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Abstract

Many fundamental optimization problems are NP-hard, making it unlikely that they
admit algorithms that are both exact and efficient. Two such canonical problems
are MAXIMUM COVERAGE and MAXIMUM SATISFIABILITY WITH CARDINALITY
CONSTRAINT (CC-MAXSAT), which lie at the heart of partial covering. Although
both problems admit polynomial-time approximation algorithms with approxima-
tion ratio (1 — 1/e), which is optimal assuming P#NP, this barrier persists even
in the parameterized setting. This motivates the search for algorithms that ex-
ploit additional structural properties of the input to obtain significantly stronger

guarantees.

This thesis studies parameterized approximation algorithms for partial covering
problems through a unified framework centered around MAXIMUM COVERAGE and
CC-MaxSAT. We investigate two complementary optimization objectives: max-
imizing the number of satisfied constraints using a bounded number of selected
objects, and minimizing the number of selected objects required to satisfy a pre-
scribed number of constraints. We further extend these problems by incorporating
fairness constraints on the constraints to be satisfied and matroid constraints on the

selected objects, yielding a broad family of generalized optimization problems.

For the first optimization objective, we develop Efficient Parameterized Approxima-
tion Schemes (EPAS) for CC-MAXSAT and MAXIMUM COVERAGE on structurally
sparse instances such as K 4-free formulas and set systems respectively. A central
conceptual contribution of the thesis is a randomized approximation-preserving re-
duction establishing the equivalence of CC-MAXSAT and MAXIMUM COVERAGE
in the context of parameterized approximation. This equivalence extends naturally
to generalized variants with fairness and matroid constraints, allowing algorithmic
techniques developed for one problem to be transferred to the other. Building upon
this framework, we obtain EPAS for fair, matroid-constrained, and combined fair-

matroid variants, significantly extending the scope of parameterized approximation



beyond previously known settings.

We also investigate parameterization by the number of satisfied constraints, obtain-
ing improved fixed-parameter algorithms for DECISION CC-MAXSAT together with
polynomial kernels on structurally sparse K, 4-free instances. For the complemen-
tary optimization objective, we design parameterized approximation schemes and
establish matching hardness results. This extends to the more general variant with
fairness constraints as well. Thus, we provide a nearly complete understanding of

the approximability landscape under this objective.

Finally, we introduce the first framework for multi-criteria lossy kernelization, ex-
tending classical lossy kernelization to optimization problems with multiple simul-
taneous constraints. Using this framework, we obtain polynomial lossy kernels for
generalized variants of CC-MAXSAT with fairness and matroid constraints, resolv-

ing an open question regarding the existence of lossy kernels for these problems.

Overall, this thesis establishes new algorithmic connections between satisfiability
and covering problems, develops a unified framework for parameterized approxima-
tion under increasingly expressive constraints, and advances the state of the art
in parameterized approximation algorithms and kernelization for partial covering

problems.
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Chapter 1

From Intractability to

Parameterized Approximation

This thesis studies partial coverage problems through the lens of parameterized
approximation. In this chapter, we introduce the algorithmic paradigms developed
to cope with computational intractability and formally describe the problems that

constitute the focus of this work.

1.1 Dealing with intractability

The modern notion of algorithmic efficiency was formalized independently by Cob-
ham [2] and Edmonds [3] in the 1960s. An optimization problem is said to be
efficiently solvable if there exists an algorithm that computes an optimal solution in

time polynomial in the input size.

More precisely, an algorithm is considered efficient if:

e the value of the solution obtained by the algorithm is optimum,
e the time taken by the algorithm is a polynomial function of the input size, and
e the algorithm solves all instances of the problem.

However, the discovery of NP-Hard problems [4, 5, 6] demonstrated that many nat-

ural combinatorial problems are unlikely to admit algorithms satisfying all three

criteria simultaneously, unless P = NP. This realization led to the development of



several complementary algorithmic frameworks, each relaxing a different notion of

efficiency.

1.1.1 Approximation Algorithms

Approximation algorithms relax the requirement of optimality while retaining poly-

nomial running time [7, 8].

For a minimization problem, an algorithm is an a-approximation if it returns a
solution whose value is at most « times the optimum. For maximization problems,
it must return a solution whose value is at least 1/a times the optimum, where

a>1.

The goal of approximation is to obtain provably near-optimal solutions efficiently.
Over the years, this paradigm has led to polynomial-time approximation schemes
(PTAS), constant-factor approximations, and tight inapproximability results that

delineate the limits of polynomial-time computation.

1.1.2 Exact Exponential-Time Algorithms

Another way to cope with NP-hardness is to relax the requirement of polynomial
running time while retaining optimality. Exact exponential-time algorithms aim to
solve problems optimally while minimizing the exponential dependence on the input

size [9)].

This line of work refines brute-force search using techniques such as branching,
measure-and-conquer analysis, and inclusion—exclusion methods. Although expo-
nential in the worst case, these algorithms often significantly improve over naive

enumeration.

1.1.3 Parameterized Complexity

Parameterized complexity relaxes the requirement that the algorithm must treat all
parts of the input uniformly. Instead, it associates a parameter k& € N> with each
instance, where k typically captures structural or solution-related information and

is expected to be small relative to the input size.

A problem is said to be fixed-parameter tractable (FPT) if it admits an algorithm



running in time f(k)n®®, where n is the input size and f is a computable function
independent of n [10, 11].

Thus, any super-polynomial blowup is confined to the parameter k, isolating the

combinatorial explosion to a controlled dimension of the input.

This framework has led to a refined complexity theory, including hardness classes
such as W[1] and WI2], which provide evidence that certain parameterized problems
are unlikely to be FPT.

1.1.4 Parameterized Approximation

While both approximation algorithms and parameterized complexity provide pow-
erful tools, many problems resist both polynomial-time approximation and fixed-
parameter tractability. For such problems, combining the two paradigms offers a

natural way forward.

Parameterized approximation relaxes both optimality and efficiency simultaneously.
A parameterized a-approximation algorithm computes an a-approximate solution in
time f(k)n®Y), where a > 1 for a minimization problem and o < 1 for maximization

problem.

The goal is to exploit parameterized structure to surpass classical polynomial-time

approximation guarantees.
To formalize this idea, we define two central notions:

A Parameterized Approzimation Scheme (PAS) computes, for any € > 0, a (1 — ¢)-

approximate solution in time f(k,&)n9), where f and g are computable functions.

An Efficient Parameterized Approzimation Scheme (EPAS) achieves the stronger

running time f(k,&)n®W,

The overarching objective of this framework is to go beyond what is achievable by
polynomial-time approximation alone, by leveraging the additional structure cap-

tured by the parameter.

1.2 Introduction to partial coverage problems

We focus on the following two problems and their variants in this thesis.

10



e MaX SAT wiTH CARDINALITY CONSTRAINT (or CC-MAXSAT), and

o MAXIMUM COVERAGE.

Both problems fall under the broad umbrella of partial covering. Here, the input
comprises of a collection of objects and a set of constraints to be met. Choosing
an object satisfies a certain subset of constraints, and the goal is to select a specific

number of objects, say k, so as to maximize the number of satisfied constraints.

CC-MAXSAT is an important NP-Hard problem that has been studied across many
algorithmic paradigms like approximation and parameterized complexity and gener-
alizes well-known problems like MAXIMUM COVERAGE, PARTIAL VERTEX COVER,
Max 2-SAT WITH BISECTION CONSTRAINT. We define the CC-MAXSAT problem

formally below.

Max SAT wiTH CARDINALITY CONSTRAINT (or CC-MAXSAT)

Input: A CNF formula & = (V,C) on n variables and m clauses, and a
positive integer k.

Parameter: £

Output: An assignment of weight at most k that satisfies the maximum

number of clauses.

\. J

The weight of an assignment refers to the number of variables set to 1 by the

assignment.

The second problem of interest is the MAXIMUM COVERAGE problem, a monotone
variant of CC-MAXSAT where negative literals are not allowed. We define the
MaxiMuM COVERAGE problem formally below.

MaxiMuM COVERAGE

Input: A set system (U, F) on n elements and m sets, and a positive integer
k.

Parameter: k

Output: A subfamily of size at most k£ that covers the maximum number of

elements.

. J

We study two different optimization objectives for CC-MAXSAT and MAXIMUM
COVERAGE:

e Objective 1. When the size of the solution, k, is fixed and the number of

constraints that need to be satisfied is maximized.

11



e Objective 2. When the number of constraints that need to be satisfied, say
t, is fixed and the number of objects we need to select to satisfy ¢ constraints

is minimized.

We call the version of CC-MAXSAT with objective 2 as CC-MAXSAT WITH COV-
ERING CONSTRAINT.

7

CC-MAXSAT WITH COVERING CONSTRAINT

Input: A CNF formula ® = (V,C) on n variables and m clauses, and a
positive integer t.

Parameter: OPT,(®)

Output: An assignment of minimum weight that satisfies at least ¢ clauses.

Here, OPT,(®) is the minimum weight of any assignment that satisfies at least ¢

clauses.

Similarly, we call the version of MAXIMUM COVERAGE with objective 2 as MAXI-
MUM COVERAGE WITH COVERING CONSTRAINT.

MAXIMUM COVERAGE WITH COVERING CONSTRAINT

Input: A set system (U, F) on n elements and m sets, and a positive integer
t.

Parameter: OPT,(U, F)

Output: A subfamily of minimum size that covers at least t elements.

Here, OPT,(U, F) is the minimum sized subfamily that covers at least ¢ elements.

12






Chapter 2
A brief survey of known results

This chapter presents a survey of the results that were known at the time the work
in this thesis was initiated, thereby setting up the motivation for the work presented

here.

Both CC-MAXSAT and MAXIMUM COVERAGE are well-known NP-Hard problems.
There exists a greedy polynomial-time approximation algorithm with a factor of
(1 — 1) for MaxiMuM COVERACGE which is optimal [12, 13]. That is, unless some
well known complexity theory assumption fails, there is no polynomial time approx-
imation algorithm for MaXiMuM COVERAGE with ratio better than (1 —1). An
approximation algorithm with the same factor also exists for CC-MAXSAT run-
ning in polynomial time, which is optimal [14]. When the input formula is 2-CNF,
the problem is called CC-MAX-2-SAT. This problem has also been studied exten-
sively [15, 16, 17, 14]. The best algorithm up to date for CC-MAX-2-SAT achieves
an approximation factor of roughly 0.929 [17], which improved over the series of
results presented in [15, 16, 14]. Austin and Stankovi¢ [18] showed that CC-MAX-
2-SAT is hard to approximate within 0.929 + ¢, for any ¢ > 0, assuming Unique
Games Conjecture (UGC). Further, a monotone variant (a version in which negated
literals are not allowed) of CC-MAX-2-SAT is also well studied with the name of
MAX k-VERTEX COVER. Here, we are given a graph and the task is to select a
subset of k vertices covering as many of the edges as possible. Note that MAX k-
VERTEX COVER is a special case of MAXIMUM COVERAGE where the frequency of
each element is 2 and any pair of sets in the family have intersection at most 1. The
problem is known to be approximable within 0.929 and is also hard to approximate

within 0.929, assuming UGC [18, 19]. These results complete the picture from the

1Here, e is the base of the natural logarithm.
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perspective of polynomial time approximation algorithms.

Thus, the natural next steps are to study the problem from the perspective of
other algorithmic paradigms that are used to cope with NP-hardness, in particular
from the perspective of Parameterized Complexity [11]. Both of these problems
are W[2]-Hard parameterized by the solution size k [11]. That is, we do not expect
CC-MAXSAT (or MAXIMUM COVERAGE) to admit an algorithm with running time
F()(n +m).

The above intractability results necessitate the study of these problems from a pa-
rameterized approximation viewpoint in the quest to improve the approximation fac-
tor obtained by the greedy polynomial-time algorithm [12]. Cohen-Addad et al. [20]
initiated a study on this during their work on EPAS for k-MEDIAN and k-MEAN
and answered this in negative. Later, this was also studied by Manurangsi [21], who

obtained the following strengthening over [20].

Proposition 1 (Hardness for MAXIMUM COVERAGE [21]). For any constant € > 0
and any function h, assuming Gap-ETH, no h(k)(n + m)°® time algorithm can
approximate MAXIMUM COVERAGE with n elements and m sets to within a factor
(1— % + ¢€), even with a promise that there exist k sets that fully cover the whole

universe.

Proposition 1 rules out any possibility of having an approximation algorithm for
CC-MAXSAT and MAXIMUM COVERAGE with factor (1 — £ + ¢) and running time
f(k,e)(n +m)°Y for any ¢ > 0. Thus, if we seek to design an approximation
algorithm for CC-MAXSAT and MAXIMUM COVERAGE with factor (1 — 1 +¢) and
running in time f(k,¢)(n+m)°W, for any £ > 0, we must look for input set families

that have some additional structure.

2.1 Exploiting structure: Results on structured

instances

A natural and important special case of MAXIMUM COVERAGE is the MAX k-
VERTEX COVER problem. Given a graph G and an integer k, the objective is to
select a set of k vertices that maximizes the number of edges incident to them. This
can be viewed as a coverage instance where each edge is an element, and each vertex
corresponds to the set of edges incident to it. In this formulation, every element

appears in exactly two sets, and any two sets intersect in at most one element.
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Marx [22] obtained the first EPAS for MAX k-VERTEX COVER parameterized by k,
running in time (k/e)°**/€) (n +m)°®. We now describe the fairly straightforward

greedy procedure due to Marx.

The algorithm is based on a simple dichotomy depending on the maximum degree
of the input graph. If the maximum degree is sufficiently large, then selecting the k
highest-degree vertices already yields a (1 —e¢)-approximate solution. Intuitively, the
sum of the degrees of these vertices is at least the sum of the degrees in an optimal
solution, and although edges inside the chosen set may be double-counted (by at
most (g)), this loss is negligible when the optimum is large. On the other hand, if
the maximum degree is small, then the value of the optimum is also bounded. In
this case, one can afford to search for the optimal solution exactly using color coding
by trying all feasible values of the number of covered edges. Thus, the algorithm
combines a simple greedy selection in the high-degree case with a bounded exhaustive
search in the low-degree case, resulting in a clean and intuitive EPAS for MAX k-

VERTEX COVER.

Later, Badanidiyuru, Kleinberg, and Lee [23] generalized this result to set systems
with bounded VC-dimension, which is the largest class of structured instances for
which MAXIMUM COVERAGE is known to admit an EPAS parameterized by k. Their
k2d

of 2. n(rase))

o)
algorithm runs in time 2 ( ) (n +m)°W.

Another important special case of MAXIMUM COVERAGE is when the input set fam-
ily has bounded frequency. In this setting, we are given a set system (U, F) such that
each element of U appears in at most d sets, along with an integer k, and the objec-
tive is to select a k-sized subfamily that maximizes the number of covered elements.
Skowron and Faliszewski [24] showed that this case admits an EPAS parameterized
by k: for any € > 0, there is an algorithm running in time (g)o(k) (n +m)°™ that

returns a subfamily of size k covering at least (1 — )OPT,(U, F) elements.

The algorithm is based on a simple structural observation. Let Si,5,...,95,, be
the sets of F ordered in non-increasing order of their cardinalities, and let Sy =
{S1,...,Sp}, where k' = 24 4 [ for ¢ > 0. The key insight is that an optimum
solution can be gradually transformed into a solution entirely inside Sy by replacing
each set outside S with one from Si so that the loss in coverage at each step is
tightly bounded. Since each element appears in at most d sets, each replacement
can only lose a bounded amount of covered elements, and in total the accumulated
loss is at most an e-fraction of the optimum. Consequently, there is always a k-sized

subset of Sy whose coverage is at least (1 — ) fraction of the optimum, and it
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suffices to enumerate all such subsets and return the best one. This yields a clean
and intuitive EPAS for bounded-frequency MAXIMUM COVERAGE.

Notice that in the case of d-set systems, i.e., set families where the set sizes are
bounded by d, any k sets can cover at most kd elements. Blaser’s result implies a
20(kd) (4 m)OM_time algorithm for MAXIMUM COVERAGE on d-set systems [25].
Unlike the case for set systems with bounded frequency (when every element of the
universe occurs in bounded number of sets), MAXIMUM COVERAGE is FPT with

respect to k on set systems with bounded set sizes.

Manurangsi [19] gave a very simple and clean EPAS for the weighted MAX k-VERTEX
COVER problem with running time (1/¢)®®) .n®®) which was an improvement over
Marx [22]. The main idea is structural and closely parallels the approach of Skowron
and Faliszewski [24] for MAXIMUM COVERAGE on bounded frequency set families.
The algorithm restricts attention to a carefully chosen small candidate set consisting
of the top k+ [k/e] vertices ordered by non-increasing weighted degree. Intuitively,
vertices with small weighted degree cannot significantly contribute to the coverage,
and hence an almost-optimal solution can be found entirely among these high-degree

vertices.

The argument proceeds by showing that any optimal solution can be transformed
into one contained within this restricted set with only a small loss in total covered
weight. This replacement argument is conceptually similar to the bounded-frequency
analysis of Skowron and Faliszewski and a careful probabilistic analysis is used to
show that if the candidate set is large enough, then randomly choosing replacement
vertices bounds the cumulative loss in weighted degree. Consequently, it suffices to
enumerate all k-subsets of this O(k/e)-sized candidate set and return the best one,

yielding a (1 — ¢)-approximation in time (1/&)°®) . n©1),

The EPAS by Skowron and Faliszewski [24] for set systems of bounded frequency
as well as the EPAS for MAX k-VERTEX COVER by Manurangsi [26] have more
efficient running times compared to that of Badanidiyuru, Kleinberg, and Lee [23].
This leads us to ask if there are other subclasses of instances with bounded VC-

dimension where the running time of the EPAS can be made more efficient.

We seek inspiration from similar studies undertaken for SET COVER and BACKDOOR
SETS [27, 28, 1]. It is well known that SET COVER is W[2]-Hard but admits an
FPT algorithm when the incidence graph of the set system excludes some K 4 as
a subgraph [28, 1]. Here, incidence graph is a bipartite graph, where one part, say

A, has a vertex for each element in F and the other part, say B, has a vertex for
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each element in U, and there is an edge between a € A and u € B, if u belongs to
the set corresponding to a. Further, Ky, denotes a complete bipartite graph with

bipartitions of size d each.

This motivates us to study MAXIMUM COVERAGE on K, 4-free set systems and CC-
MAXSAT on Kgg4-free formulae. A formula & is said to be Kgg4-free if the clause
variable incidence graph Go = (AU B, E) excludes K, 4 as a subgraph. A clause-
variable incidence graph Gg = (AU B, F) associated with a formula ® is a bipartite
graph with a vertex in A for each variable and a vertex in B for each clause. If a
clause c contains either a variable v or its negation —wv, then there is an edge between

x, € A, corresponding to v, and y. € B, corresponding to c.

An advantage for considering K, 4-free instances is the following. Kj4-free graphs
(also called biclique-free graphs) is a very wide class of graphs and includes many
well-studied graph classes such as bounded treewidth graphs, graphs that exclude
a fired minor, graphs of bounded expansion, nowhere-dense graphs and graphs of
bounded degeneracy. That is, for any of the classes — bounded treewidth graphs,
graphs that exclude a fixed minor, graphs of bounded expansion, nowhere-dense
graphs and graphs of bounded degeneracy, there is a p such that the class is contained
in the class of K, ,-free graphs (see Figure 2.1 for an illustration of the inclusion
relation between these classes). Set systems of bounded VC dimension form a more
general class compared to set systems with bounded frequency, and even biclique-free

set systems, which is the theme of the problems described in this work.

18



Bounded treewidth ]

L

Excluded minor I

l Incidence graphs ot
Excluded topological [ families with bounded ]
[ minor ] frequency
1
[ Bounded expansion ] {Bounded degeneracy]

l

[ Nowhere dense ]

l

[ Biclique-free }

Bounded
VC-dimension

Figure 2.1: Inclusion relation between the class of biclique-free graphs considered
in this paper and other well-studied graph classes (based on [1]). An arrow A — B
indicates that class A is a subclass of B.
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Chapter 3
Overview of results

This chapter presents a consolidated overview of the results in this thesis and also
highlights how the different components fit together. The results are organized
around two complementary optimization objectives: maximizing the number of sat-
isfied constraints subject to a fixed solution size and minimizing the number of

objects selected to satisfy a fixed number of constraints.

In the previous chapter, we motivated the study of EPAS for CC-MAXSAT and
MAXIMUM COVERAGE on K 4-free instances parameterized by the solution size. We
begin by presenting EPAS for both problems followed by a reduction that establishes
their equivalence in the context of FPT approximation. We then discuss extensions
under additional constraints, comprising of fairness constraints on the constraints
to be satisfied and matroid constraints on the objects to be selected, and present
the results for this generalization. We also consider an alternative parameterization
by the number of satisfied constraints, obtaining both FPT algorithms on general

instances and polynomial kernels on K 4-free instances.

Subsequently, we turn to the second optimization objective and present PAS and
complement it with hardness result. Finally, we introduce a new multi-criteria lossy
kernelization framework tailored to accommodate the constraints of our problem
and give a polynomial lossy kernel for fair and matroid-constrained variant of CC-
MAXSAT in this new framework. The detailed proofs and technical developments

are deferred to the subsequent chapters.
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3.1 Objective 1: Optimizing the number of satis-

fied constraints

We begin by giving an EPAS for CC-MAXSAT on K 4-free formulae running in time
20((%)%(71 +m)°W and a more efficient EPAS for MAXIMUM COVERAGE on Ky 4-
free set systems running in time (%)O(dk) (n+m)°W. Our approach for the EPAS for
CC-MAXSAT on K 4-free set systems builds on the state-of-the-art EPAS for MAX
k-VERTEX COVER and its generalizations [19, 24]. However, the broader generality
of our setting, together with the fundamental differences between the monotone
and non-monotone variants of the problem, necessitates substantial departures from
their framework at several technically nontrivial points. While the EPAS for CC-
MAXSAT on K 4-free formulae also implies an EPAS for MAXIMUM COVERAGE,
using the fact that the latter does not have any negative literals, we derive a more

efficient algorithm by reducing the problem to MAX RED BLUE DOMINATING SET.

Recasting to MAXRBDS and its advantages

We first recast MAXIMUM COVERAGE to MAX RED BLUE DOMINATING SET (or
MAXRBDS) with the help of incidence graph.

MAax RED BLUE DOMINATING SET (MAXRBDS)

Input: A bipartite graph G, with V(G) = AW B, and an integer k.
Parameter: k

Output: A set S C A of size at most k such that |[N(S)| = OPT(G).

Here, OPT,(G) denotes the maximum of |[N(S)], taken over k-sized subsets of A.

Observe that in the language of incidence bipartite graphs, finding a k-sized sub-
family maximizing the number of covered elements corresponds to finding a k-sized
subset S C A such that |[N(5)| is maximized. Recasting the MAXIMUM COVERAGE
problem as MAXRBDS has another advantage. It also generalizes another well
studied problem, namely, the hitting counterpart of MAXIMUM COVERAGE- the
MAXIMUM HITTING SET problem.
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MaximMuM HITTING SET

Input: A family of sets, F, over a universe U, and a positive integer k
Parameter: k

Output: A subset U’ C U of size k such that the number of sets that intersects

U’ is maximized.

It is known that a decision variant of the MAXIMUM HITTING SET problem, DEC-
MaxXiMUM HITTING SET (where, additionally we are given an integer ¢, and we seek
a set S of size k, that intersects at least ¢ sets), is W[1]-Hard, even when each set in
the family has size at most 2 [29]. When each set in the family has size at most 2,
then MAXIMUM HITTING SET is popularly called PARTIAL VERTEX COVER. Marx
gave the first EPAS for the PARTIAL VERTEX COVER problem which was followed by
several algorithms with improved running time [22]. The current fastest algorithm
was independently given by Manurangsi [19] and Skowron and Faliszewski [24], and

O(k),,0(1)

runs in time () . These algorithms can be generalised to set families where

each set has size at most d.

Observe that in the language of incidence bipartite graph, finding a k-sized subset
U’ C U such that the number of sets that intersects U’ is maximized is same as
finding a k-sized subset B’ C B such that |N(B’)| is maximized. Since the names
“A” and “B” are interchangeable in the instance of MAXRBDS, an EPAS for this
problem would imply an EPAS for both MAXiMUM COVERAGE and MAXIMUM

HitTiING SET. In particular, we give an EPAS for MAXRBDS running in time
(@)O(dk) no.
1>

To the best of our knowledge, the EPAS for MAXRBDS unifies and generalizes
all known results regarding EPAS for either the MAXiMUM COVERAGE problem
or the MAXIMUM HITTING SET problem, with the exception of the EPAS for set
systems with bounded VC-dimension [23]. Note that there is an EPAS running in
time (%)O(k) n®® for Max k-VERTEX COVER [19], a special case of MAXIMUM
COVERAGE on K -free graphs, whereas our EPAS runs in (f)o(k) n®W for Max
k-VERTEX COVER.

23



3.2 Equivalence of satisfiability and covering in

the context of FPT Approximation

We next show that CC-MAXSAT and MAXIMUM COVERAGE are equivalent to
each other in the context of EPAS parameterized by k£ when the objective is to
maximize the number of satisfied constraints. In particular, we give a randomized
reduction from CC-MAXSAT to MAXIMUM COVERAGE running in time O(1/¢)" -
(n 4+ m)®W that preserves the approximation guarantee up to a factor of 1 — ¢, for
any constant ¢ € (0,1). Furthermore, this reduction also works in the presence of
fairness constraints on the satisfied clauses, as well as matroid constraints on the set

of variables that are assigned true.

This allows us to focus on MAXIMUM COVERAGE, rather than CC-MAXSAT, at the

*) in the running time. Further, there is no assumption on the input

expense of £~
formulas for this reduction to work. It immediately implies faster algorithms for CC-
MAXSAT by utilizing the known good algorithms for MAXiMUM COVERAGE |19,

24, 30, 31].

By utilizing the EPAS for MAXIMUM COVERAGE on K, 4-free set systems described
in Section 3.1, we obtain a randomized EPAS with running time (%)@ pOM) for
CC-MAXSAT on K 4-free formulae. Note that this EPAS is much faster, albeit
randomized, than the one stated in Section 3.1. Furthermore, if the size of clauses
is bounded by p, then CC-MAXSAT admits a randomized EPAS with running time
(2)®nOM) | This result holds by utilizing the EPAS of Skowron and Faliszewski [24]
for MAXIMUM COVERAGE on set systems with bounded frequency. Both results hold
with constant probability.

This reduction is robust enough that it can accommodate fairness constraints on
the clauses or matroid constraints on variables. We explore these constraints in the
next section. To be precise, one can give a similar reduction from C-MAXSAT to
C-MaxCov, where C € {M, F, (M, F)} describes the constraint on the problem.
Here, F stands for the fairness constraints on the clauses and M stands for the
matroid constraints on variables. Note that in the presence of fairness constraints
on the clauses, the success probability becomes (g/r)°®), where 7 is the number
of fairness constraints. Essentially, these reductions translate a constraint on the
variables set to 1 (for CC-MAXSAT and variants), to the corresponding family of sets
(for MAxiMuM COVERAGE and variants). Thus, at the expense of a multiplicative
(r/)°® factor in the running time, we can focus on MAXIMUM COVERAGE and
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its variants considered in the next section.

3.3 Optimizing the number of satisfied constraints

subject to additional criteria

We generalize the MAXIMUM COVERAGE problem in several directions by adding
either fairness constraints on the elements covered or asking our solution to be an

independent set of a given matroid.

3.3.1 Matroid Constraints

Note that MAXIMUM COVERAGE is a special case of submodular function maxi-
mization subject to a cardinality constraint. In the latter problem, we are given (an
oracle access to) a submodular function f : 2V — Rso !, and the goal is to find a
subset U C V that maximizes f(U) over all subsets of size at most k. Indeed, cover-
age functions are submodular and monotone (i.e., adding more sets cannot decrease
the number of elements covered). There has been a plethora of work on monotone
submodular maximization subject to cardinality constraints, starting from Wolsey
[32]. In a further generalization, we are interested in monotone submodular maxi-
mization subject to a matroid constraint — in this setting, we are given a matroid
M = (U, ) ? via an independence oracle, i.e., an algorithm that answers queries of
the form “Is P € I?” for any P C U in one step, and we want to find an indepen-
dent set S € I that maximizes f(S). Note here that a uniform matroid of rank &
% exactly captures the cardinality constraint. Calinescu et al. [33] gave an optimal

(1 — 1/e)-approximation.

More recently, Huang and Sellier [30] and Sellier [31] studied the problem of maxi-
mizing a coverage function subject to a matroid constraint, called MATROID CON-
STRAINED MAXIMUM COVERAGE. In this problem, which we call M-MAXIMUM
COVERAGE (M for “matroid” constraint), we are given a set system (U, F) and
a matroid M = (F,I) of rank k, and the goal is to find a subset F/ C F such

Lf .2V — R is submodular if it satisfies f(A) + f(B) > f(AUB) + f(ANB) forall A, BCV

2Recall that a matroid is a pair M = (U, I), where U is the ground set, and I is a family of
subsets of U satisfying the following three axioms: (i) @ € I, (ii) If A € I, then B € I for all subsets
B C A, and (iii) for any A, B € I with |B| > |A|, then there exists an element e € B\ A such that
AU{e} € I. An element of I is an independent set in the matroid M.

3Rank of a matroid is equal to the maximum size of any independent set in the matroid.
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that 7/ € I and F' maximizes the number of elements covered. Note that M-
MaxiMuM COVERAGE is a generalization of MAXIMUM COVERAGE. In the latter
paper, Sellier [31] designed an EPAS for M-MAXIMUM COVERAGE, running in time
(d/e)®®) . (n 4 m)°W for frequency-d set systems. Note that this result generalizes

that of [24, 19] from a uniform matroid consraint to an arbitrary matroid constraint

of rank k.

Analogous to M-MAXIMUM COVERAGE, one can define a matroid constrained ver-
sion of CC-MAXSAT, called M-MAX k-WEIGHT SAT. In this problem, we are given
a CNF-SAT formula ® and a matroid M of rank £ on the set of variables. The goal
is to find an assignment that satisfies the maximum number of clauses, with the
restriction that, the set of variables assigned 1 must be an independent set in M.
Note that M-MAX k-WEIGHT SAT generalizes M-MAXiMUM COVERAGE as well
as CC-MAXSAT.

3.3.2 Fairness or Multiple Coverage Constraints

We consider an orthogonal generalization of MAXIMUM COVERAGE. Note that an
optimal solution for MAXIMUM COVERAGE may leave many elements uncovered.
However, such a solution may be deemed unfair if the elements are divided into mul-
tiple colors (representing, say, people of different demographic groups), and the set
uncovered elements are biased against a specific color. To address these constraints,
the following generalization of MAXIMUM COVERAGE, which we call F-MAXIMUM
COVERAGE (F stands for fair), has been studied in the literature. Here, we are
given a set system (U, F), a coloring function y : U — [r|, a coverage requirement
function ¢ : [r] — N, and an integer k; and the goal is to find a subset 7/ C F of
size at most k such that, for each i € [r], the union of elements in F” is at least ¢(7)
(or t;).

Since F-MaXiMUuM COVERAGE is a generalisation of MAXIMUM COVERAGE, it
inherits all the lower bounds known for MAXIMUM COVERAGE. Furthermore, we
can mimic the algorithm for MAXIMUM COVERAGE parameterized by ¢ (where
you want to cover at least ¢ elements with k sets) [25] to obtain an algorithm for

F-MAxiMUM COVERAGE parameterized by » ;. However, the problem is NP-

it
JElr]
Hard even when ¢; < 1, j € [r], via a simple reduction from SET COVER.

F-MaAxiMuM COVERAGE has been studied under multiple names in the approxima-

tion algorithms literature; however much of the focus has been on approximating the
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size of the solution, rather than the coverage. Notable exception include Chekuri
et al. [34] who gave a bicriteria approximation, that outputs a solution of size at
most O(leer/c) times the optimal size, and covers at least (1 —1/e —¢) fraction of the
required coverage of each color. Very recently, Bandyapadhyay et al. [35] recently

designed an EPAS for F-MaxiMmum COVERAGE for the set systems of frequency 2,
o rk? log k
running in time 2 ( : ) - (n+m)°W.

We give a randomized EPAS for F-MAXIMUM COVERAGE running in time

N\ O(k)
()

on set systems with frequency bounded by d. Note that this result generalizes the

result of [35] to frequency-d set systems, and in the case of d = 2, our running time
is faster than that of [35], albeit randomized. We also give a deterministic EPAS
k42

for F-MAXIMUM COVERAGE running in time 29059 (logn)°T® . (n + m)°® on

K 4-free set systems.

One can also define the fair version of CC-MAXSAT in an analogous way, which
we call F-MAX k-WEIGHT SAT. In this problem, we are given a CNF-formula ®,
a coloring function x : Co — [r], a coverage demand function ¢ : [r] — N, and an
integer k. The goal is to find an assignment of weight at most k that satisfies at
least #(j) (also denoted as t;) clauses of each color j € [r]. By combining the EPAS
parameterized by k for F-MAXIMUM COVERAGE on frequency-d set systems with
the reduction algorithm, we get an EPAS for F-MaAX k-WEIGHT SAT on d-CNF-
SAT formulae with a similar running time as that for F-MAXiMuM COVERAGE on
frequency-d set systems. Similarly, by combining the EPAS parameterized by k for
F-MAXIMUM COVERAGE on Kg4-free set systems with the reduction algorithm,
we get an EPAS for F-MAX k-WEIGHT SAT on K, 4-free formulae with a similar
running time as that for F-MAXIMUM COVERAGE on K 4-free set systems.

3.3.3 Combining Matroid and Fairness Constraints

As discussed above, MAXIMUM COVERAGE has been generalized in two orthogo-
nal directions, namely, matroid constraints on the sets chosen in the solution, and
fairness constraints on the elements covered by the solution. Although the cor-
responding variants of CC-MAXSAT have not been studied in the literature, we

mentioned that our techniques readily imply an EPAS for these problems for many
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formulae with sparse structure. Given this, it is natural to ask if we can find good
approximations for the variants of CC-MAXSAT (resp. MAXIMUM COVERAGE)
that combines the two orthogonal generalizations, namely, matroid constraint on
the variables assigned 1, and fairness constraints on the satisfied clauses (resp. ma-
troid constraint on the sets chosen in the solution, and fairness constraints on the

elements covered).

In the following, we formally define the common generalization of M-MAX k-
WEIGHT SAT and F-MAX k-WEIGHT SAT, which we call (M, F)-MAX k-WEIGHT
SAT.

(M, F)-MAX k-WEIGHT SAT

Input. A CNF-SAT formula ® = (V,C) on n variables and m clauses, where
the clauses Cy of @ are partitioned into r colors. Each color j € [r] has an
associated demand ¢;. Additionally, we are provided the independence oracle
to a matroid M = (Vs, ) of rank k.

Parameter. k

Output. An assignment ¥ : Vg — {0,1}, such that ¥='(1) € I and the

number of clauses of color j satisfied by V¥ is at least ¢;, for each j € [r].

In the special case where the CNF-SAT formula is monotone (i.e., does not contain
negated literals), we obtain (M, F)-MaxiMuM COVERAGE, which generalizes all
the variants of MAXIMUM COVERAGE discussed earlier.

7

(M, F)-MaximuMm COVERAGE

Input. A set system (U, F) on n elements and m sets, where the elements
U are partitioned into r colors. Each color j € [r] has an associated demand
t;. Additionally, we are provided the independence oracle to a matroid M =
(F,I) of rank k.

Parameter. k

Output. A subfamily 7’ C F, such that 7’ € I and the number of elements
of color j covered by F’ is at least ¢;, for each j € [r].

. J

We obtain a randomized EPAS for (M, F)-MaxiMuM COVERAGE on set systems

\ Ok)
with maximum frequency d, that runs in time (kdr (lofk) > - (n +m)°M and

returns a (1 —e)-approximation with at least a constant probability. We also obtain
an EPAS for (M, F)-MaxiMuM COVERAGE on K, 4-free set systems, that runs in

47‘2
time 20059 (logn)OH) - (n 4 m)OW.
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Finally, by reducing (M, F)-MAX k-WEIGHT SAT on d-CNF formulas to (M,
F)-MaxiMmum COVERAGE with frequency d set systems, using the randomized re-
duction, and then using the results for (M, F)-Maximum COVERAGE, we obtain
a randomized EPAS for (M, F)-MAX k-WEIGHT SAT on d-CNF formulas, that
runs in time <kdr <%)T> ( - (n 4+ m)°" and returns a (1 — ¢)-approximation
with at least a constant probability. Analogously, by reducing (M, F)-MAX k-
WEIGHT SAT on K, 4-free formulas to (M, F)-MAXiMuMm COVERAGE on K, 4-free
set systems, using the randomized reduction, and then using the results for (M, F)-
MaxiMmuM COVERAGE, we obtain our most general result, which is a randomized
EPAS for (M, F)-MAX k-WEIGHT SAT on K,4-free CNF formulas, that runs in
time 20(@)(1% n)°k) . (n +m)°® and returns a (1 — €)-approximation with at

least a constant probability.

Handling Multiple Matroid Constraints. Our results on M-MaXiMmum Cov-
ERAGE and (M, F)-MaAxiMuM COVERAGE can be generalized to handle multi-
ple matroid constraints on the solution, in the case when the matroids are linear
or representable’. In this more general problem, we are given ¢ linear matroids
My, My, ..., M, where M; = (F, I,), each of rank at most k, and the solution S

is required to be independent in all ¢ matroids, i.e., S € ) }Ii. In this case, we

i€[g
can use linear algebraic tools ([36, 37]) to compute a representative set of size gk
instead of k, and the computation requires 2°@) . n©1) time. Thus, EPAS for this

problem now have a factor of ¢ in the exponent.

Note that our EPAS improves upon the polynomial-time approximation guarantee of
1 —1/e of Calinescu et al. [33] for monotone submodular maximization subject to a
matroid constraint, in the special case of K, 4-free coverage functions. To the best of
our knowledge, this is the largest class of monotone submodular functions and ma-
troid constraints for which the lower bound of 1—1/e can be overcome, even in FPT
time. Further, the analogous results to (M, F)-MAX k-WEIGHT SAT generalize

these results to maximization of non-monotone/non-submodular functions.

We give a summary of how the various problems are related to each other, and a

comparison of our results with the literature in Figure 3.1.

4A matroid M = (E,Z) is representable over a field F if there exists a matrix M such that
there exists a bijection between E and the columns on M with the property that, a subset £/ C E
is independent in M iff the corresponding set of columns are linearly independent over F.
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we improve
running time
from (18]

we improve
running time

from (3]

MaxiMuM COVERAGE
]

[18,22,27

Figure 3.1: If there is an arrow of the form A — B, then problem B generalizes
problem A. EPAS for the problems in red bubbles are not known in the literature,
and we study in this paper. For all the other problems EPAS are known in the
literature for some cases. This paper improves the results in cyan and blue.

frequency-d Kgq 4-free
Vanilla - (%)O(dk) “(n+m)°W
Fair (dr)O). (M o (n4+m)PD) 20524 (156 YOk (1 4 1) O)
Fair + Matroid  (kdr)O(%). (1222) 6D e m)OM 20 (106 )OWR) . (1 4 ) OD)

Table 3.1: Summary of results for variants of MAXIMUM COVERAGE (under Objec-
tive 1) for frequency-d and K, 4-free set systems.

3.4 A different parameter: the number of satis-

fied constraints

We next study the decision version of both of our problems CC-MAXSAT and MAX-
IMUM COVERAGE with a different parameterization: the number of satisfied con-

straints t.

3.4.1 An FPT algorithm for DEcisioN CC-MAXSAT parame-

terized by the number of satisfied constraints

We define the DECISION CC-MAXSAT problem parameterized by ¢ as follows.
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DEecisioN CC-MAXSAT

Input: A CNF formula ® = (V,C) on n variables and m clauses, and two
positive integers k and t.

Parameter: ¢

Output: An assignment of weight at most k£ that satisfies at least ¢ clauses.

Bliser gave a 200 (n 4+ m)®W algorithm for DECISION MAXIMUM COVERAGE, the
decision version of MAXIMUM COVERAGE, where given a set system (U, F) and
two positive integers k and ¢, the objective is to find k£ sets that cover at least ¢
elements [25]. Bonnet et al. generalize this result to DECISION CC-MAXSAT by
giving an FPT algorithm running in time 201989 (n4+-m)°W [38]. We give a different
FPT algorithm for DECisioN CC-MAXSAT with running time 2°®) (n+m)°®. Our
algorithm is faster than that of Bonnet et al.[38] and works on the following idea.
The algorithm first generates a random assignment by independently setting each
variable to a value in {0, 1} uniformly at random. It then removes all clauses that
are negatively satisfied by this assignment. A clause is said to be negatively satisfied
if it contains a negative literal whose corresponding variable is assigned the value 0.
Next, the remaining formula is transformed into an equivalent MAXIMUM HITTING

SET instance, and the solution to this instance is returned.

This procedure runs in polynomial time and succeeds with probability that is FPT in
t. By standard probability boosting, this yields an FPT algorithm parameterized by ¢
with constant success probability. Furthermore, the algorithm can be derandomized

using (n, £)-universal sets without increasing the asymptotic running time.

3.4.2 Polynomial kernels for K, -free instances parameter-

ized by the number of satisfied constraints

It is natural to investigate the existence of a polynomial kernel for DEcisioNn CC-
MAXSAT parameterized by t, following the result of an FPT algorithm for the
problem with respect to t. Unfortunately, its monotone version, DECISION MAX-
IMUM COVERAGE, does not admit a polynomial kernel with respect to ¢ unless
PH = Zg [39]. Thus, we cannot hope for a polynomial kernel with respect to t for
DEecisioN CC-MAXSAT either. Again, this leads us to narrow our focus on input
instances with additional structure that may admit a polynomial kernel parameter-
ized by t.

Agrawal et al. [40] designed a polynomial kernel for a special case of DECISION
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MaAxiMUM COVERAGE when every element of the universe appears in at most d
sets. In this kernel, the universe is bounded by O(dt?), and the size of the family is
bounded by O(dt). We generalize this result to Ky 4-free set systems by first recasting
DEecisioN MAXIMUM COVERAGE to DECISION MAX RED BLUE DOMINATING SET
(or DEc MAXRBDS), the decision version of MAXRBDS, and then constructing
a polynomial kernel of size O(dt®*!) for the latter problem. Consequently, the
existence of a polynomial kernel for DEC MAXRBDS on K 4-free bipartite graphs
yields a polynomial kernel for DECISION MAXIMUM COVERAGE on K g-free set

systems.

7

DEecistoN MAX RED BLUE DOMINATING SET

Input: A bipartite graph G, with V(G) = AW B, and positive integers k, t.
Parameter: ¢

Output: A set S C A of size at most k such that |[N(S)| > t.

Furthermore, this kernelization for DEC MAXRBDS on K 4-free bipartite graphs
is leveraged to improve the running time of the EPAS for MAXRBDS on the same
graph class given in Section 3.1. Finally, to complete the picture with respect to this
parameter, we extend these ideas to DECISION CC-MAXSAT on K 4-free formulae

and obtain a kernel of size O(d4%t+1),

Considering other parameters. One may consider designing a polynomial ker-
nel for DECISION CC-MAXSAT on K, 4-free formulae with parameter & or £ + d.
Here, we would like to point out that DECISION CC-MAXSAT is W[1]-Hard when
parameterized by k + d. This can be shown by a reduction from PARTIAL VERTEX
COVER, which is W[1]-Hard parameterized by k [29]. The reduction is as follows [29].
In PARTIAL VERTEX COVER, we want to cover the maximum number of edges in
the input graph using k vertices. The construction of a formula for DEcision CC-
MAXSAT is as follows. We will have a variable x, for each vertex v in the input graph
G. For an edge e = {u, v}, we will construct a clause C, = (x, V x,). The resulting
formula will be K5 o-free for a simple graph G. This implies that the DECISION
CC-MAXSAT problem is W[1]-Hard when parameterized by k + d.
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3.5 Objective 2: Optimizing the solution size

Until now, we fixed the size of the solution and approximated the number of con-
straints that are covered, i.e., how many clauses we can satisfy when the weight
of an assignment is fixed to be k£ or how many elements of the universe we can
cover, if the number of sets that we are allowed to select is bounded by k. In lit-
erature, there is another version of these problems that has been studied, where
the number of constraints that we need to cover is fixed but the number of objects
that we can select to cover these constraints is optimized. For example, in the SET
COVER problem, we have to cover all the elements of the universe and we optimize
the number of sets that we select so as to cover the whole universe. For clarity
of presentation, we call this version of CC-MAXSAT and MAXIMUM COVERAGE
as CC-MAXSAT WITH COVERING CONSTRAINT and MAXIMUM COVERAGE WITH
COVERING CONSTRAINT, respectively. For both problems, we use k as a parameter.

These problems have been defined formally in Section 1.2.

MAXIMUM COVERAGE WITH COVERING CONSTRAINT, together with its special
case on graphs called PARTIAL VERTEX COVER (where one wants to cover at least
t edges with as few vertices as possible), has been studied extensively from the ap-
proximation front under the name of “partial covering” [41, 42, 43, 44]. It is known
that the PARTIAL VERTEX COVER admits a 2-approximation, which cannot be im-
proved further assuming UGC [41, 42, 43, 44, 45]. PARTIAL VERTEX COVER is
also known to be W[1]-Hard parameterized by k, that is, it is unlikely to admit an
FPT algorithm with respect to k [29]. Furthermore, both CC-MAXSAT wiTH COV-
ERING CONSTRAINT and MAXIMUM COVERAGE WITH COVERING CONSTRAINT
generalize the classical SET COVER problem and hence we are unlikely to design
any EPAS for these problems with respect to k [46]. This leads us to think about
the families of instances on which CC-MAXSAT WITH COVERING CONSTRAINT or
MAXIMUM COVERAGE WITH COVERING CONSTRAINT admit a PAS or an EPAS.

We solve the MAXIMUM COVERAGE WITH COVERING CONSTRAINT problem by
recasting it to the MAX RED BLUE DOMINATING SET WITH COVERING CON-
STRAINT (or MAX RBDS CovC) problem.

