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Synopsis

Strongly correlated quantum materials host a wide variety of phenomenon eg:
Kondo effect [4–6], Fractional quantum Hall effect [7], High 𝑇𝑐 superconductivity
which can not be explained using conventional methods. Example of such materials
are Mott insulators [8], Twisted Bilayer graphene [9–14], High 𝑇𝑐 superconductors
[15]. Typically in these materials, the kinetic energy and potential energy are
comparable to each other making them strongly correlated. These effects and
the materials cannot be studied using Density functional theory (DFT) [16, 17]
or perturbation theory and often call for the development of non-perturbative
methods (Analytical and/or Numerical).
A key example of strongly correlated material is high-temperature superconduc-
tors, such as cuprates, which exhibit a complex phase diagram featuring antiferro-
magnetism, superconductivity, pseudogap phase, strange metal, and Fermi liquid
phases. The transport properties of the normal state, particularly in the pseudogap
and strange metal phases, are of central interest. Strange metals exhibit anoma-
lous transport properties, notably linear-in-temperature resistivity extending from
near the superconducting transition temperature (𝑇𝑐) to very high temperatures.
Unlike conventional metals, strange metals do not show resistivity saturation at
the Mott-Ioffe-Regel (MIR) limit and exhibit unconventional magnetotransport
behavior. In contrast, bad metals, typically found in the underdoped regime, dis-
play a similar violation of the MIR limit but lack strict T-linear resistivity at low
temperatures. Strange metallicity is not unique to cuprates and is also observed in
heavy fermion compounds, twisted bilayer graphene, and organic superconductors,
suggesting a common underlying mechanism linked to strong electron correlations.
This transport behaviour is non trivial because, in a typical metal, the resistivity
is known to be linear at temperatures above 𝑇 ≈ 𝑇𝐷/5, where 𝑇𝐷 is the Debye
temperature and is caused by the scattering of electrons due to phonons. How-
ever, below 𝑇𝐷 the resistivity has a power law behaviour where the contribution of
electron-phonon scattering is 𝑇 5 and the electron-electron scattering contributes
a 𝑇 2 behaviour which can be explained using Fermi Liquid (FL) theory [18]. FL
theory relies on the assumption that there is an adiabatic continuity between the
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non-interacting ground state and the interacting ground state of the system. Ac-
cording to FL theory, the single particle excitations of the system are quasiparticles
which behave in exactly same manner as the non-interacting electrons but with
renormalized mass and charge.
The resistivity behaviour of clean or conventional metals being linear in temper-
ature at 𝑇 >> 𝑇𝐷/5 is a purely classical phenomenon. It is due to the average
displacement of lattice sites at higher temperatures being proportional to 𝑇 . It is
important to distinguish between this classical linearity from a linearity in trans-
port originating purely because of dominant quantum fluctuations.

Hubbard Model

A minimal model description for understanding the interplay of kinetic and po-
tential energy is due to Hubbard, known as Hubbard model [19–21]. The Hubbard
Hamiltonian is formulated as follows:

𝐻 = −𝑡 ∑
⟨𝑖𝑗⟩,𝜎

(𝑐†𝑖𝜎𝑐𝑗𝜎 + h.c.) + 𝑈 ∑
𝑖

𝑛𝑖↑𝑛𝑖↓ − 𝜇∑
𝑖𝜎

𝑛𝑖𝜎, (1)

where 𝑐†𝑖𝜎 and 𝑐𝑖𝜎 are the creation and annihilation operators for an electron with
spin 𝜎 at site 𝑖. The hopping amplitude between nearest-neighbor sites is repre-
sented by 𝑡, and 𝑈 indicates the on-site Coulomb repulsion. The electron number
operator at site 𝑖 with spin 𝜎 is 𝑛𝑖𝜎 = 𝑐†𝑖𝜎𝑐𝑖𝜎, and 𝜇 is the chemical potential. This
Hamiltonian effectively captures the competition between electron delocalization,
driven by kinetic energy, and localization, driven by on-site repulsion. The bal-
ance between these elements leads to various electronic phases such as metallic,
Mott insulating, and correlated magnetic states, dependent on the ratio 𝑈/𝑡 and
electron filling 𝑛.
In 2D on a bipartite lattice, at half filling the ground state is an antiferromagnetic
(AF) insulator for all interaction strengths [22–25] and long range AF order
appears. For 𝑈/𝑡 << 1 it is a slater insulator. The magnetic correlation length
grows exponentially as temperature decreases. In the strong coupling limit
𝑈/𝑡 >> 1 The half-filled system becomes a Mott insulator due to electron
localization. At half-filling, the low-energy physics maps onto the Heisenberg
antiferromagnet with an exchange interaction 𝐽 = 4𝑡2/𝑈 . The doped Hubbard
model in 2D shows a rich behaviour with respect to various parameters. In
the weakly interacting limit mean field studies show that in addition to AF
ordering other incommensurate magnetic orders appear [26–28]. Various methods
including perturbation expansion [29, 30] and Diagrammatic Monte Carlo give
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a convincing evidence for superconductivity at weak and moderate-coupling
strengths. For the doped Hubbard model, the most natural model that emerges
in the limit 𝑈/𝑡 >> 1 is known as 𝑡 − 𝐽 model. One of the crucial limits for
understanding this model is when 𝐽 = 0 or in other words when 𝑈 = ∞.

In this thesis we try to answer following important questions:

1. Can we understand transport in an extremely correlated Hubbard model
[31–34] and can we figure out quantum and classical regimes in terms of two
particle correlation functions?

2. Can we define characteristic time and energy scales that differentiate between
quantum and classical transport regimes of the model?

3. For a finite 𝑈 Hubbard model using dynamical mean field theory (DMFT)
where charge and spin behave differently, can we find relevant time scales
that differentiate between quantum and classical regimes of transport? Is it
same or different for charge and spin?

In what follows we employ the terminology of quantum and classical regimes to
characterize transport. This distinction is motivated by the relative magnitude of
the average energy associated with bosonic fluctuation Ω̄(𝑇 )frequency compared
to the thermal energy 𝑇 . When Ω̄(𝑇 ) > 𝑇 , the relevant fluctuations are intrinsi-
cally quantum and dominate the incoherent regime; conversely, when Ω̄(𝑇 ) < 𝑇 ,
thermal effects prevail and transport crosses over to a classical diffusive form.
This criterion is closely related to ideas of quantum critical transport [35] and to
phenomenology of strange metals in cuprates and other correlated systems [3]. It
also connects to earlier work on transport governed by local fluctuations, such as
Shastry’s extremely correlated Fermi liquid theory [31, 32].

Temperature-Dependent Transport Regimes and Bosonic
Fluctuations in the 𝑈 = ∞ Hubbard Model

For a lattice system with one orbital per site, a general state can be described
completely in terms of the orbital states at a site 𝑖. This set consists of states
|0⟩, |𝜎⟩, |𝜎̄⟩ and |2⟩; namely those with no electron, one electron with spin 𝜎(↑)
or 𝜎̄(↓), and two electrons(↑↓). The 𝑋 operators introduced by Hubbard [20] are
all the matrix elements in this Hilbert space; e.g. 𝑋𝜎0

𝑖 is |𝜎⟩⟨0| for states at site 𝑖.
They are local Fermi like or Bose like field operators (not canonical Fermi or Bose
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operators), depending on whether they describe change in local electron number
by unity (odd numbers in general) or by zero (even numbers in general) ( see the
book by Ovchinnikov and Val’kov [36] is on the 𝑋 operators and its application
in condensed matter physics). Commutators/anticommutators of 𝑋 operators at
different sites vanish, while for the the same site, they do not. These results
are uniquely determined by the definition of 𝑋 operators. The results of on site
commutation/anticommutation are not 𝑐 numbers as for canonical fermions and
bosons, but are 𝑋 operators.
The 𝑋 operators obey the commutation relation

[𝑋𝛼𝛽
𝑖 , 𝑋𝛾𝛿

𝑗 ]
±
= (𝑋𝛼𝛿

𝑖 𝛿𝛽𝛾 ±𝑋𝛾𝛽
𝑖 𝛿𝛿𝛼)𝛿𝑖𝑗, (2)

The Hubbard Hamiltonian for the 𝑈 = ∞ scenario where double occupancies are
not allowed can be expressed in terms of Hubbard (𝑋) operators with the system’s
chemical potential denoted as 𝜇 is:

𝐻 = −𝜇∑
𝑖,𝜎

𝑋𝜎𝜎
𝑖 +∑

𝑖𝑗
𝑡𝑖𝑗𝑋𝜎0

𝑖 𝑋0𝜎
𝑗 , (3)

where 𝑋𝜎𝜎
𝑖 symbolizes the number operator, 𝑡𝑖𝑗 indicates the element of the elec-

tron jumping matrix between the sites 𝑖 and 𝑗, and 𝑋𝜎0
𝑖 serves as a creation

operator, introducing an electron with spin 𝜎 at the site 𝑖 initially free of elec-
trons.
We develop an equation of motion approach for double-time, retarded Green’s
function for the fermionic 𝑋-operator, defined as

𝐺𝑅𝜎𝜎′
𝑖𝑗 (𝑡, 𝑡′) = −𝑖𝜃(𝑡 − 𝑡′) ⟨[𝑋0𝜎

𝑖 (𝑡),𝑋𝜎′0
𝑗 (𝑡′)]

+
⟩ ≡ ⟨⟨𝑋0𝜎

𝑖 (𝑡)∣𝑋𝜎′0
𝑗 (𝑡′)⟩⟩ (4)

where [ , ]+ denotes the anticommutator and ⟨...⟩ represents the expectation value
in the grand canonical ensemble. The second notation on the right-hand side offers
a more concise description of the first term.
We derive the Dyson equation for this Green’s function by using equation of motion
and the irreducible Green’s function approach. We also build an approximation for
the Self energy by using decoupling of Fermionic and Bosonic degrees of freedom
also known as self-consistent Born approximation (SCBA) [37, 38]. We further
use 𝑑 = ∞ limit in which the Dysonian Self energy and the Green’s function
both become local and we obtain a simple ansatz for the local self energy which
is a convolution of Fermionic Green’s function and the local bosonic fluctuations
contributed by charge and spin degrees of freedom. We also derive the equation
of motion for the local bosonic fluctuations. Here is the summary of the self-
consistent set of equations that we obtained
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• Dyson Equation

𝐺 = 𝐺𝑀𝐹 +𝐺𝑀𝐹Σ𝐺 (5)

• Expression for Self energy

Σ𝑅(𝜔) = − 1
𝑄2 ∫

∞

−∞
d𝜖1d𝜖2 𝜌𝐺(𝜖1)𝜌𝐷(𝜖2) (

tanh (𝛽𝜖12 ) + coth (𝛽𝜖22 )
𝜔+ − 𝜖1 − 𝜖2

) (6)

𝜌𝐺(𝜖1) = −1
𝜋 Im𝐺𝑅(𝜖1), 𝜌𝐷(𝜖2) = −1

𝜋 Im𝐷𝑅(𝜖2) (7)

• Bosonic Green’s function

𝐷𝑅(𝑡, 𝑡′) = 1
4{−𝑖𝜃(𝑡 − 𝑡′) ⟨[𝑁(𝑡),𝑁(𝑡′)]−⟩} + 3

4{−𝑖𝜃(𝑡 − 𝑡′) ⟨[𝑆+(𝑡), 𝑆−(𝑡′)]−⟩}
(8)

The full self consistency is presented below

Self Consistent set of equations

𝐺 = 𝐺𝑀𝐹 +𝐺𝑀𝐹Σ𝐺, 𝐺𝑀𝐹 (𝜔) = 𝑄
𝜔 −𝑄𝜖𝑘 + 𝑖0+

𝑄 = 1 − 𝑛
2 , 𝑛 = ⟨𝑁⟩ , 𝜖𝑘 = −2𝑡

𝑑
∑
𝑖=1

cos 𝑘𝑖

𝜒𝑅(𝜔) = 1
𝑁 ∑

𝑘
∫∫𝑑𝜔1𝑑𝜔2

𝜌𝐺(𝑘, 𝜔1)𝜌𝐺(𝑘, 𝜔2)𝑣2𝑘
𝜔 + 𝜔1 − 𝜔2 + 𝑖𝜂 (𝑛𝐹 (𝜔1) − 𝑛𝐹 (𝜔2))

𝜒𝑅
𝑁(𝜔) = 2𝜒𝑅(𝜔) and 𝜒𝑅

𝑆 (𝜔) = 𝜒𝑅(𝜔)

𝜒𝛼
𝛾 (𝜔) = ∫

∞

−∞
d𝜔′{1+𝛼

2 + 𝑛𝐵(𝜔′)}𝜌𝛾(𝜔′)
𝜔 − 𝜔′ + 𝑖0+ , 𝛼 = ±

(𝐷𝛼
𝑁(𝜔))

−1 = 𝛼1
𝑛 (𝜔 − 𝛼𝜒

𝛼
𝑁(𝜔)
𝑛 ) , (𝐷𝛼

𝑆 (𝜔))
−1 = 𝛼2

𝑛 (𝜔 − 𝛼𝜒
𝛼
𝑆 (𝜔)
𝑛
2

)

𝐷𝑅
𝛾 (𝜔) = ∑

𝛼
𝐷𝛼

𝛾 (𝜔), 𝜌𝐷𝑁/𝑆
(𝜔) = ∑

𝛼
𝜌𝛼𝐷𝑁/𝑆

(𝜔)

𝜌𝐷𝑁/𝑆
(𝜔) = −𝜌𝐷𝑁/𝑆

(−𝜔), 𝜌−𝐷𝑁/𝑆
(𝜔) = −𝑒−𝛽𝜔𝜌+𝐷𝑁/𝑆

(𝜔) ,

Σ𝑅(𝜔) = − 1
𝑄2 ∫

∞

−∞
d𝜖1d𝜖2 𝜌𝐺(𝜖1)𝜌𝐷(𝜖2) (

tanh (𝛽𝜖12 ) + coth (𝛽𝜖22 )
𝜔+ − 𝜖1 − 𝜖2

)

where, 𝜌𝐺(𝜖1) = −1
𝜋 Im𝐺𝑅(𝜖1), 𝜌𝐷(𝜖2) = −1

𝜋 Im𝐷𝑅(𝜖2).

31



The equations listed above are a coupled set of non-linear equations which we solve
numerically.
In this study, we investigate the temperature dependence of electrical resistivity at
various doping levels within the infinite-U Hubbard model on a Bethe lattice. By
solving the self-consistent equations specific to this lattice geometry, we uncover
distinct transport regimes, each characterized by dominant scattering mechanisms
and their corresponding energy scales. Figure 0.1(a) illustrates how resistivity
evolves with temperature across different dopings. We emphasize that the present
study deliberately omits superconductivity. While d-wave superconductivity is a
central feature of the cuprate phase diagram, our focus here is exclusively on the
normal state transport. There are two reasons for this choice: first, single-site
DMFT and the X-operator formalism employed here are not capable of capturing
d-wave pairing instabilities; second, our primary aim is to understand incoherent
metallic behavior once superconductivity is suppressed experimentally. This focus
allows us to isolate the role of spin and charge fluctuations in generating strange
metallic transport, independent of pairing phenomena.
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Figure 0.1: (a) Temperature dependence of resistivity for several doping levels 𝛿
in the unit of 𝜌0(= 1/𝜎0). The inset shows the low-temperature resistivity vs.
𝑇 , revealing the 𝑇 2 behavior with the black line representing the parabolic fit.
(b) Different temperature regimes: FL (yellow) for 𝑇 < 𝑇𝐹𝐿, incoherent quantum
regime (IQR) for 𝑇𝐹𝐿 < 𝑇 < 𝑇𝑐𝑙, and 𝑇 > 𝑇𝑐𝑙 a classical regime (CR).

To delineate quantum and classical transport behavior, we introduce the concept
of an average bosonic fluctuation energy, denoted Ω̄(𝑇 ) . This quantity serves as a
key diagnostic: the system is said to lie in the quantum regime when Ω̄(𝑇 ) > 𝑇 ,
and in the classical regime when Ω̄(𝑇 ) < 𝑇 . The transition between these regimes
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governs the crossover from Fermi-liquid behavior to incoherent quantum transport
and eventually to a classical diffusive regime.
At the lowest temperatures, the system exhibits Fermi-liquid (FL) behavior,
marked by a characteristic 𝑇 2 increase in resistivity. This regime reflects coher-
ent quasiparticle dynamics mediated by local charge bosons (charge excitations).
As temperature increases, the system transitions into the Incoherent Quantum
Regime (IQR), where resistivity rises linearly with temperature. Although coher-
ence is lost in this regime, local charge excitations continue to play a significant
role in the dynamics.
These regimes are clearly demarcated in Figure 0.1(b). Specifically, the FL regime
spans 0 < 𝑇 < 𝑇FL , beyond which coherent quasiparticle behavior ceases. The
intermediate IQR regime, defined by 𝑇FL < 𝑇 < 𝑇cl , exhibits linear resistivity
indicative of incoherent quantum processes. For 𝑇 > 𝑇cl , the system enters the
classical regime (CR), dominated by thermally induced fluctuations.
To better understand the nature of these crossovers, we analyze the bosonic fluc-
tuation spectrum and extract the average fluctuation energy Ω̄(𝑇 ) . Figure 0.2(a)
compares Ω̄(𝑇 ) with the thermal energy T , highlighting the regions where quan-
tum and classical behavior dominate. This comparison allows us to establish
a physically meaningful criterion for distinguishing between quantum-coherent,
quantum-incoherent, and classical regimes of transport.

Finite-U Hubbard Model: Spin-Charge Separation and
Transport from DMFT+NRG

While our analysis of the 𝑈 = ∞ Hubbard model provided valuable insight into
transport via local spin and charge fluctuations, the approximations employed
treated spin and charge on equal footing. As a result, they could not distinguish
the distinct dynamical roles and timescales of spin and charge degrees of freedom,
especially across different transport regimes. To address this limitation and to go
beyond the infinite-U picture, we studied the finite-U Hubbard model using Dy-
namical Mean Field Theory (DMFT) with the Numerical Renormalization Group
(NRG) as the impurity solver.
This approach allows us to capture real-frequency correlation functions directly,
without relying on analytic continuation, and to probe the incoherent transport
regime and crossover behavior in both doped and undoped systems. In particular,
we focused on extracting dynamical information about spin and charge excita-
tions, aiming to understand their separate contributions to resistivity and their
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Figure 0.2: (a) The average frequency, denoted as Ω̄(𝑇 ), varies with temperature
for a doping level of 𝛿 = 0.3. In the temperature range 0 < 𝑇 < 0.005, rep-
resented by a shallow red area, the system exhibits Fermi liquid (FL) behavior.
For temperatures in the range of 0.005 < 𝑇 < 𝑇𝑐𝑙(= 0.135), the system is within
the incoherent Quantum region, crossing over to the classical regime (CR) when
𝑇 > 𝑇𝑐𝑙. An inset illustrates the relationship between 𝑇𝑐𝑙 and doping 𝛿, with a
dashed line indicating 𝑌 = 𝑇 . (b) shows the charge compressibility, 𝜅, as a func-
tion of temperature 𝑇 for different doping levels.

distinct thermalization pathways. By construction, DMFT becomes exact in the
𝑑 = ∞ limit, where the self-energy is purely local. While this renders it a powerful
non-perturbative framework for studying Mott physics and local incoherence, it
necessarily neglects non-local spatial correlations. In two-dimensional Hubbard
models, such non-local fluctuations are known to be essential for pseudogap for-
mation, short-range antiferromagnetic singlet physics, and superconductivity. As
a consequence, our results should be interpreted as capturing the local aspects of
strange metallicity and the associated spin/charge decoherence, but not the full
richness of 2D physics. Cluster extensions such as DCA/CDMFT or diagrammatic
methods can in principle address these issues, though they remain computation-
ally demanding at low temperatures. Thus, while our DMFT results provide a
useful baseline for understanding the role of local spin and charge fluctuations,
they should be viewed as complementary to, rather than a replacement for, more
spatially resolved approaches.
To quantify dissipation, we defined the diffusion spectrum for charge and spin
fluctuations as:

𝑃𝑛/𝑠(𝜔) =
Im𝜒𝑛/𝑠(𝜔)
𝜋𝜔𝜒𝑛/𝑠
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,
where 𝜒𝑛/𝑠(𝜔) is the corresponding susceptibility. 𝑛 represents charge while 𝑠
represents spin. This spectral function provides a window into how energy is
absorbed and dissipated through coupling with local bosonic fluctuations.
We first benchmarked the performance of two common NRG techniques—Density
Matrix NRG (DMNRG) and Full Density Matrix NRG (FDM-NRG)—in capturing
low-frequency spectral features. As illustrated in Fig. 5.1, DMNRG shows a
more reliable low-frequency behavior, whereas FDM-NRG introduces artifacts near
𝜔 = 0 at low temperatures. To mitigate this, we adopted a hybrid approach,
performing spectral calculations on the Matsubara axis and employing numerical
analytic continuation when necessary.
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Figure 0.3: (a) Spin diffusion spectrum for half-filling using DMNRG at 𝑇/𝐷 =
0.001. (b) Spin diffusion spectrum for half-filling using FDM at 𝑇/𝐷 = 0.001.

Quantum-Classical Crossover and Characteristic
Frequency Scales
We investigated the transport properties at finite 𝑈 in the doped Hubbard model
(with 𝑈/𝐷 = 4 ), where the system exhibits a crossover from Fermi-liquid to inco-
herent transport. To characterize this crossover, we introduced the characteristic
frequency scale:

Ω𝑛/𝑠 = ∫
∞

0
𝜔𝑃𝑛/𝑠(𝜔) 𝑑𝜔,

which quantifies the typical energy of charge (n) and spin (s) fluctuations con-
tributing to dissipation.
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As shown in Fig. 5.6, the spin degrees of freedom transition to classical behavior at
lower temperatures than the charge sector. This suggests that spin fluctuations be-
come incoherent earlier, while charge dynamics remain quantum-mechanical over a
broader temperature range. This decoupling is essential in understanding the na-
ture of transport in the intermediate regime, where standard Fermi-liquid theory
breaks down.
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Figure 0.4: Characteristic fluctuation frequencies for spin and charge at U/D = 4
for various doping levels 𝛿 = 0.1, 0.15, 0.2, 0.25 .

Bosonic Fluctuations, Linear Resistivity, and the
Two-Stage Breakdown of Fermi Liquid Behavior
The temperature dependence of resistivity for various doping levels at interaction
strength 𝑈/𝐷 = 4 is shown in Fig. 0.5. As previously analyzed in detail in [39], the
resistivity curve reveals three distinct regimes: a low-temperature Fermi Liquid
(FL) phase characterized by 𝑇 2 behavior, followed by two successive linear-in- T
regimes—a non-Fermi liquid (NFL) phase and a bad metal regime.
Our key insight is that the first linear-in- T regime (NFL) arises from the strong
inelastic scattering of charge carriers off dynamically fluctuating, yet unquenched,
local magnetic moments. In this regime, spin excitations have already become
incoherent, while charge excitations remain quantum-coherent. This partial de-
coherence results in anomalous transport and linear resistivity—a hallmark of
strange metallic behavior.
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At higher temperatures, both spin and charge fluctuations become fully incoher-
ent, entering a bad metallic regime. In this regime, quasiparticle coherence is
lost entirely, and charge transport becomes increasingly diffusive and classical.
The emergence of two separate temperature scales—one for spin decoherence and
another for charge—leads to a two-stage breakdown of Fermi liquid behavior.
Full quasiparticle coherence is only restored below the Fermi liquid scale 𝑇𝐹𝐿 ,
marking the onset of conventional metallic transport.
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Figure 0.5: Temperature dependence of resistivity at U/D = 4 for different doping
levels.

This analysis emphasizes that the interplay and decoupling of spin and charge dy-
namics are central to understanding transport in strongly correlated systems. The
two-stage decoherence process we observe offers a microscopic basis for the emer-
gence of strange metallicity and the bad metal regime in doped Mott systems—
phenomena widely observed but still poorly understood in correlated materials.
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Chapter 1

Introduction

The study of strongly correlated electron systems has been a central theme in
condensed matter physics, offering profound insights into exotic quantum phases
and emergent phenomena. These systems host a wide array of exotic quantum
phases and emergent collective behavior that defy the expectations of conven-
tional band theory. The hallmark of strongly correlated materials is the energy
scale of electron-electron interactions becoming comparable to, or even surpass-
ing, the kinetic energy of electrons [35]. In such regimes, the independent particle
picture breaks down, and the system exhibits fundamentally new physics ranging
from non-Fermi liquid behavior to unconventional superconductivity and quantum
criticality.
Among the most prominent examples of such systems are the high-temperature su-
perconductors, which challenge the conventional Bardeen-Cooper-Schrieffer (BCS)
theory [40] and showcase a delicate interplay among spin, charge, orbital, and lat-
tice degrees of freedom. The discovery of cuprate high-𝑇𝑐 superconductors in 1986
[15] revolutionized the field and opened up a host of unresolved questions that
remain central to modern condensed matter research. These materials exhibit a
remarkably rich phase diagram as a function of hole doping 𝑝 and temperature 𝑇 ,
reflecting their strongly correlated nature.
As shown in Fig. 1.1, the undoped parent compound (𝑝 = 0) is an antiferromag-
netic Mott insulator below the Néel temperature 𝑇𝑁 , while it becomes a param-
agnetic insulator above 𝑇𝑁 . Upon doping, a superconducting dome emerges in
the range 𝑝 ≈ 0.04 − 0.27, with the critical temperature 𝑇𝑐 reaching a maximum
at optimal doping 𝑝opt. The underdoped region (𝑝 < 𝑝opt) features a mysterious
pseudogap phase [41–60] between 𝑇𝑐 and a higher temperature scale 𝑇 ∗, charac-
terized by partial gapping of the Fermi surface and competing electronic orders.
The overdoped region (𝑝 > 𝑝opt) gradually evolves into a more conventional Fermi
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liquid phase. Sandwiched between these regimes is the enigmatic “strange metal”
phase, where the system exhibits linear-in-temperature resistivity, defying the ex-
pectations of Fermi liquid theory.
This rich phenomenology emerging from subtle changes in doping or temperature
highlights the need for theoretical tools that go beyond mean-field approaches
and incorporate strong correlation effects explicitly. Understanding the normal
state behavior of cuprates, particularly the pseudogap and strange metal regimes,
remains one of the grand challenges in modern physics. It is within this context
that the present thesis aims to explore how dynamic correlations; especially spin
and charge fluctuations govern the transport behavior in strongly correlated lattice
models like the Hubbard model.
Each of the phases depicted in the cuprate phase diagram carries profound physi-
cal interest, revealing different aspects of the underlying many-body interactions.
Among them, two regimes stand out due to their profound implications and puz-
zling behaviors: the pseudogap phase and the so-called strange metal or non-
Fermi liquid phase. These are regions where conventional quasiparticle-based
descriptions fail and where strong correlations manifest in strikingly anomalous
experimental signatures. The pseudogap phase for instance, is marked by the
suppression of electronic states at the Fermi level without the onset of long-range
order, suggesting the presence of competing or preformed orders. Meanwhile, the
strange metal region exhibits transport properties that violate the expectations of
Fermi liquid theory, such as linear-in-temperature resistivity persisting down to
the lowest accessible temperatures.
Understanding these anomalous normal-state properties is not merely a matter of
academic curiosity, it is a crucial step toward uncovering the mechanisms behind
high-𝑇𝑐 superconductivity itself. In this thesis, our focus will be primarily on the
normal (non-superconducting) state of these materials, especially the temperature
and doping regimes where standard metallic behavior gives way to incoherent
transport and scale-invariant dynamics. By investigating transport phenomena in
this regime, we aim to shed light on how dynamical charge and spin fluctuations;
hallmarks of strong correlation affect the resistivity and the breakdown of coherent
quasiparticle motion.
To frame our investigation, we begin by summarizing the experimental features
of the resistivity in hole-doped cuprates, particularly in the underdoped and over-
doped regimes. These are illustrated in Fig.1.1, which shows the temperature-
doping phase diagram of a typical high-𝑇𝑐 cuprate, and Fig.1.2, which captures
the doping dependence of resistivity and its deviation from conventional behavior.
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Figure 1.1: Phase diagram of a hole doped cuprate [1]

Figure 1.2: Resistivity in a hole doped cuprate LSCO; the labels for example
LSCO17 denote that the hole concentration is 0.17 [2].
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1.1 Strange and Bad Metals

In conventional metals, the temperature dependence of resistivity is well under-
stood within the framework of Fermi liquid theory. At high temperatures—
typically above 𝑇 ≳ 𝑇𝐷/5, where 𝑇𝐷 is the Debye temperature—resistivity in-
creases linearly with temperature due to electron-phonon scattering [61]. At lower
temperatures, resistivity follows a power-law behavior: the phonon contribution
scales as 𝑇 5, and electron-electron interactions contribute a 𝑇 2 term. This 𝑇 2

scaling is one of the hallmarks of a Fermi liquid (FL), a paradigm that rests on the
notion of long-lived quasiparticles—renormalized electrons that interact weakly
and carry charge and spin like bare electrons.
However, many strongly correlated systems, especially hole-doped cuprates exhibit
dramatic departures from this behavior [62–65]. In these materials, the resistivity
often remains linear in temperature over a wide range, extending from just above
the superconducting critical temperature 𝑇𝑐 to temperatures well above room tem-
perature. This linearity persists even as the magnitude of the resistivity exceeds
the Mott-Ioffe-Regel (MIR) limit, the scale at which the electronic mean free path
becomes comparable to the lattice spacing and the notion of quasiparticles loses
its meaning [66–68].
This anomalous regime, commonly referred to as the strange metal phase, defies
the foundational assumptions of Fermi liquid theory. In particular, the linear-
in-𝑇 resistivity does not appear to arise from phonons, nor does it saturate at
high temperatures as conventional theory would predict. In fact, in experiments
where superconductivity is suppressed either by chemical means or by applying
a strong magnetic field—resistivity remains linear down to the lowest measured
temperatures. An example of this behavior is shown in Fig. 1.3, where the in-plane
resistivity of LSCO at doping 𝑝 = 0.21 is linear across a wide temperature range,
and the zero-field extrapolated resistivity at low 𝑇 continues this trend [3].
Moreover, the strange metal exhibits other transport anomalies: the inverse Hall
angle follows a 𝑇 2 dependence [69], the transverse magnetoresistance violates the
conventional Kohler’s rule [70], and different transport coefficients seem to be
governed by distinct scattering times. These observations have led to the hypoth-
esis of multiple relaxation rates, a concept that challenges the single-quasiparticle
lifetime picture of the Fermi liquid.
Another related but distinct category is that of bad metals. These are systems,
often in the underdoped region of the phase diagram, where the resistivity exceeds
the MIR limit but does not remain linear down to low temperatures. Instead,
the resistivity shows a tendency to saturate or deviate from linearity at low 𝑇 .
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Though less exotic than strange metals, bad metals still lie outside the Fermi
liquid framework and hint at incoherent transport, where electrons are strongly
scattered and no well-defined quasiparticles exist.
It is also noteworthy that strange metallic behavior is not exclusive to cuprates. It
has been observed in a wide range of strongly correlated systems, including heavy
fermion materials, organic conductors, and more recently, in moiré systems such
as twisted bilayer graphene [13, 14, 71]. This universality suggests that strange
metallicity may represent a broader class of quantum critical or entangled matter,
in which the standard quasiparticle-based picture of electronic transport breaks
down entirely.
These experimental observations motivate a deeper theoretical investigation into
the mechanisms behind anomalous transport. In particular, one must go beyond
single-particle descriptions and focus on the role of many-body correlation effects—
especially dynamical fluctuations of spin and charge—as key drivers of incoherence.
In this thesis, we aim to approach these questions through the lens of minimal yet
non-perturbative models of strong correlation, starting with the Hubbard model,
which captures the essential physics of electron-electron interactions.

