The C; leading order in Eq. (C.14) suggests A = oAU,

C.2.2 The finite density limit

The finite density limit arises in the limit of oy = 1+ yg < A < 1, where we expect
our results to be valid. Note that taking the limits in the opposite order leads to

diverging integrals. Evaluating the Cj integrals, we find

1 2 2 A0y
1 oy Aoy
= —log—= — Alog — —
C 5 log 5% Alog 5 A
B 1 OYA oy oy
Cy, = 6y—2—ilogT—i-)\logﬁ—)\—i-)\éylogT.

To leading order, the relations Cy = AU /2 and Cy — C; = AU, allow to infer dy =
e=A0%0 and \ = 2e=2U0-7) . One expects ®ggpp to have the form of a vanishing series
expansion in A, 0y — 0. This implies that the expected leading order is $ggpp o
X+ O(6y, X2, 6y%, Ady). This leads to the announced result ®ggpp ox e 2U1—70)  An

exact leading order calculation following Eq. (C.12) then suggests

Dyspp ~ _AT(1-3
=2A (1=po) 1
DL Ue (C.17)

Eq. (C.17) expands on Eq. (2.14) of the main text, as the pre-exponential polyno-
mial function A is now explicit. Notice that the vanishing density limit cannot be

obtained from this result as we have assumed dy — 0, i.e. yo — —1.
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C.3 The SIP survival probability with a linear po-

tential

The purpose of this section is to provide the detailed calculation of ® for the SIP with
the linear potential U(z) = AUx. Let us first recall that for the SIP, D = 1,y =
p(1+ p). The F-transformation (2.7) implies p = sinh? F.. Thus, the corresponding
Euler-Lagrange equation (2.8) and the boundary conditions (2.9) in the presence of
the linear potential are respectively given by

72
1
AZ sinh4F = §Asinh2F (C.18)

— O '+

AU
&EF + TsinhQF]xzo = F’le = O,

where we take F' € [0, 00) to to avoid duplicity.

Eq. (C.18) is an autonomous equation and like the SSEP case, it can be simplified by
setting v = 0, F. Then, 0, F = j—;v. Now, v and F' can be integrated independently
in Eq. (C.18) leading to

1 -
v?> = Acosh2F — 3—2AU cosh4F + Hy, (C.19)

where Hj is a constant of integration. Using the boundary conditions and making

the transformation y = cos 2F', we find

d 1, ~
% = AUV = 1V/y? — T+ 870 — y). (C.20)
Here, yo = y(z = 0) and where we have assumed that the slope of y(z) is

monotonously decreasing due to the monotonicity of the potential. At this point,
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we again define the Cy-integral for this case

C /yo ykdy
k:
1 VY= 12— 1+ 8A(yo — v)

(C.21)

for 1 < yy < co. To find AU, we merely integrate Eq. (C.20) with respect to z and
y independently at the limit = € [0, 1] and correspondingly y € [1, yo]. This leads to
Co = AU/2. For the density, we recall that

Do = / dap(r) = / dx sinh® F. (C.22)

Using the y transformation as well as Eq. (C.20), we find p, = %(g—; — 1) or similarly

AUp, = C, — Cy.

Finally, using the relation between Cy and C; to py, AU, we can express Pgp

Dgrp AU . 9
—_— = F 4+ —sinh 2F 2
DL /da: (0. F + L sin ) (C.23)
- /dx( %y AU saiy (C.24)
2/y? — 1 4

1 - (dy/dz)*> AU?,
= —ZAU(yo—1)+/dx4(y2_1)+ T (y* —1)

G
= S (1—y0+Ca = Co+ 4A(yeCo — C1)).

In order to evaluate ®qp as a function of AU and Do, it is necessary to evaluate the

Ci-integrals. We consider two limiting cases.

C.3.1 The low density limit

In the limit 0y = yo— 1 < A < 1, we find the small density limit as well as AU >> 1.

This can be easily inferred since yo — 1 implies that the highest density point in
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the regime is small. The integrals can then be approximated

1
Cy = —5 log A — A(1 + log \) (C.25)
1
C,—Cy = §5y + 0yA(2 +log A)

Cy—Cy = 0y+26yA(2+logA).

Using the evaluated C integrals allows to evaluate ®gp to leading order. We find

as expected the AL
Pgrp
DyL

= AU%p,e 20, (C.26)

We note that to leading order, one can infer from the C; — Cj calculation that

oy = 2A0ﬁ0. From the Cj evaluation, we infer A\ = oAU,

C.3.2 The finite density limit

For the finite density limit and for AU >> 1, we consider the limits A < 1 = yoA < 1.

In these limits, evaluation of the C} integrals leads to

1
Co = 5log2/u+ O\ p,plogp). (C.27)
2\ A
Ci—Cy = —10g—+(2+logﬂ),u+——|—0()\)
It 2 Iz
Co—Cy = u/)\—1+2u(1+log%)+2)\log%+0()\).

The leading order results imply 4 = 22U and A = e~ 2U0+%) One expects Pgrp
to have the form of a vanishing series expansion in A, — 0. This implies that
the expected leading order is ®gspp x g + O(A), confirming the announced result
Pgrp x e=2U. An exact leading order calculation yields

(I)SIP T AU
— =A . 2
DL Ue (C.28)
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Eq. (C.28) expands on Eq. (2.17) of the main text, as the pre-exponential polynomial

function A is now explicit.

C.4 The ground state energy and non-interacting

particles

In this section, we give an alternative derivation of the long-time survival probability
of non-interacting particles than the one presented in Sec. C.1. Starting from an
arbitrary diffusive process of interacting particles, captured by D and y, the MFT
suggests that the inverse mean escape time is recast by the following minimization

problem

— = m}n/dm Jz — Np(F) —py) (C.29)

1 -
Jp = 8$F+§X1/28xU,

with the boundary conditions in Eq. (2.9). The corresponding Euler-Lagrange equa-
tion is given by Eq. (2.8) and & is then given by Eq. (2.11). Integrating by parts,

we find the two identities

dr (0,F)? = FO,F|*=! — [ dx FO,.F C.30
=0

/ dr 9, FO,UxY? = Fo,Ux"?"=} — / de(ﬁamFaxﬁﬂl/?amU).

Using the two identities above and substituting them in Eq. (2.11), we find

¢ L 124 2
= / dr (0.F + 5x/70,0) (C.31)
1 .
= FJF|§2(1)+/dxF(—8mF—§X1/28MU)
0. FO,U 1 -y
+/d$(X—FX/2)W+ZX(5xU) ;
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Notice that F'Jr = 0 at the two boundaries x = 0,1 according to the boundary
conditions. Furthermore, using the Euler-Lagrange equation, we find

o 1 dp[F) 0.U ,

where % =2x?2/D.

For non-interacting particles, D = 1, p = F? and consequently x = F2. Therefore,
X — X F/2 vanishes and ®n; = DoLp,A = DyMA is obtained. Moreover, the Euler-
Lagrange equation in this case becomes the eigenvalue problem HppF = DoAF ,
where Hpp is given by Eq. (C.5) with the appropriate boundary conditions. There-
fore, ADy is an eigenvalue of the Fokker-Planck Hamiltonian. The minimization
problem dictates that we choose the lowest eigenvalue, i.e. DyA is the ground state
energy of the Fokker-Planck Hamiltonian. This implies that DyA = E; and hence
On; = M Ey.

