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Summary

Compact stars, such as neutron stars and quark stars, serve as natural laboratories for
exploring matter at extreme densities, inaccessible in terrestrial experiments. However,
the microscopic physics governing such regimes remains uncertain due to limitations
in our understanding of the nuclear and quark matter equations of state (EoS). Gravi-
tational waves (GW) provide a promising probe of compact star interiors, with quasi-
normal modes (QNMs)-which describe damped stellar oscillations-being potential GW
sources. Among these, the fundamental (f-) modes are especially important, as they cou-
ple strongly to gravitational radiation and are sensitive to the star’s global structure and

internal composition.

This thesis investigates the f-mode oscillations of anisotropic compact stars using full
general relativistic perturbation theory. In contrast to earlier studies based on pressure
isotropy or simplified approximations such as the Cowling limit, the present work ac-
counts for both fluid and metric perturbations. Anisotropy is physically motivated by
microphysical effects such as superfluidity, pion condensation, strong magnetic fields,
and elasticity. The impact of such anisotropy on the f-mode spectrum is analyzed for

neutron and quark stars with realistic EoS.

Equilibrium configurations are constructed by extending the Tolman-Oppenheimer-Volkoff
equations to include a specified anisotropy profile. Perturbation equations for non-radial
oscillations are then derived by linearizing Einstein’s field equations and fluid conserva-

tion laws, adopting the Regge-Wheeler gauge and restricting to even-parity modes. The



resulting boundary value problem is solved numerically with appropriate conditions at the

center, surface, and spatial infinity.

The analysis shows that the f-mode frequency retains an approximately linear relation
with the square root of the average density, in line with Newtonian results, but with slope
and intercept altered by the anisotropic strength. For both neutron and quark stars, fre-
quency increases with anisotropy for lower masses but decreases at higher masses. The
damping time, which indicates gravitational wave energy loss, decreases monotonically
with anisotropy for fixed mass. Anisotropy leads to significant variations in both fre-
quency (up to ~20%) and damping time (up to ~300%) compared to the isotropic case,
depending on the EoS. The inverse normalized damping time varies linearly with com-

pactness, with anisotropy affecting the slope and intercept of this trend.

Semi-empirical relations are developed to express the frequency and damping time in
terms of mass, radius, and anisotropic strength. The frequency exhibits a cubic depen-
dence on anisotropy for both neutron and quark stars, while the damping time shows a
sextic dependence for neutron stars and quartic for quark stars. These relations are ex-
pected to be useful in gravitational wave modeling and may assist in inferring stellar

parameters from future observations.

In Chapter 2, we reviewed the Newtonian treatment of f-mode oscillations as a peda-
gogical prelude, highlighting the classical result that relates frequency to average stellar
density. Chapter 3 discusses the equilibrium structure of anisotropic stars in general rel-
ativity based on known formalisms, setting the stage for perturbation analysis. In Chap-
ter 4, we extended the general relativistic perturbation framework, originally developed
for isotropic stars, to incorporate pressure anisotropy, systematically deriving the modi-
fied equations within the Regge-Wheeler gauge. Building upon this, Chapter 5 contains
the core numerical results of this thesis, where we computed and analyzed f-mode fre-
quencies and damping times for a range of realistic equations of state, providing new

insights into how anisotropy influences quasi-normal f-modes in both neutron stars and



quark stars.

In summary, this thesis provides a fully relativistic treatment of f-mode oscillations in
anisotropic compact stars, demonstrating that pressure anisotropy significantly alters the
quasi-normal mode spectrum. The results, including empirical fits, highlight the observa-
tional relevance of anisotropy and may aid in decoding gravitational wave signals. This
framework may be extended in future to study other oscillation modes, rotational effects,

and more realistic anisotropy models grounded in microphysics.
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Chapter 1

Introduction

1.1 Study of Gravitational Waves: A Brief History

Over a century ago, Albert Einstein introduced one of the most profound and elegant
frameworks in modern physics: the general theory of relativity [3]. At the time of its
formulation, the theory found confirmation through three key observational phenomena:
the precession of Mercury’s perihelion, the deflection of light in a gravitational field, and
gravitational redshift. Since then, general relativity has remained the cornerstone of our

understanding of gravitation.

Among its many groundbreaking predictions, one of the most remarkable was the exis-
tence of gravitational waves. FEinstein first showed that his equations permitted small,
wave-like disturbances that propagate at the speed of light in flat (Minkowski) spacetime

[4, 5]. However, Einstein himself was skeptical about their physical reality.

This skepticism was later addressed by Pirani, who demonstrated that gravitational waves
could cause measurable relative accelerations between freely falling particles, through
their effect on the Riemann tensor [6, 7]. Around the same time, Bondi argued convinc-

ingly for the physical existence of gravitational waves and their ability to carry energy [8].

15



These developments laid the theoretical foundation for the experimental detection of grav-
itational waves, eventually motivating the construction of kilometer-scale ground-based

interferometric detectors [9, 10].

A major milestone came with the discovery of the Hulse-Taylor binary pulsar system
[11]. The gradual decay of its orbital period matched the predictions of general relativity
due to gravitational wave emission, providing strong indirect evidence for the existence

of gravitational waves.

The first direct detection, however, occurred much later. In 2016, the LIGO collaboration
announced the historic observation of gravitational waves from a binary black hole merger
[12]. This detection not only confirmed a century-old prediction of general relativity but

also opened a new observational window into the universe.

Following this breakthrough, numerous binary black hole mergers were recorded by the
LIGO-Virgo collaboration. A pivotal moment arrived on August 17, 2017, with the detec-
tion of GW170817, the first gravitational wave signal from a binary neutron star merger
[13]. This event triggered a worldwide alert, leading to coordinated electromagnetic ob-
servations across the entire spectrum, from radio to gamma rays. This marked the dawn
of multi-messenger astronomy and represents one of the most significant achievements in

neutron star research.

More recently, the Pulsar Timing Array (PTA) collaborations have reported evidence for
gravitational waves in the nanohertz regime [14, 15, 16], likely originating from super-
massive black hole binaries. Looking ahead, planned observatories like the Laser Inter-
ferometer Space Antenna (LISA) [17, 18], the Einstein Telescope [19, 20], the Cosmic
Explorer [21, 22], and others are expected to explore a wide range of gravitational wave
sources. These facilities promise to deepen our understanding of the cosmos and unveil

new classes of astrophysical objects.
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1.2 Compact Stars as Gravitational-Wave Sources

Gravitational-wave sources are broadly classified into compact-binary coalescences, burst-
like events, stochastic backgrounds, and continuous waves. Neutron stars appear in each
category. The merger of two neutron stars or a neutron star and a black hole produces a
strong coalescence signal; non-axisymmetric deformations in an isolated, spinning neu-
tron star emit nearly monochromatic continuous waves; and violent processes such as
supernova explosions, magnetar flares or glitches can give rise to burst-like emission.
These signals are invaluable: as well as testing general relativity, they offer the potential

to constrain the interior composition and equation of state (EoS) of neutron star matter.

The inspiral and merger of compact binary systems were predicted to be among the first
detections of advanced interferometers, with estimated binary neutron star detection rates
for the Advanced LIGO and Virgo network ranging from 0.4 to 400 per year [23]. This
expectation was spectacularly realised on 17 August 2017 when the LIGO-Virgo Collab-
oration observed the gravitational-wave signal GW170817, a binary neutron star inspiral
accompanied by multi-wavelength electromagnetic counterparts [13]. Since the start of
the advanced detector era in 2015, the network has recorded hundreds of gravitational-
wave events; by 19 March 2025 the LIGO-Virgo-KAGRA collaboration had catalogued
approximately 290 candidate signals, although only two or three involve binary neutron
star mergers '. Improvements during the ongoing O4 observing run have more than dou-
bled the binary neutron star detection range to about 550 million light years (approxi-
mately 170 Mpc) !, and are expected to deliver a merger detection every two or three
days 2. Among the events recorded so far are systems containing “mass gap” objects
with masses between 2 and 5 Mg; determining whether these are unusually massive neu-
tron stars or low-mass black holes is an active area of investigation [24]. (For example,
the event GW190814 involved a 2.6 My, secondary, arguably the heaviest neutron star or

lightest black hole known [25].) Future observations with next-generation ground-based

1https://www.ligo.caltech.edu/news/lig020250320
Zhttps://www.virgo-gw.eu/news/ligo-and-virgo-detectors-restart-gravitational-wave-observation/
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detectors such as the Einstein Telescope and the Cosmic Explorer, as well as space-based
interferometers like LISA, will further expand the accessible volume and frequency range,

allowing precise measurements of tidal deformabilities and post-merger oscillations.

Isolated neutron stars are also promising continuous-wave sources. A rotating neutron
star with a non-zero equatorial ellipticity e radiates at twice its spin frequency with char-
acteristic strain amplitude Ay oc I, gzwe/ d, where I, is the principal moment of inertia, €
is the ellipticity of the object, f,,, is the gravitational-wave frequency and d is the distance
to the source. Such deformations may arise from crustal “mountains” sustained by the

solid crust [26] or from strong internal magnetic fields [27].

Transient phenomena in isolated neutron stars can also produce gravitational radiation.
Pulsar glitches, sudden jumps in the rotation frequency thought to result from the unpin-
ning of superfluid vortices in the interior, transfer angular momentum between the core
and crust and can excite broadband or continuous gravitational waves. Simulations sug-
gest that the burst associated with a glitch could reach strains of hy ~ 1072* for typical pa-
rameters, but targeted searches of the 2006 Vela pulsar glitch have yielded non-detections,
placing upper limits of 4y < 1072°, Similarly, magnetar giant flares may excite crustal and
core oscillations through catastrophic rearrangements of ultra-strong (B 2 10'* G) mag-
netic fields, though no gravitational waves were seen during the 2004 SGR 180620 flare
[28]. Newly born neutron stars in supernova remnants may also emit strong gravitational
waves due to large internal toroidal fields and differential rotation [29]; however, estimates

are highly uncertain.

The detection of gravitational waves from neutron stars promises to revolutionise our un-
derstanding of dense matter. Binary inspirals encode the tidal deformability and radii of
neutron stars, allowing constraints on the EoS. Continuous-wave detections would mea-
sure the star’s moment of inertia and ellipticity, revealing details of crustal strength and
internal magnetic fields. Burst signals from glitches and magnetar flares could probe

superfluid physics and magneto-elastic coupling. With the advent of next-generation de-
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tectors and multi-messenger campaigns, gravitational-wave astronomy will provide an
indispensable complement to electromagnetic observations, linking the macroscopic dy-

namics of neutron stars to the microphysics governing matter at supranuclear density.

1.3 Discovery of Neutron Stars

Neutron stars are among the most fascinating celestial objects, remarkable not only for
their ability to contain a mass greater than that of the Sun within a radius of just about
10 kilometers (roughly the size of a city), but also for serving as natural laboratories for
exploring physical phenomena under extreme conditions that are inaccessible in terrestrial

experiments.

The idea of neutron stars was conceived even before the discovery of the neutron itself. As
early as February 1931, Lev Landau proposed the concept of a star composed of extremely
dense nuclear matter, resembling a gigantic atomic nucleus [30]. His paper was published
on 29 February 1932 [31, 30, 32], just within a week James Chadwick announced the

discovery of the neutron [33].

Nearly two years after the discovery of the neutron, Baade and Zwicky proposed the exis-
tence of neutron stars as the remnants of supernova explosions [34, 35]. This marked the
beginning of a more concrete theoretical framework for such compact objects. In 1939,
Tolman [36], and Oppenheimer and Volkoff [37], derived the general relativistic hydro-
static equilibrium equation for static, spherically symmetric stars, an essential equation

governing the structure of neutron stars.

While theoretical understanding evolved gradually over the decades, a major observa-
tional breakthrough came in 1967 when Jocelyn Bell Burnell and Antony Hewish dis-
covered pulsating radio sources, now known as pulsars [38]. These were soon identified
as rotating neutron stars emitting beams of radiation. This discovery revolutionized as-

trophysics and established neutron stars as real, observable astrophysical entities. Since
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then, more than 3,000 pulsars have been detected across various wavelengths, making
them a vital tool for probing fundamental physics under extreme conditions (for the most

up-to-date count, see version 2.7.0 (recent version)® of [39]).

1.4 Birth of Compact Stars

Compact stars, including neutron stars and potentially quark stars, are formed from the
catastrophic gravitational collapse that marks the end stage of a massive star’s life cycle.
Typically, stars with initial masses exceeding about 8 M, undergo such collapse. During
most of its lifetime, a main-sequence star remains in hydrostatic equilibrium by fusing
hydrogen into helium in its core. The energy released in the fusion process generates
outward thermal pressure, which balances the inward pull of gravity and maintains the

star’s structural integrity.

As the hydrogen in the core is exhausted, gravitational contraction resumes. The core
heats up, igniting helium fusion, while hydrogen burning continues in surrounding shells.
In massive stars, the core undergoes successive stages of nuclear fusion such as, carbon,
oxygen, magnesium, silicon, each occurring in concentric shells, forming an onion-like

structure.

However, nuclear fusion ceases with the production of iron (°*®Fe), which is most stable
nucleus, as the binding energy per nucleon is highest for them. Since fusing iron does not
yield energy, the core loses its primary source of outward pressure and becomes gravita-

tionally unstable. As fusion stops, the core collapses under its own gravity.

Eventually, the collapsing core exceeds the Chandrasekhar limit (~1.4 M), at which
point electron degeneracy pressure can no longer counteract gravity. This collapse is

further accelerated by inverse beta decay, in which electrons and protons combine to form

3https://Www.atnf.Csiro.au/research/pulsar/psrcat/
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neutrons and electron neutrinos:

pr+e >n+v,.

This process depletes the electron population, reducing degeneracy pressure and accel-
erating the collapse. Initially, the produced neutrinos escape freely, but once the core
density reaches ~ 10'? g/cm®, neutrinos become trapped due to high opacity, altering the

thermal and pressure balance.

As the density surpasses nuclear saturation (~ 2.8 x 10'* g/cm?), nucleons are squeezed
into a uniform nuclear matter state. The short-range repulsion between nucleons and
neutron degeneracy pressure, along with the contributions from trapped neutrinos, halt
the collapse and produce a bounce that drives a shock wave outward. This shock, after

gaining sufficient energy, expels the outer layers of the star in a supernova explosion.

For progenitors with initial masses above ~20 Mg, the remnant may undergo further col-
lapse into a black hole. However, for progenitors with lower mass, the remnant core stabi-
lizes into a neutron star. This proto-neutron star is initially extremely hot (~ 10" —10'? K)
and cools rapidly by emitting trapped neutrinos. Within a day, the temperature typically
drops to ~ 10” — 10'° K, after which the star cools gradually through long-term neutrino

emission.

The above discussion outlines the formation of neutron stars. However, another class of
compact stars-quark stars-has been theorized. Itoh [40] first proposed that compact stars
composed entirely of deconfined quark matter could exist in hydrostatic equilibrium. The
Bodmer—Witten hypothesis later suggested that strange quark matter could be the true
ground state of matter, being energetically more stable than *°Fe [41, 42]. This hypoth-
esis lays the foundation for the existence of quark stars, self-bound compact stars made

entirely of up, down, and strange quarks.

Although direct observational evidence is lacking, several astrophysical objects have been
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proposed as possible quark star candidates. For instance, the low-mass central object in
the supernova remnant HESS J1731-347 is a strong candidate [2, 43], as such a low-
mass neutron star is unlikely to result from standard core-collapse supernova models.
Other candidates include PSR B0943+10 [44] and PSR J0205+6449 [45], both of which

show features that may be consistent with quark star models.
There are several proposed mechanisms by which a quark star may form:

(i) Direct Formation from Core Collapse: In massive stars undergoing Type II super-
novae, if the core achieves sufficiently high density (several times nuclear saturation) dur-
ing collapse, a first-order QCD phase transition could occur, leading to deconfined quark
matter in the core. If this happens before black hole formation, the remnant may stabilize

as a quark star [46].

(ii) Conversion from a Neutron Star: A neutron star may convert into a quark star over
time as its central density increases due to mass accretion (e.g., from a binary companion)
or spin-down. This may trigger a rapid phase transition into strange quark matter [47].
The process is exothermic and potentially violent, leading to a secondary explosion known

as a “quark nova” [48], with energies of order 10°2-10 erg.

(iii) Formation in Neutron Star Mergers: In binary neutron star mergers, the post-
merger remnant is ultra-dense and may temporarily avoid black hole formation. If the
remnant’s core density and temperature are high enough, deconfinement may occur, re-
sulting in a quark star or hybrid star. Some analyses, such as those of GW 190425, suggest

that the high mass of the remnant may be consistent with a stable quark star [49].

(iv) Primordial Quark Stars: In the early universe (around 107> seconds after the Big
Bang), regions of deconfined quark matter could have survived hadronization during the
QCD phase transition. If these “quark nuggets” converted into strange quark matter before
pressure dropped significantly, they might have survived to the present day as stable relics

[42].
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In summary, while the existence of quark stars remains theoretical, several plausible for-
mation scenarios have been proposed, ranging from stellar core collapse and binary merg-
ers to early universe processes. The formation of such stars depends critically on the
high-density equation of state, the nature of the quark—hadron phase transition, and the
physical conditions required for deconfinement. Together, these possibilities provide a co-
herent framework for understanding how exotic compact stars composed of quark matter

might arise in nature.

1.5 Inside the Compact Stars

1.5.1 Neutron Star

Surface: The surface of a neutron star, though only a few centimeters thick, plays a
crucial role in shaping its thermal emission and observational characteristics. Its compo-
sition varies based on the neutron star’s evolutionary history and environment, typically
comprising hydrogen, helium, or heavier elements such as carbon. While hydrogen and
helium atmospheres are common in accreting neutron stars, isolated neutron stars, such
as the one in Cassiopeia A, often exhibit carbon-dominated atmospheres, likely due to
nuclear burning or the lack of accretion [50, 51]. These differences in atmospheric com-
position significantly influence X-ray spectral modeling and, consequently, constraints on

neutron star mass, radius, and cooling behavior.

Outer Crust: The outer crust consists of a dense lattice of neutron-rich nuclei embedded
in a degenerate, ultra-relativistic electron gas. This crystalline structure extends from the
surface to the neutron drip point. As one moves deeper, pressure increases due to the
overlying material. This extreme environment, a remnant of the neutronization during the
supernova collapse, drives beta capture reactions, i.e. electrons are captured by protons in

nuclei, increasing their neutron content [52]. The stability of these increasingly neutron-
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Figure 1.1: Schematic illustration of the internal structure of a neutron star and a quark
star within the most established models. See text for details.

24



rich nuclei is governed by a competition between nuclear symmetry energy, Coulomb

energy, and the electron Fermi energy, resulting in a stratified sequence of isotopes.

Inner Crust: Spanning densities from about 4.3 x 10" gcm™ to 2.0 x 10'* g cm™,

the inner crust has a radial thickness of approximately 0.5 km. At the lower end of this
range, neutrons begin to “drip” out of neutron-saturated nuclei, entering free states. This
threshold defines the neutron drip density. The inner crust comprises extremely neutron-
rich nuclei arranged in a Coulomb lattice, immersed in a sea of free neutrons and a highly
degenerate, relativistic electron gas. At higher densities near the crust-core interface,
complex configurations, commonly referred to as “nuclear pasta” phases may emerge due

to the interplay of nuclear and Coulomb forces [53].

