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Abstract

We present the finite temperature higher order corrections to the annihilation cross section

of Majorana and Dirac type dark matter candidates considering a model in which the dark

matter, χ, annihilates to Standard Model fermion pairs via a scalar portal having Yukawa

interaction, L ⊃ (λ χPL f −ϕ+ + h.c.). The finite temperature corrections are computed

for virtual photon corrections to the cross section for the process χχ → f f at next-

to-leading order in the QED coupling constant as well as to real photon emission and

absorption process χχ → f f (γ). We use techniques of thermal field theory in order to

calculate these finite temperature corrections. At finite temperature there are no ultra-

violet divergences due to the presence of the Bose-Einstein or Fermi-Dirac distribution

functions which act as a regulator; however, infra-red and collinear divergences are still

present. We use the generalized technique of Grammer and Yennie to factorise the photon

propagator into an infra-red-safe and infra-red-divergent part in order to deal with the soft

divergences. We show the cancellation of infra-red divergences among complementary

diagrams between the virtual photon correction and real photon correction to the dark

matter annihilation process at next-o-leading order (at O(α)). We note that the thermal

correction in the virtual case appears due to the finite temperature terms in the photon and

fermion propagators whereas the thermal correction in the real photon case appears due to

finite temperature terms in the phase space factors. In our study we consider the mediator

scalar to be heavy compared to the dark matter particles and fermions mϕ > mχ ≫ m f . We

find the cross section at both leading and next-to-leading order to be helicity suppressed

for Majorana dark matter, whereas helicity suppression is lifted for Dirac dark matter.

We finally present the dominant thermal corrections to the dark matter annihilation cross

section at this order, keeping terms up-to quadratic order in fermion mass m2
f at O(T 2).
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Summary of the Thesis

The core content of this thesis is the computation of thermal higher order corrections to

dark matter annihilation cross sections into standard model fermions using the techniques

of thermal quantum field theory. This cross section plays an important role in the collision

term in the Boltzmann equation for the evolution of the dark matter density nχ in the

Universe. The Boltzmann equation can be solved to determine the relic density of dark

matter in today’s Universe, that is, the dark matter density left over today from the early

Universe, after the Big Bang; this is extremely precisely measured today.

The collision term involves the thermal average of the dark matter annihilation cross sec-

tion σ, to be precise, the product, σχχ̄→i j vrel , where vrel is the relative velocity between

the annihilating particles:

⟨σχχ̄→i jvrel⟩T =
1

neq
χ neq
χ̄

∫
d3 p⃗χ
(2π)3

d3 p⃗χ̄
(2π)3 f eq

χ f eq
χ̄ σχχ̄→i j vrel , (1)

where the phase space distribution function is given by fχ = nχ/n
eq
χ × f eq

χ (for details, see

Chapter 1). The key point to note is that the thermal average of the zero temperature cross

section is computed here. For consistency, the cross section must also be computed at the

same temperature T of the thermal heat bath which comprises the early Universe. This is

the main task in this thesis.

We first describe some relevant details of thermal quantum field theory in the real time

formulation. We consider the interaction to occur at temperature T in a heat bath contain-
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ing standard model fermions, photons and additional beyond-the-standard-model charged

scalars and the dark matter χ, which interact with the standard model fermions through the

scalars via a Yukawa interaction. We assume that electro-weak symmetry breaking has

already occurred so that we can ignore the corrections due to heavy W± and Z0 bosons

and consider only the massless photon. We use the ensuing Feynman rules to compute

these corrections. Both the thermal propagator and the phase space acquire temperature

dependences proportional to the distribution function nB(ω) (for bosons) and nF(ωt) (for

fermions) where ω(E) is the energy of the photon (fermion):

nB(ω) =
1

exp
[
βω

]
− 1
, nF(ωt) =

1
exp

[
βωt

]
+ 1
. (2)

Due to the presence of the Bose distribution function for photons, we note also that the

infra-red (IR) divergences are more severe in the case of thermal interactions than at

zero temperature. This is because of the additional 1/ω factor at small energies of the

Bose distribution function. This gives rise to linear IR divergences and logarithmic sub-

divergences in the thermal field theory (only logarithmic divergences occur in the zero

temperature theory). We describe the Grammer and Yennie technique to handle the IR

divergences in a simple and straightforward fashion.

We then compute the thermal corrections to both virtual next-to-leading order corrections

to the cross section σ(χχ → f f and the real photon thermal corrections to σ(χχ →

f f (γ)) where (γ) indicates that the photon can be both emitted into and absorbed from

the heat bath, in contrast to the zero temperature case where only emission is possible.

All calculations have been performed assuming that the scalar is heavy compared to other

particles. Our main findings are as follows:

1. The NLO thermal corrections when the dark matter particle is a Majorana fermion

is helicity suppressed by a factor m2
f , where m f is the fermion mass, as in the leading

order; these are not suppressed when the dark matter particle is Dirac type. This

holds for both virtual and real photon thermal corrections

2



2. In addition, during this computation, we explicitly show the cancellation of both

soft IR and collinear divergences between the virtual and real contributions, hence

showing the consistency of the thermal field theory to NLO.

3. The ratio of the total NLO thermal correction to the leading order cross section is

the same for both Majorana and Dirac DM. In the s-wave limit when the dark matter

is highly non-relativistic, the leading thermal correction is

σNLO

σLO
=
απ

6
T 2

m2
χ

. (3)

The thermal corrections are small but they may be significant especially in freeze-in

scenarios where mχ/T ∼ O(1). In any case, increasingly precise measurements of

the dark matter relic density [1] indicate that more accurate estimates of the dark

matter annihilation cross section may be of use.

We have presented in this thesis the finite temperature correction in the s-wave approxima-

tion; however, the complete results are listed in Mathematica notebooks on-line [2]) up-to

O(T 2). These may be useful for numerical computations in the solution of the Boltzmann

equation.

In this thesis, we have presented thermal corrections to NLO of the dark matter annihila-

tion cross sections. These need to be incorporated in the collision term of the Boltzmann

equation to obtain a consistent calculation of the dark matter relic density today, which is

being very precisely determined. We have not done so here, and leave it to future work.

There is nowadays a great deal of interest in such thermal corrections udder general con-

siderations for various processes that occur not only in the early Universe but also in the

presence of thermal plasma such as Quark Gluon Plasma. The theoretical underpinnings

of thermal field theory, especially its soft and collinear divergences, are just being ex-

plored. This study is one such that aims to obtain a consistent approach to the problem of

scattering in a heat bath.

3



4



List of Figures

1.1 Standard Model Particles and mediators; image courtesy Wikipedia. . . . . . . 17

1.2 CMB temperature power spectrum [3] . . . . . . . . . . . . . . . . . . . . . 20

1.3 Asymptotic behavior of circular velocity at large distance from the centre [19]. . 24

1.4 Dark matter candidates with their mass range; Ref: [21] . . . . . . . . . . . . 25

1.5 Possible freeze-in and freeze-out scenarios [30]. The dotted lines show the slow

increase of DM reaching constant values as a function of the DM mass to tem-

perature ratio. The solid lines show the freeze-out scenario for different values

of the DM annihilation/production cross section. . . . . . . . . . . . . . . . . 27

1.6 Schematic for detection mechanisms for dark matter [36]. . . . . . . . . . . . 29

2.1 The time path for real time formulation of thermal field theories in the complex

t plane, where the y axis corresponds to Im t = β, the inverse temperature, and

σ ∈ [0, β]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.2 Allowed vertices for fermion–photon and scalar–photon interactions. . . . . . . 44

3.1 A sample NLO correction to the process γ∗e → e; here ‘V’ is the hard vertex

which defines the p and p′ leg. See text for details. . . . . . . . . . . . . . . . 50

5



3.2 Sample insertion of vertex µ of virtual photon between vertices µq and µq+1 on

the p′ fermion line. The labels have been simplified (µi → i) for the sake of

clarity. Only a portion of the diagram containing the p′ leg to the right of vertex

V has been shown here. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.1 The t-channel and u-channel dark matter annihilation processes at leading order

(LO). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.2 A set of t-channel virtual photon corrections to the dark matter annihilation pro-

cess at next to leading order (NLO). Diagrams are labelled from 1–3. Analogous

contributions from the u-channel diagrams exist. . . . . . . . . . . . . . . . . 67

4.3 The set of t-channel virtual photon corrections to the dark matter annihilation

process at next to leading order (NLO). Diagrams labelled 4, 5 correspond to

scalar self-energy corrections. Analogous contributions from the u-channel dia-

grams exist. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.4 The set of t-channel virtual photon corrections to the dark matter annihilation

process at next to leading order (NLO). Diagrams labelled 6, 7 correspond to

fermion, anti-fermion self energy corrections. Analogous contributions from the

u-channel exist. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.5 Additional virtual photon t-channel diagrams that contribute to the dark matter

annihilation cross section. Analogous u-channel diagrams also exist. See text

for details. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.1 The t-channel real photon emission diagrams contributing to the dark matter

annihilation process at next to leading order (NLO). Diagrams are labelled from

R1–R3. Similar terms contribute when the photon is instead absorbed from the

heat bath. Analogous contributions from the u-channel diagrams also exist. . . . 100

6



5.2 The correspondence between σReal
1,1 (L) and σVirtual

1,1 (R) shown diagrammatically

through cut diagrams. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

5.3 As in Fig. 5.2 to demonstrate the (1, 2) real–virtual correspondence through cut

diagrams. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

7



8



List of Tables

4.1 Thermal virtual photon contributions from G and K for all Diagrams 1–3 as

shown in Fig. 4.2. Here (IntGγi, j )′ ≡ ω(P/
√

s)IntGγi, j where IntGγi, j has been defined

in Eq. 4.20; IntKγ
i, j has an analogous definition. The second column re-labels the

diagrams for ease of comparison with the real photon contributions; these are

defined and discussed in the next chapter. Note that the collinear divergences

have not been included and are separately discussed. . . . . . . . . . . . . . . 82

4.2 Thermal fermion and anti-fermion contributions from Diagrams 1–3 in Fig. 4.2.

All are finite; collinear terms have been suppressed. . . . . . . . . . . . . . . 85

4.3 Contributions from Diagrams 4–5 from Fig. 4.3 with thermal photons attached

on the scalar line. Note that the K photon contributions are finite. . . . . . . . 86

4.4 As in Table 4.1 for the thermal photon contributions to the fermion self energy

diagrams shown in Fig. 4.4. Note that all K photon contributions are linearly

divergent. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.5 As in Table 4.1 for the thermal fermion contributions to the fermion self energy

diagrams shown in Fig. 4.4. . . . . . . . . . . . . . . . . . . . . . . . . . . 90

9



4.6 Collinear divergences in various terms of the virtual K+G thermal photon contri-

butions. See text for the definition of the log term LV . Contributions such as (1, 3)

(from Diagram 2) etc., have terms that are simultaneously soft and collinear di-

vergent, having both linear divergence from the 1/ω factor and the collinear log

term, LV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.7 As in Table 4.6 for collinear divergences from thermal virtual fermions. See text

for a definition of the log terms LV f and L′V f
. Note that all contributions are

soft-IR finite. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.8 As in Table 4.7 for collinear divergences from thermal anti-fermions. . . . . . . 96

5.1 The K̃ real photon contribution IntK̃
i, j (see Eq. 5.14) from various diagrams when

the photon is thermal is listed for all contributions (i, j), along with the divergent

part of the virtual K photon contribution; the collinear divergences are ignored

for now. It can be seen that the IR divergent part of the K̃ contribution exactly

cancels against the divergent part of the corresponding K virtual thermal photon

contribution, (IntKdiv
i, j )′, leaving a finite remainder, which we label as IntK̃ f in

i, j . See

text for details. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.2 Collinear divergences in various terms of the real thermal photon contributions.

Overall factors as in Eq. 5.14 have been removed from the terms listed here. See

text for the definition of log terms LR and L′R. . . . . . . . . . . . . . . . . . . 111

5.3 As in Table 5.2 for collinear divergences from thermal fermions. See text for a

definition of the log terms LR f and L′R f
. . . . . . . . . . . . . . . . . . . . . 113

5.4 As in Table 5.3 for collinear divergences from thermal anti-fermions. . . . . . . 114

5.5 Collinear divergences from Diagram sets (i, j) from real and virtual thermal pho-

ton contributions. Divergent terms from real and virtual contributions cancel.

See text for the definition of log terms LR and LV . . . . . . . . . . . . . . . . 117

10



5.6 As in Table 5.5 for collinear divergences in various terms of real and virtual

contributions from thermal fermions. See text for a definition of the log terms

LR f and LV f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.7 As in Table 5.5 for collinear divergences in various terms of real and virtual

contributions from thermal anti-fermions. See text for a definition of the log

terms LR f and LV f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

5.8 The finite real photon contributions from various diagrams: the thermal photon

G̃ contribution (Eq. 5.14) IntG̃i, j, and the thermal fermion and anti-fermion con-

tributions Int f
i, j (Eq. 5.18) and Int f

i, j contributions. The total NLO thermal cross

section is given by the sum of these contributions with the finite K̃ combination,

IntK̃ f in
i, j (see Table 5.1) and the finite remainder from the collinear contributions. . 122

11



12



Abbreviations

• SM : Standard Model of Particle Physics

• DM : Dark Matter

• CMB : Cosmic Microwave Background

• LSS : Large scale structure

• QFT : Quantum field theory

• TFT : Thermal field theory

• ACS : Annihilation cross section

13



14



Chapter 1

Introduction and Motivation

1.1 Introduction and Background

Modern theoretical physics leads us to two robust theories, one for dealing with infinites-

imal scale problems i.e. Standard Model (SM) of Particle Physics and another for dealing

with cosmic scale problems, the concordance model of cosmology, viz., ΛCDM. The

technical framework for SM is given by quantum field theory and for ΛCDM, by Ein-

stein’s theory of General Relativity. There are unresolved problems in both the sectors;

the problem of Dark Matter (DM) is one of them; it is basically the matter whose correct

nature is unknown to us.

In the present day Universe, DM interacts with SM particles via only gravitation as per

current understanding, which we infer from various observations. In particular, the exact

particle nature of DM is unknown to us and we have only the option to test various pos-

sible models and constrain the parameter space for those models to be a fit candidate for

DM. DM can be taken as relativistic or non-relativistic. In the ΛCDM model, dark matter

is taken to be non-relativistic, we call it cold dark matter (CDM). Relativistic dark matter

is called hot dark matter. A possible alternative is warm DM, having velocity between

relativistic and non-relativistic regime. DM shares 84.4% of the total matter density of
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our Universe and 26.4 % of critical density of our Universe. Relic abundance of the dark

matter is encoded in its relic density, measured to be Ωch2 = 0.1200(12) [1, 3] where h

is the reduced Hubble constant, h = H0/(100 km s−1 MPc−1) with a typical value of 0.67.

Here H0 is the rate at which the Universe is currently expanding, about 73 km/s/MPc.

(Galaxies are receding from us with a velocity proportional to their distance; H0 is the

constant of proportionality.) The share of the baryonic matter in the energy density bud-

get is Ωbh2 = 0.02237(15). The remaining energy, Dark Energy, is responsible for the

expansion of our Universe.

The following is the list for the share of energy in different sectors of our Universe [1]:

Ωb = 0.0493(6), Ωc = 0.265(7), ΩΛ = 0.685(7) . Here Ωb,Ωc,ΩΛ are the energy density

of baryonic matter, CDM and dark energy respectively, normalized by the critical density

ρc (= 3H0/8πGN ≈ 10−26Kg m−3) of our Universe.

1.2 A brief introduction to the Standard Model

The Standard Model of particle physics incorporates in it three fundamental interactions

— strong, electromagnetic and weak interactions — and their force mediators along with

the Higgs field that is responsible for mass generation; see Fig. 1.1. The gluon, pho-

ton and the W± and Z0 bosons are the mediators respectively of these interactions. The

gluon interacts with the colour charge of the quarks (and itself, via self-interactions), the

photon with charged fields (all fermions such as quarks and charged leptons (other than

the neutrinos) and the weak interactions with all particles. After electro-weak symmetry

breaking (EWSB), the weak mediators W and Z become massive, and we have a massive

Higgs boson. The set of particles can be written in terms of SU(2) left-doublets containing

the up-type and down-type quarks in one doublet, and the charged lepton and its neutrino

neutral partner in one doublet, with three generational copies of each. The right handed
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fields are SU(2) singlets 1 and the right handed neutrino does not exist. Furthermore,

the quarks come in SU(3) copies due to their colour charge and are thus charged under

the entire SM group of SU(3)c × SU(2)L× U(1)Y , where c represents colour, L the weak

left-handed doublet, and Y the hypercharge. After EWSB, only SU(3)c and the sub-group

U(1)em are left unbroken, where em represents the electromagnetic charge. All the parti-

cles listed here have been discovered, and many of the predictions of the SM regarding

their interactions have been experimentally confirmed.

Figure 1.1: Standard Model Particles and mediators; image courtesy Wikipedia.

It can be seen that neutrinos, with their weak interactions are good candidates for Dark

Matter 2; however, most models of DM include additional particles that are outside the

SM of particle physics. In particular, the model that we will consider in this thesis is

of fermionic dark matter interacting with SM fermions through (integer) charged scalars.

Hence the model is a simple one that only considers interactions with the (integer) charged

leptons, e, µ, τ. Many detailed models exist in the literature as we will see below, but this

theory captures the essence of the problem and enables us to discuss thermal effects in a

1SU(2) singlets are eR, uR, dR and their three generations
2Neutrinos in SM are relativistic and most budget of the DM is cold in nature so SM neutrinos are only

capable of filling small portion of the full budget of DM in our universe.
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straightforward manner.

1.3 A brief introduction to Cosmology

The Big Bang Theory is the cosmological model that is favoured to explain the origin

and evolution of the Universe from an extremely hot, dense state billions of years ago.

It underwent a rapid phase of expansion called inflation, which is reflected in the ex-

treme uniformity of the cosmic microwave background. As the Universe expanded, it

also cooled; about 380,000 years after the Big Bang, the Universe cooled sufficiently so

that protons and electrons combined to form neutral hydrogen. This allowed photons to

decouple from matter and this light, seen as the cosmic microwave background (CMB)

is an important evidence for inflation and big bang theory. The photon background is

measured to be at a very low temperature of about 2.725K, and is red-shifted due to the

expansion of the Universe, and its fluctuations are very small, of the order of 1 part in 104.

However, these tiny fluctuations are very important and lead to the formation of galaxies

and other large-scale structures. The preferred framework for the Big Bang theory is the

ΛCDM model, which incorporates dark energy (via Λ) into Einstein’s General Theory of

Relativity, where massive objects curve space-time itself. The cosmological constant Λ

represents the observed accelerating expansion of the Universe. The component of rele-

vance for this thesis is the cold dark matter (CDM). It interacts very weakly with ordinary

matter and radiation (described by SM). (Since neutrinos are nearly massless they are rel-

ativistic and hence not good candidates of CDM.) The “critical” energy density is defined

as

ρc =
3H2

8πGN
, (1.1)

where GN is Newton’s gravitational constant. Today, ρc ≈ 1.05 × 10−5h2 GeV/cm3. The

energy density of each component of the Universe is then expressed in terms of this criti-

cal density as ΩC, where C stands for matter (Baryons), radiation (photons) or dark mat-
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ter/energy, with the Universe being almost flat. Non-relativistic matter contributes about

31.43% of the budget (4.93(6)% baryonic and 26.5(7)% dark matter), while the remaining

is in the form of unknown vacuum dark energy3 [1]. The contribution of the dark energy

makes our Universe about 13 billion years old (9 billion without dark energy).

DM is known to play an important role in the formation of large-scale structures like

galaxies and galaxy clusters. While we do not understand the precise nature of this dark

matter (and also dark energy, which we do not discuss further), there is abundant evidence

for the existence of dark matter, which we now discuss.

1.4 Evidence for Dark Matter

In this thesis, we focus on calculations related to the theoretical determination of the dark

matter relic density. Evidences for dark matter are found from cosmic scales (≥ 100

MPc) to sub-galactic scales. At sub-galactic scales, we find evidence of dark matter in

dwarf spheroidal galaxies (dSphs), analyzing the kinematics of stars and gas cloud in the

dSphs [4]. At galactic scales dark matter was discovered via studies of galaxy rotation

curves. In galaxy clusters we get evidence for dark matter from X-ray spectra of gas in the

cluster as well as the gravitational lensing effects. At cosmic scales we get the evidence

for dark matter through the analysis of the Cosmic Microwave Background (CMB) power

spectrum, Large-Scale Structure (LSS) and Baryon acoustic oscillations (BAO). Other

evidences come from the study of the Lyman-alpha forest. We shall delve into these

evidences for dark matter next, in further detail.

3Dark energy budged is estimated to be 68.5(7) %.
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1.4.1 The CMB Power Spectrum

At cosmic scales, robust evidence of dark matter comes from the analysis of temperature

fluctuations in CMB. The all-sky map of CMB temperature has anisotropies and so it

is not completely homogeneous. The temperature fluctuations in the map are further

encoded into the temperature power spectrum; see Fig. 1.2. Among all known four forces,

DM is sensitive to the gravitational force and further leads to regions of high gravitational

potential regions in our Universe, after clumping due to the influence of gravity. Impact

of those higher gravitational regions leaves an imprint on the CMB temperature map and

further on the CMB temperature power spectrum.
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Figure 1.2: CMB temperature power spectrum [3]

Baryon acoustic oscillation (BAO), are the longitudinal sound waves, which are gener-

ated due to oscillation of baryon and radiation plasma. Due to lack of interaction of

DM to photons, it doesn’t feel the radiation pressure and hence clumps and provides

high gravitational potential where baryons get attracted. Due to presence of photons in

plasma, radiation pressure develops and further two countering forces, radiation pressure

and gravity makes baryonic plasma oscillate to and fro, in turn generating longitudinal
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acoustic waves. After the recombination period, photons decouple and stream freely but

BAO freezes in, due to no more radiation pressure.

These acoustic waves generated by the baryon-photon plasma, are encoded in the CMB

temperature power spectrum. The heights of the peaks in the CMB power spectrum are

related to the densities of both baryonic and dark matter. In the CMB power spectrum,

the first peak corresponds to this acoustic wave due to the first compression of baryon-

photon fluid after recombination epoch and is crucial for estimating the geometry as well

as dark energy of our Universe. The second peak corresponds to one compression and one

rarefaction of acoustic waves and similarly we get other acoustic peaks in the CMB power

spectrum, with the odd and even numbered peaks corresponding to regions of maximum

and minimal density during the baryon acoustic oscillations.

The second peak is crucial for estimating the baryon abundance in our Universe. A smaller

peak indicates more baryonic matter density. The third peak’s height is enhanced by dark

matter, as it doesn’t interact with photons in the same way as normal matter, allowing it

to contribute more to gravitational clumping. In particular, while interaction with photons

pushes ordinary (baryonic) matter away from over-dense regions, DM does not, and hence

enhances the height of the third peak. The amplitude of the third peak is seen — see

Fig. 1.2 — to be higher that the second one which is the indication of availability of high

gravitation region generated [5–7] due to the clumping of dark matter.

1.4.2 Lyman alpha and 21 cm spectral lines

Neutral hydrogen absorbs or emits radio waves from transitions between the spin-flip

hyperfine levels of the ground state. This emission corresponds to a wavelength of 21

cm and is known as the 21 cm line. As large-scale structures formed, and began to emit

radiation (during the re-ionisation epoch), the neutral hydrogen absorbed this light and

became ionised. This occurred some time about 100-1000 million years after the Big
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Bang. However, since the Universe had considerably expanded at this time, the density of

the ionised gas was very low and the Universe was mostly transparent to radiation. The

distribution of neutral hydrogen is affected by the presence of dark matter and this is in

turn reflected in observations of the red-shifted 21 cm line.

Similarly, neutral hydrogen clouds can affect the spectra from distant quasars. These show

up as absorption lines in the Lyman region and are called the Lyman-alpha forest. They

probe smaller scale structure than the 21 cm line which are thought to be governed by the

distribution of dark matter.

Both the 21 cm and Lyman-alpha lines are sensitive to the scattering and decay of dark

matter as well as the thermal evolution of the Universe [8]. Lyman-α forest and 21 cm

signal are highly useful in constraining the mass of dark matter in various models, e.g.

freeze-in dark matter [9, 10], axion-like particle (ALP) dark matter [11, 12], sterile neu-

trinos [13, 14], as well as constraining the dark matter velocity distribution in the inter-

galactic medium [15].

Other evidences on cosmic scale comes from Large scale structure (LSS). LSS of lumi-

nous matter in our Universe is not homogeneous. The cause of formation of the large

scale structure is matter immune to radiation pressure, i.e., DM. The DM clumps due to

gravitational attraction and provides seeds of high gravitational potential region. Lumi-

nous matter, due to radiation pressure, do not clump and fall into the high gravity regions

provided by DM clumps. The Illustris TNG project and the EAGLE simulations both

simulate galaxy (structure) formation in the Universe.

1.4.3 Evidence from Galaxy and Galaxy Clusters

At the scale of galaxy clusters, evidence for dark matter comes from the observation of

Fritz Zwicky in 1933 [16], who discovered the presence of extra mass in the Coma galaxy

cluster. In order to understand his discovery, we need to know virial theorem. As per the
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virial theorem, for a system following inverse square law of force, the average kinetic and

potential energy are related by

2⟨K⟩ = −⟨U⟩ , (1.2)

For a galaxy cluster with collective velocity dispersion, σv having total mass Mtot, ⟨K⟩ =

(1/2)Mtotσ
2
v and the average potential energy at radius R from the centre of the cluster is

⟨U⟩ = −(3/5)GM2
tot/R. This gives rise to the velocity dispersion:

σ2
v =

3
5

GMtot

R
. (1.3)

Coma cluster has about 800 galaxies in it with average mass of 109M⊙ and this cluster

spans approximately 3× 105Pc so σv = 80 km/s. However, Zwicky observed the velocity

dispersion to be around 1000 km/s, implying the presence of extra invisible matter in

Coma galaxy cluster, which we now know as the dark matter. From the measured value

of the dispersion and using the virial theorem, the mass of the cluster is estimated to be

∼ 1.25 × 1014M⊙, which is around 200 times more than the predicted mass [17].

A robust evidence for dark matter at galactic scales comes from the rotation curves of

intergalactic objects. Initial efforts in this direction were done by Vera Rubin and Kent

Ford [18, 19]. They studied rotation curves for 21 Sc galaxies. The circular velocity,vc

of stars in the galaxy is expected to increase until the edge of the galaxy, after which it is

expected to fall, according to Newtonian Gravity, as

vc(r) ∝ r−1

as a function of the radial distance from the centre of the galaxy.

But studies show that, instead, the rotation curve start to follow asymptotic behavior as in

Fig: 1.3, which demands the presence of an extra source of gravity.
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Figure 1.3: Asymptotic behavior of circular velocity at large distance from the centre [19].

Other evidence also exists for the presence of dark matter. Gravitational lensing provides

strong evidence for dark matter. Here the extent of bending of light around massive ob-

jects like galaxy clusters is much greater than the mass of the visible matter (stars, gas,

etc.) in those objects. This extra “missing” mass is attributed to the presence of dark

matter. When the lensing effect is strong, it can create multiple images or arcs of the

background object. This is called strong gravitational lensing and the Bullet Cluster is a

very good example.

1.5 Models and Production mechanism of Dark Matter

While there is considerable evidence for the presence of a substantial amount of dark

matter in the Universe, it is not clear whether it has a particle-like nature, and if so, what

its properties are. Several models exist that extend the SM to include possible dark matter

candidates.

The mass of the dark matter can range from 10−22 eV in the case of Ultra-light Dark Matter

[20] to the order of solar mass (M⊙) in the case of Primordial Black Holes (PBH) [21].

Some other candidates of dark matter are WIMP, Axion, ALP (axion like particles), Dark

photon and Sterile neutrino; see Fig. 1.4. We briefly discuss a few of the more popular

models below, and discuss the model of our choice later.

There are mainly two production mechanisms of dark matter—thermal production or non-
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Figure 1.4: Dark matter candidates with their mass range; Ref: [21]

thermal production. In thermal production, DM is considered to be in chemical and

kinetic equilibrium with the thermal plasma of SM particles. Whereas in non-thermal

production mechanism it is considered that DM is never in equilibrium with the thermal

plasma of SM particles.

1.5.1 Thermal Production

1.5.1.0.1 Freeze-out mechanism : Here, the DM is considered to be in chemical and

kinetic equilibrium with thermal plasma and decoupling of DM takes place when the Hub-

ble expansion rate of the Universe starts dominating over the annihilation rate of the dark

matter i.e. H0 > ΓDM. One of the widely studied scenarios under this mechanism is the

WIMP (Weakly interacting massive particle) scenario, in which dark matter annihilation

process DM + DM → S M + S M is taken into account. WIMP mass is usually taken to

be in the range of 10 GeV to 1 TeV [22]. SIMP (Strongly interaction massive particle)
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is another dark matter scenario which is produced through the freeze-out mechanism. In

SIMP scenario, DM are taken to be self interacting. SIMP is a DM number changing

process e.g. DM +DM +DM → DM +DM, in which the DM density freezes-out due to

domination of expansion rate of the Universe over the 3 → 2 number changing process.

SIMP is considered to be thermally connected to SM particles via very small coupling.

The mass of the SIMP particle is taken to be in sub GeV range (1–1000 MeV).

