Physics of Gravitational Waves in Presence of Positive
Cosmological Constant

By

SK JAHANUR HOQUE

PHYS10201005006

The Institute of Mathematical Sciences, Chennai

A thesis submitted to the
Board of Studies in Physical Sciences

In partial fulfillment of requirements
For the Degree of
DOCTOR OF PHILOSOPHY
of

HOMI BHABHA NATIONAL INSTITUTE

June, 2017



Homi Bhabha National Institute

Recommendations of the Viva Voce Board

As members of the Viva Voce Board, we certify that we have read the dissertation pre-
pared by Mr. Sk Jahanur Hoque entitled ‘“Physics of Gravitational Waves in Presence of
Positive Cosmological Constant” and recommend that it may be accepted as fulfilling the
dissertation requirement for the Degree of Doctor of Philosophy.

Date:
Chair - Balachandran Sathiapalan

Date:
Guide/Convener - Ghanashyam Date

Date:
Member 1 - Shrihari Gopalakrishna

Date:
Member 2 - Partha Mukhopadhyay

Date:

External Examiner - Achamveedu Gopakumar

Final approval and acceptance of this dissertation is contingent upon the candidate’s
submission of the final copies of the dissertation to HBNI.

I hereby certify that I have read this dissertation prepared under my direction and
recommend that it may be accepted as fulfilling the dissertation requirement.

Date:

Place: Guide



STATEMENT BY AUTHOR

This dissertation has been submitted in partial fulfillment of requirements for an advanced
degree at Homi Bhabha National Institute (HBNI) and is deposited in the Library to be

made available to borrowers under rules of the HBNI.

Brief quotations from this dissertation are allowable without special permission, provided
that accurate acknowledgement of source is made. Requests for permission for extended
quotation from or reproduction of this manuscript in whole or in part may be granted by
the Competent Authority of HBNI when in his or her judgment the proposed use of the
material is in the interests of scholarship. In all other instances, however, permission must

be obtained from the author.

Sk Jahanur Hoque



DECLARATION

I, hereby declare that the investigation presented in the thesis has been carried out by me.
The work is original and has not been submitted earlier as a whole or in part for a degree

/ diploma at this or any other Institution / University.

Sk Jahanur Hoque



Dedicated to

The people who inspire me



ACKNOWLEDGEMENTS

There are many people to whom I owe much for making this thesis possible. First of all, I
would like to thank my advisor, Prof. Ghanashyam Date for critically reading this thesis
and for his extremely helpful comments. It has been a great pleasure and experience to
work with him over the past five years. Prof. Date gave me a lot of freedom to explore
my ideas but at the same time making sure I was not too side-tracked. His guidance has
provided an invaluable source of knowledge and wisdom that will be put to good use
for years to come. His ability to look into the heart of the matter and to see clearly the
underlying important issues, concepts and critiquing ideas is one that I have always felt

strongly impressed by.

I am grateful to my teachers in school and college for opening the first doors into the
world of scientific knowledge for me. I have learned a lot during the course work at
IMSc, especially from M.V.N. Murthy, Gautam Menon, Shankar, Shrihari Gopalakrishna,
Balachandran Sathiapalan and Nemani V. Suryanarayana. Thanks to Prof. Sibasish Ghosh

for many helpful discussions.

I would like to thank members of IMSc administration, especially Vasan, Gopi, Jahir,
Prema, R Indra and Vishnu Prasad for providing a research-friendly, informal environ-

ment at IMSc.

Special thanks to my friend Taushif Ahmed. Our outstanding discussions, academic as
well as non-academic, starting from the B.Sc. really, have enriched me in different dimen-

sions. The format of this thesis is inspired by looking at your thesis, thank you, Taushif.

I thank Pinaki Da for all the illuminating discussions and late night snacks. Discussion

with you was always an way out, whenever I got stuck to a problem.



Thanks to Trisha Di, Aritra, Anish da, Upayan da for all the outings. Thanks to Shilpa
and Rusa to drag me for weekend Biriyani. Thanks to all friends and well wishers whom I
met at IMSc. In particular, thanks to S Pal, Tanumoy da, Kaju da, Abhra da, Chandan da,
Tuhin da, Suvodeep, Rajesh, Soumya. I convey my heartiest thanks to my friends Selim

Gazi, Nagma, Kawsar, Pramita di.

Thanks to all the members of Chennai Trekking Cricket Club for all wonderful weekend
matches. Specifically, thanks to Jay, Amit, Johnshon, Divakar, Atul, Sundar, Niranjan and

Jagrit.

Thank you Khadiza for being part of this journey. Thanks for your trust and unwavering

encouragement.

Last but not least, I am thankful to Bapi, Ma, Didivai and my whole family for their
unconditional love, supports and sacrifices, without them it would have been impossible

to achieve PhD.



LIST OF PUBLICATIONS ARISING FROM THE THESIS

¢ Gravitational waves from compact sources in a de Sitter background
Ghanashyam Date and Sk Jahanur Hoque
Phys. Rev. D 94, 064039 (2016)
arXiv:1510.07856 [gr-qc]

e Cosmological Horizon and the Quadrupole Formula in de Sitter background
Ghanashyam Date and Sk Jahanur Hoque
Phys. Rev. D 96, 044026 (2017)
arXiv:1612.09511 [gr-qc]

CONFERENCES/ WORKSHOPS/ SEMINARS PRESENTED

1. 18" January, 2017 Cosmological horizon and energy flux in de Sitter background,

The Institute of Mathematical Sciences, India.

2. 18™ May, 2017 Cosmological horizon and the quadrupole formula in de Sitter
background, 29" meeting of IAGRG, “The era of gravitational waves”, Indian In-

stitute of Technology Guwabhati, India.


http://link.aps.org/doi/10.1103/PhysRevD.94.064039
https://arxiv.org/abs/1510.07856
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.96.044026
https://arxiv.org/abs/1612.09511

ABSTRACT

Cosmological observations over past couple of decades favour our universe with a tiny
positive cosmological constant. Even a tiniest value of cosmological constant, profoundly
alters the asymptotic structure of space-time. This suggests that weak gravitational waves
should be re-looked at as ripples on the de Sitter background. The thesis deals with dif-
ferent aspects of weak gravitational waves on the de Sitter background. We obtain the
gravitational radiation field of compactly supported source. This is given by gauge invari-
ant part of retarded solution, expressed in terms of source multi-pole moments. Employ-
ing suitably chosen Fermi normal coordinates in static patch of de Sitter background, we
compute the field to the first order in A. For contrast, we also present the field in Poincaré
patch where the leading correction is in VA. We introduce a gauge invariant quantity,
deviation scalar, containing polarization information of gravitational waves and compute
it in both charts for a comparison of the two fields. The deviation scalar is not the same
for these fields and this is attributed to the differently defined source moments in the two
charts. Another result is the derivation of power radiated quadrupolar formula for A > 0.
Employing Isaacson’s effective gravitational stress tensor for rapidly varying source, we
obtain quadrupole formula in de Sitter background. Using the Isaacson prescription we
show that energy flux of gravitational waves measured at J* is the same as that mea-
sured across cosmological horizon of compact source. The expression for Isaacson flux
also matches with that given by Ashtekar et. al (in covariant phase space formalism) at a
coarse grained level. In the last part of the thesis we employ modified quadrupole formula
to estimate orbital decay rate of circular orbit in de Sitter background. It confirms the ex-
pectation that for compact binary systems, corrections due to cosmological constant are

negligible.
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Synopsis

Recently gravitational waves were detected directly for first time, 100 years after their
existence was originally predicted by Einstein. Einstein’s general theory of relativity
postulates that space-time is a dynamic entity on which ‘geometry tells matter how to
move and matter tells geometry how to curve’. Gravitational waves are ripples on the
fabric of space-time which are caused by motion of matter and propagate at the speed
of light. Though there was initial controversy about physical existence of gravitational
wave itself, Bondi-Sachs [1, 2] provided a detailed analysis of gravitational waves in full
non-linear theory along with a definition of energy that is carried away from an isolated
system by gravitational radiation. Bondi introduced the term ‘News function’ - whose
absolute square integrated over the sphere at infinity, measures the rate of energy loss by
an isolated system. Later Penrose geometrized the results due to Bondi-Sachs via confor-
mal completion technique, identifying ‘Pj” as radiation field in an ‘origin independent’
way [3]. Their foundational framework was established in the context of asymptotic flat
space-time (A = 0). However by now cosmological observations (e.g. red shift of type
Ia supernovae) have established that the universe is undergoing an accelerated expansion
which is best explained by a positive A. Hence it is reasonable to ask whether the de-
scription of gravitational field due to compact isolated systems and the characterization
of gravitational radiation obtained for A = 0 can be generalized for A > 0 (de-Sitter).
Even a tiniest value of cosmological constant qualitatively changes the structure of null-

infinity (J ") from being a null hypersurface to space-like. Space-like character of J*

'1/r part of ¥,(:= Coypon*m"n’m”) which remains constant along the out-going null geodesic

17
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poses challenges for defining energy, momentum and their fluxes. As emphasized by
Penrose the concept of radiation is ‘less invariant’” in cases when J* does not have a null
character. Namely the radiative component ?’f of the field, may differ for different null
geodesics approaching the same point on J . Hence, we do not have an invariant notion
of gravitational radiation in the non-linear regime, nor an analogue of the ‘News func-
tion’ for asymptotically de Sitter space-time. For time being let us keep aside all issues
of full non-linear theory, we will ask simpler question : how does linearized theory work
out in de Sitter background? As linearized theory is a good model to study ‘far zone’
and asymptotic behaviour of compact gravitating system, we hope this may provide some

clue in full non-linear analysis.

The next level of question is to identify the physical (gauge invariant) attributes of the
wave solution. In the Minkowski background, the linearized Riemann tensor is gauge
invariant and consequently the induced geodesic deviation or tidal distortion is a physical
effect of the waves. We ask what is the analogous statement of gauge invariant geodesic
deviation in de Sitter background? Since gravitational waves are capable of doing work,
we could also ask for a measure of the energy carried by the waves. In particular, what are
the modifications to the quadrupole formula for radiated power? Can the modifications

be obtained as ‘small’ corrections in powers of the cosmological constant?

Presence of cosmological constant not only imposes theoretical challenges, it has also
observational relevance. In the vicinity of astrophysical sources or near ground-based
gravitational wave detectors, one can neglect A. Signature of A may be crucial over the
vast distances of source-free regions in which gravitational waves propagate. To get an
overview of our region of interest, let us take the example of Schwarzschild-de Sitter

universe. In static coordinates, Schwarzschild-de Sitter metric is given by,

2M AP dr?
ds’ = —(1- — - T) de* + @ + r2d (0.0.1)

For 9M?A < 1, the factor (1 — 2M/r — Ar?/3) is zero at two positive values of . The
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smaller of of these values, which we shall denote by ry can be regarded as the position
of the black-hole event horizon, while the larger value r¢ represents the position of the
cosmological event horizon for observers on world lines of constant r between ry and rc¢.
Near the source we have AT’Z < % and far away from the source we can assume % < 1.

Hence in this particular example our region of interest is
6M \}
M < r < (7) (0.0.2)

It would be more interesting to know if there are significant observable differences, par-
ticularly in the light of newly opened window of gravitational wave astronomy. Does
A induce any significant change in the phase calculation of gravitational waveform tem-

plate?

This thesis deals with these issues. The first chapter is devoted in obtaining linearized
solution in terms of source moments. We present the solution in two different co-ordinate
systems, namely Fermi normal co- ordinate (in static patch) and conformal co-ordinate
(in future Poincaré patch) of de Sitter background. A gauge invariant quantity, ‘deviation
scalar’ is constructed for comparison. In second chapter we derive quadrupole formula
for radiated power in presence of A and argue in what context cosmological horizon may
be treated as effective infinity of de Sitter. Last chapter contains a summary of results
and a discussion of open problems. Requisite mathematical information is included in

appendices.

0.1 Weak Gravitational Waves from Compact Sources

in de Sitter Background

In this chapter we focus on linearized gravitational waves generated by rapidly varying,

distant, spatially compact source on de Sitter background and the induced tidal distortion.
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Even for compact astrophysical sources, the extension of A = 0 analysis introduces many
nontrivial issues. The background being curved there is no natural choice of global co-
ordinate to define source moments. Secondly due to curvature of de Sitter space-time,
the gravitational waves back- scatter and repetitively backscattered waves superimposing
on each other produce a tail term even in the first Post Newtonian (PN) order. Thirdly
unlike the Minkowski space-time which admits a natural, global Cartesian chart, de Sitter

space-time has several charts appropriate for different situations.

The de Sitter space-time defined as the hyperboloid in five dimensional Minkowski space-
time, has a ‘global chart’ of coordinates (7, y, 6, ¢), as shown in figure (1). To be definite,
let us take the world tube of the spatially compact source to be around the line AD for
all times. In this case source world - tube has future and past time-like infinity in both
A = 0and A > 0 cases, denoted by i*. However, whereas in the A = 0 case causal future
of compact source is the entire Minkwoski space-time, but for A > 0, it is only future
Poicaré patch (M}) of full de Sitter. No observer whose word-line is confined to the past
Poincaré patch (M)can see the compact source or detect the radiation it emits. Therefore
to study this system, it is sufficient to restrict oneself just to M}, rather than full de Sitter
space-time. There are two natural coordinate charts for the future Poincaré patch e.g.. a
conformal chart: (17, x') and a cosmological chart: (¢, x'). A ‘half’ of the future Poincaré
patch admits a time-like Killing vector and is referred to as a static patch. This is a natural
patch for an isolated body or a black hole with a stationary neighbourhood. We present
computations in two different charts: suitably defined Fermi Normal Coordinates (FNC)
covering a portion of static patch and a conformal chart covering the future Poincaré patch,
(see figure (1)). While physical implications should not depend on choice of charts, their
explicit computations do depend on the chosen chart. The proto-typical Schwarzschild-
de Sitter solution suggests the static patch while spatially flat cosmologies suggest the
Poincaré patch. A priori, it is not clear which chart(s) are convenient for what aspect and

we present computations for two choices of charts - the FNC and the conformal chart.
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Figure 1. ABCD denotes the Global Chart, ABD (M}) is future Poincaré patch , while AED
is a static patch. The angular coordinates 6, ¢ are suppressed. A compact source, denoted by
wiggly lines in the figure of the left, is confined near AD with past and future time like infinity
i~, 1" respectively. Null hyper-surface AE denotes cosmological horizon. Figure on the right
shows conformal coordinates in M},. The two dotted lines at 45 degrees, denote the paths of
gravitational waves emitted at 7 = 11,177, on the world line at r = 0, through the source.

Weak gravitational fields are understood as perturbations about a background specified in
the form, g, := g, + €h,,. The physical perturbations are understood as the equivalence
classes of solutions of the linearized equation 4, with respect to the gauge transforma-
tions: 0hy,(x) = Leg,(x) = vﬂfv + va,l. In terms of the trace reversed combination

Ry = hyy = $1,,(8%Phep), the linearized equation takes the form,

! |~B +{V,uB, + V,B, — g (V" B,)}| + %‘ |y — 13| = 87T, (0.1.1)

[\

where, B, := ?Jz“ﬂ. The gauge freedom is exploited subsequently to simplify the equa-
tion. Two different choices of gauges are presented , each with its advantages and lim-
itations. The first is the transverse, traceless gauge or TT gauge while the second is

generalized TT gauge.
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0.1.1 Transverse traceless gauge in FNC

The particular choice of arranging ?Jz“ﬂ = (0 = h, is the transverse, traceless gauge or TT

gauge for short. It simplifies the equation (0.1.1) to (for traceless stress tensor),

1_- A
- Eﬁhﬂy + o = 8Ty, (0.1.2)
The equation for the Green function is,
- ~aof / 2A af / af ’
oG~ (xx") - ?G oy (X)) = —4nJ7, 64(x,x") , where, (0.1.3)
ga/ /gﬁv’ + gay’gﬁ 4 l
Il x) 1= e = 2203 () and, (0.1.4)

g°,(x,x") denotes the parallel propagator along the geodesic connecting x, x’. The
Green’s function is obtained using the Hadamard ansatz. The Hadamard ansatz for the

retarded Green function for a general wave equation is [4, 5],
G, (x.x) = U (x,.X)5.(0+€+V? (x,x)0.(~o—€), where  (0.1.5)

the space-time points x, x’ belong to a convex normal neighbourhood with x in the chrono-
logical future of x"; o(x, x") is the Synge world function which is half the geodesic dis-
tance squared between x and x’ ; 6., 6, are distributions, viewed as functions of x, having
support in the chronological future and future light cone of x’" respectively. The small
parameter € is introduced to permit differentiation of the distribution and is to be taken
to zero in the end. As the wave propagates it back scatters due to the curvature of back-
ground. This back- scattering introduces tail term, as indicated in the coefficient of 6
function in the Hadamard ansatz. The bi-tensors U, V are determined by inserting the
ansatz in the equation (0.1.3). This leads to, U"ﬁ,v,(x, oo = JP s lo=0 and V”ﬁ,v, is

u

at least of order A>. As we will be computing corrections to order A, the inhomogeneous
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equation gets contribution from sharp propagation only (along light-cone),

WP (x) = 4 f d*x \[-g(x) +(0')Jaﬁ,v,(x,x’)T“'V'(x’) (0.1.6)

4 f d*x' \—g(x)5.(0)g" (x, )&, (x, )T (') (0.1.7)

To get an explicit form we introduce Fermi Normal Coordinates (FNC) (see fig. 2) in de

Sitter background. In terms of the FNC, the metric to first order in the curvature, is given

Figure 2. Fermi Normal Coordinates are based on the choice of a time-like reference geodesic
v (here we choose the line AD in fig (1)), which is parametrized by proper time 7. Everywhere
on y we construct an orthonormal tetrad % ) such that eao) is aligned with y’s tangent vector
and we assume that the orthonormal tetrad is parallel transported along y. To define the FNC
of observation point P off y, let 8 be the unique (space-like) geodesic from P, orthogonally
meeting y at a point Q = y(tp), with a unit affine parameter interval. Its tangent vector, n® at
Q can be resolved along the triad of space-like vectors at Q as: n® := fie‘)‘(l.). Its norm gives the

proper distance between P and Q, s> := n“nﬂnaﬁ = &gl ;. The FNC of P are then defined to
be (tp, ). Similarly we construct FNC at source point P’. The dotted line from P to P’ is the
unique null geodesic.
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as [5],

As?

2 A
8oo(7,&) = _1+T , 80 = 0, g = 6ij— =08 — &&)) . (0.1.8)

9

Calculating o (x, x") in FNC and and exhausting 7’ integration in 4/—g, to the leading order

in s’/s eq. (0.1.6) becomes,

~ =2 4 A 2 =2 2 % 2,
wd = ;(1+1—§)g"a/<§)gvﬁf(§) f & NG @T™ (1) . (0.1.9)

The integral over the source is usually expressed in terms of time derivatives of moments,
using the conservation of the stress tensor. To make these integrals well defined, it is
convenient and transparent to introduce suitable orthonormal tetrad and convert the coor-
dinate components to frame components. The frame components are coordinate scalars
(although they change under Lorentz transformations) and their integrals are well defined.
In the FNC chart, there is a natural choice provided by the 7" = constant hypersurface
passing through the source world tube. At any point on this hypersurface, we have a
unique orthonormal triad obtained from the triad on the reference curve by parallel trans-

port along the spatial geodesic. Explicitly, to order A ( underlined indices denote frame

indices),
’ AS,Z r 0 ’ [ : AS’Z A .
@ = |1 0.0, + 07 0,401 - =& 0.1.10
It is easy to check that eg'eﬁ, 8op = Mav- It follows that,
(et (X)) = M1+ — |+ =0, — =558 0.1.11

We define the frame components of the stress tensor through the relation, 7" := ¢",¢”,IT ab,

Now substituting for g7, e? (1, .g?, 7, g?’) and choosing synchronous gauge, Ay, = 0, we note
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the spatial components of filed to leading order in s’/s and to o(A) is given by,

~ 5 4 As?
() = ;(1+1—S8)[(1 )6’"6" f V&N (1,0, &)
A N S
+§ {f’"é"n f Ve:@)m™ + &'s", f \/gz(f’)ﬂo’"} (0.1.12)
A - -
3 {f’"é",,fk f Ve @I + 6" &, f \/g3<§'>n’“"}]

This is still not in a convenient form. To express the source integrals in terms of moments,
we have to consider the conservation equation. Introducing the notation p := 1%, 7 :=
I1Y6;; and writing conservation equations in terms of frame components, we obtain (the

constant tetrad are suppressed),

As? :
8,10 = _(1_ Ts)a,-nof g,ganof AIT¢; (0.1.13)
) As? . A . . .
O 1% = - (1—%)ajnuﬁ{gjg-anﬂﬂsm j+ 308} (0.1.14)

Eliminating /7% and using 7 = p thanks to the trace free stress tensor, we get the second

order conservation equation as,

»p = (1 - 2’;“2)0317” - % |£€,031T% + 19€:0,IT7 + 2679, + 12p] (0.1.15)
The usual strategy is to define suitable moments of energy density/pressures and taking
moments of the above equation, express the integral of /7% in terms of the moments and
its time derivatives. To maintain coordinate invariance, the moment variable (analogue of
x' in the Minkowski background) must also be a coordinate scalar. Note that in FNC,
&' is a contravariant vector. Its frame components naturally provide coordinate scalars.
We still have the freedom to multiply these by suitable scalar functions. It is easy to see
that the frame components of ¢ are the same as the coordinate components at best up to

permutations i.e. & := ei.gf = 6ij§f . It is also true that g;;¢'¢/ = £¢L5,; = s*. With this
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understood the moments are defined as

L S . . R N As?
Miin(r) = f EeN L L p(r.E) L {HE) = (HTS)%", (0.1.16)

where the integration is over the support of the source on the constant—7 hypersurface.

Taking the moments of eq. (0.1.15), solution can be expressed as,

~ > maz kn ﬁaz km
- ~I\S .9

-~ szaiMm") (0.1.17)
3s

1 2
A (—M’”" + N Eamaimr""”) + ?A (9 M + gnaTM'")]

S

In this subsection the computation is limited to static patch. But it reflects general im-
plication of curved background, e.g. Hadamard construction of Green function and gen-
eralization of definition of moments. For contrast, in the next subsection, we present the

computation in conformal chart of Poincaré patch.

0.1.2 Generalized transverse gauge in Poincaré patch

In the conformal chart (1, x') the background metric takes the form,

1 A

ds* = o l—dn2+2(dx")2} » NE€(-0,0) , H:= 3 (0.1.18)

While conformal coordinates are convenient in detailed calculations of gravitational per-
turbations, they are ill-suited for taking the limit A — 0. To take that limit we have to use
cosmological time ¢, which is related to conformal time 1 vian := —H'e”#!. The confor-
mally flat form of background in (1, x') coordinates leads to a great deal of simplification

to the eq. (0.1.1) in generalized TT gauge: B, = % 710#,

.2 2 (oora = . .
~161T,,Q* = uhﬂv—gaohw—?{aoa% " = By + 3oy + 00hg,)  (0.1.19)

uovta
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It turns out to be convenient to work with new variables, x,, := Q‘Zilw,. All factors of Q?

and A drop out of the equations and y,, satisfies,

2 2
- 16nT,y = O+ 200w = (6560 + 50w + O0xou) - (0.1.20)

0

1
F X+ (200 + 6%x2) (zauge condition). (0.1.21)

The main simplification of eq. (0.1.20) occurs in decomposition of components into y(:=
Xoo+X,;)s Xoi» xij - It can be shown that the residual gauge freedom is exhausted by setting
xoi = 0 = R(:= xoo + ;") [6]. The gauge condition (0.1.21) then implies °y¢0 = 0 and
by choosing it to be zero at some initial 7 =constant hypersurface we can take yo = 0 as

well. Thus it suffices to focus on the equation (0.1.20) for u, v =i, j,
2 i i
Oyij + 500)(,:/ =-l6aT;; , Ox';=0=x. (0.1.22)

Green’s function of the filed y;; mimics that of minimally coupled scalar field in de Sit-
ter background. Hence from the Hadamard construction corresponding retarded Green

function is given by,

L o(m—n"—|x—-X1
= ——9 - 0.1.23
3 n47r P 3 an -1 -lx=xD. ( )

Gr(p, ;' x') =

The particular solution is given by,

d?]/d% ’
Xij(m,x) = l6n 5 GrO1, 7 X)T (7', X)) (0.1.24)
source g
n
= 4| &Y T
f D) w=n-le-]
n—|x—x'| T
+4fd3 f dy Z2 Y0 ”('7 *) (0.1.25)

The spatial integration is over the matter source confined to a compact region and is finite.

The second term in the eqns. (0.1.25) is the tail term which depends on past history of the
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source.

As in the previous section, we introduce a tetrad to define the frame components of the

stress tensor. The conformal form of the metric suggests a natural choice: (VA/3 =: H),
f4 = —Hn(1,0), f% = —Hpé, <  f%:=-Hns, (0.1.26)

and denote the frame components of the source stress tensor as: p := HznzT@, mo=
H*7*T;;0Y. Define moment variable ¥ = = —(nH)‘l(Sijxf := a(t)xl. Two sets of

moments are defined as functions of 7, or of ¢ defined through 1 := —H e " as,

0U(1) = f Px dOpt, OEE | 0 = f &x a(n(, DEE . (0.1.27)
Source(t) N

ource(t)

In terms of these, the approximated retarded solution is given by,

Xij(n, %) = %ﬁj(nm) + 8ij(Mrer) + 8ij with, (0.1.28)
fiime) =~ (;m) | £30 + 2HLr Oy + HLr O + 2H Oy - (0.1.29)
i) = —2H|L3Qy+ HLr Qi+ HLr Oy + H2 0 n and, (0.1.30)

8ij = —2H? [LTQij"‘HQin_OO (0.1.31)

L7 denotes the Lie derivative with respect to the time translation Killing vector. In eq.
(0.1.28), the first term is the contribution of the so called sharp term while the second
and the third terms denote the tail contributions. The tail contribution has separated into
a term which depends on retarded time, (7 — r) only, just as the sharp term does, and
the contribution from the history of the source is given by the limiting value at = —oo.
This expression is valid as the leading term for |X] > |¥’|. For future use, we display the
derivatives of y;;. Since y;; depends on X only through r, we need only the derivatives

with respect to 17 and r. On functions of 7,.,, d, = —d, and we can replace the r-derivatives
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in favor of n—derivatives. Hence,

Oxij = %5;7 it 08 5 Oxifn,r) = — %fij_ %@; ij—On8ij = —%—3;7/\/1'1' . (0.1.32)
The two solutions presented in last two subsections were obtained in two different gauges.
With a further choice of synchronous gauge, we could restrict the solutions to the spatial
components alone. While these conditions fix the gauge completely, physical solutions
still have to satisfy ‘spatial transversality and trace free’ conditions, i.e, c’)J)(f; =0 = §y;;.
As in the case of the Minkowski background, corresponding to each spatial, unit vector

n, define the projectors,

Pi) = & —ila; , AV

w = 5 (PP, + PP, - PPy) (0.1.33)

| =

Contraction with 7 gives zero and the trace of A-projector in either pair of indices van-
ishes. Given any ¥, the A-projector extracts out physical component i/ := A”, x* which
is trace free and is transverse to the unit vector 71. These arguments also hold for FNC so-
lutions. In the next subsection we introduce a gauge invariant quantity , deviation scalar

and compute it in both charts for a comparison.

0.1.3 Comparison of deviation scalar

Those two solutions have been obtained in two different gauges and two different charts -
how can those be compared? One natural strategy is to construct a gauge invariant physi-
cal observable and compute it in both coordinates and for matching one can do coordinate
transformation also. As an illustration, we consider a congruence of time like geodesics of
the background space-time, as tracked by a freely falling observer and consider the tidal
effects of a transient gravitational wave. In flat background deviation acceleration is gauge
invariant but this is not so in de Sitter background. Nevertheless it turns out that in de Sitter

case we can construct a a gauge invariant quantity, deviation scalar - which is the com-
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ponent of acceleration of one deviation vector along another orthogonal deviation vector.
For a particular choice of vectors u, Z, Z' (u denote four velocity of freely falling observer,
Z and Z’ are two orthogonal deviation vectors), satisfyingu-Z =u-2"=7Z-7' =0, let us
define deviation scalar ,

Du,Z,Z') := —Ropn Z' W’ Z'u0" = - VAT /T (0.1.34)

afﬁyv

Vanishing nature of Weyl tensor and its gauge transformation in de Sitter background

ensure gauge invariance of D(u, Z’, Z) to the linear order in field.

For the same family of background geodesics i®(n, x') := —Hn(l,@) and u* = (1 +
As?/3, \A/3 5 ) respectively for conformal chart and FNC, we obtain the deviation scalars

to the linear order in field,

1 2
D"N,7',7) = - (1 - 2Hs + gstz) | oM, - H? soI M,
S
3
—HZaZM”——a‘*M;;k,é’d] 777 (0.1.35)
Conf ’ 1 19 2 2 4 it 3
DM, 2,2,y = 1= 2Hs + —H’s | £h 0l + TH L0
+1TH* L3005)22) (0.1.36)

In the conformal chart, we retain terms up to order H* only and since the FNC calcula-
tion uses traceless stress tensor, we take Q moments to equal the Q moments. We have
obtained two different looking expressions for the same, gauge invariant deviation scalar.
The difference can be attributed to the definition of moments. They have been defined on
two different spatial hypersurfaces - the 7 =constant in FNC and the n = constant in the

conformal chart.

