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Brownian motion in one dimension subjected to stochastic resetting — At
random intervals of time {71, T2, ...} the particle is instantaneously brought
back (reset) to the initial position x = 0. After being reset, the particle goes
back to its original dynamics and the entire process renews. . . . . . . ..

Variation of probability density of a Brownian particle with time without
resetting (left panel) and with resetting (right panel) at a resetting rate r =
0.3. Note that without resetting the density spreads indefinitely with time,
whereas resetting stablilizes the distribution and a NESS is reached at t —
coasinEq. (1.5). . . . . . . e

First-passage of a Brownian particle under stochastic resetting — The
particle starts from the origin x = 0 at time ¢ = 0. It undergoes free dif-
fusion until at random intervals of time {71, T2, T3...} the particle gets reset
to the origin again. This diffusion and reset motion continues until the par-
ticle reaches the target at x = L. Upon reaching this target the process is
terminated and we call it a first-passageevent. . . . . . . .. ... ... ..

Mean first-passage time (MFPT) for diffusion under resetting — The
MFPT (as obtained from Eq. (1.12) with L = 1,D = 1) shows non-
monotonic dependence on the resetting rate r. For low resetting rates the
MFPT is infinite mimicking that of the reset-free process. On the other
hand, too much of resetting also causes the MFPT to diverge. In between,
there exist an optimal resetting rate r* at which the MFPT is the lowest.

ORR for drift-diffusive process under resetting — Note that the ORR
r* becomes zero when v is sufficiently large. In that case (shown by the
shaded region), the reset-free process itself is the most optimised situation
and adding any amount of resetting would only prolong the search process.
The parameters for the plotare: L=1,D=1.. ... ... .........

Experimental trajectory of a resetting Brownian particle from the study of
(a) Tal-Friedman et. al. [14] (b) Besga. et. al. [15]. Unlike the theoretical
model as shown in Fig. (1.3) where the particle resets instantaneously to the
origin, in experiments, it always costs a finite time penalty. . . . . . . . . .
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Scheme for a gated chemical reaction between two reactants R; and Ro,
catalysed by C. In the first step, the catalyst binds reversibly with R; to
form a metastable intermediate CRy: C + Ry = CR;. Next, CR; reacts
selectively with R} (the reactive or open-gate state of Ry) to form the prod-
uct P and release the catalyst: CR; + R} — C + P. This step is modeled
as gated drift-diffusion, while unbinding of C from R; represents resetting.

Schematic diagram of a gated drift-diffusion process in semi-infinite space
with resetting, where the target (placed at the origin) switches stochastically
between a reactive state (0 = 1) and a non-reactive state (0 = 0). The tran-
sition from the non-reactive to the reactive state takes place with a constant
rate & > 0, and the opposite transition takes place with a constant rate § > 0.
When the particle, starting at x, hits the target in its reactive state (dashed
line), the process ends. T.© marks the random completion time of the gated
drift-diffusion process with resetting. . . . . . . ... ... ... ... ..

The average MFPT, (TC), vs the resetting rate r for different values of the
drift velocity A. The lines represent analytical results following Eq. (2.7)
and the symbols represent results from numerical simulations [see section
2.7 for details]. The curves with A > 0 denote cases where the drift acts
towards the gated target and that with A < 0 denote otherwise. The variation
of (TC) with r is always non-monotonic for A < 0, however, for A > 0 it
is non-monotonic for lower values of A, but monotonic for sufficiently high
values of A. Here we take xo =2, D =1, « = 0.5, and = 0.5 for all cases.

The scaled optimal resetting rate, r*/ry, vs A for different values of p,.
Resetting transition in each case is observed at A = A, where the scaled
ORR becomes zero, marked by dashed lines of the same color as the curve.
For A < A, resetting expedites transport, whereas for A > A, it can not.
Here we take D = 1, xg = 2, and a = 0.5 [which leads to p, = 1/(28 + 1)]
for all cases. For ungated drift-diffusion [given by p, = 1, since § — 0],
the resetting transition is observed at A, = 1 (gray curve). For gated drift-
diffusion with p, < 1, A, decreases below unity. . . . . .. .. ... ...
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A phase diagram of p, vs. A based on the qualitative effect of resetting on
gated drift-diffusion. The black line represents the condition for resetting
transition (A, ), which divides the entire phase space in two parts. For A < A,
resetting expedites transport (white regime), whereas for A > A, resetting
fails to expedite transport (gray regime). Here we take D = 1, xg = 2
and @ = 0.5 [i.e., pr = 1/(2B + 1)] for all cases. For the ungated process
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A phase diagram of p, vs. A for different values of a. Each phase boundary
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Monotonic and non-monotonic behaviour of the MFPT in the limit & — 0
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The maximal speedup for the gated process with resetting compared to the
gated process without resetting, <TG> / <Tr§>, vs the drift velocity A, for
different values of the reactive occupancy, p,. The vertical dashed lines
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Ac, such that (TC) /(T$) > 1for A < Ac,and (T€) /(T) = 1atA > A..
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The maximal speedup for the gated process with resetting compared to the
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pr. The vertical dashed lines mark the points of resetting transition (A.) for
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process only when A < /\8. Here D = 1, x9 = 2and o = 0.5 [i.e,, pr =
1/(2B + 1)] for all cases. In the absence of getting (p, = 1, gray curve), the
point of resetting transition (A, = 2D /x = 1) coincides with A2, . . . . . .
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A complete phase diagram of p, vs. A showing three distinct phases; (i)
phase I: where optimal resetting enhances the rate of gated drift-diffusion
beyond the original (without resetting) ungated process, given by <Tr§> <
(Ty < <TG>, (i1) phase II: when optimal resetting improves the rate of the
gated process, but not compared to the original ungated process, given by
(T) < <Tr§> < <TG>, and (iii) phase III: when resetting can not improve the
rate of gated process, given by (T') < (TG> < <Tr§> The horizontal colored
lines mark the cases shown in Fig. (2.9). Here we consider @ = 0.5 [such
that p, = 1/(2B + 1)], D = 1 and x( = 2. Phases I and II merge together at
Ac = 2D /xg = 1, the point of resetting transition for drift-diffusion in the
absenceof gating (p, =1). . . . .. ... .. L.

The average MFPT (T,°) as a function of the resetting rate r for different
values of A in the case of bounded domain. Here, the reflecting boundary is
placed at L = 3, where the resetting/initial location is at xg = 2. The colored
discs mark the optimal resetting rate (*) in each case. Notably, resetting
may not always be helpful (** = 0) even when A < 0 (e.g., yellow and
Brown Curves). . . . . . . . . . e e e e

Main: Variation of ORR (7*) as a function of A for different domain size
L. For A < A, resetting proves itself beneficial, as indicated by the non-
zero values of r*, whereas for A > A, resetting becomes detrimental, as
indicated by 7* = 0. The resetting transition is thus marked by A.. Inset:
Phase diagram with reflecting barrier at L, by plotting A. that acts as the
separatrix (black line; the colored discs mark the specific cases shown in the
main panel) that divides the phase space in two parts; one where resetting is
beneficial (white regime) and the other where resetting is detrimental (gray
regime). Existence of negative A, essentially implies that resetting can be
detrimental even when A < 0. The dashed horizontal line corresponds to
Ac = 0.78, obtained for the semi-infinite case (i.e. L — 00), as displayed in
Fig. (2.5) for p, = 0.5. Note that we consider « = 0.5, = 0.5and D =1
for each case in the main panel and in theinset. . . . . .. ... ... ...

Schematic of a queuing system under resetting. Jobs arrive at the queue
with a rate A and they are being served at the service station according to
a first-come, first-served policy. The server has two components: a service
time S followed by an overhead time S,,. It can complete a task in time
Sy = S+ S,y prior to resetting (upper branch). Otherwise, resetting can
occur in time R (lower branch), following which the service is renewed.
The process repeats by itself until the task is completed which is possible
only viatheupperbranch. . . . . .. ... ... ... oL
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(a) Mean service time (S, ) from Eq. (3.8) as a function of resetting rate for
different choices of (S,; ). The underlying service time S is sampled from
the log-normal distribution (3.27) with (S) = 1 and @ = 1.5. Circles mark
the optimal resetting rate r* for each value where (S, ) attains its minimum.
(b) Mean queue length at optimal resetting, (N,+), versus squared CV,,.
Here, (S) is fixed at unity and « is varied to tune CV}, in Egs. (3.31), (3.32),
and (3.35). Results are shown for deterministic (CV,,, = 0), exponential
(CVy, = 1), and Weibull (CV,,, > 1) overheads, all with (S,,) = 0.5.
Dashed lines indicate the standard Pollaczek—Khinchin result (3.1) at #* = 0.
For larger CV,,, optimal resetting becomes nonzero, causing (N,+) to dip
below the standard value, and the transition points agree with theoretical
predictions. Optimal resetting efficiently reduces queue lengths for any S,
and CV,,, and all results hereuse A =0.4.. . . . . .. .. ... .. ....

Mean queue length at optimal Poisson resetting as a function of squared CV/,
for multiple choices of (S,;,) and variability, taking deterministic (CV,, =
0), exponential (CV,,, = 1), and Weibull (CV,,, = 1.4624) overheads. The
underlying service distribution is log-normal [Eq. (3.27)] with (S) = 1 and
variable a setting CV,, via Eq. (3.31), Eq. (3.32), Eq. (3.35). Dashed lines
show standard PK formula (r* = 0). Left vertical dashed line at CV,, < 1
reflects the order (N rI*:()) > <er}:0) > (NI o) tracking (S, ) from largest

to smallest. Resetting has no effect here. When r* becomes nonzero (right
dashed line, CV,, > 1), the order reverses: (N.) < (NII) < (NI} for
a fixed CV,,. This means queues with smaller overhead fluctuations (but
larger mean overhead) are most impacted by optimal resetting. . . . . . . .

Panel (a): The mean service time from Eq. (3.39) as a function of resetting
period 7 for various overhead S, values, with service S drawn from a log-
normal distribution (Eq. (3.27)). In each curve, the global minimum at *
(shown by a solid circle) marks the optimal resetting. We use (S) = 1,
a = 1.5,and A = 0.4. Panel (b): (N+) as a function of CV? (tuned via a).
The dashed line is the classical PK formula, valid when 7 = 0. Once 7*
becomes positive, the mean queue length falls below the baseline: evidence
for the improved performance enabled by sharp resetting. Overhead times
Son are sampled from three distributions with differing CV,,, as indicated. .

The difference in mean queue length between optimal Poisson and sharp re-
setting as a function of squared CV/,. The service S is log-normal (Eq. (3.27))
with (S) = 1 and (S,,) = 0.5, and « is varied to tune CV,,. Overhead S,,, is
drawn from deterministic (CV,, = 0), exponential (CV,,, = 1) and Weibull
(CV,yn > 1) distributions. In all scenarios, (N;) — (N+) > 0 for all CV/,,
confirming that sharp resetting universally outperforms Poisson resetting.
Here, A =0.4. . . . . . . e
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Schematic representation of a colloidal particle diffusing in a viscoelastic
bath under harmonic trapping. The motion of the particle is governed by
the generalized Langevin equation (GLE) as in Eq. (4.5). In addition, the
particle undergoes stochastic resetting at random time intervals drawn from
an exponential distribution withmean 1/r. . . . . . . ... ... ... ...

A simple schematic illustrating the contribution to the correlation function
from two different scenarios depending on the event of the last resetting
(shown by the arrow). In (a) the last resetting happens in [0, t’] whereas in
(b) the last resetting happens in [/, ¢]. . . . ... ... ... ... .....

MSD of the underlying reset-free process for the Jeffreys fluid model as a
function of time for different values of ;. The circles represent results from
the simulation. For y; = 0, the MSD is the same as that of an OU process.
The plots indicate the existence of two distinct time scales for a non-zero
value of ys with the emergence of a plateau. In Fig. 4.4, we discuss the
origin of these characteristics and illustrate further. The parameters for this
simulation are set at: yF=lo=Lt=1.................

Variation of the MSD of the underlying process (the solid line) as a func-
tion of time and emergence of the plateaus for parameters fixed at y; =
1000,y =1, w=1,15 = 1. This is the bottom-most curve for the MSD as
borrowed from Fig. 4.3. The vertical dotted lines represents three three dif-
ferent timescales as in Eq. (4.34), Eq. (4.38) and Eq. (4.42). The asymptotic
behaviour of the MSD at different timescales is also shown above the curve

in each region. The dashed line shows the MSD with w = 0 as in Eq. (4.33).

Variation of MSD with time for the resetting system for different values
of resetting rate r. The parameters are fixed at: yy = 1,ps = 100,75 =
1,w = 1. The circles represent results from the simulation. The dashed
curve represents the result for the underlying reset-free process, i.e., ¥ =
0. The solid circles represent the results from numerical simulation. The
rightmost vertical dashed line represents the longest timescale of the system
under resetting while the other two vertical dashed lines are associated with
the timescales ¢, for different values of r (color-codes represent the values
of r respectively). At sufficiently short timest < t,, tlrong, the curves follow
the MSD of the underlying reset-free process. . . . . . .. ... ... ...

Variation of the correlation function with time under resetting for Jeffreys
fluid model. The parameters chosen are: vF=Lys=10,w=1,7 = 1.
As before, the dashed line represents the reset-free process (» = 0) and the
solid circles represent data points from numerical simulation. Note that the
correlation decays exponentially with time as given by Eq. (4.50). . . . ..
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Schematic diagram of an agent (could be a foraging animal, colloid or a
bio-molecule) searching for targets (could be resources, sticky surface or a
defected site along DNA). The agent can find the target during the search
phase (violet solid trajectory). Otherwise, after a random resetting time R
the agent, currently located at X, switches to a return phase (facilitated e.g.,
by a chemical or potential gradient or simply, by choice) when it either re-
turns to its home or relocates to a new location in finite time Tr?t(f) (red
dot-dashed trajectory). The agent also has a finite probability to find the
target during its return phase (red dotted trajectory) in time Tr‘;‘t(f). Target
detection marks the completion of the global search regardless of its phase.
We ask: Whether search with a finite-time home return can perform better
than the instantaneous return process? . . . . . . . .. ... ... .. ...

Variation of the MFPT (7(7, 1)) from (5.15), shown by the solid curves, as
a function of A for different resetting rate . The horizontal dashed lines
represent (T;,s¢(7)) for respective 7. Evidently, stochastic return can both
reduce (r = 10) or prolong (v = 5) the completion time compared to the in-
stantaneous returns. This behavioural transition occurs at 7~ which is strictly
a function of A. Numerical data (depicted by the stars) shows an excellent
agreement with the theory. Inset schematic: Possible trajectories of a diffu-
sive searcher under resetting and stochastic return facilitated by a potential
trap. Violet (red) trajectory corresponds to search & trap-off (return & trap-
on)phase. . . . . . . .. e

Phase diagram for diffusive search with stochastic returns driven by linear-
(panel a) and harmonic- (panel b) potentials: The region right to the phase
boundary (red dashed curve) is where condition (5.9) is satisfied and stochas-
tic return (SR) supersedes instantaneous return (IR). The red curve is ob-

tained by setting (5.9) to an equality. The side colorbar is an estimation of
(r(r,4)) .
X . <Tinst(7)> ’ X
tive (negative) for slow-down (speed-up) by the stochastic return. In panel

search efficiency, defined by the ratio values in log-scale - posi-
(a), the yellow star indicates the critical 7~ which is obtained from the in-
tersection of the separatrix and the horizontal white line spanned by each A
(here, A =5, 7* ~ 12). In panel (b), we have superimposed the data points

(marked as crosses) from the experimental parameter sets A, 7) from [15].
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[llustrative representation of drift-diffusive resetting search process under
stochastic return. A drift of magnitude v (red arrow) always acts on the par-
ticle, biasing its motion towards a fixed target located at A. Once a resetting
time is set (drawn randomly from a distribution), a potential U(x) = A|x]|
with A > 0 is turned on at the resetting location which is denoted by O
here (shown by the blue strips). This potential causes an additional drift of
magnitude A towards the origin. Overall, an effective potential Ugg(x) as in
Eq. (5.30) acts on the particle during the return. After the particle reaches
the origin the potential is turned off marking the completion of one resetting
event. The search process can end in two ways: either the target is found
during the search phase (potential turned off - shown by the violet trajec-
tory) or during the return phase (potential turned on - shown by the yellow
trajectory). . . . . o e e e e e e e e e e e

Variation of the MFPT (7(7, A, 7)) with potential strength A (panel a,c)
and resetting rate 7 (panel b,d) for exponentially distributed resetting times.
Panel (a,b) are for v = 0.2 and panel (c,d) are shown for v = 3. The limit
A -0 gives the MFPT of the underlying process i.e. % shown by the
dashed horizontal lines. Note the contrasting behaviour for different values
of v. For lower value of v each plot shows a non-monotonic behaviour im-
plying the utility of resetting compared to the reset-free process. However,
as U becomes higher MFPT for a finite value of 7 and A is always greater
than that of the underlying process. Also in some of the curves in panel (a)
and in each of the curves in panel (c), there exists a range of A where MFPT

becomes lower than the instantaneous return limit (X —00). . ...

(a) Phase space obtained from the CV criterion (5.44) for the drift-diffusive
system with return via Ucg(x). The blue-shaded region is where resetting
will help to reduce the MFPT beyond the underlying process. The black
dashed line at v = 2 refers to the phase boundary in the instantaneous limit

(X — 00). (b) Variation of the ORR with respect to v for several values of A. 91

A unified phase diagram for the drift-diffusive search process for exponen-
tial resetting with rate ¥ = 2. Different regions in this parameter space
represent the regions where either of the CV criteria in Eq. (5.44) or the SR
criteria as in Eq. (5.9) is satisfied. The most important is region IV (the
red-shaded region) where both the criteria are satisfied, and stochastic re-
turn facilitates the process beyond both the underlying process and also that
of resetting with instantaneous return. The behaviour of the MFPT for a
sample point (star) in each of these regions is shown in the corners. In these
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return and the dashed horizontal line represents the MFPT of the underlying
reset-free process. . . . . . ..o e
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Stochastic resetting - a new
paradigm in statistical physics

“Start again — perhaps this time you will succeed.” This familiar refrain echoes in
many aspects of daily life: when an origami fold goes wrong, when a web browser stalls
and needs refreshing, or when the reset button on a remote restores a frozen screen.
Such benefits of resetting and starting anew are not limited to qualitative anecdotes,
but have been quantitatively shown to have deep and meaningful consequences in wide
ranging applications. For example, in chemical reactions, the unbinding of the enzyme
and substrate leads to the decomposition of the complex to its initial constituents. Such
rebinding is akin to resetting, where the parent molecules start the reaction afresh. In-
terestingly, it has been shown that intermittent unbinding or resetting of the reaction can
sometimes lead to a faster product formation rate than the unidirectional reaction with
no backward reaction [1]. In biology, the mechanism of facilitated diffusion has gained
notable attention to explain the ultrashort timescales arising in the protein-DNA search
mechanism. In simple terms, the DNA molecules combine one-dimensional (1-d) diffu-
sion and three-dimensional (3-d) jumps to expedite the search for the binding site in the
long DNA strand. The 3-d jumps land the protein to a random site in the strand, from
which the search is reset [2]. A possibly broader application of the resetting strategy is
seen in the optimisation algorithms. To avoid the simulation getting stuck at some local
minima, one restarts the simulation from scratch with a new set of parameters and initial
conditions [3]. In ecology, dung beetles intermittently stop their motion to rise up the
dung ball and course-correct their way of heading by resetting the goal of heading to
the intended direction, popularly known as ‘dung-beetle dance’ [4]. In all such phys-
ical processes, ‘resetting’ plays a pivotal role in determining the system’s functioning.
Evidently, a complete understanding of the statistical properties of resetting is indispens-
able. In this section, we will review some of the notable theoretical developments in this
field till now and their potential applications, which will also serve as a prerequisite for
the remainder of the thesis. Finally, we will elaborate in detail on how this thesis fills
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Figure 1.1: Brownian motion in one dimension subjected to stochastic resetting — At random intervals
of time {t1, T2, ...} the particle is instantaneously brought back (reset) to the initial position x = 0. After
being reset, the particle goes back to its original dynamics and the entire process renews.

the gap existing in the current knowledge of the field.

1.1 Benefits of starting anew

The formal mathematical treatment of physical processes under restart originally em-
anated from the seminal work of Evans and Majumdar, namely “Diffusion with stochas-
tic resetting” in the year 2011 [5]. The term ‘stochastic resetting’ refers to the strategy
where one intermittently halts the dynamic evolution of a physical process at randomly
chosen time intervals and restarts (resets) it from the initial configuration. Let us try
to understand the strategy in depth by applying it to the paradigmatic Brownian motion
(diffusion) in one dimension as shown in Fig. (1.1). Starting from the origin x = 0 at
time ¢t = 0, the particle freely diffuses till time 7;. Att = 7; the particle is instanta-
neously brought back to the starting position x = 0, resetting its position. After that,
the particle once again starts diffusing until another resetting epoch occurs after a time
interval 75 (i.e., at time t = 71 + T2) where the particle is again reset back to the origin.
The random resetting time intervals i.e., {71, T2, ...} are generally drawn from a distri-
bution fr(7). This seemingly simple method of restarting a process back from scratch
gives rise to a variety of rich dynamical features in a broad class of physical systems.
Primarily, it has two major cornerstones: first, it is an intuitively simple mechanism to
probe statistical properties of a system far-from-equilibrium, and second, its potential
impact on expediting a first-passage process. Each of those two features requires an
elaborate discussion on its own. In what follows, we shall briefly discuss two of the
above-mentioned fundamental aspects of stochastic resetting with the simple example
of Brownian motion as discussed, and also briefly review the current state of the art of
the literature.
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1.1.1 Harnessing non-equilibrium features with resetting

Since its origin from the time of Boltzmann, the theory of equilibrium statistical me-
chanics has rapidly evolved to date. Standing today, it provides clear-cut ways to for-
mulate and solve any physical process under thermodynamic equilibrium. However,
the living world around us is mostly comprised of processes which are constantly evolv-
ing, flowing and changing with time - or in non-equilibrium. The moment a process is
driven out of equilibrium, most of the theory of equilibrium statistical mechanics breaks
down. Nevertheless, pioneered by some seminal contributions from Kubo, Zwanzig and
others, the linear response theory was developed, which treated such processes under
small perturbations around the equilibrium. Needless to say, the analytical tractability
of this theory is limited when considering processes which have a substantial amount
of perturbation, or quite far-from-equilibrium. At this point, the route of stochastic pro-
cesses came to the rescue. The detailed formalism primarily based on Brownian mo-
tion, Markov chains, Fokker-Planck equations, and Langevin equations, proved to be
indispensable to infer statistical properties away from equilibrium. Today, it is perhaps
the most sought-after technique in a vast area of non-equilibrium statistical mechanics
(NESM). Notwithstanding the significant amount of research dedicated to understand-
ing non-equilibrium systems, due to the lack of a unified picture, the study of the same
remains largely elusive and subject to different pathways for distinct systems. The strat-
egy of stochastic resetting serves as one of the simplest ways to generate non-equilibrium
features in a statistical process. Moreover, its analytical tractability makes it an ideal
Guinea pig to study NESM both in theory and experiments. Here we shall explicitly
show how resetting induces rich non-equilibrium features in even the simplest case of
Brownian motion.

The theory of Brownian motion was originally provided by Einstein in one of his
papers in 1905 [6]. In here, it was shown that the probability density P(x, t) of finding
a randomly moving Brownian particle around x at time ¢ is found from the diffusion
equation given by

IP(x, 1) _ PP, )
ot ox?

(1.1)

where D is the diffusion coefficient, physically measuring the amount of randomness
in the motion. To ensure the probability density and flux vanish at infinity, preserving
normalization and preventing probability from leaking out of the system, we impose nat-
ural boundary conditions i.e., P(x — +o00,t) = 0. Furthermore, assuming the particle
initially starts from the origin x = 0, we have P(x,t = 0) = 0(x) with 0 being the
Dirac-delta function. Then the solution of the above diffusion equation is a Gaussian
function with mean zero and variance 02(t) = 2D¢t. The exact form of the probability
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density is given by

P(x,t) = (1.2)

Note that the distribution indefinitely spreads out with respect to time (see left panel of
Fig. (1.2)).

Let us now study the same motion under the influence of stochastic resetting as de-
picted in Fig. (1.1). For convenience of illustration, we assume that the random time
interval after which the particle is reset to the origin is drawn from an exponential distri-
bution with rate r, so that fr(7) = re™"". The choice of such an exponential distribution
leads to a Markovian resetting implementation where the probability of reset in a small
time window f to t + At is simply rAt, which is independent of the history of the process
till £. Microscopically, the random position of the Brownian particle under resetting x(f)
at each time step At can then be written as follows

0, with probability rAt,
x(t +At) = (1.3)

follows standard Brownian motion, with probability (1 — rAt).

Let us denote the probability density of the resetting particle to be found around x at
time t by P,(x, t). Under the resetting condition, the diffusion equation as in Eq. (1.1)
is modified as

OP,(x,1) _ | 9*P,(x,1)

T I rPy(x,t) + ro(x). (1.4)

The addition of two extra terms in the above equation can be interpreted in the following
way: The second term in the RHS of Eq. (1.4) accounts for the loss of probability
due to resetting. At any time ¢ the particle is removed from the position x at a rate
r. Multiplying that rate by the probability of finding the particle at that position i.e.,
P,(x,t), gives the second term in the equation. The third term in Eq. (1.4) accounts
for the accumulation of probability at the origin due to resetting. Each resettling event,
which occurs at a rate r, brings the particle to the origin. This causes an instantaneous
increase in the probability density of the particle at the origin in the form of a Dirac-
delta function. Combinedly, both the loss and gain terms due to the resetting ensure the
normalisation of the probability density. The Eq. (1.4) can be easily solved in Laplace
domain, and the solution yields a non-trivial time-independent stationary formas t — oo
given by

| :
PP(x) = Prl(x,t = o) = 5 %e—\/glﬂ. (1.5)
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Without resetting With resetting

P(x,1)
P, (x,0)

Figure 1.2: Variation of probability density of a Brownian particle with time without resetting (left panel)
and with resetting (right panel) at a resetting rate r = 0.3. Note that without resetting the density spreads
indefinitely with time, whereas resetting stablilizes the distribution and a NESS is reached att — oo as
in Eq. (1.5).

The approach to this stationary state is shown in the right panel of Fig. (1.2). Note that
the distribution becomes time-independent although the system is not in equilibrium due
to constant violation of the detailed balance condition, which is a hallmark of equilib-
rium. In other words, the system is constantly driven out-of-equilibrium by means of
resetting. Evidently, the system reaches a non-equilibrium steady state (NESS) at large
enough times where a constant resetting current flows towards the origin from both di-
rections. The existence of such a NESS is at the heart of NESM. Note two stark differ-
ences from the free Brownian motion: First, the reset-free Gaussian propagator evolves
indefinitely with time, whereas resetting stabilizes the distribution and generates an ex-
ponential steady state. Second, the MSD for free Brownian motion increases as ~ t at all
times. In contrast, the MSD found for the Brownian particle under stochastic resetting
has the form

@) =220 - e, (1.6

Evidently, the MSD for the reset-induced process saturates to the steady state value 2D /r

ast — oo.

There have been numerous studies on the non-equilibrium features generated on the
motion of Brownian particle induced by stochastic resetting. The study [7] particularly
studies the relaxation properties to the NESS. In [8, 9, 10] the authors study the NESS
generated by a stochastically reset Brownian motion under a variety of potential land-
scapes. Note that, our derivations assumed resetting epochs to occur at a fixed rate or
following an exponential distribution. Generically, the resetting events can happen fol-
lowing any arbitrary distribution of fr(7). In [11] the authors study the resetting times
drawn from a power-law distributed waiting time distribution. In contrast to the expo-
nential resetting scenario, here it was shown that the existence of NESS is guaranteed
only when the mean of the resetting time distribution is finite. The paper [12] investi-
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gates Brownian motion under Gamma-distributed waiting times. Furthermore, the au-
thors in [13] study the case where the resetting rates are time-dependent in nature. Apart
from the theoretical progress, the non-equilibrium features of Brownian motion has also
been verified in tabletop experiments [14, 15, 16]. We refer to [17] for a brief review of
the Brownian motion under stochastic resetting.

Finally, one should note that Brownian motion represents only the most elementary
case within a much broader class of stochastic processes. There are a plethora of pro-
cesses where resettling plays a pivotal role in harnessing non-equilibrium properties. A
few notable examples include activity-induced random motion [18, 19], random walk
in lattice [20, 21] and network [22, 23], anomalous diffusion [24, 25], Ising model [26],
quantum mechanics [27, 28, 29, 30, 31], stochastic thermodynamics [32, 33, 34] etc.
Needless to mention, the quest to understand NESM is still ongoing in a full-fledged
fashion, where stochastic resetting has proven to play a key role.

1.1.2 First-passage optimization with resetting

Besides providing new routes to study non-equilibrium physics, possibly one of the most
significant outcomes of the strategy of resetting is its potential influence on a stochastic
search process. Search processes are ubiquitous in nature. While searching for a lost
key, locating a familiar person in the crowd, finding a particular product a supermarket
or finding a particular topic in a book - we encounter many such search processes in our
daily lives. In fact, search processes are equally prominent in a major share of scientific
research. In chemistry, the enzyme molecules randomly move in the solvent to find the
substrate to bind. In physics, one often searches for a desired minima or maxima in a
complex potential landscape. In stock market, investors look for an optimal stock price
to exit and book profit, to name a few. No wonder, the study of search processes has
been a focal point for scientific research spanning across diverse contexts from physics
[35, 2, 36], biology [37], chemistry [38, 39], ecology [40, 41, 42], computer science
[43], finance [44] to aviation and marine navigation [45].

In context of statistical physics the search processes are termed as first-passage (FP)
processes. Generically there are two main component of a FP process- a searcher and
a target. One key aspect of the study of FP processes is to find suitable strategies for
the searcher to locate the target in a minimal time span. For example, Animals have
adapted several search strategies to find their home or resources in an optimal way [46,
47, 48]. In living systems, many living agents such as proteins seem to perform efficient
universal navigation dynamics eg facilitated diffusion to optimally search the target sites
[49, 50]. Likewise in physics, several search strategies have been explored as a potential
way for facilitating the FP processes [2, 51, 36].

The seminal work of Evans and Majumdar [5] proposed stochastic resetting as a
novel optimization technique in a FP process. It says, stopping a search process mid-
way and restarting the enitre search process all over again from the initial position can
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Figure 1.3: First-passage of a Brownian particle under stochastic resetting — The particle starts from
the origin x = 0 at time t = 0. It undergoes free diffusion until at random intervals of time {t1, 12, T3...}
the particle gets reset to the origin again. This diffusion and reset motion continues until the particle
reaches the target at x = L. Upon reaching this target the process is terminated and we call it a first-
passage event.

facilitate the FP process. Although seemingly counter-intuitive, resetting has emerged
as one of the simplest yet powerful strategies in recent days to expedite a variety of FP
processes ranging from statistical physics [52, 53, 54, 55], quantum mechanics [27, 56],
molecular dynamics [57, 58, 59] to chemical [60] and biological processes [61, 62]. In
this section, we shall try to understand the benefits of resetting a first-passage process
with the example of Brownian motion in 1-d (one-dimension) as also discussed in the
previous section. Consider a Brownian particle that starts its motion from the origin
x = 0 attime t = 0. In between its random motion at stochastic time intervals drawn
from the distribution fr(7) the particle is instantaneously brought back to the starting
position. Till now this is the same set-up as considered in section (1.1.1). However,
now consider a target is placed at the position x = L (see Fig. (1.3)). The target acts as
a sort of absorbing boundary. Whenever the particle reaches this target, it gets absorbed
there, and the process is deemed to be completed. The event, when the particle reaches
the target for the first time, is known as the first-passage (FP) and the corresponding
random time for the process is known as the first passage time (FPT). Our next job is to
quantify and understand the first-passage quantities of this reset-induced process.

Unified renewal approach: As with the Fokker-Planck equation as in Eq. (1.4) for
the propagator, to extract the first-passage quantities, one can write a backward Fokker-
Planck equation (BFPE) in terms of the survival probability Qr(xg,t) of the particle
which is the probability that the particle starting from x = xo at t = 0 will not find the
target or will survive up to time { while it performs the resetting dynamics. Note that,
the variable in the BFPE is the initial position x( (instead of x as in Eq. (1.4)) with the
boundary conditions Qr(xg — —o0,t) = 1,Qr(xg = L, t) = 0 and initial condition
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Qr(xg,t = 0) = 1 (see [63]for a complete derivation of this method). We shall also
discuss the BFPE approach in detail in chapter 2.

However, in this section, we take an orthogonal approach based on the renewal the-
ory of random variables to find the desired quantities. This general formalism based
on the renewal theory allows us to, first, find a universal description of the resetting
mechanism irrespective of the kinds of dynamics under consideration or the resetting
mechanism. Especially when the resetting dynamics are non-Markovian in nature (so
that the distribution fr(7) is not an exponential function), the Fokker-Planck equations
are hard to write. In such cases, the renewal approach comes to the rescue. Secondly,
the formalism can also be extended to a more general scenario where the resetting events
are non-instantaneous in nature, as seen in experiments and to be illustrated in the later
parts of the thesis. In the following, we illustrate the renewal formalism in the case of
stochastic resetting as originally proposed in [54, 53] and show the broader implications
of the results obtained through this approach.

The main ingredient of the renewal formalism lies in identifying a repetitive pattern in
the process under consideration. For e.g., in the resetting dynamics under consideration,
the particle’s motion starts afresh from the origin x = 0 after each resetting event and the
entire process repeats itself. Such repetition of the process is called a renewal event. In
Fig. (1.3) the process is renewed for the first time at time f = 7; when the first resetting
occurs. From this figure one can also see the last renewal has occurred at time t = 71 +
To+13 just before the first-passage. Identifying these renewal events is the first important
step in developing the renewal theory. In the following we shall mathematically express
this renewal formalism in terms of the random variables associated with the FP quantities
of the process. Let us fist define them systematically in the following list:

* Tk — Random variable standing for the FPT of the process under resetting i.e. the
random time at which the particle reaches the target.

» T —Random variable denoting the FPT of the process in absence of resetting mech-
anism.

* R — Random variable standing for the random resetting times i.c., {71, T2, T3...}
which are drawn from the distribution fr(7).

With this identification, one can write the following renewal equation for the FPT of the
entire process under resetting i.e., Tr, given by

T if T<R,
Tx = (1.7)
R+T, if R<T,

where Ty is an independent and identically distributed (i.i.d.) copy of Tg. We also
assume that resetting gets priority over FP, hence the equality in Eq. (1.7). The equation
can be interpreted in the following fashion: The particle can make the first passage in
two possible ways. In the first case, it does not experience any resetting events before
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making the first passage. This is accounted by the first condition, where the FPT is of
the reset-free process i.e., T, but occurs only if T < R. On the other hand, it can also
experience multiple resetting events before the first-passage. In that case, we assume
the first-resetting event occurs at time R, after which the entire process repeats and the
FPT is T}, an i.i.d. copy of Tr. The latter scenario happens if R < T. Starting from the
renewal equation Eq. (1.7) and after a bit of simplification, one arrives at the following
expression for the mean first-passage time of the process, given by

_ {min(T, R))

(Tr) = PT <R) (1.8)

Here min(T, R) denotes the minimum of the two random variables R, T, and Pr(T < R)
stands for the probability that T < R (Appendix A.1). Note that the the above result is
not specific to the Brownian motion but applies to any arbitrary stochastic dynamics
under resetting. Moreover, the renewal equation Eq. (1.7) not only gives expression for
the mean but the full generating function of the FPT Tgr, which in turn allows extraction
of all its moments.