Survey of theoretical approaches on strange metals
There is a vast amount of literature on various approaches to understand the
strange metallicity. In this section, we summarize a few of these approaches. One
of the most successful phenomenological approaches that explains various anoma-
lous properties of strange metals is Marginal Fermi Liquid (MFL) theory [72, 73].
MFL proposes the scattering of electrons with specific kind of bosonic fluctuations
with spectral function which are momentum independent and are proportional to
𝜔/𝑇 for |𝜔| < 𝑇 and are constant otherwise. This spectral form implies a fermionic
self-energy with ImΣ(𝜔, 𝑇 ) ∝ max(|𝜔|, 𝑇 ). The resulting scattering rate is linear
in temperature, yielding resistivity 𝜌(𝑇 ) ∝ 𝑇 . MFL is also able to explain other
anomalous properties including specific heat, Raman scattering and optical con-
ductivity. Though MFL is able to explain various anomalies of strange metals,
it’s a phenomenological theory and a microscopic description of the phenomena
is missing. Much of the subsequent theoretical literature on strange metals can
be viewed as attempts to embed the MFL phenomenology within a controlled
microscopic framework.
One of the approaches to build a microscopic theory for strange metals is based
on the quantum criticality [74–81]. This approach is inspired by the fact that
the strange metals show a linear resistivity with almost no slope change across a
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Figure 1.3: Resistivity of LSCO at a doping value of 𝑝 = 0.21 showing a linear
behaviour with temperature, the dots at low temperature are obtained by killing
superconductivity and then extrapolating the resistivity in the limit 𝐵 → 0. [3]

wide range of temperature as well as optical and Raman response functions that
exhibit universal 𝜔/𝑇 scaling [82]. Typically, in this approach fermions are coupled
to quantum critical bosonic fluctuations. However, in many of the materials the
strange metal behaviour survives for a range of parameters instead of just a critical
point. Parallel to Quantum critical point based theories, solvable models have been
developed that realize non-Fermi-liquid states with scale invariance. The Sachdev–
Ye–Kitaev (SYK) model [83, 84], originally formulated as a set of fermions with
random all-to-all interactions, is exactly solvable in the large-𝑁 limit. At low
energies it exhibits emergent conformal symmetry, a fermionic Green’s function
with power-law behavior, absence of quasiparticles, and maximal quantum chaos.
Though SYK model is zero-dimensional in its original form, it has provided a
conceptual laboratory for strange-metal behavior. Extensions to arrays of coupled
SYK clusters or to random Yukawa models have generated lattice realizations
with finite conductivity, Planckian scattering rates, and in some cases linear-𝑇
resistivity [85–91]. While SYK-inspired approaches do not yet map directly onto
specific materials, they supply controlled solvable examples of strongly incoherent
metallic states, with many parallels to the phenomenology of strange metals.
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1.2 The Hubbard Model: A Minimal Framework for
Strong Correlation

To understand the rich and often perplexing transport phenomena observed in
strange and bad metals, we must turn to microscopic models that explicitly account
for strong electron-electron interactions. Among the various theoretical models
developed to study correlated electron systems, the Hubbard model stands out as
one of the most fundamental and widely used frameworks. It captures the essential
competition between kinetic energy, which favors delocalization of electrons, and
Coulomb repulsion, which tends to localize them—an interplay that lies at the
heart of Mott physics and strange metallicity.
The Hubbard Hamiltonian is given by:

𝐻 = −𝑡 ∑
⟨𝑖𝑗⟩,𝜎

(𝑐†𝑖𝜎𝑐𝑗𝜎 + h.c.) + 𝑈 ∑
𝑖

𝑛𝑖↑𝑛𝑖↓ − 𝜇∑
𝑖𝜎

𝑛𝑖𝜎, (1.1)

where:

• 𝑡 is the nearest-neighbor hopping amplitude, controlling the kinetic energy.

• 𝑈 is the on-site Coulomb repulsion energy.

• 𝜇 is the chemical potential.

• 𝑐†𝑖𝜎(𝑐𝑖𝜎) is the creation (annihilation) operator for an electron with spin 𝜎 at
site i .

• 𝑛𝑖𝜎 = 𝑐†𝑖𝜎𝑐𝑖𝜎 is the number operator.

A pictorial representation of this model is shown in Fig. 1.4, where electrons hop
between neighboring lattice sites and experience a strong penalty 𝑈 for occupying
the same site.
This deceptively simple Hamiltonian encodes a wide array of physical phenomena
depending on the filling factor and the interaction strength 𝑈/𝑡. At half-filling
and in the strong coupling limit (𝑈 ≫ 𝑡), the system becomes a Mott insulator—a
phase where insulating behavior arises not from band theory, but from the prohi-
bition of double occupancy due to strong Coulomb repulsion. In the weak-coupling
limit (𝑈 ≪ 𝑡), the system resembles a weakly correlated metal that can be de-
scribed using conventional Fermi liquid theory.
However, it is in the intermediate coupling regime when 𝑈 ∼ 𝑡; that the most
intriguing and least understood phenomena occur. This is the regime relevant
to cuprates and many other strongly correlated materials, where strange metal
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Figure 1.4: Pictorial depiction of the Hubbard model: electrons hop between sites
with amplitude 𝑡 and experience an on-site repulsion 𝑈 when two occupy the same
site.

behavior, pseudogap formation, and unconventional superconductivity emerge. In
this regime, the competition between kinetic and potential energy does not permit
a simple perturbative treatment, and novel non-quasiparticle dynamics begin to
dominate.
Importantly, the Hubbard model also serves as a unifying framework across several
dimensions and contexts. In one dimension, it can be solved exactly using the
Bethe ansatz, revealing spin-charge separation. In two and three dimensions,
it requires sophisticated numerical and analytical techniques such as Dynamical
Mean-Field Theory (DMFT), Numerical Renormalization Group (NRG), Density
Matrix Renormalization Group (DMRG), and quantum Monte Carlo methods.
These tools have uncovered intricate phase diagrams exhibiting Mott transitions,
spin and charge ordering, and strange metal behavior.
Beyond equilibrium properties, the Hubbard model has become increasingly cen-
tral to nonequilibrium and transport studies, especially in the context of ultracold
atoms in optical lattices. There, the model can be realized with remarkable con-
trol over parameters like 𝑈 , 𝑡, and filling 𝑛, providing an experimental testbed for
studying Hubbard physics.
In this thesis, we focus on using the Hubbard model as a minimal but powerful tool
to investigate normal-state transport in the strange metal regime. In particular,
we aim to go beyond single-particle Green’s function methods and study how
dynamical charge and spin fluctuations—encoded in higher-order correlators—
contribute to resistivity and characterize the crossover from coherent to incoherent
transport.
The rest of this thesis is devoted to developing, applying, and interpreting methods
that allow us to probe these questions within both the infinite-𝑈 and finite-𝑈 limits
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of the Hubbard model. We now introduce some of the core theoretical questions
that guide this investigation.

Motivating Questions and Scope of this Thesis

Despite its apparent simplicity, the Hubbard model encapsulates the essential
complexity of strongly correlated systems. While it successfully reproduces broad
features such as Mott insulating states and correlation-induced magnetism, a de-
tailed understanding of its transport properties—particularly in the strange metal-
lic regime—remains elusive. Most existing studies focus on one-particle Green’s
functions and their associated self-energies. However, many key physical quan-
tities, such as electrical resistivity, spin susceptibility, and charge compressibil-
ity, depend crucially on two-particle and higher-order correlation functions. This
opens an important and relatively underexplored direction in the theoretical study
of correlated systems.
In this thesis, we attempt to address the following central questions:

1. Can we understand transport in strongly correlated metals
through dynamical charge and spin fluctuations? Instead of focusing
solely on single-particle self-energy effects, we explore how collective degrees
of freedom—encoded in two-point correlation functions of spin and charge—
shape the temperature dependence and qualitative behavior of resistivity in
the Hubbard model. Can these fluctuations serve as the effective “scattering
mechanism” responsible for linear-in-𝑇 resistivity?

2. Is it possible to identify a quantum-to-classical crossover in
transport behavior? Strongly correlated materials often exhibit non-
quasiparticle transport even at intermediate temperatures. Is this incoher-
ence purely quantum in nature, or does it exhibit a crossover to classical
behavior dominated by thermally activated fluctuations? We investigate
this by analyzing spectral properties and energy scales of spin and charge
correlators, and their role in decoherence.

3. What physical time and energy scales demarcate coherent and in-
coherent transport regimes? We aim to extract characteristic scales—
such as the Fermi-liquid coherence scale 𝑇FL, the effective spin and charge
fluctuation bandwidths, and damping rates—that distinguish the low-𝑇 co-
herent Fermi-liquid from the high-𝑇 incoherent or diffusive regimes. How do
these scales evolve with doping, interaction strength, and dimensionality?
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4. Can one obtain a unified understanding of resistivity from weak to
strong coupling? Existing methods like DMFT and ECFL provide results
in either intermediate or strong coupling limits. We ask: how universal
are the observed features such as 𝑇 -linear resistivity, and to what extent can
they be connected to charge and spin dynamics? Is there a deeper organizing
principle behind the two-slope behavior seen in 𝜌(𝑇 ) in both weak and strong
correlation regimes?

5. How do these findings inform our understanding of real materials?
Although this thesis is primarily theoretical, its broader aim is to bridge
microscopic modeling with phenomenology observed in materials such as
cuprates, heavy fermion systems, and twisted bilayer graphene. Can our
results suggest generic mechanisms for bad metallicity, strange transport,
and the suppression of quasiparticles near the Mott transition?

These questions motivate the structure of this thesis and shape its methodology:
combining analytical insight with numerical computation, emphasizing physical
observables, and developing self-consistent frameworks that go beyond the one-
particle picture. The answers we obtain—partial though they may be—offer a
step toward unraveling the rich and often enigmatic transport behavior in the
strongly correlated quantum matter.
In this thesis, we use the terms quantum and classical transport in a specific
technical sense that goes beyond the colloquial meaning. The distinction is not
simply between the real and imaginary parts of the response function, which are
always related by Kramers–Kronig and thus not independent. Rather, our us-
age is based on a comparison between the characteristic fluctuation frequency
scale, Ω(𝑇 ), and the thermal energy, 𝑇 . When Ω̄(𝑇 ) > 𝑇 , dissipation is governed
primarily by intrinsically quantum fluctuations, and we refer to the regime as
quantum. Conversely, when Ω̄(𝑇 ) < 𝑇 , thermal fluctuations dominate and trans-
port acquires a classical character, even though the underlying system remains
quantum-mechanical. This operational definition allows us to meaningfully distin-
guish between regimes of incoherent quantum transport and thermally dominated
classical diffusion. Importantly, this usage should not be confused with mean-
field or semiclassical approximations: even a quadratic, non-interacting fermionic
system remains a quantum system in our terminology, but its transport would
be classified as classical once the relevant fluctuation frequencies lie below ther-
mal scales. Thus, our terminology emphasizes the dominant source of fluctuations
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driving dissipation, not the fundamental quantum or classical nature of the mi-
croscopic degrees of freedom.

1.3 Outline of Chapters

This thesis is organized to gradually build a coherent narrative, starting from the
fundamental principles of linear response theory to the development of advanced
theoretical techniques for investigating transport in strongly correlated systems.
Each chapter is designed to address specific aspects of the overarching questions
posed in the introduction, with increasing technical depth and specialization.
Chapter 2 lays the theoretical foundation by presenting a comprehensive discussion
of linear response theory. This chapter begins with the physical motivation behind
correlation functions and response functions, emphasizing their direct connection
to measurable quantities in condensed matter experiments such as conductivity,
magnetic susceptibility, and optical absorption. We derive the Kubo formula from
first principles, using the interaction picture and time-dependent perturbation
theory. We then formulate the response function in terms of correlation func-
tions, retarded Green’s functions, and spectral representations. This chapter also
discusses the fluctuation-dissipation theorem and Kramers-Kronig relations, and
includes a detailed application to the electrical conductivity of lattice models via
the Peierls substitution. A classical driven, damped harmonic oscillator is also
analyzed to build physical intuition about linear response and dissipation. This
chapter serves as both a pedagogical introduction and a rigorous reference for the
theoretical tools used throughout the thesis.
Chapter 3 is devoted to the infinite-𝑈 limit of the Hubbard model, which cap-
tures the physics of strongly correlated electrons in the limit where local double
occupancy is strictly forbidden. The Hubbard model in this limit is formulated
using the Hubbard 𝑋-operator formalism, which naturally enforces the constraint
of no double occupancy. We construct approximate but physically motivated ex-
pressions for the single-particle Green’s function and the electronic self-energy,
incorporating contributions from local spin and charge fluctuations. The chapter
includes a detailed discussion of how transport coefficients such as the electrical
resistivity can be expressed in terms of these self-energies, and presents numeri-
cal results for resistivity and spectral weight redistribution across the coherence-
incoherence crossover.
Chapter 4 shifts the focus to a numerically exact framework by introducing Dy-
namical Mean-Field Theory (DMFT) and the Numerical Renormalization Group
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(NRG). DMFT provides a controlled approximation for high-dimensional systems
by mapping the lattice problem onto a self-consistent quantum impurity model.
NRG is then introduced as a powerful impurity solver capable of resolving low-
energy spectral features with high accuracy. We provide a detailed account of
how spectral functions and dynamical correlators are computed using NRG, in-
cluding comparisons of different broadening schemes and spectral reconstruction
techniques. This chapter is essential for understanding the computational machin-
ery used in the subsequent analysis of dynamical two-particle correlations.
Chapter 5 presents the central results of the thesis: a study of spin and charge
diffusion in the doped Hubbard model using the combined DMFT+NRG approach.
Here, we analyze how the interplay between spin and charge fluctuations governs
the coherence-incoherence crossover in electronic transport. By computing the
dynamical structure factors and spectral densities of spin and charge operators,
we identify characteristic energy scales such as the Fermi-liquid temperature 𝑇FL,
the fluctuation bandwidths, and relaxation timescales. These quantities are used
to demarcate different regimes of transport: coherent quasiparticle transport at low
𝑇 , an intermediate temperature incoherent regime with 𝑇 -linear resistivity, and a
high-temperature classical diffusive regime. This chapter demonstrates how two-
particle correlations—not just single-particle lifetimes—can fundamentally shape
transport in strongly correlated metals.
Chapter 6 concludes the thesis by summarizing the key insights gained into the
nature of strange metallicity, bad metal behavior, and quantum incoherence. We
reflect on the utility and limitations of the methods employed, especially in the
context of distinguishing quantum from classical transport regimes. The chapter
also outlines several promising future directions, including the extension of our
approach to systems with finite 𝑈 , multiorbital models, finite-dimensional cluster
extensions of DMFT, and direct comparisons with experimental observables in
cuprates, heavy fermion materials, and moiré systems. These avenues open the
door to a more comprehensive understanding of emergent transport phenomena
in quantum materials.
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Chapter 2

Dynamics, Correlation, and Linear
Response

In experimental condensed matter physics, many key observables such as those
measured in Angle-Resolved Photoemission Spectroscopy (ARPES) [92, 93], Res-
onant Inelastic X-ray Scattering (RIXS) [94–96], and inelastic neutron scattering
[97] are fundamentally linked to time-dependent correlation functions of quantum
operators. These experimental techniques probe the excitation spectrum of a ma-
terial by measuring its response to energy and momentum transfer. Theoretical
interpretation of such data relies on understanding how these excitations emerge
from the underlying quantum dynamics.
From a theoretical standpoint, the natural framework for making this connection
is linear response theory. The central idea is to analyze how a quantum system
initially in equilibrium responds to a weak, time-dependent perturbation. The per-
turbation is typically coupled to an operator in the Hamiltonian that corresponds
to a physical quantity of interest. For example, an external electric field couples
to the current operator, while a magnetic field couples to spin or magnetization.
The change in the expectation value of an observable due to this perturbation is
linear in the applied field (assuming the field is weak), and is governed by a quantity
known as the response function, often denoted 𝜒𝐴𝐵(𝑡). This function encodes how
the expectation value of operator𝐴 responds to a perturbation applied via operator
𝐵, and is expressed in terms of equilibrium correlation functions. More precisely,
it is of the form:

𝜒𝐴𝐵(𝑡) = −𝑖𝜃(𝑡) ⟨[𝐴(𝑡), 𝐵(0)]⟩ (2.1)

where 𝜃(𝑡) is the Heaviside step function and the expectation value is taken with
respect to the unperturbed (equilibrium) state.
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In frequency space, the imaginary part of the response function is directly related
to the spectral function, which determines the absorption and emission proba-
bilities of the system at a given frequency. This quantity can be inferred from
measurements in energy-resolved experiments like ARPES and RIXS. Therefore,
the response function acts as a bridge between theoretical models and experimental
spectra.
Moreover, the analytic structure of the response function in the complex frequency
plane such as the locations of poles and branch cuts contains detailed information
about the nature of the excitations. For example, poles correspond to long-lived
quasiparticle modes, while branch cuts signal continua of excitations or damping
processes. The response function thus reveals the collective behavior of electrons,
spin degrees of freedom, and other internal excitations.
Finally, because the response function is computed using equilibrium properties of
the unperturbed Hamiltonian, linear response theory allows us to connect the non-
equilibrium behavior of the system to its equilibrium statistical mechanics. This
provides a powerful and systematic route to interpret a wide range of experimental
phenomena using first-principles theoretical models.
In this chapter, we develop the formal structure of linear response theory, beginning
with the Kubo formula, followed by its spectral representation, analytic properties,
fluctuation-dissipation theorems, and application to transport coefficients such as
electrical conductivity.

2.1 Kubo Formula: Linear Response to External Fields

We now proceed to derive the Kubo formula [98], which provides a general frame-
work for computing how an equilibrium quantum system responds to a weak,
time-dependent external perturbation. This derivation is carried out using per-
turbation theory in the interaction picture and results in an explicit expression
that relates the induced change in an observable to an equilibrium correlation
function of operators.
Suppose the system is governed by a time-independent Hamiltonian 𝐻0 , and we
perturb it by a weak external field ℎ𝑖(r, 𝑡) that couples linearly to an observable
𝐴𝑖(r). The full time-dependent Hamiltonian is then

𝐻(𝑡) = 𝐻0 +∫𝑑r∑
𝑖

ℎ𝑖(r, 𝑡)𝐴𝑖(r),

where 𝐴𝑖(r) may correspond to physical quantities like charge density or current,
and ℎ𝑖(r, 𝑡) to external probes such as electric or magnetic fields.
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Setup and Notation
Let 𝐻0 denote the equilibrium Hamiltonian of the system, which is assumed to be
time-independent and expressed in the grand canonical ensemble. The system is
perturbed by a weak, time-dependent external field ℎ𝑖(r, 𝑡), which couples linearly
to a quantum mechanical observable 𝐴𝑖(r). The total Hamiltonian then takes the
form

𝐻(𝑡) = 𝐻0 +𝐻1(𝑡), 𝐻1(𝑡) = ∫𝑑r∑
𝑖

ℎ𝑖(r, 𝑡)𝐴𝑖(r). (2.2)

Time Evolution in the Interaction Picture
In quantum mechanics, the expectation value of an observable at time 𝑡 is given
by

⟨𝐴𝑖(r, 𝑡)⟩ = Tr [𝜌(𝑡)𝐴𝑖(r)] , (2.3)

where 𝜌(𝑡) is the time-dependent density matrix. We assume that the external
field is turned on adiabatically and vanishes for 𝑡 → −∞. Assuming adiabatic
evolution and weak perturbations, we express the density matrix as

𝜌(𝑡) = ∑
𝑛

𝑝𝑛|𝜓𝑛(𝑡)⟩⟨𝜓𝑛(𝑡)|, 𝑝𝑛 = 𝑒−𝛽𝜖𝑛

𝑍 , 𝑍 = ∑
𝑛

𝑒−𝛽𝜖𝑛, (2.4)

where 𝜖𝑛 and |𝜓𝑛(𝑡)⟩ are the eigenvalues and time-evolved eigenstates of the full
Hamiltonian 𝐻(𝑡), respectively.
To compute 𝜌(𝑡), it is convenient to work in the interaction picture, where the
dynamics due to 𝐻0 is factored out. The states and operators evolve as

|𝜓𝐼(𝑡)⟩ = 𝑒𝑖𝐻0𝑡|𝜓𝑆(𝑡)⟩, 𝐻𝐼(𝑡) = 𝑒𝑖𝐻0𝑡𝐻1(𝑡)𝑒−𝑖𝐻0𝑡, (2.5)

where the subscript 𝑆 denotes the Schrödinger picture and 𝐼 the interaction pic-
ture.
The interaction picture time evolution operator 𝑈𝐼(𝑡, 𝑡0) is defined by

|𝜓𝐼(𝑡)⟩ = 𝑈𝐼(𝑡, 𝑡0)|𝜓𝐼(𝑡0)⟩, 𝑈𝐼(𝑡, 𝑡0) = 𝑇 exp[−𝑖∫
𝑡

𝑡0
𝑑𝑡′𝐻𝐼(𝑡′)] , (2.6)

with 𝑇 the time-ordering operator. For weak perturbations, we expand this to
first order:

𝑈𝐼(𝑡, −∞) ≈ 1 − 𝑖∫
𝑡

−∞
𝑑𝑡′𝐻𝐼(𝑡′). (2.7)
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Using this, we write the density matrix to linear order as

𝜌(𝑡) = 𝑒−𝑖𝐻0𝑡𝑈𝐼(𝑡, −∞) 𝜌𝑒𝑞 𝑈†
𝐼 (𝑡, −∞)𝑒𝑖𝐻0𝑡, 𝜌𝑒𝑞 =

𝑒−𝛽𝐻0

𝑍 . (2.8)

Inserting Eq. 2.7, we obtain

𝛿𝜌(𝑡) = 𝜌(𝑡) − 𝜌𝑒𝑞 = −𝑖∫
𝑡

−∞
𝑑𝑡′𝑒−𝑖𝐻0(𝑡−𝑡′) [𝐻1(𝑡′), 𝜌𝑒𝑞] 𝑒𝑖𝐻0(𝑡−𝑡′). (2.9)

Deriving the Response Function
We now compute the change in the expectation value of the observable:

𝛿⟨𝐴𝑖(r, 𝑡)⟩ = Tr [𝛿𝜌(𝑡)𝐴𝑖(r)] . (2.10)

Using the cyclic property of the trace, this becomes

𝛿⟨𝐴𝑖(r, 𝑡)⟩ = −𝑖∫
𝑡

−∞
𝑑𝑡′∫𝑑r′∑

𝑗
ℎ𝑗(r′, 𝑡′)⟨[𝐴𝑖(r, 𝑡), 𝐴𝑗(r′, 𝑡′)]⟩𝑒𝑞. (2.11)

This is the Kubo formula, written in terms of the equilibrium two-point commu-
tator. It is customary to define the retarded response function:

𝜒𝑅
𝐴𝑖𝐴𝑗

(r, 𝑡; r′, 𝑡′) = −𝑖𝜃(𝑡 − 𝑡’)⟨[𝐴𝑖(r, 𝑡), 𝐴𝑗(r′, 𝑡′)]⟩𝑒𝑞, (2.12)

so that the Kubo formula takes the compact form:

𝛿⟨𝐴𝑖(r, 𝑡)⟩ = ∫
∞

−∞
𝑑𝑡′∫𝑑r′∑

𝑗
𝜒𝑅
𝐴𝑖𝐴𝑗

(r, 𝑡; r′, 𝑡′)ℎ𝑗(r′, 𝑡′). (2.13)

In frequency space, this becomes

𝛿⟨𝐴𝑖(𝜔)⟩ = ∑
𝑗

𝜒𝑅
𝐴𝑖𝐴𝑗

(𝜔)ℎ𝑗(𝜔), (2.14)

where the response function 𝜒𝑅
𝐴𝑖𝐴𝑗

(𝜔) is the Fourier transform of the retarded
commutator. To make the notation succinct, we have included the 𝑟 dependence
of the operators and fields in the index 𝑖 itself (ℎ𝑖 ≡ ℎ𝑖(ri)) .
This formalism provides a systematic and general method to compute the response
of any observable to a weak perturbation, and plays a foundational role in the the-
oretical analysis of transport coefficients, susceptibilities, and spectral functions.
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2.2 Correlation Function and Its Properties

The central object in linear response theory is the correlation function, which en-
codes how different observables in a quantum system are dynamically connected.
These correlation functions quantify the intrinsic quantum fluctuations in equilib-
rium and determine how the system responds to external perturbations. In fact,
the entire framework of linear response theory rests on analyzing such equilibrium
fluctuations.
We define the correlation function associated with two quantum operators 𝐴𝑖 and
𝐴𝑗 as the expectation value of their commutator in the Heisenberg picture:

𝜒′′
𝐴𝑖𝐴𝑗

(𝑡, 𝑡′) = ⟨[𝐴𝑖(r, 𝑡), 𝐴𝑗(r′, 𝑡′)]⟩ (2.15)

This object, often called the dissipation function, governs how energy is exchanged
between the external perturbation and the system. The corresponding retarded
response function, which directly appears in the Kubo formula, is then expressed
in terms of 𝜒′′ as:

𝜒𝑅
𝐴𝑖𝐴𝑗

(𝑡) = −𝑖𝜃(𝑡)𝜒′′
𝐴𝑖𝐴𝑗

(𝑡) (2.16)

Here, 𝜃(𝑡) is the Heaviside step function, enforcing causality: the response occurs
only after the perturbation is applied.
Several important properties of 𝜒′′

𝐴𝑖𝐴𝑗
follow from general principles such as time-

translation invariance, hermiticity, and the cyclic property of the trace in quantum
statistical mechanics. We list them below:

• Time translation invariance: If the Hamiltonian 𝐻0 is time-independent,
then the system is invariant under time shifts. Hence,

𝜒′′
𝐴𝑖𝐴𝑗

(𝑡, 𝑡′) = 𝜒′′
𝐴𝑖𝐴𝑗

(𝑡 − 𝑡′) (2.17)

This means that the correlation function depends only on the time difference,
not on the absolute time, reflecting the stationary nature of equilibrium.