A physical interpretation : The deviation scalar also has a physical interpretation. It is
simpler to look at Minkowski background. Let us align deviation vectors along two arms

of interferometric detector and Z makes an angle ¢ with é; axis of a chosen basis {éy, &,}
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(plane transverse to the wave propagation direction). For these alignment and geodesic
congruence of i = (1,6) in Minkowski background, it can be shown that D(u,Z’,Z) ~
7"A(W)ZP where a, b take two values and the real, symmetric matrix A, is traceless.
With respect to an arbitrarily chosen basis, {é;, é,} in the plane transverse to the wave
direction, 7, we can define the ‘+’ and the ‘X’ polarizations by setting the matrix A :=

h,os + hyo. It follows that,
Du,Z',Z) = —h, sin(2p) + hycos(2p) . (0.1.37)

Thus, for a pair of bases (e, é,) and (Z2,7"), determination of the deviation scalar gives
one relation between the amplitudes of the two polarizations. A similar determination at
another detector location gives a second relation, thereby providing amplitudes of indi-

vidual polarizations.

0.2 Quadrupole formula in de Sitter background

Having obtained the gravitational field it is natural to ask the next question what is the
modification of quadrupole formula for radiated power for A > 0? It should also be noted
that cosmological horizon is un ambiguously defined for a spatially compact source : it is
the past light cone of i*. In this chapter we would like to explore under what conditions
and to what extent we may regard cosmological horizon as a "substitute" for the future
null infinity. For this we will investigate energy flux of gravitational wave with respect
to time translational isometry of background de Sitter metric. There are seven globally
defined killing vectors on the Poincaré patch, [ 7] corresponding to energy, three momenta,

and three angular momenta. We focus on the time translation vector field,

; A
T = -Hno,+x'0;) , H= 3 (0.2.1)
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As we would like to explore energy flux near J* also, in this section we will restrict to the
field solution in future Poincaré patch itself. We employ Isaacson prescription to define

effective gravitational stress tensor.

For sources which are sufficiently rapidly varying (relative to the scale set by the cosmo-
logical constant), there is an identification of gravitational waves as ripples on a back-
ground within the so called ‘short wave approximation’. Let L denote the length scale
of variation of the background and A the length scale of the ripple with 4 < L. In this
context Isaacson defined an effective gravitational stress tensor for the ripples which is
gauge invariant to leading order in the ratio of two scale. To obtain Isaacson stress tensor,
one begins with an expansion of the form g,, = g,, + €h,,, and writes the Einstein equation

in source free region as,

R,/(8 + €h) Ay + €hyy)

. pO)(5 - 2pQ2) (5 -
S RO(3) + €R) (g, h) + €RG) (3. h) A(Zuy + €hyy) 0.2.2)
Introduce an averaging over an intermediate scale £, 1 < ¢ < L which satisfies the
properties: (i) average of odd powers of / vanish and (ii) average of space-time divergence

of tensors are sub-leading. Taking the average of the above equation gives,
(RO) + (R = Ag- 0.2.3)

Notice that R® which is quadratic in &, can have L-scale variations and hence non-zero
average. Thus it incorporates back reaction of ripple on the background and modify the

background equation as,

_ 1 -
8ntyy = Ry — ngR + AZuy with, (0.2.4)
5 €[ oy L. —af/ p(2)
tluv(g’ h) = - g <R/1v> - ng,g <Raﬁ> (025)
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Calculating this expression to the leading order in € for de Sitter background, we write

stress tensor for ripples,

1 ’
t,uv = E(aﬂ/\/g aw\/tz/> . (026)

Given a symmetric, conserved stress tensor and time-translational killing vector of back-
ground, one can construct conserved current J;. := —#, T”. And from the conservation

equation it follows,

0= f d*x gV, J; = f d*x0,(\[gJ%) = f do,J;, (0.2.7)
v ' vV ' oV '

In the subsequent discussion we recall the result of energy flux ( fz do,J;) computation,
for various hypersurfaces, 2’s. These, together with the conservation equation (0.2.7) is

used to relate power received at J* to that crossing the cosmological horizon.

0.2.1 Flux computations

There are three natural classes of hypersurfaces: (a) hypersurfaces of constant physical
radial distance, (b) space-like hypersurfaces of constant i and (c) the out-going and in-

coming null hypersurfaces and we compute the fluxes for these.

0.2.1.1 Hypersurface of constant, radial physical distance:

These represent the physical radial distance=const., hypersurfaces with r,;,, = |Q|r := p.
They are spanned by the integral curves of the Killing vector 7. They are time-like, null
and space like according as the physical distance being less than, equal to and greater than
the physical distance to the cosmological horizon, namely H~'. For all these family of

hypersurfaces, the energy flux integral is expressed as,

0 1
f dz,Js = - f dr f d*sp* —(Hp, %) J" (0.2.8)
z —0c0 S2 H’?

74



34

H+
7/(7'/) By .+

K n="n2
) ) -

n="{ ;
Ay

-0 —»
//ﬂ<1 ..
—0—

Figure 3. The figure on the left shows the p = constant hypersurfaces which are time-like
for Hp < 1, null for Hp = 1 and space-like for Hp > 1. The two 45 degree out-going null
hypersurfaces intersecting the H* and J* in the spheres at r(7), 7’ (7'), R(t), R’ (), bound a
space-time region. The figure on the right shows the space-like hypersurfaces with constant
value of . The fluxes across the out-going null hypersurfaces turn out to be zero signifying
sharp propagation of energy. Hence the energy flux across the portion of the horizon bounded
by the spheres at r(7), r'(7") equals the flux across the portion of the future infinity bounded by
the spheres at R(7), R'(7").

Neglecting 1/7* term in eq. (0.1.32) for rapidly varying source we have

TS = {0 ) (1, X) (0.2.9)

f d,Je = f dr f d*s [ ]Q” ) () (0.2.10)
S2

M

2
where, 9, () = ;%Qﬁfm with, 02.11)

Q=[O+ 3H n + 2H Qi+ HOp + 3H O + 2H O] (110)

The full flux integral is p independent. In particular it means that the total flux across J*

equals the total flux across the cosmological horizon, H™.

limde”J‘T‘ = f dfﬂjg = f dZNJ‘; = f dZ#J‘T‘. (0.2.12)
p=eJs, ZHp=1) gt H
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0.2.1.2 Flux through null hypersurfaces:

There are two families of future directed null hypersurfaces given by n+ er + o = 0, see
figure (3). For € = +1, these 45 degree lines in the Penrose diagram are parallel to the
cosmological horizon while for € = —1, the lines are parallel to the null boundary of the
Poincaré patch. We refer to these as the in-coming (e = 1) and out-going (¢ = —1) null
hypersurfaces. The parameter o labels members of these families. The null normals of

these families are of the form n, = y(1, €X;). The hypersurface integral is given by,

A2
f az,Jh =€ f da f d*s[yH|
Leo) A §2

It is immediately clear that the flux through the out-going null hypersurfaces (o or r in-

(1+e) n?
8t n-—-r

] @', Qm (0.2.13)

crease along these) vanishes indicating sharp propagation of energy. In the € = 1 family,
only the cosmological horizon is of interest. For this we have (n = —r) and we choose the
factor y = —(Hr)™! so the null normal matches with the Killing vector (y is negative as
desired for future orientation) and the affine parameter A matches with the Killing param-
eter 7. With this choice, the flux in eqn. (0.2.13) matches with that given in eq. (0.2.10)
for Hp = 1. Thus, once again, the full flux through cosmological horizon is exactly same

as that of r,ysic = const hypersurfaces.

0.2.1.3 Flux through a constant 7 slice:

The hypersurface %, defined by 17 = 1 is a cosmological slice ~ R*. It is space-like, with

anormal n, = —|H770|‘1(1,6). The hypersurface integral can be expressed as,
2 dr -1
2= | ——— | &s |—=|Q.Q" 0.2.14
f% = [ s [ s [gn]@mﬂm (02.14)

As the flux across out-going null hypersurface is zero, the flux across two hypersurfaces

2y, and X, cannot be equal, see the right side figure of (3). In the limit y, — 0 with
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dr
Hr®

(r1,12) — (0, 00), the hypersurface becomes J* and the integration measure becomes
As the hypersurface integral when expressed in terms of the Killing parameter, has a mi-
nus sign due to the reversal of the induced orientation. The measures (positive) themselves

are related as fTrr = dr, leading to fooo dr/Hr = — f_o:o dt and we get,

n0—0

lim | dX,J4 = lim f dx,Jh . (0.2.15)
z p=ee s,

In the previous subsections, we assembled fluxes through various hypersurfaces, all hav-
ing the topology 4 x S?. We considered 4 to be a finite interval and also the cases with
4 = R. The relevant hypersurfaces have p = constant. In all cases, the energy flux

integral has the form,

b
F(a,b) := f dr f dzs[i} @.Qm (0.2.16)
a S2 87T

The sharp propagation of energy can be used to define the instantaneous emitted power
as:
+ o7, 1
Pr) = fim 2t onD L f Is@Qmy . (0.2.17)
S2

ot—0 ot 8

An explicit averaging procedure is illustrated in an appendix. It permits to split four
dimensional averaging integral into an integral over p =const. hypersurface and a three
dimensional flux integral. Averaging integral over p =const. hypersurface and angular
integral can be done explicitly, leaving the four dimensional averaging integral to a time-
averaged quantity only. This allows to compare the energy flux with that of given by

Ashtekar et. al in covariant phase space formalism [8].

0.2.2 Cosmological horizon as effective infinity

As mentioned earlier cosmological horizon for spatially compact source is well defined:

it is the past light cone of the common point on J* where the source world tube con-
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verges. To maintain finite physical distance between different component of spatially
compact source, world-tube has to converge to a point. Equally well, any observer who
remains at a finite physical distance from a compact source for all time must necessarily
lie within cosmological horizon. Furthermore, neither any such observer, nor the source
has any access to energy which has crossed the horizon. In this context cosmological
horizon is special from other p = const. surfaces even for non-sharp propagation. Hence

cosmological horizon does share physically relevant properties with the future infinity.

Further support for the role of cosmological horizon as ‘future null boundary’ comes from
the computations of the energy flux. For these, we employed the effective ripple stress
tensor and showed that the fluxes defined at S, also matches with those computed at the

horizon.

Momentum flux can also be computed from Isaacson prescription. All the results of
energy flux also holds for momentum flux. The main lesson that follows from the analysis
is that energy-momentum flux can be evaluated on the cosmological horizon. The same
does not hold for angular-momentum flux - as it is well known that Isaacson procedure

does not suffice to capture flux of angular momentum even in flat background.

0.3 Discussion and Outlook

The thesis poses the problem of implications of cosmological constant for gravitational
waves. It is relevant for both observational and conceptual perspectives and the focus
is on the former. In particular we obtain linearized field in terms of source moments.
Many non-trivialities regarding solution of non-homogeneous wave equation, e.g. defini-
tion of moments, relation of moments with source integral are discussed. Solutions are
obtained in two different gauges and in two different charts , namely FNC and conformal
coordinate. Computation in conformal coordinate takes the advantage of conformally flat

background metric and the solution is valid for all the way up to J* of future Poincaré
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patch, while the FNC is very natural to the local analysis and gives the answer as correc-
tions to the corresponding Minkowski answer. For comparison a gauge invariant quantity,
deviation scalar is introduced and computed in both charts. Subsequent flux calculation
demonstrates that radiated power can be computed at cosmological horizon and energy-

momentum flux propagation is sharp, even though the field has a tail term.
There are several open directions to pursue:

As mentioned earlier concept of radiation field is not well defined, when J is non null.
In de Sitter case cosmological horizon is well defined for compact source. Cosmological
horizon being a null hypersurface, we do have the Weyl scalar ¥, defined on it, which
is independent of the direction of null geodesics meeting the horizon. One of the main
results of this thesis is that in the context of energy-momentum flux radiated by spatially
compact source in de Sitter background, cosmological horizon can be treated as effective
null infinity. Could cosmological horizon be used as an effective J* to analyze gravita-
tional waves in full non-linear theory? One can also extend Bondi’s non-linear analysis of
axis symmetric gravitational wave with an expectation to get analogous ‘mass’ and ‘news

function’.

In chapter (0.1) we showed that leading order correction of field in Poincaré patch is in
VA while in FNC it is of order A. We suspect VA behaviour may be an artifact of con-
formal compactification of de Sitter metric in Poincaré patch. FNC calculation, ignores
the global structure of space-time and the answer has a form of perturbation expansion
around Minkowski background. One can use conformal FNC [9] to extend the FNC so-
lution beyond cosmological horizon, which may explain the VA correction. Exactly how

this happens remain to be understood.

There are good reasons to expect that the Universe is permeated by a stochastic back-
ground of gravitational waves generated in the early Universe (a stochastic background
can also emerge from the incoherent superposition of a large number of astrophysical

sources). Our early Universe is modelled faithfully by FLRW background. One can study
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linearized gravitational wave to a FLRW background in presence of positive cosmological
constant. Qualitatively our analysis is different due to non compactness of matter sources

in FLRW background.

There are two types of observations which can be impacted by the modified quadrupole
formula. One is the orbital decay of an inspiraling binary and other is the modification
of the waveform at the detector. To the extent that the Hulse-Taylor pulsar observations
have already vindicated the quadrupole formula computed in Minkowski background at
the accuracy of 107, one does not expect the radically different nature of J* to play
any significant role in such indirect detections. A physically relevant question then is:
how are the effects of positive A to be estimated quantitatively? To extract the signal
of gravitational wave from the noise of detector we need the waveform to a very high
PN order. For number of cycles spent in the bandwidth of ground-based detector to be
O(1), we need at least 2.5 PN of phase calculation. A more accurate computation is
really required in order to exploit optimally the information contained in the output of
a ground based interferometer, at least upto 3 PN and better yet to 3.5 PN. One of the
key ingredients that feeds into phase computation is that power radiated by gravitational

wave. Schematically,
ds _ do dE

dr  dE dt ©.3.1)

First term is computed from orbital parameter of the source, the second term is due to
power radiated by gravitational wave. We can now use new power loss formula for pos-
itive cosmological constant in this computation. Hence a problem of immediate concern
is to estimate A corrections in orbital phase of inspiral binary system due to new power

loss formula. Are these corrections comparable to higher order PN corrections?






Introduction

On September 14, 2015 gravitational wave detectors in Livingston and Hanford recorded
‘chirping’ of space-time - gravitational waves were detected directly for the first time, 100
years after their existence was originally predicted by Einstein [10]! Einstein’s general
theory of relativity interprets gravity as curvature of space-time geometry. Space-time
geometry is a dynamic entity whose curvature is determined by matter ( mass or energy)
content of space-time while motion of the matter is dictated by curvature of space-time.
One of the crucial predictions of general relativity is the existence of gravitational waves,
i.e. ripples on the fabric of space-time which are caused by motion of matter and propa-

gate at the speed of light.

There was initial controversy about physical existence of gravitational waves and energy
carried away by them. In 1918 Einstein had derived celebrated quadrupole formula in
the linear approximation around Minkowski background . He found that the energy car-
ried away by transverse- traceless part of gravitational wave is proportional to square of
third time derivative of the mass quadrupole moment [11]. The debate was about whether
gravitational waves even exist in full, non-linear general relativity [12]. Beyond the lin-
ear approximation can one still distinguish physical gravitational waves in full, non-linear
general relativity? Since in full non-linear theory there is no global coordinate to charac-
terize gravitational wave metric, it was unclear whether gravitational waves were physical
phenomena or merely coordinate artifacts. This long standing controversy was finally re-

solved in the early 1960s by the work of Bondi, Sachs, Penrose and others [1, 3, 13]. The

41



42

first detailed study of full non-linear gravitational radiation by examining the asymptotic
structure of the gravitational field of isolated systems was carried out by Bondi, Burg
and Metzner [1]. Bondi and his collaborators provided a detailed analysis of axis sym-
metric gravitational waves in full non-linear theory along with a definition of energy that
is carried away from an isolated system by gravitational radiation. Sachs extended it
for generalized case [2]. Bondi and his collaborators performed a systematic expansions
of gravitational wave metric along out going null directions. In asymptotic region they
matched the gravitational wave metric with axis symmetric time independent generalized
metric (Weyl metric) identifying total mass of the system. Bondi introduced the term
‘News function’ - whose absolute square integrated over the sphere at infinity, measures

the rate of energy loss by an isolated system.

Later Penrose geometrized the results due to Bondi-Sachs via conformal completion tech-
nique, attaching a boundary to physical space-time [3, 14]. In an asymptotically simple
spacetime using appropriate null tetrad, the peeling theorem shows that ¥, falls off as
r~!, and more generally that ¥, falls off as #'~> (r is understood as affine parameter
along null direction) [2, 15]. Hence presence of gravitational radiation is characterized
by ¥)(1,0,¢) = lim,_, r¥ being nonzero. For asymptotically flat space-time identi-
fication of Y’f as radiation field is unambiguous. The value of ‘Pf is the same for all
different null geodesics approaching the same point on J* while the other components
Tl.o, get mingled with each other. ‘Pf plays key role in extracting physical information of

gravitational wave in numerical relativity [16].

It is relevant to mention that in presence of gravitational radiation (non-zero ‘news’)
asymptotic symmetry group is the Bondi-Metzner-Sachs (BMS) group, having a struc-
ture very similar to that of the Poincaré group. The only difference is that while the
Poincaré group is a semidirect product of the Lorentz group and a 4-dimensional group
of translations, the BMS group is the semidirect product of the Lorentz group and an

infinite- dimensional ‘angle-dependent’ translational group, called the group of the super



43

translations. A particularly useful feature of the BMS group is that it admits a unique
4-dimensional normal sub-group of translations, which can be used to obtain unambigu-
ous notions of energy-momentum [13, 17, 18]. Exploiting time translational symmetry of
asymptotically flat space-time, Bondi mass for radiating isolated system is defined on the
‘cuts’ of future null infinity and it measures the energy of space-time at retarded instant of
time. When the ‘cut’ is taken to the past limit, # := t — r = —oo, Bondi mass matches with
the ADM mass defined at spatial infinity [19,20]. Bondi mass is not constant in time, but
decreases with retarded time parameter, showing that gravitational radiation carries away

positive energy.

All these foundational frameworks of gravitational waves are established in the context of
asymptotic flat space- time (A = 0). However by now cosmological observations (e.g. red
shift of type Ia supernovae) have established that the universe is undergoing an accelerated
expansion which is most simply explained by a positive A. Hence it is reasonable to ask
whether the description of gravitational field due to compact isolated systems and the
characterization of gravitational radiation obtained for A = O can be generalized for A > 0

(de-Sitter).

This is nontrivial for following reasons:

e Even a tiniest value of cosmological constant qualitatively changes the structure
of null-infinity (J ) from being a null hypersurface to space-like. All the rich

structures of asymptotically flat space-time are not available for A > 0.

e Space-like character of J* poses challenges for defining energy, momentum and
their fluxes. The asymptotic symmetry group is Diff(J) which does not admit a pre-
ferred 4-dimensional group of translations. Therefore, notion of energy-momentum
carried by gravitational waves is not available. There is no positive energy theorem

- energy can take any value near space-like .

¢ As emphasized by Penrose the concept of radiation is ‘less invariant’ in cases when
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J* does not have a null character. Namely the radiative component ‘Pf of the field,

may differ for different null geodesics approaching the same point on .

e We do not have an invariant notion of gravitational radiation in the non-linear
regime, nor an analogue of the ‘News function’ for asymptotically de Sitter space-

time.

While these issues are highly nontrivial and important, in this thesis we will address
simpler question : how does linearized theory work out in de Sitter background? As
linearized theory is a good model to study ‘far zone’ and asymptotic behavior of compact
gravitating system, we hope this may provide some clue in full nonlinear analysis. A
positive value of A introduces constant curvature to the background. Therefore, even for
compact astrophysical sources, the intuition from Minkowski background is challenged at
every step. We would like to obtain linearized field solution in terms of source moments.
A priori it is not clear how to define source moments in curved background. As the
background is curved, one may expect some nontrivial tail integral in wave propagation
even in first order Post Newtonian level. The next level of question is to identify the
physical (gauge invariant) attributes of the wave solution. In the Minkowski background,
the linearized Riemann tensor is gauge invariant and consequently the induced geodesic
deviation or tidal distortion is a physical effect of the waves. We ask what is the analogous

statement of gauge invariant geodesic deviation in de Sitter background?

Since gravitational waves are capable of doing work, we could also ask for a measure
of the energy carried by the waves. In particular, what are the modifications to the
quadrupole formula for radiated power? The natural strategy for defining a measure
of energy through a stress tensor, does not work for gravity. There is simply no gauge
invariant, tensorial definition of a gravitational stress tensor. There are two approaches
taken for a measure of the flux of gravitational energy. One is based on an effective
gravitational stress tensor tailored for the context wherein there are two widely separated

scales, 4 < L, of spatio-temporal variations of the metric which are used to identify the
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L—scale component of the metric as a background metric and A—scale component as a
small ripple [21]. The other approach directly defines the flux of gravitational radiation
in reference to the null infinity using the the canonical structure of the space of asymptot-
ically flat/de Sitter solutions of the Einstein equation. This is applicable for all spatially
compact sources [22]. In chapter 4, using effective gravitational stress tensor and ex-
ploiting time-translational symmetry of de Sitter background we derive power radiated

quadrupole formula for A > 0. For comparison we also discuss the other approach.

Presence of cosmological constant not only imposes theoretical challenges, it has also ob-
servational relevance. Value of cosmological constant being tiny, 107> gm/cc or 1072m™2
in the geometrized unit with G = 1 = ¢, one can neglect A in the vicinity of astrophysical
sources or near ground-based gravitational wave detectors. Signature of A may be visible
over the vast distances of source-free regions in which gravitational waves propagate. To
get a sense of our region of interest, let us take the example of Schwarzschild-de Sitter

space-time. In static coordinates, Schwarzschild-de Sitter metric is given by,

2M  Ar? dr?
£+ —(1 — A_r2)

r 3

+r2d; (1.0.1)

For O9M?A < 1, the factor (1 — 2M/r — Ar?/3) is zero at two positive values of . The
smaller of of these values, which we shall denote by ry can be regarded as the position
of the black-hole event horizon, while the larger value r¢ represents the position of the
cosmological event horizon for observers on world lines of constant r between ry and rc¢.
The exact expressions for ry and r¢ are available in literature [23]. For our purpose it
suffices to mention that ry is larger than that of the Schwarzschild radius in Minkowski
space and r¢ is smaller than the radius of cosmological horizon in pure dS 4. The repulsive
nature of de Sitter potential increases the Schwarzschild radius while attractive nature of
Schwarzschild potential decreases the de Sitter radius. Hence for observational context
our region of interest is

rg << r<re (1.0.2)
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Our estimate is compatible with current ground based, advanced LIGO detector for which
largest value of r is of order 1 Gpc away ( well inside the cosmological radius of v3/A ~

5 Gpe).

It would be more interesting to know if there are significant observable differences, par-
ticularly in the light of newly opened window of gravitational wave astronomy. Does A
induce any significant change in orbital decay of binary system or in the phase calculation

of gravitational waveform template? We explore some of these aspects in chapter 5.

We use following conventions. Space-time is assumed to be 4-dimensional and its metric
has signature (—, +, +, +). Except chapter 5, we set ¢ = 1,G = 1. The Riemann tensor
is defined as 2V, V,;A, = R’ ,,,A,. The Ricci tensor is R,, = R* ,,, and the Ricci
scalar is R = g""R,,,. Throughout we denote spatial transverse-traceless gauge condition
on gravitational perturbation as TT while tt denotes projected components of field which

satisfies spatial TT condition to the leading order in 1/r.

Organization of the thesis is as follows. In chapter 2, we recall some relevant coordinate
systems of de Sitter space-time. Chapter 3 is devoted in obtaining linearized solution in
terms of source moments. We present the solution in two different co-ordinate systems,
namely fermi normal co- ordinate (in static patch) and conformal co-ordinate (in future
Poincaré patch) of de Sitter background. A gauge invariant quantity, ‘deviation scalar’ is
constructed for comparison. In chapter 4, we derive power radiated quadrupole formula
using Isaacson’s effective stress tensor in presence of A and argue in what context cos-
mological horizon may be treated as effective infinity of de Sitter. In chapter 5, we discuss
some relevant observable effects of cosmological constant . Last chapter contains a sum-
mary of results and a discussion of open problems. Requisite mathematical information

is included in appendices, A,B, C,D.



z Geometry of de Sitter space-time

Any physical space-time satisfies Einstein’s field equation

1
R, — Eng, + Agyy = 81Ty, (2.0.1)

In the absence of matter source one finds the vacuum Einstein equation,
R,uv = Ag,uv (2.0.2)

It is well known that a maximally symmetric space-time which admits the maximum
numbers of Killing vectors, is locally characterized by, R,y = % (8ou8ov — 8ov&ou)- This
equation is equivalent to R, = %gﬂv, hence Riemann tensor is completely determined by
Ricci scalar R. It immediately follows from contracted bianchi identity, (R — 1Rg"), ,, =
0, that R is constant throughout the space-time, in fact these space-times are homogeneous
and isotropic. Therefore, maximally symmetric space-times are solutions of vacuum (i.e.
matter free) Einstein equation with R = 4A. For vanishing curvature (R = 0), maximally

symmetric space-time is simply the Minkowski space-time. The space for R > 0 (or

R < 0) is de Sitter ( or anti de Sitter) space-time.

The 4-dimensional de Sitter space, dS 4 can be visualized as the one-sheeted hyperboloid,

— (X0 (X2 + (X + () + (XD = —

1
- (2.0.3)
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Figure 2.1. De Sitter space-time represented as hyperboloid in five dimensional Minkowski
space-time. Each X° = const slice represents 3 dimensional sphere with radius
V(X9)?2 + 1/H2. The circumference of the space contracts upto present epoch (XY = 0) form-
ing a ‘bottle-neck’ and then expands.

embedded in five-dimensional flat Minkowski space-time M!*. /(X°)* + 1/H? is inter-
preted as radius of 3-dimensional sphere. In fact the hyperboloid is surface of revolution
of /(X% + 1/H? around X° axis in the ambient space M'**. 1/H is usually interpreted
as cosmological length scale that equals \/§ (often referred to as the Hubble length). As
dS , is embedded in M!**, the isometries are characterized by five dimensional rotational
group, S O(1,4). Hence full de Sitter space-time has 10 killing fields, same as that of

Lorentz generators in 5 dimensional Minkowski space.

2.1 Conformal infinity

In this section we recall some basic concepts of conformal space-time which will be

necessary to introduce Penrose diagrams of de Sitter space-time. Following the general
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formalism, let us consider a physical space-time (M, g,,). The idea is to construct another
‘unphysical’ space-time (M, 8,v) with a boundary 7, such that M is conformal to the
interior of M with g,, = 2%g,,. On boundary J, 2 = 0 and n, := @uQ is nonzero on
J. This construction ensures that (M, &) 1s a conformal completion of physical space-
time (M, g,,) in which the boundary [ is at infinity with respect to physical metric g,,,.
Both space-times have identical local causal structure. Global character of space-time is
determined by the norm o of normal vector to J [24] . We introduce a normal vector 7*

to boundary 7,
A= V,Q , with g, Wi =0 . (2.1.1)

Norm of of the normal vector o- can be obtained from the relation between conformal and

physical Ricci scalars,

. R | Q. . R
0.0 = -2 4 0 [—A 0 —R] =5, 97000 = -2 (212
Sap R EREYTRY T TS g1 @12

Hence from 2.0.2 the character of conformal infinity J is determined by sign of A, namely

<0 : 9 istimelike
Ad=0 : 9 isnull (2.1.3)

>0 : g isspacelike

2.2 Coordinates and Penrose diagrams

In this section we introduce different co ordinate systems on de Sitter space-time which
are important for different physical situations. There are many illuminating reviews on de

Sitter Coordinates [25-27]. We summarize it briefly.
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2.2.1 ‘Global’ coordinates

Eq. 2.0.3 can be satisfied identically by the relations

X° = H'sinh (H?) |, X' = H' cosh (Ht) cosy, (2.2.1)
X? = H' cosh (Ht) siny cos@ , X? = H ! cosh (Ht) siny cosf cos¢, (2.2.2)
X* =H ' cosh (Hf) siny cos 6 sin . (2.2.3)

In these coordinates the induced line element on dS 4 has the form

ds* = — (dX°)* + (dX")? + (dX*)* + (dX)* + (dX*)* (2.2.4)

= —d* + H* cosh’(H?) [dy” + sin’ y(d6” + sin” 6d¢*)] (2.2.5)

where —co <t <00, 0 <y <7, 0<60<m 0<¢<2nm 6,y,¢ are interpreted as angle
variable of S3. Note that singularities in the metric 2.2.5aty =0, y =7and0 =0, § =7
are simply coordinate artifacts that occur with polar coordinates. Apart from these trivial
singularities the coordinates (7, y, 8, ¢) cover full dS, and therefore referred as global
coordinates. At fixed #, the line element 2.2.5 describes the spacelike hypersurfaces of
3-dimensional spheres of radius H~' cosh (Hf) which is infinitely large at = +oco and of
minimum length at # = 0. From the line element in global coordinates it can be concluded

that topology of de Sitter space is R X S 3.

To study infinity of de Sitter space-time, we introduce a new time coordinate 7 = 2 tan™! (e")—

1

5T with _72_r <7< g In this coordinates the metric becomes,

1
ds’ = —sec’t |-d7? + dy* + sin’y (d6” + sin’0dg’ )| (2.2.6)

This suggests that we may identify conformal completion of physical metric as d§* =

(H? cos® 1) ds*. Hence de Sitter space-time is conformal to that portion of the Einstein
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static universe which is covered by —7 < 7 < 7. The Penrose diagram of de Sitter space
is accordingly as in right panel of figure (2.2). The condition = 0 determines the
hypersurface . In (1, )y, 60, ¢) coordinate system this gives Q = Hcost = 0. Therefore
7 =+% and 7 = -7 correspond to J " and [J~ respectively. This also confirms the space-
like character of  in de Sitter. Each point in this diagram is an S2, except for the points
on y = 0 and y = & (where the radius of two sphere vanishes). Unlike Minkowski space-
time one of the peculiar features of de Sitter space is that no single observer can access the

entire space-time (see Fig. 2.2). An observer at y = 0, at any moment in time, cannot see

i+
n Tt e=xD) g
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"'.%‘oo
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Figure 2.2. Left panel clarifies that any observer can access full Minkowski space-time. While
right panel shows an observer along line AD can influence ABD region of space-time and it
can access information from ACD portion of space- time.

anything from y = x line due to observer’s future event horizon. We will refer this event
horizon as cosmological horizon. Further the observer can never send any information
to the lower triangle of space-time due to observer’s particle horizon. In this thesis our
focus is on gravitational waves emitted from a compact source on de Sitter background.
In our subsequent discussion we always assume that the compact source is confined near
the line AD. Hence for our purpose it is sufficient to concentrate on ABD portion of full

de Sitter. For that purpose in next section we will introduce cosmological coordinates
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which is convenient to describe upper half (ABD) of full de Sitter space-time.