Although, the above result generally holds for any arbitrary resetting protocol, for
simplicity, let us illustrate the result with the exponential case, i.e., fr(7) = re™"". Start-
ing from Eq. (1.8), the MFPT for any generic stochastic process with a fixed resetting
rate r has the following form (see Appendix A.1 for the detailed derivation)

1-T(r)

<T1’> = TT(T‘) 7

(1.9)

where T(r) is the Laplace transform of the first-passage time distribution fr(t) of the
underlying reset-free process i.e., T(r) = fooo dte™" fr(t). The above result reveals that
the MFPT of the reset-induced process can be found in terms of the FPT distribution of
the reset-free process. Notably, in a variety of FP problems the FPT distribution is readily
available in the Laplace space which, through (1.9), immediately determines the MFPT
of the process with resetting. Moreover, the result is also not system-specific and holds
for any generic stochastic process as well. For the specific choice of Brownian motion,
the corresponding reset-free density is the very well-known Lévy-Smirnov distribution,
which is given by [35]

L _L2
t) = ——~L7/4Dt 1.10
e TE (1.10)

with the associated Laplace transform given by
T(r) = e~ VIL2/D, (1.11)

Plugging the above expression into Eq. (1.9) we eventually arrive at the following result
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Figure 1.4: Mean first-passage time (MFPT) for diffusion under resetting — The MFPT (as obtained
from Eq. (1.12) with L = 1,D = 1) shows non-monotonic dependence on the resetting rate r. For low
resetting rates the MFPT is infinite mimicking that of the reset-free process. On the other hand, too much
of resetting also causes the MFPT to diverge. In between, there exist an optimal resetting rate v* at which
the MFPT is the lowest.

for the MFPT of the diffusive Brownian motion under exponential resetting,

T) = —————. 1.12
T = — (1.12)

In Fig. (1.4) we plot this MFPT that exhibits a non-monotonic behaviour with re-
spect to the resetting rate r. Let us first understand the extreme limits of this equation.
In the limit r — 0 i.e., the reset-free limit, the MFPT diverges as ~ % This is the classic
free-diffusion limit where the MFPT is divergent in absence of resetting. Physically,
when no resetting is there, the particle has a finite chance of moving continuously away
from the target with time. Such detrimental trajectories may consume an huge amount
of time to return to the target leading to a diverging MFPT [35, 5]. On the other hand,
when resetting becomes too frequent such that r — oo the MFPT again diverges ex-
ponentially as ~ em /r. In this limit, the resetting is so frequent that the particle
remains around the origin most of the time and hardly gets a chance to even reach the
target. In between these two extreme limits there exists an optimal amount of resetting
such that the MFPT is lowest there. The exact value of the resetting rate r = r* at which
the MFPT becomes lowest is known as the optimal resetting rate (ORR) which can be
found from the equation

NT,)
or .

r=r

=0 (1.13)

Plugging the expression from Eq. (1.9) one then arrives at the following expression for
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the ORR [5, 52, 54, 64]
r*=2.537+D/L% (1.14)

The emergence of such ORR can also be explained from simple arguments as follows. A
very high value of resetting rate would confine the spread (Ax = \/@ ) of the particle
close to the origin so that Ax = 4/2D/r < L and it hardly manages to reach the target.
On the other hand, a very small value of the resetting rate would cause the particle to
move further away from the target so that Ax = /2D /r > L. Evidently an ideal
choice of ORR should be such that both the effects are suitable optimized which happens
around the limit Ax ~ L such that one finds r* ~ 2D /L2. For such choice of the ORR
based on the diffusive time-scale the particle gets just enough time to locate the target
without deviating further away from it. The choice of the ORR ensures that the MFPT
is the lowest for the diffusion. The ORR plays a pivotal role in the theory of stochastic
resetting.

Unlike the free-diffusion case discussed above, the existence of a ORR is not guar-
anteed if the dynamics of the particles are changed. For example, consider the drift-
diffusive search process. In here, an additional drift velocity v toward the target is added
to the particle on top its diffusive motion. The first-passage time density and its Laplace
transform in that case is given by [35]

t i e_(L;tva)2 - L(v—V4Dr+v2) L1
= = 2D

Plugging this expression in Eq. (1.9) we find the MFPT under resetting for the drift-
diffusive case given by

L(—v+ V4Ds+v2)
e 20 -1
(T,) = - . (1.16)

Following the same procedure as in the free-diffusion case, in here, one finds that the
ORR exists only for a certain choice of v as seen in Fig. (1.5). Note that when v exceeds
a certain threshold value the ORR becomes zero. Physically, for very high values of the
drift-velocity v the MFPT of the reset-free process L/v is small enough so that resetting
the particle’s motion only delays the first-passage. Such behavioural transition of the
ORR with respect to the system parameters, is known as ‘resetting transition’ and has
been studied quite rigorously in a variety of physically systems [65, 66, 67] Specifically,
by expanding (T,) in the limit of small  and setting the first-order correction term to be
zero one can explicitly find the criterion for resetting to be beneficial for any arbitrary
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Figure 1.5: ORR for drift-diffusive process under resetting — Note that the ORR r* becomes zero when
v is sufficiently large. In that case (shown by the shaded region), the reset-free process itself is the most
optimised situation and adding any amount of resetting would only prolong the search process. The
parameters for the plotare: L =1,D = 1.

stochastic process is given by [53]

(T%) —(T)

N Ty

> 1, (1.17)

where (T), (T?) are the mean and second moment of the FPT distribution of the reset-
free process, respectively, and CV denotes the coefficient of variation. Physically, a
higher value of CV is associated with a broader distribution. It turns out resetting re-
duces the broadness of a distribution but cutting off the tails emanating from trajectories
which diverge far away from the target. For the specific case of drift-diffusive search
process, the criterion is found to be

2D
CV—JE>1. (1.18)

Thus, the resetting transition in the drift-diffusive search process is governed by the
Peclet-number Pe = % [65, 64, 66, 68]. We shall return to the explicit derivation and
analysis of the CV criterion in chapter 5.

This concludes a very brief into to the two key aspects of stochastic resetting. Most
of the content of this thesis will be built over the methodology provided in here. Before
delving into the main body of this thesis let us briefly discuss the goal of this thesis and
sketch out the structure at which they will be presented.

1.2 Goal of this thesis

The objectives of this thesis can be broadly classified into three categories. In the
first, we illustrate the application of the theory of resetting into three different contexts,
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namely, chemical reactions, viscoelastic media and queueing processes. Secondly, we
propose a unifed formalism to extract the FPT statistics under resetting from an experi-
mental perspective, where the return events are space-time coupled. Finally, we consider
an alternative resetting strategy based on threshold crossing events to expedite a multi-
agent correlated search process. Each of these categories are discussed below in detail.

1.2.1 Applications of stochastic resetting in diverse contexts

A significant part of this thesis has been devoted to exploring the possible real-life ap-
plications of stochastic resetting across a wide spectrum of physical processes—from
chemical reactions and viscoelastic media to problems in operations research. These
studies collectively demonstrate how resetting can act as a universal strategy to opti-
mise efficiency, stabilise dynamics, and control fluctuations in complex systems. The
main findings are summarised below.

Rate enhancement of gated chemical reactions

How long does it take for a chemical reaction to be complete? The conventional ap-
proach to this problem was given by Michaelis and Menten in their seminal paper in
1913 [69]. However, a seemingly possible backdrop of the Michaelis-Menten theory
lies in the fact that it treats the chemical reaction in the time domain, whereas most re-
actions in laboratory or biology occur in space, with the reactant molecules randomly
diffusing in the solution. This gap was filled by Smoluchowski in 1917 in the paper
[70]. Since then, the study of diffusion-controlled chemical reactions has seen extensive
development, leading to a promising understanding of the underlying mechanism (see
[71] for a review).

An important aspect of the diffusion-controlled reaction revolves around the study of
‘gated’ chemical reactions. Due to the nature of the solution, the physical/chemical con-
figurations, two reactants might not always form a product whenever they bind. ‘Gated’
reactions refer to such chemical processes in which the reactant molecules fluctuate be-
tween active and inactive phases. The product can only be formed when both of them
meet in an ‘active’ state. Although such reactions have seen a substantial progress start-
ing from the seminal contribution from Szabo et. al. [72, 73, 39], recent studies [74, 75,
76] have enabled us to consider a more unified theory of gated reactions. In addition to
the ‘gated’ component, a formed complex can also unbind spontaneously to go back to
its constituent molecules, which mimics a resetting event. Furthermore, the molecules
have a certain affinity to move towards their correct complement to form product, which
can be thought of as a drift towards the reaction target. Building upon the foundational
works on gated kinetics [72, 73], we investigate how stochastic resetting influences such
drift—diffusive transport processes toward a stochastically gated target in chapter 2.

The central quest in our study is to identify parameter regimes where resetting ac-
celerates the overall reaction rate. Our analysis shows that resetting can substantially



14 1. Stochastic resetting - a new paradigm in statistical physics

enhance the completion rate of diffusion-limited reactions by curbing long excursions
in phase space that delay binding events. Conversely, in drift-dominated regimes, re-
setting may slow the process, giving rise to a clear crossover governed by the interplay
of drift, diffusion, and gating timescales. These findings allowed us to map out three
characteristic regimes: (i) resetting-enhanced reactions, (ii) partially beneficial regions,
and (iii) regimes where resetting provides no gain. Beyond its analytical clarity, the
study offers insights into enzyme kinetics and other reaction networks where stochastic
interruptions can be engineered to improve efficiency.

Resetting in viscoelastic media

The classical theory of Brownian motion by Einstein had the underlying assumption that
the timescale of observation is much larger than the timescale of collision between the
particles. That in principle implies that the correlation between the particle’s movement
at each time step decays instantaneously and is independent of its history. In many
systems, however, the time scale of the molecular motion is not very much shorter than
the time scale of the motion of the suspended particle. In such cases, the Einstein’s
description of Brownian motion has to be suitably modified to take into account the
nature of the medium and how the correlations between successive collisions decay with
time. Such media are also known as ‘viscoelastic’ in physics where the viscous motion
follows Einstein’s theory of Brownian motion and the elastic property takes into account
the non-instantaneous decays of correlations between the particle and the media.

How to treat a viscoelastic medium then? Kubo and Mori first proposed the theory
of generalized Langevin equation (GLE) to incorporate the memory effect into the parti-
cle’s dynamics [77, 78]. They showed that introducing a time-dependent memory kernel
into the Langevin description of the Brownian motion, indeed gives rise a rich statisti-
cal behaviour of the particle’s dynamics. A plethora of studies have been followed till
now to study the statistical properties of GLE under various theoretical and experimental
setups.

We next study the role of stochastic resetting in viscoelastic systems, where the dy-
namics are inherently non-Markovian due to the persistence of memory in the medium
in chapter 3. To address this, we extended the renewal approach to the generalized
Langevin equation (GLE) with arbitrary friction kernels, enabling the exact derivation
of mean-squared displacements (MSD) and two-time correlation functions under reset-
ting.

As a concrete example, we analysed a particle moving in a Jeffreys fluid [79, 80], a
model that has been shown to be a good approximation in many experimental systems.
Without resetting, the MSD exhibits an intermediate saturation plateau due to slow relax-
ation of the viscoelastic bath. Introducing resetting drastically modifies this behaviour—
the plateau is suppressed, correlations decay faster, and in the limit of frequent resetting,
the system effectively recovers normal diffusive behaviour. These results, supported by
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numerical simulations via Markovian embedding, demonstrate that resetting provides
an effective external control parameter for manipulating non-Markovian dynamics. This
could have potential implications for microrheology experiments, intracellular transport,
and diffusion in crowded or active environments.

Optimizing queue length via service resetting

Finally, we applied the concept of stochastic resetting to queuing systems, a cornerstone
of operations research and performance optimisation in chapter 4. Queues are ubiqui-
tous — from super market, telecommunications, computer networks to biological and
enzymatic processes. However, they are often constrained by intrinsic fluctuations in
service times. A central challenge is a queuing theory is, how to find optimal strategies
to mitigate a long queue? Traditional control strategies are generally effective only for
extrinsic fluctuations but fail when the randomness originates from the service mecha-
nism itself [81, 82].

In our study, we introduced a framework of service resetting, where the server in-
termittently restarts its operation after a random overhead period. Modelling the system
as an M/G/1 queue with overhead, we developed a renewal formulation that generalises
the classical Pollaczek—Khinchin results. The analysis revealed that the efficiency of re-
setting strongly depends on the distribution of overhead times. For systems with broad
or heavy-tailed service fluctuations, an optimally tuned resetting rate can substantially
reduce the mean queue length by simultaneously lowering the average service time and
suppressing stochastic variability. Interestingly, we also found that periodic resetting
performs better than random resetting under certain conditions. These insights may
inspire new approaches to managing congestion and optimizing service efficiency in
stochastic networks, computational systems, and biochemical processes.

1.2.2 Towards experimental realization of stochastic resetting

A key assumption in the resetting model discussed till now is that the particle/searcher re-
sets to the initial position instantaneously. Notwithstanding the simplicity of the model,
question arises about its practical applicability. In practice or in an experiment, any
return event of the searcher to its starting position must take a finite amount of time.
Previous studies have made such attempt either by adding an overhead time after each
reset [83, 84, 85, 1] or making the return process space-time correlated [12, 86, 87, 88,
89, 88, 90]. Since the return motion of the searcher was deferministic and was always
directed to the resetting location, such protocols have always contributed addition time
penalty to the FPT in comparison to the classical instantaneous return processes.

To understand this further, let us discuss how a Brownian particle is actually reset
in tabletop experiments. In Fig. (1.6)(a) we show the actual trajectory of a resetting
Brownian motion studied in experiments by Tal-Friedman et. al. [14]. Under this set-
up, an optical tweezer is turned on around the instantaneous position of the particle. The
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Figure 1.6: Experimental trajectory of a resetting Brownian particle from the study of (a) Tal-Friedman
et. al. [14] (b) Besga. et. al. [15]. Unlike the theoretical model as shown in Fig. (1.3) where the particle
resets instantaneously to the origin, in experiments, it always costs a finite time penalty.

electro-magnetic field created by optical tweezers effectively gives rise to a confining
harmonic trap around the particle. For a sufficiently high values of the trap stiffness
the particle is essentially trapped and cannot get out of the confining potential. This
gives the experimentalists access to move the particle at will (keeping some constraint
on the velocity). At each resetting phase, the particle is brought back to the origin with
a constant velocity (shown by the red lines). In another experiment by Besga et. al.
[15] the Brownian particle was reset by turning on an optical tweezer around the origin
as shown in Fig. (1.6)(b) (in contrast to the instantaneous position of the particle in the
earlier experiment). When the tweezer is on, the particle feels a drag force towards
the origin under the effect of the potential and comes back to the origin, mimicking
a complete resetting phase (shown by the red shaded region in the figure). Besides
resetting taking a finite amount of time, another key feature of both these experiments
is that the particle cannot find the target during the return phase. But this condition need
not be true in a generic search process. For example, in the experiments by Besga et.
al. [15], the trajectories where the particle escaped to the target while the trap is on,
were filtered out. In general search process a more realistic case would be to make the
searcher active even during the return phase so the target could be detected.

In chapter 5, we provide a unified theory of a generic first-passage process under
stochastic resetting with non-instantaneous return. The theory incorporates any given
choice of the return motion followed by the searcher, either deterministic (with constant
velocity, acceleration) or stochastic (as followed by the Brownian particle under the
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potential). In particular, we shall show that when the resetting phase is stochastic in
nature so that target detection is possible during the resetting phase, it not only resembles
the most physical picture of the experiment but also can serve a superior strategy than
the classical instantaneous return. Furthermore, we shall see how the stochastic return
of the searcher while resetting can do a better job in first-passage optimization than the
instantaneous resetting at its best (at ORR as discussed previously).

1.2.3 A novel target search optimization strategy based on threshold resetting

Threshold-crossing phenomena play a central role in many natural and engineered sys-
tems. For example, integrate-and-fire neurons are triggered when a certain action po-
tential threshold is crossed [91]. In stock market, threshold price based strategies like
stop-loss or stop-profit are very popular [92]. In immunology, the kinetic proofreading
model suggests a threshold number of reaction steps to be completed for rare antigen
detection [93]. Despite its natural prevalence, the first study of event-driven resetting
was taken up very recently by Falcao and Evans [94] where two Brownian particles bi-
ased towards each other reset to their respective initial positions upon collision. In here,
when the distance between the two particles acts as the variable with the threshold at
zero. Thereafter, De Bruyne et. al. [95] proposed a general formalism for a threshold-
based resetting strategy for a generic stochastic process. In here, the process is reset
after hitting a certain pre-specified threshold. Unlike the traditional resetting, threshold
resetting (TR) is an event-based resetting mechanism where resetting events are solely
dependent on the system parameters. Although such TR events are very common in
nature, the study of them remains comparatively underexplored. For e.g., a few natural
questions arise - how would such TR strategy alter the FP statistics of a stochastic pro-
cess? How a multi-agent target search would be affected by TR? Is there an optimization
protocol based on TR on a FP process?

Motivated by this, we develop a unified theoretical framework for FP processes under
a threshold-resetting mechanism in chapter 6. In this framework, a system of one or more
searchers resets whenever any one of them crosses a predefined threshold, with all agents
returning to their starting positions and the search resuming. This collective resetting
naturally couples the dynamics of the agents, inducing correlations that influence the
search efficiency.

To illustrate the formalism, we consider N independent ballistic searchers moving
in one dimension with constant speeds and randomly oriented initial velocities. Our
analysis shows a non-trivial optimisation of the mean first-passage time (MFPT): fre-
quent threshold resets can minimise the MFPT, providing a clear performance advan-
tage. By further introducing a cost function associated with the resetting process, we
demonstrate that the collective threshold-resetting protocol achieves an optimal balance
between efficiency and resource expenditure. Importantly, the framework also allows
the computation of higher-order moments of the search time. Overall, this threshold-
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resetting mechanism emerges as a simple yet effective strategy for target search prob-
lems, offering insights into the control of collective stochastic processes and providing
a foundation for potential applications in diverse contexts where event-driven resetting
naturally arises.

To summarise, a significant part of the thesis is devoted to bridging the gap be-
tween the theory of stochastic resetting and its potential applications. First, we show
how the theory can be implemented in gated chemical reactions by modelling with a
drift-diffusive search process. Interestingly, we find that a certain unbinding rate of the
enzyme-substrate compound modelled as a resetting event enhances the product forma-
tion rate of the reaction. Next, we apply the resetting strategy to queuing theory and
show how it can mitigate long queues and prevent prolonged waiting times. Then, we
study the resetting dynamics in a non-Markovian system, namely a microscopic particle
in a viscoelastic medium. By analysing the generalised Langevin equation describing the
media under resetting dynamics, we find the emergence of novel time-scales and NESS.
Next, we propose a unified renewal theory for resetting that incorporates any generic
non-instantaneous return motion of the searcher. By corroborating the results from the
theory with actual parameter sets taken from experiments, we show a stochastic com-
ponent in the return motion of the searcher can facilitate the search process. Finally,
we propose a novel first-passage optimization technique based on a threshold crossing
resetting strategy. By considering a parallel multi-agent search process, we show that
such a threshold resetting strategy can indeed generate rich optimization features in a FP
process. Overall, this thesis advances the role of stochastic resetting in nonequilibrium
statistical mechanics and opens new directions for applying these concepts to complex
dynamical processes.



Stochastic resetting in gated
chemical reactions

(The content of this chapter has been published in [96])

2.1 Introduction

In biochemistry, the term ‘gating’ generally denotes the transition between the open and
closed states of an ion channel, allowing ions to pass only when the channel is open
[97]. Similarly, in a gated chemical reaction, reactant molecules alternate between reac-
tive and non-reactive forms; a successful reaction occurs only when collisions involve
the reactive states. Consequently, gating represents a hallmark of constrained reaction
or transport processes, whether it involves an enzyme locating the correct substrate, a
protein binding to a specific DNA site, or a peptide encountering its cleavage site. Due
to their broad relevance, gated processes are found in diverse contexts ranging from
chemistry [98, 99, 72, 100], physics [73, 101, 102, 103, 104, 105, 106], to biology [107,
108, 76].

Following the seminal studies of Szabo et al. [72, 73, 39], gated processes have at-
tracted substantial attention across a variety of applications, including 1D gated continuous-
time and discrete-space random search in confined domains [102], intermittent switching
dynamics of proteins undergoing facilitated diffusion along DNA [39], 3D gated diffu-
sive searches with heterogeneous diffusivities [103], and gated active particles [109].
Gopich and Szabo analyzed models with multiple gated particles or targets exhibiting
intrinsic reversible binding [105], while Lawley and Keener established connections
between reactive/radiative boundaries and gated boundaries in diffusion-controlled re-
actions [110]. Recent renewed interest stems from the works of Mercado-Vasquez and
Boyer on 1D gated diffusion on an infinite line [75], Scher and Reuveni on gated reac-
tions across arbitrary networks, including both continuous- [74] and discrete-time [111]
random walks, and Kumar et al. on threshold crossing events and inference of first-
passage times in gated diffusive processes [112, 113]. In this work, we extend these

19
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studies by examining design principles to optimize the efficiency of a gated reaction
[see Fig. (2.1)].

Completion of a gated diffusive process requires meeting a condition that mimics the
open-gate scenario, imposed either on the diffusing particle or on the target. This gat-
ing restriction increases selectivity, essential for proper biochemical function, but it also
slows the process relative to an ungated counterpart. Nature, however, often compen-
sates for this by facilitating reactions through mechanisms such as unbinding or reset-
ting from metastable states, as illustrated in Fig. (2.1). The impact of such resetting has
been demonstrated in chemical reactions [1, 66], RNA polymerase backtracking [114],
and RhoA disassociation kinetics in membranes [115]. Reactant or morphogen mo-
tion, with continuous production and finite lifetime, can similarly be treated as stochas-
tically restarted processes [116]. Pioneering work by Evans and Majumdar [5] showed
that stochastic resetting can significantly accelerate 1D diffusive search processes. This
finding has inspired numerous studies demonstrating benefits of intermittent resetting in
both diffusion-controlled [13, 68,9, 117, 10, 118, 119, 120, 121, 122] and non-diffusive
stochastic processes [61, 53, 55, 123], reviewed comprehensively in [17]. Experiments
with optical traps further validated these concepts [14, 15]. Despite these advances,
understanding resetting in gated processes remained limited until recent studies demon-
strated its role in reducing average completion times in 1D gated diffusive processes
[124, 125].

Resetting benefits purely diffusive transport in unbounded domains, but its effect
in drift-diffusive search processes is more nuanced. Resetting helps only if diffusion
dominates drift; when drift exceeds diffusion, resetting can increase transit times. This
interplay is captured by the Péclet number, comparing diffusion- and drift-dominated
timescales [65, 126, 127, 128]. Resetting can also be quantified using the universal
first-passage under restart framework, showing it is advantageous when the coefficient
of variation of the completion time (standard deviation divided by mean) exceeds unity
[53, 129, 54]. These results motivate our study of resetting in gated drift-diffusive pro-
cesses, which, to our knowledge, has not yet been explored. Specifically, we aim to
determine whether resetting can accelerate completion and under what conditions, ana-
lyzing the combined effects of drift, diffusion, gating, and resetting.

To illustrate our setup, consider a diffusive transport process on the positive semi-
infinite line with constant drift toward a target that switches randomly between open
and closed states at a constant rate. This mimics, for example, the chemical reaction
in Fig. (2.1), where collisions between CR; and R» yield a product only if at least one
reactant is activated (R3). Since resetting is integral to reversible reactions (e.g., C bind-
ing/unbinding from R), this system can be described as gated drift-diffusion with reset-
ting. We analyze the completion time statistics, explore optimal resetting to accelerate
transport, and construct a phase diagram distinguishing regimes where (i) resetting ac-
celerates gated drift-diffusion beyond the ungated process, (ii) resetting improves gated
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Figure 2.1: Scheme for a gated chemical reaction between two reactants Ry and Ro, catalysed by C. In the
first step, the catalyst binds reversibly with Ry to form a metastable intermediate CRy: C + R; = CR;.
Next, CR; reacts selectively with R (the reactive or open-gate state of Rz) to form the product P and
release the catalyst: CRy + R5 — C + P. This step is modeled as gated drift-diffusion, while unbinding
of C from R represents resetting.

drift-diffusion but not beyond the ungated rate, and (iii) resetting fails to expedite the
process.

The chapter is organized as follows. Section 2.2 introduces the model and derives the
Fokker-Planck equations for gated drift-diffusion under resetting. We solve for the mean
completion time (Tf), determine the optimal resetting rate r*, and identify conditions
for accelerated completion in Section 2.3, including various limiting cases. Section 2.4
quantifies the maximal speedup achievable via optimal resetting. Section 2.5 presents
the full phase diagram characterizing the influence of resetting. Section 2.8 concludes
with a brief summary and outlook.

2.2 Completion time statistics

We begin by framing the problem of a gated chemical reaction [CR; + R} — C +
P, introduced in Fig. (2.1)] in terms of gated drift-diffusion. One convenient way to
implement this mapping is to associate the reaction coordinate of the reactants CR; + R}
with the initial position xo > 0 of a particle undergoing Brownian motion [see Fig. (2.2)].
Similarly, the products C + P are represented by a target located at the origin. The
chemical potential driving the reaction can be translated into a constant bias A acting
on the particle as it diffuses toward the target with diffusion coefficient D. Positive A
corresponds to drift towards the target, while negative A represents drift away from it.
This effective one-dimensional representation of an enzyme or protein energy landscape
is commonly employed in the literature [130, 131, 132].

Several key assumptions are made in this mapping. First, it is well-established that
chemical master equations for discrete states can be coarse-grained into Fokker-Planck
equations for continuous reaction coordinates using a system-size expansion [133, 134].
This coarse-graining generally introduces spatial dependence in the drift and diffusion
coefficients. In other words, the reaction coordinate associated with CR + R; — C+P
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Figure 2.2: Schematic diagram of a gated drift-diffusion process in semi-infinite space with resetting,
where the target (placed at the origin) switches stochastically between a reactive state (6 = 1) and a
non-reactive state (o = 0). The transition from the non-reactive to the reactive state takes place with a
constant rate o > 0, and the opposite transition takes place with a constant rate 3 > 0. When the particle,
starting at X, hits the target in its reactive state (dashed line), the process ends. TrG marks the random
completion time of the gated drifi-diffusion process with resetting.

typically evolves in an arbitrary energy landscape, with the product state C + P as the
global minimum. To simplify the analysis, we approximate this potential as linear, lead-
ing to a constant drift velocity A toward (or away from) the target. This approximation
allows for analytical tractability while preserving the essential interplay between the
gated boundary and the resetting/unbinding mechanism.

To incorporate gating, the target is assumed to switch stochastically between a reac-
tive state (0 = 1 in Fig. (2.2), corresponding to R} in Fig. (2.1)) and a non-reactive state
(0 = 01in Fig. (2.2), corresponding to R» in Fig. (2.1)). Transitions from non-reactive to
reactive occur at rate « > 0, and from reactive to non-reactive at rate § > 0 [Fig. (2.2)].
The probability that the target is reactive is then p, := a/(a+ ), and the probability that
it is non-reactive is p,, = 1 — p, = B/(a + ). The process completes only when the
particle reaches the target in the reactive state; if the target is non-reactive, the particle
is reflected and continues to diffuse.

As discussed in the Introduction, catalyst unbinding (C from R;) can be represented
as resetting to xo. Here, we assume Poissonian resetting at a constant rate r, meaning
the particle returns to xg after exponentially distributed intervals with mean r~!. Reset-
ting 1s considered instantaneous, with the particle immediately resuming drift-diffusion.
Any refractory period after resetting is neglected, since the time required for C to rebind
R [as in Fig. (2.1)] is assumed negligible compared to the timescales of drift-diffusion
or resetting. The stochastic dynamics of the target are assumed independent of resetting
[124].

The central quantity of interest is the random completion time, or first-passage time
[35], for the particle to reach the target. Let Q,(t|x() denote the survival probability,
1.e., the probability that the particle has not reached the target by time t given initial
position x( and target state 0. The backward Fokker-Planck equations for Q, are then



2.2. Completion time statistics 23

[124]:

dQo(tlxo) dQo(t|x0) 92Qo(t|xo)
— =-A Ixy +D 912 + a[Q1(t]xo)

— Qo(t|xo)] + r[Qo(t|x;) — Qo(t|xo)],

dQu(tlxo) _  IQu(tlxo0) = 3°Qu(t|xo)
T =-A 8x0 +D 8x(2) + ‘B[Qo(tle)
= Qu(t|xo)] + r[Q1(t]xr) — Qi(t|x0)], 2.1)

where recall that A is the drift velocity towards the origin and D is the diffusion constant.
It should be noted that for simplicity of calculations, the direction of the positive drift
is assumed to be along the negative x direction, leading to a negative sign in Eq. (2.1),
which is opposite to the usual convention. Here, x; is the resetting position, which is set
self-consistently to x( at the end. The initial conditions are Q,(0|x() = 1, with boundary
conditions

Q1(t[0) =0, l%] =0, (2.2)
X0 x0=0

representing absorption for 0 = 1 and reflection for ¢ = 0. The average survival prob-
ability is

Qy (tlxo) = pr Qu(t]x0) + (1 = pr)Qof(t|x0), (23)
with Laplace transform

QF (s|x0) = pr Q1(slx0) + (1 — p)Qo(s|xo), (2.4)

where QF(s|xg) = [ e*'QC(t|x)dt and Qu(s|xo) = [~ e *'Qq(t|x0)dt. The
mean first-passage time (MFPT) is

(TS (x0)) = pr(Ti(x0)) + (1 = pr){To(x0)), (2.5)

with (T;(xg)) = fooo Qu(tx0)dt = Quls|xo)|s=o [134, 35]. Here (T,(x)) stands for
the MFPT of the particle to the origin starting from the position x( and initial state o.
Finally, we arrive at the expression for the overall MFPT

(TS (x0)) = /0 dt Q5 (t]x0) = QF (s |x0)lso- 2.6)

For brevity, we will denote (T.C) instead of (T.C(xg)).
Solving Eq. (2.1) in Laplace space and substituting into Eq. (2.4) with s = 0 [see
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Figure 2.3: The average MFPT, (TC), vs the resetting rate r for different values of the drift velocity .
The lines represent analytical results following Eq. (2.7) and the symbols represent results from numerical
simulations [see section 2.7 for details]. The curves with A > 0 denote cases where the drift acts towards
the gated target and that with A < 0 denote otherwise. The variation of (TC) with r is always non-
monotonic for A < 0, however, for A > 0 it is non-monotonic for lower values of A, but monotonic for

sufficiently high values of A. Here we take xo =2, D =1, @ = 0.5, and f = 0.5 for all cases.

Appendix B.1 for details] yields

—H2Xo
(T) = %(ew0 ~1)+ fz_[;; (% - eaTﬁ) e, 2.7)

with 4 = (~-A+VA2 +4Dr)/2D > Oand pz = (~A++/A2 +4D(a +  +1))/2D > 0.
In the diffusion limit (A — 0), Eq. (2.7) reduces to [124]

VBo_y  peVEu e
(1) = ¢ P 1+ . (2.8)

r arr[r + a + ] (a+p)

For ungated drift-diffusion (8 — 0), Eq. (2.7) recovers

exp (xo(VA2 +4Dr — A)/2D) - 1

<Tr> = »

(2.9)

as also discussed in the section 1.1.2 [65].

Fig. (2.3) shows (TrG) as a function of r for different drift velocities A, keeping p,
fixed. For A > 0, the MFPT exhibits non-monotonic behavior at low A, implying that
resetting accelerates first-passage in diffusion-controlled scenarios. At higher A, (T)
increases monotonically with r, meaning resetting delays first-passage in drift-controlled
cases. When diffusion dominates, resetting truncates long trajectories, reducing MFPT;
when drift dominates, resetting hinders directed motion. If drift opposes the target (A <
0), resetting can still accelerate first-passage.

In summary, for A < 0, the MFPT always shows non-monotonic dependence on r,
making resetting beneficial. The resetting transition occurs only for A > 0, whereas
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Figure 2.4: The scaled optimal resetting rate, r* [}y, vs A for different values of p,. Resetting transition
in each case is observed at A = A, where the scaled ORR becomes zero, marked by dashed lines of the
same color as the curve. For A < A, resetting expedites transport, whereas for A > A it can not. Here
we take D = 1, xo = 2, and o = 0.5 [which leads to p, = 1/(2f + 1)] for all cases. For ungated
drift-diffusion [given by p, = 1, since p — 0], the resetting transition is observed at A. = 1 (gray curve).
For gated drifi-diffusion with p, < 1, A decreases below unity.

for pure diffusion or drift away from the target, resetting is always advantageous [5, 13,
124]. We focus on drift towards the target and determine the conditions where resetting
is helpful. Situations with an additional reflecting boundary can mimic high energy
barriers; as discussed in section 2.6.

2.3 The optimal resetting rate and a phase diagram for expedited

completion

The concept of the resetting transition is generally characterized by the so-called optimal
resetting rate (ORR), denoted 7*, which is defined as the resetting rate that produces
the minimal mean first-passage time (MFPT). As illustrated in Fig. (2.3), the optimal
resetting rate is positive for the pure diffusion case (A = 0), represented by r* = r(’)"
(though this value is not explicitly labeled in the figure). As the drift parameter A in the
direction of the target is increased, the ORR diminishes steadily, becoming zero once a
critical drift value A. (not indicated in Fig. (2.3)) is reached, signifying the point of the
resetting transition. Beyond this critical drift A., further increases in A lead to an ORR
that remains at zero. On the other hand, for drift away from the target (A < 0), 7* grows
as the drift magnitude increases. Therefore, r* serves as an order parameter in much the
same way as in conventional phase transitions, facilitating the analysis of the resetting
transition.

Since the ORR yields the minimum of (T.®), it is determined by the stationarity con-
dition d(T ) /dr|,—~ = 0, which results in a transcendental equation with no closed-
form analytic solution. By employing numerical techniques to solve this equation, r*
can be found for values A > 0. Analogously, the optimal resetting rate under pure dif-
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Figure 2.5: 4 phase diagram of p, vs. A based on the qualitative effect of resetting on gated drifi-diffusion.
The black line represents the condition for resetting transition (A.), which divides the entire phase space
in two parts. For A < A, resetting expedites transport (white regime), whereas for A > A resetting fails
to expedite transport (gray regime). Here we take D =1, xo =2 and o = 0.5 [i.e., p, = 1/(28 + 1)] for
all cases. For the ungated process (p, = 1), A = 1 and it decreases with p,. The colored discs on the
black line present the cases shown in Fig. (2.4). Following the analysis of(TrG) in the limit v — 0 [see
Eq. (2.10) and Eq. (2.12)], the separatrix (black line) is also obtained by plotting f = 0 (as defined by
Eq. (2.12)). Resetting is beneficial for f < 0 (white regime), but not for f > 0 (gray regime).

fusion (A = 0, labeled as 7)) is similarly calculated, and from this the normalized ORR
r* /1y is obtained.

In Fig. (2.4), the plot shows how this scaled ORR changes with A for a variety of
values for the reactive occupancy p, (with a fixed and p, tuned by varying § only).
For A < A, nonzero values of the normalized ORR in Fig. (2.4) indicate that resetting
can speed up first-passage events in this regime. In marked contrast, when A > A, the
scaled ORR drops to zero, meaning resetting fails to provide benefit in that regime. In
the particular case of the process without gating (p, = 1), we find A, = 1 for the chosen
parameters, which exactly matches previous results as found in [65]. Examination of
Fig. (2.4) also reveals that decreasing p, results in a smaller A.; this implies that when
gating is present, the critical drift up to which resetting provides faster completion is
reduced compared to the no-gating scenario.

To further clarify the relationship between the critical drift A. and the effective re-
activity p, of the target, we determine A, as a function of p, numerically. In Fig. (2.5),
this produces a phase diagram with p, and the drift velocity A as axes, where the curve
for A, forms a separatrix, dividing the space into two distinct regions: for A < A, (white
area), resetting enhances first-passage efficiency, while for A > A, (gray area), no such
benefit is attained. The findings from Fig. (2.4) are fully echoed in Fig. (2.5) as follows:
for any value of p, within [0, 1] (traversing horizontally in Fig. (2.5)), if A is smaller
than A, the mechanism is governed primarily by diffusion and resetting brings a benefit,
while for A > A, transport becomes dominated by drift, causing resetting to lose its
utility. It is obvious from Fig. (2.5) that as p, increases, A. approaches unity, ultimately
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matching the result for no gating (p, = 1). Thus, Fig. (2.5) offers a comprehensive
yet concise depiction of the parameters under which resetting is advantageous for gated
drift-diffusion. The next part discusses an alternative method that reconstructs this phase
diagram by systematic analysis of the resetting criterion in the regime where » — 0.
Returning to Fig. (2.3), it is clear that when the small-r (as ¥ — 0) slope of the
(TC) versus r curve is negative, resetting yields a reduction in average MFPT, hence
proving beneficial. Alternatively, if the slope is positive in the limit of vanishing re-
setting rate, then introducing resetting actually increases the average MFPT. Motivated
by this, we seek to establish the precise criterion under which resetting expedites gated
drift-diffusion, by studying the small-r expansion of the mean first-passage time:
J Trc>l
;

(TC) ~ (TC) +r +0(r?), (2.10)

=0

where (TC) denotes the MFPT without resetting. Utilizing Eq. (2.7) and consulting
Appendix B.2 for another derivation, we find

28D

<TG> = l Xo +
o (ViaD+4pD+ 27 - 1)

A

(2.11)

Importantly, in the absence of gating (p, = 1, which corresponds to f = 0), Eq. (2.11)
becomes simply (T) = xg/A following [35], showing that (TC) always exceeds (T
since the second term of Eq. (2.11) is unconditionally positive.