1.5.1.0.2 Elastic Decoupling : In this scenario we assume DM and SM particles to

be in thermal equilibrium via elastic scattering (DM + S M → DM + S M) [23, 24]. Due

to expansion of the Universe this scattering rate is insufficient to keep DM and SM in

thermal equilibrium and DM decouples from the thermal plasma. Particles studied via

this production mechanism are named ELDER (Elastically DEcoupling Relics).

1.5.1.0.3 Cannibal dark matter : This is a self-interacting dark matter number-changing

process in which the number of final state particle is less than number of particle in initial

state [25–27]. Usually 3→ 2 or 4→ 2 processes are taken into account but the number of

particles in the in-state can be more than 4 as well. Self-interaction of dark matter is taken

to be much greater that in the case of WIMP. The dark sector is taken to be kinetically and

chemically decoupled from standard model but is considered to be in thermal equilibrium

with its own species via n → m process, for n > m. Dark matter particles consumed into

the cannibalization causes extra heat of the thermal plasma of dark sector. When the Hub-

ble expansion rate of the Universe becomes more than the cannibalization rate of DM, the

number density of cannibal DM becomes fixed. There is a vast mass range, eV to TeV,

where cannibal DM can be looked for [27, 28]
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1.5.2 Non-thermal production of dark matter

1.5.2.0.1 Freeze-in : In freeze-in mechanism we assume DM to be never in equilib-

rium with the SM particle [29]. Interaction between DM and SM particles is assumed

to be feeble and the initial abundance of DM compared to SM particles is assumed to be

very small. As the Universe expands and Hubble rate dominates over production rate of

the DM candidate, DM number density starts freezing. A comparison of freeze-in and

freeze-out scenario is presented in Fig. 1.5.

Figure 1.5: Possible freeze-in and freeze-out scenarios [30]. The dotted lines show the slow
increase of DM reaching constant values as a function of the DM mass to temperature ratio. The
solid lines show the freeze-out scenario for different values of the DM annihilation/production
cross section.

1.5.2.0.2 Schwinger Mechanism : In this mechanism, DM is assumed to be produced

from vacuum. In analogy to U(1) gauge symmetry of QED, the dark gauge field U(1)D

is taken to be the symmetry of DM which is generated from vacuum analogous to pair

production process in SM [31]. Production of such DM can be done without them being

thermally connected to SM. 4

4Fermion and Scalar charged under U(1)D are usually taken to be DM but gauge field of this symmetry
can be taken to be DM candidate too.
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1.5.2.0.3 Axions and ALPs : Axion are pseudo-scalar particles, initially introduced

to solve the strong CP problem in the QCD Lagrangian [32–34]; the relevant part of the

Lagrangian can be expressed in terms of the gluon field strength tensor and its dual:

L ⊃ θ
g2

32π2 Gµνa G̃a
µν = Lθ , (1.4)

CP violation is observed in the weak interaction but not in the strong interaction yet.

Experimental inference comes from the upper bound of electric dipole moment (eDM) of

neutron , |dn| ≤ 10−26e cm, which is theoretically calculated to be of the order 10−13e cm.

Introducing a pseudo-scalar axion field ‘a′ following extra U1 symmetry, called Peccei

Quinn symmetry (UPQ) and new coupling ‘ f ′a in Eq. 1.4 resolves the problem, via tuning

‘ f ′a . These axions are considered to be potential candidates for dark matter in the 1µeV to

100µeV range. Inspired by the QCD axion, other axion like particles (ALPs) are studied

and constrained [35] for dark matter which can have masses ranging from 10−22 eV to

GeV.

There are many other exotic models including Axion Misalignment, Sterile Neutrino pro-

duction, Asymmetric Dark matter, Primordial Black Holes (PBH), Gravitational Produc-

tion, Afleck-Dine Mechanism, etc. See Ref. [1] for a review.

1.5.3 Detection techniques of dark matter

Although this thesis does not involve DM detection, we present a list for the sake of com-

pleteness. There are three class of detection technique for dark matter: Direct detection,

Indirect detection, and collider searches; see Fig. 1.6. So far, only limits have been placed

on the nature of DM, its mass, and coupling to SM particles.
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Figure 1.6: Schematic for detection mechanisms for dark matter [36].

1.5.4 Indirect detection

In the indirect detection techniques for dark matter, detectors search for the excess of SM

high energy particles coming from nearby stellar objects like galaxies, dwarf spheroidal

galaxies etc., which can be the outcome of annihilation of dark matter particles [37–40].

In particular there are searches for dark matter through high energy cosmic rays by AMS

[41, 42], HAWC [43], AUGER [44–46] and other collaborations. Super-K [47, 48], Ice

Cube [49] search for dark matter through excess of SM neutrinos. The Planck [50] and

some other telescopes search for dark matter through microwave radiation (CMB). Some

indirect detection comes from the X-ray observatories e.g Chandra X-ray observatory,

which observe X-ray from gas in Galaxy Cluster. With the help of gravitational lensing,

the need for extra mass is confirmed in galaxy clusters. Fermi-LAT looks for the excess of

γ-rays from the center of the Milky Way galaxy [51], Galaxy clusters, Dwarf Spheroidal

Galaxies [52, 53].DM searches through gamma ray in these astronomical objects are also

done in HESS 5 , which is a ground based telescope array. 6

5arXiv : 2508.20229
6An upcoming successor to HESS is CTA ( Cherenkov Telescope Array )
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1.5.5 Direct detection

In the direct detection experiments, one looks for recoil of nucleus or SM particle (mainly

e−) due to interaction with dark matter in our galaxy, Milky Way [54–56]. In direct detec-

tion experiments, the nuclear recoil rate, nuclear recoil energy, and nuclear recoil direction

are measured. Direct detection experiments are mainly designed for detecting the WIMP

kind of dark matter via nuclear recoil and for some LDM (Light Dark Matter) via electron

recoil. Some of the experiments constraining WIMP and LDM are XENONnT [57–59].

LZ (LUX-ZEPLIN) [60], DarkSide [61, 62], SuperCDMS [63–65], CRESST [66, 67].

DAMA/LIBRA [68] and PICO[69] ADMX [70] looks for ALP (Axion-like particles).

PandaX has set constraints for WIMP [71], LDM [72, 73] and ALP [74, 75].

1.5.6 Collider searches

Collider experiments mainly search for dark matter through the missing energy and mo-

mentum from DM production after collision of SM particles in collider [22, 76, 77]. If

there is a production of DM in detectors, it will not interact with the detector material

and the only way to know about the production of such a particle is through the miss-

ing energy or momenta. Experiments in this direction are ATLAS [78–80], CMS[81–

83] , LHCb[84], FASER[85, 86], SND@LHC[87], MoEDAL-MAPP[88], NA64[89–91]

etc. These experiments look for missing transverse momentum in mono-X event (e.g.

pp → χχ + X) where X can be single SM particle or a jet, and χ represents dark matter

particle. Some future facilities in this direction are HL-LHC, FCC, CEPC,ILC, MuCol,

which are proposed and will be looking for dark matter.
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1.6 Motivation of the study

The magnetic moment of an electron is most precisely measured quantity in physics till

date. Its current value is [92] −9.2847646917(29) × 10−24 J T−1. Its theoretical prediction

comes from quantum electrodynamics. In the era of precision physics, physical quanti-

ties are getting measured with increasing accuracy. One of the physical quantity getting

precisely measured is the relic abundance of dark matter.

In the early Universe, dark matter decouples from the thermal plasma at a temperature

depending on the exact mechanism of its interaction. For instance, in the freeze-out sce-

nario, dark matter remains in equilibrium with SM particles (ordinary or baryonic matter)

through scattering and decay processes such as χ f → χ f and χχ ↔ f f . As the Uni-

verse cools, the dark matter interaction rate falls below the expansion rate of the Universe

at which point the dark matter falls out of equilibrium and its density “freezes out” to

a constant value which is the presently observed relic density. For typical DM masses

freeze-out occurs in the range mχ/10 ≤ T ≤ mχ/20. In a typical freeze-in scenario, DM

interacts very weakly with SM particles. Moreover, their initial density is very small so

that the present relic density is achieved by production of DM via SM interactions. For

these scenarios, the DM mass is in the range, mχ ≤ T ≤ mχ/10.

The value of the DM relic density from several observations currently is Ωc = 0.265(7)

and is therefore very precisely known. Various models of DM have been used to predict

this density. Theoretically, the dark matter relic abundance is obtained by solving the

Boltzmann equation which evolves the DM density over time. The resulting relic density

nχ depends on the expansion rate of the Universe as well as the interaction rate of DM,

accounting for its production/loss. In the freeze-out scenario, we have

dnχ
dt
+ 3Hnχ = −⟨σχχ̄→ f f̄ vrel⟩T

(
nχ nχ̄neq

χ neq
χ̄

)
. (1.5)

Here the second term accounts for the expansion of the Universe while the term containing
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the thermal average of the annihilation cross section, σχχ→ f f , codes for the collision term,

where vrel is the relative velocity. Here neq
i refers to the equilibrium density of the species i.

The Boltzmann equation can be recast in terms of the yield, Y = n/s where s is the entropy

density, and the ratio x = mχ/T . The initial condition to solve this equation is that the

DM particles are in thermal equilibrium at early times (x ≪ 1). As the temperature falls

below T ∼ mχ, the production of χ will be suppressed exponentially due to the presence

of the Boltzmann number density factor. As the Universe further cools, the interaction

rate for both the forward and backward processes drops, and the dark matter falls out of

equilibrium. The required relic density ΩCh2 = 0.12 is obtained if ⟨σvrel⟩T ∼ 1 pb, which

indicates a DM mass of about 100-1000 GeV.

In the freeze-in scenario, the DM is not in thermal equilibrium and couples weakly to

the SM particles; hence the term containing neq
i in the RHS of Eq. 1.5 can be ignored.

Again, the forward process is Boltzmann suppressed when the temperature falls below

the mass of χ, and production of DM then stops (since the backward process was anyway

negligible). Here the initial condition is that the initial DM yield at the reheating scale,

just after inflation, Y(xRH) = 0.

The model dependence in either case arises from the calculation of the collision term

involving scattering and annihilation cross sections for DM. (Here we ignore decay). It is

obvious that, the larger the cross section, the more the annihilation and smaller the DM

relic density. The thermal average is given by

⟨σχχ̄→i jvrel⟩T =
1

neq
χ neq
χ̄

∫
d3 p⃗χ
(2π)3

d3 p⃗χ̄
(2π)3 f eq

χ f eq
χ̄ σχχ̄→i j vrel , (1.6)

where fχ = nχ/n
eq
χ × f eq

χ , and the number density is expressed in terms of the phase space

distribution function f (p) as

ni(t) = hi

∫
d3 p⃗χ
(2π)3 fi(p) , (1.7)
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where hi represents the number of internal degrees of freedom of the ith particle. The

more precisely the dark matter annihilation cross section is computed, the more accurate

is the prediction of the relic abundance of dark matter. In addition, note that the thermal

average of the temperature independent cross section is taken in Eq. 1.6. For the sake

of consistency, it is important to compute the cross section in a thermal field theory of

DM. In this case, the DM annihilation cross section further gets finite temperature cor-

rections which can be important. These corrections are to be incorporated along with the

zero-temperature pure quantum correction to the annihilation cross section since the mea-

surement of relic abundance of dark matter is getting increasingly precise, with elevated

state-of-art experimental facilities.

This therefore brings us to the main motivation of this thesis. In order to calculate the

finite temperature corrections to DM annihilation cross sections, one has to implement

techniques of thermal field theory.

Thermal field theory (TFT) is a generalized framework of quantum field theory which

incorporates statistical fluctuations alongside with the quantum fluctuations.

For our study we take a generic MSSM inspired model with Yukawa coupling [93, 94]

described by a Lagrangian of the form

L = −
1
4

FµνFµν + f̄ (i /D − m f ) f +
1
2
χ̄(i/∂ − mχ)χ

+ (Dµϕ)†(Dµϕ) − m2
ϕϕ
†ϕ + (λχ̄PL f −ϕ+ + h.c.) . (1.8)

Here the dark matter candidate is an S U(2) × U(1) singlet Majorana 7 fermion χ which

interacts with SM doublet fermions, f = ( f 0, f −)T , via scalar partners ϕ = (ϕ+, ϕ0)T

through a Yukawa coupling, λ. The calculations are performed after electro-weak sym-

metry breaking, so that the W and Z are heavy and their contributions to the higher order

7We also included the possibility where DM is Dirac type and which will slightly modify the kinetic
term and the mass term for the Dirac DM. Kinetic and mass term in the main Lagrangian ( for the Majorana
case ) will be be modified by the χ(i/∂ − mχ)χ in case of Dirac DM.
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corrections can be safely ignored. Hence our study involves a calculation of thermal cor-

rections to the DM annihilation cross section in a thermal bath of SM fermions, photons,

and (beyond SM) scalars and dark matter particles.

The present-day experimental determination of the relic abundance of DM is now so

precise that these model-based cross sections need to be calculated to next-to-leading

order (NLO); for example, the cross sections in various models have been calculated in

Refs. [95–101]. Additionally, thermal corrections to these cross sections (or decay rates)

can become important in the early Universe [94, 102–107], in Quark Gluon Plasma [108].

Some of the processes have also been resummed [109–111]. Other work [112] has also

discussed in detail the limitations of the Boltzmann equation.

There are few papers [94, 102] where thermal corrections to cross sections or decay rates

have been calculated. In particular, Beneke et al. [94] computed the thermal NLO correc-

tions to the dark matter annihilation cross section in a generic DM model where Majo-

rana dark matter particles interact with SM fermions through charged scalars where they

showed that the leading s-wave (non-relativistic) contribution to the thermal cross section

for the dark matter annihilation to SM fermion pairs via scalars, viz., χχ → f f , of order

O(αT 2), vanishes in the massless fermion limit, where T is the temperature of the heat

bath in which the interaction occurs.

Our core motive here is to obtain the finite temperature correction to annihilation cross

section for dark matter in our model of interest in Eq. 1.8. We will be presenting finite

temperature correction to DM annihilation cross section up-to leading order in the QED

coupling constant O(α) for DM annihilation process χχ → f f and χχ → f f (γ), where

γ codes for real emission and absorption of photon from the heat bath by electrically

charged particles.

In the next chapter, we set up the required technology of thermal field theory to perform

this computation. At finite temperature, infra-red (IR) divergences are much more severe

than at zero temperature (linear rather than log divergence). Hence we use the general-
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ized Grammer and Yennie technique in TFT in order to deal with the IR divergences. In

Chapter 3, we discuss details of this technique, as applicable to thermal fields. The ex-

pert reader can directly go to Chapter 4 from where the actual calculation of the thermal

corrections begins.
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Chapter 2

Quantum field theory at finite

temperature

In this chapter, we will outline the details of thermal field theory in the real time formula-

tion. The Feynman rules that we list here will be used in Chapters 4 and 5 to calculate the

thermal corrections to the dark matter annihilation cross sections at NLO. The key aspect

of this formulation is the doubling of fields so that all propagators take on a 2 × 2 matrix

form. Each component of the propagators, and the corresponding phase space factors,

can then be represented as a linear sum of temperature-independent and temperature-

dependent parts, with the (1, 1) element of the temperature-independent part matching the

corresponding zero-temperature propagator for that particle. A detailed review of the field

can be found in Refs. [113, 114].

Quantum field theory at finite (non-zero) temperature uses a generalized framework (ther-

mal field theory) to obtain thermal corrections to physical measurables of the system. In

our study we will be obtaining the finite temperature corrections to the dark matter anni-

hilation cross section using thermal field theory. Broadly there are three main formalisms

of thermal field theory.
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• Imaginary time formalism, also known as Matsubara Formalism [115],

• Thermo-field Dynamics, also known as Umezawa TFD [116], which treats time and

temperature on an equal footing, paving the way to a more general class of real time

thermal field theories,

• Real time formalism, also known as Closed-Time-Path formalism or Schwinger-

Keldysh formalism [117, 118].

We focus here on the real time formulation of thermal field theory.

2.1 Real Time formalism of thermal field theory

We start with the example of neutral scalar fields. In the Heisenberg picture, we have

ϕ̂(x) = eitĤϕ̂(0)e−itĤ . (2.1)

Of interest is the N-point Green function, standardly obtained from functional differenti-

ation of the generating functional ZC(β; j) with respect to the sources j(x):

GC(x1, · · · , xN) =
1

Z(β)
δNZC(β; j)

iδ j(x) · · · iδ j(xN)

∣∣∣∣∣∣
j=0

, (2.2)

with

ZC(β; j) = Tr
[
e−βĤTC exp

(
i
∫

C
d4x j(x)ϕ̂(x)

)]
, (2.3)

where the complex time path C will be defined later, and

ZC(β; j = 0) = Z(β) = Tr exp
(
−βĤ

)
, (2.4)
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is the usual zero-temperature partition function. The thermal average of any operator is

then defined as

Â =
1

Z(β)
Tr

(
e−βĤ Â

)
. (2.5)

The states ϕ̂ can be used to express the functional integration measure [Dϕ] so that the

trace can be re-written as

Z[ j] =
∫

[Dϕ′]⟨ϕ′; tin|e−βĤ TC exp
[
i
∫

C
d4x j(x)ϕ̂(x)

]
|ϕ′; tin⟩ . (2.6)

From Eq. 2.1, we have

Z[ j] =
∫

[Dϕ′]⟨ϕ′; t − iβ| TC exp
[
i
∫

C
d4x j(x)ϕ̂(x)

]
|ϕ′; tin⟩ . (2.7)

Since the generating functional is defined as a trace, the initial and final states must be

taken at equal times; this gives us the periodicity condition

ϕ(tin − iβ, x) = ±ϕ(tinx) , (2.8)

where the (+,−) signs refer to bosonic and fermionic fields respectively. This is known as

the Kubo-Martin-Schwinger (KMS) condition [117, 119] on the fields. Hence the fields

are defined over a closed time path where the temperature (β = 1/T ) forms the imaginary

time axis. The time-ordered propagator on this time path can be defined as

DC(x, x′) = θC(t − t′)D>C(x, x′) + θc(t′ − t)D<C(x, x′) ,

withD>C(x, x′) = ⟨ϕ̂(x)ϕ̂(x′)⟩β ;

D<C(x, x′) = ⟨ϕ̂(x′)ϕ̂(x)⟩β = D>C(x′, x) , (2.9)

where θC is suitably defined on the time path C.
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2.2 Choice of Contour

We know that the contour C must contain the real time axis, in order to formulate scat-

tering problems. In addition, it must be such that it satisfies the boundary condition in

Eq. 2.8. In the real-time formulation of thermal field theories [120–123], the integration

in the complex time plane is then defined over a special path shown in Fig. 2.1, from an

initial time, ti to a final time, ti − iβ, where β is the inverse temperature of the heat bath,

β = 1/T .

C1

C3

C4 C2

Re t

Im t

ti −ti

ti − iσ

−ti − iσ

ti − iβ

Figure 2.1: The time path for real time formulation of thermal field theories in the complex t
plane, where the y axis corresponds to Im t = β, the inverse temperature, and σ ∈ [0, β].

We choose a specific time path C as follows:

1. Time path C has the initial real value ti which is taken to be in distant past (ti →

−∞); further, it is taken along the real axis up to some large positive value −ti. This

part of the time path is denoted by C1 in Fig. 2.1.

2. Then we follow the path from −ti to −ti − iσ, where σ is taken in the interval [0, β].

This part of the path is indicated by C3.

3. Next part of the time path C is the straight line taken from −ti − iσ to ti − iσ and is

indicated by C2.

4. The final segment of the contour C is the line starting from ti − iσ and terminating

at ti − iβ. This segment is denoted by C4.
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This path is also known to be Closed Time Path (CTP) or interchangeably Schwinger-

Keldysh path due to its developers. We further rewrite the generating functionalZC(β; j)

as products of the free generating functional ZF
C(β; j) and an interaction term to obtain a

perturbation expansion as follows.

ZC(β; j) = exp
(
− i

∫
C

d4xV
(
δ

iδ j(x)

))
ZF

C(β; j) , (2.10)

where V describes the potential under which the field interacts, and the free generating

functionalZF
C(β; j) is,

ZF
C(β; j) = N exp

[
−

1
2

∫
C

d4x
∫

C
d4x′ j(x)DF

C(x − x′) j(x′)
]
. (2.11)

The correlator,DF
C(x − x′) on this path is

DF
C(x − x′) = θC(t − t′)D>F

C (x − x′) + θC(t′ − t)D<F
C (x − x′) . (2.12)

For systems in thermal equilibrium, it has been shown [124] that the generating functional

factorises as

ZF
C(β; j) = N1Z

F
C12

(β; j)ZF
C34

(β; j) . (2.13)

Here C1,2 (C3,4) refer to the paths C1 ∪ C2 (C3 ∪ C4). This factorization of generating

functional is known to be consistent for the calculations where we have processes with at

least one external line in the Feynman graph. Correlators can be obtained fromZF
C12

only

and contributions from ZF
C34

(β; j) can be absorbed in the normalization coefficient. Then

the effective free generating functional is written as

ZF
C(β; j) = N2 exp

[
−

1
2

∫
C12

d4x
∫

C12

d4x′ j(x)DF
C(x − x′) j(x′)

]
. (2.14)
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2.3 The scalar field thermal propagator

For convenience we take −∞ < x0(= t), x′0(= t′) < ∞. The source j(x) is taken along

the path C and the relevant part of j(x) in different parts of C are labeled according to the

relevant segment of C. For C1 and C2 we take j1 and j2 respectively as

j1(x) = j(t, x) ; j1(x) = j(t − iσ, x) . (2.15)

Generalising the functional derivative as

δ ja(x)
δ jb(x′)

= δa,bδ
(4)(x − x′) , (2.16)

we see that ja, a = 1, 2 “live” on different parts of the contour, C, so that

ZF
C(β; j) = N2 exp

[
−

1
2

∫ ∞

−∞

d4x
∫ ∞

−∞

d4x′ ja(x)DF
ab(x − x′) jb(x′)

]
. (2.17)

Here we notice that the degrees of freedom of field ϕ have doubled: we have both fields ϕ1

and ϕ2. The extra field ϕ2 is interpreted as a ghost field since it does not occur on external

lines. Only the ϕ1 fields occur on external lines, but the Feynman rules get modified since

the propagators have off-diagonal elements, as we see below.

In other words, the real-time propagator has four components which can be expressed as

a 2 × 2 matrix. We can then obtain the free propagator in momentum space:

DF
11(k) =

i
k2 − m2 + iη

+ nB(|k0|)2πδ(k2 − m2)

DF
22(k) = (DF

11(k))∗

DF
12(k) = eσk0

[nB(|k0|) + θ(−k0)]2πδ(k2 − m2)

DF
21(k) = e−σk0

[nB(|k0|) + θ(k0)]2πδ(k2 − m2) , (2.18)
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where

nB(|k0|) =
1

e β |k0 | − 1
, (2.19)

is the Bose distribution function.

Here the propagators DF
12 and DF

21 depend on σ which can be chosen appropriately for

specific calculations. We use the symmetric choice σ = β/2. The propagator for fermion

and photon fields can be similarly obtained. We now collect the Feynman rules for the

cases of interest.

2.4 Feynman rules in thermal field theory

The scalar propagator is given by

iS ta,tb
scalar(p,m) =

 ∆(p) 0

0 ∆∗(p)

 + 2πδ(p2 − m2)nB(|p0|)

 1 e|p
0 |/(2T )

e|p
0 |/(2T ) 1

 , (2.20)

where ∆(p) = i/(p2 − m2 + iϵ), and ta, tb (= 1, 2) refer to the field’s thermal type. It

can be seen that the scalar propagator is a sum of two terms, one which is temperature-

independent and the other which contains the explicitly thermal dependence which we

call the thermal part. Only the thermal parts can convert type-1 to type-2 (ghost) fields,

and vice versa; note that these contribute only on mass-shell.

The photon propagator corresponding to a momentum k is given in the Feynman gauge

by

iDta,tb
µν (k) = −gµνiDta,tb(k) = −gµν iS ta,tb

scalar(k, 0) , (2.21)
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while the fermion propagator at zero chemical potential is given by

iSta,tb
fermion(p,m) =

S 0

0 S ∗

 − 2πS ′δ(p2−m2)nF(|p0|)

 1 ϵ(p0)e|p
0 |/(2T )

−ϵ(p0)e|p
0 |/(2T ) 1

 ,
≡ (/p + m)

 F−1
p G−1

p

−G−1
p F∗−1

p

 ,
≡ (/p + m)S

ta,tb(p,m) , (2.22)

where S = i/(/p − m + iϵ), and S ′ = (/p + m). The fermion propagator is proportional to

(/p + m), just as at T = 0, and the number operator for fermions is given by

nF(|k0|) =
1

e β |k0 | + 1
. (2.23)

It can be seen that all propagators can be expressed as a linear sum of temperature-

independent and temperature-dependent parts, with the (1, 1) elements the same as the

corresponding zero temperature expressions.

The fermion–photon vertex factor is given by (−ieγµ)(−1)tµ+1, where tµ = 1, 2 for the type-

1 and type-2 vertices. The scalar–photon vertex factor is [−ie(pµ + p′µ)](−1)tµ+1 where pµ

(p′µ) is the 4-momentum of the scalar entering (leaving) the vertex, while the 2-scalar–2-

photon seagull vertex factor (see Fig. 2.2) is [+2ie2gµν](−1)tµ+1 (the factor ‘2’ is dropped

for a tadpole vertex). All fields at a vertex are of the same type, and all external fields are

of type-1.

p p′

µ

p p′

µ

p p′

µ ν

a. Fermion-Photon Vertex b. Scalar-Photon Vertex c. Seagull Vertex

Figure 2.2: Allowed vertices for fermion–photon and scalar–photon interactions.

The DM-scalar-fermion vertex factor is iλPL; for details on Feynman rules for Majorana
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particles at zero temperature, see Ref. [125]. An overall negative sign applies as usual to

the type-2 DM vertex.

2.4.1 Some identities at finite temperature

Various identities useful for fermions are given in Ref. [126] and are reproduced here for

completeness. Note that Eqs. 2.20, 2.21 and 2.22 lead to

(/p − m) iS ta,tb
p = i(−1)ta+1δta,tb , (2.24)

where we have used the compressed notation, iS ta,tb(p,m) ≡ iS ta,tb
p .

Consider the insertion of the µ vertex of the additional virtual photon with momentum k

between vertices µq+1 and µq on the p′ fermion leg; see Fig. 3.2. The momentum of the

photon at the vertex µq is lq, with Lorentz index µq, and thermal type-index tq. Hence the

momentum of the fermion leg to the left of the vertex µq is p′ +
∑q

i=1 li which we denote

as p′ +
∑

q. Using Eq. 2.24, we have,

S
tq,tµ

p′+
∑
q

/k S
tµ,tq+1

p′+
∑
q
+k
= (−1)tµ+1

S tq,tq+1

p′+
∑
q

δtµ,tq+1 − S
tq,tq+1

p′+
∑
q
+k
δtµ,tq

 . (2.25)

If the photon vertex is inserted to the right of the vertex labelled ‘1’ on the fermion leg

with momentum p′, we have,

u(p′)/kS
tµ,t1

p′+k
= u(p′)(−1)tµ+1δtµ,t1 , (2.26)

since /p′u(p′) = mu(p′). Similar relations hold for the insertion of of the virtual K photon

at a vertex ν on the (anti-)fermion p leg since /p u(p) = m u(p) as well.
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2.5 Phase space integrals

In thermal field theory apart from the propagator, phase space integrals also get thermal

modifications. At finite temperature there are processes with absorption of particles1 in

addition to emission in a scattering process. Consider the dark matter annihilation process

χχ→ f f (γ) where (γ) indicates that the photon can be emitted into, or absorbed from the

heat bath.

The phase space for photons in thermal field theory will be modified as follows:

∫
dPk ≡

∫
d4k

(2π)4 2πδ(k2)
[
θ(k0)(1 + nB(|k0|)) + θ(−k0)nB(|k0|)

]
,

=

∫
d4k

(2π)4

(
2πδ(k2)

) [
θ(k0) + nB(|k0|)

]
. (2.27)

Here the term proportional to nB(|k0|) + 1 is due to emission of photons into the heat bath

whereas the term proportional to nB(|k0|) is due to absorption of photons into the heat bath.

The phase space integral for fermion/antifermion also gets modified as

dPp =

∫
d4 p

(2π)4

(
2πδ(p2 − m2

p)
) [
θ(p0) − nF(|p0|)

]
. (2.28)

Hence the thermal factor reduces the available phase space for fermions. Since external

particles can only be of type-1, an application of the Cutkosky rules show that the defini-

tion of the phase space matches (with appropriate cuts) the definition of the (1, 1) element

of the corresponding propagators given in Eqs. 2.20, 2.21 and 2.22.

The impact of the presence of the Bose distribution function in the photon phase space

and the propagator is deep: in the low energy limit, the fermionic number operator,

nF(|p0|) ≡
1

exp{|p0|/T } + 1
p0→ 0
−→

1
2
, (2.29)

1Only emission processes are available in quantum field theory at zero temperature.
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is well-defined in the soft limit; however, the bosonic number operator contributes an

additional power of k0 in the denominator to the photon propagator in the soft limit:

nB(|k0|) ≡
1

exp{|k0|/T } − 1
k0→ 0
−→

T
|k0|
, (2.30)

so that the leading IR divergence in the finite temperature part is linear rather than log-

arithmic as was the case at zero temperature. (The cancellation of IR divergences in

thermal field theories with photons thus involves cancellation of the leading linear diver-

gence as well as the logarithmic sub-divergence.) We will demonstrate the cancellation

of these divergences in Chapter 6.

Note that there are no additional ultra-violet (UV) divergences associated with the thermal

parts because of the presence of the same number operators that act like a UV cut-off at

large energies/momenta.