Recall that for the SSEP and SIP, we have an exact solution for the linear potential.
In this case we have assumed a fixed A as well as F'|,—¢ and inferred the corresponding
Pos AU. So, there is no ambiguity on which eigenvalue to use. Numerically, for the
linear potential as well as for the other tested potentials, there exists more than
one eigenvalue. Furthermore, numerical investigations suggest that ® is minimized
at the lowest eigenvalue A of the Euler-Lagrange equation. A proof that A should

always be the ground state energy is still lacking, and will be pursued elsewhere.

C.5 Numerical procedure (the shooting method)

Fig. 2.2 of the main text employs a shooting method to obtain the g values for the

SSEP and the SIP subjected to different potentials. In this section, we describe in
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detail this shooting method algorithm and discuss the sources of numerical errors.

For any given process, finding the survival probability amounts to finding the optimal
fluctuation that minimizes ®. In practice, this reduces to solving the Euler-Lagrange
equation (2.8) of the main text, subjected to the boundary conditions F|,—; =
Jrle=0 = 0. For a general process, or even for a given process with a general
potential U, it is unlikely to recover an analytic solution for Eq. (2.8). To that end,

we introduce a numerical solution.

The difficulty of solving the Euler-Lagrange Eq. (2.8) does not arise from the non-
linearity of the equation. First, the reflecting boundary condition allows multiple
solutions to the equation. Furthermore, Eq. (2.8) is a (non-linear) eigenvalue prob-
lem, leading to a set of A eigenvalues. Consequently, a naive numerical protocol will
always yield the trivial F' = 0 solution, in which, the mean density constraint is not

immediately enforced.

To overcome these problems, consider the following. Rather than fixing 5, AU and
searching for A, F'|,—¢ that solve Eq. (2.8), we fix a value F'|,—o = fo. We then solve
the Euler-Lagrange equation, Eq. (2.8), for a set of values A € [0, Ayax]. Within
this range, we identify the eigen-functions F' as solutions that satisfy F'|,—; = 0. In
Fig. C.1 we see that there are discrete A values where F'|,—; indeed vanishes. Here
of course the precision in which A is determined depends on the simulation time for

numerically searching for the value when (F'|,—;)? is minimal.

From the eigen-state F' for a given A, the initial particle density p, can be inferred
by integrating the solution according to Eq. (C.11) (here for the SSEP). By scanning
the range of solutions of A, fy at a given AU, one can infer the optimal fluctuation
found at p,. The precision in approaching the exact eigen-values and the desired
initial density p, is quite satisfying. For the relative deviations in the initial density
around 10~* and in A being around 1077, it is typically sufficient to have a run time

of one minute.
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Figure C.1: For the SSEP with the potential U = AUz?, we fix F,_y = 1.2 and solve
the Euler-Lagrange equation (6) for the alternative boundary conditions for the set
of A values. The plot shows the value of F' at the right boundary. Clearly, there is
a discrete set of A eigen-values corresponding to an eigen-function F' satisfying the
real boundary conditions.

At this point, the reader should understand that typically the shooting method gives
satisfactory and quick solution to the Euler-Lagrange equation (2.8). Nevertheless,
fitting the resulting g factor can be non trivial and result in numerical estimation
errors. This is typically not due to the fact that there is a finite precision in deter-
mining the mean density p, and the eigen-value A. Typically, there is no ambiguity
around finding the ground state. Indeed, the main problem is two fold. First,
P = e=AUs jg merely a large AUg > D, approximation. Namely, there are higher
order exponential decays. For example, in the SSEP subjected to a linear potential,
there is a competition between the two exponentials; e~ 2Y(1=?0) and e=2Y. For small
initial densities, but not vanishingly small, it is hard to differentiate the two compa-
rable contributions, which may skew the fitting. Consider the mean density p, ~ 0.1
and AU ~ 10. This implies that the pre-exponentials become meaningful and are
likely to introduce errors into the determination of g. This scenario is demonstrated
in Fig. 2.2 of the main text, as the largest deviation from the analytical projection

occurs in this region. It is thus understood that the pre-exponentials are always the
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leading source of numerical erroneous estimation of g. This implies that one can
always try to push for higher AU values. Realistically, the numerical code has to
crunch numbers between e 2V to roughly eAU0-8) This severely limits the pos-
sible range of AU one can hope to deal with numerically. Despite these possible
sources for numerical errors, Fig. 2.2 of the main text agrees with the generalized

AL remarkably well.
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Appendix D

Appendix for Chapter 4

D.1 Survival probability for the piecewise linear

potential

In this section, we find the escape rate of SSEP from the piecewise linear potential
trap Upw defined in the main text. Within the MFT, the SSEP is characterized by
D =1 and x = p(1 — p). The F transformation (2.7) leads to p = sin® F. Thus
one recovers w? = e PAUA? (see Chapter 3), where A can be recovered from (see

Chapter 3)
_ 1

where = 1/Dg = 1/kgT. For the piecewise linear potential, (D.1) can be solved

exactly, leading to

(D.2)

29avp, _ LA (14 A% ’
14 A2 1+ A%k

In the regime 0 < p, < 1/6, we expect from the MEC that A% x e2°AUPo and so

A%k? A%k® — 0 in the large SAU limit, where we recall the definition k = e #AU/3,
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Under these approximations, (D.2) can be relaxed into

PAUEP—1/3) — (1 4 b)3, (D.3)

where b = A?k. For p, at a finite distance away from the critical density 1/6, b is
exponentially small in SAU. Thus, one can relax b(1 + b)* & b(1 + 3b), discarding
cubic contributions from b. This results in the quadratic b equation, with a single

positive root, leading to ®yp < e%ﬁAUb, where

b= (—1 +/1+ 12ef26pﬁAU> (D.4)

| =

and 0p = 1/6 — p,. This reproduces Eq. (4.8) of the main text when Eq. (4.6) in the

main text is used to determine F.

So far, we have focused on an analytical analysis of the escape rate for the piecewise
linear potential. Since we have employed approximation techniques, restricted the
analysis to the range 0 < p, < 1/6, and since it is likely that most potential cannot
be analyzed analytically, we turn to present the numerical analysis of the piecewise
linear potential. FIG. D.1 presents the response functions corresponding to the
piecewise linear potential over the entire range of p,. The numerical method outlined
here is general and not limited to the case of the piecewise linear potential. It has
also been utilized to compute the scaling functions for two additional potentials, as

described in Appendix D.2. The numerical steps are as follows :

1. Fix AU at some finite value.

2. For this AU value, an array of A is constructed. This is the most technical
step of the numerics, as the elements of the array must be carefully selected
to cover the entire range of py, from 0 to 1. It can be checked, using (D.1),
that selecting the elements of the array to range from 0 to €22V fulfils this

requirement.
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Figure D.1: The rescaled response functions R,,/(SAU)™~* for the piecewise linear
potential Upy (see Fig. 4.3 of the main text) are shown for n = 2 (panel (a)) and
n = 3 (panel (b)), and for different SAU = {10, 15,20, 25, 30,50}, as indicated
by the plot legends. The response functions are obtained by first applying the
perturbative approach outlined in Sec. D.1 and in the main text. After computing
®yip, we use Eq. 4.6 of the main text to determine R, for different SAU. The two
vertical dashed red lines highlight the positions of the expected kinks, as determined
by the MEC argument. The scaling behavior with &« = 7 = 1 predicted from the
theoretical analysis is confirmed. One can observe that the scaling convergence is
reasonable starting from SAU = 15, and thus the response functions are able to
capture the locations of the kinks at finite SAU values. It is noteworthy that such
high values of SAU are required due to the limitations of the perturbative approach.
We expect real data to collapse even for lower SAU values.

