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Summary

This thesis provides a study of problems related to the irreducibility and arithmetic properties of
certain families of polynomials. In particular, we emphasize generalized ¢-Laguarre polynomials and
discriminants of a special class of polynomials. We use some classical analytic methods to approach

these problems. The work is divided into two parts.

In the first part we establish some results on the irreducibility of generalized ¢-Laguerre polynomi-
als. The principal tools we applied here are the notion of ¢-Newton polygon introduced by @. Ore [68]
and a generalized version of a lemma of M. Filaseta [19], together with some fundamental results from

analytic number theory and the theory of Diophantine equations.

The second part of the thesis is based on a quantitative estimate in terms of degree and coefficients
for the number of distinct squarefree parts of discriminants of the monic irreducible polynomials
t"+c(at®+b)™ € Z[t] of degree n. We study these problems in this part and obtain lower bounds for such
quantities, using the square sieve method of D. R. Heath-Brown [28]. Furthermore, assuming the abc-
conjecture for number fields, we derive a lower bound for the number of polynomials " + c(at* 4+ b)™ €

Z]t] that are monogenic with non-squarefree discriminants or have Galois group S,,.

Finally, we conclude the thesis by posing some open problems related to the topics discussed above.
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Notations

Throughout this thesis, we use the following symbols:

e N : The set of natural numbers.

e Z : The set of rational integers.

e Z~ : The set of negative rational integers.

Q : The set of rational numbers.

e R : The set of real numbers.

e C : The set of complex numbers.

Z[z] : The ring of polynomials with integer coefficients.

Q[z] : The ring of polynomials with rational coefficients.

deg(p) : The degree of a polynomial p(z).

(a,b) or ged(a, b): The greatest common divisor of integers a and b.

o f(z) < g(x)or f(z) = O(g(z)) : There exists a constant C' > 0 such that |f(z)| < C'|g(z)| for

all sufficiently large x.

il



o f(z) <. g(z) or f(z) = O(g(x)) : Same as above but the implied constant C' may depend on

the parameter ¢.

d(r) : The number of divisors of 7.

©(r) : Euler’s totient function.

e [G: H|: The index of a subgroup H in a group G.

v



Chapter 0

Introduction

This thesis is concerned with two important topics in number theory:

(i) Irreducibility of generalized ¢-Laguerre polynomials.

(ii) On distinct square-free parts of the discriminants of a special class of polynomials.

The first part (i) primarily deals with results related to the irreducibility of the generalized ¢-
Laguerre polynomials Lfi’a(x) over Q, depending on the degree n and the number «. This topic will
be discussed in Chapter 1 of this thesis. The later part (ii) involves results on lower bounds for the
number of distinct squarefree parts of discriminants of the polynomial " + c(atf + b)™ € Z[t], and
as an application, we obtain some results in monogenity and Galois group under abc-conjecture. This
topic will be covered in Chapters 2 and 3 of this thesis. Both parts are based on joint work with Anuj

Jakhar and Srinivas Kotyada (see the list of publications (i), (ii), (iii), (iv), and (v)).

In the following sections, we will briefly introduce these topics and our work in a chapter wise

manner.



0.1 Partl

Generalized ¢- Laguerre Polynomials and Their Irreducibility (over Rationals)

Laguerre polynomials, which originally arise in mathematical physics and special function theory,
also exhibit rich arithmetic properties. E. Laguerre introduced these polynomials in the late 19th

century. The generalized Laguerre polynomials L, ,(x) are defined as follows,

Lna@) =3 (n+a)(n+a— 1)...(j+1+a)(_x)j7

where « is an arbitrary real number. L, ,(x) are the solutions of the second order differential

equation
2

d*y dy
.I@“‘(a‘i‘l —.’I)% +ny:0? y:ana(x)'

L, o(z) (i-e., when a = 0) is known as classical Laguerre polynomial. The research problems on the
topics of generalized Laguerre polynomials, in the context of number theory can be broadly classified

into two themes:

A (Irreducibility). For a rational number «, what are the values of degree n of L,, ,(z) for which

L, o(z) is irreducible over Q.

B (Galois group). Once the irreducibility is satisfactorily ascertained, find the Galois groups

over Q associated with the polynomials L, ,(x).

In a series of papers [73-76], I. Schur established the irreducibility and computed the associated
Galois group of L, o(z), Ly1(z) and L, _,—1(x). In Chapter 1, we shall address theme A for the
generalized ¢- Laguerre polynomials via the method of ¢p-Newton polygon. The generalized ¢- Laguerre

polynomials and ¢-Newton polygon are defined below.

Let f(z) = apz"™ + ap_12" ' + -+ + ag € Z[z] be a polynomial such that aga, # 0. For a prime p,
the Newton polygon of f with respect to p is defined as the lower convex hull of the set of points S in

R? given below :



S = {(O’ Up(an))> (17Up(an - 1))’ T ((.]7 Up(an - j))v T (n’vp<a0))}a

where v, denotes the usual p-adic valuation.

First, Coleman [12] and later Filaseta [19] re-established the results of Schur by invoking the main
theorem of Dumas [13] on Newton polygon. The concept of the Newton polygon was further generalized
to the ¢-Newton polygon by replacing the variable x with an arbitrary monic polynomial ¢(x) € Z[x].
This generalization was due to Ore [68]. Denote by v, the Gaussian valuation extending v, defined on
the polynomial ring Z[z] by

vr () bia') = min{v,(b;)}, b; € Z.

¢-Newton polygon: Let p be a prime number and ¢(x) € Z[z] be a monic polynomial. Let f(x)
belonging to Z[z] be a polynomial having ¢-expansion > . b;(x)¢(x)" with by(z)b,(z) # 0. Let P
stand for the point in the plane having coordinates (i, vy (b,—i(x))) when b, ;(z) # 0, 0 < i < n. Let
p;; denote the slope of the line joining the points P; and P; if b,,_;(x)b,—;(x) # 0. Let i; be the largest

index 0 < 71 < n such that

fioi, = minfyu; [ 0 <j <n, by_;(x) # 0}.
If 71 < n, let iy be the largest index 7; < 75 < n such that

Mivi, = min{p;,; | i1 < j <n, b,—;j(x) # 0}

and so on. The ¢-Newton polygon of f(z) with respect to p is the polygonal path having segments
POBU -Pil-Pig; RN TR with lk = n.

Now let us define generalized ¢- Laguerre polynomial.

Generalized ¢- Laguerre polynomial: For any ¢(z) € Z[X]| and a € R, we define generalized

¢-Laguerre polynomial by



Ly o7) = — (an($)¢($)” + z_: bjaj($)¢(x)j>

where b; = (?) [T +a)for0<j<n-—1,and a;(z) € Z|X] with deg a; <deg ¢.
i=j+1

Making use of ¢-Newton polygon along with the prime number theorem in arithmetic progression

(for our Theorem 0.1.1) and Catalan’s conjecture (or Mihailescu’s theorem) (for our Theorem 0.1.2),

we prove the following theorems in Chapter 1 :

Let @ € Q\ Z be fixed such that a = % with ged(u,v) = 1, v > 0. Let ¢(x) belonging to Z[z]
be a monic polynomial which is irreducible modulo all the primes less than or equal to vn + |u| and
a, = a,(z) be a constant polynomial. Also assume that the content of (a,a¢(z)) is not divisible by

any prime less than or equal to vn + |u|. Then under these conditions, we have :

Theorem 0.1.1. The polynomials Lﬁfja(x) are irreducible over Q for all but finitely many positive

integers n.

Theorem 0.1.2. The polynomials ij,a(:lr) are irreducible over Q for a € {0, 1,2, 3,4} unless (n,«) €

{(1,0),(2,2),(4,4),(6,4)}.

We will now provide brief details of the remaining chapters.

0.2 Part II

Distinct Square-free Parts of Discriminants of t" + c(at® + b)™

An integer n is called squarefree, if no square of a prime number divides n. Any integer n can
be written as n = sr?, where s is a square-free integer and r € Z. The integer s will be called the
squarefree part of n. In analytic number theory, it is often interesting to find how many squarefree
integers are there in a certain sequence of integers. Along this line we may propose the following

question :



o If f:Z" — Zis any integer valued function, then what is the number (asymptotically) of distinct

squarefree parts (i.e., s) in a sequence of values of f.

We investigate this question for the values taken by the discriminant of the monic irreducible
polynomial t" + c(at* + b)™ € Z[t] of degree n with ged(n, k) = 1. The discriminant of this polynomial

is given by (see [36]),

An,m,k(aa b, C) — (_1)(g)bm(n+k—1)—ncn—1 [nnbn—mk + (_1)n+mk+k+1anck(mk)mk(n . mk)n—mk:} ]

when n > 3, the term y™("HF=D=ncn=1 wil] not be squarefree. Therefore it is natural to calculate

the number of distinct square-free parts of the integer values taken by

Trmi(a,b,c) = n™b" ™k 4 (= 1) ML gk ()™ (n — mk)"

In Chapter 2, this problem has been carried out for two different cases :

(¢) Determine the number of tuples (a, b, ¢) for which T}, ,, x(a, b, ¢) has distinct squarefree parts, where

n and m are fixed odd integers and k = 1.

(77) Determine the number of integers n for which 7}, ,, x(a, b, ¢) has distinct squarefree parts, where a,

b, ¢, k, and m are fixed.

To be precise, we provide only the lower bounds of such numbers. We use square sieve of Heath-
Brown [28] as the main tool to approach this problem. We now proceed to state the main results of

Chapter 2 according to the cases (i) and (ii).
Case (7):
In this case, let us denote A, ,,(a,b, ¢) := T}, m.1(a, b, ¢). For a fixed square-free integer s and positive

>



real numbers A, B,C, D, E, F, let

Lom(A,B,C,D,E,F;s):={(a,bc) € [D,D+A] x [E,E+ B]x [F,F+ (]

Ay m(a,b,c) = sr?, for some integer r}.

The following theorem provides an estimate for the number of (a, b, ¢) in [D, D+ A] X [E, E+ B] x

[F, F' + C] such that A, ,,(a,b,c) = sr? for a fixed square-free integer s.

Theorem 0.2.1. For sufficiently large positive real numbers A, B, C and some non-negative real

numbers D, E, F', and for a fixed squarefree number s, as well as for odd integers n and m, we have

|Lom(A, B,C, D, E, F;s)| <(ABC)5 (log(ABC)) + (AB + BC + CA)(log(ABC))?

3 14 log(ABCDEF) :
(log(ABC)) (10g10g(ABC'DEF))

+ (ABC)

The above bound is uniform in s. Therefore observe that from Theorem 0.2.1, the number of

distinct squarefree s such that A, ,,(a,b,c) = sr? for some integer 7 is > Typc, where

T (ABC)'/? A B C
APCT T (og(ABC))T5” (log(ABC))®” (log(ABC))*” (log(ABC))*

(ABC)?5  (loglog(ABCDEF)\?
(log(ABC))14/5< log(ABCDEF) ) '

Case (i1):

Since in this case a, b, ¢,k and m are fixed, so let us denote D(n) := T}, x(a, b, c).

Theorem 0.2.2. For a squarefree integer s and sufficiently large N > 2, we have

[{n € [1,N] | D(n) = sr® for some integer r # 1}| < Nite

for any arbitrary € > 0.



Therefore we have the following consequence :

Corollary 0.2.3. For sufficiently large NV and any arbitrary € > 0, we have

[{n € [1,N] | D(n) has distinct squarefree parts}| > Nie.

In Chapter 3, we show some applications of abc-conjecture on counting square-free values of 1), ., . (a, b, ¢).

Under the abc-conjecture on number fields, we give lower bounds of the number of polynomials

t" + c(at® + b)™ € Z[t], where k > 2 and degree n > mk + 1 is fixed such that :
(I) It is monogenic for the cases b =1 and m = 1.
(IT) It has Galois group S, when the degree is n = p, for any prime number p.

The above two cases are studied independently. However, these results give an infinite class of
monogenic polynomials t" + c(at* +b)™ € Z[t] having Galois group S,, under abc-conjecture on number

fields.

Monogenic polynomials: Let K be a number field and O be the ring of integers. Let K = Q(#),
where # has a minimal polynomial f(z) of degree n over the field Q of rationals. Let Dy and dx denote
the discriminant of f(x) and the discriminant of the number field K, respectively. It is well known

that Dy and dg are related by the following formula:
(0.2.1) Dy =[Ok : Z[0]] d-

From Equation (0.2.1), if Dy = dg, then Og = Z[0], which means that the set {1,0,---,0" "'} forms

an integral basis of K. In this case, we say that the polynomial f(z) is monogenic.

In 1998, A. Granville [23] made a connection between abc-conjecture and squarefree values of
polynomials, which is known to be true unconditionally for polynomials of degrees 2 and 3. Later, H.
Pasten [70] made use of abc-conjecture on number fields to give an asymptotic formula for square-free

values of polynomials at prime arguments. To count polynomials t" + c(at® + b)™ € Z[t], which are

7



monogenic or have Galois group 5, , we will make use of abc-conjecture for number fields. We have

used Pasten’s result in the form given by L. Jones and D. White [44] to prove the following results :

Denote by S the following set,
S:={(a,b.c) | A< |a| <24, B< |o| <2B, C < || <2C}.

Theorem 0.2.4. For sufficiently large C', we have

AB
(0.2.2) ‘{(a,b, c) €S| cand Ty mi(a,b,c) are square—free}| > ool gg’
o

provided k < 3. Moreover, for k > 4, (0.2.2) holds under the abc-conjecture on number fields.

Consider the following sets
Nomi(A,C) = {(lal, |c|) € [4,24] x [C,2C] | ged(n, k) = 1, t" + c(at* +1)™ is monogenic},

Nouil(A, B, C) :={(lal, |b], |c|]) € [A,24] x B, 2B] x[C,2C] | ged(n, k) = 1, t"+act*+bc is monogenic},
and

Ns, (A, B,C) = {(la],b],]c]) € [A,24] x [B,2B] x [C,2C] | ged(q,k) = 1, and t7 4 c(at® +
b)™ has Galois group S,}.

Theorem 0.2.5. For all sufficiently large C', we have

AC

provided k£ < 3. Furthermore, (0.2.3) holds for k£ > 4 under the abc-conjecture on number fields.

Theorem 0.2.6. For all sufficiently large C' , we have

ABC
(0.2.4) (Nok(4, B,C)| > Tog O



provided k£ < 3. Furthermore, (0.2.4) holds for k£ > 4 under the abc-conjecture on number fields.

Theorem 0.2.7. For all sufficiently large C' and any prime number ¢, we have

ABC

(0.2.5) Vs, (A, B,C)| > g O

provided k£ < 3. Furthermore, (0.2.5) holds for k£ > 4 under the abc-conjecture on number fields.

In this chapter, we also show that if n (> 3), m, and k are fixed odd integers, then there exists a

positive portion of tuples (a, b, ¢) for which T}, ,, x(a, b, ¢) is squarefree under abe-conjecture.

