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Summary

This thesis is divided into two distinct projects.

(I) Stratified bundles on Hilbert scheme of points on a surface Let k£ be an algebraically
closed field of characteristic p > 3 and S be a smooth projective surface over k with k-rational
point x. For n > 2, let S denote the Hilbert scheme of n points on S. We compute the

fundamental group scheme 7%¢(S ", 7ix) defined by the Tannakian category of stratified bundles

on S,

(I) Criteria for rationality of moduli of chains Let X be a compact Riemann surface of genus
> 2. We study the birational geometry of the moduli of holomorphic chains of type ¢ on X,
which are stable with respect to a fixed parameter 6. For suitable ¢t and 6, we establish a criteria

for the rationality of these moduli spaces.
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Notation

Dx

74X, x)
nilg(X, x)
S(X)
Rep,(G)
Vecy

X

X

Ox
M;(n,d)
M(n.d)
M3(r,d)
Heckel, .
Quott?)(©)
Bun,, 4

Coh(n,d)

The sheaf of differential operators on the scheme X

Abelianization of group (scheme) G

The étale fundamental group of S(X) wrt basepoint x

Tannakian group scheme of S(X) wrt basepoint x

Category of stratified bundles on X

Category of k-representations of G

Category of k vector spaces

The n-th symmetric product of X

The Hilbert scheme of n points of X

The structure sheaf of the scheme X

The coarse moduli space of 6-stable chains of type (n, d).

The moduli stack of #-stable chains of type (n, d).

The coarse moduli space of stable vector bundles of rank r and degree d.
The stack of length / Hecke correspondences of &

The Quot scheme of rank r quotients of & with Hilbert polynomial P
The moduli stack of vector bundles of rank » and degree d.

The moduli stack of coherent sheaves of rank »n and degree d.
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Ch (r,d) The moduli stack of chains of type (n, d).
ChM(r, d) The moduli stack of injective chains of type (n, d).

Che™(r, d) The moduli stack of §-semistable chains of type (n, d).
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Chapter 1

Introduction

This thesis is divided into two parts. The first part is on stratified bundles on the Hilbert scheme
of n points on a smooth projective surface. The second part is on the moduli of chains on a

smooth projective curve and establishes a criterion for rationality of these moduli spaces.
Stratified bundles on Hilbert Scheme of points on a surface

Hilbert schemes of closed subschemes of a fixed projective scheme X are one of the fundamental
examples of moduli spaces. Since their construction by Grothendieck, Hilbert schemes have
been extensively studied and have played a foundational role in the construction and study of
other moduli spaces. In particular, the Hilbert scheme of zero-dimensional subschemes of X
have appeared in diverse areas such as representation theory, enumerative geometry, moduli of

sheaves etc.

The Hilbert scheme of n points on X, denoted X!, gives us a canonical compactification of the
configuration space of 7 points on X. When X is a smooth projective curve, X" is isomorphic to
the symmetric n-product of X. For X a smooth projective surface, Fogarty showed that X!"! is a
smooth projective variety of dimension 2n. Thus for surfaces, X! is a resolution of singularities

for S ym"(X), which is never smooth for dim X > 2.

In this project we study stratified bundles on X!"!, when X is a smooth projective surface over
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an algebraically closed field k of characteristic p > 3.

Stratified bundles are the positive characteristic analogues of flat connections. The Riemann
Hilbert correspondence identifies the category of representations of the fundamental group of a
smooth projective variety X over C with the category of flat connections (£, V) on X. Over C,
this category is equivalent to the category of Dx-modules E over X, where Dy is the sheaf of

differential operators on X.

However, in positive characteristic, the category of flat connections on X is not well-behaved
(local freeness fails) and the two categories are not equivalent (as Dy is not the universal en-
veloping algebra of Der(X)). So, in positive characteristic, one directly works with the category

of Dy-modules E over X.

Gieseker [Gie75] gave an alternate description of the category of Dx-modules in positive char-
acteristic in terms of stratified bundles, which is technically easier to work with. Stratified
bundles on X are vector bundles which satisfies infinite Frobenius descent. More precisely, one

has

Definition 1.0.1. Let X be a smooth projective variety over k, where char k > 0. Then X is
equipped with the Frobenius morphism F : X — X. A stratified bundle on X is a sequence of

vector bundles (Ey, E1, .. .) equipped with isomorphisms «; : F*E; .y — E;

The category of stratified bundles on X is denoted as S(X). We use the formalism of Tannakian

categories [DM82] to study S(X).

One shows that S(X) is a rigid tensor category. For any x € X, the fiber functor S(X) — Vect,
sending (Ey, E1, ...) to Ey|, makes S(X) into a neutral Tannakian category. The corresponding
Tannakian group scheme is the algebraic fundamental group 7%¢(X, x). This proalgebraic group

was studied in [dSO7].

Let S be a smooth projective surface over k. Let S ™ be the symmetric n-product of S and S ™

be the Hilbert scheme of n points on S. Fogarty showed that S"! is a smooth projective variety.
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Our main theorem is the following:

Theorem 1.0.2. Let char k > 3 and n > 2, then there is a natural isomorphism of affine group

schemes over k
m8 (S, X)p — TE(S1, 1ix)

Remark 1.0.3. This project was motivated by earlier calculations of the Nori fundamental

group scheme and the S-fundamental group scheme in [PS20].

Criterion of rationality for moduli of chains

Two irreducible varieties X and Y over C are said to be birational if their function fields C(X)
and C(Y) are isomorphic over C. A variety X is said to be rational if it is birational to P"
for some n. Determining whether a variety is rational is a longstanding problem in algebraic
geometry. The rationality of a moduli space, in particular, implies that the objects it represents
can be systematically described using a simpler space (an open subset of affine space), with
each object appearing uniquely. In other words, this mean we can write down polynomial
equations defining almost all the objects of the moduli space, such that the coefficients of the
polynomials depend on n independent parameters and the generic object occurs exactly once in

this description.

The study of the rationality of moduli spaces has a long history. The rationality (or lack thereof)
for moduli of curves has been investigated by several mathematicians, including Severi, Harris,
Mumford, and others. More directly related to our research is the work of Newstead, King, and

Schofield on the rationality of moduli of vector bundles on a smooth projective curve.

In our work (jointly with S Manikandan), we investigate the rationality of moduli of chains
on a smooth projective curve. Chains of length n consist of n + 1 vector bundles E, ..., E,
alongwith n vector bundle morphisms ¢; : E;,; — E;. There is a notion of #-stability for chains
for § € R™!, which we recall in the second chapter. Let (r,L) = (ry, ..., 7 Lo, ... L,) encode
the ranks and determinant of the vector bundles E;. We investigate the rationality properties of

the moduli of #-stable chains with fixed invariants (r, L).
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We first investigate the related moduli space of holomorphic chains of rank n and degree d
whose components are stable vector bundles and morphisms are non-zero. We denote this
moduli space by N*(n,d). Under certain assumptions on (7, d), one can show that N*(n, d) can
be explicitly described as an iterated projective bundle over the product of moduli spaces of

stable vector bundles [, M*(r;, d;).

Let N;(1) denote the open subset of Mj(f) consisting of 6-stable chains whose underlying vector

bundles E; are stable. We then establish the following result.

Theorem 1.0.4. Lett = (7,d) € N*"'xZ"" and 6 € RYy,.... Assume (7, d) satisfy rid;_, —r,i_\d; >
rioiri(2g—=2) forall1 <i<n.. Let6 € Stabilityf and satisfy condition Cy. If Nj(1) is non-empty,

then M(t) is birational to an iterated projective bundle on [];_y M*(r;, ;).

Remark 1.0.5. For the definitions of Stability;z and condition Cy, see

This allows us to establish a criterion for rationality of M;(n, L), by establishing the non-

emptiness of N;(7) under the following assumptions.

Corollary 1.0.6. Let t = (r,d) and 0 satisfy

o di 1 —d >n(2g—-2)foralli
o 0 be any stability parameter satisfying 6; — 6,y > d;_; — d;.

Then for generic choice of L, irreducibility of M®*(n, L) implies rationality of M®*(n, L).

1.1 Arrangement of thesis

The thesis is divided into three chapters.

We give a brief introduction of the objects of study and the main theorems in the first chapter.