Although the second term of Eq. (2.10) is rather involved, using newly defined quan-
tities y := A%/2D, Pe := xoA/2D, and x = \/1 + [4D(a + B)/A?] — 1, the result
becomes

£ NI B [2Pe -1 2 N 2)/e‘KPe]
Toor |y 2y%al x K2(k+1)  x(a+p)
1
+2—7/2P€(P€ - ].) (212)

Here, Pe defined in Eq. (2.12) is the Péclet number, quantifying the ratio of advective to
diffusive transport, while 7! corresponds to the minimal decay time (the fastest first-
passage time) in the strong drift limit, as previously highlighted in [35].

By examining Eq. (2.10), it follows that for  — 0, resetting is expected to bring
about faster process completion (i.e., (TC) < (TC)) whenever f < 0. This provides
a sufficient (though not necessary) condition for resetting to have utility. Conversely,
if f > 0, introducing resetting will make completion slower ((T.®) > (TC)). There-
fore, the phase diagram in (A, p,) space should be separated by the line f = 0 into two
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Figure 2.6: A phase diagram of p, vs. A for different values of a. Each phase boundary (obtained for
a certain value of a, shown by the curves) divides the phase space into a “resetting-beneficial’ phase
(left to the curve) and a “resetting-detrimental” phase (right to the curve). For large values of a, the
“resetting-beneficial ” phase becomes considerably smaller as the “resetting-detrimental” phase occupies
the majority of the phase space.

regimes, one where resetting is helpful (f < 0) and one where it is not (f > 0). Plot-
ting f = 0 as specified by Eq. (2.12) on Fig. (2.5) yields a curve that precisely matches
the previously drawn separatrix obtained from the numerics for A, as a function of p,.
Thus, f < 0 marks the regime in which adding resetting accelerates transport (white
area), while f > 0 designates the region where resetting actually retards it (gray area),
as anticipated. Notably, if we focus on the limit p, — 1 (i.e., f — 0), only the final
term in Eq. (2.12) remains, so f < 0 condenses to the familiar Pe < 1 condition (with
Pe = 1 marking the transition). This again matches earlier established results for the
ungated process [126, 65, 128].

The diagram in Fig. (2.5) was produced for just a single value of a. To generalize,
we repeat this construction for several other « values, as displayed in Fig. (2.6). From
Fig. (2.6), we observe that the separatrix—the curve dividing the “resetting-beneficial”
domain on the left from the “resetting-detrimental” phase on the right—depends no-
ticeably on a. Specifically, increasing a causes the beneficial region to shrink, with
the detrimental region occupying nearly the whole parameter space, meaning that the
practical effectiveness of resetting is quite constrained in that large-a regime. Next, we
proceed to analyze two relevant limits of the gating rates, namely « — Oand a, p — oo0.

2.3.1 Thelimita — 0

Taking the limit « — 0 means that, for most of the time, the target behaves as a reflecting
boundary. As we show below, this is a subtle scenario and must be treated with attention.
Strictly, setting &« — 0 is interpreted as operating in a regime where B > «, so the
likelihood of the target being in the non-reactive state far exceeds that of being reactive.
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Substituting this limit into Eq. (2.7) yields

(T = %(e“lxo -1)+ faiyle“lxo, (2.13)
2

where, as before, (1] = (—A+VA2 +4Dr)/2D > Oand ps = (~A++/A2+4D(a + B +1))/2D >
0. Furthermore, for any finite resetting rate 7 and in the regime 8 > r, the first term on
the right of Eq. (2.13) becomes negligible, and we arrive at

xo( 4Dr+)\2—)\)

p(VADr+27 - A)e—
ar (VIBD + 27 - 1)

To clarify the behavior of (ZI}G>, Fig. (2.7) displays its dependence on the resetting rate

(TF) = (2.14)

r, considering large f and small a with f/a > 1. Interestingly, in this limit, the MFPT
exhibits both monotonic and non-monotonic trends as r is varied for different A values.
Specifically, non-monotonicity signals the existence of an optimal resetting rate that

G
minimizes (T.©). The minimum condition is found by setting % = 0, leading to
r=r*
D A
r* = — - = (2.15)
X X0

which simply depends on the diffusion coefficient, starting position, and drift velocity.
Notably, r* varies linearly with A. For the particular case A = 0, one regains r* = D /x3,
aligning with the findings of [124].

The emergence of a finite ORR when @ — 0 i.e., when the target is nearly always
non-reactive (the so-called cryptic regime [75, 74])—is a surprising result, especially
when compared to the scenario a = 0 (a strictly reflecting boundary). One can interpret
this as follows: a particle undergoing diffusion (and drift) typically encounters the target
multiple times, regardless of its instantaneous reactivity. Although the particle is usually
unable to find the target in the reactive state, it still stands a chance of eventual absorption
if the target ever becomes reactive. For further background on cryptic targets and their
occurrence in chemical, biological, and ecological settings, see [98, 75, 126, 135].

2.3.2 Thelimit a,f — oo

For the case where both o and j are very large, recalling the expression in Eq. (2.12), we
can make the approximation k = /4D (a + B)/A. This allows us to safely discard terms
of order O(1/x?) and the exponential expression. Under these considerations, imposing
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Figure 2.7: Monotonic and non-monotonic behaviour of the MFPT in the limit « — 0 (i.e, B/a > 1),
as obtained from Eq. (2.14). The non-monotonic behaviour gradually vanishes as A goes beyond the
resetting transition point A, = D [xo = 0.5. This can be obtained by setting r* in Eq. (2.15) to zero.

f =0in Eq. (2.12) yields a closed formula for the critical drift:

B 2D D + xo%\/a + ﬁ\/ﬁ
f= == (2.16)

X0 2D+x0%\/a+ﬁ\/5 .

We find that even in this asymptotic regime, the parameter p, alone does not completely

dictate the system’s dynamics. Physically, this limit corresponds to a partially reac-
tive boundary: the target flips rapidly between states, so quickly (relative to the drift-
diffusion time scale) that the particle perceives a time-averaged reactivity and interacts
probabilistically, the case which was previously studied in [136]—see also [98, 75].

With this, we have thoroughly examined how resetting influences gated drift-diffusion
dynamics. In the next section, we will focus on the maximum attainable speedup using
optimal resetting protocols.

2.4 The maximal speedup for process completion

The quantity known as maximal speedup—i.e., the gain one achieves by resetting opti-
mally, can be defined as the ratio of the MFPT for the base process (without resetting)
to that for the same process under resetting at the optimal rate. Thus, selecting r = r*
in Eq. (2.7) and using Eq. (2.11), we obtain the maximal speedup for the gated drift-
diffusion system as

r*(a+B)(2DB+xoa )

c " o for A < A,
S0 _ L a|rputesb0T3) wap) e 20" (ppatrap)—ans
(TS)

(2.17)
1 for A > A,
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Figure 2.8: The maximal speedup for the gated process with resetting compared to the gated process
without resetting, (TG> / (Tr(f), vs the drift velocity A, for different values of the reactive occupancy, p;.
The vertical dashed lines mark the points of resetting transitions for curves of same color, denoted A,
such that <TG>/<TY(E> > 1for A < Ag, and <TG> /<Tr§> =latA > A.. Wetake D =1, xg = 2 and
a =0.5 [fie, pr = 1/(2B + 1)] for all cases. In the absence of gating (p, = 1, gray curve), the resetting
transition is observed at A, = 2D [xo = 1, and A, decreases when gating is introduced (p, < 1).

where uy = p(r*) and p = po(r*), with g and po as defined previously after
Eq. (2.7). In Fig. (2.8), we display (TG)/(Tr(f) for multiple p, values. The figure shows
that maximal speedup is highest when the drift towards the target is weak, and dimin-
ishes as A increases, becoming unity at the critical value A.. For the situation without
gating (p, = 1), the transition occurs at A, = 1, which matches [65]; decreasing p, shifts
the transition to smaller A as previously seen in Fig. (2.5).

To go further, we compare the optimally reset gated MFPT (Tﬁ) with (T), the
MFPT for the ungated system without resetting, to check whether the gating-induced
MEFPT increase can be counteracted by optimal resetting. The MFPT for ungated drift-
diffusion is simply (T) = x(/A; using Eq. (2.7) with r = r*, we have

r*xoa(a+p)ul for A< A,
(T _ J alrpureaB(0748) 1ap) eI (But+arid)-aps (2.18)
TS « |
{ r Yo%y for A > A..

2DB+xoa s

By plotting (T)/ (Tr(f) as a function of A (see Fig. (2.9)), we recognize that for low
drift, optimal resetting can yield a speedup in excess of a factor of ten compared to the
original ungated process! The curve indicates that the speedup is infinite at zero drift
and decreases with A as expected. Hence, when the system is primarily diffusion-driven,
optimal resetting can more than offset framing delays introduced by gating, providing a
transport rate (the reciprocal of MFPT) exceeding that of the original ungated process.
Additionally, in the scenario p, = 1 (no gating), the minimum (T')/ (Trg’) equals one
and is reached for A > A. [65]. For p, < 1, this ratio falls below unity even before
the resetting transition. If we define AY as the value of A (shown by colored discs in
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Figure 2.9: The maximal speedup for the gated process with resetting compared to the ungated process
without resetting, {T) / <Tr§ ) vs A, for different values of p,. The vertical dashed lines mark the points of

resetting transition (A.) for curves of same color, whereas the colored discs mark the values of AY, such
that optimal resetting expedites gated process beyond the original ungated process only when A < A?.
Here D =1, xg =2 and a = 0.5 [i.e., p, = 1/(2B + 1)] for all cases. In the absence of getting (p, = 1,
gray curve), the point of resetting transition (A = 2D [xo = 1) coincides with A°.

Fig. (2.9)) where (T)/ (Tfj) = 1 for a fixed p,, then A? < A., with equality only in the
ungated process; for low p, the gap widens. These observations motivate the classifica-
tion of all distinct regions where resetting helps completion in gated drift-diffusion. In
the following, we synthesize a complete phase diagram encompassing the full range of
resetting effects.

2.5 The complete phase diagram

To synthesize the global phase diagram, we revisit Fig. (2.5) and Fig. (2.8). Recall that
the (A, pr) plane divides into the domain where (Tﬁ) < (TC) (optimal resetting assists
transport) and where <Tr§) > (TC) (resetting does not enhance transport), the dividing
line being set by A.. Scrutinizing the maximal speedup in Section IV, we see the former
region can be further split: one subdomain where (Tr(f) < (T) (optimal resetting in
the gated system produces greater transport rates than the original ungated system) and
another where (Tr§> > (T). The boundary between these appears at A = A? < A..
Since, without resetting, gating slows drift-diffusion [({T) < (TG> per Eq. (2.11)], we
can, consolidating all observations, build a phase diagram (Fig. (2.10)) featuring three
regimes: (i) phase I: optimal resetting in the gated process yields faster completion than
both the original gated and ungated processes [<Tr§> < (T) < <TG>]; (i1) phase II:
optimal resetting expedites the gated process over its original value, but not relative
to the ungated system [(T) < <Tr§> < <TG>]; and (iii) phase III: resetting does not
accelerate the gated system over either baseline [(T) < <TG> < (Tr§>]. Boundaries
/\EJ and A, demarcate the transitions between these regimes. For p, = 1, /\8 = A,
so phases I and II are contiguous, aligning with the no-gating case. Accordingly, the
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Figure 2.10: A complete phase diagram of pr vs. A showing three distinct phases; (i) phase I: where
optimal resetting enhances the rate of gated drift-diffusion beyond the original (without resetting) ungated
process, given by <Tr§> <(T) < <TG>, (ii) phase II: when optimal resetting improves the rate of the
gated process, but not compared to the original ungated process, given by (T) < <Tr§> < <TG>, and

(iii) phase III: when resetting can not improve the rate of gated process, given by (T) < <TG> < <Tr§>
The horizontal colored lines mark the cases shown in Fig. (2.9). Here we consider o = 0.5 [such that
pr =1/(28 +1)], D = 1 and xo = 2. Phases I and Il merge together at A. = 2D [xo = 1, the point of
resetting transition for drift-diffusion in the absence of gating (p, = 1).

diagram in (p,, A) specifies how resetting impacts process completion, guiding optimal
parameter choices and offering maximal benefit with precise, preemptive knowledge of
the parameter space.

2.6 The case of confined geometry

Here we consider the case of a bounded system, i.e., where the particle remains in a finite
confinement. This is also highly relevant from the context of chemical reactions, since
a high energy barrier can mimic a reflecting boundary (in the reaction coordinate space)
that pushes the particle away from it. We construct this finite domain by considering
the same set-up as in the main text, with an additional reflecting wall at x = L > x¢. If
the particle hits the wall it gets reflected back. Intuitively, the barrier or the reflecting
boundary prevents the particle from going too far from the target placed at the origin.
This is in sharp contrast to the semi-infinite case, where the particle is allowed to diffuse
away from the target. This leads to a few key changes in the dynamics that are reflected
in the average MFPT.

On the technical ground, we can find the survival probability in Laplace space us-

ing the same method as discussed in Appendix B.1 with the new boundary condition
[aQa(tle)]

2x0 xo=L
case. In particular, one can show that the eigenvector corresponding to m3 is the same

= (. For this reason, all the eigenvalues will exist unlike in the previous

as my, i.e., ®; = (}) and that of my is same as my i.e. Vg = (_"i/ﬁ). Recalling the

decomposition Q,(s) = Q% (s) + Q""(s) from Eq. (B.2), we first try to obtain the solu-

o
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Figure 2.11: The average MFPT (TC) as a function of the resetting rate v for different values of A in
the case of bounded domain. Here, the reflecting boundary is placed at L = 3, where the resetting/initial
location is at xo = 2. The colored discs mark the optimal resetting rate (r*) in each case. Notably,
resetting may not always be helpful (r* = 0) even when A < 0 (e.g., yellow and brown curves).

tions for the homogeneous part. As before taking W = (Qé’ Qi’)T and using Eq. (B.7)
we find

W = ;D e™%0 4 0yMye™X0 4 0a®; 30 4 ¢ Dye™ X0, (2.19)

so that
Qéz = cpe™¥o %C26m2x0 + cze™3¥o — 5 C4em4xo (2.20)
QF = c1e™*0 4 cge™2X0 4 £3e™M3¥0 4 ™0, (2.21)

The inhomogeneous part Ql"h (s) has the same solution as given in Eq. (B.5). In addition

to the boundary conditions Q1(s]0) = 0and aQO(Sm}) |x,=0 = O atthe gated target, we also

have two additional boundary conditions namely aQO(SMO) |xo=1. = 0 and an(Sle lxo=1 =

0. These four boundary conditions give four linear equations

C1+Cy+c3+cyg+ Qi”h(s) =0,

cymie™E + comge™l + cgmze™ Lt + cymye™E = 0,
a a
cympe™Lb — EczmgemQL + cymze™t — EC4m4em4L =0,
a a
c1my — —=Como + c3msg — —cqmy =0, (2.22)

p p

which completely determine the constants c1, co, c3, c4. From this, we can find a closed-
form expression for the survival probabilities in Laplace space (and subsequently the
MFPT by setting s — 0). The expression for the MFPT is quite lengthy to present
here; check [137] for the Mathematica tile where all the derivations are given. In what
follows, we perform a comprehensive analysis of this MFPT and point out the key dif-
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Figure 2.12: Main: Variation of ORR (r*) as a function of A for different domain size L. For A < A,
resetting proves itself beneficial, as indicated by the non-zero values of v*, whereas for A > A, resetting
becomes detrimental, as indicated by r* = (. The resetting transition is thus marked by A.. Inset: Phase
diagram with reflecting barrier at L, by plotting A, that acts as the separatrix (black line; the colored
discs mark the specific cases shown in the main panel) that divides the phase space in two parts, one
where resetting is beneficial (white regime) and the other where resetting is detrimental (gray regime).
Existence of negative A. essentially implies that resetting can be detrimental even when A < 0. The
dashed horizontal line corresponds to A. = 0.78, obtained for the semi-infinite case (i.e. L — o), as
displayed in Fig. (2.5) for p, = 0.5. Note that we consider a« = 0.5, = 0.5 and D = 1 for each case in
the main panel and in the inset.

ferences in comparison to the that obtained for the semi-infinite domain.

Fig. (2.11) showcases the variation of the MFPT, (T®), as a function of the reset-
ting rate r for different values of the drift A. One crucial observation is that the non-
monotonic behaviour of (T,G) is not always present even when the drift is away from
the target (i.e., A < 0). This is in complete contrast to the semi-infinite case where re-
setting is guaranteed to help whenever the drift is away from the target [see Fig. (2.3)].
To understand this better, we plot the optimal resetting rate * as a function of A for
various domain sizes L in Fig. (2.12), which clearly shows that the critical values of A
that marks the resetting transition (denoted A, in the main text; the minimal value of A
for which r* = 0), can be negative for considerably smaller domains. With increasing
L, however, A, starts to increase and for sufficiently large values of L it saturates to the
value of A, for the semi-infinite case, as displayed Fig. (2.5) of the main text. Simply
put, if the reflecting boundary starts moving sufficiently away from the target, the MFPT
starts to increase and resetting renders a more effective search in that case.

To elaborate this further, one can expand the MFPT (for finite domain) in the limit
of small resetting rate ¥ — 0 and find the first order correction in r [in similar spirit as
in Eq. (2.10) — see the discussion for the semi-infinite case in section 2.3, particularly
around Eq. (2.12)]. The arguments on the function f as discussed there still holds for
the present case (of course, the exact form of the function will be different here). Thus,
setting f = 0 gives us the separatrix distinguishing between the region where resetting
helps (f < 0) and where it hinders (f > 0). Utilizing this fact, we generate a phase dia-
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gram by plotting A, as a function of L, the distance between the reflecting barrier and the
origin, and present the same in the inset of Fig. (2.12). The semi-infinite limit is obtained
by taking L — oo, where A saturates to the corresponding value calculated/presented in
the main text. For example, we see from Fig. (2.12) that when p, = 0.5, A, saturates to
0.78, the critical value of A for p, = 0.5 (marked in Fig. (2.5) by the vertical yellow line).

2.7 Details of numerical simulations

In this section, we sketch out the basic steps used for the numerical simulations. We
recall that the particle starts from and resets to x( at a rate r. In between reset events, it
diffuses in the presence of a drift A. Evolution of this particle in microscopic time scale
At can be written in the form of a Langevin dynamics such as

X0 w.p. rAt
x(t+At) = (2.23)
x(t) — AAt + V2DAt n(t) wp. (1 —-rAt)

where 1)(t) is a 6-correlated white noise i.e., a Gaussian random variable with zero mean
and unit variance. Note that the abbreviation w.p. in Eq. (2.23) has full-form with
probability. We evolve the particle at each time step At in our simulation according
to Eq. (2.23) until the particle reaches the target at x = 0. However, to implement the
gating condition to the target, we define a state variable ¢ = (0, 1) representing the
non-reactive and reactive states of the target, respectively. If the target is initially at the
non-reactive state, it switches to the reactive state with probability aAt. Similarly, it is
switched from the active state to the inactive one with probability fAt.

To compute the first passage time, we simultaneously track two events: (i) the instant
when the particle crosses the origin to the negative side i.e., x < 0 and (ii) note whether
the target is in active state i.e., 0 = 1. If both the conditions are satisfied, the particle gets
absorbed and the process ends. We measure the corresponding time and put it into the
first passage statistics. However, if x < 0 and 0 = 0 then the particle gets reflected from
the boundary, and the process continues till the next absorption occurs. The reflecting
boundary condition is implemented by simply reversing the position of the particle i.e.
x — —x. The initial target state o is chosen from the steady state i.e.,

(2.24)

1 with probability  p,,
a(t=0) =
0 with probability (1 —p,),

where p, = a/(a+p). In our simulations, At = 1077 and the averaging was done for 10°
successful trajectories for each value of A. The results are displayed in Fig. (2.3) with
the star symbols, which show excellent agreement with the analytical results presented



2.8. Conclusions 37

by the solid lines of same color.

2.8 Conclusions

In this study, we undertook a comprehensive examination of the completion time statis-
tics for drift-diffusive transport toward a stochastically gated target in the presence of
Poissonian resetting. Specifically, we systematically investigated the regimes in which
resetting can accelerate transport rates, extending existing results on ungated systems
where resetting is known to stabilize non-equilibrium dynamics [5, 17, 8, 138, 32] by
eliminating the unfavorable long excursions that slow down overall transport. By map-
ping the broader dynamics of gated drift-diffusion with resetting onto the case of a gated
chemical reaction triggered by a catalyst [as illustrated in Fig. (2.1)], the central findings
of our work can be summarized as follows.

We established that the rate of product generation is governed by an intriguing bal-
ance between the chemical driving force for the reaction (A), the likelihood (p,) that
the gated reactant is found in its active configuration [i.e., R2 being in the R} state],
and the unbinding rate (or resetting rate, r) for the catalyst C detaching from CR;. In
settings where the drive toward product (A > 0) is weak or moderate so that the system
is diffusion-limited, the reaction rate is maximized at an optimal catalyst unbinding rate
(r*). Conversely, when A is large—indicative of drift-dominated kinetics—detaching
the catalyst (C) from CR; actually reduces the reaction rate. This crossover is marked
by a critical value of the drive, A, which increases with p, and attains its maximum at
pr = 1 (corresponding to the ungated scenario). Remarkably, for A < AY [with AY < A,
another critical drift value that is an increasing function of p, and saturates at A(C) = A,
when p, = 1], tuning the unbinding to its optimum (r*) can make the reaction more
than an order of magnitude (> 10 times) faster than the ungated reaction in the nearly
irreversible binding limit (r — 0).

As a consequence of these findings, we constructed a complete phase diagram char-
acterizing both the qualitative and quantitative impacts of optimal catalyst unbinding (re-
setting) on gated chemical reactions—modeled as drift-diffusion toward a gated target—
and identified three distinct operational regimes. Recalling that the product formation
rate is inversely proportional to the mean reaction completion time [132], these regimes
are distinguished as: (i) (Tr(f) < (T) < (T©), where optimal catalyst unbinding ac-
celerates the gated reaction beyond both ungated and gated reactions in the irreversible
binding limit (r — 0); (ii) (T) < (Tﬁ) < (T©), where unbinding with optimal resetting
still improves the gated reaction rate, but not beyond that of the ungated case as r — 0;
and (iii) (T) < (T®) < (Tﬁ), where catalyst unbinding does not succeed in accelerat-
ing the gated process relative to either baseline (ungated/gated) in the regime of nearly
irreversible binding. Intuitively, gating acts as a bottleneck to the ungated chemical re-
actions. However, we show that optimal unbinding of the enzyme from the substrate
often renders a faster product formation rate in the gated chemical reactions compared
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to the ungated one.

The theoretical framework developed here is broadly applicable to analysis of gated
drift-diffusion influenced by resetting. Beyond being analytically tractable, it also offers
valuable insight into the complex interplay between gating and resetting, both of which
are crucial elements within chemical reaction networks. Extending this model to more
general, space-dependent diffusion processes in arbitrary potential landscapes with ran-
domly switching targets is an exciting direction for future work—with detailed numer-
ical investigations especially promising. Importantly, this theoretical paradigm is also
very relevant for experiments probing completion time statistics in biological systems,
such as protein folding monitored via gated fluorescence quenching. In such setups,
a fluorophore-labeled protein undergoes reversible binding (unbinding corresponding
to resetting), which imparts measurable fluorescence [139]. Once the labeled protein
adopts its native fold, a quencher reacts specifically with its active site in the fluorescent
conformation, but only when that site is exposed (open). When the active site is closed
(hidden), the quencher cannot interact, a direct analog of gating. Successful quenching
and thus a mark of process completion occur only if the folded protein exposes the active
site, reflecting the interplay of stochastic gating and reaction [140]. We believe our the-
oretical findings offer new perspectives for understanding and leveraging various gating
and resetting control strategies in such complex biological and chemical processes.



Stochastic resetting in operation
research

(The content of this chapter has been published in [84])

3.1 Introduction

Operations Research is a field that helps people make better decisions by studying how to
organize work in the best possible way. It looks at real-life problems—Ilike how to save
time, use resources wisely, or make a process run more smoothly using maths and logic
to find good solutions. Queuing theory is a branch of operations research devoted to the
mathematical study of waiting lines, focusing on the formation, behavior, and related
properties of queues that develop ahead of service points [81, 141, 142, 82]. Queues are
found throughout nature and engineering, and they emerge across diverse domains such
as supermarkets, banks, and call centers [143, 144], telecommunications [145, 146], air-
plane boarding procedures [ 147, 148, 149], computer systems [150, 151], emergency re-
sponse, transport processes [152, 153, 154], and even in models of gene expression [155,
156, 157, 158, 159] or metabolic and enzymatic pathways [160, 161, 162, 163, 164].
Each queueing system is governed by its own operational principles. For instance, a
teller at a supermarket or bank may typically serve at a roughly constant pace, whereas
computer servers or biological entities such as genes or enzymes often display greater
variability in their service times [165, 166, 167, 168]. In fact, it is now well appreciated
that queue efficiency hinges not only on average service rates but also on the magnitude
of intrinsic fluctuations in service times, to which queuing performance is highly sensi-
tive. Significant stochastic fluctuations can cause severe congestion or delays in queues,
sometimes halting operations entirely [151].

There is an ongoing effort to develop broad strategies for mitigating or controlling
the adverse effects introduced by these random fluctuations, particularly in queues with
heavy-tailed workloads [169]. Various scheduling protocols exist; for example, prior-
itizing small jobs ahead of larger ones instead of the commonly used first-come-first-

39
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serve policy. Although proven to be optimal under certain conditions, such schemes
may be criticized for lacking fairness [151]. It is also worth noting that these strategies
are most effective when fluctuations are external, arising from variation in job size or
item number, as in supermarkets. However, they are less effective when randomness in
service times is rooted within the server itself, as in stochastic optimization algorithms,
genetic regulation, or enzymatic processes [170, 171, 172]. In such contexts, conven-
tional queuing policies are insufficient, highlighting the need for alternative approaches.

In recent work [173], a novel queuing control mechanism was proposed based on
the application of resetting (restart) to alleviate problems due to service time fluctua-
tions. It was demonstrated that the expected queue length can be reduced significantly
by implementing policies that reset service at suitable times. To explain the principle of
resetting, one may consider a generic stochastic process designed to accomplish a cer-
tain task within a random duration. The process can be interrupted and restarted—forced
to begin anew—at random times before it completes [5, 52, 17, 129, 53, 126, 55, 123,
174, 8, 14, 15, 16]. This cycle continues until the task is finally finished, resulting in
a completion time influenced by both the process dynamics and the resetting protocol.
Analogously, for a single-server queue where each task’s service time is drawn from an
intrinsic random process, resetting can be operationalized by intermittently stopping the
server and assigning a new service time to the current job.

At first glance, it may seem paradoxical that restarting a process from the begin-
ning could speed up the completion of complex random tasks. However, substantial
research in statistical physics and the theory of stochastic processes over the last decade
has shown that resetting systematically eliminates long-duration trajectories and allows
for the exploration of alternative, potentially faster, paths [5, 52, 17, 129, 53, 126, 175,
83, 176, 177, 127, 178]. Identifying new trajectories can notably accelerate comple-
tion, especially when the non-reset process is characterized by substantial variability in
completion times. This is a striking observation, since resetting can transform the dis-
advantage of large fluctuations into a beneficial effect. Accordingly, resetting strategies
have become widespread across a spectrum of search and optimization processes, rang-
ing from stochastic optimization [43, 179, 58], first-passage phenomena [67, 117, 68,
180, 27], foraging models [86], reaction kinetics [1, 96], and even in studies of income
dynamics [181, 44].

This chapter aims to introduce the essential concepts of queuing and resetting, present
the formulation of a single-server queue with instantaneous service resetting, and present
new insights when resetting is noninstantaneous and involves a finite overhead or buffer-
ing period. We will examine the consequences of this additional overhead and its in-
terplay with the service time in determining the queue length and waiting times. The
treatment is pedagogical, intended for readers without specialized prior knowledge.

The remainder of this chapter is arranged as follows. In Sec. 3.2 (“Preliminar-
ies”), we offer a succinct introduction to the M/G/1 queue, featuring general service
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time distribution and Markovian arrivals—the central model studied herein. We review
the Pollaczek-Khinchin formula for the mean steady-state number of jobs in an M/G/1
queue, highlighting its dependence on service time variability. Section 3.3 (“Service
with resetting”) develops the M/G/1 queue model incorporating service resetting, in-
cluding a refractory (overhead) time for each reset event. Effectively, this model can
be recast as a standard M/G/1 queue with a composite service time that encapsulates
both service and reset overhead, allowing direct application of the Pollaczek-Khinchin
formula to determine the mean occupation. Section 3.4 (“M/G/1 Queues with Poisso-
nian service resetting”’) studies the influence of Poissonian resetting (i.e., resets at a fixed
rate) on the mean queue size, leading to substantial simplifications. In Section 3.5 (“Ser-
vice at an optimal resetting rate”), we discuss the mean number of jobs under optimal
Poissonian resetting and address how resetting may decrease the queue size depending
on overhead variability. Section 3.6 (“Application”) applies our methods to log-normal
service distributions and various overhead time statistics. The final section 3.7 (“Dis-
cussion and Summary”) synthesizes the main outcomes and perspectives. Technical
calculations are deferred to the appendices for completeness.

In what follows, we use the notations fx(t), (X), 0%(X), X(s) = (=X} and CVy
to denote, respectively, the probability density function, expectation, variance, Laplace
transform and coefficient of variation of a non-negative random variable X.

3.2 Preliminaries

Consider a single-server queue, where jobs form a single line and are processed one at
a time on a first-come, first-served basis. This system is classified in Kendall’s nota-
tion as an M/G/1 queue: here, “M” signifies Markovian (memoryless) arrivals, meaning
jobs enter the system according to a Poisson process with rate A. The “G” indicates that
service times are drawn from a general, possibly arbitrary, distribution. We denote the
random service time as S, characterized by the density fs(#). The final “1” specifies
that only one server is available to handle jobs sequentially. It is also assumed in this
framework that the server incurs an overhead (or setup) period after each service or reset.
Such overhead is commonplace, for example, in computing where a buffer or initializa-
tion time is required between tasks, as well as in natural scenarios like chemical reactions
or facilitated diffusion. We represent the overhead duration as a random variable S,;,.
Thus, the complete service time per task, denoted S,;, is given by the sum S + S,,,, and
has its own probability density fs, (t). The effective service rate becomes 1 = 1/(Sy).
Additionally, the queue’s utilization factor is p = A/n, reflecting the fraction of time
the server is occupied in the long-run. For a well-defined steady-state to exist, the job
arrival rate A must be less than the mean effective service rate (p < 1); otherwise, when
p > 1, the system is overloaded and the queue length diverges.

The overall state of the M/G/1 queue is described by the set N = {0,1,2,3,...},
where N records the total number of jobs in the system, including any currently in ser-
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vice. Because arrivals and completions are stochastic, N fluctuates in time. One princi-
pal quantity of interest is the average number of jobs, (N ), present in the system (both
queue and server); its steady-state value is given by the celebrated Pollaczek-Khinchin

formula [151]:

2
p p

N) = +

) l-p 2(1-p)

where the first term accounts for the mean queue length of an M/M/1 queue, and the

(Cvi-1), 3.1)

second term captures the impact of service time variability. Here,

02(514)
(S)%’

defines the squared coefficient of variation (SCV) of the total service time distribution.

CV?= (3.2)

Some notable features follow: (1) (N) grows monotonically with increasing utiliza-
tion p and diverges as p — 1, signaling congestion. (2) The average queue size is
extremely sensitive to the degree of service time fluctuations: if CV? < 1, the correc-
tion in Eq. (3.1) is negative, leading to shorter queues; if CV;2 > 1, fluctuations inflate
system size. This sensitivity illustrates the crucial role played by service time noise in
M/G/1 queues and suggests similar consequences in related queuing models.

The mean waiting time in the system, (T)—that is, the average time a given job
spends from entry to completion—connects directly to (N) through Little’s law: (T) =
AN [151]. This results in

Ty = YN, P (cv2-1), (3.3)

1-p 2(1-p)

showing again that waiting times depend crucially on both the mean and the variability

of the total service time. Variability in service time may be extrinsic or intrinsic to the
server. For instance, if job sizes vary while the server processes all jobs at a fixed rate,
then S is determined extrinsically by the jobs themselves—as in supermarket checkouts,
where the number of items purchased sets service duration. Conversely, intrinsic ran-
domness arises when service times fluctuate for reasons internal to the server: catalytic
cycles of enzymes, for instance, can require varying intervals even for identical substrate
and product molecules. For further discussion on the origins and implications of service
time fluctuations in queueing, see [173].

3.3 Service with resetting

When the fluctuations in service times originate from intrinsic properties of the server,
a resetting strategy can be introduced as follows. Once more, let us consider the M/G/1
queue, where the server processes jobs sequentially. Assume the server begins servic-
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Queue Son <§9
Resetting
<

Figure 3.1: Schematic of a queuing system under resetting. Jobs arrive at the queue with a rate A and
they are being served at the service station according to a first-come, first-served policy. The server has
two components: a service time S followed by an overhead time S,,. It can complete a task in time
Sy = S+ S, prior to resetting (upper branch). Otherwise, resetting can occur in time R (lower branch,),
following which the service is renewed. The process repeats by itself until the task is completed which is
possible only via the upper branch.

ing a job at time zero and, if uninterrupted, finishes after a random duration S,, + S.
However, at a random time R, the service may instead be reset, after which the process
restarts. Denoting by Sg the random variable for the total service time in this compound
process, the dynamics can be described as

S ifS<R,
SR:Son+ (3.4)
R+S}{ ifR<S,

where S,;, is a random overhead period (sampled from a general distribution) preceding
either completion or resetting, and S%, denotes an independent copy of Sg. To interpret
this, notice that if the service completes before a reset occurs (S < R), then Sg =
Son+S = S,,. If, on the other hand, resetting takes place first (R < S), the process restarts
with a new overhead and service period, resulting in Sg = S,/ +R+S5. This formulation
reveals a renewal structure reminiscent of renewal theory. As discussed in [173], this set-
up can be viewed as a first-passage process under intermittent resetting, and the broad
theoretical framework for first-passage processes with resetting is developed in [182,
53]. We briefly review these results in (Appendix C.1), while focusing here on the main
conclusions. Rewriting Eq. (3.4), we can express this as

Sr = Son +min(S,R) + I(R < S)S%, (3.5)

where min(S, R) denotes the smaller of the two times and I(R < S) is an indicator
variable equal to one when resetting occurs before service is complete, and zero other-
wise. This representation facilitates calculation of the moment generating function for
Sgr, which we discuss in the Appendix. However, the first and second moments can be
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evaluated directly by taking expected values:

(min(S, R)) + (Son)

(Sr) = PS<R) (3.6)
<52> _ ((min(S, R) + Son)2> 2Pr(R < S)(<Rmin> + <Son>) ((min(S, R)) + (Son))
RE Pr(S < R) Pr(S < R)2 '
(3.7)

Here, Pr(S < R) is the probability that service concludes before a reset, and Ry, =
{R|R < S} represents the resetting time, conditional on occurring before service com-
pletion. Recall the variance of the compound service time is 6%(Sg) = (5122) — (Sp)>2.
Once the precise distributions for S and R are specified, all averages in Eq. (3.6) and
Eq. (3.7) can be evaluated directly, as detailed in the next section.