3. For every element of the array of A, the corresponding p, is computed us-
ing (D.1) and the corresponding response function is computed using F =

_M#ULog (element of array of A x e*BAU)

4. At the end of step (3), we have F for different values of p, ranging from 0 to
1. The second and the third derivatives of F are then computed numerically

to yield Ry and R3 respectively.

5. Steps (1) to (4) are then repeated to find F, Ry and R3 for different values of

BAU.

Note that in FIG. D.1, as SAU increases, the peaks in Ry, and R3 progressively
shift towards the true position of the kink in the function g(p,), as predicted by

the MEC argument (also see FIG. 4.3 in the main text). This is quite common in
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thermodynamic phase transitions as well.

In Appendix D.2, we demonstrate that inferring the kinks in the function g using
response functions is not restricted to the case of piecewise linear potentials. Instead,
we show that this approach is applicable to arbitrary potential landscapes. However,
before proceeding, it is important to first discuss the experimental applicability of

the method.

Experimentally, the escape rate ®yp of the rightmost particle can be measured for
various particle densities p,. From the obtained values of ®y;p, the function F can be
determined using Eq. 4.6 in the main text. Once F is known, the response functions
Ro and R3 can be obtained by evaluating the second and the third order derivative,
respectively, of F with respect to p,. These response functions will then reveal the

kinks in the function g through the peaks observed in the response functions.

D.2 Inferring metastable states in nonlinear po-

tential traps

To demonstrate the predictive power of our theory, and potential pitfalls, we turn
to analyze two general trap potentials that cannot be handled analytically. Such
potentials appear ubiquitously in various biological settings as mentioned in the

main text. In the first case, the potential is given by
1 o
Urg/AU = §(x + sin“(37x/2)), (D.5)

which exhibits two kinks in ¢(p,) according to the MEC. In the second case, we take

the following form of the potential

Uxs/AU = é(m + 25in2(572/2)), (D.6)
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which features 4 kinks in g(p,) according to the MEC. We demonstrate that the

response functions R and R3 successfully capture these kinks in both cases.

D.2.1 Inferring kinks in 9(Po) for
Urg/AU = 1(x + sin®(37x/2))

Let us first consider the trap potential Urg. All the results in this section are
obtained numerically. According to the MEC, g exhibits two kinks. See FIG. D.2(a).
Yet, the emergence of the kinks cannot be identified directly, even for relatively high
values of SAU. The response functions Ry and R3 capture the emerging kinks in ¢
at finite SAU. Here we have numerically computed the response functions using the
algorithm of Appendix D.1. The resulting function F and the response functions
R- and Rz are plotted in FIG. D.2 for several values of SAU. As SAU is increased,
the peaks in the response function shift progressively closer towards the expected

position of the kinks, predicted by the MEC argument.

D.2.2 Inferring kinks in 9(Po) for

Uxs/AU = 3(6x + 2sin*(57x/2)

In the present case, the function g, determined using the MEC argument, features
four kinks, as shown in FIG. D.3. Following a similar approach as outlined in D.2.1,
the functions F and the response functions R, and R3 are computed, which is
shown in FIG. D.3. It is evident from the figure that, at finite values of SAU, the
response function R3 successfully identifies the emergence of the four kinks, as well
as their positions. However, R, fails to detect the first kink, although it is still able
to identify the emergence of the other three kinks. The reason for this failure stems
from the perturbative approach employed in Chapter 3, which forms the basis for

the current analysis, assumes the limit SAUp, > 1. In the case of the first kink, for
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Figure D.2: Exploring metastabilities in a generic nonlinear potential landscape
Urg/AU = 1 (z + sin®(37z/2)), which exhibits two local extrema. Panel (a): The
potential Urg/AU and the corresponding 1 — g(p,) are shown as solid and dashed
curves, respectively. The function ¢ is determined using the MEC argument, as
described in the main text. Panel (b): The function 1 — Urg/AU (dashed blue)
and ¢(py) (solid) are plotted, along with the effective free-energy curves F for
BAU = {5,10,15,20}. As BAU increases, F converges to g(p,), consistent with the
limit SAU — oo. The kinks in g(p,) are not visible in F for finite SAU, but emerge
in the asymptotic limit where F — ¢(p,). Panels (c¢) and (d): The rescaled response
functions R, /(BAU)™~* are shown for n = 2,3 and AU = {10, 15, 20, 25, 30, 50}.
The peaks accurately identify the kink locations (vertical dashed red lines), demon-
strating that the kinks can be detected even at finite SAU. The scaling exponents
are « = 1 and v = 1.15. While the precise values of a and v are not essential for
locating the kinks, the perturbative approach requires relatively large SAU (typi-
cally 2 15) to clearly resolve the divergences. In contrast, experimental data is not
expected to suffer from this limitation. Away from the kinks, a faster convergence
is observed, as expected.
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which p, is quite small, this approximation breaks down. Nevertheless, by increasing
the value of SAU such that BAUp, > 1, the emergence of the first kink would also
be identifiable in Ry. It is important to note here that this is a limitation imposed
by the perturbation theory. We do not expect such limitations if the escape rate

data were obtained experimentally or through the direct simulation of the SSEP.
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Figure D.3: Exploring metastabilities in a potential landscape Uxg/AU = %(6x +
2sin®(5mw/2)), with four local extrema. Panel (a): The potential Uxs/AU and
1 — g are plotted as solid and dashed lines, with the actual positions of the kinks
indicated. The locations of these kinks in g are determined using the MEC argument,
which predicts four kinks, each corresponding to a local extremum of the potential.
Panel (b): The functions 1 — Uxg/AU and g are plotted as dashed blue curve
and a solid line, respectively, as indicated in the legend. The other legend labels
represent the “free energies” curve for F for various values of AU = {5, 10, 15,20}.
The kinks become apparent only in the experimentally unfeasible limit FAU —
00, in which case F — ¢. Panels (c¢) and (d): The rescaled response functions
R,/ (BAU)™~* are plotted to infer the locations of the kinks at finite SAU values.
These response functions are shown for n = 2,3 and for different values of FAU =
{10, 15, 20, 25, 30, 50}, as indicated in the legends. The scaling exponents are v = 1,
a = 1. While the diverging peaks of the response functions accurately identify
the kink positions (denoted by vertical dashed red lines), the scaling collapse is
less pronounced. Nevertheless, extracting the scaling exponents is not essential for
locating the kinks.
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Appendix E

Appendix for Chapter 5

E.1 Discussions on connecting conditions and
MFPT computation in the presence of inter-
mediate barriers in linear and harmonic po-

tentials

The aim of this appendix is to derive the matching conditions, for the case when a
potential has a single and multiple kinks in it. Although such conditions are natural
and can generically be found in textbooks such as [20], we provide this discussion
for completeness. Consider a generic potential U(xy) which has a kink at zy = a.
Therefore, U’(xg) is finitely discontinuous and U”(x() is infinitely discontinuities
at r9 = a. For such potentials, these discontinuities appear in the left hand side
(LHS) of the differential equation, Eq. (5.5). However, the right hand side (RHS)
of Eq. (5.5) is identically equal to —1 and, hence, remains continuous, regardless of
the form of the potential U(xy) on the LHS. It follows that the discontinuities on
the LHS must cancel in such a way that the LHS becomes continuous, consistent

with the continuity of the RHS.
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There are two potential scenarios for the cancellation of this discontinuity

1. T'(xo) is finitely discontinuous at zo = a resulting in 7" (xq) being infinitely

discontinuous there.