Outer Core: The outer core lies beneath the inner crust and spans densities from ap-
proximately 1.5 x 10'* g cm™ to 2.0 x 10! g cm™ [54, 55]. This region is composed
primarily of superfluid neutrons, a smaller fraction of protons (believed to form a type-II
superconductor), and leptons such as electrons and muons to maintain charge neutrality.
Superfluidity and superconductivity in this region profoundly influence thermal evolution,
rotational dynamics, and magnetic field behavior, particularly in connection with pulsar
glitches [56, 57]. Despite progress, the composition and interactions within the outer core

remain uncertain and are central to constraining the dense matter equation of state.

Inner Core: The inner core, lying beneath the outer core, is characterized by densities
exceeding approximately 2 x 10!> g cm™. Due to the extreme conditions, its composition
is not well understood. Possible constituents include deconfined quark matter (in the form
of a quark-gluon plasma), or hyperonic matter containing particles with strange quarks
[57]. These exotic states could significantly affect the neutron star’s maximum mass,

radius, and oscillation modes, and are a major focus in the study of ultra-dense matter.
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1.5.2 Quark Star

The potential existence of quark stars, compact stars composed entirely of deconfined
quark matter, has garnered theoretical interest. Building on early ideas by Itoh [40],
Bodmer [41], and Witten [42], quark stars are proposed as more compact, self-bound
alternatives to neutron stars. Although still hypothetical, certain astrophysical candidates
such as RX J1856.5-3754 and the remnant of HESS J1731-347 have been suggested as

quark stars [2, 43].

Quark Matter Core: The core of a quark star consists of deconfined up, down, and
strange quarks forming strange quark matter, hypothesized to be more stable than nuclear
matter at sufficiently high densities [42]. In such stars, quarks are present in roughly equal
numbers, with the inclusion of strange quarks reducing the energy per baryon. Unlike
neutron stars, quark stars are primarily self-bound by the strong nuclear force, not gravity,
which leads to a smooth density gradient without sharply defined layers [58]. At the
center, matter is expected to be in the Color-Flavor Locked (CFL) phase, where quarks
pair in a superconducting state locking color and flavor symmetries [59, 60]. At lower
densities, the matter may transition to the 2SC phase, where only up and down quarks

participate in superconductivity [61].

Outer Crust: The structure surrounding the quark matter core depends on whether the

star is crusted or bare:

Crusted Quark Stars: These possess a thin nuclear crust composed of heavy ions and
electrons, resembling the outer crust of neutron stars. However, the crust is significantly
thinner, only a few hundred meters thick and has a mass around 10°M,, [62]. It is sep-
arated from the quark core by a sharp interface, and the density remains below neutron

drip, ensuring no free neutrons exist.

Bare Quark Stars: In this configuration, no nuclear crust is present. The quark matter

core extends directly to the surface, overlaid by a thin layer of electrons. A strong electric
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field, ranging from 10'® to 10" V/cm, maintains this electron layer, generated by charge

separation between the core and the surrounding electrons [63].

A schematic diagram illustrating the internal structures of a typical neutron star and a

typical quark star is shown in Fig. 1.1.

1.6 Anisotropy Inside Compact Stars

In modeling the structure and physical properties of compact stars, it is commonly as-
sumed that the pressure within the star is isotropic, i.e., equal in all directions. However,
the possibility of anisotropic pressure, where radial and tangential components differ can-
not be excluded. The concept of an anisotropic fluid was first introduced by Lemaitre
[64] in the context of cosmological expansion. Subsequently, Bowers and Liang [65]
investigated the equilibrium configurations of relativistic compact stars under the influ-
ence of pressure anisotropy. Their study revealed that even small local anisotropies could
significantly alter global observables such as the mass and surface redshift of compact

stars.

Several physical mechanisms have been proposed to induce anisotropy within compact
stars. These include superfluidity [66, 67, 68], pion condensation [69], and skyrmion-
based interactions [70]. Additionally, viscous effects are known to contribute to local
pressure anisotropies in neutron stars [71, 72]. Yazadjiev [73] modeled magnetars in a
nonperturbative general relativistic framework and demonstrated that the intense magnetic
field could render the stellar matter anisotropic. Elastic deformations in neutron stars may
also be effectively described using an anisotropic stress model [74, 75]. A comprehensive
discussion of anisotropic pressures in self-gravitating systems, can be found in Herrera

and Santos [76] and references therein.
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1.7 Oscillations of Compact Stars

The theory of stellar oscillations originated from early studies of variable stars and was
subsequently extended to compact objects such as neutron stars. A key historical insight is
the period-density relation, which connects a star’s pulsation period P to its mean density
Pavg- In essence, denser stars exhibit shorter pulsation periods. Shapley (1914) applied
this relation to argue that Cepheid variables are intrinsically pulsating stars rather than
eclipsing binaries, noting that their observed periods match plausible average densities
for oscillating bodies [77]. Later, Eddington (1918) laid the mathematical groundwork for
stellar pulsation theory by modeling small radial oscillations of stars within Newtonian

gravity [78].

Initially, attention focused on radial modes, spherically symmetric "breathing" oscilla-
tions. However, non-radial modes, involving complex surface patterns, became promi-
nent with the discovery of the Sun’s 5-minute oscillations in the 1960s [79], giving rise
to the field of helioseismology. These developments motivated extensions of oscillation
theory into the relativistic regime, particularly after the discovery of neutron stars and
pulsars. Thorne and Campolattaro [80], followed by Price and Thorne [81], formulated
a general relativistic treatment of non-radial perturbations, incorporating fluid dynamics

and spacetime curvature.

The theory advanced significantly with numerical investigations by Lindblom and De-
tweiler [82] and Detweiler and Lindblom [83], who studied non-radial pulsations using
realistic equations of state (EoS). These studies revealed that neutron star oscillations
emit gravitational waves, giving rise to damped oscillations known as quasinormal modes
(QNMs). Andersson and Kokkotas [84] later demonstrated that both the fundamental
(f)-mode frequencies and their damping times are sensitive to the EoS, laying the foun-
dation for gravitational wave asteroseismology. Using the same formalism, the non-radial
oscillation modes are calculated for superfluid neutron stars [85], quark stars [86], neu-

tron stars with density discontinuity [87, 88], etc. Recent studies on the impact of the
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equation of state on the neutron star oscillation modes reveal the fact that the inter-nuclei
interactions have important effects on the quasi-normal modes [89]. Most of these studies

assume pressure isotropy inside neutron stars.

Observational efforts to detect stellar oscillations initially focused on radio pulsar timing
irregularities and pulse microstructure [90, 91, 92]. While direct detections remain elu-
sive, the observation of gravitational waves from compact binary mergers by LIGO and
Virgo [12, 93] has opened new avenues. Non-radial oscillation of compact stars are one
of the prime candidate of gravitational waves. Phenomena such as pulsar glitches [94],
non-spherical supernova explosions [95], and coalescence of compact stars [96, 97, 98,
99, 100] are among of the proposed causes of such non-radial, especially f-mode oscil-
lations. These are the sources of gravitational wave in burst-like emission. Other than
these sources, f-mode oscillation can also generate continuous gravitational waves by
spinning compact stars. The instability of the f-mode sets in only above a critical spin
rate, via the well-known Chandrasekhar-Friedman-Schutz (CFS) [101, 102] mechanism.
In a rapidly rotating (millisecond-period) newborn neutron star, the CFS instability can
drive the f-mode to grow and emit continuous gravitational waves [103, 104, 105]. Fu-
ture observatories such as Cosmic Explorer and the Einstein Telescope are expected to be

sensitive to high-frequency signals potentially linked to f-mode oscillations [106, 107].

The effects of anisotropy on non-radial oscillation modes were first studied by Hillebrandt
and Steinmetz [108] in the Newtonian framework. This study revealed that pressure
anisotropy plays a very important role in mode frequencies. Later, Doneva and Yazadjiev
[109] calculated the frequencies for the f-mode and the p-mode oscillations using the
Cowling approximation, where they ignored the metric perturbation. In a recent study,
Curi et al. [110] extended this work for the case of realistic equations of state. All of the
aforementioned studies showed that anisotropy in neutron stars can change the numerical
value of the frequencies of the quasi-normal modes. Although the metric perturbation is

ignored, the Cowling approximation provides sufficiently accurate results for fluid pertur-
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bations. However, the possibility of errors due to ignoring the metric perturbation might
not be negligible. Recently, Sotani and Takiwaki [111] found that the mode frequen-
cies under the Cowling approximation are estimated with approximately 20% accuracy.
Another drawback of the Cowling approximation is that, as the metric perturbation is ig-
nored, the energy loss due to gravitational waves is unaccounted for. In the full framework
of general relativity that takes into account perturbations of the metric, the oscillation of
the metric propagates as gravitational waves, which carry away the energy of the oscil-
lations. As a result, the oscillation experiences damping, leading to a decrease in its

amplitude over time.

Other than the study of oscillation modes of neutron stars, the oscillation modes of quark
stars have been studied by several authors. Yip et al. [112] demonstrated that their f-
mode frequencies differ significantly from those of neutron stars, implying stronger grav-
itational wave emission. Sotani and Harada [86] derived an empirical relation linking f-
mode frequencies to EoS parameters of quark matter. Similar conclusions were reached
in [113, 114], which showed that oscillation properties could help distinguish between
quark and neutron stars. More recently, the Cowling approximation has been employed
to analyze anisotropic quark stars [115, 116], though fully relativistic treatments remain

relatively sparse.

In this thesis, we investigate the quasi-normal f-mode oscillations of anisotropic compact
stars, both neutron stars and quark stars, within the framework of full general relativity.
Starting from the equilibrium configurations of compact stars with pressure anisotropy,
we derive and solve the linearized perturbation equations including both fluid and metric
fluctuations. We compute the f-mode frequencies and damping times for a range of
realistic equations of state and quantify the influence of anisotropy on these observables
(frequency and damping time). The thesis is organized as follows. In Chapter 2, we
present the basic theory of stellar oscillations in the Newtonian framework. Chapter 3

describes the equilibrium structure of anisotropic compact stars in general relativity. The
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derivation of the perturbation equations is detailed in Chapter 4. Chapter 5 presents the
numerical results and analysis of the f-mode frequencies and damping times. Finally, we

conclude with a summary of the main findings and future directions in Chapter 6.
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Chapter 2

Equilibrium and f-mode Oscillations of

Newtonian Stars

This chapter presents a review of the equilibrium structure and f-mode oscillations of

stars in Newtonian gravity.

2.1 Equilibrium Stellar Structure

A star may be modeled as a self-gravitating, nearly spherical assembly of hot plasma,
where the inward gravitational attraction is precisely balanced by the outward pressure
arising from thermal and radiation forces. This balance, referred to as hydrostatic equi-
librium, allows the star to maintain its structural integrity over extended timescales while

generating energy through nuclear fusion at its core.

To derive the hydrostatic equilibrium condition within the framework of Newtonian grav-
ity, let us analyze a cylindrical fluid element situated within the stellar interior. The el-
ement has a radial height dr and a cross-sectional area dS, located between radii » and

r + dr. Assuming the local mass density p remains approximately uniform across this
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small region, the mass of the fluid element can be expressed as

Am = pdrdsS. 2.1

This fluid element is subjected to two opposing forces:

1. The gravitational attraction from the mass m(r) enclosed within the radius r, which

pulls the element inward.

2. The differential pressure across its radial faces, which exerts a net outward force.

The gravitational force acting on the element is

Gm(r)Am

> (2.2)

F grav —

where G is the gravitational constant, and m(r) denotes the mass enclosed within the
spherical region of radius . On the other hand, the pressure difference between the top

and bottom surfaces yields a net force given by

dP
Fpressure = [P(r +dr) — P(r)]dS = o drds. (2.3)
r

Substituting the expression for Am from Eq. (2.1) and applying the equilibrium condition

Fgrav + Fpressure = 0’ we get
Gm(r)Am _ dP Am

= — 24
r? dr p 24)
Canceling Am and simplifying, we arrive at the hydrostatic equilibrium equation:
dP Gm(r)
— =—p—. 2.5
dr P—p (23)

This equation expresses how the pressure must vary with radius in order to maintain
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mechanical stability under the influence of self-gravity.

The mass increment dm enclosed within a thin spherical shell of thickness dr at radius r

is given by

dm=pdV
= p4nr’dr. (2.6)
This leads to the differential form:
d
d—'f = 4nr%p, 2.7)

which describes how the enclosed mass changes with radius in terms of the local mass

density p(r).

Another important quantity is the gravitational potential ®(r) produced by the enclosed

mass m(r), defined in Newtonian theory as

d(r) = —G";(r). (2.8)

The corresponding gravitational field (acceleration experienced by a test particle) is then

obtained from the negative gradient of the potential:

g=-VO

-G, 2.9)
-

where 7 denotes the unit vector along the radial direction. Next, let us consider an in-

finitesimal surface element on a spherical shell of radius r:

dS = rsin6dode 7. (2.10)
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The gravitational flux through this surface is given by the scalar product

g-dS = —(Gm(r)?) (P sinodode?)

= —Gm(r) sin0dfd¢ . (2.11)

Integrating over the entire spherical surface, we obtain the total gravitational flux:

27 T
56§-d§: —Gm(r)f d¢f sin 0 d@
0 0

= —4nGm(r) . (2.12)

According to Gauss’s divergence theorem,

95 §~d§:f(V-§)d3r. (2.13)
oV |4

Comparing with the expression above, we find
f(V-§)d3r = —477Gfp(r)d3r, (2.14)
v 4
which leads to the pointwise identity:

V-g=-4nGp(r) . (2.15)

Since g = —V®, we substitute this into the above to obtain:
V. (=V®) = —-4nGp(r), (2.16)
which simplifies to the Poisson equation for the Newtonian gravitational potential:

V2O = 4nGp(r) . (2.17)
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We now consider the dynamics of a non-rotating, incompressible fluid configuration to
analyze the oscillatory behavior. Two essential equations from fluid dynamics are re-

quired.

The first is the continuity equation, derived from the conservation of mass:

%Jrv.(pg):o, (2.18)

where ii is the velocity field of the fluid. The second is the momentum conservation

equation, also known as Euler’s equation:

oil 1
= (il V)il + ~Vp+ VD =0. (2.19)
ot ol

For an incompressible fluid, the density p remains constant throughout the star. Therefore,

the time derivative and the spatial divergence of p both vanish:

o _

=0, V-p=0. 2.20
Ey p (2.20)

Inserting this into the continuity equation (Eq. 2.18) yields:
V-i=0, (2.21)

which implies that the velocity field is solenoidal.
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2.2 f-mode Oscillations of a Newtonian Star

To study the oscillations of the star, we now introduce linear perturbations around the

equilibrium configuration. The perturbed variables are defined as:

il — il + oil, (2.22)
p— p+op, (2.23)
® — D + 5D. (2.24)

Since the fluid is incompressible, the density remains constant, i.e., p = 0. Substituting

this into the Poisson equation (Eq. 2.17) gives:

VD =0, (2.25)

since the source term dp vanishes.

Similarly, the linearized form of the continuity equation, using Eq. (2.21), becomes:

(2.26)

This condition implies that the perturbed velocity field is irrotational and can therefore be

expressed as the gradient of a scalar potential:

o =VY¥, (2.27)
where W is the velocity potential. Substituting this into Eq. (2.26), we obtain

V¥ =0. (2.28)
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We now turn our attention to the Euler equation (Eq. 2.19). Linearizing it with respect to

the perturbed quantities yields:

oot 1
o ZN6p + V6D =0 . (2.29)
ot p

Taking the divergence of Eq. (2.29) and employing Eqgs. (2.26) and (2.25), we obtain:

Vip=0. (2.30)

Thus, the perturbed velocity potential ¥, the perturbed gravitational potential 6@, and the

pressure perturbation ¢ p all satisfy Laplace’s equation.

Applying separation of variables and imposing regularity conditions at the stellar center,

we obtain the following general solutions:

¥ =qar Y"0,9¢), (2.31)
5D = b ' Y6, 9), (2.32)
6p =cr' Y0, 9), (2.33)

where a;, b;, and ¢; are mode amplitudes (possibly time-dependent), and Y}"(6, ¢) are

spherical harmonics.

Integrating the linearized Euler equation (Eq. 2.29) gives:

oY 1
—+ —-0p+00=D, (2.34)
o p

where D is a constant of integration. Since all the terms on the left-hand side vanish at

r — 0, regularity at the center demands that we set D = 0 everywhere.

39



Assuming harmonic time dependence of the perturbations, ¥ « ¢/, Eq. (2.34) leads to:

iway + % +b=0. (2.35)

To complete the system, we now apply the boundary condition for the Lagrangian pressure
perturbation at the surface:

d
Ap = 6p + g’d—’r’ - 0. (2.36)

The radial displacement &” is related to the perturbed velocity via:

0§ ad¥Y

ou” = —
" ot dr

=a /'y, (2.37)

For an incompressible fluid star in equilibrium, the pressure gradient is:

dp AnGp*r
dr 3

. (2.38)

Substituting the expressions for dp, £, and dp/dr into the boundary condition, we obtain:

ArGp®l
C =

. 2.
3iw (2:39)

The boundary condition for the gravitational potential requires continuity of 6@ and its

derivative at the stellar surface:

ds®  1+1
D0 50| = -4rGpE®R), (2.40)
dr R r=R

which yields:
4nGpl
- 4aj.
2L+ Diw

] =

(2.41)

Substituting the results from Egs. (2.39) and (2.41) into Eq. (2.35), we arrive at the ex-
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pression for the square of the fundamental mode frequency:

W = 87er.l(l—1).
3 21+ 1

(2.42)

This result clearly shows that the square of the f-mode frequency is proportional to the
average density of the star. One point to notice, is the fact that, the frequency w is real for
Newtonian case, on the other hand when we consider full general relativistic treatment, we
will find that w becomes complex, which indicates the loss of energy of oscillation with
time. We will discuss about this in Chapter 4. It serves as a foundational relation in stellar

seismology, linking macroscopic stellar properties to measurable oscillation frequencies.
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Chapter 3

Equilibrium Structure of Anisotropic

Compact Stars in General Relativity

In this chapter, we examine the equilibrium structure of compact stars in the presence
of pressure anisotropy. As discussed earlier, such stars can be modeled as massive, self-
gravitating fluid spheres, whose stability arises from the interplay between two opposing
forces: the inward pull of gravity due to the mass of the star and the outward push gener-
ated by internal pressure. For main-sequence stars, this pressure is predominantly main-
tained by thermal energy released through nuclear fusion. In contrast, for compact stars
like white dwarfs and neutron stars, quantum degeneracy pressure becomes the primary

source of support.