For sufficiently large positive real numbers A, B, and C, let D(A, B,C) denote the number of

square-free integers d that have at least one solution to

(0.2.6) d="T,mr(a,b,c), where (a,b,c) € S and ged(nb, acmk(n —mk)) = 1.

By estimating a mean lower bound and mean-square upper bound of a certain sum and using the

Cauchy-Schwarz inequality, we derived the following theorem.

Theorem 0.2.8. Let A, B, and C be sufficiently large positive real numbers such that B > (AC)'*°
for some fixed 6 > 0, and let n (> 3), m, and k be odd integers. If we assume the truth of the

abc-conjecture, then

D(A,B,C) > ABC.

The implied constant may depend upon n, m, and k.
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Chapter 1

Newton Polygon and Irreducibility

1.1 Introduction

The study of irreducibility of polynomials is an important area of research in algebra and number
theory. A polynomial is said to be irreducible over a given field or ring if it cannot be factored into
two non-constant polynomials with coefficients in that field or ring. Like prime numbers in rational
integers or prime ideals in the ring of integers, irreducible polynomials play a fundamental role in
polynomial rings. In the middle of the nineteenth century, Eisenstein provided a classical tool to check
the irreducibility of a polynomial over Q by examining the prime factorization of the coefficients of
the polynomial in the ring Z[X] (known as the Schonemann-Eisenstein criteria). In a sequence of
successive papers [73-76], I. Schur established the irreducibility and computed the associated Galois

group of the truncated exponential in Q[X] of the form

Xn Xn—l
U~ + Gy A+ a1 X + ag.
n! (n—11)
Here ag, ay, - - ,a, are rational integers with |a,| = |ag| = 1.

He proved this result by considering the prime ideal factorization of the principal ideal generated by

11



the coefficients of the polynomial f(z) in the field generated by a suitable root of f(z), where
=0

G. Dumas [13] introduced the concept of the Newton polygon for the product of two polynomials at
the beginning of the twentieth century. It is considered one of the major tools to provide irreducibility
criteria for a major class of polynomials. It is worth mentioning that Schur did not utilize the work of

Dumas [13] on Newton polygon, which was already known at that time.

Almost 58 years later, R. F. Coleman [12] reproved the result of Schur by making use of the
Newton polygon for a,, = a,_1 = --- = a9 = 1. Later in 1995, while proving the Grosswald conjecture
on the irreducibility of Bessel polynomials, M. Filaseta [19] re-established Schur’s theorem regarding
the irreducibility of truncated exponential polynomials using the work of Dumas, for ai,---,a, 1
arbitrary rational integers with a, = £1 and a9 = £1. When a; = (—1)/ (7]‘) for all j =0,--- ,n, the
truncated exponential is known as the classical Laguerre polynomial L,, o(z). The generalized Laguerre

polynomials are defined as follows:

n

nm+a)n+a—-1)---(j+1+a)

Ln,a(‘r) = <_x)j’

where « is an arbitrary real number. Also L, ,(x) satisfies the second order linear (hyper-geometric)

differential equation
2

d’y dy
x@+(a+1—x)£+ny20.

Schur showed that L, (z) is irreducible for all positive integers n and the associated Galois group
is A, (alternating group) if n > 1 is an odd integer or n + 1 is a square of an odd integer, and S,
(symmetric group), otherwise. Showing the irreducibility of generalized Laguerre polynomials is a
very interesting problem. This problem has been widely studied by several authors, corresponding

to various values of a. A brief history of the developments in this direction is in order. In 1995, F.

Hajir [24] showed that L, ,(x) are irreducible for a« = —n — 2. In 2002, Filaseta and Trifonov [20]
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showed the irreducibility of L,, o(z) for &« = —2n — 1, which in turn confirms a conjecture of Grosswald
on the irreducibility of Bessel polynomials. In the same year, Filaseta and Lam [21] proved that for
any fixed non-negative rational numbers «, there are finitely many L, ,(z) that are reducible, more
precisely there is an effectively computable N(a) such that L, ,(x) are irreducible for all n > N(«).
After that in 2004, [77] E. A. Sell showed the irreducibility of generalized Laguerre polynomials for
a = -—n—3. For « = —1 — n —r, Hajir and Wong [25] proved L, () is irreducible when 7 is large
with respect to n > 5. In this area, some recent studies have been conducted by S. Laishram, S. G.

Nair, and T. N. Shorey (cf. [52], [55], [65] and [66]).

Furthermore, we can extend this generalized Laguerre polynomial by changing the polynomial
variable = to ¢(z), for any ¢(x) € Z[X]. In chapter 1 of this thesis, we will address the irreducibility
over rational numbers of such extended Laguerre polynomials for some special values of o. For any

o(z) € Z|X] and o € R, we define generalized ¢-Laguerre polynomial by

L o(7) = il (an(ﬂi)(b(x)" + X_: bjaj(x)¢(x)j>

T onl

where b; = (?) [ G+a)for0<j<n-—1,and a;(x) € Z[X] with deg a; <deg ¢.

i=j+1
In this chapter, we shall prove the following theorems :
Let o € Q\ Z be fixed such that o = % with ged(u,v) = 1, v > 0. Let ¢(x) belonging to Z|x]
be a monic polynomial which is irreducible modulo all the primes less than or equal to vn + |u| and

a, = an(z) be a constant polynomial. Also assume that the content of (a,a¢(z)) is not divisible by

any prime less than or equal to vn + |u|. Then we have :

Theorem 1.1.1. The polynomials L%a(az) are irreducible over Q for all but finitely many positive

integers n.

Theorem 1.1.2. The polynomials LY, ,(x) are irreducible over Q for a € {0,1,2,3,4} unless (n,a) €
{(1,0),(2,2), (4,4), (6,4)}.
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The above Theorem 1.1.2 gives rise to a wide class of irreducible polynomials whose irreducibility
does not seem to follow from the known irreducibility criterion (cf. [6], [8], [34], [35], [39], [40], [49]
and [50]).

1.2 Valuation on a Field

Definition 1.2.1. A valuation on a field K is a function

v: K =T U{oc0},

where T' is a totally ordered abelian group (e.g., Z or R), satisfying the following properties for all

z,y € K:

1. v(x) = oo if and only if z = 0,

2. v(zy) = v(z) +v(y),

3. v(z +y) > min{v(z),v(y)}.

Examples.

1. Let K = Q. For any non-zero a € Q and a prime number p, we can always write

for some integers b, ¢ and m such that ged(p, be) = 1. Define a map v, : Q — ZU{oo} as v,(a) = m and
put v,(0) = co. The map v, satisfies the properties (1)-(3). It is called p-adic valuation of Q. Let |.|
denote the usual absolute value on Q. Then the map v, : Q = RU{oo} defined by vy (a) = —log|al, is
also a valuation on Q. It is called an Archimedean valuation of Q. The celebrated Ostrowski’s theorem
says that every valuation on Q is equivalent to a constant multiple of one of the standard valuations

discussed above.
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2. Let K be a number field (i.e., a finite extension of Q) and Ok be the ring of integers of K. Let p
be a maximal ideal of Of. For any non-zero element « in Ok, let v,(«) denote the highest power p in
the prime ideal factorization of aOk and v,(0) = co. Then clearly, v, satisfies the properties (1)-(3).

Since K is the field of fractions of Ok, hence v, gives rise to a valuation of K.

3. Let v be a valuation on a field K. Denote the set O = {z € K| v(z) > 0} (valuation ring)
and O* be its unit group. Let I' = K*/O*, then I is a totally ordered group under the order z mod
O* > ymod O* if x/y € O. The function w : K — I'U {oo} defined by w(0) = 0o, w(z) =  mod O,

is also a valuation on K. It is called a Krull valuation on the field K.

The following proposition provides an extension of a valuation v on K to a valuation on K(x).

Proposition 1.2.2. Let v : K — RU {oo} be a valuation on a field K and ¢ be any real number.

Suppose the map v, : K[z] — RU {oo} is defined by
5.3 bia') = min{o(b) + ic},
where b; € K. Then 0, gives rise to a valuation on the function field K (x) by the rule

v (g) — G.(f) — lg) when f,g € K[a]

The restriction on K of ¢, is v and also its value group is the subgroup of R, generated by v(K') and c.
Proof. See [71, Sec. 3.1] O

We now introduce the Newton polygon method as a tool to approach the irreducibility problem.

1.3 Newton Polygon (of a Polynomial in Z[z])

For a prime p, let v, denote the p-adic valuation (as defined in the example) of Q. Let

f(x) = apa" + ap_12" P+ -+ ag € Z[1]
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be a polynomial satisfying apa,, # 0. To each coefficient a,,_; of f, we associate a point (j,v,(a,—;)) in

the extended R? plane. Consider the edges of the lower convex hull of the set of points
S = {(07 vp(an))v (1’ Up(an—l))v T ((]a Up(an—j))v T (n> vp<a0))}'

More precisely, the edges of the convex hull satisfy the following properties:

e The left-most edge begins from the point (0, v,(a,)) and the right-most edge has (n,v,(ao)) as

an endpoint.

e The endpoints of each edge belong to the set S.

o If (4,v,(a;)) and (k, v,(a)) are two endpoints of an edge, then every point (j, v,(a;)) withi < j < k
lies on or above the line passing through (i,v,(a;)) and (k,v,(ax)).

The polygonal path formed by these edges is called Newton polygon (NP) of f with respect to
the prime p. By the construction of a Newton polygon, it is noticeable that slopes of the edges are

increasing from left to right.
Examples.

1. Consider the polynomial f(z) = 2z° + 325 + 8z* + 23 + 622 4+ 8x + 32. Then the Newton polygon
of f (with respect to 2) consists of 4 edges. The Left-most edge starts from (0,1) and ends at (1,0).
Other two edges are from (1,0) to (3,0) and from (3,0) to (4,1) respectively. The right-most edge

starts from (4,1) and ends at (6,5) with a lattice point (5, 3).

(2,3) 5,3)

(0.1)
N (1.0) 50)

NP of f(z) = 22° + 32° + 82" + 2° + 62% + 8x + 32 (with respect to 2).
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2. Let f(x) = 37_ga;2/ € Z[z] be an Eisenstein polynomial, which means there exists a prime
number p, such that v,(a,) = 0, v,(ag) = 1 and v,(a;) > 1 for alli = 1,--- ,n — 1. Then the Newton

polygon of f (with respect to p) is single edged of slope %, with endpoints (0,0) and (n,1).

(4,1)

(0,01

NP of an Eisenstein polynomial of degree 4.

Let f(z) and g(x) are two polynomial in Z[z]. The following result of G. Dumas [13] gives an idea

how to construct a Newton polygon of the product f(z)g(z) from the Newton polygon of f(x) and

g(z).

Lemma 1.3.1. (Dumas, 1906) Let f(x) and g(z) be two polynomial in Z[z| with non-zero constant
terms and p-adic valuation of the leading coefficient of f(z)g(z) is £. Then the Newton polygon of
f(z)g(z) with respect to p can be formed by constructing a polygonal path beginning from (0, ¢) and
using translates of the edges in the newton polygon of f(z) and g(x) with respect to p, using exactly
one translate for each of the Newton polygons for f(z) and g(x). Indeed, the translated edges are

translated in such a way as to form a polygonal path with the slopes of the edges increasing.

Example. Consider the polynomials f(x) = 2 + 622 + 8z + 18 and g(z) = 3z* + 1522 + 9z + 10.
The Newton polygon of f(x) = z3 + 62 + 8z + 18 with respect to 3 has 2 edges. The left-most edge
is from (0, 0) to (2,0), with slope 0. The right-most edge has endpoints (2,0) and (3,2), with slope 2.
The Newton polygon of g(x) = 3z* + 152% + 9z + 10 has a single edge with endpoints (0, 1) and (4, 0).
Its slope is —1/4. Then by Dumas, the Newton Polygon of the product f(x)g(z) can be constructed
by adjoining the edges of the Newton polygon of f(z) and g(x) one by one in their increasing order
of slopes. The Newton Polygon of the product f(x)g(x) consists of 3 edges (because of the 3 different

slopes of the edges of the Newton Polygons of f(x) and g(x)) starting from (0, 1).
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0,07 2.0)

NP of 2* + 62* + 8x + 18 (with respect to 3).

(3,2)

(1,2) By (7,2)
(0,1) ey G
(4,0) (6,0)

NP of (z* 4 62 + 8x + 18)(3z* + 152% + 9z + 10), (with respect to 3)
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We can prove Eisenstein criteria from Lemma 1.3.1. Let f(x) € Z[z] is an Eisenstein polyno-
mial with respect to a prime p. Suppose f(z) = g(z)h(x), for some two non-constant polynomials
g(x),h(x) € Z|[x], then by Lemma 1.3.1 the Newton polygon of f(x) must be translates of edges of
the Newton polygon of g(z) and h(z). Since the Newton polygon of f(x) with respect to p has single
edge, therefore that edge must have at least one lattice point other than the endpoints, which is not

possible. Hence f(z) must be irreducible.

A beautiful application of Dumas’ results was made by M. Filaseta in 1995 [19]. It concerns the

degree of the factors of a polynomial by looking at the slope of the rightmost edge of its Newton

polygon.

Lemma 1.3.2. (Filaseta, 1995) Let f(z) = 37 b;z’ be a polynomial in Z[z], k, and ¢ be integers
with £ > ¢ > 0. Suppose there exists a prime p such that v,(b,) = 0, v,(b;) > 1 for all j €
{O, oo n— 0+ 1)}, and the slope of the right-most edge of the Newton polygon of f(x) with
respect to p is < 1/k. Then for any integers ag,aq,: - ,a, with |ag] = |a,| = 1, the polynomial

g(x) = >y a;bjx’ cannot have a factor whose degree lies in the interval [£ + 1, k].

Proof. The condition |ag| = |a,| = 1, implies that the left and right-most endpoints of the Newton
polygon of g(z) with respect to p is same as the left and right-most endpoints of the Newton polygon
of f(x), respectively. Note that v,(a;b;) > v,(b;) for all j € {0,1,--,n}. Thus the Newton polygon
of g(x) lies exactly on or above the Newton polygon of f(z) with some common edges. Also since the
right-most endpoints of these Newton polygons are same, therefore the slope of the right-most edge of
the Newton polygon of g(x) is less than or equal to the slope of the right-most edge of Newton polygon
of f(z) which is < 1/k. Also v,(anb,) = 0, vy(a;b;) > 1 for all j € {0,1,--- ,n— (4 1)}. Hence,
without loss of generality, to prove the lemma, it is sufficient to show that f(z) cannot have a factor

with degree lies in the interval [¢ 4 1, k].