In the second chapter, we begin by revisiting the concept of Tannakian categories and review
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key properties about Tannakian formalism that will be useful later. The subsequent part of the
chapter focuses on stratified bundles. We reiterate the relevant definitions and demonstrate how
the category of stratified bundles can be structured as a neutral Tannakian category (with respect
to a fixed base point). The next section reviews the geometric properties of the Hilbert scheme
of points and the Hilbert-Chow morphism. The following section defines a natural functor
between Tannakian categories, employing a descent lemma and purity for stratified bundles. We
conclude the proof by showing that the natural functor defined in the previous section induces
an isomorphism between the associated fundamental group schemes. In the concluding section,

we recover the computation of the étale fundamental group from our theorem.

In the third chapter, after introducing the problem of interest, we recall definitions and properties
of moduli of chains and other preliminaries. Moduli of chains with stable components and their
birational geometry are studied in the third section of the chapter. We show that under suitable
conditions these moduli spaces can be realized as iterated projective bundles over a product of
moduli of vector bundles. The final section establishes the non-emptiness of N;(z) under the

conditions as in This allows us to formulate our rationality criterion for M;(r, L).
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Chapter 2

Stratified bundles on the Hilbert scheme of

n points on a surface

For a variety X over C, one has the classical notion of the fundamental group 7;(X*", x) defined
using the analytic topology on X. Over arbitrary base fields k, one has several analogues of the

fundamental group defined in terms of algebro-geometric information.

In [GROQ2], Grothendieck introduced the notion of étale fundamental group 7(X, x), where X
is a scheme and x is a geometric point of X, in terms of the finite etale covers of X. In [Nor76],
Nori defined the Nori fundamental group scheme 7"V (X, x), where X is a connected, reduced and
complete scheme over a perfect field k and x is a k-rational point, via Tannakian reconstruction
using the category of essentially finite vector bundles on X. The definition of 7"V(X, x) was
extended to the case of connected and reduced k-schemes in [Nor82]. Another analogue, the
S-fundamental group scheme 7° (X, x) was introduced and studied by Langer in [Lan11] and
[Lan12] for smooth projective varieties X over an algebraically closed field k. It is defined via
Tannakian reconstruction using the category of numerically flat vector bundles on X. The S-
fundamental group scheme for a smooth projective curve C over an algebraically closed field &

was already introduced and studied in [BPS06].
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The variant of the fundamental group scheme which is of prime importance in this note is the al-
gebraic fundamental group 7¢(X, x). In [Gie75], Gieseker defined 7¥'2(X, x) as the fundamental
group scheme corresponding to the Tannakian category of Dx-modules, where Dy is the sheaf
of differential operators on X. For X smooth over a field of positive characteristic, Gieseker in-
troduced the notion of stratified bundles and showed that the category of Dx-modules is tensor
equivalent to the category of stratified bundles on X. Stratifed bundles were further studied in

[dSO7] and [BHAS21]. Precise definitions and statements are given in the following sections.

2.1 Tannakian formalism

In this section we recall the definition of Tannakian categories and the details of the Tannakian
correspondence which we use in the sequel. We begin by recalling the definition of a fensor

category.

Let C be a category equipped with a functor

®:CxC—-C

X, Y)>» X®Y

In addition, we ask for functorial isomorphisms

Oxyz : X®(Y®Z) - (X®Y)®Z

and

lpx’y:X®Y—)Y®X

30



which satisfy some natural compatibility relations - the pentagon axiom and the hexagon axiom

respectively (see [DM82], diagrams 1.0.1 and 1.0.2).

A pair (U, u) consisting of an object U of C and an isomorphism u# : U — U ® U is an identity

object of (C,®) if X — X ® U : C — C is an equivalence of categories.

Definition 2.1.1. A collection (C, ®, ¢, ¥) as above is a tensor category if there exists an identity

object 1.

Next we recall the definition of internal Hom in a tensor category. Let (C, ®) be a tensor cate-

gory. Consider the functor

C°?? — Set

T — Hom(T ®X,Y)

Assume this functor is representable. Then we denote the representing object by Hom(X, Y)

and

evyy : Hom(X,Y)® X - Y

denotes the morphism corresponding to idgom(x,y). In other words, we have a natural isomor-

phism, for any object 7 in C

Hom(7,Hom(X, Y)) ~ Hom(T ® X, Y)

Assume that Hom(X, Y) exists for each pair of objects (X, Y) of C. Then there is a composition

map
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Hom(X, Y) ® Hom(Y, Z) —» Hom(X, Z)

and an isomorphism

Hom(Z,Hom(X,Y)) > Hom(Z® X, Y)

We define the dual of an object X, denoted X", to be Hom(X, 1). This comes equipped with a

map evy : X' ® X — 1 inducing a functorial isomorphism

Hom(7,X") - Hom(T ® X, 1)

Using above notations, let iy : X — X"V be the morphism corresponding the composition

evy oy : X® XY — 1. If iy is an isomorphism, then X is said to be reflexive.

The above notions allow us to define the notion of a rigid tensor category.

Definition 2.1.2. A tensor category (C, ®) is said to be rigid if

1. Hom(X,Y) exists for all objects X and Y.

2. The natural morphisms

Hom(X1,Y1) ® Hom(X,,Y,) > Hom(X; ® X5,Y1®Y>)

are isomorphisms for all X,,X5,Y,, Y,

3. All objects are reflexive.

We now recall the definition of tensor functors between tensor categories and morphisms of

tensor functors. Let (C,®) and (C’, ®”) be tensor categories.
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Definition 2.1.3. A tensor functor (C,®) — (C',®’) is a tuple (F,c) consisting of a functor
F : C — (' and a functorial isomorphism cxy : F(X) ® F(Y) = F(X ® Y) with the following

properties

1. for all objects X, Y, Z of C, we have a commutative diagram

id®c

FX®(FY®FZ) ————3 FX®F(Y®Z) —— FX®(Y®Z))
¢’ F(¢)
(FXQFY)®FZ ———— F(XQY)®FZ ———— F(X®Y)®2)
2. for all objects X, Y in C, we have a commuting square
FX®FY ———3% F(X®Y)
v Fy)
FY® FX ——— F(Y ®X)
3. If (U, u) is an identity objecto of C, then (F(U), F(u)) is an identity object of C’.

A tensor functor (F,c) : (C,®) — (C', Q) is a tensor equivalence if F : C — C’ is an equiva-

lence of categories.

2.1.1 Neutral Tannakian categories: recovering an affine group scheme

from its representations

Let G be an affine group scheme over k and w be the forgetful functor Rep,(G) — Vec,. For
R a k-algebra, Aut®(w)(R) consists of tuples (¢x) for X € ob(Rep,(G)), where ¢y is a R-linear

automorphism of X ® R such that

® dxex, = dx, ® Px,
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e ¢1 =idg

e For all G-equivariant mapsa : X = Y

pyo(@®)=(a@®1)opdy : XOQR—->Y®R

As any element g € G(R) defines an element of Aut®(w)(R), we get a natural morphism

¥:G - Aut®(w)

The Tannakian reconstruction theory begins with the two following results which allow us to
recover the underlying group scheme (and morphisms) from the representation category and

compatible functors between them.

Proposition ([DMS2], Proposition 2.8). The natural map ¥ is an isomorphism of functors of

k-algebras.

A morphism of group schemes f : G — G’ defines a tensor functor w’ : Rep,(G’) — Rep,(G)

such that 0% o W/ = W%

Proposition. Let G and G’ be affine group schemes over k and let F : Rep,(G") — Rep,(G) be
a tensor functor such that w° o F = w® . Then there exists a unique homomorphism f : G — G’

such that F = /.

This leads to the main theorem of Tannakian reconstruction of an affine group scheme
Theorem 2.1.4. Let (C,Q®) be a rigid abelian tensor category such that End(1) = k. Let w :
C — Vecy be an exact faithful k-linear tensor functor. Then

1. the functor Aut®(w) of k-algebras is represented by an affine group scheme G;

2. the functor C — Rep,(G) defined by w is an equivalence of tensor categories.
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For a proof of this theorem, see theorem 2.11 in [DM82].
The main theorem justifies the following definition.

Definition 2.1.5. A rigid abelian tensor category C with End(1) = k is a neutral Tannakian
category over k if it admits an exact faithful k-linear tensor functor w : C — Vec,. Any such

functor w is called a fiber functor for C.

The main theorem then says that any neutral Tannakian category is equivalent to the category

of finite-dimensional representations of an affine group scheme.

We recall another important result which allows us to read off the properties of a morphism of

affine group schemes f : G — G’ from the associated functor ' : Rep,(G’) — Rep,(G)
Proposition 2.1.6. For f and w' as above, we have the following:

1. f is faithfully flat if and only if ' is fully faithful and every subobject of W' (X"), for

X' € ob(Rep,(G")), is isomorphic to the image of a subobject of X'.