• Antisymmetry and Hermiticity: Using the cyclic invariance of the trace
and the definition of the commutator, one can show that

𝜒′′
𝐴𝑖𝐴𝑗

(𝑡) = −𝜒′′
𝐴𝑗𝐴𝑖

(−𝑡) = [𝜒′′
𝐴†

𝑗𝐴†
𝑖
(−𝑡)]

∗
(2.18)

These identities encode fundamental physical properties:

– The first equality expresses the antisymmetry of the commutator under
exchange of operator labels and time reversal.
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– The second equality implies that the correlation function obeys a gen-
eralized Hermitian condition.

• Frequency space relations: Taking the Fourier transform, we obtain cor-
responding symmetry relations:

𝜒′′
𝐴𝑖𝐴𝑗

(𝜔) = −𝜒′′
𝐴𝑗𝐴𝑖

(−𝜔) (2.19)

In particular, when 𝐴𝑖 = 𝐴𝑗, this implies that the imaginary part of the
response function is an odd function of frequency:

𝜒′′
𝐴𝑖𝐴𝑖

(−𝜔) = −𝜒′′
𝐴𝑖𝐴𝑖

(𝜔) (2.20)

This property is closely related to the fact that dissipation must be odd under
time reversal: energy absorption depends on the direction of time flow.

Spectral Representation
The spectral representation provides a powerful way to express the retarded re-
sponse function 𝜒𝑅

𝐴𝑖𝐴𝑗
(𝜔) in terms of a spectral density that encodes the excitation

structure of the system. Doing a Fourier transform of the retarded correlation
function (Eq. 2.16), we obtain

𝜒𝑅
𝐴𝑖𝐴𝑗

(𝜔) = ∫
∞

−∞

𝑑𝜔′ 𝜌𝐴𝑖𝐴𝑗
(𝜔′)

𝜔 − 𝜔′ + 𝑖𝜂 , (2.21)

where the spectral function 𝜌𝐴𝑖𝐴𝑗
(𝜔) is defined as

𝜌𝐴𝑖𝐴𝑗
(𝜔) = −1

𝜋𝜒
″
𝐴𝑖𝐴𝑗

(𝜔) = −1
𝜋 Im𝜒𝑅

𝐴𝑖𝐴𝑗
(𝜔).

Eq. 2.21 is known as the spectral representation or Lehmann representation. The
spectral function 𝜌𝐴𝑖𝐴𝑗

(𝜔) contains all the dynamical information about the sys-
tem’s response.
A more explicit expression for 𝜒″

𝐴𝑖𝐴𝑗
(𝜔) can be derived by inserting a complete

set of energy eigenstates of the unperturbed Hamiltonian 𝐻0. Let {|𝑛⟩} be the
eigenstates with energies {𝜖𝑛}, and define matrix elements 𝐴𝑖

𝑛𝑚 = ⟨𝑛|𝐴𝑖|𝑚⟩. Using
the closure relation ∑𝑛 |𝑛⟩⟨𝑛| = 1, we obtain

𝜒″
𝐴𝑖𝐴𝑗

(𝜔) = 𝜋
𝑍 ∑

𝑛,𝑚
(𝑒−𝛽𝜖𝑛 − 𝑒−𝛽𝜖𝑚)𝐴𝑖

𝑛𝑚𝐴𝑗
𝑚𝑛 𝛿(𝜔 + 𝜖𝑛 − 𝜖𝑚), (2.22)

where 𝑍 = ∑𝑛 𝑒−𝛽𝜖𝑛 is the partition function.
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This expression shows that the correlation function 𝜒″
𝐴𝑖𝐴𝑗

(𝜔) consists of delta-
function peaks located at the transition energies 𝜔 = 𝜖𝑚 − 𝜖𝑛, weighted by the
difference of Boltzmann factors. Because it directly reflects the energy absorption
or emission associated with transitions between eigenstates, it is often referred to
as the spectral function.
Substituting this form of 𝜒″

𝐴𝑖𝐴𝑗
(𝜔) into Eq. 2.21, we obtain the Lehmann repre-

sentation of the retarded response function in its most explicit form:

𝜒𝑅
𝐴𝑖𝐴𝑗

(𝜔) = 1
𝑍 ∑

𝑛,𝑚

𝑒−𝛽𝜖𝑚 − 𝑒−𝛽𝜖𝑛

𝜔 + 𝑖𝜂 − (𝜖𝑛 − 𝜖𝑚)𝐴
𝑖
𝑛𝑚𝐴𝑗

𝑚𝑛. (2.23)

We can define a generalized complex function 𝜒𝐴𝑖𝐴𝑗
(𝑧) for complex argument 𝑧

such that
𝜒𝑅
𝐴𝑖𝐴𝑗

(𝜔) = 𝜒𝐴𝑖𝐴𝑗
(𝑧 = 𝜔 + 𝑖𝜂). (2.24)

From this spectral representation, it is evident that the retarded response function
is analytic in the upper half of the complex frequency plane. This analyticity is a
direct consequence of causality and will play a central role in the derivation of the
Kramers-Kronig relations.

Kramers-Kronig Relations and Causality
An important consequence of the analyticity of the retarded response function
𝜒𝑅(𝜔) in the complex frequency plane is the emergence of the Kramers-Kronig
relations. These relations connect the real and imaginary parts of 𝜒𝑅(𝜔), and
encode the fundamental constraint of causality: the system cannot respond before
a perturbation is applied.
In linear response theory, causality is built into the definition of the retarded re-
sponse function. Specifically, 𝜒𝑅

𝐴𝑖𝐴𝑗
(𝑡) = 0 for 𝑡 < 0, implying that its Fourier

transform 𝜒𝑅(𝜔) is analytic in the upper half of the complex 𝜔-plane. This ana-
lyticity allows us to apply Cauchy’s residue theorem over a contour 𝐶 enclosing
the upper half-plane, as shown in Fig. 2.1. The identity reads:

lim
𝜂→0+

∮
𝐶

𝑑𝜔′

2𝜋𝑖
𝜒𝑅(𝜔′)

𝜔′ − 𝜔 − 𝑖𝜂 = 𝜒𝑅(𝜔), (2.25)

which follows from the analyticity of 𝜒𝑅(𝜔′) and the fact that the only singularity
inside 𝐶 is the simple pole at 𝜔′ = 𝜔 + 𝑖𝜂.
Assuming that 𝜒𝑅(𝜔′) → 0 sufficiently fast as |𝜔′| → ∞, the contribution from the
arc at infinity vanishes. The integral over the real axis then yields the principal
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Figure 2.1: Complex 𝜔-plane: the integration contour 𝐶 encloses the upper half-
plane, where 𝜒𝑅(𝜔) is analytic.

value representation:

𝒫∫
∞

−∞

𝑑𝜔′

𝜋
𝜒𝑅(𝜔′)
𝜔′ − 𝜔 = 𝑖𝜒𝑅(𝜔). (2.26)

Splitting 𝜒𝑅(𝜔) into its real and imaginary parts, and comparing both sides of
Eq. 2.26, we obtain the Kramers-Kronig relations:

Re𝜒𝑅(𝜔) = 𝒫∫
∞

−∞

𝑑𝜔′

𝜋
Im𝜒𝑅(𝜔′)
𝜔′ − 𝜔 , (2.27)

Im𝜒𝑅(𝜔) = −𝒫∫
∞

−∞

𝑑𝜔′

𝜋
Re𝜒𝑅(𝜔′)
𝜔′ − 𝜔 . (2.28)

These relations show that the real and imaginary parts of the response func-
tion are not independent: knowing one over all frequencies determines the other.
Physically, this interdependence reflects the principle that the energy absorption
(encoded in Im𝜒𝑅) and the phase response (encoded in Re𝜒𝑅) are two sides of the
same causal response.
The Kramers-Kronig relations are indispensable in both theoretical modeling and
experimental analysis. In practice, they are used to test the internal consistency
of measured optical conductivities, susceptibilities, and other response functions.

Greater and Lesser Correlation Functions
In nonequilibrium and finite-temperature quantum systems, it is often useful to
distinguish between different time orderings of operator products. The greater-
than and lesser-than correlation functions capture this time-ordering information
and form the foundation of the Keldysh formalism and nonequilibrium Green’s
function techniques. They also arise naturally in time-resolved spectroscopic mea-
surements, where different physical processes correspond to forward and backward
time evolution.
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We define the greater and lesser correlation functions between two operators 𝐴𝑖
and 𝐴𝑗 as

𝐶>
𝐴𝑖𝐴𝑗

(𝑡) = ⟨𝐴𝑖(𝑡)𝐴𝑗⟩ (2.29)
𝐶<
𝐴𝑖𝐴𝑗

(𝑡) = ⟨𝐴𝑗𝐴𝑖(𝑡)⟩ . (2.30)

These functions are generally complex-valued and encode quantum fluctuations
in the system. Using time-translation invariance (for time-independent 𝐻0) and
cyclicity of the trace, one can derive the following relations:

𝐶>
𝐴𝑖𝐴𝑗

(𝑡 − 𝑖𝛽) = 𝐶<
𝐴𝑖𝐴𝑗

(𝑡) (2.31)
𝐶>
𝐴𝑖𝐴𝑗

(−𝑡) = 𝐶<
𝐴𝑗𝐴𝑖

(𝑡). (2.32)

In frequency space, these imply:

𝐶>
𝐴𝑖𝐴𝑗

(𝜔) = 𝑒𝛽𝜔𝐶<
𝐴𝑖𝐴𝑗

(𝜔) (2.33)
𝐶>
𝐴𝑖𝐴𝑗

(𝜔) = 𝐶<
𝐴𝑗𝐴𝑖

(−𝜔). (2.34)

The dissipative part of the response function (defined in Eq. 2.15) is related to the
antisymmetric combination of the greater and lesser correlation functions:

𝜒″
𝐴𝑖𝐴𝑗

(𝑡) = 𝐶>
𝐴𝑖𝐴𝑗

(𝑡) − 𝐶<
𝐴𝑖𝐴𝑗

(𝑡) = 𝐶>
𝐴𝑖𝐴𝑗

(𝑡) − 𝐶>
𝐴𝑗𝐴𝑖

(−𝑡). (2.35)

In the frequency domain, this gives:

𝜒″
𝐴𝑖𝐴𝑗

(𝜔) = 𝐶>
𝐴𝑖𝐴𝑗

(𝜔) − 𝐶>
𝐴𝑗𝐴𝑖

(−𝜔). (2.36)

From these identities, we obtain the fluctuation-dissipation theorem, which
connects the system’s internal quantum fluctuations to its response to external
perturbations:

𝐶>
𝐴𝑖𝐴𝑗

(𝜔) = (1 + 𝑛𝐵(𝜔))𝜒
″
𝐴𝑖𝐴𝑗

(𝜔), 𝑛𝐵(𝜔) =
1

𝑒𝛽𝜔 − 1. (2.37)

This relation is of profound physical significance: it shows that the response of a
system (encoded in 𝜒″) and its spontaneous fluctuations (𝐶>) are not independent.
Rather, they are tied by universal statistical principles and temperature.

Plus and Minus Response Functions
To further organize response theory, it is convenient to define two additional
functions—often referred to as the advanced and causal (or Keldysh) components.
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In our context, we define two time-ordered variants of the response function using
the greater and lesser correlators:

𝜒+(𝑡) = −𝑖𝜃(𝑡)𝐶>
𝐴𝑖𝐴𝑗

(𝑡) (2.38)
𝜒−(𝑡) = −𝑖𝜃(𝑡)𝐶<

𝐴𝑖𝐴𝑗
(𝑡). (2.39)

These obey spectral representations analogous to the retarded function, with their
own spectral densities:

𝜌+(𝜔) = −1
𝜋𝐶

>(𝜔), 𝜌−(𝜔) = −1
𝜋𝐶

<(𝜔), (2.40)

leading to

𝜒+
𝐴𝑖𝐴𝑗

(𝜔) = ∫𝑑𝜔′
𝜌+𝐴𝑖𝐴𝑗

(𝜔′)
𝜔 − 𝜔′ + 𝑖𝜂 (2.41)

𝜒−
𝐴𝑖𝐴𝑗

(𝜔) = ∫𝑑𝜔′
𝜌−𝐴𝑖𝐴𝑗

(𝜔′)
𝜔 − 𝜔′ + 𝑖𝜂 . (2.42)

The spectral functions for 𝜒± are directly related to that of the retarded function
via:

𝜌+(𝜔) = 𝜌(𝜔)(1 + 𝑛𝐵(𝜔)) (2.43)
𝜌−(𝜔) = 𝜌(𝜔)𝑛𝐵(𝜔), (2.44)

where 𝑛𝐵(𝜔) is the Bose-Einstein distribution. These identities underscore the
thermal weighting of excitations and de-excitations in a quantum system and will
be crucial in subsequent chapters when we apply linear response formalism to
lattice models.

2.3 Kubo Formula for Electrical Conductivity in a Lattice
Model

We now apply the machinery developed so far to compute a concrete observable
of great experimental relevance; electrical conductivity in the context of a tight-
binding lattice model. This application is particularly important for modeling real
condensed matter systems where electrons are localized on lattice sites and move
through hopping processes.We consider a generic interacting electron system on a
two-dimensional square lattice, illustrated in Fig. 2.2.
The Hamiltonian for the system is written as:

𝐻 = ∑
𝑖𝑗

𝑡𝑖𝑗𝑐†𝑖𝜎𝑐𝑗𝜎 + 𝑉 , (2.45)
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Figure 2.2: A square lattice model of electrons showing hopping between sites 𝑖
and 𝑗, 𝑡 is the hopping parameter.

where 𝑐†𝑖𝜎 creates an electron with spin 𝜎 at site 𝑖, and 𝑉 denotes an interaction
term (such as Hubbard or longer-range interactions). The canonical anticommu-
tation relation holds:

{𝑐𝑖𝜎, 𝑐†𝑗𝜎′} = 𝛿𝑖𝑗𝛿𝜎𝜎′. (2.46)

To evaluate the electrical conductivity, we must couple the system to an external
electromagnetic (EM) field. Treating the EM field classically, we implement the
Peierls substitution by minimally coupling the vector potential A(r, 𝑡) into the
hopping term:

𝐻[A] = ∑
𝑖𝑗

𝑡𝑖𝑗𝑒−𝑖∫𝑗
𝑖 A(r,𝑡)⋅𝑑r𝑐†𝑖𝜎𝑐𝑗𝜎 + 𝑉 . (2.47)

Assuming that A(r, 𝑡) varies slowly over the lattice spacing, we expand the expo-
nential in powers of A:

∫
𝑗

𝑖
A(r, 𝑡) ⋅ 𝑑r ≈

2
∑
𝛼=1

[𝐴𝛼(r𝑖, 𝑡) + 𝐴𝛼(r𝑗, 𝑡)]𝑟𝛼𝑖𝑗. (2.48)

Taking the functional derivative with respect to the vector potential gives the
current operator:

𝐽𝛼(r𝑖, 𝑡) = − 𝛿𝐻
𝛿𝐴𝛼(r𝑖, 𝑡)

. (2.49)

Expanding to linear order in A, the current operator separates into two contribu-
tions:

𝐽𝛼(r𝑖) = 𝐽𝛼
𝑝 (r𝑖) + 𝐽𝛼

𝑑 (r𝑖),

𝐽𝛼
𝑝 (r𝑖) =

𝑖
2 ∑

𝑗
𝑡𝑖𝑗(𝑐†𝑖 𝑐𝑗 − 𝑐†𝑗𝑐𝑖)𝑟𝛼𝑖𝑗,

𝐽𝛼
𝑑 (r𝑖) =

1
2 ∑

𝑗
𝑡𝑖𝑗(𝑐†𝑖 𝑐𝑗 + 𝑐†𝑗𝑐𝑖)[

2
∑
𝛾=1

𝐴𝛾(r𝑖, 𝑡)𝑟𝛾𝑖𝑗]𝑟𝛼𝑖𝑗.

(2.50)
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Here: - 𝐽𝛼
𝑝 is the paramagnetic current, linear in A, and governs the system’s

dynamic response. - 𝐽𝛼
𝑑 is the diamagnetic current, quadratic inA, and contributes

only to the static part of the current in equilibrium.

Table 2.1: Comparison of paramagnetic and diamagnetic currents
Component Expression Physical Role

Paramagnetic (𝐽𝛼
𝑝 ) 𝑖

2 ∑𝑗 𝑡𝑖𝑗(𝑐
†
𝑖 𝑐𝑗 − 𝑐†𝑗𝑐𝑖)𝑟𝛼𝑖𝑗 Time-dependent (dynamical) response

Diamagnetic (𝐽𝛼
𝑑 ) 1

2 ∑𝑗 𝑡𝑖𝑗(𝑐
†
𝑖 𝑐𝑗 + 𝑐†𝑗𝑐𝑖)𝐴𝛾𝑟𝛾𝑖𝑗𝑟𝛼𝑖𝑗 Static response at equilibrium

In the frequency domain, the total current induced by the vector potential be-
comes:

⟨𝐽𝛼(𝜔)⟩ = ⟨𝐽𝛼⟩𝑒𝑞 +∑
𝛽

𝜒𝑅
𝐽𝑝
𝛼𝐽𝑝

𝛽
(𝜔)𝐴𝛽(𝜔), (2.51)

where 𝜒𝑅
𝐽𝑝
𝛼𝐽𝑝

𝛽
(𝜔) is the retarded current-current response function. Noting that

⟨𝐽𝛼
𝑝 ⟩𝑒𝑞 = 0 in equilibrium, we focus on the response due to A.

Using the relation E(𝜔) = −𝜕𝑡A(𝜔) = 𝑖𝜔A(𝜔), the conductivity tensor 𝜎𝛼𝛽(𝜔) is
given by:

⟨𝐽𝛼(𝜔)⟩ = ∑
𝛽

𝜎𝛼𝛽(𝜔)𝐸𝛽(𝜔), (2.52)

𝜎𝛼𝛽(𝜔) =
⟨𝐽𝛼

𝑑 ⟩𝑒𝑞 𝛿𝛼𝛽 + 𝜒𝑅
𝐽𝑝
𝛼𝐽𝑝

𝛽
(𝜔)

𝑖𝜔 . (2.53)

This is the Kubo formula for the optical conductivity of a lattice system. It clearly
separates the diamagnetic term (from equilibrium expectation of 𝐽𝑑) and the para-
magnetic term (from current-current correlations). This expression is fundamental
for evaluating charge transport in interacting systems, including applications in
DMFT, optical probes, and more.

2.4 Driven, Damped Harmonic Oscillator

To build intuition about the general structure of response functions, we consider a
simple yet illustrative example: the classical one-dimensional damped and driven
harmonic oscillator. Although this example arises in classical mechanics, the math-
ematical form of its response function mirrors the structure encountered in quan-
tum systems. In particular, we will see that the real part of the response function
corresponds to energy storage, while the imaginary part captures dissipation, a
pattern that persists across classical and quantum systems.
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The system consists of a particle of mass 𝑚 subject to a harmonic restoring force
−𝑘𝑥, a linear damping force −𝑚𝛾 ̇𝑥, and a time-dependent external force 𝑓(𝑡). The
equation of motion reads:

𝑚𝑑2𝑥
𝑑𝑡2 +𝑚𝛾𝑑𝑥𝑑𝑡 + 𝑘𝑥 = 𝑓(𝑡). (2.54)

We define the natural frequency as 𝜔0 = √𝑘/𝑚. Taking the Fourier transform of
both sides gives:

𝑥(𝜔) = 𝑓(𝜔)
−𝜔2 − 𝑖𝛾𝜔 + 𝜔2

0
. (2.55)

The linear response function 𝜒(𝜔) is defined as the ratio of the system’s response
to the applied force:

𝜒(𝜔) = 𝑥(𝜔)
𝑓(𝜔) = 1/𝑚

−𝜔2 − 𝑖𝛾𝜔 + 𝜔2
0
. (2.56)

Special cases and interpretation
Undamped oscillator (𝛾 = 0): The response diverges at the resonance frequen-
cies 𝜔 = ±𝜔0. These are the natural frequencies at which the system oscillates
freely, corresponding to the poles of 𝜒(𝜔).

Overdamped regime (𝛾 ≫ 𝜔0): In the overdamped limit, we approximate:

𝜒(𝜔) ≈ 1/𝑚
𝜔2
0 − 𝑖𝛾𝜔. (2.57)

The imaginary part of the response function characterizes dissipation:

𝜒″(𝜔)
𝜔 = 𝜒0

𝜏−1

𝜔2 + 𝜏−2 , 𝜒0 = 1
𝑚𝜔2

0
, 𝜏 = 𝜔2

0
𝛾 . (2.58)

This quantity is a Lorentzian function centered at 𝜔 = 0, with half-width 𝜏−1

and total area 𝜒0. It describes how the system absorbs energy from the drive at
different frequencies.

Connection to quantum response functions
The structure of this response function provides valuable insight into the more
general quantum theory. In quantum systems, the imaginary part of the response
function plays a central role: it determines the spectral function, governs energy
absorption, and encodes dissipation. The real part, by contrast, determines the
reactive component of the response, reflecting energy storage.
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Moreover, the combination 𝜒″(𝜔)/𝜔 that appears naturally here is directly analo-
gous to the dynamical structure factor in quantum systems, which is experimen-
tally accessible via neutron scattering and RIXS. It also appears in sum rules and
fluctuation-dissipation relations. Thus, this classical example serves as a proto-
type for understanding the frequency-dependent response across both classical and
quantum systems.
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Figure 2.3: Frequency dependence of the dissipation spectrum 𝜒″(𝜔)/𝜔 for an
overdamped oscillator. The peak is centered at 𝜔 = 0 with width set by the
inverse damping time 𝜏−1.
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Chapter 3

Infinite-𝑈 Hubbard Model with Local
Bosonic Dynamics

3.1 Introduction

Strongly correlated electronic systems form the bedrock of modern condensed mat-
ter physics, offering a fertile ground for exotic quantum phenomena that defy the
paradigms established by conventional theories. Among these phenomena are
high-temperature superconductivity, metallic states lacking well-defined quasipar-
ticles, non-Fermi liquid behavior, and linear-in-temperature resistivity extending
over wide thermal ranges. These emergent properties highlight the inadequacy of
standard Fermi liquid theory and perturbative techniques, which rely on the adi-
abatic continuity between non-interacting electrons and quasiparticle excitations.
The challenge lies in treating situations where electron-electron interactions are
no longer weak perturbations, but dominate the physics entirely.
In Chapter 1, we introduced the Hubbard model as a foundational framework for
understanding these systems. In this chapter, we focus on the paradigmatic limit
of strong correlation, specifically 𝑈/𝑡 = ∞, where the model becomes analyti-
cally tractable and reveals universal features of strongly correlated systems. This
limit is referred to as the extremely correlated Fermi liquid (ECFL) regime, as
proposed by Shastry [31]. Both the free-electron limit (𝑈 = 0) and the ECFL
limit (𝑈 = ∞) share a unifying feature: the only control parameter is the carrier
density (expressed as the hole doping 𝛿), rendering them suitable baselines for ex-
ploring physics across interaction strengths. For finite but large 𝑈/𝑡, perturbative
corrections in 𝑡/𝑈 lead to additional complexity, such as magnetically ordered and
superconducting phases emerging from virtual double-occupancy processes.
For real materials like the cuprates, ab initio estimates suggest 𝑈 ≈ 4 eV and
𝑡 ≈ 0.4 eV [99], leading to 𝑈/𝑡 ≈ 10, making the 𝑈 = ∞ Hubbard model a physi-
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cally motivated and analytically meaningful starting point. Over the decades, this
limit has inspired a multitude of theoretical frameworks. One line of thought, pio-
neered by Gutzwiller and later refined by Gebhard [100] and others [101], projects
out double occupancy via Gutzwiller-type wavefunctions, yielding non-canonical
fermions. Another highly influential route is the Hubbard 𝑋-operator formalism
[20], extensively developed by Ovchinnikov and Val’kov [36], where local states
are represented by a matrix algebra of Fermi-like and Bose-like operators. These
approaches go beyond canonical Fermi or Bose algebra, reflecting the intrinsic
constraints imposed by strong correlations.
Within the 𝑋-operator formalism, Shastry and collaborators have developed the
ECFL theory[31, 33, 34] using a Schwinger source approach, drawing inspiration
from field-theoretic techniques such as those in Baym-Kadanoff [102] and Tremblay
[103]. This method provides a controlled approximation scheme tailored to 𝑈 =
∞, with a consistent treatment of dynamics and thermodynamics. It connects
directly with physical observables, offering insights into the interplay between local
constraints and collective excitations.
In this work, we adopt a complementary perspective by developing a self-consistent
theory based on the equations of motion for the single-particle Green’s function 𝐺.
The theory incorporates the Dysonian self-energy Σ, which is determined by local
two-particle correlation functions: specifically, the charge and spin correlators 𝐷𝑁
and 𝐷𝑆. These collective modes act as dynamically generated bosonic fields that
scatter the fermions, shaping the behavior of the electronic spectral function and
transport properties. In the limit of infinite coordination number (𝑑 → ∞), we
exploit spatial locality to express Σ in terms of simple convolutions of 𝐺 and 𝐷,
closing the self-consistent loop.
From this analysis, two major features emerge:
First, at low temperatures, we recover a coherent Fermi liquid regime, where
ImΣ(𝜔, 𝑇 ) ∝ 𝜔2 + 𝜋2𝑇 2, consistent with exact sum rules and spectral properties.
This Fermi liquid, however, is nonperturbative in origin—it emerges from self-
consistent feedback between fermionic and bosonic dynamics, not from adiabatic
continuity. The coherence temperature 𝑇𝐹𝐿 ≈ 0.002𝑡 is quite small, highlighting
the fragility of this state in the strongly correlated limit.
Second, as temperature increases beyond 𝑇𝐹𝐿, a crossover to an incoherent metallic
regime occurs. In this regime, the resistivity becomes linear in 𝑇 due to scattering
off local, thermally populated charge and spin fluctuations. These fluctuations be-
have like diffusive, massless bosons and possess a temperature-dependent spectrum
𝜌𝐷(𝜔) with no intrinsic restoring frequency. This absence of a sharp energy scale
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sets them apart from conventional phonons or magnons. The resistivity remains
linear even for 𝑇 > 𝑇𝑐𝑙 = Ω̄ (where Ω̄ is the average fluctuation frequency), but
with a different slope; reflecting a transition from quantum to classical fluctuation
dominated transport.
Thus, the picture that emerges is one of self-generated bosonic modes governing
electronic dynamics across temperature scales. These modes originate from the
constraints imposed by strong correlations and cannot be modeled as independent
or canonical bosons. Instead, they arise from the internal degrees of freedom of
the correlated fermionic system itself.
This chapter lays the groundwork for a systematic development of this framework.
We now proceed to derive the key equations governing 𝐺, Σ, and 𝐷, and present
a fully self-consistent iterative scheme for computing physical quantities such as
spectral functions and transport coefficients.

