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N O T A T I O N

Here we explain some of the most common symbols and functions 

used in this thesis, while others will be explained in the body of the 

text as they appear.

IN The set of natural numbers 1 ,2 ,3 . . .

d , k , l , m , n  Elements of i?/. 

p  A prime.

(m ,n ) The greatest common divisor of m and n.

[m,n] The least common multiple of m and n.

[x] The greatest integer not exceeding the real number z.

{ e} Stands for z -  [i].

d I n Means that d divides n.

d \ n  Means that d does not divide n.

^  S'™ taken over all natural numbers n not exceeding x\ 

the empty sum is defmed to be zero.

A sum taken over all divisors of n. 

ria<p<fc Product over all primes greater than a and not exceeding b.

Riemann’s zeta function, defined for Re(s) > 1 by ( ( 3)=  

otherwise by analytic continuation.

Sk{n) M a x { d e l N : d \ n , { d , k )  =  l } .

o'(fc) The sum of the divisors of k.

d{k)  The number of divisors of k.

m



f { x )  =  0 {9{x))  M eans j f { x )  \< cg{x)  iov x >  X  and

or f { x )  «  g{x)  some absolute constant c >  0 .

Here f { x )  is a com plex function  

of a real variable and g{x)  >  0 . 

f { x )  =  o{g{x) )  f { ^ ) , g { x ) ,  being as above ,

tliis m eans that for e >  0 however small, 

there is X  such that | f { x )  j< eg{x)  

for X >  X .

/ ( s )  =  n ( y ( i ) )  Stands for the negation o f f { x )  =  o (^ (j))

/ ( i )  =  Cl^{g{x))  M eans that there exists a suitable

constant c >  0 such that f { x )  >  cg{x)

holds for a sequence x =  Xn w ith

limn-^ooXn =  00 .

f ( x )  — ^ ~ { g { x ) )  M eans that there exists a suitable

constant c >  0 such that f { x )  <  - c g { x )  

holds for a sequence i  =  with

lirrin^ooXn -  00 .

f { x )  =  n ± ( p ( i ) )  M eans that both  f { x )  =  Vl+{g{x))

and / ( i )  =  n _ (p (x ) )  hold. 

f { x )  «  g{x)  M eans that both  f { x )  =  0 { g { x ) )

and 3 ( i )  =  0 (/(a :))  hold. ■

I V



M any arithm etical functions, that is, com plex valued functions defined 

on the set o f  positive integers, fluctuate wildly as the argument increases. 

N evertheless, in  m any interesting cases the functions behave rather nicely  

in  average, th at is ,the  sum  over the argum ents upto z  has nice asym ptototic  

behaviour as x tends to oo. The next question is to determ ine the ‘order’ 

o f  the error term .T hus the fam ous 'circle problem ’ and ‘Dirichlet divisor 

problem ’ are problem s related to the error terms of the sums J2n<x ^2(n)  

and J2n<x respectively. In tliis thesis,w e have proved som e fl -theorems 

corresponding to the averages of Sk(n),r4(n)  and coefficients o f some cusp 

form s.The history o f each problem  and the results obtained therein are given  

in  the introduction  to  the corresponding chapter. H

G E N E R A L  I N T R O D U C T I O N



C H A P T E R .l  

On fl-co n sta n ts  for th e  error term  o f  X)n<i

1 .1  I n tr o d u c t io n

Let it be a natural number.

We define an arithmetical function 5k by

6k{n) =  max{d G iAT : d | n, (cf, A:) =  1}

Clearly, ^fc(n) =  ^a(fc)(^) where q(A:) is the square-free core of k, that is, 

a{k)  is the product of the distinct primes which appear in the factorisation 

of k.

Hence, without any loss of generality, we can assume k to be square-free.

From the definition, it is easy to see that 5k is multiplicative,

We define Sk{x) and the error term Ek{x) by the formula

kx
^k{x) =  Y ,

n < i

where cr(fc) is the sum of the divisors of k.

D. Siuryanarayana [21] obtained the estimate:

Ejt(z) =  O (zlog^ z).

(1)

(2)



Later, V. S. Joshi and A, M. Vaidya [16] proved

Ek{x)  =  0 { x ) ,  (3)

where the 0 -constant depends on k. For the special case k =  p,  Joshi and 

Vaidya proved that
_ Ep(x)  p  

b m in f -- ' = -----—  C4)
i - o o  I  p + i

and

lim sup  — ^
X-.C30 I  p + 1

Using the m ethod of Erdos and Shapiro [10] of averaging over arithmetic 

progressions, we [3] have proved that, for any square-free k,

l im in f < ------ ^  (6)
z  a{k)  ' '

and'

lim sup (7)
z  a{k)X —* o o

Aroimd the same tim e, J. Herzog and T. Maxsein [14] also proved the re

sults (6) and (7). They applied Tauberian theorem of Hardy- Littlewood 

and Karamata to get an asym ptotic formula for X)n<i 9k{n),  where gk{n) is 

defined by the relation =  T,d\n9h{d)2 -

Herzog and M axsein [14] also observed that

(8 )
X—+0O 23 ^

where d{k)  denotes the nimiber o f divisors of k.

For liminf:^_oo they did not have any corresponding result.

In [2] , We have proved that:

l i m s u p < ^ ( 1 ------
X 2 p + 1X —*CX)



where p  is the sm allest prim e dividing k.

From (9), it follows that

(I")

and

l i m i n f >  - - ^ ( 1 ------ (H )
I — oo X  2  p  +  1 ^  ^ '

where p is as above.

Following Joshi and V aidya [16] we give the proof o f (3) in Theorem  1 of 

section 1.2 . In section  1.2,we prove the statem ents (4) and (5) in T heorem  2 

and the statem ent (9) in theorem  3. In T heorem  4 and Theorem  5 of section  

1.3, we present oirr proofs [2] o f the statem ents (6) and (7) respectively.