2. T'(z) is continuous at xo = a, while 7" (x) is finitely discontinuous at that

point.

The first possibility is rejected as an infinite discontinuity cannot cancel out a finite
discontinuity. Therefore, we are left only with the second option. This implies that
T"(x9) must be finitely discontinuous at xy = a, which can get canceled by the
finite discontinuity of U’(zg) at xg = a. It, therefore, follows that 7’(zp) must
remain continuous at zp = a. This automatically implies that T (z() must also be
continuous at this point. Thus, we have found the two connecting conditions : T (zo)

and T7(x¢) must be continuous at zy = a.

Note that the two connecting conditions can also be derived as follows. First, we

recast Eq. (5.5) into the following form

d d
knT —— | Ulxo)/ksT _—_ — _ o U@o)/kpT E1
sl e dmoT(xo) e (E.1)

Since a is the position of the kink, we integrate Eq. (E.1) from a — € to a + €, where

¢ is a small positive number. The right-hand side becomes zero because e~Y(*0)/ksT

is a continuous function, as U(xg) is continuous. Therefore, we obtain:

d To=a-+te
VT T ()| =0 (E.2)

U(zo)/ksT

Since e~ is continuous at g = a, the above equation implies that

d d
d—xOT(CCO =a— 6) = d—xOT(l’o =a++ E). (E3)
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Writing it in terms of the notations 77 and 77", used in Section 5.2.1, implies
Eq. (5.12). Since the derivative of the function MFPT is continuous, it follows that
the MFPT itself must also be continuous at g = a. This yields Eqgs. (5.12) and

(5.13) of the main text.

The derivations of the connecting conditions, given in Eqs. (5.12) and (5.13), do not
rely on any specific functional form of the potential U(zg). The only requirement for
the validity of these conditions is that the potential U(xy) is continuous at zy = a,
the position of the kink. Consequently, the same connecting conditions apply to the

MFPT corresponding to the piecewise-harmonic potential defined in Eq. (5.17).

To compute the MEFPT for the case of multiple intermediate barriers in a linear or
harmonic potential, it is important to note that there are two connecting conditions
at the position of each kink. In addition to these, we already have two boundary
conditions: a reflecting boundary at xy = 0 and an absorbing boundary at zy = 1.
Thus, for N kinks, we have a total of 2N + 2 conditions that the MFPT function
T (x¢) must satisfy. Furthermore, the presence of N kinks implies that the domain
is divided into IV + 1 segments or regions. The solution of the differential equation
(Eq. (5.5)) within each region contains two undetermined integration constants.
Therefore, across all N + 1 regions, there are 2(/N + 1) integration constants in
total. Since the number of independent conditions matches the number of unknown
constants, all integration constants are uniquely determined. Consequently, the

corresponding MFPT is fully specified.
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Figure E.1: Semi-logarithmic plots of the scaled variance of the FPT for kgT = 1,
AU = 3 and a = 0.3, shown for (a) the piecewise linear potential (Eq. (5.10)) and (b)
the piecewise harmonic potential (Eq. (5.17)). Solid lines represent the analytical
solution of corresponding differential equations and the red dots correspond to the
microscopic simulation of Eq. (5.1). The curves falling below unity reflect a reduction
in the FPT variance.

E.2 Computation of variance in first-passage time
for the linear and harmonic potentials with

single intermediate barrier

In this section, we analyze the variance of the first-passage time (FPT) for a Brown-
ian particle in the said potential configurations. We first consider the case of a linear
potential, Eq. (5.8), and compare it to a modified linear potential that includes a
single intermediate barrier, Eq. (5.10), while keeping the overall barrier height AU
identical in both cases. Remarkably, we find that analogous to the behavior ob-
served for the MFPT, the variance of the FPT in the modifed linear potential can
be reduced relative to that in the purely linear potential (see Fig. E.1(a)). Then, we
extend this analysis to the harmonic potential (Eq. (5.15)) and a modified harmonic
potential with one intermediate barrier, Eq. (5.17). A similar trend is observed in

this case as well, as illustrated in Fig. E.1(b).

To delve deeper, we start by denoting the second moment of the FPT by (t4p).
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Accordingly, its variance is expressed by

V&r(tpp) = <t%‘P> - TQ. (E4)

The second moment satisfies the following differential equation obtained via the

backward Fokker-Planck formalism [20],

2T (w0) = U'(20)Ono [(tip) (x0)] — kT, [{t5p) (w0)], (E.5)

where, (t%p)(z0) denotes the second moment of the FPT for the particle starting its

motion at xg.

For the linear and harmonic potentials, Eq. (E.5) can be solved directly for (tZp) (o),
subject to appropriate boundary conditions (specified below). However, for the
piecewise-linear and piecewise-harmonic potentials defined in Egs. (5.10) and (5.17),
respectively, the derivatives U’(zg) are discontinuous at the kink position zo = a.
Consequently, Eq. (E.5) must be solved separately in two regions: region I, zo €
[0, a], and region 1, zq € [a, 1]. The complete solution thus requires two connecting
conditions at xy = a, in addition to the boundary conditions. The procedure outlined
in Appendix E.1 implies that the second moment (t%p)(zo) and its first derivative
is continuous at xp = a, despite a finite discontinuity in U’(zg) at xy = a. (This
conclusion requires the continuity of 7 (z¢), which has been explicitly established in
Appendix E.1.) This provides the necessary connecting conditions for determining

the solutions.
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E.2.1 Reduction of the FPT variance in linear potential

Here, we first determine the variance of the FPT corresponding to the linear poten-

tial in Eq. (5.8). For this potential Eq. (E.5) takes the form

275 (20) = AUy, [(tip)g (20)] — kT2, [(thp) 6 (20)] (E.6)

where (t25)5 (7o) denotes the second moment of the FPT for a particle starting at
position zy and moving under the linear potential (no intermediate barrier) defined
in Eq. (5.8). Eq. (E.6) is solved subject to the reflecting and absorbing boundary
conditions:

Oso(tip)a (2o =0) =0, (ip)g(zo =1) = 0. (E.7)

Once (t2p)5(z0) is obtained, the variance of the FPT follows from the relation

Var(trp)g (20) = (tEp)5 (20) — (7o) (wo0), (E.8)

which, upon evaluation at xy = 0, yields the following expression for the variance of

the FPT for a particle starting at xo = 0:

Var(tpp)g (o = 0) = Var(tre)g

A(kpT)?  AkpT

=|"am am | (E.9)
+ (kBT)262AU/kBT _ 5<kBT)2 _ 2kpT
AU* AU* AU3

Next consider the piecewise linear potential Ul in Eq. (5.10) (one intermediate
barrier). The corresponding quantities in this case are denoted by Var(tgp)}(zo)

for the variance of the first-passage time and by (t2p)¥(zg) for its second moment.
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These quantities are related through
Var(tep)y (o) = (tip)1(20) — (T7)* (20)- (E.10)

For this potential in Eq. (5.10), Eq. (E.5) must be expressed separately in the two

regions of the domain. The resulting equations take the form
2T} (w0) = AUK1u,[{tip)1 1(w0)] — kBT, [{tip)1. (w0)], (E.11)

for zy € [0, a] and,

27—1],71(550) :AUk28$0[<t%‘P>If,II(x0)] - kBTa§0[<t%P>%,H(x0)]7 (E.12)

for xy € [a, 1]. Here, subscript I (respectively IT) denotes the quantities in region I

(respectively I7).