2. fis a closed immersion if and only if every object of Rep,(G) is isomorphic to a subquo-

tient of an object of the form w/(X’), for X' € ob(Rep,(G")).

We end this section by recalling another result which is useful in determining the representation
of G,,. We recall from [Watl2] , section 10.1 the notion of the derived subgroup DG which
is a closed normal subgroup. There exists a quotient morphism a : G — G, whose kernel is

precisely DG. By the definition of DG, G, 1s an abelian affine group scheme.

For an integer n > 2, we denote by G" the group scheme G X --- X G (the n-fold product of G
with itself). Then the symmetric group S, acts on G" by permuting the factors. Let f, be the

following composite group homomorphism

n

Vla n m
G" — G, — Gy

where m denotes the multiplication homomorphism.
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Proposition 2.1.7. A homomorphism of k-group schemes f : G" — H is S,-invariant if and

only if there is a homomorphism f : G, — H such that f o fy = f.

For a proof, see lemma 4.1.1 of [PS20].

2.2 Stratified bundles

In the rest of the chapter, k will always be an algebraically closed field of characteristic p and X a
noetherian scheme over k. We begin by recalling the definition of the Frobenius endomorphism

of X, which plays an important role in positive characteristic geometry.

Given a ring R of characteristic p, we know the morphism r — r” defines a ring endomorphism
of R called the Frobenius of R, denoted by F. Given a ring homomorphism of characteristic p

rings ¢ : R — S, we have that

pofr=Fso¢

It is easy to see that topologically Fr induces the identity map on Spec R. Thus given a scheme
X defined over a characteristic p field &, the Frobenius on affine open subsets glue together to
give a Frobenius endomorphisms of the scheme X, denoted as Fy : X — X. This is called the

absolute Frobenius of X.

Let XV denote the pullback of X under the Frobenius F; on Spec (k). The geometric or relative
Frobenius is the induced k-morphism F : X — XU In what follows, we will overlook this and
work only with the absolute Frobenius, leaving the reader with the task of checking k-linearity

if needed.
Stratified bundles on X are sequences of coherent sheaves on X satisfying infinite Frobenius
descent. More precisely, the category of stratified bundles on X, denoted S(X), consists of

e Objects (&;, @;) are sequences of coherent Oy-modules &;, i € N along with isomorphisms
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a; F*8i+1 i 8i
for all i € N, where F is the absolute Frobenius on X.
e Morphisms ¢ : (&;, @;)) — (F;,8;) consists of a sequence of Ox-module morphisms ¢; :

& — Fisuch that ¢; o a; = B; o F*(¢ir1)

Let f : Y — X be a morphism and (&;, @;) be a stratified bundle on X. Then we can define the
pullback along f, denoted f*(&;, @;), as consisting of the sequence of Oy coherent sheaves f*&;

and isomorphisms are given by the composite maps

- YEiv P fr(a) %
Ff8i+1 ’fF8i+1 ;fai

where y : F* f* — f*F” is the natural isomorphism of functors.

Thus S(X) is contravariant functor in X. One also has a tensor product on S(X) defined by

taking term by term tensor product. We can also define an unit element for this tensor product.

An important result about stratified bundles is the following.

Proposition. If (&;, ;) is a stratified bundle on X, then &; is a locally free Ox-module for all
ieN.
For a proof, see lemma 6 of [[dSO7].

This allows us to show that S(X) has the structure of an abelian category as follows:

Let (¢,) : (&, @) — (F:,6:) be a morphism in S(X). Then we can define

XK, := ker (a;), C; := coker (a;), L, :=im (;)
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It is easy to see the C, is a stratified bundle i.e there exists unique isomorphisms

. *
Ty . FxCi+1 - C,’

which makes the following diagram commute
Fy&ui ——% F3Fig ——— F3Cit ———— 0
@i Bi

> Fi > C;

~
o

This implies that C; is locally free for all i € N. This together with the fact that each 7; is locally
free implies that 7; is locally free and hence K is locally free. Hence the following pullback

sequence is exact.

0 > FyK: — Fy& — FLF

Hence each «; : F&E;.1 — &; induces an isomorphism F K. — K.

We can also define duals of stratified bundles, making S(X) into an abelian rigid tensor cate-

gory.

The rank of a stratified bundle (&;, ;) is defined to be the rank of &,. The trivial stratified

bundles on X are of the form ®(Oy, ...; F*, ...).

Let Dy be the sheaf of differential operators on X. The category of Dy modules consists of

e Objects coherent Ox modules & equipped with a Dy action i.e a morphism of Ox-algebras

38



Dy — Endi(E)

e Morphisms Ox-linear maps & — ¥ compatible with the Dy action

A theorem of Katz [[Gie75], Theorem 1.3] shows that for X smooth over k, then the category

of stratified bundles on X and the category of Dy modules are tensor equivalent to each other.

2.2.1 The group scheme 72'8(X, x)

Classically, over C, the Riemann-Hilbert correspondence identifies the category of vector bun-
dles equipped with integrable or flat connections on a smooth connected projective variety X/C
with the category of representations of the topological fundamental group 7'°P(X, x) for some
chosen base point x. Via GAGA, this gives a purely algebraic description of the category of
representations of the topological fundamental group (X, x). This category (equipped with
the fiber functor (E,V) — E,) is a neutral Tannakian category and can be identified, via the
Tannakian formalism, with the representation category of the proalgebraic completion of the

topological fundamental group, denoted as 7'P(X, x)2.

Over a field & of characteristic 0, the category of flat connections on a smooth variety X is tensor
equivalent to the category of Dx-modules. However over a field of characteristic p, the category
of flat connections on X is not as well behaved as the category of Dx-modules and one defines
a fundamental group scheme for X by Tannakian formalism using the category of Dx-modules.
By Katz’s theorem mentioned before, the fundamental group scheme coincides with the one

defined using S(X) below.

Let x € X(k) be a k-rational point. Then the abelian rigid tensor category S(X) is neutralized by
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the fiber functor

T,:S8(X)— Vecy

(81', a’i) g Solx

The fundamental group scheme defined by the neutral Tannakian category (S(X), ®, T, (Ox, F*))

is called the algebraic fundamental group of X based at x and is denoted by 7%¢(X, x).

The following basic properties of 7%¢ are well known and are used in the sequel.

Theorem. (Independence of basepoint) Let X be a geometrically connected, smooth projective

k-scheme. Then for all x|, x, € X(k), one has

% (X, x) = 1% (X, x2)

Theorem. (Product rule) [[Bis09], Theorem 3.4] For X, X, geometrically connected and smooth

over k and x; € X;(k), there is an isomorphism

m8 (X1, x1) X 18Xy, x2) — 18(X) X X, (X1, X2))

Theorem. (Purity) [[|Gie75], Theorem 3.14] For X smooth and an open immersion U BN X such

that the complement of U in X has codimension > 2 and x € U(k), then the homomorphism
7% (U, x) — n%(X, x)

associated to the restriction functor i* : S(X) — S(U) is an isomorphism.
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2.3 'The Hilbert scheme of n points on a surface S

Let S be a smooth projective surface over k. We fix notation as follows

e S§" denotes the n-fold cartesian product of S with itself.

e S™ denotes the nth symmetric product of S defined as the quotient $"/S,, where &,

denotes the symmetric group on 7 letters.

e S denotes the Hilbert scheme of n points on S ..

Let p : S — S™ be the quotient map and & : S — S®™ be the Hilbert-Chow morphism.
We write S " for the open subset of S ™ consisting of distinct points with S := 2~'(S") and

S = p'(SY). The map h,, : S¥ — §% is an isomorphism. We have the diagram:

S["] N

S (n)

In general, Hilbert schemes of points on a projective variety display a lot of pathological features
- formalized by Murphy’s law as in [Vak06]. But in the case of smooth projective surface S, we

have the following theorem of Fogarty:

Theorem ([Fog68], Theorem 2.4). Let S be a nonsingular surface over the field k. Then S™ is

a nonsingular scheme of dimension 2n

Thus, in this case, the Hilbert-Chow morphism 4 : S — §® is a resolution of singularities.