3.4 M/G/1 Queues with Poissonian service resetting

Many possible combinations of resetting and service mechanisms are possible. Of par-
ticular interest is Poissonian resetting, which has been extensively analyzed in recent
literature [5, 52, 67, 183, 54, 53, 117, 68, 14, 55, §]. In this setting, reset events occur
with a fixed average rate r, so the number of resets in a time interval ¢ is Poisson dis-
tributed with mean rt, and each reset time R is sampled from an exponential distribution
fr(t) = re~". Utilizing (3.6) and (3.7) (see Appendix C.2 for derivations), the mean
and second moment of the compound service time become

1= S(r) + {Son)
rg(r) ’

(52 2r B 4 1(Seu)) +2(1 = 51+ 7(Son))? + r25(r)(S2,)
e 25(r)2

(Sr) =

(3.8)

;39

where g(r) = fooo dt e f5(t) is the Laplace transform of fs evaluated at r. The cor-
responding utilization is p, = A(S,), and the squared coefficient of variation becomes
CV? = 0%(S,)/(S))>.

Owing to resetting, the effective service time is now S,. Thus, in the Pollaczek-
Khinchin result, p and C V2 are replaced by prand C V2, yielding:

pr p?

= +
T—p, " 2(1-py)

(N,) (Cv?-1). (3.10)
Similarly, the mean waiting time with resetting (T, ) follows directly from Little’s Law [ 184,
151], taking the same form as Eq. (3.3). To illustrate how resetting and overhead time
affect the M/G/1 queue, Fig. 3.2(a) shows a prototypical example (with further details
in Sec. 3.6). Starting with a chosen service time distribution, it is found that introducing
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resetting leads to a non-monotonic curve for (S, ) as a function of 7 under multiple over-
head distributions. Specifically, (S, ) initially decreases, reaching a minimum at some
optimal r*, before rising again. This optimal rate r* is noteworthy, as it both lessens and
globally minimizes the mean service time. The next section examines 7* in more depth
and explores how it relates to the generic properties of service and overhead distribu-
tions.

3.5 Service at an optimal resetting rate

The resetting rate that minimizes the mean service time is determined by the condition

d(Sr)
dr

—0. (3.11)

r=r*

Plugging the explicit formula for (S,) from Eq. (3.8) into this stationarity condition
yields

SIS =1) = 'S ()1 + r*(Sen)) = 0, (3.12)

where g’(r) is the derivative of S(r) with respect to 7. Substituting g’(r*) into Eq. (3.9),
and rearranging, one obtains for the variability of the optimally restarted process [54]

cv,. = 96r) _ \/1 g o) (cvz, -1), (3.13)
S(r)(57)?

Here, CV,, = (Q(SS"”; is the coefficient of variation of the overhead time, and the total

service SCV can be written

_ [0%(S) + 0*%(Son)
CV, _\/ Gr (3.14)

Notably, the expression in Eq. (3.13) is universal—it holds for arbitrary underlying ser-
vice and overhead time distributions. Our aim is now to investigate how the mean queue
length changes when the service rate is set optimally.

For the optimally restarted process, the mean queue length from the Pollaczek-Khinchin
formula reads

2
— Pr + Py
T—p 20— p)

(N,-) (CVZ -1). (3.15)
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Substituting (3.13) gives

Pr* AQ <Son>2

Wr) = 1—=pp " 2(1-pp) §(7’*)

(cvz, -1), (3.16)

where we used p» = A(S,). This result shows that the mean system size depends
crucially on the variability of the overhead process. In the following, we consider several
regimes distinguished by the value of CV/,,,.

In the above, it was assumed that a finite optimal rate r* actually exists. To be more
precise, the criterion for the existence of such an optimum is (Appendix C.3)

(Son)®
(Su)?

highlighting again the dependence on the overhead variability.

CVZ>1+ (CV2, 1), (3.17)

3.5.1 Resetting with no overhead

First, let us revisit the limiting case where the resetting generates no overhead—the
service restarts instantaneously, as thoroughly analyzed in [173]. For S,, = 0,5, = S
and equations (3.8) and (3.9) reduce to [173]

1-5(r)

S,) = — , 3.18

(Sr) 50 (3.18)
s &

(53)227 T ~S(r)+1 (3.19)
r2S(r)?

and the universal relation (3.13) simplifies to CV; = 1. In this scenario, the average
queue size becomes

N,y = - (3.20)

= 1—pr*’

which satisfies the inequality (N,-) < (N, establishing that an optimal resetting policy
reduces congestion. Moreover, existence of a minimum is guaranteed if CV,, > 1[173].

3.5.2 Overhead time with CV,,, < 1

Next, consider the case where overhead times are narrowly distributed, meaning CV,,, <
1. Denoting the queue length in this regime as (N rﬂ), we have

Pr 4 A? (Son)?
L=pr  21=pr) S

(NL) = (CVZ -1) (3.21)
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where the second term is negative, so that <Nr1,f> < 16%. According to (3.17), for

CV,, < 1 asufficient (but not necessary) condition for optimal resetting is CV,, > 1.
If such a finite 7* is found, it follows that (S,-) < (S,), or equivalently, p,- < p,
recalling p = A(Su), pr = A(S;+). Because % is monotonically increasing in p, this

implies 2 Ioon p < p . Collecting results,

pr p p p?

1—pp < l—pS 1—p+2(1—p)

(NL)y < (CVZ-1)=(N), (3.22)

which always holds so long as CV,, > 1, confirming that optimal resetting provides
relief from queue buildup.

Because the threshold CV,, > 1 is not strictly necessary, r* can still exist (and reduce
queue size) before this holds (see Appendix C.3.1 for more on this). This demonstrates
that the advantages of service resetting persist even when a finite overhead is present.

3.5.3 Overhead time with CV,, =1

Let us now examine the special case where the coefficient of variation in the overhead
time equals unity, CV,,, = 1. Under this condition, the correction term in Eq. (3.16)
disappears, so the mean queue size, denoted (N rlf ), reduces to

(NIy = 1— (3.23)

Following the argument developed for previous cases, we readily establish that
11 p p p? 2
N,.) = < < + CV;—1) =(N), 3.24
W) = 1—pr l-p = 1-p 2(1—9)( 1) =) (329

where we have followed similar logic as before, and note that the existence of a finite r*

again requires CV;, > 1 (see Appendix C.3.2 for further discussion).

3.5.4 Overhead time with CV,,, > 1

Finally, consider the situation where the overhead times are widely dispersed and thus
CV,,, > 1. In this setting, one arrives at

Pr A? <Son>2

111
WNr) = 1= py " 2(1-pp) g(?’*)

(CVE, —1), (3.25)

where now the correction arising from the overhead variability is strictly positive. How-
ever, in contrast to the previous cases, the condition CV,, > 1 by itself no longer guaran-
tees that (NI) < (N). A closer analysis reveals that a sufficient (though not necessary)
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criterion for this inequality is (see Appendix C.3.3 for details):

2
CV2>1+ (M) L (CV2 -1). (3.26)

(Su) §(r*) o

As CV,, can be manipulated as a control parameter, this condition may be used to ensure
a tangible reduction in queue length due to resetting.

3.6 Application

To illustrate the practical relevance of our theory, let us analyze an M/G/1 queue where
the service times follow a log-normal distribution—a distribution frequently encoun-
tered in queuing studies [185, 186]. We will explore how resetting influences this system
under several types of overhead time distributions. The specific form of the log-normal
distribution employed is

1 _(nt-p)?

—— (3.27)

for t > 0, where u is a real parameter and @ > 0. The mean and variance of the service

fs(t) =

time, S, in this case read

LY2
(S) =et"T, (3.28)
(S) = (eaz - 1) p2uta’ (3.29)
which yields
CV2=e¥ -1, (3.30)

independent of u. The previous sections developed general conclusions for arbitrary
overhead distributions, mainly in terms of CV,,,. We now focus on three illustrative
cases with distinct values of CV,,,,, all with the mean overhead time (S, ) held constant,
before finally considering scenarios where (S, ) is itself variable.

361 Casel:CV,, <1

Let us begin with the situation where CV,,, = 0 < 1, meaning the overhead distribution
is highly localized about its mean, i.e., fs, (t) = 6(t — (Son)). The overall variability of
the total service process is then

e — 1

2 _
Vi = TGP (3.31)
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Figure 3.2: (a) Mean service time (S, ) from Eq. (3.8) as a function of resetting rate for different choices
of (Son). The underlying service time S is sampled from the log-normal distribution (3.27) with (S) = 1
and o = 1.5. Circles mark the optimal resetting rate r* for each value where (S,) attains its minimum.
(b) Mean queue length at optimal resetting, (N,+), versus squared CV,,. Here, (S) is fixed at unity and o
is varied to tune CV,, in Egs. (3.31), (3.32), and (3.35). Results are shown for deterministic (CV,,, = 0),
exponential (CV,y, = 1), and Weibull (CVy,, > 1) overheads, all with (S,,) = 0.5. Dashed lines indicate
the standard Pollaczek—Khinchin result (3.1) at v* = 0. For larger CV,, optimal resetting becomes
nonzero, causing {N,) to dip below the standard value, and the transition points agree with theoretical
predictions. Optimal resetting efficiently reduces queue lengths for any S,, and CV,,, and all results
here use A = 0.4.

In Fig. 3.2(a), we plot the mean service time (S,) versus resetting rate r for different
(Son) values, fixing (S) = 1 and @ = 1.5. Each curve displays a minimum at a specific
r* which depends on (S, ). Turning to the mean queue length, we keep (S) = 1 and
(Son) = 0.5 fixed, but vary «a to scan different CV,. For each a, (S, ) is minimized over
r to find r*, which is then used to compute the optimal queue length using Eq. (3.21).
Note that the emergence of a finite r* is not always guaranteed (see Sec. 3.5.2). When
r* = 0, (NL) matches the unreset queue (N), but for finite r*, the deviation clearly
shows (NL) < (N). The lowest curve in Fig. 3.2(b) highlights how the mean queue
length drops sharply as CV,, increases.

3.62 Casell:CV,, =1

In this regime, S, is exponentially distributed such that fs () = ye ™, with y > 0.
Here, (So,) = 1/y and 0%(So,) = 1/72, thus CV,, = 1. The total process variability
is then

, e® — 1+ #
CVvy = ——. 3.32
Y
We again fix (S,,) = 0.5 and use a to sweep CV/,. For each a, we seek r* by minimizing
(S,) and substitute in Eq. (3.23). For CV,, < 1, the optimal and baseline queue lengths
coincide, but as CV,, increases, (erf ) falls below (N), with CV,, = 1 marking the
transition. This boundary is visible in the middle curve of Fig. 3.2(b).



50 3. Stochastic resetting in operation research

7 7 7 T
17 /' Deterministic (Sop) = 0.54 |
: /7 4 —— Exponential (So,) = 0.522

4 ¢ —— Weibull (S,,) =0.5
7,
’ 5y, :

PK formula

050 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50
cv?

Figure 3.3: Mean queue length at optimal Poisson resetting as a function of squared CV,, for multiple
choices of {Son) and variability, taking deterministic (CV,, = 0), exponential (CV,, = 1), and Weibull
(CVyy, = 1.4624) overheads. The underlying service distribution is log-normal [Eq. (3.27)] with {(S) = 1
and variable a setting CV,, via Eq. (3.31), Eq. (3.32), Eq. (3.35). Dashed lines show standard PK formula
(r* = 0). Left vertical dashed line at CV,, < 1 reflects the order (N,I*:O) > <Nr1*1:0> > (erfi()), tracking
{Son) from largest to smallest. Resetting has no effect here. When r* becomes nonzero (right dashed line,
CVy > 1), the order reverses: (NL)y < (NIy < (NI for a fixed CV,,. This means queues with smaller
overhead fluctuations (but larger mean overhead) are most impacted by optimal resetting.

3.6.3 Caselll: CV,, > 1

Finally, for the case CV,,, > 1, we use the Weibull distribution: fs,, (t) = %(%)k_l exp[—(t/v)k],
for t > 0, where k > 0 is the shape parameter and v > 0 the scale parameter. The mean
and variance become

(Son) =vI(1+ %), (3.33)
0*(Son) = v* [T+ %) _(ra+ %))Q] , (3.34)

with I'(z) denoting the Gamma function. If k = 0.7, (S,,) = 1.2658v and CV,, =
1.4624 > 1. The overall variability is then

e — 1 + 3.426812
(1 + 1.2658v)2

CV?2= (3.35)
We pick v = 0.395 to fix (S,,,) = 0.5 and repeat the optimization as before. When the
criterion (3.26) is met, we see (NI1) < (N). Critically, in this scenario the deviation
from the standard PK result arises only for larger CV,, (i.e., for larger fluctuations), as
seen in Fig. 3.2(b).

Thus, optimal resetting has a stronger impact on queues with low-overhead variabil-
ity, even if the mean overhead is larger.

3.6.4 Mean queue length for different (S,;)

So far, our analysis has held (S,; ) constant while varying CV,,, to study the mean queue
length. Let’s now examine the interplay when both (S,, ) and CV,, vary. Recall, from
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the PK formula, that for a fixed »* = 0, the mean queue length increases linearly with
CV2, ie. (N;) = (N); for fixed CV,, increasing (S, ) also increases queue size. For
example, at CV,, = V0.75 in Fig. (3.3), increasing (S,;) raises (N,«=g), as shown by
the colored circles, and we have:

(NL_o) > (NI )y > (NIIL ». (3.36)
But how does queue length compare for different {S,, ) values under optimal resetting?
Strikingly, a queue with higher (S,,;) may see a much larger reduction from resetting
than one with lower (S, )—if the former has a smaller CV,,,. This reversal of order is
clear at CV,, = ¥1.75 (for which r* > 0) in Fig. (3.3):

(NL o) <(NIL )y < (NI, (3.37)

so that, for fixed CV/,, the queue with the lowest overhead variability (and largest mean
overhead) is most susceptible to shortening by reset. Full details are shown in Fig. (3.3).
Here, we focused on log-normal service times, but the conclusions are likely general for
other service distributions as well.

3.7 Discussion and Summary

The task of devising methods to minimize queue lengths is a central concern in queuing
theory. Crucially, it is the management of substantial stochastic fluctuations in service
durations that poses a significant challenge for queue efficiency. This phenomenon has
often been highlighted, particularly in contexts such as computing workloads where ser-
vice time distributions display high variability, for instance in UNIX process lifetime
studies [151, 187]. This chapter has reviewed a notable development focused on im-
proving the performance of systems with high-variability workloads [173, 188, 189].
We have demonstrated that service resetting stands as a powerful tool to counteract such
inefficiencies. Specifically, our analysis has centered on the M/G/1 queue model, where
jobs arrive at a fixed rate and the server encompasses both a processing time and an ad-
ditional overhead (or buffer) period. By intermittently resetting the service, we explored
the consequences for queue dynamics. Employing a renewal approach for service times
that include overhead and resetting, we showed how the modified process can be seam-
lessly incorporated into the classic Pollaczek-Khinchin formula to yield the expected
average number of jobs in the queue.

Our study identifies three distinct regimes for the overhead time distribution: tightly
concentrated, marginally dispersed, and broadly distributed. Across all these cases, we
established that an optimally designed resetting protocol can make the queue at least as
efficient, or even substantially more so, than its non-resetting counterpart. In particular,
we found that a resetting strategy can dramatically decrease queue lengths—especially
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for servers with inherently high service-time variance. Thus, resetting not only short-
ens the mean service time but also dampens relative stochastic fluctuations, providing a
double benefit.

While our main discussion focuses on Poissonian resetting, the general framework
developed extends naturally to alternative strategies, including sharp (deterministic) re-
setting [13, 53, 190], in which resets are performed at fixed intervals. This periodic
resetting mechanism is strongly motivated by earlier work in the stochastic resetting lit-
erature, where sharp resets frequently outperform random counterparts regardless of the
process being controlled. To illustrate this, suppose resetting is scheduled deterministi-
cally after every 7 time units:

fr(t) = 6(t = 7). (3.38)

By applying Egs. (3.6) and (3.7), one can directly compute the mean and second moment
of the reset service time (Appendix C.4):

* gs(t)dt + (Son
(Se) = Jo A5t + (Son) (3.39)
1 -gs(7)
2 [Tt qs(t)dt +2(Sen) [ gs(t)dt +(S2,)  24s(D(T+(Son)) (/OT qs(t)dt + <Son>)
(57) === . + :
1—gs(7) (1 -gs(1))?
(3.40)

where gs(t) = ft . fs(t')dt’ is the survival function for the service, i.e., the probability
that service has not yet finished by time ¢; for the log-normal case (Sec. 3.6), this is given
by

gs(t) = % 1+ erf(%ojm)l . (3.41)

To find the mean queue length, plug the moments of the modified service into Eq. (3.10):

2
— pT + pT
l=pr 2(1-po)

(Ny) (Cvz-1), (3.42)
where p; = A(S;) and CV; measures the service time variability after sharp resetting.
The optimal interval 7* is found by solving d{S;)/dt|;= = 0. Using this approach,
Fig. 3.4(b) shows the mean queue length (N-) as a function of underlying service time
variability CV,, for several overhead time distributions. One sees that sharp resetting
robustly reduces queue length, regardless of the specific CV,, values.

It is also illuminating to directly compare the mean queue lengths for optimal Pois-
sonian versus sharp resetting. Drawing from general results in first-passage resetting,
we know that sharp resetting always matches or outperforms Poissonian resetting in
minimizing mean completion time. Our findings confirm that this hierarchy persists
even in the presence of overheads (see Fig. 3.4(a)). In Fig. 3.5, we plot the difference
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Figure 3.4: Panel (a): The mean service time from Eq. (3.39) as a function of resetting period T for
various overhead S, values, with service S drawn from a log-normal distribution (Eq. (3.27)). In each
curve, the global minimum at T* (shown by a solid circle) marks the optimal resetting. We use (S) = 1,
a = 1.5, and A = 0.4. Panel (b): {Ny) as a function of CV? (tuned via ). The dashed line is the
classical PK formula, valid when t* = 0. Once T*° becomes positive, the mean queue length falls below
the baseline: evidence for the improved performance enabled by sharp resetting. Overhead times S, are
sampled from three distributions with differing CV,, as indicated.
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Figure 3.5: The difference in mean queue length between optimal Poisson and sharp resetting as a func-
tion of squared CV,,. The service S is log-normal (Eq. (3.27)) with {S) = 1 and {So,) = 0.5, and «a is
varied to tune CV,. Overhead Sy, is drawn from deterministic (CV,, = 0), exponential (CVy,, = 1) and
Weibull (CV,, > 1) distributions. In all scenarios, (N;») — (N ) > 0 for all CV,, confirming that sharp
resetting universally outperforms Poisson resetting. Here, A = 0.4.

(N;+)—(Nq) versus CV,,, for various overhead distributions (deterministic, exponential,
Weibull). Strikingly, this difference remains strictly positive, establishing that optimal
sharp resetting always achieves lower queue lengths than even the best Poissonian strat-
egy. This finding is significant for real-world systems, as it demonstrates further gains
in queue performance achievable through deterministic resetting protocols.

The analytical approach established here for service times incorporating overhead
and resetting is not limited to the M/G/1 context, but can also be extended to more gen-
eral queueing models, such as G/G/1, where arrivals lack Markovian structure [151].
Renewal methods of a similar flavor may be applied to analyze situations where each
job’s service time consists of both extrinsic (job size) and intrinsic (server fluctuations)
components [ 188], for which resetting has also been shown to reduce queue size [173].
Exploring the interplay between overhead and resetting in such generalized systems re-
mains an important avenue for future research. For instance, in an M/G/n queue (a
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multi-server queue), each server could, in principle, follow its own resetting protocol,
provided each job’s modified service time is consistent. Yet, in practice, scenarios in
which several servers undergo coordinated resetting or correlated failures are common,
presenting more complex dependencies that may not be directly tractable using the tools
developed here. Further work will be required to generalize resetting theory to such
coupled and correlated queueing networks.

In summary, we believe this chapter has highlighted the feasibility and value of
employing resetting-based strategies in queueing systems. Our hope is that these con-
cepts may foster a stronger connection between the queuing theory and stochastic re-
setting communities, spurring new research efforts toward developing resetting-based
solutions in queues with potential applications spanning computer science, randomized
algorithms, and active living systems.



Stochastic resetting in a
viscoelastic medium

(The content of this chapter has been published in [191])

4.1 Introduction

The classical framework of Brownian motion describes, for instance, the erratic move-
ment of a heavy particle suspended in a fluid, as was first noted by Robert Brown in
1827 while observing pollen and dust grains in water. This stochastic motion results
from the thermal agitation of the molecules in the fluid, whose individual masses are
much smaller than the mass of the suspended particle. Paul Langevin characterized the
dynamics of such a Brownian particle with mass m by invoking Newton’s second law,
where the particle experiences viscous friction —yyv(t), an external deterministic po-
tential V' (x), and a stochastic internal force &(t), i.e., [192]

V(x)
dx

mo(t) +yoo(t) + Lo — 1), (1) = o), @)
where x(t) and v(t) denote the particle’s displacement and velocity, respectively, and
Yo stands for the friction coefficient. The stochastic force &(t) is assumed to be a
Gaussian process with zero mean ((£(f)) = 0) and correlation function (&(t)E(E)) =
2y0kT 6(t —t’), where (-) specifies ensemble averaging. This framework identifies the
noise as internal white noise, ensuring that fluctuations and dissipation originate from a
common source. In this regime, the timescale associated with molecular motion is much
less than the timescale for Brownian movement of the particle. As a result, the mean
squared displacement (MSD) ¢2(t) = (x%(t)) — (x(t))?, in the absence of an external
potential (V(x) = 0), exhibits a linear time dependence in the long-time limit, 02(t) ~ t,
which is emblematic of normal diffusion, although at short times the inertia causes the
motion to be ballistic. The crossover from ballistic to normal diffusion is determined by
the characteristic timescale 1 /.

55
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In many physical systems, the mass of the embedded particle is not necessarily much
greater than that of the surrounding fluid molecules, implying that the timescales for the
microscopic and Brownian motions are not well separated. In these cases, it becomes
necessary to generalize the Langevin equation by introducing a memory-dependent fric-
tion term, leading to the generalized Langevin equation with a friction kernel [77, 78,
193, 194], which is central to the present work.

The generalized Langevin equation is often used to describe anomalous diffusion
by incorporating a power-law friction memory kernel [195, 196, 197, 198, 199, 200].
This anomalous diffusion manifests as a power-law dependence of the MSD on time,
02(t) ~ t% a # 1, as has been measured in systems ranging from single-protein elec-
tron transfer [201, 202], to models with a solute particle in a fast-moving solvent [203],
or particles in viscoelastic environments [204]. The GLE framework has found applica-
tions in the study of protein conformational fluctuations [205, 206], in microscopic mod-
els of tracer dynamics in one-dimensional systems with two-body interactions [207],
in generalized elastic models for membranes and semiflexible polymers [208], and in
polymer translocation studies [209]. As an illustrative example, the emergence of expo-
nential memory is seen in the context of Brownian motion in a harmonic potential, i.e.,
the Ornstein-Uhlenbeck (OU) process [210, 211, 212]. In this chapter, we focus on the
Jeffreys fluid model for a particle in a viscoelastic medium, which represents another
instance of a non-Markovian system [79, 80, 213, 214, 215, 216, 217, 218, 219]. Our
objective is to study the motion of a particle in such a medium under stochastic resetting,
as will be described in the following sections.

In contrast to the extensive body of work devoted to analyzing various types of dif-
fusion and anomalous transport described by (generalized) diffusion and Fokker-Planck
equations for homogeneous and heterogeneous systems with stochastic resetting [52, 63,
8,178,220, 221,222,223,224, 25, 64], studies treating the generalized Langevin equa-
tion under stochastic resetting are scarce. In a resetting scenario, a particle is brought
back to its initial or some fixed position at either regular or random times. Notably, this
resetting mechanism can stabilize the dynamics by recurrently returning the system to a
fixed point. This phenomenon was first demonstrated by Evans and Majumdar for the
case of normal diffusion, where the absence of resetting leads to a non-stationary pro-
cess, but the introduction of resetting induces stationarity [52]. Similar effects have been
observed in the aforementioned diffusion and Fokker-Planck models, where stochastic
resetting steers the system towards a non-equilibrium stationary state (NESS) [52, 63,
64, 21, 225, 138, 226, 10], and the path to the steady state can be highly nontrivial [7,
63, 9].

In this work, we investigate a process governed by the generalized Langevin equa-
tion with Poissonian resetting. This setup implies that the process is restarted at random
times drawn from an exponential distribution fr(t) = re™"!, where 1/r specifies the
average resetting time (here, r denotes the resetting rate). We present a thorough analy-
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Figure 4.1: Schematic representation of a colloidal particle diffusing in a viscoelastic bath under har-
monic trapping. The motion of the particle is governed by the generalized Langevin equation (GLE) as
in Eq. (4.5). In addition, the particle undergoes stochastic resetting at random time intervals drawn from
an exponential distribution with mean 1/r.

sis of the mean squared displacement and correlation functions for an arbitrary friction
memory kernel. We then apply these general results to the Jeffreys fluid memory kernel,
corroborating our analytical expressions with numerical simulations.

The structure of this chapter is as follows: first, in Section 4.2, we offer a detailed
exposition of the generalized Langevin equation (GLE), obtaining the mean squared dis-
placement and correlation function for particle dynamics in a viscoelastic medium with
an arbitrary kernel. In Section 4.3, we elaborate on the renewal approach to stochastic
resetting to obtain general expressions for the mean and correlation function under GLE
dynamics with resetting at rate r. In Section 4.4, we consider as a specific example the
Jeffreys fluid model for the viscoelastic bath, examining in detail the mean and corre-
lation function both with and without resetting. We validate our theoretical predictions
by numerical simulation using the Markovian embedding scheme, as described in Sec-
tion 4.5. The chapter concludes with a concise summary and a perspective on future
directions in Section 4.6.

4.2 Generalized Langevin equation

Consider a particle of mass m situated in a viscoelastic environment and subjected to
correlated thermal noise &(t). Additionally, the particle is constrained by an external
potential V' (x). The dynamics of this system are governed by the generalized Langevin
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equation (GLE), which takes the following form [78, 210]

t
mi(t) + m é y(t = t)x(t)dt + d‘g—fj‘) = &(h). 4.2)

Here, y(t) is the generalized friction kernel, accounting for the memory effects in the
particle’s velocity over time. In other words, this kernel captures the non-Markovian re-
sponse of fluid particles. The generalized fluctuation-dissipation relation corresponding
to the GLE is provided by [78, 210]

(EMBER)) = kgTmy(|t —t']). (4.3)

When y(t —t’) = 2yf06(t —t’), we recover the usual Langevin equation with a constant
friction coefficient ys (here, the factor of 2 disappears upon integration in Eq. (4.2)
because the upper limit of the integral coincides with the delta function argument).
The corresponding noise correlation then simplifies to the usual form (E(£)&(t)) =
2kgTmyfo(t — t). Throughout, we assume the external potential to be harmonic so
that

Vix) = %mwzxz. 4.4)

In many experimental settings, the inertial contribution mX(t) in the underdamped
GLE Eq. (4.2) is negligible, which physically corresponds to a regime of strong damp-
ing. This so-called overdamped limit [227]—where friction dominates inertia—is fre-
quently adopted for modeling the motion of driven colloids in aqueous polymer solutions
(such as poly-ethylene oxide), which combines elasticity with substantial viscosity and
thus forms a viscoelastic yet strongly damped medium [213, 214]. By the same rea-
soning, protein macromolecules in solution also experience very high friction, and so
their movement is appropriately described as overdamped (see, e.g., Refs. [228, 229]).
Moreover, the confined environment inside proteins is well approximated by a harmonic
potential, making the overdamped GLE for a harmonic oscillator an accurate model for
intramolecular dynamics [228, 229, 202].

Applying these approximations, we obtain the overdamped GLE:

t
m/ y(t — t)x(t)dt + mw’x = &(t). 4.5)
0

Our primary goal is to investigate the overdamped GLE dynamics under the influence of
stochastic resetting. Nevertheless, before introducing resetting, it is useful to revisit the
standard solution techniques for the GLE without resetting and derive the central statisti-
cal quantities of interest. This will lay the groundwork for our subsequent generalization
to the case with resetting.
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GLE in Laplace space: Correlation function and MSD

To proceed, we apply the Laplace transform to both sides of equation Eq. (4.5) and divide
through by m, yielding

!

Y(s)(sX(s) — x0) + w’X(s) = %S) (4.6)

where we abbreviate the Laplace transforms as

X(s) = / dt e~stx(t), B(s) = / dt e~StE(t), Y(s) = / dt ety (t), (4.7)
0 0 0
and set xo = x(t = 0) as the initial condition. Rearranging, the general solution reads
= 1 o7 1=, =
() = |5 - @'To(s)] x0 + —-E)Gu(s), (4.8)

where the functions G(t) and Iy(t) are the so-called relaxation kernels, defined as

1= _ 1

Got) =L ! [GO(S)] =L7! [m , 4.9)
= _ s~1

Io(t) = £ [Io(s)] -, Lﬂs)—ﬂﬂ . (4.10)

where £7! [f(s)] denotes the inverse Laplace transform of j?(s). Equation Eq. (4.8) can
be inverted to yield the following integral representation for x(t):

t
x(t) = (x(t)) + %/ dt’ Go(t —t")&(t), 4.11)
0
with the average trajectory given by
(x()) = [1 = w’Io(t)] xo. (4.12)

From Eq. (4.8), we see that the two-point correlation function in Laplace space can be
expressed as

REX() = REONXE) + GG EGEE),  @13)
where
~ 1 o~
(X)) = | < = @”lo(s)] %0, (4.14)

which is just the Laplace-transformed mean (x(t)). The noise correlation term (Z(s)Z(s”))
can be determined via a double Laplace transform of the fluctuation-dissipation relation
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Eq. (4.3) (see [230]):

(4.15)

(E(s)Z(s")) = kgTm (M) .

s +s’

Using expressions for y(s) in terms of the relaxation functions (Eq. (4.9)-Eq. (4.10)) and
some algebraic manipulation, we finally find

(X(5)X(s")) = (X(s)){X(s")) + k}iT Ip(s) , To(s") _ To(s) + Io(s")

o, 2O Tl Tols)|.

(4.16)

Transforming to the time domain, the two-time correlation function C(t, t') = {(x(t)x(t'))
is given by

C(t, t') = (x(t))(x(t')) + '%T [Io(t) + Io(t') = Io(|t = ']) — @*Io(O)Io(t)]. (4.17)

The mean squared displacement, o2(t) = (x?(t)) — {x(¢))?, can be extracted by setting
t = t’ in the above, which yields

o2(t) = [2I0(t) — W*I5()] - (4.18)

kgT
m
We have omitted the term Io(0) since, by the initial value theorem, In(t = 0) = lims_,00 sIo(s) =
0. For any specified friction kernel, these results can be employed to explicitly deter-

mine the GLE correlation function; we will discuss this in detail for the Jeffreys fluid
further in the chapter. In the next section, we proceed to include stochastic resetting in

the GLE and develop the theoretical framework to derive explicit results for the mean
squared displacement and the correlation function.

4.3 GLE with stochastic resetting

In the context of resetting dynamics, the motion of a particle governed by a GLE is in-
termittently interrupted—at which point, the particle is instantly relocated to its initial
position x = xq. These resets occur randomly at time intervals determined by an expo-

~’t with an average interval of 1/7. Between successive

nential distribution fr(t) = re
resets, the particle evolves according to the GLE specified in Eq. (4.5), always starting
anew from the same position. We define P(x, t) as the probability density for finding
the particle at position x at time ¢, having started at xo at t = 0 in the absence of reset-

ting. By employing renewal theory [231, 232, 63, 64], the propagator for the resetting
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process, P,(x,t), can be written as
t
Py(x,t)=e "P(x,t) + r/ dte”""P(x, 7). (4.19)
0

This formula admits a simple interpretation: the first term represents the scenarios where

the particle experiences no resetting up to time ¢, an event with probability e~

, multi-
plied by the propagator in the absence of resetting, P(x, t). The second term accounts for
all paths in which at least one resetting event takes place. Specifically, if the most recent
reset happened at time f — 7, the probability for a reset to occur in the interval [T, T+ d 1]
is rdt, combined with the survival probability e™"" for no further reset following t — 7.

For the period after the most recent reset, the propagator reverts to P(x, 7).

A crucial point here is that the renewal formulation in Eq. (4.19) remains valid only
when the complete state of the particle—including both its position and the memory of
the friction kernel—is reset at each resetting event. Because the kernel y(#) is time-
dependent, each resetting requires restarting y(f) from its initial value. This ensures
that although the process between resets is non-Markovian (due to memory effects), the
resetting events themselves are genuinely Markovian, so that the full renewal approach is
appropriate. We further discuss this point in Section 4.5 when presenting the simulation
methods. Next, we will derive explicit formulas for the mean squared displacement
(MSD) and the correlation function in the presence of resetting.

4.3.1 MSD in presence of resetting

The MSD of the process with resetting can be defined as
aZ(t) = (X3(t))r — (x(1))}
%) 0 2
= / dx x*P,(x,t) — (/ dx x Pr(x,t)) , (4.20)

o o

where (x(t)), and (x%(t)), denote the first and second moments of the position in the
presence of resetting, respectively. Using the result for P,(x, t) given by Eq. (4.19), a
renewal equation for the MSD in the resetting protocol can be readily derived [21, 225]:

f
a2(t) = e o3 (t) + r/ dt e7"o?(1), (4.21)
0

(0] (e 2
where o2(t) = /_00 dx x?P(x,t) — (/_Oo dx x P(x, t)) is the MSD of the non-reset
process, as previously derived in Eq. (4.18). Substituting the exact form of ¢2(t) from
Eq. (4.18) into Eq. (4.21), one arrives at the precise expression for the MSD under re-
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(a) Last resetting in [0, ¢'] (b) Last resetting in [t', ]
| | | | | |
0 t' t 0 t/ t

Figure 4.2: A simple schematic illustrating the contribution to the correlation function from two different
scenarios depending on the event of the last resetting (shown by the arrow). In (a) the last resetting
happens in [0, t'] whereas in (b) the last resetting happens in [t’, t].

setting,

kT f
o2(t) = (%) (e—” [21o(t) - W*12(1)] +7 / dre™"™ [21p(1) - w’I2(7)] ) (4.22)
0
This formula is fully general and is valid for any choice of memory kernel. In the long-
time limit, the system reaches a non-equilibrium steady state (NESS), and this is reflected
in the asymptotic behavior of the MSD. Specifically, taking ¢ — oo in Eq. (4.22), the

first term vanishes, yielding the steady-state value of the MSD as

kBTT’

(07),, = 0F(t = 0) = ( ) [2?0(1*) - a)QIAg(r) , (4.23)

where I(r) is the Laplace transform of Io(#) and Ig(r) is the Laplace transform of I3(t),
both evaluated at r. It is worth noting that the steady-state MSD, whether in Eq. (4.22)
or Eq. (4.23), is entirely independent of the initial (resetting) position x. Thus, the re-
sults hold for a fixed initial/resetting position, or for an initial/resetting position drawn
randomly from a given distribution, as long as these coincide. However, if the initial
and resetting positions are independent draws from two different probability distribu-
tions, the renewal formula for P,(x, t) requires modification. Here, for simplicity, we
concentrate on the case where the resetting coordinate is fixed. In addition to the MSD,
one is also often interested in the autocorrelation function for the GLE under resetting;
to obtain this, one needs to write a corresponding renewal equation for the two-point
correlator, as discussed next.

4.3.2 Correlation function with resetting

Recently, the temporal autocorrelation function for stochastic resetting processes has
been studied in the context of diffusion [233], fractional Brownian motion [234], and ge-
ometric Brownian motion [235]. Here, we follow a renewal formalism inspired by [235],
and briefly summarize its derivation. For a process x(t) subject to resetting, the auto-
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correlation function is C,(t,t”) = (x(t)x(t’)), (for t > t’), and it satisfies
v /
Co(t, t') =e " C(t, ') + r/ dre " HFIC(T,t =t + 1)
0

iy /0 T e () (), (4.24)

where C(f,t’) is the correlation function of the non-reset process.
The three terms on the right-hand side of Eq. (4.24) have distinct interpretations. The
first term accounts for trajectories that do not experience any reset during [0, f], with

survival probability e~"!