Gravitational interactions play a fundamental role in determining the equilibrium con-
figurations of these objects. Under Newtonian gravity, the gravitational potential scales
approximately with the ratio M/R, where M and R denote the mass and radius of the star,
respectively. This dimensionless quantity is commonly referred to as the compactness
parameter. For stars such as the Sun, the compactness is extremely small (on the order
of ~ 107°), and Newtonian gravity offers a sufficiently accurate framework for under-

standing their structure. On the other hand, neutron stars and quark stars possess much
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higher compactness (typically around ~ 0.1), resulting in strong gravitational fields where

Newtonian mechanics no longer provides an adequate description.

In such strongly relativistic regimes, Einstein’s theory of general relativity must be em-
ployed to properly describe the internal structure of compact stars. Since the focus of this
work is on neutron stars and quark stars, we shall adopt a general relativistic framework
to investigate their equilibrium properties. To proceed, we begin with a brief overview of

the essential concepts of general relativity relevant to our analysis.

3.1 A Brief Review of General Relativity

This section provides a concise overview of the general theory of relativity, focusing on
the key mathematical framework and essential equations that will be used throughout the
thesis. As general relativity is a geometric theory of gravitation, we begin by introducing

the spacetime structure on which the theory is formulated.

We consider a four-dimensional differentiable manifold M (spacetime), equipped with lo-
cal coordinates x* where u = 0, 1, 2, 3. The infinitesimal separation between neighboring
points in spacetime is given by dx*, and the invariant interval is defined by the spacetime

metric g, as follows:

ds* = g, dx"dx". (3.1)

The metric tensor g,, encapsulates the curvature and causal structure of spacetime. To
describe how objects move in this curved geometry, we introduce the Christoffel symbols,

which depend on the metric and its first derivatives:

1 v
Fﬂa/ﬁ = Egﬂ (aﬁgV(Y + 0Cl/gﬁV - avgaﬁ) s (3.2)
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where I op are the connection coefficients that govern how vectors are transported across

curved spacetime. The symmetry I op = r 5o implies that the connection is torsion-free.

The curvature of spacetime is captured by the Riemann curvature tensor, constructed from

the Christoffel symbols as:

R, =01, -81I, +I’ | R rpﬁvr{w. (3.3)

Ay~ ov

This tensor measures the tidal deformation caused by the gravitational field. If all com-
ponents of the Riemann tensor vanish, the spacetime is flat, indicating an absence of

gravitational effects.

By contracting the Riemann tensor, we obtain the Ricci tensor:

Raﬁ = gY(TRay,BO" (34)
which encapsulates the portion of curvature directly related to the energy-momentum
content. The trace of the Ricci tensor gives the Ricci scalar, R = gR,,,..

These ingredients are combined to define the Einstein tensor:

1
Gyv = R/JV - EguvR’ (3.5)

which is divergence-free by virtue of the Bianchi identities and serves as the left-hand

side of Einstein’s field equations.

The Einstein field equations, which form the cornerstone of general relativity, relate

spacetime curvature to the energy and momentum of matter:

Gy = 87T, (3.6)
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where 7, is the energy-momentum tensor, representing the matter and energy content of

the spacetime.

In the context of this thesis, which focuses on the equilibrium structure and oscillatory
behavior of compact stars, the Einstein field equations will play a central role in describing

how spacetime curvature responds to dense stellar matter distributions.

3.2 Stellar Structure in General Relativity

Since general relativity is a geometric theory of gravitation, the starting point for modeling
stellar structure is the specification of the spacetime metric suitable for a static, spherically
symmetric mass distribution. In such a scenario, the natural choice of coordinates is the
spherical polar coordinate system (¢, r, 8, ¢). The spacetime line element, as introduced in

Eq. (3.1), takes the form:

ds® = —"Vdf* + e dr* + r*de? + r* sin? 0 d¢?, (3.7)

where v(r) and A(r) are functions of the radial coordinate r alone. Here, " characterizes
the temporal part of the metric, while e*” describes the radial component. Once this
metric is specified, the relevant geometric quantities needed for the Einstein equations

can be calculated as outlined in the previous section.

To model matter in compact stars, we consider an anisotropic fluid, wherein the radial
pressure p, and tangential pressure p, differ from each other. Like the metric functions,
both pressures are functions of the radial coordinate, although we suppress the explicit

dependence for notational simplicity.

The measure of anisotropy is defined as

X =Pt = Drs (3.8)
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which follows the convention adopted by Horvat et al. [117]. (It is worth noting that some

authors define this with the opposite sign, e.g., y = p, — p; [109, 110].)

The energy-momentum tensor describing an anisotropic fluid is given by [118, 119]:

Tﬁa = (P‘*‘Pt) M'Bua +ptéﬁa +(pr_pt) Sﬂsaa (39)

where p denotes the energy density of the fluid. The unit spacelike vector in the radial
direction is defined as:

s = (0,e7Y2,0,0), (3.10)

and the four-velocity of the static fluid configuration is:

W’ =(7?,0,0,0). (3.11)

These vectors satisfy the following normalization and orthogonality conditions:

uu, = -1, (3.12a)
§7se =1, (3.12b)
su, = 0. (3.12¢)

The only nonvanishing components of the energy-momentum tensor in a static, spheri-
cally symmetric configuration are given by ¢, = diag(—p, p;, p:» p:)- The Einstein field

equations relate the spacetime geometry to the energy-momentum distribution as:

G’, = 8aT*, (3.13)

where GB(, denotes the Einstein tensor constructed from the metric (3.7).

By substituting the metric from Eq. (3.7) and the energy-momentum tensor from Eq. (3.9)
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into the field equations, one obtains the following set of differential equations:

roo1\ 1
e (— - —2) + = = 87p, (3.14)

r r r

©1) 1
! (V— " —2) — = =87p,, (3.15)

r r r

1 - 1 1 2Y 1 ’ =
3¢ ﬂ(v - 5” *+3 2+ - ) = 87p,, (3.16)

where the prime denotes differentiation with respect to the radial coordinate r.

Combining Eqgs. (3.14)—(3.16) leads to the generalization of the hydrostatic equilibrium

condition for an anisotropic fluid:

, 14 2
pr=—Z+p)+ =z, (3.17)
r
where y = p, — p, is the anisotropy parameter.
Integrating Eq. (3.14) yields the expression for the metric function e~1":
2 r
= 1- 2" ith m() = 4x f o) 2 dr, (3.18)
r 0

where m(r) represents the mass enclosed within a radius r.

Inserting Eq. (3.18) into Eq. (3.15) and combining with Eq. (3.17) gives the modified

Tolman—Oppenheimer—Volkoft (TOV) equation for anisotropic matter:

. (p+p)m+dnp.r) 2y
pr=- +—.
r(r —2m) r

(3.19)

To solve this system of equations, one must provide an equation of state (EoS) relating
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the radial pressure p, to the energy density p, along with a prescription for the anisotropy
parameter y. The boundary conditions require a finite central pressure and the vanishing
of the radial pressure at the surface, i.e., p,(R) = 0, which also implies p(R) = 0 at the

stellar boundary.

The interior spacetime must match continuously to the Schwarzschild exterior solution at
r = R, leading to the condition:

2M) , (3.20)

AR) = —v(R) = —ln(l -

where M = m(R) denotes the total gravitational mass of the star.

3.3 Equations of State of Compact Stars

To solve the equilibrium equations governing compact stars, namely Eq. (3.18) and Eq. (3.19),
it is essential to prescribe how both the radial and tangential pressures vary with the en-
ergy density. While different physical mechanisms may give rise to pressure anisotropy,
leading to distinct equations of state (EoS) in the radial and tangential directions, this
work does not focus on any specific microscopic origin of anisotropy. Instead, we adopt
a phenomenological framework, the radial pressure is computed from well established
nuclear and quark matter EsoS, whereas the tangential pressure is constructed through an

ansatz that consistently incorporates anisotropic effects.

3.3.1 Ansatz for Anisotropy

Various functional forms for the anisotropy parameter y have been proposed in the liter-
ature, including models by Bowers and Liang [65], Cosenza et al. [120], and Horvat et

al. [117]. In this work, we employ the formulation introduced by Horvat et al., which
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ensures regularity at the stellar center and consistency with Newtonian gravity in the low-

compactness limit:

X =TPrit, (3.21)

where u = 2m/r denotes the local compactness, and 7 is a dimensionless parameter char-
acterizing the strength of anisotropy. This choice ensures that y — 0 near the center since
u ~ r*as r — 0, and anisotropy is naturally suppressed in the Newtonian regime where
u < 1. Following earlier works [109, 121, 122], we consider the range -2 < 7 < 2,

which includes values motivated by physical models such as 7 € [0, 1] for pion conden-

sation [69] and T = -2 in skyrmionic matter [70].

3.3.2 Stability Criteria for Equilibrium Configurations

Although one can solve the modified TOV equation for a range of central densities (p.)
and anisotropy parameters (7), not all resulting stellar models are physically stable. First,
to prevent spontaneous collapse, the pressure must be a monotonically increasing function

of energy density [123], requiring that dp,/dp > 0 and dp,/dp > 0.

Second, the speed of sound in both radial and tangential directions must be real and pos-
itive, i.e., v, > 0 and vy; > 0, where v2, = dp,/0p and v, = dp,/dp. While a physically
realistic EoS satisfies v, > 0, due to limited knowledge about pressure anisotropy, our use
of phenomenological ansatzes means v, may become negative for some density ranges,

and this must be explicitly checked.

Third, causality imposes that the sound speed does not exceed the speed of light in the
neutron star matter, i.e., vy < Vijgh and vy < Vijgn. As the precise value of vjjgn in dense
matter is uncertain, we take vjign, = 0.95 ¢, where c is the speed of light in vacuum (set to

1 in natural units).
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Fourth, stability against radial perturbations demands that 0M/dp. > 0 [58]. We will

explicitly illustrate the corresponding bound and constraints in the forthcoming sections.

3.3.3 Equations of state for neutron stars

To describe the equation of state for neutron stars in the radial direction, i.e. p,(p), we
use the analytical representation of the Brussels - Montreal unified EoS for the nuclear
matter, known as BSk19, BSk20, BSk21 [124, 125, 126], which model p,(p) with two

parameters £ and o that are parametrized as [127]:

3
“UT BRI VBT pa5(o - ag)) + (ar + asor) flas(as — o)) + (o + an o) fa(ar — o))

¢

1+ a40
ais + ary
1+ [ao(o = ax)* 1+ [axn(o —axn))?’

+ (aiy + a;50) fas(ayy — o)) +

(3.22)

where ¢ = log,,(p, in dyn cm™), o = log,,(p in g cm™), and f(x) = [exp(x) + 1]7!. The
values of the coefficients a;(i = 1,...,23) are available in Potekhin et al. [127]. In this
thesis, our analysis primarily uses BSk21 EoS. However, to compare our results across
different levels of matter stiffness, we also consider BSk19 EoS in selected cases. We
observe that, for both BSk21 and BSk19 EsoS, as the value of 7 increases, the maximum
value of the central density up to which we get neutron stars that are stable against radial
oscillations decreases. To assess whether the chosen EsoS, the anisotropy model, and
the range of 7 satisfy these stability criteria, we solve the modified TOV equations for
different central densities and values of 7 in the range [-2,2]. In Figs. 3.1 and 3.2, we

plot the resulting total mass M against p. for the BSk21 and BSk19 EsoS, respectively.

In these plots, filled circles indicate points where dM/dp. = 0. Asterisks mark the max-

imum p. values for which vy, < 0.95 throughout the star. Filled squares denote central
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Figure 3.1: Mass (M)—central density (p.) relations for anisotropic neutron stars with
-2 < 7 < 2 using the BSk21 EoS. Filled circles mark configurations where dM/dp, =
0. Asterisks indicate the maximum p, for which v, < 0.95 throughout the star. Filled
squares and triangles denote the central densities up to which vy, < 0.95 and v, > 0
conditions are satisfied, respectively.

densities up to which v, < 0.95, and filled triangles represent regions where vy, > 0 is

maintained.

From the results, we observe that for both BSk21 and BSk19 EsoS, increasing the anisotropy
parameter 7 generally leads to a decrease in the maximum central density at which stars
remain stable under radial oscillations. For 7 < 0, the radial sound speed v, reaches the
causal limit (0.95) at a lower central density than the value corresponding to dM/dp. = 0,
while v, hits this limit even earlier. In contrast, for T > 0, v,, often remains below 0.95 for
most central densities; however, it may turn negative except at very low p.. On the other
hand, for the chosen set of EsoS, the anisotropy ansatz, and the range of the values of 7,

v always remain positive throughout the star.

Subsequently, we present the mass—radius profiles corresponding to different values of

7 (within the range —2 to 2) for the BSk21 EoS in Fig. 3.3 and for the BSk19 EoS in
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Figure 3.2: Mass (M)—central density (p.) relations for anisotropic neutron stars with
-2 < 7 < 2 using the BSk19 EoS. Filled circles mark configurations where 0M/dp, =
0. Asterisks indicate the maximum p, for which v, < 0.95 throughout the star. Filled
squares and triangles denote the central densities up to which vy, < 0.95 and v, > 0
conditions are satisfied, respectively.
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Fig. 3.4, restricting to those stellar configurations that satisfy all four stability conditions
discussed earlier. In both figures, alongside the mass-radius curves, we display the ob-
served mass intervals for PSR J2045+3633 [128] and PSR J0952-0607 [129], which
represent a low-mass (1.252 + 0.021 M) and a high-mass (2.35 + 0.17 M) neutron star,
respectively. We also show the mass band for the secondary component of GW190814
[25], whose gravitational wave inferred mass lies in the range 2.50-2.67 M, (90% cred-
ible interval). This object falls within the so-called ‘mass gap’, suggesting that it may

either be an exceptionally massive neutron star or a low-mass black hole.

It is observed that, for a suitable range of the anisotropic strength, the BSk21 EoS allows
the formation of neutron stars massive enough to be consistent with all three observational
constraints. In contrast, the BSk19 EoS fails to produce stellar configurations with masses
exceeding 2.1 M. Consequently, we adopt BSk21 EoS as our primary choice, although
a softer EoS such as BSk19 cannot be definitively excluded. This is particularly relevant
given the possibility that adopting a different anisotropy ansatz might enable the formation

of neutron stars with masses above 2.1 Mg even when using the BSk19 EoS.

It should be emphasized that all computations presented here, including the construc-
tion of stellar structures by solving the modified TOV equations (as detailed in this sec-
tion) and the analysis of f-mode oscillations (to be discussed in the next two sections),
are performed under the static limit, i.e., assuming non-rotating stars. Therefore, we do
not include the region typically excluded by the so-called ‘mass-shedding limit’ that ap-
plies to low-mass, rapidly rotating neutron stars. Nevertheless, it is well-established that
most observed neutron stars are fast rotators. Specifically, PSR J2045+3633 and PSR
J0952-0607 exhibit spin frequencies of 31.56 Hz [128] and 707.31 Hz [130], respec-
tively. Such high spin rates rule out the existence of low-mass neutron stars (< 0.5 M),

which would be disrupted by centrifugal effects.

The use of the static configuration does not affect the stellar structure significantly for the

neutron stars of high masses. As an example, Bagchi [131] showed that the maximum
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Figure 3.3: Mass-Radius profiles for anisotropic stable neutron stars with -2 < 7 < 2 and
BSk21 EoS.

mass for a stable, non-rotating isotropic neutron star with APR EoS is 2.19 M whereas
the maximum mass for a stable isotropic neutron stars rotating with a spin frequency of
796 Hz (with APR EoS) is 2.20 M,,. This justifies our choice of studying even anisotropic
neutron stars in the static limit. It will be interesting to study both the stellar structure
and the f-mode oscillations of anisotropic neutron stars under full general relativistic

framework including the rotation, in the future.

In Figure 3.5, we plot the radial coordinate (in km) inside the neutron star along the
abscissa, and the corresponding enclosed mass in the unit of solar mass along the ordinate
for BSk21 EoS. Various curves in this figure represent different values of 7, while the
value of p, is taken as 7.2955 x 10'* gcm™ for all of the cases. This is the central density
that gives a stable neutron star of a mass of M = 1.4 M for 7 = 0. However, this
particular value of p. gives stable neutron stars only in the range of -1 < 7 < 1. In
particular, for r = —1.0,-0.5,0.5, 1.0, we get neutron stars of mass 1.18 Mg, 1.28 Mg,

1.53 M, and 1.69 M, respectively, for p. = 7.2955 x 10'* gcm™. Hence, whenever we
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Figure 3.4: Mass-Radius profiles for anisotropic neutron stars with -2 < 7 < 2 and BSk19

EoS.
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Figure 3.5: Radial profiles of enclosed mass for neutron stars with p. = 7.2955 X
10'* gecm™, computed using the BSk21 EoS, for different values of the anisotropic

strength 7.
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Figure 3.6: Density profiles with radius of neutron stars with central density p. = 7.2955X%
10'* gcm™3, computed using the BSk21 EoS, for various values of the anisotropic strength
T

choose p. = 7.2955 x 10'* gcm™, we restrict ourselves in the range of —1 < 7 < 1.

In Fig. 3.6, we plot the radial coordinate (in km) inside the neutron star along the horizon-
tal axis and the corresponding density in 10'* gcm™ along the vertical axis, for BSk21
EoS and different values of 7, each with p. = 7.2955 x 10'* gcm™ (the point where all
the curves meet on the vertical axis). We see that for each of the cases, the density con-
sistently decreases as the radial coordinate increases and eventually becomes almost zero

at the surface of the star.

In Fig. 3.7, we plot the radial coordinate (in km) inside the neutron star along the abscissa
and the corresponding pressure along the ordinate for BSk21 EoS and different values of
7. The left panel of the figure has the radial pressure along the ordinate while the right
panel has the tangential pressure along the ordinate for the same values of 7. Both of the
plots are for p. = 7.2955 x 10'* gcm™. We see that for all values of 7, both p, and p,

decreases monotonically with the increase of r and ultimately reaches zero at the surface
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of the star.
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Figure 3.7: Variation of the radial pressure (left panel) and tangential pressure (right
panel) inside neutron stars for different values of the anisotropic strength 7, computed for
a central density of p. = 7.2955 x 10'* gcm™ using the BSk21 EoS.

3.3.4 Equations of State of Quark Star
3.3.4.1 Noninteracting Quark Matter

The simplest EoS for quark stars is provided by the MIT bag model. In this framework,
all three flavors of quarks (up, down, and strange quarks) are treated as non-interacting
particles confined within a hypothetical bag. The radial pressure in this model is expressed

as

pr=-B+ ) p (3.23)

where p' denotes the pressure contribution from each quark flavor, counterbalanced by

the total external bag pressure B.

The total energy density p of the deconfined quarks inside the bag is given by

p= > p+B, (3.24)

i=u,d,s
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where p’ = 3p' represents the energy density of each quark flavor. Substituting this into

the pressure equation, the EoS for quark matter can be simplified and written as

pr= %(p —4B). (3.25)

In this study, the bag constant is fixed at B = 56 MeV fm™, ensuring consistency with

prior works [132, 133, 86].