~ a

MAX RED BLUE DOMINATING SET WITH COVERING CONSTRAINT
Input: A bipartite graph G, with V(G) = AW B, and a positive integer t.
Parameter: k = OPT,(G)

Output: A set S C A of size k, such that |[N(S)| > t.
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Here, OPT(G) denotes the minimum value of |S| such that |[N(S)| > t.

We show that MAX RBDS CovC does not admit an EPAS parameterized by &
and . Suppose, for the sake of contradiction, that such an EPAS exists. Then,
for every € > 0, there is an algorithm running in time f(k,&)n®®) that produces a
solution of size at most (1 + €)k. Choosing ¢ < + yields a solution of size strictly
smaller than k + 1, and hence of size at most k, in f(k)n®™® time. Consequently,
this would allow us to compute an optimal solution in FPT time, contradicting
known complexity assumptions. Moreover, the problem PARTIAL VERTEX COVER,
or equivalently MAX RBDS CovC on K »-free bipartite graph, does not admit an
EPAS parameterized by k and ¢ by similar reasoning. This rules out the possibility
of an EPAS parameterized by k and € for MaAX RBDS CovC on K, 4-free instances.

For Max RBDS CovC, we obtain a PAS on K, 4-free bipartite graphs running in
time (kd)®*In®1) When ¢ > %, it gives a one-additive approximation algorithm
and when ¢ < %, we can solve optimally by trying all possible sets of size at most k
in n®®) time which is allowed in a PAS.

A PAS for Max RBDS CovC would imply a PAS for both MAXIMUM COVERAGE
WITH COVERING CONSTRAINT and MAXIMUM HITTING SET WITH COVERING
CONSTRAINT. For MAXIMUM COVERAGE WITH COVERING CONSTRAINT, given
k and t, the algorithm either certifies that no subfamily of size at most k covers at
least t elements, or returns a subfamily of size at most k£ 4 1 that covers at least ¢
elements. Similarly, for MAXIMUM HITTING SET WITH COVERING CONSTRAINT,
the algorithm either guarantees that there is no hitting set of size at most k that
hits at least t sets, or returns a hitting set of size at most k& + 1 hitting at least ¢

sets.

We generalize this PAS to incorporate fairness constraints as well. We denote
Max RBDS CovC with fairness constraints as PARTITION COLOR CONSTRAINED
DOMINATING SET (or PCCDS).
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PARTITION COLOR CONSTRAINED DOMINATING SET (PCCDS)

Input: An instance Z = (G,r, f, k,t), where G = (AW B, F) is a bipartite
graph, f : B — [r] is a surjective function, a non-negative integer k, and for
each color j € [r], a coverage requirement t; > 0.

Here, B; .= {§ € B : f($) = j} is a set of vertices of color j, for each j € [r].
Parameter: &

Question: Does there exist a subset S C A, such that (1) |[S] < k, and (2)
for each j € [r], |N;(S)| > t(j)? Here, N;(S) C B, is the set of vertices of

color j € [r] that are adjacent to at least one vertex in S.

\. J

The PAS for PCCDS runs in time (20*°*dlozr) 1 (kd)©*d))pnO() and, either returns
a set of size at k + r that has at least ¢; neighbors in Bj, for each j € [r], or it

returns that there is no set of size at most k that has at least t; neighbors in B;,
for each j € [r]. We also show that this result cannot be improved to (k +r — 1),
unless FPT = W[1].

A PAS for PCCDS would imply a PAS for both F-MAXiMuM COVERAGE and
F-MaxiMuM HITTING SET.

In contrast, no such algorithm exists under matroid constraints. Unless FPT = W[1],
the guarantee is unattainable even for linear matroids and for set systems with
frequency at most 2 and pairwise intersection at most 1. This is achieved via a
reduction from PARTIAL VERTEX COVER with a matroid constraint on the vertex

set.

Vanilla Fair Matroid

Kgg-free  (kd)©®D) . (nm)OM) (204 dloar) 4 (g)Okd) . (n 4 m)O1)  No PAS

Table 3.2: Summary of results for variants of MAXiMUM COVERAGE WITH COV-
ERING CONSTRAINT (under Objective 2) for K, 4-free set system.

3.6 Multi-criteria Lossy Kernelization

While the field of FPT approximation has been thriving over the past decade [21,
47,48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 26, 24, 59, 60, 61], the same cannot be

said for lossy kernelization, its polynomial-time preprocessing counterpart.

A natural companion to FPT algorithms is polynomial-time preprocessing, also
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known as kernelization. A parameterized problem is said to admit a polynomial
kernel if there exists a polynomial-time algorithm (where the degree of the poly-
nomial is independent of the parameter k), called a kernelization algorithm, that
transforms any input instance into an equivalent instance whose size is bounded by
a polynomial p(k) in k, while preserving the answer. The resulting reduced instance
is referred to as a p(k)-kernel for the problem. Once an FPT algorithm is established
for a problem, a natural follow-up question is whether the problem also admits a
polynomial kernel. The study of FPT algorithms and kernelization (also known as
lossless preprocessing) has evolved in parallel, with significant synergies between the

two. This has culminated in a comprehensive textbook on kernelization [11].

Analogous to kernelization in the exact setting, a companion notion of polynomial-
time preprocessing for FPT-approximation is captured by the concept of lossy ker-
nels, introduced by Lokshtanov et al. [62]. Loosely speaking, an («)-approximate
kernel of size g(k) is a polynomial-time algorithm that, given an instance (I, k), out-
puts a new instance (I', k') such that |I'|+k" < g(k), and any c-approximate solution
s’ to (I', k") can be efficiently transformed into a (¢ - o)-approximate solution s for
the original instance (I, k). While fixed-parameter tractable (FPT) approximation
algorithms have witnessed significant progress, their polynomial-time preprocessing
counterpart—I\ossy kernelization—remains relatively underexplored, in contrast to

the well-developed parallel between FPT algorithms and (exact) kernelization.

The next step, thus, seems to be to contribute to the development of lossy kernel-
ization, thereby addressing this imbalance. We do so by studying lossy kernels for

generalizations of MAXIMUM COVERAGE and CC-MAXSAT.

Following the EPAS parameterized by k for CC-MAXSAT on biclique-free formulae,
which extended prior work by Manurangsi [21] and Skowron and Faliszewski [24], a
natural open question on the existence of a lossy kernel for the problem remained
unsolved. Manurangsi [58] answered this question in the affirmative by design-
ing a lossy kernel for CC-MAXSAT on biclique-free instances. This lossy kernel
encompasses the work of Sellier [31] who provided an EPAS and a lossy kernel, pa-
rameterized by k, for MAXIMUM COVERAGE under bounded frequency and matroid
constraints. Manurangsi [58] also posed the question of whether such a lossy kernel
exists for a generalization of the problem that extends the cardinality constraint
to more expressive settings, such as matroid constraints. This open question forms
the starting point of our research on lossy kernels. Furthermore, MAX k-VERTEX
COVER is also known to have lossy kernels [22, 62, 21].
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We study lossy kernels for F-MaAX k-WEIGHT SAT and (M, F)-MAX k-WEIGHT
SAT. Since these problems are generalizations of F-MAXIMUM COVERAGE and (M,
F)-MaxiMum COVERAGE, we focus only on the variants of CC-MAXSAT here. In

particular, we study the following problem:

(M, F)-MAX k-WEIGHT SAT

Input: An instance J = (®,r, f, M, k,t), where & = (V,C) is a CNF-SAT
formula, f : C — [r] is a surjective function, and for each j € [r], we say that
C; ={s €C: f(s)=j} is the set of clauses of color j, and we have a coverage
requirement t; = t(j) > 0. Moreover, we have a matroid M = (V,I) of rank
k defined on the set of variables V where k is a non-negative integer.
Parameter: £

Output: An assignment 3 of weight at most & to V, such that 71(1) € I,
and for each j € [r], |sate,(5)] > ;.

Here, satg, () C C; is the set of clauses of color j € [r] that are satisfied by 3
in the subformula ®; = (V,(;).

3.6.1 Multi-criteria Optimization Framework for Lossy Ker-

nels

Clearly, in the (M, F)-MAX k-WEIGHT SAT problem, there is more than one
objective function: covering t; clauses in each C;. The traditional lossy kernelization
framework by Lokshtanov et al. is defined only for single criteria optimization
function [62]. Thus, in order to obtain a lossy kernel for (M, F)-MAX k-WEIGHT
SAT, we first extend the framework by Lokshtanov et al. [62] to include more than

one objective function.

Thus our contribution is conceptual: we extend the framework of lossy kernels to
encompass multi-criteria optimization problems, following the framework initiated
by Ravi et al. [63] and Grandoni et al. [64]. Their work introduced a model for
multi-objective approximation that captures trade-offs across competing goals. Our
generalized framework enables lossy kernelization for problems with multiple inter-
twined structural constraints—a setting frequently encountered in computational
social choice theory, such as committee selection, fair division, or diversified rank-

ing.

In particular, we give a (1,1 +¢,...,1+ ¢, 1)-approximate kernel for (M, F)-Max
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r 3
)O( ) clauses, when the for-

T 2 .
k-WEIGHT SAT, with O (%)O( *) Variables and O (%
mula is Kgg-free. Here, (1,14 ¢,...,1+4¢,1) is a tuple with r 4+ 2 elements. A
(I,1+e¢,...,14¢,1)-approximate kernel is a pair of algorithms — called the reduc-

tion algorithm and the solution lifting algorithm — defined for any e € (0, 1).

Informally, a (1,14¢,...,1+4¢, 1)-approximate solution refers to a set S of variables
of minimum size (capturing the 1-factor) that satisfies at least f—jrs clauses of color j,
for every j € [r], and additionally forms an independent set in the matroid defined

on the variables.

The reduction algorithm takes an instance of (M, F)-MAX k-WEIGHT SAT and
returns a reduced instance of size bounded by a polynomial function of the parameter
k, running in time polynomial in the input size. The solution lifting algorithm
takes as input the original instance, the reduced instance produced by the reduction
algorithm, and a {3y, 51, - . ., Br+1 }-approximate solution to the reduced instance for
any 3; > 1,1 € [r+ 1], and returns a {1 - By, (1 +¢) - f1,...,(L+¢&)- B, 1 Bri}-

approximate solution to the original instance.

This result generalizes the lossy kernels of Manurangsi [58] and Sellier [31].

3.7 Organization of the thesis

This thesis is organized into four parts, each addressing a different aspect of partial

constraint satisfaction and covering problems.

Part I provides a high-level overview of the results developed in the thesis. Part II
studies the problems CC-MAXSAT and MAXIMUM COVERAGE under the first ob-
jective, where the goal is to maximize the number of satisfied constraints while fixing
the solution size. Part III considers the same problems under the second objective,
which seeks to minimize the number of selected objects subject to satisfying a fixed
number of constraints. Finally, Part IV introduces and discusses the multi-criteria

lossy kernelization framework.

Before presenting these results, we introduce the necessary background. The fun-
damentals of parameterized complexity, along with results on combinatorial objects
that are used throughout the thesis, are presented in Chapter 4.1. The notation
and preliminaries required for the subsequent chapters appear in Chapter 4.3. We
conclude the thesis in Part V, Chapter 12.
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Part II begins with efficient parameterized approximation schemes (EPAS) for CC-
MAXSAT and MAXIMUM COVERAGE on K, 4-free instances, parameterized by the
solution size k. The full details appear in Chapters 5.1 and 5.2, respectively. This is
followed by a randomized reduction from CC-MAXSAT to MAXIMUM COVERAGE,

also parameterized by k, the details of which are presented in Chapter 6.

We then study variants of these problems under additional constraints, namely fair-
ness and matroid constraints. Since the corresponding results for CC-MAXSAT can
be obtained using the reduction from Chapter 6, we focus primarily on variants of
MAXIMUM COVERAGE. The main algorithmic ideas underlying these extensions
are outlined in Chapter 7.1. Chapter 7 presents EPAS for MAXiMUM COVERAGE
with fairness constraints on both bounded-frequency and K 4-free instances, while
Chapter 8 further incorporates matroid constraints on the two instances. The final
part of Part II shifts attention to a different parameter, namely the number of sat-
isfied constraints. The full details provided in Chapter 9. This chapter contains an
FPT algorithm for CC-MAXSAT on general instances, as well as polynomial kernels
for both CC-MAXSAT and MAXIMUM COVERAGE on K 4-free instances.

Part III focuses on the second objective. An overview of the results on polynomial-
time approximation schemes (PAS) for MAXIMUM COVERAGE under this objective
is presented in Chapter 10.1. Chapter 10.2 develops a PAS for MAXIMUM COVER-
AGE on K, 4-free instances. The extension of these results to fairness constraints
is discussed in Chapter 10.3, followed by hardness of approximation results for this
setting in Chapter 10.4.

Part IV introduces and develops a framework for multi-criteria lossy kernelization.
The general framework is outlined in Chapter 11. An overview of the lossy kernel for
CC-MAXSAT with fairness and matroid constraints, parameterized by the solution
size, is given in Chapter 12.1. Chapter 12.2 presents a multi-criteria lossy kernel
for CC-MAXSAT under fairness constraints, and Chapter 12.3 extends this result

to include matroid constraints.

Chapter 12 concludes the thesis by outlining several open problems and laying the

foundation for future research directions.
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Chapter 4

Preliminaries

4.1 Parameterized Complexity

Parameterized Complexity was introduced by Downey and Fellows in the 90s as a
framework to cope with computational problems that are NP-Hard. Here, a parame-
ter, which is small compared to the input, is considered. Parameterized Complexity
deals with measuring the running time of algorithms in terms of both the input
size and the parameter. The following definitions are standard and can be found in
[11, 62].

We begin by formally defining what is meant by a parameterized problem.

Definition 1 ([11]). A parameterized problem is a language L € ¥* x N, where X

is a fized, finite alphabet. For an instance (x,k), k is called the parameter.

The notion of tractability in the parameterized setting is captured by fixed-parameter
tractability, which allows exponential dependence on the parameter while maintain-

ing polynomial dependence on the input size.

Definition 2 ([11]). A parameterized problem L is called fixed-parameter tractable
(FPT ) if there exists an algorithm A (called a fized-parameter algorithm), a compu-
tational function f: N — N, and a constant ¢ such that, given (x,k) € ¥* x N, the
algorithm A correctly decides whether (x,k) € L in time bounded by f(k)|(z, k)|°.

The complexity class containing all fixed-parameter tractable problems is called FPT.

An important technique closely related to fixed-parameter tractability is kerneliza-

tion. Informally, kernelization is a polynomial-time preprocessing procedure that
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reduces a given instance (I, k) of a problem to an equivalent instance (I’, k') of
the same problem, called a kernel, whose size is bounded solely as a function of
the parameter. Crucially, the reduced instance preserves the answer to the original

problem.

Kernelization provides a structural understanding of parameterized problems by
isolating the part of the input that is inherently difficult. Every fixed-parameter
tractable problem admits a kernel, although the size of the kernel may be large. A
central goal in parameterized complexity is therefore to design polynomial kernels,
where the size of the reduced instance is bounded by a polynomial function of the

parameter.

Definition 3 ([11]). A kernelization, or simply a kernel, for a fixved-parameter
tractable problem @ is an algorithm A that given an instance (I,k) of Q, works
in polynomial time and returns an equivalent instance (I', k") of Q. Moreover, we
require that sizes(k) < g(k) for some computable function g : N — N. Here,
size(k), also called the output size of the algorithm A is defined as follows:

sizeo(k) = sup{|I'| + k' : (I') k') = A(1,k),I € X*}

We define two standard combinatorial tools that will be used in our algorithms,

namely universal sets and perfect hash families.

Definition 4 ((n,{)-universal set, [11]). An (n,{)-universal set is a family U
of subsets of [n] such that for every subset S C [n] of size at most ¢, the family
{UNS:U eU} contains all 25 subsets of S.

The following result guarantees that such families of manageable size can be con-

structed efficiently.

Proposition 2 (Naor et al. [65]). There is an algorithm that given integers n, ¢ € N,

runs in time 2£¢©0og?)

most 24000080 Jog .

nlogn, and outputs an (n,{)-universal set of cardinality at

Closely related to universal sets are perfect hash families, which are frequently used

in derandomization and color-coding arguments.

Definition 5 ((p, q)-perfect hash family). ([66]) For non-negative integers p and q,
a family of functions f1, ..., fi from a universe U of size p to a universe of size q is
called a (p, q)-perfect hash family, if for any subset S C U of size at most q, there

exists i € [t] such that f; is injective on S.

42



We can construct (p, ¢)-perfect hash family using the following result.

Proposition 3 ([65, 11]). There is an algorithm that given p,q > 1 constructs a
(p, q)-perfect hash family of size e1g®1°89 log p in time e1g®1°8Dplog p.

4.2 Parameterized Approximation

In many optimization problems, exact fixed-parameter algorithms may still be com-
putationally expensive, motivating the study of approximation within the parame-

terized framework.

Definition 6 (Parameterized Approximation Scheme (PAS)). A Parameterized Ap-
proximation Scheme (PAS) is an algorithmic framework that, given a parameter k
and a desired approxzimation accuracy € > 0, computes a (1 — &)-approzimate solu-
tion within a running time of f(k,e) - n9®), where reducesf and g are computable

functions.

An important refinement of this notion restricts the dependence on the input size

to be polynomial for every fixed parameter and approximation ratio.

Definition 7 (Efficient Parameterized Approximation Scheme (EPAS)). An Effi-
cient Parameterized Approximation Scheme (EPAS) is an algorithmic framework
that, given a parameter k and a desired approximation accuracy € > 0, computes
a (1 — e)-approzimate solution within a runtime of f(k,e) - n®Y, | where f is a

computable function.

EPAS ensures polynomial-time dependence on n for every fixed k and . For further
details and a comprehensive discussion of these parameterized approximation classes,
we refer the reader to the survey by Feldmann et al. [67] and the paper by Lokshtanov
et al. [62].

4.3 Notations and Conventions

4.3.1 CNF Satisfiability

Let ® = (V,C) be a CNF formula on n variables and m clauses. By Vg and Cg, we

denote the set of variables and clauses in the formula ®, respectively. A variable v
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can appear as a positive literal (v) or as a negative literal (v) in ®. Any formula ®
is a conjunction of clauses in C, where each clause is a disjunction of positive and

(or) negative literals.

We use G¢ to denote the clause-variable incidence bipartite graph of ®. That is,
the vertex set of Gg is VW C. For each v € V and C € C, there is an edge between

v and C' in G if and only if v or ¥ belongs to the clause C.

The positive degree of a variable v, denoted by degf (v), is the number of clauses
in ® which contains the literal v. For a subset Y of variables, N (Y) is the set of
clauses in ® that contains at least one variable from Y positively. We use deg} (Y)
to denote the number |Ng (Y)|. Similarly, we denote Ny (Y) as the set of clauses in
® that contains at least one variable from Y negatively. For a subset Y of variables
Ng(Y) is the set of clauses in ® that contains at least one variable from Y either
positively or negatively, that is the set Ng (Y) U Ng (Y). For a clause ¢ € Cg, by
var(c), we denote the set of variables contained in c. For a set of clauses C' C Cg,
var(C') = |J.cc var(c). For a clause ¢ and variable u € Vg, by ¢\ {u}, we denote
the clause ¢ after removing the literal corresponding to u from c. For example let
c=uVoVuw,then ¢\ {u} =vVw. Ifué¢var(c), then ¢\ {u} is simply the clause

c. We remove the subscript @, if it is clear from the context.

An assignment to a CNF formula ® is a function 5 : V — {0,1}. If a variable is
assigned 1(or 0), then we also say that the variable has been assigned true(or false).
The weight of an assignment ( is the number of variables that have been assigned
1. By 7*(1)(or 871(0)), we denote the set of variables that have been assigned 1
(0). Alternatively, we use T'(¥) and F(V), to denote the set of variables assigned
1 and 0 by an assignment W, respectively. For a variable subset Z, the assignment
Bz is defined as follows. For each variable x, 8z(z) = 1 if and only if x € Z. An all

zero assignment () or By assigns false value to every variable of the input formula.

For a formula ®, we use OPT;(®) to denote the maximum number of clauses in @
that can be satisfied by an assignment of weight at most k. We alternatively use
OPTPAT(®) to denote the maximum number of clauses in @ that can be satisfied by
an assignment of weight at most k, or just OPTPAT when the formula is clear from
context. For an assignment (3, posg () is the set of clauses in ® that contains at
least one variable from 371(1) as a positive literal. That is, posg(3) is the set of
clauses satisfied by the variables set to true by 8. We say that a variable subset Y
is an optimum solution to (®, k) if |Y| < k and the number of clauses satisfied by

By is equal to OPT(®P).
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4.3.2 Graph

For a graph G, we denote its vertex set by V(G) and its edge set by E(G). We
define a bipartite graph G = (AW B, F) as a graph where V(&) can be partitioned
into two parts A and B, where each part is an independent set. For two sets A
and B, A\B denotes the set difference of A and B, i.e., the set of elements in A,
but not in B. For a bipartite graph G = (AW B, E), and a subset X C V(G),
we denote by A(X) the maximum degree of a vertex in X. The set of neighbors
of a vertex v € V(@) in the graph G is denoted by Ng(v), or just N(v) when the
graph is clear from context, and is also called the open neighborhood of v. The
closed neighborhood of v is denoted by Ng[v] = Ng(v) U{v}. When the graph is
clear from context, we just call it N[v]. For a subset of vertices Y C V(G), the
closed neighborhood of Y is Ng[Y| = U,ey Ng[v] and the open neighborhood of Y is
Ne(Y) = Ng[Y]\Y. For a vertex v € V(G), we denote by degq(v), or just deg(v),
the number of edges incident on v. The graph K,;, denotes the complete bipartite
graph with each bipartition containing d vertices. A bipartite graph G = (A4, B, E)
is K4 4-free when G excludes K4 as an induced subgraph (no set of d vertices in A
together have d common neighbors in B). For a set X C V(G), Ex denotes the set
of edges with at least one endpoint in X. When X = {u}, then for ease of notation
we write F,. Let H be an induced subgraph of G. We define some terminology
w.r.t. the graph H = G[A" W B’], where A’ C A, and B’ C B. For a vertex v € A',
and a color 7, let N]-H(v) C B’ N B; denote the set of neighbors of v of color j.
More formally, let N7 (u) == {s € B": f(5) = j and (u,$) € E(H)}. Furthermore,
for a subset S C A, let N;(S) == J,eq N;(v). We also define dff (v) == [N (v)].
We call df (v) as j-degree of v in the graph H. We may omit the superscript from

vES

these notations when H = G. Finally, for a vertex v € A’, we define H \\ v as the
graph obtained by deleting N#[v], i.e., v and all of its neighbors in B’. Consider an
instance Z = (G, [r], f,t,k) of PCCDS. For a vertex § € B, fig is a restriction of
f to the set B\ {s}.

4.3.3 Sets

We use N and Q to denote the sets of natural numbers and rational numbers, respec-
tively. Additionally, we define QT to represent the set of positive rational numbers,
that is Q7 = {¢ | ¢ € Q,¢ > 0}. For a number @ € N, we use [a], to denote
the set {1,...,a}. Similarly, for a,b € N,b > a, we use [a,b] to denote the set
{a,a +1,...,b}. For a set B, the power set is the set of all possible subsets of
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B, including () and B itself. We denote the power set of B as 25. A set system
(U, F) consists of a universe U = {uy,...,u,} of n elements and a family F C 2
containing m subsets of U. For a coverage requirement function ¢ (resp. variations

such as t',t), and a color j, we shorten t(j) to t; (resp. t;,%;)

4.3.4 Matroids and Representative Sets

Matroids and Representative sets: A matroid M = (U, I), consists of a finite

universe U and a family [ of sets over U that satisfies the following three properties:

1. 0el,
2.if A€ and BC A, then B € I,

3. if Ae I and B € I and |A| < |B| then there is an element b € B\ A such that
AuU{b} el

Each set S € I is called an independent set and an inclusion-wise maximal indepen-
dent set is known as a basis of the matroid. The rank of a set P C U is defined as
the size of the largest subset of P that is independent, and is denoted by rank(P).
Note that rank(P) < rank(Q®) if P C Q. From the third property of matroids, it
is easy to observe that every inclusion-wise maximal independent set has the same
size; this size is referred to as the rank of the matroid. For any P C U, define the
closure of P, cl(P) := {xz € U : rank(P U {z}) = rank(P)}. Note that cl(P) C cl(Q)
if PCQ.

A matroid is linear (representable) if it can be defined using linear independence,
that is for any such matroid M = (U, I), one can assign to every e € U a vector v,
over some field (where the different elements of the universe should all be over the
same field F and have the same dimension) such that a set S C U is in [ if and only

if the set {v. : e € S} forms a linearly independent set of vectors.

We next recall the notion of contraction in matroids. Let M = (£,Z) be a matroid,
and let Z C & be a subset with X denoting a basis of Z. We define the family Z,

as follows:
I, ={ICE\Z|IUX €T} (4.1)

Let M/Z = (€ \ Z,I7) denote the set system thus obtained. It is well known that
M/Z is itself a matroid.
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Proposition 4 ([68]). M/Z = (E\ Z,Zz) is a matroid.

Furthermore, when Z is a singleton set, i.e., Z = {v}, we write M /v = (£ \ {v},Z,)
instead of M/{v} = (€ \ {v},T{vy).

Let M = (U,I) be a matroid of rank k. Then, for any 0 < k' < k, one can
define a truncated version of the matroid as follows: My = (U, I}s), where I}y =
{S el:|S| <Kk} Itis easy to verify that the contraction as well as truncation op-
eration results in a matroid. Furthermore, given a linear representation of a matroid
M, alinear representation of the matroid resulting from contraction/truncation can
be computed in (randomized) polynomial time [36, 69]. Alternatively, given an or-
acle access to the original matroid M, one can simulate the oracle access to the

contracted /truncated matroid with at most a linear overhead.

Notice that given the independence oracle for the original matroid M, one can
trivially simulate the independence oracle for the truncated matroid by additionally

checking the size bound.

We call a family of sets of size p as p-family. Next, we state the following crucial

definition of representative families.

Definition 8 ([37, 11]). Let M = (U,I) be a matroid and A be a p-family of
independent subsets of U. A subfamily A" C A is said to q-represent A w.r.t. M
if for every set B of size q such that there is an A € A such that AU B is an
independent set, there is an A" € A’ such that A" U B is an independent set. If A’
q-represents A w.r.t. M, we write A" ]\ A. If the matroid M is obvious from

the context, then we simply write A" C4_ A

=rep :

Proposition 5 ([37, 11]). There is an algorithm that, given a matriz M over a field
GF(s), representing a matroid M = (U, F) of rank k, a p-family A of independent
sets in M, and an integer q such that p+q = k, computes a q-representative family
A’ C1 A of size at most (P1?) using at most O(|A|((P19))p*+((P19))“~") operations

=rep p p p

over GF(s).

In the following lemma, we show that A’ gffgpl A can be computed in polynomial

time using oracle access to M.

Lemma 1. Let M = (U,I) be a matroid of rank k given via oracle access, and let
A be a 1-family of subsets of U. Then, A’ CF-1 A can be computed in polynomial

=rep
time, where |A’| < k.
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Proof. Let A = {z : {z} € A} be the set of underlying elements corresponding to the
sets of A. We compute an inclusion-wise maximal subset R C A that is independent
in M. Note that this subset can be computed using O(|U|k) queries, where k =
rank(M). We claim that A" = {{y} : y € R} is a (k — 1)-representative set of A.

Consider any u € A and X C U of size k such that u € X and X € I. We will show
that there exists some v’ € R such that X \ {u} U{u'} € Z. Since R is an inclusion-
wise maximal independent subset of A, it follows that u € cl(R) C cl(RU(X \ {u})).
This means that rank(R U (X \ {u})) = rank(R U (X \ {u}) U {u}) = rank(R U X).
However, rank(RU X) > rank(X). Therefore, we obtain that rank(RU (X \ {u})) >
rank(X). This implies that there exists some v’ € R such that X\ {u}U{v'} € I. O

We also state the following lemma.

Lemma 2. Let M = (U,I) be a matroid of rank k, let A be a 1-family of subsets
of U, and let A" CF21 A, Then, for any 1 < k' <k, A cF-1 A, where recall

=rep, =rep,M,,

My = (U, 1) is the K'-truncation of M.

Proof. Consider 1-families A, A" as in the statement of the lemma. Fix 1 < k' <
k — 1. Consider any S C U of size k' — 1, such that (i) S € I;y_; C I, and (ii) there
exists some {u} € A such that, u ¢ S, and (iii) SW{u} € Ity C I. We want to show
that there exists some {u'} € A’ such that v’ ¢ S, and SW{u'} € I}y C I.

To this end, note that due to matroid properties, S; = S W {u} can always be
extended to a basis of M. Consider an arbitrary such basis, say S*, such that
S; € S*. Note that |S*| = k > k—1 > k' — 1. Therefore, S* contains a subset
S of size k — 1, such that S € I,_y, and u € S. Further, since S & {u} € I, and
A Cily A, it follows that there exists some {u'} € A’, such that v’ & S, and

Sw{u'} € I. Now, note that S {u'} € S {u}, and due to matroid properties

Sw{u'} € I;s. This completes the proof that A’ fo;;iwk/ A. O
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Part II: Optimizing Constraints
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Chapter 5

EPAS for Satisfiability and Partial

Coverage on K, j-free instances

This chapter addresses our first objective. Building on the motivations developed
earlier for studying EPAS parameterized by the solution size on structured instances,
we design efficient parameterized approximation schemes (EPAS) for CC-MAXSAT
and MAXIMUM COVERAGE on K, 4-free instances.

We show how combinatorial properties of K, 4-free incidence graphs of the input can
be leveraged to either identify a variable (or set) that must participate in an optimal

solution or extract a near-optimal solution, thereby yielding the desired EPAS.

5.1 EPAS for Max k-weight SAT on K, -free for-

mulas

We begin with the EPAS for CC-MAXSAT on K 4-free formulas parameterized by

the solution size k.

Let (®,k) be the input instance of CC-MAXSAT such that Gg is Kg4g4-free, and
e > 0 be the error parameter. For an assignment /3, let posg () be the set of clauses
in ® that contains at least one variable from $71(1) positively. That is, posg(3)
is the set of clauses satisfied by the variables assigned 1 by 8. A variable subset
Y C Vs is called a solution to (®, k) if |[Y| < k. The number of clauses satisfied by
the solution Y is the number of clauses satisfied by the assignment Sy : Vo — {0, 1}
which is defined as follows. For any x € Vg, fy(xz) = 1 if and only if z € Y. For
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a formula ®, we use OPT;(®) to denote the maximum number of clauses in ¢ that
can be satisfied by an assignment of weight at most k. We say that .S is an optimum
solution to (®, k) if |S| < k and the number of clauses satisfied by fg is equal to
OPT (D).

The key idea to design the algorithm is the following. Let S be an optimum solution
and let posg(8s) = t. We prove that there exist functions f and ¢ such that if
t > f(k,d,e), then the set X of g(k,d,e) variables with highest positive degrees
(i.e., the number of clauses it appears in positively) has the following property.
Either X NS # () or there is a variable subset Q C X of size at most k such that
posg(Bg) > (1 —e)t. Using this result, we prove that the set X* of (1+ 1)g(k,d,e¢)
variables with highest positive degrees has the following property. Either X*NS # ()
or X* contains a (1 — ¢)-approximate solution to (®, k). If X* NS # (), then we
guess a variable from X* N .S, reduce the formula ® and recursively solve with the
parameter k — 1. Otherwise, by considering all the subsets of X* of size at most k,

we get a (1 — e)-approximate solution to (®, k).

If t < f(k,d, ), then we solve the problem exactly using random separation. Sup-
pose eOPT(®) > f(k,d, ), then @ (i.e., the assignment that assigns all variables 0)
is a (1 — e)-approximate solution to (®, k). Otherwise, OPT,(®) < L1 f(k,d, ) and
in this case we design an FPT algorithm parameterized by k,d, e for the problem

using random separation.

For clarity of presentation, we assume that 1 is an integer. Otherwise, we may

&€
replace ¢ with the largest number &’ less than e with the property that 5 is an
integer. For simplicity, we omit all floor and ceiling signs whenever these are not

crucial.

Next, we define a notion of positively (e,t)-good set which we crucially use in our

algorithms.

Definition 9. Let ® be a CNF formula, and let t € N and ¢ > 0. A subset of
variables S of size at most k is said to be positively (g,t)-good in ® if at least

(1 — )t clauses in @ contain some variable from S appearing positively.

Our next lemma shows that if we select top f(k,d,e) variables with the highest

positive degrees for some function f, then it contains a positively (e, ?)-good set.

Lemma 3. Let (®, k) be an instance of CC-MAXSAT such that Ge is Kq4-free and
e > 0. Further, assume that there exists an assignment B of weight at most k such
that |posq(8)| = t. Let ¢ = k+2% and X = {uv1,..., v} be the first q variables with
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et

=L > q'd, then X contains a positively (e,t)-good set

the highest positive degrees. If
mn .

Proof. Let 8 be an assignment of weight at most k such that |poss(3)| = t. Fur-
ther, we assume that the variables in the set X are ordered as follows: degg (vi) >
degs (vg) > -+ > deg} (v,). Observe that 371(1) may not be fully contained in X.
We describe a process to construct a positively (g,¢)-good set in ® contained in X
starting with (871(1)NX). Indeed, let W = 37(1) and {z1, ..., 2z} = W\ X. Next,
we find vertices wy, ..., wy, € X \ W which we add to W N X in order to construct a
positively (g, t)-good set in ® contained in X. This is done as follows. Let Wy = .
For each i € [{], let h; be the [east integer such that there is a vertex w; in X \ W;_4
with the following property.

deg" (Wi-1) = deg" (Wi—1 U {wi}) \ {i}) + I (5.1)

That is, w; is the best available choice to exchange with z;. This implies that for
any u € X \ Wi_q,

Then, we set W; = (W;_1 U{w;}) \ {z}. That is,

deg™ (W) = degt (W) + Iy (5.3)

Observe that if h; < 0, then W, is at least as good as W;_;.

Claim 1. W, is positively (g,t)-good in ®.

Proof. Since W = B71(1) and |posg(3)| = t, we have that deg” (W) = t. Summing
(Equation 5.3) for all i € [¢], we get Zle deg™(W;_1) = Zle(deg+(Wi) + h;). This
implies that deg™ (W) — deg*(W;) = S hs. Let I ={i € [(] : h; > 0}. To prove

the claim, it is enough to show that ) ._, h; < et.

iel
For each i € I, we construct a bipartite graph H; = (L; W R;, E;), where L; = X \ W;
and R; = NT(W;_1 \ {2;}). There is an edge between v € L; and C' € R; if and
only if the literal v belongs to the clause C. To better understand why we construct
this bipartite graph, we set L; and R; as we do because we want a lower bound on
degy; (v) for each v € L;. That is, we want to calculate how many clauses a positive

literal v € X \ W, occurs in among the clauses that variables in W;_; \ {z;} already
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Figure 5.1: Figure depicting at the " iteration, deg™*(v) in N*(W;_; \ {2;}) is at
least h; for any v € X \ W;. Any variable in X \ W; appears positively in at least h;

clauses that are already satisfied positively by W;_; \ {z;}. In particular, deg™ (w;)
in NT(W;_1 \ {z}) is exactly h;.

occur in positively. We show that degy. (v) > h;, the loss encountered at the ith step.
This gives us an upper bound on each h; for i € [I], and hence, an upper bound on
> icr M, as we see next. Figure 5.1 depicts how the set of clauses satisfied positively
by any v € (X \ W;) U {w;} interacts with the set of clauses satisfied positively by
Wi_1 \ {z:} pictorially. We show that the interaction is at least h,.

Next, we prove that if |R;| > 2t, then W, is positively (&, t)-good. Since deg™ (W) =
t, deg® (W;_1 \ ({z:} U X)) < t. Hence, if |R;| > 2t, then deg™ (X N W;_;) > t. This
implies that (X N W,_;) C W, is positively (g,t)-good for &. Now on, we assume
that [R;| < 2¢t. Equation 5.2 implies that for every v € L;, degy. (v) > h;. Suppose
not, then there exists a 0 € L; such that degy (0) < h; — 1. Then,

INTW)l = INT(Wima \ {2} + [NT(0)] = [NT(2) A NT (Wit \ {z:})]
> [NT(Wisa)| = INT(z)| + [NT(@)] = [NT(@) "N T (Wi \ {zi})]
> INT (W) = INT(@) N NTY Wi\ {z:})] (Because © € X \ W; and z; ¢ X)
> |[NT(Wi1)| —hi +1 (Because [NT(0) " NT(W;_q1 \ {z})| = degy, (0) < h; — 1)

which contradicts Equation 5.2.

Thus, the total number of edges in H; is at least h;|L;|. Now, we give an upper

bound on the total number of edges. Since H; is a subgraph of G, H; is K 4-free.
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For any fixed subset L} of L; of size d, there are at most d — 1 elements whose
neighborhood contains L!. This implies that there are at most |L|?d vertices in R;

with degree at least d. Thus, the total number of edges in H; is upper bounded by
|Li|*-d - |Li| + |Ri|(d - 1).

From the lower bound and upper bound on |E(H;)|, we get

hlLil < Ll d - [Li| + |Ri|(d = 1)
< |Li|*-d-|Li| + 2td
2td
hi < |Lg%-d+
| L]
t 4kd
< \Li|d-d+2€—k (Because | L] zq—k‘:?)
t
< ¢t d+ ;—k (Because |L;| < q)
(4 t (4
< 26_/’{; 2€_I<: (Because ¢dd < 28_/@)
et
< —
-k
This implies that ), h; < et. O
This completes the proof of the lemma. n

Let S be an optimum solution and let |posg(8s)| = t. The next lemma shows that if
we select top g(k, d, ) variables with the highest positive degrees for some g, then it
either contains a variable from S (that is, it will be assigned positively) or it already
contains an approximate solution Y C X (the number of clauses satisfied by Py is
at least (1 —€)OPT,(®)). In the latter case, we are done. However, in the former
case we could branch on the top g(k,d,e) variables by assigning it to true. Note
that in this branching, the parameter k drops, and hence, the depth of the tree is
bounded by k, leading to the desired EPAS for the problem.

Remark 1. Notice that Definition 9 is equivalent to stating that, given a bipartite
graph G with V(G) = AW B, a subset of A of size at most k is said to be “positively
(e,t)-good” if it has at least (1 —e)t neighbors in B. Lemma 3 captures the idea that
the set of q highest-degree vertices in A contains a positively (e,t)-good set, provided

there exists a set of size at most k in A with t neighbors in B and % > qdd.

Lemma 4. Let (®,k) be an instance of CC-MAXSAT such that Go is Kg4q4-free
and € > 0. Let q = k—i—% and ¢* = (1+§)q. Let X = {vy1,...,v4} be the first
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q* variables with the highest positive degrees. Let S be an optimum solution and let
Iposg(Bs)| = t. Suppose & > q%d. Then, either SN X # 0 or there is a solution
Y C X such that the number of clauses satisfied by By is at least (1 —c)OPT(®).

Proof. We assume that the variables in the set X are ordered as follows:
degg (v1) > degg(vz) > -+ - > degg (vg-).-

If SN X # (), then we are done. From now on, we assume that SN X = (. For
each i € [14 1], let X; = {v1,v2,...,v;}. For each i € {0,...1/e}, let ®; be the
CNF-formula defined as follows. From each clause in ® delete the variables from

X;, if it appears positively. The resulting formula is denoted by ;.

Let &g = ® and Xy = ). For each i € [1 + é], let Z; = X; \ X,;_1. Notice that for
all i € {0,1,..., %}, Zit1 is the set of ¢ variables with the highest positive degrees
n q)z

Since SN X = (), S is an optimum solution for ®; for all i € {0, ..., %} Moreover,
for all i € {0,...,1}, |posg, (Bs)| = t and OPT,(®;) = OPT.(®). Further, note
that an assignment satisfying at least (1 — &)OPT(®;) clauses of ®;, also satisfies
(1 —¢)OPTg(P;) clauses of ®.

Observe that the set Z;,; has size ¢ and % > q%d. Thus, we can apply Lemma 3
on (®;, k), 1 €{0,1,..., %}, and obtain a subset ;11 C Z;,1 of size at most k such
that Q;11 is positively (e,t)-good in ®;. Figure 5.2 clearly depicts X;, Z;, Q; for
cach i € [1+ 1] and S in V.

Claim 2. There is an integeri € {0,. .., %} such that the number of clauses satisfied
by Bo,., is at least (1 —e)OPT,(P;).

Proof. Let t = OPT(®) —t. Since OPT,(®;) = OPT,(®), we have that the number
t = OPT(®;)—t foralli € {0,..., 1}. Since S is an optimum solution for (®;, k) and
|posg (Bs)| = t, the number of clauses in ®; satisfied purely because of the negative
literals in the assignment Sg is equal to ¢ for all i € {0,..., %} Suppose there is an
index i € {0,...,1} such that the number of clauses satisfied only because of the
negative literals in the assignment fg,,, is at least (1 — 5)%\, then combined with the
fact that ;1 is positively (e,?)-good in ®;, the number of clauses satisfied by fg,,,
is at least (1 — ¢)OPTx(P;).

If the case described in the preceding paragraph does not occur, we will reach a

contradiction as explained below. In this case, for every i € {0, ..., %}, the number
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Figure 5.2: Figure depicting the partition of Vg into X and Ve \ X. X; denotes the
set of first iq variables in the set X which is ordered non-increasingly according to
their positive degrees, for each i € [1 + é] Z;.1 denotes the ¢ variables with the
highest positive degrees and ;41 denotes a (1 — )-approximate solution of size k
in the formula ®;, for each i € {0, ..., % )

of clauses satisfied only because of the negative literals in the assignment g, is
strictly less than (1 — €)t. For a set of variables Y € Vg, let nege(By) be the set of
clauses in ® satisfied only because of the negative literals in the assignment 5y and
do not contain any variables from S as a positive literal. Then, |negs,(8g,,,)| <
(1 —e)t. Also, since SN X = (), the number of clauses satisfied only because of
the negative literals in the assignment Sg is equal to ¢, i.e., Inege, (Bs)| = t. Since,
Inegs, (Bo,.. ) < (1 — £)t, we have that inegas, (Bq.,,) Nnegs,(Bs)| < (1 — e)t. This
implies |negs, (Bs) \ nega,; (Bo.,,)| > t. That is, the number of clauses that contain
only negative literals of the variables from the set Q;11 and no positive literals of the
variables from S, is at least et for all i € {0,..., %} Figure 5.3 pictorially depicts

what happens in case of a contradiction.

In essence, we have identified a private set of clauses corresponding to each @);, which
is only satisfied when the variables in @); are set to false. Since {Q1,...,Q; 1} are
pairwise disjoint, the number of clauses that contain only negative literals i)f the
variables from the set | J et (; and no positive literals of the variables from S, is
strictly more than ¢t. This implies that the number of clauses satisfied by (g in @,
is strictly more than t + ¢ = OPT,(®), which is a contradiction. O
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Figure 5.3: Figure depicting the contradiction in Claim 2. The turquoise set depicts
the set of variables that can occur as negative literals in Sg and the shaded brown
set depicts the set of variables that can occur as negative literals in fg,,,. Since,
Inegs, (Bo..,)| < (1—¢)i, [negs,(Bo,,,)Nnegs,(Bs)| (red shaded set) is also < (1—e)t.
Thus, the remaining clauses in nege, (f8s) are those that contain only variables from
Qi1 as negative literals and its size is strictly more than et.

This completes the proof of the lemma. O

Due to Lemma 4, we get that if there is an optimum solution S such that |posg(8s)| >
% (k + @)dd, then either SN X # (), where X is the (1 + %) (k + %) variables
with the highest positive degrees, or X contains a good approximation. Thus, ei-
ther we can find an approximate solution or “find” a vertex in S. To handle the
other case, we design an algorithm using random separation. We use the notion of

universal sets' for this.
We will also need the following result by Bléser [25].

Proposition 6 (Bléser [25]). There is an algorithm that given a universe U, a

family of sets F over U, and positive integers k and t, runs in time 2°On°0)  and

!The reader can refer to the preliminaries in 4.1 for the definition.
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check whether there exists a k sized subset of U, that hits at least t sets from F. If

such a subset exists, then the algorithm will output such a subset.

Our next lemma describes an algorithm for cases when our general scheme does not

work.

Lemma 5. Let (®,k) be an instance of CC-MAXSAT, and let ¢ > 0. Then there

exists an algorithm that, given (®,k), € > 0, and t € N, runs in time
20W/2) . (n 4+ m)°W,

and outputs a solution Y C Vg of size at most k such that the number of clauses
satisfied by the corresponding assignment By is at least (1 — ) - OPTx(®), provided

there ezists an optimal solution S with |posg(Bs)| = t.

Proof. Let Vo = {v1,v2,...,v,} denote the set of variables in ®, and let Co =
{C1,Cs, ..., Cp} denote the set of clauses.

Our algorithm constructs a family S of candidate assignments (solutions) and ulti-
mately outputs the one that satisfies the maximum number of clauses. It adds to
S subsets of variables of size at most k, where each such subset Z € § corresponds
to an assignment ;. Recall that given a variable subset Z, the assignment (5, is
defined as follows: for each variable z, fz(x) = 1 if and only if x € Z, and z(x) =0
otherwise. Initially, we set S := (). Finally, the algorithm outputs a set On. € S
for which the corresponding assignment fp,,, satisfies the largest number of clauses

among all assignments 8, for Z € S.

Recall that S is an optimal solution such that the number of clauses satisfied posi-
tively by the assignment fg is t, i.e., |posg(fs)| = t. Our algorithm is divided into

two parts.

Case I: t < e-OPTy(®). First, assume that ¢t < e-OPT,(®P). In this case, observe
that the assignment which sets all variables to 0 satisfies all clauses that contain
only negative literals. Since ¢ represents the number of clauses that require at least
one positive literal from the optimal solution, the number of clauses satisfied by
setting all variables to 0 is at least (1 —¢) - OPT,(P).