In global coordinates axial symmetry is evident, hence d/0¢ is a killing vector. Unlike

Minkowski space-time, /07 is not a killing vector in global coordinates.

2.2.2 Cosmological coordinates

One can also introduce

Ht Ht

X0 = —H! sinh(Ht)HLere7 . X' =— H' cosh(H1) - HrZ% ,

X = efliy | =234 . 2= Z(x")2 . 1 XeR. (2.2.7)

on the hyperboloid. Since ¢t (H™'In H (X° + X)) is not defined for X° + X! < 0, these
coordinates cover only upper triangular half of the full de Sitter space as shown in figure
2.3. This portion of space- time is referred as future Poincaré patch. In these coordinates

line element becomes,

4
ds* = —d* + " ) (dx'y? (2.2.8)
i=2
Some times it is useful to introduce conformal time, n := —H~! e7'. In conformal

coordinates (7, x, y, z) the metric becomes,

A

ds® = [—dnz + Z(dxi)zl , N €(—00,0) , H:=4/=. (2.2.9)

H’n? 3

While conformally flat nature of this metric simplifies the computation of gravitational
perturbation in de Sitter background, these coordinates are ill-suited for taking A — 0
limit. To take this limit we have to work with proper time ¢ and in cosmological co-
ordinates (¢, x, y, z), metric (2.2.8) also goes Minkwoski metric as we take A — 0. In
(1, x,y,z) coordinates " is approached as n — 0_ while the  — — oo corresponds to the

Robertson-Walker singularity.
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In order to find the Killing vector field of time translations we let ¢t — ¢ + ¢ in the above

metric. This leads to

4
ds* — —dt* + "'(1 + 2H 61) Z(dx")2 (2.2.10)

i=2
To make the metric invariant under this time translation the spatial coordinates, x', must
be dilated ¥ — x' — Hx'6t. In general a Killing vector £ is an infinitesimal generator
of isometry, i.e. for x¥ — x* + €£%, the metric remains invariant. Identifying € = ot
the Killing vector which generates time translation in the cosmological coordinate system

is & = (1,—Hx"). It reduces to time translational generator in Minkowski space-time as

A I I, - N=0 —— B
4 ¥4
FIRSEN
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n=n, . A
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Figure 2.3. The full square is the Penrose diagram of de Sitter space-time with generic point
representing a 2-sphere. The future Poincaré patch labeled ABD, is covered by the conformal
chart (n, r, 6, ¢). The line BD does not belong to the chart. The line AB is the future null infin-
ity, J* and the line AE is the cosmological horizon. Two constant n space-like hypersurfaces
are shown with 77, > n;. The two constant r, time-like hypersurfaces have r, > r|. The two
dotted lines at 45 degrees, denote the paths of gravitational waves emitted at = i1, 772 on the
world line at r = 0, through the source. During the interval (171, 72), the source is ‘active’ i.e.
varying rapidly enough to be in the detectable range of frequencies. The region AED is a static
patch.

A — 0. In conformal chart, this time translational Killing vector becomes T+ = —H (7, x°).

In addition we have 3 spatial translational and 3 spatial rotational killing vectors tangential
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to n = const surface. [7, 8].

2.2.3 Static coordinates

The constraint of hyperboloid in 2.0.3 can be expressed in terms of two constraints,

—(HX"? + (HX")? = 1-H*? (2.2.11)

(HX?)? + (HX?)? + (HX")? H*r? (2.2.12)

where the first describes a hyperbola and the second a 2-dimensional sphere of radius r.

It can be parametrized by

X° = —H ' V1 - H2/2 sinh (HY) , X'=-H''"V1 - H?>?cosh(Ht), (2.2.13)
X’ = rsinfcos¢ X3 = rsinfsing , X* = rcosé. (2.2.14)

where 0 < r < H! and —c0 < t < co. Noting that —X° + X! < 0 and X° + X' <0, the
coordinates cover only one quarter of the de Sitter space as shown in figure 2.3. In this

parametrization line element becomes,

dr?

2 _ 2.2 2
ds ——(1—Hr)dt +m

+ r*(d6* + sin® 8d¢*) (2.2.15)
In these coordinates two Killing vectors d/0t and d/0¢ are manifest, correspondingly the
space-time has axial and time-translational symmetries. Time like killing vector 9/0¢ ,
becomes null when r = % Physically, this null surface corresponds to the cosmological

horizon of de Sitter space-time.

It should be noted that 10 dimensional symmetry group of full de Sitter is reduced to a 7
dimensional subgroup in future Poincaré patch and in static patch the symmetry group is
even smaller, 4 dimensional. Null hyperplane BD can be thought as adding an additional

boundary to full de Sitter Space. Hence symmetry generators which are not tangential
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to BD are truncated in Poincaré patch, those are not the symmetries of Poincaré pach.
Similarly for static patch, killing fields which are not tangential to cosmological horizon
(AE) are not the symmetry generator in static patch. It can be seen easily from figure 2.3
spatial translation symmetry of Poincaré patch along n = const surface is not available in

static patch.

We now have three relevant coordinate systems at our disposal: the global, conformal
and static coordinate systems. The global coordinate system is suitable for describing
processes comoving with the expansion/contraction of dS 4. The static coordinate system
is relevant for processes as observed by one particular observer and it is relevant for
describing Schwarschild de Sitter universe. The conformal coordinate system is useful
for describing spatially flat cosmological model. While conformal coordinate is extended
all the way upto J* static coordinates are restricted upto cosmological horizon. To study
linearized gravitational perturbation on dS background we will work on future Poincaré

patch and static patch.






Gravitational Waves from
Compact Sources in de Sitter

Background

3.1 Introduction

Having introduced different relevant coordinate systems in de Sitter background, at this
stage, it is worth noting the different facets of the gravitational fields far away from dy-
namical sources such as astrophysical bodies. The most basic question is: what is the
field due to a spatially compact source in de Sitter background at large separations? The
very characterization of compact sources in de Sitter background presumes a source free
region where vacuum equations, including the positive cosmological term, hold. Thus
at large separations we have a natural split of the field into a background and a small
deviation caused by the source. The simplest approach is then to linearize the Einstein
equation about de Sitter background and study its solutions, keeping in mind the inherent
non-linear nature of the theory and hoping for reliable estimates. The linearized equation
is a wave equation with a finite propagation speed. Among these linear waves are also the
fields due to sources which are computed from the retarded Green function. The Green
functions of course depend on the choice of ‘gauge conditions’ on the linear fields and

their explicit form depends on the choice of coordinate chart on the background space-
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time. Our focus in this thesis is on sufficiently rapidly varying, distant, spatially compact
sources. A spatially compact source has two natural scales - its physical size R and the
scale of its time variation 7. For R sufficiently small compared to the distance to the
source, d, it is essentially the scale 7' that is relevant for gravitational radiation and we
may take the corresponding equivalent length scale as, 4 ~ T. (¢ = 1 units) On the other
hand, the curvature scale of the ambient geometry sufficiently far away from the source,
provides the scale L. For Minkowski space-time background, L = oo whereas for non-
zero cosmological constant, L ~ |A|"'2. A sufficiently rapidly varying source is one
which has its time scale of variation or equivalent spatial scale 4 < L while a source is
distant if 1/d < 1. For current interferometric detectors, the scale 1 ~ 10* — 10° meters,
the distances d, are in the range of kilo to hundreds of mega parsecs (~ 10" — 10** meters)
while the spatial extents, R, vary over light seconds or less (< 10® meters). We would like
to note that induced tidal distortions are needed in the direct detection of gravitational
waves, while for indirect detection based on energy loss due to gravitational radiation, re-
liable flux measures are crucial. In this chapter, we focus on the gravitational field and the
induced tidal distortion and in the next chapter we will discuss about energy flux carried

away by gravitational waves due to rapidly varying spatially compact source.

In obtaining the field due to a compact source, we follow the basic steps which are well
known and well understood for Minkowski background: (a) set up the linearized equa-
tions, (b) choose a suitable gauge and obtain a retarded Green function, (c) identify the
physical solutions for subsequent computation of geodesic deviation and power radiated
and (d) relate the physical field to appropriate source multipole moments. At each of
these steps, we encounter new features compared to the computations in the Minkowski

background.

As we discussed in section (2.2), unlike the Minkowski space-time which admits a nat-
ural, global Cartesian chart, de Sitter space-time has several charts, namely global chart,

conformal chart and static chart. 'We present computations in two different charts: suit-
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Figure 3.1. ABCD denotes the Global Chart, ABD is a Poincaré patch while AED is a static
patch. The angular coordinates, 6, ¢ are suppressed. A compact source is confined near AD
with past and future time-like infinity i~, i* respectively.

ably defined Fermi Normal Coordinates (FNC) covering the static patch and a conformal

chart covering the future Poincaré patch, see figure 3.1.

While physical implications should not depend on choice of charts, their explicit computa-
tions do depend on the chosen chart. For convenience as well as for building up intuition,
different charts could have different advantages. For instance, the time coordinate of the
FNC chart is the Killing parameter of the stationary Killing vector. This reduces the Lie
derivative with respect to the Killing vector, to simple coordinate derivative. The metric
too is obtained as a Taylor series in the curvature and hence effects due to the cosmolog-
ical constant can naturally be expected to appear as a power series in A. However, this
chart is limited to the static patch. By contrast, the conformal chart can be extended all
the way upto J*. Conformally flat nature of background metric in this coordinates con-
siderably simplify the computations. A priori, it is not clear which chart(s) are convenient
for what aspect and we present computations for two choices of charts - the FNC and the

conformal chart.

After obtaining the linearized equation, the next step is to choose ‘a gauge’. The nat-
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ural choice (also used in the Minkowski background) is the transverse, traceless (TT)
gauge. But there has been another gauge choice [6], which in the conformal chart sim-
plifies the linearized equations as well as subsequent analysis due to its similarity with
the Minkowski space-time. This is a gauge which imposes a variant of the transversality
condition. We present the solutions in both gauges. The wave propagation has a tail term
in both gauges. The TT gauge computations are performed in a FNC system and are re-
stricted to order A. The tail term is of order A”. In the second gauge, in a large separation

regime, the tail integral can be computed explicitly.

Next, to identify the physical fields, one chooses the so-called synchronous gauge which
sets all fields with at least one temporal index to be zero. This steps needs a generalization
when the background has a curvature and needs a suitable time-like vector field. Fortu-

nately such a generalization is available [28] in a neighbourhood of a Cauchy surface.

In a curved space-time, the notion of source multipole moments needs to be defined ap-
propriately. In the Minkowski background, the coordinates of the global chart are vectors
under spatial rotations on a constant ¢ hypersurface. In a curved background, the local
coordinates have no such property. A suitable definition can be constructed using tetrad
frame in de Sitter background. This strategy is taken for both FNC and conformal chart.
To relate source integral with moments we recast conservation of stress-energy tensor in
tetrad frame (similarly one can introduce spin connection to write conservation equation
in tetrad frame). In FNC we obtain field in terms of source moments upto the order A,
while the answer in conformal chart is exact and correction appears in power of VA. In
conformal chart, only source quadrupole moment appears in the field solution on the other

hand FNC solution depends on additional type of moments.

Having obtained the field in different gauges and in different coordinate systems, it is rea-
sonable to ask how can we compare these two solutions? For all observational perspec-
tives we do not measure the field directly, rather it is important to investigate the rate of

change in field. When a transient gravitational waves travel through a region, it stretches



61

and squeezes the fabric of space-time introducing tidal distortion to nearby geodesics.
Acceleration of geodesic deviation vector is a measure of tidal distortion. All the inter-
ferometric detectors measure these distortions in some form or other. In the Minkowski
background, the linearized Riemann tensor is gauge invariant and consequently the in-
duced geodesic deviation or tidal distortion is a physical effect of the waves. In the de
Sitter background, the linearized Riemann tensor itself is not gauge invariant but thanks
to its conformal flatness, certain deviation scalar can be constructed which is gauge in-

variant. We compute this quantity in both FNC and conformal chart for a comparison.

The chapter is organized as follows. In the section 3.2, we recall the linearization pro-
cedure together with the associated notion of gauge freedom. We collect the expression
for the Ricci tensor up to the quadratic order and give the linearized wave equation for
the metric perturbations. We discuss the gauge choices and residual gauge invariance.
The section 3.3 is divided in two sub-sections. In the first subsection we choose the usual
transverse, traceless gauge. We present the Hadamard form of the retarded Green function
and simplify the expression for field due to a localized source, using the Fermi Normal
Coordinates (FNC). The leading contribution of the order A° to the quadrupole field is
the same as that in the Minkowski background and we present the order A contributions.
Here appropriate source moments are defined and the solution in a synchronous gauge
is presented. For contrast, in the second sub-section we summarize the computation of
the quadrupole field in an alternative gauge [6]. The solution in synchronous gauge is
presented in terms of analogously defined source moments. Here, using the cosmological
chart, the corrections appear in powers of VA. In section 3.4 we extract out physical solu-
tions of gauge-fixed inhomogeneous equation introducing a local projection operator. In
the section 3.5, we present a suitably defined, gauge invariant deviation scalar and com-
pute it for the appropriately projected fields. In the final section 3.6, we summarize and

discuss our results. Some of the technical details are given in the appendices A, B, C.
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3.2 Linearization about de Sitter background

As mentioned earlier, there are several natural patches and charts available in the de Sitter
space-time. To introduce perturbations without referring to coordinates', consider a one
parameter family of metrics, g,,(€) which is differentiable with respect to € at € = 0 and

let g,, := g,,(0) be a given solution of the exact Einstein equation. Define a perturba-

dgyv(e)
de

tion of the exact solution as: hy, := lezo. As the one parameter families of metrics
are varied, we generate the space of perturbations from the corresponding #,,. If every
member of the family of metrics solves Einstein equation (with sources and cosmological
constant), then the perturbation satisfies a linear equation obtained by differentiating the
exact equation with respect to € and setting € to zero. Thus every one parameter family of
exact solutions of the Einstein equation gives a solution of the linearized equation. The
converse is not always true and is known as the linearization instability problem [29]. In
our context, this is not a concern. The general covariance of the Einstein equation implies
that every one parameter family of metrics, obtained by diffeomorphisms generated by
a vector field on a solution to Einstein equation, also solves the equation and leads to a
corresponding perturbation satisfying the linearized equation. However, these families
give the same physical space-time. The corresponding perturbations do not give physi-
cally distinct, nearby space-times and therefore do not represent physical perturbations.
These perturbations have the form: h,, = L¢g,, where L denotes the Lie derivative. To
identify the physical perturbations, we have to ‘mod out’ these perturbations, generated
by diffeomorphisms. In other words, physical perturbations are equivalence classes of
perturbations:

(] = {h,'w/ Wy, = hyy + Legy ¥ vector fields & } .

More commonly the expression &, = hy,, + L:g,, is referred to as a gauge transformation

and the equivalence classes are of course the gauge invariant perturbations. Thus, by

'Some times a coordinate system is presumed in which the metric is split into a background plus small
perturbations. This obscures the tensorial nature of the perturbation and can be avoided [30].
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definition of gauge transformations, the linearized equation is gauge invariant. While the
perturbations are subjected to these gauge transformations, it should be borne in mind that

they are tensors with respect to general coordinate transformations.

While the linearization can be specified in a coordinate free manner, explicit computa-
tion of solutions needs coordinates to be introduced. In practice, one begins by writing
guw(€, x) = gu/(x) + €hy,(x) and obtains the linearized equation by substituting this in the
full equation and keeping terms to order €. Since we consider perturbations of the source
free de Sitter solution, the matter stress tensor is of order € while the cosmological con-
stant is of order €. Under an infinitesimal diffeomorphism generated by a vector field
&(x), x* = x* — e&(x), the Lie derivative of the background metric, g,,(x), is given
by L8, = V&, + V,&,. Here the V denotes the covariant derivative with the Riemann-
Christoffel connection of g and &, := g,,£”. The gauge transformations thus take the form:

h,, (%) = hyy(x) + V.& + V.6,
We begin by summarizing the expansions of the connection and Ricci tensor to o(h?).

In the following, the indices are raised and lowered using the background metric which is

taken to be a maximally symmetric one. Background quantities carry an overbar.

g = g — el + N ™ (3.2.1)
ri, = I, +e % 8'(Vyhay + Vb, — vahﬂv)]
—€ ma(vvhw + Ve — %hﬂv)] (3.2.2)
Ry = Ry +eR)) +€R)
R = 300~ 39,904 3 (9,90, + 9,91
+% (Ruah®, + Ryoh®,) + Ruapyh™  hi=g%hes:  (3.2.3)
R? = %h"ﬁ V.90 + Vo Vst = VoV g, = VoV, g, |
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—% (29,17 - Vgh}{V,nf + V,hf - VPhy,}
+i (9,8 + V1, = VPhe, ) (Vb + Vahg, — Vhay) (3.2.4)
g'R)) = —0h+V, V1", (3.2.5)
Gu + A8 = [Guy+AZw] +[G) + Al
G+ Ahy, = —%ﬁhﬂv - % (9,9, = 2uw) i + By (A - %R)
1

) (vﬁah‘i + Vi Vol = 8 (v"vﬁhaﬂ))

_ 1,- _ _
HRyph™ + (Ruah®, + Ryoh, + 3R hog) (3.2.6)

The expressions simplify further for the maximally symmetric solution of the background
equation, G,, + Ag,, = 0. Maximal symmetry implies Ruap, = K(2,58va — 8uvZap) While

the background equation fixes K = A/3 and the linearized equation becomes?,

1_ 1o o _
500 — 5 (V,9, - 2n0)h+ %hﬂy + %gﬂyh
+% (V,90h%, + 9,90h% = 8 (VaVsh)) = 87T, (3.2.7)

It is customary and convenient to use the trace-reversed combination: Ew, = hyy — % 8uwh.
Denoting, B, := sz“H, in terms of the tilde variables, the linearized equation takes the

form,
% |~B +{V,B, + V,B, — g (V" Bo)}| + %‘ |y = h3y| = 87T, (3.2.8)

This equation describes generation of gravitational perturbation by source term 7, for
order of magnitude consistency we will assume it to be a linearized source, i.e. to the

order of €. The divergence of the left hand side, V[LHS 1w 1s identically zero and thus

2From now on, the background is taken to be the de Sitter space-time with A > 0 and the units are
chosensothat G =1 =c.
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source tensor is conserved automatically as it should be. For A = 0 the equation goes over

to the flat background equation. Under the gauge transformations, ﬁw transforms as,
67’2/11/()5) = v,ugv + vvgy - gyvvaga,

and the linearized equation (3.2.8) is explicitly invariant under these as it should be. It is
well known that availing this freedom, it is possible to impose the transversality condition,
le“ﬂ = 0 (this is also referred as Dedonder Gauge or Lorentz gauge). The trace can be
further gauged away [31] in the absence of sources (or for traceless stress tensor). The
particular choice of arranging V(Jz“# = 0 = h, is the transverse, traceless gauge or TT

gauge for short. It simplifies the equation (3.2.8) to (for traceless stress tensor),
= 8mTy, (3.2.9)

The transversality condition does not fix the gauge completely, it still allows residual

gauge transformations generated by vector fields & satisfying,
SV ") =V, (0h") = B&, + Rpé® = @+ A, =0 (3.2.10)

It should be noted that residual gauge transformation also implies, the gauge solutions

6l~z,w satisfies wave equation with transversality condition in a source free region,
o 2A ¢, =~ .
B(0h) = 5 |6hy) = (OR)Z| = 0 (3.2.11)

To prove this we have used commutator of covariant derivatives in maximally symmetric
background. This gauge freedom allows us to fix the gauge further and in effect we can

impose the following gauge conditions on the field 4,,,

transverse :  V,h%, =0 (3.2.12)

traceless : h=0
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synchronous : th,, =0,

where * is a suitable future-directed time-like vector. In addition, the trace (zero or non-
zero) is to be preserved, then & must further satisfy, V&% = 0 and this is consistent with

eq. (3.2.10).

While it is common to choose the TT gauge, it is also possible to make a different choice
of gauge [6] in the Poincaré patch of the de Sitter space-time. This will be done in the

subsection 3.3.2 below.

The task now is to obtain the particular solution of the linearized, inhomogeneous equa-
tion (3.2.8), and extract the physical solutions i.e. solutions satisfying conditions which
leaves no gauge transformations possible, in the source free region. Within the perturba-
tive framework, this is obtained at the leading order by using a suitable Green function for
the linearized equation on the de Sitter background. The retarded Green functions will be

determined after some gauge fixing simplifying the equation (3.2.8).

3.3 The Retarded Green function

There have been several computations of two point functions for scalar, vector and tensor
fields on de Sitter background [6, 31-33]. We will consider two retarded Green func-
tions. In the subsection 3.3.1, we impose first the transversality condition and then also
the tracelessness condition. We refer to these as the transverse gauge and the TT gauge
respectively. In the subsection 3.3.2, following [6], we choose a gauge which changes
the transversality condition by making its right hand side non-zero. We refer to it as gen-
eralized transverse gauge. With the tracelessness condition imposed, we refer to it as
generalized-TT gauge. The two computations will provide different views of the physical
solutions, in particular the form of the manifestation of the A dependence. The compu-

tations in the transverse gauge, employing the Hadamard construction [4], follow refer-
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ence [5] while the generalized transverse gauge computations are based on [6].

3.3.1 The Transverse and the TT gauge

Imposing the transversality condition, B, = 0 in eqn. (3.2.8) gives,
= —h3| = - 16aT,, (3.3.1)

One cannot put 7 = 0 to solve inhomogeneous equation unless the source is traceless
itself. Hence it is convenient to separate the trace part of the equation and construct the
retarded Green function in the transverse, traceless (TT) gauge directly with traceless part

of source. Taking the trace of the above equation, gives an equation for the trace, 7,
(@+2A)h=-16aT , T :=g,T" . (3.3.2)

Subtracting igwx eqn.(3.3.2) from eqn.(3.3.1), we get

ak;,, - Z?Aﬁ;w = —16aT}, , I, :=h, - %Eg,,y, T, =T, - %Tg,,v. (3.3.3)
The equation (3.3.2) for  is a scalar equation and its solution is determined by a corre-
sponding Green function with a source which is the trace of the stress tensor. However
we know that in the source free region, we can make a gauge transformation to set the
h to zero. Hence, in the region of observational interest, we can gauge away the effect
of the trace 7. With this understood, we take 7 = 0 which gives ﬁ;w = EW and use the
traceless T}, as the source. For notational simplicity, we drop the prime from the stress
tensor. Thus, we focus on the TT gauge equation (3.2.9) with a trace-free stress tensor as

the source.
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The equation for the Green function is,

2A
aG%,, (x, x') - ?Gai'w(x, X) = —4nJ%, ,64(x,x) , where, (3.3.4)

Q) ’ g" 'gBV/ + g"v,gﬁ ’ 1 =q 5 ’
JP () = =E 5 - 28 B(x)g,rv(x) , and, (3.3.5)

8% (x, x") denotes the parallel propagator along the geodesic connecting x, x’. The tensor
J"'i ,,» 1s symmetric and traceless in the pairs of indices a8 and u'v’. The Green’s function

is obtained using the Hadamard ansatz.

The Hadamard ansatz for the retarded Green function for a general wave equation is [4],
G, (x.x) = U (x,X)5,(c+€+ V" (x,x)0.(~o—€), where  (3.3.6)

the space-time point x belongs to a convex normal neighbourhood of x’ (set of points such
that any two points have a unique geodesic lying entirely within the neighbourhood) ;
o(x, x") is the Synge world function which is half the geodesic distance squared between
x and x’ [5,34]; 6., 0, (see figure 3.2) are distributions, viewed as functions of x, having

support in the chronological future and future light cone of x’ respectively. The small

Figure 3.2. Light-cone distributions in Hadamard construction of Green’s function. The grey
regions or lines denote a non-zero value for the distributions. The space-like hypersurface 2
contains the point x’. (a) Light-cone delta function, 6. (o (x, x")) is supported on the future
light-cone of x’. (b) The light-cone step function, 8, (—o(x, x")) equals one inside the forward
light-cone.
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parameter € is introduced to permit differentiation of the distribution and is to be taken to
zero in the end. The bi-tensors U, V are determined by inserting the ansatz in the equation

(3.3.4).

Using the relation %V ,0°Vzo- = 20~ and the distributional identities [5]:

(c+e)(o+e)=-6c+e€) , (c+e)d ' (oc+e€)=-20(+¢€)

ase—>0: ed'(c+e)>0 , €(o+¢€) > 2n84(x,x") , (3.3.7)

leads to four equations by equating the coeflicients of 6(—0), 6(0), ¢’(0) and d4(x, x') to

zero. The respective equations are:

24

ave,, (xx) - ?V“ﬁ,v,(x, X) =0 . o(xx)<0; (33.8)

_ ) Y ,
20V, VL + (Bo -2V = au”,, - U by . oxx)=0; (339
(20'V, + (@ - H)U%,, = 0 . o(x,x) = 0;(3.3.10)

’ 4 1 el

af _ af _ @B T oadf S o

v, = [1%,] = 6 787 B . x=x.  (33.11)

In the above, the quantity enclosed within square brackets denotes its coincidence limit -

evaluation for x = x” and super(sub)script on o~ denotes its covariant derivative.

The last two equations uniquely determine U “ﬁ ,,,(x, x") on the light cone through x” while
. . . Q/IB N e . .
the first two equations uniquely determine V™, (x, x’) inside and on the light cone through

x". The cosmological constant appears explicitly in these two equations.

af
wy'

Determination of U
Equation (3.3.10) is a homogeneous, first order, linear differential equation and its solu-
tion is completely determined by the initial condition provided by eqn. (3.3.11). Noting

that o'V, on the parallel propagator and the metric gives zero, we get o'V J aﬁ,v, =0.
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Hence the ansatz U“ﬁ,v,(x, xX) = J“ﬁ/y/ U(x, x') in egs.(3.3.10)and (3.3.11) leads to
(20°V, + @o-H)T = 0, [O]=1 (3.3.12)

To solve this equation, it is useful to mention that o*(x, x") is proportional to the tangent
vector to the unique geodesic at x (see figure(3.3)). This geodesic is affinely parameterized
by A and a displacement along the geodesic is described by dx* = (0*/1) dA. Therefore
the first term in eqn. (3.3.12) can be expressed as 21 dU/dA. Using the identity 4 = fio +

V.(InA(x, x’)) 0, the second term can be written as —4~'(1 d4/dA) U, where A(x, x')

Figure 3.3. Points x” and x are linked by a unique geodesic. The geodesic is parametrized by
Aand # := dz"/dA is its tangent vector. First derivative of Synge’s world function is a rescaled
tangent vector on the geodesic, i.e. 0#(z, xX') = A dz/dA.

is the (scalarised) Van Vleck determinant or Van Vleck bi-scalar defined as, 4(x, x’) :=
—det(—0p (x, x'))/ 4/g(x)g(x"), with g in the denominator denoting the modulus of the

determinant of the metric [5]. Hence eqn. (3.3.12) becomes,

dU A\ -~
2 __A_l( —) = . 1
/ld/l ACM U=0 (3.3.13)

It follows that U%/4 is constant along geodesic and it must be equal to its initial point x’;
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i.e. U?/4 = [U?/4] = 1 as coincidence limit of U and 4 are both unity. Hence solution of
eqn. (3.3.12) is

U(x, x') = +JA(x, x) (3.3.15)

The bi-scalar U, being de Sitter invariant, depends on x, x’ only through the world func-
tion o(x, x’) which means that value of U along the light cone is same as its value in the
coincidence limit i.e. Ul,—y = [U] = 1(= 4(x, X')|,—0) and we need the solution only on
the light cone. Thus,

U™, (2, Xm0 = I%, lomo.

af
wy

Determination of V

We cannot similarly factor out J "ﬁ,v, from V"'ﬁ,v, (x, x"). The reason is that equation (3.3.9)

is an inhomogeneous equation and the tensor structure of its right hand side is not the

same as that of U “ﬁy Using the solution U “ﬁ/y/ (x,x) = J“ﬁ ., (X, x") VA(x, '), to order

(0)?, we find [5],
. 2A

Ml v

2
- {_% (4 - o) - %} I, (3.3.16)
2

A
T {g”ﬂay/oy + 00”8, — O'(g‘jl,gﬁv, + g“v,gﬁﬂ,)
+ (g“u,oﬁav/ + gﬁﬂ,oﬂaw + g%, 0P, + gﬂv,(f‘loylr)}

A2
= ), + EK‘”Z,V, +o(0™) (3.3.17)

Note that the bi-tensor K“ﬁ,v, is traceless just as the bi-tensor J “ﬁv

Noting the coincidence limits: [Oo] = 4,[o] = 0,[c*] = 0, we see that, [?] = 0 =

[K “’i ,»] and hence the coincidence limit of the left hand side vanishes.