3.3.4.2 Interacting Quark Matter

A family of alternative EsoS for strange quark matter is given by Dey et al. [134], later
improved by Bagchi et al. [135]. These EsoS are derived using a relativistic Hartree-Fock
calculation for strange quark matter, incorporating a modified version of the phenomeno-
logical inter-quark interaction known as the Richardson potential [136]. The modified

Richardson potential is given by

127 1 A? A?
Vij = 0\ 2 T 2
7 In (1 + (ki:\kj) ) (ki - kj) (ki - kj)
1

where A and A’ characterize the asymptotic freedom and confinement properties, respec-
tively, and (k;—K;) represents the momentum transfer between the i-th and the j-th quarks.
Applying the same potential in the baryonic sector [137, 138], it was found that the real-
istic values of A’ can be taken in the range of 300 to 350 MeV, while the value of A is

better fixed at 100 MeV.

In a medium, this bare potential undergoes screening due to pair creation and infrared
divergence. As a result, (ki — k;)? in Eq. (3.26) is replaced by [(k; — k;)* + D?], where

D denotes the screening length. The inverse screening length (D~!) is expressed at zero
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temperature to the lowest order as

(D71 = % > K (k{)2 + M (3.27)

cur,i °
i=u,d,s

where kf is the Fermi momentum of the i quark, M., ; is the current mass of the i quark,

and « is the perturbative quark-gluon coupling.

This model accounts for chiral symmetry restoration at high densities by considering the

density-dependent quark mass M;, which decreases with increasing density as follows

M = Mewi + My sech(}(j—B), fori = u,d, s, (3.28)

no

where ng = (n, + ng + ny)/3 is the baryon number density, ny = 0.17 fm~ is the nuclear
matter saturation density, and n,, n,, and n; denote the number densities of up, down,
and strange quarks, respectively. The parameters My and N are tuned to ensure that
the minimum energy per baryon for strange quark matter remains below that of the most
stable element, *Fe (930 MeV). This minimum energy per baryon is calculated at the
surface of the star, where the radial pressure vanishes. The current quark masses are

taken as My, = 4 MeV, Mg =7 MeV, and M, = 150 MeV.

To maintain the charge neutrality of the matter, some electrons also need to be present.
While the Fermi momenta (k{ ) of the i-th quark is related to its number density (n;) as kf =
(n;w?)'3, the relation between the Fermi momentum and number density of the electron is
k! = (3n,7%)'73. The values of Fermi momenta and chemical potentials of various particles
are obtained in such a way that the charge neutrality and beta equilibrium conditions
are satisfied throughout the matter. Then, using the laws of thermodynamics, the radial
pressure p, for various values of the density p, i.e., the EoS, is obtained. Different values
of the model parameters A, @y, My, and N give different EsoS. Out of various EsoS
given by Bagchi et al. [135], we use EOS-A in the present work. EOS-A corresponds to
A =350MeV, N = 3.0, o = 0.55, and My = 325 MeV.
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Figure 3.8: Mass (M)—central density (p.) profiles for anisotropic quark stars with —2 <
7 < 2, using the MIT bag EoS (top panel) and EOS-A (bottom panel). Filled circles mark
the points where dM/dp. = 0, while red filled triangles denote the maximum values of p,
for which v, > 0 is satisfied throughout the star.
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Figure 3.9: Mass-radius profiles for stable anisotropic quark stars with -2 < 7 < 2, using
the MIT bag EoS (top panel) and EOS-A (bottom panel). The horizontal shaded bands
represent the observationally inferred mass ranges of two compact star candidates: the
blue band corresponds to PSR J0205+6449 (1.36, 1.52 M) [1], and the green band corre-
sponds to the central object in the supernova remnant HESS J1731-347 (0.60,0.97 M)
[2].
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As seen in the case of neutron stars, Fig. 3.8 reveals that an increase in tangential pressure
relative to radial pressure (v > 0) leads to a higher enclosed mass for a fixed central
density, whereas a reduction in tangential pressure (v < 0) results in a lower enclosed
mass. However, once the stability criteria discussed in Sec. 3.3.2 are taken into account,
we find that the maximum stable mass decreases for 7 > 1 for both the MIT bag EoS
and EOS-A. For instance, within the MIT bag model, the maximum mass of a stable
anisotropic quark star reaches approximately 2.45 Mg at 7 = 1, while for EOS-A, the
corresponding value is around 1.75 Mg, also at 7 = 1. In Fig. 3.9, we show the mass,
radius relations for stable configurations, where each curve corresponds to a fixed value

of the anisotropic strength 7.

To conclude, this chapter has developed a comprehensive treatment of the equilibrium
structure of compact stars incorporating pressure anisotropy within the general relativis-
tic framework. We formulated the governing field equations, introduced a well-motivated
ansatz to describe anisotropy, and analyzed how variations in the anisotropic strength in-
fluence the mass, radius, and internal matter distributions of neutron stars and quark stars.
Using multiple realistic equations of state, we explored the resulting structural differ-
ences and applied several stability conditions to identify physically viable configurations.
Additionally, we compared our findings with existing observational mass constraints, il-
lustrating how pressure anisotropy can significantly affect the macroscopic characteristics
of compact stars. These insights provide the foundation for the following chapter, where
we explore how such anisotropic pressure influences the fundamental f-mode oscillations

and associated damping times.
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Chapter 4

Perturbation of Anisotropic Compact

Stars in General Relativity

4.1 Linear Perturbation of Compact Stars

In order to investigate the impact of pressure anisotropy on the non-radial oscillations of
compact stars, this chapter develops the full general relativistic perturbation formalism

which will later be used to compute the oscillation spectra.

Having described the equilibrium structure of compact stars in general relativity, we now
present the theoretical framework for studying their linear order perturbations in full gen-
eral relativity. Since Einstein’s field equations govern the equilibrium configuration, we

begin by perturbing these equations. The linearized Einstein field equations take the form:
6G?, = 8n6TF, (4.1)

where 6G”, and 6T%, represent the first-order perturbations of the Einstein tensor and the
energy-momentum tensor, respectively. We first describe the perturbation of the geomet-

rical part of the field equations (the left-hand side) and then address the perturbation of
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the energy-momentum tensor (the right-hand side), ultimately combining both to derive

the perturbation equations of the relativistic stellar structure.

4.1.1 Perturbation of the Spacetime Geometry

Since the Einstein tensor is entirely determined by the spacetime metric and its deriva-
tives, we begin by introducing a perturbation to the metric itself. Let gfllz) represent the
unperturbed background metric, and let &,z denote the linear-order perturbation. Then,

the total metric can be expressed as

8ap = &ug + hap (4.2)

As the background spacetime is spherically symmetric, it is convenient to expand A,z in
terms of tensor spherical harmonics. These involve scalar spherical harmonics Y;"(6, ¢)
and their angular derivatives (forming vector and tensor harmonics, as outlined in Ap-
pendix A), multiplied by time and radius-dependent amplitude functions. Such perturba-

tions also induce corresponding changes in the curvature tensors.

The interaction between the perturbed geometry and matter is governed by the linearized
Einstein equations, expressed in Eq. (4.1). The expression for the first-order (linear) per-

turbation of the Einstein tensor, 6G,,,, is given by [139]:

1
6G,y = —E[V“V(,hw — (Vo fi + Vufy) 4+ 2R hop + V,V,1°,

(4.3)
(R e + R ya) + 80 (V° fo + VEVHY) + Ry — 8 R hag),

where f, = Vﬁhvﬁ, and R,sys5, Rop, and R denote the Riemann tensor, Ricci tensor, and
Ricci scalar of the background geometry, respectively. The operator V, represents the
covariant derivative with respect to the coordinate x”.

To simplify the analysis, we employ the Regge—Wheeler gauge, which separates the met-
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ric perturbations by parity and allows the perturbation equations to be written in a tractable
form. The formalism of this gauge is summarized in Appendix A. In this work, we focus
exclusively on even-parity (polar-type) perturbations for fixed spherical harmonic indices

[ and m. Within this gauge, the even-parity part of the metric perturbation is given by

[140]:
e"Hy(r) iwrH(r) 0 0
iwrH,(r) e*Hy(r) 0 0 .
hop = 1 : 2 YO, 0, (44)
0 0 r*K(r) 0
0 0 0  rsin’0K(®)

where Hy(r), H,(r), H,(r), and K(r) are functions of the radial coordinate r, and w denotes

the angular frequency of the oscillation.

Further simplification is achieved by examining the difference between the (66) and (¢¢)

components of the perturbed Einstein equations:

8(G* - G*) = 8n 8(T% — T?)

=8n(6p; —6p) =0, (4.5)

where we have used that the background energy-momentum tensor is diagonal with equal
tangential pressures, i.e., Tﬁa = diag(—p, p;, ps» p)- The right-hand side thus vanishes
identically. To compute the left-hand side, we substitute the metric perturbation form into
Eq. (4.3). Upon evaluating the difference, (6G?, —6G33), we find that this component of the
perturbed Einstein tensor vanishes if and only if Hy(r) = H,(r). Accordingly, we define a

new function H(r) such that Hy(r) = H,(r) = H(r) for the rest of the analysis.
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4.1.2 Perturbation of the Energy-Momentum Tensor

In this section, we formulate the perturbation of the energy-momentum tensor, which
appears on the right-hand side of Eq. (4.1). In the linear theory of perturbations, two
standard approaches are used: the Eulerian and the Lagrangian formalisms. The details of
these methods, along with their interrelation, are outlined in Appendix B. The Lagrangian

and Eulerian perturbations are related through the following identity (see Appendix B):

A=6+ L, (4.6)

where 0 denotes the Eulerian variation and Ly is the Lie derivative along the displacement

vector &°.

The perturbation of the stellar fluid is characterized by the Lagrangian displacement vec-

tor £%, whose components are given by [141, 109, 83]:

0

r=l e 2W(r) '

&= s Y6, ¢) e, “4.7)

—-r V(V) 89
-2

V(r)o
sin’ @ (r) 9

where W(r) and V(r) are the radial functions associated with the fluid perturbations. This

displacement vector will be used extensively to derive the perturbed components of the

energy-momentum tensor.

By perturbing the normalisation condition of 4-velocity, i.e. Eq. (3.12a), we can calculate

the Lagrangian variation of the four-velocity «*, which is given by [142]:
1
Aut = Eu"uvu‘TAgm, (4.8)

where Ag,z 1s the Lagrangian variation of the metric tensor. Using Eq. (4.6), we can show
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that Ag, 1s related to Eulerian variation of metric tensor (0gqs = hqp) as:

Agaﬁ = haﬂ + Va/gﬁ + Vﬁfa . (49)

Using Egs. (4.6), (4.8), and (4.9), the Eulerian variation of the four-velocity can be ex-
pressed as

1
o' = (&, +1'u,) (V& — £V 1) + U U hy, (4.10)

After substituting the expressions of u”, &7 and h,z to Eq. (4.10), we get

H

2
o iwr_l e_/l/ZW(r) [ —v/2ym jwit
ou’ = re"°Y" (0, ¢)e'". “4.11)
—iwr 2 V(r)0,

—iw(rsin @) V(r)d,

We also expand the perturbation of the radial unit vector, s#, in harmonics as follows:

iwS o(r)

Si() | o
0s’ = r Y0, ¢)e, (4.12)

0

0

where S o(r) and S ;(r) are two functions of the radial coordinates, which we need to deter-
mine. For the sake of brevity, we will drop the independent variables (coordinates) from
the functions for the rest of the thesis, i.e., instead of H(r), H,(r), K(r), W(r), V(r), So(r),

S1(r), and Y]"(6, ¢), we will simply write H, H,, K, W, V, S, §, and Y}", respectively.

As 57 is a unit radial vector orthogonal to the fluid flow, its normalization and orthogo-

nality conditions should hold up to linear order. This requires that 657 s, + s°0s, = 0 and
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05u, + s°0u, = 0. These constraints yield the following expressions for S, and S ;:

Sy = —W-e " rH, (4.13)
r
o2

Si = S5H. (4.14)

To derive the perturbations in energy density and pressures, we must first evaluate the
variation in the particle number density. The Lagrangian perturbation in number density,
An, can be obtained using the conservation law V,n* = 0, where n* = nu®, and n is the

number density of particles'. The Lagrangian perturbation is given by [142, 143]

1
An = —En 17 Agyy 4.15)

where L is the projection tensor orthogonal to u*, defined as

1=utu" + g . (4.16)

After evaluating the contractions and simplifying the result, one obtains
1 m iwt
An = —En 1, Y™, “4.17)

where the function L, is given by

1\ W+, et (1]
1= —2rl[(K+§H)— (+ 1D, e W'—(—+ e—ﬂ/z) W], (4.18)

r2 r r2

which agrees with the form found in [85].

We now follow the assumptions outlined in [80, 82]: (i) There is no structural anisotropy

'In some studies [75], anisotropic modifications of number density are introduced using linear compo-
nents np, np, and n3 such that n = n; ny n3, with n being the volume number density. A further simplification
often used is n; = n, and n, = n3 = n,, where n, and n, represent the linear number densities along the radial
and tangential directions. In this work, however, we do not incorporate anisotropy in the number density.
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in the stellar interior, implying the Lagrangian variation of the strain tensor vanishes.
While this condition might break down in presence of magnetic fields or rotational effects,
it holds in the present context. (ii) The work done within an infinitesimal fluid element
is given by p,, dV, where p,,, denotes the pressure averaged over all directions. (iii)
The matter is barotropic, i.e., the energy density p depends only on the number density,
o = p(n). Under these assumptions, we can write the Lagrangian perturbation of the
energy density as

d
Ao =L An=kAn, (4.19)
dn

dp

where k = 7
n

is the chemical potential. Furthermore, the Gibbs relation provides a useful
identity [142]:

Pt Davg = KN, (4.20)
where the averaged pressure is defined as [144]

prt2p 2
(7! + 7% +T%) = 3 L= p,+ e (4.21)

Pavg =

W —

Although p,,, depends on r, for notational simplicity we continue to write p,,, instead
of pay(r). Note that, additional terms would appear in Eq. (4.20) if structural anisotropy

were included [145, 146].

Substituting Eq. (4.17) into Eq. (4.19) and using the Gibbs relation, we obtain
1 m iwt
Ap = —E(pan +p) L, Y. 4.22)

The Lagrangian variation of the radial pressure follows as

dp, 1dp,
_dpr, _ ldp

Apr dp O = E%(pavg +p) J-g Ylmeiwt . (423)
By defining the radial sound speed as v?, = %—Z’ = [2’; ~_as in Sec. 3.3.2, we can express

71



Eq. (4.23) in a more compact form:

1 .
Ap, = —Evir(pavg +p) L, Y. (4.24)

Using Eq. (4.6), we relate Lagrangian and Eulerian variations of the radial pressure:

Apr = 6pr +§rp;

WY e (4.25)

’ 2
Sp,+rleV? [—%(p +pr) + X
.

By combining Eqgs. (4.23) and (4.25), we obtain the Eulerian variation of p,, i.e., dp,.
From this, we further derive the Eulerian variations of energy density and tangential pres-

surc:

d

sp = ~Eop, . (4.26)
dp,

op, = Op,+0x. (4.27)

These expressions enable us to compute the perturbed energy-momentum tensor compo-

nents. The full expression is

STP. = (6p + Sp)iuy + (p + p)(Pduy + 61Puy)

+6ﬁa§pt + (6pr - 5Pt)5ﬁ5a + (pr - pt)(sﬁ(ssa + 65!33(1) . (428)

Substituting Egs. (4.11), (4.12), and (4.28), along with the definitions of #* and 5%, we

obtain the non-zero components of ¢ T

5T = =6p = =6p(r) Y™, (4.292)
6Ty = ~iwe™r™!(p + pI)Wr'Y e, (4.29b)
6T = iwr™(p + p, +)()V”laeylmeiwt ) (4.29¢)
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6T?) = iwr™*(p + p, + Y)Vr'(sin6) 20, Y ™" (4.29d)

ST, = 6p, = 5p,(r) r'Y/"e™" (4.29¢)
5T% = 8p, = [6p,(r) + 57(r)] F'Y"e™" (4.29f)
5T = 6p, = [6p,(r) + 67(r)] F'Y["e™" . (4.29¢g)

Here, the radial, angular, and temporal dependencies of 6p, dp,, and oy have been sepa-
rated as follows: 6p = r'ép(r)Y"e, 6p, = r'ép,(r)Y"e™', and 6y = r'éx(r)Y;"e™". In the

limit y = 0 and oy = 0, the above equations reduce to the isotropic case derived in [80].

We now proceed to derive the governing equations for non-radial oscillations of anisotropic
compact stars by employing the linearized Einstein field equations, Eq. (4.1), along with
the conservation of energy-momentum tensor up to linear order, 6(V,7*") = 0. These
equations yield the dynamics of both the metric perturbation variables (H, H, K) and the
fluid perturbation variables (V, W). First, we perform a change of variable, which sim-
plifies the boundary condition. We know that, at the surface of the star (r = R), the
Lagrangian perturbation of the radial pressure is zero, i.e., Ap, = 0. We introduce a new

variable X to write Ap, in the form
Ap, = —rle”PXY]"e. (4.30)

This substitution enables us to write the perturbation equations in terms of X and con-
veniently impose the boundary condition X(R) = 0 in numerical integrations. Using the
expressions from equations (4.18), (4.24), and (4.30), we write the expression of X, which

is given by:

v/2-1/2 v/2-2/2
e , (+ e
X=(p+ pavg)v?r[ . W+ 2

I(1 1 v/2 v/2
+i17E—V—d”K—%TH} 4.31)

r
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Using Eqgs. (4.25) and (4.30), we can write the Eulerian perturbation of the radial pressure

as:

~ m _iw —y W _
Sp, = 6p,r'Y"e" = [_ e V2X + 53¢ A/Z{_4X

+ 1V (pr +p) | Y (4.32)
!

Noting that X is purely a function of r, we simplify notation and refer to it as X hereafter.

Using this new variable X, we write the governing equations of oscillations as:

H = éH N ﬁK B L+ 1)+ 2mrtet + 4nr’el(p, —p)H1 B 16me*(p + p» +X)V,
r r r r
(4.33a)
1 1 I(1+1 8re'*(p, +
k=L _|asir - Lk WDy et )y, (4.33b)
r 2 2r r
1 211+ 1 I+1 =
W' = —e'?rH + ¢"*rK — s )V— Gl )W+ = X (4.33¢)
2 r r V%r (pr +p + ?X)
e’? l x(6+1rv) 1 v
X =-2—6p—|- X+ (p,+pe?|—-=|H
r [r " 2. B(p, +p) + 2x) +(prtpe 2r 4
(211 + 1)(p, + p)V 201+ 1)e¥?
] 2r? r?
[ v/2 v/2 1
NE (pr+p) (lI+1) e I(1+1) H,
2 2r 2r
[1 3 1 e’*(=6 +rv)
_ V/2 - / _ D K
+ _28 (pr+p)(2v r)+)( 2
[ v/2 1
e (pr+p) (e/l/Z—VwZ + 4xe(p, + p) — Erz(r_ze_/l/zv')’)
r
2p-D2 D)2
T+ Sy (6 14mr - 87rr2pr)] W, (4.33d)
r r

where H, and K were introduced in Eq. (4.4), W in Eq. (4.7), and X in Eq. (4.30). The

remaining functions in Eq. (4.4) and (4.7), namely Hy, = H, = H and V are related to
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other functions by following algebraic relations:

1 1
3m + 5(1 — D+ 2)r + 4nr’ pr]H = 8ne”*rPX — |- P W + 51(1 + D(m + 4nr? p,)]Hl

1 pl
+ x16e™2nrw — [_E(l —-DU+2r+e7rwt + e—(m + 473 p,)(3m —r + 47rr3pr)]K,
r
(4.34)

PP e
W—e"oy . (4.35)

1
W(p+p+ YV =X = €' (pr+p)H +

These are the set of equations that govern the oscillations of anisotropic compact stars in
general relativity. The equations for the metric perturbation dynamics, i.e., the equation
for H| has been obtained from 6G%, = 87677 and the equation for K’ has been obtained
from 6G' = 876T . The expressions for §G*, are obtained by putting £, from Eq. (4.4)
in Eq. (4.3) and raising one index. The explicit expressions for 677, is given in Eq. (4.29).
On the other hand, the dynamics of the fluid perturbations, which are given by W’ and X’,
have been obtained with the help of Eq. (4.31) and 6(V,,T*)) = 0, respectively. Eq. (4.34),
which relates the metric perturbation variable H to other variables, has been obtained by
combining 6G', = 87T and 6G* = 8n6T?. Eq. (4.35) relates the fluid perturbation
variable V to other variables and has been obtained from 6(VﬂT“ ,) = 0. The effect of
anisotropy is manifested in these equations through terms having y, x’, and dy. These
terms are zero in the isotropic case and our equations take the well known forms given by

Detweiler and Lindblom [83].