We will use these Feynman rules to compute the thermal corrections at NLO to the dark

matter annihilation cross sections in the next chapters. Before we begin this calculation,

we briefly describe, in the next chapter, the Grammer and Yennie technique that we have

used to isolate these IR divergences.
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Chapter 3

Infra-red divergences: Grammer and

Yennie technique

In the calculation of higher order corrections to tree level processes in QED, we encounter

ultra-violet (UV), Infra-red (IR) and collinear divergences. UV divergences are taken care

by regularization techniques in QFT at T = 0. There are no additional UV divergences

in finite temperature field theory due to the presence of the number operator, Eqs. 2.19,

2.23, but there are additional IR and collinear divergences. In this chapter we will be

discussing a crucial technique, the Grammer and Yennie technique for dealing with the

IR divergences. We first discuss a simple example at T = 0 and demonstrate the separation

of IR divergent and IR finite pieces in an NLO process with QED vertex. Then we will

discuss the cancellation of IR divergences with the Grammer and Yennie technique in the

finite temperature field theory. We will apply this technique to the calculation of thermal

corrections to the dark matter annihilation cross sections in Chapters 4 and 5.
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3.1 Separation of IR divergent and IR safe parts at T = 0

We take a simple case for the process eγ∗ → e for demonstration of Grammer and Yennie

technique at T = 0; see Fig. 3.1 and explore its IR behavior. We will see that the soft IR

divergence arises when the virtual photon momentum is soft.

p

k

p′

q

V

ν

µ

Figure 3.1: A sample NLO correction to the process γ∗e → e; here ‘V’ is the hard vertex which
defines the p and p′ leg. See text for details.

The matrix element for this process can be written as

−iM =
∫

d4k
(2π4)

[
up′(−ieγµ)S 0

p′+kΓVS 0
p+k(−ieγν)up

] [
−igµν

k2

]
, (3.1)

where S 0
l stands for the fermion propagator at T = 0 with momentum l and we are not

interested in the exact structure of the vertex V .

In the Grammer and Yennie technique, the photon propagator is factorised into the soft

IR divergent and IR safe part as

gµν = (gµν − bk(p f , pi)kµkν) + (bk(p f , pi)kµkν) ,

= Gµνk + Kµνk . (3.2)

The factor b and the terms p f , pi will be discussed below. Here the term K contains the
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IR divergence while G is finite. Since this is a sum over two terms, the cross section (or

other physical quantities) can be computed by inserting either a K photon to obtain the IR

divergent piece, or by inserting the G photon for the finite part.

Our motive here is to identify the structure of bk(p f , pi) which will be chosen precisely to

separate the IR divergent part. We first re-write the matrix element as

−iM =
∫

d4k
(2π4)

[
ūp′(−ieγµ)

i( /p′ + /k + m)
(p′ + k)2 − m2ΓV

i(/p + /k + m)
(p + k)2 − m2 (−ieγν)up

] (
−igµν

k2

)
,

=
−ie2

(2π)4

∫
d4k

[
ūp′γ

µ ( /p′ + /k + m)
(p′ + k)2 − m2ΓV

(/p + /k + m)
(p + k)2 − m2γ

νup

]gµν
k2 ,

=
−ie2

(2π)4

∫
d4k
k2

[
ūp′

(2p′µ + 2kµ − /kγµ)
k2 + 2p′ · k

ΓV
(2pµ + 2kµ − γµ/k)

k2 + 2p · k
up

]
, (3.3)

where we have used the standard properties of the gamma matrices and the fermion prop-

agators and the Dirac equation. In the soft limit, this reduces to

−iM
k→ 0
−→

−ie2

(2π)4

∫
d4k
k2

[
ūp′

2p′µ

2p′ · k
ΓV

2pµ
2p · k

up

]
. (3.4)

In the soft limit k → 0, k2 goes to zero faster than 2p · k (or 2p′ · k ) so we can safely

ignore k2 in the denominator. It can be seen that the matrix element with one virtual

photon (NLO contribution) can be expressed in terms of the lower order matrix element

MLO as

−iM
k→ 0
−→

{
−ie2

(2π)4

∫
d4k
k2

p′ · p
(p′ · k)(p · k)

} {
ūp′ΓVup

}
,

orMNLO =

{
−ie2

(2π)4

∫
d4k
k2

p′ · p
(p′ · k)(p · k)

}
MLO + IR finite , (3.5)

where the coefficient contains the soft divergence. We have separated the soft divergence

in Eq. 3.5 and will further show that a special choice of bk(p f , pi)kµkν term in the Grammer

and Yennie technique (see Eq. 3.2) can achieve this separation.

The Grammer and Yennie technique [127, 128] requires the definition of a ‘hard vertex’
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which we take to be the vertex ‘V’. Then the fermion leg incoming to this vertex ‘V’ is

taken as the ‘p-leg’ and the outgoing one is taken to be the ‘p′ leg’. Hence, in our example

in Fig. 3.1, we have p f = p′ and pi = p. If both vertices of the virtual photon were on the

p′ line, p f = pi = p′, and similarly for the case when both vertices are on the p line, bk is

given by bk(p, p).

We now show that the K photon insertion contains precisely the IR divergent term shown

in Eq. 3.5 with a suitable definition of bk. For this, we calculate the same matrix element

given in Eq. 3.1 but will replace gµν in the photon propagator by Kµν (i.e., by bkkµkν):

−iMK =
−ie2

(2π)4

∫
d4k

[
ūp′γ

µ ( /p′ + /k + m)
(p′ + k)2 − m2ΓV

(/p + /k + m)
(p + k)2 − m2γ

νup

]bkkµkν
k2 ,

=
−ie2

(2π)4

∫
d4k

[
ūp′

(2p′ · k − /p′/k + k2 + m/k)
2p′ · k + k2 ΓV

(2p · k − /k/p + k2 + /km)
2p · k + k2 up

]bk

k2 ,

=
−ie2

(2π)4

∫
d4k

[
ūp′

(2p′ · k + k2)
2p′ · k + k2 ΓV

(2p · k + k2)
2p · k + k2 up

]bk

k2 ,

=

{
−ie2

(2π)4

∫
d4k
k2 bk

}
×

[
ūp′ΓVup

]
, (3.6)

where we have again simplified using the properties of the gamma matrices and the Dirac

equation. Notice that this is a general procedure, independent of the structure of the hard

vertex V . Comparing Eqs. 3.5 and 3.6, we identify bk as

bk(p′, p) =
p′ · p

(p′ · k)(p · k)
. (3.7)

With the choice of ‘b′ in Eq. 3.7 we can see that Eq. 3.6 is exactly the same as Eq. 3.5

which contains the soft IR divergent piece of the full matrix element Eq. 3.1. This example

shows that with the precise choice of ‘b′k we can separate the soft IR divergence by simply

factorizing gµν into the sum of soft IR divergent part Kµν and IR safe part Gµν. A complete

calculation of all possible photon insertions in Fig. 3.1 will yield the general expressions

for bk(p f , pi). The separation of IR divergent and IR safe parts is found to hold to all

orders in perturbation theory [127, 128] at T = 0. Instead of proceeding in this direction,
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we use this zero temperature example to determine the corresponding K and G photon

propagators in the thermal case of interest.

This separation of IR divergent and IR finite piece is found to be valid at finite temper-

ature with QED vertex [126, 129]. In the next section we will discuss the details of this

separation at finite temperature with the generalized Grammer and Yennie technique in

thermal field theory for use in later chapters.

3.2 The Grammer and Yennie technique at finite temper-

ature

We have used the Grammer and Yennie (GY) technique to calculate the IR finite part of

the thermal dark matter annihilation cross section for both the virtual and real photon

cases in the next two chapters. We now summarise this approach which helps simplify

the separation of the soft infra-red (IR) divergences1. The GY technique as described

in the previous section [127, 128] was used to factorize the infra-red (IR) divergences

in a zero temperature quantum field theory. There are additional linear IR divergences

due to photons in a thermal field theory. Hence the demonstration of cancellation of IR

divergences includes demonstrating the cancellation of both the linear and (sub-leading)

logarithmic divergences in the thermal theory.

Note that there are no additional ultra-violet (UV) divergences because the number op-

erator in both the thermal propagators and phase space acts as a damping factor. The

GY technique was extended to the case of thermal field theory, first for fermionic ther-

mal QED [129], and later for charged thermal scalars and fermions interacting with dark

matter particles with thermal QED corrections [126, 130], where it was shown that the

infra-red divergences cancel between virtual and real photon insertions, order by order, to
1We shall see that the technique fails to factorise out the collinear divergences. However, the technique

is still useful because cancellations occur at the integrand level and hence there is no need to compute
divergent integrals.
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all orders. The technique uses the fact that only the photon contributions are IR divergent,

while fermion insertions do not lead to additional IR divergences. The IR divergences

cancel between virtual and real photon insertions as briefly discussed below.

3.2.1 Insertion of virtual K photons

Consider first the insertion of a virtual photon with momentum k into a lower order graph.

While the technique generically holds for an arbitrary nth graph, we use, for clarity, the

graph shown in Fig. 4.1 since this corresponds to the dark matter annihilation process of

interest. The procedure starts with writing the virtual photon propagator as the sum of

two parts, the K and G photons, exactly as in the case of the zero-temperature case; only

the definition of bk(p f , pi) (see Eq. 3.2) will be somewhat modified:

−igµν → −i
{ [

gµν − bk(p f , pi) kµkν
]
+

[
bk(p f , pi)kµkν

]}
,

≡ −i
{[

Gµνk

]
+

[
Kµνk

]}
. (3.8)

The IR divergence is completely contained in the K photon contribution while the G

photon contribution is IR finite. The notation p f and pi is used as before to separate the

final and initial “legs” (where the photon is inserted at vertices µ, ν) which are defined as

being to the right or left of the special vertex V (see Fig. 4.1) at which the momentum

q′ is guaranteed to be hard (not soft). Hence, for the t-channel diagram in Fig. 4.1, the

fermion line with p f = p′ is defined as the final “leg” while the anti-fermion and scalar

lines together form the initial leg with pi = p; for the u-channel diagrams, the scalar forms

a part of the p′ leg instead. Then the factor bk given by

bk(p f , pi) =
1
2

[
(2p f − k) · (2pi − k)

((p f − k)2 − m2)((pi − k)2 − m2)
+ (k ↔ −k)

]
, (3.9)
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is defined symmetrically in k → −k for the thermal case (in contrast to the original defi-

nition at T = 0 in Ref. [127]), and is a function of k as well as the momenta, p f , pi. It can

then be shown that the K photon insertions contain the IR divergent pieces while the G

photon contribution is IR finite. We demonstrate this for the NLO case when the thermal

K photon is inserted with both its vertices, µ, ν, on the p′ fermion line. The relevant part

of the matrix element can be expressed using the Feynman rules presented in the previous

chapter (note that there is an integration measure over the photon momentum, k) as

Mp′p′,Kphoton
NLO ∝ bk(p′, p′)kµ kν

[
u(p′,m f )γµ S

tµ,tν
fermion(p′ + k,m f )γν S

tν,tV
fermion(p′,m f )PR u(q′,mχ)

]
· · · ,

= bk(p′, p′)
[
up′ /kS

µ,ν
p′+k /kS

ν,V
p′ PR uq′

]
· · · , (3.10)

where the ellipsis refer to terms independent of k and we have lightened the notation

for convenience in the second line, with the superscripts on S referring to the thermal

type. The term in the square brackets can be simplified, using the identities given in

Section 2.4.1 as

[ ] =
[
up′ /k

{
S
µ,ν
p′+k /kS

ν,V
p′

}
PR uq′

]
,

= (−1)tν+1
[
up′ /k

{
S
µ,V
p′ δtν,tV − S

µ,V
p′+k δtν,tµ

}
PR uq′

]
,

= (−1)tν+1
[
up′

{
0 −

[
(−1)tµ+1 δtν,tµ

]}
PR uq′

]
, (3.11)

where the first term vanishes since the integrand is odd in k → −k while both bk and

the measure are even under this exchange. The crucial step is seen in the second line of

Eq. 3.11, where the Feynman identities (see Eq. 2.26) are used to reduce the portions with

/k insertions to a difference of two terms. Hence the matrix element factorises into the

product of two terms, one that is proportional to the lower order matrix element, viz.,

Mp′p′,Kphoton
NLO ∝ bk(p′, p′) MLO , (3.12)
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and the other containing the IR divergence. The contribution to the cross section from

virtual photon insertions at a given order is obtained by adding all the matrix elements

up-to that order and squaring the sum to obtain |M|2, integrating over the appropriate

phase space, and dividing by the initial flux, as usual. Again, this can be repeated for

different insertions of the virtual thermal photon.

3.2.1.1 Insertion into a general nth order graph

Consider an nth order graph with n virtual/real photon vertices; for specificity, we consider

higher order corrections to the t-channel diagram. When an additional virtual K-photon is

inserted into this graph, there are several possible locations where the additional photon

vertices can be inserted. Adding all the contributions gives differences of two terms as

seen above, with, more importantly, sets of terms canceling against each other until only

one term, that is proportional to the lower order matrix element, is left.

A similar result is obtained when the photon vertices are inserted so that one vertex µ is

on the p′ leg and the other ν vertex is on the p leg; that is, either on the scalar line or the

anti-fermion line. Here again, it turns out that the K photon contribution is proportional2

to the lower order matrix element:

Mp′p,Kphoton
n+1 ∝ bk(p′, p) Mn , (3.13)

In fact, such an insertion is the sum of contributions when the second ν vertex of the

virtual photon is inserted on the scalar, and when it is inserted on the anti-fermion line.

These contributions separately cancel among themselves, leaving one term in the former

and two in the latter. These cancel across the vertex V , leaving behind a contribution that

is again proportional to the lower order graph, as seen in Eq. 3.13 above. In short, it is

found [126] that the total matrix element due to insertion of the virtual K photon into an

2Technically, a virtual photon insertion leads to the number of vertices increasing by 2; we have used
the index (n + 1) to indicate that it is an nth order graph with an additional virtual photon.
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nth order diagram is given by

M
Kphoton,tot
n+1 =

[
ie2

2

∫
d4k

(2π)4

{
δtµ,t1 δtν,t1 Dtµ,tν(k)

[
bk(p′, p′) + bk(p, p)

]
+ δtµ,tV δtν,tV Dtµ,tν(k)

[
− 2bk(p′, p)

] } ]
Mn ,

≡ [B]Mn , (3.14)

where the prefactor containing the IR divergence can be expressed as,

B =
ie2

2

∫
d4k

(2π)4 D11(k)
[
bk(p′, p′) − 2bk(p′, p) + bk(p, p)

]
,

≡
ie2

2

∫
d4k

(2π)4 D11(k)
[
J2(k)

]
, (3.15)

since the thermal types of the hard/external vertices must be type-1. We see that each

term is proportional to the (11) component of the photon contribution and this is crucial

for achieving the cancellation between virtual and real photon insertions.

When the contributions are summed over all orders in perturbation theory and squared,

the relevant IR divergent factor (B + B∗) exponentiates and cancels a similar IR divergent

factor arising from real soft photon insertions; for details please refer to Ref. [126].

3.2.1.2 Insertion of the photon into a thermal fermion line

We already know that the presence of the bosonic number operator, nB(|k0|), makes the IR

contribution to the cross section potentially IR divergent while the nature of the fermionic

number operator, nF(|p0|), results in a finite IR contribution to the cross section. In par-

ticular, we shall see below that the K-photon contribution when the additional photon is

inserted into a thermal fermion (that is, when the second, temperature-dependent term in

the fermionic propagator contributes; see Eq. 2.22), is zero. We will use this result later in

the computation of the NLO cross section of interest. In order to show this, we begin with

the insertion of one of the vertices of the additional K photon on any thermal fermion line
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at the vertex µ, lying between vertices µq+1 and µq; see Fig. 3.2.

V p′s s−1 q+1 µ q 2 1

Figure 3.2: Sample insertion of vertex µ of virtual photon between vertices µq and µq+1 on the p′

fermion line. The labels have been simplified (µi → i) for the sake of clarity. Only a portion of the
diagram containing the p′ leg to the right of vertex V has been shown here.

There are now two fermion propagators, one between vertices µq and µ and the other

between vertices µ and µq+1. The relevant part of the matrix element is given by (where

we have chosen to insert into the p′ fermion line for specificity),

Mthermal f,Kγ
NLO ∝ b(p f , pi)kµkν

[
up′γµ1 · · · γµq S

q,µ
p′+

∑
q
γµ S

µ,q+1
p′+

∑
q +k γµq+1

]
· · · ,

= b(p f , pi)kν
[
up′γµ1 · · · γµq

{
S

q,µ
p′+

∑
q
/kSµ,q+1

p′+
∑

q +k

}
γµq+1

]
· · · , (3.16)

where the momentum flowing in the fermion line between vertices q and (q+1) into which

the additional photon was inserted is p′ + l1 + · · · + lq ≡ p′ + Σq. The term in curly braces

can be simplified using the property of the fermion propagator shown in Eq. 2.22 where

S is also defined:

{· · · } =
[
( /p′ + /Σq + m f )/k( /p′ + /Σq + /k + m f )

]
S

q,µ
p′+

∑
q
S
µ,q+1
p′+

∑
q +k ,

=
[
(2(p′ + Σq) · k + k2) ( /p′ + /Σq + m f ) − ((p′ + Σq)2 − m2

f )/k
]
,

= 0 for thermal fermions. (3.17)

In particular, if both the fermion propagators on either side of the K-photon insertion at

the vertex µ are thermal, then both terms in Eq. 3.17 vanish due to the delta function

terms δ((p′ + Σq)2 − m2
f ) and δ((p′ + Σq + k)2 − m2

f ) in the thermal part of the respective

propagators. We will use this result in the next Chapter when we compute the NLO virtual

thermal cross section.
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3.2.2 Insertion of real K̃ photons

While the factorization of the IR divergent part occurs in the matrix element for virtual

photon insertions, it occurs in the square of the matrix elements for the real photon case.

Note that both emission and absorption of real photons into/from the heat bath are possible

in the thermal case; in fact, this is essential in order to show the IR divergence cancellation

between virtual and real photon contributions. When a real photon with momentum k is

inserted into a lower order diagram at a vertex µ, the polarization sum in the squared

matrix element can be re-written in terms of the K̃ and G̃ contributions:

∑
pol

ϵµ∗(k) ϵν(k) = −gµν = −
{ [

gµν − b̃k(p f , pi)kµkν
]
+

[
b̃k(p f , pi)kµkν

]}
,

≡ −
{[

G̃µνk
]
+

[
K̃µνk

]}
,

(3.18)

with b̃k(p f , pi) = bk(p f , pi)|k2=0 for real photons. Again, pi (p f ) is the momentum p′

or p depending on whether the real photon insertion was on the p′ or p leg in the nth

order matrix elementMn+1 (or its conjugateM†n+1). As in the case for virtual K photon

insertion, the insertion of a K̃ real photon into an nth order graph leads to a cross section

that is proportional to the lower order one by an overall factor analogous to that in Eq. 3.14

for virtual photon insertion:

∣∣∣∣MK̃γ,tot
n+1

∣∣∣∣2 ∝ −e2
[
b̃k(p, p) − 2b̃k(p′, p) + b̃k(p′, p′)

] ∣∣∣Mtot
n

∣∣∣2 .
Since we are dealing with real photon insertions, recall that the phase space factor which

accounts for both emission and absorption also contains k dependence; see Eq. 2.27. Then

the total k-dependent part that factorises out of the expression can be written as [126, 130],

B̃(x) = −e2
∫

dPk

[
b̃k(p, p) − 2b̃k(p′, p) + b̃k(p′, p′)

]
exp [±i k · x] , (3.19)

where the ± sign depends on whether the photon with momentum k is emitted/absorbed.
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3.2.3 The factorised cross section

After some simplification, and including the finite contributions from the G and G̃ inser-

tions, the total cross section can be expressed as

σtot =

∫
d4x e−i(q′+q−p′−p)·x dPp′dPp exp

[
B + B∗ + B̃

]
σfinite(x) . (3.20)

Here σfinite contains the finite G and G̃ photon contributions from the virtual and real

thermal photons respectively, as well as the (finite) thermal fermion contributions. In

the limit k → 0, the exponential IR divergent parts of both the virtual and real photon

contributions can be seen to cancel:

(B + B∗) + B̃
k→0
−→ 0 + O(k2) . (3.21)

Hence the total cross section is IR finite to all orders, with the IR divergent part of the real

photon cross section cancelling against the corresponding IR divergent part of the virtual

contribution.

In the next chapters, we will therefore compute the finite remainder at O(α) arising from

the finite combination, [(B + B∗) + B̃], which we shall label, for convenience, as (K + K̃),

and the finite contribution, G̃. With this summary explanation of the GY technique for

thermal field theories, we now go on to the main results of our work.
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Chapter 4

Virtual Thermal Corrections to the DM

Annihilation Cross Section

In this chapter, we will present the virtual thermal corrections to the dark matter anni-

hilation cross section into SM fermions, viz., χχ → f f . The contents of this chapter

are largely found in Ref. [131]. We first present details of the leading order (LO) cross

section, for reference.

4.1 The dark matter annihilation cross section at LO

We use the Feynman rules and the Lagrangian for Majorana-type dark matter interactions

described in the previous chapters to compute the leading order (LO) contribution to the

annihilation process χχ → f f . Contributions arise from both the t- and u-channel pro-

cesses shown in Fig. 4.1. Note that the LO contribution is temperature independent; we

comment on the reasons below.

We work in the center-of-momentum (CM) frame where the momenta of the particles are
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Figure 4.1: The t-channel and u-channel dark matter annihilation processes at leading order
(LO).

given by (q′, q→ p′, p), with the choices,

q′µ = (H, 0, 0,Q) , qµ = (H, 0, 0,−Q) ,

p′ µ = (H, P sin θ, 0, P cos θ) , pµ = (H,−P sin θ, 0,−P cos θ) , (4.1)

where the center of momentum energy, s = 4H2, and θ is the angle between the initial and

final momenta (q⃗ ′, p⃗ ′). At leading order, the cross section is given by,

σLO =
1

64π2s
| p⃗ ′|
|q⃗ ′|

∫
dΩ

∑
spins

|Mt
LO −M

u
LO|

2

 ,
=

1
32πs

P
Q

∫
dcos θ

∑
spins

|Mt
LO −M

u
LO|

2

 , (4.2)

where the integration over the azimuth ϕ is trivial, and a summation over both final state

and initial state spins is to be performed since all helicity configurations contribute to the

total cross section. The t-, u-channel matrix elements at LO are given by,

Mt
LO = iλ2

(
v(q,mχ)PL v(p,mf )

)
∆(l)

(
u(p′,mf )PR u(q′,mχ)

)
,

Mu
LO = iλ2

(
v(q′,mχ)PL v(p,mf )

)
∆(l′)

(
u(p′,mf )PR u(q,mχ)

)
, (4.3)

where PR,L ≡ (1 ± γ5)/2, and ∆(l) = i/(l2 − m2
ϕ) is the scalar propagator with l = q − p ≡

p′ − q′ and l′ = q′ − p ≡ p′ − q referring to the momentum of the intermediate scalar for

the t and u channels respectively, with the scalar assumed to be heavy, mϕ ≫ mχ,mf .
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The cross section can therefore be expressed in terms of the three contributions:

∫
dcos θ

∑
spins

|Mt
LO −M

u
LO|

2 ≡ Intt
LO + Intu

LO − Inttu
LO ,

≡ Inttot
LO , (4.4)

where the subscript LO denotes the LO contribution and the three terms on the right hand

side refer to the square of the t-channel matrix element, the square of the u-channel matrix

element, and the tu cross terms respectively. Only the t-channel contributes for Dirac-type

dark matter particles. Adding all the contributions, we find,

IntLO =
2λ4

Q P(2H2 − m2
Φ

)

− [
H2

(
m2
χ − 2m2

Φ

)
+ m2

χP
2 + m4

Φ

]
log

(
2H2 − m2

Φ
+ 2Q P

)(
2H2 − m2

Φ
− 2Q P

)
+

4Q P
(
2H2 − m2

Φ

) (
2H4 − 2H2m2

Φ
+ m4

Φ
− 2Q2P2

)
4H4 − 4H2m2

Φ
+ m4

Φ
− 4Q2 P2

 , (4.5)

where m2
Φ
≡ m2

χ + m2
f − m2

ϕ. The logarithmic terms arise when either of p, p′ are collinear

with one of q, q′; however, these are not divergent; they contribute at a single phase space

point and are well-behaved. Then the invariant cross section at LO can be written as

σLO(s) =
1

32πs
P
Q

IntLO , (4.6)

where P2 = H2 − m2
f , Q2 = H2 − m2

χ, and 4H2 = s, the usual Mandelstam variable.

4.1.0.0.1 LO cross section in the non-relativistic limit : In the non-relativistic limit,

when the velocity v of the dark matter particles is small, we can write Q = mχv and

H2 ≈ m2
χ(1 + v2). Since Q ≪ H,mΦ, we can expand the log term as

log

(
2H2 − m2

Φ
+ 2Q P

)
2H2 − m2

Φ
− 2Q P

Q small
−→ 2

 2QP
2H2 − m2

Φ

+
2
3

(
2QP

2H2 − m2
Φ

)3

+ · · ·

 , (4.7)

63



to get

IntLO
v small
−→

8λ4m2
χm

2
f

(m2
χ + m2

ϕ − m2
f )2
+ O(v2) , (4.8)

Notice that the cross section is proportional to the square of the fermion mass, which is a

well-known result [94]. Hence, the LO cross section can be written as

σLO(s) =
1

32πs
P
Q

IntLO ,

v small
−→

λ4

4πs
P
Q

 m2
χm

2
f

(m2
χ + m2

ϕ − m2
f )2
+ O(v2)

 . (4.9)

In the non-relativistic case, the annihilation cross section is usually expressed as a series

expansion in v2: sσ(s)vrel = a+bv2+cv4+ · · · [94], with the relative velocity between the

two dark matter particles given by vrel = 2v, where v is the CM velocity of either of the

particles. Hence Eq. 4.9 represents the velocity-independent “a” term in this series. Terms

of higher order in O(v2) can be calculated by retaining higher orders in the expansion of

Eq. 4.5.

We can repeat the calculation in the limit when the scalar is much heavier than the other

particles, viz., m2
ϕ ≫ m2

χ ≳ m2
f . Then l2 ≡ (q − p)2 ≪ m2

ϕ (where we have implicitly

assumed that
√

s ≪ mϕ) and the scalar propagator can be approximated by iDϕ = i/(l2 −

m2
ϕ)→ −i/m2

ϕ, so that we get

Intheavy−scalar
LO =

8λ4

3m4
ϕ

[
6H4 − 3H2m2

χ + P2(2Q2 − 3m2
χ)
]
,

=
8λ4

3m4
ϕ

[
8H2(H2 − m2

χ) + m2
f (5m2

χ − 2H2)
]
, (4.10)

where we have substituted for Q, P in the last line. This gives us a cross section,

σ
Majorana
LO =

1
12πs

P
Q
λ4

m4
ϕ

[
8H2(H2 − m2

χ) + m2
f (5m2

χ − 2H2)
]
. (4.11)
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The first term in the square brackets is proportional to H2−m2
χ ≡ Q2 ≈ m2

χv
2 and vanishes

in the non-relativistic limit. The second term is proportional to m2
f and is therefore helic-

ity suppressed because of the nature of the coupling; see Eq. 1.8. In contrast, the purely

t-channel contribution (relevant for a Dirac-type dark matter particle) is not helicity sup-

pressed; we have,

σDirac
LO =

1
96πs

P
Q
λ4

m4
ϕ

[
H2(4H2 − m2

χ) − m2
f (H2 − m2

χ)
]
. (4.12)

In the non-relativistic limit, with H2 = m2
χ(1 + v2), Q = mχv, this matches the expression

given in Eq. 4.9, with the further approximation, (m2
χ + m2

ϕ − m2
f )→ m2

ϕ, which is valid in

the heavy scalar limit. Then, the LO cross section can be written as

σ
Majorana
LO vrel

Heavy S calar

−−−−−−−→
λ4

48π

 1
m4
ϕ

 [6m2
f + v2

(
16m2

χ − 7m2
f

)] 1 − m2
f

2m2
χ

 , (4.13)

where we have retained terms up to order O(v2).

The thermal average of the cross section is the collision term of interest in the Boltzmann

equation to compute the dark matter relic density: to leading order we have1

⟨σ
Majorana
LO vrel⟩T

Heavy S calar

−−−−−−−→
λ4

48π

 1
m4
ϕ

 [6m2
f +

3T
2mχ

(
16m2

χ − 7m2
f

)] 1 − m2
f

2m2
χ

 , (4.14)

where we have used the non-relativistic Maxwell-Boltzmann distribution function [132]

for the dark matter particles so that ⟨v2⟩T = 3T/(2mχ).

4.1.1 Thermal corrections to the cross section at LO

As seen in Chapter 2, thermal corrections to cross sections arise from thermal terms in the

propagator and in the phase space of final state particles. For the LO contributions shown

1This is the thermally averaged center-of-momentum cross section; a further multiplying factor is re-
quired to convert it to the actual lab-frame collision term; however, here we are primarily interested in the
powers of temperature of the various terms, or rather, powers of x−1 = T/mχ.
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in Fig. 4.1, these then arise from the scalar propagator and from the fermion phase space

factors.

Since the scalar is heavy, the thermal component of its propagator is suppressed by

nB(E) ∼ exp
[
−βE

]
. Since E ≳ mϕ, we can ignore this contribution.

