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SUMMARY

The focal point of this thesis is to study the arithmetic nature of Dirichlet L values
at positive integers. While non-vanishing of these values was established in 1837,
it took about 130 years to settle the nature of these numbers. Thanks to Dirichlet
and Baker, Dirichlet L values corresponding to non-trivial Dirichlet characters at 1
are transcendental. It is an open question of Baker whether the Dirichlet L values at
1 corresponding to non-trivial Dirichlet characters with fixed modulus are linearly
independent over the rational numbers. The best-known result is due to Baker, Birch
and Wirsing, which affirms this when the modulus of the associated Dirichlet charac-
ter is co-prime to its Euler’s phi value. In this thesis, we discuss an extension of this
result to any arbitrary family of moduli. The interplay between the resulting ambient
number fields brings new technical issues and complications hitherto absent in the
context of a fixed modulus. For £ greater than 1, the study of linear independence
of Dirichlet L values at &, corresponding to non-trivial Dirichlet characters depends
critically on the parity of £ and the Dirichlet characters. This has been investigated
by a number of authors for Dirichlet characters of a fixed modulus and having the
same parity as k. We extend this investigation to families of Dirichlet characters
modulo distinct pairwise co-prime natural numbers. The product of these Dirichlet L

values gives the Dedekind zeta values associated with abelian number fields.

21



The main results that make up this thesis are as follows.

¢ There are at most finitely many abelian number fields for which the derivative
of their associated Dedekind zeta value at 1/2 is zero, whenever their associated
Dedekind zeta value at 1/2 is non-zero. All such number fields (if exist) have
degree less than 46369. This result refines a result of Murty and Tanabe, both
qualitatively and quantitatively. We also extend our investigation to Galois
as well as arbitrary number fields, borrowing tools from algebraic as well as

transcendental number theory.

* Let ¢t and g be co-prime integers such that tq is co-prime to (¢ — 1)(q¢ — 1). Then
the set of all Dirichlet L values at 1 corresponding to non-trivial Dirichlet
characters modulo ¢ and g, is linearly independent over the rational numbers.
In the process, we also extend a result of Okada about linear independence of
the cotangent values over the rational numbers. We also prove that the set of all
Dirichlet L values at 1 corresponding to non-trivial even Dirichlet characters is
linearly independent over the algebraic numbers, conditional on co-primality of

their moduli. This extends a result of Murty-Murty.

* Let & be a positive integer greater than 1, and ¢ and g be co-prime integers
such that tq is co-prime to (¢ — 1)(¢ — 1). Then the set of all Dirichlet L values at
k, corresponding to non-trivial Dirichlet characters modulo ¢ and q and having
the same parity as k, is linearly independent over the rational numbers. We
connect the spaces generated by such L values with the spaces generated by
Hurwitz zeta values. Here, we also compute the lower bounds of dimensions of
finite sum of generalized Chowla-Milnor spaces over linearly disjoint number

fields.



NOTATIONS

Symbol

O O N 2 9

R(s)

K

Ok
Gal(K/Q)
dk

r1

ro
n=ri+2ry
r

Y

n

Q(¢r)

Description

The empty set.

The set of all natural numbers.

The ring of rational integers.

The field of rational numbers.

The field of complex numbers.

The real part of the complex number s.
A number field.

The ring of integers associated to K.
Galois group of K over Q.
Discriminant of K over Q.

Number of real embeddings of K.
Number of non-conjugate complex embeddings of K.
Degree of K over Q.

Gamma function.

Euler’s constant = 0.577---

An n-th primitive root of unity in C.

The n-th cyclotomic field.
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¢p(n)
w(n)
MN(a)
Li(x)
A(n)

N

The Euler-totient function.

The Mobius function.

The absolute norm of an ideal a.
The logarithmic integral from 2 to x.
The von Mangoldt function.

prime number.

primitive nth root of unity.

character group of G.



CHAPTER

INTRODUCTION

This chapter is devoted to describe various lower bounds for discriminants of number
fields relevant to our work. The primary goal is to give a complete proof of an elegant

result of Ram Murty which shall be applied in due course.

We first begin with a brief account of the Conductor-Discriminant formula for

abelian number fields.

1.1 Discriminant

Definition 1.1.1. (Discriminant of a basis) Let K be any finite field extension of Q
and let W = (w1,...wy,) be a basis of K over Q. We define the discriminant of the basis

W in the following manner:
Dx(W) = det((o;w,); ;)?

25



CHAPTER 1. INTRODUCTION

where o; ranges over the distinct embeddings of K into C (i.e. injective ring homomor-

phisms from K — C).

Definition 1.1.2. (Discriminant of an algebraic number field) Let K be an algebraic
number field (i.e. a finite extension of Q ). Also, let W = (w1,...w;) be an integral basis
of K, i.e., W is a Z-basis for the ring of integers Og. Then the discriminant of K is the
following integer

dg = det((diwj)i,j)z
where o; ranges over the distinct embeddings of K into C.

We recall that Ok is a free Z-module of rank n (degree of K over Q) and thus such
an integral basis of Ok exists. Let us show that the discriminant of a number field is

well defined, that is, if V = (vq,...v,) is another integral basis of Ok, then
Dg(W)=Dx(V).

n
We have v, = Z ap,jw; for some a, j€ Z and 1<k,j<n.So, we obtain
=1

Dg(V) = det((o;vp); 1)

n
= det((z ak’jGiwj)i,k)z
J=1

= det((ap, ) det((opw)) ;)

= det(T)* Dg(W),
where T is the transition matrix (ay ;) ;. By reversing the roles of bases, we see that
inverse of T has entries also in Z. It implies that de#(T') is a unit in Z, so det(T') = +1.

Hence, Dg(W) = Dg(V) as desired. In other words, dk is independent of the choice of

the integral basis W of K over Q.
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1.1. DISCRIMINANT

Example 1.1.3. Let K be a quadratic number field. Then there exists a non-zero

square free integer d such that K = Q(v/d). One can show that

d if d =1 mod 4;
dg =

4d if d =2,3 mod 4.

Another useful example is the following.

Example 1.1.4. For a cyclotomic field K= Q((,), its discriminant is given by

nen)

/(p—1)’
Hpga(n) (p-1)
pln

dg = (- 1)(p(n)/2

where @ is Euler’s totient function.

Example 1.1.5. Let us now consider a more involved number field. For an odd prime
number p, let K = Q(pY'P). Its ring of integers Ok is the ring ZIpYP1. A proof of this
can be seen in Proposition 7.3 [47, pg. 110].

To find the discriminant of K, we recall a recipe to find discriminant of basis

which is of special type. Let a be a root of the irreducible polynomial f(x) € Qlx] and

let L = Q(a). Then the discriminant of the basis {1,a,---,a” 1} is given by

n(n-1)

7 Nuo(f' (@)

Di(L,a,..,a” ) =(-1)

where f'(x) is the derivative of f(x) (see [63, pg 41]).

27



CHAPTER 1. INTRODUCTION

We give a quick proof of it. Denote by a1,as9,---,a, the roots of f(x). Then
DL, a,a?,..,a" ) =det((o;a’); ;)
= det(a{)2

=([J(ai - a;)?

i<j
=(-D"T [J(ai - a))
i#j
n(n-1)
=(-D"7z [[[](ai—a))
i A

=(-D"7 [[ (@)

i

n(n-1)
2

=(-1) 7 Nyg(f'(a).

We want to find out the discriminant of the basis 1,pVP,--- , p@~VP_Since Z[pVP] is
the ring of integers of K = Q(pV?) and p''P is the root of the irreducible polynomial

xP — p, we have

pp-1)
2

(p—1)
dg = (-1)"7 Ngg(p® VP =(-1)"7 p¥~1

Definition 1.1.6. Let K and F be algebraic extensions of a field L. The fields K,F
are said to be linearly disjoint over L if every finite subset of K that is L linearly

independent is also F linearly independent. See §1.4 for more details.

Very often, a number field is expressible as compositum of two number fields
each of which is easier to understand. The following result allows us to compute

discriminant of compositums of special type.

Proposition 1.1.7. [42, pg 68] Let K,L be two number fields. Assume that their

discriminants are relatively prime and that the fields are linearly disjoint and therefore

28



1.1. DISCRIMINANT

deg(KL/Q) = deg(K/Q) deg(L/Q). Then
Ok1, = OOy,

and

dir = (dg)¥ETQ (g ,)des®Q)

Example 1.1.8. Let K = Q(2'3,(3). We have O, = Z[{3] and Ogyous) = Z[2Y?] (see
Proposition 7.3 in [47, pg. 110] for more details). So Ok the ring of integers of K is
Z[213 4] by Proposition 1.1.7 stated above. By 1.1.4 and [63, pg 41], dg = 1082 (=3)3 =
—314928. Note that Gal(K/Q) is S3, permutation group of order 6 and Q(2V3,(3) is an

example of a non abelian Galois extension.

We now state the following classical lower bound for discriminant of a number

field K in terms of its degree.
Theorem 1.1.9. (Minkowski’s Bound) Let K be a number field of degree n. Then

n /2
1/2 n- o (m\n
A" = (]
n! \4

An immediate but important corollary of this theorem is the following.
Theorem 1.1.10. /63, §4.3, Thm 1] For any number field K# Q, |dg| > 1.

In general, Minkowski’s Bound is not optimal. For instance, if K is a quadratic
field, |dg| = 2.46 by Minkowski’s Bound. But as we vary over all quadratic fields K,
the absolute discriminant |dk| evidently goes to infinity.

Now let us take a cubic field K = Q(2V/3) whose ring of integers is Z[2V3]. From
[63, pg 41], |dg| = 108 but Minkowski’s bound provides |dg| > 17.44---. Thus |dk]|
of Q(213) is much larger than lower bound of |dg| which one derives by applying

Theorem 1.1.9.
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CHAPTER 1. INTRODUCTION

Of course, these are not the most illuminating examples as the degree is bounded.
Now let us consider a family where the degrees are unbounded. For a prime p, let
K =Q((p). Its discriminant |dk| = pP~2 as mentioned earlier (see example 1.1.4). By

Minkowski’s Bound,
(p-1P1 (z)(p—l)/2

dw|V2 >
|[dK]| TENY

where the bound is much smaller as compared to the actual value of |dk].
As observed by Hermite, there are only finitely many number fields with bounded
degree and discriminant. But bounded discriminant ensures bounded degree and

therefore one has the following fundamental theorem.

Theorem 1.1.11. [63, ch 4] There exist only finitely many number fields with bounded

discriminant.

Now we slowly proceed towards the conductor-discriminant formula. We begin

with some group theoretic results.

1.2 Character group

For a finite abelian group, let G be the group of all homomorphisms from G to C*. We
shall refer this as the character group or the dual group of G. Since G is finite, any

such homomorphism actually maps into the unit circle S?.

Lemma 1.2.1. Let G be a finite abelian group. Then G = G.

Proof. By Fundamental theorem of abelian groups,

G= @ zimz,

mel
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1.2. CHARACTER GROUP

where [ is a finite indexed set of prime powers. So, any element of

@ ZIm7Z

mel

looks like the product of elements of the groups Z//_\mZ, m € I. Hence,
G=@z/mz
mel
So, it is enough to show that ZImZ = Z/mZ for prime power m. We define a map

f:Z/mZ—»Z//m\Z

by f(i + mZ) := y; where y;(x + mZ) := (f,’f forO<i,x<m-1landy;€ ZImZ.
Clearly, Ker(f)=0. Since, ZImZ is nothing but the collection of all y}s defined above.

Hence, f is an isomorphism. |

Let us now study a bit more carefully the character group of quotients.

Lemma 1.2.2. Let G be a finite abelian group and H be a subgroup of G. We define
H' ={y|Hc kery}. Then
H+=G/H.

Proof. For a subgroup H of G, the natural surjection G — G/H induces a map
G/H—-G
which is evidently injective. The image is indeed the group H' and hence

Ht=G/H.

On the other hand, the dual group H of H is linked to the group H-'.
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CHAPTER 1. INTRODUCTION

Proposition 1.2.3. Let G be a finite abelian group and H be a subgroup of G. Then
H=G/H.

Proof. Let f: G — H defined by f( x):= %, be a homomorphism. Clearly, its kernel
is Ht. So, G/H* injects inside H. Both G/H' and H have the same cardinality by

previous lemma. So, the proposition follows. |

We note that for any subgroup H of G, the groups H+ and H*! are subgroups of

G and é respectively and consequently
H|IHY| =G|, |H|=|H""].

We note that for any finite abelian group G, G is isomorphic to its dual G and
consequently G is isomorphic to its double dual G. However, there exists a direct

natural isomorphism between these two groups which we highlight below.

Lemma 1.2.4. Let G be a finite abelian group. The map [ :G — é defined by f(g) :=ng

where mg(y) = x(g) for y € G is an isomorphism between G and G.

Proof. Let f:G — G defined by f(g):=ng where m4(y) := x(g) for y € G.
We have

H:=ker(f)={geGly(g)=1VyeG}.

Clearly H+ = G and hence |H| = 1. On the other hand, any injective map from G to é

is surjective as they have the same finite order. Therefore, f is an isomorphism. W
Thus the double dual is explicitly given by é ={nglg €G}.
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1.2. CHARACTER GROUP

Proposition 1.2.5. Let G be a finite abelian group and H be a subgroup of G. We
define

HYH = {nge€ G: me(x):=x(g)=1,Vye HY.
Then

H=HY'.

Proof. Let f : H — (H1)! defined by, f(h) := 5, be a homomorphism. Clearly, f is

1-1. We have the following natural isomorphisms

HY' = (geGlyg)=1,Yy € H'} = char(G/HY).

This implies that [(H1)'| = % By lemma proved above, we have |H| = Illg_ill So,
|H| = |(HY)'| implying the surjectivity of f. |

Let us now specialise our discussion to abelian groups which are Galois groups.
For an abelian number field K, let G denote the Galois group Gal(K/Q). We shall call
the dual group G to be the character group of the field K. When K = Q((,,), then clearly
the character group of K can be identified with the set of all Dirichlet characters mod
n. By Galois theory, the sub extensions Q c L c K are in bijection with subgroups of G.
The association H — H' gives a bijection between subgroups of G and G. The inverse
of this bijection is given as follows: for any X < G, the corresponding subgroup H of
G is simply given by

H= () Ker(y).
reX

Thus, we have a bijection between the subgroups of the character group of K and
its subextensions over Q. The following theorem gives the precise description of this

bijection.
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CHAPTER 1. INTRODUCTION

Proposition 1.2.6. Let X be the character group of the field Q((,), i.e., the dual of the

group Gal(Q((,)/Q) = (Z/nZ)*. Then there is a bijection
{Y|Ysubgroupof X} — {L|QcLcQ(,)}

given by the correspondences

Y —  fixed field of ﬂ Ker(y) and
xeY

Gal(Q( )Lyt —L,
which are inverse to each other.
Furthermore, let X; corresponds to K;. Then under this correspondence,

(1)
Xic Xy — KjcKo.

(2) (X1,X2) corresponds to the compositum K1Ko.

Proof. Denote the fixed field of G by fix(G).
Let f:S1— Sg and g:S2 — S1 be two maps between given sets. If fog = gof =id,
then they are bijective maps and inverse to each other. Using Fundamental Theorem
of Galois Theory, we have
Y+ =nyeyKer(y)

={g € Gal(Q)D)Ix(g)=1Vy €Y}

= Gal(Q((,)/L),
where L is the fixed field of ﬂ Ker(y). By previous proposition, (Y+)' =Y. So,

xeYy
Gal(Q((,)/L): =Y. Conversely, we start with L subfield of Gal(Q({,)/Q).

We have
Fix(Gal(Q,)/L)N)* = fix(Gal(Q(,)L)) = L.
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1.2. CHARACTER GROUP

(1) We have

Xl CXQ

< () Ker(y) c ) Ker(y)
1eXs reXs

= fix([) Ker(y) c fix( ) Ker(y))
reXa ¥€X2

— K;cK,.

(2) We have the following obvious equality.

(1 Ker(y)=([) Ker()[ ([ Ker(y))

xe{X1,X2) YeX1 1€Xo
fix( ([ Ker()=fix(( [ Ker([ ([ Ker(x))
xe{X1,X2) YeX1 yeXs
= KiK.

The last equality follows from Fundamental Theorem of Galois Theory.

Remark 1.2.7. As indicated before, the character group of Q({,) is isomorphic to the
group of all Dirichlet characters modulo n. So if L is a subfield of Q((,,), its character
group Y is identified with a subset of the set of all Dirichlet characters modulo n

which determines L uniquely.

Example 1.2.8. Let us determine the character group of the maximal real subfield
L=0Q(, +(;1) of K= Q({,). Note that the Galois group of the extension K/L is given by
complex conjugation and thus identified with the group {+1}. So the character group
of L consists of all Dirichlet characters y mod n such that y(—1) = 1. In other words,

the character group of L is precisely the set of all even Dirichlet characters mod n.
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CHAPTER 1. INTRODUCTION

Conversely, let us start with some character groups and determine the associated

fields.

Example 1.2.9. Let p be an odd prime number and K= Q((,). The character group

X of K has a unique element of order two. This quadratic character
x:(Z/p2)* —C*

is given by y(a):= (%), where () denotes the Legendre symbol.

Let us determine the associated quadratic number field L. Since p is the only prime
which ramifies in Q({p), we have only two possibilities, namely Q(,/p’) or Q(,/=p). The
above character is even if and only if p =1 (mod 4) and hence the associated quadratic
field L is real if and only if p = 1(mod4). Hence the quadratic field associated to the
Legendre character is Q(,/p) if p = 1(mod4). On the other hand, p = 3(mod4), then

the corresponding field of given character is complex and hence equal to Q(,/=p)).

1.3 Conductor

Definition 1.3.1. The conductor f, of a Dirichlet character y : (Z/nZ)* — C is the

smallest positive integer [ such that y factors through (Z/f2)*.

We now come to the final piece needed to define the conductor of an abelian
extension K of Q. The celebrated Kronecker-Weber theorem asserts that any such K
is contained in a cyclotomic extension Q({,). Evidently, such a cyclotomic extension is

not unique as Q({,) < Q((,,) if n divides m.

Definition 1.3.2. The conductor of an abelian extension K is the smallest positive

integer f such that K< Q({r).
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Example 1.3.3. Since 2 and 3 ramify in Q(v/3) [63, ch 5, §5.4], they ramify in all
extensions of Q(v/3) [42, ch 1]. By Prop. 2.3 [72], the possible cyclotomic extensions
are Q({s) , Q({12) etc. We have Q({3) = QL) = Q(v=3) which does not contain Q(v/3).
Also, Q((12) = Q3)Q((4) which clearly contains Q(v/3). So the conductor of Q(v/3) is

12. Note that 12 is also its discriminant.

We are now all set to state the Conductor-Discriminant formula. For any natural

number §, we set

m(5) = [Kﬂ @((5) : @]7

where (5 denotes a primitive dth root of unity. Let / be the conductor of K.

Theorem 1.3.4. [69](Conductor-Discriminant Formula) Let K/Q be any finite abelian

extension. Then

ldgl =[] £y

reX

where X denotes the group of Dirichlet characters associated to K, that is, the character

group of K.

Example 1.3.5. Let y be an even character mod 12 such that y(5) = x(7) = —1. We now
determine its conductor by appealing to above. Its corresponding field is Q({12 +( 121) =
Q(V3). The discriminant of Q(v/3) is 12. So, conductor of y is 12 by the Conductor-

Discriminant Formula.