, multiplied by the process correlation function. The second
term sums over all cases where the most recent reset occurs at time ¢’ — 7, before t’, so
that after this event the system evolves afresh, with a probability »dt for the reset and
e~ "t=t'+7) for no further reset up to . The correlation between #’ and t is now simply
C(t,t — t’ + 1) after relabeling time with ¢’ — 7 as the new origin. The third term
covers scenarios where the latest reset takes place within [t’, t] at t — 7; in this case, the
correlation reduces to the product of expectation values {x(t")),{(x(7)) due to the loss
of memory across the reset. The factor e™"" enforces no further resets in [t — 7, ¢], and
integrating over all possible T completes the term. Setting xo = 0 (so that both (x(7))

and (x(t)), vanish), the last term drops out, leaving
v /
Cy(t, ) =e"'C(t, ') + 1 / dre " tEHOC(T,t -t + 7). (4.25)
0

This compact renewal formula allows us to obtain the correlation function under re-
setting simply by substituting C(¢, t’) from Eq. (4.17). Evaluating the MSD (Eq. (4.22))
and the correlation function (Eq. (4.25)) for explicit examples requires specifying the
kernel y(t) and thus the required relaxation functions. As an illustration, we next con-
sider the Jeffreys fluid model for viscoelastic environments.

4.4 Jeffreys fluid as a viscoelastic bath

The Jeffreys fluid has been widely utilized to model viscoelastic baths in experimental
contexts [79, 80, 236, 213, 214, 216]. This model cohesively incorporates both viscous
and elastic features of the bath: the purely viscous response enters as a delta-function
term, while elasticity enters via an exponential memory kernel, making the model both
analytically tractable and amenable to simulation.

Within the Jeffreys model, the friction kernel y () is given by [79, 80, 236, 213, 214,
216]

y(t) =2y70(t) + Z—: exp (—Ti) . (4.26)

S
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Here, y ¢ quantifies viscous damping, while s and 75 characterize the elastic timescale
and strength, respectively. Physically, a larger 75 signals a more sluggish relaxation of
the fluid, and s measures the degree to which elasticity modifies the particle’s motion.

When ys = 0, one recovers the standard Langevin result with diffusion constant D =
kT
myy .

Laplace transforming Eq. (4.26) yields y(s) = y¢ + s Using this in Eq. (4.10),

1+s7s
we obtain

S—l

Iy(s) = : (yf . J;Ts) . 0)2’

(4.27)

which can be inverted to the time domain:

1 t a—p?
Io(t) = —|1- e~/% cosh l—\/aQ - ﬁzl - —ﬂe_“t/Ts sinh li a?— ﬁzl ,
w Ts \/0(27_132 Ts

(4.28)
where the dimensionless parameters are defined as
+ Vs + Tsw? 2
P I e Y LTy (4.29)
2yf Vf

By substituting this result into Eq. (4.22) and Eq. (4.25), we can compute the MSD and
correlation function for the GLE with resetting in the Jeffreys fluid.

44.1 MSD
We now provide a detailed analysis of the dynamic regimes and crossover timescales that

arise in the MSD for both the underlying process (without resetting) and in the resetting
protocol. Let us first consider the reset-free case.

Underlying reset-free process

Plugging Eq. (4.28) into Eq. (4.18) gives the exact MSD for the underlying process:

(x*(t)) =

kgT
maw?

1—e % cosh? (\/0{2 - ﬁZt/TS)

X {1 + (a\_/;Q)tanh (\/mt/’(s)}2]. (4.30)
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Figure 4.3: MSD of the underlying reset-free process for the Jeffreys fluid model as a function of time
for different values of ys. The circles represent results from the simulation. For ys = 0, the MSD is the
same as that of an OU process. The plots indicate the existence of two distinct time scales for a non-zero
value of ys with the emergence of a plateau. In Fig. 4.4, we discuss the origin of these characteristics
and illustrate further. The parameters for this simulation are set at: yf =1, w =1,7s = 1.

In Fig. (4.3), we display the MSD versus time for different ). Setting 15 = 0 collapses
the result to
keT _ 2tw?

2y =2 (1= ), @31

maw?

which corresponds to the MSD of the Ornstein-Uhlenbeck process. At short times (f <
yf/w?), the MSD grows linearly as (x*(t)) ~ %nkLnyt At long times (t > yr/w?), it

kgT

saturates at the equilibrium value (x?(t)) ~ ol

Here, the influence of memory arises from the exponential term in the kernel (Eq. (4.26)),
i.e., for ys # 0. Asshown in Fig. (4.3), for the GLE with ys # 0, an intermediate plateau
emerges in the MSD—a feature absent for the classical Langevin case (ys = 0). The
MSD displays linear growth at early times, reaches a plateau, then resumes growth be-
fore finally saturating. Our task is to determine the characteristic timescales for transi-
tions between these regimes and to analyze the precise asymptotic behavior of the MSD.
For simplicity, we will set kgT /m = 1 to focus purely on dynamical features.

Setting w = 0 further simplifies the discussion since the confining potential becomes
relevant only at very long times. For time durations short enough such that the particle
does not sense the trap, the cases w = 0 and w # 0 yield nearly identical MSDs (see
Fig. (4.4)).

Case without a confining potential (v = 0):

In the limit w — 0, or B — 0, the expression for & becomes

VETYs

apg=alw —0)= 27

(4.32)
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Figure 4.4: Variation of the MSD of the underlying process (the solid line) as a function of time and
emergence of the plateaus for parameters fixed at ys = 1000,y = 1,0 = 1,75 = 1. This is the
bottom-most curve for the MSD as borrowed from Fig. 4.3. The vertical dotted lines represents three
three different timescales as in Eq. (4.34), Eq. (4.38) and Eq. (4.42). The asymptotic behaviour of the
MSD at different timescales is also shown above the curve in each region. The dashed line shows the
MSD with w = 0 as in Eq. (4.33).

Substituting this into the MSD, we obtain a more tractable result:

<x2(t)>w—>0:£ i_i + f _e—2tao/TsE L_L . (4.33)
vF\ao 207  aoys vF\ao 207

Ts
2a0°

This formula reveals two distinct time scales. At early times, t < expanding the

exponential indicates that the shortest timescale is

T
fshort = 2;0- (434)
For this regime,
9 2t
(x“(t))w—o = )/_’ when f << tghort. (4.35)
f

The memory effect is negligible, and the MSD grows diffusively, D = V_lf’ as seen in
Fig. (4.3). At longer times t > tghort, the exponential decays to zero, and we find

1 1 t
<X2(t)>w_,0 A~ ;—; (0(_0 - ﬁ) + Kyf, when t > tshort- (436)
0
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This regime also reveals an intermediate timescale t;,; between these behaviors. By
rearranging, we write

T 1 1 t
(20 & = (— - —) I+ —
0 Ve 5

1 1 t
zﬁ(_—_z) 1+—|, (4.37)
vi\ao  2af) |  tine
with tiy given by
1
bint = Ts (1 - —) . (4.38)
20(0
In the plateau regime tgport << t << tint, the MSD becomes
9 Ts 1 1
X))y —|— — — |, when tshort < t < tin. (4.39)
VY \@o 20(0

This gives an analytic result for the first plateau (see Fig. (4.3)). When t > tj,, time
dependence dominates again:

(X(t))w—0 ~ L, when >ty (4.40)
Oéoyf

The MSD thus resumes linear growth beyond the intermediate regime, as observed in
Fig. (4.3). In the next subsection, we move on to analyze the trapped case (w # 0).

The case with potential (v # 0):

To identify the longest characteristic timescale, tong, consider that the mean squared
displacement (MSD) saturates at late times (f >> tjong) to the equilibrium steady-state
value 1/w?. This can be checked explicitly by taking the t — oo limit of the MSD
in Eq. (4.30). Furthermore, corrections to this saturation can be estimated in the same
limit, yielding the following approximation:

, 1 _2(aV7P)
(x°(t > o)) = e — Ae T , (4.41)

where A is a constant prefactor determined by «, f8, s, and w. This result immediately
reveals the longest relaxation timescale,

tong = (4.42)

2(0(— a2—ﬁ2).
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Figure 4.5: Variation of MSD with time for the resetting system for different values of resetting rate .
The parameters are fixed at: ys = 1,y = 100,7s = 1,w = 1. The circles represent results from the
simulation. The dashed curve represents the result for the underlying reset-free process, i.e., v = 0. The
solid circles represent the results from numerical simulation. The rightmost vertical dashed line represents
the longest timescale of the system under resetting while the other two vertical dashed lines are associated
with the timescales t, for different values of r (color-codes represent the values of r respectively). At
sufficiently short times t < t,, t;ong, the curves follow the MSD of the underlying reset-free process.

For t > t4ng, the MSD approaches its steady-state value. Collecting all earlier results,
the MSD exhibits the following behavior across different regimes (kgT /m = 1 through-

out):
2t hen t < t
Vs when < short
L (L — L) when t <t <t
2 short int
(Kt ~ {772 (4.43)
aotyf when tin < t < Hong

1
o2

when t > tjoyg

To highlight these different timescales, the lowest curve from Fig. (4.3) is replotted
in Fig. (4.4), with parameters y; = 1000, yF=1Lw=1and 1 = 1; this results in
a = 501, ag = 500.5, B = 1. In Fig. (4.4) we mark the various regime boundaries and
show the MSD’s asymptotic forms. It is worth noting that the dashed curve for v = 0
matches exactly with the w # 0 result at t < £}y, affirming the earlier discussion.

Resetting induced process

Let us now focus on the behavior of the MSD when stochastic resetting is introduced
into the dynamics. By substituting Eq. (4.28) into Eq. (4.22), one can obtain the explicit
expression for the MSD in the presence of resetting. Due to its length and complexity,
the full form is presented in the appendix (see Eq. (D.11)). The evolution of the MSD as
a function of time is displayed in Fig. (4.5). The dashed curve indicates the underlying,
reset-free behavior. It is prudent to recognize that the introduction of resetting adds a
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new timescale
ty=1/r, (4.44)

which represents the mean interval between successive resetting events. This additional
timescale is set externally and is not intrinsic to the system itself. As observed from
Fig. (4.5), the influence of resetting emerges only at the longest timescales. An asymp-
totic expansion for the MSD at long times t — oo, as obtained from Eq. (D.11), yields

9 2N ss _t(2a—2\/m+r15)
(X°(t = o0))y ~ (x%);° — Be B , (4.45)

where the steady-state value under resetting is given by

262 [da (rs + 1) + 775 (1 + 75 — B2)]

2\ss _
S = - G T U T (e )]

(4.46)

with B a time-independent constant. In the limit 7 — 0, one recovers (x?)3°, | = 1/w?,
which is consistent with the stationary value in absence of resetting. Importantly, the
steady-state obtained under resetting is genuinely non-equilibrium, as the continual in-
jection of particles to the resetting location maintains a nonzero probability current at
stationarity. From Eq. (4.45), the modified longest timescale of relaxation under reset-

ting t/ _can be read off as
long
r _ Ts

t = .
long
2 (0( —a? - 52) + 774

If the resetting rate is sufficiently low, such that 1/7r > tiong O tr > tiong, then

(4.47)

t{ong ~ tiong. Thus, the approach to steady state is dictated by the intrinsic dynamics,

with resetting playing a negligible role in the timescale. Yet, even so, the steady-state
value of the MSD is distinct for the two cases.

Conversely, for finite values of 7, t{ong < tiong, S0 the relaxation to steady state in
the presence of resetting is speeded up. At early times t < ¢/, the particle does not
ong

experience the impact of resetting and the MSD tracks that of the underlying process

r
long

steady state is effectively reached after t > t,, as demonstrated in Fig. (4.5). For such

(Fig. (4.5)). For high resetting rates where r is large, ¢/ becomes t, = 1/r, so the
rapid resetting (r large), the preexisting timescales (e.g., tint OF fshort) may not manifest,
as the system is dominated by resetting. For instance, in the r = 10 curve of Fig. (4.5),
t, = 0.1 is shorter than the intermediate timescale t;,; = 1, so the plateau is suppressed
and steady state is reached much sooner. In the limit » — oo, the steady-state MSD



70 4. Stochastic resetting in a viscoelastic medium

0.100 1

0=0-0-0~0-0-0 0=-0 0=0 0=0- ¢ 0= 0 -0~

0.010}

0.001

C(t,t' =0.1)

10_4§

107

Figure 4.6: Variation of the correlation function with time under resetting for Jeffreys fluid model. The
parameters chosen are: 7y r=1Lys =10,w = 1,7 = 1. 4s before, the dashed line represents the
reset-free process (r = 0) and the solid circles represent data points from numerical simulation. Note that
the correlation decays exponentially with time as given by Eq. (4.50).

converges to

2

2 [
(XYmoo = Vfr’

(4.48)

matching the known result for free Brownian motion with resetting, associated with
diffusion constant D = 1/y [52].

4.4.2 Correlation function

Next, let us analyze the behavior of the correlation function C(¢, t’) in the Jeffreys fluid
scenario. Plugging Eq. (4.28) into Eq. (4.17) gives the non-reset correlation function.
At long times t > t,

(cx— a2—[32)t
Clt,t';t>th~e = (4.49)
2
where, as earlier, @ = % and f = /%}fs The presence of the trap ensures

exponential decay; for  — 0, the correlation approaches a nonzero limiting value,
signaling the absence of a stationary state (see also Fig. (4.4) where MSD is linear). With
resetting, one uses Eq. (4.17) and Eq. (4.25) (and Iy(t) from Eq. (4.28)) to evaluate the
explicit correlation function, whose closed form appears in the appendix. As displayed
in Fig. (4.6), the autocorrelation under resetting exhibits accelerated decay, described in
the asymptotic regime by

(a-VaZF):

Colt, t: t>t) ~e " (4.50)
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Importantly, even when w — 0, under resetting the correlation ultimately vanishes due
to the ongoing returns, reflecting the establishment of a steady state—even for otherwise
unconfined motion. This highlights the essential role of resetting in stabilizing systems
where the potential is absent.

4.5 Simulation scheme for GLE with resetting

We have so far concentrated on exact analytical formulas for the MSD and correlation
functions. In this section, we outline numerical methods for simulating GLE systems.
Unlike the standard Langevin equation (Eq. (4.1)), solving the GLE (Eq. (4.2)) can
be quite challenging—various numerical strategies have been proposed in the litera-
ture [237, 238, 239, 240]. Our approach employs the Markovian embedding technique,
which is particularly effective for simulating non-Markovian systems like the GLE for
colloids in viscoelastic fluids [240, 241, 242, 213].

To clarify the discussion, consider the overdamped GLE for Jeffreys fluid, as in
Eq. (4.26):

t ’
t—t
yrx(t) + s / exp (— ) x(E)dt + w0’x(t) = &(t), (4.51)

Ts Jo Ts
where we take m = 1. Directly integrating this evolution is challenging for two main

reasons:

* The integral term requires knowledge of all past velocities, which is computation-
ally intensive to store and repeatedly convolve at each time step.

* Generating the correlated noise &(t) as required by Eq. (4.3) entails keeping track
of the full noise history, unlike the Markovian case where each increment is in-
dependent. For time steps of size At = 107* and trajectory durations of order
t = 104, a single path involves 10® data points, and many independent runs are
needed for statistical accuracy—making storage and computation expensive.

To address both obstacles, we employ the Markovian embedding procedure:

Markovian embedding

To eliminate the need for full memory storage, we introduce an auxiliary variable:

t ’
W(t) = &/ exp (—t ;t )J&(t’)dt’. (4.52)
0

S S

Taking the time derivative gives

W(t) = —%W(t) 4 ?x(t). (4.53)
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Consequently, the original non-Markovian dynamics (Eq. (4.51)) become a coupled pair
of first-order Markovian equations:

1 w? 1
f = —— W) - Zx(t) + —&(1),
* Vf ) VfX() Vf()
2

W) = —— (1 + V—) W)= vy + 250, (4.54)
Ts ')/f Ts ')/f Ts ')/f

Addressing the second challenge—the correlated noise—I model £(t) as the sum of
two independent processes: an Ornstein-Uhlenbeck (OU) process 7(t) and a standard
white noise Co(t). Define n(t) via

n(t) = —Tisn(t) + %C(t), (4.55)

where C(t) is white noise with (C(t)C(t")) = 2yskpTo(t — t’). The autocorrelation
function of n(t) is then

Ts

, t—t
() = ksTL exp (—' ') | (4.56
S
Therefore, the full noise is

&(t) = Co(t) +n(t), (4.57)
with Co(t) having correlation (Co(t)Co(t")) = 2y kT o(t — ).
All together, the evolution can now be written as a set of Markovian stochastic dif-
ferential equations:

2
£(E) =~ W) = Lox(t) + () + —n(8),
Ts Vf Vf Vf

. 1 Vs 0)2 Vs 1 Vs 1 Vs
W) = —— |1+ | W) = —Z2x(t) + —22Co(t) + —22n(4),
== 1+ 2 Wi - L+ E 20+ Lo
() = — - 1
nt) = Tsn(t)+TSC(t), (4.58)
along with noise statistics

(C(H)C(t)) = 2yskpTo(t - t'), (4.59)
(Co(t)Co(t)) = 2yskpTo(t —t'). (4.60)

—_
For simulation, we use the initial condition X (0) = (x(0), W(0),n(0)) = (0,0, no),
where 1 is sampled from a zero-mean normal distribution with variance /y /7.
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Stochastic resetting

In our framework, resetting events require not only resetting the particle’s position, but
also restoring the friction kernel of the viscoelastic medium to its initial state. Accord-
ingly, for each resetting, we return all system Varia‘tiss—namely, the position ani auxil-
iary variables—to their starting configuration, i.e., X () = (x(t), W(t), n(t)) = X (0) =
(0,0, 7o) at the times of reset. Since resets happen randomly, with intervals governed

by an exponential distribution of rate r, the update rule for the system at each timestep
At is:

é

X(0), with probability rAt,
T+an=120 P Y (4.61)

solutions of Eq. (4.58), with probability (1 — rAt),

where ”with probability” is abbreviated as w.p. In our simulations, we used At = 1074
and averaged observables over approximately 10? trajectories for the MSD and about
109 trajectories for the correlation function, respectively.

4.6 Discussion and outlook

In recent years, stochastic resetting has become a topic of great interest in statistical
physics, the study of stochastic processes, and various interdisciplinary fields such as
chemistry and biology. There have been significant advances both in theoretical de-
velopments [52, 8, 243, 244] and experimental investigations [14, 15, 16]; for compre-
hensive reviews, see [63, 64, 129, 245]. Meanwhile, generalized Langevin equations
with a variety of memory kernels have proven useful for understanding the motion of
biomolecules in crowded environments and colloids in elastic media [205, 206, 204].

Here, we present a first effort to bridge these two fields, aiming to elucidate the
statistical properties of the GLE subject to stochastic resetting and to stimulate advances
analogous to those in diffusion under resetting protocols.

To begin, we generalized the renewal formalism to encompass Langevin systems
with memory. Leveraging this approach, we derived exact, closed-form results for the
MSD and the correlation function of a resetting particle within a viscoelastic medium,
for arbitrary friction kernels. These general findings are exemplified using the Jeftreys
fluid model. Without resetting, the Jeffreys model displays an intermediate time regime
in which the MSD exhibits a plateau, reflecting the slow relaxation timescale inherent to
the viscoelastic environment. Our work demonstrates that stochastic resetting truncates
this plateau and, for large resetting rates, restores the dynamics to those characteristic of
normal diffusion. We further showed that the correlation function decays more rapidly
under resetting. All analytical results for the GLE with resetting were validated against
detailed simulations using the Markovian embedding strategy.

We believe that our study will open up multiple exciting research opportunities. A
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natural extension involves exploring other forms of friction kernels—such as those gov-
erned by power laws (common in models of anomalous diffusion [229, 246, 247, 248])—

to investigate how resetting modifies steady-state and dynamic properties. There has
also been noteworthy progress in considering non-Markovian resetting mechanisms [ 13,

53, 12], as well as more experimentally motivated space-time coupled resetting schemes [249,
250, 251, 86, 252]; analyzing such variants for the GLE would constitute an important
direction. Finally, recent optical trapping and viscoelastic colloid experiments [214, 213,
216, 217] provide promising avenues for experimental verification of our predictions for
resetting effects in complex environments.



Towards experimental
realization of stochastic resetting

(The content of this chapter has been published in [251, 253])

5.1 Introduction

A key assumption of the resetting model discussed till now is that the resetting is an
instantaneous event so that the particle comes back to the starting position in zero time.
This is, however, a major hindrance to practical realisation or experimental verification
in the field since ‘resetting’ should be considered as a finite time process. Moreover,
resetting a particle from far should require more time than to reset it from a nearby
location. These presumptions seek for a more realistic viewpoint where resetting should
be considered as a spatio-temporally coupled process and not just a mere teleportation.
An important step to this direction was taken recently by considering the fact that
there is a finite time return process that brings the searcher/particle back to a preferred
location/home upon resetting [86, 14]. It was, however, assumed that the return process
is deterministic with absolute precision and moreover, the searcher is blind and thus can
not locate a target during the return (see also [87, 254, 249, 88, 255, 256, 89, 257, 232,
12, 258]). In realistic search processes as well as in experiments, the return motion or
the driving protocols are never completely deterministic or perfect and will always be
accompanied by uncontrollable random fluctuations [259, 252, 260, 258]. Importantly,
precise return controls with regard to the energetics may be costly as the thermodynamic
trade-off relations have taught us [261, 262, 263, 264]. It is therefore important to under-
stand how the errors or fluctuations in return process can be incorporated and secondly,
their ramifications to the overall search. The content of this chapter will be devoted to
the purpose of deriving an unified first passage theory under resetting where the searcher
returns to its starting position following any generic stochastic/deterministic dynamics.
In particular, we shall illustrate important ramification to the first-passage statistics of
the process especially when the return is governed by some stochastic dynamics. Fur-

75
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Figure 5.1: Schematic diagram of an agent (could be a foraging animal, colloid or a bio-molecule)
searching for targets (could be resources, sticky surface or a defected site along DNA). The agent can
find the target during the search phase (violet solid trajectory). Otherwise, after a random resetting time
R the agent, currently located at X, switches to a return phase (facilitated e.g., by a chemical or potential
gradient or simply, by choice) when it either returns to its home or relocates to a new location in finite
time T, (%) (red dot-dashed trajectory). The agent also has a finite probability to find the target during

ret
its return phase (red dotted trajectory) in time Tr‘gt(f). Target detection marks the completion of the global

search regardless of its phase. We ask: Whether search with a finite-time home return can perform better
than the instantaneous return process?

thermore we shall also strengthen the results based on data used in tabletop experiments
on resetting.

5.2 General framework

Consider a prototypical random search process where a searcher starts at the origin O,
its home, of a d-dimensional arena at time zero (Fig. (5.1)). The arena may contain one
or multiple targets. The searcher can locate one of these targets following a random T
which we denote as the first passage time. However, during the search phase, if the target
is not found up to a random time R (which we denote as the resetting time), the searcher
decides to return to its home. Crucially, the return process can be stochastic and it is
assumed moreover that the searcher has the ability to detect the target(s) even during the
return phase. If the searcher returns to O, failing to detect the target, the search process
restarts afresh to the next attempt. Overall, the process is said to be completed once the
target is detected irrespective of the searcher’s phase (see Fig. (5.1)).

The time it takes for the searcher to either find the target or the origin (home) dur-
ing return will typically depend on the searcher’s position X at the time of resetting R.
Furthermore, various demographical or physical constraints may compel the searcher
to follow different routes hence there can be more nontrivial dependence between the
position of the searcher and the stochastic return time either to the origin (denoted by
Trgt(f)) or to any of the targets A (denoted by Tr‘:t(f)). In the former case, the searcher
resumes its search phase upon returning to the origin while in the latter case the process
ends. Denoting the overall completion time by a random variable Tr and considering
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the above-mentioned possibilities, we can write a renewal equation as follows

T if T <R
Tr =4 R+TA (%) ifR < T & T(X) < TS, (X) (5.1)
R+T9,(X)+T; ifR<T&T(¥) < TA(X)

where we have assumed that return will be prioritized if R = T' (although the probability
of R = T for the continuous problem as considered in the following is exactly zero,
we include it for completeness and also its potential importance in the discrete problem
where the formalism equally holds valid). Here, Ty is a statistically independent and
identically distributed copy of Tr. Eq. (5.1) can be written in a more concise form as

Tk = min(T,R) + I(R < T)min(T2,(X), TS, (%))

+I(R < T)I(TS,(X) < TA,(X)T}, (5.2)
where min(u,v) is the minimum of two random variables # & v and I(u < v) is an
indicator function that takes value unity when u < v, and zero otherwise. Thus, (I(u <
v)) = Pr(u < v) i.e, the probability that # < v. Crucially, the indicator function
I (Tr(e)t(f) < Tr‘;‘t(f)) also depends on the coordinate X of the searcher at the time of
resetting. This implies that the expectations on Eq. (5.2) need to be performed over the
underlying stochastic process, the resetting time density fr(t) and the return protocols.

For instance, the expectation & = (I(R < T)I(T2,(X) < TAt(J_c’))Tﬁ) can be computed

as follows “ "
. /oo dtfR(t)Pr(T > t) [, dXG(X, )(I(T2,(%) < T2 (X)) i )
0 Q(t)
= (Tg) /O ot fr(t) /@ dXG(X, t)Pr(TS,(X) < TA,(%)), (5.3)

where D is the domain of search in arbitrary dimension that can contain one or multiple
targets and G(X, t) is the underlying time-dependent propagator in the presence of targets
so that Q(t) = Pr(T > t) = fD dX G(X,t) becomes the survival probability [35].
Note that the notation (...) denotes expectation over both the random resetting times and
the random trajectories of the searcher. However, by (...)uaj We denote the expectation
only over the random trajectory of the searcher. In the first line of Eq. (5.3), we have
taken averages over fr(f) and the underlying search propagator. Computing similar
expectations from Eq. (5.2), we obtain the mean first passage time (MFPT) to be

, . (A TO
(min(T,R)) + (min (T, T,2;)) (5.4)

1 - [, d% Cr(®)Pr(TS,(F) < TAR)

r

(Tr) =
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where
Gr(X) = / G(Z, t)fr(t)dt, (5.5)
0
min (T4, T9,)) = /D AZCR(®)(min (T24(), TS E)) (5.6)

On the other hand, Pr(T9,(X) < T4

ret ret
starting from X, reaches the origin before hitting any of the targets during the return

(X)) is the splitting probability that the searcher,

phase.

Eq. (5.4) is central to this study and is remarkably general since it holds for a) any
kind of underlying first passage process (beyond diffusion) conducted in any dimension
in the presence of arbitrary target(s) regardless of their variation in size, shape or nature
(purely absorbing or partial), b) arbitrary resetting time distributions, and c¢) generic
returning motion such as instantaneous, deterministic or stochastic and their various
modes of return.

5.3 A universal criterion for the trade-off between instantaneous

and stochastic return

Various optimization questions could be asked given the generality of the formalism.
Specifically, we ask whether stochastic returns can over-perform the search compared
to the instantaneous returns irrespective of the underlying process. Our analysis shows
that stochastic return will be beneficial only 1f

(Tr) < (Tg""), (5.7)
where
inst\ _ <min(TrR)>
™) = BT <R (5-8)

is the MFPT for the instantaneous return [53] and can be obtained by noting that the

searcher always returns to the origin in zero time so that Pr(T9, < T4 ) = 1. Evidently,

ret — “ret
the condition in Eq. (5.7) yields

: A (@]
<m17’l (Tret’Tret)> < <Tinst> (5 9)
Pr(TA, < T9) S

ret r

T =

where Pr(T4, < TO,) = [ d¥ Gr(¥)Pr(T2, (%) < T2,(¥)). The quantity 7 can be

understood as the scaled time (with the splitting probability Pr(T/,, < T.,)) it takes,
on an average, for the process to either return to the origin or to complete the search,

starting from the location at the time of resetting. Clearly, to understand this trade-
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off, one needs to consider many realizations of such a process and compare between
the time 7~ and the time <T1§”St> that it would have taken for the instantaneous return.
This is rather intriguing since the former accumulates time only during the post-resetting
return phase, while the latter does so only during the pre-resetting phase. Thus, the
relation (5.9) puts a strong constraint on the average return time 7 regardless of the
final destination. Notably, this relation is quite universal for it does not depend on the
particular choice of the underlying first passage process, resetting time density or the
return protocol. Furthermore, the relation can be used as a guiding principle to design
search-efficient protocols as will be shown below.

5.4 Diffusive search with resetting and stochastic return via con-

trolled potential trap.

To demonstrate the power of our approach, we examine the paradigm of a 1d diffusive
search process (characterised by the diffusion constant D) in which a particle starts at
the origin O and continues to diffuse until it hits a stationary target at a location L. In
addition, assume that the process is reset at a constant rate r (i.e., resetting time density
fr(t) = re™"") upon which a potential U(x) centered at the origin is turned on. The
particle diffuses through the potential and it is switched off when the particle makes a
first return to the origin. Subsequently, the particle resumes its diffusive search phase
(see [259, 252] where non-equilibrium steady state and the relaxation properties were
studied under this protocol). However, since the return is not purely deterministic, there
is always a chance to find the target during the return phase (Fig. (5.2) inset). Below, we
demonstrate how this could expedite the overall search time.

We start by recalling the diffusive propagator of this process given by [35]

G(x, t) ! ( ~ibr ‘—QH)Q) (5.10)

X,t) = ———|e aDF —e” "aDF |, .
VanDt

For diffusive search process, the underlying first passage times (T) are sampled from

the Lévy-Smirnov distribution so that

(min(T, R)) = % (1- eV E7P) (5.11)

(see Appendix A.l for derivation). During the return phase, the particle has the possi-
bility to hit either O or L starting from position x which is the coordinate of the particle
exactly at the time of resetting. Considering that the return phase is facilitated by a linear
potential U(x) = A|x|, we can compute the average time for the particle to reach either
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Figure 5.2: Variation of the MFPT (t(7, 1)) from (5.15), shown by the solid curves, as a function of A
for different resetting rate v. The horizontal dashed lines represent {Tinst(7)) for respective v. Evidently,
stochastic return can both reduce (v = 10) or prolong (r = 5) the completion time compared to the
instantaneous returns. This behavioural transition occurs at¥" which is strictly a function of . Numerical
data (depicted by the stars) shows an excellent agreement with the theory. Inset schematic: Possible
trajectories of a diffusive searcher under resetting and stochastic return facilitated by a potential trap.
Violet (red) trajectory corresponds to search & trap-off (return & trap-on) phase.

of the boundaries namely [35]

_L(1—eM/D) 4 x(eM/P - 1)
(ta(x)) = @D — 1)

(t1(x)) = |x|/A forx < 0. (5.13)

for x > 0, (5.12)

It is worth noting that for x < 0 the particle can only reach the origin at x = 0 first,
whereas for x > 0 it may reach either the target at x = L or the origin first. Using this
idea, one can write the following expectation

min (T (), TS () s = O)(11(2) + O(x)(E2(1)), (5.14)

where 0(x) is the step-function. In addition, the splitting probability is given by Pr(T° (X)) <

Ax/D_,AL/D

t(x)) = [6( Yt eAL/D + 6(—x)] [35]. Substituting these expressions into Eq. (5.4),
we arrive at the following expression for the MFPT (Tg) = D/L*(1(7, 1)), where

L, 2(ex—1)i((2ex—1)e‘/?—1) (52—7)
(t(7, ) = (m +2e' 7 — 20" —FA - 27 + — — - ),(5.15)
T 20X - 2V (T4 VF) = T+ VF
and v = %, A= )]\DL are the scaled (dimensionless) resetting rate and potential strength

respectively. Fig. (5.2) shows corroborated plots (theory & simulations) of (7(7, 1)) as
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a function of A. Eq. (5.15) reproduces

\/?
(Tinst(P) = (107, T 00)) = (5.16)

which is the MFPT for instantaneous resetting [5] — shown in Fig. (5.2) by the horizontal
dashed lines for different resetting rates.

Intriguingly, Fig. (5.2) shows a key feature that the MFPT for the stochastic return
can be reduced further than the instantaneous resetting (see e.g., the ¥ = 10 curve). In
fact, Eq. (5.15) reveals the existence of a critical resetting rate 7, which is a function of A,
beyond which stochastic return always supersedes the instantaneous return in optimizing
the search time (see later for the exact evaluation of 7). However, for7 < 7 (see e.g., the
r = 5 curve), the MFPT always stays above the instantaneous (dashed) line indicating
that no advantage can be gained from the stochastic return for any resetting rate or A

5.4.1 A universal phase diagram for diffusive search

The inequality in Eq. (5.9) allows us to construct a universal phase diagram, spanned by
the system parameters, that governs the dominance of stochastic return over the classical
instantaneous return. Such a phase diagram is graphically illustrated in Fig. (5.3) for the
1d diffusion. The red dashed line, obtained by setting 7 = (Tlé’“t), separates the two
phases namely stochastic return -‘beneficial’ and -‘detrimental’ than the instantaneous
return. The separatrix is the locus of the set of critical resetting rate 7" for each A obtained
from the above equality.

To gain further insights into the trade-off between two phases, we study 7~ given by
Eq. (5.9) and discuss some of the limiting cases. For very low resetting rate (r — 0) and
21 (1-¢)

T | A +2)-2e1+2

finite A, one has 7~ ~ 1 ( ) whereas {Tinst (7)) o« 1/VF. Clearly, the LHS

diverges faster than RHS nullifying the criterion (5.9) for any A. Indeed, the trajectories
that go away from the target accumulate more time during the stochastic return than the
instantaneous return making the former strategy detrimental. In contrast for 7 > O(1) -
Jfrequent resets - and finite A, the RHS diverges as o« eVr /7 while the LHS is bounded as
T = @ which is identical to (7(7 — o0, 1)). Here, the pre-resetting phase is very
short anc)l\ the particle is effectively in the return phase. Thus, it has a finite probability to
find the target during return phase while the instantaneous return almost always keeps the
particle close to the origin eliminating the target-detection. Clearly, this is a favourable
situation for the stochastic returns.

For the intermediate case of finite 7, there are two limiting cases of A. For large A,
2372

— [ 2sinh (‘/?) 1 . . . . . .
one finds 7" ~ A | —5— — ¢ | to be divergent while the RHS is finite. Note that in this

limit the return probability to the origin (having return time ~ 4/D /r/A) is almost close
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(@) U(x) = Mz| (b) U(z) = L xa?
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Figure 5.3: Phase diagram for diffusive search with stochastic returns driven by linear- (panel a) and
harmonic- (panel b) potentials: The region right to the phase boundary (red dashed curve) is where
condition (5.9) is satisfied and stochastic return (SR) supersedes instantaneous return (IR). The red curve
is obtained by setting (5.9) to an equality. The side colorbar is an estimation of search efficiency, defined
by the ratio % values in log-scale - positive (negative) for slow-down (speed-up) by the stochastic
return. In panel (a), the yellow star indicates the critical T* which is obtained from the intersection of the
separatrix and the horizontal white line spanned by each A (here, A=5T7~ 12). In panel (b), we have

superimposed the data points (marked as crosses) from the experimental parameter sets AT from [15].

to unity and the return phase only adds time penalties. Naturally, instantaneous returns

are more efficient. For small A, however, the average return time is large (specifically
1 1 1
OC =

i 1—\/?csch(‘/$) A

which diverges invalidating the condition (5.9). This ensures that instantaneous returns

from the trajectories in the x < 0 region) as can be seen from 7 ~

are more beneficial. In the bulk, the competing effect is non-trivial due to the intricate
interplay between r and A. The results have also been summarized in the table below.

Table 1: Demonstration of criterion in Eq. (5) for 1d diffusion in different limits of v and A

Quantity | 7 — 0, Finite A | 7> oo, Finite A | A — 0, Finite7 | A — oo, Finite 7
FETD | 1 21(1—&) 2ot T2 1 ) T 2sinh(V7) 1
! 7| A(A+2)-2e1+2 1 1 1_\/;C5Ch(\/;) 732 7
_ Vr Vr_ Vr_
<Tinstgr)> \/i? 67 g = 1 %
(TT_(Z’(/% > 1, IR better < 1, SR better > 1, IR better > 1, IR better

5.5 A pragmatic application of the phase diagram

In this section, we employ the formalism developed in the work to test the efficiency
of the stochastic return protocol in the experimentally realizable parameter regimes. In
experiments, returns are modulated by turning on an optical tweezer around the center
of the particle which gives rise to an harmonic confining potential. In the following we
provide the detailed theory to find the MFPT under this return protocol as well as the



5.5. A pragmatic application of the phase diagram 83

methodologies to connect the result to experimental datasets.