One can consider S ™ as the set of effective O-cycles of degree n on S. We recall the notion of
type of an effective O-cycle. When y is an effective O-cycle of degree n, the type of y is a tuple

(ny,...,n,) where y can be written as
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— r
y= ijlnjxj

where x; are distinct points of S with multiplicities n; > n, > --- > n,, where n; are positive

integers, such that n = }_; n;. This allows us to stratify S by rype.

Let C(ny,...,n,) denote the subset of S™ consisting of points of the type (n,...,n,). Let
Si") =C(,...,1)JC(2,1,...,1) denote the open subset of S™ consisting of points of type
(1,...,1)and (2,1,...,1). Let s and S" denote the preimage of S under h and p respec-

tively.

We recall some basic properties below which we will need later (we refer to [Fog68], [PS20]

for details).
e The subsets C(ny,...,n,) are nonsingular of dimension 2r.
e The closed subset S @ \ § is of codimension > 2 in ™.

The closed subset S\ S is of codimension 2 in S ™.

The closed subset $” \ §” is of codimension > 4 in §".

The closed subset S \ S is of codimension 2 in S ™.

When characteristic of k # 2, fory € C(2,1,..., 1), the scheme theoretic fiber 4~'(y) is

isomorphic to P,‘(. In fact, S is the blowup of Si") along C(2,1,...,1).

We end this section by recalling a result of Fogarty ([Fog77], Proposition 3.6).

Proposition. If L is a S,-invariant line bundle on S", there exists a line bundle L’ on S™ such

that p; L' ~ L.

It follows that L’ in the proposition is isomorphic to (o,).(L)%"
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2.4 The functor between Tannakian categories

Let S be a smooth projective surface over k and (&;, @;) be a stratified bundle on S, Restricting

to S gives us a functor

" Sy - S(SsH

which is a equivalence of categories as S is the complement of a codimension 2 closed subset

of S,

Next we show that a stratified bundle on S can be pushed forward under A to get a stratified
bundle on S. First we begin by a result on descent of vector bundles along the morphism

h:SM 8 i"). Similar results have been established by authors in [Ish83] and [PS20].

Proposition 2.4.1. Assume char k # 2. Let & be a vector bundle on S'™ which restricts to trivial
vector bundles on the fibers of h over S ™ Then h,& is a locally free OS@ -module. Moreover

the natural map

hh(E) — &

is an isomorphism.

Proof. Let x € S” be a point of type (2,1,...,1). Then by assumption on characteristic and
the basic properties from previous section, the fiber of /4 over x is isomorphic to P,i. Let J be
the ideal sheaf of the closed subscheme /4~ !(x) and I, be the ideal sheaf of the closed point x.

We have

j = Ix05£’l]
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For all m > 1, let Y,, denote the closed subscheme of S Lnl corresponding to the ideal sheaf J™.

Consider the following short exact sequence of sheaves on S !

0->90E-E—-E8y —0

Pushing forward by h, we get the following exact sequence of sheaves on S

h.& = H(Y1,Ely,) = R'h(T @ &)

We claim that the completion of R'A,(J ® &) at the maximal ideal m, in O, ) o is 0. The proof
uses the theorem of formal functions (see Theoreme 4.1.5 in [Gro61]) which says that for &

proper, we have,

R'h(T ®E)" = limH'(Y,,J ® E® Ogn /T ")

We prove by induction that H'(Y,,,.J ® E® Ogin/J™) = 0. As Y| = P, the sheaves J" /"'

are locally free. These sheaves are also globally generated over Y; as we have the surjection

1 1 1
e €, Ogn = I2/I0 @, Ogm — T[T

As g/ g™ is locally free on Y, =~ P,i and globally generated, it is a direct sum of line
bundles each of which has degree > 0. Thus one gets the base case of induction from degree

considerations, as

H'(Y,T®E®Oum/J)=H (Y1, /T ®Ey) =0

Assume that the claim is true for m. Then the proof for m + 1 follows from the long exact

sequence in cohomology attached to the short exact sequence of sheaves on Y,,;;
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O_>jm+1/jm+2®8_)kj'/jm+2®8_)j/jm+l®8_)O

which gives us the exact sequence

Hl(Ym+l’jm+l/jm+2 ®8) - Hl(Ym+l9j/jm+2 ®8) i Hl(Ym+l’j/jm+l ®8)

We know H'(Y,,, ™' /I &) = H'(Y,, 9" /9?2 ®E) = 0 (by degree consideration) and
H' (Y1, J1I" @ E) = H'(Y,,, T /9™ ® E) = 0 (by induction hypothesis), thus we get

H' (Y, T/1T"?©8) =0

Thus the stalk of R'4,.(T ® &) at x is 0.

This shows that the natural map h.& — H°(Y, &ly,) 1s surjective in a neighbourhood of x. Let
fi»-r f> be a basis of H(Y},Ely,). Let Spec(R) be an affine neighbourhood of x where the
natural map is surjective and let fl € I'(Spec(R), h.E) = T(h™'(Spec(R)), E) be lifts of f;. Using
f: one defines a homomorphism

Ol specry = €

on h~'(Spec(R) which is a surjection (and hence an isomorphism) on Y;. As h is proper, there

exists a smaller affine neighbourhood U of x over which there is an isomorphism

0 =&

where V = h~}(U). Applying h., we get
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(h.0y)*" ~ h.&

As S™ is normal and i : S — S is birational with connected fibers, by a form of Zariski’s
main theorem [cf [Har13]], Corollary 11.3 and 11.4], we have that 7.0y ~ Oy and thus h.&E is
locally free. The natural morphism

hh(&) — &

is clearly an isomorphism.

Let VB be the category of locally free sheaves on § ™ and VB';  be the category of locally

[n]
*

free sheaves on S, which restrict to trivial vector bundles on the fibers of 4. Proposition 1

above gives us an equivalence of categories.

Proposition 2.4.2. Assume char k # 2. The pushforward functor

h, : VBg[ﬂ — VBS@
is an equivalence of categories with the inverse given by
I : VBgw — VB,

Proof. We observe that if & ~ h*(E), then & ~ h,&’'. This shows that A, is essentially surjective.

The natural map

Homgw (h.&, h.F) — Homg i &, F)
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is bijective. Thus A, is an equivalence of categories. O

Corollary. Forall & € VB’;M, the natural map
F*h.(8&) —» h.F*(E)

is an isomorphism over S o

Proof. As F*& is also an object of VBgm, both sheaves are locally free of the same rank. Thus

it suffices to show that the natural map

F*h.(&) - h.F*(E)

is surjective. As F is faithfully flat on the smooth locus of § ™ 1] the claim holds on the smooth
locus. Letx € § i") be of type (2,1,...,1). Then the restriction of F*h.(E) to x is naturally
isomorphic to H(Yy, Ey,) and the restriction of 4, F*(E) to x is H(Y;, F*(Ely,). The restriction

of the natural map to x is the map
Fr HO(Y1,81) - HO(YI,F*SI)

which is surjective. O

By Theorem 2.2 of [Gie75], we have that every stratified bundle on P,l 1s trivial. Thus the above

results give us

Proposition 2.4.3. Assume char k # 2. Let (E;, ;) be a stratified bundle on S "l Then h.(E)) is

locally free Ogw-module for all i € N. Moreover the natural map

h*h*(&) - 8,‘

!By a result of Kunz, a ring R of characteristic p > 0 is regular if and only if the Frobenius endomorphism is
flat.
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is an isomorphism. Furthermore the natural map
F*h.(&) — h.F (&)

is an isomorphism over S i").

This allows us to define the pushforward of a stratified bundle (&;, ;) on S¥. The pushfor-
ward denoted 4.(&;, ;) is given by the sequence of vector bundles £.&; for all i € N and the

isomorphisms are given by the composite

i1 hi(a;)

FhiEi) =2 hF* 1) = h,(8)

where n : F*h, — h.F” is the natural transformation.

Thus we get a functor

he : S - S(S)

On the smooth locus S we have the isomorphisms

h((&i, ) @ (Fi, B)lgw = h (&, ai)lgm @ h(Fi, Bi)lgw

h(&i, @) @ (Fi, B)lgon = hi(Ei, ai)lgm & hu(Fi, Bi))lgm

which extend to S due to codimension reasons (as the complement of $% in § has codi-

mension > 2. Thus A, is additive tensor functor.

The following commutative diagram shows that 4*h.(&E;, @;) is isomorphic to (&;, @;) as stratified
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bundles with the isomorphism given by the natural morphisms 4*h.&; — &;.