On the contrary, suppose there exist two polynomials u(x) and v(z) with integer coefficients such
that f(z) = u(x)v(z) and £ + 1 < deg(u) < k. Since the slopes of the edges of a Newton polygon
are in increasing order from left to right and v,(b,) = 0, therefore the left-most edge of the Newton

polygon of f(z) may have a zero slope. Let (a,b) and (¢, d) be two lattice points on an edge having a
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non-zero slope. By the condition of the lemma, we have

1 <|al—b|<1
lc—a|l = |c—al "k

This implies |¢ — a|] > k, which means z-coordinate of such lattices is separated by a distance greater
than k. Again deg(u) < k, this implies the translates of the edges of the Newton polygon of u(z) do not
lie within those edges of the Newton polygon of f(x) with non-zero slope. Therefore, the left-most edge
of the Newton polygon of f(z) must have zero slope, and the length of this edge is > deg(u) > ¢ + 1.
But v,(b,—;) > 1, forall j € {¢+1,0+2,--- ,n}. So the left-most edge with slope 0 must be of length

< /, this gives a contradiction, and the proof follows.

]

Remark 1.3.3. Observe that the slope of the right-most edge can be calculated by the following ex-

pression,

max{lbwﬁ‘fwi%)}'

1<j<n j

The concept of Newton Polygon can be further generalized to a ¢-Newton polygon, by changing

the variable z to any monic polynomial ¢(z) € Z[z]. This was introduced by . Ore [68] in 1928.

1.4 ¢-Newton Polygon

We denote vy, the Gaussian valuation extending v, defined on Z[z] by v, in Proposition 1.2.2 for ¢ = 0,
ie.,
vr (Y " bia') = min{u,(b;)},b; € Z.
Before defining ¢-Newton polygon with respect to the valuation v, , we shall recall what is ¢-
expansion of a polynomial in Z|x].

Definition 1.4.1. Let ¢(z) € Z[z] be a fixed monic polynomial, then any f(x) € Z[z] can be uniquely

written as a finite sum Y. b;(z)¢(x)" with degb;(z) < deg ¢(z) for each i. This expansion is called the
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¢-expansion of f(x).

For example, let f(z) = 2°+x+1 and ¢(x) = 22— 1. The ¢-expansion of f(x) is z¢(x)*+2z¢(x) +

(22 +1).

The ¢-Newton polygon is defined as follows:

Definition 1.4.2. Let p be a prime number and ¢(x) € Z[z] be a monic polynomial. Let f(x)
belonging to Z[z] be a polynomial having ¢-expansion > i o b;(x)¢(x)" with by(z)b,(z) # 0. Let P
stand for the point in the plane having coordinates (i, vy (b,—i(x))) when b, ;(z) # 0, 0 <7 < n. Let

pi; denote the slope of the line joining the points P, and P; if b,_;(x)b,—;(x) # 0. Let ¢; be the largest

index 0 < 41 < n such that

foi, = min{pug; | 0 < j <n, by_j(x) # 0}.

If 71 < n, let iy be the largest index 7; < 15 < n such that

Piyiy, = min{ g, | i1 < j < n, byj(z) # 0}

and so on. The ¢-Newton polygon of f(z) with respect to p is the polygonal path having segments

RP,, PP, ..., with i, = n. These segments are called the edges of the ¢-Newton polygon

tg—1t ik

of f(z) and their slopes from left to right, form a strictly increasing sequence.

Example.

Let f(z) =a'+ 23+ 22 +2+1, ¢(x) =22 — 1 and p = 3, the ¢-expansion of f(z) is z?¢(x)? +
r¢(z) + (2z + 3). Therefore the set of coordinates are (0,v%(z?)) = (0,0), (1,v3(x)) = (1,0) and

(2,v3(2x +3)) = (2,1). The ¢-Newton polygon is given in the picture below.
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1,0)/(2’1)

(0,0)

¢-NP of f(z) = 2* + 2* + 2* + 2 + 1, with respect to ¢(z) =2 -1, p=3

The following lemma is a generalization of Lemma 1.3.2.

Proposition 1.4.3. Let n,k and ¢ be integers, with 0 < ¢ < k < n/2 and p be a prime. Let
¢(x) € Z[z] be a monic polynomial which is irreducible modulo p. Let f(z) belonging to Z[z] be a
monic polynomial not divisible by ¢(z) having ¢-expansion Y fi(z)p(z)" with f,(z) # 0. Assume
that vy (fi(z)) > 0for 0 <i <n—{¢—1 and the right-most edge of the ¢-Newton polygon of f(x) with
respect to p has slope less than 1/k. Let ag(x),a1(z),...,a,(x) be polynomials over Z satisfying the

following conditions.

(i) dega;(x) < degp(x) — deg f;(x) for 0 <i <n,
(ii) v¥(ao(z)) = 0, i.e., the content' of ag(x) is not divisible by p,

(iii) the leading coefficient of a,(x) is not divisible by p.

Then the polynomial > 7 a;(x)fi(x)¢(x)" does not have a factor in Zz] with degree lying in the
interval [(£ + 1)deg ¢, (k + 1) deg ).

Proof. See [41]. O

Imeans g.c.d of all the coefficients
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1.5 Irreducibility of Generalized ¢-Laguerre Polynomials

Recall that the generalized ¢-Laguerre polynomial defined in the introduction section is given by

L} o(@) = % (an(fc}¢(:v)" + i bjaj(a:)¢(x)j>

where b; = (?) [T +a)for0<j<n-—1,and ¢(z), a;(z) € Z[X] with deg a; <deg ¢.

i=j+1
Before writing the proof of Theorem 1.1.1 and 1.1.2, we first state some lemmas that are needed

for the proof. We skip their proofs.

To study the irreducibility of generalized ¢-Laguerre polynomial, it is necessary to assume the

following hypothesis :
(1) The content of (a,ao(z)) is not divisible by any prime less than or equal to vn + |ul.
(7i) a,(z) must be a constant polynomial.

Otherwise, we can create reducible polynomials Lﬁa(x) over Q as given below :

We take ¢(z) = 2* — 2 + 17 and n = 2,

a as ai(z) | aolz) | LY ()

1 3 1 -4 3(0(2) +4)(8(z) — 2)

2 1 1 -4 3(6(z) — 4)(g(2) +12)
3 1 1 -10 1(o(z) — 10)(p(x) + 20)
4 3 1 -6 3(¢(x) + 10)(p(x) — 6)

Table 1.1: The content of ag(z) is divisible by 2.

a as ar(x) | ao(z) | LY, ()

1 6 2 1 3(p(x) + 1)
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2 4 1 1| 206(2) + 3)(6(x) — 1)
3 2 1 -5 (¢(x) +10)(p(x) — 5)
4 18 |1 1 (6(z) — 1)(9¢(z) + 15)

Table 1.2: asy is divisible by 2.

2

Also if a,(z) is not a constant, then consider ¢(x) = x* — x + 5, which is irreducible modulo 2 and

3. Take as(z) =z — 3 = a1(z) = ag(z). Therefore the polynomial 1(as(x)¢(x)? + 2(2 + a)ai (z)p(z) +
(24 a)(1 + a)ap(z)) has 3 as a root for each a € {0,1,2,3,4}.

The following lemma is proved in [3, Theorem 3].

Lemma 1.5.1. Let a and b be fixed relatively prime integers with b > 0, and let 7(x; b, a) denote the
number of primes < z which are congruent to a (mod b). If b < (logx)? for some fixed A > 0 and

11
rx2te < h < ey then
ogzx

w(z;b,a) — 7w(x — h;b,a) > for every € > 0.
¥

(b)log x
The following lemma is an immediate consequence of Corollary 1.2 of [80].

Lemma 1.5.2. Let a,b,c and d be integers with bc — ad # 0. Then the largest prime factor of

(an 4+ b)(cn + d) tends to infinity as the integer n tends to infinity.

Lemma 1.5.3. For integers n and k with n > k > 2, let P(n, k) denote the product (n + 1)(n +
2)---(n+k). For t > 1, define S; as the set of pairs (n, k) for which n > k > 2 and the largest prime

factor of P(n, k) is k +t. Then

Sl = {(272>7 (77 2)}7 S2 = {(373)7 (77 3)7 (5?5)}7

Ss=1{(3,2),(4,2),(8,2),(14,2),(23,2),(79,2), (4,4), (5,4), (6,4)},
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and

Sy ={(4,3),(5,3),(6,3),(13,3),(47,3)}.

It may be pointed out that, in the above lemma, for every (n,k) ¢ S; U Sy U ---U S;_; with

n >k > 2, the largest prime factor of P(n,k) is > k + t.

The proof of the above lemma relies on a method due to Lehmer [56] (for classifying all the cases
where (n + 1)(n + 2) has all its prime factors bounded below by a prescribed bound) and a result of
Ecklund et. al. [14].

The next lemma concerns the solutions of certain equations. The assertion (i) is a special case of
Catalan’s conjecture, now Mihailescu’s theorem, when r > 1, s > 1 (see [61]). The case r = 1 or
s = 1 is immediate. The assertions (ii) and (ii7) are due to Nagell [64]. For assertions (iv) — (vi),

see [51, Lemma 4].

Lemma 1.5.4. Let » > 0,s > 0, > 0 be integers. The solutions of the following equations are given

by
Equations Solutions
(1) a" —b ==+l,a,b€{2,3,5} 3—2=1,22-3=1,5-22=1,32-23=1
(i) 2" +3°=5" 24+3=52"+32=52
(i1i) 2" +5°5 =3 241=3,24+25=27,445=9,84+1=9
(1v) 2735 — 5t = +1 2-3-5=1,2%.3-52=-1
(v) 35 — 2t = +1 3-5—2t=—-1
(vi) 2r5% — 3t = +1 2:5-32=1,2.5-3'=~-1

1.6 Proof of Theorems 1.1.1 and 1.1.2

Proof of Theorem 1.1.1. Let us fix an o € Q which is not a negative integer, say a = * with ged(u,v) =
n—1

1 and v > 0. It is enough to prove that f(z) = a,¢(z)"+ > bja;(x)¢(x)! is irreducible over the rationals
=0

J
for sufficiently large n.
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We first show that f(x) does not have a non-constant factor over Z with degree less than deg ¢(z).
Let p be a prime number that divides vn + u. Then by hypothesis, it follows that p { a,,. Let ¢ denote
the content of f(x). As p{ a,, we have p { c. Now suppose, on the contrary, that there exists a

primitive non-constant polynomial h(z) € Z[z| dividing f(z) having degree less than deg ¢(z). Then

in view of Gauss Lemma, there exists g(z) € Z[xz] such that L2 = h(z)g(z). The leading coefficient

C

of f(x) and hence those of h(z) and g(x) are coprime with p. Note that p divides b; for 0 < j <n—1.
Therefore on passing to Z/pZ, we see that the degree of h(x) is same as that of h(z). Hence deg h(z)

is positive and less than deg ¢(x). Also note that h(z) is a divisor of @ = g (z)". Therefore h(x)

e

must divide ¢(z). This is not possible since ¢(x) is irreducible over Z/pZ.

Now using Proposition 1.4.3, we shall show that for & € [1, §] and sufficiently large n, f(z) cannot
have a factor in Z[x] with degree lying in the interval [k deg ¢(z), (k+1) deg ¢(x)). For using Proposition
1.4.3, we consider the polynomial g(z) = i bj¢(x)? with b, = 1. Keeping in mind that « is not a
negative integer, implies that for each j € g)(,)l, -~ ,n—1}, n—j+ a and hence v(n — j) + u cannot
be zero. We assume that g(x) has a factor in Z[z] with degree lying in the interval [deg ¢(x), (5 +

1)deg ¢(x)) and prove our theorem by obtaining a contradiction to Proposition 1.4.3.
We divide the proof into cases depending on the size of k with 1 < k <n/2.
Case (i): nmte < k< 5, where € > 0 is an arbitrary small constant.

By considering 7(x;b,a) — w(x — h;b,a), it follows from Lemma 1.5.1 that for a and b fixed, the
interval [z — h,x) contains a prime congruent to a modulo b if h > 22+ for all sufficiently large z.
Taking a = u, b = v and x = vn+u, we deduce that for some integer j € [0, k), the number v(n—j)+u
is prime. Call such a prime p, and observe that p > 2un/3 (since v is a positive integer and n is large).

It follows that p does not divide v. Observe that

for0<{<n-—1.

~(n\(n+u)(v(n—1)+u) - (vl +1) +u)
)

Un—é

Clearly

(1.6.1) vp(b)) > 1 for 0 <l <n-—k.
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The slope of the right-most edge of the ¢- Newton polygon of g(z) with respect to p is

A= max
1<j<n

(1))
J
Keeping in mind that v,(b,) = 0, to obtain a contradiction from Proposition 1.4.3 for the case under

consideration, we need to show that A\ < % For this purpose, it is enough to show that v,(by) = 1,

because it follows from (1.6.1), the fact & < n — k that v,(b;) > 1 > 1 — (j/k) for 1 < j < k, and

clearly v,(b;) > 1 — (j/k) for k < j <n.

To show v,(by) = 1, it can be easily checked using the fact p > 2vn/3 and n sufficiently large, that
2p>wm4u>vin—j)+u>v+u>—p for 0<j<n-—1.

As indicated earlier, none of the v(n—j)+wu can be zero. Hence, p itself is the only multiple of p among
the number v(n—j)+u with 0 < j <n—1. Since p{v and by = ((vn+u)(v(n—1)4u)--- (v+u))/v",
we obtain v,(by) = 1. Hence, for n sufficiently large, f(x) cannot have a factor in Z[z] with degree

lying in the interval [k deg ¢(z), (k + 1) deg ¢(x)) for nmte < k< 5.

Case (ii): ko < k < n2*e with kg = ko(u, v) a sufficiently large integer.

We wish to show that f(z) does not have a factor in Z[z| with degree lying in the interval

[kdeg p(x), (k+1)dego(a)) for k € [ko, naote].

Let z = k+/logk. We claim that there is a prime p > z that divides v(n — j) + u for some
j€{0,1,2.....k —1}. Then (1.6.1) follows as before, and we will obtain a contradiction to Proposition
1.4.3 by showing v,(b;) > v,(by) — (j/k) for 1 < j < n as this implies the slope of the right-most edge

of the ¢-Newton polygon of g(z) with respect to p has slope < 1/k.

Let
T={vin—j)+u:0<j5<k-1}

Since n is large, we deduce that each elements of 7" is greater than or equal to n/2. Also, observe
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that ged(u,v) = 1 implies that each element of T is relatively prime to v. For each prime p < z, we

consider an element a, € T with v,(a,) as large as possible. Then we consider the set

S=T—{a,:ptv, p<z}

Clearly |S| > k — 7(z). By the well-known Chebyshev bound, we have |S| > k — \/%'

Consider the prime p < z with p not dividing v, and let r = v,(a,). By definition of a,, if j > r,
then there are no multiples of p’ in T' (and hence, in S). For 1 < j < r, there are less than or equal

to [k/p’] + 1 multiples of p’ in T" and, hence, at most [k/p’] multiples of p/ in S. Therefore,

(IL) < [£] oo

s€S j=1

and hence

(1.6.2) ITI]P> <k <k"

seS p<lz

On the other hand using the fact that k£ < n%ﬁ, we see that

s> <g)S| § (kgig)ﬂ-

ses

Recalling our bound on |S|, we obtain

2k 29

log (Hs) > (k — —) ((— —5> logk — log2>
r Viogk 20

> klogk + <% — 5>k10gk + O(k+/logk).