5.5.1 Theoretical result for MFPT with return by harmonic trap

Let us now consider a 1d diffusive search process where returns are facilitated by a
harmonic trap U (x) = %AxQ (replacing the linear trap) that can be easily fabricated in
experiments [15, 265]. Let us define the dimensionless variables in this case as where

— AL _ rl? _
/\—F, T’—F, X—X/L. (517)

For this process the splitting probabilities are found to be

o) )

(x) v (x)=1 " (5.18)
er(x) = ———, eox)=1-———, )
erfi (%) erfi (%)

where erfi(z) = erf(iz)/i is the imaginary error function with erf(z) = % foz dte™”.
The unconditional mean first passage times for this case can also be computed in a similar
manner and they read

12 — 2 _
(h(x)) = 561(4,7), (t2(x)) = 5G2(4,7), (5.19)
where
_ AR(Lg a3 (F)) - (erf(%) - 1) erfi (%)
Gi(A,X) = — , (5.20)

erﬁ(%) P2 (1,1:4,2,-3)

@@@=%—

and oF2 (a,b;c,d; z) is the generalized hypergeometric function. The underlying free
range propagator in Laplace space (G(x, 1)) is given by

é(x,r) = %\/% (e_\/ﬂfI — e‘ﬁ(g_f)) = %5(%, 7), (5.22)
7
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which we have rewritten in terms of the dimensionless parameter . Finally, following
the same proceedure as in the previous case, we find the MFPT here to be given by

L1-e V) +7 [ d7CE ) |0(-0)G: (1, D) + 061, 7|

- = D r
A = (k) = =
A= 1-7 [, d% G, 7) [0(=F) + 0(F)eo (¥)]

(5.23)

where the integrals can be computed numerically. We can now employ the criterion
Eq. (5.9) to generate the phase diagram for this dynamics. In here, we vary the resetting
rate and the potential strength to generate the phase diagram. Such a phase diagram,
spanned by the system parameters, allows us to identify the parameter regimes where
the stochastic return can be more useful over the classical instantaneous return with
regard to an efficient search in Fig. 5.3(b). Note however that in this case, we have not
arbitrarily varied these parameters, rather we have used a list of the parameters with the
exact values that were used in the experiments [15, 265].

5.5.2 The phase diagram for search efficiency: identification of realistic range of
parameters

In the following, we briefly revisit the experimental set-up by Besga et al [15, 265]. This
will be useful to interlace the resetting experiment with our theoretical modeling. In the
experiment, the authors considered an overdamped Brownian particle fluctuating inside
a harmonic trap with potential U (x) = %/\exz, where I' is the damping constant and the
A, stands for the potential strength as obtained from an optical tweezer by controlling
its power. ((t) is a Delta correlated white noise with strength D. Here, D = kgTg /I is
the diffusion constant where kp is the Boltzmann constant and Ty is the ambient temper-
ature. The value of I' can be found from the Stoke’s law as I' = 6mtnr, where v ~ 1um
is the radius of the particle (as in the experiment) and ) is the viscosity of water. Given
long enough time the particle equilibrates inside the harmonic trap and its position gets

—x2 02
distributed according to the Gibbs-Boltzmann distribution P,4(x) = ¢ 27 where
V2702
0 = +/kgTg/A.. The authors design an “instantaneous resetting” protocol using the

harmonic trap that brings the particle to a fluctuating location (close to the origin) dis-
tributed according to the P,,(x) [15, 265]. We do not delve deeper into the experimen-
tal details here besides stressing the fact that the resetting there was conducted by the
harmonic trap. Moreover, resetting was made “instantaneous” by throwing away the so-
called pulling/equilibration time while in our case, we assume that the return time can
not be thrown away (generically this should be true for any arbitrary stochastic process)
and thus by its inclusion we have unveiled new physics as illustrated this chapter. This
is a notable distinction between our work and majority of the existing works.

To summarize this part, our return protocol is facilitated by the same harmonic trap as
proposed by the experiments (and thus we use their experimentally accessible parame-
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ters); however, the return is not instantaneous but a finite-time process. In the following,
we demonstrate how the theoretical and experimental variables are related to each other.

The dimensionless potential strength: In the experiments [15, 265], the authors in-
troduced

b=LJo, (5.24)

where L is the distance to the target and recall that ¢ = +/kgTp/A, which is also the
equilibrium length scale of the particle under the harmonic trap with strength A.. This
can be connected to the dimensionless potential strength A that we have defined in the
theoretical modeling such as

AeL?  kpTp

3 2
= D = =
A=AL Dr Dr

b? =12, (5.25)

where DI" = kpTp and the potential strength A, in our theoretical model, is related to the
same from the experiment as A = A, /I". This dimensionless relation is quite useful as it
allows us to scale D or L without specifying their exact values. In the experiment, b is
varied in between 2 to 3 which corresponds to an approximated range of e (4,9).

The dimensionless resetting rate: Inasimilar vein, the authorsin[15, 265] constructed
a dimensionless resetting rate in the following way

= VL
NeL

which upon taking squares on both the sides yield the non-dimensional resetting rate r

(5.26)

for our theory i.e.,
7 =rL?/D = ¢ (5.27)

In their experiment, ¢ was varied roughly between 0 and 14 which corresponds to the
following range for our resetting rate: ¥ € (0, 196).

Data extraction and the phase diagram: We have used Fig. 5 from Ref [15] and Fig.
6 from Ref [265] to extract the parameters (b, ¢). Using the mapping shown by Egs.
5.25 and 5.27, we have generated a corresponding list of parameters (X, 7). We have
used the parameters from this list to generate the phase diagram in Fig. 5.3(b). The red
dashed line is the separatrix (generated from the equality of Eq. (5.9)) that distinguishes
between two regimes: (i) left regime where the instantaneous returns are more useful,
(1) right regime where stochastic returns (SR) are found to be more beneficial than the
instantaneous return (IR). For each coordinate (A, 7) in the phase diagram, we compute
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the log ratio between ((7, 1)) and (Tins:(7)) = (7(¥,A — co0)). Cumulatively, this is
shown using colorbars in Fig. 5.3(b). It is evident from the figure that in the stochastic
return dominated regime, there is a significant improvement in the search efficiency as
the mean search times can differ by the order of magnitude.

This phase space plot is effective in two ways: (i) to identify the parameter range
where one needs to design stochastic return protocols, and (ii) to quantify the correspond-
ing speed-up in the search time for each parameter coordinate in the phase space espe-
cially pertaining to (i). Thus, in an attempt to verify our results (with proposed stochastic
return protocols) experimentally in similar set-ups as in [15, 265], Fig. (5.3)(b) would
be the guiding phase diagram to selectively choose parameters for showcasing various
trade-offs. Finally, we emphasize that the phase diagram also quantifies the speed-up in
search efficiency that can be gained by implementing stochastic return protocols for a
range of experimentally accessible parameters.

5.6 Optimal speed-up for the drift-diffusive search process

The MFPT of a free diffusive particle in 1d as discussed till now, is infinite [266] and
thus it is expected that any finite resetting rate will render the MFPT finite [5, 53, 129].
But what happens when the underlying reset-free process has a finite MFPT? Is resetting
useful there? This was first studied in [53] where it was shown that whenever the ratio
of fluctuation to mean of FPT, known as the coefficient of variation (CV), is greater
than unity, resetting with the instantaneous return is guaranteed to help. This condition,
however, also suggests that there are scenarios where resetting with instantaneous re-
turn can not be beneficial. This leaves us with a set of intriguing questions: Whether
resetting with stochastic return can be an advantageous strategy in the latter case? Fur-
thermore, can stochastic return perform better than an optimally restarted instantaneous
process? Can one find suitable conditions where stochastic return can be useful than
both the instantaneous return and the underlying process? Understanding these aspects
is the central goal of this section. In parallel to developing the general theory, we will
extensively study one canonical model set-up namely drift-diffusion in 1d where the
MFPT is finite. We will assume that the search will be conducted by a drift-diffusive
process while the stochastic return motion will be modulated by turning on a potential
trap around the origin. The aim will be to analyze the MFPT as a function of various
system parameters and then to delve deeper into some of the questions raised above.

5.6.1 Problem set-up and MFPT

We consider the same problem as described in the section 5.4. However, here there is an
additional drift velocity v present in the system that drives the particle toward the target
at x = L. Note that, due to the constant nature of the drift velocity the return motion
is now also a drift-diffusive process similar to the underlying motion (search phase).
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Figure 5.4: lllustrative representation of drift-diffusive resetting search process under stochastic return.
A drift of magnitude v (red arrow) always acts on the particle, biasing its motion towards a fixed target
located at A. Once a resetting time is set (drawn randomly from a distribution), a potential U(x) = A|x|
with A > 0 is turned on at the resetting location which is denoted by O here (shown by the blue strips).
This potential causes an additional drift of magnitude A towards the origin. Overall, an effective potential
Uep(x) as in Eq. (5.30) acts on the particle during the return. After the particle reaches the origin the
potential is turned off marking the completion of one resetting event. The search process can end in
two ways: either the target is found during the search phase (potential turned off - shown by the violet
trajectory) or during the return phase (potential turned on - shown by the yellow trajectory).

However, the direction and magnitude are now changed. For x > 0, the net drift now

becomes
Ar=A-0, (5.28)

towards the origin (assuming A > ©v). Quite evidently, when A < v the net drift acts
towards the target in the region x > 0. On the other hand for x < 0 the drift always is

A=A+, (5.29)

towards the target (or origin, as both fall on the same side). In another way, one can

construct an effective potential Uesr(x) as below

Asx ifx >0,

5.30
-A_x ifx <0, ( )

ueff(x) = {

which acts on the particle during the return phase. Fig. (5.4) depicts a trajectory of the
particle schematically. Note that in the limit A — oo one expects to recover the results
for the classical instantaneous return for a drift-diffusive system [65, 86].

Note that the relevant quantities to evaluate the MFPT in this as required by Eq. (5.4)
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and Eq. (5.14) are given as

S V4Ds+02 _(2L-x) V4Ds+v2
2D — 2D

e (e e
G = . 31
Glx,5) V4Ds + v? G0

(1 _ e/hx/D) + x(e/hL/D _ 1)

(o)) = £

, 5.32
Aeeh D 1) (32
(5.33)
X
(t1(x)) = % (5.34)
1= e/\+x/D
GL(X) =1- €O(X) = HT/D, (535)
L(U—V4Ds+v2)
. l—e= 20
(min(T,R)) = . . (5.36)
It turns out that the overall MFPT can be written in a dimensionless form
- _ D
<T(7’, /\/ U)> = §<TR(7’/ /\/ U)>/ (537)
where we introduce the scaled quantities
7=rL?/D, A=AL/D, v =vL/D. (5.38)

The exact expression for {t(7, A, 7)) is quite cumbersome and provided in Appendix E.1
and also in the Mathematica file in the GitHub link [267]. Fig. (5.5) shows its variation
with respect to the potential strength A and resetting rate r for two distinct values of
v =0.2 and 3.

The behaviour with respect to potential strength is quite intricate as can be seen from
Fig. (5.5)(a,c). Let us first discuss two important limiting cases of the MFPT (t(7, A, v))
that we shall frequently refer to in the rest of the chapter.

MFPT of the underlying (reset-free) process: In the limit A — 0 no effect of
resetting potential is there and the process effectively goes back to the simple reset-free
drift-diffusion. One can check that in this limit the MFPT is given by

(1(F,A = 0,7)) = % (5.39)

which is the MFPT of the underlying drift-diffusive process [35]. Note that this is also
equivalent to setting ¥ — 0. Both the limits correspond to the same underlying reset-free
process.

MFPT with instantaneous return: On the other hand when A — oo the potential
strength is so high that the particle returns almost instantaneously to the origin. The
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Figure 5.5: Variation of the MFPT {1(7, A, D)) with potential strength A (panel a,c) and resetting rate
7 (panel b,d) for exponentially distributed resetting times. Panel (a,b) are for v = 0.2 and panel (c,d)
are shown for v = 3. The limit A—0 gives the MFPT of the underlying process i.e. % shown by the
dashed horizontal lines. Note the contrasting behaviour for different values of v. For lower value of v
each plot shows a non-monotonic behaviour implying the utility of resetting compared to the reset-free
process. However, as v becomes higher MFPT for a finite value of v and Ais always greater than that
of the underlying process. Also in some of the curves in panel (a) and in each of the curves in panel (c),
there exists a range of A where MFPT becomes lower than the instantaneous return limit (X — ).

resulting expression of the MFPT in this limit indeed reduces to the result for the instan-
taneous return case

(Vo)
(T(F, ) yingt = (T(F, A — 00,7)) = & - -y (5.40)

as derived in [65]. Here we have denoted the MFPT associated with instantaneous return
protocol by {7(7, ) )inst-

Quantification of MFPT for intermediate values of A is highly non-trivial. Note that
depending on the magnitude of the drift v of the underlying process the plots show two
distinct kinds of behaviour. Let us first focus on Fig. (5.5)(a) which is for v = 0.2.
For lower values of resetting rates (e.g. ¥ = 0.1, 1), the curves monotonically go down
and saturate to the instantaneous return MFPT given by Eq. (5.40). On the other hand,
when resetting rates are high it shows non-monotonic behaviour with A Particularly,
for ¥ = 10, 20 it is evident from the plots that, for a range of A MFPT can be reduced
below that of both the underlying reset-free process and the instantaneous return limit.
In contrast, for the value of v = 3, we see from Fig. (5.5)(c) that MFPT never goes below
the MFPT of the underlying reset-free process for any values of A. However, in this case
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also one can find the set of A values where MFPT is lower than that of instantaneous
resetting.

With resetting rate ¥ MFPT shows a non-monotonic variation for lower values of v
(look at Fig. (5.5)(b)). In the absence of resetting ¥ — 0 one gets
_ - _ 1
(t(r > 0,A4,0)) = =, (5.41)
v
the same as in Eq. (5.39) as they are physically equivalent. When resetting is too fre-
quent Z.e. in the limit ¥ — oo, the potential is almost always turned on, and the MFPT
resembles that of a particle in the potential Ueg(x) (as defined in Eq. (5.30)), given by

B 7 - A (—Qex‘5 + A+ 2)
7T —00,A,0)) = — — . 5.42
((r v)) G oG +0) (5.42)

Once v is increased this non-monotonous behaviour goes away and MFPT starts increas-
ing with 7 for any value of A (see Fig. (5.5)(d)).

From the above discussion, it is evident that resetting is not guaranteed to expedite
the search process for any arbitrary parameters. Fig. (5.5)(a,b) are the cases where it
indeed helps. On the contrary, Fig. (5.5)(c,d) depicts that any amount of resetting is
detrimental. In the next section, we delve deeper into this and try to find a criterion for
resetting to be helpful.

5.6.2 Speed up over underlying process - the CV criterion

To ensure that the stochastic return process is more beneficial than the underlying pro-
cess, one should have

<TR(67’, A/ U)> < <T>/ (543)

where (T') is the MFPT of the underlying reset-free process and (Tr(67, A, v)) can be
found from Eq. (5.8). Here we should emphasize that the above condition is suffi-
cient for resetting to be helpful but not a necessary one. A Taylor series expansion
of (Tr(67, A, v)) up to O(6r) and simple rearrangement leads to (detailed derivation in
Appendix E.2)

2 [
CV?% > —_(tret(x)) + 2! (x) — 1, 5.44
oy (TG + 26570 (5:44)
where CV is the coefficient of variation of the underlying reset-free process defined as
T2\ — (T)2
cy = VIO -7 (5.45)

(T)
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Figure 5.6: (a) Phase space obtained from the CV criterion (5.44) for the drift-diffusive system with
return via Ueg(x). The blue-shaded region is where resetting will help to reduce the MFPT beyond the
underlying process. The black dashed line at v = 2 refers to the phase boundary in the instantaneous
limit (A — o). (b) Variation of the ORR with respect to T for several values of A.

This is a measure of the relative fluctuation of the first passage time of the underlying
reset-free process. The quantities {(t"**(x)) and egt(x) are defined as

("N (x))y = O(=x)(t1(x)) + O(x)(t2(x)), (5.46)
elst(x) = O(—x) + B(x)eo (). (5.47)

The overbar m in Eq. (5.44) implies an average that has to be taken with respect to
Go(x) so that f(x) = /_LOO dx Go(x)f(x). The quantity Go(x) is defined as

1 o0
Go(x) = m/{) dtG(x, t), (5.48)

which is normalized by construction so that f_ io Go(x)dx = 1. The condition in Eq. (5.44)
is not limited to the drift-diffusive system considered here, but applies to any arbitrary
first passage system in 1d. For the drift-diffusive system considered in this chapter,
the mean and the second moment are given, respectively, by (T) = L/v and (T?) =
%. The CV thus becomes

CV=4/==—, (5.49)

where Pe = QL—E’) = § is the so-called Peclet number. It is simply the ratio of the diffusion

and drift time scales. Eq. (5.44) is quite useful since without any prior knowledge of the
resetting rates one can infer from here if resetting will be helpful. One can generate the
phase space spanned by the CV criterion mentioned above, over A-7T plane as shown in
Fig. (5.6)(a). If the parameters are chosen from the blue-shaded region, then resetting is
bound to decrease the MFPT of this process further below the underlying drift-diffusive
limit i.e. 1/ (see Eq. (5.41)). The black dashed line ( Pe = 1 or v = 2) represents
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the phase boundary for the instantaneous resetting limit as obtained previously. Note
that, keeping a fixed value of A if one gradually increases T, then at some finite value
v one crosses from the region where resetting helps to where resetting does not. This
behavioural transition is known as restart transition (recall the discussion in section
1.1.2) and is of second order in nature [66]. When v is low enough, note that the MFPT
becomes the lowest at some finite value of 7 = 7 Fig. (5.5). This resetting rate 7 is
formally known as the optimal resetting rate (ORR). Mathematically, this can be found
by setting

o(t(7,A,0)|
= =0 (5.50)

—
r=r

A non-zero value of 7 ensures that resetting can benefit the search process in lowering
the MFPT to its lowest. In contrast, one observes in Fig. (5.5), that for a higher value
of v resetting only increases the MFPT. Consequently, the reset-free process performs
at its best and the optimal resetting rate 7 is zero. Solving Eq. (5.50) numerically, we
can now probe this behavioural transition as depicted in Fig. (5.6)(b). We find that 7"
undergoes a second-order transition as v is gradually increased, for any values of A. For
very high potential strength (A = 200) the transition occurs at 7 = 2, commensurate
with the instantaneous return limit [65].

The physical origin behind these two distinct regions in Fig. (5.6)(a) can be under-
stood as follows. For very low values of the drift v the particle can disperse very far
from the origin. These diverging trajectories in the direction opposite to the target can
lead to a very high value of the MFPT. Return (any finite value of A > 0) in those cases
prohibits the particle from wandering off too far away from the target consequently re-
ducing the MFPT. In contrast, when the drift v is sufficiently high, then the MFPT of
the underlying process is itself very short. The diverging trajectories as mentioned pre-
viously are already very rare in this case. Any kind of resetting in this case would only
hinder the trajectories which were supposed to find the target in a shorter time span and
cause a delay in the process completion.

5.6.3 Speed up over instantaneous resetting- the SR criterion

Similar to the discussion in section 5.4 here too, one can generate the phase plot us-
ing the criterion Eq. (5.9). However, this condition along with the CV criterion as in
Eq. (5.44) generates a combined phase-diagram from which one can easily infer the pa-
rameter spaces where the stochastic return is either better than the instantaneous return or
the underlying reset-free process as shown in Fig. (5.7). The region left to the solid (red)
separatrix is where the CV criterion is satisfied. On the other hand, the region below
the dashed separatrix is where the SR criterion is satisfied. This immediately presents
us with 4 distinct phases in the parameter space. We mark them from I-IV and discuss
each of them below in detail.
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Figure 5.7: A unified phase diagram for the drifi-diffusive search process for exponential resetting with
rate v = 2. Different regions in this parameter space represent the regions where either of the CV criteria
in Eq. (5.44) or the SR criteria as in Eq. (5.9) is satisfied. The most important is region IV (the red-shaded
region) where both the criteria are satisfied, and stochastic return facilitates the process beyond both the
underlying process and also that of resetting with instantaneous return. The behaviour of the MFPT for
a sample point (star) in each of these regions is shown in the corners. In these plots, the horizontal solid
lines represent the MFPT that with instantaneous return and the dashed horizontal line represents the
MFPT of the underlying reset-free process.
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Figure 5.8: (a) MFPT with stochastic return i.e. {T(7, A, T)) (blue and orange curves) and instantaneous
return i.e. {(T(F, 7)) = (1(F, A — ©0,7)) (green curve) are plotted with respect to the resetting rate
7, for a fixed drift velocity v = 1.8. Remarkably, for A =1.4we find that optimal stochastic return can
lower the MFPT (the blue circle) even beyond the optimal instantaneous return (the green circle). (b)
Phase space showing regions where stochastic (or instantaneous) return is better at the optimal resetting
rate (which is different in general for both the protocols). The blue shaded region (obtained by setting
the speed-up parameter y* as in Eq. (5.54), to be greater than unity) is where stochastic return performs
better than the optimal instantaneous return.

Region I (yellow): Here, the CV criterion is met but not the SR one. Stochastic
return (SR) accelerates the search compared to the reset-free case but remains slower
than instantaneous return (IR). For (7, 1) = (1, 60) (yellow star in Fig. (5.7)), the MEPT
lies between those of the reset-free (solid line) and IR (dashed line) processes.

Region II (blue): Neither criterion holds, making SR the least efficient. At (7, 1) =
(20,60) (blue star), MFPT exceeds both IR and reset-free values (top-right panel of
Fig. (5.7)).

Region III (green): Only the SR criterion is satisfied. SR outperforms IR but not
the reset-free case. For (7, 1) = (20, 2) (green star), MFPT lies below IR yet above the
reset-free line (bottom-right panel).

Region IV (red): Both criteria are fulfilled, making SR optimal—it yields the short-
est MFPT, even outperforming IR. For (7, 1) = (1.5, 1) (red star, bottom-left panel),
MFPT is lower than both IR and reset-free processes; notably, IR here increases search
time.

In summary, SR can expedite searches even where IR fails. The phase diagram in
Fig. (5.7) corresponds to r = 2; varying 7 shifts the phase boundaries.

In the previous section, we have already described in detail the physical conditions
when stochastic return strategy can beat both the instantaneous return and the underly-
ing process. Here, we explore even a more ambitious question: Can stochastic return
perform better than an optimally restarted instantaneous process?

5.6.4 Speed-up beyond optimal instantaneous return

In the previous section, we have already described in detail the physical conditions when
stochastic return strategy can beat both the instantaneous return and the underlying pro-
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cess. Here, we explore a even more ambitious question: Can stochastic return perform
better than an optimally restarted instantaneous process?

MFPT at optimal resetting rate

We start by defining the optimal resetting rate (ORR) 7" that can be obtained by mini-
mizing the MFPT ie,

Ht(F NN
—=— =0 (5.51)

7=7
where 7* will be a function of A, 7 in general. In the limit A — oo, the ORR coincides
with that of the instantaneous case

7. =7 (A > ,7), (5.52)

inst —
which can also be found from Eq. (5.40) as

(", 0))inst

= = 0. (5.53)

—
T=Tinst

We recall from Sec. 5.6.2 that for v > 2 instantaneous return fails to expedite the
underlying process. Consequently, 7}, is exactly zero there. On the other hand, a careful
look at Fig. (5.6)(a) reveals that there is a certain blue shaded region even at v > 2. This
is where stochastic return is actually able to enhance the search process compared to
the underlying process, in spite of instantaneous return failing to do so. Evidently, 7
is non-zero in this region. Interestingly, there also exists a set of values of v (which is
less than 2) where despite having a finite 7}, stochastic return at 7" can perform better.
We turn attention to Fig. (5.8)(a) where we plot the MFPT for both the protocols with
respect to ¥ keeping v = 1.8. Note that the blue curve, corresponding to the MFPT with
stochastic return for A = 1.4, shows a minima at 7". The MFPT at this minima is lower
than the optimal MFPT obtained for the instantaneous return at 7;,, (the green curve).
However, we observe a inverse effect for A = 3 where the optimal MFPT obtained with
stochastic return is higher than that of instantaneous return (the orange curve).

Thus for the given problem of drift-diffusion process, we have found a parameter
space in (7, ) where stochastic return at the optimality can indeed outperform the in-
stantaneous resetting at the optimality. To quantify this region, we calculate the speed-up
parameter * at the optimal resetting rate, defined as

. _ <T(7:nst/ 0)Yinst

L 5.54
((r', A, 0)) e

The y* > 1 condition indicates the blue shaded region in Fig. (5.8)(b) where optimal
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stochastic return is better than optimal instantaneous return. The inverse condition y* <
1 depicts the complementary region (marked by green in Fig. (5.8)(b)). Finally, resetting
of any kind is detrimental in the white region in Fig. (5.8)(b).

Plausible physical explanations

We now discuss the mechanisms behind the observed speed-up of stochastic return (SR)
over instantaneous resetting (IR). The main effects governing SR are:

(a) For x < 0, the effective drift A = A + v exceeds v, pulling trajectories back
toward the origin and suppressing long excursions.

(b) For x > 0, the drift A, = A — v either opposes or weakens the motion toward the
target, slowing the search.

(c¢) In IR, return to the origin is instantaneous, adding no return time to the MFPT.

(d) In SR, however, some trajectories can reach the target during the return phase—an
advantage absent in IR.

The interplay among these effects determines which protocol performs better for a
given (7, ). We examine the main limits below.

1) Very high v > 2: Strong drift quickly drives particles to the target, so any
resetting—instantaneous or stochastic—only delays arrival. Both protocols are detri-
mental.

2) Intermediate v 2 2: In this range, IR no longer helps, but SR can outperform both
IR and the reset-free process (violet region in Fig. (5.8)). Moderate return strengths
allow some trajectories to reach the target during return, while the enhanced leftward
drift (A~ > v) prevents excessive wandering. For large A, the benefit fades as long
return times dominate.

3) Intermediate v < 2: Both IR and SR can improve search efficiency, but SR
achieves the lowest MFPT for suitable A. At small 7, diverging trajectories dominate;
SR remains effective as long as the target-hitting probability during return (effect d)
outweighs the finite return-time penalty (effect ¢). For very small or very large A, SR
again becomes less efficient.

4) Very low v < 2: Most trajectories move away from the target, leading to large
return times even at optimal parameters. Instantaneous return is therefore superior here.

5.7 Discussion

In this chapter, we have developed a unified framework for first-passage processes un-
der resetting with stochastic return dynamics, where the return to the origin occurs over
a finite time governed by a random process. This generalizes the classical instanta-
neous resetting models [5, 249, 86, 259] by allowing the searcher to encounter the target
even during the return phase. Counterintuitively, we find that such finite-time stochastic
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returns can reduce the mean completion time, sometimes performing better than instan-
taneous returns that take no time at all. To quantify this, we derived two fundamental
criteria: the CV criterion, ensuring that stochastic resetting expedites the search relative
to the underlying reset-free process, and the SR criterion, which guarantees superiority
over the instantaneous return protocol for a given resetting rate. By combining these,
we identified a phase space of optimality where stochastic return (SR) emerges as the
most efficient search strategy. The physical origin of this improvement lies in the finite
probability of target capture during the return motion—an effect absent in instantaneous
resetting.

Importantly, we corroborate our theoretical predictions with experimental observa-
tions in systems where resetting is implemented by activating a potential trap at the ori-
gin, such as in colloidal particle experiments [15, 265]. The data show clear signatures of
accelerated search times consistent with our theoretical phase diagram and MFPT scal-
ing. This connection between theory and experiment underscores the practical relevance
and testability of stochastic return dynamics.

Our general framework is universal and versatile, offering predictive insights not
only for mean search times but also for fluctuations and potentially full distributions.
Beyond its analytical merit, it provides a realistic and energetically favorable resetting
mechanism, eliminating the need for active tracking or instantaneous repositioning of
agents. Such features make SR particularly relevant for practical applications in bio-
chemical search, molecular transport, and robotic exploration [2, 268, 127, 269].

Several promising directions remain open. Extending this study to higher dimen-
sions, multiple targets, or non-diffusive processes could further test the robustness of
the SR and CV criteria. Determining the optimal resetting time distribution that glob-
ally minimizes the search time under stochastic returns is another outstanding challenge.
Overall, this study establishes stochastic return as a powerful and experimentally vali-
dated strategy that can outperform both instantaneous resetting and the underlying search
process itself.



First-passage optimization with
collective threshold resetting

(The content of this chapter has been published in [270])

6.1 Introduction

The aim of this chapter is to introduce target search optimization under a threshold
resetting (TR) mechanism. In contrast to the prototypical scenario where resetting is
imposed by an external time clock, TR is an event driven phenomenon in which reset-
ting occurs when the system operates under “safety covenant” or broadly, meets certain
“threshold rules”. Thresholds play a crucial role in governing transitions across numer-
ous systems, acting as critical points that trigger significant changes. In neuroscience,
integrate-and-fire neurons accumulate stimuli until their membrane potential crosses a
threshold, leading to an action potential before resetting to their initial state [91, 271,
272, 273]. Financial strategies like stop-loss and take-profit rely on preset thresholds
to limit losses or secure gains [92, 274, 275, 276]. In software engineering, circuit
breakers operate similar to threshold-based reset mechanisms, preventing an application
to access an unresponsive server [277, 278, 279]. In physics, fiber bundle models de-
scribe how materials distribute stress until a rupture threshold is met, after which the load
is redistributed among the remaining fibers [280, 281]. Simple stroboscopic threshold
mechanisms have also been employed to obtain sustained temporal regularity in chaotic
systems with applications to laser modeling [282, 283, 284, 285].

The concept of event-driven resetting was pioneered by Falcao and Evans [94], who
investigated a system of two Brownian particles that reset to their starting positions upon
meeting. This scenario is mathematically equivalent to monitoring the distance between
the particles and triggering a reset once that distance reaches a threshold of zero. In the
recent past, De Bruyne et al investigated spatial properties of a single diffusing parti-
cle under TR mechanism (referred as first-passage resetting there) disclosing dynamic
nonstationarity of the process [95, 286]. Yet, another unexplored aspect of the problem

98
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is the target search optimization — the study of which is at the heart of this chapter. To
put things in perspective, consider a first passage process that is conducted by a group
of agents, setting off from a certain location and looking for a target until it is found [35,
36, 287, 288, 289, 290]. The process is, however, restarted at some random time when-
ever one of the agents reaches a pre-assigned threshold. At that time all the searchers
are reset simultaneously to the initial locations from which they renew their search. This
collective resetting couples the degrees of freedom and makes the system strongly cor-
related [291, 292, 293]. Such collective TR mechanism has natural justifications as
earlier instances of experiments with fish school [294, 295, 296] and swarming robots
[297, 298] have demonstrated event-triggered collective transitions—where a local in-
dividual event (such as the detection of a fault or hazard by a single agent) prompts a
coordinated adjustment in navigation strategy or “reset” across the population. Sim-
ilarly, in individuals or groups of agents such as clonal raider ants (Qoceraea biroi),
sensory thresholds shaped by factors like environment, and external stimuli influence
decisions vital for survival and reproduction [299]. Inspired by these connections, this
chapter aims to analyze the statistical signatures of the random completion time for this
correlated multi-agent search process under threshold controlled resetting. To this end,
we develop a unified framework for generic governing dynamics and show that TR can
also be used as a potent mechanism to facilitate improved target search dynamics and
efficiency. Finally, inspired from the control-management problem, we define a cost
objective function that interpolates between the successful search time and the effective
penalty owing to resetting events and examine whether this can be minimized.

6.2 General formalism

Consider a system of N non-interacting searchers, each governed by the same stochas-
tic dynamics which is generic, with position coordinates {x;}, starting from x,. The
searchers are confined in an interval [0, L] where origin is the target location. If any
of the N searchers reaches this target we mark the process complete. The TR mecha-
nism is introduced by placing another boundary at L, which hereafter is referred to as
the threshold (see Fig. (6.1)). Whenever one of the searchers hits the threshold, all of
them are collectively reset to the initial position xo from where the search is renewed —
for a higher dimensional embedding interpretation, see !. This procedure repeats until

! One natural way to interpret collective resetting is through the dynamics of a single ballistic searcher in N' dimen-
sions, initialized at the point (xg, xq, ..., Xg). For simplicity, let us consider the case N = 2. Imagine a square
domain (0, L) X (0,L) with 0 < xg < L. The target is located on two adjacent sides of the square: (1) x2 = 0
with0 < x1 < L, and (2) x1 = 0 with 0 < x9 < L. The threshold, which triggers resetting, is defined by the
other two sides: (3) x1 = Lwith0 < xo < L, and (4) xo = L with 0 < x; < L. A single particle begins at
(x0, x0) and moves with independently chosen velocities along the x1 and xg directions. If it hits either of the
threshold sides, it is reset to the initial point (xq, xg) with new velocities — effectively resetting both coordinates
simultaneously. 1f it hits one of the target sides, the process ends. This setup allows us to interpret the dynamics of
two independent 1D walkers (in our model) as the two components of a single 2D walker undergoing simultaneous
resetting. This interpretation generalizes naturally to higher dimensions: N independent walkers correspond to the
N components of a single walker in N dimensions, with the simultaneous resetting occurring when any coordinate
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Figure 6.1: Schematic representation of the TR mechanism with N searchers (here, N = 3) starting from
Xo and undergoing generic stochastic dynamics. The process is considered complete when any of the
searchers reaches the target located at the origin, and the corresponding first passage time is denoted by
‘7;\]”? (L, xp). However; if any searcher reaches the resetting threshold at position L before the target is
found, all searchers are collectively returned to their initial positions, and the search process is restarted.

the target at the origin is found, with the process considered complete as soon as any one
searcher locates it. We show that despite the presence of strong correlations, the mean
search/first-passage time (MFPT) can be exactly calculated and furthermore, a nontriv-
ial optimization is discovered due to the threshold resetting and the emerging collective
nature of the searchers. Note that the model assumes instantaneous information transfer
among searchers: whenever one reaches the threshold, all reset simultaneously; like-
wise, when one finds the target, all are immediately informed and the search ends.

We start by introducing the survival probability under TR as Q\*(L, xo, t) which
estimates the probability that none of the N-particles has found the target at the ori-
gin, starting from x, up to time f although they may remain confined without hitting
the resetting threshold or they can hit the threshold once or multiple times. Summing
over all these possibilities, we can write the following renewal equation for the survival
probability

t
Q]];]R(L/ X0, t) = CIN(L/ X0, t) + / dt,jL,N(L/ X0, t/)Q]]:]R(L/ Xo, t - t’)/ (61)
0

where g ~N(L, xq, t) as the survival probability that none of the searchers has hit either of
the boundaries at x = 0 or x = L up to time f and jr (L, X0, t’) is the probability flux at
the resetting threshold L from any incoming searcher reaching at time ¢’ < t. Eq. (6.1)
renders the following interpretation: Starting from x(, the searchers can survive the
target up to time t in two ways. In one plausible set of events, the searchers survive
without hitting any of the boundaries which occurs with the probability gn(L, xo, f) —
this is the “no resetting” scenario and the first term on the RHS. In the second case,

reaches its respective threshold. This provides an intuitive and unified perspective on the simultaneous resetting
mechanism explored in our work.
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Figure 6.2: Panel (a): Variation of the scaled MFPT (6.20) with respect to u and N. The plot shows
a global minima in the MFPT at u = 1 for any N > 1. A cross section for N = 7 is shown in panel

—TR
(b). Panel (b) - central figure: Optimization of (T y (1)) as a function of u (shown by the solid blue
curve) — superimposed with individual components as given by the RHS of (6.23) namely (Nr(u, N))

(shown by orange dotted-dashed line), (TITf(u)} (shown by green dashed line) and (T;P(u» (shown by
red dotted line). Simulation results are shown by the cross markers demonstrating an excellent match. The
accompanying subpanels showcase typical stochastic trajectories (with x and t standing for the position
and time, respectively) generated for different values of u (marked by the circles) showing disparate
behavior (global minima, local maxima & minima, divergence) as explained in the main text. In this
analysis, we fix xo = 0.5 and vary L within the range [0.5,333.33] to explore the regime corresponding
tou € (0.0015,1).

whenever any one of the N searchers hits the resetting threshold for the very first time
(say at t’), all are instantaneously reset to the starting position x( renewing the next trial
for the search. The contribution for any particle hitting the resetting threshold at L is
essentially the flux j; (L, xo, t”) followed by the survival probability QZT\,R(L, Xo, t—t')
for the remaining duration. Taking the Laplace transform of Eq. (6.1) with respect to ¢
and rearranging, we find

ﬁN(L/ X0, S)

1 _ﬁ,N(LI X0, S)

QIR (L, xo,5) = (6.2)

where we have defined Z(-,s) = /000 dt e=st Z(-,t) as the Laplace transform of the
function Z(-, t). Eq. (6.2) can be used to obtain all the moments of the completion times.
For instance, the MFPT can be defined as

_ (In(L, x0))

- €0(L, XQ,N), (6.3)

(TN, xo)) = / dt QTR (L, xo, 1)
0

where (Tn(L, x0)) = fooo dt gn(L, xp,t) is the mean fastest first passage time out
of N searchers to reach either the target or the resetting threshold and €¢(L, xg, N) =
1- fooo dt jr,n(L, xo, t) is the splitting probability that any of the N searchers reaches
the target first before hitting the threshold.
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Since the searchers are non-interacting and identical in nature, we can write

an(L, xo,t) = [Q(L, xo, )]V (6.4)

where Q(L, xg, t) is the survival probability of a single searcher, starting at xy € [0, L]
up to time ¢, with absorbing boundaries at both 0 and L [300]. On the other hand,
jiN(L, xo,t) consists of current to the resetting threshold from a single searcher i.e.
jLi(L, xo, t) barring the rest N —1 of them which survive with probability [Q(L, xo, HIN
so that

jL,N(L/ X0, t) = NjL,l(L/ X0, t) [Q(L/ X0, t)]N_l ’ (65)

where the factor N accounts for the fact that any of the N searchers can contribute to
jri(L, xo, t). Substituting these statistical metrics into Eq. (6.3), we arrive at

ST dt [QL, xo, N
L= ;7 dt Njia(L, xo, HIQ(L, xo, N

(Ty ML, x0)) = (6.6)

which is a general expression for the MFPT and a key result of this chapter. Importantly,
the derivation does not rely on specific dynamics of the searchers or target configura-
tions, and moreover, the framework can be generalized to higher-dimensional search
processes.