Remark 1.3.6. The character group of the field Q({, + (;1) is precisely the group
of all even characters mod p. Other than the trivial character, all the other even
characters have conductor p. Thus the Conductor-Discriminant Formula implies that

discriminant of Q({p +{;1) is pP=32
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Now we come to the main point of the chapter. As indicated before, the lower
bound given by Minkowski is not always optimal. In this connection, Ram Murty
proved an elegant result which improves the Minkowski bound for abelian extensions.
We shall give a complete proof of this pretty result describing all the intermediate
steps. This result of Ram Murty will be pivotal to one of our works. We begin with

the classical Mobius-Inversion formula.

Theorem 1.3.7. (Mdébius-Inversion formula) Let g and f be arithmetic functions then

g(n)=)_f(d) foreveryinteger n=1,
din

if and only if

f(n)= Z u(z)g(d) for every integer n =1
dln d

where p is the Mébius function.
Definition 1.3.8. The Von Mangoldt function, denoted by A(n), is defined as

logp ifn=p™ for some prime p and integer m =1,
A(n) =

0 otherwise.

Lemma 1.3.9. Let K/Q be an abelian extension. Then we have

toglax| = m(f) logf =Y m L) a@)
of 0
Proof. Let s(e) be the number of characters of Gal(K/Q) which have conductor e. It
is easy to see that for any g,

Zs(e):m(g)::[KﬁQ)((g):Q] (1.3.1)

elg

since the left hand side is nothing but the total number of Dirichlet characters of

Galois group of KN Q((,) over Q.
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1.3. CONDUCTOR

Using Mobius-Inversion formula on (1.3.1), we have
e
ste)=)_ ul<|m®),
u3)

where u denotes the Mobius function.

For an abelian extension K, Theorem 1.3.4 can be rewritten as

dxl =[]e?,
elf

where s(e) is the number of Dirichlet characters of Gal(K/Q) which have conductor e.

On the other hand, by taking log on both sides of above identity we have

logldg| =) s(e)log(e),
elf

= Zlog(e)Zu(%) m(9), (1.3.2)
elf ble

=Y m(é)) u (%) log(e).
olf elf
Since Z,u(t)log(t) = —-A(v), we have

tlv

Z,u(e)log(e) = Y u®)logd1)

a7 0 t(F76)
=log(6) Y p®)+ Y w)log®) (1.3.3)
tI(£10) tI(f16)
=1log(d) Z wit)—A (g) .
tI(f/6)
We know that
1 ifn=1;
> un)=
din 0 else.

Therefore, we obtain using (1.3.3) and (1.3.2)

logldx| = m(f)log(f) - ¥ m (g) A®).
olf
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Corollary 1.3.10. For any abelian extension K/Q of degree n, discriminant dg, and

conductor f, we have

1
ogf < 812Kl ogl Kl <logf.

Proof. As m( ) [Kn @((f) Ql, so m( ) divides n.
Also, m(f) =n since f is the conductor of the extension K/Q.

Hence for § # n, we obtain

()20

So by Lemma 1.3.9, we have

log |dg| = m(f)log(f) — Zm(é)A((S)

SIf
> m(f)log(f) - % 3" AG)
SIf
= m;f) logf,

as log(n) = Z A(d).
dln
So, we have the first inequality of our corollary

10g|dK|

ogf <
From (1.3.2), we obtain

logldk| = Zs(e)log(e) < log(f)Zs(e) =nlog(f).
elf elf

In 1984, Ram Murty [49, Cor 2] proved the following elegant result on lower
bounds of discriminants of abelian number fields in terms of their degrees. More

precisely,
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1.3. CONDUCTOR

Theorem 1.3.11. Let K be an abelian extension of Q of degree n. Then,

1
log|dg| = 2 (;gn.

Proof. As n divides ¢(f) and ¢(f) < f, so f can not be less than n.

Hence, log f =logn. From Corollary 1.3.10, we have our desired result. ]

Remark 1.3.12. The discriminant of abelian extension Q(() is pP 2. So

ldg|  pP~2 p=3

= 2
n2 ” p-D2 p

which goes to co as p — oo. It indicates that the bound of |dg| in above theorem is not

optimal.

Example 1.3.13. Theorem 1.3.11 can hold for certain number fields which are not
even Galois. For instance, let us consider the field K = Q(pV'P), where p is an odd prime
number. We see that this extension is not normal as no primitive p-th root of unity is
in K. In example 1.1.5, we computed its discriminant |dg| = p®?~P. So

|dg| _ p®*~D

nn/2 - pp/2

e
M

as p — oo.
Now let us consider a non-abelian Galois extension of Q, namely K= Q(p Up ¢ )
where p is a prime number. This extension is Galois with Galois group isomorphic to

the following group of matrices
{(3%), a,beFpaz0}.

This can be seen by sending g, to (&%) where o4 (pYP) := pYP(8, 0,4((p) = (f,.

Thus, it is not an abelian extension. Its ring of integers is given by Og = Z[pV/?,{ pl. The
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CHAPTER 1. INTRODUCTION

discriminant of K is given by dg = (p2P~1)?=D . (pP=2yp = p3p2_5p+1 by Proposition

1.1.7. Therefore,

2_
IdKl _ p(3p 5p+1)

a2~ (p(p —1))P-1)2 -

o0,

as p — oo.

1.4 Linearly disjoint fields

Definition 1.4.1. Let K and F be algebraic extensions of a field L. The fields K,F
are said to be linearly disjoint over L if every finite subset of K that is L linearly

independent is also F linearly independent.

A family of examples of linearly disjoint fields is the following. Take any two
co-prime integers, then the cyclotomic fields generated by their primitive roots of
unity are linearly disjoint over the field of rational numbers. Well, it is not a miracle.

The following theorem provides us the proof of their linearly disjointness.

Theorem 1.4.2. [14, Ch 5, Thm 5.5] Let K and F be algebraic extensions of a field L.
Also let at least one of K, F is separable and one (possibly the same) is normal. Then K

and F are linearly disjoint over L if and only if KNF =L.

If we remove the normality condition from hypothesis, does the above theorem
hold? The answer of this question is false. We provide a famous counterexample for
this. Take L = Q, K = Q(wa), F = Q(a), where a =213 and v is a primitive third root
of unity. Since degree of KNF is either 1 or 3, it can not be 3 as K is not real but F is a
real field. So KNnF =L. Also, 1, wa, w?a? the elements of K, are linearly independent

over QQ but are linearly dependent over F as

1 1
1+ —(wa)+ —2(w2a2) =0.
a a
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Let us also record the following equivalent criterion for linearly disjoint fields.

Proposition 1.4.3. [14, Ch 5, Prop 5.2] Let L c K and L c E c F be algebraic
extensions of a field L. Then K and F are linearly disjoint over L if and only if K and

E are linearly disjoint over L and KE and F are linearly disjoint over E.

1.5 Organisation of the thesis

The next chapter is devoted to Hurwitz zeta function. The third chapter will deal
with some preliminaries from transcendental number theory required for our work.

In fourth chapter, we will survey the generalisations and extensions of a question
of Baker ([3]) regarding linear independence of Dirichlet characters.

In fifth chapter, we will talk about the extension of his question and will inves-
tigate it to the families of Dirichlet characters modulo distinct natural numbers.
The sixth chapter extends the results of Okada and Murty-Murty ([50]). Finally, in
chapter seven, we will study the relation between the non-vanishing of Dedekind

zeta function and its derivative at 1/2.
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CHAPTER

HURWITZ ZETA FUNCTION

2.1 Definition

Hurwitz zeta function is defined as

© 1
{(s,x) = n;) R

where x is a real number with 0 < x < 1 and s is a complex number with R(s) > 1. This
series is absolutely and uniformly convergent in the domain R(s) > 1+ §, for every
0 = 0. It therefore represents an analytic function in the half- plane R(s) > 1. Further,
it has the analytic continuation to whole complex plane except s =1 where it has a
simple pole of residue 1. The Hurwitz zeta function is named after Adolf Hurwitz
who introduced it in 1882. The Riemann zeta function is {(s,1). Now we state the

functional equation of {(s,x) when x is rational.
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CHAPTER 2. HURWITZ ZETA FUNCTION

Theorem 2.1.1. [1] If h and k are integers, 1 <h <k, then for all s € C, we have

2k

h.  2I(s) k s 2nurh
((1—8,%)—WZCOS(

r=1

)((s,%).

2.2 Zeroes

We have Euler product for Riemann zeta function, i.e,

1
{(s)= Hl——p_s’

p

where p runs through prime numbers. It implies that Riemann zeta function has no
zeroes for R(s) > 1. The gamma function I'(s) is nowhere 0 and has simple poles at
non-positive integers. The functional equation therefore shows that the only zeroes of
{(s) in the domain R(s) <0 are at s = —2n, n € N. These are called the trivial zeroes

of {(s) and the non-trivial zeroes lie in critical strip 0 <R(s) < 1.

Conjecture 2.2.1. (Riemann Hypothesis) All non-trivial zeroes of {(s) lie on the line

R(s) = 5.

However, if 0 < x < 1 and x # 1/2, then there are zeros of Hurwitz’s zeta function in
the strip 1 < R(s) < 1+¢ for any positive real number €. This was proved by Davenport
and Heilbronn for rational or transcendental irrational x and by Cassels for algebraic
irrational x. Therefore, there is no Euler product for Hurwitz zeta function. For more

information, please see [9, 16].

2.3 Specific Values

The values of {(s,x) at s =0,—-1,—-2,--- are related to the Bernoulli polynomials:

B, +1(a)

{(=n,a)=— ]
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2.4. RELATION TO PERIODIC DIRICHLET SERIES

Now put s =2n, h =k =1 in the functional equation of Hurwitz zeta function which

is Theorem 2.1.1 to get
{(1-2n) = 227) 2" T(2n) cos(nn)l(2n).

It implies that

_Bin = 2(2m)"2"(2n — DI(=1)"L(2n).

Hence for any positive even integer 2n, we obtain

_ (_ 1)n+1(2n.)2n

{(2n) 2@n)!

2n>

where Bg, is the 2nth Bernoulli number. This implies that {(2rn)/7?" is a rational
number.

If we put s = 2n +1 in the functional equation then we see that right hand
side vanishes and we get no information about {(2n + 1). As yet no simple formula
analogous to above derived formula is known for {(2n + 1). Similarly, this technique
does not work for other values of Hurwitz Zeta Function.

Also, we have (see Ch. 22 ,[53])

1 -T’
-0

where v is the digamma function, i.e, logarithmic derivative of gamma function.

2.4 Relation to periodic Dirichlet series

For periodic arithmetic functions f with period ¢ > 1 and consider the associated L

function

f(n)

ns

L(s.f)=).
n=1
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CHAPTER 2. HURWITZ ZETA FUNCTION

for s € C with R(s) > 1. It is easy to see that when & > 1, we have

q
Lk, f)=q ") f@){(k,alq) (2.4.1)
a=1
and hence in particular
(R []A-p ™) =Lk, yo)=q7* Y ((k,alg). (2.4.2)
plq l<a<gq
(a,9)=1

The Dirichlet series L(s, f) converges absolutely for R(s) > 1 and has meromorphic
continuation to whole complex plane except possibly at s = 1 where it has a simple

pole with residue ¢ ' ¥7_, f(a). So, when ¥'7_, f(a) =0, we have

Now we record the functional equation of L(s, f).

Theorem 2.4.1. [44] Let f be an arithmetic function with period q and f be its
Fourier transform. Define ]6 “(n):= ]6 (=n) for ne€ Z. For s € C, we have the following

expression

L(s,f):zim,(%”) T(1-5)|L(1 -5,/ )e™2 - L(1 -5, fle ™2,

Theorem 2.4.2. [54] Let f be a periodic function with period q. If k and f have the

same parity, and k > 1, then

(Zﬂl)k

q
2L(k,f) = (-1 Z f(@)B(alg).

Thus, if f takes algebraic values, then it is an algebraic multiple of n*. If in addition

L(k, [) is non-zero, then it is transcendental.
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2.4. RELATION TO PERIODIC DIRICHLET SERIES

Proof. Define the Fourier transform of f by

N q .
f(n) — q—l Z f(a)eZnLan/q.

a=1

By orthogonality, this implies that
q an/
f(n) — Z (a)e—Zman q
Thus, we may write
&) q
L(k,f) — Z n- Z (a)e—QJnan/q _ Z f(a)le(e 2ma/q)
n=1 a=1 a=1

where polylogarithm function Li(z) is defined by }.>° , Z—: It implies that
q . .
2L(k,f) =) f(a)(Lik(e‘2m/q>+(—1)kLik(e2m/q)) (2.4.3)
a=1
It is well known that for 0 < x < 1, the £th Bernoulli polynomial, B;(x) has the Fourier

series expression
2mnx

Bi(x) = 2 z)k Z

n=—o0

n#0

This means that

_ —k! . 2mix kr: —2mix
Bi@) = G (Lin(e™™) + (~D*Lip(e™>™).

Hence plugging the above expreesion in (2.4.3), we get the desired result. The other

parts of the theorem are obvious now.

Theorem 2.4.3. Let y be a Dirichlet character mod q and let k > 1. If k and y have

the same parity, then

k-1 2 k q
Ca_Br )Y 1B,

L
k)= —— X
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Proof. For a co-prime to q, we consider the following function of period q

6a(n)=4(-1* n=q-a

0 otherwise.
Then
k q
2Lk, 50) = -1 L Y 5, 0BybIg)
o ',) o (2.4.4)
(-1 q”,; Z(z“b+< 14¢,%0)By(b/q)
On the other hand,

q
L(k,6,)=q7" ) 6,(b)((k,b/q)
b=1 (2.4.5)

= ¢ 1Lk, alg) + (-1 (k, 1~ a/q].
From (2.4.4) and (2.4.5), we have

L @ri)*

¢ (k,alg) + (DM (R, 1-alg) = (-1 =

Z((“”+( D*;%)B(b/g). (2.4.6)

For any character y mod q, the associated Gauss sum 7(y) is given by

q
(x) = ) x(a)(§.
a=1
Multiplying both sides of above equation by ¥(b), we have

q
T()7(b) = Z x(@x(b)
q

=Y x@)e® (2.4.7)

q/2

= L M@+ D).

Q
}—A
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Multiplying both sides of above equation by B;(b/q) and sum over b =1 to g to get

q q/2 q
7(x) Y X(B)B(b/g) = ) x(a) Z((gb + (_l)k(;ab)Bk(b/q)
b=1 =Y e
2k! /2 )
T (@R @mi)k Y x@Iik,alg) + (-1 (k,1-alq] ~ (248)
B a=1
2k!

~ oy 0

where y(1) = (—1)*. Therefore, if 2 and y are of same parity then

_ k-1 211 k q
Lk, = S0 BT ) S 76)B(b/a).
2%! &
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TRANSCENDENTAL PRE-REQUISITES

Definition 3.0.1. A transcendental number is a number that is not the root of a non-
zero polynomial with rational coefficients. The best known transcendental numbers

are e and .

3.1 Lindemann-Weierstrass theorem
In 1882, Lindemann published the first complete proof of the transcendence of 7. We

record here the following application of Lindemann-Weierstrass theorem [57].

Lemma 3.1.1. /57, Cor 1.3] If a is an algebraic number different from 0 and 1,
then loga is a transcendental number where log denotes any branch of logarithmic

function.
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CHAPTER 3. TRANSCENDENTAL PRE-REQUISITES

3.2 Gelfond-Schneider Theorem

Lindemann-Weierstrass theorem does not give us any information about the nature
of e”. It is Gelfond—Schneider theorem which establishes the transcendence of this

number. More precisely,

Theorem 3.2.1. [21, 57] If a and B are non-zero algebraic numbers with f# 1 and

loga/log B ¢ Q, then loga/log B is transcendental.

3.3 Baker’s Theorem

Basically, the previous theorem says that if a1, @2 are non-zero algebraic numbers
such that loga1,log as are linearly independent over the rationals, then loga,logas
are linearly independent over the field of algebraic numbers. But does the same thing
hold if we talk about more than two numbers? To answer this question, we state the

Baker’s seminal theorem on linear forms in logarithms of algebraic numbers.

Theorem 3.3.1. /3, Thm 2.1] If a1,as, - ,a, are non-zero algebraic numbers such that
logai,logas,--- ,loga, are linearly independent over the rationals, then 1,log a1,logas,

.-+, loga, are linearly independent over the field of algebraic numabers.
Now, we also record a useful corollary of Theorem 3.3.1.

Lemma 3.3.2. [3, Thm 2.2] If a1, a0, ,a, € Q\{0} and B1,PBs2, -, Pn €Q, then

n
2_ Biloga;
=1
is either zero or transcendental. The latter case arises if ai,a9, -+ ,a, are linearly
independent over Q and f1, P2, -, Bn are not all zero.
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Now we state and prove the following important application of the above theorems

which will be used multiple times in next chapters.

Lemma 3.3.3. /53, p. 154, Lemma 25.4] Let a1,a9,-- ,a, be positive algebraic num-
bers. If cg,c1,:+,c, are algebraic numbers with co # 0, then
n
CoT + Z cjloga;
j=1

is a transcendental number.

Proof. Let S be such that {loga; : j € S} be a maximal Q-linearly independent subset
of

logai,logas,: - ,loga,.

We write m = —ilog(—1). We can re-write our linear form as
—icolog(—1)+ Z djlogaj,
Jjes
for algebraic numbers d ; . By Theorem 3.3.2, this is either zero or transcendental. The
former case cannot arise if we show that log(—1),loga;,j € S are linearly independent
over Q. But this is indeed the case since
bolog(—1) + Z bjloga;j=0
JjeS
for integers bg,b;,j € S implies that
[Ta? =1,
jes
which in turn implies b; = 0 for all j € S since a;, for j € S are multiplicatively

independent. Consequently, by = 0. |
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DIRICHLET CHARACTERS

4.1 Introduction

The central theme of this chapter is the Dirichlet characters. These are one dimen-
sional Galois representations of Cyclotomic extensions. More concretely, for an integer
n > 1, a Dirichlet character y is simply a homomorphism from the group (Z/nZ)* of
co-prime residue classes mod n to the multiplicative group C*. By assigning the value
zero at the other classes mod n, we can extend y to a function from Z to C which is

completely multiplicative and periodic with period n.

Each such character y gives rise to a Dirichlet series

x(n)
ns’

L(s,p)= ).
n=1

where the series is absolutely convergent in the region R(s) > 1. Furthermore, since y
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CHAPTER 4. DIRICHLET CHARACTERS

is completely multiplicative, one has the Euler product representation

Z X(n) _ l_[ (1—X(p)p_s)_1
n=1

S
n p prime
which is a consequence of prime factorisation of integers. When y is a non-trivial

character, we know that L(s, y) extends to an entire function and we have
S x(n)
La,p=Y £
n=1 1

and it is these complex numbers which are the centre of our focus. From now on, the
Dirichlet characters are assumed to be non-trivial, unless stated otherwise.

A celebrated result of Dirichlet asserts that L(1,y) is non-zero. This work of
Dirichlet laid the foundation of Analytic Number theory. This also ushered in the
application of Character theory into the realms of Number theory, a theme which has
now spectacularly morphed into the enigmatic interplay between Harmonic Analysis
and Arithmetic of Galois representations. Furthermore, these special values have
deep arithmetic . For instance, for any quadratic number field K, one has a quadratic
Dirichlet character y associated to K and L(1, y) subsumes deep arithmetic data like
the class number and Regulator of K.