1 .2  P r o o f  o f  T h e o r e m s  1 ,2  a n d  3 

L e m m a  1

where a  is the integer  defined by jf^ <  x <

P r o o f:

n < i
p\ x  p ^ n

=  I Z  ”
r < i  « < r

p i n



— r

Hence, ^

Sp{x) -  ■S'p(-) =  - y ( l  ~  p ) “  ^ ({ 2̂ } +  { - } )  +  0 (1 ) .  (12)

We go on replacing i  by ^ successively in (12),till we get

.2 1
•^P(^) ■^P(pa+l) 2p2“ ^̂  +

Adding all these (a  +  1) relations, we have

X
SA^) =  y ( i  -  ; ) ( ( !  -  +  o ( ^ ) )

+ i ( - { x }  +  (1 -  i ) ( { | }  +  i { ^ }  + . . .  +  i { j # f , ) ) )  +  O (log i)  

“  2( p + l )  +  ■ • • +  ^ { 5^ } ) )  +  »(>:)■

T h eo rem  1

= 2^ +

P roof: We proceed by induction. We assume that the result is true if k has 

T distinct prime-factors and then prove it for m =  kpr+\,  where p^+i is a 

prime not dividing k.

s „ ( i )  =
n < x

=  E  « " .(" )+  E
n < r

Pr+l|n Pr+1 I ri

=  M - ^ ) +  E  M " )
P'+ i

P r + l  I  n

=  S „ ( - ^ )  +  5 t ( j ) - p , + . 5 t ( ; ^ ) .
Pr +  1 P r+1



) =  ■5'fc(2) -  Pr + l'5'fc(—
Pr+l Pr+1

X^k
2a{k)  ~ 2 p ,+ ,a { k )

N o w ,replacing x by etc. and adding we have, as in the proof of 

Lemma 1,

Hence,

+ 0 W .
2a{m )

This completes the proof o f Theorem  1.

We observe that

E , { z )  -  E , { l z ] )  =  ^ ( - 21i ] { i }  -  { i )^ ) ,

which shows that Ek{x)  decreases continuously in any open interval 

{ m , m  +  1). D ividing by z ,

Ek{x)  Ek[[x])  k
a{k)

T h e o r e m  2 For a pr im e  p, we have

Ep{x)  p
lim sup ■  ̂ = ---------

X - + 0 0  X  p  +  1

and

U m i n f : ^  = -----
z - f O O  X  p  +  I



P roof: From (14) it is clear that

liinsupEfc(z) =  Urn sup Ek{n).
x-*oo

So, we can assume that x nm s on integers to prove the first equality.

Then

{x } =  0

and

p

1 ,

p

< ( 1 - - )  i +  ) + 0 ( _ )  

that is,

+  +  +  ^  +  (15)

Also making x run over integers - l(m o d p “+^), equality in (15) is obtained. 

Hence from Lemma 1,

Ep{x)  _  p
lim sup

X-+00 X p +  l '

By similar reasoning, making x run over numbers 6 ( mod ) where

0 <   ̂ <  1 and observing that one can choose 6 very close to 1, from Lemma

1 and equation(14) we have

=  - i  +  ( i

P  +  i '



lim sup <  1 (1  _  ^ ) d ( f c ) .
X—♦oo X  I  P  +  1

P roof: We arrange the primes dividing k in increasing order and proceed by 

induction. If A: is a prime p, then d{k)= 2  and the result is true by Theorem 2.

Let

k =  PlP2---Pr  

=  mpr  say,

where p  =  pi  <  P2 <  •' ■ <  Pr] Pi’s are primes.

Now, as in the proof of Theorem 1,

T h eo rem  3

Fr Pr

+  (16)
2cr(m)'‘ Pr' '

Let

Pr° < x  < Pr°'^^.

We go on replacing ® by ^  successively in (16),till we get

=  ^ ( 1  -  1 ) ^  +

Summing up,

X^m 1 x _ l  , r , f _ \

=  5 ; R <  =  M S )  +

where

E,(z) =  _ (p,_0(£,„(^) +
Pr Pr



Hence

I a w  IS f  (1 -  ^  +  ■ • • + +  o(x)

by the induction hypothesis.

Therefore,

S t M  I
-  5 ( i - d r r ) ‘' ( ™ ) ( i + ! £ L j i l l ( i - - r ' )  +  " (i) ̂ P T i  Pr

=  5 (1  -  ; ^ M r a )2 +  0(1)

and hence the theorem.

1 .3  P r o o f  o f  T h e o r e m s  4  a n d  5

Throughout this section, k will be a fixed square-free integer and we shall 

write 6(n)  and E( x)  instead of fjt(n) and Ek(x)  respectively.

Let

i f w  =  E  ^  ( w
U < X   ̂ '

Writing s =  a  +  it,  for cr >  2,

=  n ( i + ^ + ^ + - )
n = l  P ^  ^

p|it ^  ^

( Since, S(p^) =  1, if P I ^

=  p"*, otherwise)



We have:

■ n « ‘ ^ K . - . I

oo

( E ^ K ( - l ) , s a y .
n = l

(18)

S{P̂ ) = 1 - p  i f  p  I A,

=  0 otherwise. (19)

and

We observe that

5(n) =  ag(b)
ab=n

s(n)i<
*=1

where k =  pi* - - pr is the factorisation of k into primes, and

I ]  I S(n) 1=  0 ((loga:)") =  o(x).
n< x

We also observe that

E
n = l n

= 0 (1)

and

E
n>z

9(n)

n'

^(2m _2m-l)j. 