As for the phase space thermal contribution, in a 2 → 2 process, the energies of the

final state fermions are fixed, E′ = E = H ≡
√

s/2; hence the thermal contribution is

proportional to nF(E f ) = nF(H). Again, since βH ≫ 1, this contribution can be ignored.

Hence, there is no thermal contribution to the dark matter annihilation at LO.

4.2 Virtual thermal corrections to the cross section at NLO

We are interested in the cross section in as much as it contributes to the collision term in

the Boltzmann equation for the dark matter relic densities. We therefore are in a regime

where electro-weak symmetry breaking has already occurred and hence the W± and Z0

are massive. We therefore consider corrections at NLO due to photons alone.

There are two sets of contributions at higher order: insertions of a virtual photon in the

LO diagrams shown in Fig. 4.1, as well as insertions of real photons which can be both

emitted into or absorbed from the heat bath at temperature T . Each of these contributions

can be factorised into K and G (or K̃ and G̃) parts for virtual (or real) photon insertions

respectively, by applying the Grammer and Yennie technique [126, 127] as described in

the previous Chapter. As a consequence, the IR divergences are contained in the K (K̃)

contributions respectively and furthermore, were shown earlier to cancel not only at NLO

[94], but at all orders [126] in perturbation theory.

The various sets of virtual diagrams contributing at this order are shown in Figs. 4.2, 4.3

and 4.4. Again, since these are 2→ 2 processes, there is no thermal contribution from the

phase space factors, and the only thermal contributions arise from the propagator terms.
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Figure 4.2: A set of t-channel virtual photon corrections to the dark matter annihilation process
at next to leading order (NLO). Diagrams are labelled from 1–3. Analogous contributions from
the u-channel diagrams exist.
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Figure 4.3: The set of t-channel virtual photon corrections to the dark matter annihilation process
at next to leading order (NLO). Diagrams labelled 4, 5 correspond to scalar self-energy correc-
tions. Analogous contributions from the u-channel diagrams exist.
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Figure 4.4: The set of t-channel virtual photon corrections to the dark matter annihilation process
at next to leading order (NLO). Diagrams labelled 6, 7 correspond to fermion, anti-fermion self
energy corrections. Analogous contributions from the u-channel exist.
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In contrast, the sets of real photon diagrams contributing at this order are shown in Fig. 5.1

where the thermal phase space factors are important. Note that both t- and u-channel (and

the cross tu-channel) processes contribute to the virtual and real photon diagrams. In

addition, in the real photon case, both emission into, and absorption from the heat bath

are possible, in contrast to the zero temperature case. As described in Chapter 3, the IR

divergences cancel between the virtual and real contributions. We discuss the real photon

case in detail in the next chapter where we explicitly demonstrate this cancellation for

both soft IR and collinear divergences.

Analogous to the LO cross section, we can write the next-to-leading order (NLO) virtual

contribution as the coefficient of the O(α) term in,

σVirtual
NLO ∝

∫ ∣∣∣Mt
LO −M

u
LO +M

1–7,t
NLO −M

1–7,u
NLO

∣∣∣2
α
, (4.15)

where the subscript α denotes the NLO contribution. Here we have suppressed the phase

space and other factors in the interest of clarity. Each of the higher order t-channel matrix

elements in Eq. 4.15 gets contributions from the t-channel diagrams shown in Figs. 4.2,

4.3 and 4.4 (and similarly, their u-channel counterparts). Furthermore, throughout this

calculation, we will approximate the scalar propagator by iDϕ = i/(l2 − m2
ϕ)→ −i/m2

ϕ, as

discussed at LO. In each instance, we will compute the following sets:

1. the (soft) IR divergent K photon contribution, that will cancel against similar terms

from the real photon case,

2. the IR finite contribution, which arises from the finite G photon contribution as well

as the (finite) fermion contribution,

3. the collinearly divergent terms. These will arise diagram by diagram for all dia-

grams and we will again show that these cancel against similar terms from the real

photon calculation.
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We will discuss the details of the calculation using Diagram 1 as an example, before we

list the contributions from the remaining diagrams.

4.2.1 The NLO thermal virtual contribution from Diagram 1

We start by discussing the pure t-channel NLO contribution from the first diagram in

Fig. 4.2. This arises from the cross between the t-channel LO diagram shown in Fig. 4.1

and the t-channel NLO contribution from Diagram 1, i.e.,

σt
NLO(Diagram1) ∝

∫ [
Mt

LOM
1,t
NLO
†
+Mt

LO
†
M

1,t
NLO

]
. (4.16)

Since the scalar is very heavy, the thermal contribution from the scalar propagators, which

contain a factor nϕ = 1/(exp
[
βEϕ

]
− 1), can be dropped since Eϕ ≳ mϕ ≫ mχ and

βmχ ≡ x ∼ 20 near freeze-out. Hence the scalar propagators can only be of (11) or

(22) type; see Chapter 2 for details on the thermal and temperature independent parts

of various propagators. Since all external lines can only be of type-1 [123], and scalar

propagators of (12) or (21) type can be neglected, it can be seen that all propagators are

of type (11) and all vertices are of type-1 alone. In fact, we will find that this holds for all

the contributions at NLO, for all the diagrams shown in Figs. 4.2, 4.3 and 4.4.

Therefore, there are three possibilities for Diagram 1, viz.,

1. the photon propagator (with momentum k) is thermal,

2. the fermion propagator (with momentum p′ + k) is thermal,

3. or both are thermal,

where, by thermal, we refer to the explicitly T -dependent second term in the propagators

as defined in Eq. 2.9 of Chapter 2. Since the thermal part of all propagators puts the

particle on mass-shell, the last option yields a term depending on the product δ(k2) δ((p′+
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k)2 − m2
f ). Since the external fermion is on-shell, p′2 = m2

f ; hence this product of delta

functions requires p′ · k = 0. But δ(k2) implies k0 = ±|⃗k| or the angle between k and

p′ should satisfy cos θkp′ = ±p′0/| p⃗′| or | cos θkp′ | > 1, which is impossible, so there is

no phase space available in the case that both propagators are on-shell. Hence we only

need to consider the contribution of the first diagram when either one of the photon or the

fermion propagator is thermal and add the contributions.

Since the virtual photon vertices in Diagram 1, Fig. 4.2, are on the final fermion leg and the

scalar, we have p f = p′, pi = p, with bk(p f , pi) defined in Eq. 3.9. We consider in turn, the

contribution from the thermal parts of the photon and fermion propagators respectively

to the cross section for the process shown in Diagram 1 of Fig. 4.2. We present the purely

t-channel contribution in detail in order to highlight some technicalities, and then go on

to the other contributions.

4.2.1.1 NLO thermal photon contributions to Diagram 1

When thermal photons are inserted into the LO diagram to obtain Diagram 1, there are two

contributions, from the K and G photon terms respectively. The matrix element at NLO

from the (t-channel) Diagram 1 in Fig. 4.2 when the G-photon propagator is thermal, is

given by,

Mt
NLO(Diagram 1,Gγ) = −

∫
d4k

(2π)4

ie2λ2

2k · p′
(
2πδ(k2)nB(|k0|)

)
∆(l)∆(l + k)[(

u(p′,mf )γµ
(
/k + /p′ + mf

)
PR u(q′,mχ)

)
(k − 2p + 2q)ν

(
v(q,mχ)PL v(p,mf )

) ]
Gµνk (p′, p) ,

≡

∫
d4k

(2π)4

(
2πδ(k2)nB(|k0|)

)
F t,1γ

NLO(k) , (4.17)

where nB is the Bose distribution function given in Eq. 2.19 and we have used the in-

dex (Diagram 1,Gγ) to indicate that this is the G photon contribution from Diagram 1 of

Fig. 4.2 when the photon is thermal. At this point, we are in a position to justify the sim-
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plification of the scalar propagator in the heavy-scalar approximation. The scalar propa-

gator for the t-channel diagrams contains either the inverse of (l2 −m2
ϕ), or ((l+ k)2 −m2

ϕ),

with l ≡ q− p ≡ p′−q′. Since mχ ≪ mϕ, we have l2 < m2
ϕ. Since the photon propagator is

thermal, k2 = 0 and l · k ∝ |k0| is small since a large k0 = |⃗k| will suppress the contribution

due to the presence of the nB(|k0|) term. Hence either of the scalar propagators can be

approximated by just the (−i(m2
ϕ)
−1) terms.

A similar reasoning will hold in the next Section 4.2.1.2 when we consider the fermion

propagator to be thermal. Then we can write (l + k)2 = ((p′ + k) − q′)2 ≡ (t − q′)2 (see

Eq. 4.28). Now (p′+k)2 ≡ t2 = m2
f since the fermion propagator is thermal and t ·q should

be small, otherwise the contribution will be killed by the nF(|t0|) term; see Eq. 2.23. A

similar argument holds for Diagrams 2 and 3 in Fig. 4.2 when the anti-fermion is thermal,

where we can write (l + k)2 = (q − p + k)2 ≡ (q − t)2. For the u-channel matrix elements,

the scalar momentum is l′ = q′− p and the same reasoning applies. Hence we will replace

∆(l) = i/(l2 −m2
ϕ)→ i/(−m2

ϕ), etc., in this section. When the scalar is heavy, but not much

heavier than the dark matter particle or the scale of the interaction (
√

s), we can expand

the denominator of the scalar propagator, since l · k, k2 ≪ m2
ϕ as

1
(l + k)2 − m2

ϕ

=
1

(l2 − m2
ϕ) + (2l · k + k2)

≈
1

(l2 − m2
ϕ)

1 − (2l · k + k2)
(l2 − m2

ϕ)

 . (4.18)

Similar expansions can be obtained for the u-channel scalar propagators as well. This en-

ables us to get analytic expressions for the NLO cross section. The results are rather cum-

bersome and opaque; they are available as Mathematica [133] Notebooks in Ref. [134].

However, the core of the results, viz., that the NLO contribution is also helicity suppressed

for Majorana-type DM, etc., holds good here as well. Hence we will remain within the

heavy scalar approximation throughout this thesis.

The integration over the photon momentum k can be partly completed using the delta
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function:

∫
d4k

(
2πδ(k2)

)
F(k) = 2π

∫ ∞

−∞

dk0
∫ ∞

0
K2dK

∫
dΩk

[
δ((k0)2 − K2)

]
F(k0,K,Ωk) ,

= 2π
∫

dk0
∫

dΩk

∫
K2dK

[
δ(k0 − K) + δ(k0 + K)

]
|2k0|

F(k0,K,Ωk) ,

= π

∫
dΩk

[∫ ∞

0
|k0|dk0F(k0, k0,Ωk) +

∫ 0

−∞

|k0|dk0F(k0,−k0,Ωk)
]
,

≡ π

∫ ∞

0
ωdω

[∫
dΩkF+(ω,ω,Ωk) +

∫
dΩkF−(−ω,ω,Ωk)

]
,

(4.19)

where K ≡ |⃗k|. Hence there are two contributions toMt
NLO(Diagram 1,Gγ) (and to each

such matrix element), one where K → k0 ≡ ω, and the other where K → −k0 ≡ −ω, as

can be seen from Eq. 4.19. (We have suppressed the other dependences of the functions

F±.) Note that the lower limit (ω → 0) can be safely taken precisely because the G

photon contribution is guaranteed to be IR-finite. The purely t-channel thermal G-photon

contribution from Diagram 1 is therefore given according to Eq. 4.15 as

σt
NLO(Diagram 1,Gγ) =

1
32πs(2π)4

| p⃗′|

|q⃗′|

∫
d cos θ

∑
spins

(
Mt

LO
)†
M

t,1γ
NLO + h.c.

 ,
=

1
32s(2π)4

|p⃗′|

|q⃗′|

∫
ωdω nB(ω)

[∫
d cos θ

∫
dΩk

[
F t,1,γ
+ + F t,1,γ

−

]]
,

≡
1

32s(2π)4

|p⃗′|

|q⃗′|

∫
ωdω nB(ω)Intt

Diagram 1,Gγ
. (4.20)

On performing the angular integrations (using Mathematica [133]), the contribution of

this term to the NLO cross section is given by,

Intt
Diagram 1,Gγ

=
64πe2λ4

3mϕ6P

[
4P

(
3H4 + Q2P2

)
+ 3H

(
H2 + Q2

) (
H2 + P2

)
log

H − P
H + P

]
.

(4.21)

Note that the result in Eq. 4.21 is independent of ω; in fact, the individual F+ and F−

contributions to Intt
Diagram 1,γ

contain some apparent logarithmic sub-divergent terms of
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the order of 1/ω (Note the presence of the multiplying factor ω in Eq. 4.20.) When the

two terms are added, these cancel, leaving behind IR finite terms that are integrable in ω.

This is a reflection of the fact that the G photon insertion was tailored precisely to yield

such an IR-finite result. The logarithmic terms in Eq. 4.21 arise when p⃗ ′ or p⃗ are collinear

with q⃗ ′ or q⃗. These will drop out of the final calculation; in the next chapter we will show

that these collinear terms cancel between the virtual and real photon contributions [94].

Similarly, the u-channel and crossed tu-channel NLO contributions from Diagram 1 of

Fig. 4.2 when the G photon propagator is thermal can be calculated from the correspond-

ing u-channel NLO matrix element as

Mu
NLO(Diagram 1,Gγ) = −

∫
d4k

(2π)4

ie2λ2

2k · p′
(
2πδ(k2)nB(|k0|)

)
∆(l′)∆(l′ + k)[(

u(p′,mf )γµ
(
/k + /p′ + mf

)
PR u(q,mχ)

) (
k − 2p + 2q′

)
ν(

v(q′,mχ)PL v(p,mf )
)]

Gµνk (p′, p′) . (4.22)

Notice that the t-channel contribution in Eq. 4.17 contains the factor Gµνk (p′, p) while the

u-channel contribution in Eq. 4.22 contains the factor Gµνk (p′, p′). This is because of the

definition of the p′ and p legs which are different for t- and u-channel diagrams since the

hard vertex V is kept fixed as the vertex where the momentum q′ enters the graph. (Hence

the p′ leg includes just the final state fermion line for the t-channel but includes both the

final state fermion and the scalar line for the u-channel case; see Fig. 4.1.)

Then the total NLO contribution from (the t-, u and cross tu channels of) Diagram 1,
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Fig. 4.2, with thermal G photon propagator, is given by,

Inttt+uu−tu
Diagram 1,Gγ

=
64πe2λ4

3m6
ϕP

[
24H4P − 6H2m2

χP − 6m2
χP

(
m2

f + 3P2
)
+ 8Q2P3

+ log
H − P
H + P

(
6H5 + H3

(
6
(
Q2 + P2

)
− 3m2

χ

)
+ 3HP2

(
2Q2 − 3m2

χ

))]
,

=
64πe2λ4

3m6
ϕP

[
4P

(
8H4 − 2 H2

(
4m2
χ + m2

f

)
+ 5m2

χm
2
f

)
+3 log

H − P
H + P

(
8H5 − 4H3

(
2m2
χ + m2

f

)
+ 5Hm2

χm
2
f

)]
,

non-coll
−→

256πe2λ4

3m6
ϕ

(
8H4 − 2 H2

(
4m2
χ + m2

f

)
+ 5m2

χm
2
f

)
, (4.23)

where we have substituted for P2 = H2 − m2
f , Q2 = H2 − m2

χ and dropped the collinear

logarithmic terms in the last line (and will discuss them in the next Chapter). It can be

seen that Inttt+uu−tu
Diagram 1,Gγ

given in Eq. 4.23 is independent ofω; hence the final contribution

from thermal photons to Diagram 1, Fig. 4.2 is

σtt+uu−tu
NLO (Diagram 1,Gγ) =

1
32s(2π)4

P
Q

∫
ω dω nB(ω) Inttt+uu−tu

Diagram 1,Gγ
,

=
1

32s(2π)4

P
Q
π2T 2

6
× Inttt+uu−tu

Diagram 1,Gγ
, (4.24)

which is not only IR finite, as guaranteed by the Grammer and Yennie technique, but

has a T 2 temperature dependence of the cross section due to the ω-independence of

Inttt+uu−tu
Diagram 1,γ

, with

∫ ∞

0
ω dω nB(ω) =

π2T 2

6
. (4.25)

We now discuss the contribution at NLO from Diagram 1, Fig. 4.2, when the fermion

propagator is thermal. We will see that not only this, but each contribution from the

various Diagrams in Fig. 4.2 are IR finite, as a result of applying the Grammer and Yennie

technique.

A similar calculation can be performed when the virtual photon that is inserted is instead
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a K thermal photon. Then the factor Gµνk (p′, p) (Gµνk (p′, p′) in Eq. 4.17 (Eq. 4.22) is

replaced by Kµνk (p′, p) (Kµνk (p′, p′)) respectively. We have, for the t-, u- and cross tu-

channel contributions,

Mt
NLO(Diagram 1,Kγ) = 0 ,

Mu
NLO(Diagram 1,Kγ) = 0 ,

Mtu
NLO(Diagram 1,Kγ) = 0 . (4.26)

In each case, it turns out that cancellations occur between the contributions of F+ and F−

so that the total contribution vanishes.

4.2.1.2 NLO thermal fermion contributions to Diagram 1

As mentioned earlier, the thermal contributions from Diagram 1 only arise when either

the photon or fermion propagator is thermal, that is, the explicitly T -dependent second

term of the propagators in Eqs. 2.21 and 2.22 contribute; the contribution when both are

thermal vanishes. We now consider the contribution at NLO of the t-channel Diagram

1, Fig. 4.2, when the photon propagator is non-thermal, but the fermion propagator is

thermal. Recall that only the photon contributions give rise to IR divergences (both at

T = 0 and finite temperature). This is because of their differing thermal distributions;

see Eqs. 2.19 and 2.23. In addition, we have shown in Section 3.2.1.2 that the K-photon

contribution when the photon is inserted into a thermal fermion vanishes; see Eq. 3.17.

Hence in the G photon insertion, which arises from Gµν = (gµν − bkkµkν), the second

term, which is the K photon piece, vanishes and we therefore need consider just the gµν

contribution (or in other words, since the K contribution vanishes, the G term contains the
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entire gµν contribution). The corresponding matrix element is then given by

Mt
NLO(Diagram 1, f ) = −

∫
d4k

(2π)4

ie2λ2 gµν

k2

(
−2πδ((p′ + k)2 − m2

f )nF(|(p′ + k)0|)
)

∆(l)∆(l + k)
[(

u(p′,mf )γµ
(
/k + /p′ + mf

)
PR u(q′,mχ)

)
(
k + 2p′ − 2q′

)
ν

(
v(q,mχ)PL v(p,mf )

) ]
, (4.27)

where nF is the fermion number operator defined in Eq. 2.23, the 1/k2 term arises from the

temperature-independent part of the photon propagator, and the delta-function from the

thermal fermion propagator. As before, the index (Diagram 1, f ) refers to the contribution

arising from Diagram 1, Fig. 4.2, when the thermal part of the fermion propagator con-

tributes. The sign difference in the definitions of nF and nB is what dictates the IR finite

nature of the fermionic contributions. It is convenient to define p′ + k ≡ t, and change the

variable of integration to t, so that

Mt
NLO(Diagram 1, f ) =

∫
d4t

(2π)4

ie2λ2

2
gµν

m2
f − t · p′

(
2πδ(t2 − m2

f )nF(|t0|)
)

∆(l)∆(l + k)
[(

u(p′,mf )γµ
(
/t + mf

)
PR u(q′,mχ)

)
(
t + p′ − 2q′

)
ν

(
v(q,mχ)PL v(p,mf )

) ]
, (4.28)

so that the same simplification can be done using the delta-function as discussed in

Eq. 4.19, to obtain

∫
d4t

[
2πδ(t2−m2

f )
]
F(t) = 2π

∫
d4t δ(t2

0 − |⃗t|
2 − m2

f )F(t) ≡ 2π
∫

d4t δ(t2
0 − ω

2
t )F(t) ,

= π

∫ ∞

mf

Kt dωt

[∫
dΩtF

f
+(ωt,Kt,Ωt) +

∫
dΩtF

f
−(−ωt,Kt,Ωt)

]
,

(4.29)

where ω2
t = |⃗t|

2 + m2
f ≡ K2

t + m2
f and we have expressions for F f

±(t) analogous to that

in Eq. 4.19. Then the thermal fermion contribution to the purely t-channel Diagram 1 is
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given analogously to that for thermal photons in Eq. 4.20 by

σt
NLO(Diagram 1, f ) =

1
32πs(2π)4

| p⃗′|

|q⃗′|

∫
dcos θ

∑
spins

(
Mt

LO
)†
M

t,1 f
NLO + h.c.

 ,
=

1
32s(2π)4

| p⃗′|

|q⃗′|

∫
Ktdωt nF(ωt)

[∫
dcos θ

∫
dΩt

[
F t,1, f
+ + F t,1, f

−

]]
,

≡
1

32s(2π)4

| p⃗′|

|q⃗′|

∫
Ktdωt nF(ωt)Intt

Diagram 1, f
. (4.30)

Again, on completing the angular integration, we find the t-channel thermal fermion con-

tribution to Diagram 1, Fig. 4.2, to be

Intt
Diagram 1, f

=
32πe2λ4

3Ktm6
ϕP

[
4KtP

(
3H2m2

χ + Q2
(
4H2 − m2

f

))
−

(
6H5ωt − 3H4m2

f +

H3ωt

(
4Q2 − 3m2

f

)
− 4H2m2

f Q2 − HωtQ2
(
m2

f − 2P2
)

− m2
f Q2(P2 − m2

f )
)

log
Hωt + KtP − m2

f

Hωt − KtP − m2
f

+
(
6H5ωt + 3H4m2

f + H3ωt

(
4Q2 − 3m2

f

)
+ 4H2m2

f Q2−

HωtQ2
(
m2

f − 2P2
)
+ m2

f Q2
(
P2 − m2

f

))
log

Hωt − KtP + m2
f

Hωt + KtP + m2
f

 . (4.31)

While the non-logarithmic terms are (as in the case of thermal photons) independent of

ωt, the logarithmic terms have a complicated dependence on ωt through Kt and it is not

possible to analytically integrate these terms. A simplification is achieved in the limit that

the fermion masses can be neglected in comparison to ωt, so that Kt → ωt. Then the

contribution simplifies2 to

Intt
Diagram 1, f

Kt→ωt
−→

64πe2Hλ4

3mϕ6P

[
2HP

(
3mχ2 + 4Q2

)
−2

(
3H4 + 2H2Q2 + Q2P2

)
log

H + P
H − P

]
, (4.32)

2Note that no approximations have been made in the non-logarithmic term.
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with

log[Hωt + KtP ± m2
f ]

log[Hωt − KtP ± m2
f ]

Kt→ωt
−→

log[H + P]
log[H − P]

, (4.33)

where we have dropped terms of orderO(m2
f /(Hωt)), so that these logarithmic terms are of

the same form as before, independent of ωt, yielding again a T 2 temperature dependence

from this contribution, using3

∫ ∞

mf

Ktdωt nF(ωt) ≈
∫ ∞

0
ωtdωt nF(ωt) =

π2T 2

12
. (4.34)

In the next chapter, we will discuss the logarithmic collinearly divergent terms in more

detail.

Similarly, the u-channel matrix element for thermal fermions is given by:

Mu
NLO(Diagram 1, f ) = −

∫
d4t

(2π)4

ie2λ2 gµν

2(m2
f − t · p′)

(
−2πδ(t2 − m2

f )nF(|t0|)
)

∆(l′)∆(l′ + k)
[(

u(p′,mf )γµ
(
/t + mf

)
PR u(q,mχ)

)
(
t + p′ − 2q

)
ν

(
v(q′,mχ)PL v(p,mf )

)]
. (4.35)

Using the LO matrix elements given in Eq. 4.3, the NLO matrix element for the t-

channel contribution given in Eqs. 4.27 and 4.28 and that for the u-channel contribution

in Eq. 4.35, the total thermal fermion contribution from Diagram 1, Fig. 4.2, that is, from

3Expanding Kt =
√
ω2

t − m2
f as Kt ≈ ωt − m2

f /(2ωt) + · · · is not a possible choice since
∫

(dωt/ωt)nF is
not convergent; it is of course possible to integrate this numerically if more precise results are required.

78



the combined t-channel, u-channel, and the crossed tu-channel, is found to be

Inttt+uu−tu
Diagram 1, f

=
32πe2λ4

3m6
ϕKtP

[
4KtP

(
3m2
χm

2
f + 2Q2(4H2 − m2

f )
)

+ 3m2
χ log

Hωt + KtP − m2
f

Hωt − KtP − m2
f

(
3H3ωt − 2H2m2

f + Hωt(P2 − 2m2
f ) + m4

f − P2m2
f

)
− 3m2

χ log
Hωt + KtP + m2

f

Hωt − KtP + m2
f

(
3H3ωt + 2H2m2

f + Hωt(P2 − 2m2
f ) − m4

f + P2m2
f

)
− 2 log

Hωt + KtP − m2
f

Hωt − KtP − m2
f

(
6H5ωt − 3H4m2

f + H3ωt(4Q2 − 3m2
f ) − 4H2Q2m2

f

−HωtQ2(m2
f − 2P2) − Q2m2

f (P2 − m2
f )
)

− 2 log
Hωt + KtP + m2

f

Hωt − KtP + m2
f

(
6H5ωt + 3H4m2

f + H3ωt(4Q2 − 3m2
f ) + 4H2Q2m2

f

−HωtQ2(m2
f − 2P2) + Q2m2

f (P2 − m2
f )
)]
. (4.36)

As in the case of the t-channel contribution alone, we can again use the approximation

given in Eq. 4.33, so that

Inttt+uu−tu
Diagram 1, f

Kt→ωt
−→

128πe2λ4

3m6
ϕ

[(
3m2
χm

2
f + 2Q2(4H2 − m2

f )
)
−

3H
2P

log
H + P
H − P

{
4H4+

2H2
(
8Q2 − 2m2

χ − m2
f

)
+ m2

f

(
3m2
χ − 2Q2

)} ]
. (4.37)

Again Int1,tt+uu−tu, f
NLO is independent of ωt; hence, the ωt integral (see Eq. 4.34) gives a T 2

temperature dependence to the cross section (analogue of Eq. 4.30 for all channels) from

the thermal fermions in Diagram 1, Fig. 4.2, as well.

4.2.2 Thermal contribution to the cross section from Diagrams 1–3

Now that we have demonstrated details of the calculation of the cross section from Dia-

gram 1, Fig. 4.2, we present the detailed results from all Diagrams in Fig. 4.2. The cross

sections at NLO are defined analogous to Eq. 4.16. Diagram 3 is similar to Diagram 1;
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here also, it is clear from an analysis similar to that for Diagram 1 in Section 4.2.1 that

only one of the photon and fermion propagators can be thermal at a time. Diagram 2

has three propagators (excluding that of the scalar) and can in principle have contribu-

tions from any one, any two, or all three propagators being thermal (where by thermal

we mean the contribution from the explicitly T -dependent second term in the expressions

for the photon and fermion propagators given in Eqs. 2.21 and 2.22). As argued for Di-

agrams 1 and 3, there is no consistent available kinematic phase space when the photon

propagator and either one of the fermion or anti-fermion propagators are both thermal.

Hence there is no contribution from the case when all three propagators in Diagram 2 are

thermal (all three propagators contribute on-shell) as well as when the photon propaga-

tor and either the fermion or anti-fermion propagator is thermal. In the case when the

fermion and anti-fermion propagators are thermal, but not the photon one, we find that

the delta function constraint δ((p′ + k)2 − m2
f )δ((p − k)2 − m2

f ) is satisfied for the single

phase space point, k0 = 0. Therefore, for all the diagrams, as long as we discard the neg-

ligible contribution from scalar thermal propagators, we only have thermal contributions

when exactly one of the propagators in the diagram is thermal and the others contribute

through their non-thermal or temperature-independent parts. In addition, all vertices are

of type-1 only, as was the case for Diagram 1.

4.2.2.1 Thermal photon contributions

The NLO matrix elements for the Diagrams 2 and 3 in Fig. 4.2, when the thermal part of

the G photon propagator is taken into account are analogous to the expression given in

Eq. 4.20 and are given by

Mt
NLO(Diagram 2,Gγ) =

∫
d4k

(2π)4

ie2λ2

4k · p′k · p

(
2πδ(k2)nB(|k0|)

)
(i∆(l + k))[(

u(p′,mf )γµ
(
/k + /p′ + mf

)
PR u(q′,mχ)

)
(
v(q,mχ)PL

(
/k − /p + mf

)
γν v(p,mf )

)]
Gµνk (p′, p) , (4.38)
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Mt
NLO(Diagram 3,Gγ) =

∫
d4k

(2π)4

ie2λ2

2k · p

(
2πδ(k2)nB(|k0|)

)
∆(l)∆(l + k)[(

u(p′,mf )PR u(q′,mχ)
)

(k − 2p + 2q)µ(
v(q,mχ)PL

(
/k − /p + mf

)
γν v(p,mf )

)]
Gµνk (p, p) , (4.39)

for the t-channel, and appropriately crossed ones for the u-channel, for example, as shown

in Eq. 4.22 for the contribution from the first diagram.