Let us now come to the focal point of this note. Since the L(1, y)’s are non-zero,
it is natural to ask about the algebraic nature of these complex numbers. While the
non-vanishing was established in 1837, it took about 130 years more to settle the
nature of these numbers. The seminal work of Baker in mid 1960’s established that
these numbers are transcendental.

For a positive integer q = 3, each of the ¢(q) — 1 non-trivial Dirichlet characters
give rise to seemingly unrelated transcendental numbers. But these numbers do not

quite live in complete isolation from each other. Let K = Q({,) be the g-th Cyclotomic
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field and (x(s) be its Dedekind zeta function. The product of these L(1, y) values gives
the residue of {g(s) at s = 1. So it is natural to wonder about any relation, linear or

algebraic, existing between these mysterious numbers.

In 1973, Baker, Birch and Wirsing [4] in a beautiful work proved that for a
prime p, the numbers L(1, y) where y runs over the non-trivial characters mod p,
are linearly independent over Q. Baker, in his book Transcendental number Theory
([31, p.48), stated that it would be of interest to know if this is true for an arbitrary

modulus q. This remains unanswered till now and is the raison d’etre of our note.

We attempt to give a broad account of the history and the state-of-the-art of
this question of Baker. We highlight the mathematical tools and techniques that
enter into this circle of questions. We also describe a number of generalisations
and extensions of this question, namely extensions to Number fields, to class group
L-functions as well as specialisations at larger integers. There are some essential
ingredients common to each of the above themes, viz, Galois action on linear forms of
certain periods, Transcendence theory of linear forms in logarithms, non-vanishing of
L-values from Arithmetic and finally Dedekind-Frobenius determinants from Linear
algebra. We shall try to illustrate the commonality in the above circle of questions as

well as the issues intrinsic to each of these separate themes.

Let us end this section by noting that the complex numbers L(1, y)’s are examples
of Periods. A period as defined by Kontsevich and Zagier [38] is a complex number
whose real and imaginary parts are values of absolutely convergent integrals of
rational functions with rational coefficients over domains in R” given by polynomial
inequalities with rational coefficients. Clearly, all algebraic numbers are periods.

An important class of periods is supplied by the special values of the Riemann zeta
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function. For example, we have for & = 2

(k)=

1>t1>>t>0 1 lr-1 l_tk’

as is easily verified by direct integration. Also 7 is a period, it is expected that e is
not a period.

The set of periods is countable and a Q-algebra of infinite dimension. Since
logarithms of algebraic numbers are periods, we shall see that each L(1, y) is indeed
a period. We recommend the original delightful article of Kontsevich and Zagier
[38] as well as the account of Waldschmidt [70] for further details. We also heartily

recommend the comprehensive book by Huber and Miiller-Stach [32].

4.2 A question of Chowla and the remarkable result
of Baker, Birch and Wirsing

In a lecture at the Stony Brook conference on number theory in 1969, Sarvadaman
Chowla posed the question whether there exists a non-zero rational-valued arithmetic
function f, periodic with prime period p such that }7° ; @ =0.

In 1973, Baker, Birch and Wirsing [4] answered this question in the following

theorem:

Theorem 4.2.1. If f is a non-zero function defined on the integers with algebraic
values and period q such that f(n) =0 whenever 1 <(n,q) < q and the q-th cyclotomic

polynomial is irreducible over the field F = Q(f(1),...,f(q)), then

S f(n)
n;T;éo.
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4.2. AQUESTION OF CHOWLA AND THE REMARKABLE RESULT
OF BAKER, BIRCH AND WIRSING

In particular, if f is rational valued, the second condition holds trivially. If g
is prime, then the first condition is vacuous. Thus, the theorem resolves Chowla’s

question.

The above theorem of Baker, Birch and Wirsing is remarkable as it brought out
a new aspect of Transcendence theory hitherto undiscovered. More often than not,
non-vanishing is a major obstacle in Transcendence and typically non-vanishing
follows from Arithmetic considerations. For instance, transcendence of L(1, y) follows
only when its non-vanishing is ensured. But the ideas in the proof of Baker-Birch-
Wirsing indicated that the tables can be turned and transcendence can ensure
non-vanishing. This perspective has been exploited quite fruitfully in recent times.
For instance, Kumar Murty and Ram Murty [50] have used Transcendence theory to
prove the non-vanishing of L(1, y)(y # 1) for even characters, an illustrative instance
of Transcendence theory returning the favours to Arithmetic. Recall that a character

x is even or odd according as y(—1)is 1 or —1.

Let us now highlight the main ingredients in the proof of Baker-Birch-Wirsing

Theorem.

1. The series .77, @ converges if and only if ZZ=1 f(a) = 0. Once this is ensured,

one derives that
o -1
=311 st .
n=1 N 9 (a,9)=1

Here v is the digamma function which shows up since it is the constant term of the
Hurwitz zeta function around s = 1. We will need to come back to the Hurwitz zeta
function in the last section. But the digamma function regrettably is a rather difficult

function to handle, for instance, —/(1) is the enigmatic Euler’s constant y.
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2. Since f is periodic, we can Fourier analyse and go to the dual set up. Let
. 13 —omimn/
f(n)==> f(m)e #mmma
q m=1

be the Fourier transform of f. By inverse Fourier transform and some functional

manipulation, one is led to the following new identity
q-1
L(1,/)=-) fl@log1-{7).
a=1

While we no longer have the digamma function, the caveat now is the added com-
plexity of the sequence of Fourier coefficients {f(n)} as they need not lie in the field
generated by the original sequence {f(n)}. But the redeeming feature is that the
digamma function is replaced by logarithms of algebraic numbers, setting the tone
for the entry of Baker’s seminal theory. Without further ado, let us state Baker’s

theorem (see [3], for instance) which is a pivotal ingredient in our context.

Theorem 4.2.2. (Baker) If ai,...,a,, are non-zero algebraic numbers such that
logay,...,loga,, are linearly independent over Q, then 1,logas,...,loga,, are linearly

independent over Q.

3. Baker’s theorem allows one to show that vanishing of L(1, f) ensures the vanishing
of the "conjugate" L-values L(1,f?) for o in the Galois group G of the extension
F({4)/F. Let us be more concrete. We note that G is isomorphic to the group (Z/qZ)*.
For (h,q) =1, let o € G be such that 0,({y) = CZ- Define % = f5,(n) := f(nh™1) for
(h,q) = 1. Then, Baker, Birch and Wirsing beautifully exploited Baker’s theorem to

show that the vanishing of L(1, ) results in

L(l,fh): Z fr(n) -0
n=1 N

for all (h,q)=1.



4.2. AQUESTION OF CHOWLA AND THE REMARKABLE RESULT
OF BAKER, BIRCH AND WIRSING

4. We then reverse the Fourier process and come back to the original set up

LLfw)=— ) fula)yla/g)+y)=0

9 (a,9)=1
leading to the following system of identities (for each A co-prime to q)

Z fa)yw(ah/q)+7y)=0.

(a,9)=1
5. We now notice that the matrix A := (y(ah/q) + 7)( ah.q)=1 associated to the system of
identities obtained in the previous step is a Dedekind-Frobenius matrix on the group
H = (Z/qZ)* and its determinant (up to a sign) is given by

[T X x®Wwhig)+y)].

Xef—i heH

If we show that the matrix A is invertible, then f vanishes everywhere and we are

done.

6. This is where "Arithmetic" enters the picture. The non-vanishing of determinant of
A is ensured by the non-vanishing of L(1, y) for non-trivial y while the monotonicity

of ¥ takes care of the trivial character. This completes the proof of the theorem.

We mention in passing that in [27], a generalization of the above theorem has been

derived.

Remark 4.2.3. In 1966, Lang [41] proved a multi-dimensional generalisation of
the classical theorem of Schneider, motivated by a question of Cartier about the
analogue of transcendence of e*,a € Q* for arbitrary group varieties. Lang did answer
this question in affirmative. In retrospect, as evinced by a later work of Bertrand
and Masser, we see that Baker’s Theorem in the form stated above could have been

proved by Lang in 1966 building on the Galois conjugate idea in Baker-Birch-Wirsing

63



CHAPTER 4. DIRICHLET CHARACTERS

Theorem and his generalisation of Schneider’s theorem. But perhaps it is fortuitous
that Lang did not prove this theorem. It is because the approach of Baker is different
who not only proved the above theorem, but also obtained lower bounds for linear forms
in logarithms of algebraic numbers. These lower bounds are of seminal importance
in the study of diophantine equations and form a subject of its own. For instance,
these lower bounds allowed Baker to classify all imaginary quadratic fields with class
number one, a venerable theme in Number theory set in motion by Gauss.

As indicated above, Bertrand and Masser [7] gave a new proof of Baker’s theorem
by Galois action on linear forms. They also exploited these ideas to prove an elliptic
analog of Baker’s theorem. Let us state this result. For a Weierstrass @-function
with algebraic invariants go and gs and field of endomorphisms k, the set £ =
{aeC : pla)e @U {oo}} is the two-dimensional analogue of logarithms of algebraic
numbers. Bertrand and Masser proved that if ui,---,u, € £ are linearly independent

over Q, then 1,uy,---,u, are linearly independent over Q.

4.3 Settling for prime modulus and over Q

Let us begin by noting that the above theorem of Baker, Birch and Wirsing settles the
question of Baker for prime modulus. It is because the values taken by the Dirichlet
characters mod p lie in the field Q({(,-1)) which is linearly disjoint with the p-th
cyclotomic field. So all the hypotheses of Baker-Birch-Wirsing theorem are satisfied
and hence for an odd prime p, the numbers L(1, y) where y runs over the non-trivial
characters mod p, are indeed linearly independent over Q. In a recent work [23], the

above result has been extended to any arbitrary family of moduli.
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Let us now consider the possible Q-linear relations between these values of L(1, y)
as y ranges over all non-trivial Dirichlet characters mod g with g > 2. It is remarkable
that over Q, we have a complete answer for all moduli q. This follows from a natural
extension of the works of Ram and Kumar Murty [50]. Let us give a summary of their

work. One of the crucial results in their work is the following:

Theorem 4.3.1. For any integer q > 2, the numbers L(1, x) as y ranges over non-trivial

even characters mod q are linearly independent over Q.

Remark 4.3.2. This in particular furnishes a new proof of non vanishing of L(1, x)
for even non-trivial characters by transcendental means. The possibility of such an
approach could not have been envisaged, but for the work of Baker-Birch-Wirsing.
Furthermore this result shows that the dimension of space generated by L(1, y) for
even characters remains the same over any number field. As we shall see a little later,

this is a luxury which is not at all afforded to us for L(k, ) with k > 1.

Let us briefly indicate the main points in the proof of this result. The new ingredi-
ent in the proof of the above theorem is the properties of a set of real multiplicatively
independent units in the cyclotomic field discovered by K. Ramachandra (see Theo-
rem 8.3 on page 147 of [72] as well as [61]). These marvellous units allowed Ram and
Kumar Murty to work with new expressions of L(1, y) for even characters in terms
the logarithms of positive real numbers. Thereafter, they appeal to Baker’s theorem
and its variants leading to a system of equations involving characters of finite groups.
Finally, they prove a variant of Artin’s theorem on linear independence of irreducible
characters which establishes the desired linear independence over Q. Let us state

this elegant group theoretic result for the sake of completion. Let G be a finite group.
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Suppose that }_, 1 ¥(g)uy =0 for all g # 1 and all irreducible characters y # 1 of G.
Then u, =0 for all y #1.

So the space generated by the even characters is now well and truly done. Let
us now consider the odd L(1, y) values. We note that for any odd Dirichlet character
X, L(1, ) is a non-zero algebraic multiple of 7. This follows from the expressions we
indicated in the previous section for L(1, f) after applying Fourier transform of f.
Therefore, the space generated by the odd L(1, y) values is one dimensional over Q.

But do these subspaces intersect? Here we come to the following pretty application
of Baker’s theory which has been proved in Chapter 3 and has a large number of

applications in various different set ups.

Lemma 4.3.3. Let aq,a9,...,a, be positive algebraic numbers. If cg,c1,...,cn, are

algebraic numbers with cg # 0, then

n

CcoTl + Z cJ-logaj
Jj=1

is a transcendental number and hence non-zero.

The above lemma leads to the following result since for an even character y # 1,

the number L(1, y) is a linear form in logarithms of positive real algebraic numbers.

Theorem 4.3.4. The Q-space generated by the values L(1, x) with y non-trivial even
character is linearly disjoint from the space generated by the values L(1, y) with y odd

character.
Consequently, one has the following satisfying result.

Theorem 4.3.5. For any integer q > 2, the Q-vector space generated by the values
L(1,y) as y ranges over the non-trivial Dirichlet characters (mod q) has dimension

p(q)/2.
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Let us end this section with specifying what exactly is the issue which hinders
us from settling Baker’s question for an arbitrary modulus. As we noted in the proof
of Baker-Birch-Wirsing theorem, the central part of the proof was to show that the
vanishing of L(1, /) ensues the vanishing of the Galois conjugates L(1,f?). A careful
look in the proof of this part reveals that it was important that the Galois elements
o kept the coefficients {f(n)} unchanged. Let us give some more indication why and
when this comes up. In the course of the proof, Baker’s theory eventually leads to a

family of expressions (indexed by b) of the form
g-1
Y f@re =0,
a=1
where the numbers r,; lie in the field of definition F' of f. Then for any automorphism

0 € Gal(F({4)/F), we need to act o on each of these identities. The condition of

irreducibility of the g-th cyclotomic polynomial over F' ensures that

qg-1

Y a(f@)ray =0,
a=1
which then leads to
-1
ZIU(f(a))log(l - (3) =0

which is what we desire. In general, if the automorphisms do act nontrivially on the
sequence {f(n)}, the issue becomes involved, some instances of which we shall see in
the next section.

On the other hand, the space generated by the even L(1,y) values present no
problem, thanks to the result of Ram and Kumar Murty described in this section.
So it is only the linear independence of odd L(1, y) values which remain unresolved
for an arbitrary modulus. But since these are algebraic multiples of 7, perhaps
transcendence theory has no more role to play. This parity conundrum will show up

again a bit later when we work with L(k, y) with £ > 1.
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4.4 Extension to Number fields

In this section, we consider the extension of Baker’s question to arbitrary number
fields. Since the question is open for arbitrary modulus over Q, it is prudent to
consider the number field extension only for prime modulus for now. This constitutes
the ethos of a recent work [8].

Let K be a number field and p be an odd prime. Let us consider the K-vector
space in C generated by the L(1, y) values for non-trivial characters y modulo p. Let
d(K, p) denote its dimension. In view of the discussions in the previous section, we

have the following bounds:

-1
pTSd(K,p)Sp—Z.

When K = Q, the upper bound is attained. On the other hand, when K = Q({,,{,-1),
the lower bound is attained. Therefore, one can ask the following question: Which

numbers in the interval

p-1
g - -2
( 2 P )

can be equal to d(K, p) as K runs over all number fields? This is not known. From
now onwards all primes are at least 7.

The next question is to ask whether for any prime p > 5, there is a number field
such that

_1
pT<d(K,p)<p—2.

This question is answered in the affirmative in [8]. The initial strategy in [8] is
to look for primes of specific type which may be more amenable to work with. The
family of primes which seem more tractable in this context are the Sophie Germain

Primes. A prime p is called a Sophie Germain prime if 2p +1 is also a prime. It is a
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folklore conjecture that there are infinitely many Sophie Germain primes. Following

theorem is proved in [8].

Theorem 4.4.1. Let p > 5 be an odd prime. Then there exists a number field K such
that

-1
pT<d(K,p)<p—2.

This theorem is proved in two steps. In the first step, one considers primes
that are not Sophie Germain where one investigates arithmetic of number fields K
with Q({p-1) €K < Q({p-1,({p). In the second step, one proves the result for Sophie
Germain primes by working with fields K such that Q({,) c K < Q({p-1,({p).

Consequently for any p > 7, at least one number in the interval

p-1
g - -2
( 2 P )

is realised as the dimension of space of L(1, y) values over some number field. Let b(p)
count the numbers in the above interval that can be realised as this. More precisely,

for a prime p > 5, let

b(p):=

-1
{n’ pT<n<p—2 and d(K,p)=n forsomenumberfieldKH.

The above theorem implies that b(p) > 0 for every prime p > 5 and hence we have,

1Sb(p)sp;3.

Then in [8], the following is proved.

Theorem 4.4.2. The sequence {b(p)} satisfies

limsup b(p)=co.

b—0oo
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Thus the sequence {b(p)} is unbounded. One can ask about its growth. In [8], the

following Omega result is established.

Theorem 4.4.3. There exists a constant ¢ >0 such that

clogp )

b(p)>exp (loglogp

for infinitely many primes p.

For the proof of these results, one has to work with families of number fields
for which the methods and approaches of the earlier sections no longer work and
therefore we shall not dwell further. We shall just indicate one of the ingredients, a
folklore result of Linnik ([45], [46]) which constitutes a celebrated theme in Analytic

number theory with far-reaching implications.

Theorem 4.4.4. Let a,n be two positive integers with (a,n) = 1,n = 2. Let p(a,n)
denote the least prime p such that p = a (mod n). There exists absolute positive
constants C and L such that

pla,n) < Cnk.

The constant L is known as "Linnik’s constant”. It is conjectured that p(a,n) < n2.
The best known value for L is due to Xylouris [73] who proves that L can be taken to
be 5.18. On the other hand, Lamzouri, Li and Soundararajan [66] have shown, under

Generalised Riemann Hypothesis, that p(a,n) < (p(n)2 log?n for all n > 3.

4.5 Analogous question for class group L-functions

In this section, we consider the analog of the question of Baker for class group

L-functions. This has been carried out by Ram and Kumar Murty [51].
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Let K be a number field. Let Ok be its ring of integers and #% be its ideal class
group. It is this finite group on which our functions will act.

Let f be a complex-valued function of the ideal class group /% of K. For such an
f, we consider the Dirichlet series for R(s) > 1

f(a)
L = E —
(5. ) = N(a)s’

where the summation is over non-zero ideals a of Og. If f = 1, L(s, f) is simply the
Dedekind zeta function of K. We hope to study the numbers L(1,f) as and when they
exist. A necessary and sufficient condition of existence is given by the following (see

[53] as well as [42]):

Theorem 4.5.1. L(s, ) extends analytically for all s € C except possibly at s =1 where
it may have a simple pole with residue a non-zero multiple of
pf = Z f(a)
aefx

Consequently, the series ) % converges and equal to L(1,f) if and only if pr = 0.

We want to investigate the values L(1,f) when K is imaginary quadratic and
when f takes algebraic values, in particular the values L(1, y) when y runs over ideal
class characters. We note that complex conjugation acts on the group of ideal class
characters and L(1, y) = L(1,Y) for any ideal class character y. Let # denote a set

of orbit representatives under this action. Here is a pretty result proved in [51].

Theorem 4.5.2. Let K be an imaginary quadratic field and #x its ideal class group.
The values L(1, x) as y ranges over the non-trivial characters of /£ and m are linearly

independent over Q.
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We add that unlike the case of Dirichlet characters, the above does not prove the
transcendence of L(1, y). However it does prove that at most one of the values L(1, y),
as y ranges over the non-trivial characters of /#;, can be algebraic.

Recall that Baker’s question for primes is a consequence of the Baker-Birch-
Wirsing Theorem. Here is the analogue of Baker-Birch-Wirsing of which the above

theorem is an immediate consequence.

Theorem 4.5.3. Let K be an imaginary quadratic field and f : #x — Q be not
identically zero. Suppose that py = 0. Then, L(1,f) # 0 unless f(&) + fEeH=0 for

every ideal class € € #x.