3.2 Theory

In the introduction chapter of this chapter, we motivated the use of the 𝑈 = ∞
Hubbard model as an analytically controlled limit that captures key features of
strongly correlated materials. We now proceed to develop the theoretical frame-
work that forms the core of our original work.
Our primary objective in this chapter is to construct a self-consistent theory for
the retarded single-particle Green’s function 𝐺𝑅(𝜔) in the 𝑈 = ∞ limit, incorpo-
rating the dynamical effects of local charge and spin fluctuations via two-particle
correlation functions. The formalism we adopt is based on the 𝑋-operator repre-
sentation, which respects the local constraints imposed by strong correlations and
naturally accommodates both Fermi- and Bose-like excitations. We employ the
equation-of-motion method to derive coupled integral equations for 𝐺, the Dyso-
nian self-energy Σ, and the bosonic correlators 𝐷𝑁 and 𝐷𝑆, which describe the
dynamics of local charge and spin excitations, respectively.
This theory is formulated in the limit of infinite spatial dimensions (𝑑 → ∞),
where vertex corrections are suppressed and the self-energy becomes purely local.
This simplification enables us to express Σ as a convolution of 𝐺 and 𝐷, which is
computed iteratively. The coupling between fermionic and bosonic dynamics is at
the heart of this approach and leads to several emergent features that characterize
the extremely correlated Fermi liquid (ECFL) regime, such as the formation of a
narrow Fermi-liquid-like regime at low 𝑇 and a crossover to incoherent linear-in-𝑇
transport at higher temperatures.
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We now begin by detailing the Hubbard Hamiltonian in terms of 𝑋-operators
and formulating the Green’s function and its equation of motion. From there, we
systematically derive the expressions for Σ, 𝐷𝑁 , and 𝐷𝑆, and present the full set
of self-consistent equations used in our analysis.
The Hubbard Hamiltonian for the 𝑈 = ∞ scenario, adopting the precise 𝑋 oper-
ator representation for physical quantities as detailed in Appendix A, (assuming
energy levels 𝜖𝜎1 for a single particle state with spin 𝜎 and 𝜖0 for the zero particle
state are equal (zero), with the system’s chemical potential denoted as 𝜇) is:

𝐻 = −𝜇∑
𝑖,𝜎

𝑋𝜎𝜎
𝑖 +∑

𝑖𝑗
𝑡𝑖𝑗𝑋𝜎0

𝑖 𝑋0𝜎
𝑗 , (3.1)

where 𝑋𝜎𝜎
𝑖 symbolizes the number operator, 𝑡𝑖𝑗 indicates the element of the elec-

tron jumping matrix between the sites 𝑖 and 𝑗, and 𝑋𝜎0
𝑖 serves as a creation op-

erator, introducing an electron with spin 𝜎 at the site 𝑖 initially free of electrons.
The focus is on the double-time, retarded Green’s function for the fermionic 𝑋-
operator, defined as

𝐺𝑅𝜎𝜎′
𝑖𝑗 (𝑡, 𝑡′) = −𝑖𝜃(𝑡 − 𝑡′) ⟨[𝑋0𝜎

𝑖 (𝑡),𝑋𝜎′0
𝑗 (𝑡′)]

+
⟩ ≡ ⟨⟨𝑋0𝜎

𝑖 (𝑡)∣𝑋𝜎′0
𝑗 (𝑡′)⟩⟩ (3.2)

where [ , ]+ denotes the anticommutator and ⟨...⟩ represents the expectation value
in the grand canonical ensemble. The second notation on the right-hand side offers
a more concise description of the first term.
To derive 𝐺𝑅𝜎𝜎′

𝑖𝑗 (𝑡, 𝑡′), we utilize the equation of motion method.1 The equation
of motion for the Green’s function defined in equation (3.2) is

𝑖𝜕𝑡𝐺𝑅𝜎𝜎
𝑖𝑗 (𝑡, 𝑡′) = 𝑄𝛿𝑖𝑗𝛿(𝑡 − 𝑡′) − 𝜇𝐺𝑅𝜎𝜎

𝑖𝑗 (𝑡, 𝑡′) + 𝑄∑
𝑙

𝑡𝑖𝑙𝐺𝑅𝜎𝜎
𝑙𝑗 (𝑡, 𝑡′) +(ir) 𝒢𝑅𝜎𝜎

𝑖𝑗 (𝑡, 𝑡′),

(3.3)

where 𝑄 = ⟨𝐵𝜎𝜎
𝑖 ⟩ = 𝐵𝜎𝜎

𝑖 and (ir)𝒢𝑅𝜎𝜎
𝑖𝑗 (𝑡, 𝑡′) is a higher-order irreducible Green’s

function (originating from fluctuations in the Bosonic operator 𝐵𝜎𝜎′
𝑖 (𝑡)) and is

detailed as:

(ir)𝒢𝑅𝜎𝜎
𝑖𝑗 (𝑡, 𝑡′) = ⟨⟨[𝑋0𝜎

𝑖 (𝑡),𝐻](ir)|𝑋𝜎0
𝑗 (𝑡′)⟩⟩ = ⟨⟨[𝑋0𝜎

𝑖 (𝑡),𝐻] −∑
𝑙

𝑧𝑖𝑙𝑋0𝜎
𝑙 (𝑡)|𝑋𝜎0

𝑗 (𝑡′)⟩⟩

(3.4)
The unknown constant z is defined by the condition (or constraint)

⟨[𝑋0𝜎
𝑖 ,𝐻] −∑

𝑙
𝑧𝑖𝑙𝑋0𝜎

𝑙 |𝑋𝜎0
𝑗 ⟩ = ∑

𝑙𝜎″
𝑡𝑖𝑙 ⟨[𝛿𝐵𝜎𝜎″

𝑖 (𝑡)𝑋0𝜎″
𝑙 (𝑡),𝑋𝜎0

𝑗 (𝑡)]
+
⟩ = 0. (3.5)

1Henceforth, we focus on the spin diagonal case 𝜎 = 𝜎′, as only this configuration is non-zero
for paramagnetic spin isotropic systems with spin quantization along the 𝑧 axis; additionally, 𝐺 is
independent of 𝜎.
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This condition can be thought of in the Mori- Zwanzig memory function language
(see e.g. ref.([104]) and the book by Forster ([105]) as related to the ‘noise’ implied
in their Liouvillean operator projection scheme. As elucidated in the appendix A,
𝐵𝜎𝜎′

𝑖 = 𝛿𝜎𝜎′𝑋00
𝑖 +𝑋𝜎′𝜎

𝑖 . This represents a local charge operator for 𝜎 = 𝜎′ and a
local spin flip for 𝜎 ≠ 𝜎′. The irreducible Green function in terms of the fluctuation
operator 𝛿𝐵 takes the following form:
(ir)𝒢𝑖𝑗(𝜔) = ∑

𝑙𝜎′′
𝑡𝑖𝑙 ⟨⟨𝛿𝐵𝜎𝜎′′

𝑖 (𝑡)𝑋0𝜎′′
𝑙 (𝑡)∣𝑋𝜎0

𝑗 (𝑡′)⟩⟩
𝜔
, 𝛿𝐵𝜎𝜎′

𝑖 (𝑡) = 𝐵𝜎𝜎′
𝑖 (𝑡) − ⟨𝐵𝜎𝜎′

𝑖 (𝑡)⟩ .

(3.6)
The equation of motion, Eq.(3.3), when expressed in frequency space (under equi-
librium conditions), transforms to:

𝐺𝑅
𝑖𝑗 (𝜔) = 𝐺𝑅,𝑀𝐹

𝑖𝑗 (𝜔) +∑
𝑙

𝐺𝑅,𝑀𝐹
𝑖𝑙 (𝜔) 1𝑄

(ir)𝒢𝑅
𝑙𝑗(𝜔) (3.7)

where the mean-field Green’s function 𝐺𝑅,𝑀𝐹
𝑖𝑗 is outlined as:

𝐺𝑅,𝑀𝐹
𝑖𝑗 = ∑𝑒𝑖𝑘⋅(𝑅𝑖−𝑅𝑗)𝐺𝑅,𝑀𝐹

𝑘 (𝜔) 𝑎𝑛𝑑 𝐺𝑅,𝑀𝐹
𝑘 (𝜔) = 𝑄

(𝜔 + 𝜇 −𝑄𝜖𝑘 + 𝑖0+),
(3.8)

Here, 𝜖(𝑘⃗) = −2𝑡∑𝑑
𝑖=1 𝑐𝑜𝑠𝑘𝑖, where d is the dimension of the lattice, and 𝑘𝑖 are

the components of the wave vector k.
The fluctuation component (ir)𝒢𝑅𝜎𝜎

𝑖𝑗 (𝜔), obtained through the Fourier transform
(FT) of (ir)𝒢𝑅𝜎𝜎

𝑖𝑗 (𝑡− 𝑡′) as defined in equation (3.6), is determined via its equation
of motion concerning 𝑡′. In frequency space, the resultant expression is as follows:

(𝜔 + 𝜇)(ir)𝒢𝑅𝜎𝜎
𝑖𝑗 = ∑

𝑙𝜎″
𝑡𝑖𝑙 ⟨[𝛿𝐵𝜎𝜎″

𝑖 𝑋0𝜎″
𝑙 , 𝑋𝜎0

𝑗 ]
+
⟩ +𝑄∑

𝑙
𝑡𝑖𝑙(ir)𝒢

𝑅𝜎𝜎
𝑙𝑗 (𝜔)

+ ∑
𝑙𝑙′𝜎′′𝜎′′′

𝑡𝑙′𝑗𝑡𝑖𝑙 ⟨⟨𝛿𝐵𝜎𝜎′′
𝑖 (𝑡)𝑋0𝜎′′

𝑙 (𝑡)∣𝛿𝐵𝑗
𝜎𝜎′′′(𝑡′)𝑋𝜎′′′0

𝑙′ (𝑡′)⟩⟩
𝜔

(3.9)

The first term on the right in the above equation vanishes by design Eq.(3.5), as
described in the projection operator formalism of Plakida ([37]). After applying a
spatial Fourier transform to Eq. (3.9) we obtain:

(ir)𝒢𝑅
𝑘 (𝜔) = 𝑇𝑘(𝜔)

1
𝑄𝐺𝑅,𝑀𝐹

𝑘 (𝜔) . (3.10)
In this equation, the superscripts 𝜎𝜎 are omitted, and 𝑇 is irreducible and identi-
fied as a scattering matrix defined by:

𝑇 𝜎𝜎
𝑘 (𝜔) = ( ∑

𝑙𝑙′𝜎′′𝜎′′′
𝑡𝑙′𝑗𝑡𝑖𝑙 ⟨⟨𝛿𝐵𝜎𝜎′′

𝑖 (𝑡)𝑋0𝜎′′
𝑙 (𝑡)∣𝛿𝐵𝑗

𝜎𝜎′′′(𝑡′)𝑋𝜎′′′0
𝑙′ (𝑡′)⟩⟩

𝜔
)

𝐹𝑇
.

(3.11)
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Implementing equation (3.10) in equation (3.7) results in an equation for 𝐺 as:

𝐺 = 𝐺𝑀𝐹 +𝐺𝑀𝐹𝑇𝐺𝑀𝐹 , with the scattering matrix 𝑇 = 𝑇
𝑄2 . (3.12)

To define self-energy, one should separate the ‘proper’ part in the following way.

𝑇 = Σ + Σ𝐺𝑀𝐹 𝑇 . (3.13)

where
Σ𝑖𝑗(𝜔) = (𝑇𝑖𝑗(𝜔))(𝑝) (3.14)

Here, the proper part of the T matrix (𝑇 (𝑝)) is the portion that cannot be de-
composed into simpler parts using any form of decoupling approximation. This
equation, expressed in Dyson’s form, becomes:

𝐺 = 𝐺𝑀𝐹 +𝐺𝑀𝐹Σ𝐺, (3.15)

The self-energy is ,

Σ𝑅,𝜎𝜎
𝑖𝑗 (𝜔) = 1

𝑄2 ∑
𝑙𝑙′𝜎′′𝜎′′′

𝑡𝑙′𝑗𝑡𝑖𝑙⟨⟨𝛿𝐵𝑖
𝜎𝜎′′(𝑡)𝑋0𝜎′′

𝑙 (𝑡)∣𝛿𝐵𝑗
†𝜎𝜎

′′′

(𝑡′)𝑋𝜎′′′0
𝑙′ (𝑡′)⟩⟩

(𝑝)

𝜔
,

= 1
𝑄2 ∑

𝑙𝑙′𝜎′′𝜎′′′
𝑡𝑙′𝑗𝑡𝑖𝑙⟨⟨𝐵𝜎𝜎′′

𝑖 (𝑡)𝑋0𝜎′′
𝑙 (𝑡)∣𝐵𝑗

†𝜎𝜎
′′′

(𝑡′)𝑋𝜎′′′0
𝑙′ (𝑡′)⟩⟩

𝜔
. (3.16)

The self-energy term above, under a Bose-Fermi or DG decoupling is the same
as the self-consistent Born approximation (SCBA) discussed by Plakida (see e.g.
ref.[37], [38]) or the non-crossing approximation (NCA). This form closely resem-
bles Hubbard’s description [21] of the leading ‘scattering correction’ term or self-
energy, extending beyond the mean field term presented in Eq.(3.8).
In the large 𝑑 approximation, self-energy becomes site local (𝑖 = 𝑗), predominantly
influenced by the nearest neighbor 𝑙 = 𝑙′ to site 𝑖. With the only non-zero hopping
term being 𝑡𝑖𝑙 = 𝑡/

√
𝑑 (where 𝑡 = 1), the sum of 𝑙 introduces a factor of 𝑑. To

calculate the self-energy, a decoupling approximation is applied as follows:

Σ𝑅,𝜎𝜎
𝑖𝑖 (𝜔) = 1

𝑄2[ − 𝑖𝜃(𝑡 − 𝑡′)(∑
𝜎″

⟨𝐵𝜎𝜎″
𝑖 (𝑡)𝐵𝑖

†𝜎𝜎
″

(𝑡′)⟩ ⟨𝑋0𝜎″
𝑖 (𝑡)𝑋𝜎″0

𝑖 (𝑡′)⟩

+⟨𝐵𝑖
†𝜎𝜎

″

(𝑡′)𝐵𝜎𝜎″
𝑖 (𝑡)⟩ ⟨𝑋𝜎″0

𝑖 (𝑡′)𝑋0𝜎″
𝑖 (𝑡)⟩)]

𝜔
(3.17)
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The approximation error in this decoupling is also of relative order (1/𝑑).
Using the spectral representation for the correlation functions specified above and
connecting them to the spectral representation of the retarded Green functions,
the local self-energy Σ𝑅(𝜔) is formulated as:

Σ𝑅(𝜔) = − 1
𝑄2 ∫

∞

−∞
d𝜖1d𝜖2 𝜌𝐺(𝜖1)𝜌𝐷(𝜖2) (

tanh (𝛽𝜖12 ) + coth (𝛽𝜖22 )
𝜔+ − 𝜖1 − 𝜖2

)

(3.18)

wℎ𝑒𝑟𝑒, 𝜌𝐺(𝜖1) = −1
𝜋 Im𝐺𝑅(𝜖1), 𝜌𝐷(𝜖2) = −1

𝜋 Im𝐷𝑅(𝜖2) (3.19)

a𝑛𝑑, 𝐷𝑅(𝑡, 𝑡′) = ∑
𝜎″

⟨⟨𝐵𝜎𝜎″(𝑡)|𝐵†𝜎𝜎
″
(𝑡′)⟩⟩ = −𝑖𝜃(𝑡 − 𝑡′)∑

𝜎″
⟨[𝐵𝜎𝜎″(𝑡), 𝐵†𝜎𝜎

″
(𝑡′)]

−
⟩ .

(3.20)

𝐷𝑅, when expressed in terms of the number 𝑁 and spin 𝑆𝑧 operators, is outlined
as (refer to Appendix B for details):

𝐷𝑅(𝑡, 𝑡′) = 1
4{−𝑖𝜃(𝑡 − 𝑡′) ⟨[𝑁(𝑡),𝑁(𝑡′)]−⟩} + 3

4{−𝑖𝜃(𝑡 − 𝑡′) ⟨[𝑆+(𝑡), 𝑆−(𝑡′)]−⟩}.
(3.21)

Given that computing 𝐷𝑅
𝑁/𝑆(𝜔) through an equation of motion approach is imprac-

tical due to the commuting nature of operators, resulting in the disappearance of
equal time inhomogeneous terms [106] multiplying the delta function 𝛿(𝑡 − 𝑡′),
alternative strategies are necessary.
We adopt a specific approach to compute these functions. The expression for 𝐷𝑅

𝑁
and 𝐷𝑅

𝑆 which involves the commutator can be expanded in individual terms of the
commutators which we denote by 𝐷+ and 𝐷− below, which involve the product of
respective operators and then we set up the equation of motion for 𝐷+ and 𝐷−.
The expressions for 𝐷𝑅

𝑁(𝑡− 𝑡′) = ⟨⟨𝑁(𝑡)|𝑁(𝑡′)⟩⟩ and 𝐷𝑅
𝑆 (𝑡− 𝑡′) = ⟨⟨𝑆+(𝑡)|𝑆−(𝑡′)⟩⟩

are defined as:

𝐷𝑅
𝑁(𝑡 − 𝑡′) = 𝐷+

𝑁(𝑡 − 𝑡′) + 𝐷−
𝑁(𝑡 − 𝑡′)

= −𝑖𝜃(𝑡 − 𝑡′)⟨𝑁(𝑡)𝑁(𝑡′)⟩ − 𝑖𝜃(𝑡 − 𝑡′)⟨𝑁(𝑡′)𝑁(𝑡)⟩, (3.22)
a𝑛𝑑, 𝐷𝑅

𝑆 (𝑡 − 𝑡′) = 𝐷+
𝑆 (𝑡 − 𝑡′) + 𝐷−

𝑆 (𝑡 − 𝑡′)
= −𝑖𝜃(𝑡 − 𝑡′)⟨𝑆+(𝑡)𝑆−(𝑡′)⟩ − 𝑖𝜃(𝑡 − 𝑡′)⟨𝑆−(𝑡′)𝑆+(𝑡)⟩ . (3.23)

In the context of spectral functions, the formulation is as follows:

𝐷𝛼
𝛾 (𝜔) = ∫

∞

−∞
𝑑𝜔′ 𝜌𝛼𝐷𝛾(𝜔′)

𝜔 − 𝜔′ + 𝑖0+ (3.24)

75



Σ𝑅(𝜔) = 0

𝐺𝑅(𝜔)

𝜒𝑅(𝜔) → 𝜒+
𝑁/𝑆(𝜔) → 𝐷+(𝜔)

𝐷+(𝜔),𝐺𝑅(𝜔) → Σ𝑅(𝜔)

conv? updated Σ𝑅(𝜔)

output, stop
yes

no

Figure 3.1: Self-consistency loop. This is a schematic illustration of the numerical
scheme in which the input 𝐺𝑅(𝜔) and the output 𝐺𝑅(𝜔) should match for self
consistency

where the indices 𝛼 can take values of + or −, and 𝛾 represents either 𝑁 or 𝑆.
The spectral functions, denoted as 𝜌𝛼𝐷𝛾

= −Im(𝐷𝛼
𝛾 )/𝜋, adhere to the following

relationships:

𝐷𝑅
𝛾 (𝜔) = ∑

𝛼
𝐷𝛼

𝛾 (𝜔), 𝜌𝐷𝑁/𝑆
(𝜔) = ∑

𝛼
𝜌𝛼𝐷𝑁/𝑆

(𝜔) (3.25)

𝜌𝐷𝑁/𝑆
(𝜔) = −𝜌𝐷𝑁/𝑆

(−𝜔), 𝜌−𝐷𝑁/𝑆
(𝜔) = −𝑒−𝛽𝜔𝜌+𝐷𝑁/𝑆

(𝜔) , (3.26)

𝜌𝛼𝐷𝑁
(𝜔) satisfies the following sum rule:

∫
∞

−∞
𝑑𝜔𝜌𝛼𝐷𝑁

(𝜔) = 𝛼𝑛 (3.27)

Following this, an equation of motion method for 𝐷𝛼
𝛾 (𝜔) is established, paralleling

the approach above for 𝐺𝑅(𝜔) (This is detailed in Appendix B).
This yields the expressions for 𝐷𝛼

𝑁/𝑆(𝜔) as:

(𝐷𝛼
𝑁(𝜔))

−1 = 𝛼1
𝑛 (𝜔 − 𝛼𝜒

𝛼
𝑁(𝜔)
𝑛 ) , (𝐷𝛼

𝑆 (𝜔))
−1 = 𝛼2

𝑛 (𝜔 − 𝛼𝜒
𝛼
𝑆 (𝜔)
𝑛
2

) (3.28)
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where 𝜒𝛼
𝑁/𝑆(𝜔) is the Fourier transform of the following:

𝜒+
𝑆 (𝑡) = −𝑖𝜃(𝑡) ⟨𝐽𝑠(𝑡)𝐽𝑠(0)⟩ , 𝜒+

𝑁(𝑡) = −𝑖𝜃(𝑡) ⟨𝐽𝑐(𝑡)𝐽𝑐(0)⟩ (3.29)
𝜒−

𝑆 (𝑡) = −𝑖𝜃(𝑡) ⟨𝐽𝑠(0)𝐽𝑠(𝑡)⟩ , 𝜒−
𝑁(𝑡) = −𝑖𝜃(𝑡) ⟨𝐽𝑐(0)𝐽𝑐(𝑡)⟩ (3.30)

Here, 𝐽𝑠 and 𝐽𝑐 are defined as the spin and charge currents respectively:

𝐽𝑠 =
1
𝑁 ∑

𝑘
𝑣𝑘𝑋0𝜎

𝑘 𝑋𝜎̄0
𝑘 , 𝐽𝑐 =

1
𝑁 ∑

𝑘,𝜎
𝑣𝑘𝑋0𝜎

𝑘 𝑋𝜎0
𝑘 (3.31)

where 𝑣𝑘 = 𝜕𝑘𝜖𝑘, with 𝜖𝑘 being the energy dispersion on the lattice.
The spectral representation for 𝜒𝛼

𝛾 is given by:

𝜒𝛼
𝛾 (𝜔) = ∫

∞

−∞
d𝜔′{1+𝛼

2 + 𝑛𝐵(𝜔′)}𝜌𝛾(𝜔′)
𝜔 − 𝜔′ + 𝑖0+ (3.32)

wℎ𝑒𝑟𝑒, 𝜌𝛾(𝜔′) = −1
𝜋 Im𝜒𝑅

𝛾 (𝜔′) a𝑛𝑑, 𝑛𝐵(𝜔′) = 1
𝑒𝛽𝜔′ − 1 (3.33)

𝜒𝑅(𝜔) for both spin and charge sectors is derived from the particle-hole bub-
ble diagram, ignoring vertex corrections, as detailed in [107]. The relationship
𝜒𝑅
𝑁(𝜔) = 2𝜒𝑅(𝜔) and 𝜒𝑅

𝑆 (𝜔) = 𝜒𝑅(𝜔) is outlined in Appendix C, with the current-
current correlation in infinite dimensions (𝑑 = ∞) described as follows:

𝜒𝑅(𝜔) = 1
𝑁 ∑

𝑘
∫∫𝑑𝜔1𝑑𝜔2

𝜌𝐺(𝑘, 𝜔1)𝜌𝐺(𝑘, 𝜔2)𝑣2𝑘
𝜔 + 𝜔1 − 𝜔2 + 𝑖𝜂 (𝑛𝐹 (𝜔1) − 𝑛𝐹 (𝜔2)) (3.34)

where 𝜌𝐺(𝑘, 𝜔) = − 1
𝜋Im𝐺𝑅(𝑘, 𝜔) and 𝑛𝐹 (𝜔) denotes the Fermi function. The

calculation of the imaginary part of 𝜒𝑅(𝜔) utilizes the convolution/correlation
theorem, with the real part derived from the Kramers-Kronig relation. The adap-
tation for a Bethe lattice modifies the expression to involve the transport density
of states Φ(𝜖) [39, 107], leading to a refined calculation of Im𝜒𝑅(𝜔) as detailed in
the equations.

Im𝜒𝑅(𝜔) = −𝜋∬ d𝜖 d𝜔1 Φ(𝜖)𝜌𝐺(𝜖, 𝜔1)𝜌𝐺(𝜖, 𝜔 + 𝜔1){𝑛𝐹 (𝜔1) − 𝑛𝐹 (𝜔 + 𝜔1)}

(3.35)

Φ(𝜖) = 1
𝑁 ∑

𝑘
𝑣2𝑘𝛿(𝜖 − 𝜖𝑘) = Φ0(4 − 𝜖2)3/2

The process of determining Σ𝑅, 𝐺𝑅, 𝜒𝑅, 𝐷𝑅, 𝐷𝛼, and 𝜒𝛼 involves a self-consistent
scheme, which can be summarized as follows:

1. Initialization:
Begin with an arbitrary selection of 𝐺𝑅. Using a specific equation (referred
to as Eq.(3.35)), compute 𝜒𝑅 based on the initial 𝐺𝑅.

77



2. Computation of 𝜒𝛼 and 𝐷𝛼:
From 𝜒𝑅, calculate 𝜒𝛼 using another equation (Eq.(3.32)). This, in turn,
allows for the determination of 𝐷𝛼 through Eq.(3.28).

3. Self-Energy Calculation (Σ𝑅):
The self-energy, Σ𝑅, is calculated using both 𝐷𝑅

𝛾 (from Eq.(3.25)) and the
initial or previously computed 𝐺𝑅 (via Eq.(3.18)).

4. Update of 𝐺𝑅:
With the newly computed Σ𝑅, update the full Green’s function, 𝐺𝑅, using
Eq.(3.15). This updated 𝐺𝑅 is then used as the starting point for the next
iteration of the process.

The cycle repeats, starting from step (1) with the newly obtained 𝐺𝑅, and
continues until Σ𝑅 converges within a specified tolerance. This iterative pro-
cedure, known as the self-consistency loop, ensures that the calculations for
Σ𝑅, 𝐺𝑅, 𝜒𝑅, 𝐷𝑅, 𝐷𝛼, and 𝜒𝛼 are mutually consistent and converge to a stable
solution. The entire self-consistency loop is illustrated in a figure referred to here
as Fig.3.1. Throughout this iterative process, adherence to the sum rule, expressed
in Eq.(3.27), is maintained.
To provide a clear and comprehensive understanding of the theoretical framework,
we summarize all the equations involved in self-consistency in one place. This
allows one to see all the equations at a glance.
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Summary of equations used in Self Consistency

𝐺 = 𝐺𝑀𝐹 +𝐺𝑀𝐹Σ𝐺, 𝐺𝑀𝐹 (𝜔) = 𝑄
𝜔 −𝑄𝜖𝑘 + 𝑖0+

𝜒𝑅(𝜔) = 1
𝑁 ∑

𝑘
∫∫𝑑𝜔1𝑑𝜔2

𝜌𝐺(𝑘, 𝜔1)𝜌𝐺(𝑘, 𝜔2)𝑣2𝑘
𝜔 + 𝜔1 − 𝜔2 + 𝑖𝜂 (𝑛𝐹 (𝜔1) − 𝑛𝐹 (𝜔2))

𝜒𝑅
𝑁(𝜔) = 2𝜒𝑅(𝜔) and 𝜒𝑅

𝑆 (𝜔) = 𝜒𝑅(𝜔)

𝜒𝛼
𝛾 (𝜔) = ∫

∞

−∞
d𝜔′{1+𝛼

2 + 𝑛𝐵(𝜔′)}𝜌𝛾(𝜔′)
𝜔 − 𝜔′ + 𝑖0+

(𝐷𝛼
𝑁(𝜔))

−1 = 𝛼1
𝑛 (𝜔 − 𝛼𝜒

𝛼
𝑁(𝜔)
𝑛 ) , (𝐷𝛼

𝑆 (𝜔))
−1 = 𝛼2

𝑛 (𝜔 − 𝛼𝜒
𝛼
𝑆 (𝜔)
𝑛
2

)

𝐷𝑅
𝛾 (𝜔) = ∑

𝛼
𝐷𝛼

𝛾 (𝜔), 𝜌𝐷𝑁/𝑆
(𝜔) = ∑

𝛼
𝜌𝛼𝐷𝑁/𝑆

(𝜔)

𝜌𝐷𝑁/𝑆
(𝜔) = −𝜌𝐷𝑁/𝑆

(−𝜔), 𝜌−𝐷𝑁/𝑆
(𝜔) = −𝑒−𝛽𝜔𝜌+𝐷𝑁/𝑆

(𝜔) ,

Σ𝑅(𝜔) = − 1
𝑄2 ∫

∞

−∞
d𝜖1d𝜖2 𝜌𝐺(𝜖1)𝜌𝐷(𝜖2) (

tanh (𝛽𝜖12 ) + coth (𝛽𝜖22 )
𝜔+ − 𝜖1 − 𝜖2

)

wℎ𝑒𝑟𝑒, 𝜌𝐺(𝜖1) = −1
𝜋 Im𝐺𝑅(𝜖1), 𝜌𝐷(𝜖2) = −1

𝜋 Im𝐷𝑅(𝜖2).