Since k > ko where kq is sufficiently large and using (1.6.2), we have

log <H3> > klogk > log (HHp%(s)).

seS seS p<lz
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It follows that there is a prime p > z that divides some element of S and, hence, divides some element

of T'. This proves our claim.

Fix a prime p > z that divides an element in 7. Fix 7 € {1,2,...,n}. It only remains to show that

vp(bo) — vp(b;) < L. Observe that

0p(bo) = tyb5) < (0 + ) (0] — 1) ) - (0 + )
vj + Ju]

< uyl(oj + Jul)) < 2L

Since p > z = ky/logk and k > ko, we deduce that (vj + |u|)/(p — 1) < j/k and the inequality
vp(by) —vp(b;) < 4 follows. Hence, as indicated at the beginning of this case, we obtain a contradiction

to Proposition 1.4.3.

Case (iii): 2 < k < ko.
By Lemma 1.5.2 (with a = v, b =u, ¢ = v, and d = u — v), the largest prime factor of the product
(vn+u)(v(n—1)+u) tends to infinity. Since n is large, we deduce that there is a prime p > (v+ |u|)kg

that divides (vn 4+ u)(v(n — 1) + u). The argument now follows as in the previous case. In particular,

oplte) = op(b) _ v+ Jul _ vt lul _ 1
J jlp—=1) 7 p—=1 " ko

1
<E for1 <j<n.

Hence, in this case, we also obtain a contradiction.

Case (iv): k= 1.

It only remains to prove that f(x) does not have a factor in Z[x| with degree lying in the interval
[deg ¢(x),2deg ¢(xz)). This will be achieved once we show that there exists a prime p > v + |u| such
that p|b; for 0 < j < n —1. If u = 0, then it is always true for n > 2. Hence we can assume that
u # 0. In this situation, from Lemma 1.5.2, the largest prime factor of n(vn+u) tends to infinity with
n. We consider a large prime factor p of this product. Note that this implies p { v. As in the previous

case, we are through if p divides vn + u. So suppose p|n. The binomial coefficient (?) appears in the
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definition of b;, and this is sufficient to guarantee that v,(b;) > 1 and v,(b,—;) > 1for 1 <j <p—1.

On the other hand,

(" (vn +u)(v(n —1) +u)---(v(j + 1) +u)
v~ ()

j o
For j < n — p, the numerator of the fraction on the right is a product of > p consecutive terms in

the arithmetic progression vt + w with ged(p,v) = 1; thus, v,(b,—;) > 1 for j > p. This implies that

(1.6.1) holds with k = 1. It follows, along the lines of the previous two cases, that v,(by) — v,(b;) <

.

for 1 < j7 < n. A contradiction to Proposition 1.4.3 is again obtained.

Therefore combining Cases (i)-(iv), we have shown that for £ € [1,%] and sufficiently large n,
f(z) cannot have a factor in Z[z| with degree lying in the interval [k deg ¢(z), (k + 1) deg ¢(x)). This

completes the proof of the theorem. O

Proof of Theorem 1.1.2: Since o € {0,1,2,3,4}, we have u € {0,1,2,3,4} and v = 1. We define f(x)
and g(x) as we did in the proof of Theorem 1.1.1. As there always exists a prime p dividing n + u
except (n,u) = (1,0), it follows from the second paragraph of the proof of Theorem 1.1.2 that f(x)

cannot have a non-constant factor over Z with degree less than deg ¢(x).

Therefore, it is enough to prove that f(z) does not have a factor in Z[x] with degree lying in the
interval [k deg¢(x), (k + 1) deg ¢(x)) with k € [1,%] and n > 2. We divide our remaining proof into
two cases depending on whether £k > 2 or k£ = 1.

Suppose first that £ > 2 and n > 2. In the notation of Lemma 1.5.3, observe that P(n — k + u, k)
divides b; for 0 < j <n — k. Since n —k +u >n — k > k, Lemma 1.5.3 implies that P(n — k + u, k)

has a prime divisor p > k + u + 1 unless

(1.6.3) (mn—k+uk)e S=5USU---US,,

where S; is as given in Lemma 1.5.3 for 1 < i < 4. We first assume that (n — k +u, k) ¢ S and
fix a prime p with p > k4 w4+ 1 as above. Since p divides P(n — k + u, k), we have p divides b; for
0 < j < n—k. We wish to point here that if there exists a prime p > u+2 with p|b; with 0 < j <n-—1,

then all the following arguments will work even for & = 1. By hypothesis p t b,. For using Proposition
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1.4.3, we are left with verifying that the slope of the right-most edge of the ¢-Newton polygon of g(x)

with respect to p has slope < % for k > 2. The slope of the right-most edge is given by

A {Up(bo) - vp(b;) }

1<j<n j

Observe that

(1.6.4) bo _ GHw—1+u)--(1+u)

b; ()

It follows that
Up(bo) — vp(by) S vp((G+w) (I —14+u) - (L+u)) <v((F +w)).

If j <k, then p > k+wu+ 1 implies that v,(by) — v,(b;) < 0. If j > k, then using the simple inequality
(j+ a)/(k+ «a) < j/k, we obtain
j+a  jHa

: J
Up(bo) — vp(by) < vp((7 + @)!) < -1 < kT o < %

We combine the above to deduce, as desired, that the right-most edge has slope < % Hence, using

Proposition 1.4.3, f(z) cannot a factor in Z[zx| with degree lying in the interval [kdeg¢(x), (k +
1)deg ¢(x)) with k € [2, 5], unless (n — k 4 u, k) € S. Now suppose (n — k + u, k) € S. The following

table provides us all the exceptional cases corresponding to each u with 2k < n.

u (n, k)

1 (8,2)

2 (7,2),(8,3)

3 (6,2),(7,3),(7,2), (13,2), (22,2), (78,2)

4 (5,2),(6,2), (12,2), (21,2), (77,2), (6,3), (12, 3), (46, 3)

For all these pairs (n, k) except for (n, k,u) € {(6,2,4),(6,3,4)}, we now provide a prime number
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p (see the following tables) such that p divides b; for 0 < j < n — k and the right-most edge has slope

< %, and hence we are done for all these cases in view of Proposition 1.4.3.

u k n D U k n P

U k n P
1 2 8 7 3 2 13 |13

4 2 21 7
2 2 7 7 3 2 22 |7

4 2 o7
2 3 8 7 3 2 s |7

4 3 6 ——
3 2 6 5 4 2 5 11

4 3 12 |11
3 3 7 7 4 2 6 ——

4 3 46 | 23
3 2 7 7 4 2 12 11

Now we deal with the case when k£ = 1, n > 2. We divide this case into five sub-cases according
to the values of u. We first recall, as pointed out in the previous case, that if there exists a prime

p > u+ 2 such that p|b; for 0 < j <n — 1, then we are done in this case in view of Proposition 1.4.3.

Subcase (i) u = 0. In this situation, note that k4w« + 1 = 2 and there is clearly a prime p > 2 dividing
n for n > 2 and hence, in view of Proposition 1.4.3, f(z) cannot have a factor in Z[z] with degree

lying in the interval [deg ¢(x),2deg ¢(x)). So, we are done.

Subcase (i) u = 1. This subcase follows by observing that there always exists a prime p > 3(= u + 2)
dividing n(n + 1) for n > 2.

Subcase (iii) u = 2. Observe that n(n + 2) always divides b; for 0 < j <n —1 for n > 3. Note that
n = 2 is an exceptional case. Keeping in mind Lemma 1.5.4, one can easily verify that there always

exists a prime p > 5 dividing n(n + 2) unless n € {4, 6, 16}.

Let n € {4,6,16}. We set p = 2 or 3 according as n € {4,16} or n = 6. One can easily check that
p divides b; for 0 < j < n — 1. Keeping in mind Equation (1.6.3), one can check that the right-most
edge of the ¢-Newton polygon of g(x) with respect to p has slope < 1. Thus we are done in view of

Proposition 1.4.3.

Subcase (iv) u = 3. Note that n(n+ 3) always divides b; for 0 < j <n—1 for n > 2. Keeping in mind

Lemma 1.5.4, it can be easily seen that there always exists a prime p > 5 dividing n(n + 3) unless
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n € {3,6,9,24}.

If n € {3,6,9,24}, then one can check that 3 divides b; for 0 < j <n — 1 and the right-most edge
of the ¢-Newton polygon of g(x) with respect to 3 has slope < 1. So, using again Proposition 1.4.3,

we are done.

Subcase (v) u = 4. Using Lemma 1.5.4, it can be verified that there always exists a prime p > 7

dividing n(n +4), and hence b;, for 0 < j <n —1 unless n € {2,4,5,8,12, 16,20, 32, 36, 60, 96, 320}.

Consider p = 3 if n € {2,8,12,32,36,96}, p =2 if n = 16, and p = 5 if n € {5,20,60,320}. One
can check that p divides b; for 0 < 7 <n—1 and the right-most edge of the ¢-Newton polygon of g(z)

with respect to p has slope < 1. Therefore, using Proposition 1.4.3, we are done.

This completes the proof of the theorem. n

1.7 Short Notes on Other Classical Families of Polynomials

There are also many other families of classical polynomials like Laguerre polynomials, among them
Bernoulli, Bessel, and Hermite polynomials play a central role due to their deep connections with

number theory, approximation theory, and orthogonal polynomial systems.

Bernoulli polynomials. The Bernoulli polynomials B, (z) are defined by the generating function

They satisfy Bn(z) = > p_ (1) Barz®, where B,, = B;,,(0), m > 0 are the Bernoulli numbers.
Some integral formulas of Bernoulli polynomials are related to special values of the Riemann zeta
function. It is conjectured that B, (x) is irreducible over Q for every even n > 2. For odd n > 5, the
polynomial B, (x) has factors, namely x, x — 1/2 and = — 1, therefore one studies the irreducibility
of B,(z)/(x(x — 1)(z — 1/2)). Several authors (Carlitz [10]- [11], McCarthy [58]- [60], Adelberg [1]-
[2], etc.) establish irreducibility for infinitely many cases of n and for various higher-order Bernoulli

polynomials, although full irreducibility is still open in general.

33



Bessel polynomials. For any integer n > 0, the Bessel polynomials y,(z) are defined by

i ! k
o) =2 (5)
k=0

They arise in solutions of Bessel-type differential equations z2y” + 2(x + 1)y’ — n(n + 1)y = 0.
These polynomials are orthogonal (in L? -sense) with respect to the weight w(z) = ¢=%/% on the unit
circle. Emil Grosswald initiated the systematic study of the irreducibility of the Bessel polynomials
and conjectured that y, () is irreducible over Q for all n. A celebrated result of Filaseta [19] shows that
all but finitely many Bessel polynomials are irreducible over Q. In fact, subsequent work of Filaseta
and Trifonov [20] proves that y,(z) is irreducible for every n > 1, supported by Newton polygon

arguments, confirming the earlier conjecture of E. Grosswald.
Hermite polynomials. The Hermite polynomials H,,(z) are defined by

2 dn 2
H,(z) = (=1)"e" %e*w , n>0.

{H,(z)}nso forms an orthogonal system in L?(R) with respect to the weight function w(z) = e™*’.

Hermite polynomials are related to generalized Laguerre polynomials (for o = j:%) by the relation
Hyp(z) = (—1)"22"n! Lm_%(ﬁ), and Hy,i1(x) = (—1)”22”“71!an7%($2). These polynomials are
known to be irreducible over Q for all n > 0, except that Hs,1(x) has the trivial factor . The
classical work of I. Schur ( [74], [76]) showed that Hs,(z) is irreducible over Q for all n > 1, and also
Hy,1(x)/z is irreducible except for n = 12. Modern results extend this irreducibility to generalized

Hermite-Laguerre families (cf. [52]- [54]) .

While the irreducibility of Bessel and Hermite polynomials is now well understood, the complete
resolution of irreducibility for Bernoulli polynomials remains an open problem, supported by strong
heuristic and computational evidence. One may investigate the irreducibility of a more general ¢-

version of these types of polynomials by the Newton polygon method.
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Chapter 2

Square-free Parts of Discriminants

2.1 Introduction

The study of when a polynomial takes squarefree values is a rich and deep area of study in number

theory. Especially in analytic number theory, it is often of interest to find an asymptotic formula for

> R (f(@),

n<x
where f : N” — N is a certain arithmetic function, and p is Mobius function. This sum essentially

counts the number of r-tuples of positive integers n = (nq,...,n,) (with n; < z) such that f(n) is

squarefree. We will now review the existing literature related to this problem.

We begin with a classical example of the density of squarefree numbers. In 1885, Gegenbauer [22]

proved the following asymptotic formula,

S () = S+ O()
n<x 7T

Another example is due to Estermann [17], where he considered the polynomial f(¢) = t* + 1 and

proved that for = > 2,
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i+ =[] (1—3>x+0<x2/31ogx).

2
n<zx p=1(mod 4) p
After 80 years, Heath-Brown [29] improved the error term using a variant of the determinant method,

obtaining O(x7/12+¢).

Let f(t) € Z[t] be a non-constant, separable polynomial. It is natural to ask whether f(n) takes
infinitely many squarefree values for n € Z. For the linear case, i.e., an 4+ b takes infinitely many
squarefree values provided ged(a, b) is squarefree, is well known. If the degree of the polynomial is
2, then it can be proven using the sieve of Eratosthenes. Further, when the degree is 3, C. Hooley
(see [31] and [32, Chapter 4]) showed that f(n) takes infinitely many squarefree values. In fact, we

can provide asymptotic results for these.

For higher degree polynomials (especially those that are irreducible) the situation becomes far more

subtle and intriguing.

A stronger conjecture by V. Bunyakovsky states that if f(¢) € Z[t] is an irreducible polynomial over
Q with a positive leading coefficient and ged{f(n)|n € Z} =1, then f(n) takes infinitely many prime
values for n € Z. For linear polynomials, it follows from Dirichlet theorem on primes in arithmetic

progression. For polynomials of degree greater than 1, the conjecture remains unproven and open.

In 1932, Carlitz [9] proved the following asymptotic formula about consecutive squarefree integers

(i.e., for the polynomial f(t) = t(t + 1)),

Z,uQ(n)/f(n +1) = H <1 - %) z 4 O(z%/3+9).

n<z p

In 1984, Heath-Brown [28] used his square sieve method and improved the above error term by obtain-
ing O(x7/11%¢). In 2012, for the case r = 2 (i.e., f with two variables), Tolev [83] shows the following

asymptotic formula (although the formula was previously known, he improved the error bound ):

n1,n2<x
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where p(¢) is the number of solutions 1 < z,y < ¢, such that 22 + y?> + 1 = 0 (mod £).