For the anisotropy ansatz adopted in this work, the perturbation of the anisotropy param-

eter takes the following form,

) B
X spr+ Loy (4.36)
op: ou

oy =

Note that, unlike Cowling approximation, in our full general relativistic framework, the

A

variable u is perturbed. The quantity = 2m/r = 1 — e™, which describes the local com-
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pactness of the star, can be perturbed as du = e84, where 51 represents the perturbation
of 1. As we are interested up to the linear order perturbation, so from the perturbation of
the metric, we can write

e = (1 = HA'Y e . (4.37)

Neglecting the higher order perturbation terms (O((61)?)...), we can write
oA = —Hr'Y/"e™" . (4.38)

Using Egs. (3.21), (4.29¢), and (4.38) in Eq. (4.36), we get
2 2 ,
Sy =7 [(—m)éﬁ, - (p, (1 - —m)H)] Fymeen (4.39)
r r

where 6p, is given in equation (4.32).

To summarize, in this chapter we have developed the full general relativistic formalism for
analyzing the polar-type quasinormal oscillations of anisotropic compact stars. Starting
from the linearized Einstein field equations and the perturbed energy-momentum tensor,
we derived a closed set of coupled differential equations governing the spacetime and fluid
perturbations. The effects of anisotropy are incorporated in a covariant manner through
the anisotropy parameter y and its perturbation dy, which naturally vanish in the isotropic
limit. The formalism derived here forms the basis for the numerical computation of f-
mode frequencies and damping times of anisotropic neutron stars and quark stars. In the
next chapter, we apply this framework to obtain and analyze the numerical results, and
examine how pressure anisotropy influences the oscillation spectra of compact stars for

various EsoS.
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Chapter 5

Numerical procedure and results for
f-mode oscillations of neutron stars and

quark stars

In this chapter, we aim to explore the impact of pressure anisotropy on the quasi-normal
modes of compact stars using full general relativistic perturbation theory developed in the

previous chapter.

We describe the numerical technique to solve the system of perturbation equations derived
in the previous chapter. We also compute the fundamental (f-mode) oscillation frequen-
cies and their corresponding damping times for both neutron stars and quark stars, and
analyze the role of pressure anisotropy in modifying these quantities. Since our primary
objective is to determine the quasi-normal modes, it is important to carefully consider
the specific initial value and boundary value conditions. Unlike the background stellar
configuration, which involves solving a simpler set of equations, the perturbation analy-
sis entails integrating seven coupled first-order differential equations, three describing the
equilibrium background and four governing the perturbations, alongside two additional

algebraic relations. Inside the star, it is crucial to ensure that the equations remain reg-
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ular at the center of the star, while the boundary condition dictates that the Lagrangian
perturbation of the radial pressure (Ap,) must be zero at the outermost surface of the per-
turbed star. By examining the set of equations in Eq. (4.33), we observe that they exhibit

singularity at r = 0.

To ensure regularity at the center, we expand all the variables at a point r = R/10° as a
Taylor series around r = 0. The variables for which we do such expansions include the
variables that describe the unperturbed star, e.g., A, v, m, p, p,, x as well as the perturba-
tion variables H, H;, K, V, W, and X. We substitute these expansions into the equations
that govern the unperturbed star (Egs. (3.15), (3.18), (3.19)), as well as perturbation equa-
tions (Egs. (4.33a), (4.33b), (4.33c¢), (4.33d), (4.34), and (4.35)) to derive the necessary

conditions. The initial conditions are given by:

H(0) = 0+ D [2IK(0) + 167 {p(0) + p,(0)} W(0)], (5.1)
4
X(0) = {p.(0) + p(0)} e/ [{?ﬂ {0(0) + 3p,(0)}
2 ,—v(0)
_w "’l }W(O) + %K(O)] — " 02, (0)W(0), (5.2)

where x»(0) is the second order in the expansion of y(r) around r = (0. Here one
has to keep in mind that, the leading order nonzero term in the expansion of y is y =
(1/2)x»(0)7*. Since the radial and the tangential pressures are equal at the center, we have
x(0) = 6x(0) = 0. This condition guarantees that at the center, the radial pressure is equal
to the tangential pressure, and the Eulerian perturbation of the radial pressure is equal to
the Eulerian perturbation of the tangential pressure. Based on our ansatz (Eq.(3.21)), we
can express x»(0) as y»(0) = Tl%p(O)pr(O). From Egs. (5.1) and (5.2), we see that H,(0)
and X(0) depend on two independent variables K(0) and W(0). These expressions exhibit
similarity to those of the isotropic case described by Detweiler and Lindblom [83], with
the addition of the term containing y,(0) that arises due to the presence of the anisotropy.

Now, we need to set the values of W(0) and K(0) in such a way that after integrating
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Egs. (4.33a), (4.33b), (4.33c), and (4.33d) along with Eqgs. (3.15), (3.18), (3.19), radially
outward from the point R/10%, we would get X(R) = 0. To do this, following Detweiler
and Lindblom [83], we use two sets of values of W(0) and K(0), namely, W(0) = 1,
K(0) = +[p(0) + p,(0)] and W(0) = 1, K(0) = —[p(0) + p,(0)]. We perform outward inte-
gration with each of the sets independently and get two independent values of X at r = R,
say X, and X_. Then, we combine these two solutions as X(R) = ¢, X, +c_X_ and choose
the values of the coefficients ¢, and c_ to ensure X(R) = 0. For the integration process,
we have employed the ‘LSODA’ [147, 148] method of integration, which dynamically
switches between the BDF (Backward Differentiation Formula) method and the Adams
method based on the stiffness of the coupled equations. In our implementation, we have
set both the relative and the absolute tolerances to 107!°. This completes the discussion

on the integration inside the neutron star.

Outside the star, all the fluid perturbation variables become zero but the metric perturba-
tion variables remain non-zero. This results in a reduction of the number of the equations
to two, specifically, the equations for H| and K’. Following the standard technique, we

perform another transformation of variables given by

oy + Dr? + 3mMr + 6M? N dz

Bl r2(mr + 3M) dr’

P = mr® = 3mMr - SMZZ N r dZ’
(r=2M)(nm;r + 3M) (r—=2M)dr*

K

(5.3)

(5.4)

where n; = [[(I+1)/2]-1,and r* = r+2M In[(r/2M)—1]. With these transformations, the
differential equations for H] and K’ can be combined into a single second order differential

equation as:
2

d’,.*z

(Z() + [0 = V0] Z() =0, (5.5)
where,

(1 -2M/r)

V) = 3 (mr + 3M)?

[an(nl + D+ 611,2Mr2
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+18m,M?r + 18M3] . (5.6)

This equation was first derived by Zerilli [149] for perturbations of Schwarzschild black
holes. The function Z(r*), referred to as the Zerilli function, encapsulates the dynamics of
even-parity perturbations in the vacuum exterior. The method was subsequently adapted
to study neutron star oscillations by Lindblom and Detweiler [82], making it a standard

tool for computing quasi-normal modes of compact stars in full general relativity.

To compute the quasi-normal modes, one must identify the complex frequencies w for
which the Zerilli equation admits solutions that are purely outgoing at spatial infinity.
This condition serves as the defining boundary condition for the eigenvalue problem. In
practice, this requires integrating the Zerilli equation numerically from the stellar surface
(r = R) to a sufficiently large radius where the asymptotic behavior of the solution be-
comes manifest. In our implementation, we carry out the integration up to r ~ 50 w™!,
which has been shown to be adequate for capturing the asymptotic behavior of the Zerilli
function and its derivative [82, 150]. Here, w is the angular frequency of the perturbation,

introduced earlier in Eq. (4.4).

At large distances from the star, the Zerilli function Z(r*) behaves like a linear combina-

tion of ingoing and outgoing waves. Specifically, we write
Z(}"*) = BinZin(r*) + BoutZout(r*) s (5.7)

where Z;,(r*) and Z,,(r*) represent the ingoing and outgoing wave components, respec-
tively, and Bj,, B,y are their complex amplitudes. In the quasi-normal mode spectrum, the
physically admissible solutions correspond to those for which B;, = 0, i.e., no incoming

radiation at infinity.

The asymptotic form of the solutions can be expressed as a power series expansion mul-
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tiplied by an oscillatory factor:

Zoulr) = " ) By (5.8)
=0
Zn(ry =€ N By (5.9)
=0

where the 3; are complex expansion coeflicients and 3; denote their complex conjugates.
The coeflicients ;s can be obtained through a recursion relation by substituting equations
(5.8) and (5.9) into equation (5.5). To determine the asymptotic behavior of Z(r*), we

consider the expansion up to O(r~2). The relevant expressions are as follows:

Bi = —iw ™ (m + DBy, (5.10)

B = 1 m(n + 1) — 3iMw(1 + ng) Bo , (5.11)
l

2w?

where [, is an arbitrary constant. For numerical implementation, we have considered
Bo = p(0)/p(0), as suggested by Chandrasekhar and Ferrari [151]. This choice provides
a convenient normalization for the coefficients §; in the recursion relation. From these
expressions, we can observe that for a fixed mass of the neutron star and for a specific
angular mode (/ = 2 in the present work), the coefficients B;, and B,, depend solely
on the angular frequency w. To determine the numerical values of B;, and B,,, we can
compare the numerically integrated values of the Zerilli function and its first derivative
with the corresponding asymptotic analytical values described above. By calculating B;,
for various frequencies, we can treat it as a function of w. Consequently, we can find
the root of this function, which implies Bj,(w) = 0, i.e., purely outgoing wave for that
particular w. The frequency of the oscillation is given by ¥ = Re(w)/2m where Re(w) is
the real part of the root. The inverse of the imaginary part of the root (1/Im(w)), which we
will denote as T, is the damping time of the oscillation. The values of the mode frequency
and corresponding damping time obtained by our code for 7 = 0 agrees with earlier results

reported by Lu and Suen [152] and Kunjipurayil et al. [89]. In the following sections, we
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present and analyze the f-mode frequencies and damping times of neutron stars and quark

stars, considering the various EsoS and anisotropy ansatz introduced earlier.

5.1 Neutron star

In this section, we aim to quantify the effect of anisotropy on f-mode oscillations of neu-
tron stars. As mentioned earlier, we primarily employ the BSk21 equation of state (EoS)
to compute both the background equilibrium structure and the corresponding oscillation
modes. In select cases, we also compare the results with those obtained using the softer
BSk19 EoS to examine how the stiffness of the EoS influences the behavior of f-mode

oscillations in anisotropic stars.

To proceed, we first examine a structural feature of anisotropic stars before delving into
their oscillation characteristics. Table 5.1, along with Figs. 3.3 and 3.4, displays various
physical parameters across different central densities and anisotropic strengths. From
these, it is evident that for a fixed value of the anisotropic parameter 7, increasing the
central density p, initially results in simultaneous growth in mass (M) and radius (R) up
to a certain point. In this regime, the average density pan, = M[(4/3)nR?]"" increases
slowly. For example, with 7 = 0, this trend persists up to p. = 8.2817 x 10'* gcm™,

where the stellar mass is 1.6 M.

Beyond this central density, for each value of 7, further increase in p. leads to a decrease
in radius and a continued increase in mass, resulting in a rapid rise in average density. To
demonstrate this behavior, in Fig. 5.1 we plot 7 along the horizontal axis and /0.y, along
the vertical axis for neutron stars with masses 1.0 Mg, 1.4 Mg, and 2.274 M,. These
represent a low-mass neutron star, the canonical mass, and a high-mass configuration,
respectively. The highest mass shown, 2.274 Mg, corresponds to the maximum stable

mass of an isotropic star with the BSk21 EoS.

We find that stars with M = 1 M, remain stable for 7 in the range [-2, 2], while for 1.4 Mg
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Figure 5.1: Dependence of /.y, on the anisotropic strength 7 for neutron stars with
masses 1.0 Mg, 1.4 Mg, and 2.274 M., based on the BSk21 EoS. The figure illustrates
that the influence of anisotropy on the average density becomes increasingly significant
as the stellar mass increases.

and 2.274 M, the stable ranges are [-2, 1.9] and [0, 1], respectively. As seen in Fig. 5.1,
increasing 7 from O to 1 leads to a reduction in /0ag by 2.21%, 3.30%, and 18.86% for
stars with masses 1.0 Mg, 1.4 Mg, and 2.274 M,, respectively. This clearly demonstrates
that the influence of anisotropy on average density becomes increasingly significant for

more massive stars.

5.1.1 Effect of anisotropy on frequency

Next, we investigate the effect of the anisotropy on the properties of the f-mode oscillation
of neutron stars. In Fig. 5.2, we plot the frequency of the f-mode along the abscissa and
the square root of the average density along the ordinate. From the calculations within
the Newtonian theory, as described in Chapter 2, we know that the f-mode frequency is

proportional to the square root of the average density of a neutron star. This phenomenon
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Table 5.1: Tabulated values of the anisotropic strength (7), central density (p.), stellar
mass (M), radius (R), average density (pave), f-mode frequency (¥), and damping time
(%) for neutron stars modeled using the BSk21 EoS.

T p. (10" gem™) M (Mg) R((km) pue (10" gem™) F (kHz) T (ms)

0.0 5.7661 1.000  12.466 2.4501 1.564  430.098
0.0 6.4801 1.200  12.545 2.8846 1.638  313.507
0.0 7.2955 1.400  12.589 3.3307 1.713  243.028
0.0 8.2817 1.600  12.580 3.8148 1.790  197.672
0.0 9.5711 1.800  12.496 4.3779 1.874  167.387
0.0 11.4921 2.000 12.294 5.1085 1.975  149.810
0.0 22.6476 2274  11.059 7.9803 2317  154.280
0.5 5.5206 1.000  12.562 2.3944 1.585  396.740
0.5 6.1758 1.215  12.671 2.8365 1.668  278.210
0.5 6.7874 1.400  12.737 3.2155 1.737  217.250
0.5 8.0285 1.711  12.762 3.9071 1.858  155.940
0.5 9.1689 1.925  12.689 4.4731 1.949  130.850
0.5 12.4966 2274 12.252 5.8688 2.146  108.880
0.5 20.1137 2436  11.209 8.2100 2421  114.960
1.0 5.3021 1.000  12.654 2.3427 1.601  370.810
1.0 5.8204 1.200  12.776 2.7310 1.679  263.490
1.0 6.3670 1.400 12.874 3.1139 1.754  198.690
1.0 7.6519 1.800  12.955 3.9296 1.905  128.780
1.0 10.0875 2274 12712 5.2539 2.115 91.680
1.0 14.0191 2.552 12.003 7.0065 2.335 85.390
-0.5 6.0447 1.000  12.365 2.5104 1.537  474.480
-0.5 6.9786 1.217 12421 3.0149 1.613  345.960
-0.5 7.9262 1.400 12425 3.4638 1.677  281.400
-0.5 11.4870 1.819 12.170 4.7917 1.847  208.400
-0.5 15.0573 2.000 11.796 5.7837 1.959  201.840
-0.5 16.0571 2.028 11.693 6.0217 1.985  203.134
-1.0 6.3643 1.000  12.259 2.5762 1.502 535910
-1.0 7.1212 1.150  12.279 2.9480 1.548  438.040
-1.0 8.7378 1.400 12.242 3.6215 1.623  344.180
-1.0 10.6688 1.600  12.109 4.2775 1.687  307.820
-1.0 13.8956 1.788 11.816 5.1462 1.760  302.630
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Figure 5.2: Variation of the f-mode frequency with the square root of the average density
for neutron stars modeled with the BSk21 EoS, for different values of the anisotropic
strength .

holds in the case with anisotropy for Newtonian stars [108]. This property also holds
in the case of general relativistic results of f-modes of neutron stars [153]. From Fig.
5.2, we see that this frequency versus the square root of the average density (¥ — /Oavg)
relation remains unchanged even when full general relativistic calculations are performed
for anisotropic neutron stars. The higher values of the anisotropic strength results in
higher values of the slope of the ¥ — /0ay lines. From this figure, it is clear that the

f-mode frequency can be written as a functional form as:

F (Pavg> T) = C(T) \Pavg + D(7), (5.12)

where C(7) and D(7) are functions of 7 that capture the slope of the linear fit and the
vertical axis intercept, respectively, in Fig. 5.2. The explicit forms of C(r) and D(7),

along with their dependence on 7, are derived and discussed in detail in Sec. 5.3.
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Figure 5.3: Variation of the f-mode frequency with the mass of neutron stars for different
values of the anisotropic strength 7, using the BSk21 EoS.

In Fig. 5.3, we plot the frequencies against the mass of the neutron stars for several
values of the anisotropic strength. From this figure, we see that, for any given value
of the anisotropic strength, neutron stars of higher masses have higher values of the f-
mode frequency. For lower masses (less than about 2 M), the increase of the frequency
with the mass is linear, but for massive stars, the frequency increases rapidly with the
increase in the value of the mass. However, this non-linear rise of the frequency with the
mass is not prominent for negative values of 7. We also see that, for a fixed mass below
about 2 Mg, a higher value of 7 has a larger frequency, but above that mass, a higher
value of 7 corresponds to a smaller value of the frequency. The crossing points of two
constant-7 lines vary slightly depending on the values of 7 as shown in the inset, which
zooms in on the crossing region. Specifically, the lines for 7 = 1 and 7 = 0.5 intersect at
M = 2.036 M, the lines for 7 = 1 and 7 = 0.5 intersect at M = 2.055 Mg, and the lines

for T = 0.5 and T = O intersect at M = 2.065 M.