Summary of Theoretical Framework
In this section, we have developed a comprehensive and self-consistent formal-
ism for the 𝑈 = ∞ Hubbard model using the 𝑋-operator representation and an
equation-of-motion approach tailored for large-dimensional lattices. This frame-
work retains the local constraints of strong correlations and naturally incorpo-
rates the interplay between fermionic and bosonic degrees of freedom through
dynamically generated charge and spin fluctuation correlators. By expressing the
Dysonian self-energy Σ𝑅(𝜔) as a convolution of the fermionic Green’s function
𝐺𝑅(𝜔) and bosonic correlators 𝐷𝑅

𝑁/𝑆(𝜔), we reveal a physical mechanism where
local quantum fluctuations govern both spectral and transport phenomena. The
inclusion of fluctuation spectra with no intrinsic restoring force leads to novel
signatures—such as a non-perturbative Fermi-liquid regime at low temperatures,
and a linear-in-𝑇 resistivity at higher temperatures due to classical bosonic scat-
tering. The self-consistency loop connecting 𝐺𝑅, Σ𝑅, 𝜒𝑅, and 𝐷𝑅 captures this
interdependence and offers a coherent picture of the emergent metallic state. This
theoretical foundation sets the stage for our numerical investigations and physical
interpretation of charge dynamics, resistivity scaling, and the crossover between
quantum and classical regimes in the extremely correlated Fermi liquid.
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Figure 3.2: (a) The evolution of 𝜌𝐷𝑁

(𝜔) for positive frequency as a function of tem-
perature for doping 𝛿 = 0.3 (b) The normalized charge spectral function,𝜌𝐷𝑁 (𝜔)

𝜔𝜅 ,
at a fixed temperatures and its fit with Lorentzian; the inset shows the Lorentzian
width, Γ(𝑇 ) vs T at 𝛿 = 0.3

3.3 Local Charge, Spin and Current Correlation Functions:

In this Section, we discuss the bosonic correlation functions mentioned above; these
determine the electron dynamics of the infinitely strongly correlated metal. In the
large 𝑑 limit, charge and spin correlation functions are identical to within numerical
factors having to do with the spin (1/2) of the electron. We therefore discuss here
only the charge correlation function. We also discuss here the charge current
current correlation function which is the ‘self energy’ of the charge correlation
function, as seen from Equation (3.28). The real frequency spectral density 𝜌𝐷𝑁

(𝜔)
of the charge correlation function is shown in Fig 3.2(a) as a function of positive
frequency 𝜔 for different temperatures 𝑇 and at doping 𝛿 = 0.3. This has the
general properties of being real, positive for positive 𝜔 and antisymmetric with
respect to its sign change.
The local charge fluctuation is a massless damped excitation, as is evident from
the general shape of 𝜌𝐷𝑁

(𝜔) (there is no sharp peak corresponding to a mass
term or a restoring force ; on the other hand, its spectral density has a smooth
structure with a generally broad asymmetric peak and a long tail). The charge
at each site diffuses quantum mechanically in a time and temperature dependent
manner; there is no net restoring force. Since in the electron phonon system, the
best known model of a bosonic system coupled to electrons, the quantum scale
is set by the Debye frequency 𝜔𝐷 determined by the nonzero restoring force it is
likely that there is no such scale here, and that the occurrence of a small Fermi
liquid like regime (section 3.4) is due to a different reason.
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Figure 3.3: (a) The average frequency, denoted as Ω̄(𝑇 ), varies with temperature
for a doping level of 𝛿 = 0.3. In the temperature range 0 < 𝑇 < 0.005, rep-
resented by a shallow red area, the system exhibits Fermi liquid (FL) behavior.
For temperatures in the range of 0.005 < 𝑇 < 𝑇𝑐𝑙(= 0.135), the system is within
the incoherent Quantum region, crossing over to the classical regime (CR) when
𝑇 > 𝑇𝑐𝑙. An inset illustrates the relationship between 𝑇𝑐𝑙 and doping 𝛿, with a
dashed line indicating 𝑌 = 𝑇 . (b) shows the charge compressibility, 𝜅, as a func-
tion of temperature 𝑇 for different doping levels.

The very existence of such a distinct bosonic fluctuation coupled to electron dy-
namics is a strong correlation effect, since it is defined in relation to projected
fermion or 𝑋 operator degrees of freedom whose specific properties are determined
by strong correlation. Roughly, the diffusion spectrum Fig 3.2(b) consists of a ris-
ing part at low frequencies, a peak, and a long tail. The low frequency rise is less
steep as temperature increases, as is the fall. Overall, the spectrum can be fitted
roughly by a Lorentzian like form going as Γ/[𝜔2 +Γ2] with Γ being the damping
constant, as shown in Fig 3.2(b). The actual spectrum decays more rapidly at
higher frequencies than this form so that its normalized area is unity, and its first
moment is finite. The simplified form is useful since it focuses attention on the
quantity Γ (see inset of Fig. 3.2(a)) which is the damping rate of fluctuations. It
is small at low temperatures, being roughly proportional to 𝑇 but larger than it
and one has well-defined quasiparticles (a Fermi liquid). We discuss later below
the implied quantum and classical regimes in local density fluctuations.
We now infer two consequences of the actual 𝜌𝐷𝑁

(𝜔) shown in Fig 3.2(a), one from
the low frequency or quantum end, and another from using its overall spread or
first moment which weights strongly the higher frequency or classical regime. At
low frequencies 𝜌𝐷𝑁

(𝜔) (ideally above 𝜔 = 0, but in reality above a low nonzero
value 𝜔𝑙 = 0.002𝑡 ≃ 8𝐾 for the large 𝑡 = 0.4𝑒𝑉 ) is seen to be linear in 𝜔 (it
is a smooth function and is antisymmetric in 𝜔 so that the leading term near
𝜔 = 0 has to be linear). As observed from the inset in Fig 3.2(a) for extremely
low temperatures, the slope of spectral density (𝐴(𝑇 ))(not shown in the figure)
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very close to 𝜔 = 0 is almost 𝑇 independent and this gives rise to canonical Fermi
Liquid form of ImΣ(𝜔, 𝑇 )(we show that this is true analytically in Appendix 𝐷).
The typical energy scale of 𝜌𝐷𝑁

(𝜔) is the average energy of the local density
fluctuations or the first moment

Ω̄(𝑇 ) = ∫
𝜔𝑢

𝜔𝑙

𝜔(
𝜌𝐷𝑁

(𝜔)
𝜔𝜅 )𝑑𝜔 , where 𝜅 = ∫

∞

−∞
(
𝜌𝐷𝑁

(𝜔)
𝜔 )𝑑𝜔 . (3.36)

In the above equation, 𝜅 is the thermodynamic compressibility, and the upper
frequency limit 𝜔𝑢 of the integral is very large but finite; we use 𝜔𝑢 = 30𝑡.
We show Ω̄(𝑇 ) as a function of 𝑇 in Fig 3.3(a). It is small at low temperatures,
roughly proportional to 𝑇 but larger than it and one has well-defined quasiparticles
(a Fermi liquid). As temperature increases, it increases sublinearly with 𝑇 and
essentially flattens out at high temperatures. The case when Ω̄(𝑇 ) is lower than
the temperature 𝑇 defines the classical limit for fluctuations. We observe that for
𝑇 > 0.13 for doping 𝛿 = 0.3, we enter into the classical regime. Below 𝑇 < 0.13 we
are in a quantum regime and we have a coherent Fermi Liquid phase at extremely
low temperatures followed by a linear in 𝑇 resistivity regime (which also lies in the
quantum regime) which is denoted by the Incoherent Quantum Regime (IQR).
The quantities Γ(𝑇 ), 𝐴(𝑇 ) (not shown in the figure) and Ω̄(𝑇 ) defined above, are
different calculated characteristics of the local charge correlation function describ-
ing its diffusion and ‘stay at home’ probability in frequency space. In strongly
correlated lattice systems, at ‘high’ temperatures, quantum mechanical intersite
hopping 𝑡𝑖𝑗 can be neglected, and the system is a statistical superposition of en-
ergetically degenerate states with one or no charge at a lattice site. This regime
is accessed by experiments on thermopower of strongly correlated metals (see e.g.
[108]) and references in the paper ref. [109]). The thermopower, which mea-
sures the entropy of charge carriers, is seen to saturate at values consistent with
a Heikes-like estimate of the entropy of this classical metal; experimentally, the
‘classical’ regime begins at surprisingly low temperatures.
The frequency and momentum dependence of charge fluctuations has been re-
cently explored experimentally using momentum-resolved EELS (see e.g. [110])
and RIXS (see e.g. [111]). They do find essentially nondispersive density fluctua-
tions; namely, they are spatially local, as obtained here. In subsequent work, we
will present detailed predictions of this spectrum in our theory.
The imaginary part of current-current correlation function, Im𝜒+

𝑁(𝜔), and the real
part of the optical conductivity, 𝜎(𝜔) are defined as:

𝜎(𝜔)
𝜋𝜎0

= (1 − 𝑒−𝛽𝜔)
𝜔 Im𝜒+

𝑁(𝜔) (3.37)
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Figure 3.4: Contour plots of imaginary part of current-current correlation function
Im𝜒+

𝑁(𝜔, 𝑇 ) for doping values of 𝛿 = 0.3, 0.2, 0.15, 0.1.

In this expression, 𝜎0 can be taken to be of order 𝜎0 = 𝑎2−𝑑𝑒2
ℏ , with the lattice

spacing 𝑎 (corresponding in a quasi two-dimensional system to a sheet resistance
of one quantum per plaquette). In Fig 3.4, we present contour plots of imaginary
part of current-current correlation function Im𝜒+

𝑁(𝜔) for various doping values.
The spectra display the following features: (a) For 𝑇 < 𝜔, Im𝜒+

𝑁(𝜔) varies with 𝜔
up to a certain 𝜔 and is constant afterwards. (b) For small 𝜔 and 𝑇 > 𝜔, Im𝜒+

𝑁(𝜔)
is a constant in temperature. This region of constant Im𝜒+

𝑁(𝜔) reduces as doping
is reduced. (c) For high 𝑇 and small 𝜔, we see another region of constant Im𝜒+

𝑁(𝜔).
We conclude that resistivity when Im𝜒+

𝑁(𝜔) is independent of temperature is lin-
ear in 𝑇 . As mentioned above, the region of linear 𝑇 is large for large doping
and starts reducing upon decreasing doping. Our approach finds two regimes of
linearity in resistivity, with different slopes, one at intermediate and another at
high temperatures. It should also be noted that the Planckian constant is the
inverse of Im𝜒+

𝑁(𝜔), and it should be the same for all doping an from our results,
it is not exactly one, but is close to it for higher doping but not for lower doping.
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3.4 Self Energy and DC Resistivity:

In this Section, we discuss the electron self energy and the intrinsic dc electrical
resistivity of the infinitely correlated metal, which is intimately linked with the
electron self energy. For instance, the imaginary part of the self-energy, ImΣ(𝜔, 𝑇 ),
provides insight into the lifetime and coherence of quasiparticles, which are crucial
for determining how electrons propagate through a material, and so its resistivity.
We also note here (subsection A) that analytically (see Appendix D) the imaginary
part of the self-energy, ImΣ(𝜔, 𝑇 ), adheres for very low 𝜔 and 𝑇 to the Fermi liquid
description, scaling as (𝜔2+𝜋2𝑇 2). This is also seen from our self consistent result
for ImΣ(0, 𝑇 ). This insight sets the stage for a deeper analysis of how single particle
properties change with doping, for both positive and negative excitation energies
(particle like and hole like) and at different temperatures. Some of the results are
exhibited in Fig 3.5 parts (a) to (d), and insets therein. For example, we show
that in the Fermi liquid (very low temperature) regime the quasiparticle residue 𝑍
(typically of order 0.1 to 0.2) increases roughly linearly with increasing hole doping.
We also plot the local single particle spectral density and see the quasiparticle like
low excitation energy peak in it disappearing as temperature increases and the
electron system becomes an incoherent liquid of Fermi like excitations.
We next discuss (subsection B) dc resistivity using the well known large 𝑑 form for
the result [107] which neglects vertex corrections. At low temperatures, it is seen to
have the classic Fermi liquid form, going as 𝑇 2 (in correspondence with the result
above for the same region, namely that ImΣ(𝜔, 𝑇 ) goes as 𝜔2+𝜋2𝑇 2). It transitions
via a long crossover region straddling both the incoherent quantum regime and the
‘classical’ metal regime (Section 3.3) into linear resistivity behaviour. We also see
no signs of resistivity saturation; the resistivity continues to rise linearly with the
same slope, beyond the Mott-Ioffe Regel (MIR) quantum limit.
We believe that the defining characteristics of the extremely strongly correlated
metal, mentioned above, are due to the influence of local bosonic charge and spin
fluctuations which are strongly coupled to electrons. They determine the electron
self energy (Section 3.2) and have a sizeable, nearly constant, strength over a large
frequency region at most temperatures.

Scattering Rate and Local Bosonic Correlation Functions
In Figure 3.5(a), start going into the details of −ImΣ(𝜔), examining how it varies
with frequency (𝜔) across diverse doping levels at a notably low temperature of
𝑇 = 0.005. This analysis uncovers a fascinating transition in behavior around

84



5 0 50.00

0.25

0.50

0.75

1.00

1.25

1.50

Im
(

)

(a) = 0.3
= 0.25
= 0.2
= 0.15

0.0 0.2 0.4 0.6 0.8 1.0
T

0.0

0.2

0.4

0.6

(
,T

) > 0

< 0
(b)

4 2 0 2 40.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

A(
)

(c)
T = 0.005
T = 0.05
T = 0.1
T = 0.2

0.00 0.05 0.10 0.15 0.20 0.25 0.300.0

0.1

0.2

0.3

0.4

Z

(d) T = 0.002
y =

0.05 0.00 0.05
0.00

0.02

0.04

0.06

Im
(

)

5.0 2.5 0.0 2.5 5.0

0.4

0.2

0.0

0.2

0.4

Re
(

)

+

Figure 3.5: (a) −ImΣ(𝜔) at 𝑇 = 0.005 for various doping levels. The left inset
shows ℜΣ(𝜔), linear in 𝜔 for 𝜔− < 𝜔 < 𝜔+. The right inset is −ImΣ(𝜔) near
𝜔 = 0 showing 𝜔2 behavior . (b) −ImΣ(𝜔𝑐, 𝑇 ) versus 𝑇 at 𝛿 = 0.2 for 𝜔𝑐 =
−0.5,−0.4, ..., −0.1 (green), 𝜔𝑐 = 0.0 (thick black), and 𝜔𝑐 = 0.1, 0.2, ..., 0.5 (red).
(c) Spectral function at doping 𝛿 = 0.2 at various temperatures. (d) Variation of
Quasiparticle weight with doping at 𝑇 = 0.002.

𝜔 = 0, where the pattern evolves from square-like to linear. Such a transforma-
tion underscores the pivotal role of local charge dynamics in modulating electron
scattering processes. Interestingly, when comparing the degree of particle-hole
asymmetry in our findings with those obtained from Dynamical Mean Field The-
ory (DMFT) and Shastry’s work, ours exhibit a lesser asymmetry. Furthermore,
within the same graphical representation, we shift our focus to the real component
of the self-energy, ReΣ(𝜔). Here, we identify a linear section extending between
two critical points, 𝜔− and 𝜔+, with the latter’s value notably adjusting in response
to variation in doping levels.
Venturing into Figure 3.5(b), our exploration extends to the imaginary component
of self-energy at a specific frequency, evaluated as a function of temperature. This
provides insight into the behavior of the scattering rate under finite frequencies.
Notably, for hole-like excitations (where 𝜔 < 0), the scattering rate consistently
exceeds that of electron-like excitations (where 𝜔 > 0). As temperature increases,
the relationship between ImΣ and 𝑇 for various positive frequencies unveils a cross-
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Figure 3.6: (a) Temperature dependence of resistivity for several doping levels 𝛿
in the unit of 𝜌0(= 1/𝜎0). The inset shows the low-temperature resistivity vs.
𝑇 , revealing the 𝑇 2 behavior with the black line representing the parabolic fit.
(b) Different temperature regimes: FL (yellow) for 𝑇 < 𝑇𝐹𝐿, incoherent quantum
regime (IQR) for 𝑇𝐹𝐿 < 𝑇 < 𝑇𝑐𝑙, and 𝑇 > 𝑇𝑐𝑙 a classical regime (CR).

ing threshold. Beyond it, the scattering rate inversely correlates with frequency,
implying that at higher temperatures, low-energy, electron-like excitations with fi-
nite positive 𝜔 values enjoy longer lifespans compared to those precisely at 𝜔 = 0.
While the overall trends are the same as DMFT predictions, some of our findings
differ; for example, the Γ(𝜔, 𝑇 ) crossing is at much larger values of 𝜔 and 𝑇 .
In Figure 3.5(c), the progression of the spectral function with varying temperatures
is presented, focusing specifically on a doping level of 𝛿 = 0.2. This visualization
allows us to observe how temperature influences the spectral features, revealing
important insights into the decoherence effects on the electronic structure at this
particular level of doping. On the other hand, Figure 3.5(d) is dedicated to illus-
trating the behavior of the quasi-particle residue across a range of doping levels at
a particular low temperature (T= 0.002) where the system is a Fermi liquid. This
aspect of the study sheds light on the correlation between doping concentration
and the quasi-particle strength, elucidating how the electronic properties of the
system evolve with changes in doping.

DC Resistivity and the Influence of Local Bosonic
Correlation Functions
In Figure 3.6(a), we exhibit the relationship between resistivity (𝜌) and temper-
ature (𝑇 ) for various levels of doping. At the lowest temperatures, the system
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demonstrates typical Fermi-liquid behavior, characterized by a quadratic increase
in resistivity with temperature. This trend is clearly depicted in the inset of Fig-
ure 3.6(a), in which the low temperature region is shown, enlarged, illustrating the
coherent interactions among particles. These interactions are mediated by local
charge bosons (charge excitations), which play a critical role in the coherent Fermi
liquid like resistivity behaviour of the the system at low temperatures as well. As
temperature increases, crossing into the Incoherent Quantum Regime (IQR), we
observe a linear rise in resistivity. This change signals a crossover from coherent
to incoherent or chaotic behavior, despite the continued influence of local charge
excitations on the system’s dynamics.
Analyzing the resistivity outcomes more closely, we distinguish three separate tem-
perature domains as outlined in the data: 0 < 𝑇 < 𝑇𝐹𝐿, where 𝑇𝐹𝐿 signifies the
temperature boundary above which Fermi-liquid behavior is no longer observed;
𝑇𝐹𝐿 < 𝑇 < 𝑇𝐼𝑄𝑅, marking the range within the Incoherent Quantum Regime
characterized by a linear increase in resistivity; and 𝑇 > 𝑇𝑐𝑙, representing tem-
peratures beyond which the system exhibits incoherent behavior (see Section 2).
These domains are graphically represented as functions of doping in Figure 3.6(b),
where the temperature thresholds 𝑇𝐹𝐿 and 𝑇𝑐𝑙 are plotted against doping levels.
It’s observed that 𝑇𝐹𝐿 changes linearly with doping, indicating a direct correlation
between doping levels and the Fermi-liquid to non-Fermi-liquid crossover temper-
ature. In contrast, the variation of 𝑇𝑐𝑙 with doping does not follow a simple linear
pattern, underscoring the complex interplay between doping and the material’s
crossover to incoherent electronic states.
This extensive exploration into self-energy, electron scattering, and resistivity, all
through the lens of local charge excitations, uncovers the complex dynamics in
extremely correlated electron systems. Its impact is seen to vary in a characteristic
way with temperature, frequency, and doping on electron behavior, crossing over
from coherent to incoherent or chaotic states, and presents a thorough framework
for comprehending the diverse phenomena observed in these complex materials,
centering around the role of local charge excitations.

3.5 Strengths and Limitations of our Method

The method developed in this chapter tries to present a physical picture of trans-
port in 𝑈 = ∞ Hubbard model through explicit coupling of boson like excitations
of the system with the fermionic degrees. We are able to capture the essential
local fluctuations of the system in a large 𝑑 limit, it gives us a FL at low tem-
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peratures and linear in 𝑇 resistivity at intermediate and high temperatures. The
method presented is a real frquency (time) formalism and doesn’t rely on analytic
continuation unlike quantum monte carlo based approaches. Furthermore, since
there is no restoring force or characteristic frequency of the bosonic mode, the
characteristic temperature can be low, determined solely by when the long time
or low energy quantum coherence due to these diffusive local fluctuations becomes
ineffective. However, our results may not directly correlate with observations from
specific systems; one fact is the higher crossover temperature compared to empir-
ical findings for the onset of the strange metal regime. Additionally, since all
strongly correlated systems have a large but finite 𝑈 , there is quite likely to be
a new low-energy scale related to it, specifically the intersite spin coupling scale
𝐽𝑖𝑗, which sets a new small temperature scale, of relative order 𝑡/𝑈 . Another lim-
itation of our method is that it treats spin and charge fluctuations on the same
footing and there is no qualitative difference between them, However this is not
true in real systems as well as more exact methods.
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Chapter 4

Dynamical Mean Field Theory :
Numerical Renormalization Group

Dynamical mean field theory (DMFT) is a powerful non-perturbative framework
for investigating strong electron correlation effects in lattice systems with local
interactions. It represents a major conceptual advance in the study of many-body
physics, particularly in contexts where traditional weak-coupling approaches such
as Fermi liquid theory and perturbation theory break down. The central idea of
DMFT is to replace the full lattice problem with a self-consistently determined
quantum impurity model embedded in a dynamical bath. In its single-site formu-
lation, DMFT is exact in the limit of infinite spatial dimensions (𝑑 → ∞), where
non-local correlations become negligible and only local quantum fluctuations sur-
vive.
This mapping reduces a complex many-body lattice problem (with local interac-
tion) like the Hubbard model to a simpler quantum impurity model, such as the
single-impurity Anderson model (SIAM), while still capturing essential dynamical
effects arising from local interactions. The bath into which the impurity is embed-
ded is not static but is determined self-consistently from the lattice itself, creating
a feedback loop between the impurity and its environment. This self-consistency
is the hallmark of DMFT and endows it with the ability to capture local quantum
fluctuations accurately.
Single-site DMFT excels at describing local dynamical phenomena, including the
formation of local moments, Mott metal-insulator transitions, and the emergence
of quasiparticles near the Fermi level. However, it neglects short-range spatial
correlations, which can be crucial near phase boundaries or for describing ordered
states. Cluster extensions of DMFT [60, 112–114], such as DCA or CDMFT aim to
remedy this limitation by including a finite number of spatial degrees of freedom.
The success of DMFT is perhaps most dramatically demonstrated in its treatment
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of the Mott transition in the Hubbard model [115–117]. As the on-site Coulomb
repulsion 𝑈 increases relative to the bandwidth, DMFT captures the continuous
evolution from a metallic state with quasiparticles to a gapped Mott insulating
state, even at half-filling. Furthermore, DMFT has been successfully combined
with density functional theory (DFT) to account for electronic correlations in real
materials, leading to hybrid approaches such as DFT+DMFT or DMFT+U.

4.1 DMFT self-consistency

To set up the DMFT equations concretely, we consider the single-band Hubbard
model, whose Hamiltonian contains a kinetic hopping term and a local Coulomb
repulsion:

𝐻 = −𝑡 ∑
⟨𝑖𝑗⟩𝜎

𝑐†𝑖𝜎𝑐𝑗𝜎 + 𝑈 ∑
𝑖

𝑛𝑖↑𝑛𝑖↓ − 𝜇∑
𝑖𝜎

𝑛𝑖𝜎 (4.1)

where 𝑡 is the nearest-neighbor hopping, 𝑈 the on-site interaction strength, and 𝜇
the chemical potential.
Using Grassmann fields, we can write the action associated with this model as

𝑆 = ∫
𝛽

0
𝑑𝜏⎡⎢

⎣
∑
𝑖𝜎

𝑐†𝑖𝜎𝜕𝜏𝑐𝑖𝜎 − 𝑡 ∑
⟨𝑖𝑗⟩𝜎

𝑐†𝑖𝜎𝑐𝑗𝜎 − 𝜇∑
𝑖𝜎

𝑛𝑖𝜎 + 𝑈 ∑
𝑖

𝑛𝑖↑𝑛𝑖↓⎤⎥
⎦

(4.2)

The partition function is given by the path integral over all Grassmann fields:

𝑍 = ∫∏
𝑖
𝐷𝑐†𝑖𝜎𝐷𝑐𝑖𝜎𝑒−𝑆 (4.3)

To derive the DMFT equations, one selects a representative site (site 0) and in-
tegrates out all other degrees of freedom. The result is an effective action 𝑆eff for
site 0:

𝑆eff = −∫
𝛽

0
∫

𝛽

0
𝑑𝜏𝑑𝜏 ′∑

𝜎
𝑐†0𝜎(𝜏)𝒢−1

0 (𝜏 − 𝜏 ′)𝑐0𝜎(𝜏 ′) + 𝑈 ∫
𝛽

0
𝑑𝜏𝑛0↑(𝜏)𝑛0↓(𝜏) (4.4)

Here, 𝒢−1
0 (𝜏 − 𝜏 ′) plays the role of a dynamical Weiss mean field, encoding the

hybridization of the impurity with its environment. In frequency space, for a
general lattice, it is given by

𝒢−1
0 (𝑖𝜔𝑛) = 𝑖𝜔𝑛 + 𝜇 −∑

𝑖𝑗
𝑡2(𝐺𝑖𝑗 −

𝐺𝑖0𝐺0𝑗
𝐺00

) (4.5)

The interacting Green’s function at the impurity site is defined as

𝐺(𝜏) = −⟨𝑇𝜏𝑐0(𝜏)𝑐†0⟩𝑆eff
(4.6)
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This satisfies the Dyson equation

𝐺(𝑖𝜔𝑛) = [𝒢−1
0 (𝑖𝜔𝑛) − Σ(𝑖𝜔𝑛)]

−1 (4.7)

where Σ(𝑖𝜔𝑛) is the local impurity self-energy.
The self-consistency condition in DMFT states that the impurity Green’s function
must equal the local Green’s function of the lattice:

𝐺(𝑖𝜔𝑛) = ∑
𝑘

1
𝑖𝜔𝑛 + 𝜇 − 𝜖𝑘 −Σ(𝑖𝜔𝑛)

(4.8)

For the Bethe lattice, which has a semicircular density of states 𝜌(𝜖) =
2

𝜋𝐷2

√
𝐷2 − 𝜖2, the expression for 𝒢−1

0 (Eq. 4.5) simplifies to:

𝒢−1
0 (𝑖𝜔𝑛) = 𝑖𝜔𝑛 + 𝜇 − 𝑡2𝐺(𝑖𝜔𝑛) (4.9)

and the local lattice Green’s function simplifies to

𝐺(𝑖𝜔𝑛) = ∫
𝐷

−𝐷
𝑑𝜖 𝜌(𝜖)

𝑖𝜔𝑛 + 𝜇 − 𝜖 − Σ(𝑖𝜔𝑛)
(4.10)

where 𝐷 = 2𝑡 is the half-bandwidth.
There are many ways to solve the DMFT self-consistency, including continuous
time quantum monte carlo (CTQMC), Numerical renormalization Group (NRG),
approximate solvers like Iterated perturbation theory (IPT)and Non Crossing ap-
proximation (NCA) to mention a few. Each of the methods have their advantages
and disadvantages. For examples, CTQMC is an exact solver however since it is
an imaginary time method, we need to do numerical analytic continuation of the
data to real time or frequency which is an ill posed problem, also CTQMC is a
numerically expensive method. Approximate solvers are very cheap when it comes
to the computation cost, but these are not exact and might only work in certain
parameter regimes of the model. NRG provides solution to the problem directly
on the real time/frequency axis, and it is also computationally less expensive than
CTQMC.
In this work, we adopt the Numerical Renormalization Group (NRG) as our solver
of choice, due to its ability to access real-frequency spectra directly and capture fine
low-energy features crucial for understanding strongly correlated metallic states.
However, we acknowledge that for intermediate or high-temperature properties,
methods like CTQMC may offer better accuracy.
In the following section, we provide a detailed description of the NRG method and
demonstrate how it is used in practice to solve the DMFT equations.
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4.2 Numerical Renormalization Group

The Numerical Renormalization Group (NRG) is a non-perturbative, real-
frequency technique pioneered by Kenneth Wilson in the 1970s to tackle quantum
impurity problems. Its original motivation was to resolve the longstanding puz-
zle associated with the Kondo effect, a phenomenon observed in dilute magnetic
alloys where conduction electrons interact with a small number of localized mag-
netic moments. The hallmark of the Kondo effect is a resistivity minimum at low
temperatures, counter to the expectations from conventional scattering theories.
The Kondo model, which captures the essential physics of this behavior, describes
a localized spin-1/2 magnetic impurity interacting antiferromagnetically with a
sea of conduction electrons. The effective Hamiltonian features an exchange cou-
pling 𝐽 between the impurity and conduction spins. Kondo’s perturbative analysis
showed that the scattering rate 𝛾(𝑇 ) due to spin-flip processes increases logarith-
mically as the temperature decreases, specifically as 𝛾(𝑇 ) ∼ log(𝐷/𝑇 ), where 𝐷 is
the conduction bandwidth. This prediction qualitatively explained the resistivity
minimum but led to a theoretical divergence as 𝑇 → 0, now known as the Kondo
problem.
Wilson’s breakthrough was to devise a controlled renormalization scheme capa-
ble of accessing the low-energy fixed point of the Kondo model. His NRG ap-
proach demonstrated that at very low temperatures, the magnetic impurity be-
comes screened by conduction electrons, forming a many-body spin singlet. This
non-perturbative screening suppresses further spin-flip scattering, causing the re-
sistivity to saturate instead of diverge. The screened state acts like a static, non-
magnetic impurity, leading to strong elastic scattering but no magnetic contribu-
tion at low 𝑇 . This insight laid the foundation for understanding a wide range of
impurity phenomena, including the emergence of local Fermi liquid behavior.
Building on Wilson’s work, the NRG method was later extended to the Single
Impurity Anderson Model (SIAM), which offers a more general framework incor-
porating charge fluctuations in addition to spin degrees of freedom.