So we need to prove the above theorem. Let us indicate the salient features in the
proof of the above, indicating the commonality with that of Baker-Birch-Wirsing as
well as the new ingredients intrinsic to this set up. One needs to use Kronecker’s limit
formula as discussed in the works of Siegel [64], Ramachandra [60] and Lang [43].
We shall need Baker’s theorem from Transcendence theory as well as Chebotarev
density theorem from Algebraic number theory. Finally, we shall need a few results
from Theory of Complex Multiplication. However, we can only take a cursory glance
into this delightful realm and shall enthusiastically direct the interested reader to

the original work [51] (and to [15] and [43]).

We begin with the celebrated discriminant functions A(z):

AR)=@m)" g [JA-g* =@m)Pn)*, g=e™=
n=1

where n?* is the ubiquitous Ramanujan cusp form. As before, let K be an imaginary

quadratic field and b be an ideal of Ok. If [1, B2] is an integral basis (i.e. a basis as a
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Z-module) of b with 3(B2/81) > 0, we define

g(6) = (2m) 2(N(6) | A(B1, B2,

where

A(wl,wg)::wImA(%).
w1

One can verify that g(b) is well-defined and furthermore depends only on the ideal
class [b] belonging to in the ideal class group (see [60] and [43]). Let us now describe

the main steps in the proof of the above theorem.

1. In the first step, we need to get an expression for L(1,f). For this we need Kro-

necker’s limit formula. For an ideal class €, by Kronecker’s limit formula we have

1 21 1 1
(s,8) = = +2y —logldg| — —log|g(¢ ||+ O(s - 1),
e a;QN(a)s wy/|dg| \s—1 v~ logldx 6 gl | °

as s — 1*. Here dg is the discriminant of K and w is the number of roots of unity in
Ok

2. In the above expression apart from y, one has the mysterious number |g(¢~1)|. But
by CM theory, we know that if €; and €y are ideal classes, then g(&1)/g(¢s) is an

algebraic number lying in the Hilbert class field of K.

3. Kronecker’s limit formula gives rise to the following expression for L(1, f)

L, f) -1 o
= f(@loglg(C )l
7 3w/ |dk] Ge;fK

Since g(€~1)/g(¢) is algebraic for the identity class ¢y and pr =0, we rewrite the

above as

L -1
1,f _ Y f@loglg(€ 1Yg(&y)l,

T 3w/ ldk| ek

and hence L(1,f)/n is a linear form in logarithms of algebraic numbers.
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4. Now we come to the Galois conjugation step. In particular, one shows that L(1,f) =0
implies that L(1, f?) = 0 for any Galois automorphism o of Gal(Q/Q). This is using

Baker’s theory similar to the approach adopted in the Baker-Birch-Wirsing Theorem.

5. In the next step, one uses the above lemma to reduce it to the case when f is
actually rational valued. More precisely, one proves the following: Let M be the
number field of degree r generated by the values of f. Then for any basis f1,..., B,
of M over Q and f(&) =3"_, fi(©)B; with f;(¢) € Q, we have L(1,f) = 0 if and only if
L@,f;))=0fori=1,..,r. Thus we may assume without loss of generality that our

function f is actually rational valued.

6. In the penultimate step, it is shown that if f is a rational-valued function and
L(1,f)=0, then f(€)+ f(¢~1) = 0 for every ideal class €. For this one needs to appeal

to the Chebotarev density theorem.

7. Finally as before, one views these equations as a matrix equation DV = 0 where V is
the transpose of the row vector (f(€)+ £(€™1))¢e Hy and D is the “Dedekind-Frobenius”
matrix whose (i, j)-th entry is given by logg(Q:i_lQ: j)/g(in_l) with ¢;,¢; running over
the elements of the ideal class group. The non-vanishing of this determinant is a
consequence of non-vanishing of each L(1, y), y # 1 and consequently f(&) + f e hH=0
for all € # &y. However since the sum }_ (&) = 0, we have f(&y) = 0 as well, completing

the proof of Theorem 4.5.3.

4.6 Linear Independence of L(%, y) values with £ > 1

In this final section, let us consider the analogous question for L(%, y), when & > 1.

Here we can also include the principal character in our list.
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As we saw earlier, the parity of y plays a crucial role in the context of L(1,y),
a phenomenon which continues for £ > 1. For values in the domain of absolute
convergence, it is worthwhile to introduce Hurwitz zeta values as these form a
natural generating set for the study of special values of Dirichlet series associated to
periodic arithmetic functions.

For a real number x with 0 < x <1 and s € C with R(s) > 1, the Hurwitz zeta

function is defined by

x 1
{(s,x):= ,;) et

This can be analytically extended to the entire complex plane except at s = 1 where it
has a simple pole with residue one. Note that {(s, 1) = {(s). For any Dirichlet character

mod g, running over arithmetic progressions mod ¢, one immediately deduces that

q
Lk, )=q7" ) x(@)(k,alg).

a=1

For g > 1, let K, be the ¢(g)-th cyclotomic field. Suppose that £ and y have the
same parity, that is y(~1) = (~1)*. Then the above identity yields that L(%, y) in this

case is a K -linear combination of elements of the following set
X:={1l, : 1<a<q/2,(a,q)=1} where A, :={(k,al/q)+ (—l)k((k, 1-alq).

Now differentiating the series expansion of mcotzz for z ¢ Z, one has
(_1)k—1 dk—l

— —_— k - =
Ao = {(k,alq) +(~1)*{(k,1-alq) 1) dzF-1

(mcot 2)| (z=a/q)-

On the other hand for z ¢ Z, we have
k-1

y k_l(ncotnz):nk Y ¥ cot” mz (1+cot?m2)’,
4 r,s=0 ’

r+2s=k

where ,6(,/2 € Z. Since icot’f]—“ € Q({4), we see that

{(k,alg)+(~1F{(k,1-alq) = (in) aq,,
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where a, 4 € Q({4). Thus when k& and y have the same parity, we deduce that L(, x) is
an algebraic multiple of 7* reminiscent of the fact that L(1, x) is an algebraic multiple
of 7. This also generalises Euler’s classical result that {(2n) is a rational multiple of
",

The following theorem now allows us to settle the dimension of the same-parity

space for prime modulus, namely that its dimension over Q is ’%1. Let cot*D(z()

denote the (£ — 1)-th derivative j:T__ll(cotz)lzzzO.

Theorem 4.6.1. Let k > 1 and q > 2 be positive integers and K be a number field such

that KN Q({y) = Q. Then the set of real numbers
cot(k_l)(na/q), l1<a<q/2,(a,q)=1
is linearly independent over K.

The above result does seem to be in the spirit of the Baker-Birch-Wirsing theorem
and was proved by Okada [59]. But as noted by Girstmair [22], it is a much simpler
result and we indicate his proof which is short and elegant. The first point to note is
that the numbers

" dk—l

L dzk_l

(cot2)l(z=ralq)s 1<a=<gq/2, (a,9)=1

are Galois conjugates. Now consider any non-trivial ()-linear combination of the form

k
_ - q -
Lracot*Vaalg)=Yra| D PR-DiE 3 a7,

nEa?rfoZd(q)
The Galois conjugacy observation allows us to assume that the first coefficient r; has
the largest modulus. Thus, for 2 = 2, modulus of the sum in the right hand side of the

above identity is at least

— | k (o]
Mw (1_ Z n_k) >0
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and we are done. Note that when £ = 1, the matter is indeed more delicate as it is
linked to the non-vanishing of L(1, y).

What about the case when k2 and y have opposite parity? Recall for s = 1, the
L(1, y) values for even characters y are linearly independent over @ for all moduli.
However for larger integers, the situation is rather bleak with almost no information.
Let us indicate the issue here. When s = 1, the Fourier transform approach allowed us
to express L(1, y) as a linear form in logarithms of algebraic numbers and thereafter
Baker’s theory took over. An analogous course of action for larger £ leads us to linear
forms in polylogarithms.

For an integer £ > 2 and complex numbers z € C with |z| < 1, the polylogarithm
function Liz(z) is defined as

Zn

Liy(2):= Z -

n=11

Then we can deduce the following:
L(k,y) = i X(@)Lir(3).
a=1

However we do not have an analogue of Baker’s theorem for polylogarithms and
hence have no information when % and y have different parity. We also do not know
whether the space generated by the even and odd L(%, y) values intersect trivially.
Presumably, we need deeper results in transcendence to make any further progress.
Finally, there is a conjecture of P. Chowla and S. Chowla [13] on non-vanishing of
certain L(k, ) which was later generalised by Milnor [48]. These are deep conjectures

2n+1 g5 well as

which are linked to the irrationality of numbers of the form {(2n + 1)/n
to a folklore conjecture of Zagier on linear independence of Multiple zeta values (see

[25], [10] for more details, generalisations and partial results in this direction).
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CHAPTER

EXTENSION OF A QUESTION OF

BAKER

5.1 Introduction

For an integer ¢ > 1 and a Dirichlet character y with period g, consider the Dirichlet
L function
[e.@]
L(s,p) =) M, R(s)> 1.
n=1 n®

When y is non-trivial, we know that L(s, y) extends to an entire function, L(1, y) is

co xn)

ne1 5, - For q as before, consider the set

non-zero and is equal to )
Xq=1{L(1,x) | ymod g,y # xo},

where yg is the trivial Dirichlet character with period ¢q. In [3, p. 48], Baker asked

whether the numbers in X, are linearly independent over Q. In 1973, Baker, Birch
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and Wirsing [4] in an elegant work proved that the numbers in the set {L(1,y) €
X, | (g,9(q)) = 1} are linearly independent over Q (see [37] for an exposition on this

topic). In this context, we prove the following theorem.

Theorem 5.1.1. Let q; > 2 for 1 < j < ¢ be pairwise co-prime natural numbers such
that the number q1---q¢ is co-prime to ¢(q1)---@(qy¢). Then the numbers in the set

Xg4,U---UXy, are linearly independent over Q({y(q)-p(g,))-
More generally, we derive the following theorem.

Theorem 5.1.2. Let q; > 2 for 1 < j < ¢ be pairwise co-prime natural numbers. Also let
K be a number field with K({ y(q,)--p(q,) N Qg;.-q,) = Q, where {4 denotes a primitive

qth root of unity. Then the numbers in the set X, U---UX,, are linearly independent

over K({ p(qq)¢(q,)

Note that X, = X, . UX, ,, where

Xge {L(1,y) | ymodq, x(-1)=1,x # xo}

and  Xg, {L(1,y) | ymod q, y(-1)=-1}.
In 2011, Murty-Murty refined Baker-Birch-Wirsing result to show that

Theorem 5.1.3. (Murty-Murty [50]) Let q > 2 be a natural number. Then the numbers

in the set X, . are linearly independent over Q.
In this chapter, we prove the following theorem.

Theorem 5.1.4. Let q; > 2 for 1< j < ¢ be pairwise co-prime natural numbers. Then

the numbers in the set Xy, ,U-+-UX, . are linearly independent over Q.

In 1981, Okada [59] (see also [54, 71]) proved that
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Theorem 5.1.5. (Okada [59]) Let q > 2 be a natural number and K be a number
field with the property that K({ y(q)) N Q({y) = Q. Then the numbers in the set X, , are

linearly independent over K({y(g))-
Here we prove the following theorem.

Theorem 5.1.6. For 1< j </, let q;> 2 be pairwise co-prime natural numbers. If K
is a number field such that K(( y(q,)--p(q,) N Qg;.-q,) = Q, then the numbers in the set

Xg,,0U-UXy, o are linearly independent over K({ y(q,)-¢(q,)-

Remark 5.1.7. In Theorem 5.1.2 and Theorem 5.1.6, ¢(q1)---¢(q¢) in K({ pg1)-p(q,))
and q1---q¢ in the Q({q,..q,) can be replaced by their respective least common multi-

ples.

As consequences to Theorem 5.1.2, Theorem 5.1.4 and Theorem 5.1.6, we derive
the following corollaries. Before we state the corollaries, let us introduce the notion

of Dirichlet type functions as defined by Murty and Saradha (see [54]).

Definition 5.1.8. An arithmetical function f with period q > 1 with values in Q is

called Dirichlet type if f(a) =0 whenever (a,q) # 1.

Definition 5.1.9. A periodic function f with period q > 1 is called an Erdisian

function if f(a)==+1forall 1<a<q and f(q)=0.

oo f(n)

For an arithmetical function f with period g, consider the series L(s, ) =7 ; 55

for R(s) > 1. This series has a meromorphic continuation to C with a possible simple
pole at s =1 of residue q'lzgzl f(a) (see [53, Ch 22] for further details). From now

onwards, we assume that Zgzl f(a)=0.
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For a natural number q > 2 and a number field K, let Y,(K) be K linearly inde-

pendent set of Dirichlet type functions of period g. Define

X,K) = {L(,f)|fe€Y,EK)

and X, .(K) = {LA,/)|feY,K), f(-a)=f(a)for 1<=a<q}.
In this set-up, we have the following corollaries.

Corollary 5.1.10. For 1< j </, let q;j > 2 be pairwise co-prime natural numbers.

Then the numbers in the set X q1,e(@) U--uXg,, (Q) are Q linearly independent.

Corollary 5.1.11. For any odd prime p, choose an Erddsian function f, with period
p which is not an odd function. Then the numbers in the set {L(1,f,) | p odd} are

linearly independent over Q.

Corollary 5.1.12. Let q; > 2,1 < j < ¢ be pairwise co-prime natural numbers. Also
let fj € Yq,(K) with values in a number field K. If K(Cyp(gy)-p(qp) N Q@ qy-q,) = Q, then
the elements in X4, (K)U---UX,,(K) are K linearly independent. In particular, choose
Erdosian functions f,, with odd prime periods p;, then the numbers L(1,f,,) for

1<i </ are linearly independent over a number field K which satisfies the condition

K((‘P(pl"'l)é)) N Q((Pr"pe) =Q.

Remark 5.1.13. Consider the sets

p—1

A= {pairs (p , p) ‘ both and p areprimes} and B= {p ‘ (l%l, p) €A}~.

Any prime pair in the set A is called a Sophie-Germain prime pair. Dickson’s conjecture
(see preliminaries for precise statement) implies the existence of infinitely many Sophie-

Germain prime pairs (see [17]). Let

C={pi

121, p;€B, pi+1>2p; + 1}-
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Since by Dickson’s conjecture A is an infinite set, so is B and hence C is an infinite set.
Choose Erdésian functions f), for p € C. Then the numbers in the set {L(1,f,) | p € C}
are linearly independent over any Galois number field K whose discriminant dxg is
co-prime to {p@(p) | p € C}. Note that K({ ) NQ({y) = Q if and only if KNQ((y) = Q
and K( ) NK((y) = K (see Proposition 1.4.3 in preliminaries), where q > 2 is a
natural number. Further, the property K((y(q)) NK((4) = K is not necessarily true for
(q,9(q)) = 1. But when K is Galois number field whose discriminant dg is co-prime to

q@(q), where (q,¢p(q)) = 1, then K({ y(g)) NK((y) =K (see Theorem 1.8 in [25]).

5.2 Preliminaries

In this section, we state the results which will play an important role in proving our
main theorems. We start with the following non-vanishing result of Baker, Birch and

Wirsing [4] (see also chapter 23 of [53]).

Theorem 5.2.1. (Baker, Birch and Wirsing). Let f be a non-zero algebraic valued
periodic function with period q. Also let f(n) =0 whenever 1< (n,q) < q and the q-th

cyclotomic polynomial ®4(X) be irreducible over Q(f(1),---,f(q)), then
n=1 N
Chowla [12] proved that if p is an odd prime, then the numbers
cot2ra/p), l<a<(p-1)/2

are linearly independent over the field of rational numbers. This result was reproved

by various authors (see, for instance, [30, 34]). In 1981, Okada [59] (see also Wang
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[71]) extended Chowla’s theorem to natural number ¢ > 2 which are not necessarily
primes. In the same theorem he also considered derivatives of higher orders of cotx.
Both Okada and Wang made use of the fact that L(k, y) # 0 though their proofs were

different. More precisely, Okada [59] proved the following theorem.

Theorem 5.2.2. Let k and q be positive integers with k>0 and q > 2. Let T be a
set of p(q)/2 representatives mod q such that the union T U(-T) is a complete set of

co-prime residues modulo q. Then the set of real numbers
k-1

P (cot2)l(z=asq), @ €T

is linearly independent over Q.

Five years later, Girstmair [22] gave a much simpler proof of this result of Okada
using Galois Theory in the case when order of the derivative of cotx is at least 1. In

2009, Murty and Saradha [54] extended the work of Okada to show the following

theorem.

Theorem 5.2.3. Let k and q be positive integers with k>0 and q > 2. Let T be a
set of p(q)/2 representatives mod q such that the union T U(-T) is a complete set of
co-prime residues modulo q. Let K be an algebraic number field over which the qth

cyclotomic polynomial is irreducible. Then the set of real numbers
k-1

dzk‘l

(cotm2)l(z=asq), @ €T
is linearly independent over K.

See the recent work of Hamahata [29] for a multi-dimensional generalization of
Theorem 6.2.1. We deduce another generalization of Theorem 6.2.1 required for our

work.
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For an integer ¢ > 4, Ramachandra [61] discovered a set of multiplicatively
independent units in the cyclotomic field Q({,), where {, is a primitive gth root of

unity. For 1 <a < ¢/2 and (a,q) =1, define
Ea=00"0 €Qq+Igh),

where
d
1-¢ g

1
do=—1-a) Z d, Ng = .
2 dlg, d#q dig, d#q 1 _(g
@d)=1 @%)=1

It is easy to see that ¢, is a unit in Q({, +(;1) for 1 <a < q/2 and (a,q) = 1. Ramachan-

dra proved the following important theorem about these units.

Theorem 5.2.4. [61, 72] The set of real units {¢, | 1<a<q/2,(a,q)=1}is multiplica-

tively independent.

These units are now known as Ramachandra units. Using these units, one can

express L(1, y) when y is an even non-trivial character with period q as follows.

Lemma 5.2.5. [72, p. 149] For a natural number q > 4, let y be an even non-trivial

character with period q. Then we have

L,n=6, Y. 7x(@logé,,

l<a<q/2
(a,q)=1

where 6y is a non-zero algebraic number. Further, L(1,y) can also be written as

algebraic linear combination of logarithms of positive algebraic numabers.

Using Lemma 5.2.5, Ram Murty and Kumar Murty [50] proved the following

theorem.

Theorem 5.2.6. [50, Thm 8] Let q > 2 be a natural number and f be a non-zero

Dirichlet type function with period q. Write f = f. + f,, where f, is an even function
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and f, is an odd function. Let K be the field generated by the values of f, over Q. If
KnQ(q)=Q, then L(1,f) #0.

We end this section by recalling a group theoretic pre-requisite [50] as well as a

conjecture of Dickson [18].
Lemma 5.2.7. Let G be a finite group. Suppose that for all g € G, g # 1, we have

Y mr@=0, wuyeC,
1#1,
x irreducible

where the summation varies over all non-trivial irreducible characters of G. Then

py =0 forall xy # 1.

Conjecture 5.2.8 (Dickson’s conjecture). Let s be a positive integer and F1,Fs,...,F;
be s linear polynomials with integral coefficients and positive leading coefficient such
that their product has no fixed prime divisor *. Then there exist infinitely many positive

integers t such that F1(t),Fo(t),...,F(t) are all primes.