The discriminant of a polynomial f(X) = X" + a; X" ! + -+ + a, with integer coefficients is
also a polynomial in the variables (ay,...,a,). Therefore, it is interesting to determine the number
of r-tuples of positive integers (ai,...,a,) for which the discriminant is square-free or has distinct

square-free parts.

In 2012, Kedlaya [48] developed a method to exhibit infinitely many (monic irreducible) polynomi-
als with squarefree discriminants of prescribed degree > 2. Recently, Bhargava et al. [5] showed
that when monic integer polynomials f(z) = z" + ayz" ' + ... + a, of degree n are ordered by
H(f) = max{|ai1|, |az|"?, ..., |an|"/"}, the density of polynomials with squarefree discriminants exists
and equals A\, > 0, where )\, is defined as the limit as R — oo (which exists) of the number of such
polynomials with H(f) < R and squarefree discriminants, divided by the number of polynomials with

H(f) < R. Furthermore, they showed that lim,_, A, exists and lim, . A, = A =~ 0.307056.

Let A, .x(a,b,c) be the discriminant of the monic irreducible polynomial f(t) = ¢" + c(at® + b)™
of degree n, with coefficients from the ring Z of integers and ged(n, k) = 1. It is known from Theorem

1.1 of [36] that:

An,m,k(ay b, C) _ (_1)<g)bm(n+k—1)—ncn—1 [nnbn—mk + (_1)n+mk+k+1anck(mk>mk(n . mk)n—mk} )

Let us denote

(2.1.1) Trmi(a, b, c) = n"b" "k 4 (=) rmhtElgnek (mE)™* (n — mk)"mk,

In this chapter, we investigate the problem of distinct squarefree parts of the values taken by

Tomi(a,b, c). This analysis is carried out for two distinct cases :

(i) We determine the number of tuples (a, b, ¢) for which T, ,,, x(a, b, ¢) have distinct squarefree parts,

where n and m are fixed odd integers and k = 1.
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(74) We determine the number of integers n for which 7, ,,, x(a, b, ¢) has distinct squarefree parts, where

a, b, ¢, k, and m are fixed.

To be precise, we will provide only the lower bounds of such numbers. Theorem 2.4.1 is concerned

with case (7) and Theorem 2.4.6 addresses the case (i7).

In this direction, in 2010, Shparlinski [78] provided a quantitative lower bound on the number of
distinct quadratic fields generated by discriminants of irreducible trinomials t" + at + b with integer
coefficients (a,b) € [C,C + A] x [D, D + B], for arbitrary positive real numbers A, B, C, D. He showed

that the number of such distinct quadratic fields is at least a positive multiple of

- (AB)'/3 A B 23 ( loglog(ABCD) \*
{<log<AB>>4/3’ iz Tosam P (oapen oe(iz) ) } |

He [79] also obtained a lower bound on the number of distinct squarefree parts of discriminants
of the trinomials " — ¢ — 1 in 2014. In the next year, Boyd, Martin, and Thom [7] showed that the
set of positive integers n such that n" + (—1)"(n — 1)"~! (which is the discriminant of the trinomial
t™ —t — 1) is squarefree has an asymptotic upper density of 0.99344679 and conjectured that the exact

density should be approximately 0.9934466, correct to that many decimal places.

Remark. If m =k =1,a=0b= —1, and ¢ = 1, then our polynomial " + c(at* + b)™ reduces to
the trinomial " — ¢ — 1, and Theorem 2.4.6 extends the main result of [78].
Notation:

Let p be an odd prime. The Legendre symbol (—) on integers is defined as:
p

.

0 ifp]|a,

a
<§> = 1 if pfa and a is a square modulo p,

—1 otherwise.
\

(4) is a character on F (see example 2 in the section characters of finite abelian group).
p
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Definition 2.1.1. (Jacobi Symbol): Let a be an integer and n be a positive odd integer with prime

factorization
a

where each p; is an odd prime. The Jacobi symbol <—) is defined as:
n

() -11(;)

)

where (2> denotes the Legendre symbol.
Di

To prove Theorem 2.4.1 and 2.4.6, we make use of the square sieve technique. This elementary
method was introduced in a paper of Heath-Brown [28]. Its aim is to estimate how many squares are

contained in a particular set of integers. We shall provide a brief overview of this technique.

2.2 The Square Sieve

Let X a finite set of non zero integers and P be a set of primes > 3. Denote

S(X) = #{x € X : x is a square} and wp(x Z 1.

peEP
plz

Then we have

4 X
(2.2.1) S(X) < #—,P -+ ZEI}]%}?%

> ()| 70

It follows from the simple fact that, if x is square then

1
<%;w7’< T 2 >

reX

> (%) = #P — wp(z).

peEP
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This implies

S(X)#P)? <) (Z (g) + wp(x))Q.

zeX \peP

After squaring and interchanging the sums, one can find the required inequality 2.2.1.

2.3 Characters of Finite Abelian Group

Let G be an abelian group of finite order. A character x of G is a group homomorphism from G into
C*. Since G is finite, the image x(G) is contained in S' (unit circle). Also note that, the values of x

are exactly |G|-th roots of unity. The trivial character xo on G is defined by xo(g) =1 for all g € G.

Examples.

1. Let G be a cyclic group of order n and g be a generator of G. Then its characters are x; for all

j=20,---,n—1, where

2. For an odd prime p, consider the group G = F, (i.e., F,\ {0}). Let x, : F; — {£1} C C* be
defined by x,(a) =1 if a is a square modulo p and x,(a) = —1, otherwise. It is easy to check that x,

is a character of F;.

Lemma 2.3.1. Let y be a nontrivial character of a finite abelian group G, then

> x(g) =0

geG

Proof. Since x is nontrivial, let ¢’ be an element of G such that x(¢') # 1. Also if g runs through G,

then so is gg’. Therefore we have

(Z x(g)> X(g) => x(gg) => x(9).

geG geG geG
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Since x(¢') # 1, thus we get > x(g) = 0. ]

geG

Let p be an odd prime and F, be a finite field of characteristic p. Let x be a nontrivial character

on the additive group F,. Consider the sum of the form

> x(f(a),
ack,

where f € F,[z] is any non-constant polynomial. The sum is zero by Lemma 2.3.1 when f is linear. In
general, it is difficult to find its value explicitly. But we can give an upper bound of this sum, which is
trivially ¢. Since y is nontrivial character, it is quite natural to expect that the sum is much smaller
than gq. The following lemma (which is a theorem due to André Weil) provides a nontrivial upper

bound of the sum.

Lemma 2.3.2 (André Weil). Let f € F,[z] be a non-constant polynomial of degree n such that

ged(n, g) = 1 and if x be a nontrivial character of F,, then

3" x(f(@)] < (n—1)gz.
acF,

Proof. See [57, Theorem 5.38]. O

The next lemma is a well-known result on quadratic Gauss sums [33, Chapter 3, Sec 3.5].

Lemma 2.3.3. For any integer £ > 1, we have

o

> en(?) = k2,

/=1

27iz

where ey (z) := e % and the constant 6 is given by
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)
(I1+4) ifk=0 (mod4),
1 ifk=1 (mod 4),
0y, =
0 if k=2 (mod 4),
i if k=3 (mod 4).
\

Note that if £k is any odd prime, then |6, = 1.

Lemma 2.3.4. For any integer « not divisible by a prime p > 2, we have

5 (oo -10()

Proof. Since ged(a, p) = 1, by substituting ¢ — af we get

5 (o5 (i

“ (B G

P
Note that >~ e,(a?() = 0, therefore we have
=1

s S Qe Q5 e )

Also observe that, 1 + ( ) is the number of solutions of j2 = ¢ (mod p). Hence from equality

SRR

2.3.1, we obtain

> (ﬁ)ep (af) ( )Zep

=1
and the result follows from Lemma 2.3.3. O
Next we consider a Gauss sum associated to the A, ,,(a,b,c) := T, m1(a,b,c) (which has already
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been defined in the introduction).

For any integer ¢ > 2, consider the Gauss sum

¢
Ay (u, v, w
Sn,m(&)\a;ua’}/) = Z <%

u,v,w=1

)eg()\u + pv + yw),

27miz

where A, pi, and v are arbitrary integers and e,(z) :=e"¢ .

It is easy to see that S, ., (f; A, pt,y) is a multiplicative function of ¢. Therefore, it is natural to

investigate its values at odd prime factors of /.

We shall take n and m as odd integers in Lemmas 2.3.5 to 2.3.8.

Lemma 2.3.5. Let p be an odd prime such that ged(p, m(n —m)) = 1. Then we have

n

Sn.m(p30,0,0) = (%)p(p —1).

Proof. Let Y = m™(m — n)™ ™. By hypothesis, we have ged(p,Y) = 1. Recall that A, ,(u,v, w) =

n"v"" 4+ wuY . Therefore, we have

p
Sum(p;0,0,0) = > (M)

LA
Keeping in mind that (—) = 0 (follows from Lemma 2.3.1 ), we have
=1 \P

p p-1 _
n, n—m 'I’LY
Spm(p;0,0,0) = (n v e )
=1



Since ged(p,v) = 1, we have used the substitutions u — wv and w +— wv~"™. Therefore, we obtain

1

(7))

p b—
ny
Sum(p:0,0,0) = 3 (" T )

u,w=1 v=

n—m

Since n — m is even, we have < > = 1. So, we obtain

p

p
n" +wuY
u, 1

p

5 () (Do

w=
p
=1u

Set h = n" +wu"Y . Since ged(p, uY) = 1, then h will range from 1 to p as w runs from 1 to p. Hence,

Snm (15 0,0,0) = i (g) (p—1)°+ (%) (p—1)

This completes the proof. O]

We now prove the following result.

Lemma 2.3.6. Let p be an odd prime such that ged(p, A, i1,7y) = 1 and ged(p, m(n — m)) = 1. Then

S (i Ay 11, 7) = O(p?).

Proof. Set Y = m™(m —n)™ ". Clearly, ged(p,Y) = 1. Recall that

P (An,m(u,v,w)

Sn,m(pﬂ)‘muafY) = Z )ep()\u—l—,uv—i—”yw)

u,v,w=1 p
p n,nNn—m n
n"v + wuY
= Z ( 5 )ep()\u~|—;w+'yw).
u,v,w=1

If we separate out the terms for u = p and v = p, each of these contributes O(p?) to the sum
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Snm (D A, 11,7). Therefore, we obtain

3
—

Span(D3 A 1, 77) =

R

5 )ep()\u—l—/w—l—fyw) +O0(p?).

<n”v”_m + wuY
1

g
Il

1 u,v

Now, substituting w — wv™™ ™, we obtain

>—‘

p—

p
n" +wuY'\ [ e
SN 17) =Y Y ( )( >ep(M+uv+'ywv )+ O(p?)

| p p

w=1 u,v

:
E |
II —

(n + wuY

5 ) e,(Au + pv + ywu" ™) + O(p?).

The last equality follows from the fact that n — m is even.

Since ged(p,uY) = 1, we set h = n™ + wu"Y, and h runs through the complete residue system
modulo p. Thus,
p

Snm (D3 A, 14,77) Z Z ( )ep A+ o +y(h = n™)u"0" Y ) + O(p?)

h=1 u,v=1

-1 p
Z (Z (z) ey(yu """ TMY ™ 1h)> e,(\u + pv — yn"u " Y T + O(p?).

Using Lemma 2.3.4, we obtain

p—l (,Yunvnmyl

S A 11,7) = 00 > )ep(Au + g — yn"uT" Y T + 0(p?)

u,v=1 p
_9 %p_l ,yu*ny /\ n, —n, n—my —1 2
=0,p Z ; uZep/w—ynu V"TY TN + O(p).
u=1

Since ged(p,n — m) = 1, applying Lemma 2.3.2 to the sum over v, we get

Z e, (v — yn"u " "Y ) = O(p%).
v=1
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Taking the trivial bound on the sum over u, we conclude that

Snm (D3 Ay 11, 7y) = O(p?).

This completes the proof. O

Lemma 2.3.7. Let ¢ = pq be the product of two distinct odd prime numbers p and ¢, with ged (¢, m(n—

m)) = 1. Then, for any integers A, u, and v, we have
Snm (A, p1,7) = O(€%),

Proof. Using the multiplicative property of character sums, the proof of this lemma follows from

Lemmas 2.3.5 and 2.3.6. O

The next lemma provides an estimate of the character sum over a cuboid.

Lemma 2.3.8. Suppose ¢ = pq is the product of two distinct odd primes p and ¢ with ged(¢, m(n —

m)) = 1. Then, for any positive real numbers A, B, C', and D, we have

>y ¥ <M) < (2 + AB + BC + CA)(log ) + A'%C.

14
D<u<D+A E<v<E+B F<w<F+C

Proof. Observe that if we divide the cuboid [D, D + A] x [E, E + B] x [F, F + C] into smaller cubes

with side length ¢, there will be at most O (Agc) small cubes. From Lemma 2.3.7, the total sum over

these small cubes will be O (%).

After removing the small cubes of side length ¢, there will be at most O (fm“i# + 1) cuboids
remaining inside the original cuboid [D,D + A] x [E,E + B] x [F,F + C]. The sum over each of
these remaining cuboids represents an incomplete sum, which can be approximated by S, ,,(¢;0,0,0)

(see [33, Chapter 12]) and therefore the sum will be at most O(¢*(log ¢)?). Therefore, the total sum

over the remaining cuboids is O ((¢* + AB + BC + C'A)(log )?). This completes the proof. O
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2.4 Main Theorems

Now we are ready to embark on case (i), which was alluded to in the introduction.

For a fixed square-free integer s and positive real numbers A, B,C, D, E, F, let L, ,,,(A, B,C, D, E, F; s)
denote the set of all tuples (a,b,¢) in [D, D+ A] x [E, E+ B] x [F, F + C] such that A,, ,,(a,b,c) = sr?

for some integer r.

The following theorem provides an estimate for the number of (a, b, ¢) in [D, D+ A] x [E, E+ B] x

[F, F + C] such that A, ,,(a,b,c) = sr? for a fixed square-free integer s.

Theorem 2.4.1. For sufficiently large positive real numbers A, B, C and some non-negative real

numbers D, E, F, and for a fixed square-free number s, as well as for odd integers n and m, we have
5(log(ABC))? + (AB + BC + CA)(log(ABC))?

log(ABCDEF) \*
loglog(ABCDEF) )

Lom(A, B,C, D, E, F; s)| <(ABC)

3
5

+ (ABO)

(log(ABC))* (

Proof. For z > 3, let P, denote the set of primes p € [z,2z], and let w(d) represent the number of

z
logz*

prime divisors of d. By the prime number theorem, we have #P, >

Observe that if d is a perfect square, then

3 (g) > #P. — w(d).

pEP:

Note that if (a,b,¢) € L, (A, B,C,D, E, F;s), then sA, ,(a,b,c) is a perfect square. Therefore,
we have

Z <%ﬁ7b70)) > #Pz - w(SAn,m(av b? C)) = #PZ o w(An’m(a’ b’ C))

pEP:

Applying the Arithmetic Mean-Geometric Mean (AM-GM) inequality, we obtain

(#P.)2 <2 (Z (M)) + w(Apm(a,b, c))?