Single-Impurity Anderson Model

The Single Impurity Anderson Model (SIAM), introduced by P.W. Anderson in
1961, is a fundamental model to describe localized electronic levels hybridizing
with a conduction band, especially useful for understanding magnetic impurities
in metals, quantum dots, and the central impurity problem in DMFT. The Hamil-
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tonian is structured as follows:

𝐻SIAM = 𝐻bath +𝐻imp +𝐻hyb,
𝐻bath = ∑

𝑘,𝜎
𝜖𝑘𝑐†𝑘,𝜎𝑐𝑘,𝜎,

𝐻imp = ∑
𝜎

𝜖𝑑𝑛𝑑,𝜎 + 𝑈𝑛𝑑,↑𝑛𝑑,↓,

𝐻hyb = ∑
𝑘,𝜎

𝑣𝑘 (𝑐†𝑘,𝜎𝑑𝜎 + 𝑑†𝜎𝑐𝑘,𝜎) .

(4.11)

Here, 𝐻bath describes a conduction electron reservoir, 𝐻imp represents the impu-
rity orbital with onsite energy 𝜖𝑑 and Coulomb repulsion 𝑈 , and 𝐻hyb encodes
hybridization between the impurity and conduction electrons through tunneling
amplitudes 𝑣𝑘.
The physics of SIAM encapsulates both charge and spin fluctuations. At weak
hybridization or large 𝑈 , the impurity level forms a localized magnetic moment,
and the system enters a Kondo regime at low temperatures. For smaller 𝑈 , charge
fluctuations dominate, and the model reduces to a broadened resonant level.
To study its electronic properties, one typically computes the impurity Green’s
function, defined as:

𝐺𝑑𝜎(𝑡) = −𝑖𝜃(𝑡) ⟨{𝑑𝜎(𝑡), 𝑑†𝜎}⟩ , (4.12)

whose Fourier transform satisfies a Dyson equation:

𝐺−1
𝑑𝜎 (𝜔) = 𝒢−1

𝑑𝜎 (𝜔) − Σ𝑑𝜎(𝜔), (4.13)

𝒢−1
𝑑𝜎 (𝜔) = 𝜔 − 𝜖𝑑 −Δ(𝜔), Δ(𝜔) = ∑

𝑘

𝑣2𝑘
𝜔 + 𝑖𝜂 − 𝜖𝑘

. (4.14)

The Δ(𝜔) encodes the effect of the conduction bath on the impurity. Its imaginary
part,

Γ(𝜔) = −1
𝜋 ImΔ(𝜔), (4.15)

known as Hybridization function is the level broadening or decay rate of an im-
purity electron into the bath. This function plays a central role in characterizing
the Kondo screening and the width of the resonance peak at the Fermi energy.
In subsequent sections, we will show how the NRG algorithm discretizes this prob-
lem and iteratively diagonalizes the resulting Hamiltonian to access dynamical
quantities such as the spectral function and thermodynamic observables over a
wide range of temperatures and energy scales.
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Logarithmic Discretization
One of the central challenges in solving quantum impurity problems such as the
Kondo or Anderson models lies in accurately capturing low-energy excitations near
the Fermi level, where strong correlations dominate. Wilson’s key insight was to
discretize the conduction band on a logarithmic energy scale, thereby isolating
low-energy physics while retaining computational tractability. This procedure is
known as logarithmic discretization.
Assume that the conduction band has an energy range 𝜖 ∈ [−𝐷,𝐷], where 𝐷
is the half-bandwidth. To enhance resolution near 𝜖 = 0, the Fermi energy, the
band is partitioned into intervals that shrink geometrically toward zero using a
discretization parameter Λ > 1. The grid points are placed at ±Λ−𝑛 for 𝑛 =
1, 2, 3,… ,𝑁 , defining intervals:

𝐼±𝑛 = [±Λ−𝑛, ±Λ−𝑛+1].

Within each interval 𝐼±𝑛 , a single representative state is retained, effectively coarse-
graining the conduction band. These representative states are chosen such that the
discretized hybridization function Γdisc(𝜔) (Fig. 4.1) approximates the continuous
Γ(𝜔) accurately:

Γdisc(𝜔) = ∑
𝑛,±

𝛾2
±𝑛𝛿(𝜔 − 𝜉±𝑛).

Here, 𝛾±𝑛 are effective hybridization amplitudes and 𝜉±𝑛 are representative ener-
gies for each bin. A natural and commonly used choice is:

𝛾2
±𝑛 = ∫

𝐼±𝑛

𝑑𝜖 Γ(𝜖), (4.16)

𝜉±𝑛 =
∫𝐼±𝑛

𝑑𝜖 𝜖Γ(𝜖)
∫𝐼±𝑛

𝑑𝜖 Γ(𝜖) . (4.17)

This discretization exponentially enhances resolution at low energies, which is
essential for accurately capturing emergent many-body phenomena such as the
Kondo resonance or the Fermi liquid coherence peak.

Wilson Chain
The logarithmic discretization results in a so-called star geometry, in which the
impurity couples directly to many decoupled energy shells. However, this form
is not suitable for iterative diagonalization. Wilson’s second major contribution
was to map this geometry to a semi-infinite tight-binding chain, known as the
Wilson chain.
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Figure 4.1: Logarithmic discretization for a box shaped hybridization function
with 𝐷 = 1.

This transformation is performed by tridiagonalizing the discretized conduction
electron Hamiltonian via a Lanczos or Gram-Schmidt procedure, yielding a one-
dimensional chain:

𝐻chain = ∑
𝜎

𝑡imp (𝑑†𝜎𝑓0𝜎 + 𝑓†
0𝜎𝑑𝜎) +

∞
∑
𝑙=0

∑
𝜎

[𝑡𝑙 (𝑓†
𝑙𝜎𝑓𝑙+1𝜎 + h.c.) + 𝜖𝑙𝑓†

𝑙𝜎𝑓𝑙𝜎] .

Here:

• 𝑑†𝜎 creates an electron on the impurity,

• 𝑓†
𝑙𝜎 creates an electron at site 𝑙 of the Wilson chain,

• 𝑡𝑙 are hopping amplitudes between neighboring sites,

• 𝜖𝑙 are on-site potentials, often zero in the particle-hole symmetric case.

The crucial feature of the Wilson chain (Fig 4.2) is that the hopping amplitudes
decay exponentially with site index:

𝑡𝑙 ∼ Λ−𝑙/2.

This exponential decay reflects the energy scale separation introduced by the log-
arithmic discretization. It provides the foundation for the iterative diagonal-
ization method: adding a new site corresponds to introducing a much smaller
energy scale, and the higher-energy states from earlier steps can be truncated
without significantly affecting the low-energy physics.
The Wilson chain transforms the quantum impurity problem into a renormal-
ization group flow along the chain, enabling systematic analysis of the crossover
from high-temperature (weak-coupling) to low-temperature (strong-coupling) fixed
points. This structure underlies the success of the Numerical Renormalization
Group in capturing the emergent low-energy behavior of strongly correlated im-
purity models.
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Figure 4.2: Wilson chain where 𝑙 = 0 site (red colored) represents impurity, 𝑡𝑙 is
the hopping parameter between sites 𝑙 − 1 and 𝑙.

Iterative Diagonalization
The Wilson chain obtained after logarithmic discretization of the conduction band
forms the starting point for the Numerical Renormalization Group (NRG)
procedure. The essence of NRG lies in solving the chain iteratively, exploiting the
exponential decay of energy scales introduced by the logarithmic discretization.
The full Hamiltonian for a chain of length 𝐿 can be written as:

𝐻𝐿 = 𝐻imp +𝐻hyb +
𝐿−1
∑
ℓ=0

∑
𝜎

(𝜖ℓ𝑓†
ℓ𝜎𝑓ℓ𝜎 + 𝑡ℓ𝑓†

ℓ𝜎𝑓ℓ+1𝜎 + h.c.) , (4.18)

where 𝐻imp includes the impurity terms and 𝐻hyb is the hybridization between
impurity and the first chain site.
The iterative diagonalization proceeds as follows:

1. Begin with a short Wilson chain (typically of length 𝑙 = 0 or 𝑙 = 1) and
exactly diagonalize the Hamiltonian.

2. Add one more site to the chain, increasing the chain length from 𝑙 → 𝑙 + 1.

3. Diagonalize the enlarged Hamiltonian 𝐻𝑙+1 in the full Hilbert space of the
chain, whose size grows exponentially: dim(ℋ𝑙+1) = 𝑑𝑙+1, where 𝑑 is the
local Hilbert space dimension (e.g., 𝑑 = 4 for spinful fermions per site).

4. Retain only the 𝑁keep lowest energy eigenstates. This truncation is justified
by the energy scale separation: the added site represents physics at expo-
nentially lower energy scales, so high-energy states from earlier iterations are
unlikely to contribute significantly.

5. Repeat the process by adding further sites, building up the Wilson chain
step by step.

Mathematically, the truncated basis at step 𝑙 is denoted:

𝐻𝑙 |𝛼⟩
(𝑙) = 𝐸(𝑙)

𝛼 |𝛼⟩(𝑙) , 𝛼 = 1,… ,𝑁keep.
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These low-lying eigenstates form the basis for the next iteration. Crucially, the
NRG procedure does not attempt to diagonalize the full many-body problem at
once. Instead, it uses a renormalization group logic: solve a hierarchy of effective
Hamiltonians defined on chains of increasing length, keeping only the relevant
low-energy degrees of freedom at each step.

Energy Scale Separation. The justification for truncation relies on the fact
that the hopping amplitudes 𝑡𝑙 ∼ Λ−𝑙/2 decay rapidly. Therefore, the energy scale
introduced by adding site 𝑙 + 1 is ∼ Λ−𝑙/2, which is exponentially smaller than the
energy gap of the previous chain. This justifies using the lowest-energy sector of
𝐻𝑙 to construct 𝐻𝑙+1.

Flow Diagrams and Fixed Points. One of the most powerful outputs of NRG
is the construction of the so-called NRG flow diagram. At each iteration, the
rescaled excitation energies:

𝐸(𝑙)
𝛼 = Λ(𝑙−1)/2(𝐸(𝑙)

𝛼 −𝐸(𝑙)
0 )

are plotted against iteration 𝑙. These energies are renormalized so that the scale
of the lowest energy levels remains comparable across iterations. The flow dia-
gram reveals the RG trajectory of the system: high-energy iterations describe the
ultraviolet (UV) regime, while late iterations approach infrared (IR) fixed points.
For instance, in the Kondo model, the flow begins in the local moment regime and
ends in a strong-coupling screened singlet regime.

Thermodynamics. At each iteration, thermodynamic quantities such as impu-
rity entropy, specific heat, or susceptibility can be computed from the truncated
spectrum using the partition function:

𝑍(𝑙) = ∑
𝛼

𝑒−𝛽𝐸(𝑙)
𝛼 , 𝑆(𝑙) = −∑

𝛼
𝑝𝛼 log 𝑝𝛼,

where 𝑝𝛼 = 𝑒−𝛽𝐸(𝑙)
𝛼 /𝑍(𝑙). By associating a temperature 𝑇𝑙 ∼ Λ−𝑙/2 with each itera-

tion, one can map out thermodynamic behavior over many decades of temperature.

Accuracy and Limitations. The choice of truncation parameter 𝑁keep controls
the tradeoff between computational cost and accuracy. Larger values give better
precision but increase memory and time requirements. Typical NRG implemen-
tations keep 𝑁keep ∼ 500 − 1000 states. The energy scale separation becomes less
reliable at high temperatures or for sharp spectral features at intermediate scales.

99



In summary, iterative diagonalization in NRG systematically builds up the low-
energy physics of quantum impurity models. It provides access to both thermody-
namics and dynamics across many orders of magnitude in energy, with exceptional
resolution near the Fermi level.

4.3 Dynamical Correlations in NRG

A major strength of the Numerical Renormalization Group (NRG) lies in its abil-
ity to compute real-frequency dynamical quantities with high resolution at low
energies. These include spectral functions, Green’s functions, susceptibilities, and
various correlation functions. In this section, we outline how dynamical corre-
lations are computed in NRG and describe two complementary frameworks: the
Density Matrix NRG (DM-NRG) and the Full Density Matrix NRG (FDM-NRG).

Spectral Functions and the Lehmann Representation
Let 𝐴 and 𝐵 be two generic fermionic or bosonic operators (e.g., 𝑑𝜎 and 𝑑†𝜎). The
retarded Green’s function is defined by:

𝐺𝐴𝐵(𝑡) = −𝑖𝜃(𝑡)⟨[𝐴(𝑡), 𝐵(0)]±⟩, (4.19)

where the ± sign refers to fermionic (anticommutator) or bosonic (commutator)
statistics. Fourier transforming to frequency space, we obtain:

𝐺𝐴𝐵(𝜔) = ∫
∞

−∞

𝜌𝐴𝐵(𝜔′)
𝜔 − 𝜔′ + 𝑖𝜂 𝑑𝜔′, (4.20)

where 𝜌𝐴𝐵(𝜔) is the spectral function defined by:

𝜌𝐴𝐵(𝜔) = −1
𝜋 Im𝐺𝐴𝐵(𝜔). (4.21)

Using the Lehmann representation, the spectral function can be written in terms
of the eigenstates |𝑛⟩ and |𝑚⟩ of the full many-body Hamiltonian:

𝜌𝐴𝐵(𝜔) = ∑
𝑚𝑛

𝑒−𝛽𝐸𝑛

𝑍 (⟨𝑛|𝐴|𝑚⟩⟨𝑚|𝐵|𝑛⟩𝛿(𝜔 − 𝐸𝑚 +𝐸𝑛) ∓ ⟨𝑛|𝐵|𝑚⟩⟨𝑚|𝐴|𝑛⟩𝛿(𝜔 + 𝐸𝑚 −𝐸𝑛)) ,
(4.22)

where 𝑍 = ∑𝑛 𝑒−𝛽𝐸𝑛 is the partition function and 𝛽 = 1/𝑘𝐵𝑇 .

DM-NRG: Reduced Density Matrix Method
The DM-NRG method [118] computes spectral functions using a reduced density
matrix constructed at a specific iteration 𝑁 corresponding to a low temperature
𝑇𝑁 ∼ Λ−𝑁/2. The steps are as follows:
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Figure 4.3: Reduced density matrix obtained by tracing out “environment” degrees
of freedom of the chain

• Diagonalize the Wilson chain iteratively up to iteration 𝑁 to obtain the
eigenstates |𝑚⟩𝑁 and eigenenergies 𝐸𝑁

𝑚.

• Construct the thermal density matrix:

𝜌 = ∑
𝑚

𝑒−𝛽𝐸𝑁
𝑚

𝑍 |𝑚⟩𝑁 ⟨𝑚|𝑁 . (4.23)

• Trace out the environment degrees of freedom (Fig. 4.3) (i.e., chain sites
𝑙 > 𝐿) to obtain the reduced density matrix:

𝜌red = Trenv 𝜌. (4.24)

• Evaluate the spectral function using this reduced density matrix in the
Lehmann representation.

While effective at low temperatures, DM-NRG suffers from the problem that only
a single shell (energy scale) contributes to each frequency, leading to violations of
spectral sum rules and thermodynamic inconsistencies.

FDM-NRG: Full Density Matrix Approach
To resolve the limitations of DM-NRG, the Full Density Matrix NRG (FDM-NRG)
was introduced [119]. This method uses the complete Anders-Schiller basis [120],
built from all discarded states at every iteration. The central idea is that discarded
states form an approximately complete basis for the full Hilbert space:

∑
𝑙,𝛼,𝑒𝑙

|𝛼, 𝑒𝑙⟩𝐷 ⟨𝛼, 𝑒𝑙|𝐷 ≈ 𝕀, (4.25)

where |𝛼, 𝑒𝑙⟩𝐷 represents a discarded state at iteration 𝑙 with an environment
configuration 𝑒𝑙.
The density matrix is then expressed as:

𝜌 = ∑
𝑙

𝑤𝑙𝜌(𝑙)D , (4.26)
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where 𝑤𝑙 = 𝑑𝑁−𝑙𝑍𝑙/𝑍 is a weight factor and 𝜌(𝑙)D is the thermal density matrix over
the discarded states of iteration 𝑙.
The spectral function is then computed as:

𝜌𝐴𝐵(𝜔) = ∑
𝑙

𝑤𝑙𝜌(𝑙)𝐴𝐵(𝜔), (4.27)

ensuring exact satisfaction of spectral sum rules and thermodynamic consistency.

Broadening and Continuum Reconstruction
Since the raw spectral function from NRG consists of discrete delta peaks (from
transitions between eigenstates), a broadening procedure is required to obtain a
smooth spectrum. The commonly used broadening kernel 𝐾(𝜔,𝐸) interpolates
between log-Gaussian (for |𝜔| ≫ 𝑇 ) and Gaussian (for |𝜔| ≲ 𝑇 ) forms:

𝐾(𝜔,𝐸) = 𝜃(𝜔𝐸)
𝛼|𝜔|√𝜋 exp(−( log(𝜔/𝐸)

𝛼 − 𝛾)
2
)ℎ(|𝜔|)

+ 1
𝜔0

√𝜋 exp(−(𝜔 − 𝐸
𝜔0

)
2
)(1 − ℎ(|𝜔|)) , (4.28)

ℎ(𝜔) = exp(−( log(𝜔/𝜔0)
𝛼 )

2
), 𝛾 = 𝛼/4. (4.29)

Here, 𝛼 is the broadening parameter, and 𝜔0 ∼ 𝑇 is the crossover energy scale.
The choice of broadening function is crucial for balancing frequency resolution and
smoothness.

Advantages of NRG for Dynamics
• Real-frequency data: Unlike Monte Carlo methods, NRG works directly

in the real frequency domain.

• Low-temperature resolution: NRG excels at resolving sharp features
(e.g., Kondo resonance) near the Fermi level at 𝑇 ≪ 𝑇𝐾.

• Thermodynamic consistency: FDM-NRG ensures exact fulfillment of
sum rules and thermodynamic quantities.

• Versatility: Spectral functions for fermionic, bosonic, or mixed operators
can all be computed.

In the next chapter, we shall illustrate how these methods are applied to compute
physical observables within DMFT, including impurity spectral functions, self-
energy, and conductivity.
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Chapter 5

Spin-Charge Dynamics and the
Coherent to incoherent Crossover in the
Hubbard Model

In the preceding chapter, we developed the theoretical and numerical infrastructure
underlying the Numerical Renormalization Group (NRG) method, and outlined
how it functions as an impurity solver within the framework of Dynamical Mean
Field Theory (DMFT). In this chapter, we move from formulation to application:
our goal is to implement the NRG-based DMFT self-consistency loop for the one-
band Hubbard model and to analyze the resulting physical observables with a
focus on spin and charge dynamics.
Beyond presenting computational results, we aim to extract clear physical insights
into the nature of correlated electron behavior, especially across the Mott metal-
insulator transition (MIT), the coherence-incoherence crossover, and the evolution
of spectral properties with temperature. The key idea driving this chapter is that
spin and charge excitations do not necessarily behave in tandem: their dissipation
mechanisms, coherence scales, and transport properties exhibit subtle, and some-
times striking, differences. We attempt to clarify these dynamics using NRG’s
strength in resolving low-energy features with high fidelity.

5.1 Introduction: Motivation and Context

The correlation-driven Mott metal-insulator transition (MIT) [8, 116, 121–124]
has long been a central topic in condensed matter physics. While bandwidth-
and filling-controlled MITs are by now reasonably well understood from a one-
particle perspective [125–127], the behavior of two-particle observables—namely,
the collective, dynamical fluctuations of spin and charge remains an active and
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challenging area of research.
Experimental advances over the past two decades have elevated this question to the
forefront. In particular, resonant inelastic X-ray scattering (RIXS) [128–134] and
momentum-resolved electron energy loss spectroscopy (m-EELS) [110, 134] have
enabled unprecedented access to frequency- and momentum-resolved charge and
spin dynamics. While RIXS provides simultaneous information about spin and
charge responses, m-EELS predominantly probes the dynamic dielectric function
1/𝜖(q, 𝜔), offering a complementary window into collective charge modes.
These developments demand a detailed theoretical understanding of two-particle
dynamics in the vicinity of the MIT. Yet, many analytical tools struggle to com-
pute irreducible vertices or dynamical susceptibilities with controlled accuracy.
In this light, numerical methods—in particular Dynamical Mean Field Theory
(DMFT)—have emerged as leading candidates for providing such insights. The
DMFT approximation becomes particularly effective near the MIT, where spatial
fluctuations are suppressed, and the problem becomes locally dominated.
An associated, and arguably deeper, puzzle is the nature of the quantum-to-
classical crossover near the MIT. In many correlated materials—such as Sr2RuO4—
a coherence scale 𝑇𝑐𝑜ℎ of order 10–20 K is observed, below which quasiparticle
excitations acquire coherence, while above it, the system enters an incoherent,
often anomalous metallic state. DMFT and ECFL studies [31, 39] have success-
fully captured various aspects of this crossover, particularly for one- and multiband
Hubbard models. But the fate of two-particle responses—specifically, how spin and
charge fluctuations evolve across this crossover—remains insufficiently explored.
While continuous-time quantum Monte Carlo (CTQMC) is a powerful and widely
used impurity solver in DMFT, it faces significant challenges at low temperatures
due to both computational cost and the ill-posed nature of analytic continuation.
In contrast, NRG is ideally suited for studying spectral and dynamical properties
at low frequencies and temperatures. Despite this, NRG-based DMFT implemen-
tations have been underutilized for probing collective spin and charge dynamics,
particularly in the context of two-particle responses like susceptibilities and diffu-
sion spectra.

Objectives of this Chapter

In this chapter, we address the above gaps by using NRG as a robust impurity
solver to investigate spin and charge dynamics in the single-band Hubbard model
within DMFT. Our study is guided by two main goals:
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1. To trace the evolution of spin and charge fluctuations across the Mott tran-
sition at very low temperatures.

2. To characterize their behavior across the coherence-incoherence crossover,
identifying distinct coherence scales for spin and charge and their implica-
tions for transport.

We employ both the Density Matrix NRG (DMNRG) and the Full Density Matrix
NRG (FDM-NRG) formulations, analyzing their relative strengths and limitations
in resolving low-frequency spectral features. Through the lens of dynamical sus-
ceptibilities, characteristic frequency scales, spectral shape diagnostics (such as
kurtosis), Kullback-Leibler divergence, and diffusion constants, we seek to articu-
late a coherent physical picture of how local bosonic (spin/charge) modes emerge,
evolve, and eventually decohere in strongly correlated electron systems.
We conclude by discussing the implications of our findings for broader classes
of models—particularly multiorbital or cluster extensions of DMFT—where non-
Fermi liquid behavior may persist to the lowest temperatures due to partial Mott
localization or orbital-selective phenomena.

5.2 Model and Method

In this section, we summarize the minimal ingredients and computational tools
used to study the spin and charge dynamics within the single-band Hubbard model.
Since the model and its physical motivation have already been thoroughly intro-
duced in earlier chapters, we focus here on the specific implementation of DMFT
and the NRG impurity solver as applied to our problem.
We begin by restating the Hubbard Hamiltonian for reference:

ℋ = −𝑡 ∑
⟨𝑖𝑗⟩,𝜎

(𝑐†𝑖𝜎𝑐𝑗𝜎 + h.c.) + 𝑈 ∑
𝑖

𝑛𝑖↑𝑛𝑖↓ − 𝜇∑
𝑖𝜎

𝑛𝑖𝜎, (5.1)

where 𝑡 is the nearest-neighbor hopping amplitude, 𝑈 is the local Coulomb repul-
sion, and 𝜇 is the chemical potential. 𝑐(†)𝑖𝜎 are the standard fermionic creation and
annihilation operators, and 𝑛𝑖𝜎 = 𝑐†𝑖𝜎𝑐𝑖𝜎.
The Dynamical Mean Field Theory (DMFT) maps the lattice model onto a self-
consistent quantum impurity model embedded in a dynamical bath. Within this
formalism, the local Green’s function is given by:

𝐺(𝜔) = ∫𝑑𝜖 𝜌(𝜖) [𝜔 + 𝜇 − 𝜖 − Σ(𝜔)]−1 , (5.2)
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where 𝜌(𝜖) is the non-interacting density of states, and Σ(𝜔) is the local self-energy.
The self-consistency condition is imposed through the so-called Weiss field, or non-
interacting impurity Green’s function:

𝒢−1
0 (𝜔) = 𝜔 + 𝜇 −Δ(𝜔), (5.3)

with Δ(𝜔) the hybridization function describing the coupling between the impurity
and the bath.
For all calculations presented in this work, we employ a Bethe lattice with a semi-
elliptic density of states, 𝜌(𝜖) = 2

𝜋𝐷2

√
𝐷2 − 𝜖2, where𝐷 = 2𝑡 is the half-bandwidth.

The hybridization function then simplifies to Δ(𝜔) = 𝑡2𝐺(𝜔).
To solve the quantum impurity problem, we utilize the Numerical Renormaliza-
tion Group (NRG). NRG discretizes the conduction bath logarithmically using a
discretization parameter Λ > 1 and maps the impurity model onto a semi-infinite
Wilson chain. The hopping amplitudes along this chain decay exponentially with
site index, ∼ Λ−𝑙/2, enabling a natural separation of energy scales. At each itera-
tion, the Hamiltonian is diagonalized by retaining only the lowest-lying eigenstates,
allowing access to low-energy physics in a controlled manner.
The Green’s function 𝐺𝐴𝐵(𝑡) for two operators 𝐴 and 𝐵 is computed via the
real-time correlation function:

𝐺𝐴𝐵(𝑡) = −𝑖𝜃(𝑡)⟨[𝐴(𝑡), 𝐵]±⟩, (5.4)
with the ± sign denoting commutator or anticommutator depending on the bosonic
or fermionic nature of the operators. The spectral function is obtained from its
Fourier transform:

𝐺𝐴𝐵(𝜔) = ∫
∞

−∞

𝜌𝐴𝐵(𝜔1)
𝜔 − 𝜔1

𝑑𝜔1, (5.5)

where the spectral density is 𝜌𝐴𝐵(𝜔) = − 1
𝜋Im𝐺𝐴𝐵(𝜔).

For the local fermionic Green’s function, 𝐴 and 𝐵 are chosen as 𝑐 and 𝑐†, yield-
ing the electronic density of states 𝐴(𝜔). Similarly, the local charge and spin
susceptibilities are defined via the number operator 𝑛 and the spin operator 𝑠:

𝑛 = ∑
𝜎=↑,↓

𝑐†𝜎𝑐𝜎, (5.6)

𝑠 = 𝑐†↑𝑐↑ − 𝑐†↓𝑐↓, (5.7)
leading to

𝜒𝑛(𝜔) = ∫
∞

−∞
𝑑𝑡 𝑒𝑖𝜔𝑡 (−𝑖𝜃(𝑡)⟨[𝑛(𝑡), 𝑛]⟩) , (5.8)

𝜒𝑠(𝜔) = ∫
∞

−∞
𝑑𝑡 𝑒𝑖𝜔𝑡 (−𝑖𝜃(𝑡)⟨[𝑠(𝑡), 𝑠]⟩) . (5.9)
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Spectral functions are broadened using a log-Gaussian kernel to extract contin-
uous spectra from the discrete NRG data. We apply a hybrid kernel smoothly
interpolating between log-Gaussian and Gaussian forms, as described in the main
text. Parameters used include 𝛼 = 0.1−0.5, and calculations are performed using
the NRG Ljubljana code with Λ = 2, 𝑁𝑧 = 8. A refined self-energy trick improves
convergence and resolution.
In the subsequent sections, we present the results for spin and charge spectral
functions obtained via both DMNRG and FDM-NRG. We also define and analyze
the diffusion spectrum 𝑃𝑛/𝑠(𝜔):

𝑃𝑛/𝑠(𝜔) =
Im𝜒𝑛/𝑠(𝜔)
𝜋𝜔𝜒𝑛/𝑠

, (5.10)

which captures the frequency-resolved energy dissipation of spin and charge excita-
tions. All frequency and temperature scales are normalized by the half-bandwidth
𝐷 throughout.