Since the second moment and its first derivative is continuous at xq = a, we have

the following connecting conditions:

(tipﬁ,](% =a) = (tﬁpﬁu(% =a) (E.13)

and

o <t%P>If,I(x0 = a) = Oy <t%P>If,H($0 = a). (E.14)

The reflecting boundary at o = 0 implies that
o (tip) T 1 (20 = 0) = 0 (E.15)
and the absorbing boundary leads to
(tep)Y (20 = 1) = 0. (E.16)
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We obtained analytical expressions for (tfp)} ;(20) and (tgp)7 ;;(20) (not shown here)
by solving Egs. (E.11) and (E.12), subject to the connecting and the boundary
conditions specified in Egs. (E.13), (E.14), (E.15), and (E.16). The second mo-
ment of the first-passage time for a particle starting at zo = 0 is then given by
(tgp)T1(zo = 0). This quantity determines the corresponding variance of the first-
passage time through Eq. (E.10), evaluated at xy = 0, which we denote as Var(tpp)*
for brevity. The variance Var(tpp)Y depends on the system parameters ky, ko, AU,
and a. However, according to the fixed barrier height condition given in Eq. (5.11),
ko can be expressed as function of k; and a. Hence Var(tpp)lf is now a function of

ki, AU and a, which turns out to be

2AU
(k}BT>2€? 4]€BT(kBT — AUQ) AU
Var(tpp)} = RIRAT + ETEINE eksT
Q(kBT)zae@‘,ji% B Q(kBT)ZO‘e%
kiks AU EEINGE
(IZB4T)2042 % N (IZBQT)QQ2 20k1 AU
kiky AU* kiks AU

(E.17)

4(lkBTO./ B 2(]{?BT)26 CLZ;#
BhAU?  KHEAUY ) ©
4al<:BToz B 4kBTOé _ Q(k’BT)Q’)/
kik3AU3  kK3AUS  K3EAAU?
a-akpav (kpT)2) 2kgT¢
kT
kikAUT  Bk3AUB

X e

where, ky = (1 — kia)/(1 —a), @ = (k1 — ko), B = (K} + kiky — 2k3), v = (k3 —
2k3 + k1k3), § = (—5ki + 2k3ky + K2K3 + 2k k3 — 5k3), 0 = (ki — ak; + aks) and
¢ =[(-1+a)ki — aki).

For the purpose of analysis, we fix kgT = 1, AU = 3 and a = 0.3. This implies
that Var(tpp)y is fully determined from Eq. (E.9). However, variance Var(tpp)t
remains a function of k;. For the sake of comparison, we plot the variation of the
ratio Var(tpp)t/Var(tpp)f, which we call scaled variance, with k; in FIG. E.1(a).

The plot shows that for a range of k; values, the scaled variance is less than unity,
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indicating that the introduction of an intermediate barrier within the original linear
potential results in a reduction of the variance compared to that of the original

process.

E.2.2 Reduction of the FPT variance in harmonic potential

Like the case of linear and modified linear potential with one intermediate barrier, we
now analyze the variance of the harmonic, (Eq.(5.15)), and modified harmonic poten-
tial with one intermediate barrier in Eq. (5.17). Following the similar procedure as
in the precious subsection, we determine the scaled variance, Var(tpp)/Var(tpp ),
by numerically solving the corresponding differential equations. Fixing the param-
eters at same values as in the case of linear and piecewise-linear potential, we plot
the scaled variance as a function of k; in FIG. E.1(b). Like the previous case, the
curve shows that for a range of k; values, scaled variance Var(tpp ) /Var(tpp )il is less
than unity. This indicates that introducing an intermediate barrier into a harmonic

potential is indeed useful in reducing the FPT variance.

E.3 Simulation specification

To generate the numerical data presented in Fig. 5.2 , we simulated 10° independent
trajectories of a Brownian particle. Each trajectory was initialized at x = 0 and
evolved until the particle was absorbed at the boundary z = 1. The time evolution of
the particle in each microscopic time scale dt can be written in terms of a discretized

form of Langevin equation in (5.1) using Euler-Maruyama approximation such as

o(t + At) = 2(t) — U'(z(t)) At + V2DAEN(0, 1), (E.18)
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where A/(0, 1) denotes a Gaussian random variable with zero mean and unit variance.
For the data corresponding to Fig. 5.2(b), dt = 10~° was used, while for Fig. 5.2(d),
dt = 1077 was employed to ensure numerical accuracy. In both cases, the barrier

height was fixed at AU = 3, and the position of the kink was set to a = 0.3.

158



Appendix F

Diffusivity and mobility for different models

In this section we present the derivation of diffusivity and mobility for the SSEP,
the SIP, the ZRP and the strong particles model. The derivations for the SSEP,
SIP and ZRP closely follow the work of Derrida et al. [153] while the derivation
for the strong particles model is done by closely following the work of Gabrielli and
Krapivsky [83].

F.1 The symmetric simple exclusion process

(SSEP)

The one dimensional symmetric simple exclusion process is defined on a lattice of
L sites, where each site ¢+ = 1,...,L can be occupied by at most one particle,
with occupation variable n; € {0,1}. In the bulk, particles perform symmetric
nearest neighbour hopping, attempting to jump from site ¢ to ¢ & 1 with rate 1, and
the attempt is successful only if the target site is empty, enforcing the exclusion

constraint (see Fig. 2.1(a)). The system is coupled to reservoirs at the left and right

SSEP
l

SSEP

r

boundaries with densities p and p respectively. At site ¢ = 1, particles are

injected with rate o when the site is empty and removed with rate v when it is
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occupied, while at the site ¢ = L, particles are injected with rate 0 and removed

with rate 5 under the same conditions.

The boundary rates determine the densities of the reservoirs [153,156]. To see this,
consider an auxiliary single site coupled only to the left reservoir, with particle
injection rate a when the site is empty and removal rate v when it is occupied. If
p denotes the stationary occupation probability of this site, then stationarity gives
a(l —p) = yp so that p = a/(a+ ). This stationary occupation probability defines

the density of the left reservoir

SSEP a
= —. F.1
’, P (F.1)

Similarly, for the right reservoir one obtains

)
SSEP - F.2
P 515 (F.2)

F.1.1 Computation of diffusivity D(p) for SSEP

We now proceed to derive the expression for the diffusivity D(p) for the symmetric
simple exclusion process. To this end, following Ref. [153], we introduce the inte-
grated current Y;(t), defined as the net number of particles that have jumped from
site 7 to site ¢ + 1 up to time £. At the boundaries, we define Yy () as the integrated
current from the left reservoir to site 1, and Yz (t) as the integrated current from

site L to the right reservoir. This leads to

;

Yo(t) + 1; prob. a(1 —ny)dt

Yo(t +dt) = S Yo(t) — 1; prob. yndt (F.3)

Yo(t) otherwise.
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This implies that the conditional average is given by

(Yo(t + db)[Yo(t), m(t)) =a(l —m)[Yo(t) + 1]di + v m[Yo(t) — 1]dt

(F.4)
+[1 —a(l —m)dt —ymdt]Yo(t)
The unconditional average is given by
(Yo(t +dt)) = [o(1 = (mi)) — v (m)]dt + (Yo(t)) (F.5)

In the limit of dt — 0, the above equation leads to the following evolution equation

for (Yo(t)),

d

—(Yo(t)) = a(l = (m)) = (m)- (F.6)

Similarly, for the right boundary, we have the following relation,

;

Yi(t) +1; prob. Bnrdt

Yi(t+dt) = Yi(t) — 1, prob. d(1 —n.)dt (F.7)

Yr(t) otherwise.