6.3 Ballistic search under TR mechanism

To illustrate the theoretical framework developed above, we examine the paradigmatic
case of ballistic searchers with randomized velocity. Such models have been commonly
used to describe navigation pattern for some foragers such as microzooplankton, jackals
and marine predators [301, 302], to scrutinize optimal strategies for identifying ran-
domly located target sites [303, 304] and also in statistical physics [305, 293, 306, 307,
308]. Crucially, its analytical tractability offers valuable insights that enhance our un-
derstanding of TR-facilitated target search processes.

We assume that each ballistic searcher moves with a random initial velocity drawn
from a distribution ¢ (v). If the target is found a priori, the process therein ends. How-
ever, if the resetting threshold is encountered prior to the target, all the searchers are
simultaneously reset to x( following which they draw new random velocities from the
same distribution. As outlined above, we first derive the survival probability and the
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probability current for a single ballistic searcher (Appendix F.1)

Q(L, xo, 1) = @(L_txo) +q>(?), 6.7)
jalLxo )= 2 (L _txo) , (6.8)

where ®(v) = fov dv’¢(v’); and substitute these into Eq. (6.6) to obtain the MFPT. Let
us now explicitly derive the formula for the MFPT for a single ballistic searcher.

6.3.1 MFPT

MFPT for single searcher (N = 1): For symmetric velocity distribution and N =
1, we start by deriving the numerator of Eq. (6.6) by setting N = 1 which yields the
unconditional MFPT for a single particle to reach either the resetting threshold or the
target

(Ti(L, x0)) = /O "t QUL xo,

_ 0 L—.X() 0 X0
_/0 do ¢(v)( - )+[mdv () (H) 6.9)

Using the symmetry property of the velocity distribution i.e. ¢(—v) = ¢(v), we can

further simplify the above equation to find

(Ti(L, x0)) = / o (o) (L - xo) + /0 o) (%)

0 0

- L/OOOdv o) (6.10)

(%

Let us turn our attention to compute the denominator of Eq. (6.6) for N = 1. We first
note that it is just the splitting probability €q(L, x¢, 1) of a single searcher to reach the
target located at the origin before hitting the threshold. For a symmetric velocity dis-
tribution, €y(L, x¢, 1) is simply 1/2 since any searcher can acquire a positive (negative)
velocity with probability 1/2 indifferent to the initial coordinate x(. This can also be
seen formally as

eo(L,xp,1) =1 —/ dt joa(L, xo,t) = / dt jo,1(L, xo,1)
0 0

_ /Oodt % oxoft)s = . (6.11)
0

Putting together both the numerator and denominator in Eq. (3) of the main text, the
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MFPT under TR mechanism for a single searcher takes the form

(T,"R(L, x0)) = 2L / ) do @ (6.12)

0
Remarkably, the MFPT does not depend on the starting point x( for any symmetric veloc-
ity distribution ¢(v). Notably, the integral in Eq. (6.12) converges only when ¢(v) — 0
as v — 0 so that ¢(v)/v becomes integrable around v = 0. Simply put, if ¢(v) does not
vanish as v — 0, there is a nonzero probability of observing realizations with searchers
acquiring an almost vanishing velocity. These searchers will hit either the target or the
resetting threshold in an exceedingly large timescale resulting in a divergent MFPT.

MEFPT for multiple searchers (N > 1): To continue the analysis for multiple searchers,
we will assume that the velocities are chosen from a probability distribution given by
o(v) = ﬁe"w %0, While the MFPT for a single searcher is diverging, as evident from
Eq. (6.12), the MFPT for the collective walkers e.g., N > 2 turns out to be a finite

—TR
quantity. For the exponential kernel, the MFPT can be scaled as (7 (u = 3)) =
z—g(ri?\ITR(L, x0)) = F (u, N), where ¥ is the scaling function and depends only on N
and a dimensionless ratio 0 < u < 1. First note that, for the exponential velocity dis-
tribution ¢(v) = Q—Zlme"U'/UO, we have ®(v) = % (1 - e‘”/vo). We define the following
variables

u=x9/L, 1, =L/vg, (6.13)

where 73 1s the timescale of a ballistic walker with speed vy. The dimensionless vari-
able u effectively governs the frequency of resetting. For instance, the limit u — 1
corresponds to high resetting frequency where the searchers start close to the thresh-
old (L — xg), while u — 0 captures the low frequency regime where the threshold is
practically at infinity (L — o0). Using Eq. (6.7) and Eq. (6.8), we can now compute the
survival probability and the currents to the resetting threshold and the target respectively
which take the following form

Qu,t) = 1—%exp (—M) —%exp (—%), (6.14)
LG t) = %exp (—M) (6.15)

(6.16)

. TpU TpU
joa(u,t) = — GXP( ) .

We now recall that the splitting probability for any of the N particles to hit the target is
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given by

eO(LI X0, N) =1- / dt jL,N(L/ X0, t)
0
=1- / dt NjL,l(L/ X0, t)[Q(L/ X0, t)]N_l
0
= [t Njna(L o, 1Q, 30, N (6.17)
0

Plugging the results from Eq. (6.14)-(6.17) into Eq. (6.6), we find

7 dt [1—iex (—_[1‘”]Tb)_lex (_M)]N
0 2 &XP ; 3 OXP (=7

<‘TI'\}FR(L/ x0)> = - —
fo dt N [;Zg exp( ﬂ)] [1 - %exp (——[1_?]”) — %exp( Tb”)]

(6.18)

Now we make the change of variable as t — 2 to obtain

o [ dt 1= Lexp(=1zz) — 1 _u\N
(T™ (L)) = — N U Xp(l ™) fexp<1t)] _
Nu [[™dt [ exp (=§)] [1 = gexp (=74) = gexp (=F)]

(6.19)

Noting 7, = %% from Eq. (6.13) and substituting into the above expression for MFPT,
we find

o dr1-1e Ly Loy (<)Y
<7;\]TR(L,XQ)>= v JO [ Xp( t ) 2 Xp( t)]

Nu? [ dt |5 exp (=4)] [1 - S exp (- 524) = Lexp (-4) ]V
= F(u,N) = Z—E<7§R(L, x0))
_ Syt [1=Lexp (-152) = Lexp (-4)]" |
Nu? [ dt |5 exp (=2)] [1 - Lexp (=15%) = Fexp (-2)|"

For N = 2, aclosed form expression can be obtained following a non-trivial computation
(Appendix F.2)

2
F(u,2)= TG0 [n2—uInu—-(1-u)n(l-u), (6.21)

while for N > 2, we can extract the following asymptotic forms which will be useful in
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later analysis

aN
2N-1

an—NA-u)ln(l—-u) as u—o1,

as u —0

= =

F(u,N) ~ (6.22)

where ay = fooo ‘jc—;‘ (1 —e )N is a constant. The scaling function ¥ (1, N), evaluated
as a function of u for fixed N, diverges as u — 0, and decreases monotonically with in-
creasing ¥ when N < 4. Interestingly, for N > 4, the function exhibits non-monotonic
behavior: it first develops a local minimum, followed by a local maximum, and eventu-
ally approaches a global minimum as u — 1, see Fig. (6.2)(a) and a representative case
for N = 7 in Fig. (6.2)(b) (solid curve).

Optimization and limiting behavior of the MFPT.— To study the optimal behavior,
we rewrite the MFPT by summing over the stochastic timescales

—TR —TR —FP
(TN () = (Nr(u, N)) x (T (u)) + (T (u)), (6.23)
where (Ntr(u, N)) = % is the mean number of TR events up to the completion,
—TR
and (T (1)) is the mean conditional waiting time between consecutive TR events and
—FP
(T (1)) is the mean time for the first-passage to the target conditioned on no TR events.

Numerical plots of these quantities are given in Fig. (6.2)(b) (explicit calculations in
Appendix F.4).

In the limit u — 1 when the resetting threshold is at the closest proximity to xg, the
resetting events are frequent and we find (Ntr(u — 1, N)) = 2N —1. However, since all
such resetting events consume almost no time with (TIT\,R(LL — 1)) — 0, the cumulative
contribution to the MFPT from TR events becomes almost negligible. Notably, the finite
contribution to the MFPT in this case comes solely from those correlated events where
all the ballistic searchers collectively sample negative velocities right after the resetting
or at the inception to drift right toward the target, marking a successful completion. Thus,
(T]F\;J(u — 1)) effectively contributes to the MFPT whose asymptotic form is given by
Eq. (6.22). The typical trajectories in this limit (see the bottom-right panel in Fig. (6.2)b)
confirm this observation. Quite interestingly, this emergent global optimality at u — 1

aligns with a widely used threshold control strategy in chaos theory [282, 285].
However, when the searchers start from a finite distance away from the resetting
threshold (u < 1), <TZT\,R(M)> become finite (recall that it is exactly zero for the u — 1
limit) and (Nrr(u, N)) remains large enough so that the first term in Eq. (6.23) dom-
inates the MFPT leading to the local maxima observed in Fig. (6.2)(b) (corresponding
trajectories shown in the top-right figure for u = 0.9). Further tuning initial config-
uration of the searchers in the direction of the target (i.e. reducing u further) ensures
€0 > 1/2 and subsequently, we see a gradual decrease in the MFPT up to a local mini-

mum. Stochastic realizations at the bottom-left of Fig. (6.2)(b) depict this scenario.
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Moreover, in the limit # — 0 where the threshold is far away from the starting po-
sition, each searcher can acquire a positive or negative velocity with probability 1/2
for the symmetric velocity distribution and thus, there is a finite probability QLN that all
the N-searchers possess a positive velocity that is away from the target. The probabil-
ity of selecting a unfavorable positive velocity, albeit vanishingly small, remains finite
and yield in MFPT with a diverging form ~ 1/u given by Eq. (6.22) (Appendix F.3).
Contributing realizations (for instance, shown in the top-left panel in Fig. (6.2)b for
u = 0.0015) corroborate this observation.

6.4 First-passage distribution as optimality

In this section, we present a detailed study of the FPT density of the collective search
in the absence and presence of threshold resetting. The large time behavior of the FPT
density becomes particularly useful to understand and compare the first-passage time
moments between the processes.

6.4.1 FPT distribution of the ballistic searchers without TR (z — 0)

The survival probability for a single ballistic searcher (starting from x( and target at
x = 0) in absence of the threshold is given by

1% 0
Q0. £) = /0 4o $(0) + / 4o (o) 6(xo — olt)

e
:§+/0 dv ¢(v)

- % ~o (). (6.24)

Thus, the survival probability for N independent ballistic searchers are given by
1 xo0\ 1V
Q) (xo, 1) = [Qulxo, DI = |5 +@ (2], (6.25)

which can be used to deduce the FPT distribution as follows

90N (x,
fro(xo, 1) = _%

fbeo@) Rl e

For the exponential velocity distribution i.e., ¢(v) = 2—11]06_0/ %0 we have ®(v) = %(1 -
e~?/%0). Finally plugging this expressions into the above results (setting vy = 1 without
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Figure 6.3: (a) The scaled FPT density fr,(xo, t)/% for the ballistic searchers (without TR) exhibits

~ 1/t2 decay for any values of N. The markers represents results from numerical simulation. The solid
black line is the asymptotic result as in Eq. (6.28). (b) The FPT density ffmne (L = xo,t) under optimal

TR. Note that the tail exponent becomes N-dependent in this case as mentioned in the main text — see Eq.
(6.35).

loss of generality) we have

1 N-1
fr(x0,t) =N (1 - 56"‘0/*) (;—tge‘xO/t) . (6.27)

In the limit t — oo it has the following asymptotic behavior

NX()
fTO(xo,t = OO) ~ W (628)

The exponent of ¢ at asymptotic limit is 2 (i.e., N independent) leading to a diverging
MFPT for any given values of N. The variation of the FPT density with ¢ is shown in
Fig. 6.3(a) which shows an excellent agreement with numerical simulations.

6.4.2 FPT distribution of the ballistic searchers under optimal TR

We have noted from the main text that the optimal MFPT occurs for the ballistic case
when u = 1 so that L = xg. In here, we provide an exact derivation for the FPT
distribution of the ballistic searchers at this optimality. To this end, we start from the
renewal equation for the survival probability as in Eq. (6.1). At the optimal case of
u = 1or L = xg, the particles can survive in two possible ways. First is the the no-
resetting case in which the survival probability is simply gn(L = xo) = [Q(L, t)]V. In
the other possible scenario, one or multiple resetting events can happen. This implies
that at least one of the searchers will attain a positive velocity so that resetting will
surely take place — the probability of such occurrence is given by 1 — 2LN Since the
resetting here takes no time to occur as u = 1, the probability current is simply given
jLN(L = xo,t") = (1 — QLN) O(t”), where 6(t’) is the Dirac-delta function. Combining
both these possibilities, the renewal equation for the survival probability at L = x takes
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the form
1
QMR(L = xo,t) = [Q(L, H]N + (1 - Q—N) QML = xp, £). (6.29)

Rearranging, we obtain an exact expression for the survival probability at the optimality
1e. L = xg as

QL = x0, 1) = [2Q(L, HIV, (6.30)

which is a very interesting result since it holds for arbitrary symmetric velocity distribu-
tion of the ballistic searchers. The single particle survival probability Q(L = x, t) for
a symmetric velocity distribution is given by

Q(L,t) = CD(%), (6.31)

where ®(v) = fov dv@(v). Thus the survival probability has the final form

N

(6.32)

QR(L =x,t) = [ZCD (%)

Recall that, for the exponential velocity distribution i.e., ¢(v) = ﬁe‘v/ Y0 we have
d(v) = %(1 — ¢7?/%). Thus the survival probability in this case has the form (setting
vo = 1 without any loss of generality)
L\
QL = x0,t) = (1= 1), (6.33)

from which the FPT distribution can be obtained via the relation f7;\ITR (L = xo,t) =

0QTR(L=xo,t .
_ 29y L=xo) and is given by

ot
frm(L = x0,1) = %e‘”t (1 - e—L/f)N_l, (6.34)
with the following asymptotic behavior
frm(L = xq,t) ~ NLNtN=1 a5 + — co. (6.35)

Thus the distribution of the FPT distribution under optimal TR for the ballistic walkers
with exponential velocities follows a power tail ~ t“N~1. This exponent makes sure that
the MFPT is finite immediately when N > 2. This result is verified against numerical
simulations and is shown in Fig. 6.3(b).
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Figure 6.4: Behavior of the cost function with respect to u = xo/L for N = 3 and f = 1. The cost attains
a minimum at an optimal u* — the variation of which as a function of N is shown in the inset panel. The
squares represent data from simulations.

6.5 Cost of TR mechanism

A central quest in the resetting discipline is to harness the cost, whether it be dynamic
[95, 309, 310] or thermodynamic [14, 311, 312, 32, 264], of the overall process. Imitat-
ing the penalty during a power grid breakdown [313, 314], we posit, for each resetting
event, a cost that is proportional to the MFPT as well as the total number of TR events.
Henceforth, the goal is to determine the optimal operation of this system, for which the
cost function

Cn (1) = (T y (u)) + BN (Ner (1, N)), (6.36)

is minimal. Here, f is a constant that can be thought of cost per resetting event for a single
particle and thus, we multiply by N to enumerate the total cost for the “reset operation”.
For the ballistic searchers, Fig. (6.4) shows that Cp (1) attains a minimum for an optimal
u = u* for a fixed N. Note that unlike the MFPT, the cost function is not globally
minimized at ¥ — 1 since in this limit the resetting frequency is significantly high and
the second term in Eq. (6.36) dominates. On the other hand, if the resetting threshold
is far away from the starting position, the MFPT gradually increases, contributing to
diverging cost. In the inset of Fig. (6.4), we show the variation of u* with respect to
N, further noting that large number of searchers can systematically reduce the optimal
distance u* — 0. Evidently, this collective cost optimization is different than that of the
MFPT, indicating that a judicious choice of optimal u can leverage to a decision based
biasing between the MFPT and the cost function.

6.6 Conclusions

Motivated by threshold-driven phenomena that refer to processes or events that occur
only when a system surpasses a critical threshold, we study the first passage properties of
an arbitrary search dynamics under threshold resetting mechanism.We develop a general
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theoretical framework and study the optimization properties of the MFPT which is a
useful metric in learning the efficiency of a target search process. The optimization
reported here also resonates with the performance maximization by the agents (robots
or foraging animals) that collaborate and achieve tasks (for instance finding the desired
target between many competitive ones by a fish school in [295]) in an optimal way.

In a classical foraging model where the searchers move ballistically, we discover a
non-trivial optimization that suggests that persistent resetting to the threshold can render
the MFPT globally minimum — an effect reminiscent to the threshold mechanism in
nonlinear chaotic systems [282, 285]. By defining a cost function for such systems, we
further demonstrate that the collective TR mechanism can achieve optimal cost.

To extend the formalism to capture more realistic scenarios, we can incorporate an
overhead time for information transfer. This can be done in two ways: First, we can add
a random (or deterministic) information passing time 7 © whenever a searcher hits the
threshold, after which all of them are reset to the initial position. In this case, one can
show that the overall MFPT of the system would increase (however, this computation
excludes the time required to transfer information to the others once a searcher success-
fully locates the target). A more involved extension would be to consider space—time
coupled return protocols, where after a TR event searchers return to the initial configu-
ration via finite-time spatial dynamics [86, 14, 251].

Finally, it is worth noting that the formalism can also be applied to extract higher
order moments of the search time in higher dimensions and to the dynamics of non-
coordinate variables like a fluctuating potential as in the case of firing neurons where
the membrane potential of an individual synapse can reset after reaching a critical value
[91, 273]. Ongoing works also include characterizing nonequilibrium stationary states
for such long-range systems under TR. Given its simple implementation yet achieving
target functionality makes the TR mechanism a promising avenue in the target search
problem which can have far reaching implications beyond statistical physics to foraging,
control theory, finance, structural failure-repair analysis and in computing systems.



Conclusions

The focus of this thesis was threefold: 1) application and effects of stochastic resetting
on physical in a variety of processes, namely, chemical reactions, operations research
and viscoelastic media, i1) a unified renewal approach to experimental realisation of re-
setting, and iii) proposing a novel FP optimization strategy based on threshold resetting.
In the following, we summarise the primary results emanated out of this thesis.

The chapters 2-4 are dedicated to the understanding of applications of resetting in
several fields. In Chapter 2, we study how a gated chemical reaction can be facilitated
with resetting. Resetting a chemical reaction refers to the unbinding of the enzyme-
substrate complex, after which the reaction is started afresh. As a primary result, we
find, a certain unbinding rate can indeed expedite the product formation of a chemical
reaction, especially when the target is ‘gated’ in nature, which models the active-inactive
phase of the substrate. We modelled the chemical reaction with a one-dimensional drift-
diffusion process with a gated target. By doing so, we find a parameter space in terms of
diffusion and drift coefficients where the reaction rate can be enhanced with stochastic
resetting. In Chapter 3, we discuss how service resetting can reduce the queue length.
Considering the vast fields of applications of queuing theory, strategies to effectively
manage a queue remain a pivotal challenge. With analytical formulations, we explicitly
find the mean queue length of an M/G/1 queue subjected to the service resetting strategy,
where resetting consumes a random period of overhead time. We show that depending
on the fluctuations of the overhead time, one can suitably choose an optimal resetting
rate that can reduce the mean queue length to its best. Furthermore, we find that periodic
resetting does a better optimization in contrast to resetting at random times. In Chapter
4 we study the effects of resetting in a particle embedded in a viscoelastic medium. Vis-
coelastic medium are different from the traditional viscous medium since the collisions
between the particles are not forgotten instantaneously. Due to the memory dependence
of the particle’s trajectory, the system is highly non-Markovian in nature. Our study
reveals that, resetting a particle in such a medium generates non-trivial non-equilibrium
steady states and correlations. It also gives rise to a resetting rate-dependent timescale
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in the system that can help the external agent to gain control over the dynamics of the
particle in such a highly non-Markovian system.

In Chapter 5, we propose an experimentally amenable approach to stochastic reset-
ting. Although the idea of resetting being a subject to extensive studies, a majority of
them (along with the models considered in the previous section) consider resetting to
be an instantaneous event. In reality, a resetting event is space-time coupled so that a
finite time is consumed when the particle heads back to the starting position. We pro-
pose a universal framework of stochastic resetting where the agent returns to the starting
position in a space-time coupled non-instantaneous fashion. By considering the paradig-
matic example of diffusion, we show that a stochastic component in the return motion
of the particle can indeed enhance the search efficiency in a FP process. Furthermore,
we corroborate our theory with experimental parameters and identify suitable parameter
regimes where stochastic return can indeed be beneficial than the classical instantaneous
return. By adding a drift to the particle dynamics, we also show that stochastic return can
outperform the underlying reset-free process as well as the optimal instantaneous return
protocol. In summary, we demonstrate that search with stochastic returns provides not
only a physically realizable approach to resetting but also can be more advantageous.

In Chapter 6, we propose a novel approach to the collective search process optimiza-
tion based on threshold resetting. Under this set-up, the system resets only when any one
of many searchers hits a pre-defined threshold value. Although the resetting epochs are
still stochastic in time, it is now governed by some space-dependent threshold, leading
to an event-driven process resetting strategy. We explicitly analyse the effect of such a
resetting strategy in a multi-agent search process. Note that all the search agents are reset
to the initial position at each resetting epoch, which introduces long-range correlations
among the searchers. We show that the mean FPT of the process shows rich optimisa-
tion features with respect to the threshold distance and the number of searchers. We also
quantify the cost of maintaining such a threshold-dependent search process and find an
interesting optimisation of the cost function.

Despite the extensive progress achieved through the studies presented in this the-
sis, stochastic resetting continues to be a fertile ground for exploration. Its remarkable
ability to induce nonequilibrium steady states, optimise search and reaction efficiencies,
and generate novel dynamical correlations underscores its fundamental and applied im-
portance. Future studies could explore resetting in systems with spatial or temporal
disorder, active matter, and biological networks, where feedback-controlled or adaptive
resetting rules may yield richer dynamics. Moreover, extending resetting concepts to
quantum systems, machine learning algorithms, or complex supply-chain models could
open exciting interdisciplinary avenues. The insights obtained here not only advance our
understanding of resetting as a universal control mechanism but also lay the groundwork
for its potential exploitation in experimental and technological contexts—from micro-
scale transport processes to large-scale optimisation problems.
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Appendices for Chapter 1

A.1 Derivation of (min(T,R))

Let Z represent the random variable
Z =min(T,R), (A.1)

with the associated density fz(#). We thus have

(min(T,R)) = / tfz(t)dt. (A.2)
0
The density fz(t) can be found from the cumulative distribution of Z as
d
fz(t) = —EPr(Z > ). (A.3)

Now the cumulative distribution Pr(Z > t) can easily be found by noting that the con-
dition Z = min(T, R) > t holds only when both of T and R are simultaneously greater
than t. That in turn implies

P(Z > t) = Pr(T > t)Pr(R > t). (A.4)

One can now do an integration by parts of the integral in Eq. (A.2) to have

(min(T,R)) = / T fr(H)dt

i [f [roa - [alfage). s
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Upon inserting Eq. (A.3) in the above equation and performing the integrations, we
arrive at

(min(T,R)) = th_{ilo tPr(Z > t) + /OoodtPr(Z > t). (A.6)
Assuming Pr(Z > t) to decay faster than 1/t as t — oo, we finally have
(min(T,R)) = ‘/000 dtPr(Z > t), (A.7)
which upon substituting result form Eq. (A.4) yields
(min(T,R)) = /OoodtPr(T > t)Pr(R > t). (A.8)

Now from the generic distribution of T and Poissonian resetting times R we have

Pr(T >t)= /toofT(t’)dt’, (A.9)
Pr(R > t) = /t ) fr(tdt’ = /t wre-”’dt' ="t (A.10)
Plugging these results in Eq. (A.8) we have
(min(T,R)) = /O " dret / oodt’fT(t') -1 _;f(r), (A.11)
t

where T(r) = fooo dt’e™" fr(t') is the Laplace transform of the FP density fr(t).



Appendices for Chapter 2

B.1 Calculation of the average MFPT by solving Eq. (2.1) in the
Laplace space

Here, we provide the solution of Eq. (2.1) in the Laplace space. Following that, we
calculate the mean first passage time for a diffusing particle with drift, starting from an
initial position X, to reach the gated target. We start by Laplace transforming Eq. (2.1)

D82Q0(52|x0) _ A3Q0(S|xo)
ox? dxg

— (s + a + r)Qo(s|xo) + @Q1(s|xo)
=-1- rQO(Slxr)

— (s + B +7)Q1(slxo) + BQo(s|x0)

D32Q1(52|x0) _ 19Q(s]x0)
ox? dxg

= —1-rQu(slxy), (B.1)

where Q4 (s ly) = fooo dt e~ Q,(t|y) denote the Laplace transform of Q,(t|y). Eq. (B.1)
is a second order, linear and non-homogeneous differential equation. Considering

Qo (slx0) = Qi (slxo) + Q7" (s|x0), (B.2)

where Q/(s|x) and Q" (s|x,) denote the homogeneous and inhomogeneous parts of
Q,(s]xp), respectively, we can rewrite Eq. (B.1) in two separate parts. The homoge-
neous part reads

D82Q8(2IXO) ~ A8Q’5(5|xo)
(9x0 8x0

2Ah ~h
n? Q(; (zlxo) _ A8Q18(5|x0) — (s + B +1)Ql(s|x0) + pOl(s|x0) =0.  (B.3)
xo X0

— (s + a +1)Qf (s]x0) + a Q] (s|x0) = 0,
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Similarly, the inhomogeneous part reads
—(s + a +7)Q" (s|x0) + a Q" (s]x0) = =1 = rQu(slx/),

—(s + B +1)Q1"" (s]x0) + BQ (s|x0) = =1 = rQu(s]x),
(B.4)

which is a set of algebraic equations. Solving Eq. (B.4) we obtain

[aQi(slx,) + (s +7 + ,B)QO(Slxr)])/

~ 1 r
inh
S) = 1+
Qo™(s) s+r( str+a+f

Qinl(s) = 1(1 o a TPk + s +a)Q1(s|xr)])- (B.5)

We note that Qé”h (s) depends on x, and not on x(. Next, we proceed to solve Eq. (B.3).
Noting that x, does not appear in Eq. (B.3), we simply write Q" (s|xo) = Q" for nota-

tional convenience. Writing Eq. (B.3) in a matrix form, we find

52 Qé‘ P Né’ —(s+a+r) a Qél
DF - /\W + =0. (B6)
x5\ = ~
oy T\ B —G+p+n)\Q!
Taking W = (Q(’} Q?)T, we rewrite Eq. (B.6)
92 9 —(s+a+r) a
D—VY-A—VY+AVY =0, where A= . (B.7)
axg dxg
B —(s+p+r)

We now choose W = ®@e”*0 as the trial solution of Eq. (B.7), that generates the charac-

teristic equation Dm?® — Am® + A® = 0, which gives

Dm? —Am —(s+a +7) o
® = 0. (B.8)

B Dm? —Am—(s+B+7)
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The roots of Eq. (B.8) can be found as

A —+JA2+4D(s +7)

2D

_ A=yA2+4D(a+B +s+7)

mo = 2D 7

A+ A2 +4D(s +7)

Tn3 - 7
2D

A+ A2 +4D(a+B+s+r

my = \/ 2£) ﬁ ) (B.9)

A close inspection of the above roots reveals that 117 and m5 are negative, while m3 and
my are positive (since D, s, 7 > 0). Since Q" ~ e”*0_and Q. (s|xo) = 1/s for xg — oo
(because the survival probability Qs (#]x0)|x,—c = 1 and its Laplace transform is 1/s),
we select only m; and my as the plausible roots.

Letting ®@; denote the eigenvector corresponding to m; and utilizing Eq. (B.8), we
get ®; = (1}). In a similar manner, the eigenvector corresponding to ms is given by
Oy = ( _“1/5 ) The general solution of Eq. (B.7) thus reads W = ¢ ®;e™1%0 +coDoe™2%0,
and subsequently

Qg = cyeM0 — %czemx‘), (B.10)

Ql = ¢e™¥0 4 cye™M2¥0 (B.11)

where c¢; and c5 are constants to be determined in the following. To this end, we use the

Qo (t|x0) | 9Qo(
3x0 X0=0

boundary condition = ( (equivalently, % |x,=0 = 0) which results in

Ah ~ .
BQ%ECS(JXO) lxo=0 = 0, since Q" (s) does not depend on xo. Applying this in Eq. (B.10)
results in
Cy = (E) am. (B.12)
o no

To compute ¢y, we recall the other boundary condition (absorbing) Q1(¢|0) = 0 (equiv-
alently, Q1(s|0) = 0). Combining Eq. (B.5) and Eq. (B.11) along with the boundary
condition at xo = 0, we can write

O1(s10) = c1 + (5) LR (
nig

r
s+r+a+p

[BQo(s|xr)

(84 sS+r

+(s+7+a)0i(s|x,)] + 1) =0. (B.13)
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Incorporating Eq. (B.12) in Eq. (B.13) and solving for c¢; and hence c» finally gives

— amy r - _
T [(W”? + pmy)(s + 1) (1+s +rta+t [3[5Q0(S|x’) +(s+r+ a)Ql(Slxr)])/
_ pmy ~ }
T l(amg + Bmy)(s + 1) (1+5 T rta +[3[ﬁQo(s|xr) +(s+r+ a)Ql(Slxy)]).

(B.14)

Plugging in everything together into Eq. (B.2), we find

~ my 1
s|xp) =c1™*0 — —cq "0 + 1+
Qo(s|xo) =c1 e e

[2G1(slxr) + (s + 7+ H)Qo(s )] )

’
s+r+a+f
5 p\mi 1
slxo) =c1 ™Y + | =|—c1 ™0 + —[1+
Qi(slxo) =1 (a ol i
r
s+r+a+f

[BQo(s1xr) + (s + 7+ a)Qu(s]x)] ) (B.15)

which are written in terms of Q,(s|x,). Setting x, = x in Eq. (B.15) in a self-consistent
manner, we find the exact expressions for the survival functions

(Bmy + amy) + mye™20 (a + Z(fgfg) — amqe™1¥o

Qo(s|xo) = ,
% + (amare™Xo + Bmys + amsas)

(a + B +s) (amy (™0 = 1) + fmy (e™2*0 — 1))
(@ + B +s) (amare™Xo + Bmys + amss) + fmyrsem2¥o’

Qi(s]xo) = —

(B.16)

The averaged survival probability can be found by substituting Eq. (B.16) into Eq. (2.4).
This results in

pmy (;T;ig + 1) + amy (1 — e™*0)

56 sl i _ (B.17)

Generically, Eq. (B.17) can be used to derive all the first passage time moments. The ob-
servable of our interest in this problem, for example, the averaged MFPT reads (TC) =
QS (s|x)|s=o [134]. This results in Eq. (2.7) in the main text.

Alternatively, we can get Eq. (2.7) from Eq. (B.15) by calculating individual mean
first passage times conditioned on the initial state of the target state. To this end, let us
denote TUG(xo) as the first-passage time to reach the target at the origin starting from
the position xo with initial target state being at ¢. Using (T.%(x0)) = Q,(s]x0)|s=0 and
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setting s — 0 in Eq. (B.15), we get

(T (x0)) = }(e”1x0—1>+ P ‘:j et (1—e WO)],
(TS(xo)) = %(e#1x0—1)+ [;;e“( e~H20 (1+£)+§) . (B.13)

where 1 = —my|s=¢ > 0 and pp := —mga|s=9 > 0. Finally, plugging in Eq. (B.18) into
Eq. (2.5) in the main text, we obtain Eq. (2.7).

B.2 The average MFPT for gated drift-diffusion without resetting

In the absence of resetting, the backward master equations in terms of the survival prob-

ability read

Q=" (t]xo) Q=0 (t|x ) 82Q’ O(t]xo) - -
= AT prea i ORI
Q1= (¢]x0) o"Qr:O(tlx) 82Q (tlx)
o = A pemm i CONUR AU E

(B.19)

Solving Eq. (B.19), we obtain the following expressions for the survival functions in the
Laplace space

=0 1 1 an _ nye”"2%o

Qo (slxo) = < - - (e o - M)
s spni+ans no

~ r=0 1 1 an B nie~"2%o

G slxg) = L - 1012 (o PETR) (B.20)
s sPpny+ansg ano

_A+VADsA2 —A++/4D A2 ) .
where n; = /\+24—DDS+A2 and np = * éogrﬁ Fe) . Setting s — 0, the underlying

MFPTs can be computed as before. Eventually, one finds

2D (,8 + ae”
(™% ==+ (B.21)
oc/\( —A++/AD(@ +p) +/\2)

x0 (\/4D(a+ﬁ +)\2—)\) )

xo(\/4D zx+ﬁ)+/\2 /\) )

2D (—e

al (—/\ +/4D(a + B) + /\2) .

(B.22)

(7= = 32+
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The averaged MFPT is then given by

(T®) = po(T7=0) + (1 = p (T ™)

-0, 2PD . (B.23)

Al (\/413(0( )y p A)

Note that for p, — 1 (8 — 0), Eq. (B.23) reduces to (T) = x¢/A, as expected. More-
over, since D, a, > 0, the second term of the expression of (TG) in Eq. (B.23) 1s
always positive, which clearly shows (TC) > (T).
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C.1 Moment generating function of Sy

In this section, we try to find the general expression for the mean and second moment
as written in Eq. (3.6) and Eq. (3.7). For that we first find the general Laplace transform
or the moment generating function of Sg. Using that one can find all the moments in
systematic fashion as we show below. We start by recalling Eq. (3.4) from the main text

S if S<R,
Sk = Son + (C.1)
R+8, if R<S.