The coincidence limit of the equation (3.3.9) then implies [V“ﬁ . (x,x)] = 0. However,

this does not imply V“ﬁ,y, (x, X)|o=0 = 0. To order o, we can write,

V(6 X) 1= V@)%, + Va(@K™,, .
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Plugging this ansatz to the left hand side of eqn. (3.3.9) and equating to (3.3.17), we

obtain two inhomogeneous differential equations for the bi-scalars Vi, Vo,

20'V,\V, + (B0 = 2)V, = @ (3.3.18)
. ~ - A?
20V, Vo + (G0 = 2)V, + 4V, = 3 (3.3.19)
In the intermediate step we have used o'V ,IJ""i ., = 0 and OJV,IK“ﬁ = 2K"'i ., The

coincidence limits of these equations, combined with [®] = 0 leads to [V;] = 0 and
[V,] = %28. Once again, these values determine these bi-scalars everywhere on the light
cone. Hence, to order o2,

8 A ap

Ve =0 = =K, o= 3.3.20

(83 oo = 2K, Lo (3.3.20)
With this characteristic data on the light-cone, V“ﬁ/y, (x, x") can be determined uniquely by
eq. (3.3.8). This shows clearly that the data for characteristic evolution off the light cone
is non-zero and hence the tail term is non-zero as well. Equally well, it also shows that
the tail term is at least of order A*. The Green function is then given by,

G?  (x.x) = J%, (x,X)6.(0) + V%, 0.(-0).

In TT gauge we will be computing corrections to order A and hence we do not compute
the effect of the tail term in this section. From now on, we restrict to the sharp propagation

term only and only the trace-free part of the source stress tensor contributes.

Using the sharp term of the Green function above, the solution to the inhomogeneous

equation becomes,

P(x) = 4 f d*x' \J=g(x') 6.()J%, ,(x, x)T* (x') (3.3.21)

u
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= 4 f d*x' \-g(x)6,(0)g" (x, XV, (x, X ) T*'(x')  (3.3.22)

In the second line we have substituted for Jaﬁ,v, and used the fact that the stress tensor is

trace-free and symmetric.
Introducing RNC and FNC :

Till now we have not specified any coordinate system. In a generic curved background it
is convenient to perform perturbative calculation in Riemann Normal Coordinates (RNC)
or Fermi Normal Coordinates (FNC). At different stages of calculation we employ RNC
and FNC as per simplification of computation and we will express final result in terms
of FNC. These coordinate charts are based on the choice of a time-like reference curve
¥, a reference point Py on it and an orthonormal tetrad, E7 at Py such that Ef equals the
normalised tangent to y, at Py. To be definite, let us take the world tube of the spatially
compact source to be around the line AD of the figure 3.1. The line AD is a time-like
geodesic and we naturally choose the reference curve, y, to be this line. Denoting the
proper time along y by 7, we choose Py = y(r = 0), as the reference point. Let EY
denote an orthonormal tetrad at Py chosen such that E{ is the normalized, geodesic tangent
to y. Fermi transport the tetrad along y (which is same as parallel transport since 7y is
a geodesic). Thus we have an orthonormal tetrad, e“aeﬁ »8ap = Tap » With €9 equal to
the geodesic tangent to vy, all along y(r). The corresponding orthonormal co-tetrad is
denoted as ¢¢,. It follows that, all along y(7), g,z = 1745 and the Christoffel connection is
zero. With these choices, the Fermi Normal Coordinates (FNC) and the Riemann Normal

Coordinates (RNC) are set up as follows (see Fig. 3.4).

To define the Fermi coordinates of a point P off y, let 8 be the unique (space-like) geodesic
from P, orthogonally meeting v at a point Q = y(7p), with a unit affine parameter interval.
Its tangent vector, n® at Q can be resolved along the triad of space-like vectors at Q as:
n® := £e”. Its norm gives the proper distance between P and Q, s* := nnfr,z = £€6;;.

The FNC of P are then defined to be (7p,&'). Evidently, for points along vy, the spatial
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Figure 3.4. The definition of Fermi Normal Coordinates. The dotted line from P to P’ is
the unique null geodesic for which the parallel propagator is computed in appendix B. The
geodesics PgP, PoP’ are used in setting up the Riemann Normal Coordinates. P and P’ denote
the observation and the source points respectively.

coordinates &', are zero. To define the RNC for the same point P as above, construct the
unique geodesic starting from reference point P, and reaching P in a unit affine parameter
interval. This fixes the geodesics tangent vector N* at Py. The normal coordinates of P,

X4, are then defined through N* := X“E“ . We will use them in intermediate computations.

Generally, the FNC and the RNC have a domain consisting of points P which have the
required unique geodesics from the reference curve/point. By examining the geodesic
equation in the global chart it is easy to see that the RNC’s and the FNC’s would be
valid in the static patch (see also [35]). In effect, the computations of this subsection are

restricted to the static patch.

Our task is to evaluate the terms in the integrand of eqn. (3.3.22). The final answer will

be expressed in terms of the FNC introduced above.
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Computation of o-(x, x’) :

Let P, P’ denote the observation point and a source point respectively. With the base point
Py, we get a geodesic triangle Py PP’ with the P’ P geodesic being null and future directed.
Let X4, X"* denote the RNCs of P and P’ respectively. In terms of the RNC set up in this
manner, we have to obtain o-(P’, P). For this we follow chapter II of [34].

Pv=0

Bv=0

Figure 3.5. All lines are the unique geodesics in the Riemann normal neighbourhood. As the
point p slides between P’ and P, a two dimensional surface is generated.

The idea is to construct a surface spanning family of geodesics (figure 3.5), interpolating
between the geodesics PyP, PoP’, all originating at P, and ending on a point p on the
geodesic connecting P’ Py. Each of these have their affine parameters, v’s, running from
0 to 1. Choose points ¢’ and g on the geodesics PyP’ and P,P respectively and having
the same value of affine parameter, 0 < v < 1. The world function o(¢q’, g¢) depends only
on v and gives the desired answer for v = 1. When the Riemann tensor is small, i.e. can
be treated as order 1 (different from the orders used in the metric expansion), the o(¢’, )
is expressed as a Taylor expansion, in v, to third order together with the remainder. This

gives,

o(P',P) = o(Py,P) + o(Py, P) - (g"ﬁao-(y’ P) do(y, P))

o0y? W),
1 1 D4 /’
+ — f dv(l - v)3M ; < vanishes for flat space.
6 0 DV4

(3.3.23)
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The term in the second line comes from the remainder in the Taylor expansion and con-
tains the modifications due to non-zero Riemann tensor. This is computed to the first
order in the curvature. For maximally symmetric space-time, the computation simplifies.
The steps are sketched in the appendix (A) and here is the final result expressed in terms

of the RNCs of P, P’:

200P,P) = X-X)-(X-X)- % {(X XX X)) - (X - X’)2} + 0(A2X3.3.24)

Here the dot product is the Minkowski dot product, X - Y := 1, X°Y? etc.

At this stage we convert the above expression from RNC to FNC. The coordinate trans-

formation between the RNC and the FNC is given by [36],

2 ROi'0+R0'iO -
X8 = THT——
2
_ T(l_A_S) (3.3.25)
9
o R R
X(wd) = &+ — 20+ e
: AT?
= &1 -— 3.2
f( 18) (3326)

In the second lines we have used the de Sitter curvature.

Substitution in (3.3.24) leads to,

- -, - =, A -, -2 2 -, =,
20@E 7 E) = [~a- TP+ E-EV H Gla- TP @+ 84 £ 8) - @ +TEY

_ (—T2 + 52)(_7_/2 +§/2) + (—TT/ + é_f) 51)2 (3.3.27)

Solving the 6. (0):

We have to solve the 6, (o (P, P’)) for 7" and eliminate the d7’ integration in eqn. (3.3.22).
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From the property of delta functional

6t = i)
oo/ aT'L_,:T,

ret

S, (o(r,&7,8)) = (3.3.28)

’
ret

The solution for oo = 0 is sought in the form of 7/, = 79 + Ar;. The 7 is determined
by vanishing of the first braces in eq. (3.3.27) and the retarded condition picks out one

solution, namely, 7 = 7 — |§ - $'|. The full solution is obtained as,

T/, = To+ AT where,

0 = T- |§_ l’?l (3329)
1 1 5 5 5 NN N >, - -

T o= e - EPE@+E+E ) - rE+ E) - E - 21
181 &

-, -,

ST B (- - 2D+ (P -21+£-27) (3330)

Now we introduce the approximation that the source size is much smaller than its distance

. =2 . . .
from observers i.e. &% < 52 & §' < s 3. With this assumption,

72

€ -8 ~ S\/”S—z—zé-é's— ~ s,
h)

N

and keeping only the leading term in powers of s, we get,

A
TI = T — (S + ES:;) =.T— E(S) = Tret - (3'331)

From this, it follows that,

As?
~—s|1 =222
‘r’=‘r—s—E S( 18 )

18

oo (r, 5, T, 5;)
or’

- A
~ —(1 + —8s2) . (3332)

3The spatial coordinates are proportional to the proper distance along the corresponding spatial
geodesics. This distance is related to but not equal to the ‘physical distance’ equaling the scale factor
times the co-moving distance. Explicit relation is given in eqn. (C.0.15). Nevertheless, s < s, reflects the
assumption of source size being much smaller than the distance to the observer. The cosmological horizon
bounding the static chart is at a ‘physical distance’ of v/3/A and all our s, s are within the static chart.
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Note that the 7..(7, s) defined above in terms of § reflects the non-Minkowskian metric

and exactly corresponds to the light-cone in FNC.

Metric and its determinant in FNC:

In terms of the FNC, the metric to first order in the curvature, is given as [5],

2
> A
goo(r,é) = —1 +T , 8i =0, 8ij = 5ij—§(5ij52—§i§j)- (3.3.33)
The metric is static and its determinant is given by,
5 As? As?
V=gline ® 1 = —=As* = [1-—]||1-—]. 3.3.34
glene 18 s ( 6 )( 9 ) ( )

The second factor is the square root of the determinant of the induced metric on a constant
7 hypersurface. The metric being static (independent of T with gy; = 0) also means that 9,

is the stationary Killing vector in the FNC chart.

At this stage we recall that in the Minkowski background, a simplification is achieved by
further imposing the synchronous gauge condition, o, = 0 which removes the residual
gauge freedom of the TT gauge completely and we are left with only the physical solution:
the components #;; satisfying 8'h;; = 0 = §"h;;. Is such a simplification available in the

de Sitter background?

As a matter of fact, it is a general result [28], that in a globally hyperbolic space-time,
given any Cauchy surface, 2, the normalised, time-like geodesic vector field, n* orthogo-
nal to the Cauchy surface allows us to impose the synchronous gauge condition 71(,5713 =0
in a normal neighbourhood of 2. The vector field also provides us with a convenient way

to identify the physical components of the solution.

For the static patch we are working in, the hypersurface of constant 7 corresponding to the
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horizontal line through the point ‘E’ of figure 3.1 is a Cauchy surface and the required 1*
field can be constructed easily to order A. For instance, let T = 7( be the surface 2, with
a normalized normal given by A% := (1 + £5%)63. Then the vector field 7 is determined as

the solution of an initial value problem:

0 = 1@+, 75 =0" = (3.3.35)
A [ s? .
nt = 6"0+§ %6"0+(T—To) E6% | + o(A?) (3.3.36)

From this it follows that in the synchronous gauge,

s =0 = K% = %(T —1o)h%é , BY = %‘(T — 1o)hE; . (3.3.37)

Clearly, 2 ~ 0(A?) and can be set to be zero while 4" is completely determined by A"
It will turn out in the next section that for ‘tt-projected’ h¥, i = 0. Therefore, we now

specialise to the spatial components, u = m,v = n.
Field in terms of source integral :

Let us recall from appendix B, null parallel propagator in FNC to the leading order of A

is given by (B.0.9),

As? &n S &L
— 6", +358°,2— — ¢ ,]—
18 ¢ v s @ 52

¢ (ETLE) ~ &+ (3.3.38)

Note that it is independent of the source point (77, 5’), thanks to the leading s’/s approxi-
mation. It is also independent of .

Now we have assembled all the terms in equation (3.3.22). The 7’ integration exhausts

the first factor in the 4/—g and we get,

~ =2 4 A 2 =2 2 7% -,
Pd = ;(1+1—;)g“a/<f>gvﬁf(§> f &E G ET (1 &) . (3339)
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The integral over the source is usually expressed in terms of time derivatives of moments,
using the conservation of the stress tensor. To make these integrals well defined, it is
convenient and transparent to introduce suitable orthonormal tetrad and convert the coor-
dinate components to frame components. The frame components are coordinate scalars
(although they change under Lorentz transformations of the frame) and their integrals are
well defined. In the FNC chart, there is a natural choice provided by the 7" = constant
hypersurface passing through the source world tube. At any point on this hypersurface,
we have a unique orthonormal triad obtained from the triad on the reference curve by
parallel transport along the spatial geodesic. The unit normal, n®, together with this triad,

e, ,m=1,2,3, provide the frame, e¢°,. Explicitly, to order A,

m?

72

6

. -, . -, A ,2
,n=0, e @& =0, () = (1 u ) §”§m ,

n(r,¢') = 13

In more compact form (underlined indices denote frame indices),

, As?\ As™? A
* =11 o 6 5“ 6 6’ 1+ - =¢&"¢ 3.3.40

It is easy to check that eg' ef/ 8up = Nap- It follows that,

2
g (e (x) = &" (1 +%) /6‘5%5'"——5 " (3.3.41)

Defining the frame components of the stress tensor through the relation, T+ := ¢",¢”, IT*2.
and substituting for g7, ezl (7, g? , T, 5’), we obtain the final expression for the solution in the

synchronous gauge, to leading order in s’ /s and to o(A) as,

( )[(1 )6"1 5" f \[g3(§’ mn(Tretaé:)

A 2, 2

e {gm(sn f g3(ENIT™ + £'5", f x/gs(é’)ﬂ‘”“} (3.3.42)
—%{ ms fkf \j83(§')17k"+§ o, fkf \/83(5')Hkm}]

(€)=
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The stress tensor is a function of (Tret,é?' ), Tree Deing defined in equation (3.3.31). The
terms in the second and the third line will drop out when a suitable tt (transverse, traceless)
projection is applied to the above solution to extract its gauge invariant content, in section
3.5. Each of these integrals over the source on 7" = constant hypersurface, are well defined
and give a quantity which is a function of the retarded time and carry only the frame
indices. The explicit factors of the mixed-indexed ¢’s are constant triad which serve to

convert the integrated quantities from frame indices to coordinate indices.

To express the source integrals in terms of moments, we have to consider the conservation

equation.
Conservation equation:

The conservation equation is 0,7"" = —I" ”ﬂ TY -T " T** and we have computed the
connection in FNC in equation (B.0.6). Recalling that the stress tensor is trace free,
T8, = TH (N + 68uw) =(-T% + Tjj) + T*'5g,, = 0, we eliminate the spatial trace by
using Tjj = T% — T"&g,,. The second term is order A. To within our approximation and

momentarily suppressing the primes on the coordinates, we find,

, 11 ;
9,T™ + 8.7 = TA TV, (3.3.43)
80T0i+6jTji — /5‘(7Tij§j + Tooé:i) (3.3.44)

Taking second derivatives and eliminating 7% we get,

g A . iy
RTI = RTO + 5{10T00+§]8jT00+ 18£,0,T") (3.3.45)

Introducing the notation, p := IT%, 1 := IT"§; i, we express the the coordinate components

of the stress tensor in terms of the frame components as,

A 2
T = 500500(1+Ts)p; (3.3.46)
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, 2As?
TV = & (1+ 5 ) ; é-‘f,]ﬂ‘”
ij As?\ A
TV = (1+—9 )5k51 s (5 §j§z+5jl§fk)]nkl

In terms of the frame components, the conservation equations take the form (the constant

tetrad are suppressed),

As

o.1% = —[1-
(=

)a AT + —gjg OdTY + AITY¢; (3.3.47)

o, IT%

As? ji A ji ij
- (V- |aurt +—{§J§ O 111+ 15115, + 3p¢')  (3.3.48)

Eliminating /7% and using 7 = p thanks to the trace free stress tensor, we get the second

order conservation equation as,

2As? .. . . . .
p = (1 - /;s )afjnlf— % |€¢,0%0TE + 196,0,IT7 + 26790 + 120]  (3.3.49)

Field in terms of moment variable :

The usual strategy is to define suitable moments of energy density/pressures and taking
moments of the above equation, express the integral of /77 in terms of the moments and
its time derivatives. To maintain coordinate invariance, the moment variable (analogue of
x' in the Minkowski background) must also be a coordinate scalar. Note that in FNC (as
in RNC), & is a contravariant vector. Its frame components naturally provide coordinate
scalars. We still have the freedom to multiply these by suitable scalar functions. It is easy
to see that the frame components of ¢ are the same as the coordinate components at best
up to permutations i.e. & = e- ff S §J It is also true that g;;¢'¢/ = fifléij = s°. Hence

suitable functions of s> would qualify to be considered as coordinate scalars.

In equation (3.3.42), we need f d¢ g3(§’). To get this from the equation (3.3.49), we
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introduce a moment variable ¢ i(g) and define moments of p as,

L S . . 5 N As?) .
Mikin(r) = f PENGE L p(r.d) L (1) = (HTS)?, (3.3.50)

where the integration is over the support of the source on the constant—7 hypersurface.

Multiplying the equation (3.3.49) by g3(§’){i. ..{™, and integrating over the source,

we get,

_ 2
Afirin = fd3§HQal;j ((1 N (n ;)AS )gl,l) _ % [faﬁfnjkaizk (fiflfﬁ"'i)

+19 f d*¢ IT99, (&™) + 2 f d¢ po; (£1€-) + 12 f dP¢ pgii-in

3

] (3.3.51)

There are no factors of (1 — As?/9) in the terms enclosed by the square brackets since

there is already an explicit pre-factor of A.

The first few moments satisfy,

A
PM = gM (‘Mass non-conservation’) (3.3.52)

: 2A . 2A N
('ﬁMi = ?M’+?fd3617!§j, (‘Momentum non-conservation’)3.3.53)

PML = 2 f A&~ g3(D) L+ AMY + A f d%gk(nﬁgunﬁgi) (3.3.54)

There are additional types of integrals over I7% and &-IT - ¢ in equation (3.3.42). But these
come with an explicit factor of A which simplifies the calculation. These can be expressed
in terms of different moments using both the second order conservation equation, (3.3.49)
and the first order one, (3.3.47). In particular, taking the fourth moment and tracing over

a pair gives (to order (A)°),

1
f A& EUTEEE + [T = 1 [5Q3$Mw —2M™ — ZN@] where,

N f dPE~ g3(&) M52 . (3.3.55)
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Likewise, taking the first moment of equation (3.3.47), we get

f dPéEr g, MY = oM. (3.3.56)

Collecting all these, we write the solution in the form,

~ 2 m a2 Afkn n52 Akm
ied) = oy, |(Zve) - 4 (o EEMELEEAE oy
+ A (—M’""+ N %6”63/\/(’"””) + Z?A (gma,M"Jrg”a,M'")] (3.3.57)
s —_

The moments on the right hand side are all evaluated at the retarded v and we have dis-
played the constant triad. The constant triad plays no role here but a similar one in the

next subsection is important.
Remarks : There are several noteworthy points.

(1) The leading term has exactly the same form as for the usual flat space background.
The correction terms involve the first, the second and the fourth moments as well as a new
type of moment N2, We will see in the next section that the term involving & will drop

out in a tt projection.

(2) There are terms which have no time derivative of any of the moments and hence can
have constant (in time) field. This is a new feature not seen in the Minkowski background.
A priori, such a term is permitted even in the Minkowski background. For instance, if
0. T = O 1i.e. the source is static, then eqn. (3.3.39) or eqn. (3.3.42) imply that A ™ =0
and hence the solution can have a T—independent piece. However, in this case (A = 0),
the conservation equation (3.3.54) equation relates the field to double 7— derivative of the
quadrupole moment which vanishes for a static source. It reflects the physical expectation

that a static source does not radiate. Does this expectation change in a curved background?

In a general curved background, ‘staticity’ could be defined in a coordinate invariant man-

ner only if there is a time-like Killing vector, say, 7. A source would then be called static
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if the Lie derivative of the stress tensor vanishes, £;7% = 0. In the de Sitter back-
ground, in the static patch we are working in, the stationary Killing vector is precisely 0..
Hence, from the definition of moments (3.3.50, 3.3.40), it follows that for a static source,
0. T = 0, all its moments would be 7—independent. However, the conservation equa-
tions (3.3.52) for the zeroth moment* contradicts this, unless M itself vanishes. Hence we
cannot even have strictly static (test) sources in a curved background. Thus, in the specific
case of the de Sitter background, the non-derivative terms in the equation (3.3.54), do not

indicate the possibility of time independent field 7.

For a very slowly varying source - so that we can neglect the derivative terms - we can
have a left over, slowly varying field, falling off as ~ A/s. Such a field has a very long
wavelength and is not ‘radiative’ in the static patch. To isolate radiative fields, one should
probe the vicinity of the null infinity which is beyond the extent of the static patch. For
typical rapidly changing sources, (1 < s) the 7—derivative terms dominate over these

terms and in the context of present focus, we drop them hereaffter.

The remaining terms that survive the tt projection, all have second order T—derivative.

Similar features also arise in the Cosmological chart in the next subsection.

(3) The mass conservation equation can be immediately integrated and have exponentially
growing and decaying components. The scale of this time variation is ~ (A)~!/? which
is extremely slow, about the age of the universe. These equations do not depend on the
Green’s function at all and are just consequences of the matter conservation equation
for small curvature. We are working in a static patch of the space-time, so the time
variation is not driven by the time dependence of the background geometry. It is the
background curvature that is responsible for the changes in the matter distribution and
hence its moments. In effect, this confirms that test matter cannot remain static in a
curved background even if the background is static. In a flat background, there is no work

done on the test matter and hence the sources’ mass and linear momenta are conserved

4 The non-zero curvature always does ‘work’ on the test matter and the ‘mass of the matter’ alone is not
conserved.
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(the zeroth and the first moment are time independent).

For contrast, in the next subsection, we present the computation in the conformal chart of
Poincaré patch. [6]. This subsection has the tail contribution explicitly available and the

correction terms are in powers of VA.

3.3.2 Generalized Transverse Gauge in Poincaré patch

The computation takes advantage of the conformally flat form of the metric in the confor-
mal chart and makes a choice of a generalized transverse gauge to simplify the linearized
equation. We summarize them for convenience and present the radiative solution. Recall
from previous chapter 2.2.2 in the conformal chart (see figure 2.3), de Sitter metric takes

the form,

1 . A
ds*> = e [—dn2+2(dx’)2}, ne(=0,0), H:= \/; (3.3.58)

The conformally flat form leads to a great deal of simplification. In this chart, the de Sitter
d’ Alembertian can be conveniently expressed in terms of the Minkowski d’ Alembertian

leading to simplification of linearized wave eqn. (3.2.8),

iy + = (000 g + 8007Ti) + (~ s + 0y + 0T}

~16aT,, = Q7
n

+% {525%(%,7% + Tuhoo + 2 (600, + (5%)#)}] _ (%A) [%V _ nﬂyﬁaﬁnaﬁ]

2 1 3
- {(d,B, +d,B, — n,,0°B,) + = (6°B, + °B , QP = =
{(/J T Oy =Ty )+n(ﬂ + V“)} H7? ~ AP
(3.3.59)

While the transverse gauge will eliminate the B, terms, it still keeps the linearized equa-
tion in a form that mixes different components of ﬁyv. A different choice of B, achieves

decoupling of the components ho; and B j (hoo component involves in trace) . Taking B,
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of the form f (U)ilo,u shows that for the choice f(n) := ZTAn, the equation simplifies to [6],

wovta

2.2 Lo . .
—167T,, 2" = Ol — =00l — = {0060R, = Ty + 00ho, + 0ho,} . with  (3.3.60)
U Ui

a

- 1 .~ - ~
0 = 0%hy, + Eéﬁhaf’ , bl = R (gauge fixing condition) (3.3.61)
From now on in this subsection, the tensor indices are raisedflowered with the Minkowski

metric.

It turns out to be convenient to work with new variables, y,, := Q‘Zﬁw. All factors of Q2

and A drop out of the equations and y/,, satisfies [6],

2 2
~ 1617 = B+ 00k~ 5 (6560 + 6hxon + O0xou) - (3.3.62)

0

1
0"Xou + ; (2/\(0# + 52/\/&“) (gauge condition). (3.3.63)

Under the gauge transformations generated by a vector field &, the y,, transform as,

2 — 4
Kpr = (O + 06 —0w0°€ ) = ;"#Vi) £ =0 2, = (3.3.64)

The gauge condition (3.3.63) is preserved by the transformation generated by a vector

field & satisfying residual gauge transformation,

2 2 4
O, + O, = 0E, = 0 (3.3.65)

and the equation (3.3.62) is invariant under the gauge transformations generated by these

restricted vector fields.

The main simplification of eqn.(3.3.62) occurs in decomposition of field components into
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2C=xoo + X'}, xois xij as follows,

¥ 167 T
o ()ﬁ) . (3.3.66)
7 n
. 1670 Tor
0 (X—O) __1orTo (3.3.67)
7 7
2
O xij + =00 xij = —167 T} (3.3.68)
7

To exhaust residual gauge freedom, let us investigate equation of motion satisfied gauge

field o7,

o(sg) =4 [u (ao§0 - 5—;)] = ~25) (%) + 2 (6)) = O (%) 0 (3.3.69)

n

Hence gauge field oy satisfies the wave equation outside the source. Therefore using
residual gauge transformation of §0 , we can set ¢ = 0 outside the matter source. Similarly
Yoi can be gauged away [6]. The gauge condition (3.3.63) then implies 0°yoo = 0 and
by choosing it to be zero at some initial  =constant hypersurface we can take yoo = 0
as well. Thus the physical solutions, satisfy conditions: d'y;; = 0 = x', and it suffices to

focus on the equation (3.3.62) for u,v =i, j,

2 : ,
DXij+_60Xij:_167rTij ) 3:)(’,-:0:)61'1-
n
The corresponding equation for retarded Green function is defined by
3

2
(u + 500) Gr(, x;1,X) = —/—‘nza“(x -x). (3.3.70)

Green’s function of the filed y;; mimics that of minimally coupled scalar field in de Sit-

ter background. Hence from the Hadamard construction corresponding retarded Green
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function is given by, [6],

, A 1o —|x—=X|
Galr.x:'x') = S+ (- l’jc v ) 54—607 W-lx-x]). (3371

The particular solution is given by,

dnld3 ’ ’ 7 7 7
Xijf(n,x) = l6n T, Or(n, x5 X)Ti5(', X) (3.3.72)
source 3
6 —
= 4fd g (= ==X Tij(m', x")
n lx = x'|

+ 4 fdn'd%c’FH(n -0 —lx=xDT;(p',x")  (3.3.73)
4 f By 7 Ty, %)
lx—xl(p—lx—xp 7 7=

7—|x—x'|
‘4 f Py f gy LX) ‘f(” *) (3.3.74)

The spatial integration is over the matter source confined to a compact region and is finite.

The second term in the eqns. (3.3.73, 3.3.74) is the tail term.

It is possible to put the solution in the same form as in the case of flat background, in

terms of suitable Fourier transforms with respect to n [6]. However, we work with the

(n, X)-space.

For |¥| > |¥’|, we can approximate |[¥ — X’| ~ r := |X|. This allows us separate out the
X dependence from the n — |x — x’|. In the first term, this leads to the spatial integral over
T;j(n — r, x") while in the second term, we can interchange the order of integration again
leading to the same spatial integral. The spatial integral of T;; can be simplified using
moments. This is done through the matter conservation equation using the conformally

flat form of the metric,

1 . 2
F T+~ (Too+T,') =0 , #Tu+=Ty = 0. (3.3.75)
n n
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Taking derivatives of these equations to eliminate T\, we get,
iaj 2 1 i 3 i 2
0 éVTij = 8,7T00 - —8,,(T00 + Ti ) + —2(T00 + Ti ) — —(9,7T00 (3376)
n n n

As in the previous section, we introduce a tetrad to define the frame components of the

stress tensor. The conformal form of the metric suggests a natural choice: (VA/3 =: H),

fo = —Hn(1,0), f2 = —Hno', e  f%:=-Hns, (3.3.77)

The corresponding components of the stress tensor are given by,

p = Py =Tapfofy = H'W'Tod"s0% » Pij = Tapff); = H'P'Ty6'6',; (33.78)

Py = Topfof » 7= Pyol. (3.3.79)

In terms of these, the conservation equations take the form (suppressing the constant

tetrad),
o 1
0 = 9,P%+09,P2—— (3P0 +n) (3.3.80)
U]
. P | .
0 = 6,P%+9,PL——4P% (3.3.81)
1

It is convenient to go over to the cosmological chart, (¢, ¥) and convert the 9, to d, using

the definitions: 7 := —H 'e™"". This leads to 9, = ™9, = a(®)0, .
1 .
0 = 0p+-0.PY+HBp+n); (3.3.82)
a
. 1 . .
0 = O,P%+-9,PL+4HPY; (3.3.83)
a
1 .
0 = 8;p——0;PL+8HOp+Hm+5H* (3p + 1) (3.3.84)
a

As before, we define the moments of the two rotational scalars, p, &, by integrating over

the source distribution at 7 =constant hypersurface. The determinant of the induced met-
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ric on these hypersurfaces is a*(7). The tetrad components of the moment variable are

given by, ¥ = fix® = —(nH)“éijxf = a(t)x.. The moments are defined by,

S
=

Qﬂll(t) = f d3x a3(t)p(t, )?))_Cil R (3385)
Source(t)

(3.3.86)

3

, Oin(py = f &Ex aOnt, Db - -
Source(t)

Taking second moment of the eqn. (3.3.76) and lowering the frame indices we get,

f Ixa> (Pt x) = % 0701 — 2H5,0,; + H, 0| (3.3.87)

Let us write the solution, eq.(3.3.74), in terms of the cosmological chart, incorporating

the approximation |¥’| < |¥].

n—r Ti' /’ ’
Xijn.x) = 4—" f PAT, 00, %) +4 f & f an TI 2D 3 5 g
7'(7] - l") n'=n-r -0 n

Define the retarded time, t., through (7 — r) := —H 'e~H" and set @ := a(t,,;). Then we

have, 7 = —(aH)™', (n—r) = —(aH)™'. Using these,

/ -1 = / ’ 1 ’ / ’ ’ ’ /
%T,-,-(n —1r,x) = a(®)™'@ Pyt ') , dy A Tiilr ) = H?df & (' )Py(t', X')

(3.3.89)

All terms involve only the f a’P; ; which is obtained above. With these, the solution takes

the form,

2

, _
o 970 - 2H3, Qi; + HO, O]

+2H* 0,0, ~ 2HQ,; + HO,|

Xij(t,1)

Iy tret

—2H? {0, Qi — 2HQy; + HOy)| (33.90)

We have restored the constant triad and used the definition: y;; := ¢ f&f){i ;. The first

term in the equation (3.3.90) is the contribution of the sharp term and the remaining terms
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are from the tail. The tail contribution has separated into a term which depends on the
retarded time just as the sharp term does, and the contribution from the history is given

by the limiting value of the last line.