\

This gives the following evolution equation for unconditional average (Y7, (t)):

d

Z(VL(0) = Blne) = 6(1 — (ne)- (F-8)

Similarly, in the bulk, one gets the following evolution equation for the unconditional
average (Y;(t)):
—(Yi(t)) = (mi) = (mi41) (F.9)

d(¥i)

For future purposes, it is important to note that in steady state =

doesn’t depend

on the the index 7. This can be understood by observing the following relation
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between integrated currents and occupation variables:
Yi(t) = Yiea(t) = mi(0) — mi(t) (F.10)

Taking the average and then the time derivative results in the following relation:

S0~ Yia(1) =~ (1), (F.11)

In the steady state, the right hand side of the above equation is zero. It then follows

that that in the steady state, d%t(t» is independent of 7, for all 7 € {0,1, ..., L}.

Now, defining a; = 1/(a+ ), by = 1/(8 + ¢) and using the relations F.1, F.2, F.6,

F.8 and F.9, we obtain the following relation

-1
d d d
—(Yo(t)) + by —(Yi(t —(Y;(t)) = pPSEF — pSSER, F.12
1 gy Wolt) + G VA0 + X G0 = o — (F12)
Using the steady state independence of w on i, we get
d SSEP _ SSEP
—(Yo(t)) = — - F.13
Gl = gt (F.13)

which at large L limit leads to

d pSSEP . pSSEP
)y = F.14
= (Yo(t)) 7 (F.14)

From the above equation, it is clear that for SSEP, the diffusivity D = 1.
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F.1.2 Computation of mobility x(p) for SSEP

To compute the mobility, we use the Einstein’s relation between diffusivity D(p)

and mobility x(p) [8], which is as follows:

_ D(p)
X(p) = ()’

(F.15)

where f(p) is the equilibrium free energy density of the system per unit length,
and kpT is assumed to be unity. p = N/L is the average density of the system,
where N is the number of particles and L is the length of the system. Since we
know D(p) = 1 from the last section, we need to determine f(p) to determine the

mobility x(p) from Eq. (F.15). This is what we do below.

For the SSEP with a fixed number N of particles on L sites, all configurations with
N particles are equally likely in equilibrium [140, 156, 157]. Since the total number

. . | . “; . . .
of such configurations is %N),, the canonical partition function is

NI(L

L' —Fy

NL - N)!e (F.16)

ZNL =

where all configurations with N particles are equally probable and have same energy
Ey. Here again it is assumed that kgT = 1. Using the Stirling’s approximation

In K! ~ KIn K — K one gets the following expression for the free energy density

F(p) = —n(Zy) ~ [plnp+ (1 — p) In(1 — p)] + = (F.17)

=0
L L’
where, p = N/L. This implies that the second derivatiove of the free energy density

is given by
1

I = p(1—p)

(F.18)

Using Eqs. F.18 and F.15 and D = 1 for SSEP, we find that x(p) = p(1 — p).
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F.2 The simple inclusion process (SIP)

In SIP, a particle at site ¢ jumps to site i + 1 with rate 7;(1+ n;41) and to site i — 1
with rate 7;(14n;-1) (see Fig 2.1(b)). We couple the system to reservoirs at the left
and right boundaries with densities p*" and p®'" respectively. The coupling with
the reservoir is as follows. A particle from left reservoir can come to the site 1 with
rate a(1 + n;) and the rate of hopping from the site 1 to the left reservoir is yn;.
Similarly, A particle from right reservoir can come to the site L with rate §(1 + ;)

and the rate of hopping from the site L to the right reservoir is Sny.

The boundary rates determine the densities of the reservoirs [156]. To see this, con-
sider an auxiliary single site coupled only to the left reservoir, with particle injection
rate a(14n) and removal rate yn. The stationary distribution of this process satisfies
detailed balance a(1 +n)p, = y(n + 1) ppy1 (pn denotes the stationary probability

of finding n particles on this site) which yields

Pn = (g)npo- (F.19)

v

This gives the following value of mean for a < ~

(n) = : (F.20)

P p— (F.21)

Pt = o (F.22)
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F.2.1 Computation of diffusivity D(p) for SIP

We now derive the diffusivity D(p) for the symmetric inclusion process (SIP), fol-
lowing the same strategy as in Ref. [153]. We again introduce the integrated current
Yi(t) as the net number of particles that have jumped from site i to site i + 1 up
to time t. At the boundaries, Y;(t) denotes the integrated current from the left
reservoir to site 1, and Y7 (¢) denotes the integrated current from site L to the right

reservoir.

At the left boundary, the dynamics is given by

;

Yo(t) + 1; prob. a(l + ny)dt

Yo(t +dt) = S vy(t) — 1 prob. ymdt (F.23)

Yo(t) otherwise.

This leads to the following evolution equation for the unconditional average (Yy(t))

d

2 Y1) = a(l+ (m)) = {m). (F.24)

Similarly, at the right boundary,

)
Y (t) + 1, prob. Snpdt

Yi(t+dt) =y, —1; prob. 0(1 + n)dt (F.25)
x Y1(t) otherwise,
which gives
L (0) = i) - 50+ (). (F 26)
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Similarly, in the bulk one obtains

d

o i) = () = (i) (F.27)

As in the SSEP case, 2 (Y;(t)) is independent of i. See Egs. (F.10) and Egs. (F.11),

which remain valid for the SIP as well.

Now, we define ay = 1/(y — «) and by = 1/(8 — 0), and using the relations be-
tween boundary rates and reservoir densities [Egs. (F.21), (F.22)], together with
Egs. (F.24), (F.26), and (F.27), we obtain

L-1

az%(YO(t)) + bQ%WL(t)) + Z %(Yi(t)) _ plSIP s (F.28)

=1

Using the steady state independence of £ (Y;(t)) on i, this gives

d PSP ST
—(Yp(t)) = ; L . F.2
dt< o(®)) as+bo+L—1 (F29)
In the large L limit, this reduces to
d pSIP — pSIP
o (Yo(t)) = =——F——. (F.30)

Thus, we conclude that for SIP also, the diffusivity is D(p) = 1.

F.2.2 Computation of mobility x(p) for SIP

For the SIP, the equilibrium canonical partition function (kg1 assumed to be 1) is

(N+L—1) .

Iy =BT )
NEZTNL D ©

(F.31)
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where all configurations with N particles are equally probable [156] and have the
same energy FEjy. Using Stirling’s approximation for large L and NN, we obtain the

following expression for the equilibrium free energy density:
1 Ey
f(p):—zanML%plnp—(1—|—p)ln(1—|—p)—|—f, (F.32)

where p = N/L. Using the Einstein relation, Eq. (F.15), together with the diffusivity

D(p) = 1 for SIP, we obtain the mobility

x(p) = p(1 +p). (F.33)

F.3 The zero range process (ZRP)

The one dimensional zero range process is defined on a lattice of L sites, where each
site ¢ = 1,..., L can host an arbitrary number of particles, with occupation variable
n;. In the bulk, particles perform symmetric nearest neighbour hopping: a particle
at site 7 jumps to site ¢ = 1 with rate r(n;), with 7(0) = 0 (see Fig. 2.1(d)). The

system is coupled to reservoirs at the left and right boundaries with densities plZRP

ZRP

r

and p respectively. At site ¢ = 1, particles are injected from the left reservoir

with rate a and removed to the reservoir with rate v r(n;), while at site i = L,

particles are injected with rate 6 and removed with rate 5 r(ny).