The above equation can also be written in a more compact way as
SR =Son +I(S<R)S+I(R <S))R+I(R £ S5)S7, (C.2)

where I(R < S) is the indicator function which takes the value 1 when R < S and zero
otherwise. Thus,

(IR <S))=Pr(R<S). (C.3)

Let us now define Z (p) = (e7P?) = f fz(z)e"P#dz as the moment generating function
of the random variable Z, from which all its moments can be easily found. The Laplace
transform of Eq. (C.2) can be given as

Sr(p) = (%)
— <e—p[Sm+I(S<R)S+I(RSS))R+I(RSS)S%]>

= (e7P%r) [(I(R < S)e™PSminy + (I(S < R)e PRuin=PSk)| , (C.4)

147
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where S;;in = {S|S < R} =and Ry;;; = {R|R < R}. We have also used the fact
that S% is an independent and identically distributed copy of Sk and thus independent
of R & S. Performing the expectations over the indicator functions, we find

Sk(p) = (e7P5on) [Pr(S < R){(e™PSmin) + Pr(R < S){e PRmin)(e™PSk)]
=§m@)FWG‘<Rﬁﬁm@)+PﬂRf£$§mm@Xg¢%ﬂ
= Son(p) | P7(S < R)Siap) + PrR < Ruin)Sr(p)],  (€5)
from where one finds

PT(S < R)gmin(p)gon(p)
1 = Pr(R < 8)Ruin(p)Son(p)

Sr(p) = (C.6)
This is an exact expression for the distribution of Sk in Laplace space. This is also the
moment generating function from which n!" moment of Sg can be computed directly
via

dngR(P)

(Sp) = (1" =5

(C.7)
p=0

For instance, the first moment reads

ng(P)

(Sr) = - ap

p=0
_ PF(S < R) [(1 B PF(R < S))(<Son> + <Smin>) + PI’(R < S)<Son> +P7(R < S)<Rmin>]
- (1-Pr(R < 95))?
_ PF(S < R) [PT(S < R)<Smin> +P7(R < S)<Rmin> + (Son>]
- (Pr(S < R))2

_ {(min(S, R)) + (Son)
B Pr(S<R) '

(C.8)

which is Eq. (3.6) with the identification {(min(S, R)) = Pr(S < R){S,in) + Pr(R <
S){Ryin). A similar exercise for the second moment gives

_ d%Sg(p)

<SIQ{> . d—p2 p=0
_ {(min(S,R) + Son)?)  2Pr(R < S)((Rmin) + (Son)) ((min(S, R)) + (Son))
B Pr(S <R) Pr(S < R)? '

(C.9)

which is identified as the Eq. (3.7) in the main text. Eq. (C.7) thus encodes all the
information about the higher moments.
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C.2 Moments of the service time for Poissonian resetting

In this section we take the representative case when the resetting times are drawn from
an exponential distribution given by

fr(t) =re™". (C.10)
where r is the resetting rate. The cumulative function is given by
Pr(R<t)=1-e", (C.11)
The distribution of the random variable min(S, R) can be computed by noting

Pr(min(S,R) < t) =1 —Pr(min(S,R) > t)
=1—-Pr(S >t)Pr(R > t)
=1-Pr(S>t)e ™, (C.12)

from which one can gets

Fuins,R)#) = e fs(t) +re ' Pr(S > 1), (C.13)

which can be used to compute all the moments for the random variable min(S, R).

Mean service time with overheads: To compute the mean, we note that the first term
on the numerator in Eq. (3.6)) can be written as

(min(S, R)) = * _rs(r), (C.14)

where §(r) = fooo dt e™®! f5(t). The denominator can be written as

Pr(S <R) = / it Fo(H)Pr(R > t). (C.15)
0

r

For exponential resetting times Pr(R > t) = e~"! and we have

Pr(S <R) = / "t fs(b)e™ = S(r). (C.16)
0

Combining together, we find

1= S(r) + {Son)

S,y = —
r) rS(r)

(C.17)

which is Eq. (3.8) in main text.

Second moment of the service time with overheads: To find the second moment for
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Poisson resetting, we now use Eq. (3.7). The expectation (min(S, R)?) in the numerator
can be computed directly using Eq. (C.13)

(min(S, R)?) = / ) dt t* (fs(t)Pr(R > t) + fr(t)Pr(S > t))
0
- /00 dt t* (fs(t) e +r Pr(S > t)e™")
0
= /Oodt t2fs(t) et + r/oodt 2Pr(S>t)e

0 0
d*5(r) o2 —rt
=— r/o dt t“(1-Pr(S < t))e™”
d*S(r) 2 ® -
:W+r—2—r/0 dt t°Pr(S < t)e™"
- 2 (S(r)
_ &8 2 1 ()
A2 2 dr?
2r B0 _253(r) + 2

(C.18)

r2

In the above derivation we have used the following property fooo dt t"f(t)e " = (—1)" d’;{,(f) )

Next, to calculate (Rin) we need to use the density of the conditional time R, ;, which
1s given by

fR®) [T dt fs(F)  fr(t)Pr(S > t)

Then, (Ryin) can be expressed as
(Rmin) = / dt tmein(t)
0
— ; a —rt
= Pr(RsS)/O dtt re " Pr(S > t)
_ r ® —rt _
= 1—Pr(S<R)/O dtte " (1-Pr(S <t))
r (fom dtte — [Tdtt e Pr(S < t))
- 1-5(r)
r (r% + (dr ))
T 150
ds(r) &
—-S(r)+1
a_—50) . (C.20)

r(1=S(r))
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Substituting Eqgs. (C.18) and (C.20) into Eq. (3.7), one obtains

2 S0(1 4 1(Sou)) +2(1 = S+ 1(Son))? + 25(r)(S,)
r25(r)?

(7) = ,  (C21)

which was announced in Eq. (3.9) in the main text.

C.3 General discussion on the “resetting induced efficiency crite-

rion” for the mean queue length with different variability CV,,

In this section, we elaborate more on the general conditions that were obtained in Sec.
(3.5) to underpin the effect of resetting. We start by deriving the most general criterion
that ensures the existence of an optimal r*. To see this, we introduce an infinitesimal
resetting rate 67 and ask under what condition the following inequality (Ss;—0) < {(Sy)
holds. Expanding Eq. (3.8) in the power of 6r and imposing the above condition, we
derive a universal relation

(Son)
sy’

that guarantees the existence for an optimal resetting rate [129]. In terms of CV;, with
the help of Eq. (3.14) this criterion takes the form

(Son)”
(Su)?

The above equation will be central to our remaining discussion where we study various

CV2>1+2

(C.22)

CVZ>1+ (CV2, -1). (C.23)

cases for CV,,,.

C3.1 Casel:CV,, <1

In Eq. (3.22) in the main text we argued that for CV,, > 1 the mean queue length can be
reduced by introducing resetting when CV,,, < 1. However, we emphasize that this is
not a necessary (albeit sufficient) condition. From Eq. (C.23) we notice that the RHS is
less than one for CV,,, < 1. This in turn implies a finite optimal value of r* also can be
found under the same condition. This implies that p,+ becomes less than p for CV,, < 1.
As aresult, for a sufficiently small py«, one can still have (NL) < (N from Eq. (3.21).
In Fig. (3.3) we indeed find that the deviation occurs at value of CV,, which is less than
unity.

C32 Casell: CV,, =1

In this case the RHS of Eq. (C.23) becomes exactly unity and hence, a finite optimal r*
shows up only when CV,, > 1. It is thus evident from Eq. (3.24) that CV,, > 1 is both a
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necessary and sufficient condition for the reduction in the mean queue length. As shown
in Fig. (3.3), the transition point (where (N rlf ) < (N)) is exactly found at CV, = 1.

C.33 Caselll: CV,, >1

In this case the RHS of Eq. (C.23) is strictly greater than one. One can thus expect to
find an optimal r* for values of CV,, > 1. Thus the condition <er} Yy < (N) will be
satisfied only when CV,, > 1. This is also evident from Fig. (3.3) where we see that the
transition point occurs at CV,, > 1.

To derive the criterion (Eq. (3.26)) as mentioned in the main text we recall the PK for-
mula from Eq. (3.25) for the optimally restarted process and the same without resetting
from Eq. (3.1)

ur, _ _Pr A% (Son)? 2 _
(N2 = T + =) 5 (CVy, —1) (C.24)
(Ny=-—P_ 4 P (Ccv2-1) (C.25)
l-p 20-p)* " V7 '

and impose the condition (NI') < (N'). For a finite 7*, this would yield

2 (Son)? 2 _ 2 2 _
A 5 (CVE, —1) < p*(CVZ-1)
2
CVZ2>1+ (%) g(lr*)(cvfn -1), (C.26)

which gives the criterion obtained in Eq. (3.26) where we have substituted p = A(S,,).
Finally, we remark that this is a sufficient condition (but not necessary). In other words,
one can still find a CV;,, where this condition is not satisfied but the inequality (NI} <
(N) holds.

C.4 Moments for sharp resetting times

This section is dedicated to compute the first two moments of the service time under
sharp resetting. Here, resetting occurs always after a fixed time interval T such that

fr(t) = 6(t - 1), (C.27)
from which one can see
Pr(R>t)=0(t-1t), (C.28)

where 6(z) is the Heaviside theta function which takes value unity only when z > 0 and
zero otherwise.
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Mean service time with overheads: The numerator in Eq. (3.6) can be computed in
the following way

(min(S, R)) = /O T PHS > HPH(R > )t
_ /mPr(S > H(T — b)dt
0
- / “dt gs(h), (C.29)
0

where gs(t) = Pr(S > t) is the survival probability of the process S up to time ¢, which
indicates the probability that the service has not yet been completed up to time ¢. The
denominator in Eq. (3.6) is found to be

Pr(S<R) = /00 dt fr(t)Pr(S < t)
0
= /oo dt o(t — 1)Pr(S < t)
0
= / dt o(t — t)(1 — gs(t))
0
= 1-qs(1). (C.30)

Substituting Eq. (C.29) and Eq. (C.30) in Eq. (3.6) we obtain the first moment for sharp
resetting as

fOT QS(t)dt + <Son>
1-4qs(7)

(Se) = (C.31)

which was announced in Eq. (3.39).

Second moment of service time with overheads: Following the same procedure as
the previous section, we find

(min(S, R)?) = / Oodt t2 (fs(t)Pr(R > t) + fr(t)Pr(S > t))

0
_ /Oo dt 2 l—me(f _ )+ gs(H)5(T = )
; ot

T dqs(t)
2 2
= 1°95(7) —/0 dtt T
= Tzqs(’[) - T2q5(’[) + 2/ dt t qs(t)

0

= Q/Tdt tqs(t). (C.32)
0
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The quantity (R,,i,) can also be obtained from Eq. (C.19) directly
(Ripin) = / dt tfr,,.,(t)
0

1 o0
= 5SS /0 dt t5(t — T)Pr(S > 1)

1q5(7)
qs(7)
_ (C.33)

Using Egs. (C.32) and (C.33) in Eq. (3.7), we arrive at the following expression for the
second moment of service time with overheads

2 [“tqs(t)dt + 2(Sen) [ qs(t)dt +(S2,)  2s(D(T + (Son)) ( Jas(tdt + <Son>)
+

1-gs(t) (1-gs(1))? '
(C.34)

(s =

which is Eq. (3.40) in the main text.



Appendices for Chapter 4

D.1 Exact expressions for the MSD and correlation function

In this section, we provide the exact analytical expression for the MSD with resetting,
i.e., {(x?(t)), (plotted in Fig. (3.3)) and the correlation function both with and without
resetting, i.e., C,(t,t") (plotted in Fig. (3.4)) respectively, for Jeffreys fluid model. In
both the expressions we assume kgT/m = 1. With a, B defined as in Eq. (4.29), the
MSD with resetting is given by

(x*(1))

p’ | {e—t(”?—?) Va2 = p2 (—4a+4ﬁ2+(ﬁ2—1)ﬂs)

- w?(a? - p?) [452 + rts(da + r75)
2t Ja? — B2

Ts

2t{Ja? — B2
Xcosh( P )

X sinh( ) - (40(2 —22a + )%+ 281 + 7 [(a - 2)p% + a]Ts)

2(a® - [32)[40z +r7s(da — B2 +rTs + 1)]
+

Ts 200 + 1T,

a2 — B2 - 1)[4p% + rrs(da + r’cs)]e_t(”i_f)
- 200 + 1Ty - (DD

The correlation function of the underlying process i.e. C(t,t’) for t > t’ is given by
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_a(t’+h)

Wj_ﬁﬂ){[/32(—2a+52+1)+2a2—/3262%’] cosh(
VaZ =2 (' + t))
Ts

C(t,t') =

VaZ - B2 (t - t’))
Ts

+ (—2a2 +2ap? — g + ﬁ2) cosh(

—oJal- B (a —ﬁQ)[sinh(‘/r_[f(t' + t)) _ sinh(\/r_ﬁ:(t _ t’))]}.

(D.2)

The correlation function under resetting, after utilizing Eq. (4.17) and Eq. (4.25), is
given by

—r(t—t’) —rt'—a(t’+t)/7s —~Ja2 —B2(t -t
Cr(t,t) = 5722 3 ° 3 e cosh a” — )
20%(B?% — a?)(4B% + r1s(da + r1s)) 20 + 1T Tg

X [ﬁQ(—Qa + B2+ 1)(4B? + r7s(da +775)) + 2(a? = B2)(2((B% - 20)? + 2) + r1s(6a — 287 + r’cs))et,(”z“/m]

’ 24/ ’ ’ 2 - 2 t - t,
43t —a(3t +) /1, [_eZt (r+0/15) (82 204+ B2+1)+2(a2—f2)e! +20/%)) cosh Va f ( )(4/32+”S(4a+”5))
S

, VaZ — B2t +t
+ 2ﬁ2(32f (r+a/t) ooy Y TPE T f G )(4a2 —22a + )% + 28 + r((a - 2)B% + a)15)
S
3rt'+dat'[ts gy vaZ — g2(t - ') _p2tr+a/t) VaZ —B2(¢ + t)))]
Ts Ts

—/a? _,32(40‘_(/;2(7’”[5"‘4))"‘775)(3 sinh

(D.3)

Asymptotic behaviour of the correlation function

Let us now provide the exact asymptotic forms of the correlation function which was
discussed briefly in section 4.4.2. The exact asymptotic form of the correlation function
of the underlying reset-free process is given by

C(t, t'; t>t)

eXp[_t/(W+a)+t(a—W)]
) dw?(a? j552) (2(0‘2 — B(Wa? = B2 + 1) + arJa? — g2)e2at/m
e B B Gl e R 22

(D.4)

Keeping t’ fixed, in the limit ¢ — oo note that the term under the parenthesis is just
a constant prefactor with the only ¢ dependence coming through the exponential term

(a-VaZF2)1
outside which is e™ T , the result provided in Eq. (4.49).

On the other hand, the asymptotic behavior of the correlation function under resetting
is given by
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_AJa2_g2 ’ 2_p2
,32 eXp[—t( Va?-p +oc+r::)+t (Va2-p2+a)

Cot, t: t>t) ~
2 > ) S T = B 0a + rr) (A + re.(da + 1)

X (a(—Qa + [32 + 1)(452 +r1s(da + 715)) 2 + 15 )e? Va?=p2/1s o

[4a2 + 28+ rgya? — B2 - BRaa2 — B2 + rr(Wa? - B2 +2) + 2)
+a(daZ = B2+ BArt, — 4) + r’cs)]

+ et/ (2a/Tstr) [8a3(rTs +1) + 22%(rtg(—B% + 115 + 1) — 44/a? — B2)
+2a(B2(4(va2 = B2 — 1) + ris(ya2 — B2 — 4)) - 3r1sfa? — B2)

1o (2B + BT — B2+ r1y(aZ — B2 = 2) — 2) — r1sfa? — 52)]) (D.5)

For fixed ¢’ one can again see that the only ¢ dependent term lies outside the parenthesis

(e—VaZ2):

rtma—

and is given by e~ T , which is Eq. (4.50) from the main text.
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E.1 Exact expression for the MFPT for the drift-diffusive process

under stochastic return

In this section, we provide the exact expression for the MFPT the drift-diffusive system
with resetting treated in the main text. This is given by

158
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(t(7, A, 7)) =

("~ DTN 4 5 (3 + 07 +3) + 7

x (AN + 47 - 3) - 27) (A(VT* + 47 +9) + 77)
9 P2 > -
]72e— V7 +4r(e\/v +47 _ 1) ~ 26%(5_ ,—52+47) 'y

(A +D)Vo* + 47(NT° + 47 + T)?
‘/_2 JE—
+ e YT ( - (eX —eY) lﬁz(e\/m -1
(ed7 — 1)(A = D)VT° + 47
+27 (e No*+47 _ 1) +7(e Vo> +47 _ 9, 3(Vo"+4740) 1)Vo° +47

|

_ 9TV + AF VI Vot (X(m +7) + 27))”]

X (AT -A)+7)7!

eI (N - 6)(e5/ 2(ANT® + 47 - B) — 27)

/ [m : a( @ + DT 1 7+ DTN

— 2677 ( = 2AND? + 47 + T(VT° + 47 + 7) + A7)
+ 2 VT3 (150 + 5°V5 + 47 + 2752 + 4F + 4o7)
+7(0(VT” + 47 + D) + 47))

E.2 Derivation of the CV criterion for resetting with stochastic re-

turn

In this section, we shall derive the CV criterion as in Eq. (5.44). We start by considering
a small resetting rate 6r — 0 limit of Eq. (5.8). The reason for doing so is that whenever
the first order term OQ(6r) is negative, the MFPT of the reset process is guaranteed to
be smaller than that of the underlying process. For reader’s convenience, we rewrite
Eq. (5.8) here

1-T(r) +1”/_l;0 dxé(x, r){t ¢ (x))

7

(Tr(r, A, 0)) = —
e 1- rf_Loo dx G(x,r)els" (x)

(E.1)
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For this let us first expand Eq. (E.1) with respect to 6r — 0. Note that in this limit we
have

T(6r — 0) = 1—6r(T) + %2<T2> +0(67%). (E.2)

Substituting this in Eq. (E.1) we obtain

L

(Tr(67,A,0)) = ((T} - —(TQ) + 6r/ dxé(x,())(t’et(x))

—0

L
X (1 + 67/ dx é(x,O)eret(x)) (E.3)

o

With slight rearrangement, we obtain

(Tr(6r, A, 0))

L L
= (T) + 5r( - % + / dxG(x, 0)(t"t (x)) + (T) [ dx é(x,@)em(x)) +0(6r?).

The first term is the MFPT of the underlying reset-free process. Thus any infinitesi-
mal 6r is supposed to decrease the MFPT beyond that only when the term under the
parentheses is less than zero. In that case, we obtain

(— % +/_ dxG(x, 0)(t" (x)) + (T>/ dx G(x, 0)€m(x)) <0

L
= (T?) > 2 / dxG(x, 0){t"¢! (x)) + 2(T) dx G(x,0)€er¢! (x)

(o]

L L
— (T?) —(T)? > 2/ dxG(x, 0){(t"*!(x)) + 2<T)/ dx G(x,O)eret(x) (T)?

(T?) —(T)* _ 2
(T)? (T)?

L

L
ret ~ ret
[ dxG(x, 0) ("t (x)) + — (T} dx G(x,0)eq (x) -

(E.4)
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Noting that that G(x, r) = fooo dt e G(x,t) = G(x,0) = fooo dt G(x,t) we have

<T2> - <T>2 2 k ® ret
T2 > e /_mclx/0 dt G(x, t){t"*"(x))

L [e)
+%[de/0 dt G(x,t)egt(x)—l
TH-(M? 2 [*F ( e ) ret
— T > T [mdx <T>/o dt G(x, t)| {t""(x))

L 00
+ 2 /_Oo dx (%/0 dt G(x, t)) egt(x) - 1. (E.5)

Finally identifying the coefficient of variation (CV) as CV = —W we have the

following the CV criterion

2

CV?> W

(tret(x)) +2e5t(x) - 1, (E.6)

as written in Eq. (5.44) of the main text. Recall that we use the notation f(x) = fooo dx f(x)Go(x)
with Go(x) being defined as

| oo
Go(x) = m/o dtG(x, t). (E.7)



Appendices for Chapter 6

F.1 Survival probability and probability current of a single ballistic
searcher

In this section, we compute the survival probability Q(L, xq, t) and the current through
the resetting threshold jr 1 (L, xo, t) for a single ballistic searcher. If v; denotes the ran-
dom initial velocity of the i*" searcher then it can survive up to time f without hitting
either target or resetting threshold in two ways: First, if v;t < L — xg when v; > 0
so that the walker starts moving towards the resetting threshold but failing to reach the
same in the given time and second, when |v;|t < x if the initial velocity v; < 0 so that
the walker starts moving towards the target yet fails to hit it by time f. Summing over
these two possibilities, we can write the survival probability as

0

Q(L, xo,t) = /000 dv ¢(v) O(L — xo — vt) + / dv ¢(v) O(xo — |v|t), (F.1)

—0

where 0(z) is the Heaviside theta function which takes values unity only when z > 0,
and 0 otherwise. Assuming ¢(v) to be symmetric so that ¢(—v) = ¢(v), one can rewrite
the above equation as

L-xq

Q(L, xq, t) =[) t dv ¢(v) + /OT dv ¢(v). (F.2)

Denoting the function ®(v) as

q)(v)zé dv’¢(v'), (F.3)
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we finally arrive at

L —
Q(L, xo, 1) =<D( txo) +o (). (F.4)

The probability current through the resetting threshold at x = L is essentially the total
number of accumulated particles there at time ¢ so that

jra(l, xo,t) = /0 " do §(0) 6(t—

_L—XO L—XO
=5 q)( t ) (E.5)

L—XO
0

Here, 6(x) is the Dirac-delta function. Note that only the positive velocities contribute to
the current through the threshold while the negative velocities contribute to the current
through the target at the origin given by

jou(L, xo, t) = [O dv ¢(v) 6 (t _ %)

[0e]

Za(2)

F.2 Derivation of exact form of the scaling function for N = 2

Here we derive the scaling function (or the scaled MFPT) for N = 2 ballistic searchers
i.e. ¥ (u,2). It is convenient to make the change of variable t = 1/x and re-write the
scaling function (Eq. (6.20)) as

AN
where In (1) and [ (1) are given by
© dx 1 1
— hidd _ L -ux = —(1-u)x
In(u) /O = [1 e e ] (F.8)
® 1 1
In(u) = / dxe ¥ [1— =¥ — Z p~(I-u)x (F.9
w 0 [ 2 2 ] )

For general N > 2, it is not easy to compute the two integrals In (1) and Jn(u), and
hence ¥ (1, N) in Eq. (F.7). However for N = 2, as we show below, one can compute
F (u, 2) exactly for all u € [0, 1]. This will serve also as a benchmark to compare to
the asymptotic behaviors of F (1, N) for general N in the two asymptotic limits # — 0
andu — 1.

For N = 2, let us start with the integral [5(u) in Eq. (F.9) which is relatively simpler
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to evaluate. Setting N = 2 in Eq. (F.9) we get

3 1
— 1__ MX_ -(1- u)x]:———. F.10
Jo(u) / dxe” [ e 5 ¢ w3 (F.10)
The computation of I5(1) in Eq. (F.8) turns out to be tricky as we show in below. Fol-
lowing Eq. (F.8), we write

%) 2
L(u) = / ax [1 _Lpmux le—(l—””‘] . (F.11)
0 2 2

2

To get rid of the singularity x™“ in the integrand, it is convenient to first take a derivative

with respect to u. This gives

’ d12(u) ® dx 1 —ux _ 1 —(1-u)x —ux _ ,—(1-u)x
L(u) = o /0 7[1 5 € 5 € ][e e ] (F.12)

We note one important fact from this equation that will be useful later, namely
, 1
L (u - 5) = 0. (F.13)

The integrand in Eq. (F.12) still has an singularity 1/x. To get rid of this term, let us
take one more derivative with respect to u. Further simplification leads to the following
integral that can be trivially computed to yield

Iu( ) d? 12(7/[) — * dx [e—2ux _ e—2(1—u)x — X _ e—(l—u)x — _i _ 1
0 2u  2(1-u)’

(F.14)

Now, integrating it back with respect to u gives
, 1 1
L(u) = 5 Inu + 3 In(1 —u)+Cq, (F.15)

where the unknown constant C; = 0 is fixed from the condition in Eq. (F.13). Thus we
get

1 1
I(u) = -3 Inu + 5 In(1—u). (F.16)
Integrating once more we get

Ir(u) = —% [ulnu —u]+ % [1—u—-(1-u)n(l—-u)]+ Co, (F.17)
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—Exact result for N =2
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50t ® Numerical integration of Eq. (S18)

=
5: I
K, 10}
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Figure F.1: Comparison of the scaling function for N = 2 as in Eq. (F.27) with that obtained via numerical
integration of Eq. (6.20) .

where the constant Cy is fixed from the value I5(0) in Eq. (F.11). Thus we finally get
1 1
I>(u) 212(0)—51/1 lnu—g(l—u) In(1 —u), (F.18)

where, using Eq. (F.11),

“ dx

- e " )? (F.19)

1
IQ(O) = —10a9 with ao = /
4 0

To evaluate the integral a2, we do one integration by part that gives

“d
ay = 2/ Y o= (1= ) | (F20)
0 X
To do the remaining integral in Eq. (F.20), let us introduce an auxiliary parameter b and
define
“d
as(b) = 2 / 2X g (1 - e—bX) , (F21)
0 X
such that as(b = 1) = as. Differentiating Eq. (F.21) with respect to b we get
daz(b) 0 _ 2
L(b) = =2 [ dxe V¥ = _Z F.22
22(b) = =7 o e b+ 1 (F22)

Integrating it back with respect to b and using as(b = 0) = 0, we get
as(b) =2 1In(b +1). (F.23)
Consequently,

ay=ax(b=1)=21mn2. (F.24)
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Using this result in Eq. (F.19) gives
Loy=2=119 (F.25)
= —=—=1n2. .
2 12
Following Eq. (F.18), we get the complete expression for Io(u) as
1
Ir(u) = 5 [m2—ulnu—(1-u)In(l-u)]. (F.26)

Substituting Jo(1) from Eq. (F.10) and () from Eq. (F.26) into Eq. (F.7) with N = 2
gives the exact scaling function F (1, 2) as

F(u,2)= [m2—unu—-(1-u)In(l-u). (F.27)

2
u(3-2u)
In Fig. (F.1) we show that the exact result as in Eq. (F.27) matches exactly with the
numerical integration of Eq. (6.20) for N = 2. The limiting behaviors of F (1, 2) are
given by

2In2
o as u —0

F(u,2) ~ (F.28)
2In2-2(1—-u)In(l—-u) as u—o1.

Derivation of the scaling function for general N is subject matter of the next section.

F.3 Asymptotic behaviors of scaling funtion for general N > 2

We now consider the scaling function # (1, N) in Eq. (F.7) for general N > 2. Unlike
the N = 2 case, it turns out to be much harder to compute the scaling function explicitly
for general N > 2. However, as mentioned earlier, one can extract the asymptotic
behaviors of ¥ (u, N), for arbitrary N > 2, in the two limits # — 0 and u — 1 as
shown below.

F.3.1 Thelimitu — 0

We will show that for general N > 2, the scaling function ¥ (1, N) diverges as u — 0,
and this leading divergence originates from the denominator (1) in Eq. (F.7) as u —
0. Hence, for the numerator Iy(u) in Eq. (F.7), it is enough only the leading u = 0
behavior where it turns out to be finite for all N > 1. This becomes evident by setting
u = 01n Eq. (F.8), and it gives

In(0) = ;—ZI:]] where ay = / S (F.29)
0



F3. Asymptotic behaviors of scaling funtion for general N > 2 167

We then need to evaluate [n(u) in Eq. (F.9) in the limit # — 0. By naively putting
u = 01in Eq. (F.9) one finds that the resulting integral diverges. To extract the leading
divergence of [y (u) as u — 0, we first make a change of variable u x = y in the integral
in Eq. (F.9). This gives

1 [ 1 1 @ N-1
= — _y _—— _y —_—— - u y
Jn(u) ” /0 dye [1 5 e 5 e ] . (F.30)

Now, in the limit # — 0, we can safely neglect the third term inside the parenthesis
[...] since the resulting integral is convergent. This gives the leading order behavior as
u—0

N-1

In(u) ~ % /Ooodye‘y [1_%e—y] : (E.31)

Making the change of variable z = 1 — % e~ Y, the integral can be done exactly leading
to

2 1
In(u) ~ [ﬁ (1—2—N)] ~ as u—0. (F32)
Substituting Eq. (F.32) and Eq. (F.29) into the exact expression for ¥ (1, N) in Eq. (F.7)

then gives the leading small u behavior

an 1
7:(M’N)N2N_1Z as u—0, (F.33)

where ay is defined in Eq. (F.29). Note that this result is valid for any N > 2. For
N = 2, using as = 2 In 2 from Eq. (F.24), we see that the general result in Eq. (F.33)
for N = 2 matches perfectly with the leading asymptotic behavior as © — 0 derived in
Eq. (F.28) from the exact scaling function for N = 2.

F.3.2 Thelimitu — 1

We now consider the # — 1 limit of the scaling function ¥ (1, N) in Eq. (F.7). It is
easier to first consider the denominator (1) defined in Eq. (F.9). Setting u = 1, we
find

1 oo _ _N-1 1
In(1) = — dxe™ (1-e)""" = :
2N_1 0 NQN_l

(F.34)

The last integral is trivially performed upon the change of variable z = 1 — e™. In fact,
setting u = 1 — €, it is easy to compute the next order term for small €. One finds that

1 1
=———+bye+O0 (%), Wheresz—zN_l/0 dzzN7' In(1 - z).

(F.35)



168 F. Appendices for Chapter 6

We will see later that the O(€) term in Jx(1 — €) does not contribute to the first two
leading behaviors of # (u, N) as u — 1. We now turn to the integral In (1) defined in
Eq (F.8). Setting u = 1 — € we get

© dx

N
In(1 =€) = Wi(e) = / . [1 - %e—“—@x - % e—”] . (F.36)
0 X

Now, exactly at u = 1, i.e., at € = 0, the integral is convergent and we get

°°dx N

In(1) = Wy (0) = Z_ZI:II , where ay = /0 o) (1—e™) (F.37)

Note that the same apy also appeared in Eq. (F.29) near the limit # — 0 which is not
surprising given the fact that the function I (u) defined in Eq. (F.8) is symmetric around
u=1/2.

Our goal is to evaluate the next order correction to In(1 — €) = Wy(€) as € — 0.
To do this, we first differentiate Wy (€) in Eq. (F.37) once with respect to €. This gives

00 1 1 N-1
Wy (e) = %/ d% [1 -3 e (1me)x _ 3 e_ex] [e‘ex - e_(l_e)x] . (F.38)
0

We note that as € — 0, the first derivative WI’\](e) also diverges. To extract this di-
vergence, we take one more derivative of WY (€) in Eq. (F.38) with respect to €. This
gives

N(N-1) [ 1 1 N-2 2
W]l\;(e) — ( T ) / dx [1 _ 5 e—(l—e)x _ 5 e—ex] [e—ex _ e—(l—e)x]
0

00 N-1
_N dx [1 - le_(l_e)x - 1e“”‘] [e‘ex + e_(l_e)x] . (F39)
2 J, 2 2

Next we make a change of variable € x = y. This gives
” N(N_l) ® 1 _ 1 _a-o N-2 _ (=) ]2
WN(e):T/O I e e N

)N (1-¢)
-— dy [1 ~3 eV ——e e y] [e‘y +e y] . (F.40)

At this stage, we can now take the € — 0 limit inside the integral and neglect the term
e~y everywhere, since the resulting integrals remain convergent. This leads to the
leading € — 0 behavior of the second derivative

v NIN-1) [ _Qy[ 1_y]N‘2 N % _y[ 1_y]N‘1
Wy (e) = 1e /Odye 1 5 ¢ 2e J, dye ™V |1 5 ¢ .

(F.41)

These two integrals can now be easily performed by making the change of variable
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1- % e Y = z. This gives a very simple expression for the leading behavior as € — 0

N
Wi(e) » ———. F.42
Integrating back once with respect to € gives
W (e) = N 1 C F.43
N(e) ~ _2N n(€)+ 37 ( . )

where Cj3 is an integration constant whose value is not relevant for us. Integrating further
with respect to € we get the two leading order terms as € — 0

N
IN(1—€) = Wn(e) = Wn(0) - N € In(e) + O(e). (F.44)
Using Wy (0) from Eq. (F.37), we then obtain, as u — 1,

In(u) = 2N~ QEN (1= u) In(1=u) + O(1 —u), (F.45)

where ay is given in Eq. (F.37).

Finally, substituting the leading behaviors of In(u) from Eq. (F.45) and of Jn(u)
from Eq. (F.35) as u — 1 into our main formula (F.7), we obtain the following asymp-
totic behavior of ¥ (u, N) as u — 1 for arbitrary N > 2

Fu,N)=an—-NA—-u) In(1-u)+ O —u). (F.46)

Hence, summarizing, the two limiting asymptotic behaviors of the scaling function
¥ (u, N), for arbitrary N > 2, are given by

aN
2N -1

F(u,N) ~ (F.47)
any—NA—-u)In(l-u)+O(1—u) as u—>1,

as u —0

< =

where we recall that the constant ay is defined in Eq. (F.37). Note that for N = 2, using
a; = 2 In2 from Eq. (F.24), the general result in Eq. (6.22) does coincide with the
leading asymptotic behaviors of F (1, 2) in Eq. (F.28) obtained from the exact scaling
function for N = 2.

F.4 Derivations of (Ntr(u, N)), (TIT\]R(u)) and (TIF\]P(u))

The MFPT under TR mechanism can be interpreted as a sum over stochastic timescales
emanating from all possible events eventually leading to a completion of the process.
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We recall
(T () = (Nr(1t, N)) x (T () + (T (1)), (F48)

where individual quantities were defined in the main text. In this section, we explicitly
derive these quantities and elaborate further.

F.4.1 Derivation of (N1R)

A stochastic trajectory under TR mechanism can experience multiple resetting events
before the first passage to the target. The number of these TR events fluctuates between
the realizations and our aim is to compute the mean number of resetting events till the
first passage. Since, the system can undergo only two possible events: TR events (which
can be called as a unsuccessful event) and a first passage event (a successful event),
clearly the number of TR events is distributed according to a geometric distribution.
Here, the success probability is nothing but the splitting probability to the threshold
€r(u, N) so that the unsuccess probability is given by €o(u, N) which is the splitting
probability to the target. Thus, the mean number of TR events can be obtained as the
mean of the geometric distribution

- 1-eop(u, N
N, N)) = " K(ew(a, ) x eofu, N)) = L0 ) (F49)
=0 60(”, N)
where €y(u, N) can be found using Eq. (6.17) as follows
0 6_% 1 _1-u e_% N-1
eo(u,N)=1-€r(u,N)=Nu i dTP 1—56 e . (F.50)

In Fig. (F.2) we show the variation of the splitting probabilities with u for N = 7. Note
that for u < 1/2 we have €g > 1/2. In Fig. (F.3)(a), we plot {(Ntr(¢, N)) as a function
of u for several values of N.

F.4.2 Derivation of (T{,R(u))

Recall that the random variable T{,R denotes the waiting time between two consecutive
TR events conditioned on survival. The normalized density of this conditional time can
then be written as

jL,N(L/ X0, t)
er(L, xo, N)
jLa(L, x0, HIQ(L, xo, )N
Jy dt jia(L, o, OIQL, xo, N

frme(t) =

(F.51)



F4. Derivations of (Nr(, N)), (T (1)) and (Tny () 171

N=7

Figure F.2: Variation of the splitting probabilities with u for N = 7 as found from Eq. (F.50). Note that
when u < 1/2 we have €¢ > €].

0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
u u u

Figure F.3: Variation of (Nrr(u,N) as in Eq. (F49), (T;R(u» as in Eq. (F.53) and (T;P(u» as in
Eq. (F55) with respect to u for distinct values of N.

where the common factor N has been canceled out from the numerator and denominator.
From the distribution, one can find the mean time between two consecutive resetting
events as

(T, x0)) = /0 dt t fr(t). (F.52)

Plugging the values of the survival probability as in Eq. (6.14) and the probability cur-
rent to the threshold as in Eq. (6.15) in the above equation one arrives at <TLR) (in a
dimensionless form)

@<TLR(L, x0))

S dt & exp (=174) [1= Fexp (=17%) = L exp (-4)] V7

u i dt g exp (=174 [1 = foxp (=154) = Fexp ()]

(T (1))

In Fig. (F.3)(b), we plot (TIT\]R(u)) as a function of u for different N.
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F.4.3 Derivation of (Ti,l)(u»

Finally, we turn our attention to the random variable Tf\}) that denotes the random time
for the first passage since the last TR event. This is simply the conditional time that
the target is found before the threshold by any of the N searchers. Following these
arguments, we can write the normalized density of TFNP as

_ jO,N(L/ X0, t)
fT];\})(t) B €O(L/ X0, N)

_ __Joaxo, HIQE, xo, OV
/ooo dt jo,1(L, xo, )[Q(L, xo, t)]N !

(F.54)

Finally plugging the survival probability Eq. (6.14) and the probability current to the
target as in Eq. (6.16) we find the mean of T];\}) (in the dimensionless form) as
Y0

x—O ; dt thf\]P(t)

St gexp (—%) [1 - Fexp (-354) - Sexp (-4)]

u
u )7 dt gz exp (=) [1 = Fexp (~174) — fexp (-)]

(T (1))

N-1

—.  (F55)

In Fig. (F.3)(c), we plot (TIF\]P(u)) as a function of u for different values of N.
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