PEP:
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Summing over all tuples (a,b,¢) € L,,,,(A, B,C, D, E, F;s), we get
(2.4.1) (#P.)? |Lpm(A,B,C, D, E,F;s)| < Z + Za,

where

> (sAn,mz(ja, b, @))2

PEP:

I v ol |

D<a<D+A E<b<E+B F<c<F+C

and

= Z Z Z nmabc))2

D<a<D+A E<b<E+B F<c<F+C

First, we calculate an upper bound for Z;. Expanding the square term in Z; as a product of two

sums, and then interchanging the summations, we get

B (S (e ()

D<a<D+A E<b<E+B F<c<F+C \p€eP, qEP;
=S (i> DYDY (M)
paer. W pca<DiA B<b<B+BFP<c<FiC Pq
We break the double sum over p and ¢ into two parts, Z] and Z,. Here, Z] is the sum when p = ¢,
and Z} is the sum when p # ¢. Taking a trivial bound on Z], we have |Z}| < (#P,)ABC. Applying

Lemma 2.3.8 to the sum Z), we obtain

ABC’
|Zy| < (#P.)?(2* + AB + BC + CA)(log 2)* + (#P.)?
Thus, we conclude
2/ .4 3 , ABC
(2.4.2) 7y L (#P.)ABC + (#P.)*(2" + AB + BC + CA)(log 2)” + (#P.)"—5—.

Now, we estimate Z. It is well-known that w(d) < lolgogd for any large integer d (see [72]). For
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(a,b,c) € [D,D+ A] x [E,E+ B| x [F, F + C|], we have

Ay m(abc) <K (A+B+C+D+E+F)".

Using this bound and the fact that 101;1% is monotonically increasing, we get

log(A+B+C+D+E+F) log(ABCDEF)
loglog(A+ B+C+ D+ E+F) — loglog(ABCDEF)’

w(A,m(a,b,c)) <

Therefore,

bg(AB(JDEF))2
)

2.4. A AB
(243) 2 < ABC <log log(ABCDEF

Substituting the upper bounds for Z; and Z5 in (2.4.1), and noting that #P, > —=—, we obtain

log z?

1
(2.4.4) M%MABLUIEFWM<ABG%£+@M%B+BC+CM@@@3
ABC

2

log(ABCDEF)log z> ?

i loglog(ABCDEF)z

+apo (

z

In (2.4.4), for large A, B, and C, the term ABC (1"%) dominates the term AZBQO. On tak-

ing z = (ABC)5(log(ABC))™3, we find that both of the terms ABC (*£2) and 2*(log2)® are <

z

(ABC)5 (log(ABC))5. This proves the theorem. O

Note that the above bound is uniform in s. Therefore we observe that from Theorem 2.4.1, the number

of distinct square-free s such that A, ,(a,b, ¢) = sr* for some integer r is > Tapc, where

(ABC)/? A B C
(log(ABC))7/5" (log(ABC))3" (log(ABC))?’ (log(ABC))3’

(ABC)?>  (loglog(ABCDEF)\?
(log(ABC))14/5< log(ABCDEF) )

TABC = mm{
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Define J,, ., (A, B,C, D, E, F) to be the number of tuples (a, b, ¢) in [D, D+A|x [E, E4+B|x[F, F+C]
such that A, ,,(a,b,c) has a distinct square-free part s. Thus, the following corollary is an immediate

consequence of the above theorem.

Corollary 2.4.2. For sufficiently large positive real numbers A, B, C' and some non-negative real

numbers D, E, F', as well as odd integers n and m, we have

Jn,m(AaBaoa D7E)F) > TABC-

Also note that, since n and m are odd integers, we have

Q ( Apor(a,b, c)) _0 <\/(—1)(3)An,m(a,b, c)) |

Therefore, there are at least > Typc distinct quadratic fields of the form Q (\/Dnﬁm(a, b, c))

We will now study the case (ii). Before presenting the main result, we first establish several

preliminary lemmas.

For any integer r > 2, let ,.(u) denote the order of w in the multiplicative group (é)*

Lemma 2.4.3. For any prime number p, we have

#{ue (péz) | tp(u) gx} < Xd(p—1).

z

Proof. For any prime number p, (ﬁ) is cyclic. Therefore, for each divisor d of p—1, there are exactly

©(d) elements in (;%z)* whose order is d. Thus

20



Lemma 2.4.4. Let r = pq be the product of two distinct primes. Then

S <gedp—1,g— 1) (d(p— 1) d(g — 1))*.

Proof. Since r = pq, by the Chinese remainder Theorem we have

(2) =(2) (&)

Therefore, t,(u) | t.(u) and t,(u) | t,(u). Consequently,

by (1)t (1) ivides t,.(u
ged(ty(u) £y (a)) VIS Br(0)

Since t,(u) | (p — 1) and t,(u) | (¢ — 1), we also have

tp(u)ty(u)
ged(p— 1,9 —1)

<t (u).

For each divisor d; of p — 1 and dy of ¢ — 1, we can obtain a value of u € (é)* with ¢,(u) = dy and

ty(u) = dy. Hence, by Lemma 2.4.3, there are at most d;ded(p — 1)d(q — 1) such values of u. Thus,

<

3 1 ged(p—1,¢—1)

t-(u t,(u)t,(u
R R AT
1
<ged(p—1,g—1) Z ﬁdldgd(p — 1)d(q — 1),
dij(p-1)
d2|(g—1)
and the result follows. O

By decomposing the range of the sum from 0 to M — 1, into intervals of length ¢,(u) and applying
the bound of the character sum given in Theorem 1 of [84] for each of the decomposed sum, we get

(alternatively, one can see Lemma 7 of [78]) :
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Lemma 2.4.5. For any integers » > 2 and a, b, u € (é)*, we have

= +b M 1
+1)r2logr.
0 t7-</U/>

w=

Since the next theorem deals with case (ii) given in the introduction, where a,b, ¢, k and m are

fixed, so let us denote D(n) := T), nx(a,b, c).
Theorem 2.4.6. For a squarefree integer s and sufficiently large N > 2, we have
[{n € [1,N] | D(n) = sr® for some integer r # 1}| < Nite,
for any arbitrary € > 0.
Proof. Let us denote
T(N,s)={n€[1,N] | D(n) = sr” for some integer r # 1}

and

T(N,s)=|T(N,s)|.

Recall that we want to estimate an upper bound for T'(N, s).

Let P, be the set of primes p € [z,2z], and let w,(d) denote the number of distinct prime divisors

of d in [z,2z], for z > 2. By the Prime Number Theorem, we know that

#P, >

log z

Since sD(n) is a perfect square, we have

3 (M) — 4P. —w.(sD(n)) = #P, — w.(D(n)).

p€73z p
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Using the arithmetic mean-geometric mean (AM-GM) inequality, we obtain

(#P.)? <2 (Z (Dp(m)) +w.(D(n)? | |

PEP:

which implies
(2.4.5) T(N,s) (#P.)* < Wy + Wy,

where

- 3 (2 )

neT(N,s) \pEP:

and

Wo= Y w.(D(n))

neT(N,s)

Now, we will derive an upper bound for Wi:

> (%) -2

pPEP, n=1

ngﬂ

n=1

p

pPEP, q€EP,

Interchanging the order of summation, we obtain

> (2

e

P,q€EP=

)

and therefore,

(2.4.6) LB

DP,qEP=

> (20).

n=1

To estimate |[W;|, we first need to provide an upper bound for the sum

st -3 (242)

23

> (sD(n)) S (sD(n)

q

)



Suppose r = pq is the product of two primes p and ¢ such that p < ¢ < 2p. We can write n = h + wr,

where 1 < h <r and let M = [&]. Then,
r M
D(h
S(N,r) = GL;ﬂ5+mm
h=1 w=0

Note that

D(h + wr) = hPrpmF £ g R (mk)™ (h — mk)" ™ T (mod r).
Therefore, we have

ro M thrwrbnfmk + anck(mk)mk<h _ mkj)hfkarwr

ﬂMﬂ:hMﬂ( - >+mw

If ged(r, abchmk(h — mk)) > 1, then there are only O(y/r) such values of h contributing to the sum
S(N,r), so in this case the sum is at most O(M+/r), which is O <\%) Now, in the total sum, we are

left with the case when ged(r, abchmk(h — mk)) = 1.

Denote

K={hell,r]| ged(r,abchmk(h — mk)) =1},

then consider the sum

M
hh+wrbn—mk + anck (mk)mk(h o mk)h—mk—‘rwr
V=33 )

hek w=0 "
= i <(hT>>w (hhbnmk + a"c*(mk)™* (h — mk)""*(1 — mkhl)wr)
= 7 r '
hek w=0

Thus, we obtain }V‘ < Vo + Vi, where

V. — Z i (hhb”mk + a"c*(mk)™ (h — mk)"mk(1 — mkhl)wr)

r
hek w=0
w=i (mod 2)

for i =0, 1.
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Since p < ¢ < 2p, we note that ged(r, p(r)) = 1. This implies that v and «” have the same order

in (é)* Further, for each u € (é)*, there is at most one h € [2,7] with u =1 —mkh™! (mod 7).

Applying Lemma 2.4.5, we obtain

M 1 1 1 1
’Vi‘<< Z (thl)r?logr:Mr?logr Z + p(r)rzlogr.

we(2) ue(Z)"

Also, using Lemma 2.4.4, we get that

Vi| < Mged(p—1,q — 1)(d(p — 1)d(q — 1))%r2 logr + o(r)rz log r
< Mged(p—1,q— D)rzte 4 p2te

< Nged(p—1,q— 1)7“’%*5 +rate,
Combining the cases where ged(r, abchmk(h — mk)) = 1 or not, we derive the following bound:
(2.4.7) S(N,r) < Nged(p —1,q — 1)r 2t 4 pate,
Now, returning to the estimation of W, as obtained before in (2.4.6) and (2.4.7),

> (3)

n=1

NED>

P,9€EP:

< Z (N ged(p—1,q— 1)(pq)—%+6 + (pq)%+e>

P,qEP-

< Z (Nged(p—1,q — 1)z + 2%)
P,q€P=

< Z (Ngcd(p —1,q— 1)2_1+5) + 25T,

DP:gEP=

For every d < 2z, there are O (2—;) pairs (p,q) with ged(p — 1,¢ — 1) = d. Thus,

2
z
(2.4.8) Z gedlp—1,g—-1) < Z d- - < 2.

P,qEP= d<2z
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Hence, we obtain the following bound for Wj:

(2.4.9) W, <« N2'te 4 2ot

Now, we proceed to derive an upper bound for the sum W,. We have:

(2.4.10) Wol <) w.(Dm)?=> [ Y 1 dorl=> > L

n=1 \ p|D(n) q|D(n) P,gEP: n=1
peP- qeP; p,q|D(n)

Let us denote by p(N,r) the number of integers n € [1, N| such that D(n) =0 (mod r). If r = pg
with p < ¢ < 2p, then p(N,r) provides an estimation for
N
S

=1
D(n)

23

P,

Write n = h + wr, where 1 < h <, and let M = |£]. Then, D(n) =0 (mod r) is equivalent to

finding solutions in (h,w) of the congruence:
(2.4.11) piterpn=mk g cF (mk)™ (h — mk)"™ T =0 (mod 7).

If ged(r,abchmk(h — mk)) > 1, then (2.4.11) has no solution in h, because n = h (mod r) and

ged(bn, acmk(n — mk)) = 1.
Now, if ged(r, abchmk(h — mk)) = 1, then we have the following congruence:
+hMa 0T (k) T (b — mE) T = (1 — mkR™HY" (mod 7).

Since ged(r,mk) = 1, for each u € (é)*, there is at most one h € [2,7] such that u = (1 — mkh™!)

(mod 7). Also, observe that ged(r, p(r)) =1, so t,.(u") = t,.(u).
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Therefore, for each ¢ € (%Z)*, the congruence v*" = ¢ (mod r), 0 < w < M, has at most

% +1= % + 1 solutions in w. Hence, by Lemma 2.4.4, we obtain the following bound:

(2.4.12) p(Nr) < > (tﬁ)

ué(é)*

+ 1) < Nged(p—1,q—1)r 1 4,

Using Equations (2.4.8) and (2.4.12) in Equation (2.4.10), we obtain:

Wo << > (Np™ e 4p)+ Y (Need(p—1,¢ - 1)(pg) ™" + pg)

PEP= P,q€P=
< (N2 4 2%) + (N2° + 2%

< Nz°+ 2%

Observe that |Ws| is dominated by the upper bound of |W;|. Hence, from Equation (2.4.5), we

conclude:
(2.4.13) T(N, s)(#P.)? < Nz'te 4 25t
Thus, putting #P. > - and z = Ni 1, we establish the required estimation. O

Since the bound given in Theorem 2.4.6 is uniform in s, we can see from Theorem 2.4.6 that for
€ [1, N], the number of distinct squarefree integers s such that D(n) = sr? for some integer r is

> Ni~<. Also observe that, for each of such s, we can get a n in [1, N].
Therefore, as a consequence, we obtain the following :

Corollary 2.4.7. For sufficiently large N and any arbitrary ¢ > 0, we have

|{n €| ‘ D(n) has distinct squarefree parts}| > Ni7°,

Remark. A similar analysis can be done with the polynomials of the form "~ (t* 4 ac)™ + bc €

o7



Z|[t], under the condition that ged(bn,acmk(n — mk)) = 1. The discriminant of such polynomials is

discussed in detail in [38].
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Chapter 3

abc-Conjecture and Counting Polynomials

3.1 Introduction

The abc-congjecture, proposed independently by Joseph Oesterlé (1985) and David Masser (1988), is
one of the most powerful and far-reaching unsolved problems in number theory. The abc-conjecture has
remarkable implications across various branches of number theory, especially in the topics of integral
points on elliptic curves, solving diophantine equations, and many more. The conjecture received
significant attention in august 2012, when Shinichi Mochizuki claimed a proof of the abc-conjecture
using his newly developed Inter-universal Teichmiiller Theory. Nevertheless, the proof has been met
with skepticism, largely due to its complexity and the difficulty of independently verifying its claims.

As of now, the conjecture remains unproven.