F.3.1 Relation between diffusivity and mobility in ZRP

Occupancy probability for the ZRP exhibits a product measure [48]. To see that,

consider the detailed balance condition for a particle jumping between two neigh-
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boring sites ¢ and j with occupancies 7; and 7; respectively:

(i) Bi(ni) Pi(n;) = r(n; + 1) Pi(n: — 1) Pi(n; + 1). (F.34)
This relation can be rewritten as

Pi(m:) Pi(n; +1) '

T(Ui)mzr(ﬁj 1) P(y) (F.35)

Since the left-hand side depends only on 7, and the right-hand side only on 7;, both
sides must be equal to a constant, which we denote by A. This constant is the
fugacity and parametrizes the stationary state. We therefore obtain the following

recursion relation at equilibrium for any site ¢

Bi(n; A
) _ _* (F.36)
Pi(mi—1)  r(m)
Iterating this relation yields the following relation for every site ¢
Pil) = PA0) - (F 37
i\Ni) = L ) .
r(m;)!

where r(n;)! = r(n;)r(n; — 1)---r(1) with r(0)! = 1. Normalization fixes P(0) =
1/Z,, where

(Z0)i=)_ A (F.38)

wzo ()’

For the zero range process, the stationary state is thus a product measure with

single site occupation distribution P;(n;) = ( Zl)\)i r(/>7j)!' The density is related to the

fugacity by

A key identity is that the average hopping rate (at any site 7) at equilibrium equals
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the fugacity,

(r(m)) = A (F.40)

Eq. (F.40) suggest that at equilibrium, average hopping rate is same for every site

1, and is equal to the equilibrium fugacity .

In what follows, we will calculate the non-equilibrium steady state current J, iden-
tify the reservoirs’ mean density and infer from Fick’s law J = —D(p)0,p at the
macroscopic limit. Then, y accounts for the current variance at equilibrium. We

will follow a similar approach to [153] in order to infer D,y functions of the ZRP.

To do that, consider Y;(¢) the integrated current between site ¢ and i+1. At the long

time limit, J = £(Y;) = 5 S°F ,(V3). Namely, we assume there is no condensation

of particles at any given site. Using the ZRP dynamics, we find the following relation

in the bulk:
)
Yi(t), probability 1 — r(n;) dt — r(n;41) dt,
Yi(t +dt) = QY;(t)+1, probability r(n;) dt, (F.41)
Yi(t) — 1, probability r(n;11) dt,

\

which leads to the following equation for the evolution of the unconditional average

(Yi(2)),

S0 = () = ()} = A= da (F.42)
The identification (r(n;)) = \; follows from the structure of the stationary state. In
zero-range process, the non-equilibrium steady state retains a factorized (product)
form, but is characterized by a site-dependent fugacity profile \;. The single-site
distribution at site i is given by P;(n;) oc A]* /r(n;)!, which directly implies (r(n;)) =
;. Consequently, the local current is expressed as the difference of neighboring

fugacities, as shown in Eq. (F.42) [158].
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At the left boundary, we have the following relation :

;

Yo(t), probability 1 — adt — vy r(m)dt
Yo(t +dt) = { Yy(t)+1, probability adt (F.43)

Yo(t) — 1, probability v r(n)dt,

\

which leads to the following evolution equation,

d

S0 = a =y () = a =\ (F.44)

At the the right reservoir, one obtains:

(

Yi(t), probability 1 — ddt — S r(ng)dt
Yi(t+dt) = QY. (t)+1, probability 3r(n.)dt (F.45)

Y.(t) — 1, probability 0 dt,

\

which leads to

d
%(YL> =B (r(nL)) =6 =PBAL—9 (F.46)
In the long time limit,
d d d d
:—Y :—Y :‘~~:—Y7 :—Y
=a—YM=M—A=--=Ap 1AL =0\ -0

The above equation after some algebra leads to the following expression of steady-

state current J:

(F.48)

We note that an isolated site 1 must be in equilibrium with reservoir, implying

J = a — A\ = 0. This implies that the fugacity of the reservoir is A\, = a/~.
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Similarly, the fugacity of the right reservoir is A, = §/. Hence, Eq. (F.48) becomes

A=A
J= T (F.49)
B v

We note that in the large L limit the above relation becomes

J=——==0A=—=D(p)Oyp (F.50)

D(p) = —. (F.51)

To compute the mobility x(p), we need to consider the system in equilibrium where

the fugacities of the reservoirs are equal, viz. \, = A =\, = \.

The equilibrium condition also implies that

d

Yy =0 (F.52)

where, we have removed the site index from Y as the above relation is true for
integrated current across every bond. This implies that at every site, A(Y') = (Y (¢t+
dt)) — (Y(t)) = 0. Also from Eq. (F.41) one easily obtains that ((AY;)?) = 2\dt.

Therefore, the cumulant A(Y;?), = 2A\d¢. This implies that in the limit dt — 0

d
Z (7). =22 (F.53)

The Einstein’s relation implies that the mobility is defined by 2x/L = %(Yf}c/ L.
This implies that

X=A (F.54)
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Hence, we have from Eq. (F.51)

D(p) = d%x(p)- (F.55)

F.4 The strong particles model

In this section, we reproduce the derivation of diffusivity D(p) and the mobility x(p)
for the strong particles model, closely following the steps of Ref. [83] including the
notation adopted therein. The detailed dynamics of the model has been introduced
in Chapter 2. Briefly, the model incorporates an exclusion constraint similar to that
of the SSEP, in the sense that each site can be occupied by at most one particle.
However, in contrast to the SSEP, every attempted move is always successful. More
precisely, consider a particle at site ¢ attempting to hop to site ¢ + 1. If the target
site is empty, the particle simply moves to site ¢ + 1. If, however, site ¢ + 1 is already
occupied, the particle at site ¢ moves to site ¢ + 1 while simultaneously pushing the
particle at site ¢ + 1 to site ¢ + 2. This pushing mechanism propagates recursively;
if site ¢ + 2 is also occupied, the particle at ¢ + 2 is pushed to 2 + 3, and so on, until

the first vacant site is reached.

Consequently, the dynamics can be viewed as the collective motion of a block of
particles (see Fig. 2.1(c)). Let r(k) denote the rate at which a block of & particles is
displaced by one lattice site, either to the right or to the left. Furthermore, following
Ref. [83], we define d; as the number of consecutive occupied sites starting from site
¢ and extending to the right until the first empty site is encountered. Similarly, d;
denotes the number of consecutive occupied sites starting from site ¢ and extending

to the left, up to the first vacant site. If the i-th site is vacant, d = 0 = d

We now define the instantaneous current across the bond (i,7 + 1) for a given con-

figuration 7, denoted by j,(¢,7 + 1). The dynamics of the strong particles model
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implies that this current can be expressed as

Jn(i,i+ 1) = [rate of flow from ¢ — ¢ + 1] — [rate of flow from i + 1 — ¢

i dfiy
=D rldf +k) =) r(d; +k) (F.56)
k=1 k=1
= R(d;) — R(d},)
where,
R(m) = 3 r(k). (7 57)

k=1

We now prove below that in any block of particles denoted by C', the sum of cur-
rents across the relevant bonds for the block C' is zero. To see this we consider a
configuration 1 where a block of particles extends from site ¢ to i +m. The relevant
currents for this block of particles are j,(i —1,1), 4, (i, +1) - -+, jo(¢ +m,i+m+1).