22rn~2^2

(20)

(21)

(2 2)

(23)

(24)

(25)



J being a smaH positive number wluch can be taken smaUer and smaller

tending to 0 as i  cx), which im plies

L e m m a  2 We have

^ w  =  - E ^ ( f }  + o(i) = o w .
b<x

P r o o f:  From  (17) and (2 0 ),we have 

H ( z )  =

_  ^  9{b) zfc

b < x  ^  ^

^ g { b ) ^ x ^  xk

h<x

(by(23)and(26))

=  O (lo g x ) ( b y(21))

=  o{x).

L e m m a  3 We have : E{ x )  =  x H{ x )  +  o{x).

P r o o f;  From (1) and (17), we have

E( x )  =  E s W E o - i ^
i<x a<f  '■ ’

10

(26)



b<x

b<x

9{b) , x

2a{k)

=  ) + o w
0< I

( by (22), (23) and (24) )

Now the lemnia follows from Lenuna 2 .

L em m a  4 I f  x is an integer, then

Y , H { n )  =  {^ + l ) I I { x ) - E { z )  +
n < x

kx kx
2a{k) 2a{k)

+ o{x).

P ro o f: From (17),

E ^ ( " )  =
n < x n < x  m < n

n < x

n<r n<x  ̂ ’

=  (j +  l) //(z) +
Zifc ^

(7-(A:)y
x(x + 1)

=  ( x  +  l ) f f ( x ) - B ( x )  +
kx

2a(k)

kx
=  l l { x )  +  +  o(z) ( by Lenuna 3)

11



_  . /■ s ,  ,
“  2a{k)  ^   ̂ Lemina 2).

L em m a 5 Let  A =  2P " , n > 2 where

P  =  2 i f  2 \ k ,

=  an odd p r im e  which divides k , i f  2 \ k .

is an integer with 0 <  p  <  A, then

V  - L   ̂ 9{t) z  1
m  A a { k ) ^  P  ) S - T  + 7 0 ( — ) +  0 ( lo g z )

Proof:

5{m)  ^

7n ~  ^  ̂  dmKx ^<»alrn
Tn=P{A) m=fi(A)

= E
d<Z m<z

m = 8(A)
Tn = 0{(l)

d ^[d,A]
d< x I I J

(d,A)\0

(Since the congruences m  =  /3(A) and m =  0(d) are simultaniously solvable 

iff { d , A)  1 where {d, A)  is the g.c.d. of d and /I,and in that case, there is 

a unique solution modulo [d,A] , the l.c.m. of d and A.)

Therefore,

6{m)E
m < a

m=fi[A)
mm<x

12



4  
d̂ <x

{dA)\P d<z

=  i E <  L  ^  +  o ( ,„ g . )
t\{A^ i<z “

(d,>l)=t

4 ^ 7 ^ 4^  +  o ( i„ g . )

=  1  Y  i i ^  ^  1 ,

‘ ( m , P ) = l

( Since the first term corresponds to {m, t )  =  1)

\

_  g ( 0  
A  ^  tt\[A,P)

P "  n

^  g (^ )  Y - g(m)
Z_y

m= 1
y(m,P)=l m> I

( m , P )  =  l

+ o ( 4 ) ^  + oO »e")

A (j{k)

( Since, by putting X  =  f  ,we have

E
»T»< J

( m ,P ) = l

9[ m)  _= E 9{m)

m= 1
(m,r) = l

TU' - E s('")

m >X
:m,n=i

-1 oo

m'

=  ( i - > - y ( E ^ ) + ° ( E  E
n = l  " = 1  X 2 " - > < r ,

s(m )

A’2 " - * < r n < x 2 "
nv

a { k y  P 22" X 2

13



( by (18), (22) and (23), observing that P  | k) 

and

^ { \ o g X ^  ^  ^ (lo g X  +  n lo g 2)- 

^  22"A"2 ^n n = l

„ . ^ v 22'‘J 2 +  Z .  22" X 2 ''n>logJV

X2

n<log JV

L em m a 6 If,A is as in Lemma 5, then, f o r O < B < A  and integral x, 
have:

we

K x

xk
a{k)

‘1(4.W)
P-  J( t

a = 0 11(4 ,o-Z?) i

1 V X
^-1

+ J  -  a) + o{x).
a=0

P roof:

T , B { A I - B )
1 < X

=e ( e
1 < X  \ m < A l - B

5{m) { A l - B ) k
m  a(k)

=  E
S(m). .m + B

771
( x - [ )+ E S(m)

m<Ar — D
m = -B(A)

m K x a[ky

(27)

14



Now,

rn<Ax-B
/

m

\  r n <A x ^ B

-4-1

a=0

1
A

/

[ A z - B ^ \ )  [ A z - B ) k ^

m<At-n
m+£?=a(>4)

<?(m)

m

Y u  5(rn) -  i ( A z  -  1 4-
\ r n < A x ~ B

B -  1

m < A x ~ B

■̂ — 1 n

- E ^  E

a{k)

5(m)

=  J  -  B  +  l ) H { A x  - B ) -  E{ Ax  -  B ) +

B  -  1 E 6{m)  {Ax -  B) k

\ m < v 4 a r —B
rn 2a{k)

+
2Aa{k)

B = a[A)

{Ax -  B ) k \
2a{k)

{A^x^ -  B^ -  Ax + B)

B — a S{7n)
• J A y H-n
0 = 0  m < A t - n

m+B=a(i4)

s r  u f  B - a  y . S{m)
m

+  o{x)

m + B = a { A )

(By Lemina 4 and Lemma 2)

(28)

15



B y Lem m a 5,

E ^
0=0 m</lr-D ^

_  B  — a Ax  -  5  ^ M I  ̂A 9^(0
*  n ~ ^  ^  ^

p« 11

+ 0 ( ^ )  ~  —  +  O ( lo g i)  )

1 zfc 1 \ s{^)

^  a( f̂cj A  i|(A,a-n)
T" I (

7  X ] ( ^  -  a) +  O (logx)
^  n a=0

(29)

E
<yir-

m = -B (> l)

S( m)

-  Acr(A:) +  p ) . T  +
t } (,1.Z?)
P"

(30)

From  (2 7 ) ,(2 8 ),(2 9 ) and (30), we get the lemma.