One of the applications of this conjecture is studying the frequency of squarefree values in a poly-
nomial sequence, i.e., for a given separable polynomial F'(x) € Z[x], what proportion of integers n for
which F(n)’s are squarefree. Naturally, one has to impose the condition that ged{F(¢) | ¢ € Z} is

squarefree. A heuristic argument suggests that the probability of the existence of such integers is

e I(-7),

p prime
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where pp({) = [{N (mod ¢) | F(N) = 0 (mod ¢)}| for any positive integer £. Therefore one can expect

the following asymptotic formula,

{1 < ¢ < X | F(0) is squarefree}| ~ 67X

In 1998, A. Granville [23] established this asymptotic result, assuming abc-congjecture. This re-
sult holds unconditionally for deg(F') = 3, as shown by C. Hooley (see [31] and [32, Chapter 4]).
Moreover, for n < 2, this result can be proven using the sieve of Eratosthenes, without assuming
the abe-conjecture. Later, B. Poonen [69] proved a similar result for several variable polynomials
F € Z[zy,--- ,x,], and computed the density of z € Z" for which F(z) is squarefree. A. Mukhopad-
hyay, M. R. Murty, and K. Srinivas [62] made use of the abc-conjecture, to show that for a positive

proportion of integer pairs (a, b), the discriminants of trinomials of the form ¢™ + at + b are squarefree.

Erdos [15] asked a similar question of whether F'(p) is squarefree for infinitely many primes p.
Using abe-conjecture for number fields, H. Pasten [70] proved an expected asymptote of such prime

numbers for which F(p) is squarefree. He proved

X
log X’

[{1 <p < X | pis prime and F(p) is squarefree}| ~ cp

holds under abc-conjecture for number fields Q(«), where « varies over irrational roots of F. The
constant cg is given by

p prime

*

where wp(p?) is the number of solutions to F(x) = 0 (mod p?) in (Z/p*Z)

The above result is known to hold unconditionally for deg(F') < 3; the cubic case was addressed

by H. A. Helfgott (see [30] for further references).

In this chapter, our concern is how abc-conjecture helps us to count the polynomials t*+c(atf+b)™ &

Z]t], that are monogenic or have a symmetric group as their Galois group.
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3.2 Preliminaries

Let K be an algebraic number field of degree n, which means K is a n dimensional vector space over

Q. Let 01,09, ,0, be the embeddings of K into C. For any o € K, we shall denote o;(c) := o?).

An element o € K is said to be an algebraic integer if there exists a monic polynomial f(x) € Z[z]
such that f(«a) = 0. The set of all algebraic integers of K forms a ring. Let Ok denote the ring of

algebraic integers of K.

Definition 3.2.1. A set of algebraic integers {wq,ws, -+ ,w,} in K is said to be an integral basis of

K, 1f(9K:Zw1+Zw2++an

Proposition 3.2.2. Let K be an algebraic number field of degree n. Then K always admits an

integral basis, and any integral basis of K has n elements.

Proposition 3.2.3. Let M be a finitely generated Z-module with generators {ay, ag, -, @, }. Then
for any sub-module N of M, there exists {1, B, -+, Bk} in N with & < m such that N = Zf, +Z(;+
<o+ 2B and [; = iji cijoy, with ¢;; € Z and ¢;; > 0 for all 1 <7 <k < m. Also, if m = k then

[M : N]= H1§i§n Cii-

Definition 3.2.4. For any ay,as,- -+ ,a, € K, the discriminant of {ai,as, -+ ,a,} is defined as the

square of the determinant of the n x n matrix (a,(;j))‘ . It will be denoted by DK/Q(al, Ao, -+, Ap).
irj

Note that the change of basis matrix of any two integral bases of K is unimodular. Therefore the

discriminant of any two integral bases of K remains the same, and it will be denoted by d.
Proposition 3.2.5. Let {a;, a9, ,a,} be a Q-basis of K and N be a finitely generated Z-module

with generators {a,as, -+ ,a,}. Then we have

DK/Q(C“,CZQ, T 7an) = [OK : N]zdk

The proof of Proposition 3.2.2 - 3.2.5 can be found in any standard book on algebraic number

theory (cf. [16], [67]).
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3.3 Monogenic Polynomials

Definition 3.3.1. An algebraic number field K of degree n is said to be monogenic if Ok admits a

power integral basis of the form {1,7,...,7" !} for some n € Ok.

Examples.

1. Every quadratic field Q(v/d) (for a squarefree integer d) is monogenic. If d = 1 (mod 4), an
integral basis of Q(v/d) is {1, %ﬁ} Otherwise, the integral basis is {1,v/d}, if d = 2,3 (mod 4).

2. If d # +1 (mod 9), then the cubic field Q(d'/3) is monogenic. An integral basis of this field is
{1’ d1/3, d2/3}.

In 1960, Hasse [27] sought to establish a criterion for an arithmetic characterization of monogenic

number fields.

Let K = Q(f) where 6 has a minimal polynomial f(x) of degree n over the field Q of rationals.
Denote Dy be the discriminant of the polynomial f, which is H1§i<j§n (G(i) — Q(j))2. Using determinant
of Vandermonde matrix, it is easy to see that Dijq(1,0,---,0" ") = [[,;cj<p (6 — H(j))g. Therefore

from above Proposition 3.2.5, it implies that

(3.3.1) Dy =[Ok : Z|0])? dx.

From Equation (3.3.1), if D; = dg, then Ox = Z[f], which means that the set {1,6,---,6" '}
forms an integral basis of K. In this case, we say that the polynomial f(z) is monogenic. Therefore, if
f(z) is monogenic, then the number field K is also monogenic; however, the converse is not true. For
example, let d = 1 (mod 4) then the quadratic field K = Q(v/d) is monogenic, since Ok = Z[%ﬁ].
But the polynomial f(z) = x* — d is not a monogenic polynomial, as [OK : Z[\/E]} = 2. Through
the efforts of various mathematicians, considerable progress has been achieved in recent years on

monogenic number fields and polynomials, encompassing both qualitative and quantitative results

(cf. [4], [5], [37], [42], [45], [46], [47]).
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From Equation (3.3.1), it follows that if Dy is squarefree, then f(x) is always monogenic. In
general, the discriminant of a polynomial is not necessarily squarefree. Along these lines, a construction
similar to that used by Kedlaya in [48] was employed by Jones [43] to provide a new infinite family
of monogenic polynomials with prime degrees and non-squarefree discriminants. More recently, Jones
and White [44] gave an asymptotic formula for the number of trinomials t™" + at™ + a € Z[t] (for

a > 2) with non-squarefree discriminants under certain conditions.

In the next section, we will discuss about the number of monogenic polynomials, f(t) = t"+c(at* +

b)™ of degree n > mk + 1 with integer coefficients and ged(n, k) =1, k > 2.

The following lemmas classify when the polynomials " + c(at® + 1)™ and t" + act® + be will be

monogenic.

Lemma 3.3.2. Let K = Q(0) and ¢, (t) = t" +c(at* +1)™ € Z[t] be a monic irreducible polynomial of
degree n with root 6, where ged(n, amk) = 1. Then Ok = Z|[f)] if and only if for each prime p dividing

the discriminant D,, of ¢ (t), either (i) p | ¢ and p*{ ¢, or (i) p{ c and p*{ D, .

Lemma 3.3.3. Let gy(t) = t" + act® + bc € Z[t] be a monic irreducible polynomial of degree n, where
be is squarefree, ged(nb, ak(n—k)) = 1. Let Dy, denote the discriminant of g(¢). Suppose that p* { Dy,

whenever p | Dy, and p { abck. Then g¢o(t) is monogenic.

For proof of the above two lemmas, readers are referred to [36]

3.3.1 Counting Monogenic Polynomials t" + c(at® + b)™

Recall that the discriminant of the monic irreducible polynomial f(t) = " + c(at® + b)™, with

ged(n, k) =1, is

An,m,k<aa b, C) _ (_1>(Z)bm(n+k—l)—ncn—1

[nnbn—mk + (_1>n+mk+k+lanck(mk)mk(n _ mk)n—mk] )

63



Let us define
(3.3.2) Tme(@, b, ) 1= b= 4 (—1)Hmbthl gr ek oymk (g fyn=mk,

Note that we have assumed n > mk+1 and k > 2, observe if T}, ,, x(a, b, ¢) is squarefree, then we must

have ged(nb, acmk(n — mk)) = 1. Therefore we have

(3.3.3) Apmsnla,b,¢) = (—=1)Epmimth=-nen-1p 4 b o)

From Lemma 3.3.2 we note that if we assume ¢ (resp. bc) is squarefree, then for monogenicity of
t"+c(at® +1)™ (resp. t"+act® +bc), it is enough to count (a, ¢) (resp. (a,b,c)) for which T}, . 1(a, 1, )
(resp. Tp1x(a,b,c)) is squarefree. To count this we will make use of abc-conjecture for number fields

as follows.

3.3.2 abc-Conjecture for Number Fields

Let us denote by
My - the set of all places of K.
MY : set of finite places, and

M7ze: the set of infinite places.

For any v € Mk, we write ||.||, for the normalized norm at v, which for a € K* is defined by

—ordp(a)
<;> ' if v € MY corresponds to the prime ideal p C O,

Okl
ledle = 4 |o(a)| if v € M3 corresponds to the real embedding o : K — R,
lo(a)? if v € My corresponds to the complex embedding o : K — C,

64



and [|0]|, = 0 for all v € M.
The height of a (with respect to K) is defined by
= ) logmax{L, [|la,}.
vEME

If S C Mk is a finite set, the truncated counting function for a # 0 is defined by

N[((l’)s(a) = Z min{1, max{0, ord,, (a)}}1og[Ok : p,].

vEMY\S

where p, is the prime ideal corresponding to v € M.

The abc-conjecture (for number fields): Let K be a number field. Let € > 0 and fix mutually
distinct elements by,--- ,b,, € K. Let S be a finite set of places of K. Then for all but finitely many

a € K, one has

(m—2—)hg(a) <Y Nikla—b).
=1

We write down the case when K = Q, the classical Oesterle and Masser’s abc-conjecture which

states that :

If a, b, and ¢ are coprime integers satisfying a + b = ¢, then for every € > 0,
max(|al, |b], |c|]) <. rad(abe)' e,

where rad(¢) denotes the product of distinct prime factors of £. This will be required in the last section

of this chapter.

Now we turn to a theorem of Jones and White [44, Theorem 2.5|, which gives an asymptotic for
the number of primes p, for which F(p) is squarefree simultaneously, for any separable polynomial

F(x) € Z[z]. This result comes from the main theorem of H. Pasten’s Paper [70].
The number field taken in next Proposition (followed by Theorem 3.3.8, 3.3.9, and 3.4.2 ) is Q(«),
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where « varies over the irrational roots of F(x) € Z[z].

Proposition 3.3.4 (Theorem 2.5, [44]). Let F(t) € Z[t] be a separable polynomial, and let d be the

highest degree of any irreducible factor of F'(¢). Then, we have

X

(3.3.4) {1 < p < X |pis prime and F(p) is squarefree}| ~ hFlogX’

where

= 055

p prime
and

wp(f) = [{N (mod ¢) | gcd(N,{) =1, F(N)=0 (mod ¢)}|.
The asymptotic formula (3.3.4) holds unconditionally for d < 3 and is conditional on the abc-conjecture
for number fields when d > 4.

The constant hp is positive if and only if F'(t) has no local obstruction for all prime p, which has

been defined below.

Definition 3.3.5. A polynomial F(t) has a local obstruction at a prime ¢ if there does not exist

0 € (Z/q?Z)" such that F(£) is not divisible by ¢*.

Define the polynomial T;fnk(x) as

Ta,b (l’) — nnbn—mk + (_1)n+mk+k+1an(mk)mk(n _ mk)n—mkl,k

n,m,k

in Z[x] of degree k, with ged(nb, amk(n — mk)) = 1. Note that the polynomial T;:f,’nk(x) is irreducible
(cf. [34, Theorem 1.2]).

Lemma 3.3.6. The polynomial 7 sfnk(x) has no local obstruction at any prime. More precisely, for

each prime p, there exists £ € (Z/p?*Z)” such that Tsfnk(ﬁ) is not divisible by p?.
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Proof. Suppose that for all primes p, we have

Ta,b (1) _ nnbnfmk + (_1)n+mk+k’+lan(mk)mk(n _ mk)nfmk ?—é 0 (mod p2)

n,m,k

Then we are done. Assume instead that there exists a prime ¢ such that 7/ g:; (1) =0 (mod ¢?). Since

ged(nb, amk(n —mk)) = 1, we must have g { nbamk(n — mk). Observe that

To O+ q) = Tin, 1 (0) = k(mk)™ (n — mk)""™qt*~"  (mod ¢°),

n,m,k n,m,k

for any ¢ € (Z/q*Z)". Since q { nbamk(n — mk)¢, it follows that

T (C4q) £ T (6) (mod %),

n,m,k n,m,k

Thus, at least one of £+ ¢ or £ is not a solution to T%°  (x) = 0 (mod ¢2) for all £ € (Z/¢*Z)". This

n,m,k

proves the lemma. O

To prove the Theorem 3.3.8, 3.3.9 and 3.4.2, it is necessary to count the number of (a,b,c) for

which T}, x(a, b, ¢) is squarefree, as defined in (3.3.2).

For convenience, we denote by S the following set:

S:={(a,b,c)| A<]a| <24, B<|b] <2B,C < |c] <2C}.

We now present the following result, which is also of independent interest.

Theorem 3.3.7. For sufficiently large C', we have

AB
(3.3.5) [{(a,b,c) € S| cand T, m(a,b,c) are square-free}| > —logg’

provided k < 3. Moreover, for k > 4, (3.3.5) holds under the abe-conjecture for number fields.

Proof. We aim to count the number of (a,b,c) € S such that ¢ and T, ,,, x(a, b, ¢) are squarefree.
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We note that, T}, ,, x(a, b, c) = T (¢). Now, by Proposition 3.3.4, unconditionally for £ < 3 and

n,m,k

under the assumption of the abc-conjecture on number fields for k£ > 4, we obtain for sufficiently large

C
[{C < ¢<2C | cis prime and T (c) is squarefree}| ~ fpa. ¢
- ¥ = n,m,k Tn’m,k log C«’
where
wr (p°)
he= ] (1 - ) :
» orime p(p—1)
and
wp(f) = [{N (mod ¢) | gcd(N,£) =1,F(N)=0 (mod ¢)}|.
Thus from Lemma 3.3.6 and for squarefree ¢, we get
a,b C
(3.3.6) {C <|c| <2C | cand T ,(c) are squarefree}| > el
K b Og
Therefore for sufficiently large C,
ABC
[{(a,b,c) € S| cand Tsnblk(c) are squarefree}| > logC'
This completes the proof of the theorem. O

Let us denote the following sets by
Nomix(A,C) = {(|al, |c|) € [4,24] x [C,2C] | ged(n, k) = 1, t" + c(at* +1)™ is monogenic},

and

Noui(A, B, C) :={(|al, |b],|c]) € [4,24] x [B,2B] x[C,2C] | ged(n, k) = 1, t"+act*+bc is monogenic}.