5.3 Proofs of the Main Theorems

For 1<j</¢ and q; > 2, consider the sets
Sj:{1<aj<qj/2 | (aj,qj):1} and Tj:{ISaj<qj/2 | (aj,qj):l}.

Throughout this section, we shall be using these notations.

1We say that the prime number p is a fixed prime divisor of a polynomial G if we have: V¢ € Z :
pIG(®).

86



5.3. PROOFS OF THE MAIN THEOREMS

5.3.1 Proof of Theorem 5.1.4

We first show that the set of Ramachandra units
U {faj | ajesj}
1<j<¢
is multiplicatively independent. For ¢ = 1, it follows from the work of Ramachandra
(see Theorem 5.2.4). Now suppose that
U {faj I aJES_]}
1<j<?

is multiplicatively independent. If there exist a,; € Z for aj €S, 1< j < ¢ such that

M1’ =1

1Sj5[aj€sj‘
then
Qg —ag
IT I1 ¢’ = IT € (5.3.1)
15j<€aj€Sj a¢eSy
Note that
Qg - —ay
[T IT 7 =TI ¢ar € Qgyogr)NQLg,) = Q. (5.3.2)
15j<(aj€Sj as€Sy

Let us call this rational number . If F = Q({y,..q,) and Ng/g(a) denotes the norm of
a of F over Q, then taking Ng/q of the quantities on both sides of (5.3.1), we get that
B¥9190 = 1 as ¢(q1---q,) is even. This implies that § = +1. Thus
2aq; ~2a,
lsjllhjellj §o; | = a(l}ge §ap =1
Applying induction hypothesis, we obtain a,, =0 for allaj € S;,1 < j < ¢. This implies
that the set of real numbers U1<j</{{q; | @; € S;} is multiplicatively independent.

We now apply the above observation to complete the proof of Theorem 5.1.4. Let

Cj={xjmodgq;| xj(-1)=1,;#1}
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be the set of non-trivial even characters with periods g for 1 < j < /. Suppose that

there exist algebraic numbers a,; for y; € Cj,1<j < ¢ such that

> Y ay,Ld,x)=0. (5.3.3)
1=j=<lyeC;

Substituting (see Lemma 5.2.5)

L(1,x) =6y, ). ¥jlaplogs,

ajESJ'

for y;j€Cj,1=<j=<¢1in (5.3.3), we obtain

LT [ £ aupumion)occs, o

1=j<la;eS; \x;€C;
Applying Baker’s theorem (Theorem 3.3.1) and our observation about linear indepen-

dence of Ramachandra units for q1,---,q¢, we get

. y;0,,%/@) =0,
Xi€Cj

forajeSj;,1<j</. Since §y, #0 (see Lemma 5.2.5), the even characters of (Z/q;Z)*
can be viewed as characters of the quotient group (Z/q;Z)*/{+1}. As these characters
are of dimension one and hence irreducible, applying Lemma 5.2.7, we have ay;, =0

for y;€C;,1<j</. This completes the proof of Theorem 5.1.4.

5.3.2 Proof of Theorem 5.1.6

We first show that the set of real numbers

J {eot(

1<j<¢

naj
—.)|aj€Tj}
J

is linearly independent over Q. For ¢ = 1, it follows from the work of Okada (see

Theorem 5.2.2). Suppose that the set of real numbers

a;
U {cot(—) | ajETj}
1<j<? q;
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is linearly independent over Q. If there exist rational numbers a,; fora; € T;,1<j</¢

such that
Y. Y ag cot(—)—
1<j<la;eT;
then
> Y aq cot(—)—— Y aa,cot( ) (5.3.4)
1<j<fa;eT; q;j aceTy
Since .
Ta; qu 1
—icot—= = —= Qlq,),
9 g-1 7

where i = V-1, it follows that

L Z Z anCOt(_) = =i Z aWCOt(_) € QCgyq,1)NQLg,) = Q.

1<j<fla;eT; aveTy

Since a purely imaginary number is a rational number if and only if it is 0, we have

Z Z aajcot( Z aa,cot( )

1<j<la;eT; a¢eTy
Applying induction hypothesis, we get that a,, =0 for alla; € T'j,1 < j < ¢. Hence the
set of real numbers

U teot") | aje Ty

1<j<¢ q;

is linearly independent over Q.

We now apply the above observation to complete the proof of Theorem 5.1.6. Let
DJ = {)(jmodqj | )(J'(—].)Z -1}

be the set of odd characters with periods g for 1 < j < /. Let K be as in Theorem 5.1.6.

Suppose that there exist ay; € K({y(qy)-p(q,) for yj € D;,1 < j < ¢ such that

Y Y ayL,y)=0. (5.3.5)

1=j<lyjeD;
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Substituting (see [37, 59])

7 na;
Lyp=— Y yxjla;)cot(—2), (5.3.6)
j ajETj qJ
for y;€D;,1<j</¢in (6.4.2), we obtain
Ay a;
> X ( Y i)cj(a,-)) cot(—2) = 0. (5.3.7)
lijigaJ‘ETj )(jEDj J q]

By given hypothesis and Theorem 1.4.2, the number fields K( y(g;)--¢(q,)) and Q(¢;-¢,)
are linearly disjoint over . Therefore -linearly independent elements icot(%j) in
(6.4.3) which belong to Q(y;..q,) are also linearly independent over K({y(g;)---p(g,))-
Since the coefficients of cot(%j) in (6.4.3) belong to K({(g,)--¢(¢,)), We have
.
Y, —ria)=0
ri€D; 47
fora;jeTj,1<j</.Since all the characters in the set D;,1 < j < ¢ are of same parity,

it follows that

> yiap=0
XjEDj q.]

for a; €(Z/q;j7)*,1 < j < ¢. It then follows from linear independence of characters

that ay, =0 for y;€D;,1<j</. This completes the proof of Theorem 5.1.6.

5.3.3 Proofs of Theorem 5.1.1 and Theorem 5.1.2

Note that Theorem 5.1.1 follows by considering K = Q in Theorem 5.1.2. Hence it
is sufficient to prove Theorem 5.1.2. It follows from Lemma 5.2.5 that for an even
non-trivial Dirichlet character y, the number L(1, y) is a linear form in logarithms
of positive real algebraic numbers. We know from (5.3.6) that for an odd character
1, the number L(1, y) is an algebraic multiple of 7. Then Lemma 4.2.2 implies that

the space generated by L(1, ) for non-trivial even y do not intersect with the space
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generated by L(1, y) for odd y. Theorem 5.1.2 now follows by applying Theorem 5.1.4

and Theorem 5.1.6.

5.3.4 Proof of Corollary 6.1.10
Let us denote by Y; . ={f € Yqj(@) | f(—a) = f(a) for 1 <a < q}. Suppose that there
exist ay, € Q for fi€Yj.,1<j</ such that

Z Z aij(l,fj) = 0.

1<j<¢ fjeYj,e
Then

Y. L(,F)) =0, (5.3.8)
1<j<¢

where F'j =} fi€Y;e Of; fi.Forl<j<¢, f;€Y;,. and hence F’s are even Dirichlet type
functions with periods q ;. Therefore we can write F; as a linear combination of y;,

where y; belong to the set C; ={ymod q; | x(—1) =1,y # 1}. This implies that
L(,F)= ), By, L(1, %),
)(j€Cj

where 5, are algebraic numbers. Substituting this expression in (5.3.8), we get

Y Y By L) =0.

1<j<¢ XjECj

Applying Theorem 5.1.4, we obtain ,, =0 for y;€Cj, 1< j<¢. Thus L(1,F;) =0 for
1=<j=<¢. Using Theorem 5.2.6 (see also [50, Th. 6]), we then have F;=0for 1<j</.
Since by hypothesis, the elements of Y; . are Q linearly independent, we have a =0

for fi€Y;,., 1<j</¢.This completes the proof of Corollary 6.1.10.
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5.3.5 Proof of Corollary 7.1.3

Let {f, | p odd prime} be as in Corollary 7.1.3. Note that we can write f, as a sum of

an even function and an odd function, i.e., fp = fpe + fp,0, Where

fp(a)+ fp(_a)
2

fp(a) - fp(_a)

and fpo(a) = 5

fp,e(a) =

for 1 <a <q. If the corollary is not true, then there exist a finite subset &2 of prime
numbers and algebraic numbers a, (not all zero) for p € &2 such that
Y apL(1,fp) = 0. (5.3.9)
peEZ?

This implies that

Y apL(1,fpe) + Y. apL(l,fp,) = O.

peEP peEP

Since each L(1,f,.) for p € 2 can be written as algebraic linear combination of
L(1, y)’s for non-trivial even Dirichlet characters y with period p, it follows from
Lemma 5.2.5 that the summation }_ e apL(1, f} ) is an algebraic linear combination
of logarithms of positive algebraic numbers. Similarly each L(1, f, ,) for p € 22 can
be written as algebraic linear combination of L(1, y)’s for odd Dirichlet characters y
with period p, we see that }_ ,c5» apL(1,f} ) is an algebraic multiple of 7 by identity
(5.3.6). Now by applying Lemma 4.2.2, we have

Y apL(1,fpe) = = Y. apL(1,fp,) = 0.

DEP pEP
Since f, . are non-zero even Dirichlet type functions with distinct prime periods
p € P, we have L(1,f,.) are non-zero for p € 2. Now applying Corollary 6.1.10,
we have a, = 0 for p € 22, a contradiction to (5.3.9). This completes the proof of

Corollary 7.1.3.
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5.3.6 Proof of Corollary 5.1.12

Let K be as in Corollary 5.1.12 and for 1< j </, Y;(K) denotes Y, .(K) for the sake of
brevity. As in Corollary 7.1.3, let us write f; = fj . + f; o, Where

fil@) +fi(-a) fil@)—fi(-a)

fj,e(a) = 2 2

and fj,(a) =

for 1=a=gqand 1<j=/. Suppose that there exist ay, e K for f; € Y;(K),1=j=</¢

such that
Z Z aij(l,fj) = 0.
1sj<t fi€Y;(K)
This implies that
Z Z afJ.L(l,fj,e) + Z Z aij(l,fj,o) = 0. (5.3.10)
1<)l fieY;(K) 1)<t fi€Y;(K)

Proceeding as in Corollary 7.1.3, we note that the first term in (5.3.10) is an algebraic
linear combination of logarithms of positive algebraic numbers by Lemma 5.2.5 and
the second term of (5.3.10) is an algebraic multiple of = by identity (5.3.6). Applying

Lemma 4.2.2, we have

arL(1,f;o) =0 and Y Y arL(l,fj,) = O.
1=j=lfieY;(K) 1=j=lfieY;(K)

This implies that

> L(,Fj,) =0 and )Y L(1,F;,) =0, (5.3.11)
1<j<¢ 1<j<¢
where
Fie = Y affj. and Fj, = Y apfjo (5.3.12)
ijYj(K) ijYj(K)

Since F; .’s are even Dirichlet type functions with distinct periods g; for 1<j <7/,

applying Corollary 6.1.10, we have

Fj,=0 forl<js<¢. (5.3.13)
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Note that F; ,’s are odd Dirichlet type functions with periods g; for 1 < j < ¢ with
values in K. Let V; be the K({(4)) vector space of functions from (Z/q iZ)" to K(C o(g;)-
Dirichlet characters with periods g are contained in V; and they form a basis of V;
over K({y(q,))- Let D; be the set of all odd Dirichlet characters with periods ¢ ;. Since

Fj, can be written as

Fio= Y. By

XjEDj

where ﬁXj € K(Cw(qj)) for y, € Dj,1<j=<¢, we have L(1,F;,) = ijepj ﬁXjL(l,)(j).

Substituting this expression in (5.3.11), we have

Y. Y ByL@xn=0.

IS‘jS(XjEDj

Since by hypothesis, K({y(q)--¢p(g,)) N Qlg;--¢,) = Q, applying Theorem 5.1.6, we get

By; =0 for yjeD;, 1< j<¢. This implies that
L(1,Fj,)=0
for 1 < j < /. Theorem 5.2.6 then implies that
Fi, =0 forl<j</. (5.3.14)
Then for 1 < j < /¢, we have

Z afjfj = Z afj(fj,€+fj,0) = Fj,e +Fj,o = 0.
fi€Y;(K) fi€Y;(K)

Since by hypothesis, elements of Y;(K) are K linearly independent, we have af, =0

for any f; €Y;(K),1<j</¢. This completes the proof of Corollary 5.1.12.
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CHAPTER

LINEAR INDEPENDENCE OF

DIRICHLET L VALUES

6.1 Introduction and statements of Theorems

For a Dirichlet character y modulo ¢ > 1 and s € C, consider the Dirichlet L-function
- x(n)
L =) —
GJ)’ilns

which converges absolutely for R(s) > 1. Further, it is holomorphic in this region. The
study of irrationality of L(k, y) for natural numbers £ > 1 has an intriguing history
starting from the work of Euler. He found a closed formula for L(k, y¢) when yg is
the trivial character modulo ¢ = 1 and % is even. When £ is odd, it follows from
the work of Ball and Rivoal [6] (see also [20, 39]) that there are infinitely many
irrational numbers as k£ > 1 varies over odd natural numbers. When y is the non-

trivial character modulo 4, similar results were established by Rivoal and Zudilin
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[62]. For arbitrary non-trivial character y modulo ¢, infinitude of irrationality of
L(k,y) when y(—1) = (-1)**1 follows from the recent work of Fischler [19]. When
x(—=1) = (-1)*, infinitude of irrationality of L(Z, 1) is well known (see [58, Ch. VII,
§2)).

In this article, we study linear independence of L(%, y) when £ is fixed and y varies
over Dirichlet characters modulo pairwise co-prime natural numbers. If we fix 2 > 1
and vary y modulo a natural number g > 2, the question of linear independence of
L(k, x)’s over Q was first investigated by Okada [59]. As noted by Murty-Saradha [54],
this result can be extended over number fields which are disjoint to the gth cyclotomic
field. To proceed further, we need to introduce some notations. For a natural number
k>1,let us set

Xgr={L(k,x) | y mod g, x # xo}.

We can write X, = X4 1 e UXg o, Where

Xg ke {L(k,x) | x mod q, x(=1)=1,x # xo}

and Xg ko {L(k,x) | x mod q, y(-1)=-1}. (6.1.1)

In this set-up, Okada [59] (see also Murty-Saradha [54]) proved the following theo-

rems.

Theorem 6.1.1. (Okada [59]) Let k = 1,q > 2 be natural numbers and K be a number
field with K({yq) N Q((y) = Q. Then the numbers in the set X, o+1,0 are linearly

independent over K({(g))-

Theorem 6.1.2. (Okada [59]) Let k =1,q > 2 be natural numbers and K be a number
field with K({y(q)) NQ({q) = Q. Then the numbers in the set {{(2k)}UX o, . are linearly

independent over K({(g))-

96



6.1. INTRODUCTION AND STATEMENTS OF THEOREMS

From now on, for an integer q > 2, we shall denote the maximal real subfield of

Q({4) by Q({4)*. In this set-up, we have the following theorems.

Theorem 6.1.3. For 1< j</, let q; > 2 be pairwise co-prime natural numbers and
k =1 be an integer. If K is a number field such that K({y(q,)--piq) N QU g1q,)" = Q,

then the numbers in the set

Xq1,2k+1,0 U---u qu,2k+1,o

are linearly independent over K({ y(g;)--¢(q,))-

Theorem 6.1.4. For 1< j</, let q; > 2 be pairwise co-prime natural numbers and
k =1 be an integer. If K is a number field such that K({y(q,)--piq) N QU g1q,)" =Q,

then the numbers in the set
{CRRMUX 28 eU-"UXg, 28
are linearly independent over K({ y(g)--¢(q,))-

If one replace Dirichlet characters by arbitrary periodic arithmetic functions f

with period ¢ > 1 and consider the associated L-function

Ls,f)= ) ffl’j)

n=1

for s € C with R(s) > 1, then non-vanishing of L(k,[f) is intricately related to a
conjecture of Chowla-Milnor [25]. For describing this conjecture, we need to introduce

Hurwitz zeta function

S|
{(s,2)= n;o TR

where x is a real number with 0 <x <1 and s is a complex number with R(s) > 1. It

is easy to see that when £ > 1, we have

q
Lk, f)=q* ) fla){(k,alq) (6.1.2)

a=1
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and hence in particular, when y is the trivial character modulo q = 2,

(k) [T A-p™ =Lk, xo)=q™" Y ((k,a/g). (6.1.3)
plg l<a<gq
p prime (a,q)=1

For example, {(k,1/2) = (2% - 1){(k) # 0, for all & > 1.

Remark 6.1.5. Since ((s,x) extends analytically to the entire complex plane, apart
from s =1, where it has a simple pole with residue 1, we have by (6.1.2) that L(s, f),
for a periodic function f modulo q, extends meromorphically to the complex plane
with a possible simple pole at s = 1 with residue q_lzgzlf(a). Thus when f =y, a
non-trivial Dirichlet character modulo q, the number L(1,y) makes sense. See the

articles [4, 23, 37, 50, 59] for linear independence of such values.

P. Chowla and S. Chowla [13] were the first to study non-vanishing of L(2, f) for

arbitrary periodic functions f and made the following conjecture.

Conjecture 6.1.6. (Chowla-Chowla) Let p be any prime and f be any rational valued

periodic function with period p. Then L(2,f) # 0 except in the case when

f(p)

FO=f@ == f(p-D=15

Milnor [48] reformulated the conjecture of Chowla-Chowla as follows;

Conjecture 6.1.7. (Milnor). For any integer k > 1 and prime p, the real numbers

{(k,1/p), ((k,2/p), - ,{(k,(p—1)/p)

are all linearly independent over Q.

When ¢ is not necessarily prime, Milnor suggested the following generalization of

the Chowla conjecture.
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Conjecture 6.1.8. (Chowla-Milnor) Let k > 1,q > 2 be integers. Then the following
¢(q) real numbers

((k,alq) with (a,q)=1, 1 <a <gq

are linearly independent over Q.

In relation to the Chowla-Milnor conjecture, we define the following linear spaces

(see [25]).

Definition 6.1.9. For a number field K c C and integers k > 1, q = 1, the K-vector
space

Vk (@) =K-span of {{(k,a/q):1<a<gq,(a,q)=1}

is defined to be the Chowla-Milnor space for K and q. In particular, Vg (1) = K{(k,1) =

K{(k) and Vg £ (2) = K{(k,1/2) = K{ (k).

Conjecture 6.1.8 is equivalent to dimg(Vg x(q)) = ¢(q) for g > 2. We observe that
Yaiq Vep(d) =X 1_ Ki(k,alq).

For g = 1, we can write the space Vg ;(q) as Vg z(q) = Vg’k(q) + Vﬁ,k(q), where for
qg>2

Vi@ = Y K(ttk,alg)£(-Drk,1-alg))

l<a<q/2
(a,9)=1

K{(k,1/2)1£(-D"), Vg, (1) =K{(k, D1 (-1").

and Vk‘i k(2)

For g = 1,2, we have dimg(V , (1)) = dimg (Vi , (2)) = (1 £ (-1)F).
For g > 2, it results from Okada’s theorem 6.2.1 that dim@(Vg (@) = ()2
Since dim@(tik(q)) < ¢(q)/2, Conjecture 6.1.8 is equivalent to V&k(q)de’k(q) =0

and dim@(Vd (@) = ¢(g)/2. In this set-up, we have the following theorem.
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Theorem 6.1.10. For 1< j</, let q; = 1 be pairwise co-prime natural numbers and

k > 1 be an integer. If K is a number field such that KN Q({4,..q,)" = Q, then
dimg (Y], Vig 4(9) = X1y dimu(Vi ,(q,)) ~ (£ = Ddimg(V (D).
In particular,

SO 11 (-Dh) if2<qi,qe,
) A
dimg (Zj:lVK,k(qj)) =
SO L2041 if2=q1<q2, .4

When K = Q, Chowla-Milnor conjecture predicts that the dimension of Vg (q)

over Q) is equal to ¢(q). Here we have the following corollary.