Combining all contributions from t-, u-, and cross tu-channels, the corresponding con-

tributions from Diagrams 2 and 3 to the cross section in the heavy scalar limit (corre-

sponding to Eqs. 4.20, 4.23, 4.24 from Diagram 1) are given, for the thermal photon case,

by

Inttt+uu−tu
Diagram 2,Gγ

=
64πe2λ4

3m4
ϕ

[(
6H2 − 6m2

χ + 2Q2
)
+

1
HP

log
H−P
H+P

(
3H2−Q2

)
(H2−P2)

]
,

(4.40)

Inttt+uu−tu
Diagram 3,Gγ

=
64πe2λ4

3m6
ϕP

[
2P

(
6H4 + H2

(
8Q2 − 3m2

χ

)
+

(
3m2
χ − 2Q2

) (
m2

f − P2
))

+ H log
H − P
H + P

(
12H4 + H2

(
−9m2

χ − 6m2
f + 8Q2

)
+m2

χ

(
6m2

f − 3P2
)
− 2P2

(
m2

f − 2P2
))]
. (4.41)

The K photon contributions can be similarly calculated; we will simply tabulate them

for later reference; see Table 4.1. In all tables that follow, we have re-defined (IntGγ
i, j )′ ≡

ω(P/
√

s)IntGγ
i, j where IntGγ

i, j has been defined in the expression for the cross section in

Eq. 4.20; we do this in order to have common overall factors in the virtual and real photon

contributions, the latter of which we will compute in the next chapter. A similar defini-

tion holds for (IntKγ
i, j )′, etc. In addition, in all the tables, we have listed only the s-wave

contribution corresponding to Q, v = 0. Note that the K-photon contribution has the ω

dependence, nB(ω)/ω, which leads to linear divergences in the IR. It appears that the
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Diagrams 1–3 from Fig. 4.2 are IR finite; however, this is because the K photon contribu-

tions in all these cases are simultaneously also collinearly divergent and we have dropped

such terms for now. We will discuss them later. We have also added a new definition

of the contributions in terms of “Diagram (i, j)”. Such a re-labelling helps to make the

virtual–real photon correspondence explicit and ease the demonstration of cancellation of

IR and collinear divergences in the next chapter. The power of the Grammer and Yennie

technique is that the IR divergent pieces collected in the K photon terms cancel between

virtual and real photon contributions at the integrand level itself. However, it will turn

out that the collinear divergences do not factor out so easily. Again, we will discuss this

in detail later. Henceforth, we shall simply list the soft IR divergent and log terms and

discuss them in the next chapter.

Diagram Diagram (i, j) (IntGγ
i, j )′ (IntKγ

i, j )′

1, t 1, 2 ω
64m2

χ(2m2
χ−m2

f )

m6
ϕ

0

2, t 1, 3 ω
16(2m2

χ−m2
f )

m4
ϕ

0

3, t 2, 3 ω
64m2

χ(2m2
χ−m2

f )

m6
ϕ

0

1, u 4, 5 ω
64m2

χ(2m2
χ−m2

f )

m6
ϕ

0

2, u 4, 6 ω
16(2m2

χ−m2
f )

m4
ϕ

0

3, u 5, 6 ω
64m2

χ(2m2
χ−m2

f )

m6
ϕ

0

1, tu 1, 5 + 2, 4 ω
256m2

χ

(
m2
χ−m2

f

)
m6
ϕ

0

2, tu 1, 6 + 3, 4 ω
32

(
2m2
χ−m2

f

)
m4
ϕ

0

3, tu 2, 6 + 3, 5 ω
256m2

χ

(
m2
χ−m2

f

)
m6
ϕ

0

Table 4.1: Thermal virtual photon contributions from G and K for all Diagrams 1–3 as shown
in Fig. 4.2. Here (IntGγi, j )′ ≡ ω(P/

√
s)IntGγi, j where IntGγi, j has been defined in Eq. 4.20; IntKγ

i, j has
an analogous definition. The second column re-labels the diagrams for ease of comparison with
the real photon contributions; these are defined and discussed in the next chapter. Note that the
collinear divergences have not been included and are separately discussed.
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4.2.2.2 Thermal fermion contributions

The matrix elements for the case when the fermion (or anti-fermion) is thermal arise from

Diagrams 1 and 2 (and 2 and 3). Again, these are IR finite and hence the entire photon

(non-thermal) propagator is used. Replacing k → t = p′ + k for the thermal fermion case

as described in Eq. 4.28, and k → t = p − k for the thermal anti-fermions, we have

Mt
NLO(Diagram 2, f ) =

∫
d4t

(2π)4

ie2λ2 gµν

4(m2
f − p′ · t) (p · p′ + m2

f − t · (p + p′))(
−2πδ(t2 − m2

f )nF(|t0|)
)

i∆(l + k)
[(

u(p′,mf )γµ
(
/t + mf

)
PR u(q′,mχ)

) (
v(q,mχ)PL

(
/t − /p′ − /p

)
γνv(p,mf )

)]
, (4.42)

Mt
NLO(Diagram 2, f ) =

∫
d4t

(2π)4

ie2λ2 gµν

4(m2
f − p · t) (p · p′ + m2

f − t · (p + p′))(
−2πδ(t2 − m2

f )nF(|t0|)
)

i∆(l + k)
[(

u(p′,mf )γµ
(
−/t + /p′ + /p + mf

)
PR u(q′,mχ)

) (
v(q,mχ)PL

(
−/t + mf

)
γνv(p,mf )

)]
, (4.43)

Mt
NLO(Diagram 3, f ) =

∫
d4t

(2π)4

ie2λ2 gµν

2(m2
f − t · p)

(
−2πδ(t2 − m2

f )nF(|t0|)
)
∆(l)∆(l + k)

[(
u(p′,mf )PR u(q′,mχ)

)
(−t − p + 2q)µ(

v(q,mχ)PL

(
−/t + mf

)
v(p,mf )

)]
. (4.44)

Here f corresponds to the fermion being thermal in Diagram 2 and f corresponds to the

anti-fermion being thermal in Diagrams 2 and 3 respectively. We use the same replace-

ment technique here as explained in Eqs. 4.28 and 4.29 for the thermal fermion contribu-

tion to Diagram 1. For the matrix element of Diagram 2, we have substituted t = p′ + k

as for Diagram 1; and we have substituted t = p − k when the anti-fermion is thermal.

Analogous expressions hold for the u-channel matrix elements.
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The contributions to the NLO cross section from the thermal fermion or anti-fermion

terms are given by (where we have substituted for P and dropped the logarithmic terms

which have the same form as for Diagram 1),

Inttt+uu−tu
Diagram 2, f

= −
32πe2λ4

3m4
ϕ

(
H2 − ω2

t

) (
12H2(H2 − m2

χ) + 4H2Q2 + 2ω2
t (3(H2 − m2

χ) + Q2)
)
,

Inttt+uu−tu
Diagram 2, f

= Inttt+uu−tu
Diagram 2, f

,

Inttt+uu−tu
Diagram 3, f

=
128πe2λ4

3m6
ϕ

(
3m2
χm

2
f + 2Q2(4H2 − m2

f )
)
. (4.45)

Notice that the contribution of the thermal fermion from Diagram 3 is the same as that

from Diagram 1, as can be seen4 from Eq. 4.37. Furthermore, the contribution of the

thermal fermion from Diagram 2, Fig. 4.2, has non-trivial ωt dependences both in the

numerator and denominator. Recognising that large values of ωt will lead to vanishing of

the corresponding distribution function, nF(|ωt|), we expand the denominator for ωt < H

(recall that H ≥ mχ and βmχ = x ∼ 20 at freeze-out) to obtain the total thermal fermion

contribution from Diagram 2 to be

Inttt+uu−tu
Diagram 2, f+ f

= −
64πe2λ4

3m4
ϕH2

(
12H2(H2 − m2

χ) + 4H2Q2 + 6ω2
t (3(H2 − m2

χ) + Q2)
)
.

(4.46)

The presence of the ω2
t terms in the numerator will lead to T 4 temperature dependence in

the cross section5. The contributions from both thermal fermion and anti-fermion terms

from Diagrams 1–3 of Fig. 4.2 in the s-wave limit are listed in Table 4.2.

4.2.3 Thermal contribution to the cross section from Diagrams 4–5

Note that Diagrams 4 and 5 in Fig. 4.3 have no fermion propagators and hence have only

thermal photon contributions (since we are neglecting the thermal contribution from the
4Note the absence of odd powers of ωt due to the symmetry explicit in Eq. 3.14.
5Since H2 − m2

χ = Q2, both the ω0
t and the ω2

t terms are small in the non-relativistic limit.
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Diagram Diagram (i, j) (Int f
i, j)
′ (Int f

i, j)
′

1, t 1, 2 ω
32m2

χ(2m2
χ−m2

f )

m6
ϕ

–

2, t 1, 3 −ω
16(2m2

χ−m2
f )

m4
ϕ

−ω
16(2m2

χ−m2
f )

m4
ϕ

3, t 2, 3 – ω
32m2

χ(2m2
χ−m2

f )

m6
ϕ

1, u 4, 5 ω
32m2

χ(2m2
χ−m2

f )

m6
ϕ

–

2, u 4, 6 −ω
16(2m2

χ−m2
f )

m4
ϕ

−ω
16(2m2

χ−m2
f )

m4
ϕ

3, u 5, 6 – ω
32m2

χ(2m2
χ−m2

f )

m6
ϕ

1, tu 1, 5 + 2, 4 ω
128m2

χ

(
m2
χ−m2

f

)
m6
ϕ

–

2, tu 1, 6 + 3, 4 −ω
32(2m2

χ−m2
f )

m4
ϕ

−ω
32(2m2

χ−m2
f )

m6
ϕ

3, tu 2, 6 + 3, 5 –
128m2

χ

(
m2
χ−m2

f

)
m6
ϕ

Table 4.2: Thermal fermion and anti-fermion contributions from Diagrams 1–3 in Fig. 4.2. All
are finite; collinear terms have been suppressed.

scalar propagator). In addition, as was pointed out in Ref. [126], these contributions are

also IR finite. Moreover, the contribution from Diagram 4 is suppressed by several powers

of the scalar propagator, as can be seen from the expressions below (where the collinear

log terms have been dropped):

Inttt+uu−tu
Diagram 4,Gγ

=
512πe2λ4

15m8
ϕP(H2 − P2)

[
P

{
60H8 − 30H6

(
2m2
χ − m2

f + 2P2
)

+ 15H4
(
m4
χ − m2

χ

(
m2

f − 2P2
)
+ 2Q2

(
3m2

f + 2P2
))

− H2
[
5m2
χ

(
m2

f

(
Q2 + 3P2

)
+ 2P2

(
Q2 − 3P2

))
+2Q2

(
m2

f

(
15P2 − 4Q2

)
+ 30P4

)]
−P2

(
15m4

χP
2 + 5m2

χQ
2
(
m2

f − 2P2
)
+ 2m2

f Q4
)}]
,

Inttt+uu−tu
Diagram 5,Gγ

=
512πe2λ4

3m6
ϕ

(
−6H4 + 3H2m2

χ + P2
(
3m2
χ − 2Q2

))
. (4.47)

Again, we tabulate the K thermal photon contributions and the collinear log terms, and

discuss them in the next chapter; see Table 4.3 where the contributions have been listed

in the s-wave limit. It can be seen that the K photon contributions are IR finite. However,
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these contributions were necessary to obtain the factorisation and subsequent exponenti-

ation of the K photon contributions into the B term as described in the previous chapter;

see Ref. [126].

Diagram (IntG
i, j)
′ (IntK

i, j)
′

4, t ω
256m4

χ(2m2
χ−m2

f )

m8
ϕ

−ω
128m4

χ(2m2
χ+m2

f )

m8
ϕ

4, u ω
256m4

χ(2m2
χ−m2

f )

m8
ϕ

−ω
128m4

χ(2m2
χ+m2

f )

m8
ϕ

4, tu ω
1024m4

χ

(
m2
χ−m2

f

)
m8
ϕ

−ω
512m6

χ

m8
ϕ

5, t −ω
128m2

χ(2m2
χ−m2

f )

m6
ϕ

0

5, u −ω
128m2

χ(2m2
χ−m2

f )

m6
ϕ

0

5, tu −ω
512m2

χ

(
m2
χ−m2

f

)
m6
ϕ

0

Table 4.3: Contributions from Diagrams 4–5 from Fig. 4.3 with thermal photons attached on the
scalar line. Note that the K photon contributions are finite.

Having computed all the contributions from the Diagrams 1–5 in Figs. 4.2 and 4.3, we

now go on to consider the self-energy contributions from Fig. 4.4.

4.2.4 Thermal contribution to the cross section from Diagrams 6–7

We now consider the contributions from thermal corrections to fermion self-energy cor-

rections shown in Diagrams 6–7 in Fig. 4.4. These are normally considered as NLO

corrections to the LO diagrams in Fig. 4.1; in particular, through NLO corrections to the

fermion (or anti-fermion) propagator (we neglect thermal effects for the heavy scalar). We

have [94, 102] therefore three sources of thermal correction to the fermion propagator:

S NLO(p) = ZT
2

∑
us

T (p)us
T (p)

p2 − m2
f − ∆m2

T

, (4.48)

with the fermion spin sum being thermally corrected to NLO as

∑
s

us
T (p)us

T (p) = /p(1 − ĈB) − /KB − /KF + mf (1 − 2ĈB + 2ĈF) , (4.49)
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the (finite) wave function renormalisation at temperature T being given by

ZT
2 = (1 + ĈB − ĈF − 2m2

f (Ĉ′B − Ĉ′F)) , (4.50)

while the thermal mass correction is given by

∆m2
T = δm

2
B + δm

2
F + 2m2

f ĈF , (4.51)

where the circumflex indicates that the various terms are to be computed on-shell at p2 =

m2
f , and are given by

CB =
2e2

(2π)3

∫
d4k
δ(k2)nB(|k0|)

(p + k)2 − m2
f

,

KµB =
2e2

(2π)3

∫
d4k
δ(k2)nB(|k0|)kµ

(p + k)2 − m2
f

,

δm2
B =

2e2

(2π)3

∫
d4kδ(k2)nB(|k0|) , (4.52)

for the thermal photon contributions, and

CF =
2e2

(2π)3

∫
d4t
δ(t2 − m2

f )nF(|t0|)

(p − t)2 ,

KµF = −
2e2

(2π)3

∫
d4t
δ(t2 − m2

f )nF(|t0|)tµ

(p − t)2 ,

δm2
F =

2e2

(2π)3

∫
d4tδ(t2 − m2

f )nF(|t0|) , (4.53)

for the thermal fermion contribution6. Here the terms are expanded around p2 = m2
f as

CB,F = ĈB,F + (p2 − m2
f )Ĉ′B,F . (4.54)

Due to the presence of the delta function, it can be seen that the contribution in each of

these cases again involves a sum of two functions as in Eqs. 4.19 and 4.29 for thermal

6We differ in the definition of KF from that in Ref. [94] by a sign.
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photons and fermions respectively.

The contributions to the thermal part of the virtual NLO annihilation cross section from

the spinor spin sum, the wave function renormalisation and the mass corrections in Eqs. 4.49,

4.50 and 4.51 (in effect, the NLO thermal corrections arising from the contributions of the

fermion self-energy diagram shown in Fig. 4.4, and an analogous contribution from the

anti-fermion self-energy diagram shown in the same figure) are labelled by (B1, B2, B3)

and (F1, F2, F3) for the thermal photon and thermal fermion contributions respectively.

The total contribution is the sum of all six terms.

In order to determine the divergent K photon contribution (see Eq. 3.2), the thermal K

photon virtual contribution from Diagram 6 (and similarly from Diagram 7) of Fig. 4.4 is

calculated as per the definition in Eq. 4.15. A straightforward calculation of this term and

comparison with the contributions listed above shows that this matches exactly with the

B2 contribution and contains within it all the soft IR divergences. (Since the fermions are

known not to contribute to the IR divergence, F2 is finite).

Hence the soft divergent parts are only contained in the term B2 (and constitute the K

photon contribution), while collinear divergences appear in the remaining terms. The

(mass correction) contribution from B3 and F3 are incorporated as usual via

δσ =
∂σLO

∂m2
f

∆m2 ,

≡ B3 + F3 . (4.55)

Since σLO is analytic in m2
f as seen from Eq. 4.11, with no soft-divergences.

The total contribution to the cross section from the B1 and B3 thermal photon terms for

the fermion, and from the F1 and F3 thermal fermion terms are given by

Inttt+uu−tu
Diagram 6,Gγ

= −
32πe2λ4

3m4
ϕ(H2 − m2

f )

(
6H4 + H2(2Q2 − 6m2

χ) + m2
f (3m2

χ − 2Q2)
)
, (4.56)
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Inttt+uu−tu
Diagram 6, f

= −
32πe2λ4

3m4
ϕ(H2 − m2

f )

(
6H4 + H2(2Q2 − 6m2

χ) + m2
f (3m2

χ − 2Q2)
)

; (4.57)

note that these appear identical to the thermal photon contributions but will differ in their

contribution to the cross section due to the differing integrals in Eqs. 4.25 and 4.34 respec-

tively. Identical contributions will hold when the anti-fermion is thermal (see Diagram 7

of Fig. 4.4). As usual, we list the K photon contribution in the s-wave limit in Table 4.4

and discuss them in the next chapter. Note that the self-energy G photon contributions,

viz., (1, 1), (3, 3), (4, 4), (6, 6), (1, 4) and (3, 6), are a sum of the B1 and B3 terms, while the

corresponding K photon contributions arise from the B2 term.

Diagram Diagram (i, j) (IntGγ
i, j )′ (IntKγ

i, j )′

6, t 1, 1 −ω
8m2
χ(2m2

χ−m2
f )

m4
ϕ(m

2
χ−m2

f )

m2
χ(32m2

χ−8m2
f )

ωm4
ϕ

7, t 3, 3 −ω
8m2
χ(2m2

χ−m2
f )

m4
ϕ(m

2
χ−m2

f )

m2
χ(32m2

χ−8m2
f )

ωm4
ϕ

6, u 4, 4 −ω
8m2
χ(2m2

χ−m2
f )

m4
ϕ(m

2
χ−m2

f )

m2
χ(32m2

χ−8m2
f )

ωm4
ϕ

7, u 6, 6 −ω
8m2
χ(2m2

χ−m2
f )

m4
ϕ(m

2
χ−m2

f )

m2
χ(32m2

χ−8m2
f )

ωm4
ϕ

6, tu 1, 4 −ω
32m2

χ

m4
ϕ

16m2
χ(64m2

χ−48m2
f )

ωm4
ϕ

7, tu 3, 6 −ω
32m2

χ

m4
ϕ

16m2
χ(64m2

χ−48m2
f )

ωm4
ϕ

Table 4.4: As in Table 4.1 for the thermal photon contributions to the fermion self energy dia-
grams shown in Fig. 4.4. Note that all K photon contributions are linearly divergent.

The thermal fermion contributions in the s-wave limit are listed in Table 4.5. Again, these

are finite and hence the contributions shown are the sum of the F1 + F3 terms. Note that

the collinear divergent terms have not been included here and will be discussed in the next

chapter.

We have now computed all possible thermal virtual photon corrections at NLO to the

dark matter annihilation cross section, χχ → f f . In the next chapter, we will discuss

the soft and collinear divergences that occur in the problem, and show how they cancel

against similar contributions from thermal real photon processes involving χχ → f f (γ).

Here (γ) indicates that the photon can be both emitted into, and absorbed from, the heat
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Diagram Diagram (i, j) (Int f
i, j)
′ (Int f

i, j)
′

6, t 1, 1 −ω
8m2
χ(2m2

χ−m2
f )

m4
ϕ(m

2
χ−m2

f ) 0

7, t 3, 3 – −ω
8m2
χ(2m2

χ−m2
f )

m4
ϕ(m

2
χ−m2

f )

6, u 4, 4 0 −ω
8m2
χ(2m2

χ−m2
f )

m4
ϕ(m

2
χ−m2

f )

7, u 6, 6 −ω
8m2
χ(2m2

χ−m2
f )

m4
ϕ(m

2
χ−m2

f ) 0

6, tu 1, 4 −ω
32m2

χ

m4
ϕ

0

7, tu 3, 6 0 −ω
32m2

χ

m4
ϕ

Table 4.5: As in Table 4.1 for the thermal fermion contributions to the fermion self energy dia-
grams shown in Fig. 4.4.

bath at temperature T . For now, we will simply list the finite remainder, and discuss the

cancellation of the divergences later.

4.3 Total thermal NLO contributions to the cross section

The thermal virtual contribution at NLO is given by the sum of the thermal photon, ther-

mal fermion, and thermal anti-fermion contributions. Since the thermal contribution is

already at order O(T 2), we compute only the s-wave terms since the p-wave ones con-

tribute one more power of temperature to the collision term; see Eq. 4.14; hence, the

s-wave terms have the most significant contribution at freeze-out when mχ/T ∼ 20. The

full expressions are available on-line as Mathematica files in Ref. [134].

It is clear that Diagrams 2, 6, and 7 from Figs. 4.2 and 4.4 contribute at order O(1/m4
ϕ) in

the scalar mass while Diagrams 1, 3 (from Fig. 4.2), and 5 (from Fig. 4.3) contribute at

order O(1/m6
ϕ) while Diagram 4 (from Fig. 4.3) is highly suppressed, at order O(1/m8

ϕ).

Although we show the cancellation of the soft IR and collinear divergences in the next

chapter, here we will assume the cancellation and go on to compute the finite remainder.

The finite total invariant NLO cross section is then given by the sum of the thermal photon
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(both finite G and finite part of the K photon terms) and thermal fermion and anti-fermion

contributions7,

σVirtual
NLO (s-wave) =

1
32s(2π)4

P
Q

[∫
ω dω nBInttt+uu−tu

1–7,γ +

∫
Kt dωt nF Inttt+uu−tu

1–7,( f+ f )

]
,

=
αλ4

128

m2
f T 2

√
sQ

− 8
m4
ϕ

+
32m2

χ

3m6
ϕ

+
128m4

χ

3m8
ϕ

 + O(v2) ,

=
αλ4

128

m2
f T 2

m2
χvrel

− 8
m4
ϕ

+
32m2

χ

3m6
ϕ

+
128m4

χ

3m8
ϕ

 + O(v2) , (4.58)

where we have used α = e2/(4π). The NLO virtual thermal cross section was com-

puted in Ref. [131]; the leading NLO contribution was also calculated earlier by Ref. [94]

who explicitly showed the cancellation of soft and collinear divergences at NLO. The

NLO thermal cross section was found to vanish in Ref. [94] in the massless limit; this

was subsequently explained by them using the Operator Product Expansion approach in

Ref. [135] where the cross section for annihilation of Dirac-type dark matter particles was

also computed. In our work, we have used the heavy scalar approximation to compute not

just the leading 1/m4
ϕ contribution, but the 1/m6

ϕ and 1/m8
ϕ contributions as well. Also,

we have used the GY technique to directly calculate the IR finite G photon contribution

which greatly simplifies the calculation, leaving only type-1 thermal vertices. However,

the Grammer and Yennie technique does not effect a neat separation of collinear diver-

gences. We will comment on this in the next chapter.

Notice the factor m2
f in all terms due to helicity suppression of the Majorana dark matter

annihilation channel; in contrast, we see below that the Dirac dark matter annihilation

cross section (purely t-channel contribution) is not helicity suppressed:

σDirac,Virtual
NLO (s-wave) =

αλ4

128vrel

T 2

m2
χ

−4(2m2
χ + m2

f )

m4
ϕ

+
16m2

χ(2m2
χ − m2

f )

3m6
ϕ

+
64m4

χ(2m2
χ − 3m2

f )

3m8
ϕ

 + O(v2) . (4.59)

7Here γ denotes the sum of the finite contributions from G and K terms. Note that only Diagram 4 of
Fig. 4.3 contributes to the finite part of the K photon term.
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It can be seen that the NLO cross section for Majorana DM is proportional to m2
f as

v → 0, just as the LO cross section; see Eq. 4.8. This can be understood from helicity

conservation: just as in the LO case, the NLO diagrams (with an additional virtual photon)

that we have computed are planar 2 → 2 processes. The Majorana coupling then forces

the final states into the “wrong” chirality so that the cross section is proportional to the

fermion mass squared. At early times in the evolution of the Universe, the dark matter

particles are relativistic,
√

s can be large, and there is less suppression in the annihilation

into the lighter fermions. This also holds for freeze-in scenarios where mχ/T ∼ O(1).

4.4 Collinear divergences

So far, we have not discussed the collinear divergences in detail. Some of the terms have

been presented in the calculation of the thermal photon and thermal fermion contributions

in Diagram 1 of Fig. 4.2; see Eqs. 4.23 and 4.36 in Section 4.2.1. It turns out that the

collinear log terms do not cancel between the K virtual photon and K̃ real photon contri-

butions; instead, the cancellation occurs, diagram by diagram, between the total virtual

and real contributions. This implies that the Grammer and Yennie technique, while fac-

torising and isolating the soft IR divergences into the K (or K̃) contributions, does not

achieve the same factorisation for collinear terms. Hence, in what follows we use the sum

of the G and K photon contributions to the collinear terms and compare this sum with the

sum of the contributions from the real photon calculation that we will present in the next

chapter.

There are three sets of contributing terms:

1. when the photon is thermal (both G and K photon terms) which has contributions

from all Diagrams 1–7 in Figs. 4.2, 4.3 and 4.4,

2. when the fermion is thermal, with contributions from Diagrams 1, 2 and 6 in
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Figs. 4.2 and 4.4, and

3. when the anti-fermion is thermal, with contributions from Diagrams 2, 3 and 7 in

Figs. 4.2 and 4.4.

These are listed in Tables 4.6, 4.7, and 4.8 respectively. Since we will demonstrate the

cancellation of these terms against the real photon contributions in the next chapter, we

have used the (i, j) notation for the various terms; see any of the earlier tables for the

correspondence between the (i, j) notation and the t-, u-, and tu-terms from Diagrams

1–7.

The collinear log term that arises in the thermal photon contributions is given by

LV = log
[H − P
H + P

]
≈ log

 m2
f

4H2 − m2
f

 ≡ Lγ , (4.60)

where we define Lγ, the logarithmic term appearing in the thermal photon calculation, for

future reference. As we have mentioned earlier, there are terms that are simultaneously

soft IR divergent (proportional to 1/ω) as well as collinearly divergent (proportional to

LV). Obviously, the terms that are soft IR divergent only occur in the K photon terms; the

G thermal photon, and the fermion and anti-fermion contributions are all soft IR finite, as

expected.

For the virtual thermal fermion contribution we have the log terms LV f and L′V f
, where

LV f =
1
2

log

Hωt − KtP − m2
f

Hωt + KtP − m2
f

 + log

Hωt − KtP + m2
f

Hωt + KtP + m2
f

 ,
L′V f
=

1
2

log

Hωt − KtP − m2
f

Hωt + KtP − m2
f

 − log

Hωt − KtP + m2
f

Hωt + KtP + m2
f

 . (4.61)

It can be seen that the coefficient of L′V f
in all terms of Tables 4.7 and 4.8 is proportional

to m2
f and hence this term vanishes in the collinear limit, mf → 0. Hence the collinear

divergences are contained in LV and LV f alone. Note that collinear divergent terms have
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Diagram Thermal Photon Collinear Contributions

(i, j) (IntG+K
i, j )′ (Collinear terms)

1, 1 ω
16m2

χ

m4
ϕ

LV

3, 3(= 1, 1) ω
16m2

χ

m4
ϕ

LV

4, 4(= 1, 1) ω
16m2

χ

m4
ϕ

LV

6, 6(= 1, 1) ω
16m2

χ

m4
ϕ

LV

1, 2 ω
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LV

1, 3
16m2

χ

ωm4
ϕ

(4m2
χ − 2m2

f )LV + ω
16m2

f

m4
ϕ

LV

1, 4 ω
32m2

χ

m4
ϕ

LV

1, 5 + 2, 4 ω
32m2

χ

m6
ϕ

(4m2
χ − 3m2

f )LV

1, 6 + 3, 4 32
ωm4
ϕ

(2m2
χ − m2

f )2LV

2, 3 ω
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LV

2, 6 + 3, 5 ω
32m2

χ

m6
ϕ

(4m2
χ − 3m2

χ)LV

3, 6 ω
32m2

χ

m4
ϕ

LV

4, 5(= 1, 2) ω
32m2

χ

m6
ϕ

(2m4
χ − m2

χm
2
f )LV

4, 6(= 1, 3)
16m2

χ

ωm4
ϕ

(4m2
χ − 2m2

f )LV + ω
16m2

f

m4
ϕ

LV

5, 6(= 2, 3) ω
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LV

Table 4.6: Collinear divergences in various terms of the virtual K +G thermal photon contribu-
tions. See text for the definition of the log term LV . Contributions such as (1, 3) (from Diagram
2) etc., have terms that are simultaneously soft and collinear divergent, having both linear diver-
gence from the 1/ω factor and the collinear log term, LV .
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not been included here and will be discussed in the next chapter.

Diagram Thermal Fermion Collinear Contributions

(i, j) (Int f
i, j)
′ (Collinear terms)

1, 1 ωt
16m2

χ

m4
ϕ

LV f −
8mχ
m6
ϕ

(4m2
χ − m2

f )L′V f

3, 3 0

4, 4(= 1, 1) ωt
16m2

χ

m4
ϕ

LV f −
8mχ
m6
ϕ

(4m2
χ − m2

f )L′V f

6, 6 0

1, 2 ωt
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LV f −
32mχ

m6
ϕ

(m2
f )L′V f

1, 3 −ωt
8

m4
ϕ

(4m2
χ − 3m2

f )LV f +
8mχ
m4
ϕ

(m2
f )L′V f

1, 4 ωt
32m2

χ

m4
ϕ

LV f −
16mχ

m4
ϕ

(4m2
χ + m2

f )L′V f

1, 5 + 2, 4 ωt
32m2

χ

m6
ϕ

(4m2
χ − 3m2

f )LV f −
96m3

χm
2
f

m6
ϕ

L′V f

1, 6 + 3, 4 −ωt
16

m2
χm4
ϕ

(2m2
χ − m2

f )2LV f +
16m2

f

mχm4
ϕ

(3m2
χ − m2

f )L′V f

2, 3 0

2, 6 + 3, 5 0

3, 6 0

4, 5(= 1, 2) ωt
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LV f −
32mχ

m6
ϕ

(m2
f )L′V f

4, 6(= 1, 3) −ωt
8

m4
ϕ

(4m2
χ − 3m2

f )LV f +
8mχ
m4
ϕ

(m2
f )L′V f

5, 6 0

Table 4.7: As in Table 4.6 for collinear divergences from thermal virtual fermions. See text for a
definition of the log terms LV f and L′V f

. Note that all contributions are soft-IR finite.