Yhs e, | hoh*a;

F*h*h.&iyy —————— W'F'h&E,y ———— W"hF'E,) ———— 'h.§;

F&iy — > F*Ei > &

Consider the pullback functor

p SIS — S

which takes values in the category of S,-equivariant stratified bundles on S”. Also we have the

extension functor

Ju S8 = S8

which is an equivalence of categories, due to codimension reasons. Composing these functors

together, we get a functor

T:SES"™ - S

given by

T=j.,0op"oh,oi"

Clearly T is an additive tensor functor. Note that A, is fully faithful, p* : S(S i”)) — S(S87) is
fully faithful (as p : S — ™ is finite étale) and j. : S(S”) — S(§") is an equivalence of

categories (due to codimension reasons). Thus 7 is fully faithful.
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2.4.1 The homomorphism

Fix n distinct k-valued points x;, ..., x; € S(k). Let ¥ € S such that /(%) = p,(x,...,X,) =

7€ S™. Then the categories S(S") and S(S") are neutralized by the respective fiber functors

770 S(S™M) - Ve,

(Si,ai) P (&)

.....

,,,,,

which by the independence of basepoint property of S induces a functor of Tannakian categories

.....

and hence a morphisms of the associated fundamental group schemes

Fon8S" (x,...,x) — 7S i)
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Note that, by the product rule as mentioned in section[2.2.1] we have

TS, (x,...,x) =~ 1S, x)"

As

.....

takes stratified bundles on S to &,-equivariant stratified bundles on S” and a S,-equivariant
stratified bundles on S” corresponds to a S,-invariant representation of 792(S, x)", by 2.1.7, f

factors uniquely through

[ (S, X — 7S, 1)

2.5 Isomorphism of fundamental group schemes

In this section, we show that f is an isomorphism of affine group schemes. We begin by proving

a result about S,-equivariant stratified line bundles on S".

Proposition 2.5.1. Let (L;, a;) be a S,-equivariant stratified line bundles on S". Then there

exists a stratified line bundle (L;, B;) such that p*(L;, 5;) = (L, ;)

Proof. By Fogarty’s result mentioned above, for any &,-equivariant line bundle L; there exists

line bundle £; ~ p,L=" such that p*£; ~ L;. Pushing forward «; and taking S, invariants we get

i

the isomorphism

pul@)n

pe(F Li)™ —— pu(L)™

We show that the natural homomorphism
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F'(p(L)®") = (F'pu (L) = (0.F* (L))

is an isomorphism. Pulling back the morphism under p, we get the commutative diagram

P F ((o.Li)*") > p"((pF L))

F*L; — S F*L;

where the vertical morphisms are the natural morphisms, which are isomorphisms by Fogarty’s

theorem. By pushing forward the top isomorphism under p and taking S, invariants we get that

F*(p.(L)®") = (0. F*(L)*")

is an isomorphism. We define S; to be the composite isomorphism

P (a[)en

F*(p(L)®") = (0. F*(L)*") —— p(L)>

The commutative diagram also gives us that p*(L;, 8;) = (Li, @;) O

2.5.1 Faithfully flat

Next we show that the morphism f is faithfully flat

Proposition 2.5.2. The homomorphism

f w88, )y — 78S, 1ix)

is faithfully flat.
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Proof. By [[DM82] Theorem 2.21], this is equivalent to showing that the functor

T:SES"™ - S

is fully faithful and the essential image of 7" is closed under taking subobjects. We already know
that 7 is fully faithful. Let & = (&;, ;) be a stratified bundle on S and F, := T(E,) be the
corresponding S,-equivariant stratified bundle on S”. If ¥/ C ¥, is a S,-equivariant stratified

subbundle, then we need to show there exists &, C &, such that T(E)) = F/.

The proof proceeds by induction on the rank of &,. If rank &, = 1, the proof is immediate. Let

rank &, > 2

Then the stratified bundles ¥, and ¥, correspond to the representations

7(S" (x,...,x) = 7S, X)4 — GL(V)

and

(S (x, ..., x) = 7S, X — GL(V')

respectively.

As 7¥2(S, x), is an abelian affine group scheme over k, all its irreducible representations are one
dimensional. Thus one gets that the 7%¢(S, x),,-module V/V’ has a one dimensional quotient W.
Thus there is a 7%2(S, x),,-module surjection V — W such that the kernel contains V. Let £, be
the S,-equivariant stratified bundle corresponding to W. Thus we have a short exact sequence

of S,-equivariant stratified bundles
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0K, -F.—-L.—0

where 7] C K.

By proposition 1 above, we know that L; := p*ﬁf" is a line bundle on S™ and p*L; = £L;

We claim that the following complex of sheaves on § ™ is exact for all i € N

2.1 0= (.F) = g0 = (0T |gm = (0. L) |gm — 0

It is enough to show that (0,77)%"|gm — (0.L;)>|sm is surjective. We note that (0.77)%|gm =

h.(& SL”J). Let C be the cokernel

h.(Eilgm) = (L) | = C =0

Pulling back under p, we get the following commutative diagram on S

P h(Eilgm) ———— p" (0. L)% |gm) > p'C > 0
Fi > Lilsn > 0
The rows are exact and hence pC = 0. As p is surjective, this implies C = 0. Thus

K; = (0.9G)%"|gw is locally free on § e

Pulling back the exact sequence (2.1)) under i, we get a short exact sequence of locally free

sheaves on S

O - h*Kl|S£’L] - 81|S£n] e Ll‘ng'l] — 0
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where L; := h*L,.

As the complement of S "l in S is of codimension > 2 and &, L are locally free, the surjective

morphism

Eilgin = Ll

extends to a unique morphism 7; : & — L;. This is surjective as L is of rank 1 and 7 := (1;) give

a nonzero morphism of stratified bundles

where L, := h*(p.(L.)%"). Let k, be the kernel of the morphism & — L,. Then T(x,) = k..
Thus, by the induction hypothesis on rank, there exists a stratified subbundle &€, C x, C &, such

that T(E) = F7.

2.5.2 Closed immersion

We begin by recalling a result from [PS20].

Letp e S™ be a point of type (n1,n,,...,n,). Let p}, fori = 1,2, ...m be the points in the fiber
h™'(p). Let A be the local ring Osw , and B be the semilocal ring Os» ®o,, A. Then Bis a finite

A module and B® = A.

Lemma 2.5.3. When char k > ny, any S,-equivariant surjective B-module homomorphism
f M — N of finitely generated B modules descends to surjective A-module homomorphism of

the S,-invariants M®» — N
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This allows us to prove the following analogue of Proposition 5.3.6 in [PS20].

Proposition. Let &, = (&;, a;) be a S,-equivariant stratified bundle on S"

1. Let p € S™ be a point of type (ny,na,...,n,). If char k > n,, then the sheafp*S?” is

locally free in a neighbourhood of p for all i.

2. Let U denote the largest open subset where p*S?" is locally free, then on p~'(U), the
natural morphism
pp.E7 - &
is an isomorphism for all i € N

Proof. The first assertion is proved by induction on the rank of &,. If &, is a S,-equivariant
stratified bundle of rank 1, then by proposition 1, p*8ie" is locally free on §™ for all i. In
general, as &, corresponds to a representation of the abelian group scheme 7¢(S, x),p, there

exists a S,-equivariant short exact sequence of locally free sheaves on §”

0->K.—8E - L -0

Pushing forward by p and taking &,-invariants we get the exact sequence for all i

0 — p(K)=" — p(&)* — p(L)>"

We claim that the homomorphism on the right is surjective in the neighbourhood of a point p
of type (ny,n,, ...,n,). Surjectivity can be checked after passing to a formal neighbourhood of
p and thus reduces to lemma By induction hypothesis on rank, both p(%;)°" and p(L£;)*

are locally free on a neighbourhood of p and hence so is p(&;)®".
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The second assertion follows from the observation that the natural homomorphism

ppET > &

is an isomorphism on p~!(S ™Y as as p S — S™ is finite étale. As the complement of S7
in p~!(U) is of codimension > 2 and both sheaves are locally free on p~!(U), thus the natural

morphism is an isomorphism. O

Proposition 2.5.4. Let char k > 3. The homomorphism
f (S, X)gp — 18(S™ 1ix)
is faithfully flat.
Proof. By [[DM82], Theorem 2.21], it is enough to show that the functor
T:8(5™) - 8™

is essentially surjective. Thus we want to show that for any ©,-equivariant stratified bundle &,

on S", there exists a stratified bundle #, on S such that T'(¥,) = &..