To handle this case, we explicitly add the empty set () to S, corresponding to the
assignment [y which sets all variables to {0}. As argued, [y satisfies at least (1 —
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) - OPTg(®) clauses in ®. Therefore, when the algorithm outputs the set Opax € S,

the corresponding assignment o, satisfies at least (1 —¢) - OPT,(®) clauses in ®.

Case II: t > - OPT,(®). We now consider the case where t > ¢ - OPT;(®), which
implies that OPT,(®) < £. For this regime, we design an exact algorithm instead

of an approximation algorithm.

Recall that S is an optimal solution. In this case, we construct a set POS & NEG
consisting of at most ¢ /e variables such that, once the assignments to these variables

are fixed accordingly, we are guaranteed to satisfy all OPT(®) clauses.

To construct these sets, consider each clause C' that is satisfied by the assignment
Bs. For each such clause, arbitrarily choose a literal z € C' that is set to 1 under [g.
If z is a positive literal, we add the corresponding variable to the set POS; otherwise

(i.e., if z is a negative literal), we add the corresponding variable to the set NEG.

Observe that a variable assigned the value 1 can only satisfy clauses in which it

appears positively. Therefore, the sets POS and NEG satisfy the following properties:

1. POS N NEG = 0,
2. |POS| < k,

3. |POS W NEG| < &,

Observe that if we assign the value 1 to all variables in POS and the value 0 to all
variables in NEG, then, regardless of how the remaining variables are assigned, we
are guaranteed to satisfy at least OPT(®) clauses. There are two main challenges

with this approach:

1. Constructing the sets POS and NEG. These sets are not known in ad-
vance. To overcome this, we utilize the concept of (n,f)-universal sets (see
Definition 4), which will help us systematically explore all relevant assign-

ments to a bounded number of variables.

2. Respecting the budget constraint on variables set to 1. Assigning
value 1 to all variables in POS may result in selecting more than k variables,
violating our constraint. To handle this, we reduce the problem to an instance

of the HITTING SET problem and apply Proposition 6.
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Towards our algorithm, observe the following. If we can obtain a partition of the
variable set Vg = IncPOS W IncNEG such that POS C IncPOS and NEG C IncNEG,

then we can proceed as follows.

1. We now set all variables in IncNEG to 0. This ensures that all clauses which
were satisfied by assigning variables from NEG to 0 remain satisfied. Indeed,
let Cineneg € Cap denote the set of clauses that contain at least one variable from
IncNEG appearing negatively. That is, every clause in Cj,cneg is guaranteed to

be satisfied under the assignment where all variables in IncNEG are set to 0.

2. Rather than setting all variables in IncPOS to 1, we proceed as follows:

(a) Let U := IncPOS; that is, we consider all variables in the set IncPOS as

candidates for being set to 1.

(b) We construct a set family F;, over the universe U as follows. Let Crem 1=
Co \ Cincneg be the set of clauses that are not already satisfied by setting
variables in IncNEG to 0. For every clause C' € Ciem, define a set Q¢ € Fyy,

where (Qc consists of the variables that appear as positive literals in
C'\ IncNEG.

We now use the set family Fy; to define a HITTING SET instance. Our goal is to
select a subset Sy C U of size at most k that intersects (or hits) as many sets in Fyy

as possible. Each such hit corresponds to satisfying a clause in Cyepm.

To achieve this, we invoke Proposition 6, which guarantees that for any integer
ty < |Ful|, we can either find a set Sy C U of size at most k that hits at least ;; sets
in JFy, or correctly determine that no such set exists. We run this algorithm with
ty = OPT(®) — |Cinenegl, and obtain a hitting set Sy € U of size at most k that
intersects at least t;; sets in F;;. We then add Sy to the solution family S.

The corresponding assignment fg,,, which sets all variables in S to 1 and all re-

maining variables—including those in IncNEG—to 0, satisfies the following:

e All clauses in Cjheneg, by setting the variables in IncNEG to 0,

o At least t;; clauses in Cem, by construction of the hitting set.

Thus, the total number of satisfied clauses is at least |Cineneg| + - Since POS C

IncPOS, and we know there exists a set of at most k variables (namely, the optimal
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solution) that satisfies at least OPT(®) — |Cinene| clauses in Crem, it follows that
tyy > OPT(®) — |Cineneg|- Putting this together, we conclude that the assignment
Bs,, satisfies at least OPT,(®) clauses in total.

We summarize our findings as follows. If we are given a partition of the

variable set Vg = IncPOS W IncNEG such that POS C IncPOS and NEG C
IncNEG, then in time

2tu::OPTk(¢’)—|C|ncNEG\ . (n + m)O(l)’

we can compute a set Sy; C IncPOS of size at most k, along with the corre-
sponding assignment [g,,, that satisfies at least OPT,(®) clauses in total. We

refer to the above algorithm as PartitionRespecting.

\. J

Thus, our task reduces to finding a partition of the variable set Vo = IncPOSWIncNEG
such that POS C IncPOS and NEG C IncNEG.

A random partition of Vg into two subsets A and B, where each variable is in-
dependently placed in A with probability %, yields such a partition with positive
probability. Specifically, by taking A = IncPOS and B = IncNEG, we obtain a valid
partition with probability at least

1 1
9[POSWNEG| = ot/

We do not follow a randomized approach, and instead present a derandomized ver-

sion using an (n, £)-universal set.

1. Invoke the algorithm from Proposition 2 to obtain an (n, ﬁ)—universal set U.

2. For each Z € U, construct a partition Az W By of the variable set Vg as follows:
let Ay :={v; | i € Z} and Bz := Vg \ Az. Run the PartitionRespecting
algorithm with input (Az, Bz), and add the resulting set to the solution family
S.

3. Finally, return the set Onax € S that maximizes the number of satisfied clauses

under the corresponding assignment 5o, ..

We claim that there exists a partition among those generated from the universal
set such that POS C IncPOS and NEG C IncNEG. By the property of an (n, ﬁ)—
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universal set, we know that for every subset S C [n] of size at most £, the family
{WNS:W €U} contains all 21! subsets of S.

Let S be the set of indices corresponding to the variables in POS W NEG; that is,
i € S if and only if v; € POS U NEG. By the universality property, there exists
a set Z € U such that Z N S contains exactly the indices corresponding to POS,
and none of those corresponding to NEG. Therefore, the partition of Vg induced by
Z, with Ay = {v; | i € Z} and By := Vg \ Az, satisfies the required conditions:
POS C A; = IncPOS and NEG C Bz = IncNEG. This completes the proof of

correctness of the algorithm.

Running Time. The running time of the algorithm is bounded by the product of
the size of the (n, £)-universal set and the running time of the PartitionRespecting

algorithm. By Proposition 2, the size of the universal set is at most

. /4 Olos(t/e)
2¢ (—) nlogn,
€

and the running time of PartitionRespecting is 29(/%)(n + m)°W),

Therefore, the total running time of the algorithm is
20W/2) (4 m)°W),
This completes the proof. n

Now we combine Lemmata 4 and 5 and prove Theorem 1, which has been stated

below.

Theorem 1. There is an algorithm that given an instance (®,k) of CC-MAXSAT
and € > 0 such that Gg is K44-free, runs in time 20((%)d)(n+m)0(1), and outputs a
solution'Y such that the number of clauses satisfied by By is at least (1—€)OPTy(P).

Proof. Let g =Fk+ % and ¢* = (1 + %) q. Let t* = %qdd. Let X = {v1,...,v4 be
the first ¢* variables with the highest positive degrees. We output the best solution

among the set of solutions S constructed below.

Let S be an optimum solution. Now if |posg(8s)| > t*, then we have % > ¢d.
Thus, by Lemma 4, we know that either S N X # () or there is a solution Y C X
such that the number of clauses satisfied by fy is at least (1 —e)OPT(®). On the

other hand, if |posg(Bs)| < t*, then we can use Lemma 5.
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Initially S :={Y C X : |Y| < k}.

1. For each v € X, let ®, be the formula obtained from ® as follows. Delete all
the clauses that contain the literal v. Delete the literal ¥ from the clauses that

contains it. Recursively, solve (®,, k — 1) and let S, be the solution. Then, we
add S, U{v} to S.

2. For each t € [t*], run the algorithm in Lemma 5 and add the solution to S.

The correctness of the algorithm follows from Lemmata 4 and 5. For the running

time of the algorithm, we get the following recurrence relation.

T(n,m,k)=qT(n,m,k—1)+ 90z a"d) (n +m)°W (5.4)

Here, the base case is T'(n,m,0) = 1. Then, T'(n,m,k) is upper bounded by
(q*)k2o(%qdd) (n+m)°WM. By substituting the values of ¢ and ¢*, T'(n,m, k) is upper
bounded by 20((%)d)(n +m)®WM . This completes the proof of the theorem. O]

5.2 EPAS for Max Coverage on K, 4-free instances

In this chapter, we design an EPAS parameterized by the solution size k& for MAXI-
MUM COVERAGE on K 4-free formulas.

Notice that the algorithm given in Theorem 1 also implies an algorithm for M AXI-
MUM COVERAGE. However, using the fact that it does not have any negative literals,
we can design a much faster algorithm for it. With the help of incidence graph, we
first recast MAXIMUM COVERAGE to MAX RED BLUE DOMINATING SET.

Max RED BLUE DOMINATING SET (MAXRBDS) Parameter: k
Input: A bipartite graph G, with V(G) = AW B, and an integer k.
Output: A set S C A of size at most k such that |[N(S)| = OPT,(G).

Recall that OPT,(G) is the maximum size of a neighborhood of any set of k vertices
from A.

For our approximation algorithm, we also need an algorithm for the decision version
of the MAXRBDS, namely, DEC MAXRBDS. Using Proposition 6, we get the

following result.
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Theorem 2 (Bliser [25]). DEC MAXRBDS can be solved in time 2°0n©1),

Using the above proposition, we get the following result.

Theorem 3. There exists an algorithm for MAXRBDS, that given a Kgq-free
bipartite graph G, with V(G) = AW B, an integer k, and an € > 0, runs in time
(%)O(dk) n®W and returns a set S C A of size k such that |[N(S)| > (1—¢)OPT(G).

Our starting point for this EPAS is also the state-of-the-art EPAS for MAX k-
VERTEX COVER and its generalization [19]. The key idea to design the algorithm
is the following. Let z be a highest degree vertex in A, and H be the subset of A
such that for all y € H, we have that [N(y) N N(x)| > M That is, H con-
sists of vertices in A that have “high” intersection with the neighbors of x. Then,
one can show that there exists a set S* C A such that |[S*| < k, S* N H # () and

IN(S*)| = (1 - €)OPTL(G).

Our main idea immediately leads to a recursive algorithm by branching on vertices
in H U {x}. However, to bound the number of recursive calls, we first bound the
size of H as a function of k,d, e. This combinatorial lemma (Lemma 6) could be of
independent interest, and indeed we crucially use this to prove our result. However,
the bound on H only holds when the degree of x is at least k?d. Fortunately, in the
case when the degree of z is at most ¢, we have that OPT(G) < %’. Thus, in this
case, we can apply an exact algorithm by Bléser [25] and obtain a set S of size k such
that |N(S)] = OPT(G). This algorithm runs in time 2°0**#/€)p°M  To improve
the running time of this algorithm, we take a detour and design a polynomial kernel
for the decision version of MAXRBDS, which is used to obtain the claimed running
time of the EPAS for MAXRBDS. The polynomial kernel is of size (%)O(dk). Trying
all k sized subsets of the vertex set of G’ gives us our result. We present the kernel

in Section 9.3.

For the proof of Theorem 3, we apply the following strategy: we show that there
exists a (1 — )-approximate solution that either contains a highest degree vertex
x € A, or at least one vertex from the set () C A of vertices where for each vertex
y € Q, |[N(z) N N(y)| is large. Moreover, we will prove that the cardinality of @ is

small. We first define what we mean by vertices that have large neighborhood in B.

Definition 10 (p-High Degree Set). Given a bipartite graph G = (A, B, E), a
subset B C B and a positive integer 3 > 1, the B-High Degree Set of B’, denoted
by HDg(B’) C A, is a set of vertices such that every verter v € HDg(B’)satz'sﬁes
IN(v)| > & e,
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HDG(B') = {w:w € A, |N(w) N B| > |%/\}

In general, in any bipartite graph the size of HDg(B) may be unbounded. How-
ever, the next lemma shows that in K, 4-free graphs, it is “almost” bounded by an

appropriate function of 5,d. Let

AHD§ (B') = HDG (B )N {v | v € A,|N(v)| > d}. (5.5)

That is, AH Dg(B’ ) consists of vertices of degree at least d and those that belong to
HD§ (B").

Lemma 6. For all d and for all § > 1 with ‘2%‘ >d, if G =(A,B,E) is a K4q-free
bipartite graph, then |AHDG (B)| < f(8,d) = (d — 1)(28)".

Proof. Let K the set containing all induced subgraphs in G that are isomorphic
to Kj g4, such that the part with single vertex comes from A and the part with d
sized subset comes from B. We argue that since G is Ky g4-free, |[K| < (d — 1)(‘5').
Indeed, if |K| > (d — 1)('5'), then there exists a set in B of size d with d common
neighbors in A, contradicting that G is K, 4-free. Note that, every vertex v in the
set AHDg(B) has at least % neighbors in B, and thus any set of size d in N(v)

together with v contributed to a K4 in the set K. Thus, every vertex in the set
1Bl

AH Dg(B) contributes to at least < 2 ) many K 4 in the set K. Thus the number

of vertices in AH Dg(B) is upper bounded by

(@-0(5) _ @-ngsp (G- _@-nsp’ _ @d—10s)’

B UEaa TS E gl T (- gy
_ d
(55)
This completes the proof. n

An alternate proof could also be obtained using the bound on the Zarankiewicz
function, z(m,n; s, t), proved by Hyltén-Cavallius [70] using the K&véari-Sés—Turdn

theorem [71]. We provide a brief sketch of the argument below.

Given a bipartite graph G = (AW B, E) where |A| = m and |B| = n, and assuming
the graph does not contain the complete bipartite graph K, as a subgraph, the
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function z(m,n;s,t) denotes the maximum possible number of edges in G. The

bound provided by Hyltén-Cavallius is as follows
z(m,n;s,t) < (s — D)Yn —t + )m' "V 4 (¢t — 1)m.

Consider the subgraph induced on the vertices in AHDg(B) and B. Let m =
|AH Dg(B)] Since the graph is K, 4-free we have

2(m,|Bl:d,d) < (d — DYY|B| — d + 1)m*Y4 ¢ (d — 1)m.

Since each vertex in AH Dg(B) has at least % neighbors in this subgraph, a lower

bound on z(m, |Bl;d, d) is m%. Thus, we get:

m- % < (d—DYY(B|—d+1)m" V44 (d—1)m
= m (% _ (d _ 1)) < (d . 1)1/d(|B| —d+ 1) ml—l/d

Bl —d+1
— ml/d<(d—1)1/d- | | +

F--
B Bl —d+1

Assuming u > 2d, we have ||B||—+ <20
5= (d=1)

— mY? < (d—- 1)V 28
= m < (d—1)(28)*

Lemma 6 provides the required upper bound on the number of vertices that can have
high intersection with neighbors of a particular vertex. Using this combinatorial
upper bound and an exact algorithm for DEC MAXRBDS, we give an EPAS for
MaxRBDS.

Proof of Theorem 3. An input to our problem consists of a K, 4-free bipartite graph
G = (A, B, E), an integer k and ¢ € (0,1). We give a recursive algorithm, APX-
RBDS, that selects a vertex of highest degree = and recursively searches for a good
approximate solution by deciding to include one of the vertices in AH Dg(N (x))U{zx},
for an appropriately selected 5. We refer to Algorithm 1 for a detailed description
of the algorithm.

Approximation Ratio. We show that the algorithm returns a set S C A, of size k,
such that |[N(S)| > (1 —e)OPT,(G) by induction on k, the size of the solution. We
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Algorithm 1 APX-RBDS(G = (A, B, E), k, ¢)

1. if £ <0, then

2: return ().

3: end if

4: if A(A) < 25d, then

5: Apply Theorem 2 and obtain S of size k such that |N(S)| = OPT(G), where
Bt

6: return S.

7: else

8: Let o € A, such that deg(z) = A(A).

9:  Compute AHD§ (N (z)) for 8 = £.

10: for each y € AHDg(N(x)) U{z}, do

11: Let G, = G[A,,B\ N(y)] and A, = A\ {y}.

12: Let S, be the set returned by APX-RBDS(G,, k — 1,¢).

13: end for

14: Among all the sets S,, y € AHDg(N(x)) U {x}, let z be the element such
that N({z} U S,) is maximized. return {z} U S.,.

15: end if

set 8 =%, Let A(A) denote the highest degree of a vertex in the set A.
Base Case. When k = 0, we have that OPT((G) = 0, and thus the statement holds.

Inductive Case. Here, we have two cases based on whether A(A) < 24d or not. In
the first case, OPT,(G) < k-A(A) < 2kfSd. Thus, we have that OPT,(G) is bounded
by a function of k,d and ¢, and hence by applying Theorem 2, we can ezactly solve
the problem. More specifically, we apply Theorem 2 on (G = (A, B, E), k,t), by
increasing t from A(A) to kA(A), and find a set S C A, of size k, such that |[N(S5)| =

OPTx(G). Correctness of this step follows from the correctness of Theorem 2.

Finally, we reach a case where A(A) > 243d. Let x € A, such that deg(z) = A(A).
Further, compute AH Dg(N(x)) The algorithm for each y € AH Dg(N(x))U{x}, does
as follows. Let G, = G[A,, B\ N(y)|, where A, = A\ {y}. The algorithm recursively
solves the problem by calling APX-RBDS(G,,, k—1,¢) for y € AH Dg(N(x)) U{z}. In
this case we will show that there exists a z € AH Dg(N({E)) U{z} such that |[N({z}U
S.)| > (1 —€)OPTg(G) (where S, is the set returned by APX-RBDS(G,,k — 1,¢)).
Let Z := AHD§ (N(z)) U {z}.

Let O C A be aset of size k, such that | N(O)| = OPT,(G). That is, O is an optimum
solution. For our proof we distinguish two cases based on whether O N Z # () or
onzZ=90
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e Case 1 (ONZ #0):Let z€ (ONZ)and let O' = O\ {z}. Observe that
|Ng.(O")| = OPT_1(G,), otherwise it will contradict that O is an optimum
solution. Thus, we have that OPT,(G) = |N(z)|+ OPT,_1(G.). By induction
hypothesis, we have that APX-RBDS, when called on (G, k — 1,¢), returns a
set S, such that |[Ng. (5.)| > (1—¢)OPT,_1(G.). Thus, the size of N({z}US.)

is given by

IN({z}US)[ = [N+ [Ne.(S:)]
IN(2)] + (1 - €)OPT;_1(G.)

(1 =e)(IN(2)[ + OPT)1(G2)) = (1 — £)(OPT,(G))

v

v

e Case 2 (ON Z = () : In this case, we argue that the branch that includes
the element x will give the desired set S. Let f be a vertex in O such that
IN(f)\N(O\{f})| is minimized among all vertices in O. That is the number
of vertices dominated by f alone in the solution O is minimized. Then, O’ =
O\ {f} has at least OPT,(G) — OPTT’“(G) neighbors in B. That is, [Ng(O')| >
OPT«(G) — OPTT"’(G). Furthermore, since we are in the case that A(A) >
23d, we have that % > d. This implies that if w ¢ AHDg(N(x)), then
[N (w) N N(z)] < B0 Thus, we get that

OPTi1(Gz) > ‘N(O/)\N(iﬂ”
OPT,(G) , [N(z)|

> OPTL(G) = = — k]
> OPTk(G)—OPTTk(G)—dN(x)].

Having armed ourselves with a lower bound on OPT,_;(G,), we proceed to

show the desired approximation ratio for the set S =S, U {z}.

IN{z} US.)| = [N(2)] + [Ne, (5)]
[N (@)[ + (1 = €)OPTy1(G)

v

NG+ (1= 2) (0PTu(e) - 2R v

OPT;(G))

v

v

(1—¢)|N(x)|+ (1 —¢) (OPTk(G) -

 OPTW(@)
K

v

(1—2¢) (OPTk(G) + |N(x)|) > (1 —¢)OPTx(G).

The last inequality follows from the fact that |N(z)| > OPTT’“(G).
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Running Time. The running time of the algorithm is governed by either the

recurrence

T(k,e) < |AHDG (N(z)) U {a}| - T(k — 1,¢)

or it is dominated by the running time of algorithm given by Theorem 2. In the

former case, the running time is upper bounded by

a\ * O(dk)
((d_ 1) <%) ) 200 _ (%) RO
e 9

2k2d
In the latter case, the algorithm runs in time QO(T)nO(l) by invoking Theorem 2.

However, this running time of the described algorithm does not match with the
claimed running time. Thus, in order to improve the running time of the whole
algorithm, we focus on designing faster algorithm for the problem when A(A) <
2pd. 1In this case, OPT,(G) < k-25d = 2d - ’%2 In Chapter 9.3, we design a
kernel for the problem with O(t¢"ld) vertices, where t = OPT,(G). Thus, when
A(A) < 283d, we apply this kernelization for all t € {A(A),A(A)+1,...,2d- [%}}
and obtain a solution by brute force search. This running time is upper bounded

by (%)O(dk) n®® This completes the proof of the theorem. O
€
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Chapter 6

From Max k-weight Satisfiability
to Partial Coverage: a randomized

reduction

We present a reduction in this chapter that establishes the equivalence of CC-
MAXSAT and MAXIMUM COVERAGE in the context on FPT approximation pa-
rameterized by the solution size. This reduction works in the presence of additional
constraints such as fairness constraints on the clauses (or elements) and matroid con-
straints on the variables (or sets) and preserves the structural properties of the input
instance as long as it belongs to a subgraph-closed graph class. The success prob-
ability of the reduction is O((¢/r)¥), where r is the number of fairness constraints
defined on the input instance. Hence, any result for a variant of MAxiMmum COVER-
AGE carries forward to the same variant of CC-MAXSAT with constant probability
with a multiplicative factor of O((e/r)*) in the running time. We specifically give a
polynomial-time approximate-preserving randomized reduction from (M, F)-MaAx
k-wEIGHT SAT to (M, F)-MaAxiMmuM COVERAGE to illustrate its applicability for

the most general variant of the problem.

6.1 An overview of the reduction from CC-MAXSAT

to MAXIMUM COVERAGE

This theorem is essentially a randomized approzimation-preserving reduction from

CC-MAXSAT to MAXIMUM COVERAGE. Given an instance Z = (¥, k) of CC-
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MAXSAT, we first compute a random assignment W that assigns a variable inde-
pendently to be 1 with probability p = /2 and 0 with probability 1 — p. Let V*
be the set of at most k variables set to be 1 by an optimal assignment U*. It is
straightforward to see that, the probability that all the variables in VV* are set to be
1 by the random assignment W is p* — we say that this is the good event G. Now,
consider a clause that is satisfied negatively by U*, i.e., a clause C' that contains a
negative literal =z and U*(z) = 0. It is also easy to see that, conditioned on the
good event G, the probability that such a clause C' is also satisfied negatively by
U is at least 1 — p. Thus, the expected number of clauses that are satisfied nega-
tively by ¥, conditioned on G, is at least 1 — p times the number of clauses satisfied
negatively by ¥*. Markov’s inequality implies that, with probability at least 1/2,
the actual number of such clauses is close to its expected value. Thus, conditioned
on G, and the previous event, we can focus on the positively satisfied clauses (note
that the probability that both of these events occur is at least 1/2 - (¢/2)*. To this
end, we can eliminate all the negatively satisfied clauses, and we can also prune the
remaining clauses by eliminating any negative literals and the variables that are set
to 0 by W. Thus, all the remaining clauses only contain positive literals, which can
be seen as an instance Z' of MAXIMUM COVERAGE. Furthermore, conditioned on
G, the variables set to 1 by ®* correspond to a family F* of size k, and the elements
covered by F* correspond to the set of clauses satisfied only positively by ®*. Thus,
if we find a (1 — €)-approximate solution to Z’, and set the corresponding variables
to 1, and the rest of the variables to 0, then we get a weight-£ assignment that
satisfies at least (1 —¢) - OPTPAT clauses, where OPTPAT is the maximum number

of clauses that can be satisfied by any assignment of weight at most k.

6.2 Randomized Reduction from Max k-weight

SAT to Maximum Coverage

In the (M, F)-MaxX k-WEIGHT SAT problem, given a CNF-formula ® with y :
Co — [r], a coverage demand function ¢ : [r] — N, a matroid M = (V,I), and an
integer k, the goal is to find an assignment of weight at most k that satisfies at
least t(7) (also denoted as t;) clauses of color class 7, and the variables set to 1 by
the assignment form an independent set in M. An assignment U satisfying these

properties is called an optimal weight-k assignment.

We begin by recalling some notations. Let ® be a CNF-formula. By Vs and Cg, we
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Algorithm 2 Reduction Algorithm(Z = (®, 7, x, M = (Ve, I), k,t) of (M, F)-Max
k-WEIGHT SAT )

1: Construct a random assignment ¥ as follows. For each variable x € Vg, inde-
pendently set W(x) to 1 with probability p and 0 with probability 1 —p. > We

will later set p= ..

2: Construct a new formula ® as follows:

e Let N C Cg be the set of clauses that are satisfied negatively by W. Then,
Cor =Cs \ N.

e For each ¢ € Cg/, remove all the variables in ¢ that occur either as a negative
literal or set to 0 by W.

e For each ¢ € Cq/, add var(c) to V.

3: Construct an instance Jy = (U, F), v, X', M k', t') of (M, F)-MAXIMUM
COVERAGE as follows:

e Set U = Cyr.
e For each v € Vg, add a set f, to F where f, = {c € Co/: v € var(c)}.

e Define M’ = (F,I’). For each X CV, if X € I, then fx € I'. Here fx is
the subfamily in F corresponding to X.
e For each ¢ € Cg, if the corresponding element in U is e, set x'(e.) = x(c).
e Set v/ =r, and kK = k.
e Set t'(j) =t(j) — % for each j € [r].
4: Return the instance Jy.

denote the set of variables and clauses in the formula ®, respectively. An assignment
to a CNF-SAT-formula ® is a function ¥ : Vo — {0, 1}. The weight of an assignment
is the number of variables that have been assigned 1. By T'(¥) and F(V), we denote
the set of variables assigned 1 and 0 by the assignment W, respectively. For a clause
¢ € Co, var(c) is the set of variables that occur in the clause ¢ as a positive or
negative literal. Similarly, for a set of clauses C' € Co, var(C) is the set of variables

that occur as a positive or negative literal in a clause ¢ € C.

Our reduction (Algorithm 2) takes an instance (®,r,y, M, k,t) of (M, F)-MaAx
k-WEIGHT SAT as input. It constructs a random assignment W by setting each
variable to 1 with probability p and 0 with probability 1 — p. It then constructs
a new formula by first removing the set of clauses that are satisfied negatively by
¥, followed by removing negative literals as well variables set to 0 by ¥ from the
remaining clauses. It reduces the formula to an instance (U, F),r’, x', M', k', t') of
(M, F)-Maximum COVERAGE as described in Step 3 of Algorithm 2. Clearly, this

reduction takes polynomial time.
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Next, we prove the correctness of our reduction. For a yes instance Z of (M, F)-
MAX k-WEIGHT SAT, let U* be an optimal assignment of weight at most k. Let
N* be the set of clauses satisfied negatively by W* i.e., every clause in N* contains
a negative literal that is set to 1, and let P* be the set of clauses satisfied only
positively by W*, i.e., every clause in P* contains a positive literal that is set to 1
and no negative literal in this clause is set to 1. By N/, we mean the set of clauses in
color class 7 satisfied negatively by ¥* and by P, we mean the set of clauses in color
class 7 satisfied only positively by ¥*. We call a random assignment, constructed in
Algorithm 2, good if each variable in T'(W*) (positive variables under ¥*) is assigned
1 by U, ie., T(¥*) C T(¥). A random assignment is good with probability at
least p*. For a good assignment ¥, let N; denote the set of clauses in color class 4
satisfied negatively by ¥ and P; denote the set of clauses in color class ¢ satisfied
only positively by W. We say that an event G is good if a good assignment W is
generated in Algorithm 2. We begin with the following claim.

Claim 3. Given a yes instance Z of (M, F)-MAX k-WEIGHT SAT, with probability
at least 1/2, a good assignment U satisfies at least (1 — )| N}| clauses negatively,
for each i € [r].

Proof. Let (®,r,x, M, k,t) be a yes instance of (M, F)-MAX k-wWEIGHT SAT. Let
U be a good assignment, which occurs with probability at least p*. We show that
U satisfies at least (1 — )| N*| clauses negatively, with probability at least 1/2. Let
X; be the number of clauses in N that are satisfied negatively by ¥. We define an

indicator random variable x;, for each j € [|N/|], as follows.

1 clause ¢; € N} is satisfied negatively by W
.fL"j =
0 otherwise

Pr(z; | G) = Pr(clause ¢; € N} is satisfied negatively by ¥ | G) > (1 — p)
BIXi | G)= D 2 xPr(z;[G) > (1-p)INY|
FElINE

Let Y; = |N¥| — | N;|, where N; is the set of clauses satisfied negatively by . Note
that,
Yi = N7 = [Ni| < INFA NG| = N7 = X

Thus,
E[Y; | §] < [N7| — E[X; | G] < p[N7|
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Since Y; > 0, we can use Markov’s inequality and get

S
Pr(Y; > 2rp|N? < Uil 2

Since Y; = |N}| — | N;|, we get

1
Pr(Nil < (1 =2rp)IN7| | G) < o
By union bound,

Pr(3i € [r], INi| < (1= 2rp)IN7[ | G) < Y Pr(INi| < (1= 2rp)[N7| | G) <

i€[r]

1
2
This implies that

1
Pr(vi € [r], IN| > (1= 2rp)|N?] | G) >
Setting p = 5. gives us the required result, i.e., with probability at least 1/2, for all

colors i € [r], |N;| > (1 — &)|N7|. O

Lemma 7. If Z = (®,r,x, M, k,t) is a yes-instance of (M, F)-MAX k-WEIGHT
SAT, then with probability at least (£)¥, the reduced instance Jy = (U, F),r’, x', M', k', t')
is a yes-instance of (M, F)-MAXiMuM COVERAGE.

Proof. Let Z be a yes instance of (M, F)-MAX k-WEIGHT SAT and let ¥* be an
optimal weight k assignment. Further, let N* be the set of clauses satisfied negatively
by U*, i.e., every clause in N* contains a negative literal that is set to 1, and let P*
be the set of clauses satisfied only positively by U*, i.e., every clause in P* contains
a positive literal that is set to 1 and no negative literal in this clause is set to 1.
Then, there exists a set Vp« C var(P*) of size at most k that satisfies all the clauses
in P* positively, i.e., for each clause in P*, there is a variable in Vp« that occurs
as a positive literal in it and is assigned 1 under W*. Let U be a good assignment
which is generated with probability at least (2%)’“ Since V¥ is a good assignment,
T(¥*) C T(V) and F(V) C F(V*). Hence, P* C P. Thus, P* C U and for each
variable in var(P*), we have a set in the family F. Let Z = {f, € F: v € Vp:}.
We claim that Z is a solution to Jy. Clearly, Z covers at least |P/| elements in U,
for each i € [r]. We claim that t; < |PF|. Since U* is a solution to Z, it satisfies
t; clauses for each i € [r]. Since t; = |P?| + |N/|, due to Claim 3, we know that

t; < [P+ 2 Thus, |Pf| >t — Y Since ¢) = t; — Y ¢/ < |P*|. As Vps is an
7 1—e 7 7 1—¢ (3 (3

1—¢
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independent set in the matroid M, we can conclude that Z is also an independent
set in the matroid M’. This holds due to our construction. This completes the

proof. n

Lemma 8. Assume that Z = (®,r, x, M, k,t) is a yes-instance of (M, F)-MAX k-
WEIGHT SAT. If there exists (1—¢)-approzimate solution for Jy = (U, F), ", x', M' K 1),
where ¥ is a good assignment, then there exists (1 — €)-approximate solution for T

with probability at least %

Proof. Let U* be an optimal assignment. Due to Claim 3, W satisfies at least
(1 — ¢)|N7| clauses negatively, for each i € [r], with probability at least 1/2. Let
S be a (1 — ¢)-approximate solution to Jy. We construct an assignment o as
follows: if f, € S, then o(z) = 1, otherwise 0. We claim that ¢ is a (1 — ¢)-
approximate solution to Z. As S € I', it is clear that 0=!(1) € I. This holds due
to our construction. Moreover, due to the construction of Jy, note that F does
not contain a set corresponding to the variable that is set to 0 by W. Thus, if
U(z) = 0, then o(z) = 0. Hence, o satisfies at least (1 — €)|N/| clauses negatively,
for each ¢ € [r], with probability at least 1/2. Next, we argue that o satisfies at least
(1 —¢)|P}| clauses only positively, for each i € [r]. Since S is a (1 — €)-approximate
solution to Jy, for each i € [r], S covers at least (1 — )t elements. Recall that U
contains an element corresponding to each clause in Uie[r] P;. Thus, o satisfies at
least (1—¢)t; clauses only positively for each ¢ € [r]|. Recall that ¢, = ¢, — ‘ﬁe‘ Thus,
|Pi| + | N;| > (1 —e)(t; — m) + |N;| = (1 — e)t;. Hence, o is a (1 — e)-approximate

solution for 7. O

Due to Lemmata 7 and 8, we have the following result.

Theorem 4. There exists a polynomial-time randomized algorithm that given a yes
instance  of (M, F)-MAX k-WEIGHT SAT generates a yes instance J of (M, F)-
MAXiMUM COVERAGE with probability at least (%)k Furthermore, given a factor
(1—¢)-approzimate solution of J , it can be extended to a (1—¢)-approximate solution
of T with probability at least 1/2.

Remark 2. Note that if the variable-clause incidence graph of the input formula
belongs to a subgraph closed family H, then the incidence graph of the resulting
instance of (M, F)-MAXiMuM COVERAGE will also belong to H.

Due to Theorem 4 and Theorem 3, we have the following result, which is an im-

provement over Theorem 1.
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Theorem 5. There is a randomized algorithm that given a yes instance T of (M,
F)-MAX k-WEIGHT SAT, where the variable-clause incidence graph is Kgq-free,
returns a factor (1 — €)-approzimate solution with probability at least (1 — 1), and
runs in time (“%)0WR) (n 4 m)OW),

The (g)o(k) factor in the running time of the algorithm in Theorem 5 comes by
repeating the algorithm in Theorem 4, followed by Theorem 3, independently (g)o("“)

many times. This also boosts the success probabilty to at least (1 — é)
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Chapter 7

Fairness Constrained Partial

Coverage and Satisfiability

In Chapter 6, we established the equivalence of CC-MAXSAT and MaxXiMmuMm CoOv-
ERAGE with respect to EPAS parameterized by k via a reduction algorithm. The
reduction enables us to direct our focus solely on MAXiMUM COVERAGE while
designing an EPAS as, combined with the reduction, it yields an EPAS for CC-
MAXSAT incurring only a multiplicative (%)O(k) factor. In this chapter, we give
EPAS for two generalizations of MAXIMUM COVERAGE: F-MAXIMUM COVERAGE
on K 4-free set systems and a more efficient one for F-MAXIMUM COVERAGE on

bounded frequency set systems.

Equivalent reformulation in terms of dominating set in the incidence
graph. For the ease of exposition, we recast F-MAXIMUM COVERAGE to the

following problem, and work with this formulation.

PARTITION COLOR CONSTRAINED DOMINATING SET (PCCDS)

Input: An instance Z = (G,r, f, k,t), where G = (AW B, F) is a bipartite
graph, f : B — [r] is a surjective function, a non-negative integer k, and for
each color j € [r], a coverage requirement t; > 0.

Here, B; .= {§ € B : f($) = j} is a set of vertices of color j, for each j € [r].
Parameter: £

Question: Does there exist a subset S C A, such that (1) |S| < k, and (2)
for each j € [r], |N;(S)| > t(j)? Here, N;(S) C B, is the set of vertices of

color j € [r] that are adjacent to at least one vertex in S.

81



Note that PCCDS is the “multiple coverage” version of the well-studied problem
RED BLUE DOMINATING SET. We avoid “Red Blue” here just to avoid confusion
with our color classes. Observe that finding a subfamily of size k£ that covers at least
t; elements of the color j is equivalent to finding a set S C A of size k such that

N;(S) (neighbors of S that are colored j) is at least ¢; in the incidence graph.

We first design the BUCKETING subroutine in Section 7.2. Then, in Section 7.3, we
design and analyze the EPAS for PCCDS when each vertex in B has degree at most
d (i.e., frequency at most d). Finally, we give an EPAS for PCCDS on K, 4-free
graphs in 7.4.

7.1 Overview of EPAS in the presence of con-

straints

Deterministic and Randomized Branching using a Largest Set

As a warm-up, we start with the vanilla MAXIMUM COVERAGE on frequency-d set
systems (where our algorithms do not improve over the known algorithms in the
literature), and give a complete formal proof. Then, we will gradually introduce the
ideas required to handle fairness and matroid constraints — first separately, and then
together. Finally, we briefly discuss the ideas required to these results to Ky g-free

set systems and multiple matroid constraints.

To introduce our ideas in a clean and gradual way, we start with the simplest
setting of MAXIMUM COVERAGE where the maximum frequency of the elements
is bounded by d. Recall that we are given an instance (U, F,k) and the goal is
to find a sub-family of F of size k that covers the maximum number of elements.
For any sub-family R C F, let U(R) denote the subset of elements covered by R,
and OPT(R) denote the maximum number of elements that can be covered by a
subset of R of size k. Further, for a set S € F, we denote by F — S, the family
obtained by removing S, as well as the elements of S from each of the remaining
sets. Our approach is inspired by the approaches of Skowron and Faliszewski [24]
and Manurangsi [19] who show that O(kd/<) sets of the largest size is guaranteed
to contain a (1 — ¢)-approximate solution. This naturally begs the question, “why
not start by adding the largest set into the solution?”. Let us inspect this question
more closely. Let L be a largest set in F. By looking at the contribution of coverage

of each set in an optimal solution, say O, we can easily see that |L| > OPTT’“(]:). We

82



say that a set S € F is heavy w.r.t. Lif |[LNS| > % (note that L is heavy w.r.t.
itself). However, since the frequency of each element is bounded by d, each element
in L can appear in at most d (in fact, d — 1) sets L N S for different R € F. This

implies that at most % sets in F are heavy w.r.t. L.

Algorithm. Our algorithm simply branches on the sets in H (L), which is the
family of heavy sets w.r.t. L. Specifically, in the branch corresponding to a heavy
set S € H(L), we include it in the solution, and recursively call the algorithm on
the residual instance (U \ S, F — S,k —1). If any of the sets in O is heavy w.r.t. L,
then in the branch corresponding to such a set yields an approximate solution via
induction. The main idea is that, if no set in O is heavy w.r.t. L, then the branch
corresponding to L yields a good solution. This is justified as the effect of any of
the k£ — 1 sets in O is too small. For the sake of clarity, we formally analyze this

algorithm below via induction.

We want to show that, for a given input (U’, F', k") the recursive algorithm returns
a family R C F’ of size k' such that |[/'(R)| > (1—¢)-OPTx (F’). The base case for
k' = 0 is trivial, since the algorithm returns an empty set. Suppose that the claim
is true for all inputs with budget & — 1, and we want to prove it for (U, F, k). Let
O denote an optimal solution of size k with |OPT.(F)| = |U(O)].

Approximation Ratio in the Easy Case. If O NH(L) # ), then there exists a
branch corresponding to a set S € ONH(L). This is the easy case (for the analysis).
In this case, OPT;_1(F — 5) = OPT,(F) — |S|, and hence the approximation ratio

1S:

S|+ (1 —)OPT, 1 (F\S) _ [S]+ (1 —¢e)(OPTL(F) — |5])
OPTx(F) OPTx(F)
(1 —¢)(OPT,(F)

2 ormm e

Approximation Ratio in the Hard Case. The more hard case (for analysis)
is when O NH(S) = (. In this case, we argue that the branch that includes the
element L is good enough. As in the easy case, we first lower bound the value of
OPT;_1(F — L). By counting the unique contributions to the solution, there exists
a light set S; € O such that for O' = O\ {S}}, it holds [U'(0')] > &L - OPT,(F).
Because no set in O is heavy w.r.t. L, it follows that for each R € ', it holds
that [RNL| < %, and therefore by counting it holds that [U(O') N L| < ¢ - |L|.
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Therefore,
k—1
OPT,_1(F\ L) > |UO)\ L| > |UO) —|UO)YNL| > 5 OPTy(F) —e-|L|.

Therefore, the approximation ratio of the branch that includes L is as follows.

IL| + (1 —€)OPT,_(F—L)  |LI+(1—e) ("5 OPTL(F)—e-|L])
OPT.(F) OPT(F)
IL|+ (1 —¢) (52 - OPTL(F)) —elL]
- OPT(F)
(=9l +(1-e) (2L OPT,(F))
B OPT.(F)
(1 —¢)(OPTR(F)

N R

OPT(F)

The second last inequality holds from the fact that |L| > ===

This leads to a deterministic (1 — &)-approximation algorithm with running time
((")*) - (n+m)°0.

Insight into the probabilistic branching. A closer inspection of the analysis
reveals that the reason L may not a good choice is that the sets of O together cover
more than a certain threshold fraction of elements covered by L. We utilize this idea
through a smoothening process that captures the effect of the size of the intersection
of a set S with L in a more nuanced manner. Let us define the weight h.(S) of a
set S € F\{L} as hy(S) = |“SE|L‘. Our algorithm now instead does “randomized
branching”, i.e., it samples one set to be included in the solution according to some

probability distribution, and then continues recursively. Note that the single run
of the algorithm finishes in polynomial time. The probability distribution used
by the algorithm is as follows: the set L is sampled with probability 1/2, and
any other set S € F \ {L} is sampled with probability proportional to its weight
h(S) (the constant of proportionality is chosen such that this is a valid probability
distribution, that is, the probabilities sum up to 1). In particular, observe that
ZSGF\{L} hr(S) < % = d. Thus, the probability of selecting S is at least hLZ—(dS).
Note that due to the way the weights hy(S) are defined, the sets with a large
intersection with L have a greater chance of being sampled, as compared to the sets

with a small intersection with L.
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We will show that the algorithm returns a (1 — €)-approximate solution with prob-
ability at least (%)k, and runs in polynomial time. This implies that by repeating
the algorithm (22)* times, we obtain a (1 — ¢)-approximation with probability at
least a positive constant. This leads to a randomized algorithm with running time
O ((2)").

The proof is again by induction. We want to show that, for any input (U’, F', k), the
algorithm returns a solution R C F' of size k' such that |U'(R)| > (1—¢)-OPTx (F'),
with probability at least (%)k'. We reuse much of the notation from the previous
analysis. Let O be an optimal solution of size k. First, the case when L € O,
since our algorithm samples and includes L in the solution with probability 1/2.
Then, conditioned on this event (that is, L being sampled), the approximation ratio
analysis proceeds similarly to the easy case of the previous analysis. By induction,
the recursive algorithm returns a (1 — ¢)-approximate solution with probability at
least (&)*~'. Thus, overall, the algorithm returns a (1 — €)-approximation with

k—1 Z (i)k

probability at least %(ﬁ) 2d

Now suppose L ¢ O. As before, let S; € O be a light set as defined earlier,
and 0" = O\ {S;}. We analyze by considering the following two cases: either (i)
[UOYNL| <e-|L|,or (ii) |UO)NL|>e-|L|

In case (i), we are effectively in the same situation as the hard case of the previous
analysis — as before, the algorithm samples L with probability at least 1/2, and as
argued in the hard case, conditioned on the previous event, the branch corresponding
to L returns a (1—¢)-approximate solution, but now with probability at least (i)k_1
by induction. Therefore, we obtain an (1 — ¢)-approximate solution with probability

at least ()" > (5)".

In case (ii), we have that [U(O') N L| > ¢ -|L|. Notice that,

Y ISNL>e.

Se0’

This implies that

S h(s) =Y SOL S (o) n Ll > e,

Therefore, the total weight of the sets in (0’ is at least . Therefore, the probability
that the algorithm samples a set from O’ is at least ;. Conditioned on this event,

the approximation ratio analysis now proceeds as in the easy case, and the algorithm
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returns a (1 — e)-approximate solution with probability at least =(5)" ! = (5)*.

Handling fairness constraints via the Bucketing trick

The aforementioned idea of prioritizing the largest set L, or sets that are heavy w.r.t.
it, fails to generalize when we have multiple coverage constraints in F-MAXIMUM
COVERAGE. This is simply because there is no notion of “the largest set” even
when we want to cover elements of two different colors, each with different coverage
requirements. To handle such multiple coverage constraints, our idea is to use
multidimensional-knapsack-style bucketing technique to group the sets of F into
approzrimate equivalence classes, called bags for short. At a high level, all the vertices
belonging to a particular bag contain approzimately equal (i.e., within a factor of
(1+¢)) number of elements of all of the r colors. Thus, in isolation, any two sets L;

and Ly belonging to the same bag are interchangeable, since we tolerate an e-factor
M) O(rk)

loss in the coverage. Since the total number of bags can be shown to be ( 2

and hence we can “guess” a bag B containing a set from a solution O. However,
due to different amount of overlap with an optimal solution O, two sets L1, Ly € B
may not be interchangeable w.r.t. O. That is, if L1 € O, then O\ {L;} U{ Ly} may
not be a good solution. However, assuming that we have correctly guessed a bag
that intersects with O, we can then select a set L € B, and define the heavy sets
(for deterministic algorithm) or weights hy(-) (for the randomized algorithm) w.r.t.
L. Note that, since we have multiple coverage constraints, we cannot simply look
at the total size of the intersection |S N L|. Instead, we need to tweak the notion
of heaviness that takes into account the number of elements of each color in the
intersection S N L. To summarize, we need two additional ideas to handle multiple
colors in F-MAXIMUM COVERAGE: (1) “guessing” over buckets, and (2) a suitable
generalization of the notion of heaviness. Modulo this, the rest of the analysis is

again similar to the easy and hard cases as before.