Expanding the logarithms in Eq. 4.61, we have

log

Hωt − KtP − m2
f

Hωt + KtP − m2
f

 = log
[
ωt − KtP
ωt + KtP

]
+ log[1 − ϵ−−] − log[1 − ϵ−+] ,

log

Hωt − KtP + m2
f

Hωt + KtP + m2
f

 = log
[
ωt − KtP
ωt + KtP

]
+ log[1 + ϵ+−] − log[1 + ϵ++] , (4.62)
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Diagram Thermal Anti-Fermion Collinear Contributions
(i, j) (Int f

i, j)
′ (Collinear terms)

1, 1 0

3, 3 ωt
16m2

χ

m4
ϕ

LV f −
8mχ
m4
ϕ

(4m2
χ + m2

f )L′V f

4, 4 0

6, 6(= 3, 3) ωt
16m2

χ

m4
ϕ

LV f −
8mχ
m4
ϕ

(4m2
χ + m2

f )L′V f

1, 2 0

1, 3 −ωt
8

m4
ϕ

(4m2
χ − 3m2

f )LV f +
8mχ
m4
ϕ

(m2
f )L′V f

1, 4 0

1, 5 + 2, 4 0

1, 6 + 3, 4 −ωt
16

m2
χm4
ϕ

(2m2
χ − m2

f )2LV f +
48mχ

m4
ϕ

(m2
f )L′V f

2, 3 ωt
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LV f −
32m3

χ

m6
ϕ

(m2
f )L′V f

2, 6 + 3, 5 ωt
32m2

χ

m6
ϕ

(4m2
χ − 3m2

f )LV f −
96m3

χ

m6
ϕ

(m2
f )L′V f

3, 6 ωt
32m2

χ

m4
ϕ

LV f −
16mχ

m4
ϕ

(4m2
χ + m2

f )L′V f

4, 5 0

4, 6(= 1, 3) −ωt
8

m4
ϕ

(4m2
χ − 3m2

f )LV f +
8mχ
m4
ϕ

(m2
f )L′V f

5, 6(= 2, 3) ωt
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LV f −
32m3

χ

m6
ϕ

(m2
f )L′V f

Table 4.8: As in Table 4.7 for collinear divergences from thermal anti-fermions.
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where the ϵi j are small quantities, given to order O(m2
f ) by

ϵ−− =
(ωt + Kt)(2H − ωt + ϵ(4H − 3ωt)

2H2 ,

ϵ−+ =
(ωt − Kt)(2H − ωt + ϵ(4H − 3ωt)

2H2 ,

ϵ+− =
(ωt + Kt)(2H + ωt + ϵ(4H + 3ωt)

2H2 ,

ϵ++ =
(ωt − Kt)(2H + ωt + ϵ(4H + 3ωt)

2H2 , (4.63)

where ϵ = m2
f /(4H2). Substituting, we get

LV f = log
[
ωt − KtP
ωt + KtP

]
−

4H2 + m2
f

4H4 ωtKt ≡ L f + O(ωt)2 ,

L′V f
= −

6H2 + m2
f

3H3 Kt + O(ωt)3 . (4.64)

Notice that the collinear divergence is contained in the rather unusual term, L f , the loga-

rithmic term appearing in the thermal fermion calculations. We discuss these terms and

their cancellation in the next chapter.

4.5 Additional virtual diagrams

Examiner8 of thesis pointed out that there can be additional diagrams as shown in Fig. 4.5.

We have computed the contributions from these diagrams. The s-wave contribution from

Diagram 8 in Fig. 4.5 vanishes at both order O(T 2) and order O(T 4) for Majorana dark

matter.

In the case of Dirac dark matter, the contribution from these diagrams is non-zero, but

helicity suppressed at order O(T 2) and is therefore a negligible addition to the result in

Eq. 5.28. In either case, there can be no contribution from thermal photons since this will

lead to the delta-function δ(s) which cannot be satisfied. Hence only thermal fermion and

8Thanks to Prof. Priyotosh Bandyopadhyay for pointing NLO correction due to scalar-fermion loop.

97



χ

χ

f

ϕ
γ

f

(8) χ

χ

f

γ

f

(9)

Figure 4.5: Additional virtual photon t-channel diagrams that contribute to the dark matter an-
nihilation cross section. Analogous u-channel diagrams also exist. See text for details.

thermal anti-fermion contributions occur. We have

σ
fig 8,Majorana
NLO = 0 ,

σ
fig 9,Majorana
NLO = 0 ,

σ
fig 8,Dirac
NLO =

α|λ|4

128vrel

T 2

m2
χ

8
9m4
ϕ

[
m2

f +
7π2

10
T 2

m2
χ

(
2m2
χ + m2

f

)]
;

σ
fig 9,Dirac
NLO = −

α|λ|4

128vrel

T 2

m2
χ

16m2
χ

9m6
ϕ

[
m2

f −
7π2

10
T 2

m2
χ

(
m2
χ

)]
. (4.65)

Thermal correction to annihilation cross section at O(T 2) in Eq. 4.59 will be slightly

modified due to additional processes in Fig. 4.5 for Dirac case and will be unaltered for

Majorana DM,

σDirac,Virtual
NLO (s-wave)

∣∣∣∣∣∣
Diag.1−9

=
αλ4

128vrel

T 2

m2
χ

−4(2m2
χ + (7/9)m2

f )

m4
ϕ

+
16m2

χ(2m2
χ − (4/3)m2

f )

3m6
ϕ

+
64m4

χ(2m2
χ − 3m2

f )

3m8
ϕ

 + O(v2) . (4.66)

Note that there are no soft IR divergences (as expected since only thermal photons give

rise to such divergences) as well as no collinear divergences from these diagrams.
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Chapter 5

Real Photon Thermal Corrections to the

Dark Matter Annihilation Cross Section

In order to obtain the complete annihilation cross section for DM to leading order in

the QED coupling constant with the model Lagrangian shown in Eq. 1.8, we need to

incorporate real photon emission and absorption processes. In fact, Grammer and Yennie

technique can be only implemented if one takes thermal corrections due to real photons

too. In Chapter 4 we saw that the thermal part of the propagators were used to obtain the

finite temperature corrections to the DM annihilation cross section due to virtual photon

insertions. But in the case when we take real photon emission and absorption into account,

finite temperature correction will arise due to the phase space integrals. This chapter

will give the details of the finite temperature corrections due to real photon emission and

absorption and is based on our work in Ref. [136]. Now we will discuss the details.

5.1 Real thermal corrections to the cross section at NLO

The thermal contributions to χχ → f f (γ) arise from insertions of real photons into the

set of LO diagrams shown in Fig. 4.1, which can be both emitted into or absorbed from
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the heat bath at temperature T . The relevant t-channel diagrams R1,R2,R3 are shown in

Fig. 5.1 while the corresponding u-channel diagrams R4,R5,R6 are obtained by crossing

these diagrams.

χ

χ

f

ϕ

f

γ

(R1) χ

χ

f

ϕ

f

γ

(R2) χ

χ

f

ϕ

f

γ
(R3)

Figure 5.1: The t-channel real photon emission diagrams contributing to the dark matter annihi-
lation process at next to leading order (NLO). Diagrams are labelled from R1–R3. Similar terms
contribute when the photon is instead absorbed from the heat bath. Analogous contributions from
the u-channel diagrams also exist.

In contrast to the virtual photon case where the thermal O(α) contribution arose from the

product of the NLO (virtual) matrix elements of the diagrams in Fig. 4.2 with the LO

matrix elements in Fig. 4.1, the O(α) thermal contribution in the real case arises from the

square of the matrix elements corresponding to the t- and u-channel diagrams.

A quick look at the diagrams in Fig. 5.1 is sufficient to realise that all particles contribute

through their type-1 thermal fields at every vertex. As defined in Chapter 2, propagators

(for photons, scalars and fermions) are given as the sum of a temperature-independent

part and a temperature dependent part, the latter of which is on-shell and weighted by

the appropriate (Fermi Dirac or Bose Einstein) distribution function given in Eqs. 2.19,

2.23. It can be seen that neither of the fermion or anti-fermion propagators can contribute

through their thermal parts since three particles at a vertex are kinematically forbidden to

be all on-shell. Hence, all thermal contributions to the dark matter annihilation process

with real photon emission/absorption arise from the corresponding phase space elements;

see Eqs. 2.27 and 2.28 for the photon and fermion phase space respectively. The second

term in these expressions is the thermal contribution, proportional to n ≡ nB (nF), the Bose

(Fermi) distribution function, for bosons and fermions respectively. In the calculation that

follows, only one of the particles (photon, fermion, anti-fermion) at a time is taken to

contribute via its thermal part, since the cross section is otherwise suppressed by products
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of distribution functions.

We therefore have three contributions from each diagram in Fig. 5.1 (and its u-channel

counterparts): when each of the real photon, fermion, or anti-fermion contributes via the

thermal part of its phase space. We shall refer to them as the real thermal photon, real

thermal fermion, and real thermal anti-fermion contributions respectively.

We apply the Grammer and Yennie technique [127] as explained in Section 3.2 of Chap-

ter 3. Hence each of the thermal photon contributions can be separated into K̃ and G̃ parts

by applying the GY technique. However, it turns out that while the GY technique iso-

lates the soft IR divergence into the K̃ (and K) photon contribution, it fails to separate the

collinear divergence the same way. Hence, in what follows, we shall first demonstrate the

cancellation of the soft IR divergences between the K̃ and K photon contributions, while

suppressing the collinear terms, and deal with the collinear divergences separately, in a

different section, Section 5.2.4, where we show explicitly that these logarithmic terms

cancel between real and virtual contributions. It therefore appears that the use of the

GY technique is restricted to those processes where the collinear divergences are inde-

pendently known to factorise and cancel between virtual and real contributions, order by

order in the theory. Even so, there is an advantage in using the GY technique since the

divergences cancel at the integrand level and simplify the calculation.

5.1.1 Kinematics of χχ→ f f (γ)

We consider the real photon emission/absorption process in the center of momentum

frame where the dark matter particles have common energy-momentum q′, q = (H, 0, 0,±Q).

We use the same kinematics as in the virtual case, except for the fact that physical momen-

tum k is gained or lost in the real photon process, so that the fermion (with momentum

p′) and anti-fermion (with momentum p) no longer have the same energy or momentum

(magnitude). The real photon cross section is given by the sum of 21 contributions as
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follows:

σReal
NLO =

 6∑
i=1

σReal
i,i + (−1)S p

6∑
i< j

σReal
i, j

 , (5.1)

where the individual terms are defined in terms of the squares of various matrix elements:

σReal
i,i =

1
4
√

sQ

∫
dPp′dPpdPk(2π)4δ4(q′+q−p′−p−k)

∣∣∣MRi

∣∣∣2 ,
σReal

i, j =
1

4
√

sQ

∫
dPp′dPpdPk(2π)4δ4(q′+q−p′−p−k)

∣∣∣∣MRi M
†

R j
+ h.c.

∣∣∣∣2 , (5.2)

with −∞ ≤ k0 ≤ ∞, thus allowing for both emission and absorption of the real photon,

and

S p = 0 ; i, j ∈ {1, 2, 3} or {4, 5, 6} ,

= 1 ; i ∈ {1, 2, 3} and j ∈ {4, 5, 6} . (5.3)

Here the phase space factors dPi are defined in Eqs. 2.27 and 2.28 for the photon and

fermion phase space respectively, and the matrix elements correspond to the three t-

channel diagrams R1,R2,R3 as seen in Fig. 5.1 and R4,R5,R6 are their u-channel coun-

terparts. Therefore σi, j, i, j ∈ 1–3, are from the t-channel diagrams, σi, j, i, j ∈ 4–6, are

from the u-channel diagrams, and the remaining from the crossed tu-channel diagrams.

In addition, each of these have contributions from three distinct sets of terms: when the

photon is thermal, when the fermion is thermal, and when the anti-fermion is thermal.

That is, we can write

σReal
i, j = σ

γ,Real
i, j + σ

f ,Real
i, j + σ

f ,Real
i, j , (5.4)

for all values of (i, j), where the contributions correspond to including the thermal part of

the phase space in Eq. 5.2 for the photon, fermion and anti-fermion respectively.

The frame used for the computation is as follows: of the two non-thermal particles, one
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is integrated out using the energy-momentum conserving delta function shown in Eq. 5.2.

The other one is rotated into the z-direction with energy-momentum (E′, 0, 0, P′), while

the thermal particle is arbitrarily aligned in the direction n̂′(Ω′) defined by the angular

coordinates (θ′, ϕ′). This allows for the simplest kinematics, and yields, for instance,

when the photon is thermal with momentum kµ = (k0,Kn̂′), the anti-fermion momentum

is integrated out, and the fermion is rotated into the z-axis:

σ
γ,Real
i, j =

1
32
√

sQ
1

(2π)4

∫ ωmax

0
dω

∫ E′max

E′min

dE′
∫ 1

−1
dcos θ

∫ 2π

0
dϕ′

× nB(ω)
[
F+i, j(ω,ω,Ω

′) + F−i, j(−ω,ω,Ω
′)
]
, (5.5)

where ω = |k0|, the factor nB(ω) has been taken out of the integrand to show the de-

pendence on the distribution function, and only the kµ dependence of the integrand,

F±i, j(k
0,K,Ω′), has been indicated. Here θ is the angle between the (rotated) z-axis and

the dark matter momentum direction; while the thermal photon angle θ′ is given by

cos θ′ =
(s − 2

√
s(E′ ± ω) ± 2E′ω)

2P′ω
. (5.6)

The ± signs correspond to the case of emission/absorption of the photon. The limits on

E′ are obtained from constraints on | cos θ′| < 1 while ωmax = (s − m2
f )/(2

√
s).

Considering photon to be thermal, for F+, the limits on E′ are given by

E′+min = H − ω +
mf2ω

4H(H − ω)
,

E′+max = H −
mf2ω

4H(H − ω)
, (5.7)
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whereas for F−, the limits on E′ are

E′−min = H +
mf2ω

4H(H + ω)
,

E′−max = H + ω −
mf2ω

4H(H + ω)
, (5.8)

where we have truncated the solution to order O(m2
f ).

When the thermal fermion contribution is under consideration, the anti-fermion momen-

tum is integrated out as in the thermal photon case, and the photon is rotated into the z-

axis, so that kµ = (E′, 0, 0, E′). In this case, the fermion has momentum p′µ = (p′0,Ktn̂′),

and we get an expression analogous to Eq. 5.5 for σ f ,Real
i, j , while also accounting for the

fact that the distribution function nB(ω) in Eq. 5.5 is to be replaced by (−nF(ωt)) as per

the phase space definition in Eq. 2.28; furthermore, the fermion has non-zero mass so that

the thermal fermion angle θ′ is given by

cos θ′ =
(s − 2

√
s(E′ ± ωt) ± 2E′ωt)

2E′Kt
, (5.9)

where the thermal fermion energy and momentum magnitude are represented by ωt =

|p′0|, and Kt with ω2
t = K2

t +m2
f to distinguish them from the massless photon contribution.

The limits on E′ are now given by

E′+min =
2H(H − ωt)(2H − ωt − Kt)

(4H2 − 4Hωt + m2
f )

;

E′+max =
2H(H − ωt)(2H − ωt + Kt)

(4H2 − 4Hωt + m2
f )

;

E′−min =
2H(H + ωt)(2H + ωt − Kt)

(4H2 + 4Hωt + m2
f )

;

E′−max =
2H(H + ωt)(2H + ωt + Kt)

(4H2 + 4Hωt + m2
f )

. (5.10)

for F+ and F− respectively. The case for thermal anti-fermion merely exchanges the

fermion and anti-fermion momenta and is straightforward.

104



In all cases, it can be seen from Eq. 5.5 that high energy contributions are suppressed due

to the presence of the appropriate distribution functions, nB(ω) and nF(ωt); see Eqs. 2.19

and 2.23. Hence, the upper limit on ω (ωt) can be taken to be infinity so that these

integrals can be analytically performed. The leading thermal contribution of order O(T 2)

then arises from the integrals:

∫ ∞

0
ω dω nB(ω) =

π2T 2

6
,∫ ∞

0
ωt dωt nF(ωt) =

π2T 2

12
, (5.11)

where we have assumed the massless limit for the thermal fermion integration. (The exact

expressions are available as Mathematica notebooks on-line [2].)

5.2 The real photon matrix elements

The relevant matrix elements for the real photon emission/absorption process χχ→ f f (γ)

corresponding to the diagrams R1–R3 shown in Fig. 5.1 are

MR1 =
ie|λ|2

2k · p′ lΦ

[
v(q,mχ)PL v(p,m f )

] [
u(p′,m f )γµ

(
/k + /p′ + m f

)
PR u(q′,mχ)

]
ϵ
∗µ
k ;

MR2 =
ie|λ|2

lkΦ lΦ
(2l − k)µ

[
v(q,mχ)PLv(p,m f )

] [
u(p′,m f )PR u(q′,mχ)

]
ϵ
∗µ
k ;

MR3 =
ie|λ|2

2k · p lkΦ

[
v(q,mχ)PL

(
−/k − /p + m f

)
γµ v(p,m f )

] [
u(p′,m f )PR u(q′,mχ)

]
ϵ
∗µ
k .

(5.12)

Here PR,L = (1 ± γ5)/2, lΦ ≡ (l2 − m2
ϕ) arises from the propagator of the scalar with

momentum l = q − p. Similarly, lkΦ = (l − k)2 − m2
ϕ. The u-channel matrix elements can

be obtained by crossing, with momentum l′ = q′ − p replacing l.

It can be seen from Eq. 5.12 that the squared matrix elements contain products of the pho-

ton polarisation tensor, ϵµk , to which the GY-defined polarisation sum shown in Eq. 3.18
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can be applied in order to separate the K̃ and G̃ contributions in the thermal photon case.

Since there are known to be no IR divergences [126, 130] in the thermal fermion contri-

butions, the standard polarisation sum,

∑
pol

ϵ
µ∗
k ϵ

ν
k = −gµν , (5.13)

is used in this case.

The angular integrals were performed using FeynCalc 10.0.0 [137, 138] software with

Mathematica 13.1 [133]. We will first discuss the soft IR and collinear divergences in the

next sections, before we consider the finite contribution. The soft IR divergences arise

from the K̃ photon contributions. Since only thermal photons contribute to these terms,

we now consider the case where the thermal part of the photon phase space (see Eq. 2.27

contributes.

5.2.1 The thermal photon contribution and IR divergences

The soft IR divergences are known to cancel between the real and virtual thermal photon

contributions. These are contained in the thermal photon contributions while the thermal

fermion contributions are IR finite due to the nature of the Fermi distribution function;

see Eq. 2. As shown in Refs. [126, 130], the soft IR divergences can be isolated into the

virtual K and real K̃ photon contributions as defined in Eqs. 3.2, 3.18. The sum of these

two contributions is finite (this was first shown to NLO in Ref. [94]); we will explicitly

show below the cancellation of the soft IR divergences between these two contributions,

and also compute the finite remainder. Details of the NLO virtual thermal correction to

χχ→ f f are discussed in Chapter 4; for more details, see our earlier work, Ref. [131].

The soft divergence lies in the ω integrals of the thermal photon contribution to the real

photon cross section which we label σγ,Real
i, j (see Eq. 5.5); hence we integrate out the

angular variables (using Mathematica [133]), leaving only the ω dependence. The K̃
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part of the thermal real photon cross section can be obtained by taking the K̃ part of the

polarisation sum (see Eq. 3.18) in the expressions for σγ,Real
i, j . We have

σ
γ,Real
i, j =

e2π|λ|4

32
√

sQ
1

(2π)4

∫
dω nB(ω) Intγi, j ,

Intγi, j = IntK̃
i, j + IntG̃

i, j , (5.14)

where IntK̃
i, j is listed for all (i, j) contributions in Table 5.1. Here we have retained only

terms up to order O(ω,m2
f ) since the term linear in ω will give rise to order O(T 2) correc-

tions to the cross section. Hence the terms proportional to 1/ω in Table 5.1 are linearly

divergent in the IR. These are expected to cancel against the corresponding contributions

from the virtual NLO terms. In order to show this diagram-by-diagram cancellation, we

first discuss the virtual–real photon correspondence.

5.2.2 The virtual–real photon correspondence

In order to determine which are the virtual terms corresponding to the real ones, we return

to the definition of the real cross section in Eqs. 5.1 and 5.2. The correspondence is as

follows. Consider, for example, theσReal
1,1 term which arises from the square of the diagram

R1 shown in Fig. 5.1 and can be represented by the cut diagram on the left in Fig. 5.2. The

corresponding virtual contribution is then found by shifting the cut on this diagram such

that the photon is virtual, as shown on the right side of Fig. 5.2. We label this contribution

as σVirtual
i, j , (i, j) = (1, 1), which is given by (see Eq. 4.15)

σVirtual
1,1 ∝

∫ [(
Mt

LO
)†
M

6,t
NLO + h.c.

]
. (5.15)

This arises from the fermion self-energy term shown as Diagram 6 in Fig. 4.4 multiplied

by the conjugate of the the LO t-channel diagram in Fig. 4.1. (The h.c. term is obtained

by moving the cut to the left of the self energy insertion.)
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(i, j) Real IntK̃
i, j from Intγi, j Virtual (IntKdiv

i, j )′ IntK̃ f in

i, j = IntK̃
i, j + IntKdiv

i, j

1, 1 −m2
χ(

32m2
χ−8m2

f

ωm4
ϕ

) − ω(
32m2

χ−8m2
f

m4
ϕ

) m2
χ(

32m2
χ−8m2

f

ωm4
ϕ

) −ω(
32m2

χ−8m2
f

m4
ϕ

)

2, 2 −ωm4
χ(

128m2
χ+96m2

f

m8
ϕ

) – −ωm4
χ(

128m2
χ+96m2

f

m8
ϕ

)

3, 3 −m2
χ(

32m2
χ−8m2

f

ωm4
ϕ

) − ω(
32m2

χ−8m2
f

m4
ϕ

) m2
χ(

32m2
χ−8m2

f

ωm4
ϕ

) −ω(
32m2

χ−8m2
f

m4
ϕ

)

4, 4 −m2
χ(

32m2
χ−8m2

f

ωm4
ϕ

) − ω(
32m2

χ−8m2
f

m4
ϕ

) m2
χ(

32m2
χ−8m2

f

ωm4
ϕ

) −ω(
32m2

χ−8m2
f

m4
ϕ

)

5, 5 −ωm4
χ(

128m2
χ+96m2

f

m8
ϕ

) – −ωm4
χ(

128m2
χ+96m2

f

m8
ϕ

)

6, 6 −m2
χ(

32m2
χ−8m2

f

ωm4
ϕ

) − ω(
32m2

χ−8m2
f

m4
ϕ

) m2
χ(

32m2
χ−8m2

f

ωm4
ϕ

) −ω(
32m2

χ−8m2
f

m4
ϕ

)

1, 2 0 0 0

1, 3 ω(
32m2

χ−32m2
f

m4
ϕ

) 0 ω(
32m2

χ−32m2
f

m4
ϕ

)

1, 4 −m2
χ(

64m2
χ−48m2

f

ωm4
ϕ

) − ω(
64m2

χ

m4
ϕ

) m2
χ(

64m2
χ−48m2

f

ωm4
ϕ

) −ω(
64m2

χ

m4
ϕ

)

1, 5 + 2, 4 ωm2
χ(

256m2
χ−96m2

f

m6
ϕ

) – ωm2
χ(

256m2
χ−96m2

f

m6
ϕ

)

1, 6 + 3, 4 0 0 0

2, 3 ωm2
χ(

256m2
χ−32m2

f

m6
ϕ

) 0 ωm2
χ(

256m2
χ−32m2

f

m6
ϕ

)

2, 5 ωm4
χ(

512m2
χ−768m2

f

m8
ϕ

) – ωm4
χ(

512m2
χ−768m2

f

m8
ϕ

)

2, 6 + 3, 5 ωm2
χ(

256m2
χ−96m2

f

m6
ϕ

) 0 ωm2
χ(

256m2
χ−96m2

f

m6
ϕ

)

3, 6 −m2
χ(

64m2
χ−48m2

f

ωm4
ϕ

) − ω(
64m2

χ

m4
ϕ

) m2
χ(

64m2
χ−48m2

f

ωm4
ϕ

) −ω(
64m2

χ

m4
ϕ

)

4, 5 ωm2
χ(

256m2
χ−32m2

f

m6
ϕ

) 0 ωm2
χ(

256m2
χ−32m2

f

m6
ϕ

)

4, 6 ω(
32m2

χ−32m2
f

m4
ϕ

) 0 ω(
32m2

χ−32m2
f

m4
ϕ

)

5, 6 0 0 0

Table 5.1: The K̃ real photon contribution IntK̃
i, j (see Eq. 5.14) from various diagrams when the

photon is thermal is listed for all contributions (i, j), along with the divergent part of the virtual
K photon contribution; the collinear divergences are ignored for now. It can be seen that the IR
divergent part of the K̃ contribution exactly cancels against the divergent part of the corresponding
K virtual thermal photon contribution, (IntKdiv

i, j )′, leaving a finite remainder, which we label as

IntK̃ f in
i, j . See text for details.
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Figure 5.2: The correspondence between σReal
1,1 (L) and σVirtual

1,1 (R) shown diagrammatically
through cut diagrams.

Similarly, the virtual counterparts of the (1, 2) and (1, 3) terms arise from the contributions

of the NLO diagrams labelled (1) and (2) respectively in Fig. 4.2 multiplied by the conju-

gate of the LO t-channel diagram in Fig. 4.1, etc. The (1, 2) correspondence is shown in

Fig. 5.3.

χ
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f

ϕ

χ

ϕ

f

χ

χ

χ

f

ϕ

χ

ϕ

f

χ

Figure 5.3: As in Fig. 5.2 to demonstrate the (1, 2) real–virtual correspondence through cut
diagrams.

We use the results from Tables 4.1, 4.4 of the previous chapter to obtain the K photon IR

divergent parts of the various virtual thermal photon diagrams. (Note that the Diagrams

4–5 (from photon vertices on the scalar line; see Fig. 4.3) do not have divergent K photon

contributions.) These are listed as (IntKdiv
i, j )′ in the second column of Table 5.1. The change

from IntK
i, j to (IntK

i, j)
′ is now clear: both the virtual and real photon contributions now have

the same overall factor removed— see Eq. 5.14—and can be easily compared.

It can be seen from Table 5.1 that the divergent parts of K̃ and K cancel, leaving behind

a finite remainder. Contributions such as from Diagrams (2, 2) and (5, 5) from the square

of matrix elements R2 and its u-channel counterpart R5 as well as the (2, 5) crossed tu-

channel contribution must necessarily have no divergent terms as the virtual counterpart

does not exist. (The same is true for the virtual Diagrams 4–5 in Fig. 4.3 which have no

real-photon counterparts.) This is indeed seen to hold.
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5.2.3 The collinear divergences

In Table 5.1 we have dropped terms that are collinearly divergent as the fermion mass

goes to zero; we will now discuss these terms. For example, it appears from Table 5.1 that

there is no soft divergent contribution from the (1, 3) term; however, there is indeed a soft

divergent contribution which is also collinear divergent. All soft IR divergent terms are

correctly factored into the K̃ contributions for the real terms, so that the G̃ contributions

are IR finite. However, some of the soft IR finite terms which are collinear divergent are

seen to be partially contained in the K̃ and partially in the G̃ contributions so that the

GY separation for collinear divergences is imperfect. The collinear divergences from real

thermal photon insertions (sum of G̃ + K̃ contributions) is shown in Table 5.2.