Corollary 6.1.11. For 1< j </, let q; > 2 be pairwise co-prime natural numbers and

k > 1 be an integer. If K is a number field such that KN Q({4,..q,)" = Q, then

1 -1 . . p ¢
QZ Plg;) - ——A+(=D") = dimg (Y5, Vir(@))) = ¥ plg)—(-1).
ps| =

Remark 6.1.12. Let k,q > 1 be integers and xp, b € (Z/qZ)*, the Dirichlet characters

modulo q. For a,b running over (Z/qZ)*, we have

Lk, )= Y. 1p@i(k,alg). (6.1.4)
(a,q)=1

By the orthogonality relations satisfied by Dirichlet characters, the matrix (x»(a)) ab

has inverse

1 -1
7 q) (Xb(a ))b,a

Let K C be a number field containing the ¢(q)-th roots of unity, the K-vector spaces

Y. KL(k,xp) and ) Kilk,a/q)=Vii(qg)
(b,q)=1 (a,q9)=1
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are equal. Furthermore, it follows from (6.1.4) that

Z KL(k,)()ZVI%k(q). (6.1.5)
F(~D=+(-1) ’

Definition 6.1.13. Let K be a number field, V and W be two K-vector spaces in C. We

define the product VW as the K-span of the set of numbers vw with veV and weW.
Following Hamahata [29], we consider generalized Chowla-Milnor spaces.

Definition 6.1.14. Let k1, --- ,k, > 1 and q1, -+ ,q, =1 be integers. Set k= (B1,-+-, k)
and ¢ =(q1,**,q,). For a number field K c C, the generalized Chowla-Milnor space is
defined by

Vi (@) =K-span of {((k1,a1/q1)---{(kr,ar/qy) - 1<a;<qi,(ai,q)=1,1<isr}.
We observe that VK,E(C_j) =I1'_; Vk r,(q;) and we define VI;E(J) = H§=1V§,ki(qi)-
In 2020, Hamahata proved the following theorem.

Theorem 6.1.15. (Hamahata [29]) Let q1,- -+ ,q, be pairwise co-prime integers, k1, ,k, >
1 be positive integers and /_?t, q be as in Definition 6.1.14. If K is a number field such
that KNQ({4,,.. q,)" = Q, then

dimKVK,];(q) > 277 H(p(qi).
i=1

Here we have the following extensions of Hamahata’s theorem.

Theorem 6.1.16. Let q; ;=1 be inegers for 1< j<{¢and 1<t<r. Set q; = szl qs,j
and ¢j=(q1,j, - ,qr ). Assume q1, -+ ,q, are pairwise co-prime integers, k1,--- .k, > 1

be positive integers and l;, q be as in Definition 6.1.14. If K is a number field such that
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KnQq,,.q,)" =Q, then

. , . 27" Z§=1 [T}-; ¥(qs,) when at least one k; is odd,

dimg (ZJ':lVK,z;(qf )=
27" Zle [I;_19(q:j)—€¢+1 when all k; are even.

Theorem 6.1.17. Let r,/1,...,¢, and q;; = 1 be positive integers for 1 < j<{; and

1<t<r. Setq;= Hjtzlqt,j and qj =(q1,j,"*,qr,j). Assume q1, - ,q, are pairwise

co-prime integers, k1, ,k, > 1 be positive integers and E beasin Definition 6.1.14. If

K is a number field such that KNQ({y, ... q,)" = Q, then

4y

dimK(H Zfilvg,kxqt,ﬂ) ZQ_Q(Z 0@~ (€= DA+ (1) .

t=1 j=1

Remark 6.1.18. Let [q1,:--,q¢] denote the least common multiple of q1,---,q¢. The
number fields K({p(g,)-p(q,) and Q{q,..q,)" can be replaced by K([y(q1), 0(q,)1) and

Q1q,,-,q,1)" respectively in Theorems 7.1.1, 7.1.2, 6.1.10, 6.1.16 and Corollary 7.1.3.

The article is organized as follows: in §2 we list required results needed for
our proofs, in §3 we derive main propositions and a corollary which are extensions
of Okada’s theorem (as well as extensions of Murty-Saradha) and a theorem of
Hamahata. Finally in the last section, we complete the proofs of Theorems 7.1.1,

7.1.2,6.1.10, 6.1.16, 6.1.17 and Corollary 7.1.3.

6.2 Preliminaries

In this section, we fix some notations and state the results which will be used in the

proofs of the main theorems. When p is an odd prime number, it is a result of Chowla
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[12] that the set of numbers
{cot2ma/p) | 1<sa<(p-1)/2}

are linearly independent over Q. This result was reproved by various authors (see
for instance [30, 34]). In 1981, Okada [59] (see also Wang [71]) extended Chowla’s
theorem to natural numbers g > 2. In the same article, he also considered higher order
derivatives of cotangent function. More precisely, Okada [59] proved the following

theorem. In order to state the theorem, let us denote %(cotz)l 2=z DY cot®D(z).

Theorem 6.2.1. Let k and q be positive integers with k>0 and q > 2. Let T be a set
of p(q)/2 representatives modulo q such that T U(—T) is a complete set of co-prime
residues modulo q. Then the set of real numbers {cot* D(nalq) | a € T} is linearly

independent over Q.

Using Galois theory, Girstmair [22] gave an alternate proof for () linear indepen-
dence of derivatives of cotangent function. Murty-Saradha [54] noticed that Okada’s
result can be extended to any number field K provided KNnQ({,) = Q. We note that the
condition KN Q({,) = Q in Murty-Saradha’s result can be replaced by KNnQ({,)" = Q.
Recently Hamahata [29] derived the following multi-dimensional generalization of

the above result.

Theorem 6.2.2. Let k1,---,k, =1 be natural numbers and q1,---,q, > 2 be pairwise
co-prime natural numbers. For 1 <i <r, let T; be a set of ¢(q;)/2 representatives
modulo q; such that T; U(-=T;) is a complete set of co-prime residues modulo q;. Set

q=q1-qr. If Kis a number field with KN Q({,) = Q, then the ¢(q)/2" numbers
r
[Teot®P(railg)), aieTi, i=1,--,r,
=1

are linearly independent over K.
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In the next section, we extend Theorems 6.2.1, 6.2.2 for a finite set of pairwise

co-prime natural numbers q1,---,q¢ > 2.

6.3 Requisite Propositions

We first relate the vector spaces Va 5(q) to Q-vector subspaces of cyclotomic fields, via
the cotangent values mentioned in the previous section.
Indeed, since 7 cot(nz) is the logarithmic derivative of sin(wz) = z[[;’_;(1— 22/m?),

one checks for £ > 1 that

EootR=1)_y _ - 1 & 1 1
7* cot*V(rz) = (-1) 1(k—l)!(z—k+ Z

— \(z+m)t * (z—m)k

and, evaluating at z = a/q with a/q ¢ Z U {00}, it follows

k k-1
-1
{(kalq)+ (~DF((k, 1~ alq) = % cot® Dinalq). 6.3.1)
Note that for z ¢ Z, we have (see [37])
cot®* Vnz) = Y ,Bflk;) cot? 7z (1+cot?72)?, (6.3.2)
ai’gbsz
where ,Bflkz € Z and also
. Ta g +1
—icot— = — —3 € Qy), (6.3.3)
q
where i = v—1. We then observe that
(m) Vi@ = Y QGFcot* Pinalg) c QNG R)
s
and g =M i* ecot* Pimalg) e Q)"

Since the dimension of the Q-vector space Q({,) N (i*R) is ¢(g)/2, and dimg Va (@)=

¢(q)/2 by Okada’s theorem 6.2.1, we have

Q) NGER) = (1) V] 4 (g) (6.3.4)
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for g > 2. It is easy to see that the above relation also holds for ¢ = 1,2.
Lemma 6.3.1. If k> 1, q, q1, q2 = 1 are positive integers and d =(q1,q32), then
(iﬂ)_kV&k(q) = @(Cq)ﬂ(ikR), V&k(q) - VQIk(Ch) if qlq1 and V&k(CIl)ﬂV&k(QZ) = V&k(d).
Proof. Identity (6.3.4) asserts precisely the first statement

QU NGER) = (1) V().
If qlg1, we have Q({4) = Q({g,). We also know from Galois theory that

Q) NQgy) =Qg). (6.3.5)

Then the second and the third results follow by intersecting both sides of the inclusion

and Equation (6.3.5) with i*R and applying (6.3.4). ]

Proposition 6.3.2. For an integer k > 1 and pairwise co-prime positive integers

g1, ,qe, the kernel of the surjective map
o/ Vi (q) — X Vi(q))
j=1"Qk 1J J=1 QR
(xl,...,xé) — x1+--'+x€

is 0 if k is odd. When k is even, the kernel of the above map is the Q-vector space

Vg k(l)g ~L of dimension ¢ — 1 which is parametrised as
(21, 20D € QT — 210k, 1), 2010k, D), ~(z1++++2, DR, D) € 5 VT (g)).

Proof. The kernel of the map consists of elements (x1,---,x/) where x; € V(‘; 2(@)n
Z#J-V&k(qt) forall j=1,---,¢. By Lemma 6.3.1, Zt#V&k(qt) c V&k(ntyqut) and,

since q; is co-prime to [];#;qy, it also implies x; € Va::;k(l) for j=1,---,¢. ]
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We will need a multivariate extension of this result. To do this, we first prove

another lemma.

Lemma 6.3.3. Let k1,---,k, > 1 be integers and q1,1,"**,4r,1,91,2, " ,qr2 be positive
integers which are pairwise co-prime. Set k= (k1,-++ ky) and G; =(q1j, " ,qr) for
J=1,2, then

+ (= + (2N_vt+t (7
V@,k’(q 1) N V@J;(CIQ) - V@Jé(l)
Proof. Applying Lemma 6.3.1, it is easy to see that
+ (7 + (= + (=
V@,;;(l) c V@,E(ql) N V@,k»(qw.

Set q; =[I;_;q:; and k =Y ,_, k;. Again Lemma 6.3.1 shows that (in)‘kV&]z@j) c
QU qj) for j = 1,2 and, since g1 and g9 are relatively prime, the intersection is
contained in Q. Now for j = 1 or 2, if some rational number a belongs to (in)_kVth.(q* i),
we have for each ¢t = 1,---,r, a linear relation over Q((Tq, san,) between a and the
elements of a basis (over Q) of (in)_ktV&kt(qt,j). The field Q((y,,,q; ;) is linearly
disjoint from Q(q, ) because q;; is co-prime to [In;qn,;. Thus the above linear
relation over Q((yy, #tq}z,j) implies a linear relation over QQ, which involves a, since
the elements of a basis of (in)_ktV& kt(qt, ;) are linearly independent over Q. Hence
ae (iﬂ)_ktV&,kt(th) for all t=1,---,r and j = 1,2. Applying Lemma 6.3.1, we see
that a € (in)_ktVQIkt(l). Note that (in)_ktV&kt(l) is 0 if k; is odd and Q if &; is even.
Therefore, if @ # 0 then all 2; must be even and
- 0 when at least one k; is odd,
Vq;};(til) N V&E((jz) c Ev&k’(l) =
QII;_1¢(k¢,1)  when all k; are even,

which is equal to ng(i). |
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Proposition 6.3.4. For integers k1, ,k, > 1 and pairwise co-prime positive integers
qij,t=1,---,r, j=1,---,¢, we define E=(ky, k) and 4d;=(q1,,"**,qr,). Then the
kernel of the surjective map

@iV @) — TV @)

(%1, +,%0)  —  x1t+-tay

5\ 0-1
is 0 if at least one k; is odd and is the Q-vector space (Vgg(l)) of dimension ¢ —1

parametrised as
-1 ¢ + (=
@ - ea,].:lV@’]_é(qJ)
(21""725—1) —_ (Z].H;ZIC(kt}l),"'7Z€—1H::1((kt7 1),_(21+'“+z€—1)H;:]_((kt’1))

ifall k1, ,k, are even.

Proof. The kernel of the map consists of elements (x1,---,x¢), where

. + ~ . + =~
Xj€ VQ’E(QJ)H};V@’E(Qh)

forj=1,---,¢.By Lemma 6.3.1, we have Y, V«;E(ah) c VSE(Q)’ where @ = (Q1,--,Q,)
with @; =[Ix#jq¢n. Since q1,5,°+-,qr,j,Q1, - ,Q, are pairwise co-prime, Lemma 6.3.3
implies that x; = 0 if at least one &; is odd and x; € ]'[;le(gkt(l) = QII;_; ¢(ks,1) if all

ki,---,k, are even, for j=1,---,¢. [ |

For 1< j=</ and q; > 2, consider the sets
Sg;={1<a;<gqj/2:(aj,qj)=1} and T4 ={l<a;<gq;/2: (aj,q;)=1}
qu when £ is odd,

Ujk) = 3 T,, when j=1andk iseven, (6.3.6)

Sg; when j#1andk is even.
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We have the following proposition about linear independence of derivatives of cotan-

gent function evaluated at certain rational points. It forms a basis for the space

Zle Vi (2))-

Proposition 6.3.5. For 1< j </, let q; > 2 be pairwise co-prime natural numbers
and k > 1 be an integer. If Kis a number field such that KN Q({4,..q,)" = Q, then the

set of real numbers

U {cot(k_l)(ﬂ) :aJ-er(k)}
¢

1<j< q;

is linearly independent over K.

Proof. By (6.3.1), the numbers U;<;</¢ {nk cot®—D (%’) D aj€ qu} span Z§:1 Vﬁr,k(qj).

When £ is even and g > 2 is any integer, using (6.1.3) and replacing & by 2%, we have

(Qk,1) =a Y (@2kalg)+(2k1-a)=a Y nz’*cot@’“‘”(ﬂ),

1<a<q/2 1<a<q/2 q
(a,g)=1 (a,q)=1

where a is some non zero rational number. It implies that, removing one arbitrary

a;

element from any ¢ — 1 sets of the form {n% cotZk—1) (q—) faj€ qu} in the union

J

na;
U {n2kcot(2k_1)(—J) : ajeTqJ.}
py

1<j<¢ J

does not change the space they span, that is Zle Vlz 91(q;)- Whatever the value of
k > 1 is, the number of generators left is equal to the dimension of this span. Thus

these generators must be linearly independent. |

We have the following corollary of Proposition 6.3.5 which gives a basis of the K

vector space 2521 VI;];(C]})-

108



6.3. REQUISITE PROPOSITIONS

Corollary 6.3.6. Let q; ;> 2,T,,  be defined as before Proposition 6.3.5 and q; =
Hle q: ). Assume q1,---,q, are pairwise co-prime and k1,--- ,k, be positive integers.

Suppose that

t=1Tq.; when one of the ky, is odd,

UJ(E) =4 -1 Tq, when j =1 and all the kj, are even,

_ qu. \N{(1,---,1)} when j#1and all the ky, are even.

If K is a number field such that KNQ({g,..q,)" = Q, then the set of real numbers
0 r b1y [T N
U< [Tcot®~ >(—) : (a1, ,a,) € Ujk)
j:l t=1 qt’]

is linearly independent over K.

Proof. We will use induction on r to complete the proof. When r =1 and 21 =1, the
result follows from the work of the first and second author [23]. If r =1 and 27 > 1,
result follows from Proposition 6.3.5. Now assume that the corollary is true for any
natural number strictly less than r. Set ¢ = ¢1:--q,. Suppose that there exist rational
numbers @ 4, ... o, such that

ZZ D Ay, ,arnlktcot(kt 1)(”%) 0

j=lai ar qt,j

where (a1,---,a,) runs over the elements of Uj(l_é). This implies that

4
YY|Z X ajana nlktcotaet—n(q )) et (222) <o
: a t]

ar-1 qr,j

Since Q({g;.q,_;) N Q(Lq,) = Q, Proposition 6.3.5 implies

Z’ Z Ajai,- ,arnlktcot(kt 1)(”%) 0.

a1 ar-1 qt,j
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for 1<j<¢ and (a1, -,a,) € Uj(l_é). By induction hypothesis, @ q;,....a, = 0 for all
l<j<?¢and(ai, - ,a,)€ Uj(ﬁ). Therefore, the set of real numbers

O ke - (O 2
U< T % cot®: )(—) L (a1, ,a,) €U k)
j=1| ¢=1 qi,j

is linearly independent over Q. It implies that

¢ r N
U{ Hikf((q—C;l)kfcot(kt_l)(@) : (al,---,ar)er(k)}
t=1

j=1 q¢.j

is linearly independent over Q). As in Proposition 6.3.5, the numbers inside the
products belong to Q({,)" and by given hypothesis, K and Q({4)" are linearly disjoint.

Hence the numbers in the union are linearly independent over K as well. It implies

that
0 r T N
U{ Hcot(’”‘”(ﬂ) : (a1, ,a,) € U(R)
j=1| t=1 qi,j
is linearly independent over K. |

Remark 6.3.7. Let y be a character modulo q. If y has the same parity as k (i.e.
A=) =(=1%), then

af(-1F! (k-1) &

—_— Z x(a)cot (mal/q)=q Z x(@){(k,a/q) = L(k, ).

qk(k - 1)‘ 1<a<q/2, (a,9)=1

(a,9)=1

If ¥ and k have different parity (i.e. y(-1) = (-1)%1), then

Y x@ecot* P(ra/g) =0

l<a<gq,
(a,9)=1

since cot* " V(-ma/q) = (-1)* cot®*V(za/g).

110



6.4. PROOFS OF THE MAIN THEOREMS

6.4 Proofs of the Main Theorems

6.4.1 Proof of Theorem 6.1.10

Since, by hypothesis, the fields K and Q((4,..q,)" are linearly disjoint, it suffices to
determine the dimension of the Q-vector space Zle(in)_kVQf (). But, this is the
dimension of @jz (in)~* V& (¢j) minus the dimension of the kernel of the map shown

in Proposition 6.3.2. This gives the first equality, the remaining ones coming from

1
dimo(Vy4(q;) = (@2 and  dimq(Vy (1) = dim(Vg,(2) = Z(1+(=1P.

6.4.2 Proof of Corollary 7.1.3

The lower bounds follow directly from Theorem 6.1.10. Recall that for 2 > 1 and ¢ > 2,

we have
1
(k) [ A-p™== 3 ((&,alg) (6.4.1)
plq q" 1sa<q
p prime (a,q)=1
and

Vk (@) =K-span of {{(k,a/q):1<a<q,(a,q)=1}

The number of generators of Zle Vkr(q;) is Zle ¢(q ;). But, by (6.4.1), there are at

least £ —1 independent linear relations between them. Hence

¢ 0
dimg (Z VK,k(qj)) < > ¢lgp)—-(-1).
=1

J=1 Jj=

111



CHAPTER 6. LINEAR INDEPENDENCE OF DIRICHLET L VALUES

6.4.3 Proof of Theorem 7.1.1

Let F = K({ p(q)--¢(q,))- By (6.1.5), the dimension of the F vector space generated by
the elements of X, oz+1,0U"--UXg, 22+1,0 is equal to the dimension of Z§=1 VE2k+1(Qj).
Since, by hypothesis, FNQ({4,...q,)" = Q, Theorem 6.1.10 shows that this dimension is
equal to the number of elements of X, 911, U UXy, 21+1,0, Wwhich must therefore
be linearly independent over F.