T h e o r e m  4  We  have the following inequality :

, .  E{z) k
lim sup -------  >  -TTT'

a:_oo X (T{k)

16



p ro o f; In Lem m a 6 we take 5  =  pn  ^   ̂

Then,

P " l t <I(-I,a-U) ^pn

1 I P" + l P " _ 2

’• = 1 Il(̂ l.r) ^
. P" I t

(Since, as a varies from 0 to A - l . B  -  a takes on the values-

i>" +  l , P " , . . . , - ( p . .  _ 2)).

Now,

1 1 P"  + l P " - 2  , ,

(i+p)2̂ ( E - E 0 E f
P "

=  (1 +  4 )  ^P ^ 2 P ^  

I .  1

t | P ’

- F ) ( i  +  ^  +  . . . +  ^ ) )
P  P 2 

P ‘ ~P

(31)

Again,

A - l

Y . { B - a )  =  B  +  { B - l ) + - - -  +  { B - A  +  l )
a=0

(32)

17



(-P + 1 ) +  P "  + ------ h (2 -  P")

=  3P".

Therefore, from  Lemxna 6 with 5  =  +  i ,  have by (31).(32) and (33)

g ( ^ /  - B )  =  _ ( i  +  0 { j ^ ) )  +  0 { ^ ) x  +  o{x).

This is true for all n , n  -arbitrarily large.

Therefore,
k

(33)

lim sup H{ n)  >
n —» o o a{k)'

This a longw ith  Lem m a 3 will imply

E{n)  k 
lim sup — —̂  >

n a{k) '

Hence the theorem .

T h e o r e m  5 We have the following inequality:

r E { x )  ^  k
h m in f ------- <

x-*oo X

P r o o f ,  By choosing B  =  i>" in Lemma 6, it is easy to see that:

lim in f / / ( n )  < 0.
TI-+00

So. by lem m a  3.
lim in f--------S

n - * o o  71

Now, , ,

E[x) -

18



which show s th at E { x )  decreases continuously in the interval (m ,m  +  1). 

N ow,

[i]  a{ k)  X 2xa[k)

_  E{[x] )  k
{x} +  0(1).

[x] a{ k)

In an op en  in terval ( m ,m  +  1), as s  -> m  +  l , { z }  -> 1 . 

Therefore, (3 4 ) and (35) give

. r E i x )  k
hminf ——  < -

x-»oo X a{ky

(35)

19



e x .  1. <fY

C H A P T E 'R --^

A n  n - r o s u \ t  r c l r ^ t o d  l o  n W  )̂ / \  . ^ \ . ^  \ V  ^ S ° \

2 .1  Introduction

Let TA:(n) denote the number of representations of the positive integer n as

a sum of k  squares.

Let Pk{^)  be  the error term  defmed by

E  - ( " )  =
then

Szego

(38)
and if A = 6,7 ,0(mo(i8) , tneu

P k ( x ) =  n+iixlOgx)^). V-/

For the particular case Jb = 2 , the lesnlt had been proved by Hardy [12]. 
The best n+ and n_ results to date in tliis case are due to Corradi and 

■'1 respectively.andH afner [11] respe..* .- .

They are 3 / \
■ - . n „ e  l o g . ) i ( l o g  l o g  > 0 8 “ ^ ) ^ ) )

g l) T * ) ) .  ( « )

,,7

a  {log lo g  a:)

log loi



For the case ^ -  4, we [4] have proved the following :

Pa{x ) =  ^ 4.(1 log lo g i) .

Our p roof o f  the above was inspired by a paper of Montgomery [18],which 

deals w ith  the error term  R{ x )  =  E n < x 0 (n ) , where 0(n ) is the Euler to- 

tient function; M ontgom ery has proved R{x)  =  n ± { x ^ l o g x ) ,  thereby 

im proving the earlier result R{ n)  =  Q ± { x  log log log lo g i )  of Erdos and 

Shapiro [10].
*

2 . 2  S o m e  N o t a t i o n s  

Let

/ ( n )  =  h(d)  (42)
cf| n

where /i is a m ultip licative function such that h{d)  is convergent and 

h{d)  =  0 ( J ) .  Let

and

M o l ^ )  -  ^ 2 .  j  .
d=l

(4 3 )

^  h{ d )
M i ( i )  -  2 511 ■ (/ ’ 

^ d=i

(4 4 )

n < z

(4 5 )

(46 )

f l < X
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2 .3  S o m e  l e m m a s

L em m a  7

proof:

Ro{x)  =  E / N - ^ ^ o ( 2 )
n < z

=  E E M < 1 ) - M o(x )
Ti<i: d\n 

d<x

= - E ^ - E K ^ l
d > x  d<x

( by the definition of M q{x ) )

L em m a  8 I f  b , r  (>  0) are integers such that (6,r )  = 1 and 0  is a real 

number, then

n = l

Proof: Both sides are periodic with period  ̂

So,we can assume that 6 = 1  and 0 <  0  <  }■ 

^  P =  O.then the left hand side is

- r - 1

ri=l

22



J f0 < ^

» ? « >  ■

r -  1 
=  - T -  +  W ) .