Further Extensions

The ideas mentioned in the previous subsections can be extended to even more
general settings in a couple of ways. First, we describe how to extend the ideas
from frequency-d set systems for MAXIMUM COVERAGE to K, 4-free set systems,
i.e., set system (U, F), where no d sets in F contain d elements of U in common.
Note that frequency-d set systems are Kgi1 q41-free. Then, we describe how the

linear algebraic toolkit of representative sets can be used to handle multiple (linear)
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matroid constraints.

K, 4-free Set Systems. Next, we consider K, 4-free set systems (U, F), where no
d sets of F contain d common elements of U. To design the EPAS on K 4-free set
systems, we combine the bucketing idea along with the combinatorial properties of
K 4-free graphs to bound the number of heavy neighbors of a set. To this end,
however, we need to modify the precise definition of heaviness. This leads to a
somewhat cumbersome branching algorithm that handles colors differently based on
their coverage requirement. For colors with small coverage requirement, we highlight
the covered vertices using the standard technique of label coding'. Now, vertices in
a bag cover the elements with the same label and for colors with high coverage
requirements, the sizes of the sets in the same bag are “almost” the same. Then,
we pick an arbitrary set L from the bag B, and we branch on (suitably defined)
heavy sets w.r.t. S. Since the number of heavy sets is bounded by a function of k, d,
and e, this leads to a deterministic version of EPAS for F-MAXiMUM COVERAGE
to Kgg4-free set systems. Note that since frequency-d set systems is a special case
of this, this implies a deterministic EPAS in this case; however with a much worse

running time compared to F-MAXIMUM COVERAGE to K 4-free set systems.

7.2 The BUCKETING Subroutine.

We design a subroutine, called BUCKETING, which (or slight variations thereof) will
be crucially used to design EPAS in the subsequent sections and chapters. We divide
the set of vertices of A into a bounded number of equivalence classes depending on
the size of their j-neighborhoods. Fix a color j. At a high level, two vertices u and v
belonging to a particular equivalence class will have j-degrees that are approximately
equal. There are two exceptions to this: (A) For a color j, all vertices of degree at
least ¢; are treated as equivalent as far as color j is concerned (i.e., we still classify
such vertices based on their j'-degrees for other colors j') — since any single vertex
from such a class is sufficient to entirely take care of color j. (B) all vertices of
j-degree less than % are treated as equivalent as far as color j is concerned, for the
following reason. The difference between the j-degrees between such two vertices

is at most % Thus, even if we make a bad choice at most k times, we only lose

!The technique is better known as color coding. However, this creates an unfortunate clash of
terminology — these colors have nothing to do with the original colors corresponding to coverage
constraints. Bandyapadhyay et al. [35] instead use the term “label coding”, and we also adopt the
same terminology
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at most et; coverage for the color j. Thus, the interesting range of j-degrees is
et
e
see that the vertices are partitioned into O(log,,, k) classes for a particular color.

between [ t]}, which is sub-divided into intervals of range (1 + ¢). It is easy to
We proceed in a similar manner for each color j € [r], and then we obtain our
final set of equivalence classes, such that all the vertices in a particular class are

equivalent w.r.t. each color in the sense described above.

Our algorithm for PCCDS is recursive, and will use the BUCKETING procedure
as a subroutine. During the course of the recursive algorithm, we may modify the
instance in a variety of ways — delete a subset of vertices, restrict the coverage
function ¢, decrement the value of k, or delete a subset of colors. However, in the
BUCKETING subroutine we require the original value of k, which we will denote by

k*. Now, we formally state the procedure.

BUCKETING procedure.
Let T = (G = (AW B, E),[r], f,t,k) be the current instance of PCCDS. Then, let
A= [log( 4y %1 Fix a color j € [r]. For every 1 < a < A, we define

2

. j tj
A(],a)::{veA:mgd(v)<m}.

We also define A(j,0) = {v € A:d;(v) >t;}, and A(j, \+1) = {v € A:d;(v) < (13'6» }

Let V.= {0,1,..., A\, A + 1}", and consider an arbitrary vector v € V. Let v =
(a1,ag,...,a;). Then, we define A(v) = (\;_; A(j, ;). We call any such A(v) as
a bag. The BUCKETING procedure first computes the set of bags as defined above,
and returns only the set of non-empty bags, which form a partition of A. It is easy

to see that the procedure can be implemented in polynomial time.

Observation 1. The items 1-3 in the following hold for any color j € [r].

1. For anyv € A(j,A+1), d;(v) < 26]?

2. For any v € A(4,0), d;(v) > t;.

U
N

i (u

3. For any 1 < a <\, and for any u,v € A(j, ), it holds that

< dj(v) <
The number of bags returned by BUCKETING is bounded by

. 6log k*\"
H()x—i-?)ﬁ( = )z:L.

j=1
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7.3 An EPAS for PCCDS with Bounded Frequency

Our algorithm for PCCDS, when each vertex in B has degree at most d is given
in Algorithm 3. This algorithm is recursive, and takes as input an instance Z of
PCCDS; initially the algorithm is called on the original instance. We assume that
we remember the value of k* from the original instance, since that is used in the
BUCKETING subroutine. Now we discuss the algorithm. In the algorithm, first
we use the BUCKETING subroutine to partition the vertices of A into a number of
equivalence classes. Then, we pick one of the bags uniformly at random — essentially,
in this step we are trying to guess the bag that has a non-empty intersection with

a hypothetical solution S. ?

Suppose we correctly guess such a bag A(v). Then, we arbitrarily pick a vertex v
from this bag, and use it to define a probability distribution on all the vertices in A.
This distribution places a constant (> 1/2) probability mass on sampling v, and the
rest of the probability mass is split proportional to the number of common neighbors
of a vertex w with v. Then, we sample a vertex u according to this distribution, add
it to the solution, and recurse on the residual instance. Here, the intuition is that,
if the vertices in S have a lot of common neighbors with v, then one of the vertices
from S will be sampled with reasonably large probability. In this case, we recurse
on a vertex from a hypothetical solution, i.e., a “correct choice”. Otherwise, if the
vertices in S have very few common neighbors with v, then we claim that we can
replace a vertex in .S N A(v) with v, and still obtain a good (hypothetical) solution
to compare against. In this case, we argue that v is the “correct choice”. Now, we

state the algorithm formally, and then proceed to the analysis.

First we state the following observation.

Observation 2. ) _, p(w) < 1.

Proof. If v is the vertex chosen in Step 5 of the Algorithm 3, then p(v) = 1/2.

2We note that this step can be replaced by deterministically branching on each of the bags
instead; but since the next step is inherently randomized, we continue with the current presentation
for the simplicity of exposition.
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Algorithm 3 PCCDS(Z = (G = (AW B, E),[r], f, k1))

if £ =0 then
return ()
end if
Let A be the set of bags returned by applying BUCKETING on Z
Choose a bag A(v) € A uniformly at random, and select an arbitrary vertex
ve Av)
Define the following quantities w.r.t. the vertex v:

BANE I > i e

e For any w € A\ v and any color j, let hj(w) = W,
J

e Let p(w) := yld . 25:1 h;(w)

e Let p(v) =1

10: Sample a vertex u € V(G) at random proportional to the quantities p(+)

11: 7' < PRUNEINSTANCE(Z,u) > Residual instance after adding u to the

solution

12: return S U {u}, where S <~ PCCDS(Z')

© % @

Therefore, we show that >, p(w) < 3, where A; = A\ {v}.

<

1
> p(w) = — hj(w)
weAL 2rd1ﬂ€A1J=1
1 < 1 o o
- Qrdz ING(v) Z [Ny (w) O Ny (v)]
J wEA
1 < 1 o 1
< 5rd 2 NG (v)] N7l =3

Where, the second-last inequality follows from the fact that every vertex in NV jG(v)

is counted at most d times in ) [N (w) N Nj(v)], since every vertex in B has

wEA
degree at most d. O]

Now we explain how to sample a vertex proportional to the quantities p(-). Note
that Observation 2 implies that £ := > _, p(w) < 1. Also note that £ > p(v) = 1/2.
Now, we sample a vertex from A such that the probability of sampling a vertex w
is equal to p(w)/¢ — this can be done, e.g., by mapping the vertices to disjoint
sub-intervals of [0, 1] of length p(w)/¢, and then sampling from uniform distribution
over [0,1]. Note that the sum of probabilities is equal to 1, and thus this is a valid
probability distribution. Finally, observe that for any set W C A of vertices, the
probability that a vertex from W is sampled is equal to >, ., p(w)/€ > >~ P(w).

Next we prove the correctness of our algorithm.

Lemma 9. Consider a recursive call PCCDS(Z), whereZT = (G = (AWB, E), [r], f, k, 1),
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procedure PRUNEINSTANCE(Z, u) I=(G=(AYB,E),[r],f.k,t)anduc A

1: Let J = {j € [r] : |N;(uw)| > t;} > J is the set of colors already
satisfied by u
2: if J = () then
3: G'=G\u > Remove u from A and all of its neighbors from B
4: " is the restriction of f to B\ U;¢;; Vj(u)
5: t: =t; — |[Nj(u)| for all colors j > Account for addition of u into the
solution
= (G [r], f k—1,t)
else

r"==r —|J|, and w.lL.o.g. assume that J = {r'+ 1,7 +2,... 7}
G = G[A'w B, where A" = A\ {u}, and B' = B\ (N(u) UU,e f—1<j)>

> Remove u, its neighbors in B, and vertices of all the colors

© P N

satisfied by u
10: f'is the restriction of f to B, and t}; = t; — | N;(u)| for j € [r]
11: = (G, [r], f',k—1,t)
12: end if
13: return 7'

and let k* be the value of k from the original instance. Consider a set S C A of size
k such that, for each j € [r], |NF(S)| = t; >t

Then, with probability at least (% . %)k, the algorithm returns a subset S" C A of

T

size at most k, such that for each j € [r], INF(S")| = t/, where

ek
ot

¢ > (1 —2e) min(t;, t;) — b

Proof. We prove this by induction. When k = 0, then there is nothing to prove.

Now suppose the claim is true for £ —1 > 0 and we prove it for k.

Fix a set S C V(G) of size k such that [NF(S)| = t; for each j € [r]. There exists
a bag A(v) such that SN A(v) # 0. Since in the first step (step 5), the algorithm
picks a bag uniformly at random from at most L bags, the probability that A(v)
is picked is at least % We condition on the event that this choice is made, and
proceed as follows. Suppose the algorithm picks v € A(v) in step 5 of Algorithm 3.

We start with a relatively straightforward observation.

Observation 3. Consider a vertezu € S, and consider calling PRUNEINSTANCE(Z, u).
Let J be the set as defined in Step 1 in this procedure, and I’ be the instance that

the call would return. Then,

1. Forany j € J, [N (u)| > t;,
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2. For any j € J, in the instance I', it holds that t’; = t; — \N]G(u)] <t;, and

3. For any j & J, in the instance I', it holds that [NE'(S\ {u})| = t;— INE (u)].

Proof. The first item follows from the definition of N ]G (u). The second item follows
from the definition of #'. For the third item, we note that for any color j & J, the
vertices in N (u) are removed from color j in the instance Z'. Thus, N&'(S'\ {u})
and N (u) are disjoint sets in V/(G), and their sizes add up to t;. O

Next, we prove the following technical claim.

Claim 4. Suppose the random vertex u, selected in Step 10 of Algorithm 3, belongs
to the set S. Then, let G' be the graph in the instance I' obtained in Step 11 of

Algorithm 3. Then, with probability at least (1 - ﬁ)k_l, it holds that for any j € [r],
ol Lo~ ck

Proof. Suppose the set J as defined w.r.t. u in Step 1 of PRUNEINSTANCE is non-
empty. Then, for any j € J, Observation 3 implies that ]N]G (w)| > t;, which is at

least the bound in the lemma. Thus, it suffices to focus on colors in [r] \ J.

By Observation 3 (item 3), the set S\ {u} of size k — 1 is such that for each j & J,
INF(S\ {u})| = t;— |NE(u)]. Thus, by induction hypothesis (i.e., using Lemma 9),
with probability at least (7 - ﬁ)k_l, PCCDS(Z') returns a set S of size at most
k — 1 that satisfies the following property: for any j & J,

e(k—1),

‘N]-G'(g)‘ > (1 2¢) - min(t; — |NS(u)|, ¥, t (7.2)

]) - k*
Thus, it follows that the set S U {u} satisfies that, for any j & .J,

’NJ-G(SU {u})‘ - ‘NG'(S)‘ + |NC(u)|

e(k—1)
> (1-20) - (t; = INf (w)]) = ==t + INf ()]
e(k—1)
2 (1=2e) ty = =]
e ek . )
> (1 —2¢) - min(t;,¢;) — Etj (since t); < ;)
This concludes the proof of the claim. O

Now we proceed with the inductive step, where we consider different cases.
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Case 1. v € S.

In this case, the probability that the randomly chosen vertex u in Step 10 is equal
to v, is at least 1/2. We condition on this event, and using Claim 4, it follows that
the set S U {v} satisfies (7.1) for each j € [r], with (conditional) probability at least
(% : ﬁ)kil. Thus, the unconditional probability that the set S U {u} satisfies the
required property is at least

Lot eNT o ey
2 \L 2rd —\L 2°d)

Case 2. Suppose v € S. Now we consider two sub-cases.

Case 2.1: There exists a color j such that Y .o |[NF(v) N N (w')| > e - [NF(v)].
We first claim that the probability that some vertex w from the set S is chosen to be
w in line 10 is at least £. Then, conditioned on this event, we will use the induction

hypothesis to show the required bound.

Fix a color j satisfying the case assumption (if there are multiple such colors, pick
one such color arbitrarily). Then, since color j satisfies the case assumption, it
follows that,

> hi) =)

w'eS w'eS

NE@)ONE@)| 1
Nl T INF)

e INF(v)] =

Therefore,

> p(w) = h Ld > hi(w

w'eS w'eS wES

Thus, the probability that some w € S will be chosen as the vertex u is at least 5=
Now, we condition on this event. Then, by using Claim 4 and an argument similar
to case 1, the set S U {w} satisfies (7.1) for each j € [r], with probability at least

1 ¢ 15’“71_16]“
L 2rd \L 2rd ~\L 2rd)

Case 2.2: For all colors j, > /s |Nj(v) N Nj(w')| < e-|Nj(v)|. Hence,

‘ (U Nj(w')>
w'eS

< >IN w)| <e-[N;(v)l. (7.3)

w/'eS
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Recall that the probability that the vertex w is equal to v is at least 1/2, and we
condition on this choice. Furthermore, recall that we have conditioned on the event
that A(v) NS # (), but due to case assumption v € S. Therefore, there must exist
a vertex w € A(v) N S.

In this case, we aim to show that v “approximately plays the role” of w € A(v)NS in
our solution. To this end, we consider different cases for the value of «; in the vector
v. In each of the cases, we condition on the probability that the recursive call returns
a set S with the desired properties. Using induction, this happens with probability
at least (% . ﬁ)kil. Thus, the unconditional probability is at least (% . ﬁ)k as in
Case 1. Now we proceed to the analysis of each of the cases, conditioned on the

good events.

Case A: a; = 0. Since v € A(j,0), INF(v)| > t;. Thus, |NjG(5’ U{v}| > t;, which

is at least the claimed bound.

Case B: o = A+ 1. Since v,w € A(j, A+ 1), [IN¢(v)| < 52, and [NF(w)| < 2.

k* > %
Now we analyze }N S\ {w})’ By case assumption, it follows that,

(7.4)

’NG' S\ {w)) ‘—t — IN®(w |—’ (U NE (w )me@)
w'eS
> 1; — |Nf (w)] = |N§ (v)]
~ 2€t]‘ s Stj
b T T

A%

Then, by inductive hypothesis, the solution S satisfies the first inequality in the

following.

. gtj> (k-1

>(1-20) - 2 - ——
ek _ ,
>(1—2¢)-t; — Etj (Since t; < t;)

which is at least the claimed bound.

Case C. 1 <a; <A
Since v,w € A(j, a;), Observation 1 implies that

N7 (w)] < (1+¢) - [NF(v) (7.5)
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Analogous to (8.4), we have the following.

N5\ )| =~ NS | ( U Nf(w’)) NG ()

w'es
> — INS(w)] — & - INS(v) (From (5.3)
>t — (14 2¢) - |NjG(v)| (From (8.5))

Thus, by inductive hypothesis, it holds that,

INF(SU{v})] = INF ()] + [N(S)]

~ e(k—1)
> INF(v)| + (1 =2¢) - (t; — (1+2¢) - [N (v)]) — — b
~ k—1
> (1—2¢) - t; +4e% - [NF (v)] —%'%‘
~ k—1
> (1-2¢) 7, g(k—) 4 (since [N9(v)| > 0)
This completes the induction, and thus the proof of the lemma. O]

%ﬁ)k'(l8i02gk)kr nOM)
and given a yes instance T = (G = (AW B, E),[r], f,k,t) of PCCDS, where each
vertex in B has degree at most d, with probability at least (% . ﬁ)k, returns a subset

S C A of size k such that |Nf(§)| > (1 —e)t; for all colors j.

Theorem 6. There exists a randomized algorithm that runs in time (

)

Next, we conclude with the proof of Theorem 6, which follows from Lemma 9 in a

straightforward manner.

Proof of Theorem 6. Let S C A be a set of size k such that |[NZ(S)| = t; > t; for
all colors j. Let S denote the output of PCCDS(Z). It is easy to see that the
algorithm returns a solution in polynomial time. Next, Lemma 9 implies that with

probability at least ¢ = (% . ﬁ)k, the set S satisfies that, for each j € [r],

ek

INE(3)] -

t] > (1—2) t; =ty = (1 - 2e)t; —et; = (1= 3¢) - 4

Here, we use the fact that since Z is the original instance, we have k* = k. Also

note that, for any color j € [r],#; > t;.

We make O(q ! logn) independent calls to PCCDS(Z), and if in any of the calls, we
find a set S with the claimed properties, then we return it. Otherwise, the algorithm

concludes that Z is a no instance. We get the claimed running time by rescaling ¢

to /3. O
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Corollary 1. Lete > 0. Then, F-MAX k-WEIGHT SAT admits a randomized EPAS
with running time (%‘”)k . (lsi#)m (n +m)°M on formulas when the size of the
clauses is bounded by d or when every variable appears in at most d clauses. This

result holds with constant probability.

7.4 An EPAS for PCCDS on K, 4-free graphs

We now design an EPAS for PCCDS on K, 4-free graphs. We start by proposing
a randomized algorithm, which will be derandomized later using the known tool of
(p, q)-perfect hash family [66, 37].

The algorithm first partitions the set of colors in [r] into two sets based on their

coverage requirements (high or low).

e Set of colors with low coverage requirement Tsman = {j € [r]: t; < 2k*d/c}

e Set of colors with high coverage requirement T age == {j € [r]: t; > 2+*d/c}

Henceforth, we assume that we are given a yes instance and show that the algorithm
outputs an approximate solution with high probability; otherwise, the algorithm
detects that we are given a no instance. Let S* be a hypothetical feasible solution,
Le, S* C A, |S*] <k and [N;(S*)| > t;, for each j € [r]. Let Bsman = Ut Bj be

the set of vertices in B that belong to color classes with low coverage requirement.

We use color coding to identify the vertices in Bgya that are covered by S* with
high probability. Without loss of generality, let Tgnar = {1,..., 2}, where z < r.
As the requirement for any color in Tgmay is at most 2’“5&, it suffices to highlight

2 .
ZjeTsmau t; < % - z vertices from Bgna that are covered by S*.

Separation of small cover: Label the vertices of By, uniformly and inde-

2k2dz

pendently at random using kai labels, say, 1,..., =%

Note that S* may cover more than t; vertices of color j, however, we are only
concerned with identifying any t; vertices among the ones that are covered. The

following proposition gives a lower bound on the success probability.

Proposition 7. [11, Lemma 5.4] Let U be a universe and X CU. Let x: U — [| X]]

be a function that colors each element of U with one of | X| colors uniformly and
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independently at random. Then, the probability that the elements of X are colored

with pairwise distinct colors is at least e~ X1,

Next, the BUCKETING procedure is implemented on the vertices in A based on their
colored degree, which we describe in detail below. We do approximate bucketing
with respect to the colors in Tpg (this is similar to the procedure mentioned in

Section 7.2), while we do exact bucketing with respect to the colors in Ty

For a vertex v € Bgman, let lab(v) denote its label. For X C Bgpnan, let lab(X) =
Uyexlab(v). Let labels = {1, ..., 2k%dz/-}

We first create buckets for all j € Tgnan as follows.

BUCKETING (SMALL). For every j € Tqna and a set v C labels, we define

As(j,7) = {v € A: lab(N;(v)) = 7}

Consider an arbitrary vector v = (71, ...,7.), where v; C labels for each j € Tema.
Then, Bs(v) = (V_; As(4, 7). If u,w € By(v), lab(N;(u)) = lab(N;(w)) = ;, for
each 7 € Tgmnan-

Next, we create buckets with respect to all the colors in j € Tjage.

BUCKETING(LARGE). Let A = [log(1,.) 575|. For every color j € Tizge and 1 < a <

A, we define
Ag(j, Oé) = {U € A: de/z-: . (1 + 5)a_1 < dj(l)) < 2kd/€ . (1 + €)a} .
For all the smaller degrees, we have the following bucket.

A(7,0) ={v e A: d;(v) < 2kd/:}.

We create bags as defined in Section 7.2. Let V, = {0,1,...,A\}""*. Consider an
arbitrary vector v = (a1,...,a,-.) € V. Then, B,(v') == (j_,, Acj,05--). 1f
u,w € Bye(v'), d;j(u) < (14 ¢)d;(w), for each j € Targe.

Let B(v,v') = B(v) N By(v'). We call any such B(v,v’) a bag. The number of
2T
2k®rd + 1)T([10g(1+5) 5"/2kd—| )r — 2O(k2r2d/5) . (10g”/s)T via

bags is upper bounded by (27 =
standard arguments. Note that these bags form a covering and not a partition of

vertices in A as was the case in Section 7.3.
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Our main idea is as follows. We start by guessing a bag that has a non-empty
intersection with a feasible solution. Since any pair of vertices belonging to the
same bag are adjacent to vertices with the same set of labels, any vertex in the
bag can be chosen in order to satisfy the coverage requirement if colors in Tyman.
Further, the j-degree of vertices in the same bag is almost equal for every j € Ti,rge.
We will demonstrate that selecting a vertex v from the guessed bag leads to one of

the following two possibilities:

1. either v belongs to the solution or,

2. there exists a set of vertices such that, for every vertex in this set, for some

J € Tiarge, their j-neighborhood has a high overlap with v’s j-neighborhood.

We utilize the definition as well as the lemma introduced in Chapter 5.2 to elaborate

on the concept of high intersection (or overlap) with the j-neighborhood of a vertex.

Definition 11 (;-High Degree Set). Given a K, q4-free bipartite graph G = (A, B, E),
a set X C B, a color j € [r], and a positive integer §; > 1, the 5;-High Degree Set,
denoted by HD(BJJ_ (X) C A, is a set of vertices such that every vertexr v € HD(B}]- (X)
satisfies |N;j(v) N X| > %, i.e.,

HDG (X) = {v € A: [N;(v) N X| > B}

Let AHD§ (X) = HDS (X) N{v € A : |N;(v)| > d}. That is, AHD§ (X) consists of
vertices whose j-degree is at least d and its j-degree in X is at least 1/s; fraction of
X. Due to Lemma 11 in Chapter 5.2, we know that ]AHng(X)| < (d - 1)(28))4,
for all X C B, d, and for all 8; > 1 with £ > d.

The formal algorithmic description is presented in Algorithm 4.

Lemma 10. Given a yes instance T = (G = (AW B, E),[r], f,k,t,e) of PCCDS
where G is a Kqq4-free graph, Algorithm 4 finds a set S C V(G) of size at most
k such that for every j € Tiage, |N;(S)| > (1 — ke)t;, and for every j € Tsman,
|N;(S)| > t; with probability at least e e

Proof. We prove it by induction on k.

Base Case: When k = 0, then we cannot cover any vertex; thus the statement holds

trivially.
Induction Hypothesis: Suppose that the claim is true for k£ < ¢ — 1.
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Algorithm 4 K, 4-FREE-PCCDS(Z = (G = (AW B, E),[r], f,k,t,¢))

=

10:

11:

12:
13:
14:
15:
16:
17:

if k=

0 then

return ) if t; = 0, for every j € [r]; otherwise return no instance.

end if

Compute Tsman and Tiarge.
Label the vertices in Beman as defined above in the box.
Let B be the set of bags returned by applying BUCKETING (LARGE) W.r.t. Tiarge
and BUCKETING (SMALL) w.r.t. Tgma-
Let Z = (.
for every bag B(v,v’) € B do
Select an arbitrary vertex p € B(v,Vv’).
Compute AHng (N;(p)) with 8; = £ for each j € Tiage.

Let Z=ZU ( U AHD§ (N;(p)) U {p}).

end for
for each y € Z do
let Z,, <~ PRUNEINSTANCE(Z, y)

let

Sy be the set returned by K,;4-FREE-PCCDS(Z,)

end for
Among all the sets S, y € Z, suppose z is the element such that for every

j€lrl,

such z

IN;({z} US,)| > (1 — ke)t;. Return {z} U S,. Return no instance if no
exists.

Inductive Step: Next, we prove the claim for k = ¢. Let S* C A such that |S*| =/
and for every j € [r], [N;(S*)| = t; > t;. We consider the following two cases.

Case 1. S*NZ = 0.

Case 1.1. Suppose that Teman = [r], i.e., for all j € [r], t; < 26%d/c.

In this case, N(S*) is colorful with probability at least e “/<. Thus,
S* has non-empty intersection with at least one bag of the type B(v,0)

—202dr/.

with probability at least e . Here, v = (71,...,7,) with v; C labels

for each j € [r], and O is the zero vector, i.e., the unique vector of length
0.

Let x € S*NPB(v,0) and let S = S*\ {z}. Clearly, for every j € [r],
ING(S3)| > t; — [lab(N{(x))| = t; — |7;]. Let p be an arbitrary vertex in
B(v,0) selected in Step 10 of the algorithm. Due to the construction of
the bucket B(v,0), we know that lab(NF (p)) = lab(N{ (z)) = ~;, for each
j € [r]. Due to induction hypothesis, Algorithm 4 finds a set S, C A\ {p}
of size £ — 1 such that [NJ(S,)| > t; — |;| with probability at least
e 2=V for every j € [r]. Hence, for every j € [r], ING({p}UsS,)| > t;
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with probability at least e 2% which is at least e 2%/ for £ > 1 /2.
Since ¢ is an integer, this holds for any ¢ > 1.

Case 1.2. Next, we consider the case when Tiage # 0.
Let ®B(v,Vv’) € B be the bag with which S* has non-empty intersection.
Let z € S*NB(v,Vv’) and let S = S*\ {z}. Clearly, for every j € [r],
ING(S3)| > t; — dS(x). Let p be an arbitrary vertex in B(v, v') selected
in Step 10 of the algorithm. Since S* N Z = (), for every j € Tiage and
for every w € S*, [NF(w) N N (p)] < N7 ®)/s; holds. Thus, for every
J € Targe,

INJP(SH| = INF(S)\ NE(p)]
> [NF(S)] = [NF(p) 0 NF (S5
INJ (p)]
B;
> t; — df (x) — e[ Ny (p)]

>ty —d§(x) —

Here, G, is the graph obtained after removing p and its neighbors from G,
ie., G, = (A\{p}, B\ N(p)). Due to induction hypothesis, Algorithm 4
finds a set S, C A\ {p} of size £ — 1 such that, for every j € Tage,

Gp
[N; " (5p)]

J

v

(1= (€= 1)e)|N;(Sy)]
(1= (¢ = 1D)e)(t; — dS(z) — eI NF (p)))-

v

Since p and x belong to the same bag, we have d§(z) < (1 + £)d§(p).
Thus,

INF({p} U S,)| = INF (p)] + [N} (S,)]

> df (p) + (1 — (€ = 1)e)(t; — df () — edf (p))

> dG( )+ 1= —De)(t; — (1+ 5)df(p) — 5df(p))
> (1= Lle)t; + ety + d5 (p)((€ — 3)e +2(0 — 1)?)

(g) (1—te)ty

(®) holds for any ¢ > 2 and using the fact that d$'(p) < t;. When ¢ =1,
k < 0 and this is handled by the base case.
We next argue the claim for j € Tgna. Using the same argument as

above (when we considered Tgmai = [r] in Case 1.1), we have that for
every j € Toman, |NJ'({p} U S,)| > t; with probability at least e 20z
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Case 2. S*NZ # 0.

Let x € S*N Z and let S; = S*\ {«}. For every j € [r], clearly, [NF(S})| >
ty —dS (z).

Due to induction hypothesis, we know that Algorithm 4 finds a set S, C A\{z}
of size {—1 such that, for every j € Tjage, |N]GZ(SQC)| > (1= (0=1)e)(t;—d5 (x)),
and, for every j € Toman, |N{2(S:)| > t; — [lab(NE(z))| with probability at
least e 2¢V/z Here, GG, is the graph obtained after removing x and its
neighbors from G, i.e., G, = (A\ {z}, B\ N(z)).

Thus, for every j € Targe,

INE({z} U S,)| = INE(2)] + NI (S,)]
>d(z) + (1— (0= 1)e)(t; — d (z))
Z (1 — éE)tj

For every j € Tgman, the argument is similar to that in Case 1.

Thus, we obtain the following result by invoking Algorithm 4 with & = ¢/&.

Theorem 7. There exists a randomized algorithm that runs in 20(@) (logn)CRpoM)
time, and given a yes instance (Z = (G = (AWB, E),[r], f, k,t,¢)) of PCCDS where
G is a Kqq4-free graph, finds a set S C V(G) of size at most k such that for every

J € Tiage, |N;(S)| > (1 —e)t;, and for every j € Teman, |N;(S)| > t; with probability
at least e /z.

Proof. We call Algorithm 4 with ¢’ = ¢/k. The correctness follows due to Lemma 10.
Recall that the number of bags is upper bounded by 20¢"7*4<) . (logn/.\" | Further-
more, for every z € B(v, V'), [Ujer,,.. AHng(Nj(x))] < r(d —1)(26;)%. Thus, in

every recursive call,

|Z| < 20(k3r2d/5) . (klogn/E)T . (1 + T(d . 1)(2k2/e)d) — 2(’)(k3r2d/5) . (10g n)O(r).

Since the number of recursive levels is bounded by k, the running time is
20(°) (10g 1) Ork)y O1), O

We derandomize this algorithm using (p, ¢)-perfect hash family to obtain a deter-

ministic algorithm in the following theorem.
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Theorem 8. There exists a deterministic algorithm that runs in 20( d)(log n)Crk o)
time, and given a yes instance (I = (G = (AWB, E),[r], f,k,t,€)) of PCCDS where

G is a Kqq-free graph, finds a set S C A of size at most k such that, for every j € [r],
IN;(S)] = (1 =)t

Proof of Theorem 8. We use the notion of (p, q)-perfect hash family® for the notion

of derandomization. Let Z be an instance of PCCDS. Instead of taking a random

coloring for Bgpay in Algorithm 4, we create a (| Bsmarl, ka”d)—perfect hash family F,
and run the algorithm for every label function f € F. Using this, we get the proof
of Theorem 8. O

We now state our result for F-MAX k-WEIGHT SAT on K, 4-free formulae. This is

obtained by first applying the randomized reduction in Chapter 6 followed by the
EPAS in Theorem 8.

Corollary 2. Lete > O Then F-MaX k-WEIGHT SAT admits a randomized EPAS
with running time 2°C= (log n)°%) (n +m)°M on K q-free formulas. This result

holds with constant probabzlzty.

3The reader can refer to Definiton 5 and Proposition 3 in Chapter 4 for details.

102






Chapter 8

Fairness and Matroid Constrained

Partial Coverage and Satisfiability

This chapter presents the same core results in the previous chapter, namely, EPAS
parameterized by the solution size for F-MAX k-WEIGHT SAT and F-MAXIMUM
COVERAGE, now extended to incorporate additional matroid constraints. To han-
dle this, we leverage the concept of representative sets in a careful and non-trivial
way, allowing us to preserve both feasibility under the matroid and the desired ap-
proximation guarantees. For the ease of exposition, we recast our problem (M,

F)-MaxiMmum COVERAGE to PMCCDS.

PARTITION MATROID & COLOR CONSTRAINED DOMINATING SET
(PMCCDS)

Input: Aninstance Z = (G, r, f, M, k,t), where G = (AW B, E) is a bipartite
graph, f: B — [r] is a surjective function, a matroid M = (A, I) defined on
A, a non-negative integer k, and for each color j € [r], a coverage requirement
t; > 0.

Here, B; .= {§ € B : f(§) = j} is a set of vertices of color j, for each j € [r].
Parameter: k

Question: Does there exist a subset S C A, such that (1) |S| <k, (2) S € I,
and (3) for each j € [r], |N;(S)| > t(j)? Here, N;(S) C B, is the set of

vertices of color j € [r] that are adjacent to at least one vertex in S.

Observe that finding a subfamily of size k that is independent in the given matroid
and covers at least t; elements of the color j is equivalent to finding a set S C A of

size k such that S is an independent set in the given M of rank at most k, and N;(.5)
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(neighbors of S that are colored j) is at least ¢; in the incidence graph. Without
loss of generality, we assume that £ equals the rank of M, i.e., the solution is a base
of M by truncating the matroid appropriately. Note that it is straightforward to

work with the truncated matroid, given oracle access to the original matroid.

By slightly abusing the notation, we use M to denote the appropriately truncated

matroid, if necessary.

We give an EPAS for PMCCDS on Ky g4-free graphs in Section 8.2. Finally, in
Section 8.3, we design and analyze a more efficient EPAS for PMCCDS when each

vertex in B has degree at most d (i.e., frequency at most d).

8.1 Handling Matroid Constraints: Overview of

the technical idea

First, we consider M-MAXIMUM COVERAGE (note that this is an orthogonal gener-
alization of MAXIMUM COVERAGE, without multiple coverage constraints), where
the solution is required to be an independent set in the given matroid M = (F, )
of rank k. We assume that we are given an oracle access to M in the form of
an algorithm that answers the queries of the form “Is R an independent set?” for
any subset R C F. Let us revisit the initial deterministic EPAS for MAXiMUM
COVERAGE and try to generalize it to M-MAXiMUM COVERAGE. Recall that this
algorithm branches on each set S € H(L), where L is a largest set. The analysis of
easy case goes through even in presence of the matroid constraint, since we branch
on a set from an optimal solution O. However, in the hard case, our analysis re-
places a S; € O with L, and argues that the branch corresponding to L returns a
(1 — e)-approximate solution. However, this does not work for M-MaximMuMm Cov-
ERAGE, since (O \ {5;})U{L} may not be an independent set in M. To summarize,
although L handles the coverage constraints (approximately), it may fail to handle
the matroid constraint. In fact, it may just so happen that L is not a good set at
all, in the sense that, for any set S € O, (O\ {S})U{L} is not independent in M,

which is crucial for the induction to go through.

To solve this issue, we resort to the bucketing idea as in the fair coverage case
(thus, the subsequent arguments generalize to (M, F)-MAXxiMuM COVERAGE in a
straightforward manner; although let us stick to the special case of M-MAXIMUM
COVERAGE for now). Indeed, branching w.r.t. the largest set L is an overkill —
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it suffices to pin down a bag B containing a set in O (it does not even have to
be the largest set), by guessing from O (%) bags. However, we again cannot
select an arbitrary set S € B and define heavy sets w.r.t. S, precisely due to the
matroid compatibility issues mentioned earlier. Therefore, we resort to the idea of
representative sets from matroid theory [36] ' Assuming our guess for B is correct,
there exists some S € BN O. However, we cannot further “guess” S, since the
size of the bag may be too large. Instead, we compute a inclusion-wise maximal
independent set B’ C B. Note that the size of B’ is at most k, and it can be
computed using polynomially many queries to the independence oracle. However, it
may very well happen that S & B’. Nevertheless, using matroid properties, we can
argue that, there exists a set S’ € B, such that (O \ {S}) U {5’} is an independent
set. Thus, B’ is a representative set of B. Furthermore, since both S and S’ come
from the same bag, they cover approximately the same number of elements. Thus,
our modified deterministic algorithm works as follows. First, it computes maximal
independent set B C B, and for each S" € B', it computes the heavy family H(S5").
Then, it branches over all sets in (Jg cz H(S’). If one of the branches corresponds to
branching on a set from O, then the analysis is similar to the easy case. Otherwise,
we know that (O \ {S}) U {5’} is an (1 — ¢)-approximate solution that is also an
independent set. Therefore, the branch corresponding to S’ yields the required
(1 — e)-approximation. We can improve the running time via doing a randomized
branching in two steps: first we pick a set S” € B’ uniformly at random, and then

we perform the probabilistic branching using the weights hgn(-).

Both deterministic and randomized variants incur a further multiplicative overhead
of (@)k due to first guessing a bag, and then computing a representative set
B C B of the bag, and thus do not improve over the results of Sellier [31] in
terms of running time for M-MAXIMUM COVERAGE. However, this idea naturally
generalizes to (M, F)-MaxiMmuM COVERAGE, with the appropriate modifications in
bucketing (as mentioned in the previous paragraph) to handle the multiple coverage

requirements of different colors.

! Although this is a powerful hammer in its full generality—which we do use to handle multiple
matroid constraints—our specialized setting lets us use much simpler arguments to handle single
matroid constraint in M-MAXIMUM COVERAGE/(M, F)-MAXIMUM COVERAGE.
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8.2 Kgy4-free Case

We design an EPAS for PMCCDS on K, 4-free graphs. The algorithm is largely

similar to the one in Section 7.4, with a few modifications as described next.

In addition to the standard inputs for Algorithm 4, the modified algorithm instance
also receives (oracle access to) a matroid M’ = (A’,I'). Here, M’ is obtained by
contracting the original matroid M on the set of elements () added so far leading
to this recursive call. From the definition of matroid contraction, it follows that any
independent set in M’, along with @), is independent in the original matroid M.
Due to our initial truncation, we can inductively assume that M’ has rank exactly
k, where 0 < k < k*, where k* is the original budget (and thus the rank of the
original matroid M). Furthermore, rather than just searching for a set of size k
that satisfies the coverage requirements for each color class, the algorithm seeks a
set S that meets two conditions: first, it must be independent in M’, and second,
it must have a neighborhood size N;(S) > (1 — ¢)t;, thus satisfying the coverage

requirements for each color class j € [r].

Similar to Algorithm 4, we start by guessing a bag 28 (v, v') that contains a vertex of a
feasible solution S* (i.e., we branch on all such bags). Here, S* C A, S* € I, |S*| < k
and |N;(S*)| > t;, for each j € [r]. But instead of selecting any arbitrary vertex in
B(v, V') (as done in line 5 of Algorithm 4), we compute a R(B(v,v')) Ci' B(v,v').
Lemma 1 implies that, |R(*B(v,Vv’))| < k, and it can be computed in polynomial
time. Next, for every v; € R(B(v,Vv’)), we compute the sets AHng(Nj(vi)). Next,
we define

Zew = | |J {v:} UAHDS (N;(vy)) (8.1)

Vi ER(B(V,v’)) JETarge

We branch on such a y € Z, . and update the instance Z’ passed to the next
iteration of the algorithm as was done in the Prunelnstance procedure, with the
following modification. First, we obtain M” = M'/y, ie., M” is obtained by
contracting M’ on the vertex y on which we are branching. Note that one can
simulate oracle access to M” using the oracle access to M’ by always including y
in the set being queried. Note that the rank of M” is k — 1.

The formal algorithmic description is presented in Algorithm 5.

Lemma 11. Given a yes instance (Z = (G = (AW B, E),[r], f,t,k,e), M = (A, 1))
of PMCCDS where G is a Kqq-free graph, Algorithm 5 finds a set S C A of size at
most k such that for every j € Tiage, |N;j(S)| > (1 — ke)t;, and for every j € Tsman,
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Algorithm 5 K, 4-FREE-PMCCDS(Z = (G = (AW B, E),[r], f,t, k, &), M)

=

10:
11:

12:

13:
14:
15:
16:
17:
18:
19:

if £ =0 then
return ) if t; = 0, for every j € [r]; otherwise return no instance.
end if
Compute Tsman and Tiarge.
Label the vertices in Beman as defined above in the box.
Let B be the set of bags returned by applying BUCKETING (LARGE) W.r.t. Tiarge
and BUCKETING (SMALL) w.r.t. Tgma-
Let Z = ().
for every bag B(v,v’) € B do

Compute R(B(v,v')) €' B(v,v') using Lemma 1.
for every vertex p € R(%B(v,Vv’)) do
Compute AHng (N;(p)) with 8; = f for each j € Tiarge.
Let Z=2ZU ( U AHDS (N;(p)) U {p}>.
J€Tlarge
end for
end for
for each y € Z do

let 7, <~ PRUNEINSTANCEMATROID(Z, y)

let S, be the set returned by K,4-FREE-PMCCDS(Z,)
end for
Among all the sets S, y € Z, suppose z is the element such that for every
g elr]l, IN;{z}US,)| > (1 — ke)t;. Return {z} US,. Return no instance if no
such z exists.

|N;(S)| > t; with probability at least e /= Moreover, the set S is an independent
set in M.

Proof. We prove it by induction on k.

Base Case: When k = 0, then we cannot cover any vertex; thus the statement holds

trivially.

Induction Hypothesis: Suppose that the claim is true for £ < ¢ — 1.

Inductive Step: Next, we prove the claim for k = ¢. Let S* C A such that |S*| = ¢,
S* € I and for every j € [r], |N;(S*)| = t; > t;. We consider the following two

cases.

Case 1. S*NZ =10.

Recall that B(v,v') N S* # 0, i.e., S* selects at least one vertex, say x from
B(v,v'). However, S*NZ = (), which implies that x & Z, which, in particular,
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implies that = & R(B(v,v’)). In this case, based on the correctness arguments
of Algorithm 4, we know that any vertex y € B(v,v') N Z serves as a suit-
able “approximate replacement” for x, as far as the coverage requirement is

concerned.

However, here we have an additional requirement that that the solution be
an independent set in M. To this end, let S = S*\ {z}. Note that |S}| =
k —1, and S; U {z} is independent in M. It follows that, there exists some
y € R(B(v,v)) Ci' B(v,v') such that {y} NSy = 0 and {y} U S} also
independent in M. Thus, using inductive hypothesis, the solution returned
by the recursive call corresponding to y, combined with y, is (1) independent

in M, and (2) satisfies the coverage requirements up to an 1 — ¢ factor.

Case 2. S*NZ # 0.

Let x € Z N S*. By induction our algorithm on the instance returned by
PRUNEINSTANCEMATROID (Z, z) with the contracted matroid M” = M /x,
returns a set of size S’ of size k — 1 that satisfies the approximate coverage
requirements (as argued for Algorithm 4). By the definition of M”, it follows
that S U {z} is independent in M.

Thus, we obtain the following result by invoking Algorithm 5 with & = ¢/&.

4,2
Theorem 9. There exists a randomized algorithm that runs in 200 (logn)CRpOM)

time, and given a yes instance (Z = (G = (AW B, E),[r], f,t,k,e), M) of PMC-
CDS where G is a Kgq-free graph, finds a set S C V(G) of size at most k such
that S is an independent set in M, for every j € Tiage, |N;(S)| > (1 —¢)t;, and for
every j € Tsman, |N;(S)| > t; with probability at least e 2 /e

Proof. We call Algorithm 5 with ¢’ = ¢/k. The correctness follows due to Lemma 11.

Recall that the number of bags is upper bounded by 207 %%). (1egn/)" . We compute
the set of high neighbors with respect to all colors in Ty, i.€., UjeTIarge AH ng (N;(z)),
for every vertex x in R(B(v,Vv’)) for a bag B(v,v’). Thus, the branching factor in-
creases by at most k. This adds a multiplicative factor of k¥ to the running time,
which is absorbed into the FPT factor. Furthermore, the time required to compute
a representative set R(*B(v,v’)) and the set Z, ,+ being polynomial-time for any bag

B(v,Vv’) is absorbed into the polynomial factor. O
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We derandomize this algorithm using (p, ¢)-perfect hash family to obtain a deter-

ministic algorithm in the following theorem.

Theorem 10. There exists a deterministic algorithm that runs in

20052 (g 1) Ork) , O

time, and given a yes instance (Z = (G = (AW B, E),[r], f,k,t,e)) of PMCCDS
where G' is a Kqq4-free graph, finds a set S C A of size at most k such that, S is
independent in M, for every j € Tiage, |N;(S)| > (1 —¢)t;, and for every j € Tsman,
[N;(9)] = 1.

We now state our result for (M, F)-MAX k-WEIGHT SAT on K 4-free formulae.
This is obtained by first apply the randomized reduction in Chapter 6 followed by

the EPAS in Theorem 9.

Corollary 3. Lete > 0. Then, (M, F)-MAX k-WEIGHT SAT admits a randomized
4.2
EPAS with running time 2°C=) (1ogn)°%) . (n4+m)°W on K 4-free formulas. This

result holds with constant probability.

8.3 Frequency d Case

Our algorithm for PCCDS, when each vertex in B has degree at most d is given
in Algorithm 6. In addition to the standard inputs for Algorithm 3, the modified
algorithm instance is provided a matroid M as input. We now seek an indepen-
dent set in M that satisfies the coverage requirements approximately. Similar to
Algorithm 3, we start by guessing a bag A(v) that contains a vertex of an optimal
solution S. A solution S is called optimal if it is independent in M and satisfies
the requirements for every color class. But instead of selecting any arbitrary ver-
tex in A(v) (as done in Step 5 of Algorithm 3), we compute a representative set
R(A(v)) CiL! A(v) of size at most & in polynomial-time. We choose a vertex v
uniformly at random from this set and subsequently proceed in accordance with the
steps outlined in Algorithm 3. We contend that with a high probability, either ver-
tex v or a vertex w (based on the probability distribution p(w)) can be included in
the gradually constructed solution (produced by an iteration of the same algorithm
with smaller k) without compromising independence, while still satisfying the ap-
proximate coverage requirements. Moreover, the Prunelnstance procedure undergoes

identical modifications as detailed in the preceding section.
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Algorithm 6 PMCCDS(Z = (G = (AW B, E),[r], f, M, k,t))

if £ =0 then
return ()
end if
Let A be the set of bags returned by applying BUCKETING on Z
Choose a bag A(v) € A uniformly at random, and compute the representative
set R(A(v)) CF-l A(v).