5.3 Half-Filled Hubbard Model

Comparative Analysis of Diffusion Spectra Using DMNRG
and FDM Methods
In this subsection, we undertake a detailed comparative analysis of the spin and
charge diffusion spectra, 𝑃𝑛/𝑠(𝜔), computed using two complementary variants of
the Numerical Renormalization Group: the Density Matrix NRG (DMNRG) and
the Full Density Matrix (FDM) approach. Each method has distinct advantages:
DMNRG is known for its high resolution at low temperatures, while FDM is
more versatile across a broader temperature range. Here, we focus on the low-
temperature regime with 𝑇/𝐷 = 0.001, under half-filling conditions, and critically
assess how well each method captures the low-frequency structure and overall
spectral profile.
Figure 5.1 shows the evolution of the spin diffusion spectrum (SDS), 𝑃𝑠(𝜔), as
a function of 𝑈/𝐷 for the metallic phase of the half-filled Hubbard model at
𝑇/𝐷 = 0.001. It is well established that a weakly correlated Landau Fermi liquid
(LFL) evolves smoothly into a strongly correlated LFL with increasing 𝑈/𝐷. The
hallmark of this crossover is the emergence of a narrow lattice Kondo resonance,
which reflects the coherent propagation of heavy quasiparticles. This behavior
stems from the many-body screening of local magnetic moments by conduction
electrons—the so-called lattice Kondo effect. When the temperature exceeds the
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coherence scale 𝑇𝑐𝑜ℎ, the Kondo singlet is thermally destroyed, reviving local mo-
ment fluctuations and suppressing the resonance.
The spin diffusion spectrum evolves in tandem with this crossover. At weak cou-
pling (small 𝑈/𝐷), 𝑃𝑠(𝜔) displays a broad lineshape, signifying the absence of
robust local moments. As 𝑈/𝐷 increases, itinerance is suppressed, and local mo-
ments begin to form, enhancing low-energy spin fluctuations. Consequently, the
spectrum narrows and peaks sharply at 𝜔 = 0. In the Mott insulating regime
(𝑈/𝐷 > 3.0), 𝑃𝑠(𝜔) collapses into a delta function at zero frequency. This reflects
the site-local, degenerate magnetic fluctuations of the Mott state, which are un-
correlated in space due to the local nature of DMFT. It is worth noting that in
more refined treatments with non-local correlations, such local moments would be
expected to form singlets at low energies, thereby gapping out this feature.
Figure 5.1(a) presents the DMNRG results, showing continuous and smooth spec-
tral evolution across the interaction range. The method reliably captures the pro-
gressive narrowing of the spectrum and the enhancement of low-frequency spectral
weight. This underscores DMNRG’s accuracy and stability in resolving low-energy
physics. By contrast, the FDM-derived spectra in Fig. 5.1(b) reproduce the gross
features but exhibit a pronounced and unphysical dip at 𝜔 = 0. This artifact, aris-
ing from inaccuracies in the low-frequency slope of the dynamical susceptibility,
is amplified upon computing 𝑃𝑠(𝜔) = Im𝜒𝑠(𝜔)/𝜋𝜔𝜒𝑠, as the denominator diverges
at small 𝜔.
This comparison highlights the strengths and limitations of each method. DMNRG
provides a high-fidelity representation of the diffusion spectrum at low tempera-
tures and energies, while FDM, although robust for higher 𝑇 , requires caution
when interpreting results near 𝜔 = 0. For problems where low-energy precision
is essential—such as coherence-incoherence crossovers and transport anomalies—
DMNRG emerges as the more reliable tool.

Analysis of the Charge Diffusion Spectrum
The charge diffusion spectrum, presented in Fig. 5.2, exhibits markedly dis-
tinct characteristics compared to its spin counterpart. At low temperature
𝑇/𝐷 = 0.001, and for small-to-moderate 𝑈/𝐷, the charge diffusion spectrum
𝑃𝑛(𝜔) at half-filling shows a two-subband structure. This structure broadens as
𝑈/𝐷 increases, accompanied by a steady suppression of spectral weight at low fre-
quencies. As the system enters the strongly correlated Fermi liquid (FL) regime,
a remarkable transformation occurs: 𝑃𝑛(𝜔) develops a sharp, narrow split-peak
centered around 𝜔 = 0, which coexists with high-energy, incoherent Hubbard-like
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Figure 5.1: (a) Spin diffusion spectrum for half-filling using DMNRG at 𝑇/𝐷 =
0.001. (b) Spin diffusion spectrum for half-filling using FDM at 𝑇/𝐷 = 0.001.

bands. Interestingly, while the width of this low-energy feature decreases with
𝑈/𝐷, its height remains approximately constant. This spectral evolution mirrors
the development of a sharp Kondo resonance in the one-fermion spectrum and
reflects the emergence of long-lived, heavy quasiparticles.
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Figure 5.2: (a) Charge diffusion spectrum for half-filling using DMNRG at 𝑇/𝐷 =
0.001. (b) Charge diffusion spectrum for half-filling using FDM at 𝑇/𝐷 = 0.001.

This behavior can be understood in terms of the underlying symmetry structure of
the half-filled Hubbard model. The true symmetry group is 𝑂(4)/ℤ2 = 𝑆𝑈(2)spin×
𝑆𝑈(2)charge, where the charge sector is associated with the pseudospin operators
𝜏+ = 𝑐†↑𝑐†↓ , 𝜏− = 𝑐↓𝑐↑, and 𝜏𝑧 = (1 − 𝑛↑ − 𝑛↓)/2. These operators generate an
SU(2) algebra and are related to spin operators by a particle-hole transformation
on one spin species.
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At small 𝑈/𝐷, strong itinerance driven by 𝑡 prevents the coherent formation of
charge pseudospins, and this is reflected in the broad, incoherent two-band struc-
ture of 𝑃𝑛(𝜔). As 𝑈/𝐷 increases, reduced itinerance allows charge pseudospins
to “preform” and undergo a Kondo-like screening process. Importantly, this does
not require conventional spin-Kondo screening but merely that the quasiparticles
become sufficiently heavy for charge-pseudospin dynamics to manifest. When the
charge-pseudospin fluctuation timescale 𝜏𝑐ℎ ∼ ℏ/(𝑘𝐵𝑇 𝑐ℎ

coh) becomes comparable to
the fermion hopping timescale 𝜏 ∼ ℏ/𝐷, charge fluctuations can be dynamically
quenched.
Achieving full Landau Fermi liquid behavior requires both spin and charge pseu-
dospin fluctuations to be quenched, leading to two distinct coherence scales: 𝑇 𝑠

coh
for spin and 𝑇 𝑐ℎ

coh for charge, with 𝑇FL = 𝑇 𝑠
coh < 𝑇 𝑐ℎ

coh. This two-step process is
reflected in resistivity measurements, which exhibit three regimes: a bad metal
phase with 𝜌𝑑𝑐(𝑇 ) ∼ 𝜌0 +𝐴1𝑇 , a quantum-incoherent regime with 𝜌𝑑𝑐(𝑇 ) ∼ 𝐴2𝑇 ,
and a low-temperature Fermi liquid phase with 𝜌𝑑𝑐(𝑇 ) ∼ 𝐵𝑇 2. Our results sug-
gest that these regimes correspond to: (i) no pseudospin quenching, (ii) charge
pseudospin quenched but spin unquenched, and (iii) both sectors quenched.
In the insulating phase at 𝑈/𝐷 = 0.29 and 0.30, 𝑃𝑛(𝜔) shows a clear suppression
near 𝜔 = 0, signifying a charge gap characteristic of the Mott insulator. This gap is
approximately twice the single-particle DOS gap, as shown in Fig. 5.3, indicating
the energy cost of particle-hole excitations.
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Figure 5.3: Energy gap comparison for single-particle DOS and charge diffusion
spectra. Dotted lines represent the single-particle density of states, and solid lines
represent the charge diffusion.

Turning to the comparative evaluation of DMNRG and FDM, we observe in
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Fig. 5.2 that DMNRG yields a smoother and physically consistent spectrum with
a low-frequency peak that accurately captures the emergence of coherence. In con-
trast, FDM results display a persistent spurious dip near 𝜔 = 0 across all tested
𝑈 values. This artifact stems from slope errors in the charge susceptibility, which
get amplified upon division by 𝜔 in the definition of 𝑃𝑛(𝜔). A detailed analysis
of this low-frequency behavior and strategies for artifact reduction in FDM are
discussed in Appendices E and F.
While FDM remains valuable for broader spectral studies, it lacks the precision
required for quantitative low-frequency physics. In contrast, DMNRG proves su-
perior in resolving coherent features central to transport and dynamical correlation
studies in strongly correlated systems.

5.4 Doped Hubbard Model

We now turn to the doped Mott insulating regime of the Hubbard model at inter-
action strength 𝑈 = 4.0, focusing on doping concentrations 𝛿 = 0.1, 0.15, 0.2, and
0.25. Our primary goal is to explore how spin and charge diffusion spectra evolve
with temperature in these doped regimes. Figure 5.4 shows representative results
for 𝛿 = 0.1, obtained using Full Density Matrix Numerical Renormalization Group
(FDM-NRG) combined with Pade analytic continuation, using a broadening pa-
rameter 𝜂/𝐷 = 0.05 for stable and accurate results.
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Figure 5.4: (a) Spin diffusion spectrum and (b) charge diffusion spectrum at
various temperatures for 𝛿 = 0.1 obtained through Pade analytic continuation
(𝜂/𝐷 = 0.05).

The spin diffusion spectrum (SDS) shows a dominant peak centered at 𝜔 = 0,
indicating robust low-energy spin excitations. In contrast, the charge diffusion
spectrum (CDS) reveals a more intricate structure, with distinct peaks spanning
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both low and high energy ranges. Figure 5.5 displays the single-particle density
of states (DOS) for comparison, highlighting the presence of a sharp quasiparticle
peak—hallmark of Fermi liquid (FL) behavior—at similar doping.

A remarkable feature in both SDS and CDS is the emergence of isosbestic points:
characteristic frequencies 𝜔𝑠 ≈ 0.07 for spin and 𝜔𝑐 ≈ 0.5 for charge, at which the
spectra remain essentially unchanged with temperature. The existence of such 𝑇 -
invariant crossing points is a hallmark of spectral weight redistribution driven by
thermal fluctuations, and serves as a fingerprint of coherent-to-incoherent crossover
dynamics. In the SDS, the spectral evolution with doping largely mirrors the
undoped case, albeit with enhanced damping due to mobile carriers. The CDS, on
the other hand, exhibits pronounced low-energy restructuring—a clear deviation
from the half-filled case.

Doping explicitly breaks particle-hole symmetry, and reduces the full 𝑆𝑈(2) ×
𝑆𝑈(2) symmetry of the half-filled Hubbard model to 𝑈(1) × 𝑆𝑈(2). The chem-
ical potential term 𝜇∑𝑖 𝑛𝑖 couples directly to charge but not spin, acting as an
external field that alters the phase landscape. This suppresses violent charge-
phase fluctuations and enables more coherent low-energy charge dynamics. In the
large-𝑈 Kondo regime, the CDS features a distinct low-energy peak, enhanced
compared to half-filling. As temperature increases, this peak broadens and be-
comes overdamped, reflecting thermally driven destruction of charge pseudospin
coherence.

The weight reduction of the low-energy CDS peak with temperature again un-
derscores the prerequisite of well-formed one-fermion excitations for coherent low-
energy charge fluctuations. As 𝑇 increases, spectral weight shifts from high to low
energy in a manner that becomes progressively incoherent. Meanwhile, in the SDS,
thermal smearing weakens the central peak and transfers spectral weight to higher
energies beyond the isosbestic point. While a complete sum-rule based derivation
is left for future work, we speculate that these isosbestic points are connected to
sum rules involving charge compressibility and local moment conservation.

To quantitatively characterize the crossover from coherent to incoherent behavior,
we employ four complementary diagnostics: characteristic frequency scale Ω𝑛/𝑠,
Kullback-Leibler divergence (KLD), kurtosis, and diffusion constant. Each mea-
sure probes different aspects of the spectral structure—mean fluctuation energy,
deviation from reference distributions, sharpness or flatness of spectra, and trans-
port properties respectively. Together, they provide a multi-faceted understanding
of how spin and charge excitations evolve under doping and temperature.
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Figure 5.5: Density of states at various temperatures for 𝛿 = 0.10.

Characteristic Frequency Scale and Quantum-Classical
Transitions

The diffusion spectrum 𝑃𝑛/𝑠(𝜔) is symmetric about zero and captures both ab-
sorption and emission processes of local, bosonic-like spin and charge excitations.
To quantify the mean energy scale of these fluctuations, we compute the positive-
frequency-weighted average:

Ω𝑛/𝑠 = ∫
∞

0
𝑑𝜔𝜔𝑃𝑛/𝑠(𝜔). (5.11)

This quantity acts as a thermometer for quantum-to-classical transitions. By
comparing Ω𝑛/𝑠 to 𝑘𝐵𝑇 , we assess the temperature at which fluctuations lose
coherence and become classical. Figure 5.6 shows the doping evolution of Ω𝑛/𝑠,
while Fig. 5.7 displays the corresponding inverse static susceptibilities.
Our findings reveal a clear hierarchy: spin excitations become classical at lower
temperatures than their charge counterparts. This separation implies a two-stage
coherence loss—first spin, then charge—highlighting a crucial mechanism behind
non-Fermi liquid behavior. In particular, the coexistence of incoherent spin back-
grounds with quantum-coherent charge dynamics can manifest as linear-𝑇 resistiv-
ity. At higher 𝑇 , when even charge coherence breaks down, this leads to a second,
more diffusive linear-𝑇 regime—the so-called “bad metal.” Below both coherence
scales, full Fermi liquid behavior is recovered.
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Figure 5.7: Temperature dependence of (a) inverse spin susceptibility and (b)
inverse charge susceptibility at 𝛿 = 0.1.

Kullback-Leibler Deviation Analysis
Analyzing the diffusion spectrum 𝑃𝑛/𝑠(𝜔) through the Kullback-Leibler (KL) diver-
gence provides deeper insights beyond those offered by the characteristic frequency
scale Ω𝑛/𝑠. While Ω𝑛/𝑠 captures the energy scale at which quantum-to-classical
transitions occur, the KL divergence highlights how the overall distribution shifts
across temperature regimes, offering a more detailed picture of the system’s evo-
lution.
The KL divergence is particularly useful for identifying anomalous temperature
ranges in the cdrossover regions that may not align neatly with the expected Fermi
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liquid or incoherent behavior. This analysis can reveal intermediate or mixed
regimes that Ω𝑛/𝑠 might overlook, providing an additional layer of understanding
about the system’s behavior. By measuring how 𝑃𝑛/𝑠(𝜔) departs from a reference
state, such as a Fermi liquid distribution, the KL divergence can pinpoint subtle
deviations that characterize the crossover from coherent to incoherent behavior.
Furthermore, the KL divergence is sensitive to the finer features of the diffusion
spectra, such as variations in width, shape, and peak positions, which may not
be fully captured by Ω𝑛/𝑠. This sensitivity allows for a more detailed assessment
of how energy dissipation and transport properties evolve with temperature. For
instance, differences in the way spin and charge spectra respond to temperature
changes can be highlighted, shedding light on the underlying interactions and
correlation effects that influence transport and scattering processes. Given a ref-
erence probability distribution 𝑃(𝜔) , the KL Divergence with respect to another
distribution 𝑄(𝜔) is defined as

𝐾𝐿𝐷(𝑃 ||𝑄) = ∫
∞

−∞
𝑑𝜔𝑃(𝜔) log 𝑃(𝜔)

𝑄(𝜔) (5.12)

Fig. 5.8 illustrates the KL deviation for spin and charge when compared to their
respective Fermi liquid reference distributions. The analysis shows that the spin
KLD remains aligned with the Fermi liquid reference up to a crossover tempera-
ture lower than that for charge, indicating that charge excitations maintain coher-
ent quasiparticle-like quantum behavior over a broader temperature range. This
reflects the separate scales associated with persistence of quantum coherence in
charge and spin dynamics before both eventually transit to a more classical, dif-
fusive state.
In contrast, the charge KLD begins to deviate from the Fermi liquid reference
at a higher temperature, suggesting that charge excitations lose their coherent,
Fermi liquid character at 𝑇 higher than that for spin excitations. This difference
in the temperature behavior of spin and charge KLDs has significant implications
for understanding transport properties in strongly correlated systems, indicating
a quicker breakdown of quantum coherence for spin fluctuations as 𝑇 increases.
The KL deviation offers a complementary perspective to Ω𝑛/𝑠 by providing a
quantitative measure of how closely the system’s state at a given 𝑇 matches an
established regime, such as a Fermi liquid or an incoherent state. This added
layer of analysis can help uncover subtle shifts and complex crossovers that the
characteristic frequency scale alone might not reveal, thereby helping enhance our
understanding of the intricate interplay between spin and charge dynamics in the
doped Hubbard model.

117



10 3 10 2 10 1

T/D
0.000

0.005

0.010

0.015

0.020

0.025

0.030

KL
D

(P
FL s

||Q
s)

(a)

=0.10
=0.15
=0.20
=0.25

10 3 10 2 10 1

T/D
0.000

0.005

0.010

0.015

0.020

0.025

0.030

KL
D

(P
FL n

||Q
n)

(b)

=0.10
=0.15
=0.20
=0.25

Figure 5.8: (a) KL divergence for spin diffusion spectra with reference distribution
in FL phase.(b) KL divergence for charge diffusion spectra with reference distri-
bution in FL phase.

Understanding Kurtosis in the Diffusion Spectrum
Examining the kurtosis of spin and charge diffusion spectra provides valuable
insights that go beyond those offered by the characteristic frequency scale Ω𝑛/𝑠
and the KL divergence. While Ω𝑛/𝑠 and KL divergence offer a broad understanding
of energy scales and deviations from reference distributions, kurtosis delves deeper
into the shape and tail behavior of the spectrum, shedding light on the nature of
excitations within the system.
Kurtosis, defined as:

𝐾𝑢𝑟𝑡 =
∫∞
−∞ 𝜔4𝑃𝑛/𝑠(𝜔)𝑑𝜔

(∫∞
−∞ 𝜔2𝑃𝑛/𝑠(𝜔)𝑑𝜔)

2 , Excess Kurtosis = 𝐾𝑢𝑟𝑡 − 3 (5.13)

quantifies the sharpness or “tailedness” of a distribution. High kurtosis indicates a
spectrum with pronounced peaks and heavy tails, signifying concentrated energy
dissipation or fluctuations around specific frequencies. Conversely, low kurtosis
suggests a flatter, more evenly distributed spectrum, pointing to a more uniform
spread of excitations. This analysis provides a detailed view of the system’s behav-
ior across temperature changes, highlighting aspects that characteristic frequency
scales and KL divergence do not capture.
While Ω𝑛/𝑠 provides an average measure of excitation energy and the KL diver-
gence helps identify deviations from reference states to illustrate how distributions
shift away from known behaviors, neither metric addresses the distribution’s sharp-
ness or tailedness directly. This is where kurtosis brings additional insights. For
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Figure 5.9: Excess kurtosis for spin and charge diffusion spectra at 𝑈 = 4

example, high kurtosis at low temperatures indicates sharp, coherent excitations
characteristic of a Fermi liquid state. As temperature increases, a decrease in
kurtosis could imply a broadening of the distribution, signaling the shift to more
diffuse excitations typical of an incoherent or classical state.
The kurtosis analysis also helps differentiate the temperature response of spin and
charge excitations. This complements findings from the KL divergence, indicating
not only when spin and charge begin to diverge from Fermi liquid behavior but
also how the distribution properties change as they move toward incoherence.
Overall, kurtosis complements the analysis by showing when the system retains
sharp excitations or transitions to a more uniform distribution with temperature.
This helps understanding the stability of spin and charge excitations as they move
from quantum coherence to classical diffusion. When combined with insights from
Ω𝑛/𝑠 and the KL divergence, kurtosis offers a comprehensive view of how spin
and charge dynamics evolve across temperature regimes. Since kurtosis can be
experimentally extracted from charge- and spin-fluctuation spectra and related to
the corresponding dynamical susceptibilities, these connections could be testable.
Fig. 5.9 illustrates the kurtosis for spin and charge diffusion spectra. The results
indicate that spin kurtosis is significantly higher at low temperatures, reflecting
sharp, well-defined excitations typical of coherent Fermi liquid behavior. As tem-
perature rises, spin kurtosis decreases, indicating a broadening of the distribution
as the system transitions to a more classical or incoherent state. Conversely, the
kurtosis for charge begins at a separate temperature, implying more evenly dis-
tributed, less sharply defined excitations. This accords with indications from other
measures above, and supports a two-stage recovery of quasiparticle coherence.
Finally, charge kurtosis is around 100 times smaller than spin kurtosis, further
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underscoring the distinct nature of spin and charge dynamics. It shows that spin
excitations dominate and are more prone to maintaining coherent, sharp features
at low temperatures, while charge excitations demonstrate more gradual changes
and broader distributions as temperature varies. In view of this, it is now quite
remarkable that the system manages to achieve full quantum coherence (below
𝑇𝐹𝐿) at all. Our choice of measures, we believe, go a meaningful way toward
providing some understanding of this process.

Inverse Diffusion Constant Analysis
The diffusion constants for charge and spin are given by [135]:

𝐷𝑛 = 𝜎(0)
𝜒𝑛

, 𝐷𝑠 =
𝜎(0)
4𝜒𝑠

(5.14)

where 𝜎(0) represents the dc conductivity. The temperature-dependent resistivity,
defined as 𝜌𝑑𝑐 = 1

𝜎(0) , is shown for various doping levels in Fig.5.10.
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Figure 5.10: Variation of resistivity with Temperature for various doping values
at 𝑈 = 4

Examining the inverse of the diffusion constants, 𝐷−1
𝑛/𝑠, derived from transport

properties bridges the microscopic features of the diffusion spectrum 𝑃𝑛/𝑠(𝜔) with
the macroscopic behavior of the system. While the characteristic frequency scale
Ω𝑛/𝑠, KLD, and kurtosis provide insights into the energy scales, coherence, and
distribution properties of the spectrum, 𝐷−1 offers a more direct measure of trans-
port phenomena such as the resistivity.
In Fig. 5.11, we illustrate the temperature dependence of the inverse diffusion
constant for both spin and charge. The behavior for spin shows an initial increase
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Figure 5.11: Inverse of spin and charge diffusion constant at 𝑈 = 4.

as temperature rises, indicating a growing resistance to transport. This increase
is followed by a decrease and eventual saturation at higher temperatures, sug-
gesting a stabilization of spin transport in a more classical regime. In contrast,
the inverse diffusion constant for charge consistently increases with temperature
before plateauing, implying an increasing resistance that levels off at higher tem-
peratures. Notably, the inverse diffusion constant for charge is about ten times
lower than that for spin across the temperature range, highlighting a fundamental
difference in transport behavior between the two.
These observations underscore the distinct dynamics governing spin and charge
transport. The distinct temperature dependencies suggest that spin excitations
may be more prone to coherence loss and scattering, transitioning through regimes
of varying transport resistance. In comparison, charge excitations show a smoother
shift towards saturation, maintaining a higher degree of mobility despite temper-
ature changes. This disparity aligns with the findings from kurtosis and KLD
analyses.
The diffusion constant 𝐷 itself represents how freely spin or charge moves through
the system, linking directly to transport efficiency. The spectrum 𝑃𝑛/𝑠(𝜔) en-
capsulates energy dissipation and fluctuation behavior, revealing the scattering
mechanisms that influence 𝐷. By exploring 𝐷−1, we can discern how the spe-
cific features of 𝑃𝑛/𝑠(𝜔)—such as peaks, width, and tails—contribute to transport.
High kurtosis in 𝑃𝑛/𝑠(𝜔) suggests concentrated energy dissipation around certain
frequencies, leading to reduced scattering and higher mobility (lower 𝐷−1). A
broader spectrum, by contrast, implies increased scattering and diffusion, result-
ing in a higher 𝐷−1 and decreased transport efficiency.
The analysis of 𝐷−1 in relation to 𝑃𝑛/𝑠(𝜔) provides further evidence of the decou-
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pling between spin and charge transport. For example, if spin 𝐷−1 increases more
significantly than that of charge with temperature, it signals that spin excitations
transit to an incoherent state at a rate distinct from their charge counterparts.
This complements kurtosis and KLD findings, which indicate how spin and charge
fluctuations achieve quantum coherence at separate scales. This difference is crit-
ical for understanding the non-Fermi liquid behavior and it’s eventual crossover
to a Landau FL, often observed in strongly correlated systems.
This plays a crucial role in interpreting 𝐷−1 alongside 𝑃𝑛/𝑠(𝜔), KLD, and kurtosis.
As temperature increases, a rising 𝐷−1 paired with a decreasing kurtosis suggests a
transition from sharp, coherent quasiparticle excitations to incoherently diffusing
modes. Thus, taken together, these measures offer a comprehensive characteriza-
tion of how dynamic charge and spin fluctuations evolve and shape the transport
properties across the Mott transition in the local approximation for the one-band
Hubbard model.
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Chapter 6

Summary and Conclusion

6.1 Summary

In this thesis, we investigated the Hubbard model in the strong coupling regime
with a dual approach: an analytical treatment based on the limit of infinite onsite
repulsion 𝑈 = ∞ in which we developed an approximate self-consistent approach,
and a numerical treatment at finite 𝑈 using the Dynamical Mean Field The-
ory (DMFT) framework implemented with the Numerical Renormalization Group
(NRG) as the impurity solver. The aim was to explore the nature of electron
transport and fluctuation dynamics, particularly the crossover from coherent to
incoherent regimes and to illuminate the underlying mechanisms driving anoma-
lous transport behavior such as linear-in-𝑇 resistivity in correlated metals.
In the first part, we developed a new ECFL-based self-consistent scheme in the 𝑈 =
∞ limit using the Hubbard 𝑋-operator formalism. Exploiting the simplifications
that emerge in the infinite-dimensional (𝑑 → ∞) limit, we derived closed-form
expressions for the Dysonian self-energy Σ as a convolution of the single-particle
Green’s function 𝐺 with local charge and spin fluctuation correlators, 𝐷𝑁 and
𝐷𝑆. These correlators were obtained by expressing them in terms of relevant
current-current correlation function using equation of motion. The current-current
correlations are in turn obtained by evaluating bubble diagram since the vertex
corrections vanish in high dimensions (𝑑 = ∞). This formulation revealed how
incoherent, site-local, and bosonic number and spin fluctuations dynamically affect
electron propagation.
A central result of the ECFL analysis was the emergence of a temperature-driven
crossover from a coherent Fermi liquid to an incoherent quantum regime (IQR)
followed by a “bad metal” regime. Also, we were able to identify energy scales
differentiating the quantum and classical regimes of transport. We find that the
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IQR hosts linear resistivity in temperature and the resistivity is due to scattering
of electrons due to incoherent quantum local charge fluctuations. This region is
reminiscent of a strange metal.
Since our treatment of infinite 𝑈 Hubbard model doesn’t differentiate between
charge and spin fluctuation. In the second part of the thesis, we numerically
studied the Hubbard model at finite 𝑈 within the DMFT framework using NRG as
an impurity solver. In our study, we find that the spin fluctuations become classical
at lower temperatures compared to charge fluctuations. In other words, a two-stage
decoherence process emerges: spin incoherence precedes charge incoherence. This
staggered incoherence leads to the breakdown of Fermi liquid behavior in stages,
providing a microscopic basis for strange metallicity and bad metallic transport.
To probe the nature of this crossover and the associated incoherence, we analyzed
various metrics: characteristic frequency scales (Ω𝑛/𝑠), Kullback-Leibler diver-
gence (KLD), kurtosis, and inverse diffusion constants. These observables not
only confirmed the separation between spin and charge coherence scales but also
allowed us to distinguish between quantum-coherent, quantum-incoherent, and
classical transport regimes. Spin degrees of freedom were found to become classical
at lower temperatures compared to charge, highlighting the differential decoher-
ence and its imprint on transport properties. The kurtosis, in particular, showed
drastically sharper features in spin fluctuations compared to charge, indicating a
spin-dominated coherence scale.
In the doped Mott insulator, our analysis uncovered isosbestic points (frequen-
cies at which the response functions are invariant with temperature) in both spin
and charge spectra suggesting sum-rule constraints or hidden conservation laws at
play. These findings prompt further exploration of connections to Luttinger’s the-
orem, compressibility and moment sum rules, and the broader structure of spectral
weight transfer across interaction and temperature regimes.