J jem in a  9 W i t h  n o t a t i o n s  as in L em m a 8, for any positive integer N  ,

E ( v + m  =  7 M )  +  | ( ^ )  +  0 (r).
n = l

p ro o f: i\r =  Q r +  for som e 0 <  < r,

R

=  ,{r /3 }  +  , ( ^ )  +  E ( ^ 0 )

n = l
( by Lemma 8)

=  ^ { r « 4 ( ^ )  +  0 W .

L e m m a  1 0   ̂ j. 2

SiM - - 1E * i £*•'’ ̂ = S*'*
X ■ d > x

P r o o f;

R .(x )  = S n / ( n ) - W . ( x )

=  V n  i :

dl <I

23



~  2 S +  3  -  ^ (3 ) 5  -  { 5 ) +  { | } ’ ) _  M , ( , )

- E M . ) { ^ } - i E w { H ) , i j : , , , , , , 5 , .
-  d < x

B ut,by L em m a 7,

-  E  =  f lo ( i)  +  I  V  M ,

Hence,

R i { x )

This com pletes the proof. 

N ow , from  Lem m a 7,

°° .z .

d= 1

We assum e that there exists some G{x)  , which is an increasing function of 

z, such th at is increasing and

J : h l d ) { - }  =  0 { 1 )  f o r V > g ( J )
d>y

(47)

so that

d<y

Of course, such a G ( z )  may not exist for an aiitlimclical function / (n )  .
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y =  T7(77 ? and

. - ,  ,-.„ - . + ° w
P|c=>Pk Kl

(̂ g)=i

P roof:

N

Y1 ^o(n? + 0)
n = l

N

= - E E ' ‘M { ^ }  + o w
n=ld<y

(By (48), because, j/ ^g {n ]'̂  > (since, G(z) is increasing)

> G{nq+p) (since, is increasing) )

=  - E M c/ ) E { ^ }  +  0( a )̂
d < y  n=l

( by Lem m a 9)

= < »  ^ ' < ?  
p l e = > p | q  ( J , 9 )  =  l

(Writing d =  el ,where p  \ e implies p  | q and (/,<?) =  1-) 

Hence the lemma.
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2.4 Proof  o f  Theorem G

ffc shaU prove ll.c  s ta le ,„ en l (.1 1 ), j„ ^

In equation (43 ),we put

where

Then

Therefore,

and

=  - 3 ,  if l i d

Otherwise.

n < . 8.  8

n < x

Throughout this section, the notations Ri){x),  R\ { x) , h{ n) and /(n )  will 

be used for the present particular case.

We observe that | E n<x l< 3 for all 2 and hence E  ^  is conver

gent in the half plane a  >  0.

I-emma 12 We have

y  =  2 \o g 2  +  o i h
^  n  ^
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■yA Q(n) _ ^  ^  ^

^  n  ^  An “ T' n / - i  4n4tv<i  n<z 4n<i

■“  n  ^  r,

p r o o f :

n < E  „<'tr-\ Ti

L e m m a  13

^<[f] 

=  21o g 2 +  0 ( i ) .

R \ { x )
~  -  R , { x )  =  0 { l ) .

P r o o f :  B y  L em m a 10, 

R , { x )

X  ' 2 d 2 2I
ci>x J < z

_  x ^ a { d )  I ^ a { d )  , 1 ,2

a > x  d < z  d < z

Since Y^X=i convergent and a{ d)  <  3, the result is clear.

L e m m a  14

JJo(^) =  - E ^ ( ( ? ) )  +  0 ( l ) .
d<y

uniformly  f o r  x >  2, y >  ^/x.

P r o o f :  F rom  L em m a 7,here

u , X -  ,  V  V ^ ( - l
d  > x

N ' » ' .E d  > x ^  =  0 ( i ) .

Hence,we have only to show that:

F  ^ { ^ >  =  0 (1), 
^  d d 

y < d < x
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i o t ^  < V <

We choose K  such that 1 <  < £
“ y*

^ -  7 ? ^ ) { 3 } is monotone. 
Hence

x<jV_!L_ d ( by Lemnia 12)A' — — K-l

Sunrniing up, over K  such that

1 < A' < £
-  V’

k ~ < 5 >  = 0 ( j  E  n
\<K < £ 
“ - t

1 12 

z y'

=  <^(1) ( Since y > y / i )

T h e o r e m  6

PaIx ) =  n + (z lo g  log z)

P roof: From Lem m as ( 11) and (14),

t M m ^ 0 )  =  N  E  E  f +  0 W

Pl==>p|?

for q ^  v ^ ,  0  <  g and j/ =  =

Since,

(50)

0{N).

12 - - V Z ^ ,2
/>i />i‘—  e
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w e have,

a{l)

« N Z Q(e) I (e,9) , e
c<y

y  (e.g)

y ^ y  ^

=  0 { N ) .  

H ence from  (47 ),

N

Ro{nq  +  P)
n = l

e y

=  ^ | n a  +  ^  +  2 M , . . . )  2  £ W ( . . , ) ( 1 _ { ^ ) )  +  0 (;V)
i^p|g /  '<»

p1c=>p17
2 ' ( e , , )

(61)

N ow ,w e assum e that

q=l[p, P =  ̂ =[ l̂ogiV
p<z 2 < p<2

W e observe th a t q ^  ' / N -

I f 2 I e , th en  -  { ^ } )  =  0

and if  2 ] e, then  a (e )  =  1 and ( |  -  { ( ^ } )  =  i -

Therefore,

^  ~ T  e ^2 ^ ( e ,5)^^ ^  ’ ^^’2
«< y

p\c=^p\q
«<r

p|«=>p|ff
2 |c

1 V -  1

-  2 ^  e«i f
2 1 =

29



Therefore, from (48), as iV -» oo.

where.