The rapid increase in the values of the f-mode frequency with the mass for high values
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Figure 5.4: Frequencies of f-modes for different values of the anisotropic strength 7 for
neutron stars of masses 1.0 Mg, 1.4 Mg, and 2.274 Mg, using the BSk21 EoS.
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of masses (as seen in Fig. 5.3) can be understood from Eq. (5.12) and Figs. 5.1 and
5.2. Fig. 5.1 demonstrates the fact that for a fixed value of the anisotropic strength, the
value of \Pave of a neutron star increases with its mass, and this increase becomes faster
for higher values of the mass. For example, when 7 = 0, if the mass of the neutron
star increases from 1.0 Mg to 1.4 Mo, i.e, AM = 0.4 M., the value of \Pavg rises from
1.56 x 107 g'?em™/% to 1.82 x 107 g'?em™/?, ie., A \JPag = 0.26 x 107 g'>cm™/2
giving A \[Pave/AM = 0.65 x 107 g">cm™/2M_'. On the other hand, keeping 7 fixed
at 0, if the mass increases from 1.4 Mg to 2.274 Mg, i.e, AM = 0.874 M, the value
of /Pave increases from 1.82 x 107 g'2em™/% to 2.82 x 107 g2 ecm™"2, i.e, A \[Pavg =
1.0 x 107 g'2 cm™/* giving A \avg/AM = 1.14 X 107 g2 cm™>M3'. In summary, the
value of A \Pave /AM increases as the mass increases, a trend true for any fixed value
of 7. Furthermore, Fig. 5.2 shows that for a fixed value of 7, the f-mode frequency is
proportional to 4/0.e. These two facts jointly result in the rapid non-linear rise in the
value of the frequency with the increase in the value of the mass in the high-mass regime

(for any constant 7 value), as seen in Fig. 5.3.

Fig. 5.2 shows that C(r) of Eq. (5.12) is a monotonically increasing function of 7, and
Fig. 5.1 illustrates that in the low-mass regime, the variation of \Pavg with 7 is minimal.
Consequently, in this regime, the monotonically increasing function C(7) dominates the
behavior of ¥ (pave, 7) as defined in Eq. (5.12). This explains why, in the low-mass region
of Fig. 5.1, higher values of 7 correspond to higher frequency values for a fixed mass.
On the other hand, in the high-mass regime, /0., decreases rapidly with increasing 7
as shown in Fig. 5.1. Hence, in this regime, \Pavg has a greater influence on F (payg, 7),
leading to lower f-mode frequencies for larger values of T as observed for higher mass

values in Fig. 5.3.

To examine the effect of anisotropy on the f-mode frequency for a given neutron star
mass, we present in Fig. 5.4 the variation of the frequency with the anisotropic strength 7

for the same three mass values considered earlier in Fig. 5.1. It is to be noted that the mass
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2.274 M, used in Fig. 5.4b lies above the threshold beyond which increasing 7 results in
a reduction of the f-mode frequency at fixed mass, as observed in Fig. 5.3. In contrast,
the masses 1.0 M and 1.4 Mg, in Fig. 5.4a are below this threshold. From Fig. 5.4a,
we find that for neutron stars of 1.0 My and 1.4 M., the f-mode frequency increases
monotonically with increasing 7. In particular, for a 1.4 M, star, the frequency rises by
3.62% when 7 is increased from O to 1.9, compared to the isotropic case. Conversely, at
7 = —1.9, the frequency drops by 17.37% relative to the isotropic star of the same mass.
Similarly, for a 1.0 Mg, star, the frequency increases by 3.78% for v = 1.9, and decreases
by 9.91% for T = —1.9, compared to the isotropic configuration. On the other hand, for
a neutron star of mass 2.274 M., the frequency decreases as 7 increases. From Fig. 5.4b,
we observe a reduction of about 9.56% in the frequency when 7 increases from O to 1.
This trend, where the f-mode frequency decreases with increasing anisotropic strength

for high-mass stars, also appears under the Cowling approximation [110].

Next, we examine the role of the stiffness of the EoS on the f-mode frequency. In Fig. 5.5,
we present the variation of the frequency with the anisotropic strength 7 for both BSk19
and BSk21 EsoS. To directly compare the effects of stiffness, we consider a fixed neutron
star mass of 1.4 Mg, for both EoSs. For the BSk21 EoS, stable neutron stars of this mass
exist within the anisotropic strength range -2 < 7 < 1.9, whereas for the BSk19 EoS, the
corresponding range is —1 < 7 < 1.5. From the figure, we observe that both curves follow
a qualitatively similar trend, indicating a common behavior. However, neutron stars with
the softer EoS (BSk19) consistently exhibit higher f-mode frequencies across the entire
range of 7. Furthermore, the influence of anisotropy appears to be less significant for the
softer EoS, especially for 7 > 0. The numerical values of the relevant parameters for the

BSk19 EoS are listed in Table 5.2.

We have also performed a comparison between the f-mode frequencies computed us-
ing full general relativity and those obtained under the Cowling approximation for both

BSk19 and BSk21 equations of state, as presented in Appendix C.
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Table 5.2: Tabulated values of the anisotropic strength (), central density (p.), stellar
mass (M), radius (R), average density (0a), f-mode frequency (), and damping time
(%) for neutron stars modeled using the BSk19 EoS.

7 p. (10" gem™) M (Mg) R(km) pue (10" gem™) F (kHz) T (ms)

-1.0 10.81 1.000  10.737 3.84 1.837  358.403
-1.0 12.12 1.100  10.632 4.35 1.898  311.810
-1.0 13.70 1.200  10.506 491 1.959  279.255
-1.0 18.44 1.400  10.139 6.38 2.091  247.387
-1.0 22.23 1.480  9.874 7.30 2,162  249.933
-0.5 9.96 1.000  10.897 3.67 1.875  312.225
-0.5 10.99 1.100  10.819 4.12 1.942  264.725
-0.5 12.16 1.200  10.726 4.62 2.010  229.696
-0.5 15.27 1.400  10.468 5.79 2.157  184.730
-0.5 20.93 1.600 10.011 7.57 2344  165.454
0.0 9.25 1.000  11.047 3.52 1.900  281.522
0.0 10.08 1.100  10.989 3.93 1.969  235.179
0.0 13.22 1.400 10.738 5.37 2.185 154.214
0.0 20.91 1.750  10.041 8.21 2527  117.733
0.0 25.68 1.825  9.663 9.60 2.666  118.646
0.5 8.65 1.000  11.187 3.39 1916  260.344
0.5 9.33 1.100  11.147 3.77 1.984  215.519
0.5 11.74 1.400 10.971 5.03 2.195  136.536
0.5 13.94 1.600  10.764 6.09 2.351  108.761
0.5 20.42 1.900  10.085 8.79 2.676 88.566
1.0 8.14 1.000 11.319 3.27 1.925  244.381
1.0 8.71 1.100  11.295 3.62 1.993  201.176
1.0 10.61 1.400 11.179 4.76 2.196  124.926
1.0 14.33 1.800  10.794 6.79 2.501 80.238
1.0 21.87 2.090 9.873 10.31 2.886 70.134
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Figure 5.5: Variation of the f-mode frequency with anisotropic strength 7 for neutron
stars of mass 1.4 Mg, using the BSk19 and BSk21 EsoS.

5.1.2 Effect of anisotropy on damping time

We now turn to the damping time of f-modes, which characterizes the rate at which en-
ergy dissipates due to gravitational wave emission from stellar oscillations. As mentioned
earlier, the damping time is given by T = 1/Im(w). Detweiler [154] showed that T scales
as R*/M?>, where M and R are the total mass and radius of the star. Subsequently, Anders-
son and Kokkotas [84] expressed the normalized inverse damping time, (YM?/R*)"!, as a
function of the compactness, M/R. Following this approach, we plot (¥M?>/R*)~! versus
M/R for BSk21 EoS in Fig. 5.6. From this figure, we observe a linear decrease in the
normalized inverse damping time with increasing compactness. The effect of anisotropy
is encoded in the slope and intercept of each line. As a result, we approximate the nor-

malized damping time analytically as

4

IM3

~ J(T)% + K(7), (5.13)
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Figure 5.6: Variation of the normalized inverse damping time (R*/TM?) with compact-
ness (M/R) for neutron stars modeled using the BSk21 EoS, for various values of the
anisotropic strength 7.

where J(7) and K(7) represent the slope and vertical-axis intercept, respectively, of the
fitted (TM?3/R*)~! versus M/R curves. A more detailed discussion of this analytical ex-

pression is presented in Sec. 5.3.

In Fig. 5.7, we show how the damping time varies with the mass of the neutron star for
different values of the anisotropic strength. The damping time decreases with increasing
stellar mass for all values of 7. However, a slight rise in the damping time near the stable

maximum mass is observed for isotropic or mildly anisotropic stars.

In Fig. 5.8, we present the damping time as a function of the anisotropic strength for
neutron stars of mass 1.4 My for both BSk21 and BSk19 EsoS. From the figure, we
observe that both curves follow a similar trend. However, for the entire range of 7, neutron
stars with the softer EoS (BSk19) exhibit shorter damping times than those with the stiffer
EoS (BSk21). For BSk21, when v = 2, the damping time decreases by 28% relative to

the isotropic case. In contrast, decreasing 7 from 0 to —2 increases the damping time by
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Figure 5.7: Variation of the f-mode damping time with neutron star mass for different
values of the anisotropic strength, using the BSk21 EoS.

about 300% compared to the isotropic value. For the BSk19 EoS, increasing 7 from 0
to 1.5 results in a 24% reduction in damping time, whereas decreasing 7 from 0 to —1

increases it by 60%.

5.2 Quark star

After discussing the effect of anisotropy on the f-mode oscillation in neutron stars, we
now present the results of our analysis of f-mode oscillations in anisotropic quark stars
within the framework of full general relativity, considering both the MIT bag EoS and

EOS-A as introduced in Sec. 3.3.4.
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Figure 5.8: Variation of the damping time with anisotropic strength 7 for neutron stars of
mass 1.4 Mg, using the BSk19 and BSk21 EsoS.

5.2.1 Effect of anisotropy on f-mode frequency

As in the case of neutron stars discussed in Sec. 5.1, we begin this subsection by exam-
ining how the anisotropic parameter 7 affects the square root of the average density of
quark stars. As mentioned earlier, the average density is given by p,y, = M [(4/ 3)7rR3]_].
In Fig. 5.9, we plot +/pay, as a function of 7 for quark stars described by the MIT bag
EoS (top panel) and EOS-A (bottom panel). These figures clearly demonstrate that /0avg
decreases as 7 increases. Moreover, the decline is steeper for higher mass quark stars, a

trend similar to that observed in the neutron star case.

Quantitatively, for the MIT bag EoS, we find that /p.,, decreases by 0.4%, 0.7%, 1.56%,
and 12.19% for quark stars with masses 0.8 My, 1 Mg, 1.4 Mg, and 2.03 M, respectively,
as 7 varies from O to 1. Here, 2.03 M, corresponds to the maximum mass of a stable
isotropic quark star for the MIT bag EoS. Similarly, for EOS-A, we observe that /0.
decreases by 0.68%, 1.1%, 3.37%, and 9.30% for quark stars with masses 0.8 My, 1 Mg,
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Table 5.3: Numerical values of various parameters for the MIT bag EoS with a bag con-
stant of B = 56 MeV fm™>. The columns list the anisotropic strength (7), central density
(pc), stellar mass (M), radius (R), average density (pae), f-mode frequency (), and
damping time (T).

T p.(10° gem™) M (Mg) R(km) pu (107 gem™) F (kHz) T (ms)

-1.0 0.549 0.800  9.455 0.449 1.547  652.074
-1.0 0.609 1.000  10.065 0.466 1.562  497.486
-1.0 0.648 1.100  10.318 0.475 1.572  446.413
-1.0 0.696 1.200  10.539 0.487 1.584  406.271
-1.0 0.838 1.400 10.877 0.516 1.617  348.390
-1.0 1.156 1.600  11.009 0.569 1.682  309.611
-1.0 2.121 1.705  10.643 0.671 1.830  287.123
-0.5 0.535 0.800  9.473 0.447 1.590  578.295
-0.5 0.584 1.000  10.096 0.461 1.613  428.998
-0.5 0.650 1.200  10.594 0.479 1.642  339.828
-0.5 0.692 1.300  10.800 0.490 1.659  307.919
-0.5 0.745 1.400 10.977 0.502 1.679  281.665
-0.5 0.904 1.600  11.228 0.537 1.734  240.985
-0.5 1.307 1.800 11.224 0.604 1.846  208.929
-0.5 2.041 1.862  10.861 0.690 1.992  193.163
0.0 0.524 0.800  9.489 0.444 1.628  521.297
0.0 0.543 0.900  9.823 0.451 1.642  440.111
0.0 0.564 1.000  10.124 0.457 1.657  379.063
0.0 0.615 1.200  10.641 0.473 1.689  294.337
0.0 0.779 1.600  11.367 0.517 1.777  200.625
0.0 0.944 1.800  11.547 0.555 1.848  172.070
0.0 1.093 1.900 11.554 0.585 1.903  159.869
0.0 1.417 2.000 11.404 0.640 2.003  147.122
0.5 0.513 0.800  9.504 0.442 1.661  476.069
0.5 0.547 1.000  10.149 0.454 1.694  341.141
0.5 0.566 1.100  10.428 0.460 1.711  296.538
0.5 0.587 1.200  10.681 0.467 1.729  261.280
0.5 0.637 1.400 11.119 0.483 1.768  209.541
0.5 0.702 1.600  11.469 0.503 1.813  173.781
0.5 0.954 2.000 11.850 0.570 1.948  127.738
0.5 1.756 2215  11.328 0.723 2228  105.031
1.0 0.504 0.800  9.518 0.440 1.691  439.494
1.0 0.518 0.900  9.861 0.446 1.709  366.225
1.0 0.532 1.000 10.172 0.451 1.727  311.536
1.0 0.564 1.200  10.716 0.463 1.763  236.335
1.0 0.582 1.300  10.954 0.469 1.781  209.705
1.0 0.602 1.400 11.172 0.477 1.801  187.935
1.0 0.624 1.500 11.371 0.484 1.821  169.886
1.0 0.935 2200 12.148 0.583 2.031 98.730
1.0 1.567 2405  11.585 0.734 2.301 83.160
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1.4 Mg, and 1.54 M,, respectively, over the same range of 7. The value 1.54 M, denotes
the maximum mass of a stable isotropic (7 = 0) quark star modeled using EOS-A. It is
important to note that this decreasing trend of /0., With increasing 7 also appears in the

case of neutron stars, as discussed in Sec. 5.1.

Next, we investigate the effect of anisotropy on the f-mode frequency. In the previous
section, for neutron stars, we found that the f-mode frequency exhibits a linear depen-
dence on +/p.yg, With the slope and intercept determined by the specific value of 7. It is

therefore natural to examine whether a similar relation holds for quark stars.

In Fig. 5.10, we plot /0.y along the abscissa and the corresponding f-mode frequency
along the ordinate for various values of 7 for the MIT bag EoS (top panel) and EOS-A
(bottom panel). For both EsoS, the isotropic case (r = 0) shows a clear linear relation
between the frequency and +/o.¢. When anisotropy is introduced, the relation remains
approximately linear; however, both the slope and the intercept are significantly influ-
enced by the value of 7. These effects are more prominent for configurations with p, < p,
(tr < 0) in both EsoS. The explicit form of this dependence is discussed in detail in

Sec. 5.3.

In Fig. 5.11, we plot the f-mode frequency against the total mass of quark stars for differ-
ent values of the anisotropic strength. The top panel corresponds to the MIT bag EoS, and
the bottom panel presents the results for EOS-A. For 7 > 0, the MIT bag EoS shows a lin-
ear rise in frequency with increasing mass up to about 2 Mg, beyond which the frequency
grows nonlinearly. A similar trend is observed with EOS-A for 7 > 0, though the linear
region is limited to lower masses around 1.4 ~ 1.5 M. For 7 < 0, the qualitative behavior
remains comparable, but the linear rise is restricted to lower mass ranges: 1.5 ~ 1.6 M,
for the MIT bag EoS and 1.2 ~ 1.3 Mg, for EOS-A. Beyond these ranges, the frequency
increases nonlinearly for 7 = —-0.5, —1.0, and —1.5. Notably, for 7 = -2, the behavior

deviates, frequency decreases monotonically with mass for both EsoS.

As mass is a fundamental and measurable parameter of stars, we next examine the influ-
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for quark stars with different anisotropic strengths. The top panel shows results for the
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Table 5.4: Numerical values of various parameters for the EOS-A EoS. The columns list,
from left to right, the anisotropic strength (7), central density (p.), stellar mass (M), radius
(R), average density (0a), f-mode frequency (), and damping time (T).

T p.(10°gem?) MM,) R(km) pu,(10°gem?) 7 (kHz) I (ms)

-1.0 1.626 0.800  6.646 1.294 2.526  242.800
-1.0 1.743 0.900  6.857 1.325 2.526  223.400
-1.0 1.902 1.000  7.036 1.363 2.529  211.800
-1.0 2.141 1.100  7.177 1.412 2.537  206.600
-1.0 2.586 1.200  7.265 1.486 2.558  208.300
-1.0 4.809 1.290  7.127 1.692 2,679  222.300
-0.5 1.563 0.800  6.666 1.282 2.643  197.400
-0.5 1.650 0900  6.886 1.308 2.657  175.900
-0.5 1.759 1.000  7.076 1.340 2.674  160.700
-0.5 2.114 1.200  7.366 1.425 2722 143.300
-0.5 2477 1.300  7.447 1.494 27766 139.900
-0.5 3.652 1.400  7.387 1.649 2.885  140.700
0.0 1.512 0.800  6.684 1.272 2737 167.200
0.0 1.578 0900 6910 1.295 27760  146.100
0.0 1.657 1.000  7.110 1.321 2784 130.600
0.0 1.754 1.100  7.284 1.351 2.810  119.100
0.0 1.878 1.200  7.433 1.387 2.840  110.700
0.0 2.053 1.300  7.552 1.433 2.877  104.700
0.0 2.330 1.400  7.630 1.496 2.928  100.800
0.0 2.957 1.500  7.619 1.610 3.025 99.230
0.0 4.223 1.540  7.447 1.768 3.174 99.530
0.5 1.469 0.800  6.700 1.262 2.816  145.900
0.5 1.521 0900 6.932 1.283 2.843  125.700
0.5 1.580 1.000  7.138 1.305 2.871  110.800
0.5 1.649 1.100  7.322 1.330 2.900 99.570
0.5 1.731 1.200  7.484 1.359 2.930 91.060
0.5 1.973 1.400  7.735 1.436 3.002 79.880
0.5 2.177 1.500  7.812 1.494 3.052 76.640
0.5 2.554 1.600  7.826 1.584 3.131 74.980
0.5 3.815 1.670  7.607 1.803 3.331 75.490
1.0 1.433 0.800  6.715 1.254 2.883  130.000
1.0 1.475 0.900  6.951 1.272 2913  110.900
1.0 1.520 1.000  7.163 1.292 2.943 96.860
1.0 1.571 1.100  7.354 1.313 2.972 86.200
1.0 1.629 1.200  7.524 1.337 3.002 78.020
1.0 1.780 1.400  7.807 1.397 3.065 66.860
1.0 2.274 1.700  8.020 1.564 3.209 59.430
1.0 3.019 1.800  7.867 1.755 3.367 60.170
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EoS, while the bottom panel corresponds to EOS-A.
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ence of anisotropy on the f-mode frequency for quark stars of fixed masses. For this pur-
pose, we plot the f-mode frequency as a function of 7 for several mass values in Fig. 5.12,
where the top panel corresponds to the MIT bag EoS and the bottom panel to EOS-A. For
quark stars described by the MIT bag EoS, an increase in the anisotropic strength 7 from
0 to 1.7 results in a frequency rise of 6.16% and 6.42% for stars with masses 0.8 M and
1.4 M., respectively. Conversely, as 7 decreases from 0 to —1.7, the f-mode frequency
decreases by 9.4%, 11.2%, and 14.2% for quark stars with masses of 0.8 My, 1 M, and
1.4 Mo, respectively. For a more massive star with M = 2.03 M., a decrease of 7.81% in
the frequency is observed as 7 increases from O to 1. This behavior arises due to the rapid
decline of /oy, With increasing 7, as seen earlier in Fig. 5.9. According to Eq. (5.12), the
frequency is directly proportional to /0.y, and hence, this decline leads to a correspond-
ing drop in the frequency. A similar trend has also been observed in the case of neutron

stars, as discussed in the previous section.