In the case of thermal photons, the structure of the logarithms that contribute in the real

case is given by

LR =
1
2

log

 m2
f

4H2 − 4Hω − m2
f

 + log

 m2
f

4H2 + 4Hω − m2
f

 ,
L′R =

1
2

log

 m2
f

4H2 − 4Hω − m2
f

 − log

 m2
f

4H2 + 4Hω − m2
f

 . (5.16)

Since ω is strictly less than (s −m2
f )/(2

√
s) = H −m2

f /(4H), we can expand LR and L′R as

LR =
1
2

log

 m2
f

4H2 − m2
f

1 + 4Hω
4H2 − m2

f

 + log

 m2
f

4H2 − m2
f

1 − 4Hω
4H2 − m2

f

 ,
≈ log

 m2
f

4H2 − m2
f

 − (4Hω)2

2(4H2 − m2
f )2
≡ Lγ + O(ω)2 ,

L′R =
1
2

log

 m2
f

4H2 − m2
f

1 + 4Hω
4H2 − m2

f

 − log

 m2
f

4H2 − m2
f

1 − 4Hω
4H2 − m2

f

 ,
≈

 4Hω
4H2 − m2

f

 + O(ω)3 , (5.17)

where we have expanded the log terms appropriately, and used the definition of Lγ in

Eq. 4.60. We have retained terms only till order O(ω) since higher order terms contribute

110



Real Thermal Photon Collinear Contributions

(i, j) IntCollγ
i, j

1, 1 −ω
48m2

χ

3m4
ϕ

LR

2, 2 0

3, 3(= 1, 1) −ω
48m2

χ

3m4
ϕ

LR

4, 4(= 1, 1) −ω
48m2

χ

3m4
ϕ

LR

5, 5 0

6, 6(= 1, 1) −ω
48m2

χ

3m4
ϕ

LR

1, 2 −ω
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LR +
64m3

χ

m6
ϕ

(m2
χ − m2

f )L′R

1, 3 −
16m2

χ

ωm4
ϕ

(4m2
χ − 2m2

f )LR − ω
16m2

f

m4
ϕ

LR +
64m3

χ

m4
ϕ

L′R

1, 4 −ω
32m2

χ

m4
ϕ

LR −
16
m4
ϕ

(mχm2
f )L′R

1, 5 + 2, 4 −ω
32m2

χ

m6
ϕ

(4m2
χ − 3m2

f )LR +
32m3

χ

m6
ϕ

(4m2
χ − 6m2

f )L′R

1, 6 + 3, 4 −
32(2m2

χ−m2
f )2

ωm4
ϕ

LR +
32mχ

m4
ϕ

(4m2
χ − m2

f )L′R

2, 3(= 1, 2) −ω
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LR +
64m3

χ

m6
ϕ

(m2
χ − m2

f )L′R

2, 5 0

2, 6 + 3, 5 −ω
32m2

χ

m6
ϕ

(4m2
χ − 3m2

χ)LR +
32m3

χ

m6
ϕ

(4m2
χ − 6m2

f )L′R

3, 6 −ω
32m2

χ

m4
ϕ

LR −
16mχ

m4
ϕ

(m2
f )L′R

4, 5(= 1, 2) −ω
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LR +
64m3

χ

m6
ϕ

(m2
χ − m2

f )L′R

4, 6(= 1, 3) −
16m2

χ

ωm4
ϕ

(4m2
χ − 2m2

f )LR − ω
16m2

f

m4
ϕ

LR +
64m3

χ

m4
ϕ

L′R

5, 6(= 1, 2) −ω
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LR +
64m3

χ

m6
ϕ

(m2
χ − m2

f )L′R

Table 5.2: Collinear divergences in various terms of the real thermal photon contributions. Over-
all factors as in Eq. 5.14 have been removed from the terms listed here. See text for the definition
of log terms LR and L′R.
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at order O((T/mχ)4) or higher, and are hence small. Note that terms such as the (1, 3)

contribution in Table 5.2 contain (1/ω) soft IR terms, so that these terms will contribute

at order O(T 2) (via O(ω) terms) when combined with O(ω)2 terms in LR. Similarly, the L′R

terms will also contribute at order O(T 2). It can be seen from Table 5.2 that the coefficient

of L′R contains terms that are proportional to, and independent of m2
f . The coefficient of

L′R, when summed over all (i, j) as shown in Eqs. 5.1, 5.2, equals (0 × m2
χ + O(m2

f )) and

hence this contribution vanishes in the collinear limit as m f → 0.

In fact, collinear divergent terms arise in all contributions: the thermal photon, thermal

fermion and the thermal anti-fermion terms. Their contribution for thermal fermions and

anti-fermions is given in Tables 5.3 and 5.4, in terms of different logarithmic terms, LR

and L′R, defined below.

In the case of real photons, we have the factor nB(ω) in the phase space for thermal

photons, while we have (−nF(ωt)) for thermal fermions (anti-fermions); see Eqs. 2.27

and 2.28 respectively. Hence we compute the collinear contributions in σγ,Real
i, j , from the

thermal photon contribution to the cross section, as given in Eq. 5.14, as well as from the

thermal fermion contributions, given by

σ
f ,Real
i, j =

e2π|λ|4

32
√

sQ
1

(2π)4

∫
dωt [−nF(ωt)]

[
−Int f

i, j

]
, (5.18)

(that is, the negative sign has been included in the values of Int f
i, j in the tables) with an

analogous definition for the thermal anti-fermion contribution, σ f̄ ,Real
i, j . We have the log

terms LR f and L′R f
for the real thermal fermion and anti-fermion contributions in Tables 5.3

and 5.4:

LR f =
1
2

log

2H(ωt − Kt) − m2
f

2H(ωt + Kt) − m2
f

 + log

2H(ωt − Kt) + m2
f

2H(ωt + Kt) + m2
f

 ,
L′R f
=

1
2

log

2H(ωt − Kt) − m2
f

2H(ωt + Kt) − m2
f

 − log

2H(ωt − Kt) + m2
f

2H(ωt + Kt) + m2
f

 . (5.19)
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Real Thermal Fermion Collinear Contribution

(i, j) IntColl f
i, j

1, 1 −ωt
16m2

χ

m4
ϕ

LR f +
16m3

χ

m4
ϕ

L′R f

2, 2 0

3, 3 0

4, 4(= 1, 1) −ωt
16m2

χ

m4
ϕ

LR f +
16m3

χ

m4
ϕ

L′R f

5, 5 0

6, 6 0

1, 2 −ωt
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LR f +
32m2

χ

m6
ϕ

(mχm2
f )L′R f

1, 3 ωt
8

m4
ϕ

(4m2
χ − 3m2

f )LR f −
8

m4
ϕ

(mχm2
f )L′R f

1, 4 −ωt
32m2

χ

m4
ϕ

LR f +
16mχ

m4
ϕ

(2m2
χ + m2

f )L′R f

1, 5 + 2, 4 −ωt
32m2

χ

m6
ϕ

(4m2
χ − 3m2

f )LR f +
32m3

χ

m6
ϕ

(3m2
f )L′R f

1, 6 + 3, 4 ωt
16(2m2

χ−m2
f )2

m2
χm4
ϕ

LR f −
16mχ

m4
ϕ

(3m2
f )L′R f

2, 3 0

2, 5 0

2, 6 + 3, 5 0

3, 6 0

4, 5(= 1, 2) −ωt
32m2

χ

m6
ϕ

(2m2
χ − m2

f )LR f +
32m2

χ

m6
ϕ

(mχm2
f )L′R f

4, 6(= 1, 3) ωt
8

m4
ϕ

(4m2
χ − 3m2

f )LR f −
8

m4
ϕ

(mχm2
f )L′R f

5, 6 0

Table 5.3: As in Table 5.2 for collinear divergences from thermal fermions. See text for a defini-
tion of the log terms LR f and L′R f

.
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Real Thermal Anti-Fermion Collinear Contribution

(i, j) IntColl f
i, j

1, 1 0

2, 2 0

3, 3 −ωt
16m2

χ

m4
ϕ

LR f +
16m3

χ

m4
ϕ

L′R f

4, 4 0

5, 5 0

6, 6(= 3, 3) −ωt
16m2

χ

m4
ϕ

LR f +
16m3

χ

m4
ϕ

L′R f

1, 2 0

1, 3 ωt
8

m4
ϕ

(4m2
χ − 3m2

f )LR f −
8mχ
m4
ϕ

(m2
f )L′R f

1, 4 0

1, 5 + 2, 4 0

1, 6 + 3, 4 ωt
16(2m2

χ−m2
f )2

m2
χm4
ϕ

LR f −
16m2

f

m4
ϕ

(3m2
χ − m2

f )L′R f

2, 3 −ωt
32
m6
ϕ

(2m2
χ − m2

f )LR f +
32m3

χ

m6
ϕ

(m2
f )L′R f

2, 5 0

2, 6 + 3, 5 −ωt
32m2

χ(4m2
χ−3m2

f )

m6
ϕ

LR f

3, 6 −ωt
32m2

χ

m4
ϕ

LR f +
16mχ

m6
ϕ

(2m2
χ + m2

f )L′R f

4, 5 0

4, 6(= 1, 3) ωt
8

m4
ϕ

(4m2
χ − 3m2

f )LR f −
8mχ
m4
ϕ

(m2
f )L′R f

5, 6(= 2, 3) −ωt
32
m6
ϕ

(2m2
χ − m2

f )LR f +
32m3

χ

m6
ϕ

(m2
f )L′R f

Table 5.4: As in Table 5.3 for collinear divergences from thermal anti-fermions.
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As in the case of the real photon thermal photon calculation, see Eq. 5.17, we can expand

these logarithms:

log

2H(ωt − Kt) − m2
f

2H(ωt + Kt) − m2
f

 = log
[
ωt − Kt

ωt + Kt

]
+ log

[
1 − ϵ f−

]
− log

[
1 − ϵ f+

]
,

≡ L f + log
[
1 − ϵ f−

]
− log

[
1 − ϵ f+

]
,

log

2H(ωt − Kt) − m2
f

2H(ωt + Kt) + m2
f

 = log
[
ωt − Kt

ωt + Kt

]
+ log

[
1 + ϵ f−

]
− log

[
1 + ϵ f+

]
,

≡ L f + log
[
1 + ϵ f−

]
− log

[
1 + ϵ f+

]
, (5.20)

where L f , defined in Eq. 4.64, is the logarithmic term from thermal fermions. Here the

ϵ f ’s are the small terms

ϵ f− =
ωt + Kt

2H
, ϵ f+ =

ωt − Kt

2H
. (5.21)

Hence, the various log terms are given by

LR f = L f −
4H2 − m2

f

8H2 ωtKt = L f + O(ωt)2 ,

L′R f
= −

12H2 − m2
f

12H3 ωt + O(ωt)3 , (5.22)

similar to the case with virtual thermal fermions, and L f defined in Eq. 4.64. Again, we

find (both for the thermal fermion and thermal anti-fermion contributions) that when sum-

ming over all L′R f
terms the coefficient of the m2

χ term vanishes1, leaving terms whose co-

efficient is proportional to m2
f , which vanish in the collinear limit. Hence, in the collinear

thermal photon and thermal fermion contributions, only terms containing LR and LR f sur-

vive for the real photon case.

1Note that the contribution of the tu-cross terms, viz., (1, 4), (1, 5 + 2, 4), (1, 6 + 3, 4), (2, 5), (2, 6 + 3, 5)
and (3, 6) comes with a negative sign.
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5.2.4 Cancellation of collinear divergences

We have now computed the collinearly divergent terms from all Diagrams (i, j) from both

virtual and real photon insertions. These arise from the thermal phase space for pho-

tons, fermions, and anti-fermions in the case of real photon annihilation cross sections. In

the case of virtual contributions, the thermal photon, thermal fermion and thermal anti-

fermion contributions come from the corresponding thermal parts of their propagators in

Diagrams 1–7 in Figs. 4.2, 4.3 and 4.4. The relevant real and virtual collinear contribu-

tions are listed in Tables 5.5, 5.6 and 5.7. Here only the leading s-wave results with v→ 0

are shown; the exact expressions are available on-line as a Mathematica notebook [2]. We

have dropped the terms L′V f
, L′R and L′R f

which vanish in the collinear limit; we will deal

with them later.

It may be noted that the logarithms are not precisely the same in the real and virtual case;

they merely match in the collinear (massless) limit. In the case of thermal photons, it can

be seen from Table 5.5 that, upon using the definitions of LR in Eq. 5.16 and its expansion

in 5.17, we find that, apart from finite contributions, LR = LV ≡ Lγ (see Eqs. 4.60, 5.17),

so that the collinear divergences (containing both soft IR divergent and IR finite terms)

cancel between the real and virtual photon contributions when the photon is thermal. Note

that terms proportional to m2
f in the coefficient of the log terms vanish in the collinear limit

and hence are not collinear divergent.

A similar analysis can be done when the fermion (anti-fermion) is thermal. The results are

tabulated in Tables 5.6 (5.7). Here we have the log terms LR f and L′R f
for the real thermal

fermion contribution as defined in Eq. 5.22 and the corresponding virtual contributions in

Eq. 4.64.

We find that the coefficient of every contribution to L′V f
is proportional to m2

f and hence

this contribution vanishes in the collinear limit.

As with L′V , the sum over all (i, j) of L′R f
yields a coefficient which has the form (0 ×
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Real and Virtual Thermal Photon Collinear Contributions

i, j Real Virtual

1, 1 −ω
48m2

χ

3m4
ϕ

LR ω
48m2

χ

3m4
ϕ

LV

2, 2 0 –

3, 3 −ω
48m2

χ

3m4
ϕ

LR ω
48m2

χ

3m4
ϕ

LV

4, 4 −ω
16m2

χ

m4
ϕ

LR ω
16m2

χ

m4
ϕ

LV

5, 5 0 –

6, 6 −ω
48m2

χ

3m4
ϕ

LR ω
48m2

χ

3m4
ϕ

LV

1, 2 −ω 32
3m6
ϕ

(6m4
χ − 3m2

χm
2
f )LR ω 32

3m6
ϕ

(6m4
χ − 3m2

χm
2
f )LV

1, 3 −
16(4m4

χ−2m2
χm

2
f )

ωm4
ϕ

LR − ω
16m2

f

m4
ϕ

LR
16(4m4

χ−2m2
χm

2
f )

ωm4
ϕ

LV + ω
16m2

f

m4
ϕ

LV

1, 4 −ω
32m2

χ

m4
ϕ

LR ω
32m2

χ

m4
ϕ

LV

1, 5 + 2, 4 −ω
32m2

χ(4m2
χ−3m2

f )

m6
ϕ

LR ω
32m2

χ(4m2
χ−3m2

f )

m6
ϕ

LV

1, 6 + 3, 4 −
32(−2m2

χ+m2
f )2

ωm4
ϕ

LR
32(−2m2

χ+m2
f )2

ωm4
ϕ

LV

2, 3 −ω
32m2

χ(2m2
χ−m2

f )

m6
ϕ

LR ω
32m2

χ(2m2
χ−m2

f )

m6
ϕ

LV

2, 5 0 –

2, 6 + 3, 5 −ω
32m2

χ(4m2
χ−3m2

χ)

m6
ϕ

LR ω
32m2

χ(4m2
χ−3m2

χ)

m6
ϕ

LV

3, 6 −ω
32m2

χ

m4
ϕ

LR ω
32m2

χ

m4
ϕ

LV

4, 5 −32ωm2
χ

2m2
χ−m2

f )

m6
ϕ

LR 32ωm2
χ

2m2
χ−m2

f )

m6
ϕ

LV

4, 6 −
16(4m4

χ−2m2
χm

2
f )

ωm4
ϕ

LR − ω
16m2

f

m4
ϕ

LR
16(4m4

χ−2m2
χm

2
f )

ωm4
ϕ

LV + ω
16m2

f

m4
ϕ

LV

5, 6 −32ωm2
χ

2m2
χ−m2

f )

m6
ϕ

LR 32ωm2
χ

2m2
χ−m2

f )

m6
ϕ

LV

Table 5.5: Collinear divergences from Diagram sets (i, j) from real and virtual thermal photon
contributions. Divergent terms from real and virtual contributions cancel. See text for the defini-
tion of log terms LR and LV .
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Real and Virtual Thermal Fermion Collinear Contributions

i, j Real Virtual

1, 1 −ωt
16m2

χ

m4
ϕ

LR f ωt
16m2

χ

m4
ϕ

LV f

2, 2 0 –

3, 3 0 0

4, 4 −ωt
16m2

χ

m4
ϕ

LR f ωt
16m2

χ

m4
ϕ

LV f

5, 5 0 –

6, 6 0 0

1, 2 −ωt
32m2

χ(2m2
χ−m2

f )

m6
ϕ

LR f ωt
32m2

χ(2m2
χ−m2

f )

m6
ϕ

LV f

1, 3 ωt
8(4m2

χ−3m2
f )

m4
ϕ

LR f −ωt
8(4m2

χ−3m2
f )

m4
ϕ

LV f

1, 4 −ωt
32m2

χ

m4
ϕ

LR f ωt
32m2

χ

m4
ϕ

LV f

1, 5 + 2, 4 −ωt
32m2

χ(4m2
χ−3m2

f )

m6
ϕ

LR f ωt
32m2

χ(4m2
χ−3m2

f )

m6
ϕ

LV f

1, 6 + 3, 4 ωt
16(2m2

χ−m2
f )2

m2
χm4
ϕ

LR f −ωt
16(2m2

χ−m2
f )2

m2
χm4
ϕ

LV f

2, 3 0 0

2, 5 0 –

2, 6 + 3, 5 0 0

3, 6 0 0

4, 5 −ωt
32m2

χ(2m2
χ−m2

f )

m6
ϕ

LR f ωt
32m2

χ(2m2
χ−m2

f )

m6
ϕ

LV f

4, 6 ωt
8m2
χ(4m2

χ−3m2
f )

m4
ϕ

LR f −ωt
8m2
χ(4m2

χ−3m2
f )

m4
ϕ

LV f

5, 6 0 0

Table 5.6: As in Table 5.5 for collinear divergences in various terms of real and virtual contribu-
tions from thermal fermions. See text for a definition of the log terms LR f and LV f .
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Real and Virtual Thermal Anti-Fermion Collinear Contributions

i, j Real Virtual

1, 1 0 0

2, 2 0 –

3, 3 −ωt
16m2

χ

m4
ϕ

LR f ωt
16m2

χ

m4
ϕ

LV f

4, 4 0 0

5, 5 0 –

6, 6 −ωt
16m2

χ

m4
ϕ

LR f ωt
16m2

χ

m4
ϕ

LV f

1, 2 0 0

1, 3 ωt
8(4m2

χ−3m2
f )

m4
ϕ

LR f −ωt
8(4m2

χ−3m2
f )

m4
ϕ

LV f

1, 4 0 0

1, 5 + 2, 4 0 0

1, 6 + 3, 4 ωt
16(2m2

χ−m2
f )2

m2
χm4
ϕ

LR f −ωt
16(2m2

χ−m2
f )2

m2
χm4
ϕ

LV f

2, 3 −ωt
32(2m2

χ−m2
f )

m6
ϕ

LR f ωt
32(2m2

χ−m2
f )

m6
ϕ

LV f

2, 5 0 –

2, 6 + 3, 5 −ωt
32m2

χ(4m2
χ−3m2

f )

m6
ϕ

LR f ωt
32m2

χ(4m2
χ−3m2

f )

m6
ϕ

LV f

3, 6 −ωt
32m2

χ

m4
ϕ

LR f ωt
32m2

χ

m4
ϕ

LV f

4, 5 0 0

4, 6 ωt
8(4m2

χ−3m2
f )

m4
ϕ

LR f −ωt
8(4m2

χ−3m2
f )

m4
ϕ

LV f

5, 6 −ωt
32m2

χ(2m2
χ−m2

f )

m6
ϕ

LR f ωt
32m2

χ(2m2
χ−m2

f )

m6
ϕ

LV f

Table 5.7: As in Table 5.5 for collinear divergences in various terms of real and virtual contribu-
tions from thermal anti-fermions. See text for a definition of the log terms LR f and LV f .
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m2
χ + O(m2

f )), so that these contributions also vanish in the collinear limit. We are left

with terms proportional to LV f and LR f , as listed in Tables 5.6 and 5.7. Dropping the finite

contributions for now, the collinear contributions from both are given by L′R f
= L′V f

≡ L f

as defined in Eqs. 5.22 and 4.64.

Notice the unusual structure of L f , independent of the external energy H (except indirectly

through the limits on ωt). To our knowledge, such a dependence has been observed for the

first time. With the identification of LV f = LR f ≡ L f , again, we see from Tables 5.6, 5.7

that the collinear divergent terms arising from thermal fermion and thermal anti-fermion

pieces also cancel between the real and virtual terms. Hence the entire cross section is

both soft IR finite and free of collinear divergences to O(αT 2).

It may be useful to point out that the structure of the log terms LR, LV f and LR f is non-

trivial and furthermore, ω (or ωt) dependent and hence can only be exactly numerically

computed. Our approximations in Eqs. 4.60, 5.17, and Eqs. 4.64, 5.22, allow for the

cancellations to be demonstrated at the level of the integrands themselves, without hav-

ing to perform the ω (ωt) integrations. While it is satisfying to see the cancellation of

these collinear divergences, it must be kept in mind that heavy fermions such as τ leptons

can significantly contribute through these logs, which may substantially alter our results

shown in the next section for the nearly massless case. Again, the exact expressions are

available on-line [2] for use in numerical computations.

5.2.5 Finite remainder and the real thermal photon cross section

The total thermal photon contribution to the real photon dark matter annihilation process

arises from the sum of the finite G̃ and the finite IntK̃ f in

i, j = (K̃ + Kdiv); we have already

discussed the latter in the previous section and the corresponding results are listed in

Table 5.1. The contribution IntG̃
i, j from the thermal photon G̃ part from various (i, j) terms

(see Eq. 5.14) is shown in Table 5.8, modulo the collinear divergences, which have been
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separately discussed in Section 5.2.4.

The thermal fermion (and anti-fermion) contributions Int f
i, j and Int f

i, j (see Eq. 5.18) are IR

finite and can be simply added to the thermal photon contribution. These are also listed

(again, modulo the collinear divergent terms which were discussed in Section 5.2.4) in

Table 5.8. The total NLO thermal cross section is thus given by the sum of all these

terms. The detailed results are again listed online [2]. Here we present only the s-wave

results in the limit that the dark matter momentum Q is small. We present the results

separately for the so-called “virtual”, “real” and “collinear” parts and then sum them to

obtain the total NLO thermal cross section. The “virtual” contributions have already been

computed in the previous Chapter. The “real” part arises from the total NLO thermal cross

section defined in Eq. 5.4 for the process χχ→ f f (γ) which is given by

σReal
NLO =

α|λ|4

128vrel

T 2

m2
χ

m2
f

 16
3m4
ϕ

+
160m4

χ

9m8
ϕ

 , (5.23)

where again we have retained terms to order O(T 2,m2
f ). It can be seen that the total

real photon thermal cross section is again proportional to the fermion mass squared, and

hence is helicity suppressed, as for the thermal virtual cross section in Eq. 4.58, although

the individual terms in Tables 5.1, 5.8 are all not so.

The finite “collinear” contribution arises from the finite (independent of Lγ and L f ) contri-

butions of the logarithmic terms, LV , L′V and LV f , L
′
V f

from the virtual thermal photon and

thermal fermion contributions shown in Eqs. 4.60, 4.64, and from the finite terms in LR, L′R

and LR f , L
′
R f

in Eqs. 5.17, 5.22 for the real thermal photon and fermions contributions re-

spectively. The thermal photon and thermal fermion finite “collinear” contributions are

given by

σ
coll,γ
NLO =

α|λ|4

128vrel

T 2

m2
χ

m2
f

 16
3m4
ϕ

+
64m4

χ

3m8
ϕ

 ,
σ

coll, f+ f
NLO =

α|λ|4

128vrel

T 2

m2
χ

m2
f

 24
3m4
ϕ

−
16m2

χ

3m6
ϕ

 , (5.24)
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i, j Real IntG̃
i, j from Intγi, j Real Int f

i, j Real Int f
i, j

1, 1 ω(
32m2

χ

m4
ϕ

) −Kt(
32m2

χ−12m2
f

m4
ϕ

) 0

2, 2 ωm4
χ(

256m2
χ−96m2

f

m8
ϕ

) 0 0

3, 3 ω(
32m2

χ

m4
ϕ

) 0 −Kt(
32m2

χ−12m2
f

m4
ϕ

)

4, 4 ω(
32m2

χ

m4
ϕ

) −Kt(
32m2

χ−12m2
f

m4
ϕ

) 0

5, 5 ωm4
χ(

256m2
χ−96m2

f

m8
ϕ

) 0 0

6, 6 ω(
32m2

χ

m4
ϕ

) 0 −Kt(
32m2

χ−12m2
f

m4
ϕ

)

1, 2 ωm2
χ(

64m2
χ−32m2

f

m6
ϕ

) Ktm2
χ(

64m2
χ

m6
ϕ

) 0

1, 3 −ω(
64m2

χ−32m2
f

m4
ϕ

) −Kt(
32m2

χ

m4
ϕ

) −Kt(
32m2

χ

m4
ϕ

)

1, 4 ω(
32m2

χ+16m2
f

m4
ϕ

) −Kt(
64m2

χ−32m2
f

m4
ϕ

) −Kt(
8m2

f

m4
ϕ

)

1, 5 + 2, 4 −ωm2
χ(

128m2
χ+32m2

f

m6
ϕ

) Ktm2
χ(

128m2
χ−160m2

f

m6
ϕ

) Ktm2
χ(

32m2
f

m6
ϕ

)

1, 6 + 3, 4 0 −Kt(
64m2

χ−32m2
f

m4
ϕ

) −Kt(
64m2

χ−32m2
f

m4
ϕ

)

2, 3 −ωm2
χ(

192m2
χ

m6
ϕ

) 0 Ktm2
χ(

64m2
χ

m6
ϕ

)

2, 5 ωm4
χ(

256m2
χ−256m2

f

m8
ϕ

) −Ktm2
χ(

64m2
χ

3m8
ϕ

) −Ktm2
χ(

64m2
χ

3m8
ϕ

)

2, 6 + 3, 5 −ωm2
χ(

128m2
χ+32m2

f

m6
ϕ

) Ktm2
χ(

32m2
f

m6
ϕ

) Ktm2
χ(

128m2
χ−160m2

f

m6
ϕ

)

3, 6 ω(
32m2

χ+16m2
f

m4
ϕ

) −Kt(
8m2

f

m4
ϕ

) −Kt(
64m2

χ−32m2
f

m4
ϕ

)

4, 5 −ωm2
χ(

192m2
χ

m6
ϕ

) Ktm2
χ(

64m2
χ

m6
ϕ

) 0

4, 6 −ω(
64m2

χ−32m2
f

m4
ϕ

) −Kt(
32m2

χ

m4
ϕ

) −Kt(
32m2

χ

m4
ϕ

)

5, 6 ωm2
χ(

64m2
χ−32m2

f

m6
ϕ

) 0 Ktm2
χ(

64m2
χ

m6
ϕ

)

Table 5.8: The finite real photon contributions from various diagrams: the thermal photon G̃ con-
tribution (Eq. 5.14) IntG̃i, j, and the thermal fermion and anti-fermion contributions Int f

i, j (Eq. 5.18)

and Int f
i, j contributions. The total NLO thermal cross section is given by the sum of these con-

tributions with the finite K̃ combination, IntK̃ f in
i, j (see Table 5.1) and the finite remainder from the

collinear contributions.
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where the contributions shown are the sum of the real and virtual contributions, so that the

collinear divergence has cancelled between the two, leaving this finite remainder. Hence,

the total finite thermal cross section from both virtual and real photon corrections at NLO

is given by the sum of the virtual component computed in Chapter 4, the real component

(see Eq. 5.23) where the soft IR divergence has cancelled between the real and virtual

parts, and the finite remainder from the sum of the collinear real and virtual parts (see

Eq. 5.24). It can be seen that each term is individually helicity suppressed. Hence the

addition of real photon emission/absorption to the leading order process χχ → f f does

not lift the helicity suppression, so that the contribution is suppressed, just as was the

case with the LO and the virtual NLO result. Adding these to the virtual contribution

that was computed in Chapter 4; see Eq. 4.58, the total thermal contribution to the dark

matter annihilation cross section from χχ→ f f as well as χχ→ f f (γ) is given, to order

O(αT 2/m2
χ), by

σReal+Virtual
NLO vrel =

α|λ|4

128
T 2

m2
χ

m2
f

 32
3m4
ϕ

+
80m2

χ

3m6
ϕ

+
544m4

χ

9m8
ϕ

 . (5.25)

As mentioned earlier, the thermal average of this NLO cross section, added to the LO term

shown in Eq. 4.9, is the collision term at order O(T 2/m2
χ), which determines how the DM

relic density evolved as the Universe cooled [132]. Both the LO and NLO contributions

are helicity suppressed. This is in contrast to the case when the dark matter particles are

Dirac type fermions, which we briefly discuss below.

5.2.5.1 Thermal real photon cross section for Dirac dark matter

As seen in Eq. 4.12, the LO cross section when the dark matter particles are of Dirac

type is not helicity suppressed. In this case, only the t-channel diagrams contribute to the

cross section. It turns out that the thermal cross section in this case is also not helicity

suppressed. Extracting only the t-channel terms, we have, in the non-relativistic limit, the
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s-wave contribution,

σReal,Dirac
NLO =

α|λ|4

128vrel

T 2

m2
χ

16m2
χ + 5m2

f

3m4
ϕ

+
32m2

χ(m
2
χ − m2

f )

3m6
ϕ

+
32m4

χ(2m2
χ − 3m2

f )

3m8
ϕ

 . (5.26)

The finite contribution from the collinear terms is given by

σColl,Dirac
NLO =

α|λ|4

128vrel

T 2

m2
χ

40m2
χ + 18m2

f

3m4
ϕ

+
32m2

χ(2m2
χ − m2

f )

3m6
ϕ

 . (5.27)

The total NLO cross section from both virtual (see Eq. 4.59) and real photon annihilation

processes for Dirac dark matter is then

σReal+Virtual,Dirac
NLO =

α|λ|4

128vrel

T 2

m2
χ

4(8m2
χ + 3m2

f )

3m4
ϕ

+
16m2

χ(8m2
χ − 5m2

f )

3m6
ϕ

+
96m4

χ(2m2
χ − 3m2

f )

3m8
ϕ

 .
(5.28)

The ratio of the NLO thermal correction to the LO cross section for both Majorana and

Dirac dark matter particles in the s-wave limit has the same dependence:

σNLO

σLO
(Majorana) =

απ

6
T 2

m2
χ

=
σNLO

σLO
(Dirac) , (5.29)

with an extra factor of 32 in the Dirac case. Here we have considered the leading O(1/m4
ϕ)

term in both cases2.