N  1 1
T , M n q  +  P ) > N - J 2 -  +  0 { N )
n=l  ̂ ^

2

^  i  »  logz  ^  log logA^.
<1 , ^
2 |e

Therefore,

R q{x ) =  n + (log  lo g z )  

and hence from Lemma 13,

Ri { x )  =  n + (z  log lo g z )

Since, P^ix)  =  8 Ri { x )  (see (46)), 

this com pletes the proof of the theorem.

30



C H A P T E R - 3

Cl - r e s u lt s  fo r  s u m s  o f  F o u r ie r  c o e f f ic ie n t s  o f  c u sp  fo r m s .

3.1 Introduction

Let /  be a norm alized Ilecke eigen form o f weight k for tlie full m odular  

group w hich is a cusp form  and let f { z )  =  be its  Fourier

expansion  at the cusp zoo.

H ardy [13] and Rankin [20] showed

a(n)  =  n ( n ^ )

and

1- i “ (” ) lim sup  -  ( t ) =  + 00
n~>oo n  3 

respectively.

R .B alasubram anian  and M .R am  M urty [5] proved;

a(n ) =  n ( n ^  exp (c ( lo g n )^ “ '))

L ater, for an arbitraxy cusp form, which is not necessarily an eigen func

tion , R am  m urty [19] proved:

, X r,/ / c lo g na(n) = n{n . exp

which is the best possible in view o f D eligne’s result.
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In the same paper 119], Earn Murty had conjectured that, if

M  =  i ; “= i is an arbitrary cusp form of weiglit k for the full
modular group and a (n ) g iR, then

E  < P ) P - ^  =  ‘°6
p<x log X '

and has proved that for a normalized eigenform / ( z )  =  52rT=i of

weight k for the full m odular group, this is true, provided

-,-r p*®(r)i;W = n(i-— )-'(i-5-^)-'
has no real zero in |  <  3 < 1.

Here 6{p)  is given by

a(p) =  zos{9{p)).

From the work of Deligne [7], we know that 0{p)  is real, which gives 

a(p) |<  2 p ^ .

W e [1] have proved the following:

T h e o r e m  7 If  F{ z )  =  c(n)e2""^ (c(n) e E.) is a cusp form of inte

gral weight k for  To{ N)  (for some integer N  > 1 )  with real character, F{z)

is an eigen function of  the Hecke operators and it does not vanish on

{ iy  I 0 <  2/ <  00} , then

^  c ( p ) p ' ^  lo g p  =  n ± ( i*  log log lo g s )  (52)

p<x

When applied to the classical result:

^ ( j . ) _ i  =  n ± (z M o g  log log*), (53)
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where iIj{x ) =  Z )p"«<ilogp, our p roof provides a sim pler proof for (5 3).

N ow  we give som e exam ples o f functions satisfy ing  the conditions for 

(52) above.

D u m m it, K isilevsk y  and M ckay [9] have characterized the products o f  

T] - fu nction  w hose Fourier coefficients are m u ltip lica tive.

T hey are:
t

i = \

w ith
t

Y ,T ii  =  24, 
i = l

where the corresponding partitions of 24 are given by ;

( 2 4 ) , ( 8 = ) , ( 2 3 ,1 ) , ( 2 2 ,2 ) , ( 2 1 ,3 ) ,  ( 2 0 ,4 ) , ( 1 8 ,6 ) , ( 1 5 ,8 ) ,  

( 1 2 = ) , ( 1 5 , 5 , 3 , l ) , ( 1 4 , 7 , 2 , l ) , ( 1 2 , 6 , 4 , 2 ) , ( l l ^ l ’ ) , ( 1 0 ^ 2 ^ ) ,  

( 9 ^ 3 " ) , ( 8 ^ 4 ’ ) , ( 6 ‘ ) , ( 8 ^ 4 ,2 , l ^ ) , ( 7 ^ 1 = ' ) , ( 6 ^ 2 ’ ),

(4 “), ( 6 ^  3 ^  2 ^  1^), (5 ^  1 ') ,  ( 4 \ 2 < ) ,  (3 “, 1«), 

(3®),(4^2^1^),(2'^),(2^l"),(l'‘).

If, ( n i , - - - ,n t )  is one of the above partitions, then 4>{z) =  n != i ^ (” i^) 

is a cusp from o f weight k for ro(iV ) w ith real character, where k =   ̂ and 

N  =  (m in .r/i) (m ax.r/i).

For weight >  2 , these functions are eigen functions o f the Hecke oper

ators. A lso, since =  A (2:) does not vanish on the upper half plane,
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^ (z ) does n ot vanish  there. In section 3.2, we prove some Icinmas and in 

section  3.3 , w e g ive  the p roof o f T heorem  7 .

3.2 S om e lem m as

Let S k { N , x )  d en ote  the space o f the cusp forms o f w eight k for T q{ N )  with  

a real character x-

T h en , th e  m ap ;

/ — >/ N  0

is an isom orp h ism  o f  the vectorspace S k { N , x ) -

D efining,

and

N  0

).

w e see th a t f  =  f'^ +  f  > where.

and

/ I

/ I

0 -1 
N  0

 ̂ 0 -1 ^
N  0 J

Ik

:-k t -

(54)

Let F { z )  =  be as is in (52) .

T hen, *-L
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for primes p not dividing N.(Deligne [ r ]  for k >  2 ,  Deligne and S « ,e  [ B ]  for 

k =  1).

Let,
OO

n = l
oc

F- { z )  =  ^C 2(n)e2"’"̂
n = l

be the Fourier expansions of F+  and F~  respectively. 

Let

c(n)

n=l

£ i w  =
1n = l

and

=  ( R e .  > f  +  l )
n = l

be the D irichlet series corresponding to F{z ) ,  F'^{z),  and F ~ { z )  respec

tively.