Let U be the open subset of S ™ consisting of points of type (1,1,...,1),(2,1,...,1),(3,1,...,1)
and (2,1,1,...,1). By assumption on characteristic of k and the previous proposition, we get

that p*Sl.e” is locally free on U. Also we have on p~!'(U), the natural morphism

p*p*S?H - 81

is an isomorphism. Imitating proposition 1 above, this allows us to define a stratified bundle

(p*Sf’", Bi) on U such that p*(p*Sf”, B:) = &,. Pulling back under 4 to h~!(U) (whose comple-
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ment in S ™ has codimension > 3) and extending to S, we get a stratified bundle ¥, such that

T(7:-) =&, o

As f is both faithfully flat and a closed immersion, we get the following theorem

Theorem 2.5.5. Let char k > 3. The homomorphism
f : ﬂ-alg(S’ -x)ab - ﬂ-alg(S [n]’ n~x)

is an isomorphism.

Remark. This theorem is analogous to the results in [|[Bea83], [BHI15] and [PS20] where the
authors compute the topological fundamental group, the etale fundamental group, the Nori
fundamental group scheme and the S-fundamental group scheme of the Hilbert scheme of n

pointson S.

Remark. If we considered the case of integrable connections on S™ when k = C, then the
Beauwville’s result computing the fundamental group of S, together with the Riemann-Hilbert
correspondence, shows that the category of integrable connections on S is tensor equivalent
to the representation category of n(S, X).,, where n(S, s) is the topological fundamental group

of S.

2.6 Relation with the etale fundamental group of S

The main theorem above allows us to compute the etale fundamental group of ™. We begin

by recalling the notion of connected components of an affine group scheme.

Let G be an affine group scheme and A = k[G] be its ring of co-ordinate functions. Let B be the
largest separable subalgebra of A. We denote Spec (B) by my(G). From [Watl2], section 6.7,
one notes that the Hopf algebra structure on A restricts to a Hopf algebra structure on B. Thus,

in this case, my(G) is also an affine group scheme and the canonical morphism
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G — mo(G)

is a morphism of affine group schemes. This satisfies an universal property that any morphism

from G to an étale group scheme H has a unique factorization as follows -

G—\)(H

-
-
L7 A
-
-
-

mo(G)

Recall that G,, denotes the abelianization of the group scheme G. The following lemma follows

directly from the universal properties of 7y(G) and Gyp.

Lemma 2.6.1. There is a canonical isomorphism

70(Gap) = 76(Gap

Next we recall a result of dos Santos.

Proposition ([dS07], Proposition 13). There is a natural quotient homomorphism of group
schemes

w s T8 (X, x) — 71X, x)
which identifies mo(n*¢(X, x)) with n®(X, x).

Here 7°'(X, x) is considered as a constant group scheme.
This allows us to recover the computation of the étale fundamental group of S as in [BH135].

Proposition 2.6.2. Let S be a smooth projective surface over an algebraically closed field of

characteristic p > 3 and x € S (k). Then we have a canonical isomorphism

7S, X)ap — 7(S™, 1ix)
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Chapter 3

Criterion for rationality of moduli of

chains

3.1 Introduction

Let X be a compact Riemann surface of genus > 2. A chainon X isatuple (Ey,...,E;;¢1,...,0,)
where E; are vector bundles on X and ¢, : E; — E;_; are morphisms between vector bundles.
In [ACGPO1], a concept of stability dependent on n real parameters was introduced (for the
definition see section [3.2.2). For § € R"*! and type ¢, Schmitt constructed the moduli space of
6-stable chains of type 7 denoted Mj(z), as a smooth quasi-projective variety via GIT in [SchO3].
In [ACGPSO06] the extensions and deformations of chains and the variation of the moduli spaces

with respect to the stability parameters were studied.

The study of chains began with the study of solutions to gauge-theoretic equations on X called
vortex equations which are obtained by dimensional reduction of the Hermitian-Einstein equa-
tions in 4 dimensions (see, for instance, [ACGPO1] and [ACGPO3]). Moduli of chains also arise

in the study of moduli spaces of representations of the fundamental group of X. It was shown
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that these moduli spaces are diffeomorphic to moduli spaces of semistable Higgs bundles on X
with fixed invariants n and d denoted H,",. There is a natural G,-action on the moduli space
H,",. The fixed loci for this action on H,*, are moduli spaces of chains that are semistable with
respect to certain stability parameters. This observation has been used to study the topology
of the moduli space by several authors (for instance, in [BGPGO03]]). Recently, this relation be-
tween H;*; and the moduli spaces of §-semistable chains on X has allowed the computation of

the motive of H,js ', in [GPHS14] and [HL21].

In this chapter, we establish a sufficient criteria for the rationality of the moduli spaces of chains
M;(r, L), which are stable with respect to a parameter 6. We begin by recalling some prelimi-
naries on projective bundles. Then we revisit the definition and properties of the moduli space
of f-stable chains of a fixed type ¢ - we will consider both the fixed degree and the fixed de-
terminant variants of these spaces. Of particular importance is the result in [BGPGH18] which
establishes necessary and sufficient conditions for the non-emptiness and irreducibility of the
moduli stack M}(?) and the coarse moduli space M;(7). These conditions allow us to establish

our criterion in the sequel.

Then we study the related moduli space of chains of type t whose components are stable vector
bundles and morphisms are non-zero. We denote this moduli space by N°(¥). Under certain
assumptions on ¢, one can show that N°(¢) can be explicitly described as an iterated projective
bundle over the product of moduli spaces of stable vector bundles []:_, M*(r;, d;). This is done

in section 3.

In the final section, we derive the above-mentioned criterion for the rationality of M;(r, L) in
the case when n = (n,n,...,n), di-y —d; > 0 for all i and any stability parameter 6 satisfying

6;—0,_; > d,'_l — d,‘ for all 7.
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3.2 Preliminaries

3.2.1 Preliminaries on projective bundles and rationality results

In this section we recall the definition of P"-bundles on a variety X.

Definition 3.2.1. A morphism f : X — Y is said to be a P"-bundle if f is flat, proper and the

scheme theoretic fiber f~'(y) ~ P" forally € Y

One way of constructing P" bundles over X is to take projectivizations P(&E) of locally free

sheaves & of rank nn + 1.

It is well-known that given a P" bundles f : X — Y and y € Y, there exists an etale neighbour-
hood p : V — Y of y such that V Xy X =~ V X P". In other words, any P"-bundle is étale locally

trivial.

In particular, there exist examples of P"-bundles which are not Zariski-locally trivial. It is easy
to show that the Zariski-locally trivial P"-bundles are exactly the projectivized vector bundles

P&).
Of particular interest to us is the following well known result.
Proposition. On a smooth rational variety X, any P"-bundle is Zariski locally trivial.

Remark 3.2.2. An easy but useful observation is that for any P"-bundle X — Y with Y irre-
ducible and rational, X is also rational. This follows from the Zariski-local triviality of X — Y.
Say U is a trivializing open subset of Y, then Xy ~ U X P". By shrinking U if necessary, we can

identify U with an open subset of P, which gives rationality of X.

3.2.2 Preliminaries on chains

For the convenience of the reader, we recall the definition of chains, the notion of their stability,

and state some known results of their moduli spaces.
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Chains: Let X be a compact Riemann surface of genus > 2. A (n + 1)—chain over X is a

following diagram

(E., ¢0) : En ¢_"> En—l E) E2 E) El ﬂ) EO’
where E; are vector bundle on X and ¢; are morphism of vector bundles, for eachi = 0,...,n

and j = 1,...,n. If (E., ¢.) and (E., ¢,) are two holomorhic chains over X then a morphism from

.....

.....

isomorphism (E,, ¢,) to (E,, ¢,). A subchain of (E,, ¢,) is another chain (E,, ¢,) such that E” is
a subbundle of E;, ¢(E;.) C E;._l and ¢;. is the restriction of ¢;, for each i = 0, ...,n and for all

j=1,..,n.If Eis a vector bundle on X, we write rk E for its rank and deg(E) for its degree.

.....

(E., ¢.), we define the 6-degree as

degy(E., ¢) = ) (deg(E)) + 0 1k Ey),

i=0

and rtk E,, ¢ = X 1K E;.

The real number

degH(EO H ¢0)

Ho(Ee, o) = K Eod

is called the 6-slope of (E,, ¢.).
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A chain (E,, ¢,) is called 6-semistable (respectively, 6-stable) if

Ho(Fo,¥00) < po(Ee, )  (respectively, uo(Feo, o) < pg(E,, Po)

for every non-trivial proper subchain (F,,.) of (E,., ¢,). We say that a chain is 6-polystable if

it is f-semistable, and is isomorphic to the direct sum of a finite family of 6-stable chains.