This expression is valid as a leading term for |X | > |¥’|. (For Hulse-Taylor system,
the physical size is about 3 light-seconds and it is about 20,000 light years away, giving

|x’|/|x| ~ 10712.) We work with this expression in the following and suppress the ~ sign.

We write a™' = a'(2) = a'(1 - Hra)=a ' — rH in the first term to make manifest the

dependence on retarded time 7. The solution is then expressed as,

2 _
Xij(t,r) =~ — {5,2Qij —-2H0,Q;; + HatQij}
ij 5 101 ij ij
—2H{0?Q;; - 3H3,Q;; + HO, 0y + 2H* 0y - H* Oy} (33.91)

~2H’ 0,0, ~2HQ;; + H Qz}‘_m

Remarks:

(1) In the conformal chart, there is no explicit dependence on the cosmological constant
and it is not a suitable chart for exploring the subtle limit of vanishing cosmological
constant [8,22]. Hence we changed to the cosmological chart and exhibited the solution
with explicit powers of H. Although the solution in eqn. (3.3.74) showed the presence
of a tail term as an integral over the history of the source, in the final expression the field
depends only on the properties of the source at the retarded time #, which was defined

through (n — r) except for the limiting value in the last line.

(2) Unlike the FNC chart, here the tail contribution has moments without a time derivative
which naively indicates that for ‘static’ sources, there could be a non-zero field. A coordi-
nate invariant way of specifying staticity of a source is to refer to the Killing parameter of
a stationary Killing vector in its vicinity, eg, 7 -9 := —H(nd, +x'0;) = ,— Hx'9; (This also

equals the 0, of the FNC). A static source satisfies L;71,, = T -9T,, —2HT,, = 0. Explic-
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itly, Lr ff; = 0 and hence for a static source, L7 P,, = 0. Furthermore, the Lie derivative
of the moment variable x! = ax’ also vanishes as does that of the volume element. Hence,
LrQ;; = 0. Since the moments are coordinate scalars and independent of spatial coordi-
nates, their Lie derivative is just ;. Hence, for static sources, 6,QQ =0= 6th (indeed all
moments will be independent of #). For constant moments, there is a cancellation between
the terms in the second line of equation (3.3.90) and the field vanishes. The boundary term

at t = —oo is essential for this cancellation.

However, the conservation equations for the zeroth and the first moment are,
0,Q+HQ =0 , 8;0;+H,0,-H (Q;-0;) =0 (3.3.92)

The equation for the zeroth moment can be derived directly from (3.3.82). These again

show that in a curved background, test matter cannot remain static.

For very slowly varying moments, the sharp contribution is negligible while the tail has a
contribution, not falling off as r~!. In FNC, the slowly varying contribution is in the sharp
term, but could not be thought of as ‘radiation’. The absence of such a contribution in
the sharp term in eqn. (3.3.90), suggests that the slowly varying sharp term of FNC (eqn.
3.3.57), would not survive as ‘radiation’ at /", though of course this cannot be analysed
within FNC chart. The surviving tail contribution has been thought of as inducing a linear

memory effect in [37].

The contribution from ¢ = —oco boundary, is in any case a constant and does not play
any role in any physical observables which typically involve time derivatives. With this

understood, we now suppress this boundary contributions.

(3) To link with [8], the final step involves replacement of 9, by the Lie derivative with

respect to the stationary Killing vector. Using L7 Q;j(ter) = (0, — HX'0)(tret) Qij(tre) =
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01,4 Qij(trer) and L6 =T -85 - Hs/, we get

L0y = L1661 0y) = (L1660 +6,/670,,0y = 0,01 - 2HQ;; . (3.3.93)

J

This is where the constant triad plays a role, unlike in the FNC chart where £ = 9, on
all tensors. It should be noted that the staticity condition 6,QQ = 0, in terms of coordinate
indices becomes LrQ;; = —2HQ;;. With these translations, our solution in equation
(3.3.91) takes the forms,

Yit.r) = %q"&j 620, ~ 2H,0,; + H3,0,;| (1) (3.3.94)
~2H5'5 ! [020, ~ 3H,0,; + 2H*Q,; + HO,0,; — H* Oy (0.
% | £30,j + 2H L7 Qi + HLr O + 2H* Q| (3.3.95)

-2H [LZTQij +HLrQij + H-ETQij + HzQij]

The derivatives are evaluated at ¢ = ¢,,,. Both terms have the same derivatives of moments
appearing in them and on combining, lead to a coefficient of the form ((ra)~! — H). Thus
in each order in H, the effect of the tail is to reduce the amplitude. The equation (3.3.95)

matches with the solution given by Ashtekar et al. [8] and the A — 0 limit of the solution

goes over to the Minkowski background solution.

3.4 Extracting physical solution

The two solutions presented above were obtained in two different gauges. With a further
choice of synchronous gauge, we could restrict the solutions to the spatial components
alone. While these conditions fix the gauge completely, these spatial components still
have to satisfy certain ‘spatial transversality and trace free’ conditions. The inhomoge-
neous solutions obtained above do noft satisfy these conditions and hence do not represent

solutions of the original linearized Einstein equation. Their dependence on the retarded
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time and the ‘radial’ coordinate however, offers an easy way to construct solutions which
do satisfy these spatial-TT conditions [36]. In flat background, this is achieved by the al-
gebraic tt-projector (defined below) and the method extends to the de Sitter background

as well.

For y;;, the spatial-TT conditions have the form: 8’y ; = 0 = §'y;; which have exactly
the same form as in the case of the Minkowski background. To deduce their form for the
h'/ consider 7 satisfying the TT gauge condition and the synchronous gauge condition:

V. =0=h"g, , h*° =4 - 19)h"&l5;;. These imply, A" = W,

"’ =o(A%), i = %‘(T —ThE Sy 5 WS = _%‘h"fg,.gj : (3.4.1)
Furthermore,
VI = G+ T WY+ T =0 (3.4.2)
S5A . 2A o 2A y
=GN = TShE+ ?%hof,- + 50 (A7 = W'50") & (3.4.3)
) A y S5A,
= 0j(h'6) = —2(1 =100 (h'EE)) + & ih” (forv =0) (3.4.4)
. A y 4A _
and 8th = —E(T — To)aT(l’l Jé:j) + ?gjhj (fOf V=1 (345)

Multiplying (3.4.5) by &, subtracting from (3.4.4) and using (3.4.1) implies that h7&,¢; =
0 = h"5;;. The &x(3.4.4) then implies that d,(h"&;) = 0, satisfying eqn. (3.4.4) identi-
cally. Provided h¢; = 0, the spatial transversality condition, ;4" = 0 will be satisfied.

1

The tt-projector defined below will ensure A¢; = 0 to the leading order in s'. Hence

the spatial transversality will also hold for the projected A" to the leading order in s~'.
The projector being local (algebraic) in space-time while the spatial TT conditions being
non-local (differential), the projector ensures the condition only for large s. Elsewhere,
the condition must be satisfied by adding solutions of the homogeneous wave equation.

However, we need the explicit forms of the solution only in the large s regions for which

the projector suffices.
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As in the case of the Minkowski background, corresponding to each spatial, unit vector

71, define the projectors,

Pya) = & —i'n; , AT, = < (PP + PP~ PUPy) . (3.4.6)

| =

Contraction with 71 gives zero and the trace of A-projector in either pair of indices van-
ishes. From any X, the A-projector gives X := A”, X" which is trace free and is
transverse to the unit vector 7. For the FNC fields we choose 7' := é?‘ /s and for the con-
formal chart fields we choose ' = —Hn & /r. When /Y, is substituted in the eqn. (3.4.5)
the condition reduces to the ‘spatial transversality’, 0 jiziTjT = 0. The )(Z.TJ.T also satisfies the

same condition: /x]" = 0.

Since 7 is a radial unit vector, It follows that, 0 inj W= %(Pi G+ P /i) which is down by

a power of r (or of s for FNC). Therefore to the leading order in r~', A} = A” 3",

Noting that the retarded solutions have a form ~ f(t — s)/s, we get,

0, [@] = —éfj (8Tfij + s_lfij> ~ —€,0, [@] + 0(%) L& =57
It follows immediately that to the leading order in s~! (or r™!), 8 jfziTjT ~ —0.(¢ jfziTjT) =0
(and likewise 0/y;;" = 0). Note that although to begin with, the spatial TT conditions
in FNC look different from those of the conformal chart, they have the same form after
the corresponding A-projections. Thus, for the A—projected A/ too, h*° = 0,VYa. There
is no plane wave assumption or spatial Fourier transform needed for this projection. Of
course, the A—projector only ensures that the gauge conditions are satisfied to the leading
order in r~'(s7'). These A-projected field represent physical perturbations and gauge
invariant observables of interest can be computed using these. From now on, in this
chapter the solutions will be in the synchronous gauge and with tt projection implicit:

R =0,k & Bl and y,, = 0, xi; © X/ In particular hii = b,
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3.5 Constructing gauge invariant observable

Physical solutions of field variable have been obtained in two different gauges and two
different charts - how can those be compared? One natural strategy is to construct gauge
invariant physical observable and compute it in both coordinates and for matching one
can do coordinate transformation also. As an illustration, let us consider the deviation
induced in the nearby geodesics, as tracked by a freely falling observer. Thus we consider
a congruence of time like geodesics of the background space-time and consider the tidal
effects of a transient gravitational wave. Let us concentrate on deviation acceleration
which incorporates tidal distortion of nearby geodesics. For a freely falling observer with
four velocity u®, acceleration of geodesic deviation vector Z* is given by,

a'=-R: _u'Z u’ (3.5.1)

vpor

Under infinitesimal diffeomorphism x* — x* = x* — €&, deviation acceleration changes

as
S(a") = —[5(R" o) 2T + R 5(uvzpu<f)] (3.5.2)
while to the linear order in perturbation this change becomes,

8@ = ~|oR" )" ZTT + R s 60707 (353)

= _[Lg(R Hooe) PR + R 6(uVZPu")(”] (3.5.4)

In the last line we use 6h,, := V, & + V, &, to prove 6(R* yp(,)(l) = L:R" ,0) [21].
Vanishing Riemann tensor in flat background implies that deviation acceleration is gauge
invariant to the leading order in perturbation. As background Riemann tensor is nonzero

for de Sitter space-time, deviation acceleration is not gauge invariant.
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To construct a gauge invariant quantity in de Sitter background, we begin with the obser-
vation that for all space-times satisfying R, = Ag,, (which include the de Sitter back-
ground as well as its linearized perturbations in source free regions) and for vectors u, Z, Z’

satisfyingu-Z =u-72' =7 -7 =0, the definition of the Weyl tensor implies,

A
Caﬁyv —Ropy = _g(gapgﬁv - nggﬁy) = (3.5.5)
A
RaﬁWZ'“uBZ“uV = CaﬂﬂyZ'“uﬁZ“uV + 3 {w-w)Z -Z2)—(u-Z)Yu-7Z)} (3.5.6)

"D, Z,Z') = —RopnZVZ'v = - CopnZ' " uPZ'u’ (3.5.7)

As in eq. (3.5.4), one can obtain gauge transformation of D(u,Z’,Z). It is evident that
D(u,Z',Z) is gauge invariant to the leading order in perturbation. This is because the
gauge transform of the Weyl tensor for the background is zero and the gauge transform
of the Z'uZu tactor (it depends on the perturbation through the normalizations) does not
contribute since the Weyl tensor of the de Sitter background itself is zero. Notice that
D(u,Z,7") is symmetric in Z < Z’ and is the component of acceleration of one deviation

vector Z, along another orthogonal deviation vector.

A suitably chosen congruence of time-like geodesics, u“d,, provides a required pair of
orthogonal deviation vectors for the gauge invariant observable D(u, Z’, Z) which we now
refer to as deviation scalar. Since deviation vectors are always defined with respect to
a geodesic congruence, we leave the argument u implicit and restore it in the final ex-
pressions. The deviation scalar is related to Weyl scalars as noted in [38]. We compute
this for the A—projected solutions given in (3.3.57, 3.3.91). Note that the dot products
in the above equations, involve the perturbed metric, (g + h),,. For the explicit choices
that we will make below, we denote the observer and the deviation vectors in the form:
u=it+ou,Z =72+086Z7 = 7'+ 6Z with the ‘barred’ quantities normalised using

the background metric while the ‘delta’ quantities are treated as of the same order as the
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perturbed field. Thus,

a-Va®=0 , a-02°=7-0u" , u-0Z%=27"-0u";

w-i=-1, un-Z=u-2=272-2=0. (3.5.8)

The ‘delta’ quantities have to satisfy conditions so that the full quantities satisfy the req-

uisite orthogonality relations with respect to the perturbed metric.

The deviation scalar is then given by,

~D(Z.2) = (Zup+ hap) (R + RV, ) (2P0 20 + 8(ZPu'Z'u"))

= BupR%,ZPHZ'W + 3R, 2P0 20

+ BapRy 0 (220" 2'0) + hopR®,, 2P0 20 (3.5.9)
o A - A
“D(Z.,7) = —R“)“M 7\ @' 7' a’ + ggaﬁ(zﬁaza +62P7%) + ghaﬁzwzﬁ
_ g —AZu—vJ,/_‘(;( 777 (3.5.10)
- Auy ol u 3 8ap .

Here, R"V refers to the Riemann tensor linear in h,. Ineqn. (3.5.9), the first term vanishes
thanks to the properties of the barred quantities, while in the third term, only one factor
has a delta-quantity. The only contributions that survive in the third and the fourth terms
are the ones with #? = —1. These terms combine (note the full metric in the last term) and

(3.5.10) reflects this. Next,

R, = VI, =9rt, (35.11)
[e% 1 - — — —
r(lv)/l = Eg ﬁ(VAh,Bv + V,hgy — V,ma); (3.5.12)
2 DWZ.2) = 3 |Z @' 2@ (V¥ shay = ¥, Vahis = V,¥ oy + T,V ol
- A
_ ra 73
+ [V,u’vv]ha//l)] + 35(gaﬁz V4 ) . (3513)

Evaluating the commutator in the last term within the square brackets, we write it as,

%‘haﬁZ'“Zﬁ . To proceed further, we need to make choice of the congruence, the deviation
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vectors and the delta-quantities. This is done in the respective charts.

A natural class of time-like geodesics of the background geometry, is suggested in the
conformal chart. From the appendix eqn (C.0.5), we know that the curves x’ = xf) are time-
like geodesics. The corresponding, normalised velocity is given by #% (1, x°) := —Hn(1, 6).
The same family of geodesics is given in FNC as, #® = (1 + As*/3, VA/3 5 ). From now

on, we will use A/3 =: H? for ease of comparison.
FNC chart of the Static patch:

From the explicit choice of the freely falling observer, we get the following consequences:

= =2

i-7=0 > Z°=HE-7,a-Z=0=Z°=HE-7: (35.14)

- =2 =4 =2 —0 —/0

E7=0=28.7 = 72°=0=2",; (3.5.15)
7.7=0 = 7-7=0: (3.5.16)

0-02°=27-00" = u-0Z' = HZ' , 7 -9u® = u-0Z" = HZ"; (3.5.17)

-

0.2 = HZ-£.3Z)., 02" = HZ'-£-3Z):  (35.18)

In the second equation above, we have made the further choice namely, the spatial parts

of Z,Z' are orthogonal to the radial direction 5 as well.

The idea is to bring the deviation vectors across the derivatives. Using the properties

above and fz,-l,-ﬁ" = 0 which holds thanks to the tt-projection, the equation (3.5.13) gives,
4 A ra 1 \2 — T 7 izj
D(Z',Z) - §5(g(,ﬁz 7)) = 5@V = HGa V)| (h§Z'Z) (3.5.19)

The second term on the left hand side of the above equation vanishes.

To see this, we collect the equations satisfied by the 6—quantities.

Gopu"t = -1 = @,0u" =0 (3.5.20)

8upu"ZP =0 = @1,6Z° + Zidu' =0
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gupt’ZP =0 = 2,62+ Z6u' = 0
u-Vu*=0 = a-Vou® = —ou-Va® (3.5.21)
u-0Z*-7Z-0u* =0 = i-VoZ* = Z'V:6u® + 6Z - Vit® — Su - VZ°
u-0Z%-27 -0u"=0 = a-V6z2'* =7Z'Viou" + 62 -Va® —6u-VZ°®

8upZ°Z’ =0 = Z,6Z°+ZsZ' + h\Z'Z/ =0 (3.5.22)

The equations (3.5.20) serve to give the zeroth components of the d—vectors in terms
of their spatial components. The equations (3.5.21) are evolution equations along the
geodesic for the 6—vectors and preserve the previous three equations. The last equation
(3.5.22), is needed for the gauge invariance of the deviation scalar. The spatial com-
ponents of d—vectors are still free. Demanding that the (3.5.22) is preserved along the

observer geodesic leads to,
(ZiZ/ + ZZHWVou' = — @V -2H)RZ'Z)) (3.5.23)

Here we have used the evolution equations for 6Z, 6Z’, equation (3.5.22) as well as Vi’ =
H(Sij + o(H?). This equation together with the evolution equation for du/, can be taken to
restrict u’ and we are still left free with the 6Z%,5Z" subject only to the (3.5.22). This

equation precisely sets the second term on the left hand side of eq. (3.5.19) to zero.

Thus we obtain the deviation scalar as a simple expression,

Du,Z',7)

[%(uﬁ)z—H(uﬁ)]Q , Q:=Z'Z)) with, (3.5.24)

a-VQ = 700 = ((1+H*s")0. + HED,) Q.

For subsequent comparison, it is more convenient to take the deviation vectors across the



102
derivatives, using it - VZ' = HZ' etc. The deviation scalar is then given by,

. | _ e
Dw,Z',7) = Z’Z’[E(ﬁ~V)2+H(ﬁ~V)]hZ- with, (3.5.25)

it - VA, it - O, + o(H’) . (3.5.26)

Substituting the solution (3.3.57) gives,

1 7
Dw,Z.2) = - [(1 —2Hs + 5stz) M, — H O M, — HBM,
s |
3H? i
—Taimg.k,csk’]z Z (3.5.27)

The 7 derivatives are evaluated at the retarded time, (7 — 5(s)), defined in eqn. (3.3.31).

The Conformal chart of the Poincaré patch:

For the solution in the generalized transverse gauge, the full metric has the form g, =
QM+ xw)s 2 =3A7'p72 = H272. We can then use the Weyl transformation property
of the Riemann tensor and obtain the full curvature in terms of the curvature of (1 + x)
metric plus extra terms depending on derivatives of In(£2). From these derivatives, A drops
out and the full curvature (and hence the relative acceleration) is completely independent

of A. Explicitly,

Lo s .
Ruynl @M +x)] = @ [Raw[n+)(]+?{gaygm— ZavBu) (3.5.28)

1. 4 oA o a .
+7_7 {gavroﬂ,l - ga,uroy,l + gyxlgaﬁrﬁ()v - gvﬂgaﬁrﬁoﬂ}] Where,

A

. 1
B = Mot Xw - Ty, =5 (Ot + 0t = " xiw)
The definition of the deviation scalar and its invariance remains the same. We also choose

the same geodesic congruence in the background space-time so that u® = —Hno“,. As

before we choose two mutually orthogonal deviation vectors, Z, Z’ and write D(Z’,Z) =
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—RopnZ “vPZFw’ . Using the Weyl transformation given above, we write

DZ'.2) =

N PO
Ronnl81+ = {Bauva = Bar8ua) (3.5.29)

lA" AT A AT A AT 5 AU AV
+5 {gavroﬂ,l - gayroy/l + g,uxlga,BPB()V - gvﬂgaﬂrﬁoﬂ}]z u/lzﬂu 5

where we have defined new scaled variables as: u® := |Q|™'4* , 2% := |Q|"'2% , Z'* .=
1QI"'Z'* and D(Z’,Z) := Q2D(Z', 7). This removes all the explicit factors of Q> and we
get an expression for the scaled deviation scalar, defined by perturbations about Minkowski

background, with explicit additional terms.

For notational simplicity, we will suppress the ‘hat’s in the following, and restore them
in the final equation. The background quantities, denoted by ‘overbars’ refer to the
Minkowski metric and the corresponding d—quantities are treated as the of the same order
i-0i* =0, it-02% = Z-0” and similarly

: 1t 1 0 S
as the perturbation - In particular, &* = 69,

for Z'®. Proceeding exactly as before, we deduce:

i =20=7°=77Ys;=0 , 8,2 =0,2"=0; (3.5.30)
ou’ =0=062"~Ziou' =67° - Zjou' , Z/6Z' + 767" + xi,Z'7Z' = 0;(3.5.31)
0,02 = Z'0i6u” — u'0.Z" , 0,07 = Z'0;6u” — 5u'd,.Z" ; (3.5.32)

~8,(xi;iZ'77) , 8,00 =0. (3.5.33)

As before, demanding preservation of the last of the normalization conditions in (3.5.31)
under 77 evolution, gives conditions of du’ given in equation (3.5.33). These are used in
simplifying eqn. (3.5.29). The n~2 term of this equation vanishes as before while the n!
coefficient gives only one contribution. In the first term, R(g) gets replaced by R which

is linear in )(Z This leads to (restoring the ‘hats’),

Ao oo ] 1
D(Z.7) = 5(8%3—56”)(53)2 7. (3.5.34)
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Noting that y;; is a function of i only through 7, = n—r, we can replace d, by 9, =: 0;.
Going to the cosmological chart via the definitions n = —H 'e™ ™ = ~H 'q! and 7§ :=
n—r:= —H"'a"! which defines the retarded time 7 through a@ = a(f), we replace 9, = ads.
This leads to,

2

D7) = & (at% +H (1 + g) a,—) X! with y;; from equation (3.3.94) |
To express the deviation scalar in terms of the Killing time 7, we observe that on scalars,

Lrf =T -df while on tensorial functions of the retarded time,

L0 = (0, - HX'0)®) (0:0i@) — 2HQij(7), with (3, — HX'd)(®) = 1.

After a straightforward computation, we get,

=2

ij ij

bmz@:@@ﬂ%

) | L5108+ 6HLLO + 11H? L3 0% + 6H® L0

+H L0 + 6H> L7 + LI L Of + 6H' 0l (3.5.35)

To compare the deviation scalars computed above, we need to ensure that we use the
‘same’ deviation vectors. Since the same observer is used, the deviation vectors are de-
fined the same way with the only exception of their normalization. So let us use® nor-
malised deviation vectors: Z' := yZ' where Z'Z/5;; = 1. Then Z? = 1 determines y. In
the FNC, v = (1 + H?s?/6) whereas in the conformal chart y = |Q|~!. Thus, in the con-
formal chart, the hatted deviation vectors are already normalized. In the FNC, we need
to replace the deviation vectors by (1 + H?s%/6) x 7 and in the conformal chart, we write
D(Z',7) = @*D(Z’,Z). In the conformal chart, we retain terms up to order H> only and
since the FNC calculation uses traceless stress tensor, we take Q moments to equal the Q

moments. The two expressions are given below. (Recall that in FNC, L7 on all tensors

>We now suppress the overbars on the deviation vectors to avoid cluttering.



105

reduces to d;.)

1 H?s? 7
D™, 7',7) - (1 + SS )[(1 ~2Hs + E1L12s2)a;‘/\4;; - H*so_ M,
N

2 a2 A gtt 3H2 4 aqtt ckl| 5i%5)

1 23

- (1 —2Hs + _stz) [(94Mt-'- — H?so> M.

s 6 v/ V) /Y4
3H?

—H* @M}, - Ta;‘M;;k,ak’ 77 (3.5.36)

D, 7', 2)|, | £10% + THLQF + 1TH L3Ol

ij
o(H?)

1]
—_———
QN| Q.L
g |-
N —

AL

+17TH? L7 Qf; + 6H* Q%] 212/

1 19
; (1 —2Hs + FHZSZ) [Légg; +THL; Q)

+1TH? L3022 (3.5.37)
Equations (3.5.27) and (3.5.35) give the deviation scalars in the two charts. The compa-

rable expressions are given in (3.5.36, 3.5.37). These are obtained for the specific choice

of the congruence of the de Sitter background: i#%(n, x') := —Hn(1, 6).

We have obtained two different looking expressions for the same, gauge invariant devi-
ation scalar. The difference can be attributed to the definition of moments. They have
been defined on two different spatial hypersurfaces - the 7 =constant in FNC and the n =
constant in the conformal chart. In the conformal chart solution there is no truncation of
powers of H (in the leading ‘7" approximation) and it includes the contribution of both the
sharp and the tail terms. By contrast, the FNC chart computation is obtained as an expan-
sion in H only up to the quadratic order. Furthermore, it includes only the contribution of
the sharp term. While it is possible to relate the frame components of the stress tensor in

the two charts, the relation among the moments is non-trivial and is not obtained here.
A physical interpretation :

We have defined a gauge invariant quantity and illustrated how to compute it. It depends



106

on a time-like geodesic congruence and two mutually orthogonal deviation vectors. At
the linearized level, it also depends on the 7 direction used in the tt projection. What
information about the wave does it contain? To see this, consider the simpler case of
Minkowski background, choose the congruence so that #* = (1, 6). It follows that at the
linearized level, the quantity

Aug(uy + Nyy) := —Rayp My + hp ' = — jo;ﬁv(h)aﬂav - Rfjgﬁo(h) (3.5.38)

is symmetric in @ <> $ and spatial i.e. Aoy = 0 = Ap;. When the transient wave A, is in
synchronous gauge and tt projected, the matrix A;;(h},) is also transverse. This is because,
the A—projector can be taken across the derivatives up to terms down by powers of r.
Explicitly,
1 R y
Aii(h") = A Mg, Ao = 0. (3.5.39)

Since the deviation vectors too are taken to be transverse, in effect the deviation scalar
reduces to D(u,Z’,7) ~ f’“Aab(h)fb where a, b take two values and the real, symmetric
matrix A, is traceless. With respect to an arbitrarily chosen basis, {€;, &,} in the plane
transverse to the wave direction, 71, we can define the ‘+’ and the ‘X’ polarizations by
setting the matrix A := h o3 +hyo. If é makes an angle ¢ with &, then the unit deviation

vectors are given by, 7= (cos(¢), sin(¢)) ,2’ = (—sin(¢), cos(¢)). It follows that,
Du,Z',Z) = —h,sin(2¢) + hycos(2¢) . (3.5.40)

Thus, for a pair of bases (&, &,) and (Z, Z’), determination of the deviation scalar gives one
relation between the amplitudes of the two polarizations. A similar determination at an-
other detector location gives a second relation, thereby providing amplitudes of individual

polarizations.

A natural choice for é;, e, would be the unit vectors provided by the Right Ascension/

Declination coordinate system used by astronomers, at the 7 direction. The basis of unit
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deviation vectors could be constructed in many ways. For instance, using the wave direc-
tion 71 and one of the arms of the interferometer which form a plane. Its unit normal may
be taken as 7 and then, 71 X 7 can be taken as f’. To avoid the exceptional case where the
wave is incident along the chosen arm of the interferometer, one could repeat the proce-
dure with the other arm. The construction gives ¢ at the detector location. Suffice it to
say that measurement of deviation scalar for appropriate deviation vectors, at two or more
detectors would constitute a measurement of the amplitudes of individual polarizations of
a gravitational wave. To be useful in observations, the deviation scalar must be computed
for congruence related to specific interferometer (earth based ones are not in free fall, the

space based ones would be) and related to the waveform.

3.6 Summary and discussion

In the introduction we mentioned that for A = 0 case, there is a well-developed theory of
isolated systems and gravitational radiation in full, nonlinear general relativity that plays
a vital role in a number of areas of gravitational physics. Extension to this theory for even
a tiny positive cosmological imposes some serious conceptual obstacles. In this chapter
we have observed that even for linear theory extension of A = 0 analysis introduce unfore-
seen difficulties, namely multiple charts, gauges, definition of source moments, identifi-
cation of physical perturbations, construction of gauge invariant observables. We consid-
ered two different charts (FNC and conformal) and two different gauge choices (TT and
Generalized-TT), defined the corresponding synchronous gauges to identify the physical
components and these were expressed in terms of the appropriately defined source mo-
ments. Even a smallest cosmological constant (positive or negative), immediately brings
up the more than one ‘natural’ choices of charts in a given patch. Quite apart from the
qualitatively distinct structure of the respective J*, even the local (near source) analysis
reveals different issues to be faced. The FNC is very natural to the local analysis and goes

through the same way for AdS as well. It naturally gives the answer as corrections to the
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corresponding Minkowski answer, in powers of A. This is also seen the Bondi-Sachs
chart [38]. From the intuition from Minkowski background analysis, neighbourhood of
infinity is the natural place for characterising radiation in a gauge invariant manner. Then
the conformal chart (for de Sitter) is a natural choice. And here the corrections to the
Minkowski answer are obtained in powers of VA. This difference in the powers of A,
was seen in the solutions obtained in equations (3.3.57, 3.3.91). However it is mean-
ingless to compare the gauge fixed fields. For this purpose the gauge invariant deviation
scalar was computed and compared. The manifest dependence of the corrections on A
does distinguish a local (neighbourhood of source) form from the one in the asymptotic

region.