U sin g  (54), by standard m ethods (see e.g. Koblitz [17], page -140) 

one gets functional equations for ^ 1(3) and L 2{s),  and hence the follow

ing lem m a;

L e m m a  15 I f

V{3)  =  { ^ y T i s ) [ L ^ { s )  +  L2{s)]

and
V ‘ {s) =  { ^ y ^ s ) [ L i { s ) - L i i s ) ]
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then we have V (s )  =  V* [ k  — s ).

Also, { L i { s )  +  1 2 (5)) and { Li { s )  -  L2{s))  have analytic continuation to 

the whole complex plane as entire functions.

Now, we write :

and

1(3)
oc

= E
n=l

a{n)
n "

U s )
o c

=  E
n=l

Q j ( n )

where, a(n) =  c(n)n  and aj {n)  =  c_ ,(n )n " V , j  =  1, 2 .

Therefore, writing

A(») = + l~ + Hs)
and

I  “  -  H s ) ] ,

from Lem m a 15 we have :

Aw = A’(i-»)- (55)
Now,

L{^) =  - <P)P~‘+  X{P)P''~'~''‘)~'
P

=  11(1 -  P p p - ‘ ) ~ \ l  -  x{p)PpP~’ ) ~ \  say,
P

where, p  is the complex conjugate of /3p .
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Therefore, we have,

where,

7p =  + 5 , 7 ,, +  x { p ) l p  =  a{p)  and j 7,, | = | 7  ̂ |=  1.

From (56), we have

V

(56)

“ Y (^ )  =  5 ^ [(7 pP ’ logP  +  7pP ^Mo g p+- - - )

( ’f(p )7p P ~ 'logp  +  ’I'^(p)7j.p"^'l0gp +  •••)]

=  £ ^ ( n ) n - ' ,
n=l

say.

(57)

Here,

^(^^) =  (7^ + X"'(p)7;r)logp,

if n =  p”* (m > 1), for some prime p 

=  0 , otherwise.

We note that

^ (P ) =  (7p +  x(p)T p)logp  =  a(p) log p.

Now, the following lemma follows by standard methods (see e.g. Ingham  

[15] pp 68-70).
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L e m m a  IG F o r T  >  0, let N { T )  denote the number of  zeros o f  L{s)  in the 

rectangle 0 <  a  <  0 < < < T .

Then, C5 T  —► cx),

\/N
N { T )  =  T \ o g T  +  ( l o g ( ^ )  -  l ) T  +  0 ( lo g  T).

Following are easy consequenccs of Lemina 16.

C o r o lla r y  IG .l:  If  h is a fixed posi tive number, then

N { T  +  h ) - N { T )  =  0 { \ o g T )  (58)

C o r o lla r y  16 .2 ; If  p =  P +  ')i, 0 < /? <  1 are zeros o f  L{s )  in the 

cri t ical strip,  then

y :  i  = o ( V T )
0 < 7 < T  '

and

7>r'^

(59)

D e f in it io n s :

and

=  (60) 
n < x

»„(z) =  (61)

R em ark  3.2.1 ^o(a:) differs from $i(a:) only when x is prime-power p'^, 

the difTcrence then being ^(7 '" + X^{p)Tp)  logP-
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Now, by standard m ethods (see Ingham  [15], Theorem s 26-29) one gets 

the explicit formula:

(62)p P L V *

We have F{ i y )  /  0 for all y >  0. Hence, the equation

f X OO
{ - 2Tr i ) - ‘ T{ s )L{ s )  =  /  F { x ) z - U z

Jo

im plies that L{s )  7̂  0 for s > 0 and hence the following lemma:

L e m m a  17  L{s )  has no zeros on the part of the real axis given by 

s >  = ^ .

L e m m a  18 If  0 denotes the upper bound of the real parts of  the complex 

zeros o f Z { s ) ,  then ^ i ( z )  =  for any fixed positive number 5.

B y A b e l’s identity,

=  > 1)

W riting,

2)

for som e 0 <  a  <  6,

r S i ^ d x  =  - ( - ) J ( 5) - —  {s > 1)
7i X’  ̂s' L s - a ^

=  f { s ) ,  say.

(63)
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If cro is the abscissa of convergence o f the Dirichlet integral in (63), then 

(To >  9. A lso, f { s )  has no singularities on the stretch s >  a,  since Z (5) is 

regular and has no zeros on the positive real axis by Leinma 17.

Since, <t o >  9 >  a ,  s =  ao is not a singularity of f { s )  .

Therefore, by Landau’s theorem, we can not have either c(x)  >  0 or 

c(x) <  0 for sufficiently large x , wliich proves the lenuna.

R e m a r k  3 .2 .2  If 0 >  | ,  Leinina 18 would imply

=  n ± ( z J )  (64)

If 0 =  | ,  writing c(j:) =  and f ( s )  =  - ( 7 ) ^ ( 5) +  j f r  for some

c >  0 , we have

r # = / w .  (< ^ > 1) (65)
J1 X

If f { s )  has no singularities on the real axis to the right of Landau’s

theorem  would im ply that the abscissa of convergence of the mtegral in (63)

is cr =  i  and hence (63) is valid for cr >

If possible, let c{x)  > 0 for all i  > X (>  1).

Then for cr >

/■°°c(z )
dx 

X

Z2
=  K +  / ( : , )  

where K is independent of cr and t.

40

=  r i < E L ^ d x  +  f { a )
Ji

<  [  +  f { a )
Jl T . 2



If 1 + 7iz is the zero with least positive 7 , let t =  71 and then multiplying 

both sides by <7 -  |  and making <7 i  +  0 , we get from above

mi

I  +  7 i* I

where m i is the order of m ultiplicity of the zero  ̂ + 7 ii .  But we could have 

chosen 0 <  c <  and that shows that the supposition c{x) >  0 for

X >  X  leads to a contradiction.