2Of course, the cross section to order O(α) is the sum of the LO and NLO part; hence when we refer to
the “NLO” cross section here, we mean only the O(α) contribution.
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Chapter 6

Conclusions and Outlook

Conclusion

In this thesis we presented the finite temperature corrections to the annihilation cross

section of both Majorana- and Dirac- type dark matter candidates, considering a model in

which the dark matter, χ, annihilates to Standard Model fermions via a scalar portal having

Yukawa interaction, L ⊃ (λ χPL f −ϕ+ + h.c.); see Eq. 1.8. From observations we know

that the abundance of cold dark matter is encoded in its relic density having the present

value Ωch2 = 0.120 ± 0.001 (or alternatively, as Ωc = 0.265(7)). As the precision on the

value of Ωc is now at the third decimal place and will improve further with state-of-the-

art technologies, we need to improve the precision with which we calculate and predict

theoretically the relic abundance of dark matter. This is obtained by solving Boltzmann’s

equation, Eq. 1.5, which uses the thermal average of the dark matter annihilation cross

section as an input, viz., the collision term that determines the evolution of the dark matter

densities. Corrections to the annihilation cross section directly impact the relic abundance

of the dark matter in theoretical models. Hence there is necessity of calculation of higher

order corrections to this annihilation cross section.

Higher order corrections to dark matter annihilation cross sections are broadly calculated
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in quantum field theory at zero temperature. Extra precision on the annihilation cross

section can be achieved by considering the finite temperature corrections which are taken

care of in the framework of thermal field theory. In addition, it is known that the evolution

of the dark matter density in the Universe occurs at high temperatures. While the thermal

average of the collision term ⟨σvrel⟩ is used in the Boltzmann equation, see Eq. 1.5, the

cross section that is used is itself calculated at zero temperature. Hence consistency also

demands that thermal corrections to the cross section be included. In this thesis, we have

computed the next-to-leading order (in the electromagnetic coupling α) thermal correc-

tions to the dark matter annihilation cross section σ(χχ → f f ) with both virtual and real

photon insertions using the techniques of thermal field theory. The corrections are small,

of order T 2/m2
χ, but can be significant in freeze-in scenarios, and with improved precision

measurements.

This thesis was started with a brief overview of the relevant areas involved in our work.

This included a short introduction to the Standard Model of Particle Physics and Cosmol-

ogy, and evidences for dark matter through the CMB power spectrum, Lyman-alpha and

21 cm spectral lines, and presence in galaxy clusters and galaxy were presented. Some

production mechanisms for dark matter, such as freeze-out, elastic decoupling, freeze-in

and Schwinger mechanism were presented. Some dark matter models such as cannibal

dark matter, axions and ALPS were also discussed. A brief discussion on various detec-

tion techniques—indirect and direct detection and detection through collider searches—

for dark matter were presented. We also discussed the motive of this thesis which is to

obtain the finite temperature corrections to dark matter annihilation cross sections. In

this context, the Boltzmann equation for obtaining dark matter relic densities was also

discussed. The model used for this study was also described.

In order to obtain finite temperature correction we need to implement techniques of ther-

mal field theory [114, 139]. We discussed next the real time formalism for thermal field

theory and presented the expressions for the thermally modified propagators for scalars,
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fermions, and photons, as well as modifications to vertices and phase space factors, nec-

essary since we have particle emission into, and absorption from the heat bath.

A major problem which one encounters is divergences in the infrared limit which are

much more severe in the finite temperature field theory due to presence of the photon

distribution function, nB(ω); see Eq. 2.19.

Both the NLO virtual photon corrections to χχ → f f and the real photon corrections

to χχ → f f (γ) contain IR divergences which we dealt with using the Grammer and

Yennie technique [126–129]. We briefly described the key features of this technique,

which recognises that the divergences arise from the photon sector, while the fermion

sector contributes only IR-finite terms. The Grammer and Yennie procedure separates the

factor gµν in the photon propagator (for virtual photons; see Eq. 3.2) and in the photon

phase space (arising from the photon polarisation sum in the squared matrix element; see

Eq. 3.18), into IR-safe G- (or G̃-) photon and IR divergent K- (or K̃-) photon parts (see

Eq. 3.2, which greatly simplifies the calculations since the soft IR divergences among K

and K̃ get canceled among each other, as occurs at zero temperature.

After discussing the basic tools for obtaining dark matter annihilation cross section, we

presented details of the tree level cross section for χχ → f f , considering dark matter

to be both Majorana type and Dirac type in separate calculations. We then went on to

calculate the thermal NLO corrections.

We implemented the Grammer and Yennie technique and calculated the finite contribu-

tion to the virtual thermal NLO corrections to the annihilation process. These arise from

the thermal parts of the various photon, fermion, and anti-fermion propagators in the con-

tributing Diagrams 1–7, shown in Figs. 4.2, 4.3, and 4.4. We need to use the Grammer

and Yennie technique only for the photon thermal contributions since the thermal fermion

contributions are IR finite. However, we found that all thermal contributions (from pho-

tons, fermions and anti-fermions) contained collinear divergences which also cancelled

against analogous contributions from real photon thermal insertions. In our calculations
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we have taken mass of the mediator scalar to be heavy in comparison to other particles in

the heat bath, mϕ ≫ mχ ⪆ m f , and calculated the O(T 2) finite corrections from the NLO

virtual photon insertions.

After the discussion on finite temperate correction to virtual photon insertions, we moved

to the finite temperature corrections due to real photon emission and absorption. We

again used the Grammer and Yennie technique and explicitly showed the cancellation of

IR divergences among the K and K̃ thermal photon contributions, diagram by diagram;

see Table 5.1. For this, we first demonstrated the real–virtual photon correspondence in

Section 5.2.2. In addition, we also showed the cancellation of the collinear logarithmic

terms, diagram by diagram, in the collinear limit when the fermion mass vanishes; see Ta-

bles 4.6, 4.7, and 4.8. Finally, we computed the finite remainder for both the virtual and

real photon insertions, to obtain the total thermal corrections to the dark matter annihila-

tion cross section at NLO. These are listed in Eqs. 4.11, 4.58, and 5.23 for the LO, NLO

(virtual) and NLO (real) contributions for Majorana type dark matter, and in Eqs. 4.12,

4.59, and 5.26 for Dirac type dark matter. The summed total cross sections are given in

Eqs. 5.25 and 5.28 for the Majorana and Dirac cases respectively.

The key findings of this thesis are as follows.

1. We have presented cancellation of soft IR divergences in the theory, implementing

the generalized Grammer and Yennie technique in thermal field theory, taking vir-

tual photon correction to the dark matter annihilation process, χχ → f f and the

real photon emission and absorption counterpart, χχ→ f f (γ). We show that these

divergences cancel, diagram by diagram, between the real and virtual contributions.

2. Similarly, we demonstrate the cancellation of collinear divergences at NLO, be-

tween the real and virtual contributions.

3. We present the finite thermal corrections to dark matter annihilation cross sections

at O(T 2) for virtual and real photon corrections to the dark matter annihilation pro-
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cess, assuming the heavy scalar limit.

4. We find that the NLO thermal contributions are helicity suppressed for Majorana

dark matter (just as at LO), and not so for Dirac dark matter.

5. Interestingly, it turns out that the ratio of the thermal NLO corrections to LO cor-

rection (K-factor) has the same dependence for both Majorana and Dirac type dark

matter:

σNLO

σLO
(Majorana) =

απ

6
T 2

m2
χ

=
σNLO

σLO
(Dirac) , (6.1)

with the ratio for the Dirac case being a factor of 32 times larger in the α dependent

term. Considering thermal decoupling of dark matter in freeze-out scenario with

1/20 < T/mχ < 1/10, we obtain a minute correction due to finite temperature

effects. The contribution may be large in the case of freeze-in scenarios where T/mχ

is larger; this can be significant as the dark matter energy density in our Universe

is being precisely determined with state-of-art techniques, having a current value

Ωc = 0.265(7). Note, however, that this is contingent on the Yukawa coupling λ

being known (or better constrained).

Outlook and future directions

While the thermal corrections to the dark matter annihilation cross sections are found to

be small, the inclusion of these corrections is required by consistency of the frame-work

in which the dark matter relic density is computed using Boltzmann equations. Hence

this work can be expanded to various dark matter models of interest; in fact, studies

of astroparticle physics with finite temperate are rapidly growing. Possible scenarios

can be freeze-in dark matter, coannihilation dark matter, hidden sector dark matter, inert

doublet model and various others, where the impact of finite temperature on dark matter

annihilation cross sections and relic abundance can be studied using thermal field theory.
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Investigating the impact of finite temperature to the relic abundance of dark matter is our

current future goal.
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Appendix A

Imaginary time formalism of Thermal

field theory

This appendix we will be focused on imaginary time formalism of thermal field theory

which we present for completeness. We start with the path integral formalism and ob-

tain imaginary time propagator for the thermal field theory, first in quantum statistical

mechanics and then in the thermal field theory for scalar fields.

A.1 Introduction to path integral formalism

Path integral formalism is a Lorentz invariant way of dealing with the problems in quan-

tum mechanics and QFT. In order to obtain dynamics of the particle, we calculate proba-

bility amplitude in quantum mechanics. Probability amplitude for a finding a particle at

location (q′, t′), initially at location (q, t), in time independent potential V(q) is given by

F(q′, t′; q, t) = ⟨q′|e−iĤ(t′−t)|q⟩ . (A.1)
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For convenience we take probability amplitude, F in imaginary time, with following an-

alytic continuation

t → −iτ t′ → −iτ′ , (A.2)

F(q′,−iτ′; q,−iτ) = ⟨q′|e−Ĥ(τ′−τ)|q⟩ . (A.3)

After performing usual procedure of path integral formalism we obtain

F(q′,−iτ′; q,−iτ) =
∫
Dq(τ′′) × exp

[
−

∫ τ′

τ

dτ′′
(1
2

mq̇(τ′′) + V(q(τ′′))
)]
. (A.4)

Now defining Euclidean action S E,

S E(τ′ − τ) :=
∫ τ′

τ

dτ′′
(1
2

mq̇(τ′′) + V(q(τ′′))
)
, (A.5)

we end up with

F(q′,−iτ′; q,−iτ) =
∫
Dq(τ′′)e−S E(τ′−τ) . (A.6)

For dealing with system at finite temperature, we need analogous expression of probability

amplitude (Eq. A.6) in quantum statistical mechanics. Partition function for a system with

temperature T(β := 1/T ) for complete set of eigenvectors of Hamiltonian Ĥ is given by,

Z(β) = Tr e−βĤ =
∑

n

.e−βEn . (A.7)

The partition function can be re-expressed for complete set of eigenvectors of position

operator as

Z(β) =
∫

dq⟨q|e−βĤ |q⟩ . (A.8)
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Comparing with equation Eq. A.3, one obtains

Z(β) =
∫

dqF(q,−iβ; q, 0) . (A.9)

Further, partition function Z(β), can be reincarnated as,

Z(β) =
∫
Dq(τ) exp

[
−

∫ β

0
dτ

(1
2

mq̇2(τ) + V(q(τ))
)]
. (A.10)

Using the definition of Euclidean action from Eq. A.5, we obtain

Z(β) =
∫
Dq(τ)e−S E(β) . (A.11)

The boundary condition for this integral can be obtained from Eq. A.9:

q(β) = q(0) . (A.12)

In order to obtain propagators, we need to define generating functional, Z(β; j) (Z(β) =

Z(β; j = 0)):

Z(β; j) =
∫
Dq(τ)e

(
−S E(β)+

∫ β
0 j(τ)q(τ)dτ

)
. (A.13)

The propagator in imaginary time is obtained by functional differentiation of generating

functional Z(β; j) as follows,

1
Z(β)

δ2Z(β; j)
δ j(τ1)δ j(τ2)

∣∣∣∣∣
j=0
=

1
Z(β)

∫
Dq(τ)q(τ1)q(τ2)e−S E(β) . (A.14)

Then the thermal average of time-ordered product for position operator q̂ in imaginary

time is defined as

⟨T {q̂(−iτ1)q̂(−iτ2)}⟩β =
1

Z(β)
Tr

[
e−βĤT {q̂(−iτ1)q̂(−iτ2)}

]
. (A.15)
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By definition, thermal average on operator Â is given by,

⟨Â⟩β =
1

Z(β)
Tr(Âe−βĤ) . (A.16)

The time-ordered product in imaginary time is defined as,

Tq̂(−iτ1)q̂(−iτ2) = q̂(−iτ1)q̂(−iτ2) i f τ1 > τ2 ,

= q̂(−iτ2)q̂(−iτ1) i f τ2 > τ1 . (A.17)

Functional differentiation of generating functional gives the thermal average of time or-

dered product of position operators; for τ1 > τ2, we have

Z(β)⟨T (q̂(−iτ1)q̂(−iτ2))⟩β =
∫

dq⟨q|e−(β−τ1)Ĥq̂e−(τ1−τ2)Ĥq̂e−τ2Ĥ |q⟩ . (A.18)

With method of path integral formalism, and inserting complete set of position operators

at times τ1 and τ2 , generating functional Z(β; j) takes the form,

Z(β; j) = Tr
[
e−βĤT

(
e
∫ β

0 dτ j(τ)q̂(−iτ))] . (A.19)

Using periodicity condition q(β) = q(0), we have

⟨T {(q̂(−iβ)q̂(−iτ)}⟩β = ⟨T {q̂(0)q̂(−iτ)}⟩ . (A.20)

Defining a function ∆(τ) = ⟨T (q̂(−iτ)q̂(0)⟩β for 0 ≤ τ ≤ β, ∆(τ) follows satisfies (this will

later be shown to hold due to KMS relations):

∆(τ − β) = ∆(τ) . (A.21)
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Taking potential for harmonic oscillator and considering m = 1 for simplicity

V(q) =
1
2
ω2q2 . (A.22)

For this potential, the generating functional takes the form

Z(β; j) =
∫

q(0)=q(β)
Dq(τ) exp

[
−

∫ β

0
dτ

(1
2

q(τ) ×
(
−

d2

dτ2 + ω
2
)
q(τ) − j(τ)q(τ)

)]
,

(A.23)

= Z(β) exp
[1
2

∫
dτdτ′ j(τ)K(τ, τ′) j(τ′)

]
.

Solving Eq. A.24 we get for Green’s function K(τ, τ′),

(
−

d2

dτ2 + ω
2
)
K(τ, τ′) = δ(τ − τ′) . (A.24)

For free particle, with Eqs. A.14, A.24 and A.21 we obtain

K(τ, τ′) = ∆ f (τ − τ′) . (A.25)

For 0 ≤ τ ≤ β , we get

∆F(τ) =
1

2ω
[
(1 + n(ω))e−ωτ + n(ω)eωτ

]
,

n(ω) =
1

eβ|ω| − 1
. (A.26)

In order to obtain the time ordered product T (q̂(t)q̂(t′)) in real time ‘t′ we define two-point

correlators with real time as

D>(t, t′) = ⟨q̂(t)q̂(t′)⟩β ,

D<(t, t′) = ⟨q̂(t′)q̂(t)⟩β = D>(t′, t) . (A.27)
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D>(t, t′) and D<(t, t′) are related by D>(t, t′) = D<(t+iβ, t′), known to be the KMS relation.

We can rewrite D>(t, t′) after inserting a complete set of eigenvectors of the Hamiltonian

D>(t, t′) =
1

Z(β)

∑
n,m

e−βEneiEn(t−t′) × e−iEm(t−t′)⟨n|q̂(0)|m⟩ . (A.28)

Here, D>(t, t′) is defined for −β ≤ Im(t − t′) ≤ 0 (this can be seen from the fact that

exponential with argument En in Eq. A.28 is convergent in the mentioned range) wheres

D<(t, t′) is defined for β ≥ Im(t − t′) ≥ 0. Evolution of the state in the position space is

obtained by the operation of imaginary time evolution operator e−βĤ as

e−βĤq̂(t)eβĤ = q̂(t + iβ) . (A.29)

Applying Eq. A.29 to D>(t, t′) and using cyclicity of trace, we get D>(t, t′) = D<(t+ iβ, t′),

which is the KMS relation. In the range 0 ≤ τ ≤ β, imaginary time propagator ∆(τ) is

∆(τ) = D>(−iτ, 0), so ∆(τ − β) = ∆(τ). Time ordered product for real value of t and t′ is

defined as

D(t, t′) = ⟨T {q̂(t)q̂(t′)}⟩ ,

= θ(t − t′)D>(t, t′) + θ(t′ − t)D<(t, t′) . (A.30)

A.2 Spectral function ρ(k0)

The two point functions depends on the spectral function, ρ(k0) (which can be interpreted

as thermal average of the commutator [̂q(t), q̂(0)]):

ρ(k0) = D>(k0) − D<(k0) . (A.31)
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Here D≶(k0) are the Fourier transforms of D≶(t).

D≶(k0) =
∫ ∞

−∞

dteik0tD≶(t) , (A.32)

where D≶(t) is bookkeeping notation for D≶(t, 0). (We use definitions : D>(t) := D>(t, 0)

and D<(t) := D<(t, 0)). Applying the KMS conditions, one obtains the relation between

D>(k0) and D<(k0) as

D<(k0) = e−βk0 D>(k0) , (A.33)

and by the definition of D>(k0) and D<(k0) we can deduce the following relationship

D<(k0) = D>(−k0) . (A.34)

We now can reinterpret D>(k0) and D<(k0) in the form of spectral function ρ(k0) and

distribution function f (k0) = 1/(eβk0 − 1):

D>(K0) = (1 + f (k0))ρ(k0) , D<(K0) = f (k0)ρ(k0) . (A.35)

In the process of getting the useful form of spectral function we recall definition of

D>(t, t′) for Eq. A.28 and extract D>(t) from it. With the use of the relation in Eq. A.34

and using the definition of spectral function in Eq. A.34, we obtain

ρ(k0) =
2π

Z(β)

∑
n,m

e−βEn[δ(k + En − Em) − δ(k + En − Em)](|⟨n|q̂(0)|m⟩|)2 . (A.36)

The spectral function in Eq. A.36 has two important properties:

1. spectral function is odd real function of k0. i.e. ρ(k0) = −ρ(−k0) ,

2. spectral function obey positivity condition which is, sign(k0)ρ(k0) > 0 .
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We will be using ϵ(k0) alternatively for sign(k0) from here onward. Further we will find

sum rule for spectral function , ρ(k0)

We can differentiate the spectral function defined in Eq A.31 with respect to t to obtain

following relation

i
d
dt

(D>(t) − D<(t)) =
∫ ∞

−∞

dk0

2π
k0e−ik0t(D>(k0) − D<(k0)) . (A.37)

By definition of D≶(t) we have

D>(t) − D<(t) = ⟨[q̂(t), q̂(0)]⟩β . (A.38)

Using the commutation relation

[q̂(t), ˙̂q(t′)] = i , (A.39)

so that [ ˙̂q(t′), q̂(0), ] = −i , (A.40)

we can write

∫ ∞

−∞

dk0

2π
k0e−ik0tρ(k0) = 1 . (A.41)

Here we retained ρ(k0) from Eq. A.31. In the limit t → 0, Eq. A.41 gives the following

sum rule

∫ ∞

−∞

dk0

2π
k0ρ(k0) = 1 . (A.42)

Next we find the free spectral propagator. By definition

q̂ =
1
√

2ω

(
ae−iωt + a†eiωt) , (A.43)
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and we can rewrite D>(t) − D<(t) as

D>(t) − D<(t) =
1

2ω
⟨[a, a†]e−iωt + [a†, a]eiωt⟩ . (A.44)

Using the property [a, a†] = 1 and taking Fourier transformation of (D>(t) − D<(t)) in

Eq. A.44 we get the free spectral function ρF(k0):

ρF(k0) = 2πϵ(k0)δ(k2
0 − ω

2) . (A.45)

This spectral function is independent of temperature.

A.3 Imaginary-time propagator

We recall the imaginary time propagator, ∆(τ) = ⟨T (q̂(−iτ)q̂(0))⟩β . Defining its Fourier

transform,

∆(iωn) =
∫ β

0
dτeiωn∆(τ) , (A.46)

since the integral is over a finite interval [0, β] we get the inverse Fourier transform in the

discrete form as,

∆(τ) = T
∑

n

e−iωnτ∆(iωn) . (A.47)

The periodicity condition (∆(τ − β) = ∆(τ)) for finite time interval [0, β] leads to discrete

values of frequencies ωn,

ωn =
2πn
β
, (A.48)
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where ωn are known as Matsubara frequencies. The imaginary time propagator ∆(τ) =

D>(−iτ) in the interval [0, β] can be written as

∆(τ) =
∫

dk0

2π
e−k0τD>(k0) . (A.49)

Using Eq. A.49 in Eq. A.47 we can rewrite ∆(iωn) as

∆(iωn) =
∫ β

0
dτeiωnτ

∫
dk0

2π
e−k0τD>(k0) ,

=

∫
dk0

2π

∫ β

0
dτe(iωn−k0)τD>(k0) , (A.50)

=

∫
dk0

2π

∫ β

0
dτe(iωn−k0)τρ(k0)(1 + f (k0))) . (A.51)

The integral in Eq. A.51 further can be solved for discrete values of frequencies ωn (in

Eq. A.48 ) and distribution function f (k0) ( = eβk0 − 1), which further gives,

∆(iωn) = −
∫ ∞

−∞

dk0

2π
ρ(k0)

iωn − k0
. (A.52)

In order to obtain the imaginary time propagator in free field case we use spectral function

from Eq. A.51 which gives,

∆F(iωn) =
1

ω2
n + ω

2 . (A.53)

The propagator in Eq. A.53 is the solution for Eq. A.52 for only discrete values of ωn

in Eq. A.48. In order to find the solution for continuous spectrum of ωn, we have to

perform analytic continuation on Eq. A.52. A unique analytic continuation can be done

considering following two conditions

1. |∆(z)| → 0 , if |z| → ∞ ,

2. ∆(z) is analytic outside the real axis.
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The analytic continuation of Eq. A.52 is as follows:

∆(z) = −
∫ ∞

−∞

dk0

2π
ρ(k0)
z − k0

. (A.54)

This analytic continuation is necessary for getting relation between retarded (advanced)

propagators DR(t) (DA(t)) and imaginary time propagator∆(iωn) in Eq. A.52. The retarded

and advanced propagators are defined as

DR(t) = ⟨θ(t)[q̂(t), q̂(0)]⟩β ,

DA(t) = −⟨θ(−t)[q̂(t), q̂(0)]⟩β . (A.55)

In order to find the relation between retarded propagator and imaginary time propagator

we will first take the Fourier transform of the retarded propagator in the momentum space

with the use of Eq. A.32.

DR(k0) =
∫ ∞

−∞

dteik0tDR(t) . (A.56)

We use the representation of θ-function as follows:

θ(t) = i
∫ ∞

−∞

dk′0
2π

e−ik′0t

k′0 + iη
. (A.57)

With the use of Eq. A.56 and A.57 we get

DR(k0) = i
∫ ∞

−∞

dk′0
2π

∫ ∞

−∞

dt
ei(k0−k′0)t

k′0 + iη
⟨[q̂(t), q̂(0)]⟩β , (A.58)

which, with the use of Eqs. A.31 and A.32 gives

DR(k0) = i
∫ ∞

−∞

dk′0
2π
ρ(k0 − k′0)

k′0 + iη
. (A.59)
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With shift of the integral measure we can rewrite this propagator as

DR(k0) = i
∫ ∞

−∞

dk′0
2π

ρ(k′0)
k0 − k′0 + iη

. (A.60)

Now comparing Eq. A.60 with Eq. A.52 we can find the following relation between the

retarded (advance) propagator and the imaginary time propagator as

DR(k0) = −i∆(k0 + iη) , (A.61)

DA(k0) = i∆(k0 − iη) . (A.62)

Since the free spectral function is temperature-independent, the free retarded and advance

propagators will be independent of temperature. We next will find the time-ordered prop-

agator where we can see the finite temperature effect on the free propagator.

A.4 Time-ordered propagator

We recall the time ordered propagators from Eq. A.30:

D(t) = θ(t)D>(t) + θ(−t)D<(t) , (A.63)

and take its Fourier transform

D(k0) =
∫

dteik0tD(t) , (A.64)

=

∫
dteik0t(θ(t)D>(t) + θ(−t)D<(t)) . (A.65)

Using the representation of θ(t) from Eq. A.57 we obtain

D(k0) = i
∫ ∞

−∞

dk′0
2π

( ∫ ∞

−∞

dt
(ei(k0−k′0)t

k′0 + iη
D>(t) −

ei(k0−k′0)t

k′0 − iη
D<(t)

))
, (A.66)
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which, with the change of the integral measure, can be written as

D(k0) = i
∫ ∞

−∞

dk′0
2π

( ∫ ∞

−∞

dt
( ei(k′0)t

k0 − k′0 + iη
D>(t) −

ei(k′0)t

k0 − k′0 − iη
D<(t)

))
,

= i
∫ ∞

−∞

dk′0
2π

(
D>(k′0)

k0 − k′0 + iη
−

D<(k′0)
k0 − k′0 − iη

)
,

Eq. A.35
=⇒ i

∫ ∞

−∞

dk′0
2π

(
(1 + f (k′0))ρ(k′0)

k0 − k′0 + iη
−

f (k′0)ρ(k′0)
k0 − k′0 − iη

)
. (A.67)

After solving A.67 we obtain

D(k0) = i
∫ ∞

−∞

dk′0
2π

(
ρ(k′0)

k0 − k′0 + iη

)
+

∫ ∞

−∞

dk′0 f (k′0)ρ(k′0)
η

π((k0 − k′0)2 + η2)
, (A.68)

where we have represented the δ-function in the form of Lorentzian function as

lim
y→0

1
π

y
x2 + y2 = δ(x) , (A.69)

and obtain

D(k0) = i
∫ ∞

−∞

dk′0
2π

(
ρ(k′0)

k0 − k′0 + iη

)
+

∫ ∞

−∞

dk′0 f (k′0)ρ(k′0)δ(k0 − k′0) , (A.70)

which after solving gives

D(k0) = i
∫ ∞

−∞

dk′0
2π

(
ρ(k′0)

k0 − k′0 + iη

)
+ f (k0)ρ(k0) . (A.71)

We can use the spectral function in Eq A.45 for the free propagator to get the free time

ordered propagator as

DF(k0) =
i

k2
0 − ω

2 + iη
+ 2πn(k0)δ(k2

0 − ω
2) . (A.72)

The finite temperature dependence can be seen from the factor n(k0) = 1/(eβ|k0 | − 1) in

the free time ordered propagator in Eq. A.45. We have explicitly separated out the part in
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the propagator due to pure quantum fluctuation and pure thermal fluctuations. Moreover

since n(k0) vanishes in a system at zero temperature, we retain propagator for QFT at zero

temperature.

A.5 Finite temperature field theory for scalar fields

Propagators in the imaginary-time formalism

In the previous section we discussed the time-ordered propagator in quantum statistical

mechanics and showed the modification of propagator at finite (non-zero) temperature.

Our motive here will be to obtain time-ordered propagator for neutral scalar fields. The

Lagrangian for the neutral scalar field of mass m in a potentialV(ϕ) is given by

L =
1
2

(∂µϕ)(∂µϕ) −
1
2

m2ϕ2 −V(ϕ) . (A.73)

The corresponding Euclidean action is

S E(β) =
∫ β

0
d4x

(1
2

(∂µϕ)2 +
1
2

m2ϕ2 +V(ϕ)
)
. (A.74)

Further we can get the generating functional Z(β; j) for 0 < τ < β as 1

Z(β; j) =
∫
Dϕ exp

(
− S E(β) +

∫ β

0
d4x j(x)ϕ(x)

)
. (A.75)

For free-fields, i.e.,V(ϕ) = 0, the generating functional Eq. A.75 takes the form

ZF(β; j) =
∫
Dϕ exp

(
−

∫ β

0
dτ

∫
d3x

×

(
ϕ(x)

1
2

[
−
∂2

∂τ2 − ∇
2 + m2

]
ϕ(x) − j(x)ϕ(x)

))
. (A.76)

1Notation:
∫ β

0 d4x =
∫ β

0 dτ
∫

d3x.
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Here we took close analogy to the generating functional for the free-particle case in

Eq. A.24 for obtaining the generating functional for free-fields. After integrating out

ϕ(x) fields in the generating functional in Eq. A.76 we obtain

ZF(β; j) = ZF(β) exp
(1
2

∫ β

0
d4xd4y j(x)∆F(x − y) j(y)

)
. (A.77)

Here, ∆F(x − y) in Eq. A.77 is the Green function for free-field case

(
−
∂2

∂τ2 − ∇
2 + m2

)
∆F(x − y) = δ(τx − τy)δ(x − y) . (A.78)

From Eq. A.78 we can obtain

(ω2
n + ω

2
k)∆F(iωn, k) = 1 , (A.79)

which is the solution of Eq. A.78 in momentum space with

ωn =
2πn
β
,

ωk = (k2 + m2)1/2 . (A.80)

Following the procedure for free-particle case we can get the imaginary time propagator

for free-field case using Eq. A.79 as

∆F(iωn, k) =
1

ω2
n + k2 + m2 =

1
ω2

n + ω
2
k

. (A.81)

The procedure can be extended to charged scalar fields, fermions, and photons. The main

difficulty with this approach is that analytical continuation is needed to obtain the real

values of the energy from the Matsubara frequencies. This is avoided in the real time

formulation, but at the cost of doubling the degrees of freedom.
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