For the class of sources we have assumed (rapidly varying and distant), it seems sufficient
to confine attention to a region maximally up to the cosmological horizon. The phys-
ical distance (eg luminosity distance) from the source to the cosmological horizon, eg
n = —r in the conformal chart, is \/W r = /3/A. This contains typical, currently
detectable sources and thus should suffice for estimation. We obtained the correspond-
ing fields, to order A, using Fermi Normal coordinates based near the compact source
and is given in eqn.(3.3.57). For a subsequent comparison, we also computed the field
in the conformal/cosmological charts. It is given in equation (3.3.91). In the Minkowski
background analysis, tail terms appear at higher orders of perturbations and these are un-
derstood to be due to scattering off the curvature generated at the lower orders. In the de
Sitter background, curvature effects are felt by the perturbations at the linear order itself.
This is manifested in both the gauges. In the generalized transverse gauge, the tail term
is explicitly available and plays a crucial role at the null infinity [8]. In the TT gauge
however, the tail term itself is order A% and within the FNC patch does not seem likely to
give significant contribution by cumulative effects. However this remains to be computed

explicitly.

As a by product of expressing the retarded solution in terms of the source moments, we
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also saw (not surprisingly) that the ‘mass’ (zeroth moment) and the ‘momentum’ (first
moment) are not conserved, thanks to the curvature of the de Sitter background. More
generally, it also implied that static (test) sources cannot exist in curved background.
This is just a consequence of the conservation equation in a curved background, quite

independent of any gravitational waves.

In the Minkowski background geodesic deviation acceleration, to the linearized order,
is gauge invariant and is used to infer the wave form. In a general curved background,
its gauge invariance is lost. However, for a conformally flat background, component of
a deviation vector along another, orthogonal deviation vector defines a gauge invariant
function, D(u, Z,Z"), which we termed as deviation scalar. In the simpler context of flat
background, we saw that its measurement at two or more detectors would give the am-
plitudes of individual polarizations. Its determination could provide useful information
on polarization of gravitational waves even for non-zero cosmological constant. ~ We
computed the deviation scalar, for the solutions given in the two charts. The expressions
obtained (3.5.36,3.5.37) are different. The comparison is expected to be possible when
both charts overlap and only up to order A ~ H?. In FNC, we have computed only the
sharp term. However, it is not clear if the ‘sharp’ contribution can be identified in a chart
independent manner. So in the conformal chart, we took the full field and restricted its
contribution to order A. While we compute the same observable, a chart dependence, or
more precisely a dependence on the spatial hypersurface, enters through the definition of
source moments. There is also a choice of moment variable involved (£ in FNC). Thus,
the solutions are given in terms of source moments which are defined on different spatial
hypersurfaces. As such they cannot be compared immediately. An explicit model system
for which the two different moments are computed, should help clarify some of these as-
pects and show the equality of the deviation scalar computed in two ways. This needs to

be checked.

To conclude, linearization about the de Sitter background provides a simplified arena for
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an extension of the computational steps from a flat background to a curved background.
The weak gravitational waves can be computed as corrections in powers of the cosmo-
logical constant. There is a gauge invariant observable that could provide information
about the amplitudes of the two polarizations. More precise computations at least for a
model source are needed for a quantitative estimate of corrections to the waveforms. If
the A—corrections could be identified from the signal, it could provide an independent

measurement of the cosmological constant.



Quadrupole Formula in de Sitter

Background

4,1 Introduction

Two years after the completion of general relativity, in 1918, Einstein derived power radi-
ated quadrupole formula in Minkowski background. He found that to the leading order the
emitted power is proportional to square of the third time derivatives of mass quadrupole
moment of the source. This would cause binary system to shrink slowly. Such a secu-
lar change in orbital period of Hulse-Taylor binary pulsar was confirmed by observation
to the accuracy of 1073, thereby providing an indirect affirmation of gravitational waves.
Einstein’s theory also passed with flying colors in the direct observation of newly opened
gravitational wave astronomy - gravitational wave template prdicted by Einstein’s the-
ory matches with observed signal. All these theoretical frameworks assume a vanishing
cosmological constant. In chapter 3, we obtained linearized field solution in presence
of positive cosmological constant. Hence it is natural to ask what is the modification of
power radiated quadrupole formula for A > 0?7 Can the modifications be obtained as
“small” corrections in powers of cosmological constant? To the next level, one can also
ask does A induce any significant observable effect in orbital decay of binary system or
in the gravitational wave template? In this chapter we will derive quadrupole formula

for A > 0 using Isaacson’s effective stress tensor. For comparison we also present en-
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ergy flux associated with linearized gravitational field computed in covariant phase space

framework [8].

Linearized solution obtained in conformal chart of future Poincaré patch can be extended
all the way upto J*. J* is ultimate destination of outgoing massless field and is the
natural place to identify radiation. However the space-like character of the J* in de
Sitter space poses challenges for defining energy and its flux. Let us recall that the
cleanest articulation of ‘infinity’ arises in the conformal completion of physical space-
times. Conformal completion preserves the light cone structure of the physical space-
time and captures the notion of approaching infinity along many directions as well as with
different speeds. It naturally identifies boundary components, J* where time-like and null
geodesics ‘terminate’. The causal nature of these boundary components is determined by
the asymptotic form of ‘source-free’ equations: J* are null when A = 0 and space-
like for A > 0 (time-like for A < 0). These boundary components serve to define out-
going (in-coming) fields as those solutions of the asymptotic equations that have suitably
finite limiting values on J*(J ). It is then a result that the Weyl tensor of out-going
fields evaluated along out-going null geodesics, has a definite pattern of fall-off in inverse
powers of an affine parameter along the null geodesics (the peeling-off theorem) [3, 39].
This enables one to identify the leading term as representing gravitational radiation (far
field of a source), in a coordinate invariant manner. It is conveniently described in terms
of the Weyl scalars which are defined with respect to a suitable null tetrad. When J*
is null, a null tetrad at a point p € 9 is uniquely determined (modulo real scaling and
rotation) by the tangent vector ¢* of an outgoing null geodesic reaching p, and the null
normal n#, satisfying £ - n = —1. Clearly as the null geodesic changes its direction, ¢
changes but not n and hence the Weyl scalar ¥, (:= Cy,,-n*m"n’m?) remains unchanged.
Its non-zero value can be taken as showing the presence of gravitational radiation. This
feature is lost when the 7 is space-like. Now the null vector n#, with £-n = —1, is chosen
to be in the plane defined by ¢* and the (time-like) normal N*. Clearly, as ¢# changes, so

does n* and then none of the Weyl scalars is invariant. An invariant characterization of
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gravitational radiation is no longer available [3].

Though identification of radiation field is ambiguous due to space-like character of I,
one can still pose the question of energy /angular momentum carried away by gravita-
tional wave from a spatially compact radiating source in de Sitter background. As we
mentioned in subsection 2.2.2, future Poincaré patch of de Sitter space has seven globally
defined killing vectors - 3 spatial rotation, 3 spatial translation, 1 time translation. Using
these isometries of Poincaré patch one can expect corresponding conserved quantities.
One of the definition of such conserved quantities is based on the covariant phase space
framework [22,40]. In the context of the linearized theory, it exploits the phase space
structure of the space of solutions and defines a manifestly gauge invariant and conserved
‘Hamiltonian’ corresponding to every isometry of the background space-time. Although
the ‘Hamiltonian’ defined on each n = const. space-like hypersurface of the Poincaré
patch, the simplest expressions result for evaluation at J*(n = 0). Being defined as an

integral over a hypersurface, it is also referred to as a flux.

Thus we see that the null infinity provides a characterization of the radiation (up to ori-
gin dependence for A # 0) which can transport energy-momentum-angular momentum
away from a spatially compact gravitating source. One other implication of this charac-
terization at infinity is that the energy/momentum/angular momentum which is received
at the future null infinity is necessarily lost from the source under the assumption of no
incoming radiation boundary condition. It is this last implication that follows also for the
cosmological horizon of a spatially compact source: energy/momentum/angular momen-
tum that crosses the cosmological horizon is also lost forever from the source. Note that
the worldlines of different components of a spatially extended (but compact) source must
reach the same point on J to maintain a finite physical separation among them. It fol-
lows that that the cosmological horizon for a spatially compact source is well defined: it
is the past light cone of the common point on J* where the source world tube converges.

Equally well, any observer who remains at a finite physical distance from the compact
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source for all times, must necessarily lie within the cosmological horizon i.e. within the
static patch. We would like to explore to what extent and under what conditions may we

regard the cosmological horizon as a “substitute” for the future null infinity.

We visualize gravitational wave as a ripple propagating through a slowly changing back-
ground. As mentioned earlier in de Sitter case characteristic length scale is set by cosmo-
logical constant, A~/ ~ 10%®m ~ 5Gpc. And gravitational wave is characterized by its
wavelength which inherently depends on frequency of sources. The ‘time’ used in identi-
fying characteristic frequency depends on choice of coordinates or reference frames. But
in a typical astrophysical situation there are preferred frame, e.g. ‘asymptotic rest frame’
of the source of the waves, and these permit A and L to be defined with adequate preces-
sion for astrophysical discussion [41]. For sources which are sufficiently rapidly varying
(relative to the scale set by the cosmological constant), there is a clear distinction between
ripple and background within the so called short wave approximation [21,42]. Further-
more, it is possible to define an effective gravitational stress tensor, t,, for the ripples in
this context. For vanishing A, it is symmetric, conserved and gauge invariant. For non-
zero A it is not gauge invariant but the gauge violations are suppressed by powers of VA.
It is very convenient to have such a stress tensor to define and compute fluxes of energy
and momenta carried by the ripples across any hypersurface. We will use this to show
that for the retarded solution given in [6, 8,43], the flux of energy-momentum across the
cosmological horizon exactly equals the corresponding flux across the J* and also equals
the flux computed in [8] at a coarse grained level (See equation (4.4.3). The instantaneous

power received at infinity matches with that crossing the horizon.
The chapter is organised as follow.

In section 4.2, we recall the solution at the linearized level for which the fluxes will be
evaluated. We specify the exact retarded solution X, the approximated retarded solution
Xij» and its algebraically projected transverse, traceless part )(Z that is used throughout.

Section 4.3 is divided into five subsections. In subsection 4.3.1 we summarise the co-
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variant phase space framework and recall the definitions of the fluxes and quadrupole
power from [8]. In subsection 4.3.2, we discuss the [saacson prescription adapted to the
presence of the cosmological constant. Since this constructs a symmetric, conserved and
gauge invariant (to leading order) stress tensor, we get conserved currents for each Killing
vector of the background space-time. In the subsection 4.3.3, we present computations
of the energy flux for the )(Z across various hypersurfaces. In particular we show that the
fluxes across the out-going null hypersurfaces are zero, implying for example, that the
energy propagation is sharp. Subsection 4.3.4 contains the fluxes for the momentum and
the angular momentum. In the 4.3.5 we discuss how the (differential) transverse, traceless
decomposition can be used in place the algebraic projection. In section 4.4, we discuss
its applications and show that the quadrupole power can be computed at the cosmological
horizon. The final section 4.5 concludes with a discussion. Appendix D is included to

illustrate an averaging procedure.

4.2 Preliminaries

In this chapter we will compute energy flux carried away by gravitational waves due to
compact sources. As discussed in 3.1 to study the compact source, it is sufficient to focus
on future Poinace patch of full de Sitter space. We will compute energy flux on different 3
dimensional hypersurfaces, particularly on cosmological horizon and on J*. As we will
explore energy flux near J, it is apt to work in conformal chart (7, x) of future Poincaré
patch. Hence in the present context, the background space-time is taken to be the Poincare
patch of the de Sitter space-time (see figure 2.3) which admits a conformally flat form of

the background metric in coordinates (17, x'),

1 . A
ds? = o [—dn2+2(dx‘)2}, € (=,0) . H:= 4|7 4.2.1)
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As mentioned in subsection 2.2.2, there are seven globally defined Killing vectors on
Poincaré patch, corresponding to energy, 3 momenta and 3 angular momenta. They are

given by (up to constant scaling):

. 1
Generator of time translation : 7" =-H(n,x') & T,= H_172(n’ -x;) (4.2.2)

Generators of space translation ff’j) = (0, (5;) o Eiu = 5=50,1;) (4.2.3)

H2 2
Generators of space rotations L’(‘j) = (0, §,kixk) o Ly, = Hon 2(0 EjkiX k4.2.4)
We focus on the time translation vector field,
T := —H®no,+ x'd) (4.2.5)

It is time-like in the static patch (hence generating ‘time translations’) and space-like
beyond the cosmological horizon in the Poincaré patch. In particular it is space-like and

tangential to J* and null on the cosmological horizon.

Let us recall from subsection (3.3.2), after exhausting all gauge freedoms, the exact re-

tarded field solution in de Sitter background is given by (3.3.74),

n
Xiin,x) = 4 | &x T, x|, ,
= et 0T oo

[x—x'|
+4fd3'fn dyf —2 7 ”(” *) (4.2.6)

Physical solutions are the (spatial) TT part of the solution above, ie. 9'X;; = 0 = X! .

For |¥] > |X’|, the so approximated retarded solution is given by,

Xij = Xij(ﬂ,x)+0(’”_l) ,  with

n-r 1
41 f &Ex'T07, x) +4 f dn’ — f &EXT;07, %) (4.2.7)
r(n—r) W=n—r —o0 m

Xij(m, x) =
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We will work with the approximated solution. Note that y;; depends on X only through
r = |X|. The first term is the contribution of the so called sharp term while the second term
the tail contributions. The tail contribution can be separated into a term which depends
on retarded time, (17 — r) only, just as the sharp term does, and the contribution from the

history of the source is given by the limiting value at n = —co.

In terms of source moments, the approximated retarded solution is given by (3.3.91),

Xij(m, %) = %ﬁj(nrez)+g,~,~(met)+§ij with, (4.2.8)
Jii(Mrer) 1= a(jm) [L%Q,,+2H1:TQ,,-+H1:TQ,,-+2H2Q‘,-,], (4.2.9)
i) = —2H|L3Qy+ HLr Qi+ HLr Oy + H 0y and, (4.2.10)

gj = —2H [LQi,~+HQ'i,~]'_w 4.2.11)

All moments are evaluated at the retarded n,,, := (7—r) and L denotes the Lie derivative
with respect to the time translation Killing vector. a(1,.;) := —(Hn,)"' and Ly denotes
the Lie derivative with respect to the time translation Killing vector. This expression is

valid as the leading term for |X] > |¥|. There is no TT label on these expressions.

For future use in section 4.3.3, we display the derivatives of y;;. Since y;; depends on X
only through r, we need only the derivatives with respect to n7 and r. On functions of 7,,,,
0, = —0, and we can replace the r-derivatives in favour of n—derivatives. Hence,

1 1, 1 Jij
Onxij = ;5nﬁj+5ngij s Ouxij(n, 1) = —ﬁfij—;anfij—angij = _r_zj_an)(ij- (4.2.12)

There is a well known algebraic projection method to construct spatial tensors which sat-
isfy the spatial TT condition to the leading order in r~'. Since the approximated solution

is also valid to o(r~!), we may use this convenient method.
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For the unit vectors X denoting directions, projectors are defined as in eq. (3.4.6),

. . ) 1
Pl =6 -%%, AN = E(Pl.kpjl+P,.1ij—P,-jp’d) c Xl = A (42.13)

l l

We have used the notation of ‘tt’ to refer to the algebraically projected transverse, traceless

part as in [8]. Noting that on y;; the spatial derivative is 3/ = 2/9,, it follows that,

(i) = Opxip)", 0:(xip) = Ouxi)" (4.2.14)
Inlxi)) = (amAijkl))(kl"‘jem(arXij)” (4.2.15)
SO = A0 i+ A My = 0+0(07") 5 where we used,(4.2.16)

1
Ol = == [2iA, 1+ 2iA + A, HAE| = 06T (4.2.17)
r

The tracelessness of )(Z is manifest and hence XZ satisfies the spatial TT condition to

o(r ).

Using the derivatives of y;; given in (4.2.12), we can write,

Ol = Ol ZndXE+ (O xw) (4.2.18)
R 1 X
= (O, —xm)—(r—z’}(o, £n) (4.2.19)
1
== (0, [2i,,7 + 24,1 + A+ 5 A ). (4.2.20)
.

The first term is proportional to a null vector. The second term is proportional to the
space-like, radial vector. The third is again a space-like vector. Both the second and the
third terms are down by a power of r relative to y;; and therefore also relative to the first
term. We will see later in the calculation of the fluxes that for energy and momentum, the
second and the third terms can be neglected. However for flux of angular momentum, the
third term is crucial. When the second and the third terms can be neglected, the effective
gravitational stress tensor turns out to correspond to an out-going null dust with energy

density proportional to {d,X .0 x™")-
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4.3 Conserved Quantities

4.3.1 Covariant phase space framework

Consider the space C of a class of solutions of the full Einstein equation, satisfying stip-
ulated boundary condition. At each point of this space, the linearized solutions provide
tangent vectors. Under certain conditions, it is possible to define a pre-symplectic form on
the tangent spaces. Every infinitesimal diffeomorphism of the space-time, with suitable
asymptotic behaviour, induces a vector field on C. Some of these lie in the kernel of the
pre-symplectic form and constitute ‘gauge directions’ while the remaining ones consti-
tute (asymptotic) symmetries shared by the stipulated class of solutions. Modding out
by the gauge directions (null space of the pre-symplectic form), one imparts a symplec-
tic structure to the space of solutions, now denoted as I ~ C/gauge. Under favourable
conditions, the vector fields on C corresponding to the asymptotic symmetries descend
to I and generate infinitesimal canonical transformations. Their generating functions,
or ‘Hamiltonians’, are candidates for representing energy, momenta, angular momenta

etc [40].

In [8,22], this strategy is applied to the space of fully gauge fixed solutions of the lin-
earized equation and we summarise it below. Since linearization is always done about a
background, space-time transformations which leave the background invariant i.e. isome-
tries of the background, leave the covariant phase space itself invariant. In the present
context, the Hamiltonians corresponding to the 7 isometries are the proposed definitions

of energy, linear momentum and angular momentum.

Explicitly, C denotes the solutions of the equation (4.3.1) together with the gauge fixing
conditions (4.3.2):

2
Oy + Ear])(ij =0 4.3.1)
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Oxii=0, xij0" =0 (4.3.2)

Since the linearized equation is a hyperbolic equation, suitable classes of solutions can be
chosen by suitably restricted initial data on 7 =constant (Cauchy) surfaces of the Poincaré

patch.

For two elements y, X € C, define the two form w on C by [22],

a*(n)
32

(J.)(Xa)ﬁ) = f d3x<Xijan)£kl _)ﬁklaﬂ/\/ij) 61165]1 with, a := _E? (433)
2y

where, 2, denotes the cosmological slice defined by a constant value 1. The integrals is
actually independent of the hypersurface. Also, a label ‘TT’ signifying that the y’s are
transverse, traceless, is suppressed. This definition of the symplectic form however, is
not convenient for going to J* by taking the limit  — O_. It can be translated in terms
of the electric part of the perturbed Weyl tensor, &;; := —(Hn)™'[VC%] = ﬁ(@,,)(i i+

1 VX)) = 55505 = 1 9y)xi), leading to [8],

1

= 3 (v .E — N sik sl
W) = 1oy L}d iy — x, i) 66 (43.4)

For a Killing vector K of the de Sitter background, we have the tangent vector hf]K) =
Lihij = a*(Lyij + 2(a™ ' Lra)yi)) = az)(ff), generating a canonical transformation. The

corresponding Hamiltonian function is given by,

1 1
Hy = —Ew(h, AES —Ew(X,X(K)) (4.3.5)

For the time translation Killing vector T, a~' Lya = H, so that )(g) = Lrxij + 2Hyj.

Furthermore, 851.” = L7&;j— HE;j and the corresponding Hamiltonian, now referring to it
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as the energy E7, is obtained as,

1 1 T 1) ik
Er = —Ew()(,)(m) = - —32ﬂHfznd3x(Xij8kl ~ X &ij) 6% (4.3.6)

1 o
= - f Px(yi; LrEw — EuLlryi; — 3HyiEn) 6°6" (4.3.7)
2’7

32nrH

This integral is independent of the choice of 2;, and is conveniently performed on J* =
2. The Killing vector T# also has a smooth limit to J*, T o — —H(x0, + yo, + z0,)

which is tangential to J*. On g the equation (4.3.7) simplifies to,

1
_167TH g+

Er d*x E (Lryij + 2Hyij) 6% 67 (4.3.8)

Here we have integrated by parts and used the vanishing of the Weyl tensor at J* for de

Sitter metric [8,22]. Now using (Lry;; + 2Hy:;) g = T"0nxij »
Er = ! &x Ey (T"dyi)) 6% (4.3.9)
167TH T+ J

1

1 1 .
T 30nH? f d’x [5(03,—58,,)2(,(, (T"0,X:i)"" 6%"  (4.3.10)
j+

]TT

In the last line we have used equation of motion and to emphasize it, have replaced y;; —
X;j in source free region and restored the T'T label [8]. Both & and 77,,x;; have smooth
limit on J*.

Now for the approximated solution given in (4.2.7), the energy flux turns out to be given

by [8],

1 -
Er = — f dr d*s|Qu Q][ 16"6”, (4.3.11)
871' VA

where, Q;; denotes the ‘radiation field’ on J*, expressed in terms of source moments and
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is given by!
QL = [+ 3H O+ 2H* O+ HOp + 3H O + 20| (1), (43.12)

with the overdot denoting the Lie derivative L7. It may appear that the last term without
an overdot implies non-zero flux even for ‘time independent’ sources. This is not so. A
static source is defined by the condition, L7, = 0. This implies that £L;Q;; = —2HQ;;

and ditto for Q; ;. When this is used, the energy flux is indeed zero for static sources [8,43].

The instantaneous power received on " at ‘T’ is given by,

P(1) := % f 4’s[Q7 Q[ (-r(1)) . (4.3.13)
52

This expression is not manifestly positive. Manifestly positive expressions for the flux

and the power are also available in [8] and are given by,

— 1 2 TT ij
Er = EL drd S[(?rM,-j H&MTJT] , where (4.3.14)
M=) = f PNTE (-1 %) (4.3.15)
— 1 2 TT ij
P@ = o 52d 5 [0’Mij ][6rM7J’T] (=r(7)) (4.3.16)

In the definition of MITJT the TT’ on the stress tensor on the right hand side denotes
transversality with respect to the ¥’ argument. The Ml.TjT has no simple relation to the

various source moments and its radial derivative is distinct from the QiTjT.

For completeness, we also give the expressions for the momentum and angular momen-

tum fluxes [8]:

1
P, = EPxE" LA = 0 4.3.17
J 167TH L* xa ‘£§_/an O’ ( 3 )

'The @Q; ; above is same as R;; of [8]. We introduce our R;; notation below equation (4.3.72). It is related
to radial derivative of the MI.T].T defined in equation (4.3.15).
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1
J. = — d3 8mn . TT
/ 8TH L+ . ‘ELIan
1 9 1T A . = ’ = TT
- de N ejann [le + Hle + Hle +H le]
dr Nas

(4.3.18)

The momentum flux is zero because the integrand is linear in x; (parity odd) and in the

angular momentum flux, the second factor is proportional to the tail term.

4.3.2 Isaacson Prescription

In the previous subsection we saw a definition of fotal energy of radiation field of com-
pactly supported sources in equation (4.3.11). The radiated power, received at infinity, is
given in equation (4.3.13). In this subsection we recall an alternative framework, based
on a ‘short wavelength expansion’ [21,42], for a restricted class of sources but with the
benefit of a symmetric, conserved, suitably gauge invariant effective gravitational stress

tensor.

Conceptually, the framework is somewhat different from perturbation about a fixed, given
background solution. It envisages construction of a class of solutions for which there
exists a coordinate system in which the metric components display two widely separated
temporal/spatial scales of variation. The slowly varying (or long wavelength) compo-
nent is taken as the background component and the fast (or short wavelength) component
whose amplitude is small compared to that of the background, is identified as the ripple
component. These statements are manifestly coordinate dependent, but existence of a co-
ordinate system with sufficiently large domain admitting such an identification, itself is
a physical property. The calculational scheme is again iterative but now allows for both
the background and the ripple components to be corrected. To make such a separation, an
averaging scheme is introduced. It splits the Einstein equation into two separate, coupled
equations for the background and the ripple. These equations provide a definition of the

effective gravitational stress tensor.
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Let L denote the length scale of variation of the background and A the length scale of
the ripple with 4 <« L. The length scale R of the spatially compact source satisfies
R < A. For example, if the waves are produced by a source with a characteristic frequency
f ~ (period)™ ~ A7'. The ‘time’ used in identifying the characteristic frequency is
either the time coordinate in a class of coordinate systems or in more favourable cases
the time coordinate provided by a stationary Killing vector of the background geometry.
In the present context of de Sitter background having a stationary Killing vector 7' :=

—H(nd, + x'9;), such a situation can be easily envisaged.

Returning to a general context, one begins with an expansion of the form g, = g,, + €hy,

and writes the Einstein equation as,

1
A(guv + ehuv) + 87TE(T;4V - EgpvgaﬁTaﬁ)

1
A(gyy + €hy,) + 87r{ €T, — E(g,w + €hyy)

R,,(g + €h)

~R@) + eRL)E 1) + ERDE. )

(gaﬁ — eh® + Gzhaphpﬁ)(GTaﬁ) } (4.3.19)

Introduce an averaging over an intermediate scale {, 4 < ¢ < L which satisfies the
properties [42,44]: (i) average of odd powers of & vanish and (ii) average of space-time
divergence of tensors are sub-leading. The average of course leaves the L-scale variations
intact, in particular average of g,, equals g,,. For simplicity, we will assume that the
average of matter stress tensor is zero i.e. it has only A-scale variations. Taking the
average of the above equation gives,

(RO + (R = Ay (4.3.20)

ny

Notice that R® which is quadratic in 4, can have L-scale variations and hence non-zero
average (two high frequency modes can generate a low frequency mode). Nonlinearity

of general relativity comes into play here explicitly, (RL?) incorporates back reaction of
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ripple on the background. Its A-scale variations are suppressed by a power of € relative to
R™. We note that (Rf,?,)} = RLOV) and use R,(fV) - (Rf)) ~ (Rfv)) 1-scale- Subtracting the eqn.

(4.3.20) from the eqn.(4.3.19) we get (to order €),

1 e
R}) + R seale ® RS = Ahy, + 87T(TW - 58T Bgaﬁ) (4.3.21)

In terms of first order Einstein tensor, this is exactly the linearized equation we had before.
The equation (4.3.20) can likewise be rearranged and now includes an additional source
term for the equation determining the background metric g,,. The rearranged equations

take the form,

1 _ _
81T, = Gy + Ahy = Ry) — > (8R™ = Zuh™Rop + hR) + Ay, (4.3.22)

_ 1 -
8ty = Ry — EgWR + Ag with, (4.3.23)
5 € oy _ Lo _ap @
tyv(g’ h) = - 8_7'[ <R,1V> - Egyvg <Raﬁ> (4324)

The equation (4.3.22) is exactly the same linearized Einstein we had before for the weak
field h,, and every term of it has a scale of variation A. However, the equation (4.3.23)
for the background is modified due to back reaction. Although it has terms of order €,
every term has a scale of variation L. In this problem there are two separate dimensionless
small parameters, namely amplitude of ripple € and €' := A/L << 1, which is introduced
to make a clear separation between ripple and background. If we now recognise that
for A—scale variation, 0h ~ A"'h and € := A/L is taken to be of the same order as e
(consistent with background eqn. (4.3.20)), then the effective stress tensor which has a
leading term of the form (Ah)?, is of the order (e/€')*> ~ 1/L* ~ o(1) and is thus included

in the equation.

The effective stress tensor defined in equation (4.3.24) is manifestly symmetric and is
covariantly conserved since divergence of the right hand side of (4.3.23) vanishes identi-

cally. Modulo the subtleties of its tensor nature and gauge invariance under 6zh,,, = L:8,,,
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it is well qualified to be identified as gravitational stress tensor. An averaging procedure
constructing a tensor has been given by Isaacson [21,45] and an explicit illustrative com-
putation is given in the appendix. To verify gauge invariance of #,, to leading order in e,

we need to be more explicit about the gauge transformations [21].

Recall that the gauge transformation involves derivatives of £, and for a consistency with
the background plus ripple split, the gauge transformation should also be restricted to
preserve it. There are two possibilities for the generator: (1) £ is comparable with 4 and
slowly varying, and (ii) € 1s order €h but is rapidly varying so that its derivative becomes
order h. The gauge transformation of #,, has terms of the form A(hVE) (which vanish
identically for Minkowski background). For the & of type (i), the average vanishes since
the enclosed quantity is rapidly varying and for & of type (ii), the averaged quantity is
order €. But 1, itself is o(1) and hence gauge invariance of t,, is ensured to the leading

order [21].

The calculational scheme begins by selecting a solution of the background equation (4.3.23)
ignoring the effective stress tensor. This is just the vacuum Einstein equation with cos-
mological constant. In the present context, we choose the maximally symmetric, de Sitter
space-time. Using this in the ripple equation (4.3.22), determines linearized solutions, A,
after a suitable gauge choice and choice of boundary conditions. In the present context,
the focus is on the retarded solution. This solution gives the effective gravitational stress
tensor of equation (4.3.24). This is fed back into the background equation to construct
a new, corrected background. This will still have L—scale variations since the effective
stress tensor varies on the scale L. The corrected background is used in the ripple equa-
tion to get corrections to the ripple and so on. Since the equations for the background and
the ripple have consistent scales of variations, the background and ripple characters are
maintained. Within this scheme, the effective gravitational stress tensor finds its justifica-
tion. Once we have a conserved and symmetric stress tensor, for every Killing vector of

the background, we get a conserved current and the corresponding conserved charge®. It

’The conserved charge from a current represents a flux for the stress tensor.
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turns out that the energy momentum computed using the effective gravitational stress ten-
sor for ripples over Minkowski background, agrees with the quadrupole formula obtained

by other methods, thereby strengthening the interpretation.