Alternatively we can argue as follows. For 1< j</,let Dj={y;modq; | x;(-1) =
—1} be the set of odd characters modulo g ;. Suppose that there exist ay; € K({y(q)--¢(g,))

for y;€Dj,1<j </ such that

Z Z ay, L2k +1,%;)=0. (6.4.2)
1<j<lyjeD;
Substituting (see [37])
2k+1 Ta
L2k +1,x;)= Z Xj(aj)COt(zk)(_.J),

@R g3t o T, q;

for y;€D;,1<j</¢in (6.4.2), we obtain

1 na;
Y ( 2 “Xij(aj)) cot®(—%) =0. (6.4.3)
1sjstajeTy; 4 x,€D; q;

Here Ty, is as defined in (6.3). By given hypothesis, we have K({(¢,)--¢(g)NQ g1--q,)" =
Q. It then follows from Proposition 1.4.2 that K({y(q,)--¢(q,)) and Q((g;..q )" are lin-
early disjoint over Q. Note that the coefficients of cot(2k)(%j)’s in (6.4.3) belong to

K({p(q1)-¢(q,)) and hence Proposition 6.3.5 implies that

Z anXj(aj) =0
1j€D;

for aj e Ty;,1 < j<¢. Since all the characters in the set D;,1 < j < ¢ are of same

parity, it follows that

>, ayxia)=0
Xxj€D;
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for aj €(Z/q;j7)*,1 < j < ¢. It then follows from linear independence of characters

that ay, =0 for y;€Dj,1<j</. This completes the proof of Theorem 7.1.1. O

6.4.4 Proof of Theorem 7.1.2

Let F = K({p(g1)--¢(q,))- By (6.1.5), the dimension of the F vector space generated by
the elements of {{(2k)}UX , 21 cU---UX g, 2z ¢ 1s equal to the dimension of 25:1 Vlj’zk(qj).
Since, by hypothesis, FNQ((g,..q,)" = Q, it follows from Theorem 6.1.10 that the di-
mension of ZleVI;L, 9,(qj) 1s equal to the number of elements of {{(2k)} U Xy, 2z U
+-UXy, 2k, Which must therefore be linearly independent over F.

Alternatively we can argue as follows. Let C1 ={y1mod q1 | y1(—1) =1} and for 1 <
Jj=t,let C;j={y;modq; | yj(—1)=1,x, # 1} be the set of non-trivial even characters

modulo g ;. Suppose that there exist ay, € K({y(g,)-p(q,) for yj € Cj,1<j < ¢ such

that
Y. D ayL(2k,x)=0. (6.4.4)
1=j=tlyieC;
Substituting (see [37])
L@k e — T Y yaeot® DY) (6.4.5)
X)) = xila;)co —), 4.
Tek-1 o, aj
for y;€Cj,1<j=</in (6.4.4), we obtain
1 na;
L —m| L “Xj?(j(aj)) ot =0 (6.4.6)
1sj=la;eTy; 45 \y,eC; q;j

where Ty, isasin (6.3). Fora; € Ty,1=j=<¢, let us denote

1
Ajlap)=— 3 ayx;@;)).
q] XjECj

From (6.4.6), we have

Y Y Ajapet® D) < o, (6.4.7)

1sj=la;eTy; J
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This implies that

Y Aanet® V) 1Y 40 ¥ et DY)

a1€Ty, 1 1<j=t a;eTy; q;
y TTa;
+ Y Y Aiap-A)eot®V(—L) =0,
1<jslajeSq; q;

where Sy, ={1<a; <q;j/2|(aj,q;) =1}. As in the previous section, for 1 < j =</,

recalling

na; ir;j

na
ajequ q] trl a1€Tq1 q1

we have

A;(Dir; na;

Y Aapn+ Y Lot L)L Y (Ai(a)) - A (D) cot®D(E ) = o,
a1€Tq, 1<j<¢ r1 q1 1<jslajeSy; q;
(6.4.8)
As in Theorem 7.1.1, given hypothesis implies that the fields K({(g,)--¢(q,)) and

Q({q,.-q,)" are linearly disjoint. Since the coefficients of cot(Zk_l)(%j)’s in (6.4.8)

belong to K({y(q)--¢(¢,)), using Proposition 6.3.5, we obtain

A;(Dir;
Aap+ Y AT,

and Aj(aj) = Aj(l), (6.4.9)
15<e Ir1

where a1 € Ty, and aj €Sy, for 1 <j < /. The second equality implies that

1
q j X i€C;
where o is the trivial character modulo g; and a € T;. Since all the characters in

the set C;,1 < j </ are even, it follows that
1
—E Y ayxila) = AjDyola)),

q j X j€C b
where aj€(Z/q;7)*,1< j<{. Linear independence of characters implies that A ;(1) =

0 and ay, =0for y;€C;,1<j=</. Replacing A (1) = 0 in the first equality of (6.4.9),
we get Aj(a1) =0 for a; € T'1. Arguing as above, we get that ay, =0 for y; € C;. This

completes the proof of Theorem 7.1.2.
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6.4.5 Proof of Theorem 6.1.16

Set k =3|_; k:. As in the proof of Theorem 6.1.10, by hypothesis, the fields K and
Q({q,..q,)" are linearly disjoint, thus it suffices to determine the dimension of the
Q-vector space Zle(in)_kV&E(ﬁj). But, this is the dimension of eajzl(in)_kVQt};((fj)

minus the dimension of the kernel of the map shown in Proposition 6.3.4. Since
p 5 { r
dimg (ea ' (in)” Vt(cyj)) =27 Y []olq),
/ Ok j=1t=1

the result follows from the same Proposition 6.3.4. O

6.4.6 Proof of Theorem 6.1.17

The map

O (s \— Oy (o -
®_ L LGV, (q) — Tl X5 Gm ™ Ve, (g0

x1®...®xr — xl...xr

is a bijection. Indeed, a nonzero element in the kernel gives a non trivial relation, over
the field Q({Ty,,, ¢,), between the elements of a Q-basis of thzl(in)‘krv&kr(qr,j). But
this contradicts the linear disjointness of the fields Q((yy,., ¢,) and Q({y,). Thus, the di-
mension of the Q vector space on the right is the product [[;_; dimg (fozl(i n)—ktV& kt(qt, j))

which is equal to 277 [T}_, (£, ¢(gr,) ~ (¢ ~ 11+ (~1*)) by Theorem 6.1.10. [
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6.5 Appendix: alternative proof of Proposition

6.3.5.

6.5.1 The case when % is odd

Proof. Set g =q1---q,. Thus, applying (6.3.2) and (6.3.3), we have

_i2k+1(<«q _ (;l)cot(2k)(7[a]/q])

= G-hH Y AP - Db (ot T2 )7 (1 + (cot T y2)
a+2al;b:22(l)e+1 qJ qJ

na;i\? a; ,\°
= ((q_(t;l) Z (- 1)b,3(2k+1)( icot—J) (1—(—ic0t—J)2)
ul,,bz(;a q.] q.]
a+2b=2k+1

b

(g, +1)" c
((q _(;1) Z (- 1)bﬁ(2k+1) (J—) (1 ) ) )
a+2aéb:22(l)e+1 qu B 1 (

This implies that i((, —(;1)cot(2k)(%j) €Q(g)" foraje Ty, 1< j<¢.The proposition
then follows for ¢ = 1 along the lines of the proof of Okada and Murty-Saradha.
Suppose that the proposition is true for any natural number 1 <n < ¢. We want to

show that

IUZ{cot@k)( 7y ajeT,) (6.5.1)
<Jj=< _]

is linearly independent over K. By the given hypothesis, we have KN Q({4,...q,)" = Q.
Appealing to Theorem 1.4.2, it is now sufficient to show that the numbers in the set
(6.5.1) are Q linearly independent. There exist rational numbers a,; fora;j€Ty;,1<

J < ¢ such that

ma
Z A, cot®(—L) = 0.
1=jsla;eTy; q;j
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This implies that

na; ay

Y ageot® (D) = = ) ag,cot®(—).

1<j<la €T, q; ac€eT qe
j€Tq; a¢

Alternative to the identity (6.3.2), one can write

d " x+1
(D () = i (zx_) L
co (2)=1 X X1 lx—e2
for all A since cot(z) = Lgii Evaluating the above expression at z = 7a ;/q ;, one gets

i’ cot"V(za 72 € Q(Cg,)N i"R. Since h = 2k +1 is an odd integer, it then follows that

2D aajcot(%)(?) =—-i ) aa[cot(zk)(?) € QUqyq, )NQLg,) = Q.
' ¢

lsj<lajequ J areTy,

Since a purely imaginary number is a rational number if and only if it is 0, we have

na; nay
YN agcot®P(—) = - Y ay,cot®(—) = 0.
! q;j qr

1sj<flajeTy; J areTq,

Applying induction hypothesis, we get that a,; =0 for all aj € Ty;,1 < j < ¢. This

completes the proof of the proposition. |

6.5.2 The case when % is even

Proof. Applying (6.3.2), we see that cot(zk_l)(%j) € <I;D((qj)Jr forajeTy, 1=j<¢.
The proposition then follows for ¢ = 1 from the works of Okada and Murty-Saradha.
Suppose that the proposition is true for any 1 <n < ¢. We want to show that the
numbers

{cot(Qk_D(%) ca1€Ty U {cot(Zk_D(E_j)

taj €S8y} (6.5.2)
1<j=¢ q;

are linearly independent over K. Since KN Q({y,..q,)" = Q, applying Theorem 1.4.2,

we see that it is sufficient to prove that the numbers in the set (6.5.2) are Q linearly
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independent. There exist rational numbers A, fora;1€Ty,,a;€8, pl<j=st such
that

na na;
Z aalcot(zk_l)(—1)+ Z Z aajcot(2k_1)(%) = 0.

a1€Ty, 1 1<jslajeSg; J

Then

_ Tal _ na;
Z aalcot(Zk 1)(_) + Z Z (XajCOt(2k 1)(_:])

a1€Tq, q1 1<j<la;eS,; q;
_1), @y
= Z aa[ COt(2k 1)(_) € @((qr-qz,l)m@((Q[) = @
a[ESq[ qe

Let us call this rational number . If g # 0, then without loss of generality, we may

assume that f=-1. So

Y agcot® DL - 1, (6.5.3)
qe

a[ESq[
Let us denote Q(;) by F;. Let Trg,o(a) denotes the trace of @ over Q for a € F;. For

any a; € T, using identities (6.3.2) and (6.3.3), we get

na;
trj = Trrg (cot(zk_l)(—J))
q;
na; na;
= Z cot(2k_1)(—J) =2 Z cot(Zk_l)(—J). (6.5.4)
lsaquj q,] ajEqu qJ

(aj,q;)=1

It now follows from (6.5.3) and (6.5.4) that

na 2 na
Y aa[cot@k_l)(—[)=— Y cot@ D=5 |

areSy, qr tre aceTy, qr

Hence we have

-2 na 2 na
ot D+ Y (g, - —)eot® D =0,
re 91 ases,, tro qe

a contradiction to Theorem 6.2.1. This implies that § = 0. Applying induction hypoth-

esis, we then obtain aq; =0 fora1€Ty,, aj¢€ qu,l <j<Vt. [ |
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CHAPTER

DEDEKIND ZETA VALUES AT 1/2

7.1 Introduction

For a number field K, let {k be the Dedekind zeta function associated to K. The
non-vanishing of {g(s) at s = 1/2 is a deep arithmetic question. Armitage [2] gave
examples of number fields K for which {g(1/2) = 0. On the other hand, it is believed
that {(g(1/2) # 0 when K is an S,, - number field, that is, a number field of degree n
whose normal closure has Galois group S, over Q. Furthermore, very little is known
about the transcendental nature of the non-zero values of {g(1/2). For instance, one

has
1 [e) (_1)n—1
1—\/5712::1 V'

where ( is the Riemann zeta function.

((1/2) = ~ —-1.46035450880---,

In this connection, one has a classical conjecture of Dedekind which asserts that

if L/K is an extension of number fields, then (k(s) divides (1,(s), in other words, the
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function {1,(s)/{k(s) is entire. This conjecture is open in general, but holds when L/K
is Galois, thanks to the works of Aramata and Brauer. Also the celebrated Artin’s
conjecture for holomorphicity of his L-functions will establish Dedekind’s conjecture.

If L/Q is a Galois number field with Galois group S,,, then L contains a quadratic
subfield K. Dedekind’s conjecture ensures that vanishing of {g(1/2) will ensure
vanishing of {1,(1/2).

In this note, we study various aspects of the derivative ( k(s) at s = 1/2. As dis-
cussed above, study of these circle of questions for quadratic fields merits special
attention. We note that for quadratic fields K, the non vanishing of {k(1/2) is equiv-
alent to the non vanishing of L(1/2, y) for quadratic character y. Non vanishing of
such L(1/2, y) has been conjectured by Chowla. We begin with the following theorem

for quadratic fields.

Theorem 7.1.1. Let K and L be distinct quadratic fields such that (g(1/2){1.(1/2) # 0.

Then
(k(1/2) C£(1/2)

(g(1/2) " (L(1/2)

The above theorem in particular shows that there is at most one quadratic field
K for which (g(1/2) # 0 while the derivative ( k( 1/2) = 0. We then prove the following
quantitative theorem where the existence of the fictitious exception alluded to above

is ruled out for both quadratic and cubic number fields.

Theorem 7.1.2. Let K be an algebraic number field with degree < 3. Then
(k(1/2)=0 < (((1/2)=0.

As a corollary, we have the following courtesy of the seminal work by K. Soundarara-

jan [65].
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Corollary 7.1.3. For at least 87.5% of quadratic number fields K with discriminant

8d with odd positive square-free integers d, one has { k(1/2) #0.

Let us very briefly describe the context as well as content of the work of Soundarara-
jan indicated above. The Generalised Riemann Hypothesis (GRH) does not preclude
the possibility that L(1/2, y) = 0 for some primitive Dirichlet character y. But it is
believed that there is no rational linear relation between the ordinates of the non-
trivial zeros of the Dirichlet L-functions and consequently, L(1/2, y) is expected to be
non-zero for any primitive Dirichlet character y. In particular when y is a quadratic
character, this seems to have been conjectured first by Chowla [12] as indicated
earlier. In his outstanding work [65], Soundararajan showed that for at least 87.5%
of the odd square-free integers d = 0, L(1/2, ygq) # 0. Here for a fundamental discrimi-
nant (discriminant of some quadratic number field) d, y4(n) := (£) where (£) denotes
the Kronecker-Legendre symbol. Results along this direction were obtained earlier in
[5], [33] and [35].

We now have the following theorem for higher degree number fields.

Theorem 7.1.4. Let K be an algebraic number field of degree n > 3 such that the

absolute value of its discriminant |dg| € R\ [(44.763)",(215.333)"]. Then
(k(1/2)=0 < ({K(1/2)=0.
We now consider the analogous question for Galois number fields.
Theorem 7.1.5. Consider the following sets.
X ={KGalois: KcR, {g(1/2)#0, (§(1/2)=0}

Y ={KGalois: K¢ R, {g(1/2) #0, {((1/2)=0}.
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Then at least one of the sets X and Y is empty. Furthermore, there are at most finitely
many abelian number fields for which (k(l/Z) =0 but (g(1/2) # 0. All such number

fields (if exist) have degree less than 46369.

Remark 7.1.6. Suppose {k(1/2) # 0 and ((1/2) = 0, then degree of K/Q is precisely

log|dk|
n/2+log8m+y

and
log|dkl|
log8m +y

in case of totally real and totally complex Galois number fields respectively, where

|dk| denotes the absolute discriminant of K and vy is the ubiquitous Euler’s constant.

The above theorem refines a result of Ram Murty and Tanabe [56, Cor 3.9].
Investigations similar to ours for Elliptic curves over ) as well as Modular forms
were initiated by Gun, Murty and Rath [25]. Furthermore in [56], it has been proved
that there are only finitely many abelian totally real number fields K for which
(k(1/2) # 0 while the derivative ( i{( 1/2) = 0. One of our objectives in this note was to
further this line of investigation to arbitrary number fields, obtain some quantitative
results and finally study transcendental nature of these deeply mysterious numbers.
In particular, we use Baker’s seminal theorem (see [25], [28], [51] and [52] for some

other applications of Baker’s theorem). In this context, we have the following theorem.

Theorem 7.1.7. Let K and L be distinct algebraic number fields of degree n and m

respectively and (g(1/2)(1,(1/2) # 0 . If one of the two following conditions

ldg|™ # |dLI";
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G12)  {(1/2)
T2 L2y

hold then at least one of the following two numbers

Gl2) 1)
an
(&(1/2) (L(1/2)

is transcendental.
Now, we obtain the following interesting corollaries from Theorem 7.1.7.

Corollary 7.1.8. Let n be a positive integer. Then the set

{ (g(1/2)
(x(1/2)

(g(1/2) #0,[K: Q] = n}

has at most one algebraic number. Furthermore,

(x(1/2) n
(U2 5(10g8n +7)

is a transcendental number.

Two non-zero integers u and v are said to be multiplicatively independent if for
integers n and m, u” = v™ implies n = m = 0. In this context, we deduce the following

corollary for arbitrary degree number fields.

Corollary 7.1.9. Let & be a family of number fields with pairwise multiplicatively

independent discriminants. If {(g(1/2) # 0 for every K€ %, then the set

(h(1/2)
{cKu/z) ‘Keg}

has at most one algebraic number.

We refer to [51] and [52] for investigations related to the non-vanishing of deriva-

tives of {g(s) and L(s, f) at s = 1, where [ is a periodic arithmetic function.
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7.2 Preliminaries

We recall some relevant facts about the Dedekind zeta function {k(s) associated to a

number field K. {g(s) initially given by the following Dirichlet series

1
(k(s)=
K= L Ny

for R(s) > 1 has a meromorphic continuation to the complex plane with a simple pole

at s = 1. Furthermore, the function
Zxg(s):=T'c(s)*I'p(s) *{K(s)

extends meromorphically to the complex plane with simple poles at s = 0 and
s =1 and satisfies the functional equation Zg(s) = |dg Y25 Zg(1—s). Also T'c(s) =
(271)~5T'(s), Tr(s) = 7~5/2T(s/2). But we shall use the following version of the functional

equation which is amenable for our purpose, namely

(g(1-s)=Ag(s)(K(s)

for s € C\ {1} (see [58, p. 467], for instance) with the factor

rit+r r
Ag(s) = ldg|* V2 (cos%) ' 2(sing) 2(2(27:)_31“(3))n.

Now we quickly recall the discriminant of a quadratic number field K. Let d be a

square-free integer, then the discriminant dg of the field K = @(\/E ) is

d ifd=1 (mod4)
dk =

4d ifd=2,3 (mod 4).

Now, we state the following deep theorem of Soundararajan which we shall need

to prove Corollary 7.1.3.
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Theorem 7.2.1. [65, Thm 1] For at least 87.5% of the odd square-free integers d =0,

L(1/2, x84) # 0.

7.3 Proofs of the Main Theorems

As indicated in the earlier section, we shall work with the following functional

equation of {g(s) for s € C\ {1} [58, p. 467]

(g(1-35)=Ag(s)Kk(s) (7.3.1)

with the factor Ag(s) := |dg|* "2 (cos %)”HZ (sin )" (2(2m) 5T (s))".
Let us begin with an easy, but important observation that Ax(1/2) = 1.