From Eq. (F.56), the sum of these bond currents are

Sum of relevant bond currents in C' =[R(d;_,) + R(d; ) + - -- + R(d;,,,)]

— [R(d) + R(d},,) +--- + R(d,,..0)]

(F.58)

We note that the two sums on the right-hand side of Eq. (F.58) contain the same
terms in reverse order. Indeed, for a block extending from ¢ to ¢ +m, we have d;_, =
0=df .1, di =1=df,,, d,, =2=d, _,, andsoon,uptod;,, =m+1=d.
Therefore, the two sums are identical, and the right-hand side vanishes identically,

le.,

Sum of relevant bond currents in any C' = 0. (F.59)

Since Eq. (F.59) holds for any block of particles, the instantaneous current field has
zero circulation within a block. As a consequence, the current can be represented

in the following form

Jn(i, 0+ 1) = hy(i) — hy(i + 1), (F.60)
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where the function h is such that h, (i) = 0 whenever the i-th site is vacant.

The next step is to find the form of the function h, (%) for occupied site i. To do that
we first rearrange Eq. (F.60) to get h,(k + 1) = h, (k) — j,(k,k + 1). We next note
that the index of the first vacant site to the left of the i-th site is given by ¢ — d;,
which implies that

hy(t—d;)=0 (F.61)

Now, note that from the leftmost relevant bond (i — d;,i — d; + 1), we get the

following relation using Eqgs. (F.60) and (F.61)

hy(t —d; +1) = —j,(t —d;,i —d; +1) (F.62)

(2

Similarly, using Egs. (F.60), (F.61) and (F.62), we get
hy(t —d; +2)=—j,(t —d;,i—d; +1)—j,(i —d; +1,i—d; +2) (F.63)

(2

[teratively carrying out the above procedures , we get
d7—1

hy(i) ==Y jyli —di +ki—dy +k+1) (F.64)
k=0

To make the above relation simpler we define p = d; — k, which reduces the above

equation into the following simpler form:

ar
hy(i) = =Y dnli = p,i—p+1). (F.65)
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Using Eq. (F.56) into Eq. (F.65), we get for occupied site i

(i) = — S R() + SR ,0)

d- d-

==Y R(d; —p)+ > R(df +p-1)
p=1 p=1 (F.66)
dy —1 df +d; -1

==Y R(k)+ > R(k)
k=0 k=d}

= —H(d;)+ H(d} +d;) — H(d})

where, the function H is such that

Hn)=>» R(k) forn>2; H(0)=0=H(1) (F.67)

F.4.1 Computation of diffusivity D(p) for strong particles

We now derive the expression of diffusivity D(p) for strong particles model. Follow-
ing Ref. [83], we view the one-dimensional lattice with periodic boundary conditions
as embedded into the continuous circle [0, 1], by associating the point i/L € [0, 1].
Thus, the discrete lattice is represented as a set of evenly spaced points on the circle.

Let W be a smooth periodic function on this circle.
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We clearly have the following relation for the test function W:

Zgnzzﬂw Z ha(i+ 1)]W(i/L)
_ Zh W(i/L) — ;hn(z’ +1)W(i/L)
— Z hy (D)W (i) L) — Zk: hy(K)W ((k —1)/L) (F.68)
— Z hy (D)W (i/L) — W((i —1)/L)]
~ ;hn(i)%&rW(x)

x=i/L

where the last line in the above equation follows on Taylor’s expansion and assuming

large L.

The strong particles model admits the Bernoulli grand-canonical product measure

v, at density p, given by [83]
vo(m) =[] " (1 = p)' 7, (F.69)

under which the occupation variables {r;} are independent and satisfy (1;),, = p
for all sites 7. Under the assumption of local equilibrium, the microscopic quantity
h, (@) can be replaced by its average with respect to the local Bernoulli measure v,(.

Denoting this average by

G(p) = (hy(i))v,, (F.70)

the discrete sum
1 )
- Z ho(0) 0.W ()] ,_, (F.71)

can then be viewed as a Riemann sum, and in the limit L — oo it converges to

/0 G(p(z)) 0. W (z) dx. (F.72)
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Integrating by parts and using periodicity, we get

/ G (a)) W (2) d = / 10,6 (o)W () dr = - / [9,6(0)] Duplr) W)

’ ’ ’ (F.73)
Since the above identity holds for arbitrary test functions W (z), we identify the
macroscopic current as

J(x) = ~[0,G(p)] Dupl). (F.74)

Comparing this with Fick’s law,

J(x) = =D(p)0up(), (F.75)
we obtain
d
D(p) = d—pG(p)- (F.76)

In what follows, we derive the expression of G(p). D(p) can then be obtained using

Eq. (F.76).

Using Egs. (F.70) and (F.66) and realising the fact that for a given density p

the translational invariance of the probability measure v, implies that (h,(i)),, =

(hy(0)),,, we have the following expression for G(p)

G(p) = (H(dy + dg))y, — (H(dg))w, — (H(dg)),

P

(F.77)
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Let us now compute the term (H (dar ))V,,

iﬂ P = k) = 3 HE)F(1— )
k=2 k=2
03| 3 o
S (F.78)
—p) ) Rm)| > pk]
= Z R(n)p" .
Similarly,
(H(dy))w, = (H(dg))v,, (F.79)
and
(H(dy +dg))y, = Z np"R(n) + p Z p"R(n). (F.80)

Combining Egs. (F.78), (F.79) and (F.80), G(p) is obtained from Eq. (F.77) as
—p)Y np"R(n) —pd_ p"R(n) (F.81)
n=1 n=1

A convenient way to proceed from the above expression is to introduce the generating

function
oo

S(p) =3 p"r(n). (F.82)

n=1

Using the relation R(n) = > ;_, r(k), we first rewrite
Z,OR Zp r( Zr(k)z,o ——Zpr(k‘)——. (F.83)
n=1 n=1

k=1 k=1 n

Differentiating this relation with respect to p, we obtain

an” 'R(n jp (M) , (F.84)

p
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and hence

}:mp d(éﬁi>. (F.85)

dp p

Substituting these results into the expression for G(p) in Eq. (F.81), one finds that

G(p) = p%. (F.86)

Therefore, using D(p) = %, the diffusivity is given by

D(p) = { ] §3M711 : (F.87)

which is precisely the expression obtained in Ref. [83].

F.4.2 Computation of mobility x(p) for strong particles

In this section, we use Einstein’s relation in Eq. (F.15) and expression of diffusivity
in Eq. (F.87) to get the expression for x(p).

Using the equilibrium product measure [Eq. (F.69)], all configurations with density

p = N/L have equal weight, and the total number of such configurations is i LLl L

which is same as SSEP(See Sec. F.1.2). Hence, the derivative of equilibrium free

energy is given by Eq. (F.18) and therefore from Eq. (F.15)

x = p(1—=p)D(p), (F.88)

where D(p) is given by Eq. (F.87).
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