A comparable pattern is noted for quark stars modeled with EOS-A. For masses of 0.8 Mg,
1 Mg, and 1.4 M,, the f-mode frequency increases by 5.3%, 5.7%, and 4.66%, respec-
tively, when 7 increases from O to 1. On the other hand, a decrease of 7.72% and 9.14% is
observed as 7 varies from 0 to —1 for stars of mass 0.8 Mg and 1 Mg, respectively. These

behaviors are clearly visible in the bottom panel of Fig. 5.12.

From the same panel (bottom panel of Fig. 5.12), we also observe that for a 1.53 Mg
quark star, the frequency initially drops by about 3.3% as 7 changes from 0 to 0.2, and
then increases by 1.57% as 7 increases further from 0.2 to 1. This behavior results from
a combined effect of the trends in Fig. 5.9 and Fig. 5.10. Specifically, Fig. 5.9 shows
that 4/o.y, decreases with increasing 7, and this drop is steeper for lower values of 7. The
\Pavg V8. T curves vary in shape depending on mass. Additionally, Fig. 5.10 illustrates
that for a fixed 7, ¥ increases with \Pavg (except for T = —2), and for a fixed [Oavg, F
increases with 7. The # vs. /0ayg curves are not parallel, leading to a nontrivial interplay

between the frequency, density, and anisotropy, which manifests differently across stellar
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masses in Fig. 5.12. This motivates the introduction of an empirical relation among 7,
\/Pave, and 7 as given in Eq. (5.12), and the same involving ¥, M, R, and 7 as presented

in Eq. (5.14). We will discuss Eq. (5.14) in details afterward.

For more massive stars, such as a 1.67 M, quark star, the f-mode frequency decreases
by 4.29% as 7 increases from 0.5 to 1. This reduction is attributed to the rapid decline in

vPavg With increasing 7, as illustrated in the bottom panel of Fig. 5.9.

We have also performed a comparison between the f-mode frequencies computed using
full general relativity and those obtained under the Cowling approximation for both MIT-

bag and EOS-A equations of state, as presented in Appendix C.

5.2.2 Effect of anisotropy on damping time

We now turn to the analysis of the damping time associated with f-mode oscillations
in quark stars. As discussed previously for neutron stars (see Sec. 5.1.2), the normalized
inverse damping time, (YM>/R*)~!, shows a linear dependence on the compactness, M/R.
Motivated by this observation, we apply the same formalism to quark stars described by
the MIT bag model and EOS-A to investigate how anisotropy influences this relation in

quark matter.

Figure 5.13 presents the variation of (TM?/R*)™! with M/R for several values of the
anisotropic strength 7. Similar to the neutron star case, the normalized inverse damp-
ing time decreases approximately linearly as the compactness increases. However, due to
differences in the internal structure and the equations of state, the slope and intercept vary.
The anisotropy modifies this linear trend, with its effect captured in the fitting coeflicients,

as also discussed in Sec. 5.1.2.

To explore the anisotropy effect further, we examine how the damping time varies with the
stellar mass. In Fig. 5.14, the damping time is plotted as a function of mass for different

values of 7 for both EsoS. For v > 0, the damping time decreases monotonically with
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increasing mass for both EsoS. For the MIT bag EoS, a sharp increase in damping time is
observed for high-mass stars when 7 < —1.5, as shown in the top panel of Fig. 5.14. The
bottom panel, corresponding to EOS-A, exhibits a similar trend for 7 < —1. Interestingly,
for 7 = -2, the damping time increases monotonically with mass for EOS-A, whereas no

such monotonic trend is evident for the MIT bag EoS.

To investigate the influence of anisotropy on the damping time of quark stars with fixed
masses, we plot the damping time as a function of the anisotropic strength 7 for stars of
masses 0.8 My, 1 Mg, and 1.4 M,, for both of the EsoS in Fig. 5.15. For the MIT bag
EoS (top panel), as 7 increases from 0 to 1.7, the damping time decreases by 23.29%,
25.65%, and 31.90% for the stars with masses 0.8 My, 1 Mg, and 1.4 M, respectively.
Conversely, as 7 decreases from 0 to —1.7, the damping time increases significantly by

53.56%, 71.55%, and 131.48% for the same masses.

For EOS-A (bottom panel of Fig. 5.15), we observe a reduction in damping time by
29.48% and 33.59% for 0.8 My and 1 M, quark stars, respectively, as 7 increases from
0 to 1.5. On the other hand, as 7 decreases from 0 to —1.5, the damping time increases
significantly by 90.15% and 141.40%, respectively. For a 1.4 Mg, quark star, the damping
time decreases by 34.69% as 7 increases from O to 1.05. For 7 < 0, stable and physical

quark stars with mass 1.4 M, are not found (see bottom panels of Figs. 3.8 and 3.9).

These results clearly demonstrate that for both EsoS, the f-mode frequency and damping
time are significantly affected by the mass, radius, and anisotropic strength of quark stars.
Although the overall trends in # and T are similar across both EsoS, the specific param-
eter ranges differ. For the MIT bag EoS, the f-mode frequency lies between 1.3 kHz and
2.3 kHz, while for EOS-A it spans a higher range of 1.8 kHz to 3.4 kHz. Similarly, the
damping time ranges from 83 ms to 900 ms for the MIT bag EoS, and from 60 ms to
761 ms for EOS-A. These results highlight the role of the equation of state, along with
stellar structure and anisotropy, in determining the f-mode oscillation properties of quark

stars.
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In the next section, we will use the above findings to construct semi-empirical relations for
the f-mode frequency in terms of mass, radius, and the anisotropic strength (7) for both
neutron stars and quark stars. Similarly, we will derive corresponding semi-empirical

expressions for the damping time using the same set of stellar parameters.

5.3 Expressions for the frequency and the damping time

as a function of mass, radius, and the anisotropic strength

In this section, we provide semi-empirical expressions for the f-mode oscillation fre-
quency and damping time as functions of fundamental stellar parameters, namely, the
total mass, radius, and the pressure anisotropy strength. These relations are constructed
separately for neutron stars and quark stars and capture the dependence of oscillation

properties on the underlying structural characteristics.

5.3.1 Expression for the frequency

As demonstrated in Figs. 5.2 and 5.10, the f-mode frequency # exhibits an approximately
linear dependence on the square root of the average density. The anisotropic parameter T
modifies both the slope and intercept of the F — /0., relation. The empirical expression,

previously shown in Eq. (5.12), is written as

F(M,R,7) ~ C(1) 4/ % \/g + D(7), (5.14)

-1
where the average density is defined as p,,, = M [(4/ 3)JTR3] .

To determine the coeflicients C(t) and D(7), we calculate F for a set of stable stellar
models. For neutron stars, the mass range considered spans from 1.0 My up to the re-

spective maximum stable mass. For quark stars, the range extends from 0.8 Mg, to the
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corresponding maximum mass. The anisotropy parameter 7 is varied from -2 to 1.7 for
the BSk21 EoS and from -2 to 1.55 for the BSk19 EoS. For quark stars, 7 ranges from

—2 to 1.8 for the MIT bag EoS and from -2 to 1.6 for EOS-A.

At each fixed value of 7, we perform a linear fit between ¥ and +/3M/(4nR3). The slope
and intercept of this fit yield C(r) and D(7), respectively. In this analysis, M is given in

Mo, R in kilometers, and F in kilohertz.

We then fit C(r) and D(7) separately for each EoS using third-order polynomials in 7:

C(T) = co + 1T + 2T + 37, (5.15)

D(1) = dy + di7 + dot? + diT, (5.16)

where ¢, ¢y, ¢2, and c¢3 are the polynomial coefficients for C(r), and dy, d,, d,, and d; are
those for D(7). The best-fit parameters for all EsoS, corresponding to both neutron stars
and quark stars are listed in Tables 5.5 and 5.6.

Table 5.5: Fitting parameters for C(7) for various EsoS of neutron stars and quark stars.
The parameters cy, c;, ¢, and c3 are obtained from polynomial fitting.

EoS Co Cl CH c3

BSk19 89.5917 13.6593 -9.2322 5.4053
BSk21 84.8297 17.7921 -10.0205 2.1940
MIT bag 121.1240 18.4186 —2.1998 13.1095
EOS-A 87.8584 12.3431 -6.7491 28.0644

Table 5.6: Fitting parameters for D(7) for various EsoS of neutron stars and quark stars.
The parameters d, di, d», and d5 are obtained from polynomial fitting.

EoS d() d] d2 d3

BSk19 0.7112  -0.0915 0.1122 -0.0761
BSk21 0.6182 -0.1313 0.1066 -0.0246
MIT bag -0.1817 -0.1777 0.0261 -0.1995
EOS-A 0.5130 -0.0936 0.1472 -0.7172

We have also assessed the accuracy of the fits by computing the coefficient of determina-
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tion R?, defined as [155, 156]:

S (Y = Vi)

RP=]-
Z(Yni_ Y)2

(5.17)
where Y, denotes the numerically calculated value of the quantity Y (in this case, the f-
mode frequency), Y; is the corresponding value obtained from the fit, and ¥ is the mean of
the numerically computed values. An R? value above 0.95 typically indicates an excellent
fit and suggests that the fitted relation accurately captures the functional dependence. For
neutron stars, we find R? = 0.9976 for the BSk21 EoS and R? = 0.9980 for BSk19. For
quark stars, the values are 0.9971 for the MIT bag EoS and 0.9972 for EOS-A, confirming

an excellent fit in all cases.

For visual representation, Fig. 5.16 plots 7 along the horizontal axis and the corresponding
values of C (top panel) and D (bottom panel) along the vertical axis for neutron star EsoS.
Discrete points indicate values obtained from the linear fits between ¥ and \/W,
while the solid lines represent the fitted curves using Egs. (5.15) and (5.16) with the
coefficients listed in Tables 5.5 and 5.6. Similarly, for quark stars, the fitted parameters

are also listed in the same tables, and the corresponding plots are shown in Fig. 5.17.

From these plots, we observe that the slope C(7) increases monotonically with 7, whereas
the intercept D(7) decreases monotonically. Another notable feature is that the influence

of anisotropy becomes significantly more pronounced for |7 > 1.

5.3.2 Expression for the damping time

We have already observed in Figs. 5.6 and 5.13 that the normalized inverse damping
time, (IM?/R*)™!, decreases linearly with increasing compactness M/R, and that the
anisotropic strength 7 affects the slope and intercept of these fitted lines. The approxi-

mate functional form was given in Eq. (5.13). Here, we aim to extract the explicit forms
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indicate the numerically obtained values of the slope C and intercept D from the linear fits
to the ¥ — /0avg relation, while the solid lines represent the corresponding polynomial
fits. The subscripts in C and D refer to the respective EoS.
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Table 5.7: Fitting parameters for J(7) for two EsoS of neutron stars.

EoS Jo Ji J2 J3 Ja Js J6

BSk19 —-414.344 -54.361 -33.4275 127.115 36.0197 -62.9205 -25.1926
BSk21 -377.305 -36.5586 —68.2963 132723 57.8742 —-64.272 -29.1236

Table 5.8: Fitting parameters for K(7) for two EsoS of neutron stars.

EoS k() k] k2 k3 k4 k5 k6
BSk19 87.3733 17.0643 2.9601 —8.69491 -2.74845 4.6428 1.8490
BSk21 82.6276 12.6987 4.73284 -8.16611 —-3.39565 4.82892 2.08444

of J(1) and K(1).

First, we compute the values of (TM?>/R*)~! across a range of stable compact star masses,
using the same mass and anisotropy ranges as described in subsection 5.3.1. For each
fixed value of 7, we perform a linear fit between (IM>/R*)~! and M/R. The slope of each
fit gives the value of J(7), while the intercept provides K (7). As before, M is in solar mass

units (My), R is in kilometers (km), and T is in milliseconds (ms).

Next, we fit J(7) and K(7) separately for the two EsoS. For neutron stars, the best fits are

obtained using sixth-order polynomials in 7:

J(T) = jo+ T+ joT + J3T + jut + jsT + jet°, (5.18)

K1) =ko+ kit + kot + kT + ky7* + ksT° + kg7°, (5.19)

where j; and k; (i = O to 6) are the fitting coefficients. The best-fit parameters for the
neutron star EsoS are provided in Tables 5.7 and 5.8. The quality of these fits is evaluated
using the coefficient of determination R? (see Eq. 5.17), yielding values of 0.9773 for
BSk19 and 0.9638 for BSk21—indicating excellent agreement between fit and numerical

data.

On the other hand, for quark stars, the optimal fits are obtained with fourth-order polyno-
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Table 5.9: Fitting parameters for J(7) for two EsoS. The parameters jy, ji, j2, j3, and ju
correspond to the coefficients obtained from the fit.

EoS Jo Ji J2 J3 Ja
MIT bag -175.9430 15.0989 —-3.5854 1.4289 -0.3524
EOS-A —-171.4760 -8.1686 —-2.6170 5.9472 2.1901

Table 5.10: Fitting parameters for K(7) for two EsoS. The parameters ko, ki, k>, k3, and k4
correspond to the coefficients obtained from the fit.

EoS ko ki ks k3 ky
MIT bag 45.1012 5.4740 0.2597 -0.2780 -0.0175
EOS-A 437257 8.6682 0.2338 -0.8676 —-0.3018

mials in 7:

J(T) = jo+ it + joT + j3T + jat, (5.20)

K1) = ko + kT + ko2 + ks T + ka1, (5.21)

where j; and k; (i = O to 4) are the fitting parameters. These coefficients are listed in
Tables 5.9 and 5.10. The fits yield R*> = 0.9988 for the MIT bag EoS and R?> = 0.9869 for

EOS-A, confirming excellent agreement between the fit and numerical data.

For visual representation, Fig. 5.18 shows the variation of J (top panel) and K (bottom
panel) with the anisotropic strength 7 for neutron stars. The discrete points represent the
numerical values obtained from linear fits between (IM?/R*)~! and M/R, while the solid
lines correspond to the fitted curves based on Eqgs. (5.18) and (5.19) using the coeflicients
listed in Tables 5.7 and 5.8. Similarly, for quark stars, Fig. 5.19 presents the correspond-
ing J and K values as functions of 7, along with the polynomial fits derived from the

parameters given in Tables 5.9 and 5.10.

In this chapter, we have numerically solved the complete set of linear perturbation equa-
tions governing the f-mode oscillations of anisotropic neutron stars and quark stars in
general relativity. We have shown that the f-mode frequency scales approximately lin-

early with the square root of the average density, whereas the normalized inverse damping
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Figure 5.18: Variation of J(t) (top panel) and K(r) (bottom panel) with anisotropic
strength 7 for neutron stars described by the BSk19 and BSk21 EsoS. The discrete points
indicate the numerically obtained slope J and intercept K from the linear fits to the
(IM?/R*)™! versus M/R relation, while the solid lines represent the corresponding poly-
nomial fits. The subscripts in J and K denote the respective EoS.
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Figure 5.19: Variation of J(t) (top panel) and K(r) (bottom panel) with anisotropic
strength v for quark stars described by the MIT bag EoS and EOS-A. The discrete
points show the numerically extracted slope J and intercept K from the linear fits to the
(IM?/R*)™! versus M/R relation, while the solid lines represent the corresponding poly-
nomial fits. The subscripts in J and K indicate the respective EoS.
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time varies linearly with the compactness. The anisotropic parameter T modifies both the
slope and intercept of these relations, with stronger effects at higher stellar masses. For
neutron stars, the frequency increases with 7 for lower masses but decreases for massive
stars due to the steep reduction in average density. Similar trends are observed in the case
of quark stars, although the sensitivity to anisotropy and the threshold masses depend on

the choice of the EoS.

To quantitatively capture these dependencies, we have introduced semi-empirical expres-
sions for both the f-mode frequency and damping time as functions of mass, radius, and
anisotropic strength. For all models considered, the frequency fits involve third-order
polynomials in 7, while the damping time fits require sixth-order polynomials for neu-
tron stars and fourth-order polynomials for quark stars. These relations exhibit excel-
lent agreement with the numerical results and may serve as useful tools for interpreting
gravitational wave signals from compact stars, particularly in scenarios where pressure

anisotropy cannot be neglected.
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Chapter 6

Summary and Conclusion

In this thesis, we have investigated the quasi-normal f-modes of anisotropic compact
stars within the framework of full general relativity. To accomplish this, we employed
linear perturbation theory, incorporating both metric and fluid perturbations to derive the
governing equations for stellar oscillations. While the resulting equations resemble those
for isotropic stars in structure, those include additional terms that capture the effects of
pressure anisotropy, specifically, the difference between radial and tangential pressure
and their respective perturbations. Using this formalism, we computed the characteristic
f-mode frequencies for a range of neutron star and quark star models. Our results demon-
strate that both the oscillation frequency and the damping time are significantly influenced

by the presence of pressure anisotropy within the star.

In Chapter 2, as a pedagogical introduction, we reviewed the f-mode frequency within the
framework of Newtonian theory, assuming that the stellar structure is governed by New-
tonian gravity. By analyzing perturbations in this context, we derived the well-known
relation that the f-mode frequency scales linearly with the square root of average density
of the star. This classical result serves as a useful reference point and provides physical
intuition for oscillation dynamics. Importantly, this simplified model motivates the tran-

sition to a more rigorous treatment using general relativity, which is essential for accurate
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description of compact stars such as neutron stars and quark stars.

In Chapter 3, we studied the equilibrium configuration of anisotropic compact stars in
general relativity. This is a preparatory step for computing oscillation frequencies and is
based on existing work. To model anisotropy realistically, we adopted two different equa-
tions of state (EsoS) for neutron stars and two EsoS for quark stars to describe the radial
pressure. For the tangential pressure, we employed an ansatz specifically designed to sat-
isfy appropriate boundary conditions. Our analysis revealed that increasing the tangential
pressure relative to the radial pressure results in a higher total enclosed mass of the star,

highlighting the significant impact of anisotropy on stellar structure.