We now differentiate (7.3.1) w.r.t s and substitute at s = 1/2 to obtain
(k(l/Z) = —(1/2)Ak(1/2)(K(1/2). (7.3.2)

On the other hand, taking the logarithmic derivative of Ag(s) we obtain

AL (s)
Ag(s)

1'*/
=log|dk|— g(rl + rﬂtan% + rggcotg —nlog2m + n%,

where log is the natural logarithm.

Since the value of digamma function rr’((ss)) at s=1/21is —y—2log2 (see [68], p. 427), we

have

Al(1/2) = log|dk| - rlg — n(log8m+7). (7.3.3)

3.1. Proof of Theorem 7.1.1

Let K=Q(y/d1) and L =Q(y/d2), where d; and ds are distinct square-free integers.

Since K and L are distinct quadratic fields, we have dg # d..
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Using (7.3.2) and (7.3.3), we obtain

(K(1/2) (L(1/2)\ |dK|+ ((L) (K))
(x(1/2) (L(1/2)) |dL| 2

(

where rlL) and r(lK) denote the number of real embeddings of L and K respectively.

It follows from Theorem 3.2.1 that e” is a transcendental number. So if r(lL) (K) #0,
then the right hand side of the above equation is non-zero by Theorem 3.2.1. On the
other hand if r(lL) (K) =0, then the right hand side of the above equation is actually

transcendental by Lemma 3.1.1.

Thus,
(g(1/2) _ (1,(1/2)
(x(1/2)  (1(1/2)

is non-zero.
We note that our proof along with lemma 4.2.2 gives a stronger assertion, namely

the number
112) (/)
(g(1/2)  (1(1/2)

is actually transcendental.

3.2. Proof of Theorem 7.1.2

By (7.3.2), it is enough to show that Ay (1/2) # 0. We have
Al (1/2)=0 <> |dgl|= exp(rlg +n(log87 +7)). (7.3.4)

Ay (1/2) is evidently non-zero for K= Q. In fact, we have {'(1/2) = —3.922- -
So we have the following two cases.

Case (i). Assume K is a quadratic field. So 1 could be either 0 or 2.

At r1 =0, we have

2003 < exp(rlg +2(log87 +7)) < 2004.
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At r; =2, we have
46368 < exp(rlg +2(log87 + 7)) < 46369.

Since dx is always an integer, Ak(l/Z) can never be zero in case of quadratic fields.
Case (ii). Now we consider K a cubic field. So rq is either 1 or 3.

At ri =1, we have
431471 < exp(rlg + 3(log 87 + 7)) < 431472.
At r1 =3, we have
9984558 < exp(rlg +3(log 87 + 7)) < 9984559.
Since dxk is always an integer, Ak(l/Z) can not be zero in case of cubic fields also.

3.3. Proof of Corollary 7.1.3

For a quadratic number field K, we have

(k(s) ={(s)L(s, yag), R(s)>1,

where
* xdg(n)
L(s, xag) := Z K—S
n=1 n

We refer the reader to [31, Ch. VII] and [58] for further details. We recall that
this generalization of Riemann zeta function also has the analytic continuation to
whole complex plane except s = 1. By uniqueness of analytic continuation of complex
functions, one could get the same identity for s € C\ {1}.

Now, we let K= Q(v/2d), where d is a square-free positive odd integer. It is easy to

see that discriminant of K is 8d (for instance, see §5.3, [63]). Hence,

(k(1/2) = {(1/2)L(1/2, x84).
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Using Theorem 7.2.1, we have our desired result.

3.4. Proof of Theorem 7.1.4

We show that in the given interval of dg,
Al(1/2) = log|dk| - rlg —n(log8m+7) £0.
Using hypothesis, we have
Ag(1/2) < n(log(44.763) —log81 —y) < 0.

Similarly,

AL(1/2) > n(log(215.333) - g “log87 1) > 0.

So our result follows from (7.3.2).

3.5. Proof of Theorem 7.1.5

If possible, let us assume that there exist Galois number fields Ke X and LeY of

degree n and m respectively. From (7.3.2), we have
Ag(1/2)=A1(1/2)=0.

From (7.3.3), we have

nAl(1/2) = log|dg|"" - r§K>% —log8m—y (7.3.5)
and
mAL (1/2) = log|dy | ™ —r(lL)% —log87 -7, (7.3.6)
where r(lK) and r(lL) denote the number of real embeddings of K and L respectively.

From (7.3.5) and (7.3.6), we obtain

V4 T
1 d 1/n _ (K) _1 d 1/m + (L) — O
Ogl Kl rl on Ogl Ll rl om

128



7.3. PROOFS OF THE MAIN THEOREMS

Since Galois fields are the normal extensions of their base fields, so there does

not exist any complex embedding in real Galois fields. Similarly, there are no real

embeddings in non-real Galois fields. Therefore, r(lK) =n and r(lL) = 0. Hence,
|dK| 1/n T
og—————=0,
g | dLlllm 2

which is a contradiction as e” is transcendental by Theorem 3.2.1. This completes

the first part.

We now proceed with the second part of Theorem 7.1.5. From (7.3.3), we have
/4
Ag(1/2) =log|dk| - rig - n(log8m + 7).
Using Theorem 1.3.11, we obtain
Ag(1/2) = n(log(n)/2 — n/2 —1log 81 —y) > 0, Vn = 46369.

This implies that for all n = 46369, Ci{(l/2) =0 if and only if {g(1/2) = 0.

Now we aim to prove that the set
S:={K: (g(1/2) =0, (g(1/2) #0, n < 46369}
has finite cardinality. By (7.3.2), we see that
Sc8:={K: Ag(1/2)=0, n < 46369} .
So it is enough to show that the set S’ has finite cardinality. By (7.3.4), we have
Ag(1/2)=0 < |dgl= exp(rlg +n(log8m +7)).

Since n and r1 are bounded in the latter set, the discriminant dx is also bounded.
So S’ is a set of number fields with bounded discriminant. Hence, we conclude our

result by Theorem 1.1.11.
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3.6. Proof of Theorem 7.1.7

From (7.3.2) and (7.3.3), we obtain

— — — + — —
" ) T Elage T2 )
where r(lL) and r(lK) denote the number of real embeddings of L. and K respectively.

If nr(lL) - mr(lK) # 0, then the right hand side of the above equation is a transcendental

number by Lemma 4.2.2. On the other hand, if nr(lL) - mr(lK) =0, then the right hand
side of the above equation is a transcendental number by Lemma 3.1.1. So both real

numbers
((1/2) {3 (1/2)
wwm ™ L

can not be algebraic.

3.7. Proof of Corollary 7.1.8 and 7.1.9

If there exist two distinct numbers from the set given in Corollary 7.1.8, then it would
be a contradiction to Theorem 7.1.7. So the first statement is a direct consequence of
Theorem 7.1.7. Now we prove the second part of Corollary 7.1.8. Combining (7.3.2)

and (7.3.3), we obtain

0 (1/2) n -
= 12) - E(logSn +7)= rlZ —(1/2)1og|dK].

If K=Q, then the right hand side of above equation is . By Theorem 1.1.10, |dk| > 1

for all K different from Q. So

(g(/2) n
w2 5(10g8n +7)

is a transcendental number by Lemma 4.2.2 and 3.1.1.
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For the proof of Corollary 7.1.9, note that the hypothesis given on discriminants
ensures that the first condition of Theorem 7.1.7 is satisfied. Consequently, it follows

from Theorem 7.1.7.

7.4 Concluding remarks
We believe that for any number field K, one should have
(k(1/2)£0 = (g(1/2) #0.

Such results hold for Elliptic curves over Q as well as Modular forms [25]. The
nature of the functional equation in these set ups are amenable to deduce the above
supposition. The classical bounds between degree and discriminant in our context do
not seem to be strong enough to prove the above supposition, at least through our
approach.

Furthermore, if there does exist a number field K such that {(g(1/2) # 0 while
(g(1/2) = 0, we shall have logz +y being equal to a linear form in logarithm of
algebraic numbers, an unlikely possibility from a transcendental perspective since
neither logn nor y is expected to be a Baker period, that is, a Q - linear combination

of logarithms of algebraic numbers (see [53] for details on Baker periods).

131






BIBLIOGRAPHY

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

T. M. Apostol, Introduction to analytic number theory, Springer, 1976.

J. V. Armitage, Zeta functions with zero at s = 1/2, Invent. Math, 15 (1972),

199-205.

A. Baker, Transcendental number theory, Cambridge, 1975.

A. Baker, B.J. Birch and E. A Wirsing, On a problem of Chowla, J. Number
Theory, 5 (1973), 224—-236.

R. Balasubramanian and V. Kumar Murty, Zeros of Dirichlet L-functions, Ann.

Sci. Ecole. Norm. Sup 25 (1992), 567-615.

K. Ball and T. Rivoal, Irrationalité d’une infinité de valeurs de la fonction zéta

aux entiers impairs, Invent. Math. 146 (2001), 193-207.

D. Bertrand and D. Masser, Linear forms in Elliptic Integrals, Invent. Math,

58 (1980), 283-288.

A. Bharadwaj and P. Rath, On a question of Alan Baker over number fields,

Mathematika, 66, Issue 1, 103—-111.

133



BIBLIOGRAPHY

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

J. W. S. Cassels, Footnote to a note of Davenport and Heilbronn, Journal of the

London Mathematical Society, 36(1961), 177-184.

T. Chatterjee, S. Gun and P. Rath, A number field extension of a question of

Milnor, Contemporary Math, 655, Amer. Math. Soc. 2015, 15-26.

S. Chowla, The nonexistence of nontrivial linear relations between the roots of a

certain irreducible equation, J. Number Theory, 2 (1970), no. 2, 120-123.

S. D. Chowla, The Riemann Hypothesis and Hilbert’s tenth problem, Gordon

and Breach Science Publishers, New York, 1980.

P. Chowla and S. Chowla, On irrational numbers, Skr. K. Nor. Vidensk. Selsk.
(Trondheim), 3, (1982), 1-5. (See also S. Chowla, Collected Papers, Vol 3, pp.
1383-1387, CRM, Montreal, 1999.)

P. M. Cohn, Algebra, Second edition, vol. 3, John Wiley & Sons, 1991.
D. A. Cox, Primes of the form x? + ny2, Willey.

H. Davenport and H. Heilbronn, On the zeros of certain Dirichlet series, Journal

of the London Mathematical Society, 11 (1936), 181-185.

J. M. Deshouillers, P. Eyyunni and S. Gun, On the local structure of the set of

values of Euler’s ¢ function, Acta Arith., 199 (2021), no. 1, 103-109.

L. E. Dickson, A new extension of Dirichlet’s theorem on prime numbers, Mes-

senger of Math., 33 (1904), 155-161.

S. Fischler, Irrationality of values of L-functions of Dirichlet characters, J. Lond.

Math. Soc. (2) 101 (2020), no. 2, 857-876.

134



BIBLIOGRAPHY

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

S. Fischler, J. Sprang and W. Zudilin, Many odd zeta values are irrational,

Compos. Math. 155 (2019), no. 5, 938-952.

A.O. Gelfond, Transcendental numbers and algebraic numbers, Dover Publica-

tions, New York, 1960.

K. Girstmair, Letter to the editor, J. Number Theory, 23 (1986), p. 405.

S. Gun and N. Kandhil, On an extension of a question of Baker, appeared in Int.

dJ. Number Theory, 2022.

S. Gun, N. Kandhil and P. Philippon, On linear independence of Dirichlet L

values, J. Number Theory, 244 (2023), 63—-83.

S. Gun, M. Ram Murty and P. Rath, On a conjecture of Chowla and Milnor,

Canad. J. Math., 63 (2011), 1328-1344.

S. Gun, M. Ram Murty and P. Rath, Transcendental nature of special values of

L-functions, Canadian Journal of Mathematics, 63 (2011), 136-152.

S. Gun, M. Ram Murty and P. Rath, Linear independence of Hurwitz zeta values
and a theorem of Baker-Birch-Wirsing over number fields, Acta Arithmetica,

155, (2012), no. 3, 297-309.

S. Gun, M. Ram Murty and P. Rath, Transcendental sums related to the zeros

of zeta functions, Mathematika, 64 (2018), no. 3, 875—-897.

Y. Hamahata, Okada’s theorem and multiple Dirichlet series, Kyushu J. Math,

74 (2020), 429—-439.

H. Hasse, On a question of S. Chowla, Acta Arithmetica, 18 (1971), 275-280.

135



BIBLIOGRAPHY

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

E. Hecke, Lectures on the Theory of Algebraic Numbers, Springer, New York,
1954.

A. Huber and S. Miiller-Stach, Periods and Nori Motives, Springer.

H. Iwaniec and P. Sarnak, Dirichlet L-functions at the central point, Number

theory in Progress, vol 2, 941-952, de Gruyter, Berlin, 1999.

H. Jager and H.W. Lenstra, Linear independence of cosecant values, Nieuw

Arch. Wisk 23 (1975), no. 3, 131-144.

M. Jutila, On the mean value of L(1/2, x) for real characters, Analysis 1 (1981),

149-161.

N. Kandhil, A note on Dedekind zeta values at 1/2, Int. J. Number Theory, 18

(2022), No. 06, 1289-1299.

N. Kandhil and P. Rath, Around a question of Baker, to appear in Proc. of

Subbarao Symposium to be published by the Fields institute.

M. Kontsevich and D. Zagier, Periods, Mathematics Unlimited-2001 and Be-

yond, Springer, (2001), 771-808.

L. Lai and P. Yu, A note on the number of irrational odd zeta values, Compos.

Math. 156 (2020), no. 8, 1699-1717.

Y. Lamzouri, X. Li and K. Soundararajan, Conditional bounds for the least
quadratic non-residue and related problems, Math. Comp 84, (2015), no.
295, 2391-2412.

136



BIBLIOGRAPHY

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[61]

S. Lang, Algebraic values of Meromorphic functions I, Topology 3, (1965), 183—
191.

S. Lang, Algebraic number theory, Springer, 1986.

S. Lang, Elliptic functions, Second edition, Graduate Texts in Mathematics,

112, Springer.

S. Lang, Introduction to modular forms, Springer, 1995.

Ju. V. Linnik, On the least prime in an arithmetic progression. I. The basic

theorem, Rec. Math. [Mat. Sbornik] N.S., 15, (57), (1944), 139-178.

Ju. V. Linnik, On the least prime in an arithmetic progression. II. The Deuring-
Heilbronn phenomenon, Rec. Math. [Mat. Sbornik], N.S., 15, (57), (1944),
347-368.

D. Lorenzini, Invitation to Arithmetic Geometry, American Mathematical Soci-

ety , 1996.

dJ. Milnor, On polylogarithms, Hurwitz zeta functions, and their Kubert identities,

Enseignement Math.(2) 29(1983), no.3-4, 281-322.

M. Ram Murty, An analogue of Artin’s conjecture for Abelian extensions, J.

Number Theory 18 (1984), 241-248.

M. Ram Murty and V. Kumar Murty, A problem of Chowla revisited, J. Number

Theory, 131 (2011), no. 9, 1723-1733.

M. Ram Murty and V. Kumar Murty, Transcendental values of class group
L-functions, Math. Ann., 351, (2011), no. 4, 835-855.

137



BIBLIOGRAPHY

[62]

[63]

[564]

[55]

[56]

[67]

[58]

[59]

[60]

[61]

[62]

M. Ram Murty and S. Pathak, Special values of derivatives of L-series and

generalized Stieltjes constants, Acta Arith. 184 (2018), no. 2, 127-138.

M. Ram Murty and P. Rath, Transcendental numbers, Springer, New York,

2014.

M. Ram Murty and N. Saradha, Special values of the polygamma functions, Int.

dJ. Number Theory, 5 (2009), no. 2, 257-270.

M. Ram Murty and N. Saradha, Euler-Lehmer constants and a conjecture of

Erdos, J. Number Theory, 130, (2010), no. 12, 2671-2682.

M. Ram Murty and N. Tanabe, On the nature of e’ and non-vanishing of

L-series at s = 1/2, Journal of Number Theory, 161 (2016), 444-456.

Yu. V. Nesterenko, Algebraic Independence, Narosa Publishing House, New
Delhi, 2011.

d. Neukirch, Algebraic number theory, Springer, 1999.

T. Okada, On an extension of a theorem of S. Chowla, Acta Arithmetica, 38

(1981), no. 4, page 341-345.

K. Ramachandra, Some applications of Kronecker’s limit formulas, Ann. of

Math 80 (1964), no. 2, 104—-148.

K. Ramachandra, On the units of cyclotomic fields, Acta Arith, 12, (1966/67),

165-173.

T. Rivoal and W. Zudilin, Diophantine properties of numbers related to Catalan’s

constant, Math. Ann. 326 (2003), no. 4, 705-721.

138



BIBLIOGRAPHY

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

P. Samuel, Algebraic theory of numbers, Hermann Publishers, Paris, 1970.

C. L. Siegel, Advanced analytic number theory, Second edition, Tata Institute

of Fundamental Research Studies in Mathematics, 9, 1980.

K. Soundararajan, Nonvanishing of quadratic Dirichlet L-functions at s = 1/2,

Ann. of Maths, 152 (2000), Issue 2, 447-488.

Y. Lamzouri, X. Li and K. Soundararajan, Conditional bounds for the least
quadratic non-residue and related problems, Math. Comp, 84, (2015), no.

295, 2391-2412.

A. Shankar, A. Sodergren and N. Templier, Central values of zeta functions of

non-Galois cubic fields, preprint.

dJ. Spanier and K. B. Oldham , An Atlas of Functions, Hemisphere Publishing

Corporation, Washington, 1987.

G. Villa-Salvador, An Elementary Proof of the Conductor-Discriminant formula,

Int. J. Number Theory (2010), 5, 1191-1197.

M. Waldschmidt, Transcendence of periods: the state of the art, Pure Appl. Math.

Q., 2, (2006), no. 2, 435-463.

K. Wang, On a theorem of S. Chowla, J. Number Theory, 15 (1982), 1-4.

L.C. Washington, Introduction to cyclotomic fields, Second edition, Graduate

Texts in Mathematics, Springer-Verlag, New York, 1997.

T. Xylouris, On the least prime in an arithmetic progression and estimates for

the zeros of Dirichlet L-functions, Acta Arith., 150, (2011), no. 1, 65-91.

139



	Summary
	Notations
	Introduction
	Discriminant
	Character group
	Conductor
	Linearly disjoint fields
	Organisation of the thesis

	Hurwitz zeta function
	Definition
	Zeroes
	Specific Values
	Relation to periodic Dirichlet series

	Transcendental Pre-requisites
	Lindemann-Weierstrass theorem
	Gelfond-Schneider Theorem
	Baker's Theorem

	Dirichlet characters
	Introduction
	A question of Chowla and the remarkable result  of Baker, Birch and Wirsing
	Settling for prime modulus and over Q
	Extension to Number fields
	Analogous question for class group L-functions
	Linear Independence of L(k, ) values with k > 1 

	Extension of a question of Baker
	Introduction
	Preliminaries
	Proofs of the Main Theorems

	Linear independence of Dirichlet L values
	Introduction and statements of Theorems
	Preliminaries
	Requisite Propositions
	Proofs of the Main Theorems
	Appendix: alternative proof of Proposition 6.3.5.

	Dedekind zeta values at 1/2
	Introduction
	Preliminaries
	Proofs of the Main Theorems
	Concluding remarks

	Bibliography