For a chain (E.,@.), its type t((E.,$.)) is the pair ((rk(E))), (deg(E;))). For a fixed weight
6 € R and a type t = (r,d) € N"*! x Z"*!, we denote M;(r) the moduli space of 6-stable
chains of type z. The dimension of the moduli space M;(¢) at a smooth point (E,, ¢,) is given by

(- Xior? = XL riric) + Y (ridioy — riid;) + 1 (see [ACGPS06], Theorem 3.8).

Conditions for smoothness and irreducibility of M;(z) We recall from [ACGPS06] that a

sufficient condition for smoothness of the moduli space.

Theorem 3.2.3 (JACGPS06], Theorem 3.8). If 6; — 6.y > 2g — 2, forall i = 1, ...,n, then M(t)

is smooth.

Now, we recall the necessary and sufficient conditions for irreducibility and non-emptiness
of the moduli space from [BGPGHI18]. For a chain (E., ¢.), we define the following natural

subchains which we call the standard subchains of (E,, ¢.).

ey

E*: 0- .50 E—..—E,

for0 <k < n.

2)

E:’[k’j] . En—) e 4 Ej+1 - Ej =..= E]—> Ek—l - E(),

for 0 < k < j < nsuchthat r; < min{ry, ..., rj_1}.
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Dually the following quotient chains which we call the standard quotient chains.

3)
E'*: E,—» . > E—0—..—0,
forO <k <n.
“4)
E/I: E,— ..—>Ej— E =..=E— E_, — E,
for 0 < k < j < nsuch that ry < min{rii,...,rj}.

Let us recall the necessary conditions for the existence of #-semistable chains of type t = (r, d).

Cy : For all i such that r; = r;_;, we have

dl' < di—l-

C,: Forall 0 < k < n, we have

po(EZ) < pto((Ee, $0)).

C, : Forall 0 < k < j < nsuchthat n; < min{n,...,n;_1}, we have

po(EZSY < (., ¢4).

C; : Forall 0 <k < j < nsuch that ny < min{ny,,, ...,n;}, we have

po(EVYY > g((E., ¢4)).
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For (r, d) satisfying condition Cy, we define
Stability? := {6 € R" : 0 > Oyiqe, and 0 satisfies Cy — Cs).

Remark 3.2.4. We are using abuse of notion in calling chains in (2) — (4) the natural subchains
as the canonical morphism from those chains to (E,, ¢.) need not be injective. In [BGPGHI§],
it was shown that semistable chains of type (r,d) can exist only if the slopes of the standard
subchains bounded above by that slope of (E,, ¢.). Thus the conditions Cy — C3 depend only on

the types and the weights of the chains.

Theorem 3.2.5 (BGPGH18], Theorem 3.2). Assume that g > 1. Let t = (r,d) € N1 x Z"*!
and 6 € R’;emggs. Then the moduli stack Mi(1) is irreducible and non-empty if and only if (r,d)

satisfy condition Cy and 0 € Stabilityg.
Remark 3.2.6. For the case of constant rank i.e when r = (1,1, ..., r), the conditions C, and C;

are vacuous.

We conclude this section by recalling the definition of a non-critical stability parameter 6. 6
is said to be non-critical for type ¢ if there exists no properly 6-semistable chains of type z, or
equivalently, all 8-semistable chains of type ¢ are 6-stable. In the rest of the paper, we assume 6

is always non-critical.

3.3 Moduli spaces of chains with stable components

Let X be a compact Riemann surface of genus > 2. We fix 8 = (6p,...,6,) € R"! and t =

(rgy evvs 3 do, ..., dy,) such that r; > 2.

For clarity we recall our notation

o M*(r,d) denoted the moduli stack of #-semistable chains of type t = (r, d).

o M%(r, d) denoted the coarse moduli space of #-semistable chains of type ¢ = (r, d).
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In what follows we will also consider the fixed determinant analogues of these spaces. Let L be

a r + 1-tuple of line bundles on X. Then we define
o M?55(r, L) denoted the moduli stack of §-semistable chains of type t = (r, L).
o M%(r, L) denoted the coarse moduli space of §-semistable chains of type t = (r, L).

Here by saying that a chain (Ey, ..., E,; ¢1,...,¢,) has type t = (r, L) we mean the component

vector bundles E; has rank r; and determinant L;.

We begin with the following useful observation about chains whose component vector bundles

are stable.

Lemma 3.3.1. Let C = (Ey,..., E,; ¢y, ..., 0,) and C' = (Ey, ..., E;; 1, ..., ¥,) be two chains of
type t. Assume that each E; is stable. Then, C is isomorphic to C’ if and only if there exists

A; € C* such that ; = 4;¢; foralli =1, ...,n.

Proof. This follows from the observation that the automorphism group Aut(E;) is isomorphic

to C*, foreachi =0, ..., n as E; are stable. O

We also recall the following well-known fact about the non-vanishing of the vector bundle

morphisms in a #-stable chain.

Lemma 3.3.2. If C = (Ey, ..., Ey; &1, ..., $,) is a O-stable chain of type t then ¢; + 0 for all

i=1,..,n

Proof. Suppose that C is a #-stable chain of type ¢. If there exists j such that ¢; = 0, then the
quotient C/C; = (0,...,0,Ej, ..., Ey;0,...,¢j41, ..., ¢,) 15 also a subchain of C, and py(C/C;) <
Hg(C). Since C is #-stable, we have uy(C) < up(C/C;). This is absurd. Hence, the result follows.

O

Now we recall the definition of the projective Picard bundle PW (see for example [BBPNO9])

which is a PV-bundle defined over the open subset of the fixed determinant moduli space
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M*(r, L) consisting of vector bundles E such that H'(X, E) = 0. The fiber of P'W over any

point E is P(H’(X, E)) .

Let us fix n+ 1 line bundles L; such that d; = deg L;. If we assume r;d;_y —ri_1d; > ri_1ri(2g —2),
then the projective Picard bundle PW); is defined over the whole of M*(r;_yr;, fof;' ® L?_r"’l)

(refer to [BBPNQ9] for details).
Consider the morphisms (for 1 <i < n)
pi s M*(ro, Ly) X ... X M*(r,y, L)) = M*(rieyr, LY, @ LY™)

i-1

(E(), ...,En) [ d Ei—l ® El*

By construction, the fiber of the fiber product  := []._, ; over a point (Ey, ..., E,,) in M*(ry, Ly)X
o X M*(r,, L) is the product []%, P(Hom(E;, E;_;)). By lemma the iterated projective

bundle # parametrizes chains of type ¢ with each component E; stable.

Let N°(r, L) be the moduli space of chains (Ey, ..., E,; ¢1, ..., ¢,) of type (r, L) such that each
underlying vector bundle E; is stable and each ¢; # 0. When r;d;_; — r;_1d; > ri_yr;(2g — 2) for

all i, the forgetful morphism

N*(r,L) = M*(ro, L) X ... X M*(ry, L)

allows us to identify N*(r, L) with an iterated projective bundle over M*(ry, Ly) X ... X M*(r,,, L,,).

The above observations can be summarized in the following proposition.

Proposition 3.3.3. Let t = (ro,...,1; Lo, ..., L,) and d; = deg(L;) Assume ridi_y — ri-1d; >
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ri_1ri(2g — 2) for all 1 <i < n. Then we have an isomorphism over M*(ry, L) X ... X M*(r,,, L,)
N(r,L) =P

Remark 3.3.4. The analogue of this proposition also holds for the fixed degree variant N°(r, d)
of the moduli space. This will be used in the next section. It is also easy to see that the dimension

of N*(r, d) agrees with the dimension of M(r, d).

Remark 3.3.5. By a theorem of Hirschowitz and Russo-Teixidor (see [[Hof10], Theorem A.10),
one can show that under the weaker assumption that rid;_y — ri_1d; > riri(g — 1) for all i,
N*(r, L) is birational to a P"-bundle defined over an open subset of M*(ry, Ly) X ... X M*(r,, Ly,).

However for our purpose, we will work with the stronger assumptions.

Remark 3.3.6. If (r;,d;) = 1 for all i, then M*(r;, L;) are rational smooth projective varieties,
by [KS99|]. Thus, in this case, P; is Zariski locally trivial on M*(ry, L) X ... X M*(r,, L,) which

shows that P; is rational. Iterating we get that, under the coprimality assumptions, P is rational.