=rep

6: Select an arbitrary vertex v € R(A(v)).
7: Define the following quantities w.r.t. the vertex v:
| ‘ _ INS()nNE ()
8: e For any w € A\ v and any color j, let h;(w) = —NTGI
i
9:

o Let p(w) = 515 - 27—y hj(w)

10: e Let p(v) =1

11: Sample a vertex u € V(G) at random proportional to the quantities p(+)

12: 7' < PRUNEINSTANCEMATROID(Z,u) > Residual instance after adding u
to the solution

13: return S U {u}, where S < PMCCDS(Z')

We establish the correctness of the algorithm below.

Notice that by Observation 2, the values calculated in steps 9 and 10 of Algorithm 6
form a valid probability distribution. That is, the sum of p(v) over all v € A is at

most 1.

Lemma 12. Consider a recursive call PMCCDS (Z), where T = (G = (AW
B, E),[r], f, M, k,t), where M = (A, I) is a matroid, and let k* be the value of k
from the original instance. Consider a set S C A of size k such that S € I, and for
each j € [r], |NJG(S)| :%; >t

Then, with probability at least (% . ﬁ)k, the algorithm returns a subset S" C A of
size at most k, such that S" € I, and for each j € [r], ]NjG(S’)] =17, where

ek

¢/ > (1 —2e) min(t;, t;) — b

Proof. We prove this by induction. When k = 0, then there is nothing to prove.
Now suppose the claim is true for £ — 1 > 0 and we prove it for k.

Fix aset S C V(G) of size k such that S € I, and [NF(S)| = t; > t; for each j € [r].
There exists a bag A(v) such that S N A(v) # (). Since in the first step (Step 5),
the algorithm picks a bag uniformly at random from at most L bags, the probability
that A(v) is picked is at least % We condition on the event that this choice is

made. The algorithm then computes a representative set R(A(v)) CF-1 A(v) of size

=rep
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procedure PRUNEINSTANCEMATROID(Z, u)
where Z = (G = (AW B, E),[r|, f, M,k t)andu € A

1: Let J={j € [r] :|N;(uw)| > t;} > J is the set of colors already
satisfied by u

2. if J =0 then

3: G =G\ u > Remove u from A and all of its neighbors from B

4: " is the restriction of f to B\ U,y NVj(u)

% M = M/u

6: ti =t; — |N;j(u)| for all colors j > Account for addition of u into the
solution

7: = (G, [rl, f,M k—1,t)

8: else

9: r"==r —|J|, and w.lL.o.g. assume that J ={r'+ 1,7 +2,...,7}
10: G'=GA W B, where A == A\ {u}, and B' == B\ (N(u) UU,ey f—l(j))
> Remove wu, its neighbors in B, and vertices of all the colors

satisfied by u

11: f' is the restriction of f to B, and t; = t; — |N;(u)| for j € [r”]

12: M = M/u

13: 7 = (G, [, /M k—1)

14: end if

15: return 7'

at most k and picks an element from R(A(v)) uniformly at random. Suppose the

algorithm picks v € R(A(v)) in Step 6. This happens with probability at least %

Suppose the set J, as defined with respect to a sampled vertex w, in Step 1 of
PRUNEINSTANCEMATROID is non-empty. Then, for any 7 € J, Observation 3
implies that |[N7(u)| > t;, which is at least the bound in the lemma. Thus, it
suffices to focus on colors in [r]\ J. Let G’ be the graph in the instance Z' obtained
in Step 12 of Algorithm 6.

Now we consider the following different cases.

Case 1. v € §S.

In this case, the probability that the chosen vertex u in Step 11 is equal to v, is at
least 1/2. We condition on this event.

By Observation 3 (item 3), the set S\ {v} of size k — 1 is such that for each j & J,
|N]~G/(S\ o) =t;— |NE(v)|. Thus, by induction hypothesis (i.e., using Lemma 9),

k-1 B

with probability at least <ﬁ : ﬁ) > (4% ﬁ)k t PCCDS(Z') returns a set
S of size at most k—1 that is independent in M’, and satisfies the following property:
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for any j & J,

e(k—1)

‘NJG'(g)‘ > (1—25)-min(%vj—|Nf(v)|, tj—|NjG(U)|)_ L+

(t; = INF(v)]) (8.2)

Since S is independent in the matroid M’, which is obtained by contracting M on
v, we infer that S U {v} is an independent set in M. It follows that the set S U {v}
satisfies, for any j & J,

NE(§ U {v})( — ‘NGXS')) + NG ()|

> (1-29)- (1~ INF)) - L2y 1 )
> (1—28)‘153'—%1%
ek

> (1 —2¢) -min(t;, t;) — th (since t; < t;)

_E_
2rd

ability that the set SuU {v} satisfies the required property is at least
1 1 e \"! (1 g
2Lk \ Lk 2rd —\Lk 2rd) ~

Case 2. Suppose v € S. Now we consider two sub-cases.

with (conditional) probability at least (ﬁ . )k_l. Thus, the unconditional prob-

Case 2.1: There exists a color j such that ) INF(v) N NE(w')] > - [NF ()]

w'eS
We first claim that the probability that some vertex w from the set S is chosen to

_E_

2rd”
induction hypothesis to show the required bound.

be u in Step 11 is at least Then, conditioned on this event, we will use the

Fix a color j ¢ J satisfying the case assumption (if there are multiple such colors,
pick one such color arbitrarily). Then, since color j satisfies the case assumption, it
follows that,

> hiv) =)

w'eS w'es

[N} (w') N NP (v)| 1
INF ()] ~ NP ()

e INF(w)| =<

Therefore,
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Thus, the probability that some w € S will be chosen as the vertex w is at least 5.
Now, we condition on this event. Then, by an argument similar to case 1, as w € S,

the set S U {w} is an independent set in M and covers at least

ek

(1 — 28) . mln(tNJ,tJ) — Etﬁ

for each j ¢ J, with probability at least
1 ¢ 1 e \! (1 e b
Lk 2rd \ Lk 2rd “\Lk 2rd)
Case 2.2: For all colors j, Y oo |N;(v) N N;(w')| < e |Nj(v)].
Hence,

< Y IN@AN@) < N@].  (83)

w'eS

\ijw»mmw

w'eS

Recall that the probability that the vertex u is equal to v is at least 1/2, and we
condition on this choice. Furthermore, recall that we have conditioned on the event
that A(v) NS # (), but due to case assumption v € S, there must exist a vertex
weAWv)NS.

In this case, we aim to show that v “approximately plays the role” of w € A(v)NS in
our solution. To this end, we consider different cases for the value of «; in the vector
v. In each of the cases, we condition on the probability that the recursive call returns
a set S with the desired properties. Using induction, this happens with probability
ﬁ)kil. Thus, the unconditional probability is at least (LLk . ﬁ)k as
in Case 1. Moreover, Since S is independent in the matroid M’, which is obtained

at least (Lik .

by contracting M on v, we infer that SU {v} is an independent set in M. Now we

proceed to the analysis of each of the cases, conditioned on the good events.

Case A: «; = 0. Since v € A(4,0), [NF(v)| > ;. Thus, \Nf(§u {v}| > t;, which

is at least the claimed bound.

Case B: a; = A\ + 1. Since v,w € A(j, A+ 1), [INF(v)| < 52, and [N (w)| < 2.

114



Now we analyze }N ¢S\ {w})’ By case assumption, it follows that,

’NG'S\{w}’—t — NS (w |—‘<U NE (w )mvj%) (8.4)
w'eS

> t; — [N (w)| — |NF (v)]

~ 2€tj e €tj

BT T T

v

Then, by inductive hypothesis, the solution S satisfies the first inequality in the

following.

|2 -2 (5 -2) -

k* k*
~ t:  elk—1Dt
> (-2 7 - o D
ek _ ,
> (1—2¢) tJ—th (Since t} < t;)

which is at least the claimed bound.

Case C. 1 <a; <.
Since v,w € A(j, a;), Observation 1 implies that

NG (w)] < (L+¢) - [NF(v) (8:5)

Analogous to (8.4), we have the following.

NE(S\{w})| =t; — [NF(w ‘(U N§ (w )mNj%)

> T, — INE(w)| - & - N (o) (From (5.3)
>t — (14 2¢) - ING (v)] (From (8.5))

Thus, by inductive hypothesis, it holds that,

INF(S U {oh)] = INF(0)] + [NV (S)]

>IN+ (1 - 20) - (= (1 4+29) - [NE)) - SE
> (1-20) 1, +42 INF(w) - B0,
>(1—2) 1 — dkk; Yoy, (since [N (v)| > 0)
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Running time: Note that the probability of a “good event” in the modified algorithm
deteriorates by a maximum factor of 1/k at each branching step. This introduces an
additional run time of k*. And, the additional time taken to compute a representa-
tive family being polynomial-time for any bag A(v) is absorbed into the polynomial

factor of the algorithm’s run time.

This completes the induction, and thus the proof of the lemma. ]

We now state our main result.

Theorem 11. There exists a randomized algorithm that runs in time (&j’")k .
(M)m - (n 4+ m)°W, and given a yes-instance T = (G, [r], f, M, k,t) of (M,

£2
F)-Maximum COVERAGE, where each element appears in at most d sets, with
high probability, returns a subset S C A of size at most k with coverage vector
(t1,t3, ..., 1)), such that t7 > (1 — e)t; for all colors j; otherwise, if T is a no-

istance, then the algorithm correctly concludes so.

Proof. Let S C A be a set of size k such that S is independent in M and N7 (S)| =
t; > t; for all colors j. Let S denote the output of PMCCDS (Z). It is easy to see
that the algorithm returns a solution in polynomial time. Next, Lemma 12 implies
that with probability at least ¢ = (ﬁ . ﬁ)k, the set S satisfies that, for each J € lr],

ek
— Etj = (1 — 2€>tj — €tj = (1 — 38) 'tj
and S is independent in M. Here, we use the fact that since Z is the original

instance, we have k* = k. Also note that, for any color j € [r],?j > t.

We make O(q 'logn) independent calls to PMCCDS (Z), and if in any of the
calls, we find a set S with the claimed properties, then we return it. Otherwise, the
algorithm concludes that Z is a no instance. We get the claimed running time by

rescaling € to £/3. O

Using the randomized reduction in Chapter 6 followed by the application of the EPAS
in Theorem 11, we get the following result for (M, F)-MAX k-WEIGHT SAT on
formulas when either the size of the clauses is bounded by d or when every variable

appears in at most d clauses.

Corollary 4. Lete > 0. Then, (M, F)-MAX k-WEIGHT SAT admits a randomized

EPAS with running time (fj‘i—rk)k~ (wi#k)kr (n+m)°WY on formulas when either the
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size of the clauses is bounded by d or when every variable appears in at most d

clauses. This result holds with constant probability.

Extension to Intersection of Multiple Linear Matroids. The above ap-
proach can be extended to the more general problem where the solution is required
to be an independent set in each of the given matroids My, M, ..., M, that are all
defined over the common ground set A, if all the given matroids are representable
over a field F. The only change here is that, the representative family R(A(v)) needs
to be computed for the direct sum of the matroids M} & M5 @ --- & M, where
M denotes the contracted version of the i-th matroid as defined above. Then, one
can use the linear algebraic tools to compute a representative set of the direct sum
matroid in a specific manner. For more details, we refer the reader to Marx ([36],
Section 5.1). Due to this change, the bound on R(A(v)) becomes ¢k (from k), and
the time required to compute this set is at most 29 . (m + n)®M). This also gets

reflected in the running time of the algorithm.
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Chapter 9

A different parameter: number of

satisfied constraints

We take a detour and study our problems with respect to a different parameter:
the number of satisfied constraints. We design an FPT algorithm for CC-MAXSAT
on general instances in Chapter 9.1 and show that it admits a polynomial kernel
on K,g4-free instances in Chapter 9.2. To complete the picture, we also give a

polynomial kernel for MAXIMUM COVERAGE on K, 4-free instances in Chapter 9.3.

9.1 FPT algorithm for CC-MAX-SAT parameter-

ized by number of satisfied constraints ¢

We present an FPT algorithm for CC-MAXSAT problem parameterized by ¢, the

number of satisfied clauses.

We use the algorithm for PARTIAL HITTING SET given in Proposition 6 to get the

following lemma.

Lemma 13. There exists a randomized algorithm that solves the CC-MAXSAT

problem and outputs a satisying assignment in time 2°®nOW).

Proof. We apply the procedure in Algorithm 1, 2° times and if in any of the iteration

it returns an assignment v, then we output =, otherwise we return no instance.

Next we prove the correctness of the algorithm.
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Algorithm 7 Procedure: FPT Algorithm for CC-MAXSAT parameterized by ¢

1: Randomly assign values to all the variables in V, from {0,1}. Let 7" and F' be
the set of variables assigned 1 and 0 respectively.
2: Delete all clauses C' in Cy that contain a negative literal of a variable v € F'. Let
t; be the number of deleted clauses and ¢’ be the resultant formula.
Construct a family F as follows.
for each clause C' € Cy, do
Add var(C) \ F to F.
end for
Run the algorithm from Proposition 6 on the hitting set instance (U, F, k,t—t1)
where U = Vy \ F.
8: if the algorithm returns no instance, then
9: return no instance
10: else let S be the solution returned by the algorithm. We construct v as follows.
11: if v € S then

12: let v(v) = 1.
13: else y(v) = 0.
14: end if

15: return 7.

16: end if

Let (¢, k,t) be a yes instance instance for the problem. Let C,Cy, - - - C; be t clauses
that are satisfied by a particular assignment, say «. For each clause C}, let x; be
a variable that is “responsible” for satisfying it by a feasible assignment «, that is
assignment where at most k variables are assigned 1. By “responsible” we mean
that the clause C; is satisfied even if we give any other assignment to all the vari-
ables except x;. Thus, x1, 2o, - x; are the “responsible” variables for the clauses
C1,Cs, - - - Cy by the assignment a. Let a; be the assignment « restricted to these ¢
variables. Now consider any random assignment o/ : Vs — {0,1} of V;. Then the
assignments « and o' agree on the variables 1, x9, - - - 2; with probability % . Let
o be the assignment obtained in step 1 of our procedure. Therefore with probaility

% the assignment o' satisfies the clauses Cy, Csy, - - - C}.

Without loss of generality, let Cy, Cs, - - - Cy, be the set of clauses deleted in Step 2 of
our algorithm. Every clause C; that is not deleted in Step 2 must contain one of the
variables from x1, xo, - - - x; which is assigned 1. There are at most k£ such variables
and hence the corresponding PARTIAL HITTING SET instance in Step 7 will return
a solution. Since we repeat the algorithm 2! times, we get a success probability of

1-—1

Running Time: Observe that the running time of Procedure FPT Algorithm for CC-
MAXSAT depends on the algorithm used in Step 7 which runs in time 20®npOM),
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As we repeat the Procedure 2! times, our algorithm runs in time 20®pOM), O

We now derandomize the algorithm using universal sets'. We deterministically
construct a family F of functions f : [n] — [2] instead of randomly assigning values
such that it is assured that one of the assignments when restricted to the ¢ variables

X1, Xo,...,r; matches with the assignment ;.

We construct an (n,t)-universal set & and then for every element of U we construct
an equivalent assignment by assigning true to the variables represented by the ele-
ments in the subset and false to the elements outside. By the definition of universal
sets we will have an assignment which when restricted to the ¢ responsible variables
will be equal to oy which corresponds to the good event in our random experiment.

Thus, we have the following theorem.

Theorem 12. There exists a deterministic algorithm that solves the CC-MAXSAT

problem in time 2°MnOM).

9.2 Polynomial Kernel for CC-MAXSAT in K, g4

free formulas parameterized by ¢

We next design a kernelization algorithm for CC-MAXSAT where the input is a Ky 4-
free formula, parameterized by the number of clauses to be satisfied by a solution —

that is, the parameter is t.

9.2.1 Overview of the kernel

Consider an instance (®, k,t) of CC-MAXSAT, where ® is a K 4-free formula. Our
kernelization algorithm works in three phases. In the first phase, we apply some
simple sanity check reduction rules to eliminate trivial yes instance or no instance
of CC-MAXSAT. Reduction rules in this phase (1) upper bounds the frequency
of variables in ® by ¢, and (2) leads to an observation that any minimum weight
assignment satisfying at least ¢t clauses can satisfy at most 2¢ clauses. The above

facts are useful to establish proofs in the next two phases.

Suppose (P, k,t) is a yes instance instance and let § be its minimum weight assign-

ment and let Cz be the set of clauses satisfied by . In the second phase, we bound

1Please check Definition 4 and Proposition 2 in Chapter 4 for details.
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the size of clauses in ® by a function of ¢ and d, say f(t,d). Here, we use K, 4-free
property crucially. By the definition of Ky 4-free formula, a set of d variables cannot
appear simultaneously in a set of d clauses. We generalize this idea together with
the frequency bound on variables (obtained in phase one) to bound the size of a set
of variables that appear together in p € [d — 1] clauses by identifying and deleting

some “redundant” variables.

For a set Y C Vs, let clalnt(Y) denote the set of all the clauses that contains all the
variables in Y, that is the set {C' | C' € Co,Y C var(C)}.

For an intuition, suppose we know that the size of every subset of Vs, that appear
together in at least two clauses, is bounded by f(¢,d). In other words, there are at
most f(t,d) variables that can appear in two or more clauses together. Now consider
a set Y C Vs such that variables in Y appear together in at least one clause say
C, that is |clalnt(Y)] > 1 and C € clalnt(Y). Now suppose that there is a clause
C* € Cg\ claInt(Y) such that var(C*)NY # (). Then observe that for the variable set
var(C*)NY, C and C* are common clauses. Now by considering the bound on sizes
of sets of variables that have at least two common clauses (clauses in which they
appear simultaneously), we obtain that |var(C*)NY| is also bounded by f(¢,d). We
will now mark variables of all the clauses in Cg\clalnt(Y") in Y and will conclude that
if Y is sufficiently “large”, then there exists a redundant variable in Y, that can be
removed from ®. Employing the above discussion, by repeatedly applying a careful
deletion procedure, we manage to bound the size of variable sets that have at least
one common clause. By repeating these arguments, we can show that to bound the
size of variable sets with at least 2 common clauses, all we require is to bound size
of variable sets with at least 3 common clauses, and so on. Thus, inductively, we
bound size of variable sets with d — 1 common clauses, by using the fact that the

input formula is Ky 4-free.

Thus, the algorithm starts for d — 1 and applies a reduction rule to bound size
of sets of variables with d — 1 common clauses. Once we apply reduction rule for
d — 1 exhaustively, we apply for d — 2 and by inductive application we reach the one
common clause case. To apply reduction rule for p € [d—1] we assume that reduction
rules for d — 1 common clauses case have already been applied exhaustively. The
bound on size of the sets of variables with one common clause also gives a bound

on the size of a clause by f(¢,d).

Finally in the third phase, the algorithm applies a reduction rule to remove all the

variables which are not among first g(¢,d) high positive degree variables and not
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among first g(¢,d) high negative degree variables when sorted in non decreasing
ordering of their positive (negative) degrees, which together with the upper bound
obtained on size frequency of variables and size of clauses obtained in phase one

gives the desired kernel size.

The outline of the polynomial kernel for DECISION MAXIMUM COVERAGE is similar
to that for DECISION CC-MAXSAT, therefore, we omit its overview.

9.2.2 Polynomial kernel for DEcCiSION CC-MAXSAT on K, 4-

free formulae parameterized by t

We introduce our reduction rules below. Our algorithm applies each reduction rule
exhaustively in the order in which they are stated. We begin by stating some simple

sanity check reduction rules.

Reduction Rule 1. If £k <0, or k=0, t > 1 and By satisfies less than t clauses
in Cq, then return that (9, k,t) is a no instance instance of CC-MAXSAT.

The safeness of Reduction Rule 1 follows from the fact that the cardinality of number
of variables assigned 1 cannot be negative and since £ = 0, all the variables must
be assigned 0 values and an all zero assignment must satisfy at least ¢ clauses for
(®, k,t) to be a yes instance instance of CC-MAXSAT.

Reduction Rule 2. If at least one of the following holds, then return that (®, k. t)
is a yes instance instance of CC-MAXSAT.

1. By satisfies at least t clauses in Cg.

2. k>0 and there exists a variable v € Vg such that df(v) > t.

The safeness of Reduction Rule 2 follows from the following facts: For the first
condition, if an all zero assignment satisfies at least ¢ clauses, then trivially (®, k,t)
is a yes instance instance of CC-MAXSAT. For the second condition, there exists
an assignment which assigns v to true in case dg(v) > t, then the variable v alone

can satisfy at least t clauses in Cg.

When none of the Reduction Rules 1 and 2 are applicable, we obtain the following

observation.

Observation 4. Consider a minimum weight assignment 3 of Vg that satisfies at

least t clauses in Ce. Then the number of clauses satisfied by (5 is at most 2t.
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Proof. As Reduction Rule 2 is no longer applicable 3 is not an all zero assignment.
Let u be a variable that has been assigned true value by 3. Now consider another
assignment (', where for every u' € Vg,u' # u, f'(v') = 5(u'), and f'(u) is false.
As Reduction Rule 2 is no longer applicable, 5’ is also not an all zero assignment.
Also, [ satisfies strictly less than ¢ clauses, as otherwise it contradicts that 3 is a
minimum weight assignment. Moreover, as Reduction Rule 2 is no longer applicable,
dj(u) <t and dg(u) < t. Notice that the difference between clauses satisfied by j3

and (' are the following:

e clauses that contain u as a positive literal and the remaining literals in the
clause evaluate to 0 - these type of clauses are satisfied under § only. Let the

set of these clauses be Cypos.

e clauses that contain u as a negative literal and the remaining literals in the
clause evaluate to 0 - these type of clauses are satisfied under 4’ only. Let the

set of these clauses be Cyneg.

Then, we can easily observe the following.
> |Cﬁ’| > |C,3| - |Cupos| + |Cuneg|-

Above observations imply that /5 satisfies at most ¢+ |Cupos| — |Cuneg| < t+|Cupos| < 2t

clauses. O

Lemma 14. Consider a set Y C V. Let |clalnt(Y)| = ¢. If |Y| > 2°- 7+ 1, for
some positive integer T, then in polynomial time we can find sets ?pos, ﬁeg CY and
a variable v € Y\ (}Afpos U ?neg) such that the following holds:

1. |i}p05| = |i}neg| =3

2. LetY = }/}pos U }/}neg U {v}. For every pair of variables u,u’ € Y and every
clause C' € clalnt(Y'), u appears in C' positively (negatively) if and only if u’
appears in C' positively (negatively).

3. For every variable u € }/}pos, ds () < dj(u).

4. For every variable u € iA/neg, dy (V) < dg(u).

Proof. Let clalnt(Y') = {C},---,Cy}. For each u € Y, we define a string I, on {0, 1}
of length ¢ by setting i-th bit of I', as 1 (0) if u appears as positively (negatively)
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in C;. By simple combinatorial arguments, we have that the number of different
I" strings that we can obtain are at most 2°. Since |Y'| > 2¢. 7 + 1, by pigeonhole
principle there exists a set Y/ C Y of size at least 7 + 1 such that for every pair
u,u’ of variables in Y', I, = I'y. Also for every clause C' € clalnt(Y'), u appears in
C positively (negatively) if and only if «’ appears in C' positively (negatively). Now
we obtain ?pos and }A/neg from Y.

We let )/}pos be a subset of Y’ of size 5 such that for every u € f/pos and every

U €Y'\ Yyos, di (1) < df(u). We let Yoeg be a subset of Y7 of size T such that for
every u € }A/}mg and every v € Y\ }A/neg, dy(u') < dg(u), that is, ?pos is the set of
first 7 variables in Y when sorted by their positive degrees. Similarly }A/neg is the set

of first § variables in Y’ when sorted by their negative degrees.

Observe that since |)/}pos| + |1A/neg] < Y], therefore Y’ \ ()/}pos U l/}neg) # 0. We let
v be an arbitrary variable in Y\ (}Afpos U }/}neg). By the above description, clearly
, }A/pos, and }A/neg satisfies the properties stated in lemma and can be computed in

polynomial time. O]

Next, we will describe reduction rules that help us bound the size of clauses in Cg.
For each p € [d— 1], we introduce Reduction Rule 3.p. We apply Reduction Rule 3.p
in the increasing order of p. That is, first apply Reduction Rule 3.1 exhaustively, and
for each p € [d— 1]\ {1}, apply Reduction Rule 3.p only if Reduction Rule 3.(p — 1)
has been applied exhaustively. We apply our reduction rule on a “large” subset of

Vs. To quantify “large” we introduce the following definition.

Definition 12. For each p € [d — 1|, we define an integer z, as follows:

o Ifp=1, then z; = 2% . (t(d — 1)+ 1), and

o 2, =212 (¢t .2, 1 +1), otherwise.

The following observation will be helpful to bound the size of our kernel.

Observation 5. z; ; < 4% (d-t4+1).

Reduction Rule 3. For each p € [d—1] we introduce Reduction Rule 3.p as follows.
If there exists Y C Vg such that |clalnt(Y)| =d —p and |Y| = 2z, + 1. Use Lemma
1/ to find sets ?pos,f/neg CY and a variable v € Y\ (ffpos U )/}neg) which satisfies
properties stated in Lemma 1/. Remove v from Vg and return the instance (9, k, ).
Here, @' is the formula with variable set Vo \ {0} and clause set |Jgoee, €\ {0}
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cIaInt(Y)

Clauses

Variables
Figure 9.1: A visual representation of Reduction Rule 3
Lemma 15. Reduction Rule 3 is safe.

Proof. To show that the lemma holds, we will show that (P, k,t) is a yes instance
instance of CC-MAXSAT if and only if (9, k,?) is a yes instance instance of CC-
MAXSAT, for each p € [d — 1]. We prove the lemma by induction on p.

Base Case: p = 1. We have z; = 247! . (t(d — 1) + 1). By Lemma 14 we have
\?pos| = ]}//\},eg| = 2t(d — 1) + 2. In the forward direction suppose that (®,k,t) is a
yes instance instance of CC-MAXSAT and let 8 be its minimum weight assignment.
Let Cs C Cp be the set of clauses satisfied by 5 and C~5 = Cs \ claInt(Y") be the set
of clauses satisfied by £ but not in clalnt(Y). Observe the following:

1. By Observation 4, the number of clauses satisfied by 3 is at most 2¢, that is
‘Cg’ < 2t.

2. Suppose that C' € Cs. Then, since & is a Ky g-free formula and |clalnt(Y) U
{C}| = d, we have |var(C) NY| < d— 1. As otherwise the set of variables
var(C)NY and set of clauses clalnt(Y)U{C} will contradict K, 4-free property.

By (1) and (2) the set of variables in Y, that appear in clauses in the set C73 is
bounded by 2¢(d — 1). Hence the set of variables in }Afpos and in ?neg, that appear in
clauses in the set Cj is bounded by 2¢(d—1). That s | UCE@ var(C)ﬂ?pos] < 2t(d—-1)
and | UCGEE var(C) N Yneg| < 2t(d —1).

Recall that |?pos| = |}A/neg| = 2t(d — 1) 4+ 2. Therefore, there exists two variables say

wy, Wy € lA/pos such that wy,wy do not appear in any clause in C~5 Similarly, there
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exists two variables say uy, us € ?neg such that uq, us do not appear in any clause in
C~5. That is every clause that is satisfied by § and contains any of wy, ws, uy, us is
contained in clalnt(Y"). This also implies that every clause that is satisfied by any of
the variables wy, ws, uy, ug in assignment f3, is contained in clalnt(Y"). Now consider

the following cases:

Case 1: §(v) = 1. First we claim that w; and wy are both set to false by 5. Suppose
for a contradiction that one of them say w is set to true, that is f(w;) = 1. By the
properties of }Afpos, and ¥ (See Lemma 14), in every clause C' € clalnt(Y), either both
v and w; appear positively in C' or both U, w; appear negatively in C'. Further, since
wy can only satisfy clauses in clalnt(Y') by assignment 3, we have that w; satisfies
same set of clauses as v in clalnt(Y"). That is Ng(w1)NCs = Ng(0)NCs. In this case,
we can obtain another assignment of smaller weight by setting w; to false, which
contradicts that £ is a minimum weight assignment. By similar arguments we can

show that wy is set to false by f.

Now we will construct an assignment ' for variables Vo = Vg \ {0}, by setting
the value of w; to true and we will show that g’ satisfies as many clauses in ®’ as
satisfied by 5 in ®. We define ' formally as follows: §'(w;) = 1, and for every
u € Vo \ {v, w1}, f'(v) = B(u). Notice that Cg comprises of the following set of
clauses satisfied by (i) clauses that do not contain variables v, w;, (ii) clauses
that are in clalnt(Y") and that contains variable v positively, (iii) clauses that are in
claInt(Y") and that contains variable w; negatively, and lastly (iv) clauses that are

not in clalnt(Y’) and that contains variable ¥ positively.

Clearly Cq contains every clause in the set (i) and they are also satisfied by ’. For
every clause C' € Cg that contain v, we have a clause C'\ {v} in Ce. If C'is a clause
in the set (ii), then C contains v positively and thus also contains w; positively.
Therefore, C'\ {0} is satisfied by ’. Hence for every clause in the set (ii), we have
a clause in Cg satisfied by w; in f’. Next, consider a clause C' in the set (iii), then
C' contains w; negatively and thus also contains wy negatively. As argued before
B(wy) = P'(we) = 0. Therefore, C'\ {v} is satisfied by wy in ’. Hence for every

clause in set (iii), we have a clause in Cg satisfied by ('

Now we are only remaining to show that 5’ compensate for the clauses in the set (iv)
for ®. For that purpose recall that we have dg (0) < dg(w;), by the properties of
Yios, and ¥ (See Lemma 14). Therefore [Ny (wy)| > |Ng (0)|, and hence [Ny, (wy)| >
INg (0)]. Also (N4 (wy) NCg) \ clalnt(Y) = 0. That is, the clauses which contains

wy positively and are not in clalnt(Y") were not satisfied by 5. As (' sets w; to true,
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now clauses in NJ, (w) are satisfied by 3’. We obtain the following:
|(Ng (w1) N Cp)| — [ Ng (wr) N clalnt(Y)] = [(Ng (8) N Cy)| — [Ng () N clalnt(Y)].

|(Ng (w1) N Car)| = [Ng (w1) Nclalnt(Y)] = [(Ng () N Cs)| — [Ng (9) N clalnt(Y)].

All the above discussion concludes that the number of clauses satisfied by ' in &’
are at least the number of clauses satisfied by 5 in ®. Hence, (¥, k,t) is a yes
instance instance of CC-MAXSAT.

Case 2: ((v) = 0. We can show that at least one of wuy,us is set to false by
B, by using analogous arguments that were used in Case 1 to show that when v
is set to true then both w; and wsy are set to false. Without loss of generality
suppose that u; is set to false by 5. We will show that assignment S restricted to
Vo = Vo \ {U} satisfies as many clauses in @' as satisfied by g in ®. We define
p" as B restricted to Vg formally as follows: for every u € Vg \ {0}, f'(u) = B(u).
Notice that Cs comprises of the following set of clauses satisfied by 3 (i) clauses that
do contain variable v, (ii) clauses that are in clalnt(Y) and that contains variable U
negatively, and lastly (iii) clauses that are not in clalnt(Y") and that contains variable

v negatively.

Clearly C¢ contains every clause in the set (i) and they are also satisfied by /. For
every clause C' € Cg that contain v, we have a clause C'\ {v} in Cq. If C' is a clause
in the set (ii), then C' contains v negatively and thus also contains u; negatively.
Therefore, C'\ {v} is satisfied by 4’. Hence for every clause in the set (ii), we have a
clause in Cq satisfied by u; in f’. Now we are only remaining to consider the clauses
in the set (iii). That is the set of clauses that are not in clalnt(Y") and contains v

negatively. We claim that there is no clause in set (iii), that is Ng (0) \ clalnt(Y") = 0.

To prove the claim first recall that we have dg(v) < dg(u1), by the properties
of }A/}wg, and v (See Lemma 14). Therefore |Ng (u1)| > |Ng (v)]. Also Ng (ug) N
clalnt(Y) = Ng (v) Nclalnt(Y'). Further, (Ng (u1) NCs) \ clalnt(Y") = 0. Therefore,
Ng (ur) \ clalnt(Y) = 0, as w; is set to false by 5. If (Ng () NCs) \ clalnt(Y") # 0,
then Ng (0) \ clalnt(Y") # 0. Therefore |Ng (uq) \ clalnt(Y)| < |Ng (0) \ clalnt(Y)].
Hence, the following holds:

dy(u1) = [(Ng (ur) Nclalnt(Y))| 4+ |(Ng (uqr) Nclalnt(Y))],

dy(u1) = [(Ng (ur) Nclalnt(Y))] + [(Ng (v) N clalnt(Y))],

dg (uy) < |(N3 (3) N clalnt(Y)] + | (N5 () N clalnt(Y))].
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Thus dg(u1) < dg(v), a contradiction. All the above discussion concludes that the
number of clauses satisfied by ' in ®" are at least the number of clauses satisfied

by f in ®. Hence, (¥, k,t) is a yes instance instance of CC-MAXSAT.

It is easy to see that in the backward direction if (®', k,t) is a yes instance instance
of CC-MAXSAT then (®,k,t) is a yes instance instance of CC-MAXSAT. As any
assignment 3’ of Vg can be extended to an assignment 3 of ® by setting v to false
and assigning every variable u # v as S(u). By the definition of @', [ satisfies as

many clauses as ' and weight of 3 is equal to weight of /5’

Induction Hypothesis: Assume that Reduction Rule 3.p is safe for all p < ¢,
qgeld—2].

Inductive Case: p = q. We have z, = 2¢P*2. (t. 2, | + 1) + 1. By Lemma 14 we
have DA/pos| = \}Afneg| = 2t-2z,_1+2. In the forward direction suppose that (®,k,t) is a
yes instance instance of CC-MAXSAT and let 8 be its minimum weight assignment.
Let Cs C Cg be the set of clauses satisfied by 8 and Cs = Cs \ clalnt(Y') be the set
of clauses satisfied by 8 but not in clalnt(Y). Observe the following:

1. By Observation 4, the number of clauses satisfied by S is at most 2¢, that is
ICs| < 2t.

2. Suppose that C' € CNB Then, since Reduction Rule 3.(p — 1) is not applicable
and |clalnt(Y)U{C} =d—p+1=d— (p—1), we have |var(C)NY| < z,_;.
As otherwise the set of variables var(C') NY and set of clause clalnt(Y) U {C'}
will contradict that Reduction Rule 3.(p — 1) is not applicable.

By (1) and (2) the number of variables in Y, that appear in clauses in the set Cg is
bounded by 2t - z,_;. Hence the number of variables in }Afpos and in ﬁeg, that appear
in clauses in the set Cﬁ/\is bounded by 2t-z,_1. That is | UCeé} var(C)NYopos| < 2t-2,1
and | UCGE’E var(C) N Yeg| < 2t 2,1.

Recall that |§A/pos| = ]}Afneg| = 2t - 2,_1 + 2. Therefore, there exists two variables say
wy, Wy € }Afpos such that wi,wy do not appear in any clause in C:; Similarly, there
exists two variables say uq, us € }A/neg such that uq,us do not appear in any clause in
CNg. Now by analogous arguments as in Case 1 and Case 2 of the base case, it follows
that (®',k,t) is a yes instance instance of CC-MAXSAT. Backward direction also

follows similar to the base case. This completes the proof. O

When Reduction Rule 3 is no longer applicable, we have that every set Y C Vg such
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that |clalnt(Y)| > d — (d — 1) = 1, satisfies |Y| < z4_1. In other words for every

clause C € Cg, |Vs| < 24-1. We record this observation in the following.

Observation 6. When Reduction Rules 1-5 are not applicable, then for every clause
C € Cs, var(C)| < zg-1.

For stating our next reduction rule, we define two sets 1//\;,05,17”81; C Vs of size
min{n, z;_1 + 1} with the following properties: (1) For every variable u € 17,,05
and every variable v’ € Vg \ Vpos, dg(u) > df(u'). (2) For every variable u € \A/neg
and every variable v’ € Vg \ ‘Zeg , dg(u) > dg(u'). Clearly, if Vo > 2t - 24-1 + 3,
then by pigeonhole principle Vg \ (\7,,05 U ‘A/neg) ().

Reduction Rule 4. If |Vg| > 2t - 241 + 3, then let u € Vg \ (ffpOS U YA/neg). Remowve
u from Ve and return the instance (9, k,t). Here @ is the formula with variable

set Vo \ {u} and clause set Joee, O\ {u}-

Lemma 16. Reduction Rule j is safe.

Proof. In the forward direction suppose that (®,k,t) is a yes instance instance of
CC-MAXSAT. Let 8 be its minimum weight assignment and let X be the set of
clauses satisfied by . Since Reduction Rule 2 is not applicable g is not an all zero

assignment.
(1) By Observation 4, | X| < 2t.
(2)By Observation 6, for every C' € Cg, |var(C)| < z4_1.

Let Y = [Joey var(C), then by (1) and (2), [Y| < 2t- z4_;. Therefore, there exists a
variable say w, € ‘A/pos and there exists a variable say wy € IA/neg such that wy,ws ¢ Y
and hence, Ng(w1)NX = Ng(we)NX = (). Since [ is a minimum weight assignment,

B(wr) = Blws) = 0.

Case 1: (u) = 1. We obtain another assignment by setting the value of w; to true.
That is we construct a new assignment 5’ of Vo = Vg \ {u} as follows: f'(w;) =1,
and for every v € Vg \ {u,w;}, 8'(v) = B(v). We have df(u) < df(w;) (by the
definition of Ves). Let X' = (X \ Ny (u)) UN (wy) and X” = gy O\ {u}. Then
observe that X" is the set of clauses satisfied by . Also | X"| = |X'| > |X]| > t.
This implies that 5’ is a solution to (9’ k,t) of CC-MAXSAT.

Case 2: [(u) = 0. We have dg(u) < dg(ws) (by the definition of IA/neg) and
Nz (w2) N X = 0. As both u,w; are set to false by 8, Ng (wq) \ X = Ng (u) \ X =
0. Therefore Ng (u) N X = ), as otherwise |Ng (u) N X| > |Ng (we) N X| which
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contradicts dg(u) < dg(wz) . Then observe that X” is the set of clauses satisfied
by 3 restricted to Vg \ {u} = Ver. Also |X”| = |X’'| = |X| > t. This implies that
assignment [ restricted to Vg is a solution to (¥, k,t) of CC-MAXSAT.

It is easy to see that in the backward direction if (®', k,t) is a yes instance instance
of CC-MAXSAT then (®,k,t) is a yes instance instance of CC-MAXSAT. As any
assignment 3’ of Vg can be extended to an assignment 3 of ® by setting u to false
and assigning every variable v # u as §(v). Observe that [ satisfies as many clauses

as ' and weight of (3 is equal to weight of 5’. This completes the proof. m

Observe that Reduction Rules 1, 2 and 4 can be applied in polynomial time. Re-

Od)nOM) time in the following manner: to apply

duction Rule 3 can be applied in m
Reduction Rule 3.p, for some p € [d — 1], try all subsets of clauses of size d — p. For
each such subset, check if the set of variables in common in these clauses is at least
z, + 1 (this check can be done in time polynomial in the size of the clauses). If so,

apply Reduction Rule 3.p on this set.

Each of our reduction rules is applicable only polynomially many times. Hence,
the kernelization algorithm runs in polynomial time. Each of our reduction rules is
safe. When Reduction Rules 1-4 are no longer applicable, the size of the set Vg is
bounded by 2t(z4_1) + 2, and number of clauses a variable appears in is bounded
by 2t, and there are no variables which do not appear in any clause. Therefore

by using Observation 4, the number of variables and clauses in ® is bounded by
O(d4d2+1td+1)'

Theorem 13. CC-MAX-SAT in K4 4-free formulae admits a kernel of size O(d4? 1),

9.3 Polynomial kernel for DEC MAXRBDS on K, 4-

free graphs parameterized by ¢

We design a kernelization algorithm for DEC MAXRBDS on Ky 4-free graphs, pa-
rameterized by the number of vertices to be dominated by a solution — i.e., the

parameter is t. This is also an important component used in improving the running
time of the EPAS of MAXRBDS in Chapter 5.2.

We give an outline of the kernel below. Consider an instance (G = (A, B, E), k,t)
of DEC MAXRBDS, where G is a K, 4-free bipartite graph with bipartition (A, B),

and k,t € N. Our kernelization algorithm works in three phases. In the first
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Figure 9.2: Notations for Kernel. The union of colors in boxes denotes the corre-
sponding sets

phase, we apply some simple sanity check reduction rules to eliminate trivial yes
instance/no instance instances of DEC MAXRBDS and a reduction rule to remove
all the isolated vertices in G. Reduction rules in this phase (1) upper bound the
degree of vertices in A by t, (2) lower bound degree of vertices in G by 1, and (3) lead
to an observation that any smallest solution S, can dominate at most 2t vertices.

The above facts are useful to establish proofs in the next two phases.
Suppose (G, k,t) is a yes instance instance and let S be a smallest solution.

In the second phase, we bound the degree of vertices in B by a function of ¢ and
d, say f(t,d). Here, we use the K g4-free property crucially. By the definition of
K 4-free graph, a set of size d in A cannot have d common neighbors in B. In other
words, a set of size d in B cannot have d common neighbors in A. We generalize
this idea together with the degree bound on A (obtained in phase one) to bound
the size of a set in A that have p € [d — 1] common neighbors by identifying and
deleting some “irrelevant” vertices in A. For a set X C A, let comN(X) denote
Muex N(u). Let comN(X,S) = comN(X) N N(S), and Z = N(S) \ comN(X). Let
N(S) = {h1,...,h}. For each vertex h; € N(S5), let X; = X N N(h;). Refer to

Figure 9.2 for a visual representation.

For an intuition, suppose we have already managed to bound the size of every subset
of A, that has at least two common neighbors, by f(¢,d). Now consider aset X C A

such that vertices in X has at least one common neighbor say u, i.e., v € comN(X).

Now, suppose that a vertex h; € (N(S) \ {u}) has neighbors in X, that is X; =
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N(h;)NX # (). Then observe that vertices in X; have at least two common neighbors
including w and h;, that is [comN(X;)| > 2 and {u,h;} C comN(X;). Now, by
considering the bound on sizes of sets that have at least two common neighbors, we
obtain that | X;| is also bounded by f(t,d). We will now mark neighbors of vertices
in Z in X and will conclude that if X is sufficiently “large”, then there exists an

irrelevant vertex in X, that can be deleted.

For each vertex h; € 7 we observed above that X; = N(h;) N X is bounded by
f(t,d). Therefore, for each h; € 7, we mark at most f (t,d) vertices in X. By our
observation, in phase one, |[N(S)| is bounded by 2t and therefore, we mark at most
2t- f(t,d) vertices in X. Now, if the size of X is larger than 2¢- f(¢, d), we can obtain

a “good” vertex in X which is not adjacent to (does not dominate) any vertex in Z.

For a “large” sized set X (sufficiently larger than 2¢f(t, d)), if we delete a vertex,
say w € X, of smallest degree, then given any solution containing w, we can always
obtain a better or equally good solution by replacing w with a good vertex in X.
Employing the above discussion, by repeatedly applying a careful deletion procedure,
we manage to bound the size of sets in A that have at least one common neighbor.
By repeating these arguments, we can show that to bound the size of sets with at
least 2 common neighbors, all we require is to bound size of sets with at least 3
common neighbors. Thus, inductively, we bound size of sets with d — 1 common
neighbors, by using the fact that the input graph is Ky 4-free. Thus, the algorithm
starts for d — 1 and applies a reduction rule to bound the size of sets with d — 1
common neighbors. Once we apply the reduction rule for d — 1 exhaustively, we
apply for d — 2 and by inductive application, we reach the one common neighbor
case. To apply the reduction rule for p € [2,d — 1], we assume that the reduction
rules for d — 1 common neighbor case have already been applied exhaustively. The
bound on the size of the sets with one common neighbor also gives a bound on the
degree of vertices in B by f(t,d).

Finally in the third phase, the algorithm applies a reduction rule to delete all the
vertices in A which are not amongst the first g(¢, d) high degree vertices in A, when
sorted in non-increasing ordering of their degrees, which together with the upper
bound and lower bound obtained on the degree of vertices in A, B obtained in phase

one, gives the desired kernel size.

We now introduce our reduction rules. Our algorithm applies each reduction rule
exhaustively in the order in which they are stated. We begin by stating some simple

sanity check reduction rules.
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Reduction Rule 5. If k <0, or k=0 and t > 1, then return that (G, k,t) is a no
instance instance of DEC MAXRBDS.

The safeness of Reduction Rule 5 follows from the fact that the cardinality of any
set cannot be negative and to dominate ¢ > 1 vertices, a non empty set of vertices

is required.

Reduction Rule 6. If k > 0 and there exists a vertex v € A such that deg(v) > t,
then return that (G, k,t) is a yes instance instance of DEC MAXRBDS.

The safeness of Reduction Rule 6 follows from the fact that the vertex v alone
can dominate at least ¢ vertices. When the above reduction rules are no longer

applicable, we obtain the following fact.

Observation 7. Suppose that S is a smallest solution to (G, k,t) of DEC MAXRBDS.
Then, |N(S)| < 2t.

Proof. Consider a vertex u € S. If |[N(S\ {u})] > ¢, then S\ {u} is a smaller
solution than S. Therefore, |[N(S \ {u})| < t. Since Reduction Rule 6 is no longer
applicable, we have deg(u) < t. Hence, |N(S)| < 2t. O

The following reduction rule removes isolated vertices in G.

Reduction Rule 7. If there exists u € V(G) such that deg(u) = 0, then delete
u from G. Return the resultant instance (G = (A \ {u}, B, E),k,t) if u € A,
(G =(A,B\ {u},E), k,t) otherwise.