In Chapter 4, we presented our new work: a full general relativistic formulation of the
perturbation equations governing polar-type non-radial oscillations of anisotropic com-
pact stars. Using the Regge-Wheeler gauge, explained in Appendix A, we systematically
derived the equations governing the metric and fluid perturbations. We clearly highlighted
the additional terms arising specifically due to anisotropic pressure, which differentiate
these equations from their isotropic counterparts. Appropriate boundary conditions at
the stellar center and surface were also rigorously discussed. This chapter thus laid the
theoretical groundwork necessary for analyzing the impact of pressure anisotropy on the

quasi-normal modes of neutron stars and quark stars.

In Chapter 5, we have carried out an extensive numerical study of the perturbation equa-
tions derived in Chapter 4, focusing on determining the quasi-normal f— mode frequen-
cies and damping times of anisotropic neutron stars and quark stars. We systematically
examined the impact of pressure anisotropy using realistic equations of state, specifically
the BSk19 and BSk21 models for neutron stars, and the MIT Bag model along with an
interacting quark matter model (EOS-A) for quark stars. Our analysis demonstrates that
the f-mode frequencies exhibit a linear relationship with the square root of the average
stellar density for both isotropic and anisotropic compact stars. Importantly, the slope of

this linear relationship depends significantly on the anisotropic strength 7, it increases for
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positive values of T and decreases for negative values. Such a linear dependence was pre-
viously noted within a Newtonian framework by Hillebrandt and Steinmetz [108]. Since
the mass of a compact star can be observationally determined through electromagnetic
signals, we also analyzed the dependence of frequency and damping time on stellar mass.
Our findings reveal that the qualitative behavior of these variations remains consistent
for both isotropic and anisotropic configurations. As illustrated in Fig. 11, the frequency
increases with greater anisotropic strength for neutron stars of masses 1 and 1.4 M. How-
ever, for a more massive neutron star (2.274 My), we observe a reduction in frequency
with increasing anisotropic strength. This difference arises due to the rapid decrease in the
square root of average density as anisotropy increases in massive stars, contrasted with the
slow decrease observed for neutron stars with masses close to the solar mass, as depicted
in Fig. 8. A similar trend is confirmed for quark stars. Additionally, we have found that
the inverse normalized damping time is linearly related to the compactness of the star.
Generally, for a fixed anisotropic strength, the damping time decreases as the stellar mass
increases, except in cases involving quark stars with strongly negative values of 7. More-
over, for stars of fixed mass, the damping time decreases systematically as the anisotropy
parameter 7 increases. Using the calculated values of frequency and damping time, we
obtain semi-empirical relations that express frequency and damping time in terms of the
intrinsic properties of compact stars, such as mass, radius, and the anisotropic strength
within the star. We find that the frequency exhibits a cubic polynomial dependence on
the anisotropy strength parameter, while the damping time shows a sextic dependence for

neutron stars and a quartic dependence for quark stars.

Our investigation offers valuable insights into the role of pressure anisotropy in the f-
mode oscillations of compact stars. Previous analyses utilizing Newtonian gravity or the
Cowling approximation provided preliminary perspectives on how anisotropy influences
the internal structure and oscillatory behavior of these stars. However, our current work
extends beyond these earlier approximations by incorporating full general relativistic per-

turbations, including both metric and fluid components. This comprehensive approach al-
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lows for a more accurate characterization of f-mode frequencies and their corresponding
damping times, directly linked to energy dissipation through gravitational wave emission.
These observable quantities, namely the frequency and damping time of the f-modes,
serve as distinct astrophysical signatures encapsulating crucial stellar properties, such as

mass, radius, and the degree of anisotropy.

Although we employed realistic equations of state in our study, the precise characteriza-
tion of anisotropy remains an approximation due to limitations in current observational
and theoretical constraints. Thus, future studies need to delve deeper into the detailed
nature of anisotropic pressures, enhancing our understanding of compact stars at both mi-
croscopic and macroscopic levels. Furthermore, our present analysis focuses exclusively
on the f-mode oscillations. Investigating the impact of pressure anisotropy on other non-
radial oscillation modes, such as p-modes and w-modes, would provide complementary
insights and broaden our comprehension of anisotropic compact star behavior. Addition-
ally, since compact stars, especially neutron stars, often exhibit rapid rotation, incorpo-
rating rotational effects into the perturbation framework would yield a more realistic and

comprehensive picture.
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Appendix A

Regge-Wheeler Gauge

Since we are analyzing perturbations for a non-rotating neutron star, the background
spacetime remains spherically symmetric. As a result, perturbations can be decomposed
into angular components that depend on the coordinates 6 and ¢, while the remaining

terms are functions of the radial coordinate and time.

To achieve this decomposition, we expand the angular dependence of the perturbations us-
ing spherical harmonics Y;"(6, ). This approach allows us to separate the angular and the
radial dependencies, significantly simplifying the analysis. However, use of only scalar
spherical harmonics does not completely eliminate the angular dependence. To preserve
the symmetry of the background, we must select appropriate spherical harmonics that
ensure the expansion coefficients remain independent of the angular coordinates, thereby

simplifying the perturbation equations.

The perturbed metric, as defined in Eq. (4.2), can be expressed as the sum of the back-
ground metric gfﬁ) and a small perturbation #,,. The explicit form of the perturbation

matrix is given by:
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hy  hy  hyg ht¢

htr hrr hré) hr¢
hy, = : (A.1)
hte hr@ h00 h0¢

by hrg hoy  hyg|

Since we are primarily concerned with the rotational properties on a 2-sphere (S?2), it
is useful to examine how different components of £, transform under rotations in the

angular coordinates.

The components i, h,,, and h,, = h,, are scalars under rotation, meaning they remain
independent of 6 and ¢. The elements [hy hy] and [h,9 h.s] behave as vectors under

rotation, as they carry a single angular index (6 or ¢). The submatrix

heo  heg
, (A.2)

hog gy
transforms as a rank-2 tensor under rotation, as it contains two angular indices (6, ¢).

By appropriately decomposing the metric perturbations, we ensure that the resulting per-
turbation equations remain well-structured and independent of angular coordinates, align-

ing with the Regge-Wheeler gauge formalism.

From the above discussion, it follows that the choice of angular dependence must reflect
the transformation properties of 4, under rotation. Scalar components can be expanded
using scalar spherical harmonics, Y;"(6, ¢), while vector and tensor components require

vector and tensor spherical harmonics, respectively, as defined below:

1
(Vl’”) =V.(ST)
0
= %Y;"(e, )
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9
9 ym
_ "1 ’ (A3)
J ym
e

where x“ is coordinate on the three dimensional space, 7" = Y" is the scalar spherical

harmonics.

2
(V;") =€’ V,(S™

0
= ’}/bCEaC ﬁ Ylm(g, ¢)

1 0 vym

_ | sin®ag "1 ’ (A.4)
sin(@)a%Ylm

where vy, is the metric on the 2-sphere.

1
(Tlm) = V,Vu(ST)
ab

& . 0

=—— % —y"
Axaoxb P oxk!
8 vm 8 ym 0 ym
_ a2 i 095 L1 _COt(G)%Yl (A.5)
sas Y = coUO) LY LY + sin(6) cos(6) 5 Y
2
(sz) = S Yabs (A.6)
ab
3 1 i i
(T;") =5 BRAZHETR ARG (A7)
ab

In all the above equations the indices a, b, ¢ range from 2 to 3. The 2-sphere metric 7y, is
known as:

Yap = diag(1, sin”6).
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The symbol € represents the totally antisymmetric tensor in two dimensions:

0 -1
€ =sin6
1 0
Here, all covariant derivatives are taken on the 2-sphere. This establishes the necessity of

using scalar, vector, and tensor spherical harmonics to describe perturbations in a spheri-

cally symmetric spacetime.

The parity of scalar, vector, and tensor spherical harmonics plays a crucial role in the de-
composition of the perturbation tensor. Parity refers to how a function transforms under
spatial inversion, defined as (6, ¢) — (71—6, 71+ ¢). A function that remains unchanged un-
der this transformation is said to have even parity, whereas a function that changes sign is
said to have odd parity. In relativistic perturbation theory, functions transforming as (—1)"
are classified as even (polar), while those transforming as (—1)/*! are classified as odd
(axial). To emphasize this distinction, Chandrasekhar [157] introduced the terminology

)l+1

“polar” and “axial” to refer to perturbations with parity (—1)! and (—1)"*!, respectively.

To determine whether the functions in Eq. (A.3) are polar or axial, we analyze their trans-
formation properties under spatial inversion. However, it is important to note that the
explicit expression of perturbation functions depends on the choice of gauge, meaning
that their coordinate representation alone does not uniquely determine their parity. Never-
theless, we can use the well-established property that the gradient of a function preserves

its parity, whereas the application of a totally antisymmetric tensor reverses it.

From these definitions, we conclude that the scalar spherical harmonic ¥;" transforms
as (—1)! under inversion, making it a polar function. Consequently, the scalar spherical

harmonic expansion §7" = Y}" is also classified as polar.

1
For vector spherical harmonics, (Vlm) consists of derivatives of ¥;" with respect to x“,

a

2
thereby preserving the same polar parity as Y;". In contrast, (Vl’") involves a multiplica-

a
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tion by the antisymmetric tensor €,., which flips its parity, making it axial (i.e., transform-
1 2 3
ing as (—1)"*!). Similarly, the tensor harmonics (sz) and (sz) are polar, while (sz)
ab ab

ab
is axial due to the presence of the antisymmetric tensor.

Since the unperturbed metric remains unchanged under spatial inversion, the perturbation
equations are expected to preserve this symmetry, ensuring that polar and axial compo-
nents remain decoupled. Consequently, perturbations can be decomposed into distinct

polar and axial contributions, allowing them to be analyzed separately.

We can now explicitly write the polar and axial perturbations using Eq. (A.3) as

- T
1
e"Ho(t,r)Y"  H(t, )Y ho(t,r) (Vl'”)
%
olar 1
Wy = H(LAY"  e'Hyt,r)Y" hi(t,r) |V (A8)
1 1 1 2
ho(t, r) (Vlm) hy(t,r) (Vl’") r*G(t, r) (Tlm) +r’K(t,r) (sz)
- ab_

a a ab

and

2\
0 0 ho(t, r) (Vlm)
| ¢
Rt = 0 0 h(t,r) (v;" (A.9)
o) manfir) (),
o(t, 1) Vl hi(t,r) Vl > Tl
- a a ab -

where A5 represents the even-parity (polar) perturbation, and R represents the odd-
parity (axial) perturbation. In the above matrices, Hy, H,, H,, K, G, hy, hy, and h, are

functions of ¢ and r that serve as expansion coefficients for the spherical harmonics.

After decomposing the perturbations into polar and axial components, we study them sep-
arately. However, so far, we have not specified a coordinate system to work with. Choos-
ing an appropriate coordinate system is crucial, as it simplifies the equations significantly

and eliminates non-physical coordinate effects. Since general relativity is a coordinate-
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independent theory, any physically meaningful quantity remains valid regardless of the

chosen coordinate system.

From the above discussion, we conclude that in a spherically symmetric background,
perturbations naturally decompose into polar and axial modes, which can be analyzed in-
dependently. However, general relativity allows us to choose a gauge (coordinate system)
in which the perturbation matrix takes a more convenient form. To implement this, we

introduce an infinitesimal coordinate transformation

X - X=X+ &Y, (A.10)

where £ represents a small displacement in the coordinate system. This is a diffeomor-

phism, ensuring that the transformed metric obeys

5g,uv = -Efgyv = Vvé:,u + V,ufv . (All)

Since the background metric is the Schwarzschild metric, the perturbed metric before and

after the transformation are related by

Wy = hyy + ViEy + V,uE, . (A.12)

From this equation, we see that we have the freedom to choose four arbitrary functions

&%(x) to simplify the perturbation equations.

Regge and Wheeler [140] introduced a specific gauge choice by selecting £*(x) in such a

way that all terms containing second-order angular derivatives, such as %, 5%, % van-
ish. This simplifies the perturbation equations significantly. In particular, this gauge
choice sets G(t,r) = 0 for polar perturbations and h,(t,r) = 0 for axial perturbations.

However, we still have two additional degrees of freedom. To further simplify the equa-

128



tions, we also set hy(¢,r) = 0 and h;(¢, r) = O for the polar perturbations.

A general 4-dimensional gauge vector can be written as

Ayt )Y
& = Ay (t, )Y , (A.13)
As(t,r (Vll’") + Ay(t, r) (\/2,’")

a-

1
where A;(t,r), Ay(t, 1), As(t,r), and A4(t, r) are functions of ¢ and r. The quantities (Vl’”)

2
and (Vlm) are vector harmonics defined in Eq. (A.3), with indices a = 2, 3.

a

Since polar and axial perturbations are decoupled, we separate their gauge transformations

accordingly.

For axial perturbations, we set A} = A, = A3 = 0, reducing the gauge vector to:

0
0
0
& =Ast,r)| O | = Ay(tr) : (A.14)
2 __1L dym
m sin(@) d¢ ~ 1
[
o sin(6) 2 Y;"

Now, we determine the function A4(z, r) such that /) vanishes, where prime denotes the

differentiation with respect to r. From Eq. (A.12), considering the (2,2) component:

l’l/22 =hy + 2V2§2 . (AlS)

Setting 7}, = 0, we obtain the condition:

Ay =——. (A.16)

Since we have already determined the expression for s, we can now compute A4 to
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ensure that h,, is set to zero. This completes the choice of the gauge vector for axial

perturbations.

Similarly, we now compute the components of the gauge vector for polar perturbations.

The gauge vector for polar perturbations can be obtained by setting A, = 0 in Eq. (A.13),

yielding:
A, Y
. As(t, )Y
£y = ; . (A.17)
As(t,r) 5 Y]
As(t, 1) 29(;;1/"1

To enforce the conditions G = 0, iy = 0, and /#; = 0 in the transformed coordinate system,

we compute the differential equations:

hyy = hoy + Voéy + V&, (A.18)
hy = hiy + V1& + Vaéy, (A.19)
hyy = h3y + V3 + Vaés. (A.20)

Solving these equations expresses Ay, Ay, and Aj in terms of G, hy, and h;. Using this
gauge vector, we set the values of G, hy, and A, in the transformed coordinate system to

Z€10.

With this gauge choice, we can now express the metric perturbations in their final simpli-

fied forms. The axial perturbation metric takes the form:

0 0 ) (w25) Y ho(t, ) (222) v

haxial — 0 0 _hl(t I’) (9"19390) Ym hl(t’ r) (#) Ylm (A21)
Sym Sym 0 0
»Sym Sym 0 0

Similarly, the polar perturbation metric is given by:
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e"Hy(t,r)Y" H(t,rY" 0 0
H (t,r)Y" e‘Hy(t,r)Y™ 0 0
hzglar — 1 l 2 l (A22)
0 0 rK(t,nY" 0
0 0 0 rK(t, r) sin® 0Y"

In our analysis, we assume a harmonic time dependence characterized by the angular

frequency w.
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Appendix B

Eulerian and Lagrangian Perturbations

In perturbation theory applied to fluid systems, two primary descriptions are used to quan-

tify the changes in physical quantities: the Eulerian and Lagrangian frameworks.

Let us consider a physical quantity f defined in a fluid. In the unperturbed (background)
configuration, this quantity at a spatial location x{ is denoted by fy(x}). The Eulerian
perturbation, denoted by ¢ f, measures the change in f at a fixed spatial point before and

after the perturbation. It is defined as:
S5t x0) = f(t, xp) = folxp). (B.I)
This expression compares the same physical quantity at the same spatial location but at

different stages, before and after the perturbation.

In contrast, the Lagrangian perturbation, denoted by Af, tracks the change experienced
by an individual fluid element as it moves through space due to perturbation. It is defined
by:

Af(t,xp) = ft, %) = folxp), (B.2)
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where x' is the new position to which the fluid element originally at x has moved as a

result of the perturbation.

To relate the two descriptions, we subtract Eq. (B.1) from Eq. (B.2), yielding:

Af(t, xb) = 6f(t, xi) = f(t, x) — f(t, x}). (B.3)

To describe this shift in position, we define the Lagrangian displacement vector &, which

connects the position of a fluid element in the background to its perturbed location:
£t xp) = x' - xq,. (B.4)
This means that a fluid element located at x in equilibrium is displaced by an amount &'

to a new position x'.

Using this relation in Eq. (B.2), we expand the Lagrangian perturbation to first order as:

Af(t,x) = f |t x5+ € xp)| = folx)
= £t xp) + E1(t, )0, fo(xh) — folx) + O(ED), (B.5)

where we have assumed that the perturbations Af, 6f, and & are small and retained only
terms up to linear order in &

From the above expression, the relation between the Lagrangian and Eulerian perturba-
tions to linear order is:

Af =6f+ Lecfo (B.6)
where £, denotes the Lie derivative of f; along the displacement vector £'.

While the derivation above assumes f to be a scalar quantity, this relation holds more gen-
erally and can be extended to vector and tensor fields, with the Lie derivative accounting

for their respective transformation properties under coordinate changes.
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Appendix C

A Comparison of Frequencies Between

Full GR and Cowling Approximation

In this appendix, we compare the f-mode frequencies of anisotropic stars computed us-
ing the relativistic Cowling approximation-where spacetime perturbations are neglected
and only fluid variables are evolved, with those obtained from the full general relativistic
(GR) treatment used throughout the thesis. It is already well established that the Cowling
approximation can introduce an error (mostly overestimation) of approximately 20-30%
relative to full GR calculations at linear order in perturbation theory [89, 111, 158]. Fig-
ure C.1 shows the variation of f-mode frequencies as a function of the anisotropic strength
7 for a fixed stellar mass of 1.4 My. Panels (a) and (b) correspond to neutron stars mod-
eled using the BSk19 and BSk21 equations of state (EsoS), respectively, while panels (c)
and (d) present results for quark stars described by the MIT bag model and EOS-A.

The Cowling approximation consistently overestimates the f-mode frequencies in com-
parison with the full GR results. The fractional difference remains nearly uniform across
the range of anisotropy considered, with average deviations of approximately 23.35 % for
BSk19, 30.51 % for BSk21, 35.39 % for MIT bag, and 23.48 % for EOS-A. Notably, this

overestimation is already evident in the isotropic case (7 = 0) and persists as 7 varies, sug-
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Figure C.1: Comparison of f-mode frequencies computed using full general relativity (as
employed in this thesis) and the Cowling approximation, for different equations of state
at fixed stellar mass 1.4 Mg. The top-left panel corresponds to neutron stars modeled with
the BSk19 EoS, while the top-right panel corresponds to those modeled with the BSk21
EoS. The bottom-left panel corresponds to quark stars modeled with the MIT bag model,
and the bottom-right panel corresponds to quark stars modeled with EOS-A. The variation
of frequencies is shown as a function of the anisotropic strength 7.

gesting that the deviation is primarily due to the omission of spacetime dynamics rather
than anisotropic effects. These comparisons highlight the limitations of the Cowling ap-
proximation in capturing the full dynamical response of anisotropic stars and underscore

the importance of employing full GR calculations for accurate mode frequency analysis.

Furthermore, since the Cowling approximation omits metric perturbations altogether, it is
incapable of estimating the damping time, which can instead be accessed through the full

GR formalism.
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