Theorem 3.3.8. For all sufficiently C, we have

AC
(3.3.7) N (A, C)| > og O
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provided k£ < 3. Furthermore, (3.3.7) holds for k£ > 4 under the abc-conjecture for number fields.

Proof. Our goal is to obtain a lower bound for |V, ., (A, C)|. Instead, we will count a lower bound

for the cardinality of a subset of N, .k (A, C).
Let N(A, C) denote the set of all pairs (a, ¢) such that A < |a| < 24, C < |¢| < 2C, ged(n, amk) =
1, ¢ # £1 is a squarefree integer, and t" + c(at* + 1)™ is monogenic.

Note that the discriminant of t" + c(at® + 1)™ is

n

Ala,1,¢) = (~1)B 1T, (a1, 0).

If ¢ # +1 is squarefree, then by Eisenstein’s criterion, the polynomial t" + c(atf + 1)™ is irreducible.
Therefore, from Lemma 3.3.2, it follows that for squarefree ¢ # 41, t" + c(at* 4+ 1)™ is monogenic if

and only if for all primes p dividing A(a, 1,c), we have p? { T}, mx(a, 1, ¢).

From Theorem 3.3.7, by fixing b = 1, we obtain

A
{(lal, |c]) € [A,24] x [C,2C] | c and T, k(a, 1, c) are squarefree}| > a0 g%'
0

Thus we get |N(A4,C)| > %. Since N(A,C) C Npmi(A,C), we conclude that [N, m.(A,C)| >

%. This completes the proof. O]

Theorem 3.3.9. For all sufficiently large C' |, we have

ABC
(3.3.8) INVok(A, B,C)| > log O’

provided k < 3. Furthermore, (3.3.8) holds for & > 4 under the abc-conjecture on number fields.
Proof. Let Ny(A, B,C) denote the set of all (a,b,c¢) € S such that ged(nb, ack(n — k)) = 1, bc # £1,

be is squarefree, and " + act® + be is monogenic.

Note that Ni(A, B,C) C Nyx(A, B,C). If be # 1 and be is squarefree, then by Eisenstein’s

criterion, the polynomial ¢ + act® + be is irreducible. Therefore, from Lemma 3.3.3, it follows that for
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squarefree be, with be # +1, the polynomial ¢ + act® + be is monogenic if and only if T}, 1(a, b, ¢) is

squarefree.

By Theorem 3.3.7 (for m = 1), we have

ABC
{(a,b,c) € S| cand T, 1 x(a,b, c) are squarefree}| > logC'

Above relation holds uniformly over b and since there are approximately %B squarefree integers b

satisfying B < [b] < 2B, hence |Ny(A, B,C)| > %. Therefore we conclude that [N, (4, B,C)| >

ABC
logC

3.4 Counting Polynomials ¢+ c(at’ +b)™ with Galois group S,

Lemma 3.4.1. Let h(t) = 4 + c(at* + b)™ € Z[t] be a monic irreducible polynomial of prime degree
q. If there exists a prime p such that p divides the discriminant Dj, of h(t), but p* { D, and p t abemk,

then the Galois group of h(t) is S,.
Proof. See [36]. O

For any prime number ¢, consider the following set defined by

Ns, (A, B,C) = {(la],b],]c]) € [A,24] x [B,2B] x [C,2C] | ged(g,k) = 1, and 7 + c(at® +
b)™ has Galois group S,}.

Theorem 3.4.2. For all sufficiently large C' and any prime number ¢, we have

ABC

(3.4.1) Vs, (A, B,C)| > Tog O

provided k < 3. Furthermore, (3.4.1) holds for k£ > 4 under the abc-conjecture on number fields.
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Proof. we shall focus on finding a lower bound for the cardinality of a subset of Ng, (A, B,C) for any

prime number q.

Let Ng, (A, B,C) denote the set of all (a,b, c) € S such that ged(gb,acmk(q —mk)) =1, c # %1, ¢

is squarefree, and the polynomial t7 4 c(at® + b)™ has Galois group S,.

Note that Ng, (A,B,C) C Ns,(A,B,C). If ¢ # £1 and c is squarefree, then by Eisenstein’s
criterion, the polynomial t¢ + c(at® + b)™ is irreducible. Therefore, from Lemma 3.4.1, it follows that
for squarefree ¢, with ¢ # +1, the polynomial ¢? + c(at® + b)™ has Galois group S, if and only if
T

%m,k(au 57 C) is Squarefree.

By Theorem 3.3.7, we have

ABC

{(a,b,c) € S| cand T,x(a,b,c) are squarefree}| > ——.

” log C'
Hence, |Ng, (A, B, C’)’ > %, and we conclude that ‘./\/’Sq(A, B,C’)| > %. This completes the
proof of the theorem. O

3.5 Counting Distinct Squarefree Parts of A, ,, x(a,b, c) Under

abc-Conjecture

In this section, we will show that for n (> 3), m, and k being odd integers, there exists a positive

portion of tuples (a, b, ¢) of integers for which T, ,, x(a, b, ¢) is squarefree under abe-conjecture.

For sufficiently large positive real numbers A, B, and C, let D(A, B,C) denote the number of

square-free integers d that have at least one solution to
(3.5.1) d=T,mx(a,b,c), where (a,b,c) € S and ged(nb, acmk(n —mk)) = 1.
The following theorem provides a lower bound for D(A, B, C') assuming the abc-conjecture.
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Theorem 3.5.1. Let A, B, and C be sufficiently large positive real numbers such that B > (AC)*?
for some fixed 6 > 0, and let n (> 3), m, and k be odd integers. If we assume the truth of the

abc-conjecture, then

D(A,B,C) > ABC.
The implied constant may depend upon n, m, and k.

For a squarefree integer d, let us define
S(d) = {(a,b,c) € S| d="Tympr(a,b,c)}.

We begin by computing a lower bound for Y S(d) and an upper bound for > S(d)2. Then, by

d<X d<Xx
applying the Cauchy-Schwarz inequality, we will derive the desired lower bound for D(A, B, C'). This

kind of argument and technique can also be found in papers [62], [63], and [81].

Lemma 3.5.2. Let n (> 3), m, k be odd integers such that ged(nb, acmk(n —mk)) = 1. Let A, B,C
be sufficiently large positive real numbers such that B > (AC)*? or C > (AB)*?, for some fixed

0 > 0. Then, under the abc-conjecture, we have

> S(d) > ABC.
d
The implied constant may depend upon n, m, and k.

Proof. Without loss of generality, assume B > (AC)*.

Let us define
(3.5.2)  H(a,b,¢) :=Tpmr(—a,b,c)Tmr(a, b c) = n2np2(n—mk) _ a2"02k(mk:)2mk(n — mk;)z("*mk).

Let M; denote the set of tuples (a, b, ¢) of integers such that A < a < 2A, B < |[b] <2B,C < || < 2C,

and H (a,b, c) is not divisible by the square of any prime p <log B. Let M; = |[M;| and P = T[] p.
p<log B
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We know that for any integer «,

1 if p*fa for all p < log B,

£2|(a,P?) 0 otherwise.

Thus, we get

(3.5.3) M= ) Soouey= > > ) > 1.

A<a<2A 2|(H(a,b,c),P?) A<a<2A (|P B<|b|<2B
B<[b[<2B C<e|<2C H(a,b,c)=0 (mod ¢?)
C<|e|<2C

We now calculate the sum over b. For any integer ¢ > 1, define
Pac(l) :==|{b (mod ¢)| H(a,b,c) =0 (mod ¢)}|.

Note that since T}, ,,, x(£a, b, ¢) is a polynomial in b of degree n —mk, so it will have at most (n —mk)
solutions modulo p. Therefore for a prime p 1 abnmk(n — mk) and an integer o > 1, it follows that
Pac(P”) = pac(p) < (0 —mk).

Observe that, by the Chinese remainder theorem, p,.(¢) is a multiplicative function of ¢. Dividing

the sum over b in (3.5.3) into intervals of length (2, we get

Z 1= ZBpa,ch) + O(l)

{2
B<|b|<2B
H(a,b,c)=0 (mod ¢2)

Thus, we have

3 u(t) 3 1=2BY u(t p“ )40 Y1

op B<|b|<2B op op

H(a,b,c)=0 (mod ¢2)
=2B]] (

p|P

) +0(P°)
— 28B + O(B°),
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where 8 =[] (1 — %@) is a constant, since the product converges as B becomes large.

p|P

From (3.5.3), we obtain

M, =~vABC + O(AB°C) = yABC + o(ABC),

for some constant v > 0.

Let My be the set of all tuples (a,b,¢) with A < a <2A, B < |b| < 2B, and C < |¢| < 2C, such

that H(a, b, c) is divisible by the square of a prime p € (log B, B]. Define My = | My]|. Then

I Sl SHD DR

A<a<2A log B<p<B B<|b|<2B
C<le|<2C H(a,b,c)=0 (mod p?)

— 9B Z Z pa,c(pQ) + O Z Z 1

2
A<a<2A log B<p<B p A<a<2A log B<p<B
c<je<2c C<|[<20

Note that

2B > ) pecV) o 4pe > 12 « 25C _ aB0),

2 log B
A<a<2A log B<p<B p p>log B p &
C<lej<2C

By the prime number theorem, we have

D 1<<i§g:o(ABC).

A<a<2A log B<p<B
O<lej<2C

Thus, My = o(ABC).

Now, consider M; \ Mo, which is the set of all tuples (a,b,c) with A < a < 2A, B < |b| < 2B,
and C' < |¢| < 2C, such that neither T, ,, x(—a, b, ¢) nor T}, ,, x(a, b, ) is divisible by the square of any
p < B. Clearly, |M; \ My| > M; — M.
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We define a tuple (a,b,c) as “good” if T, . x(a,b,c) is not divisible by p? for any prime p > B.

Otherwise, we call (a,b,c) as “bad”.
We claim that (—a,b,c) and (a,b, ¢) cannot both be bad.
Suppose both (—a, b, c) and (a, b, c¢) are bad. Then there exist primes p > B and ¢ > B such that
Tomr(—a,b,c) = p?r;  and Tomr(a,b,c) = q°rs,

for some integers r; and rs.

Clearly, p and ¢ must be distinct, since if p = ¢, then p* would divide T}, ;. r(—a, b, ¢)+ Ty mx(a, b, c),

implying p < B, which is a contradiction.

Now, using the abc-conjecture, for any € > 0, we get

pq <, (ABC)HE.

Since p,q > B and B > (AC)'* for some § > 0, we have

(AC)'""’B < pg <. (ABC)'*,
which leads to a contradiction. This proves our claim.

Therefore, at least half of the tuples (a, b, c) in M; \ My are good. Hence

(M; — My) > ABC.

N | =

> 8(d) =

This completes the proof of the lemma. m

Lemma 3.5.3. Let n (> 3), m, and k be odd integers, and let A, B, and C be sufficiently large
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positive real numbers with B > (AC)*° for some fixed § > 0. Then

> S(d)’ < ABC.

d<X

Proof. The sum Y. S(d)?— > S(d) is bounded by the number of tuples (a1, az, b1, ba, c1, ¢a) such that

d<X d<Xx
(a1,b1,c1) # (az, be, ca) with T, 1 (a1, by, 1) = Ty i (ag, ba, c2).

Now, the condition T'(ay, by, ¢;) = T'(az, be, c2) implies that
n" (b?fmk . bgfmk) — (_1>n+mk+k (G?le _ CLSCS) (mk)mk<n _ mk)nfmk

However, for fixed (aj,as, ¢1, ¢2), there are O(X®) many choices for b; and bs.
Hence
D S(d)’ =) S(d) < X A*C.

d<X d<X

Since B > (AC)*?, we therefore have

Y S(d)* < X*A’C” + ABC < ABC,

d<X

which concludes the proof. O
Now we can conclude the proof of our main theorem.

Proof of Theorem 3.5.1. By the Cauchy-Schwarz inequality, we get

(Z S(d)> < D(A,B,C) (Z s<d>2) .

d<X d<X

Therefore, from Lemmas 3.5.2 and 3.5.3, the result follows. n
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For each square-free integer d, let D(A, B, C) denote the set of (a,b, c), taken exactly once from

the solution set of the equation (3.5.1). Then we have the following corollary:

Corollary 3.5.4. Under the hypothesis of Theorem 3.5.1, we have

'D(A, B,C)| > ABC.

Remark. Again note that, since n (> 3), m, and k are odd integers, from equation 3.3.3 we get

Q( Ammm@@):Q<J@n@h@mmmm0.

Therefore Corollary 3.5.4 implies that under the hypothesis of Theorem 3.5.1, the number of distinct
quadratic fields Q ( Apmi(a,b, c)) is > ABC.
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Further Work Plan

The results established in this thesis point toward several consequential problems and possible exten-
sions that lead to further study. We outline below a few questions for future investigation, organized

according to the chapters of the thesis.
Chapter 1
Theorem 1.1.1 asserts that if & € Q is not a negative integer, then there exists a positive integer

N (c) such that the generalized ¢-Laguerre polynomials L¢ ,(z) are irreducible over Q for all n > N (a).

Question 1. Find an effective lower bound for N (), or obtain an explicit expression of N(«) in terms

of a.

Suppose « € {5,6,7,8,9,10}. In this case, it can be shown that Lﬁa(x) is irreducible over Q for
all n > 151. Hence, one may verify the irreducibility of Lﬁa(a:) for degrees n < 150 by implementing

an appropriate computer algorithm.

Question 2. Develop a computer programme (for example, using SAGEMATH, MAPLE, or PYTHON,

etc.) to determine for which values of n € [1, N(«)], the polynomials L{ () remain irreducible over

Q.

Such a computation would provide a comprehensive study of the irreducibility of Lﬁya(x) for all
a € Q\ Z~. However, it should be noted that for large values of «, the implementation may require

strong computational resources.
Another type of problem on generalized ¢-Laguerre polynomials may be posed as follows:

Question 3. Determine the Galois groups associated with the polynomials Lﬁw(x) at least for certain
special choices of ¢(x) € Z[z].
Chapter 2

Here using square sieve, we have computed a lower bound of the number of tuples (a, b, ¢) of integers,
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for which T}, ., x(a, b, ¢) possesses distinct squarefree parts, where n and m are fixed odd integers and

k=1

Question 4. Establish a lower bound for the number of distinct squarefree parts of the discriminants
of the irreducible polynomials " + c(at® + b)™ € Z[t] for fixed n, m, and k > 2.
Chapter 3

In the section 3.5, we proved under abc-conjecture that there exists a positive portion of tuples
(a, b, c) of integers for which T, ,,, x(a, b, ¢) is squarefree, where n (> 3), m, and k be odd integers. This

result in turn motivates the following question :

Question 5. Determine whether there exists a positive proportion of tuples (a, b, c) € Z3 such that the

irreducible polynomials t" + c(at* + b)™ are monogenic or have a Galois group S, over Q.
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