As an aside, we make a numerical estimate comparing the effective stress tensor and the
cosmological constant. Typical estimate for the wave amplitude (dimensionless) at LIGO
detectors is around 1072! or smaller. The highest frequency, f, detectable is about 10*
Hz ~ 3 X 107 meter™" in the ¢ = 1 units. In the geometrized units we are using, 7,, ~
(hf)? ~ 107! meter2. Although tiny, this is very much comparable to the cosmological
constant! Thus, unlike the Minkowski background which would be inconsistent with the
sourcing by gravitational waves, the de Sitter background at least has a chance of being

self consistent.

To evaluate the effective stress tensor, we need to carry out the expansion of Ricci tensor

to order €. In terms of the trace-reversed A, := hyy — 18,, (8%Phyp), this is given by,

av + AR hey | +

3

1
—EBﬂBV

+ total derivative terms. (4.3.25)

h
(1. 1e--\ A
+ [h Z (ahﬂy - Ev,,vyh) - %hﬂv}

The expression has been arranged in a suggestive form in the anticipation that it will be

evaluated for gauge fixed solution.

The second group of terms containing B, = vaiﬂﬂ, which eventually vanish when the
synchronous gauge condition, kg, = 0 is imposed. Likewise, the third group of terms
vanish when the trace free condition, i = 0, is imposed. The total divergence terms are
not displayed as they will be negligible under averaging. Only the first group of terms,
with the sum over a, B8 restricted to sum over spatial indices i, j, survive for gauge fixed

solutions.
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The Ricci scalar, R® := gﬂVRffv is obtained as,

- 1_- 2 -
R(TZ; = P {—Zﬁhaﬁ + §Ahaﬁ} + total derivative terms (4.3.26)

Next, the O terms are eliminated using the source-free linearized equation (3.2.8), since

we are interested in the ripple stress tensor. Substitution leads to,

e ope A s
— 8n1,, = 62<[—Zvuh“ﬂvvhaﬁ+—h ahm—zgﬂv(haﬂhaﬁ)b (4.3.27)

This expression reduces to the stress tensor for the Minkowski background by taking
V, — 0, and dropping the last two terms. However, for the ripple, Oh ~ A7'h ~ € 'h. The
connection terms in the covariant derivatives are order 4. Hence, to the leading order in
€ ~ A/L, all the terms without derivatives of the ripple, can be dropped and we are back
to the same expression for the Minkowski background. Notice that the leading term has

no e.

This is further simplified in the conformal coordinates by substituting ﬁwﬁ = Q*xqp and
also expressing the covariant derivatives in terms of the Minkowski derivatives. Once
again, dropping the derivatives of the conformal factor and using the synchronous gauge
and the trace-free condition on the field, we write the gauge invariant stress tensor for
ripples,

ty = ﬁ(@,lef 8,X4.) . (4.3.28)

We will refer to this as the ripple stress tensor. We have used X" to emphasize that the

ripple stress tensor is defined for fully gauge fixed solutions of the linearized equation.

We will compute this for the ‘tt’ projected, approximated retarded solution, )(Z In the

subsection 4.3.5, we will discuss how the computations change when y/; — X[

Given any symmetric, conserved stress tensor, for every Killing vector of the background

space-time, &, the current Jg ~ Th&, is covariantly conserved. Such a current is de-
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fined to within a constant multiple since the Killing vector is defined to within a constant
multiple, including a sign. An integral curve of a time-like Killing vector can represent
an observer and for a future directed worldline, the observer measures, say, the matter
energy density to be T#7¢,&, which is positive for normal matter. The observer also ex-
pects the energy momentum current representing the flow of energy-momentum to obey
special relativity i.e. should be a vector which is time-like/null and future directed. Thus
f,,]g < 0 must also hold (our metric signature is (-, + , + , +)). This implies that the
energy-momentum current, J, must be defined with sign: Jg‘ = —Th&. This fixes the
sign for a future directed time-like Killing vector. The normalization can only be done for
one Killing observer and this is chosen as per the context. We adopt this definition for the

time translation Killing vector T = —H(nd, + x'0)).

For the time translation Killing vector field, 7”9, involves only the n and r derivatives
since x'8; = rd,. These pass through the A—projector. For the space translation along ;"
direction, we have d; which does act on the A—projector. In the present context where
derivatives of the ripple dominate over (ripple/r), the derivative of the projector can be
neglected and we write, 9y, = X;0,x1,. For generators of rotation however the situation
is different. Once again we get two term from the 9;, but now the s,kixk)?iar/\/’"" = 0!
and we can no longer neglect the derivative of the projector. With these understood, we

write the the corresponding currents, J; = ™ d,x" ¢, Note that the ripple

327r<

stress tensor has been defined as a covariant rank 2 tensor and hence there is the factor of

a~? = H?n? since the index i has been raised. The currents are given by,

H
@Iy = = KOG O + O D)) (4.3.29)
. H
aJp = 32 (& ax" B, + r(Eox" rxi,’m>} (4.3.30)
aJl = ﬁ@nx;’?” RO > @y, =—3§<A O™ 20" ) (4.3.31)
1 i 1 Al n A
azjzj = _Eejmnx an xut) 2JL]_ = Texr ——€jmnX RN xui¥4.3.32)

The unit vectors within the angular brackets have come from the spatial derivatives while
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those outside the brackets come from the Killing vector. It is shown in the appendix (eq.
D.0.9) that for the averaging regions far away from the source, the unit vectors can be

taken across the angular brackets and we will do so in the subsequent expressions.

Notice that for the energy and momentum currents (4.3.30, 4.3.31), both fields have the
‘tt’ label whereas for the angular momentum current (4.3.32), the second factor does not
have the tt label. The entire contribution to the angular momentum current comes from the
derivative of the A—projector. The contribution from the derivative of the field vanishes
since the field (without the projector) is spherically symmetric. In all these equations we

may use O Xmn = —OnXmn — % from (4.2.12).

We note in passing that if the % can be neglected compared to 9,x ., then the currents

corresponding to the generators of time and space translations, both become proportional
to the vector (1, x'/r) which is null and J’; is also future directed. Both energy and mo-

mentum propagate along this direction.

Finally we note the integral form of the conservation equation. Let V denote a space-time

region with a boundary V. Then it follows that,

0 = f d*x~zV,.JE = f d*x0,(\[2J%) = f dor,J, (4.3.33)
Vv Vv oV

where do, is the oriented volume element of the boundary V.

In the next subsection we evaluate the energy flux, fz do,J', for various hyper-surfaces,
2’s. These, together with the conservation equation (4.3.33) will be used to relate power
received at J* to that crossing the cosmological horizon. In the following subsection, we

will present the fluxes for momentum and angular momentum.



131

4.3.3 Flux computations

We present flux calculations for three classes of hypersurfaces: (a) hypersurfaces of con-
stant physical radial distance, (b) space-like hypersurfaces of constant 7 and (c) the out-

going and in-coming null hypersurfaces.

A TN me ro) B A J* B
h AN - v
o . Hp71 HE K
. ;J<7/> By .-
) R Y

n=1m @
A

:0 . .
'.‘- ]]/’<] - ."
=0 —>

D c D C

Figure 4.1. The figure on the left shows the p = constant hypersurfaces which are time-like
for Hp < 1, null for Hp = 1 and space-like for Hp > 1. The two 45 degree out-going null
hypersurfaces intersecting the H* and J* in the spheres at r(7), ("), R(t), R’(7"), bound a
space-time region. The figure on the right shows the space-like hypersurfaces with constant
value of . The fluxes across the out-going null hypersurfaces turn out to be zero signifying
sharp propagation of energy-momentum and angular momentum. Hence the energy flux across
the portion of the horizon bounded by the spheres at r(7),7'(7) equals the flux across the
portion of the future infinity bounded by the spheres at R(7), R'(7').

4.3.3.1 Hypersurface of constant, radial physical distance:

These hypersurfaces are time-like, null and space-like according as the physical distance
being less than, equal to and greater than the physical distance to the cosmological hori-

zon, namely H~'. They are spanned by the integral curves of the Killing vector 7.

This Killing vector is special because in the static patch, it is time-like and its integral

curves represent Killing observers. Denoting x’ := r&', #£/6;; = 1, in general, its integral
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curves are given by n(t) = n.e” 7, r(r) = r.e” I, &

= £.. Evidently, along each curve,
p :=r/(—Hn) = r./(—Hn.) is constant. This also represents the physical radial distance,
Fpny := |Q|r. Each particular curve is labelled by p and the two angular coordinates .
We compute the flux across the hypersurface 2, defined by r,,, = p. This surface is
coordinatized by the Killing parameter 7 and the usual spherical angles 6, ¢ represented

by the unit vectors . These hypersurfaces are topologically X, ~ At x S* and their

embedding is given by,
n(t,0,¢) = n*e_HT , X = r*e_HTsin9cos¢ , V= r*e_HTsinGSinqﬁ . z=r.e Tcos

with r, + Hpn, = 0.

The induced metric is given by h,, = diag(H?p?> — 1, p?, p*sin®*6). This has Lorentzian
signature for Hp < 1 (inside the static patch), is degenerate for Hp = 1 (the cosmolog-
ical horizon) and Euclidean signature for Hp > 1 (beyond the cosmological horizon).
The measure factor for the non-null cases is given by V|det hy| = mpzsine
while on the cosmological horizon it is given by \/}Z = p’sinf. Here a, b denote the
‘transverse’ coordinates 6,¢. In the non-null case, the unit normal is given by n, =
ﬁll — H*0*"V2(Hp, x;/r) < n* = €lHn||l — H*p?|"">(=Hp, x'/r). Here € = +1 for
time-like 2, (Hp < 1) and € = -1 for space-like 2, (Hp > 1). On the cosmological
horizon, we choose the normal to be: n, = —|Hn|" (Hp, x;/r) < n* = — |Hn|(—Hp, x'/r),
so that n* = T* is future directed. Introduce N* := (—Hp, &), so that the normal for
non-null cases is expressed as n* = e|Hn||1 — H?p*|~'/2N*. Note that the n* is the same for
the space-like and the null hypersurfaces, 2. 4-1. For the time-like hypersurface, the n*
points in the opposite direction. However, the induced orientation on 2, is also reversed

as the hypersurface changes from being space-like to being time-like. Hence, in all cases,

Hp > 0, n* Vh = —|Hn|N"p? sin6 and the hypersurface integral is expressed as,

f dz,Je = - f dr f d*s p* (= Hn(D)IN")(=t,, T") with  (4.3.34)
2 T1 S2

P
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Nty T = —Hr(7) {ty, + &1%7 — &', ((Hp)™ + Hp)| (4.3.35)

The minus sign in front of the hypersurface integral is because the orientation defined by
the Killing parameter and the angles, is negative relative to that defined by the » and the
angles. The sinf is absorbed in d*s. The minus sign in the last parentheses is due to the

definition J, = —1,,T". In the second line, we have also used —Hpn = r valid on 2,.

Substituting for the ripple stress tensor, and taking the unit vectors x outside of the angular

bracket as mentioned before, the expression within the braces in eq. (4.3.35) becomes,

{ } = ﬁ {(aﬂ)(mn an)(mn + 8r)(mn 8r)(mn> - 1+H—[-;2pz <6r)(mn 6,p(’"”>} (4.3.36)

In the above, y;; is the tt part of the solution given in eq. (4.2.8). The tt projection
introduces angle dependence in the XZ» however equation (4.3.34) needs only n and r

derivatives.

Eliminating 0,x;; using equation (4.2.12), we write,

1 o\ L+ HE? | o o\ (L4 HOY [ frn f™
[} = s (o) S+ (o) S+ ()

1 (1+HP)2 mn fmn mn Hp fm”fmn
| L el |
f dz,Je = f " f &s |-p*Hn(r)r(0)|{ } (4.3.37)
Zp T S2

The approximated solution y;;, is valid for (source dimension)/(distance to the source)
< 1. This is consistent with the assumption that the A1/r < 1. Furthermore, the source
being rapidly changing, AH << 1, it follows that f,,,/r> < fu./r. Hence we drop f,.,./r*

terms. With this, {} takes a simple quadratic form ﬁ(l + Hp)z(Hp)‘lw,,anén)(m”).

To compute 9, we recall, 1., = — r := —H 'e”#" := —(Ha(t,,))"" and use,

6nﬁj(77ret) = ar],-e,ﬁj(nret) = a(nrel)al,-efﬁj(tret) = a(nret) (Lr +2H) fij(tret)
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This leads to (overdot denoting L),

1
an/\/mn(nret) = _ar]fmn(nret) + ar]gmn(nret)

- “(’”’) (Lt fon + 2H fy) + ) (Lrgn + 28m) (43.39)

Lrfun = a(fm) | O + HOup = 2H? Qo+ H Oy + H? Q= 2H Q| (43.39)
Lrgmn = —2H |y + HOpy + HOpy + H* O = (4.3.40)

O n(Mrer) = 377 —Q,, with, (4.3.41)

@y = (O + 3HOun + 2H Qs + HO,y + 3H Oy + 2H 0| (1)) (4.3.42)

Here we have also used (1 —a(t,.,)rH) = # Collecting all expressions, we write the flux

through a segment of r,,, = p hypersurface in a convenient form as,

2 2
f dZ,Js f dr f s | 2Hzn(r)r(r)] (HHP ) M% 1 ]Qﬁ}@ﬁ{>
2 Tl rng-r

f dr f d*s [ ]Q” >(tm) (4.3.43)
SZ

In the appendix, we show that for large p, the expression within the square brackets inside

the angular brackets, can be taken outside. Then, using r = —Hpn which is valid over
the hypersurface Vp € R*, we see that the explicit dependence on p (for large enough p)
disappears from the integrand but there is an implicit dependence on p and 7 through ¢,,,.
If however, the T—integration is extended over its full range, (—oo, 00), then the integral is
independent of p as well. Hence, for sufficiently large p, all Killing observers infer the

same energy flux in the limit (t1,T,) — (—00, 00).

The p independence of the full flux integral in particular means that the total flux across

J " equals the total flux across the cosmological horizon, H™.

limde,,J‘Tl = f dE#J’Tl = f dZMJ‘T‘ = f dZuJ’Tl. (4.3.44)
e Js, 2(Hp=1) J* H*
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4.3.3.2 Flux through a constant 7 slice:

The hypersurface %, defined by 17 = 1 is a cosmological slice ~ R*. It is space-like, with
anormal n, = —|H770|‘1(1,6) ot = |Hn0|(l,6) which is future directed. We choose a
finite portion of it with r € [ry, ;). The hypersurface is topologically Ar x s>. Choosing

the (r, 8, ¢) coordinates on the hypersurface, the embedding is given by
n(r,0,¢) =ny, x=rsinf cos¢p, y=r sinf sing, z=rcosd.

The induced metric is given by h,, = (Hno) >diag(1,r*, r*sin*6) giving +|det h| =

|Hno| 32 sinf. Denoting N* := (1,0), the hypersurface integral is given by,

f iz, 0"
2,

o

Nty T = (=H) (tyn + tx')

f dr f d*s Pa’(no) (-N"1,, T") with (4.3.45)
S2

“H
= 32 (n(an/\/mn nan>+X<anan len>) (4346)
— mn fmn mn
- 371((’7—?)<5nxmn3nx >—< O >) (4.3.47)

s, Jh

0

1 2 1
_— d d’s r? X mnOoX™) b (4.3.48
327TH2773 f er 5T {a(nret)< HX UX >} ( )

d*s |— i 4.3.49
[ e Lo |5 e (4349)

f;‘ml

X

By the same reasoning as before, we have dropped the # and also used equation (D.0.12).
In the limit 7y — 0 with (ry, ;) — (0, 00), the hypersurface becomes J* and the integra-

tion measure becomes ~. The limit 7 — 0 is thus finite.

As noted earlier, the hypersurface integral when expressed in terms of the Killing pa-

rameter, has a minus sign due to the reversal of the induced orientation. The measures

(positive) themselves are related as ;’T’r = dr, leading to fooo dr/Hr = — f_ O:o dt and we get,
limf dx,Ji. = lim | dx,J; . (4.3.50)
no—0 2”0 pP—0 ,
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4.3.3.3 Flux through null hypersurfaces:

There are two families of future directed null hypersurfaces given by n + er + o = 0, see
figure (4.1). For € = +1, these 45 degree lines in the Penrose diagram are parallel to the
cosmological horizon while for € = —1, the lines are parallel to the null boundary of the
Poincaré patch. We refer to these as the in-coming (e = 1) and out-going (¢ = —1) null

hypersurfaces. The parameter o labels members of these families.

The null normals of these families are of the form n, = y(1, €X;) & n* = (H m*y(—1, ex’),
where 7 is to be chosen suitably and should be negative for future directed hypersurfaces.
Choosing coordinates (4,6, ¢) on a null hypersurface, its embedding may be taken as
n(A), r(1) with identity mapping of the angles. Here A is an affine parameter of the null
geodesics generating the null hypersurfaces. The induced metric is obtained as h,, =
(Hn) 2diag(0, r*, r*sin*#). Note that the orientation of the hypersurfaces, relative to that
defined by (r, 6, ¢) is the same for the out-going hypersurfaces and opposite for the in-

coming hypersurfaces. The hypersurface integral is then given by (N* := (-1, €X')),

A2 2
f dz,J —€ f da f d’s
by A1

(€.0)

(H*77)y(-N"1,,T") , (4.3.51)

r
H22

N't,, T" = —H(—t,,,,n ty R + eX'tyn + erd't;; x’)
= 321 (=4O O™ + (€0 = PYOpXmnOX™) + €D md X™))
= ‘37#1 + O = MmO + o) (4.3.52)
= —i(l +e)(r-n) [%%} (@Q" Q™+ o(r?) (4.3.53)
fz Q5,0 = f i f 25| (“6) 1 r]@;gna:';" (43.54)
e

As before, we have dropped the f,,,/r* terms from 8,x,,, and used the equation (D.0.12).

It is immediately clear that the flux through the out-going null hypersurfaces (o or r in-
crease along these) vanishes. In the € = 1 family, only the cosmological horizon is of

interest. For this we have (n = —r) and we choose the factor y = —(Hr)™! so the null nor-
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mal matches with the Killing vector (y is negative as desired for future orientation) and the
affine parameter A matches with the Killing parameter 7. With this choice, the flux in eqn.
(4.3.54) matches with that given in eq. (4.3.43) for Hp = 1. Thus, once again, the full flux

through cosmological horizon is exactly same as that of 7., = const hypersurfaces.
Remarks:

All three calculations consistently have the same [+1/8n] factor, with integrals oriented

along the stationary Killing vector.

It is surprising at first that the flux through n — r = constant hypersurfaces is zero, which
indicates sharp propagation of the energy, even though the retarded solution has a tail

contribution. This can be seen more directly as follows. Let us recast eqn. (4.3.37) as

o L (7 2 ) 2 ol 1 >
L dn =gy | j; 2ds<r(n ) (naﬂ){” Lot (4.3.55)

where we have neglected the 1/7? terms and have used r = —Hpn.

Now in taking the n derivative, contribution of the tail term in (4.2.7) cancels out, leaving

only the contribution from the sharp term:

1 4
—Oxij = —0nfd3X'Tij n-rx). (4.3.56)
n

ret

Hence, though the field solution has a tail term, the energy propagation is sharp along
the light cone. This is also supported from vanishing energy flux across out-going null

surfaces.

4.34 Momentum and angular momentum fluxes

For the same three classes of hypersurfaces, we present the momentum and angular mo-

mentum fluxes. We already have the measures for these hypersurfaces as well as the
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currents given in (4.3.31, 4.3.32). The full fluxes, only to the leading order in !, are

given by,
® 1
z, - f dr f d*sp>—(Hp, %) J* (4.3.57)
—00 S2 H?]
~ I"z 1 .
2p : fdrf dzs[ 3][—](1,0)1" (4.3.58)
0 52 |Hnpol” | | Hno
A2 ,,2),
Z(E,O') : _Ef d/lf dzs[ 2:|(I,E)’ei).]ﬂ (4359)
oY 52 |Hnpol

Momentum fluxes: The momentum current is given by,

) o) n 2 '
(A mn At \( 5 i
Jg—‘, = on [r - r] @)" Q,,)(x)(1, =% (4.3.60)

Dotting with the n, produces a rotational scalar and the average is a rotational scalar too.
Then the angular integration with £; vanishes, in all three cases. Hence, the momentum

flux is zero across the three classes of hypersurfaces.

Angular Momentum fluxes: Replacing 0,x};" ~ —0,x};", we can write the angular momen-

tum current as,

TS

a?[2 n
rn—r

] [ @) (1, 2)

The fluxes then take the form,

o -2 a f s € 4@ xu)| (4.3.61)
87T —00 S2
. 1 * r 2 am sk 7l
2,]0 . 87‘(’H—Z|]70|f0 drr - ‘fs; d’s [€jmnx X <Qtl Xkl)] (4362)
1+e€ i r o
Zeoy 1 —€ f dA(-y) 1 f dzs[ejmnxmxk(Q;',l)(kﬂ] (4.3.63)
8 Jy, n—rJs

Consider the average. The function enclosed in averaging is product of the A—projector
containing angular dependence and a function having dependence on (7, r). The averaging

can then be split into averaging over a cell 4w in the angular coordinates around the
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direction 7 and averaging over a cell in the (7, r) plane, see equation (D.0.9). Thus, we

write,

1
@ xi)n, 1, 7) [— fA d*s' A" rs(?')] Q" xwu)(n, r)] (4.3.64)

Aw
A" Q). ) (4.3.65)

The angular integration over the sphere can be done explicitly:

Am Ak an A rs 87T nl. m
f s N (BNQ 1.7 = T @ X)) (4.3.66)
S

This is to be integrated over the Killing parameter 7 or r or A for the three classes of

hypersurfaces. The average is now over an (1, r) cell.

This integration in the flux expressions above, can be expressed in terms of the Killing

Q

parameter T and then they all take the same form provided for 2, we consider the 1y

0 — J* and for the null hypersurface we choose the cosmological horizon, H* (e

+1,n=-r):

(o9

1
(Angular Momentum Flux); = — 5 dt a(n(t)) r(T)ejmn(Q"l)(,m) (4.3.67)

The radiation field @" is given in equation (4.3.12) but without the ¢ label and,

2 . ) - -
Xim = — < [le + 2[—Ile + Hle + 2H2le] (nret)
ra(n)

+2H2 [le + Hle] (nret) - 2H2 [le + Hle] (_00) . (4368)

This flux does not have a finite limit to /™ due to the tail term in y,” and does not match
with the flux given by [8]. It is finite along the H* though. It does not match with the
correct angular momentum flux in the flat space limit as well and it is well known [42,46]
that the Isaacson effective stress tensor does not suffice to capture the flux of angular

momentum. The sharp propagation property still holds in the sense that the flux across
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out-going null hypersurface is zero.

4.3.5 Extending from ‘“tt’ to “TT’

We have used the algebraic ‘tt’ projection on the approximated, retarded solution. How
would the results change if we were to use the “T'T’ decomposition of the exact solution

prior to the |¥’|/|xX] < 1 approximation? For this we note a few points.

It is easy to see that the TT part of the retarded solution is given by [8],

X~T-T , — 4fd3 ’ n T-T~T, r, ’
i (1) * lx —x|(p—|x —x) ¥ UELD) M
et TG )
+4 f dx f dyf ——— (4.3.69)
—oo n

where the TT" refers to the second argument of the stress tensor. This follows by checking
that the divergence, 8;, of the right hand side converts into the divergence, 6;, on the
second argument of the stress tensor. For this relation, it is important to have the exact
|x — x’| dependence and that the source has compact support. This is not true for the

approximated solution /.

We can now consider the solution (4.3.69) for |x| > |x’|, and replace |x — x| & r which
simplifies the source integral. We denote this approximated expression as )(iTjT. This
satisfies the transversality condition to o(r™1 0nly3. Furthermore, since the transverse,
traceless part of the stress tensor drops out of its conservation equation, we cannot directly
express TT™ in terms of correspondingly defined moments. Nevertheless, we do

source 1]

get,

Oxi (i, x) = 4%@/\4{}, M=) = f X' T (- r,x) (4.3.70)

3 Extracting the TT part and making the approximation for [ > |¥|, do not commute i.e.
[(Xi)Dapprox)™ " # ([Xi]"T Yapprox- This is so because the &' of the Lh.s. is always zero by definition while
that of the r.h.s. is non-zero in general.
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2 T 2
Xm ij N Xm
Xy (1,%) = 4= ra M- rf = —xma,,X,TjT—4ﬁM,TjT(4.3.71)
T
N A O i (4.3.72)

The equation (4.3.72) has the same form as eq.(4.2.12). The equation (4.3.70) has the
same form as eq.(4.3.41) which introduced the radiation field ;. We can thus introduce
anew ‘radiation field’, R.TjT = ZGUMiTjT. With this, the form of the expressions for fluxes
will remain the same with @, — 7357. Note that unlike Qf, RiTjT does not have a sim-
ple relation to the source moments defined earlier. Nevertheless, it shares the important
property with Qi’/, namely, it too is a function of i — r alone. This enables the space-time
averaging to be reduced to averaging over p =constant hypersurfaces, as shown in eqn.
(D.0.13).

<0'7XTT8UXTT (17 = 4ap(to)

(RTT )(fo, 7) (4.3.73)

In the next section we restrict to the energy fluxes and see two applications of the conser-

vation equation and the sharp propagation property.

4.4 Implications of conservation equation and sharp
propagation
In the previous subsection, we assembled fluxes through various hypersurfaces, all having

the topology 4 x S2. We considered 4 to be a finite interval and also the cases with 4 = R.

The relevant hypersurfaces have p = constant. In all cases, the energy flux integral had

b
F(a,b) := f dr f d’s [ ] @' Qy =: f dt(F)(1) . (4.4.1)
S2 a

the form,
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As shown in the appendix, equations (D.0.12), the angular brackets denote averaging
over T—intervals and a trivial averaging over the angular intervals. Since the angular
average is trivial, we have taken the angular integration across the averaging and denoted

the integration over the sphere by (F)(7). Using the mean value theorem, we write,

c+0 (b _ a)

b
f de(F)(1) =(F)(c)(b —a) = f dt F ,
a =6 20

c€(ab). (4.4.2)

Let us choose (a, b) to be an averaging interval i.e. (b — a) = 26. Recall that the averaged
quantities are slowly varying i.e. (F) is varying only over the scale L > 2¢ and thus
essentially constant over the averaging interval. Therefore, we can choose ¢ = (a + b)/2
possibly making a small error. But then the right hand side of the last equality in the
above equation becomes fa a (7). In effect, for integral over an averaging interval, we

can drop the angular brackets in equation (4.4.1).

For a < 0,b > 0, the 7 integral can be replaced by a sum with each sub-interval, [ay, bi]

being an averaging interval. Using the above argument, we can write,

bk 1
Fla,b)~ ) f dr f dzs[S—]Qf;nQ;’}” (4.4.3)
Z a $2 T

However, the averaging T—intervals cannot be made arbitrarily finer and the Riemann sum
cannot be taken to the integral. Hence, flux integral over an averaged integrand matches
with the flux integral over an un-averaged integrand only at a coarse grained level. The

— RIT and then the fluxes defined using the averaged

same arguments also hold for Q" n

mn

stress tensor match with the expressions (4.3.14) at a coarse grained level.

By judicious choices of hypersurfaces comprising the boundary 07V of a space-time region
vV, we can relate different fluxes using the conservation equation (4.3.33). The sharp

propagation of energy comes in very useful. We note two of its implications.

(1) The flux across two hypersurfaces 2, and 2, cannot be equal, see the right side figure
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Letn, > n;. Let 2, meetthe r = 0 line at A,. Let the out-going null hypersurface through
A intersect the 2, in a S2 at B, with the radial coordinate being r. The three hypersur-
faces 2, , the out-going null hypersurface and the hypersurface 2, bounded by the sphere
at B; enclose a space-time region, A; BB,. By the conservation equation (4.3.33), the sum
of the fluxes through these bounding hypersurfaces must vanish. But the flux through the
out-going null hypersurface vanishes as shown before. Hence the fluxes through 2, and
the partial hypersurface 2;, between B, and B, must be equal. However, this leaves the
contribution of the flux through the ‘remaining’ portion of the X, hypersurface between
B, and B;. Hence the result. Alternatively, one can also see this explicitly by writing the
full flux through the two hypersurfaces using the expression given in equation (4.3.49)
and matching the integrands along the out-going null hypersurface. Evidently, the full
flux through ). is also not equal to that through . Physically this is understandable
since the hypersurface at a later value of n receives energy emitted after the earlier value
of . The null infinity of course records all the energy emitted by the source and so
does the cosmological horizon. We also conclude that the total flux at J* computed by
Ashtekar et al, as given in eq.(4.3.14), matches (at coarse grained level) with that given in
equation (4.3.49) (with Q — R) only for n = 0. Note that unlike the spatial slices 2}, all

hypersurfaces 2. intercept all the emitted energy.

(2) The sharp propagation of energy can also be used to infer the instantaneous emitted
power. Consider two out-going null hypersurfaces intersecting the cosmological horizon
in spheres with radii r(7) and 7’(7"). The same hypersurfaces intersect the null infinity at
corresponding spheres at R(7) and R’(7’), see the left side figure in (4.1). For 7" > 7, we
have r'(7") < r(t) and R'(7') < R(t). By the conservation equation and sharp propagation,
the flux integral over the portion bounded by the spheres R, R’ on J* and the flux integral
over the portion bounded by the spheres (), 7 (7) on the H™, are equal. Taking 7/ =

T + 07, the integral becomes 07X the integral over the sphere at r(7). The emitted power
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is then defined by dividing the flux integral by 7 and taking the limit. Thus we get the

instantaneous power as:

Py = lim L 0mD) L f & s(RITRYY (4.4.4)
S2

570 ot 81

This is manifestly positive.