So c{x) <  0 for arbitrary large x.  Similarly one can show that c{x)  > 0 

for arbitrary large x,  i.e .,(61) holds in the case 0 =  as well.

3.3 P roof  of  theorem 7

We m ultip ly the explicit formula (62) by make the change of variable 

I  =  e“ and integrate the resulting expression in u from w - T ] i o w  +  r] (where 

w ,T ]  are parameters to be chosen).

This gives

rw+T] u L' , ^
/  e - 2 ($ o (e “ ) +  -~ (0 )  +  2 l o g ( l - e  0 ) = - I ]  /  — -— du

Jw - T )  L  p P

(66)

W e put

G(u) =  e -^ (^ o (e “) +  £ ( 0) +  21og(l -  e ' t ) ) .
L

Clearly,

G{u)  =  n ± (lo g  lo g u ) o  «'o(z) =  n ± (z^  log log lo g z ).

If R iem ann hypothesis is false for L,  i.e. ,6 >  \  , then from Lemma 18 (see 

remark 3.2.1) a result stronger than

$ o (z )  =  n ± ( s 2 log log lo g r )  (67)
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is true.

So, we can assum e Riemarm hypothesis.

P utting /? =  i  +  Z7 in (63) and integrating

i  r " G ( u ) d n = - T ^ - ^ ‘— .
^ J w - T ,  p P

Let I  + 7 iz be the first zero of L{s )  on the line \  and let T  >  max 

Then,
sin 77? ^  sin 77? sin 77/

N ow,

y s i ^ e ^ ^  y  i i r ;  +  o r  V

\k -T  " h \ i r  TO 'T i i? r

s in 7?7 COS7 U; ^  sin77/ s in 7 iy , _ 2^
= L  L  —  — + o ( E  7

|7l<T *7 1 1  7

On the otherhand, by (59)

E  ^  ^  =  0 ( E  C - r V )  =  o ( ! ^ )
| 7 | > T  P  | 7 |> T ^

Therefore,

where

S { w ) =  Y ,
s'm'yT] sm 7io

0< ^ T  7

N ow , we utilize the theorem  of Dirichlet (see T itchm arsh, Theory o f func

tions ) :
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G iven O i , - - - , O n , - N  rea l num bers, g >  l , r  >  0, the in terval [r ,r g ^ ]  con

tains Si U e  Z, such  th a t 1| U6i | |<  i. 1 <  i <  A''.

N ow , a p p ly in g  th is t o  Oj =  ^ , 1  <  j  <  N { T ) ,  for r  =  ( q w ill be

chosen  la ter ) w e o b ta in  :

T here is U e  Z ,  < U  <  such that

(68)

T h erefore, for all real u,

I ± 5 ( y ± w ) - S ( » ) | <  —
’  “ t ''

b y  th e  m ean  va lue th eorem  and ( 66 ).

T h erefore,b y  (5 6 ),

1 ± S { U  ± v ) ~  S { v )  1= 0 ( i ^ ^ ) .

L et 0 <  77 <  | .

S ettin g , w  =  U ±  2 t], w  =  2t] in (65) and su btractin g  the corresponding  

exp ression s, w e h ave by th e  above results:

1 f^+V  

277 juj-r,

r^+ 'i lOE^r I o e T
/  [ ± G { U  ± 2 n  +  y ) -  G { 2 t] +  y ) ] dy  =  0 { ^ — ) -f 0 ( 1 )  +  0 { - ^ )

Jw — rj H

M T .

Choosing, q =  log^ T, t ]  =

1 fyj+T)
/  l ± G i U ± 2 n  +  y ) - G { 2 r i + v ) ] d y  =  0 { l )

Jw — r}2 t]

(69)

S ince, y  e  [ - t] , t] ] ,  w e h ave, 2 t] +  y  =  { 2  +  6 ) tj where,] 6  1< 1 . 

A s 77 -> 0 ,

G { 2 t] +  y )  =  21o g ( l  -  e" ''" * ) +  0 ( 1 )
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=  2 1 o g (7 7 + |)  +  0 ( l)

=  21o g 77 +  0 ( l )

Therefore,

Hence, from (67),

1  ̂Jw-r,  ̂ + + *̂(1)-
Now,

1
—  G { U + 2T] + y)dy < 2 \ o g  T] + 0 {I)
T̂J Jw-T)

implies that there exists u e [ U  +  tj,U  +  3t/], such that G{u) < 21o g 7/ +  0 ( l ) ,  

But,

log logJ / =  log iV(T) +  0 (log log?)

=  logT  +  0 (log log9) +  O (loglogT )

( by lemma 16 )

Hence,

l i m i n f - ^ J ^  < - 2,
U-.00 log log U 

that is , G{u)  =  n _ (lo g lo g u ).

A similar analysis with - G { u )  yields:

hmSUp ----;----- - >
u - > o o  log log U

Hence,(64) is true.

By Remark 3.2.1,

$ i ( z )  =  n ± ( z 3 log log logz).
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Since,

9> .W  =  E n r t +  E n p ’ ) +  - - +  E  n P " ) ,  where m  =
p<= p^<= p '" < x  log 2

E ^ ( p ' ) ^ 2  H p  =  o {v ^)
p<V^

and

Ê (p') + -"+ E yivn <
p 3 < i  P ’ ^ < x

lo g z
log 2 (2 Y ,  logP)

p<xi

=  O ( i i l o g i )

w ith  m  as above, we get,

E ^ ( P )  ^  E “(P )^°SP = ^ ± (2:̂  log log logz)
p < x  P < X

•which proves Theorem  7.
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