6.2 Conclusion

The combined analytical and numerical investigations presented in this thesis pro-
vide a comprehensive picture of spin and charge dynamics in the one-band Hubbard
model in both the infinite and finite-𝑈 limits. The infinite-𝑈 , large-dimensional
limit allowed us to formulate a tractable theory where local spin and charge fluc-
tuations emerge as collective bosonic modes influencing electronic coherence. This
theory, while approximate, captures essential aspects of strongly correlated trans-
port, particularly the loss of coherence with increasing temperature and the emer-
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gence of non-Fermi liquid behavior.
However, this simplification; while powerful, comes with important caveats. In
the infinite-𝑈 limit, the current is computed within the bubble approximation,
which does not distinguish between spin and charge contributions to the current.
This makes it difficult to treat spin and charge currents on equal footing and
thus suppresses potentially richer vertex-mediated processes that could become
important at finite 𝑈 . Extending the theory to finite-𝑈 systems in the same spirit
would therefore require going beyond the bubble approximation by including at
least partial vertex corrections or self-consistently treating current operators within
a two-particle formalism.
In particular, the NRG-based DMFT results suggest that spin and charge fluc-
tuations develop distinct spectral characteristics and coherence scales, and hence
should ideally be treated as separate degrees of freedom in transport calculations.
Such a treatment would necessitate the development of an extended self-consistent
scheme that dynamically couples single-particle self-energies with two-particle re-
sponse functions—perhaps through the Bethe-Salpeter equations with local vertex
functions derived from impurity solvers.
Moreover, our findings indicate that strange metal behavior, characterized by
a broad, incoherent continuum of excitations, lack of quasiparticle peaks, and
linear-in-𝑇 resistivity; may originate from the overlap of quantum-incoherent spin
and charge dynamics that have not yet settled into coherent quasiparticle states.
This insight could be critical for understanding emergent metallic phases in multi-
orbital systems and high-temperature superconductors, where non-Fermi liquid
signatures often appear without long-range order.
A promising direction for future work is to generalize the ECFL-based approach
to finite 𝑈 using systematic 1/𝑈 expansions around the 𝑈 = ∞ limit. Another
possibility is to incorporate momentum- or orbital-selectivity into the analysis to
study orbital-selective Mott phases (OSMP), where coherence survives in some
sectors but not others. Such a “two-fluid” approach may naturally unify the bad
metal, strange metal, and Mott insulator regimes in a single coherent framework.
In summary, this thesis offers a multipronged examination of spin and charge dy-
namics in the Hubbard model and underscores the importance of treating these
degrees of freedom distinctly; both conceptually and computationally. The sepa-
ration of coherence scales, the identification of diffusion crossovers, and the sensi-
tivity of transport to bosonic fluctuation spectra suggest a fundamentally dynamic
origin for non-Fermi liquid behavior. Understanding these processes is crucial not
only for theoretical modeling but also for interpreting experimental signatures in
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strongly correlated materials.
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Appendix A

𝑋 Operators

For a lattice system with one orbital per site, a general state can be described
completely in terms of the orbital states at a site 𝑖. This set consists of states
|0⟩, |𝜎⟩, |𝜎̄⟩ and |2⟩; namely those with no electron, one electron with spin 𝜎(↑)
or 𝜎̄(↓), and two electrons(↑↓). The 𝑋 operators introduced by Hubbard [20] are
all the matrix elements in this Hilbert space; e.g. 𝑋𝜎0

𝑖 is |𝜎⟩⟨0| for states at site 𝑖.
They are local Fermi like or Bose like field operators (not canonical Fermi or Bose
operators), depending on whether they describe change in local electron number
by unity (odd numbers in general) or by zero (even numbers in general) ( see the
book by Ovchinnikov and Val’kov [36] is on the 𝑋 operators and its application
in condensed matter physics). Commutators/anticommutators of 𝑋 operators at
different sites vanish, while for the the same site, they do not. These results
are uniquely determined by the definition of 𝑋 operators. The results of on site
commutation/anticommutation are not 𝑐 numbers as for canonical fermions and
bosons, but are 𝑋 operators.
The 𝑋 operators obey the commutation relation

[𝑋𝛼𝛽
𝑖 , 𝑋𝛾𝛿

𝑗 ]
±
= (𝑋𝛼𝛿

𝑖 𝛿𝛽𝛾 ±𝑋𝛾𝛽
𝑖 𝛿𝛿𝛼)𝛿𝑖𝑗, (A.1)

since at a given site one has

𝑋𝛼𝛽
𝑖 𝑋𝛾𝛿

𝑖 = 𝛿𝛽𝛾𝑋𝛼𝛿
𝑖 . (A.2)

The basic commutator involving 𝑋 arises from the Heisenberg equation of motion
for the 𝑋-operator. It is

𝑖𝜕𝑡𝑋𝛼𝛽
𝑖 = 𝑖𝑋̇𝛼𝛽

𝑖 = [𝑋𝛼𝛽
𝑖 ,𝐻]

−
= −𝜇∑

𝜎
(𝑋0𝜎

𝑖 𝛿𝛽𝜎 −𝑋𝜎𝛽
𝑖 𝛿𝜎𝛼)

+∑
𝑗𝑚

𝑡𝑗𝑚([𝑋𝛼𝛽
𝑖 , 𝑋0𝜎

𝑗 ]
±
𝑋𝜎0

𝑚 ±𝑋0𝜎
𝑗 [𝑋𝜎0

𝑚 , 𝑋𝛼𝛽
𝑖 ]

±
).

(A.3)
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where the upper and lower set of signs are for bosonic and fermionic operators
respectively.1
The case of 𝛼 = 0 and 𝛽 = 𝜎, namely the fermionic operator 𝑋0𝜎

𝑖 is relevant for
the equation of motion of the single particle Green's function. We have

[𝑋0𝜎
𝑖 , 𝑋𝜎′0

𝑗 ]
+
= 𝛿𝑖𝑗(𝛿𝜎𝜎′𝑋00

𝑖 +𝑋𝜎′𝜎
𝑖 ) = 𝛿𝑖𝑗𝐵𝜎𝜎′

𝑖 (A.4)

where 𝐵𝜎𝜎′
𝑖 is a bosonic operator centred at 𝑖. It is a charge fluctuation operator

for 𝜎 = 𝜎′ and a spin fluctuation operator for 𝜎 ≠ 𝜎′. Using the compact notation
ref.[31], this can be written as

[𝑋0𝜎
𝑖 , 𝑋𝜎′0

𝑗 ]
+
= 𝛿𝑖𝑗(𝛿𝜎𝜎′𝐼 − 𝜎𝜎′𝑋𝜎̄𝜎̄′

𝑖 ) (A.5)

𝑖𝑋̇0𝜎
𝑖 (𝑡) = −𝜇𝑋0𝜎

𝑖 (𝑡) +∑
𝑚𝜎′

𝑡𝑚𝑖𝐵𝜎𝜎′
𝑖 (𝑡)𝑋0𝜎′

𝑚 (𝑡), (A.6)

and

[𝐵𝜎1𝜎2
𝑖 , 𝑋0𝜎3

𝑗 ]
−
= −𝜎1𝜎2[𝑋𝜎̄1𝜎̄2

𝑖 , 𝑋0𝜎3
𝑗 ]

−
= −𝜎1𝜎2𝛿𝑖𝑗𝑋0𝜎̄2

𝑖 𝛿𝜎̄1𝜎3
. (A.7)

In equation (A.6),we notice that there is a novel, local spin flip term due to hopping
(last term on the right) present only because of correlation. This involves a spin
flip at say site 𝑖 and a number change (of the spin flipped electron) at site 𝑗
connected with it via hopping. In the following, we assume (as is common) that
𝑡𝑖𝑚 = 𝑡𝑚𝑖.
The equation of motion for bosonic operators is illustrated with the example of
𝑋̇𝜎̄𝜎

𝑖 for which 𝛼 = 𝜎̄, 𝛽 = 𝜎. We have

−𝑋̇𝜎̄𝜎
𝑖 = ∑

𝑚
𝑡𝑖𝑚(𝑋0𝜎

𝑚 𝑋𝜎̄0
𝑖 −𝑋0𝜎

𝑖 𝑋𝜎̄0
𝑚 ). (A.8)

For the extremely strongly correlated Fermi liquid (ECFL) where (𝑈/𝑡) → ∞ the
doubly occupancy state |2⟩ can be neglected since it has an infinitely high energy.
In this limit, the relations satisfied by the Hubbard operators can be written as

𝑋00
𝑖 +∑

𝜎
𝑋𝜎𝜎

𝑖 = 𝐼 ,𝑋𝜎𝜎
𝑖 +𝑋𝜎̄𝜎̄

𝑖 = 𝑁𝑖,𝑋𝜎𝜎
𝑖 −𝑋𝜎̄𝜎̄

𝑖 = 2𝑆𝑧
𝑖 , (A.9)

𝑋00
𝑖 +∑

𝜎
𝜎𝑋𝜎𝜎

𝑖 = 𝐼 − 𝑁𝑖
2 + 𝜎𝑆𝑧

𝑖 . (A.10)

1We use the (nearly standard) convention that [𝐴,𝐵]± is an anticommutator for the + sign
and the commutator for the - sign.
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where 𝐼 is the identity operator, and 𝑁𝑖 and 𝑆𝑧
𝑖 are respectively the number and

the 𝑧 component of spin operators at site 𝑖. Since the system is homogeneous, the
thermodynamic average at any site 𝑖 is independent of 𝑖. We define 𝑛 and 𝑚 as
the average number and the average 𝑧 component of the magnetization, namely
𝑛 = ⟨𝑁𝑖⟩ and 𝑚 = ⟨𝑆𝑧

𝑖 ⟩. We assume that the system is paramagnetic, so that
𝑚 = 0 and ⟨𝑋𝜎̄𝜎̄⟩ = ⟨𝑋𝜎𝜎⟩ = 𝑛/2, and that it is spin isotropic. A commonly
occurring quantity is

⟨𝐵𝜎𝜎
𝑖 ⟩ = ⟨𝐼 − 𝑁𝑖

2 + 𝑆𝑧
𝑖 ⟩ = (1 − 𝑛

2) = (1 + 𝛿
2 ) = 𝑄. (A.11)
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Appendix B

Equation of motion for 𝐷+
𝑁 and 𝐷+

𝑆

𝐷𝑅 in terms of the 𝑁 and 𝑆𝑧 operators can be derived using 𝐵𝜎𝜎 = 𝑋00 +𝑋𝜎𝜎 =
1 − 𝑁

2 + 𝑆𝑧, 𝐵𝜎𝜎̄ = 𝑋𝜎𝜎̄ = 𝑆+ for B-operator.

𝐷𝑅(𝑡, 𝑡′) = ⟨⟨𝐵𝜎𝜎(𝑡)|𝐵𝜎𝜎(𝑡′)⟩⟩ + ⟨⟨𝐵𝜎𝜎̄(𝑡)|𝐵𝜎̄𝜎(𝑡′)⟩⟩ (B.1)

𝐷𝑅(𝑡, 𝑡′) = 1
4 ⟨⟨𝑁(𝑡)|𝑁(𝑡′)⟩⟩ + ⟨⟨𝑆𝑧(𝑡)|𝑆𝑧(𝑡′)⟩⟩ + ⟨⟨𝑆+(𝑡)|𝑆−(𝑡′)⟩⟩

− 1
2 ⟨⟨𝑁(𝑡)|𝑆𝑧(𝑡′)⟩⟩ −

1
2 ⟨⟨𝑆𝑧(𝑡)|𝑁(𝑡′)⟩⟩ (B.2)

𝐷𝑅(𝑡, 𝑡′) = 1
4 ⟨⟨𝑁(𝑡)|𝑁(𝑡′)⟩⟩+3

2 ⟨⟨𝑆+(𝑡)|𝑆−(𝑡′)⟩⟩−1
2 ⟨⟨𝑁(𝑡)|𝑆𝑧(𝑡′)⟩⟩−1

2 ⟨⟨𝑆𝑧(𝑡)|𝑁(𝑡′)⟩⟩
(B.3)

Since ⟨⟨𝑆+|𝑆−⟩⟩ = ⟨⟨𝑆𝑥|𝑆𝑥⟩⟩ + ⟨⟨𝑆𝑦|𝑆𝑦⟩⟩ = 2 ⟨⟨𝑆𝑧|𝑆𝑧⟩⟩ in isotropic phase. The
third and fourth terms would vanish in the paramagnetic phase.

𝐷𝑅(𝑡, 𝑡′) = 1
4 ⟨⟨𝑁(𝑡)|𝑁(𝑡′)⟩⟩ + 3

2 ⟨⟨𝑆+(𝑡)|𝑆−(𝑡′)⟩⟩ (B.4)

Since,
𝐷+

𝑁(𝑡 − 𝑡′) = −𝑖𝜃(𝑡 − 𝑡′) ⟨𝑁(𝑡)𝑁(𝑡′)⟩
𝐷+

𝑆 (𝑡 − 𝑡′) = −𝑖𝜃(𝑡 − 𝑡′) ⟨𝑆+(𝑡)𝑆−(𝑡′)⟩
(B.5)

To develop the equation of motion for𝐷+
𝑁 we start by differentiating it with respect

to 𝑡
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𝑖𝜕𝑡𝐷+
𝑁(𝑡 − 𝑡′) = 𝛿(𝑡 − 𝑡′) ⟨𝑁𝑁⟩ − 𝑖𝜃(𝑡 − 𝑡′) ⟨𝑖 ̇𝑁(𝑡)𝑁(𝑡′)⟩

⟹ 𝑖𝜕𝑡𝐷+
𝑁(𝑡 − 𝑡′) = 𝛿(𝑡 − 𝑡′)𝑛 − 𝑖𝜃(𝑡 − 𝑡′) ⟨𝑖 ̇𝑁(𝑡)𝑁(𝑡′)⟩

⟹ 𝑖𝜕𝑡𝐷+
𝑁(𝑡 − 𝑡′) = 𝛿(𝑡 − 𝑡′)𝑛 + 𝐷̃+

𝑁(𝑡 − 𝑡′)
(B.6)

where 𝑛 is the number density and

𝐷̃+
𝑁(𝑡 − 𝑡′) = −𝑖𝜃(𝑡 − 𝑡′) ⟨𝑖 ̇𝑁(𝑡)𝑁(𝑡′)⟩ (B.7)

Now, we develop an equation of motion for 𝐷̃+
𝑁 by differentiating it with respect

to 𝑡′

𝑖𝜕𝑡′𝐷̃+
𝑁(𝑡 − 𝑡′) = −𝛿(𝑡 − 𝑡′) ⟨𝑖 ̇𝑁(𝑡)𝑁(𝑡)⟩ + 𝑖𝜃(𝑡 − 𝑡′) ⟨ ̇𝑁(𝑡) ̇𝑁(𝑡′)⟩ (B.8)

First term in the above expression is zero which can be easily seen from the fact
that the number operator acting on number basis (in which we are taking the
trace) will give us the same state so ⟨ ̇𝑁𝑁⟩ = ⟨ ̇𝑁⟩ which is 0 in equilibrium , so
we get

𝑖𝜕𝑡′𝐷̃+
𝑁(𝑡 − 𝑡′) = 𝑖𝜃(𝑡 − 𝑡′) ⟨ ̇𝑁(𝑡) ̇𝑁(𝑡′)⟩

𝑖𝜕𝑡′𝐷̃+
𝑁(𝑡 − 𝑡′) = −𝜒+

𝐽𝐽(𝑡 − 𝑡′)
(B.9)

where we have defined

𝜒+
𝐽𝐽(𝑡 − 𝑡′) = −𝑖𝜃(𝑡 − 𝑡′) ⟨ ̇𝑁(𝑡) ̇𝑁(𝑡′)⟩ (B.10)

We define the Fourier transform as (in the same manner for all the terms)

𝐷+
𝑁(𝑡 − 𝑡′) = 1

2𝜋 ∫d(𝑡 − 𝑡′) 𝑒−𝑖𝜔(𝑡−𝑡′)𝐷+
𝑁(𝜔) (B.11)

Fourier transforming and combining equations (B.6) and (B.9) we get

𝐷+
𝑁(𝜔) = 1

[𝜔
𝑛 − 𝜒+

𝐽𝐽(𝜔)
𝑛2 ]

(B.12)

Similarly, for 𝐷+
𝑆

𝑖𝜕𝑡𝐷+
𝑆 (𝑡 − 𝑡′) = 𝛿(𝑡 − 𝑡′) ⟨𝑆+𝑆−⟩ + 𝐷̃+

𝑆 (𝑡 − 𝑡′)

⟨𝑆+𝑆−⟩ = 2 ⟨𝑆𝑧𝑆𝑧⟩ = ⟨𝑋𝜎𝜎 +𝑋𝜎̄𝜎̄⟩
2 = 𝑛

2
⟹ 𝑖𝜕𝑡𝐷+

𝑆 (𝑡 − 𝑡′) = 𝛿(𝑡 − 𝑡′)𝑛2 + 𝐷̃+
𝑆 (𝑡 − 𝑡′)

(B.13)
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where

𝐷̃+
𝑆 (𝑡 − 𝑡′) = −𝑖𝜃(𝑡 − 𝑡′) ⟨𝑖 ̇𝑆+(𝑡)𝑆−(𝑡′)⟩ (B.14)

𝑖𝜕𝑡′𝐷̃+
𝑆 (𝑡 − 𝑡′) = −𝛿(𝑡 − 𝑡′) ⟨𝑖 ̇𝑆+𝑆−⟩ + 𝑖𝜃(𝑡 − 𝑡′) ⟨ ̇𝑆+(𝑡) ̇𝑆−(𝑡′)⟩ (B.15)

To determine the ⟨𝑖 ̇𝑆+𝑆−⟩ we go back to the definition 𝑆+ = 𝑋𝜎𝜎̄ and 𝑆− = 𝑋𝜎̄𝜎.
using Heisenberg equation of motion, we find

𝑖𝑋̇𝜎𝜎̄ = ∑
𝑗

𝑡𝑖𝑗(𝑋𝜎0
𝑖 𝑋0𝜎̄

𝑗 −𝑋0𝜎̄
𝑖 𝑋𝜎0

𝑗 ) (B.16)

using this relation, we can find 𝑖 ̇𝑆+𝑆− = 𝑖𝑋̇𝜎𝜎̄𝑋𝜎̄𝜎
𝑖 to be

𝑖 ̇𝑆+𝑆− = ∑
𝑗

𝑡𝑖𝑗(𝑋𝜎0
𝑖 𝑋0𝜎

𝑗 −𝑋𝜎0
𝑗 𝑋0𝜎

𝑖 ) (B.17)

rhs of the above equation is same as the current operator, hence ⟨𝑖 ̇𝑆+𝑆−⟩ = 0.
so, we have

𝑖𝜕𝑡′𝐷̃+
𝑆 (𝑡 − 𝑡′) = 𝑖𝜃(𝑡 − 𝑡′) ⟨ ̇𝑆+(𝑡) ̇𝑆−(𝑡′)⟩

𝑖𝜕𝑡′𝐷̃+
𝑆 (𝑡 − 𝑡′) = −𝜒+

𝐽𝑠𝐽𝑠(𝑡 − 𝑡′)
𝜒+

𝐽𝑠𝐽𝑠(𝑡 − 𝑡′) = −𝑖𝜃(𝑡 − 𝑡′) ⟨ ̇𝑆+(𝑡) ̇𝑆−(𝑡′)⟩
(B.18)

Fourier transforming and combining equations (B.13) and (B.18) , we get

𝐷+
𝑆 (𝜔) =

1
[ 𝜔
𝑛/2 − 𝜒+

𝐽𝑠𝐽𝑠 (𝜔)
𝑛2/4 ]

(B.19)
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Appendix C

Current current correlation function for
spin and charge

In imaginary time, we can write the time ordered current-current correlation func-
tions for charge and spin as

𝜒𝑁(𝜏, 𝜏 ′) = − ⟨𝑇𝜏𝐽𝑐(𝜏)𝐽𝑐(𝜏 ′)⟩ , 𝜒𝑆(𝜏, 𝜏 ′) = − ⟨𝑇𝜏𝐽𝑠(𝜏)𝐽𝑠(𝜏 ′)⟩ (C.1)

𝐽𝑐 =
1
𝑁 ∑

𝑘,𝜎
𝑣𝑘𝑋0𝜎

𝑘 𝑋𝜎0
𝑘 , 𝐽𝑠 =

1
𝑁 ∑

𝑘
𝑣𝑘𝑋0𝜎

𝑘 𝑋𝜎̄0
𝑘 (C.2)

𝑇𝜏 is the time ordering operator. The contribution to bubble diagram in imaginary
frequency is

𝜒𝑁(𝑖𝜈𝑛) =
1
𝑁 ∑

𝜎,𝑘,𝑚
𝑣2𝑘𝐺𝜎𝜎(𝑘, 𝑖𝜔𝑚)𝐺𝜎𝜎(𝑘, 𝑖𝜈𝑛 + 𝑖𝜔𝑚) (C.3)

𝜒𝑆(𝑖𝜈𝑛) =
1
𝑁 ∑

𝑘,𝑚
𝑣2𝑘𝐺𝜎𝜎(𝑘, 𝑖𝜔𝑚)𝐺𝜎̄𝜎̄(𝑘, 𝑖𝜈𝑛 + 𝑖𝜔𝑚) (C.4)

𝑖𝜔𝑛 = (2𝑛+1)𝜋
𝛽 , 𝑖𝜈𝑛 = 2𝑛𝜋

𝛽 and 𝛽 is inverse temperature. Since in the paramagnetic
phase 𝐺𝜎𝜎 = 𝐺𝜎̄𝜎̄

𝜒𝑁(𝑖𝜈𝑛) =
2
𝑁 ∑

𝑘,𝑚
𝑣2𝑘𝐺𝜎𝜎(𝑘, 𝑖𝜔𝑚)𝐺𝜎𝜎(𝑘, 𝑖𝜈𝑛 + 𝑖𝜔𝑚) (C.5)

𝜒𝑆(𝑖𝜈𝑛) =
1
𝑁 ∑

𝑘,𝑚
𝑣2𝑘𝐺𝜎𝜎(𝑘, 𝑖𝜔𝑚)𝐺𝜎𝜎(𝑘, 𝑖𝜈𝑛 + 𝑖𝜔𝑚) (C.6)

By writing the spectral representation for the Green's function 𝐺(𝑘, 𝑖𝜔𝑛) and doing
analytic continuation, we obtain

𝜒𝑅(𝜔) = 1
𝑁 ∑

𝑘
∬d𝜔1d𝜔2

𝜌𝐺(𝑘, 𝜔1)𝜌𝐺(𝑘, 𝜔2)𝑣2𝑘
𝜔 + 𝜔1 − 𝜔2 + 𝑖𝜂 {𝑛𝐹 (𝜔1) − 𝑛𝐹 (𝜔2)} (C.7)

and 𝜒𝑅
𝑁(𝜔) = 2𝜒𝑅(𝜔), 𝜒𝑅

𝑆 (𝜔) = 𝜒𝑅(𝜔).
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Appendix D

Self energy low temperature behaviour

The low temperature and low frequency behaviour of the scattering function,
Γ(𝜔, 𝑇 ) is

Γ(𝜔, 𝑇 ) = −ℑΣ(𝜔, 𝑇 ) = 𝜋 ∫∞
−∞ d𝑦 𝜌𝐺(𝜔 − 𝑦) 𝜌𝐷(𝑦) [𝑛𝐹 (𝑦 − 𝜔) + 𝑛𝐵(𝑦)]

≈ 𝜋 ∫∞
−∞ d𝑦 𝜌𝐺(−𝑦) 𝜌𝐷(𝑦) [𝑛𝐹 (𝑦) + 𝜔2

2 𝑛″
𝐹 (𝑦) + 𝑛𝐵(𝑦)] = 𝐼1 + 𝐼2

where

𝐼1 = 𝜋∫
∞

−∞
d𝑦 𝜌𝐺(−𝑦) 𝜌𝐷(𝑦) [𝑛𝐹 (𝑦) + 𝑛𝐵(𝑦)]

= 𝜋∫
∞

0
d𝑦 (𝜌𝐺(−𝑦) + 𝜌𝐺(𝑦)) 𝜌𝐷(𝑦) (𝑛𝐹 (𝑦) + 𝑛𝐵(𝑦))

𝜌𝐷(𝑦) is an odd function. We can expand around 𝑦 = 0, 𝜌𝐷(𝑦) = 𝐴𝑦, we obtain

𝐼1 = 2𝐴𝜋𝜌𝐺(0)∫
∞

0
d𝑦 𝑦 (𝑛𝐹 (𝑦) + 𝑛𝐵(𝑦)) =

𝜋
2𝐴𝜌𝐺(0)𝜋

2𝑇 2 (D.1)

And

𝐼2 = −𝜋𝜔2
2 ∫∞

−∞ d𝑦 𝜌𝐺(−𝑦) 𝜌𝐷(𝑦) (−𝑛″
𝐹 (𝑦)) = 𝜋𝜔2

2 𝐴𝜌𝐺(0) (D.2)

Γ(𝜔, 𝑇 ) at low temperature and low frequency is

Γ(𝜔, 𝑇 ) = 𝜋
2𝜌𝐺(0)𝐴(𝜋2𝑇 2 + 𝜔2) (D.3)

141





Appendix E

Evaluating Low-Frequency Behavior
with Cumulative Distribution Functions

To quantify the accuracy of low-frequency behavior in the charge and spin diffusion
spectra, we analyze the cumulative distribution function 𝐶(𝜔):

𝐶(𝜔) = ∫
𝜔

0
𝑑𝜔′ Im𝜒(𝜔′), (E.1)

where Im𝜒(𝜔) is the imaginary part of the susceptibility for both charge and
spin. In a metallic phase, characterized as a Fermi liquid, Im𝜒(𝜔) is expected to
display a linear behavior at low frequencies, resulting in a log-log plot slope of
𝐶(𝜔) approaching 2, indicative of a quadratic dependence.
The DMNRG results for 𝐶(𝜔), shown in Fig. E.1(a), confirm the expected be-
havior, maintaining a low-frequency slope close to 2, consistent down to 10−6.
The slope analysis in Figs. E.2 and E.4 corroborates this, showing consistency
across various 𝑈 values in the metallic phase. By contrast, the FDM results in
Fig. E.1(b) show deviations at low frequencies, mirroring the numerical artofacts
found above.
Similar result for spin, depicted in Fig. E.3, reinforces these findings. The DMNRG
data in Fig. E.3(a) uphold the expected low-frequency behavior, while FDM
results in Fig. E.3(b) exhibit deviations, further highlighting the limitations of
FDM.
The consistency of these results confirms DMNRG’s superior accuracy in capturing
low-frequency spectral behavior, while FDM exhibits numerical artifacts that affect
the slope and, consequently, the diffusion spectrum.
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Figure E.1: (a) Cumulative distribution function 𝐶(𝜔) for the charge diffusion
spectrum at half-filling using DMNRG at 𝑇/𝐷 = 0.001. (b) Cumulative distribu-
tion function for the charge diffusion spectrum using FDM at 𝑇/𝐷 = 0.001.
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Figure E.2: Fitted slope of log𝐶(𝜔) for the charge cumulant function for log𝜔
between −6 and −2 for DMNRG data, illustrating the consistency of the slope
across various 𝑈 values in the metallic phase.
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Figure E.3: (a) Cumulative distribution function 𝐶(𝜔) for the spin diffusion spec-
trum at half-filling using DMNRG at 𝑇/𝐷 = 0.001. (b) Cumulative distribution
function for the spin diffusion spectrum using FDM at 𝑇/𝐷 = 0.001.
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Figure E.4: Fitted slope of log𝐶(𝜔) for the spin cumulant function for log𝜔 be-
tween −6 and −2 for DMNRG data, illustrating the consistency of the slope across
various 𝑈 values in the metallic phase..
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Appendix F

Optimizing the Diffusion Spectrum:
Mitigating Artifacts in the FDM
Approach

To deepen our understanding of the diffusion spectra and the numerical challenges
associated with the Full Density Matrix (FDM) method, we closely examine how
the results evolve when calculated across various parameter schemes, We now focus
on mitigating the spurious dip observed in FDM results. Specifically, we analyze
the charge diffusion spectrum at 𝜂 = 0, as illustrated in Fig. 5.2(b). A pronounced
dip near 𝜔 = 0 is evident, which does not appear in the DMNRG-derived results.
We vary the parameter 𝜂 to observe its effect on the charge diffusion spectrum.
Fig. F.1 demonstrates the impact of increasing 𝜂 on the spurious dip. As 𝜂 in-
creases, the dip diminishes, indicating that adjusting 𝜂 can minimize numerical
artifacts. Our analysis suggests that an optimal 𝜂 value of 0.001 strikes a bal-
ance, effectively removing the dip while maintaining the essential characteristics
of the spectrum. This optimized result aligns closely with the DMNRG results
for 𝜂 = 0, demonstrating that careful tuning of 𝜂 can mitigate artifacts without
compromising the physical accuracy of the spectrum.
The analysis extends to the spin diffusion spectrum. Unlike the charge spectrum,
the spin spectrum’s spurious dip can be corrected with smaller adjustments to 𝜂,
as seen in Fig. F.2. Thus, charge response calculations in FDM are more sensitive
to numerical artifacts than their spin counterparts, reflecting differences in how
these channels respond to the same numerical treatments.
Figs. 5.2(b) and E.3(b) reinforce that while DMNRG accurately captures the
expected diffusion spectra without artificial dips, the FDM approach faces chal-
lenges, particularly for 𝜔 < 𝑇 where quantum and thermal fluctuations dominate.
This limitation is due to FDM’s inherent difficulties in precisely representing the
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Figure F.1: Charge diffusion spectrum using Pade analytic continuation for four
different values of 𝜂 at half-filling at 𝑇/𝐷 = 0.001.

slope of the susceptibility at small frequencies, leading to artifacts in the diffusion
spectrum.
Further examination using data obtained through analytical continuation (Figs.
F.1 and F.2) provides additional clarification. Even with very small broadening
values 𝜂, the analytically continued data does not display the spurious dips seen in
the FDM results, reinforcing the conclusion that these dips are numerical artifacts
rather than physical phenomena.
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Figure F.2: Spin diffusion spectrum using Pade analytic continuation for four
different values of 𝜂 at half-filling at 𝑇/𝐷 = 0.001.
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