Let N;(r,d) € M(r,d) be the open subset of the moduli space of §-stable chains (Ey, ..., E,; ¢1, ..., ¢,,)
of type (r, d) such that each underlying vector bundle E; is also stable. Lemma allows us

to identify N;(r, d) with an open subset of N°(r, d). Thus we have open immersions

N¥(r,d) <> Ny(r,d) — My(r,d)

As N°(r,d) and M}(r, d) are irreducible under our assumptions, we have the following proposi-
tion.

Proposition 3.3.7. Lett = (r,d) € N*"' x Z"*!' and 0 € RZGHW. Assume (r,d) satisfy rid;- —
rioid; > riri(2g — 2) for all 1 < i < n and condition Cy. Let 0 € Stability% and (r;,d;) = 1 for
all i. If Nj(t) is non-empty, then M}(t) is birational to N*(t).

Remark 3.3.8. We use the above propostion to derive a criteria for the rationality of the fixed

determinant moduli of chains i.e for M(r, L)
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3.4 Non-emptiness of N,(r, d)

In this section we establish the non-emptiness of N;(r,d) when r = (n,n,...,n),di.; —d; 2 0

for all i and any stability parameter 6 satisfying 6; — 6,_; > d;_; — d; for all i

We work with moduli stacks instead of coarse moduli spaces in this section. We begin by
recalling the definition and properties of the stack of Hecke correspondences and the moduli

stack of injective chains from [GPHS14] and [HL21].

3.4.1 The stack of Hecke correspondences

Let / € N and & be a family of rank »n and degree d vector bundles over X parametrized by an
algebraic stack 7, we define a category fibered in groupoids H eckel8 s over Sch/k as follows.

For every S € Sch/k, the groupoid is defined as

F — § x X vector bundle
Heckeg,(S) =38 €T (S),¢: F — (gxidy)'E:
rk(F) =n,deg(F) =d - Lrk(¢) =n

Given a morphism f : §” — S in /k, a morphism over f from (g’, ¢’) € ﬁeckefs/,r(S "Yto (g, ¢9) €
ﬂeckeg/T(S) is a morphism a : g — go fin 7(S’) and an isomorphism (f X idx)*F = F

which fits into the diagram

(f Xidx)F — (f X idx)"(g X idx)"E

Nl mlN

F——— (g’ xidx)*E.

This stack H eckef3 /- 18 referred to as the stack of length / Hecke correspondences of &. There
is a natural morphism H eckeg ;7 — T which basechanges functorially in &/7". This shows that

the natural morphism is relatively representable, smooth and projective as when T is a scheme,
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H eckeé /7 1s representable by the Quot scheme

Quoty (&)

TxX,

which parametrizes families of quotients of & of rank 0 and degree /, which is smooth and pro-

jective over T. Thus H eckelg /- 1s an algebraic stack.

For 7~ = Bun, 4, and & = U the universal bundle of rank n and degree d on Bun, 4 X X, there is

a natural morphism

gr: Heckely,g,, , — Bun(n,d — ) x Coh(0.])

which sends (¥ — (g X idx)"U — Q) to (¥, Q). Here Coh(n, d) denotes the stack classifying

coherent sheaves of rank » and degree d on X.

This allows us to identify Heckel, /8un,, With an open substack of
Ext((n,d - 1),(0,1))

the stack classifying extensions ¥’ — F — F” of coherent sheaves with (rk(F"), deg(¥")) =
(n,d — 1) and (rk(F"),deg(¥")) = (n,d). We get the following commutative diagram

7—{‘IL(/Bun(n,d) A > @((I’l, d— l)’ (0, l))
8r 8r
Bun(n,d — 1) X Coh(0,1) < S Coh(n,d — 1) x Coh(0, 1)

It is known that gr : Ext((n,d —1), (0, 1)) = Coh(n,d —1) X Coh(0, ) is a vector bundle stack (see
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Corollary 3.2 in [GPHS14]). This allows us to conclude that gr : H eckefu (Bunyy Bun(n,d —
) X Coh(0.1) is smooth.

As X is a curve, Coh(n,d) is a smooth algebraic stack over k. Thus the forgetful morphism

Hecke!

U/ By Bun(n,d — 1) is a smooth morphism.

3.4.2 The stack of injective chains

For r = (ro,71,...,75) € N and d € Z**!, let Ch™(r,d) be the stack classifying chains
(Ey = E;_y — -+ — Ej) of rank r and degree d such that E; — E;_; is injective for all i. This
is an algebraic stack as it can be identified with an open substack of the algebraic stack Ch(r, d)
classifying all chains of rank r and degree d.

In the case when r = (n,n,...,n) for a fixed n € N and d;_; — d; > 0 for all i, Ch™(r, d) is
an iterated Hecke correspondence stack over Bun(n, dy). This is well known (see for example

Proposition 5.4 in [HL21]]). We recall the details for completeness.

Letr_ :=(n,...,n) and d_, := (dy, ...,d;). Let Chi;’f := Ch™(r_,,d_) and

<i’
U, - - - U,
<i <i

be the universal chain over Chisnf. There are forgetful morphisms

ChZ — Ch!

<i-1

which identifies Ch;“f with Hecke (U= /Ch™ ). This shows that the forgetful morphisms (for

<i-1 <i—1
0<i<y)
Ch™(r, d) — Bun(n;,d;)

are smooth as the same holds for the forgetful morphisms on the stack of Hecke correspon-
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dences. Thus Chisnf contains a dense open substack of chains (E; — E;_; — --- — Ej) where

each E; is a stable vector bundle.

In [GPHS14], proposition 6.9, the authors showed that for r = (n,n,...,n),d;_;y —d; > 0 for all

i and any stability parameter 6 satisfying 6, — 6,_; > d;_; — d;, we have that

Che>(r,d) c Ch™(r,d)

As the forgetful morphisms,

Ch™"(r,d) — Bun(n;, d;)

are smooth, we see that, in this case, ChQ‘“(f, d) contains a dense open substack of §-semistable

chains such that each vector bundle is stable.

Remark 3.4.1. This observation is used by the authors in [BGPGHI18] (Theorem 3.2) to show

non-emptiness of Ch®*(r, d) in above case.

Thus, under these assumptions on 7 and 8, N/(r, d) is non-empty, which gives us the following.

Theorem 3.4.2. Let t = (r,d) satisfy r = (n,n,...,n)and d;_y —d; > n(2g —2) for all i and 6 be
any stability parameter satisfying 0; — 6,1 > d;_y — d;. Then M(1) is birational to N°(t), which
is an iterated projective bundle over M*(n,dy) X ... X M*(n, d,).

Remark 3.4.3. We note that for n > 0, the assumptions in above proposition already imply
condition Cy and 0 > 0,,. Furthermore, for r = (n,n,...,n), C, is the only nontrivial condition

in theorem Thus above assumptions already give us non-emptiness and irreducibility of

M,(®).
The fixed determinant case

In what follows we assume that (n, d;) = 1 for all i.

To specialize to the fixed determinant case, we note that under the assumptions (n,d;) = 1, the

determinant morphism Bun(n, d;) — Pic%(X) is smooth. In particular the morphism
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Ch%(r,d) — Bun(n,d;) — Pic“(X)

is open. Thus for generic choice of L; (for all i), we get that the coarse moduli space N;(n, L) is

nonempty. Thus we have

N*(r,L) <> Ny(r,L) — My(r,L)

This allows us to formulate following rationality criterion.

Corollary 3.4.4. Let t = (r,d) satisfy

o di—d;>nQRg-2)foralli

e 0 be any stability parameter satisfying 6; — 6,y > d;_; — d;.

Then for generic choice of L, M%~%%(n, L) contains an irreducible component which is a rational

variety. In particular, the irreducibility of M®**(n, L) implies rationality of M®*(n, L).

Proof. Under above assumptions, N°(r, L) is rational as it is an iterated PV-bundle over a ra-
tional variety as in M It is also irreducible being a PY-bundle over an irreducible variety.
Thus the closure of Nj(r, L) in Mj(r, L) is a irreducible rational variety. By [3.3.4] the dimension
of this rational subvariety is the same as the dimension of Mj(r, L). Thus this is a non-empty

irreducible component in Mj(r, L). The second claim follows immediately. O

Remark 3.4.5. This further motivates the question if the analogue of the irreducibility result in

[BGPGH 8] holds for the fixed determinant case i.e for M*~>5(n, L).
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