The safeness of Reduction Rule 7 follows from the fact that such vertices cannot be

in a minimal solution and cannot be dominated by any solution.

Next, we describe the reduction rules that help us bound the degree of vertices
in the set B. For each p € [d — 1], we introduce Reduction Rule 8.p. We apply
Reduction Rule 8.p in the increasing order of p. That is, first apply Reduction
Rule 8.1 exhaustively, and for each p € [d — 1] \ {1}, apply Reduction Rule 8.p
only if Reduction Rule 8.(p — 1) has been applied exhaustively. We observe that
after exhaustive application of the Reduction Rule 8.p, the resultant graph becomes

Ky, a—p-free, where ¢, is defined in as follows.

Definition 13. For each p € [d — 1], we define an integer t, as follows:

o [fp=1, thent; =2t(d— 1)+ 1, and
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o t, =2t(t,_1) + 1, otherwise.

Observation 8. t, | < (2t)1d

We recall that for a set X C A, by comN(X), we denote [, N(u). For X, S C A,
by comN(X,S), we denote comN(X) N N(S). We apply our reduction rule on a
“large” sized subset of A where “large” is quantified by ¢, defined in Definition 13.

Reduction Rule 8. For each p € [d—1] we introduce Reduction Rule 8.p as follows.
If there exists X C A such that [comN(X)| =d —p and | X| =t, + 1, then let v be
a minimum degree vertexr in X. Delete v from G and return the resultant instance
(G', k,t), where G' = (A\ {v}, B,E\ E,).

Lemma 17. Reduction Rule § is safe.

Proof. To show that the lemma holds, we will show that (G, k,t) is a yes instance
instance of DEC MAXRBDS if and only if (G', k,t) is a yes instance instance of
DeEc MAXRBDS, for each p € [d — 1]. We prove the lemma by induction on p.

Base Case: p = 1. Suppose that |X| = 2¢(d — 1) + 2. In the forward direction,
suppose that (G, k,t) is a yes instance instance of DEC MAXRBDS. Let S be its
smallest solution. If v ¢ S, then observe that S is also a solution to (G’ k,t) of
Dec MAXRBDS. Now, suppose that v € S. Let N(S) = {h1,..., hyn(s)}. For
each vertex h; € N(S), let X; = X N N(h;). Let Z = N(S) \ comN(X).

(1) By Observation 7, | Z| < |N(S)| < 2t.

(2) By the fact that G is a Kyg4-free graph, we obtain that for each vertex h; € 7 ,
| X;| = |[N(h;) N X| < d—1. This is because |[comN(X;)| > d as h; UcomN(X) C
comN(Xj;).

By (1) and (2), |N(2) N X| < 2t(d — 1). This implies that there exists a vertex
w e (X \ {v}) such that N(w)NZ =0, as | X \ {v}| = 2t(d — 1) + 1. We construct
a set S" by replacing v in S by w, that is S" = (5'\ {v}) U{w}. We have N(S5') =
(N(S)\N(v))UN(w). Also, since deg(v) < deg(w) and N(v)NN(S) 2 N(w)NN(S),
we have |[N(S")| > |[N(S)| > t. Since S" C V(G'), we have that S’ is also a solution
to (G', k,t) of DEC MAXRBDS. In the backward direction, suppose that (G’, k, t)
is a yes instance instance of DEC MAXRBDS and let S* be its solution. Then, as
G’ is a subgraph of G, N[S*] C V(G). Thus, S* is also a solution to (G, k,t) of DEC
MaxRBDS.
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Induction Hypothesis: Assume that Reduction Rule 8.q is safe for all ¢ < p — 1,
p € [d—1].

Inductive Case: We have that | X| =t, + 1. In the forward direction, suppose that
(G, k,t) is a yes instance instance of DEC MAXRBDS. Let S be its smallest solution.
If v ¢ S, then observe that S is also a solution to (G', k,t) of DEC MAXRBDS.
Now, suppose that v € S.

As Reduction Rules 8.¢q are not applicable, where ¢ < p — 1, every set Y C X such
that |comN(Y)| > d — (p — 1), satisfies that |Y| < t,_;. In other words, for every
set Z C Z of size d — (p — 1), the set X’ C X such that Z C comN(X") has size at

most t,_1.

Let N(S) = {hq,...,h}. For each vertex h; € N(S), let X; = X N N(h;). Let
Z = N(S) \ comN(X).

(1) By Observation 7, | Z| < |N(S)| < 2t.

(2) For each h; € Z, observe that |comN(X;)| > d—p+1 =d— (p— 1) as
comN(X) U h; € comN(X;). Which implies that | X;| <, ;.

By (1) and (2) we obtain that |N(Z) N X| < 2t(t,—1). Therefore, there exists a
vertex w € (X \ {v}) such that N(w) N Z = 0, as | X \ {v}| = 2t(t,—1) + 1. We
construct a set S’ by replacing v in S by w, i.e., S" = (S\ {v}) U{w}. We have
that N(S") = (N(S) \ N(v)) U N(w). Since deg(v) < deg(w), and comN(X,S) =
N@)NN(S) 2 N(w)NN(S), we have |[N(S")| = |N(S)|—deg(v)+deg(w). Therefore,
IN(S")| > |N(S)| >t. As S" C V(G"), we have that S’ is also a solution to (G, k, t)
of DEc MAXRBDS. In the backward direction, suppose that (G’,k,t) is a yes
instance instance of DEC MAXRBDS and let S* be its solution. Then, as G’ is
a subgraph of G, N[S*] C V(G). Thus, S* is also a solution to (G, k,t) of DEC
MAXRBDS. This completes the proof. O]

When Reduction Rule 8 is no longer applicable, we have that every set X C A such
that [comN(X)| > d — (d — 1) = 1, satisfies | X| < t4_1. In other words, for every

vertex u € B, |N(u)| < ty_1. We record this observation as follows.

Observation 9. When Reduction Rules 5-8 are not applicable, then for every vertex
v e B, deg(v) <ty;.

Reduction Rule 9. Let X be the set of first min{n,2t(ty_1) + 1} vertices in A
when sorted by non-increasing order of their degrees. If there exists v € A\ X, then
delete v and return the resultant instance (G', k,t), where G' = (A\{v}, B,E\ E,).

136



Lemma 18. Reduction Rule 9 is safe.

Proof. To show that the lemma holds, we will show that (G, k,t) is a yes instance
instance of DEC MAXRBDS if and only if (G',k,t) is a yes instance instance of
DeEc MAXRBDS. In the forward direction, suppose that (G, k,t) is a yes instance
instance of DEC MAXRBDS and let S be its smallest solution. If v ¢ S, then
observe that S is also a solution to (G’, k,t) of DEc MAXRBDS. Now, suppose
that v € S. Let Z = N(S) \ comN(X).

(1) By Observation 7, | Z| < |N(S)| < 2t.

(2) By Observation 9, we know that the degree of every vertex in B is bounded by

tg—1.

By (1) and (2), the number of vertices in X that have a neighbor in Z is bounded
by 2t(ts—1), that is |N(Z\)| < 2t(tq—1). This implies that there exists a vertex
w e (X \ {v}) such that N(w)NZ =0, as |X \ {v}]| = 2t(ta_1) + 1. We construct
a set S’ by replacing v in S by w, i.e., S’ = (5\ {v}) U{w}. We have N(5') =
(N(S)\ N(v)) U N(w). Since deg(v) < deg(w), and comN(X,S) = N(v) N N(S) =
N(w) N N(S) = S\ Z, we have |[N(S')| = [N(S)| — deg(v) + deg(w). Therefore,
IN(S)| > |N(S)| >t. As S" C V(G'), we have that S’ is also a solution to (G', k, t)
of DEc MAXRBDS. In the backward direction, suppose that (G',k,t) is a yes
instance instance of DEC MAXRBDS and let S* be its solution. Then as G’ is
a subgraph of G, N[S*] C V(G). Thus, S* is also a solution to (G, k,t) of DEC
MaxRBDS. This completes the proof. O

Observe that Reduction Rules 5-7 and 9 can be applied in polynomial time. Reduc-
tion Rule 8 can be applied in n®@ time. Each of our reduction rules is applicable
only polynomial many times. Hence, the kernelization algorithm runs in polynomial
time. Each of our reduction rule is safe. When Reduction Rule 9 is no longer appli-
cable, the size of the set A is bounded by 2t(t4_1) + 1, the degree of each vertex in A
is bounded by ¢, and there are no isolated vertices in U. Therefore, the number of
vertices in G is bounded by ¢(2¢((2t)?*d)+1) (that is O(t¢"'d)) and by Observation

8, we obtain the following theorem.

Theorem 14. DEC MAXRBDS in K, 4-free graphs admits a kernel of size O(t?11d).
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Part III: Optimizing objects to

satisfy constraints
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Chapter 10

PAS for Coverage parameterized

by solution size

In contrast to the previous chapters, where we aimed to approximate the cover-
age requirements (with a smallest sized solution), here, we present a scheme that
approximates (with an additive factor) the solution size while satisfying the cover-
age requirements exactly. Specifically, we give a PAS parameterized by k for MAX
RED BLUE DOMINATING SET WITH COVERING CONSTRAINT and its generaliza-
tion with fairness constraints in Chapters 10.2 and 10.3 respectively. We also give

a hardness of approximation result for the same in Chapter 10.4.

10.1 Overview of the PAS

When ¢ > L, we invoke the one-additive approximation algorithm, whereas for

3
%, we optimally solve by trying all possible sets of size at most £k in no:)

time which is allowed in a PAS. We use the following strategy for the additive

€ <

approximation algorithm. For each ¢ € [n], we invoke the EPAS for MAXRBDS
with ¢ = %. Note that for i = k, this will definitely return us a set S’ C A of size
at most k such that |N(S)| > ¢(1 — £) (this may even happen for i < k). The
idea is then to try and use the leverage of an extra vertex to dominate (a vertex
u dominates a vertex v if v € N(u)) the additional % vertices in B. In the case
when we cannot find that additional verter, we are able to bound the number of
vertices in A with sufficiently high degree using the properties of Ky 4-free graphs,

in particular, using the combinatorial lemma (Lemma 6). Furthermore, we argue
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that every set X C A of size at most k, such that |N(X)| > ¢, contains at least
one such high degree vertex. Then, we branch on the choices for this vertex v, and
recursively solve the problem. In any iteration, if we are not able to return a set
S* C A of size k + 1 with [N(S*)| > t, we will be able to find a new vertex of the

optimal solution and hence the depth of the recursion tree is bounded by k.

10.2 A one-additive approximation for MAX RED
BLUE DOMINATING SET WITH COVERING CON-

STRAINT on K, -free instances

We present a one-additive approximation algorithm running in FPT time for MAX
RED BLUE DOMINATING SET WITH COVERING CONSTRAINT on K, 4-free in-

stances and state our main result below.

Theorem 15. There exists an algorithm for MAX RBDS CovC, that given a Kgq4-
free bipartite graph G, with V(G) = AW B, an integer k, runs in time (kd)°*dpOM)
and returns a set S C A of size at most k + 1 such that |[N(S)| > t, where k =
OPT,(@).

Recall that an input to Max RBDS CovC consists of a bipartite graph G, with
V(G) = AW B, and an integer t, and the objective is to find a set S C A of size
k such that |[N(S)| > t, where k = OPT,(G). We call a set A" C A of size k
with |N(A’)| > t as a t-optimal solution. For our approximation algorithm, we
use EPAS algorithm for MAXRBDS (Theorem 3), the polynomial kernel for DEC
MAXRBDS (Theorem 14) in conjunction with the following lemma, which states
that if we take sufficiently many high degree vertices, then either one of them goes
into the optimum solution or we can find a vertex from this set that together with
the approximate solution returned by the FPT-AS algorithm for MAXRBDS covers

the requisite number of vertices.

Lemma 19. Let G be a Kyg4-free bipartite graph with V(G) = AW B, and let
¢ < k and t' be two positive integers. Let S" C A be an { sized set such that
IN(S")| > ¢ (1 — 45), where t' > 8(*d, and H be the set of {(d — 1)(4(*)* + 1 highest
degree vertices from A. For any S C A of size £ with |[N(S)| > t', either SN H # ()
or there exists a verter x € H such that |[N({z} US")| >t

! . .
Y Since S is a

Proof. Suppose a lowest degree vertex in H has degree less than ;.
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set of size ¢, if SN H = (), then all the vertices in V(G)\H have degree less than
7-1 and hence N(S) < £- €+_1 < t' which contradicts the fact that [N (S )| > t'. From
here onwards, we assume that every vertex in H has degree at least ;7 +1 We will
prove the above lemma using a contradiction. Towards a contradiction, assume that
for every y € H, let IN({y}US")| <. But, |[N(y)| > Zil’ and [N ()| > (1 —5).
Hence,

IN)NN(S) = NS+ IN(y )!—IN({y}US’)! (10.1)
> t'(l——) e (10.2)

_ ( —4i) (10.3)

(10.4)

v

2€

From pigeonhole principle, for every y, there exists a vertex v; € S’ such that

N NN > U T

Again using pigeonhole principle, we can conclude that Jv € S’ such that there
are at least % many vertices y € H, with [N (y) N N(v)| > 5. We denote all
these vertices by H,. Now we construct a bipartite graph G, = G[H, U N(v)].
Notice that we can always assume |N(v)| < t' (otherwise for any x € H we simply
return {z} U S’ as the desired #-optimal solution). We set 3 = 20 If % < d,
then |N(v)| = |B| < 28d < 46%d. As, [N(v)| > |[N(v) N N(y)| > &5, we get that
t' < 8¢*d, which is a contradiction. Thus, we can assume that |B| > d. This implies
that H, C AH Dg (N(v)) (as defined in Equation 5.5), since every vertex in H, has
degree at least % > d. By applying Lemma 6, we get |H,| < (d — 1)(4¢*)?. But this

contradicts the fact that |H| > (d — 1)(4¢%)® + 1. O

With the above lemma in our hand, we give an FPT approximation algorithm for
Max RBDS CovC. We will use g(¢,d) as a place holder for ¢(d — 1)(¢%)?~! + 1.
We refer to Figure 9 for a detailed description of the algorithm. The algorithm in
Figure 9 invokes the algorithm in Figure 8 for each value of ¢ to find a solution of

size ¢ + 1.

Proof of Theorem 15. An input to our algorithm consists of a K, 4-free bipartite
graph G = (A, B, E) and an integer t. We call the algorithm APX-k-RBDS which
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Algorithm 8 APX-check-RBDS(G = (A, B, E), t, 1)

[t

: For i = 0, if there exists x € A such that |N(z)| > ¢, return {z}, else just return.
if t < 44%d then

Reduce the size of the graph to O(t¢*1d), using Theorem 14. Find an optimal
t-solution S by brute-force, and return S if and only if [S]| <@+ 1.
4: else if |A| < g(i,d) then

Find an optimal ¢-solution S (check all subsets of A) in (
S if and only if S| < i+ 1.
else

Let S’=APX-RBDS(G = (A4, B, E),i,e = ).

Let H C A be a set of g(i,d) highest degree vertices from A.

if for any z € H, [N({z} U S’)| > t then
10: return {z}US".
11: else if For any x € H, if APX-check-RBDS(G — N¢lz],i — 1,t — | Ng(2)|)
returns a set S then

14|
i+1

at

) time and return

12: return SU {z}, if [N(SU{z})| >t
13: end if
14: end if

Algorithm 9 APX-k-RBDS(G = (4, B, E), t)

1: for each value of i from 0 to n in increasing order do
2: if APX-check-RBDS(G = (A, B, E),t,i) returns a set S with |N(S)| > t
then

3: return S and exit.
4: end if
5. end for

in turn calls the recursive algorithm APX-check-RBDS(G = (A, B, E), t,i) for i =0
to n. Our algorithm terminates when APX-k-RBDS returns a solution set for the
smallest value of 7. In the iteration APX-check-RBDS(G = (A, B, E),t,OPT(G)),
the algorithm at any step either returns a one-additive approximate solution (Steps
2, 3, and 6) or is able to find a vertex of t-optimal solution (Step 7). For the second
case we remove this vertex as well as all its neighbors and proceed to the next step

of the recursion.

Approximation Ratio. We show that the algorithm APX-check-RBDS returns a set
S C A, of size at most k + 1, such that |[N(S)| > ¢ by induction on k.

Base Case. When k = 0, our algorithm returns a set {z} if and only if |[N(z)| > ¢
and thus the statement holds.

Inductive Case. Here we have 4 subcases.
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Case (i): The first case is when t < 4k?d.
Case (ii): The second case is when |A| < g(k, d).

Case (iii): The third case is when there exists z € H, |[N({z} US")| > t.

For the first three cases the algorithm only returns a set S if and only if [S| < k+1
and |N(S)| > t. So the correctness of the inductive step is evident.

Case (iv): In this case t > 4k*d, |A| > g(k,d) and for all z € H, |[N({z} U S")| < t.
Due to Lemma 19, for any S C A of size k with [N(S)| > ¢, SN H # (. So
there exists a vertex v € H NS. We claim that S = {v}UAPX-check-RBDS(G —
Nglv],k — 1,t — |[Ng(v))| is an at most k + 1 sized set with |[N(S)| > ¢. From
induction (G — Ng([v],k — 1,t — [Ng(v))| returns us a set S’ of size at most k such
that [N(S")| > t—|Ng(v))| in G— Ng[v], since OPT(G— Ng[v],t—|Ng(v))|) = k—1.
Adding v to S, we also dominate all the vertices in Ng[v]. Hence {v} U S’ is a set
of size at most k + 1 such that with |N({v} U S")| > ¢.

Running time. The running time of the algorithm APX-check-RBDS is governed

by the following set of recurrence equations.

L T(k) < g(k,d) - T(k — 1) + (kd)°%D + g(k, d)*'nC® 4 (£)°® 00 (where

€= 2:)-

2. T(0) = n°W,

Notice that Steps 2, 3 and 4 of the algorithm take (kd)®* 4 g(k,d)* 'n®® and
(4k)°®nOM) time, respectively, while all other steps take n®®) time. And the above
recurrence equations solve to T(k) < g(k, d)*((kd)®*) 4 g(k, d) 1 4 (4k)OF))nO0),
Thus, T'(k) < (kd)®*Dn©0) | The running time of algorithm APX-k-RBDS is bounded

by
k

fl,d) =" T(i) < k((kd)*InOW) = (kd)O*In0),

1=0

The smallest value of ¢ for which our algorithm returns an at most ¢+ 1 size set S (a
solution), is either k£ — 1 or k. We show that S is a 1-additive approximation. If S =
S1 =APX-check-RBDS(G, k — 1,t) and Sy =APX-check-RBDS(G, k,t), then |S;| <
|Sa|. Since, Sy is a l-additive approximation solution, so is S;. The correctness
when S =APX-check-RBDS(G, k, t) is pronounced. O
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10.3 An r-additive approximation algorithm for
PARTITION COLOR CONSTRAINED DOMINATING

SET on K, 4-free graphs

We generalize the result of Section 10.2 by designing an r-additive FPT approx-
imation algorithm for PARTITION COLOR CONSTRAINED DOMINATING SET (or
PCCDS) on K, 4-free bipartite graphs. We recall the formal definition of PCCDS

here.

PARTITION COLOR CONSTRAINED DOMINATING SET (PCCDS)

Input: An instance Z = (G,r, f, k,t), where G = (AW B, F) is a bipartite
graph, f : B — [r] is a surjective function, a non-negative integer k, and for
each color j € [r], a coverage requirement t; > 0.

Here, B; .= {§ € B : f($) = j} is a set of vertices of color j, for each j € [r].
Parameter: £

Question: Does there exist a subset S C A, such that (1) |S| < k, and (2)
for each j € [r], |N;(S)| > t(j)? Here, N;(S) C B, is the set of vertices of

color j € [r] that are adjacent to at least one vertex in S.

Given an instance (G = (AW B, E),r, f,k,t) of the PCCDS problem, we return a
solution S C A of size at most r larger than any optimal solution while satisfying
the coverage requirement |N;(S)| > t;, for each color j. To design this algorithm,

we crucially use Lemma 19 from the previous section.

The lemma states that in a unicolored K, 4-free bipartite graph G = (AW B, E), the
set H of the first g(k,d) many highest degree vertices satisfies certain properties,
where k is the minimum size of a subset S of A such that |N;(S)| > ¢;, for each
color j € [r] and g(k,d) = k(d—1)(4k?)*1 4+ 1. Specifically, for any optimal solution
O of PCCDS (unicolored version) on G, either O N H = () or there exists a vertex
y € H which together with a reasonably good approximate solution S forms a one-
additive approximate solution S’. Note that the input graph in the lemma has to
be unicolored. In our algorithm, we are able to remove this restriction (input graph
is r-colored from unicolored) while achieveing an r-additive approximation instead

of a one-additive approximation. We state our main theorem below.

For any optimal solution O of PARTITION COLOR CONSTRAINED DOMINATING
SET on G, either ONH # () or there exists a vertex y € H such that |N;(S"U{y})| >
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t; for each j € [r]| for an approximate solution S’. We formally restate the lemma

here for convenience.

Algorithm 10 ADDITIVE-PCCDS(Z = (G = (AW B, E),[r], f,1))

1: for each i from 0 to |A| do
2: if CHECK-ADDITIVE-PCCDS(G, [r], f,t,7) returns a set S with |N;(S5)| > ¢;,
for each j € [r] then

3: return S.
4: end if
5. end for

Theorem 16. There exists an algorithm for PARTITION COLOR CONSTRAINED
DOMINATING SET that takes as input a bipartite graph G = (AW B, E), that is K4
free, with f : B — [r], the coverage requirement t; and returns a set S of size at
most k + r such that |[N;(S)| > t;, for each color j € [r]. Here, k is the minimum
value of |S| such that |N;(S)| > t;, for each color j € [r]. The algorithm runs in
time <2O(k5r2d10g7’) + (/{:d)o(kd)) . (n)O(l)'

Proof. We call the algorithm ADDITIVE-PCCDS which takes as input a K, 4-free
bipartite graph G = (AW B, E) with f : B — [r] and the coverage requirement ¢;
for each color j € [r]. ADDITIVE-PCCDS returns a set S of size at most k + r such
that |N;(S)| > t;, for each j € [r] if there is a solution of size k in G. Here, k is the

minimum size of a set in A that dominates at least ¢; elements of color j in B.

ADDITIVE-PCCDS in turn calls the algorithm CHECK-ADDITIVE-PCCDS for each
value of i from 0 to |A|. For a particular value of i, CHECK-ADDITIVE-PCCDS
returns a set S of size at most ¢ 4+ r such that |N;(S)| > ¢t;, for each j € [r], if there
is a solution of size 7. Hence, there exists an ¢ < k for which it returns an r-additive

approximate solution.

Additive approximation factor: We prove a bound on the additive approxi-
mate solution returned by the CHECK-ADDITIVE-PCCDS algorithm (when it has a

solution of size at most i) using induction on i.

Base Case: Fori = 0, CHECK-ADDITIVE-PCCDS checks if the coverage requirement
for each color is 0. If so, it returns a solution of size exactly r. Otherwise, no solution

is possible and it returns a statement stating the same.
Inductive Case: For ¢ > 0, we have the following three cases.

Case 1.[|A| < g(i,d)] In this case, the algorithm returns a set only if it is of size
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Algorithm 11 CHECK-ADDITIVE-PCCDS(Z = (G = (AW B, E), [r], f,t,1))

=~

10:
11:
12:

13:
14:

15:
16:

17:
18:
19:
20:
21:

22:
23:
24:
25:
26:
27:
28:

Define S = ().
if « =0 then
if for each j € [r], t; = 0 then
return ().
else
for each j € [r] with ¢; > 0, check if there exists a vertex x; € A such
that |N;(z;)| > t; do
end for
end if
end if
if |A| < ¢(i,d) then
check all subsets A" of A and return A’ if and only if |A'| < i+ r and
|N;(A")| > t; for each j € [r].
end if
Let S =K;4-FREE-PCCDS(G", [r], f,t,4, L), where G’ = G — U, 4i24B; and
t) = 0 for each j when t; < 4i*d. (Sisa(1— +)-approximate solution.) (Note
that we call the derandomized version of K, 4-FREE-PCCDS here )
for each j € [r] do
Construct the set H; of g(i, d) highest degree vertices from A\S’ with respect
to the color j.
end for
for each j € [r] do
if for all y € H;, |N;(SU{y})| < t, then
for allyEHjUSdo
Let S" be the set returned by CHECK-ADDITIVE-PCCDS(G' —
N;(y), [r], f.t';i — 1) (where G' = G — Uy, <azaBy and ¢, = 0 when t, < 4i*d
and £ = ¢, — [N (y)])
return S’ U {y} if |N;(S"U{y})| > ¢,
end for
else there exists a y € H; such that |N;(SU {y})| > t;
Include y in S.
end if
end for
return SU S.

at most ¢ + r and it satisfies the coverage requirement for each color. Moreover, the

returned solution is not only an r-additive approximation but also optimal.

Case 2.[For each j € [r] with t; > 4i%d, there exists a y € H; such that |N;(SUy)| >
t;.] In this case, CHECK-ADDITIVE-PCCDS checks if there is a vertex for each color

which when added to the (1 — %)-approximate solution S, returned by Kgq-FREE-

PCCDS, satisfies the coverage requirement for the corresponding color. Since,
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\S’ | <1 and exactly r vertices are added to it, we get an r-additive solution.

Case 3.[For some j € [r] with t; > 44%d, there is no y € H; such that |[N;(SUy)| >
t;.] In this case, because of Lemma ?? from [?]|, we know that for any optimal
solution O (|O| < i and |N;(O)| > t; for each j € [r]), O N (H; U S) # 0. Let
y € ON(H;US) and S’ = CHECK-ADDITIVE-PCCDS(G' — N;(y), [r], f, /i — 1)
where G’ = G — Ujepp)i,<ai24B1 and t, = 0 when ¢, < 4i*d and t; = t; — [N;(y)|. The
algorithm returns S"U{y}, if this set satisfies the coverage requirement for the color
j. By induction hypothesis, S” is a (i — 1 4 r)-sized set that satisfies the coverage
requirements for all colors except j and covers at least t; — |N;(y)| many vertices in
B for color j. Thus, when we add y to S’, we get a (i + r)-sized set (an r-additive
approximation) with |N;(S" U {y})| > t; for all j € [r].

(Notice that the scenario where there exists a color j € [r] such that ¢; < 4i%d is
handled by the K;4-FREE-PCCDS algorithm itself, i.e., the approximate solution

S returned by the algorithm satisfies the coverage requirement ¢;.)

Running Time: We first determine the running time of the recursive algorithm
CHECK-ADDITIVE-PCCDS.

e Steps 2 — 10 and 15 — 17 take n®® time.
e Steps 11 — 13 take g(k, d)n®® time.
e Step 14 takes 20 r*dlogr) . (n)O() time,

e Steps 18 — 27 take (g(k,d) + k)T'(k — 1) +n°Y time.

As a result, we get the following set of recurrence equations.
T(k) = n°D + g(k,dyn®D 200 dlogr) ()0 o (g(k d) + k)T (k — 1)
and T'(0) = n®Y which results in a running time of
T(k) < (<2O(k5r2dlogr) + (k(d _ 1)(4]{2)&1 + k)k)(n)(’)(l)
The running time for ADDITIVE-PCCDS is at most
KT(k) < (2(9(k5r2dlogr) + (kd)PkD) ()0

This concludes the running time analysis. O]
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10.4 Hardness of approximation for PARTITION COLOR
CONSTRAINED DOMINATING SET

We prove that PARTITION COLOR CONSTRAINED DOMINATING SET does not ad-
mit any algorithm on K 4-free bipartite graphs running in time f(k, 7, d)-n®®) that
returns an additive (r — 1) approximate solution for every r > 0. To show this, we
give a reduction from the PARTIAL VERTEX COVER problem where we are given a
graph GG and an integer k£ and the objective is to find a vertex subset S of G of size
at most k that maximizes the number of edges with one end point in S. It is well
known to be W[1]-hard parameterized by the solution size (k) [72].

Construction: Given an instance (G', k,t*) of the PARTIAL VERTEX COVER prob-
lem, we create an equivalent instance of PCCDS as follows. First we create a bi-
partite graph G where V(G) = AW B with A = V(G') and B = E(G’) and there
is an edge between two vertices r € A and e € B if and only if x is an endpoint
of the edge e in G'. Note that there is a k-sized set S C V(G’) covering t* edges
in the PARTIAL VERTEX COVER instance (G', k,t*) if and only if there is a k-sized
set S C A dominating t* elements in B. We create r many disjoint copies of the
graph G, named {Gy,...,G,} with V(G;) = A; U B; for each ¢ € [r] and construct
a new graph H = G1 W Gy, ... W G, with V(H) = AU B, where A = A1 W... W A,
and B = By W...W B,. The coloring function f maps each vertex in B; to a color
i. We set t; = t* for each i € [r]. Note that H is K a-free.

Claim 5. (G',k,t*) is a yes instance of PARTIAL VERTEX COVER if and only if
(H,r, f,t,rk+r —1) is a yes instance of PCCDS.

Proof. In the forward direction, suppose (G',k,t*) is a yes instance of PARTIAL
VERTEX COVER problem. Let S C V(G’) be a solution of size at most k covering
at least t* edges. Equivalently, in the bipartite graph G constructed from G’, we have
the set S C A dominating at least t* vertices in B. Now we create a solution for the
PCCDS instance as follows. In H, by taking the exact copies of the corresponding
vertices of S in each GG;, we construct a set S* of size at most rk, i.e., S* = S14...WS,.
This indeed is a solution (of size rk) since, for each i € [r|, S; dominates at least t*
(i-colored) vertices from B;. Hence the PCCDS instance (H,r, f,t,7k +r — 1) has

a solution of size at most rk < rk +r — 1.

In the reverse direction, let S* be a solution of size at most rk +r — 1 for the given
PCCDS instance, i.e., S* C A is of size at most rk+r — 1 that dominates/covers t*

many vertices for each color ¢ € [r]. Then from the pigeonhole principle there exists

150



i € [r] such that [S*N A;| < k. But S*N A; are the only vertices in A that dominate
the t* vertices of color 7 in B. This directly implies that ¢* many edges in G’ can

indeed be covered by k vertices and equivalently (G’, k,t*) is a yes instance. O

By setting = g(k) for any computable function g in the above construction (where
d < 2), the W[1]-hardness (w.r.t the solution size k) of PARTIAL VERTEX COVER

problem immediately implies the following theorem.

Theorem 17. PCCDS on K, 4-free bipartite graphs does not admit any (r — 1)
additive approvimate algorithm running in time f(k,r,d)-n°®) unless FPT = W[1].
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Part 1V: Multi-criteria Lossy

Kernelization
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Chapter 11

Framework for lossy kernels for
Multi-criteria optimization

problems

This chapter formalizes the notion of parameterized multi-criteria optimization prob-
lems and develops a framework for lossy kernelization in this setting. Thus far, our
focus has been on parameterized approximation schemes for partial cover problems
and their variants. We now turn to the design of lossy kernels for these problems,
motivated by the fundamental equivalence between parameterized approximation
schemes and lossy kernelization—the progress of one inherently informs the other.
The introduction of additional fairness and matroid constraints naturally necessi-
tates a multi-criteria perspective, leading us to define multi-criteria optimization

problems and to establish a corresponding theory of lossy kernels for them.

We begin by defining what we mean by a parameterized multi-criteria optimization

problem.

Definition 14 (Parameterized Multi-Criteria Optimization Problem). A
parameterized multi-criteria optimization problem II is a set of r + 1 computable

functions where r = O(1). The functions are described as follows.

1. A main optimization function:

w: XX Nx X = RU{+o0}.
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2. A set of r constraint functions:

Vie[r], £': ¥* x N x ©* = RU {#o0}.

The instances of a parameterized multi-criteria optimization problem II are tuples
(I,k,ty,...,t,) € X" x N

and a solution to (I, k,ty,...,t,.), which is a string s € ¥* such that it satisfies the

following conditions.

Los| <[]+ K+ et

2. Vi€ [r], 0(I,k,s) > ()t

Here, k is called the parameter. The value of the solution s is denoted by w(I, k, s).
The algorithmic task is to find a solution with the optimal value, which is either the
minimum or maximum among all solutions, depending on whether it is a minimiza-

tion or a maximization problem, respectively.

Remark 3. Optimization problems that seek approximation of the type € (1 £ €)¢;

can be handled by two constraints of >, <.

Definition 15 (Optimum Value). For a parameterized multi-criteria mazimiza-

tion problem 11, the optimum value of an instance
(I,k,ty,...,t,) € X" x N

s given by
OPTn(l,k,ty,...,t,) = max w(l,k,s)

s is a solution
Stmilarly for a parameterized multi-criteria minimization problem 11, the optimum

value of an instance
(I,k,ty,...,t,) € X" x N

15 given by
OPTn(I,k,ty,...,t,) = mirllt' w(l,k,s).
For an instance (I,k,tq,...,t.) of a parameterized multi-criteria optimization prob-

lem 11, an optimal solution is a solution s that achieves the optimum wvalue, i.e.,
w(], k?, 8) = OPTH(I, k‘,tl, ce 7tr)-
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Notice that OPTy (7, k,t1,...,t.) is well-defined as the set of solutions over which

we are optimizing is finite.

Definition 16 (solving II). Let II be a parameterized multi-criteria optimiza-
tion problem. An algorithm for 11 is an algorithm that takes as input an instance
(I,k,ty,...,t.), outputs a solution s and halts. The algorithm solves I1 if, for every
instance (I,k,tq,...,t.), the solution s output by it is optimal for (I, k,tq,...,t.).
We say that a parameterized multi-criteria optimization problem, 11, is decidable if

there exists an algorithm that solves 11 .

Definition 17 (FPT multi-criteria optimization problem). A parameterized
multi-criteria optimization problem 11 is fized parameter tractable (FPT) if there is
an algorithm that solves it and the running time of the algorithm on any instance,
say (I, k,t1,...,t.), of size n with parameter k is upper bounded by f(k)n®Y) for a

computable function f.

Definition 18 (Polynomial time preprocessing algorithm for a param-
eterized multi-criteria optimization problem). Polynomial time preprocess-
ing algorithm A for a parameterized multi-criteria optimization problem 11 is a
pair of polynomial time algorithms. The first one is called the reduction al-
gorithm and computes a map Ra: X* x N'*t — % x N1 Given as input
an instance (I, k,ty,...,t,) of II, the reduction algorithm outputs another instance
(I Kt t) =Rall, kb, ... t,).

The second algorithm is the solution-lifting algorithm. It takes as input an
instance (I,k,ty,...,t,) € ¥* x N of TI, the reduced instance (I',k',t}, ... t.)
produced by the reduction algorithm, and a solution s' to (I',K' t\,... t.). It runs
in time polynomial in the size of its input and outputs a solution s to (I, k,tq,...,t.).

Finally, if s’ is an optimal solution to (I', k', t},... t.), then s is an optimal solution
to ([,]’C,tl, c ,tr).

Definition 19 (Kernel for a parameterized multi-criteria optimization prob-
lem). A kernelization (or a kernel) for a parameterized multi-criteria optimization

problem 11 is a polynomial time preprocessing algorithm A such that aliteraliter

sizeg(k) =sup{|I'| + K + ¢\ + -+t (I')K ¢, t) = Ra(l, k,t1,...,t),
I e¥* Vielr],t; e N}

18 upper bounded by a computable function g: N — N of the parameter k.

Proposition 8. A decidable parameterized multi-criteria optimization problem is
FPT if and only if it admits a kernel.
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Proof. First, we prove the backward direction. Given an instance (I, k,tq,...,t.),
one may run the reduction algorithm to obtain a new instance (I’ k' t|,... t)
of size bounded by a computable function of k, say g. Since (I',k’,¢},...,t.) has
bounded size and II is decidable, an optimal solution s’ can be found in time at
most ¢'(k) for some computable function ¢’. Finally, one can use the solution-lifting

algorithm to obtain an optimal solution s to (I, k,tq,...,t,).

For the forward direction, we need to show that if a parameterized multi-criteria
optimization problem II is FPT, then it admits a kernel. Suppose there is an algo-
rithm that solves instances of II of size n with parameter k in time f(k)n®, where ¢
is a constant. On input (I, k,t1,...,t,), the reduction algorithm runs the FPT algo-
rithm for n°*! steps. If the reduction algorithm terminates after at most n"! steps,
the reduction algorithm outputs an instance (I, k', ], ..., t.) of constant size which
is hard-coded in the reduction algorithm and does not depend on the input instance
(I,k,ty,...,t.). Thus |I'| + K’ +t| +-- -+ ¢, is upper bounded by a constant. If the
FPT algorithm does not terminate after n°*! steps, the reduction algorithm halts

and outputs the instance (I, k,ty,...t,). This is because, in this case, f(k)n® > nct!

implying n < f(k).

We now describe the solution-lifting algorithm. If the reduction algorithm returns
(I,k,tq,...t.) the solution-lifting algorithm outputs the solution it receives as in-
put. If the reduction algorithm outputs (I’,k',t},...,t.), then it implies the FPT
algorithm terminated in polynomial time, which means that the solution-lifting al-
gorithm can use the FPT algorithm to output an optimal solution to (I, k, 1, .. .t,)
in polynomial time, regardless of the the solution to (I, k', ], ..., t.) it gets as input.

This concludes the proof. O

We now define a parameterized approximation algorithm for parameterized multi-

criteria optimization problems.

Definition 20 (Parameterized (ay,...,«,)-approximation algorithm for a
parameterized multi-criteria optimization problem). Let (g, aq,..., ) be
a tuple where each a; > 1 is a constant. A fixed parameter tractable (g, a1, ..., @,)-

approximation algorithm for a parameterized multi-criteria optimization problem 11

is an algorithm that takes as input an instance (I, k,t1,...t.), runs in time f(k)(|I|+

ti+ -+ 1,.)°W, and outputs an (ap, a, . . ., o) -approzimate solution s. A string s
is said to be an (ag, a1, . . ., q,)-approximate solution if the following conditions are
satisfied

o [f 11 is a minimization problem
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1. w(l,k,s) < aOPT(L,k,ty,...1.)
2. Vi e€lr], O/(I,k,s) >t;/a; or (I, k,s) < ayt;

o If1I is a maximization problem

1. w(l,k,s) > OPT(L,k, tr,...1,)/a
2.¥i € [r], O/(I,k,s) > t;/a; or ('(I,k,s) < at;

Remark 4. Note that the definition can be extended to tuples (ag, vy, ..., a,) where

each oy, i € [r], can depend on the parameter k, on the size of the instance |I| +

> icjr tis or both.

Definition 21 ((ap, aq,...,a,)-approximate polynomial time preprocessing
algorithm ((«g,aq,...,®,.)-APPA) for a parameterized multi-criteria opti-
mization problem). Let (o, v, ..., q,) be a tuple where each a; > 1 is a constant.
An (ag,aq, . .., a,)-approximate polynomial-time preprocessing algorithm A for I1
15 a pair of polynomial time algorithms. The first one is called the reduction al-
gorithm and it computes a map Ry: X* x N1 — ¥* x Nt Given as input
an instance (I, k,ty,... t,.) of II, the reduction algorithm outputs another instance
(I' K b, t) = Ra(l, kb, ... t,).

The second algorithm is called the solution-lifting algorithm. This algorithm takes as
input an instance (I, k,ty, ..., t,) € S*XN™T1 of T1, the output instance (I', k', 1}, ..., t.)
of the reduction algorithm and a solution s’ to the instance (I',K',t},... t.). Sup-
pose s’ is a (Bo, 1, - - -, Br)-approxzimate solution. Then the solution-lifting algorithm
runs in time polynomial in the size of its input and outputs a (coBo, 1 f1, - - -, - By)-

approzimate solution s to (I,k,ty,...,t,.) .

Definition 22 ( (ag,ay, ..., «,)-approximate kernelization for a parameter-
ized multi-criteria optimization problem). An (ag,aq,...,a,)-approximate
kernelization (or an (ag,aq, ..., a,)-kernel) for a parameterized multi-criteria op-
timization problem 11 and a tuple (v, aq, ..., ) with a; > 1 for all i € [0,7] is an
(v, 1, ..., . )-APPA A such that size 4 is upper bounded by a computable function
g:N—N of k.

When the function ¢ is polynomial it is called an (g, o, . . ., a,.)- approzimate poly-

nomial kernel.
Proposition 9. For every tuple (ag, o, ..., a,) with a; > 1 for all i € [0,7] and
decidable parameterized multi-criteria optimization problem 11, I1 admits a fixed pa-

rameter tractable (o, aq, ..., . )-approzimation algorithm if and only if I has an

(g, 01, - . ., i) -approzimate kernel.
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Proof. First, we prove the backward direction. Given an instance (I, k,tq,...,t.),
one may run the reduction algorithm to obtain a new instance (I’ k' t|,... t)
of size bounded by a computable function of k, say g. Since (I',k’,¢},...,t.) has
bounded size and II is decidable, an optimal solution s’ can be found in time at
most ¢'(k) for some computable function ¢’. Finally one can use the solution-lifting

algorithm to obtain an (o, v, . .., a,.)-approximate solution s to (I, k,tq,...,t,).

For the forward direction, we need to show that if a parameterized multi-criteria opti-
mization problem IT admits a fixed parameter tractable (g, v, . . ., @.)-approximation
algorithm then it admits an (ag, a4, ..., a,)-approximate kernel. Suppose there is
an algorithm that given instances of II of size n with parameter k runs in time
f(k)n®, where ¢ is a constant, and outputs an (ag, aq, . . ., a;.)-approximate solution.
On input (I, k,t,...,t,), the reduction algorithm runs the FPT (g, aq,...,a;)-

¢l steps. If the reduction algorithm terminates after

approximation algorithm for n
at most n°™! steps, the reduction algorithm outputs an instance (I’, k', t},... t.) of
constant size which is hard-coded in the reduction algorithm and does not depend
on the input instance (I, k,t1,...,t,). Thus |I'| + k' +t} +- - -+, is upper bounded
by a constant. If the FPT approximation algorithm does not terminate after n¢*!
steps the reduction algorithm halts and outputs the instance (I, k,t;,...¢,). This is

because, in this case, f(k)n® > n“™! implying n < f(k).

We now describe the solution-lifting algorithm. If the reduction algorithm returns
(I,k,ty,...t.), the solution-lifting algorithm outputs the solution it receives as in-
put. If the reduction algorithm outputs (I’,k',t|,...,t.), then it implies the FPT
(v, . . . a;)-approximation algorithm terminated in polynomial time, which means
that the solution-lifting algorithm can use the FPT (o, a1, ..., . )-approximation
algorithm to output an («p, ..., )-approximate solution to (I,k,t1,...t,) in poly-
nomial time, regardless of the the solution to (I, k', t|,...,t.) it gets as input. This

concludes the proof. O

This also implies the following theorem.

Theorem 18. For every tuple (g, aq, ..., q,) with a; > 1 for all i € [0,7] and de-
cidable parameterized multi-criteria optimization problem I1, 11 admits a polynomial
time (o, oy, . . ., ) -approzimation algorithm if and only if 11 has an (g, o, . . ., o) -

approximate kernel of constant size.

Definition 23 (Strict (a9, q,...,a,.)-APPA for a parameterized multi-cri-

teria optimization problem). Let (g, aq,...,a.) be a tuple where each a; > 1
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is a constant. An (g, o, ..., 0. )-APPA A for Il is said to be strict if for every in-
stance (I,k,ty,...,t.), reduced instance (I', k' t}, ... t.) = Ra(l,k,t1,...,t,) and
(Bo, B, - - -, Br)-approzimate solution s’ to (I', k', t},... t.), forany B; > 1,4 € [0,7],

the string s returned by the solution-lifting algorithm, when given s’ as input, is

(max{ag, Bo}, max{ay, f1},. .., max{a,, B, })-approximate solution

A reduction rule for a parameterized multi-criteria optimization problem is a poly-

nomial time algorithm that computes a map R4: X* x N™Ft — ¥* x N +L,

Definition 24. A reduction rule is said to be (ag,aq,...,a,)-safe for 11 if there
exists a solution-lifting algorithm, such that the rule, together with the solution-
lifting algorithm, constitutes a strict (ag, o, ..., a.)-APPA for 1l. A reduction rule

is said to be simply safe if it is (1,...,1)-safe.

Definition 25. An (ag, a1, ..., a,)-approzimate kernel A is called strict if A is a
strict (ag, aq, . . ., ap.)-APPA.

Note that strict (ag, aq, ..., a.)-APPAs are closed under composition; that is, the
composition of two strict (ag, a1, ..., )-APPAs is again a strict (ag, a, ..., a;)-
APPA.

Definition 26 (Polynomial size approximate kernelization scheme (PSAKS)
for a parameterized multi-criteria optimization problem). A polynomial size
approzimate kernelization scheme (PSAKS) for a parameterized multi-criteria op-
timization problem 11 is a family of (g, o, . .., oy )-approzimate kernelization algo-

rithms, with one such algorithm for each tuple (ag, o, ..., a;), where each oy > 1.

Remark 5. PSAKS can be uniform or non-uniform. A uniform PSAKS can be
thought of as a single (g, , ..., q.)-approzimate kernelization algorithm, where
the tuple (g, o, ..., ) is a part of the input. For an input (I,k,ti,...,t,), the
size of the output instances of a PSAKS is upper bounded by f(a, .. ., a, )k9@0mar),

where [ and g are computable functions that are independent of |I|,k or t;s, 1 € [r].

Definition 27 (Efficient Polynomial size approximate kernelization scheme
(EPSAKS) for a parameterized multi-criteria optimization problem). A
size efficient or just an efficient PSAKS (EPSAKS) for a parameterized multi-
criteria optimization problem 11 is a PSAKS where the size of the output instances
of the reduction algorithm on an input (I, k,ty,...,t,) and a tuple (ag,...,q;) is

upper bounded by f(ao,...,a,)k¢. Here, the computable function f is independent

161



of ||,k ort;s, i € [r] and the constant c is independent of |I|, k, t;s, i € [r] or a;s,
jel0.r]
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Chapter 12

Lossy kernels for Constrained
Satisfiability

In the final technical chapter of this thesis, we use the multi-criteria lossy kerneliza-
tion framework developed in the previous chapter to design polynomial lossy kernels
for variants of the CC-MAXSAT problem under budget, fairness and matroid con-
straints. We begin by presenting a high-level sketch of our algorithm for designing
a lossy kernel for F-MAX k-WEIGHT SAT parameterized by the solution size, and
later describe a simple modification that extends this approach to handle the ad-
ditional matroid constraint. In Chapter 12.2, we then design an EPSAKS for the
problem of F-MAX k-WEIGHT SAT parameterized by the solution size. Finally,
in Chapter 12.3, we present an EPSAKS for (M, F)-MAX k-WEIGHT SAT when

parameterized by the solution size.

12.1 An overview of the lossy kernel

We present a rough sketch of our algorithm for designing a lossy kernel for the
F-MAX k-wWEIGHT SAT problem parameterized by k. We later describe a simple
modification that extends the approach to handle the additional matroid constraint.

Our algorithm proceeds in three main steps:
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Phase I: Reducing the number of negative variables

In the first step, we aim to bound the number of variables that appear as negative
literals in the formula. We call such variables as negative variables and denote
them by the set V9. To do this, we use the notion of normalized negative degree,
introduced by [58], which allows us to quantify the relative effectiveness of a variable
in satisfying clauses as a negative literal. We make the following key observation: if
for a given color class j € [r], there are sufficiently many (at least % + k) variables,
denoted by Yy,

assignment of weight at most £ together, satisfy the required quota of ¢; clauses.

with high normalized negative degree (at least 5t;), then any

As a result, we can safely ignore such color classes during further processing as their

quota t;s are satisfied automatically by any assignment of weight at most k.

Henceforth, we may assume that for any color class j, the number of negative vari-
ables with high normalized negative degree are bounded (at most % + k). Since
there are only r color classes, the total number of negative variables with high nor-
malized negative degree across all color classes is at most O(%) And the remaining
variables—those with low normalized negative degree in all color classes— each has
only limited ability to help satisfy clauses as negative literals in any of these color

classes.

Now, consider any arbitrary assignment of weight at most k. This assignment sets
all but at most k£ of these remaining variables to 1. Let C4 be the set of clauses
where any of these variables are present as a negative literal. Hence, the number of
clauses in Cqel;, the subset of Cge restricted to clauses of color class j, that might

be unsatisfied by the assignment is proportionally small compared to ¢;s.

Thus, even if we assume that all the clauses in Cqe are satisfied, the additive error
introduced is small and can be absorbed in the approximation guarantee. However,
we cannot simply delete these variables, since many of them may have high positive
degree—i.e., they appear positively in many clauses, and could significantly con-
tribute to satisfying those color class requirements t;s. Hence, we do not delete the
variables; instead, we only remove the clauses (Cqe1) Where they appear negatively,
thereby killing off their small influence as possible negative literals while preserving
their potential as positive literals. As a result of this step, the number of variables

that appear anywhere in the formula as negative literals is now bounded by O(%)
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Phase II: Reducing the number of positive variables

The next step of our algorithm deals with bounding the number of positive variables
in the formula. Recall that a positive variable occurs only as a positive literal in any
clause in the formula. We denote the set by VP°°. We handle color constraints by a
technique called the bucketing procedure which aggregates positive variables based
on the frequency of their occurrences in clauses of every color. The procedure,
thus, partitions the set of positive variables into equivalence classes or buckets,
where each bucket contains variables that occur in similar number of clauses, for
every color. We incorporate a finer implementation of the bucketing procedure by
first partitioning the set of colors into two categories based on their satisfiability
requirements. If the satisfiability requirement for a color is high (when t; > 4{_%),
then we categorize the positive variables into buckets where each bucket contains
positive variables that appear in “almost” the same number of clauses of every color.
However, if the satisfiability requirement for a color is low (when ¢; < 4%), then we
categorize the positive variables into buckets where each bucket contains positive
variables that appear in exactly the same number of clauses of every color. A clever
implementation of the procedure leads to the number of buckets being polynomial in
k, the input instance parameter and ¢, the error parameter (O (’;—g’)’") The procedure

accommodates us to focus on a single bucket at a time.

Now, to bound the size of every bucket, we crucially use two important concepts: (a)
the sunflower lemma to deal with low satisfiability requirement color classes [58], and
(b) the fact that the number of variables that occur together in a lot of clauses with
a particular variable (at least % clauses) is bounded when the formula admits
a sparse structure (for eg. Lemma 6 gives such a bound when the formula is Ky 4-
free). By the structure of a formula, we mean its clause variable incidence graph. If
the incidence graph is sparse, the corresponding formula is said to admit a sparse
structure. If the size of a bucket is more than a set threshold (g), then we delete
a variable from the bucket. We discuss how this threshold is set in the subsequent
paragraphs. In case the variable deleted belongs to a hypothetical optimum solution,
we show the existence of enough variables in the bucket to replace the deleted
variable such that the loss incurred upon replacement is bounded. The invariant
we maintain is that after every deletion of a variable from the bucket, there exist k
variables that are “good” candidates for the replaced/deleted variable. The reason
we maintain £ such variables at every point is to consider the case when all the
variables that are set to 1 by some hypothetical optimum assignment belong to the

same bucket.
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When a bucket contains variables that occur in at least one clause of any low sat-
isfiability requirement color class, we make use of the sunflower rule. If the bucket
contains “sufficiently high “ number of variables (at least g, == d((gsr—1)r25%)?), then
we can find a combinatorial structure called a sunflower of a certain size (gs) in the
bucket. Loosely speaking, the set system underlying the sunflower uses as its ground
set the union of clauses from low-requirement color classes. The associated family
contains, for each variable in the bucket, a set consisting of all low-requirement color
clauses that include that variable. Since satisfiability requirement is low for such
colors, the number of clauses of such type that can be satisfied by an optimal assign-
ment of weight at most k is also bounded (at most (k4 [V 8|)r - 54). Thus, keeping
a sunflower with enough petals, i.e., of a large enough size, guarantees the existence
of k replacement variables. Now to deal with high satisfiability requirement color
classes in this case, we make use of the concept of heavy neighbors of a variable. For
a variable, its heavy neighbors are those variables that occur in a large fraction of
the clauses together with the mentioned variable. Since the formulae we are working

on admit a sparse structure, the number of heavy neighbors are bounded.

Thus, the number of heavy neighbors of the variables that are either set to 1 by

an optimum assignment or occur as negative variables is also bounded (at most

ne, d
(k+ |V eg|)r(d—1) (w) ). Thus, increasing the size of the sunflower to also
incorporate the bounded number of heavy neighbors discussed above guarantees the

existence of k replacement variables. Hence, we set gy = (k + [V™8|)r - 252 + (k +

neg d
Vresl)r(d — 1) (20 g g1,

On the other hand, if the bucket contains variables that do not occur in any clause of
low satisfiability requirement color classes, then, only the heavy neighborhood bound

is sufficient for us. Since our threshold (gy,) is much larger than the heavy neighbors

bound ((k+ |V*&|)r(d—1) (M)d), there exist k replacement variables in this
case as well. We want to remark that we do not use a sunflower to select a variable
to delete in this case. We arbitrarily pick a variable to delete if the size of the bucket
exceeds the said threshold.

Note that this procedure preserves the set of negative variables in the formula.

The set of positive variables in the formula after this procedure is bounded by
@ (.k(k+|v"egl)>o(d2+r)

£
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Phase III: Reducing the number of clauses

In the final step, we provide an algorithm to bound the set of clauses by a function of
the number of variables in the formula. We use a well-known technique called scaling
and rounding of weights when we have a multiset of clauses. We appropriately set
a scaling factor to scale down the duplicates of each distinct clause. We would like
to remark we have a set of clauses, in contrast to a multiset, then the set of clauses
is already bounded by a function of the number of variables due to the sparseness

of the formula. The set of clauses gets bounded by [V|9@ after this procedure.

Phase IV: Combining everything

We now combine the above steps to get an approximate kernel. The first algorithm

returns a formula where the number of negative variables is O <%> The second al-

negpy\ O(d°r) 2,
gorithm bounds the number of positive variables by (M) = (%)O(d )

Finally, the third algorithm bounds the number of clauses by |V|°@ = (@)O(dgr) :

€
2'!' . 37’
Thus, the reduced instance has (%)O(d ) variables and ("E—k)o(d ) clauses.

Handling the matroid constraint

We next present the modifications needed to our algorithm for F-MAX k-WEIGHT
SAT to design a lossy kernel for the (M, F)-MAX k-wWEIGHT SAT problem.

With the addition of a matroid constraint, the solution set S must now be inde-
pendent in the given matroid M = (V, I), which is defined on the set of variables.
We assume oracle access to a matroid of rank k. We also assume each variable in
VY to be an independent set as a singleton. Otherwise, we can set those variables
to 0 and appropriately remove them clauses that contain them as positive literals,
and remove the clauses containing them as negative literals as such clauses will be
satisfied. In the case of only partition constraints, it was sufficient to replace a
deleted variable with another variable of ”similar“ satisfying ability. However, in
the presence of a matroid constraint, such naive replacement is no longer sufficient.

To handle this, we rely on the well-known representative family result for matroids.

Observe that the procedures bounding the set of negative variables and clauses of
our algorithm (for the partition only constraints) remain unaffected by the matroid

constraint, as these steps involve only clause deletion—not variable deletion. Thus,
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the entire set of variables remains available for constructing a solution that satisfies
the independence condition. The key modification occurs when we delete positive
variables. In the case without matroid constraints (in the partition only setting), we
applied a reduction based on bucketing followed by identifying a sunflower of size ¢t
and removing an arbitrary variable from the sunflower. However, with the matroid
constraint, deleting an arbitrary variable may be problematic as even though we
will be able to find a replacement positive variable with similar satisfying ability,
such a variable may not be independent with the remainder of the solution. To
handle this issue, we compute a larger sunflower (of size k - g + 1) and proceed a
bit more carefully. Note that if a bucket contains “sufficiently high” (higher than
the partition only setting) number of variables (at least gy, == d((kqsf)rti;j’)d), then
we can find the required larger sunflower of size (k- gy + 1) in the bucket. And,
although the overall size of the required kernel increases due to the larger buckets,

it still remains polynomial in the relevant parameters.

We now describe the reduction procedure used to bound the number of positive
variables following the identification of such a larger sunflower P. We begin by
repeatedly computing disjoint (k — 1)-representative families of variables involved in
this sunflower as follows. First, we compute a (k — 1)-representative family, @1 of P.
Then, we compute the (k—1)-representative families Q3 of P\ @1, Q3 of P\ (Q1 U Q2)
and so on until we compute g many (k — 1)- representative families in the process,
cach of size at most k. We delete an arbitrary variable y ¢ Q1 W Qa... W Q,,
from P. Now, following the arguments from the partition-only setting, for the
deleted variable y, there exists a representative family @Q;, where i € [gy], from
which every variable is a potential replacement in a desired approximate solution
(in terms of satisfying ability)—ignoring the matroid constraint. However, since Q); is
a representative family (of {y} as well), we are guaranteed that at least one of these
replacements not only maintains approximate satisfying requirements for all the
color classes, but also ensures that the resulting set (replacement variable along with
the remainder of the solution) remains independent in the matroid. Hence, we are
able to maintain both the satisfiability requirements and the matroid independence

constraint simultaneously.

12.2 Lossy kernel for F-MAX k-WEIGHT SAT

Next, we design an EPSAKS for the multi-criteria optimization problem F-MAX k-
WEIGHT SAT parameterized by the solution size k. Let Z = ((® = (V,C),r, f), k, 1)
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be an instance of F-MAX k-WEIGHT SAT. We formally define the problem below

and then formulate it as a multi-criteria optimization problem.

F-MAX k-WEIGHT SAT

Input: An instance Z = ((®,r, f), k,t), where & = (V,C) is a CNF-SAT
formula, f : C — [r] is a surjective function, and for each j € [r], we say that
C; ={s€C: f(s)=j} is the set of clauses of color j and, ¢t : [r] = N is a
function such that ¢; == ¢(j) > 0 is the satisfiability requirement for color j.
k is a non-negative integer.

Parameter: £

Question: Does there exist an assignment 5 of weight at most k to V), such
that for each j € [r], |sate,(8)] > ;7

Here, satg, () C C; is the set of clauses of color j € [r] that are satisfied by /3
in the subformula ®; = (V,(;).

Modeling as parameterized multi-criteria minimization problem: Given
an instance Z = ((®,r, f), k,t), where ® = (V,C) and t = (ty,...,t,), we model the
above problem as a parameterized multi-criteria minimization problem as follows.

For a given set of variables S C V,

e the main optimization function w is defined as

w((®,r, f), k,S) = min{|S|, k+ 1},
e the r constraint functions are defined as: for j € [r],

, —00 |S| >k
(P, f),k,S) =

satg;(S)| otherwise

S is a solution to ((®,r, f),k,t) if, for all j € [r], €((®,r, f), k,S) > t;.

In this paper, our goal is to design an EPSAKS for this problem. More specifically,
we give a (1,1 + ¢,...1 + ¢)-approximate kernel, for every ¢ > 0, for F-MAX k-
WEIGHT SAT when the input formula ® is K, 4-free.

A brief overview of the approximate kernelization procedure: We design

our approximate kernel in three main steps. The first step is to design an APPA
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that bounds the number of negative variables present in the instance returned by
the reduction algorithm by a polynomial function of £ and . In the next step,
we design an APPA that bounds the number of positive variables as a polynomial
function of k, €, and preserves the set of negative variables. The third APPA bounds
the number of clauses by a polynomial function of k, £, and the number of variables.
We describe each step in the following three subsections and then prove the following

theorem.

Theorem 19. For anye € (0, 1), there exists a (1, 14¢, ..., 1+¢)-approzimate poly-
r 2 r 3
nomial kernel for F-MAX k-WEIGHT SAT, with (%)O( ) %)O( )

clauses, when the input formula ® = (V,C) is Kqq4-free.

variables and (

12.2.1 Bounding the number of negative variables.

We begin by giving a (1, 1+4¢,...,14¢)-APPA, for any € > 0, for F-MAX k-WEIGHT
SAT. The size of the reduced instance given by the APPA has bounded number of

negative variables.

Lemma 20. For any e € (0, 1), there exists a (1,1+¢,...,1+¢)-APPA consisting
of the pair (Ryeg, Iden) for F-MAX k-WEIGHT SAT, when the input formula ® =
(V,C) is Kyq-free. The reduction algorithm takes as input an instance T = ((& =
V,C),r, f),k,t) and outputs an instance T' = ((®',r, f), k,t') where ® = (V',(’) is
a Kgq-free formula with V' CV and C' C C and the number of negative variables in
V' is at most O(%)

First, we provide a brief outline of the APPA as follows:

Reduction Algorithm: The reduction algorithm consists of Reduction Rule 10
which deletes any clause that contains at least k 4+ 1 negative literals, since these
clauses will be satisfied by any assignment of weight at most k. This step is followed
by a greedy procedure described in Algorithm 12 that returns a formula with (’)(%)
negative variables. The intuition behind the greedy procedure is that if the number
of variables with high negative degree with respect to a color j is sufficient, then
any assignment of weight at most & satisfies the required number of clauses of color
j. On the other hand, any assignment of weight at most k to the variables of low
negative degree does not satisfy some bounded number of clauses. Here, by negative

degree, we refer to the normalized negative degree, which is explained formally later.
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Solution Lifting Algorithm: The solution lifting algorithm, Iden returns the

approximate solution of the reduced instance it receives as input.

Given an instance Z = ((®,r, f), k,t) of F-MAX k-WEIGHT SAT, we first apply the

following reduction rule on the set of clauses.

Reduction Rule 10. Given an instance T = ((®,r, f), k,t) of F-MAX k-WEIGHT
SAT if there exists a clause ¢ € C such that |neg(c)| > k + 1, then remove ¢ from
C. Let f(c) = j, the update t; to t; — 1 and return the instance T = ((®',r, f), k,t'),
where &' = (V,C \ {c}).

Notice that Reduction Rule 10 is safe as any assignment of weight at most k will
always assign 0 to at least one of the k + 1 variables in neg(c), effectively satisfying
it.

Next, we define a concept similar to the one in [58] that captures the contribution
of a negative variable towards the satisfaction of clauses containing it as a negative

literal.

Definition 28 (normalized negative degree with respect to colors). Given Y C V
and j € [r], the normalized negative degree of a variable x € Y with respect to the

subset Y and color j is defined as follows.

1
cnndegy ;(z) = Z

2 Tneg@)nY]

z€neg(c)

We next apply the greedy procedure described in Algorithm 12 and show that it

achieves the following. For every color j € [r], it

e cither bounds the set of negative variables with high normalized negative de-

gree with respect to that color, or

e shows that any assignment of weight at most £ satisfies at least ¢; clauses of

color class j.

Observation 10. We infer the following from Algorithm 12.

e The set of negative variables with high normalized negative degree with respect
to a color j, denoted by Yffigh, 1s O <]“6—2>
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Algorithm 12 GREEDY PROCEDURE TO BOUND V*¢ C V(I = ((¢ =
(V.C),r, [), k1))

1: Set Yhigh = and £ = (.
2: for j=1tordo
3: Set Tj = itj.

2k

4 LetYj =Vandi=1. .

5: while there exists an z; € Y/, such that cnndeg,; 1 (i) > 7; do

6: Set Y/ =Y/ \{z;} and i =i + 1.

7: end while . A A

8 Set Yy, =V\Y/ and V) =Y/

9: if [Vil,| < % + k then

10: Yhigh = Yhigh U thigh'

11: else

12: L=LU{j}. > L stores the set of colors with a large set of high
normalized negative degree variables

13: end if

14: end for

16: Let Cge1 = {c € C | neg(c) N Yiow # 0} U (UjecC;) and C" = C \ Cyar.
17: Let f' = f |, i.e., f restricted to clauses in C'.

18: Set
;)0 ifjel
! t; — |Caer;] otherwise

Here, Cqe1 ; is the subset of clauses from C; that is deleted in Step 16.
19: return ((®' = (V,C),r, f'), k,t').

e The set of negative variables with high normalized negative degree with respect
to at least one color j € [r] \ L, denoted by Ypign, contains at most O <£>

€

variables.

Claim 6. For any variable x € Y}, cnndngO]-J(x) >

Proof. Let x; € V be the variable that is selected in Step 5 of Algorithm 12 during
the i'" iteration of the while loop with respect to color j € [r]. Then, its normal-
ized negative degree with respect to the subset YZ]_ , and color j is at least 75, i.e.,

cnndegy; (x;) > ;.

Due to Reduction Rule 10, every clause in the formula contains no more than k

negative literals. Hence € [%, 1] for every clause ¢ that contains z; as a

1
’ |neg(c)NY|
negative literal. Moreover, the normalized negative degree of a variable z; is non-

decreasing as the while loop progresses as a negative variable is removed from the
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subset Y/ during the ¢ iteration of the while loop, where ¢ € [i]. Thus, if the
normalized negative degree of a variable x; with respect to color j at the beginning
of the greedy procedure, i.e., with respect to subset Yoj, is ag, then its normalized

negative degree with respect to color j at the time of being chosen, i.e., with respect

to subset Y7 |, is at most aq - k. This implies that ag > 3 O
Claim 7. If, for some j € [r], |V, Zghl > 222 4 k. then any assignment of weight at

most k to the variables satisfies at least t; clauses in C;.

Proof. Any assignment of weight at most k& to V can set at most k variables to

1. Thus, at least 2k variables in Yh] . get assigned 0. We now show that any 2k
. € 18

variables from Y}, satisfy at least ¢; clauses in C; when they are set to 0. By

Claim 6, we know that for a variable x € Ylf its normalized negative degree at

gho
the beginning of the greedy procedure with respect to color j is at least . Let Y

be a subset of any 2= > variables from thgh
2/{? Tj
chndegyoj’ () > — Pl tj
zeY

Therefore, the number of clauses satisfied by variables in Y when they are set to 0

are

Uy @i=3 >

z€Y zey c€Cj
:):Eneg(c)

- Z Z Ineg(c ﬁY]\

$€Y CEC
z€ neg(c)

= Z cnndngJ x)

zeY
>t

|neg ﬁY|

() holds due to the fact that ¥ C Y = V. O

Lemma 21. Let Cy be the set of clauses in Step 16 of Algorithm 12 that is deleted
and let § be any assignment of weight at most k to V. Then, for each j € [r]\ L,
the set of clauses among Cqej that is unsatisfied by B is at most 5 - t;. Here, Cye;

18 the subset of Cge restricted to clauses of color class j.

Proof. Consider the color j € [r] \ L.
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Let Cg;f?t(ﬂ ) be the set of clauses among Cqel j, the clauses deleted by the algorithm
from C;, that is unsatisfied by 3. Notice that any clause ¢ € Cqe; is unsatisﬁed
because neg(c) C S7*(1). Moreover, any clause ¢ is in c;‘;f;‘t(ﬁ ) because neg(c)NYY, #
0. Let Y}  be the set of variables that are retained after the while loop ends in Step 7
of Algorithm 12. Then, Yiéw is the set of variables that have low normalized negative

degree with respect to itself and color j.

nsat(6)
Coery V1= D

cecmt(®)
1
= D> > o
ne NY;
cec(‘;;fj“(ﬁ) z€(neg(c)NY; low)| g<) low

IN

1
2. T

Ineg(c)

ceCymat® pe(-1(1)NY,) fow
SR

ze(B1 )mx/lf)w) cec:;:ls?t(ﬁ) ’n g ) low

z€neg(c)

= Z cnndegyj (x)

ze(B~H(1)NYY,)
< > 0m

ze(B~1(1)NYY,)

£

<kt = §tj (as 8 has weight at most k)

]

Observation 11. The negative variables in the formula of the reduced instance are
only the variables in Yyg, since all the clauses with negative occurrences of variables
in Y are deleted. Thus the number of negative variables in ® is O <%> as seen

i Observation 10.

Observation 12. Suppose there exists S CV of size k such that satg,(S) > t; for
each j € [r], then from Algorithm 12, it can be easily observed that in the reduced
instance sate: (S) = t; since t; < t; — |[Cgerj| as [Caerj| clauses of color class j are
deleted. Thus, if S is a solution of the input instance then it also is a solution for

the reduced instance.

Lemma 22. Let S,,, be a (8o, B1 ..., B)-approximate solution of the reduced in-
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stance for any (Bo, b1 ..., Br) € N1 Then, Sups is a (Bo, (1 4+€)b1,...,(1+¢€)5,)-
approximate solution of the input instance.
Proof. If for j € [r], t; = 0, then it corresponds to a color j € £. Then due to
Claim 7, we get sate, (Sape) > t;.
. . t'.
Now, in the other case, when j € [r] \ £, we have sate: (Sope) > 7
We consider two cases here. When |Cye ;| > St
t/
sate, (Sape) > = ﬁ <|Cdel,]] ) (from Lemma 21)
J
Cd 1 ’ g
> tj — |Cae, Coori| — =t
= 5]' + | d l,j| 9 j
tj  |Caerl
= — — + |Cd 1 |
ﬂj 6] e
t; 1 €
> =+ |Caelj (1——> — St
t; € 1 € .
> 6—] + t (1 — 5_3) — 575]- (assuming |Caer ;| > 5t5)
_ €
5]' 25] !
_ b (1 _ E)
Bi 2
t
- B](l + 5)

When |Cyer;| < 5t; then since a small number of clauses are being deleted in the

reduction algorithm, we ignore their contribution while lifting the solution and hence

get the following.
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!
t

sate (Sups) > =
j P 5]’
> 5,
_ t_] . |Cde1,j|
i B
tp 5t - .
> L — == (assuming |Caer ;| < 5t;)
B B
t; €
- 5(-3)
Bi 2
>_h
B ﬂj(l + 6)
Let S, be an optimal solution of the reduced instance and S, be an optimal

solution of the input instance. Then we have [Sup.| < BoS),| < BolSopt|- The
second inequality follows from the fact that any solution .S of the input instance is
also a solution of the reduced instance as shown in Observation 12. Thus, we have
shown that Sy, is a (8o, (1 +¢€)p1, ..., (1 +¢€)p,)-approximate solution of the input

instance. O

By Lemma 22, we know that any (8o, f1 ..., (r)-approximate solution S,,, to the
reduced instance is also a (fy, (1 + )54, ..., (1 4+ )8, )-approximate solution of the
input instance. Thus, along with Observation 11 which states that the number of

negative variables in the reduced instance in O (%), Lemma 20 holds.

12.2.2 Bounding the number of positive variables.

In this subsection, we provide a (1,1 +¢,...,1 4 ¢)-APPA for any ¢ > 0, for an
instance Z = ((® = (V,C),r, f),k,t) of F-MAX k-wWEIGHT SAT when the input
formula ® is K,g4-free. This APPA bounds the size of VP by f(k,e, |[V"|) for
some computable polynomial function f. Recall that for any v € VP** d~(v) = 0.

In particular, we prove the following lemma.

Lemma 23. For any e € (0, 1), there exists a (1,1+¢,...,1+¢)-APPA consisting
of the pair (Ryos, lden) for F-MAX k-WEIGHT SAT, when the input formula & =
(V,C) is Kyq-free. The reduction algorithm takes as input an instance T = (& =
V,C),r, f),k,t) and outputs an instance T' = ((®',r, f), k,t') where &' = (V', (') is
a Kqq-free formula with V' C V, C' C C, the number of positive variables in V' is
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tj
(1+e)

at most O (M

)

) O(d?+r)

, and t; = for all j € [r]. It preserves the set of

negative variables in V.

We provide a brief outline of our reduction algorithm and solution lifting algorithm

below and then proceed to describe each step formally.

Reduction Algorithm: The reduction algorithm R,,s consists of the following

steps.

1) Truncating Frequency: We implement a preprocessing step to truncate
the frequency of every variable in V. After exhaustive application of this

preprocessing step, the frequency of every variable is at most 2¢;.

2) Bucketing Procedure: We first partition the set of colors [r] into two cat-
egories, based on their satisfiability requirements (high or low). Then, we
implement a procedure to partition VP°* based on its colored degree, which we
call as bucketing. Each partition of VP°° under this procedure is called a bucket.
The number of buckets created is a polynomial function of £ and . Variable
from VP°° in a bucket are present in almost the same number of clauses of any
high requirement color j, and in exactly the same number of clauses of any

low requirement color j.

3) Filtering via Sunflower: For each bucket created in the above step, we
delete variables by finding a sufficiently large sunflower. After this procedure,
the size of each bucket gets bounded by a polynomial function of k,e and
|Vneg|'

Solution lifting algorithm: The solution lifting algorithm Iden simply returns

the approximate solution of the reduced instance it receives as input.

Now we introduce a few definitions and results before describing each step formally.

Definition 29. A sunflower with k petals and a core Y 1is a collections of sets
S1y..., Sk such that S; N S; =Y for all i # j. The sets S; \'Y are called petals.
While the core may be empty, it is required that the petals be non-empty.

178



For a bipartite graph G = (A, B), the sets S; are neighborhoods of vertices in A. We
say P C A is a sunflower with a core Y C B if for every u,v € A, N(u)NN(v) =Y.

We make use of the following lemma to design our next reduction rule.

Lemma 24 (K,p-free Sunflower Lemma, [58]). For any w,l € N, any K, ,-free
bipartite graph G = (A, B, E) such that every vertex in A has degree at most ¢ and
|A| > a((w — 1)£)® has a sunflower of size w. Moreover, such a sunflower can be

found in polynomial time.

Definition 30 (Heavy neighbors). Let ® = (V,C) be a K4q4-free formula where C =
WierCi, K €N, t = (t1,...,t,) ande € (0,1). A pair of variables u,v € V are called
heavy neighbors of each other with respect to color j if |N?(u) N N7 (v)| >

Etj
k+[Vmes]

Lemma 25 (Restatement of Lemma 6). The number of heavy neighbors of a variable

ne d
in a Kqgq-free formula with respect to a color is bounded by (d — 1) (M) .

The Reduction Algorithm. We now describe the reduction algorithm R,,s in
detail.

1. Truncating Frequency: We implement the following preprocessing step to
truncate the frequency of a variable in V. After exhaustive application of this

preprocessing step, the frequency of every variable is at most 2¢;.

Reduction Rule 11. Given an instance T = (& = (V,C),r, f), k,t), we describe

our reduction rule based on positive and negative frequencies as follows:
1. If there exists a variable v with d~7(v) > t; for some j € [r], then delete v
from an arbitrarily chosen clause ¢ € C; such that v € neg(c).
2. If there exists a variable v with d™(v) > t; for some j € [r], then delete v

from an arbitrarily chosen clause ¢ € C; such that v € pos(c).

In both cases, the rest of the entries of the instance remain unchanged.

Claim 8. Reduction Rule 11 is safe.

Proof. Let Z = ((® = (V,C),r, f), k,t) be the given input instance. The backward
direction holds trivially in both cases.

Consider Case 1. In the forward direction, suppose (8 is an optimal assignment of

weight at most k£ to the variables. Since we delete v from a clause ¢ € C; that
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contains it as a negative literal, its negative degree with respect to j remains at
least t;, i.e., d7(v) > t;, in the reduced instance. Thus, if 8 assigns 0 to v, it will
still satisfy at least ¢; clauses in C; in the reduced instance. If v is assigned 1 by 3,

then v is not responsible for the satisfaction of ¢ and can be safely deleted.

We have an analogous argument for Case 2 for the forward direction. If an optimal
assignment 3 to V, of weight at most k, assigns 0 to v, then deleting v from c is
safe as v cannot be responsible for the satisfaction of ¢ that contains it as a positive
literal. On the other hand, if § assigns 1 to v, then as the positive degree of v is
still at least t; with respect to the color j, i.e., d*/(v) > ¢;, in the reduced instance.

Thus, it will still satisfy at least ¢; clauses in C; in the reduced instance. O]

2. The Bucketing Procedure: We partition the set of colors [r] into two cate-

gories, based on their satisfiability requirements (high or low).

e Set of colors with high satisfiability requirements, H = {j € [r] : t; > %d .

We do approximate bucketing on VP?® with respect to the colors in H. Let

A= [log (1o 2k]. Fix a color j € H. For each « € [)], we define

t:

t; .
A(j, a) = pos . U gy < —d L
(7, ) {UEV <d7(v) < (1+€)a_1}

(1+¢)e
We also define
A(5,0) = {ve A:d7(v) > t;},
and .
A, A+ 1) = {v €A dv) < m}
dkd

e Set of colors with low satisfiability requirements, L = {j € [r] : t; < %}

We do ezact bucketing on VP°° with respect to the colors in L. Fix a color
j € L. For each a € {0,1,...,,}, let A(j, ) = {v € VP : d™(v) = a}.

Let Fy, be the family of all possible functions bucket : [r] — N satisfying the following

properties:

e for each j € H, bucket(j) € {0,1,2,..., A+ 1}.

e for each j € L, bucket(j) € {0,1,2,...,t,}.
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Then, for each bucket € Fy,, we define a class Cpycker = ﬂje[r] A(j, bucket(j)). Notice

that Fy, imposes a partitioning on VP,

Observation 13. For any pair of variables u,v € Cpycket, Where Cpycker S @ noN-

empty bucket of VP°° corresponding to some bucket € F;,, we have the following:

, , : i (v : .
1. For all j € H with bucket(j) € [\], d(1T(a)) <dP(u) < (14 ¢e)d™(v).
2. For all j € H with bucket(j) = 0, both d*7(u) and d*7(v) are at least t;.
3. For all j € H with bucket(j) = A + 1, both d*7(u) and d*I(v) are at most .

4. Forallje L, d"(u)=d"(v).

The total number of buckets returned by the bucketing procedure is

o T zof (e 2 ) () -o((2))

3. Filtering via Sunflower: For each non-empty Cpucker 0f VP8, if the number

of variables in it is more than gy, = d((gst — 1)r22)4, where
4kd 2(k + Vo)) \*
= (e e e -y (2EEEEDY

we apply Reduction Rule 12 described below.

For a given formula ® = (V,C), let Gpycket. = (A, B) be the incidence bipartite

graph constructed as follows.

For every v € Chycket, add a vertex a, to A.

e For every clause ¢ € C such that f(c) € L, add a vertex b. to B.

Add an edge between a, and b, iff ¢ € N(v).

Delete all isolated vertices.

Since the formula ® is K 4-free, Gpycket,r i also K4 4-free as it is the incidence graph
of a subformula. According to the construction, for a sunflower P C A, the sets
correspond to neighborhoods of vertices from A participating in P, i.e., the family
{N(ay) | a, € P}. The core Y of P represents the set of vertices in B that are
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present in the neighborhoods of each vertex a, that participates in P, i.e., all the
vertices in ﬂavep N(ay,). Similarly, for any vertex a, € P, the petal corresponding
to a,, denoted by petal(a,), is N(a,) \ Y.

In the language of CNF-SAT formulae, the sets in the sunflower P C A correspond
to the family of clauses {C[v] | a, € P}, where C[v] = N*(v) () (U;jerC;), i.e. Clv] is
the set of clauses from color classes in L that contain v. Notice that as the bucketing
procedure is implemented only on V*°°, N (v) = N (v) for any v € VP°°. The core YV
of P represents the set of clauses that contain each variable v corresponding to the
vertex a, € A that participates in P, i.e., all the clauses in [, _»C[v]. Similarly,
for any variable v € Cpycker, if @, € P, then the petal denoted by petal(a,) is
C[v]\'Y. Thus, the sunflower P collects all variables in Cpycker Such that for any pair

U, v € Chucket, if @y, a, € P, then Clu] NC[v] is exactly the same.

Due to exhaustive application of Reduction Rule 11, the positive frequency of every
variable is at most ¢; when restricted to clauses with color j. Thus, the degree of
every vertex in A in the incidence graph is bounded by Zje ;. tj. Since j € L we
have t; < % which implies el

witha=b=4d, ¢ = 7"4% and w = gs, a sunflower P in Gpycket,1, Of size g exists.

t; < 7’%. If |Chucket| > Gin, then using Lemma 24

Reduction Rule 12 (Sunflower rule). Given an instanceZ = (& = (V,C),r, f), k, 1),
for each bucket € Fy, if |Coucket| > qun, then we apply the reduction rule based on

two cases:

1. if for some v € Cpycket, there exists j € L such that d+j(v) > 0, then we can
find a sunflower P in Goucket, = (A, B) of size qy. Let a, be an arbitrary

vertex in the sunflower. Remove the corresponding variable v from Cpycket-

2. if for some v € Chucker, and for all j € L, d*7(v) = 0, then remove an arbitrary

variable from Chycket-

After exhaustively applying the above procedure, return ((® = (V',C'),r, f), k,t')
where V' is the set of variables left, C" C C, where C’ is the set of clauses restricted

to V', and set t); = lt_—i]-a for all j € [r].

Remark 6. While we do not actively delete clauses, a clause ¢ € C may inad-
vertently get deleted if all the variables appearing in it may get deleted during the
application of Reduction Rules 11 or 12.

Remark 7. Due to the construction of Cpucket, 0Only variables from VP are being

deleted. Thus, the set of negative variables V"9 is preserved by the algorithm.
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The reduction algorithm R,,s partitions VP** into O (%)r buckets and each bucket
contains no more than ¢, variables. Hence, the size of VP in the reduced instance

is bounded. We have

(12.1)

L A A
: .

|V’pos| < (

The solution lifting algorithm. We describe the solution lifting algorithm Iden
as follows. It takes as input the instance Z = ((® = (V,C),r, f),k,t), the re-
duced instance 7' = ((®' = (V',C’),r, f), k,t') which is the output of the reduction
algorithm R,.s, and S’ which is a (B, S, .- ., Br)-approximate solution to Z’, for
any (Bo,...,0,) € N'*1 where 8; > 1 for all ¢ € [0,r]. It simply returns the
solution S’ it receives as input. In the following discussion, we show that S’ is a
(Bo, B1(1+¢), ..., B-(1+¢))-approximate solution to Z, thus establishing (R s, Iden)
asa (1,1+¢,...,14+¢)-APPA.

Lemma 26. Suppose there ezists some S CV of size k, such that for each j € [r],
|sate, (S)| > t), where 0 < t; < t;. Consider a Cpyerer for some bucket € F, such
that S N Chucket # 0. Let x € (SN Chucker). Let Crucket © Chucker be the final subset
of the bucket that is retained after exhaustive application of the Reduction Rules 11
and 12. Then, at least one of the following holds:

LIS C’bucketf or

o there exists a set R C ébucket of size k such that, for each w € R, the following
properties hold.

1. For each j € H, |sate,(S — x4+ w)| > min {t}, |sate,(S)| — 2¢t,}
2. For each j € L, [sate, (S — x +w)| > 1.

Proof. We refer to each application of the procedure in the sunflower rule (Reduction
Rule 12) on Chycker as an iteration. Let C’éucket C Chucket be the subset of Cpcket after
1 iterations, where the total number of iterations is ¢ > 0. Note that if x € Cﬁucket =
ébucket, then the statement of the lemma is obviously true. In the rest of the proof,
we consider the case when z & Cf ;- Let S" = S\ {z}. We will say that a variable
Y € Chucker 18 compatible with S’ if it satisfies the following two properties (analogous

to properties (1) and (2) in the statement of the lemma):
(a) for each j € H, [sate,(S" U {y})| > min {¢}, |sate, (S)| — 2¢t; }
(b) for each j € L, [sate;(S" U {y})| > t).
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We first prove the following technical claim.

Claim 9. Let y € C}
is deleted from Cf e by an application of the procedure in Reduction Rule 12, in
order to obtain CLL . = Ci e \ {y}. Then there exists a subset R® C C{tL - of size

bucket
k, such that each w € R' is compatible with S'.

ucket D€ @ wvariable that is compatible with S', and suppose y

Proof. Case A: Consider a bucket for which there exists at least one color j € L
such that the variables in that bucket appear as positive literals in some clause of

color j.

Consider the subgraph G{, e of the graph Gpucket,e induced on Cf .. € A and

U.IECi

~bucket

jJjeL )
Thusu Gth = |Cl€ucket‘ < |Ctl)

. . . !
sunflower P of size ¢y exists in Gbucket,L-

NTi(x) C B. Our algorithm retains g, variables in any non-empty Chucket-

ket |- Due to our choice of ¢, Lemma 24 implies that a

In the following two cases, we show the existence of a set R' C P C Citl  of size k

bucket
that satisfies the properties stated in the claim if the value of ¢ is sufficiently large.

In particular, we show that

e Case A.1: If A
gse > (k + | V8|)r - - + k,

then we can find a set in P of size at least k that is compatible with S" with

respect to colors in L.

e Case A.2: If

2(k + [Vres|)\ ¢
gst > (k+ [V™8|)r(d — 1) (%) + k,

then again we can find a set in P of size at least k that is compatible with S’

with respect to colors in H.

Since
4kd 2(k + |vres]) \
gst = (K + [V"8|)r - — T (k+ [V'8)r(d — 1) (%) +k+1,

we first show the existence of a set G in P of size at least (k + [V*8|)r(d —
ne, d
1) <w> + k + 1 that contains variables that are compatible with S’ with

respect to colors in L. Then, we show that G contains a subset of size at least k that

184



is also compatible with S’ with respect to colors in H, even after we delete y from
P. Thus, there will exist a set R’ in P of size at least k that is compatible with S’
with respect to colors in both L and H. This will prove our claim for the case when

variables in bucket appear in at least one clause of some color in L.

Case A.1: Consider the set of colors j € L.

Recall that due to the application of Reduction Rule 11, d*7(z) < t; for any z €
Chucket and j € L. As j is a color in L, the requirement for the color is ¢; < 4%.

Hence, k variables in S’ can be present in at most k) jerti < /{;7"4% clauses in
Uje ;. C; as positive literals. Also, due to the application of Reduction Rule 11,
d7(z) < t; for any z € V™. Thus, |V"¥| negative variables can be present in at

most [V Y.t < [V9|r2E clauses in | .., C; as negative literals.

jeL jeL
We know that the deleted variable y participates in P. Note that |P| = ¢ and
petal(u) N petal(v) = () for distinct u,v € P. Since the number of clauses containing
at least one negative literal in V"9 or variables from S’ as a positive literal is bounded

by kr% + |V”69|T4§, it follows that there exists a set G C P of size, say qr, where

4kd

qr > qst — (b + Wneg’)T?

> (o et (EEDY

such that none of the petals corresponding to variables in G contain any clause
containing at least one negative literal or variables from S’ as a positive literal. This

implies for any w € G and any j € L,

satg, (S") N N*(w) C core(P) (12.2)
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This is because N*/(w) = petal(w) U core(P) and satg, (S") N petal(w) = . Thus,

sata, (87 U {w})] = [sata, ()] + [N (w)] — [sata, (') N ¥ )
= [sata, (S")| + | N (w)| — |sata, (S") N core(P)|
(from Equation 12.2)

> |sate, (S)| + [NV (w)| — [sate, (S") N N (y)|
(since core(P) C Nt (y))

= [sata, ()| + [N (y)| — |sate, (S") N N (y)]
(since y, w € Chycket)

> [sate, (S" U {y})]

/ . . . . .
>t (since y is compatible with respect to j)

Thus, variables in G are potential candidates for our desired R' as each of them is

compatible with S” with respect to colors in L.

Case A.2: Now, we consider a color j € H.

Recall from Definition 30 that a pair of variables u, v are called heavy neighbors of

each other with respect to j if [N/ (u) N N7 (v)| > Thus, variables in S’ can

W
ne d
have at most kr(d—1) <w> heavy neighbors in P with respect to all j € [r],

ne d
and variables in V"% can have at most [V"*|r(d — 1) (W) heavy neighbors

in P with respect to all j € [r].

In the previous case (Case A.1), we showed the existence of a set G in P, of size at

least

neg d
(k+|V™e|)r(d — 1) <w> +k+1,

containing variables that are compatible with S’ with respect to colors in L. Thus,

there exists at least

2(k + [V™9))\ ?

Ig%%k+W“%Md—D( | ) S kel

variables in P C C{ e, Such that each variable w in the set is not a heavy neighbor

of any variable in V"9 U S’.

We now show that this set contains our desired R'.
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Case A.2.1: bucket(j) = 0. For any variable u € Cpycket, We know that [N (u)| >
t;. Thus, replacing z € S N Chycker With any w € R’ yields [NT(S — z + w)| > ¢;.
Hence w is compatible with " since [sate, (S" U {w})| > t; > t).

Case A.2.2: bucket(j) € [A\]. For any pair of variables u,v € Cpycket, Wwe have that

d(JlriL(g d*(v) < (1 +€)d™(u). Thus, for any w € R’, we have

[sate, (S U {w})] = [sate, (S)| + [N (w)] — |sats, (S") N N (w))]
= [sata, (S\ {z})] + [N (w)| — |sata, (S") N N (w)]

2 lsata, (S \ LaD) + IV )] = (k= 1 )
> fsata, ()] — [N ()| + [N 9 w)] et
> |satg, ()| — (14 &)|N" (w)] 4+ [N (w)] — et;
(since z,w € Cpycker Where bucket(j) € [A])
> Isata, (5)] — <| N 3 (w)]| —

> [sats, (5)] - 2¢t, (as [N ¥ (w)]| < 1)
(&) follows from the fact that w is not a neighbor of any vertex in S" U V"9,

Case A.2.3: bucket( ) = A+ 1. In this case, any variable u € Chycker, We know
that [N (u)| < 5. Again, for any w € R', we have

[sate, (S" U {w})] = [sate, (S")] + [N (w)] — [sate, (S") N N (w)]
S\ {z})| + [N (w)] — |sats, () N N (w))]
()] = [N (2)] + [N (w)| — |sata, (5) NN (w)]

)
(9)] = IN”( )| (since [N (w)| = |sate, (5) N N+ (w)])
)| =
)

J

(S

Case B: Now consider all buckets such that the variables in those bucket do not
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appear as a positive literal in any clauses of color from L. In this case also, since

) 2k neg d
|Gl > an > (k+ [V™9))r(d — 1) (M) +k+1,

ucket c

we have R' C C’éjclket such that each variable w in R’ satisfies the following: for all

v € S UV and for any j € [r], |N7(w) N NI (v)| < % Thus, the analysis in

Cases A.2.1, A.2.2 and A.2.3 hold here as well. O

Armed with Claim 9, we are ready to prove the statement via induction on the

number of iterations. Let z < ¢ denote the least integer such that & Cf e

Base Case: This case corresponds to the z'* iteration. By the definition of z, it
follows that y € C; ... Clearly, y is compatible with S’. By Claim 9, there exists
aset Rt € Ci.. \ {y} consisting of at least k variables such that each w € R*~!

is compatible with S’

Inductive hypothesis. For some z < ¢ < [, suppose that there exists a subset
R' C O}, e Of size at least k such that each variable in R’ is compatible with S".

Inductive step. We show the existence of a set R™™! of size at least k in CL .. Note

that the sets R' and R‘*! may differ by at most one variable. First we consider

the case that R® C C{tl . i.e., the variable v that was deleted from C} ., in

order to obtain C{Hl ., does not belong to R'. In this case, R""! = R’ trivially
satisfies the property via inductive hypothesis. Now, consider the case where the
deleted variable v belongs to R’. First, note that by the inductive hypothesis, v is
compatible with S’. Therefore, we use Claim 9 with S, it follows that there exists a
set ' C P\{v} C C}, er> such that |R’| = k, and each w € R’ is compatible with S’.
Since |R'| = k and v € R’, it follows that R'\ (R*\ {v}) # 0. Let w’ € R'\ (R*\{v})
be an arbitrary variable. It follows that R*! = R? — v + w’ has size k, and each

variable in R**! is compatible with S’. This finishes the inductive step. O

Lemma 27. Suppose there ezists some S CV of size k, such that for each j € [r],
sate,(S)| > t;. Then, after exhaustive application of Reduction Rules 11 and 12,

there exists some S" C V' of size k such that

e for each j € H, |satg,(S")| > (135)7 and

e for each j € L, |satg,(S")| > t;.
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Proof. Let S = {x1,2a,...,x,}. We will prove inductively that for each 0 < i < k,

there exists a set .5; satisfying the following properties.

L Azig1, Tigo, o) ©Si; and S\ {zig1, Tigo, .., ) SV,
2. For each j € L, |satg,(S;)| > t;, and

3. For each j € H, |satg,(S;)| > t; — 2i - t;.

In the base case, let Sy := S and note that Sy trivially satisfies the required proper-
ties. Now suppose we have inductively shown the existence of a set S;_; satisfying
the aforementioned properties. We will show the existence of S;. To this end, we

. /
consider cases based on whether z; € V.

Case 1: z; € V'. In this case, let S; := S;_;. Note that via inductive hypothesis
and the fact that x; € V', the first property holds. Next, note that for each j € H,
by inductive hypothesis, [sate,(5;)| = [sate,(Si—1)| > t; — 2(i — 1)et; > t; — 2iet;.
Finally, for each j € L, via inductive hypothesis, |sate, (S;)| = |sate, (Si—1)| > ;.

Case 2: z; ¢ V'. In this case, let z; € Cpycker, and let R; C 6’bucket C V' be a
set of size k guaranteed by Lemma 26 satisfying the two properties mentioned in
the statement thereof. Here, a,ucket C Chucket 1s the final subset of the bucket that
is retained after exhaustive application of the Reduction Rules 11 and 12. We first
claim that R;\ S;_1 # (). To this end, note that |S;_1| = |R;| = k, and R; C Chucket C
V75 On the other hand, S;_; contains at least one variable, namely x;, such that
z; & VP, Therefore, R; \ Si-1 # 0. Let w be an arbitrary variable in R; \ S;_;.
Let S; == S;_1 — x; +w. Since w € V', property (1) holds. Since w is compatible
with S;_1 \ {;}, it follows that for each j € L, |sate, (Si—1 \ {z:} U{w})| > t; due to
inductive hypothesis. This shows property (2). We now show that S; also satisfies
property (3). To this end, consider any j € H.

|sate, (S;)| > min {¢;, [sate, (Si—1)| — 2¢t; } (By property 1 of Lemma 26)
> |satg, (Si—1)| — 2¢t;
>t; —2(i — 1)et; — 2¢t; (By inductive hypothesis)
= t; — 2iet;.

This completes the proof by induction.

Now, note that S, C V' and we have
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L] fOI'j € H, ]sat¢j(SZ-)| = (1 — 2€]€)t] > ﬁ, for e € (0, ﬁ)

o for j € L, [saty,(Si)| > t;

£

10> we get a set S’ = S, satisfying the properties of Lemma 27.

Scaling ¢ to

£

s the new bound on the set of positive variables is

Remark 8. After scaling ¢ to

as follows:

w>o(d " (12.3)

€

’V’pos| < (

[]

Lemma 28. Let S! _ denote any (Bo, b1, ..., Br)-approzimate solution for the in-

apx

stance I'. Then, S! . is also a (Bo, B1(1 + €), ..., B.(1 + €))-approzimate solution

apx

for the instance T.

Proof. Let Sy, be an optimal solution to the instance Z. From Lemma 27, we know
that there exists an S C V' such that |S'| = |Syy| and

e for each j € H, |satg,(S")| > (1?}5)7 and

e for each j € L, [satg,(S")| > t;.

Thus, S" is a feasible solution for Z'. Let .S, be an optimal solution for the reduced

instance Z'. Then, we have,

|S(/1px‘ S 60|S(/;pt‘ S 50|S/| S 60|Sopt| (124)
Also for each j € [r],
t‘
to (S >_ 9
|Sa <I>j( apz)| = B](l‘i‘g)

Since, V' C V and C' C C, we have that for each j € [r],

2

| > B(+9) (12.5)

[sata, (Sap)
This concludes our proof. O

Proof of Lemma 25. Thus, the reduction algorithm R,.s along with the solution
lifting algorithm Iden gives a (1,1 +¢,...,1 + ¢)-APPA. This, along with the size

bound from Equation 12.3, proves Lemma 23. n
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12.2.3 Bounding the number of clauses

The next step is to design a (1,14¢,...,1+4¢)-APPA for F-MAX k-WEIGHT SAT
such that, given Z = ((® = (V,C),r, f),k,t) as input, the reduction algorithm
returns Z' = (&' = (V,C),r, f), k, ') where |C| is bounded by a polynomial function
of [V|.

Lemma 29. For any ¢ € (0,1), there exists a (1,1 +¢,...,1 + ¢)-APPA, say
(R, Iden) for F-MAX k-WEIGHT SAT when the input formula ® = (V,C) is Kg4-
free. Given an instance T = ((& = (V,C),r, f),k,t) of F-MAX k-WEIGHT SAT,

sizer. (k) = [V|°D and the formula returned by Re is also Ky 4-free.

Reduction algorithm. The reduction algorithm R« takes an instance Z = ((® =
V,C),r, [),k,t) of F-MAX k-WEIGHT SAT as input and uses a process called
scaling and rounding of weights to bound the set of clauses in C by a polynomial
function of |V|. It is described in Algorithm 13.

Algorithm 13 PROCEDURE TO BOUND THE SET OF CLAUSES (Z = ((¢ =
V.C),r, [), k1))

1: Set C be an empty multiset.
2: for each j € [r] do
3: Let S5 = cty

(+e)(d+D)[VIe
4 Let C5°* denote the distinct clauses in C;.
5 for each clause c € C5** do
6: Let m? denote the number of occurrences of ¢ in Cj.
7 Add |mi/s;| copies of ¢ to C. We call this the normalization step.

8: end for

9: end for B
10: Let @ = (V,C). Return the instance Z' = (', r, f), k,t’), where f' = f [5 and

(sl laval)

We first prove that the reduction algorithm returns a reduced instance where the

number of clauses is bounded by a polynomial function of the number of variables

in the input formula.

Claim 10. Let Z = ((® = (V,C),r, f),k,t) be an instance of F-MAX k-WEIGHT
SAT. Algorithm 13 bounds the number of clauses in the formula by 2(1 + %)(d +
1)|V| 2+,
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Proof. Let @ denote the subset of C restricted to color class 7. First, we show that,

for every j € [r], |C?| is bounded by some polynomial function of [V|.

ICI] <

. -t d
R e

S; S; 5
Here, |C;] < 2|V|t; due to Reduction Rule 11 and the fact that we can safely delete

empty clauses. Thus, we have

~ 1
IC| < 2r (1 + g) (d+1)|y|*H!

Solution Lifting algorithm. The solution lifting algorithm Iden takes as input
the instance Z = ((®,r, f), k,t), the reduced instance Z' = ((®',r, f), k,t’) which
is the output of R¢ and a (o, f1,- . -, 5r)-approximate solution to the instance 7,
for some (B9, fi, - - -, B,) € N"™! and returns the approximate solution it receives as

input.

Claim 11. The number of distinct clauses in C is at most (d + 1)[V|%.

Proof. Let C*¢* denote the distinct clauses in C. Since ® is K, 4-free, for every d-
sized subset in V there can be at most d —1 common clauses in C. Thus, the number
of clauses of size at least d in C is bounded by d - (‘Z') < d|V|?. Next, the number of
clauses in C with distinct non-empty neighborhoods and size less than d is bounded
by S0, (M) < [V|%. Thus, we have |C*¢| < (d + 1)|V|". O

Let S be an optimal solution for the original instance Z. We first claim that for every
j € [r], we have [saty/ (5)| > {ﬁ-‘, and hence S also satisfies all the constraint
J

functions of the reduced instance.

Claim 12. Let S be any set of k variables inV, such that for any j € [r], |sate, (S)| >
tj. Then it holds that [sate: (S)| 2 {mw

Proof. Consider the variable set S satisfying the premise of the claim and fix an
index j € [r] for the rest of the proof. Let sate,(S) = Ci WCy W --- W Cp where for
i € [(], C; contains copies of same clause. We have ¢ < (d + 1)|V|¢ due to Claim 11.
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v

— 1. Therefore,

In satq,;,(S), C; now contributes {%J

(AV4
]~
/\
; l_

[
~~

|sate: (S)] > é {'C |J

i=1
> G (Since S is optimal for I)
Sj
t.
> L — (d+ 1)V
Sj
t.

—(d+ 1)/

J
et;/((1+¢e)(d+ 1)[V]9)
(Using the definition of s;)

Hence we have |sat¢,/ ()| >

hold that |sate (S)| > {—

. However, since |satg (S)| is an integer, it must
J

O
Note that Claim 12 implies that S is a feasible solution for the reduced instance of
size k.

Lemma 30. Let Y denote any (Bo, 51, - . ., Br)-approzimate solution for the instance
T'. Then, Y is also a (Po, 51(1 + €),...,B.(1 + €))-approximate solution for the

imstance T.

Proof. We have for every j € [r],

[sata, (Y)| > s;[sate (V)

tj

A=
>3 (55a)

_
N (1 + 6)53‘

Thus, Y satisfies all the constraint functions.

Let Y* denote an optimal solution for the reduced instance. Since Y is a (5o, 51, .- ., fr)-
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approximate solution for the reduced instance, we have
Y| < BolY?| < BolSI.

The last inequality follows from the fact S is a feasible solution of the reduced
instance as shown in Claim 12. Hence Y is also a (B, 51(1 +€),...,5:.(1 + €))-

approximate solution for the original instance Z. O

Hence, by Lemma 30, which proves that Iden is the desired solution lifting algorithm,
and Claim 10, which proves that the number of clauses in the reduced instance is
2r(1 + 2)(d + 1)n*™* where n is the number of variables in the input formula, we
obtain the desired (1,1 +¢,...,1+¢)-APPA.

12.2.4 Putting together everything: an approximate kernel
for F-MAX k-WEIGHT SAT

We now give the prove of Theorem 19.

Proof. Given an instance Z = ((®,r, f), k,t), the reduction algorithm does the fol-

lowing.

e It first runs the reduction algorithm from (1,1 + ¢,...,1 + §)-APPA from

Lemma 20.

e Then, it runs the reduction algorithm from (1,1 + %,...,1+ g)-APPA from

Lemma 23.

e Finally it runs the the reduction algorithm from (1,1 + ¢,...,1+ g)-APPA

from Lemma 29.

Thus, we get a (1, (14£)%, ..., (1+5)*)-APPA, or equivalently a (1,1+¢,...,1+¢)-

APPA. This is because (1+1§)3 > I—}FE for any ¢ € (0, 1), and hence, for any j € [r],
6

we have (li—g)?, > (;Tje) Note that the first reduction algorithm only deletes clauses
6
and hence if the input is a K, 4-free formula, it returns a Ky 4-free formula as an

output.

The first APPA returns a formula ® = (V',C’) where the number of negative vari-
ables in [V'| is O (g) The second APPA bounds the number of positive variables
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neg O(d2T) r
in V' by (M> = (@)O(dQ ). Finally, the third APPA bounds the number

3 &€

(ﬁ) O(d3r) .

of clauses and the size of the reduced instance by [V|9@ = (“

37‘ .
Thus the size of the reduced instance gets bounded by (%)O(d ). This completes

the proof of Theorem 19.

12.3 Lossy kernel for (M, F)-MAX k-WEIGHT SAT

We give an EPSAKS for the (M, F)-MAX k-WEIGHT SAT problem when param-
eterized by the solution size k. We formally define the problem below and then

formulate it as a multi-criteria optimization problem.

7

(M, F)-MAX k-WEIGHT SAT

Input: An instance J = ((®,r, f, M), k,t), where & = (V,C) is a CNF-SAT
formula, f : C — [r] is a surjective function, and for each j € [r], we say that
C; = {s€C: f(s) =y} is the set of clauses of color j and, t : [r] = N is
a function such that ¢; = ¢(j) > 0 is the satisfiability requirement for color
j, for each j € [r]. Moreover, we are given a matroid M = (V,I) of rank k
defined on the set of variables V, where k is a non-negative integer.
Parameter: £

Question: Does there exist an assignment [ of weight at most k& to V), such
that 57'(1) € I, and for each j € [r], [sate, (8)| > t;?

Here, satg, () C C; is the set of clauses of color j € [r] that are satisfied by /3
in the subformula ®; = (V,C;).

Modeling as parameterized multi-criteria minimization problem: Given
an instance J = ((®,r, f, M), k,t), where & = (V,C), M = (V,I) and t =
(t1,...,t.), we model the above problem as a parameterized multi-criteria mini-

mization problem as follows. For a given set of variables S C V),

e the main optimization function w is defined as

w((®, 7, f, M), k, S) = min{|S]|, k + 1},
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e the r + 1 constraint functions are defined as:

1. for j € [r],

, —00 if |S| >k
C(@,r, M)k, S) =
|saty;(S)| otherwise

2. for j=r+1,

. 0 ifsSel
(P, fLM) K, S) =

—1 otherwise

S is a solution to ((®,r, f, M), k,t) if, for all j € [r], ((®,r, f, M), k,S) > t;, and
€r+1 Z 0.

Our goal is to design a (1,1 +¢,...,1+ ¢, 1)-approximate kernel, for every ¢ > 0,
for (M, F)-MAX k-WEIGHT SAT when the input formula ® is K 4-free.

A brief overview of the approximate kernelization procedure: We design
our approximate kernel in three main steps. The first step is to design an APPA
that bounds the number of negative variables present in the formula by a polynomial
function of k,e. In the next step, we design an APPA that bounds the number of
positive variables as a polynomial function of k, £ and preserves the set of negative
variables. The third APPA bounds the number of clauses by a polynomial function
of the number of variables in the formula. Combining the three APPAs gives our
desired approximate kernel. We describe each step in the following three subsections

and then prove the following theorem.

Theorem 20. For any € € (0,1), there ezists a (1,1 +¢,...,1+ ¢, 1)-approzimate
T 2 . T 3
kernel for (M, F)-MAX k-weIGHT SAT, with (%)O( ) variables and (ﬁ)o( )

£

clauses, when the formula s K4 4-free.

12.3.1 Bounding the number of negative variables
We give a (1,1 4+ ¢,...,1 4+ ¢,1)-APPA, for any ¢ > 0, for the (M, F)-MAX k-

WEIGHT SAT problem when the input CNF-SAT formula is K, 4-free that bounds

the number of negative variables.
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Lemma 31. For anye € (0,1), there ezists a (1,14¢,...,14¢,1)-APPA consisting
of the pair (R%;‘t, Iden) for (M, F)-MAX k-WEIGHT SAT, when the input formula
O = (V,C) is Kyq-free. The reduction algorithm takes as input an instance J =
(&= V,C),r, f, M), k,t) and outputs an instance J' = ((¥',r, f, M), k,t") where
' = (V',C') is a Kyq-free formula with V' C V and C' C C and the number of

negative variables in V' is at most O(%)

A brief outline of our APPA is as follows.

Reduction Algorithm: The reduction algorithm R%gt takes as input an instance
J of (M, F)-MAX k-WEIGHT SAT. It first applies Reduction Rule 13 exhaustively
to remove any variable = such that {x} ¢ I as these variables can never participate
in any solution. Then, it applies Reduction Rule 10 exhaustively to remove any
clause with at least k 4+ 1 negative literals as such clauses will always be satisfied
by any assignment of weight at most k. This is followed by the greedy procedure
in Algorithm 12 that bounds the set of negative variables by a polynomial function
of k£ and . The intuition behind the greedy procedure is that if the number of
variables with high negative degree with respect to a color j is large enough, then
any assignment of weight at most k satisfies at least ¢; clauses of color class j, hence,
we can forget clauses in the color class C;. Moreover, for any assignment of weight
at most k£ to the variables, among the set of clauses containing any low negative
degree, only a bounded number of clauses are unsatisfied. Here, by negative degree,

we refer to the normalized negative degree, which is defined in Definition 28.

Solution Lifting Algorithm: The solution lifting algorithm Iden takes as input

the instance J, the output J' of RnMegt which is called the reduced instance, and a

(Bo, Bis - - -, Bry1)-approximate solution S’ to J', for some (3o, B1,. .., Bry1) € N2

It returns the approximate solution to the reduced instance that it receives as input.

Let J = ((®,r, f, M), k, t) be the input instance of (M, F)-MAX k-WEIGHT SAT.
We assume that the input matroid M has:

1. oracle access, and

2. rank k.

If rank(M) > k, then we implicitly work with the k-truncation My; however for the

sake of simplicity, we continue to use M = (V,I) for the appropriately truncated
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matroid.

Reduction Rule 13. If there is a variable x € V such that {x} ¢ I, then do the
following:

e Remove x from V.
e [or each c € C, if x € pos(c), remove x from c.

e For each c € C, if x € neg(c), remove c. If f(c) = j, then decrease t; by 1.
Return the reduced the instance (&' = (V',C'),r, f, M), k,t).

Notice that Reduction Rule 13 is safe since such elements can never be part of any

solution and can only be assigned 0.

Reduction Rule 10 is applied next which is also safe as it only removes clauses that
are always satisfied by any assignment of weight at most k. After the application of
this reduction rule, every clause in the reduced instance contains at most k£ negative
literals. This is followed by applying the greedy procedure described in Algorithm 12
that bounds the number of negative variables 1"* in the formula. By Observation 10

and Claim 7, we know that, for every color j € [r], the algorithm

e cither bounds the set of negative variables with high normalized negative de-

k‘2

gree with respect to color j by O(*%), or

e shows that any assignment of weight at most k satisfies at least ¢; clauses of

color class j.

Note that the negative variables in the formula of the reduced instance are only
the variables in Yy since all the clauses with negative occurrences of variables in
Yiow are deleted. Thus, the number of negative variables in the reduced instance is
@ <£> as shown in Observation 10.

£

Lemma 32. Let Sy, be a (Bo, b1, .., Brs1)-approzimate solution of the reduced
instance J' for any (Bo, B1 - -, Bri1) € N2, Then, Sopy is a (Bo, (14€)61, ..., (1+

€) By, Bri1)-approzimate solution of the input instance J .

Proof. Let S, be an optimal solution of the input instance J. By Lemma 22, we
t; ,
know that |Syp.| < Bol|Sop| and sate, (Sapz) > i forall j € [7].
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Let S’

opt
St € I, and hence, ("*1(J", k, S|

opt

be an optimal solution of the reduced instance J’'. Then, we know that
) = 0. Thus, €"(F", k, Spe) > T RS —
implying that S,,, € I. Since both the input and the reduced instances are defined
over the same matroid M", we have that (" (7, k, Supe) =0 = ”H(i—fls"’”) Thus,

Sape 18 a (Bo, (14€)b1, - .., (14¢€)B:, Br11)-approximate solution of the input instance
J. ]

Lemma 32 along with the fact that the number of negative variables in the reduced

instance J’' is O (%) proves Lemma 31.

12.3.2 Bounding the number of positive variables

In this subsection, we provide a (1,1+¢,...,1+¢,1)-APPA for any € > 0, for an
instance J = ((® = (V,C),r, f, M), k,t) of (M, F)-MaX k-WEIGHT SAT when the
input formula ® is K, 4-free. This APPA bounds the size of VP by f(k, ¢, V") for
some computable polynomial function f. Recall that for any v € VP d~(v) = 0.

In particular, we prove the following lemma.

Lemma 33. Foranye € (0, 1), there exists a (1,1+4¢,...,1+¢,1)-APPA consisting
of the pair (RMe Iden) for (M, F)-MAX k-WEIGHT SAT, when the input formula

pos )

O = (V,C) is Kyq-free. The reduction algorithm takes as input an instance J =
(= W,C),r, f,M),k,t) and outputs an instance ' = ((®',r, f, M), k,t") where
' = V', () is a Kgq-free formula with V' CV and C' C C, the number of positive

k(k+|vnﬁgl))o(d2m
&€

, and t = (125) for all j € [r]. It

variables in V' is at most (

preserves the set of negative variables in V.

A brief outline of our APPA is as follows.

Reduction Algorithm: The reduction algorithm R%gt takes as input an instance

J of (M, F)-MAX k-wEIGHT SAT. It does the following.

1. Preliminary variable removal: It applies a reduction rule that removes
any variable x such that {x} ¢ I as these variables can never participate in

any solution.

'Due to the hereditary property of the matroid, the subset of an independent set is also an
independent set.
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2. Truncating Frequency: We apply a reduction rule that bounds the fre-

quency of every variable by at most 2¢;.

3. Bucketing Procedure: We first partition the set of colors [r] into two cat-
egories, based on their satisfiability requirements (high or low) and then im-
plement the bucketing procedure to partition VP°® based on its colored degree.
Each partition of VP°® under this procedure is called a bucket. The number
of buckets created is a polynomial function of k£ and e. Variables from VP%*
in a bucket are present in almost the same number of clauses of any high
requirement color j, and in exactly the same number of clauses of any low

requirement color j.

4. Filtering via Sunflower: For each bucket created in the above step, we
delete variables by finding a sufficiently large sunflower. Unlike the previous
section, instead of arbitrarily deleting a variable participating in a sunflower,
we cleverly use representative sets in order to carefully select a variable to
delete. This bounds the size of each bucket by a polynomial function of k, e
and [V,

Solution Lifting Algorithm: The solution lifting algorithm Iden takes as input

the instance J, the output J’ of R%St which is called the reduced instance, and a

(Bo, Pis - - -, Bry1)-approximate solution S’ to J', for some (SBo, 81, .., Bry1) € N2

It returns the approximate solution to the reduced instance that it receives as input.

Let J = ((®,r, f, M), k, t) be the input instance of (M, F)-MAX k-WEIGHT SAT.
We assume that the input matroid M has:

1. oracle access, and

2. rank k. If rank(M) > k, then we implicitly work with the k-truncation of M.

The Reduction Algorithm. We now describe the reduction algorithm R, in
detail.

1. Preliminary variable removal: Reduction Rule 13 is applied to the instance.
It is safe since any element x such that {x} ¢ I can never be part of any solution

and can only be assigned 0.
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2. Truncating Frequency: We implement Reduction Rule 11 to truncate the
frequency of a variable in V. After exhaustive application of this rule, the positive
frequency as well as the negative frequency of every variable is at most ¢;. This rule

is safe as shown in Claim 8.

3. The Bucketing Procedure: We partition the set of colors [r] into two cate-

gories, based on their satisfiability requirements.

e Set of colors with high satisfiability requirements, H == {j € [r] : t; > 45},

DOS

We do approximate bucketing on VP with respect to the colors in H. Let

A= [log( e 2k7. Fix a color j € H. For each o € [\], we define

_ b < dH(v) < t—ﬂ}

A(j, ) = {v S 2 itoe

We also define
A(5,0) = {ve A:dY(v) > t;},

and

A(j,A+1) = {vEA:d*j(v) < (1_7_—38)/\}

e Set of colors with low satisfiability requirements, L = {j € [r] : t; < %2},

DOS

We do exact bucketing on VP with respect to the colors in L. Fix a color

j € L. For each a € {0,1,...,t;}, let A(j, ) == {v € VP : dM(v) = a}.

Let Fy, be the family of all possible functions bucket : [r] — N satisfying the following

properties:

e for each j € H, bucket(j) € {0,1,2,..., A+ 1}.

e for each j € L, bucket(j) € {0,1,2,...,¢;}.
Then, for each bucket € F;,, we define a class Cpycket := ﬂje[r] A(j, bucket(j)). Notice
that Fy, imposes a partitioning on VP°S.

Observation 14. For any pair of variables u,v € Cpycket, Where Chycker 1S @ non-

empty bucket of VP°° corresponding to some bucket € F,, we have the following:

1. For all j € H with bucket(j) € [)], ‘ﬁf;)) < d(u) < (1+e)d(v).
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2. For all j € H with bucket(j) = 0, both d*7(u) and d*7(v) are at least t;.
3. For all j € H with bucket(j) = A+ 1, both d*7(u) and d*I(v) are at most .

4. Forallje L, d7(u) =d(v).

The total number of buckets returned by the bucketing procedure is O ((@)T)

82
4. Filtering via Sunflower: For each non-empty Chycker 0of VP, if the number
of variables in it is more than ¢}/ = d((g}/*" — 1)r%2)?, where

g™ =k-qg+1

Akd 2(k + [Ves])\ ?
=k <(k: + |lﬂ“‘6’g\)r€—2 + (k4 [V"|)r(d — 1) (%) +k+ 1) +1,

we apply Reduction Rule 14 described below.

For a given formula ® = (V,C), let Gpycket,, = (A, B) be the incidence bipartite

graph constructed as follows.

For every v € Cpycket, add a vertex a, to A.

e For every clause ¢ € C such that f(c) € L, add a vertex b. to B.

Add an edge between a, and b, iff ¢ € N(v).

Delete all isolated vertices.

Since the formula ® is K 4-free, Ghycket,r i also K4 4-free as it is the incidence graph
of a subformula. According to the construction, for a sunflower P C A, the sets
correspond to neighborhoods of vertices from A participating in P, i.e., the family
{N(ay) | a, € P}. The core Y of P represents the set of vertices in B that are
present in the neighborhoods of each vertex a, that participates in P, i.e., all the
vertices in (1, .p N(a,). Similarly, for any vertex a, € P, the petal corresponding
to a,, denoted by petal(a,), is N(a,) \ Y.

In the language of CNF-SAT formulae, the sets in the sunflower P C A correspond
to the family of clauses {C[v] | a, € P}, where C[v] = N*(v) () (U;jerC;), i.e. Clv] is
the set of clauses from color classes in L that contain v. Notice that as the bucketing

procedure is implemented only on V*°°, N(v) = N (v) for any v € VP°*. The core YV

202



of P represents the set of clauses that contain each variable v corresponding to the
vertex a, € A that participates in P, i.e., all the clauses in (1, . C[v]. Similarly,
for any variable v € Chycket, if @, € P, then the petal denoted by petal(a,) is
C[v]\'Y. Thus, the sunflower P collects all variables in Cpycker Such that for any pair
U,V € Chucket, if ay, a, € P, then Clu] N C[v] is exactly the same.

Due to exhaustive application of Reduction Rule 11, the positive frequency of every
variable is at most ¢; when restricted to clauses with color j. Thus, the degree of
every vertex in A in the incidence graph is bounded by > jer by Since 7 € L we have
t; < %4 which implies Y

5 t; < r%d. If |Chucket| > @A, then using Lemma 24

jeL
witha=b=d, ( = r% and w = ¢/, a sunflower P in Gpucket.z, Of size ¢Jf* exists.

Reduction Rule 14 (Matroidal Sunflower rule). Given an instance J = (& =
V,C),r, f, M), k,t), for each bucket € Fy, if |Coucket| > g%, then we apply the

reduction rule based on two cases:

1. if for v € Cpucket, there exists j € L such that d*7(v) > 0, then we compute
a sunflower P C Cpucket 0f Size qi‘f‘”. Let Py .= P. We perform the greedy

procedure listed below.

2. if for v € Chucker, and for all j € L, d™(v) = 0, then let Py = Chucket- We

perform the greedy procedure listed below.
Greedy procedure:

1. For each 1 <1 < gy, we compute Q, C* 1P, 1, and let P, == P,_1 \ Q..

—rep

2. Let v be a variable in Py, We update Chucket by deleting v.

After exhaustively applying the above procedure, return the instance J' = (¢’ =
V', C,r, f, M), k,t') where V' is the set of variables left, C' C C where C’ is the set

. t. .
of clauses restricted to V', and set t; = = for all j € [r].

Observation 15. Due to the exhaustive application of Reduction Rule 153, each
u € V forms a singleton independent set in I, which implies that |Q,| > 1 for
each v € [qs]. Further, due to Lemma 1, Q,, for any v € [qy], can be computed in

polynomial time using polynomially many calls to the independence oracle for M.

Remark 9. Note that while we do not actively delete clauses, a clause ¢ € C may
inadvertently get deleted if all the variables appearing in it get deleted during the
application of Reduction Rules 153, 11 or 14.
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Observation 16. Due to the construction of Cpucket, 0nly variables from VP are

being deleted. Thus, the set of negative variables V"9 is preserved by the algorithm.

The reduction algorithm R%;“ partitions VP* into O ((’;—gl)r) buckets and each
bucket contains no more than ¢i/? variables. Hence, the size of VP* in the re-

duced instance is bounded. We have
2
KAN™ e _ (kYOO
% |=O((§>>-q£‘€t§( ; ) : (12.6)

Solution lifting algorithm We describe the solution lifting algorithm lden as
follows. It takes as input the instance J = ((® = (V,C),r, f, M), k,t), the reduced
instance J' = ((®" = (V',C"),r, f, M), k,t') which is the output of the reduction
algorithm R)¢*, and S’ which is a (8o, 81, . - . , Br41)-approximate solution to J”, for
any (Bo,...,0Br11) € N2 where 3; > 1 for all i € [0,7 + 1]. It simply returns
the solution S’ it receives as input. In the following discussion, we show that S’
is a (Bo, f1(1+¢€),...,0:-(1+¢€), Brr1)-approximate solution to J, thus establishing

(RMat '|den) as a (1,1 +¢,...,1+¢,1)-APPA.

pos

Lemma 34. Let M = (V, 1) be the given input matroid. Suppose there exists some
S CV of size k, such that S € I and for each j € [r], |sate,(S)| > t}, where
0< t;- < t;. Consider a Cpycker for some bucket € Fy, such that S N Chucket # 0.
Let x € (S N Chycket) and S" = S\ {z}. Let C| e C Chucket be the final subset of
the bucket that is retained after repeated application of the matroidal sunflower rule.
Then, at least one of the following holds:

!
LARUIS C’bucket? or

o there exists a set R C C} e Of size k such that for each w € R the following

bucke

properties hold.
1. For each j € H, |sate, (S — x4+ w)| > min {t}, |satq, (S)| — 2¢t;},
2. For each j € L, |saty (S — x +w)| > t}, and

3 S—r+wel.
Proof. At a high level, the proof strategy is analogous to that of Lemma 26, al-

though here we also have to additionally maintain compatibility w.r.t. matroid in-

dependence.
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We refer to each application of the procedure in the sunflower rule (Reduction
C Chucket be the subset of Cpycket
after 7 iterations, where the total number of iterations is ¢ > 0. Note that if
7 € Chucket
rest of the proof, we consider the case when z ¢ C{, .- Let S’ = S\ {z}. We will

say that a variable y € Cpycker 18 compatible with S’ if it satisfies the following two

Rule 14) on Chycker as an iteration. Let Cf e

= a,ucket, then the statement of the lemma is obviously true. In the

properties (analogous to properties (1), (2) and (3) in the statement of the lemma):

(a) for each j € H, [sate,(S" U {y})| > min {¢}, |sate, (S)| — 2¢t; }
(b) for each j € L, [sate, (S" U {y})| > t..

(c) S"U{y} el

Now, we prove the following analogue of Claim 9, which is the only crucial ingredient

to complete the proof by induction.

Claim 13. Let y € C} 4. be a vertex that is compatible with S', and suppose y is
deleted from C{

rule) on sunflower P, in order to obtain C{tl = Ci o \ {y}. Then there exists a

subset R* C P\ {y} of size k, such that each w € R' is compatible with S'.

by an application of Reduction Rule 1/ (the matroidal sunflower

ucket

Proof. Since y is deleted by an application of Reduction Rule 14, we have that
y € P,, This implies that y ¢ Q1 U Q2 U ... U Q,,, which also implies that
y € Py, C Py, C... C P C Py The strict subset relation among the P;s,
for j € [0,qs], is due to the fact that each |Q,| > 1, for ¢ € [g4], as noted in
Observation 15. We know that y is compatible with S’. Thus, it follows that, for
each 1 <t < g, P,_1 contains a variable, specifically y, such that S’ U {y} € I.
Therefore, for each 1 <t < ¢, @, must contain a variable z, such that S’U{z,} € I
because @), Q,’fe’pl P,_1. Notice that that size of each @Q,, for ¢ € [gy], is between 1

and k since it is a (k — 1)-representative set of P,. Moreover, Q, N Q, = 0 for any
a # b € [qsl.

Case A: Consider a bucket for which there exists at least one color j € L such that

the variables in that bucket appear as positive literals in some clause of color j.

By following arguments for Case A in Claim 9, as

4kd 2k + [Yreg )\ ¢
Gt = (k+ V*)r - — + (k+ V"¥)r(d = 1) <—( :’ D) Tk,
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it follows that, there exist at least k distinct indices 1 < 13 < 19 < ... < 1 < g,
such that for each 1 < y < k, and for all z € Q,,, S’ U {2} satisfies properties (a)
and (b).

Case B: Now consider all buckets such that the variables in those bucket do not
appear as a positive literal in any clauses of color from L. Similarly, by following

arguments for Case B in Claim 9, as
2(k 4 [Vres|)\ @
g (ko s = ) (2D

there exist at least k distinct indices 1 < 11 < 19 < ... < 1 < g, such that for each
1 <jy<k,and forall z € Q,,, S"U {2} satisfies properties (a) and (b).

Finally, in both the cases, note that each @, contains at least one vertex 2’ such
that S U {2z} € I. This is due to the fact that " U {y} € I, y € P, and
Q. Q’fgpl P,,—1. Therefore, for each 1 < j < k, there exists a vertex 2 e Q., such

that 2’ is compatible with S’. m

We now prove the statement via induction on the number of iterations. Let z < ¢

denote the least integer such that & CF, -

Base Case: This case corresponds to the z" iteration. By the definition of z, it
follows that y € CZ, ., Clearly, y is compatible with S’. By Claim 13, there exists
aset 1 € Ci .. \ {y} consisting of at least k variables such that each w € R*?
is compatible with S’

Inductive hypothesis. For some z < i < [, suppose that there exists a subset

R" C O, e Of size at least k such that each variable in R’ is compatible with S".

Inductive step. We show the existence of a set R+ of size at least k in C{t}, . Note
that the sets R' and R**! may differ by at most one variable. First we consider
the case that R® C Cptl . i.e., the variable v that was deleted from C} ., in

order to obtain C’é:rclket, does not belong to R!. In this case, R = R’ trivially
satisfies the property via inductive hypothesis. Now, consider the case where the
deleted variable v belongs to R’. First, note that by the inductive hypothesis, v is
compatible with S’. Therefore, we use Claim 13 with S, it follows that there exists a
set R C P\{v} C Cf ket Such that |R'| = k, and each w € R’ is compatible with S’.
Since |R!| = k and v € RY, it follows that R'\ (R*\ {v}) # 0. Let w’ € R'\ (R*\{v})

be an arbitrary variable. It follows that R‘*! = R* — v + w’ has size k, and each
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variable in R**! is compatible with S’. This finishes the inductive step.

]

Lemma 35. Let M = (V,I) be the given input matroid of rank k. Suppose there
exists some S CV of size k, such that S € I, and for each j € [r], |saty,(S)| > t;.
Then, there exists some S C V' such that,

o S'el,

e for each j € H, \Satcbj(slﬂ > (125)7 and

e for each j € L, |satg,(S")| > t;.

Proof. Let S = {x1, 22, ...,2,}. We will prove inductively that for each 0 < i < k,

there exists a set 5; of size k satisfying the following properties.

L AZig1, Tigo, .., 2} © 85, and S; \ {1, Tigo, .., 28} SV,
2. For each j € L, |satg,(S;)| > t;,
3. For each j € H, |satg,(S;)| > t; —2i - t;, and

In the base case, let Sy =S and note that Sy trivially satisfies the required proper-
ties. Now suppose we have inductively shown the existence of a set S;_; satisfying
the aforementioned properties. We will show the existence of S;. To this end, we

. /
consider cases based on whether z; € V.

Case 1: z; € V'. In this case, let S; .= S;_;. Note that via inductive hypothesis
and the fact that x; € V', the first property holds. Next, note that for each j € H,
by inductive hypothesis, [sate,(5;)| = [sate,(Si—1)| > t; — 2(i — 1)et; > t; — 2iet;.
Finally, for each j € L, via inductive hypothesis, |sats,(S;)| = [sate, (Si-1)| > t;.
Moreover, we have S; € I as S; = 5;_1 and by induction hypothesis, S;_; € I.

Case 2: z; ¢ V. In this case, let x; € Cpucket, and let R; C (T'bucket C V' be a
set of size k obtained by Lemma 34 satisfying the three properties mentioned in the
statement thereof. Here, 6’bucket C Chucket 1s the final subset of the bucket that is
retained after repeated application of the matroidal sunflower rule. We first claim
that R; \ S;_1 # 0. To this end, note that |S;_1| = |R;| = k, and R; C Chucket

VP On the other hand, S;_; contains at least one variable, namely x;, such that
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x; & V7. Therefore, R; \ Si-1 # 0. Let w be an arbitrary variable in R; \ S;_;.
Let S; == S;_1 — x; +w. Since w € V', property (1) holds. Since w is compatible
with S;_1 \ {;}, it follows that for each j € L, |sate, (Si—1 \ {z:} U{w})| > t; due to
inductive hypothesis. This shows property (2). We now show that S; also satisfies
property (3). To this end, consider any j € H.

|sate, (S;)| > min {;, [sate, (Si—1)| — 2¢t; } (By property 1 of Lemma 34)
> |satg, (Si—1)| — 2¢t;
>t; —2(i — 1)et; — 2¢t; (By inductive hypothesis)
= t; — 2iet;.

For each y € R;, we have S;_; — z; +y € I. It follows that S; satisfies S; C V', and
S;elaswe€R,.

Now, note that S, C V" and we have

for e € (0, ),

o for j € H, [saty,(Sk)| = (1 — 2ck)t; > i

ty
(I+4ek)”
o for j € L, |satg,(Sk)| > t;, and

e S, el

£

in> we get a set S’ = Sy satisfying the properties of Lemma 35.

Scaling ¢ to

Remark 10. After scaling € to 5, the new bound on the set of positive variables is

as follows:
: ki (k + [Vres)) ) O
[Vres| < (—( +€| D) : (12.7)
O
Lemma 36. For any (8o, B, ..., Bri1) € N2, let Stpe denote any (Bo, By, - - -, Bry1)-
approximate solution for the instance J'. Then, S, is also a (Bo, B1(1+¢), ..., Br(1+

e), Bry1)-approximate solution for the instance J .

Proof. Let Sy, be an optimal solution to the instance J. From Lemma 35, we know
that there exists an S C V' such that |S'| = |Sy| and

tj
(1+e)>

o for each j € H, |satg (S")| >
e for each j € L, [satg,(S")| > t;, and
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o S'c 1.

Thus, S’ is a feasible solution for 7'. Let S’ . be an optimal solution for the reduced

opt
instance J’. Then, we have,
|S(/1px‘ < B0|Sgpt‘ < BO’S/‘ < BOISopt‘ (128>
Also, for each j € [r],
t‘
sate (S! )| > —2—
| fI’j( apa:)| = Bj(l‘l'g)

Since, V' C V and C' C C, we have that for each j € [r],

tj

| > B(l+2) (12.9)

[sata; (o)

41 / /
) = 0. Thus, YT, k, S ) > T R Sop)

apxr/ — 6r+1

0, implying that S’ € I. Since both the input and the reduced instances are de-

apx

fined over the same matroid M?, we have that ¢"*'(7 .k, S,,,) = 0 = wl(ﬁjr%"pt)

By Equation 12.9, we know that S, ,, satisfies all the other constraint functions for
j € lrl.

Since S’

opt

€ I, wehave, (rY1(J" k., S

opt

Hence S/, is also a (By, B1(1 4+ ¢€), ..., 5.(1 4+ €), B,41)-approximate solution for the

apx

original instance 7.

[]

Proof of Lemma 35. Thus, the reduction algorithm R%fjt along with the solution

lifting algorithm Iden gives a (1,1+¢,...,1+¢,1)-APPA. This, along with the size

bound from Equation 10, proves Lemma 33. O]

12.3.3 Bounding the number of clauses

(1,1+4¢,...,14¢,1)-APPA for (M, F)-MAX k-wWEIGHT SAT such that,
given 7 = (& = (V,C),r, [, M = (V,I)),k,t) as input, the reduction algorithm
returns J' = (&' = (V,C),r, f, M), k,¥') where C C C and |C| is bounded by a

polynomial function of |V|.

We design a

2Due to the hereditary property of the matroid, the subset of an independent set is also an
independent set.
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Lemma 37. For any € € (0,1), there exists a (1,1 +¢,...,1 4+ ¢,1)-APPA, say
(R¥at 1den) for (M, F)-MAX k-WEIGHT SAT when the input formula ® = (V,C) is
Kga-free. Given an input instance J = ((® = (V,C),r, f, M), k1), sizegpat(k) =
V|9D and the formula returned by RM % is also K44-free.

Let J = ((®,r, f, M), k, t) be the input instance of (M, F)-MAX k-WEIGHT SAT.
We assume that the input matroid M has:

1. oracle access, and

2. rank k. If rank(M) > k, then we implicitly work with the k-truncation of M.

This APPA does not modify the set of variables. Hence, the matroid constraint

remains unaffected.

Reduction algorithm. The reduction algorithm R} runs Algorithm 13 on an
instance J = ((® = (V,C),r, f, M = (V,1)),k,t) of (M, F)-MAX k-WEIGHT SAT.
It uses a process called scaling and rounding of weights to bound the set of clauses
in C by a polynomial function of [V|. By Claim 10, we know that the reduction
algorithm returns a reduced instance J' = (&' = (V,C),r, f,M = (V,1)),k,t)
where the number of clauses is bounded by a polynomial function of the number of

variables in the input formula. Specifically, we have that

~ 1
IC| < 2r <1 + g) (d+ 1)Y=

Solution Lifting algorithm. The solution lifting algorithm Iden takes as input
the instance J = ((®,r, f, M), k,t), the reduced instance J' = ((®',r, f, M), k, ')
which is the output of RY* and a (8o, 31, ..., Br11)-approximate solution to the
instance Z', for some (3, 81, - - -, Br+1) € N""2. Iden returns the approximate solution

it receives as input.

Lemma 38. For any (8o, B1, ..., Br41) € N2, let Y denote any (Bo, b1, - -+, Bra1)-
approzimate solution for the instance J'. Then, Y is also a (Bo, f1(1+¢),...,B.(1+

e), Bry1)-approxzimate solution for the instance I.

Proof. Let S be an optimal solution to the original instance [J and let Y* denote

an optimal solution for the reduced instance J’'. By Claim 12 and because S € I,
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being an optimal solution to J, we know that S is also a feasible solution of size k
for the reduced instance J'. Thus, |Y| < Bo|Y™*| < BolS].

Since Y* € I, and hence, ("(J', k,Y*) = 0. Thus, '*1(J" k,Y) > T kYY)

ﬁr«&»l

0, implying that Y € I. Since both the input and the reduced instances are de-

fined over the same matroid M?, we have that ¢"*( 7, k,Y) =0 = W;&%‘q) By

Lemma 30, we know that Y satisfies all the other constraint functions for j € [r].

Hence Y is also a (8o, f1(1 + €),...,5.(1 + €), Br41)-approximate solution for the

original instance 7. O

Hence, by Lemma 38, which proves that lden is the desired solution lifting algorithm,
and Claim 10, which proves that the number of clauses in the reduced instance is
2r(1+ 1)(d + 1)[V|?*!, we obtain the desired (1,1+¢,...,1+¢,1)-APPA.

12.3.4 Putting it all together: an approximate kernel for
(M, F)-Max k-weIlGHT SAT

In this section, we prove Theorem 20.

Proof. Given an instance J = ((®,r, f, M), k,t), the reduction algorithm does the

following.

e It first runs the reduction algorithm from (1,1 +¢,...,1+ £,1)-APPA from

Lemma 31.

e Then, it runs the reduction algorithm from (1,1+¢,...,1+§,1)-APPA from

Lemma 33.

e Finally it runs the the reduction algorithm from (1,1+¢,...,14 ¢,1)-APPA

from Lemma 37.

Thus, we get a (1, (1+£)%, ..., (142)% 1)-APPA, or equivalently a (1,1+¢,...,1+
e,1)-APPA. This is because ——
. N (1+8)

J € [r], we have W > ﬁ Note that the first reduction algorithm only deletes

clauses and hence if the input is a Kgg4-free formula, it returns a Ky g-free formula

71z for any e € (0,1), and hence, for any

as an output.

3Due to the hereditary property of the matroid, the subset of an independent set is also an
independent set.
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The first APPA returns a formula ® = (V’,C’) where the number of negative vari-
ables in [V'| is O (g) The second APPA bounds the number of positive variables

£ £

neg O(dQT) r
in V' by (M> = (@)O(d2 ). Finally, the third APPA bounds the number

37” .
of clauses and the size of the reduced instance by [V|9@ = (%)O(d ). Thus the size

of the reduced instance gets bounded by (’"k)o(dST). All three APPAs do not violate

£

the matroid constraint.

This completes the proof of Theorem 20.
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Section V: Conclusion
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Chapter 13
Conclusion and Future Directions

This thesis focuses on two canonical problems, CC-MAXSAT and MAXIMUM COV-
ERAGE and investigates how structural restrictions on instances and relaxed no-
tions of optimality can be leveraged to overcome well-established hardness barri-
ers. The results presented in this work demonstrate that, although these problems
are intractable under standard parameterizations and approximation guarantees,
meaningful progress is possible when additional structure is present and when ap-
proximation and parameterization are treated as complementary tools rather than

competing paradigms.

Beyond concrete algorithmic results, this thesis also contributes conceptually by uni-
fying satisfiability and covering problems in the context of parameterized approxima-
tion. It also incorporates fairness and matroid constraints, and extends the theory of
lossy kernelization to multi-criteria optimization settings. These developments high-
light a broader theme: many hardness results that appear definitive under classical
frameworks can be circumvented by carefully refining the notion of efficiency and so-
lution quality. We believe that the techniques used here—particularly those based on
sparse incidence structures, approximation-preserving reductions, and multi-criteria

preprocessing—will find applications beyond the specific problems studied.

While the results presented in this thesis advance the understanding of parameter-
ized approximation and lossy preprocessing for partial constraint satisfaction and
covering problems, several limitations remain and point toward interesting directions

for future work.

Our approximation-preserving reduction from CC-MAXSAT (and its variants) to

MAXIMUM COVERAGE (and its variants) is fundamentally randomized. A natural
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question is whether this reduction can be derandomized. A similar derandomization
question also arises for our previously described algorithm for F-MAXiMmuM COVER-
AGE on bounded-frequency set systems. In that setting, it is particularly interesting
to ask whether one can obtain an EPAS whose running time is single-exponential in
k.

More broadly, the development of non-trivial PAS remains a compelling direction
for future research. In particular, extending our results to F-MAX k-WEIGHT SAT

presents an intriguing and potentially challenging problem.
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