This is very similar to the definition given by Ashtekar et al [8] in the form of equation
(4.3.16) except that the integrand is an average over 7 and angular windows. The power
is usually averaged over a few periods. If this is done to the power expression in [8], it

will match with the above expression, again at a coarse grained level.

The upshot is that the quadrupole power is gauge invariant and can be computed at the

cosmological horizon.

4.5 Discussion and Summary

We have dealt with two aspects namely the role of the cosmological horizon and the use
of ripple stress tensor to compute energy flux of gravitational waves emitted by rapidly

changing, distant sources.

A question regarding the validity of the ‘short wavelength approximation’ near J* arises
due to the understanding that the physical wavelength will diverge near the future null
infinity thanks to the scale factor a(r) Let us recall that background plus ripple decompo-
sition is based on the expectation: 0,8,, ~ 8. /L and d,h,, ~ h,,/A. In the cosmological
chart, the non-zero coordinate derivatives of the background are: 0,g;; = 2Hg;; ~ g:;j/L.

For the retarded solution we have,

0,hij 2 Ofnloey) 1, 1

_ o oy It 1 4.5.1
hij 9 [en(a”(t)xi))] + 0moytn(yi)) " a(r) L * a(ha’ @D

A J

n n T
.- 6k€n(xij) = I”karfl’l()(ij) ~ —rkc?nfn(Xij) ~ Ek (452)

)
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The first equation shows that the t—derivative of the perturbation does not satisfy the
premise, near J* thanks to the presence of the scale factor. The second equation however
does not have the scale factor and the ripple indeed has short scale of spatial variation.
Interestingly, in the calculation of the fluxes, spatial components of the ripple stress ten-
sor (and hence the spatial derivatives of the perturbation) do contribute since all Killing
vectors are space-like near J* and the ‘short wavelength approximation’ can justifiably

be used.

As noted in the introduction, the cosmological horizon is unambiguously defined for a
spatially compact source. This follows because worldlines with finite physical separation

at every n must converge to i, the point A of figure (2.3). If 4 denotes the physical

radial distance corresponding to the radial coordinate difference J, then 4> = H‘ZZ. To

maintain 42 to be finite as n — 0_, we must have 6> ~ a?n*> + 0(|p]®) near i*. This
identifies 6 with —an or @ = Hp. Thus, the worldlines approach i* along the p =constant
hypersurfaces. The cosmological horizon is then the past lightcone of i*. The same
argument also shows that any observer, who remains at finite physical distance away
from the source must remain confined within the cosmological horizon. Furthermore,
neither any such observer, nor the source has any access to energy/momentum which has
crossed the horizon. This statement holds equally well for non-sharp propagation also
(see figure 4.2). Hence cosmological horizon does share physically relevant properties

with the future infinity.

Further support for the role of cosmological horizon as future null infinity comes from
the computations of the energy momentum fluxes. For these, we employed the effective
ripple stress tensor and showed that the fluxes defined at J* by more geometric methods,
also matched (at a coarse grained level) with those computed at the horizon. In particular
the quadrupole power can be evaluated at the horizon. In full, non-linear general relativ-
ity, H* may well serve as an effective J* to analyze gravitational waves. Cosmological

horizon being null, one can define Bondi-like charges and fluxes across H* with an ex-
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Figure 4.2. Gray region denotes compact source with future and past time-like infinity i*
confined near r — 0. A compact source has distinguished cosmological horizon H*, namely
past lightcone of i*. HH~ denotes particle horizon of observer. For sharp propagation, energy
flux across large enough p = const. surface is independent of p. Hence in the context of sharp
propagation of energy, large p = const. surfaces are indistinguishable. But in the non-linear
case, when the propagation is non-sharp, cosmological horizon (0 = H™!) is well distinguished
from other p = const surfaces (less than H~!). For non-sharp propagation also once radiation
crossed the cosmological horizon, it can never come back, it will propagate all the way upto
J*. But for other p = const surfaces, once radiation has crossed the surface, it can also come
back at late time.

pectation to get balance law. The observation that the cosmological horizon is a Killing

horizon and hence an isolated horizon should be helpful in this regard.

One of the concerns of space-like J* of de Sitter is positivity of energy. Killing vector
being space-like near J* energy flux can have either sign across . In our computation
we assume that compact source is well inside the cosmological horizon where the killing
vector is time- like, hence the energy contribution from the radiating source is strictly
positive. Using retarded solution of the field we also discard any negative contribution
of energy across DE (see figure 4.2). Hence for spatially compact sources in linearized
theory energy contribution is positive, as reflected in energy flux computations across

different hypersurfaces.
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The ripple stress tensor, although limited to short wavelength regimes (which covers most
common sources), provides a convenient picture of energy momentum flows much like
those for matter. There is a shortcoming of the ripple stress tensor - it does not capture
the angular momentum flux correctly. A clearer understanding of this failure is lacking at

present.






Observable effect of cosmological

constant

In this chapter we illuminate some possible observable effects of cosmological constant
due to new quadrupole formula derived in previous chapter. It is interesting to ask does
this new quadrupole formula introduce any observable effect in orbital decay of binary
system or does it give any significant impact on orbital phase evolution of inspiraling
chirp signal which is now-a-days routinely used to detect gravitational wave? Let us

begin with the linearized field expression (in coordinate indices) (3.3.90) ,

2 _
xijt,r) ~ —— [5,2»Qij - 2Ho,Q;; + Hat’Qij]

5 -
ra(t) l'|'2I‘I {(9,/Q,J—2HQ,J+HQ,J}

tre 1 ret

“OH? (0,0~ 2HQy + HOl| — (5.0.1)

It should be noted that the first term is due to sharp propagation and the last two terms
are due to tail contribution. On J* (7 = 0) sharp term vanishes, only tail term contributes.
The assumption of staticity L77,,, = 0, at distant past implies (Lr + 2H) Q; j|t:—oo =0=

0,0; J'|;:_oo‘ Hence on J ™ filed takes the form,

Xij

g R 2H® {at’Qij -2HQ;; + HQij} +4H(Q;; - Oi)) L_w (5.0.2)

1 Tel

Therefore no matter how small A is the effect of tail term is crucial at late time. The pres-

ence of tail term induces ‘memory effect’ to gravitational wave detectors. When a GW
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without memory passes through a detector, it causes oscillatory deformations but eventu-
ally returns the detector to its initial state. After a GW with memory has passed through
an idealized detector (one that is truly freely-falling), it causes a permanent deformation -
leaving a ‘memory’ of the waves to the detector. It has been argued in different literatures
that low frequency band detectors, i.e. LISA, Pulsar Timing Array could be sensitive to
memory effect [47,48]. Recently there are several studies on gravitational wave mem-
ory on de Sitter space time also [49, 50]. Correction term due presence of cosmological

constant in memory effect is needed to be investigated.

For a typical rapidly varying compact source second derivative term of mass quadrupole
moment is the leading term. The first derivative and non-derivative terms are down by
A/Lg and (1/Lg)? respectively. For current ground based interferometric detector 1 ~
10° — 10* meters and background scale is fixed by cosmological constant, Ly ~ 1/ VA ~
10% meters. Hence first derivative term is down by 10722 — 1072 to the leading term. To

the leading order field can be written as,

2 2
Xij(t,r) = _812Qij ~ —atzsz (5.0.3)

I’(l(t) Vph

This is exactly the Minkowski answer with r replaced by physical radial distance r,,.
Hence in the field expression for a rapidly varying source, presence of A is manifested
only in the scale factor which changes r to r,;,. As we discussed earlier we do not measure
field directly. For direct observation tidal distortion is an observable quantity while for
indirect detection, change in radius and eccentricity of a binary system due to gravitational
wave emission is crucial. In the next section we will discuss about orbital decay of a

circular binary orbit due to new quadrupole formula.
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5.1 Quadrupole power radiation from inspiraling bi-

nary in presence of cosmological constant

At first we would like to compute power radiated by an inspiralling binary system due to
new quadrupole formula,

P(1) = si f ’S@Q Q) (5.1.1)
S2

T

where Q;; := [Q,-j +3HQ;; +2H*Q;; + Héij + 3H2Qij + 2H3Qij] (t,.). These dots de-
note lie derivative with respect to killing vector, L. We would like to express this quan-
tity in proper time coordinate ¢, of matter source . Hence using Ly := 0, — 2H we can

express Q;; as ,
Qij = [3?Qij —3H3;Q;j + 2H?0,Q;; + HO; 0y — HzatQij] (Trer)- (5.1.2)

Now using A projection, QQY/ := A¥QuALQ™ = A, QuQ™, eq. (5.1.1) can be written

as,
P(1) = 1Q'Q‘j — —1 Q? (5.1.3)
S50 15 ° o

where Q := 6YQ;;. In deriving this expression we have used the identity for A projector,
f d*s A;{’l = % [11626{ - 462§ + 5}'6‘,{ . For a weakly stressed system, as for Newtonian
fluids, pressure 7 can be neglected compared to the energy density p, so we can neglect

the pressure quadrupole moment terms in radiated power formula [8].
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5.1.1 Mass quadrupole moment of binary in a circular orbit and

orbital decay

We will assume that a binary system is separated at r,, = constant (r = const. surface
does not have compact support in de Sitter background). As source moment is defined in
tetrad variable, we will attach the tetrad system of conformal chart to the centre of mass
of the system and set r,, = O to the centre of mass coordinate. Therefore in the centre
of mass frame of binary, this system is equivalent to an effective one body problem with
reduced mass u = % following r,, = const. trajectory. As near the matter source
we can neglect the effect of cosmological constant, we will further make the assumption
that the conservative dynamics of binary is completely governed by Newtonian potential
(presently we focus on special case of circular orbit). It should be noted that moments
are defined in the tetrad frame (3.3.77) and in terms coordinates it measures physical

distances. We choose the time direction of tetrad frame along r,, = const surface and a

triad frame (%, y, 7) is attached such that the orbit is restricted to (X, y) and is given by,
n ) m
X(t) = rpp cos(wyt + 5) , Y() =1y, sin(wgt + 5) , 2(=0 (5.1.4)

Hence the mass quadrupole moment of the binary system can be written in a matrixform

[51],

1 — cos 2wyt) —sin2w,t 0

N
Q' =u %’ _sin2w,t 1 +coswd) 0
0 0 0

Hence neglecting the pressure quadrupole moment terms, power radiated by binary sys-

tem can be expressed as,

R

N=-Q Q' — —Q? 5.1.5

P(1) SQ”Q 15Q ( )
el 5w

~ %((uﬁ +2H} + T) (5.1.6)
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It should be noted that trace of Q;; = 0 and contribution from odd power of H exactly can-

cels. For circular orbit substituting w, = % Hence power loss due to gravitational

})h

radiation from a circular binary orbit can be expressed as,

P

32 (2G* (my +mp)[, 5 Hr, 1 HY
N S HG G m) [1+Z o o (5.1.7)

+ j—
5 c5rzh G(my +my) 4 G*(my + my)?

For A — 0, this formula reduces to the classical formula for quadrupolar power radia-

tion of a circular orbit [52]. In Newtonian approximation energy of circular orbit can be

written as,

G +

Eorpic = _W o
p

dl”ph _ 2r;27h dEorbit (5 1 9)

dt — G(m +my)u dt ;
2.3 4.6
:_gGﬁz(mﬁmz)zHé Hory, +l& (5.1.10)
5 c? r13)h 4 G(my +my) 4 G*(my + my)? h

In the last line we have assumed that the binary system is loosing energy, entirely due to
gravitational quadrupolar radiation. It should be noted that correction terms due to A in

quadrupolar power radiation and orbital decay rate of circular orbit have the expansion

parameter G(Zzl:;;z). As mentioned in [53], a compact binary that coalesces after passing
through the last stable orbit is a powerful source of gravitational waves, we assume r,;, =
rrso = 3Rg. For simplicity assume m; = m, = 1M and using Schwarzschild radius of
sun, Ry = 2GM,, = 3 x 10°meters,

P = S X 27T~ HREx10~ 1072 x10°x 10 ~ 107 (5.1.11)
G(m; +my) Ry

This can also be seen from eqn. (5.1.6) - correction terms are down by H?/ w% i.e. for a
typical rapidly varying source, (1/Lg)* ~ 10~ —107¢. These corrections are too small to
generate any significant effect in indirect observation, namely orbital decay of binary sys-

tem. The observation of orbital decay of the Hulse-Taylor binary pulsar has established



154

that the decay is fully consistent with the energy radiated as per the quadrupole formula
in Minkowski background. Current accuracy level of this observation is at 10—, Hence
correction terms due to A are utterly negligible in this context. From dimensional analysis
one may argue that correction terms due to A should be VA x lengthscale. Naturally two
length scales are available - one is observational distance and another is source dimension
(or equivalently background and wavelength of ripple). It should be noted that though lin-
earized field expression depends on observational length scale, energy flux is independent
of obsertvational length scale. Hence only available length scale is orbital length scale
which enters into the expression via definition of source quadrupole moments. Therefore

all the non trivialities of de Sitter space is harmless in orbital decay of binary system.



Conclusion and Outlook

Gravitational waves in full non-linear theory are well-understood for asymptotically flat
space-time. Asymptotic flatness presumes a vanishing cosmological constant. However
the concordance model of cosmology favors a universe with a tiny positive cosmologi-
cal constant. Even a tiniest value of positive cosmological constant profoundly alters the
asymptotic structure of space-time, forcing a relook at a theory of gravitational radiation.
Still there is no satisfactory framework to describe gravitational wave in full non-linear
regime for A > 0. The thesis poses the problem of implications of cosmological con-
stant for gravitational waves in a linearized context. It is relevant for both observational
and conceptual perspectives and the focus is on the former. In first part of the thesis,
chapter 3, we obtained linearized inhomogeneous field solution in terms of source mo-
ments. Many non-trivialities regarding solution of non-homogeneous wave equation, e.g.
definition of moments, relation of moments with source integral were discussed. Using
Hadamard construction of retarded Green’s function we expressed the field as an integral
over source term. Relating source integral with moments is also non trivial. To get co-
ordinate invariance, we defined moments with respect to a suitably chosen tetrad frame
and recasted the conservation equations in that frame. Employing suitably chosen FNC
in the static patch of de Sitter background we computed the field in terms of moments
to first order in A. Though FNC is a natural choice for curved background, it can not be
extended beyond cosmological horizon (i.e. beyond static patch). To study the behavior
of field near future null infinity (/") and for cosmological context we also presented the

field in the Poincaré patch where the leading correction is of order VA. For comparison
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a gauge invariant quantity, deviation scalar was introduced and computed in both charts.
In chapter 4, we explored energy flux associated with linearized gravitational field in de
Sitter background. Using Isaacson’s stress tensor in the special context of two widely
separated scales between background and ripple (rapidly varying compact source), we
obtained power radiated quadrupole formula for A > 0. An explicit averaging process
allows to compare the energy flux with that of given by Ashtekar et. al in covariant phase
space formalism [8]. It is shown that though the field has a tail term, energy propaga-
tion is sharp. Sharp propagation of energy and energy conservation are manifested in
defining quadrupole power at cosmological horizon. Hence in the context of energy prop-
agation cosmological horizon may serve as an effective boundary of de Sitter. In chapter
5 we discussed about some observable effects of cosmological constant and concluded
that correction term due to cosmological constant in orbital decay of a binary system is

negligible.
There are several open directions to pursue:

As mentioned earlier concept of radiation field is not well defined, when J* is non-null.
In de Sitter case cosmological horizon is well defined for compact source. Cosmological
horizon being a null hypersurface, we do have the Weyl scalar ¥, unambiguously identi-
fied on it. One of the main results of this thesis is that in the context of energy-momentum
flux radiated by spatially compact source in de Sitter background, cosmological horizon
can be treated as effective null infinity. Could cosmological horizon be used as an ef-
fective J* to analyze gravitational waves in full non-linear theory? One can also extend
Bondi’s nonlinear analysis of axis symmetric gravitational wave with an expectation to
get analogous ‘mass’ and ‘news function’. Though some of the recent works have been

done in this direction [54,55], still it needs to be explored.

In chapter 3, we showed that leading order correction of field in Poincaré patch is in
VA while in ENC it is of order A. We suspect VA behavior may be an artifact of con-

formal compactification of de Sitter metric in Poincaré patch. FNC calculation, ignores
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the global structure of space-time and the answer has a form of perturbation expansion
around Minkowski background. One can use conformal FNC [9] to extend the FNC so-
lution beyond cosmological horizon, which may explain the VA correction. Exactly how

this happens remains to be understood.

There are good reasons to expect that the Universe is permeated by a stochastic back-
ground of gravitational waves generated in the early Universe (a stochastic background
can also emerge from the incoherent superposition of a large number of astrophysical
sources). Our early Universe is modelled faithfully by FLRW background. One can study
linearized gravitational wave to a FLRW background in presence of positive cosmological
constant. Qualitatively our analysis is different due to non compactness of matter sources

in FLRW background. One can also consider compact sources in FLRW background.

There are two types of observations which can be impacted by the modified quadrupole
formula. One is the orbital decay of an inspiraling binary and other is the modification of
the waveform at the detector. Hulse-Taylor pulsar observations have already vindicated
the quadrupole formula computed in Minkowski background at the accuracy of 1073 and
we already discussed in chapter 5, the lowest order correction term due to A is of the
order of 10~*. Hence impact of A in orbital decay is negligible in the context of current
accuracy of observations. To extract the signal of gravitational wave from the noise of
detector we need the waveform to a very high PN order. For number of cycles spent in
the bandwidth of ground-based detector to be O(1), we need at least 2.5 PN of phase
calculation. A more accurate computation is really required in order to exploit optimally
the information contained in the output of a ground based interferometer, at least upto 3
PN and better yet to 3.5 PN. One of the key ingredients that feeds into phase computation

is that power radiated by gravitational wave. Schematically,

9 d¢ dE

~ 0.1
dt dE dt 60.1)

First term is computed from orbital parameter of the source, the second term is due to
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power radiated by gravitational wave. In the previous chapter we have seen A correction
in qudrupolar radiation by a binary system is negligible. PN correction in orbital phasing
formula is obtained in the expansion parameter of v/c, where v is the relative velocity
of binary. For a typical astrophysical system v/c ~ 0.2 — 0.3 . Hence we expect that
the change in orbital phasing formula due to A will be insignificant in comparision with

higher order PN correction.
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A Triangle law for World function

We sketch the steps that go in the computation of the world function between the obser-
vation event and a source event, o(P’, P), given in the equation (3.3.24). In reference to

the figure (3.5), we want to compute: ¢ := 3 fo dv(l — v)3D ‘T(q D [34].

Let u denote the parameter along the geodesics connecting ¢’, g as they vary along the
geodesics PyP’ and PyP. These geodesics are all parameterized such that they begin at
q'(uy,v) and end at g(u,,v). In general o(¢’, ¢) is a function of uy, u,,v. But since u, u,

are the same for all such pairs, we have o(q’, g) = o(v). Therefore,

Do(v)  dxX® do  dx" 0o

= F—— = 0 VY + 0,V A.0.1
Dv dv ox® dv 0x“ 7 7 ( )

The V’s denote the tangent vectors at the respective end points while the prime on the
component labels indicate which end point is implied. The suffix on the o denote the
covariant derivative at the corresponding point. Since o is a (bi-)scalar, its covariant

derivative equals the partial derivative.

The second and higher derivatives of o~ with respect to v are computed similarly, noting

that DD—VVQ = % = 0 since Py — P’,Py — P are both geodesics and v is the affine

parameter along them. We also note the property of the world function [34], 075 = 0p,-

This leads to,

Do

o7 TapVEVE + 0,5VIVE + 20,5V VP (A.0.2)
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D4O- ! 4 ’ J i 4 ’
S = T VIVEVEV 4 A0 VIVEVEYY
v

+60 0 VI VE VIV + 4045, VE VEVHVY

+0 oy VEVEVIVY (A.0.3)

We have not written the third derivative as we do not need it.

The desired world function is, using Taylor expansion with a remainder, about Py (v = 0),

Do 1_, D*c 1 . Do
P.P)=c@) = c0)+7—| + =7 —| + =7 —
ol )=o® o) +v Dv |y 2v Dv? |, 6v Dv? |,

1 (! D*o(q',q)
- |-y —7 A.0.4
e fo dv(l = vy == (A.0.4)

It is known that o(0) = 0 = %(O) = %(O). The coincidence limits of the second
derivatives of o are given by, [0y ] = [0l = gop and [0l = [Top]l = —8ap = —8op
and ¥V = —g"% g and ¥V = +g% 0 [34]. This leads to,

2D

Yol = 8OVt gup GVIIVE) = 280V )V

— gaﬁ TaTp + ga/ﬁ' TwTg + 2 ga’ﬁ To0p

20(Py, P) + 20(Py, P') — 204,(Py, P ) (Py, P) (A.0.5)

In the last line, we have used 20~ = g0, 05. Substituting in eqn. (A.0.4), we get,

o(P,P) = o(Po,P)+0(Py,P)~ (gaﬁaff@, P do(y, P))

oy W),

L D'o(q',q)
- e A.
+ fo dv(l = vy == (A.0.6)

To compare with the triangle law, we denote, P_Q>2 := 20(P, Q). Then the above equation
can be written as,

o2 S o2 ) 55 5D
PP = PoP? + PoP> — 2PoP - PoP + ¢ (A.0.7)
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To evaluate ¢, we need to evaluate the fourth order covariant derivatives of the world
function. These are obtained in terms of the parallel propagator and integrals of curvature.

To state the result, we introduce the notation:

Parallel propagator:  X|'(p) := g% (p’, p)Xf ’(p’) where V'V, X["=0. (A.0.8)

1
Symmetrized Riemann: Sopy = — 3 (Rwﬁv + Rmﬁﬂ) . (A.0.9)

The parallel propagator, 8% (', p) is a bi-tensor and its indices are raised/lowered by the

metric at the respective points.

a
a’

It is convenient to introduce a tetrad basis, E%, E“,, at p’ and define it at p by parallel
transporting it along the geodesic from p’ to p. The parallel propagator is then given
by g% (p’, p) = E°(P)E (p’). Denoting the components with respect to these parallelly

transported tetrad by Latin indices, the second order covariant derivatives of the world

function are given by (equation 97 of [34]),

car(q',q) f N duuy = 1)*S apea W)U U (1) (A.0.10)

2 U Jy,

f“z du(uy — ) — u)S wea(WUUw)  (A.0.11)

—uy Jy,

, N “ c
oca(q,q) = gu(q)+ Emf du(u — 1)*S wpea(WU U (1) (A.0.12)
u

, 3
a// +_
8ar(q') P

/7 ’/ 3
oun(q’,q) = ga’b(Q)+§
u

Note that the tetrad components of the parallel propagator are just 77,, while the tetrad
components of the geodesic tangent vectors, U“ are constant along the geodesics and may
be taken out of the integration. These expression have corrections at the second order in

curvature.

The fourth covariant derivatives have a similar form but now involve covariant derivatives
of the symmetrized Riemann tensor. In our context of maximally symmetric background,
all these covariant derivatives of the Riemann tensor vanish and the expressions simplify

drastically. In particular, the third covariant derivatives are all absent as they involve the
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covariant derivatives of the Riemann tensor and the index distribution also gets restricted

thanks to the symmetries of the Riemann tensor. This leads to (equation 117 of [34]),

, 3 1y

OCavea(q.q) = o) f du(uy — u)*S apea(tt) (A.0.13)
’ 3 “ 2

OCavedq,q) = TGy du(us — u)"S apea(ut) , (A.0.14)

, 3
Caved @) = s [ duti =S i) (A0.15)

(up — M1)3 u

These again have correction at the second order in curvature. Note that the tetrad compo-
nents refer to the tetrad derived from an arbitrary choice at g’, by parallel transport along

the geodesic ¢’ — g.

In section 3.3, we choose a tetrad at the base point of the RNC, P, and set it up elsewhere
by parallel transporting along the geodesics emanating from P,. This gives the tetrad E“a
at ¢’. However the tetrad at g, E%, is not equal to £% - the one obtained from E"a by
parallel transport along ¢ — ¢ geodesic. They are related through the holonomy group
element along the closed curve ¢ — Py — ¢ — q: E4 = Hf E‘. Because of the
smallness of the curvature, H,” differs from the identity element by a term of order A. In
short, the error committed in replacing the tetrad components of curvature relative to the
q' — q parallelly transported tetrad, by those derived from tetrad at Py, will be of second

order in the curvature, i.e. order AZ.

With this understood, we regard all the tetrad components in the fourth covariant deriva-

tives to be relative to the tetrad derived from Py. The equation (136) of [34] then gives,

_ ~ 3 1 3 Uy
d=¢o = mfo‘dw(l—w)]u‘] du

{(u2 —u)? + (u- u1)2} X {Sa,bfcdf/‘V“/ VY V"V"} (u, w). (A.0.16)

The tetrad components of the symmetrized Riemann tensor simplify further thanks to the
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maximal symmetry.

1
S abea(U, W) = § (Rauﬁv + Ravﬁp) E%EﬁbE“cEVd(u’ w) . (A017)
A . )
=T § (gaﬁgﬂv — 8ov8uB T 8ap8vu — gaygvﬁ) E aEﬁbEﬂcE d(bt, W) (A018)

A
=-3 (2(E, - Ep)(E. - Eq) — (E, - Eg)(E) - E.) — (E, - E)(Ey - Eg)]

A
=-3 (206N cd = NMaaMlbe — Nacpa] *- (orthonormality of the tetrad.) (A.0.19)

Consequently, the symmetrized Riemann tensor comes out of the integrals. The vectors
Ve, V¥ are independent of u because they come from the expansion of o(v) and are inde-
pendent of v since they are geodesic tangents and refer to the parallelly transported tetrad.

The terms enclosed in the second pair of braces, come out of the integration and we get,

3 ! 02
(s — uy)3 [j; dw(l —W)3ful du{(uz—u)2+(u—u1)2}

X

<
|

{Sa,b,CdX“'Xb'X"Xd} , VV* =: X*(= corresponding RNC ) (A.0.21)

SRR
[E—1

()(2)(’2 —(X- X’)Z) . (A.0.22)

o >

Notice that the reference to the choice of the tetrad, E“, has disappeared.






B Calculation of the parallel

propagator

In the main text we needed the parallel propagator g" ,(x, x’) along the null geodesic from
the observation point P to a source point P’. To this end, introduce an arbitrary tetrad
¢, (P) and its inverse co-tetrad ¢?(P) which is parallel transported along the null geodesic.

These will drop out at the end. The parallel propagator is then given by,

ga(xx) = &, (e, (xX) .

The geodesic satisfies the equation,

x dx*dx® 3 et i
T +F“ﬁ(x(/l))d/lﬁ =0; x0)=x"P) =%, #0)=¢.

The parallel transported co-tetrad satisfies the equation,

de?l’ d'Xﬁ a a a ~d
T yaﬁﬁey =0; ¢,0) = &'(P):=¢",.

These are solved by Taylor expanding in the affine parameter A and determining the coef-

ficients. Denoting the evaluations at A = 0 by hatted quantities, we write,

/12
L) = ¥+ AE,0) + TE(0) (B.0.1)
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2 3

M) = AP+ %(—fﬂaﬁﬁﬁ) + %(—ayfﬂaﬁ?’ﬁﬁfy) T (B.0.2)
In the last equation we have used the geodesic equation. By differentiating the geodesic
equation, the higher order terms in x*(A1) are determined. We note that the connection
is order A and linear in coordinates. So more than the first derivative of the connection
is not needed. In the Taylor expansion of x*, we have shown only the terms to order A.
Substituting these expansions in the parallel transport equation, determines the solution
as,

& () = &, |8 + AP, + %(M)(ﬂﬂ’)ayf’jw (B.0.3)

From the Taylor expansions of x* and ¢“,, we eliminate A7 and obtain the parallel tetrad
in terms of the coordinates. To the linear order in A, this simply replaces A#° by (x' — x).
The parallel propagator is then given by,
A A / 1 A / /
gy (PP) =&, +17",, (X —xf + an,r“a,ﬂ, (X' =07 (' = xf +0(A%)  (B.0.4)
We have used primed indices for notational consistency for bi-tensors. The hatted quanti-
ties are the coincidence limits. Notice that the arbitrary tetrad introduced at the beginning

has disappeared. We have not used any specific property of the Fermi or Riemann normal

coordinates, except for the order A.

Now we use Riemann-Christoffel connection in FNC, together with its derivative to com-
pute parallel propagator. Noting that the FNC metric (3.3.33) is of the same form as
the perturbation about flat metric, g,, = 7, + 08,y With dgoo = As*/3,6g0; = 0,06g;; =
- %((5,752 — &i&)), we obtain,

. =

” (0408 + 3p08", — 00ap) - (B.0.5)

| =
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Using,
ASZ A , . A i i
ogh = — T(S’gég - 5(5’;5&)(5’5}') + 5(5?51)(5%1) ,
we get,
A 0 i 0 ci 0 50 i
Fllaﬂ = 1_8 [_6 {65(6(26[5'{::1 + 6ﬁ6(z§i) + 60636¢§ } (BO6)

— 2{81(},0%¢, + 6p05¢)) — 264,040}

We also obtain the derivative of the connection,

A 0 ¢i 0 ci 0 c0 i
oI, = 1—8[—6 (0580670, + 830,6,:) + 6503045, (B.0.7)

= 2{8(81,640,; + 64056,) — 26,656"51 )|

Employing these the expression for parallel propagator (B.0.4) turns out to be,

&6, x) = 8% = 1|0 (Ax + 28 Ax) + AX" (36°, Ax" = &' Ax; + 287 ¢))

+&"(660,4x° — 46’ ,4x;)| (B.0.8)

where Ax = & — €and Ax® = €0 — &0 = 7 — 1 ~ —s. We need the parallel propagator at
the retarded time and in the regime of s > s’. Keeping only the leading powers in s’/s,

the expressions simplify and we obtain the parallel propagator as,

As?

g”(ly’(T’é:’T;epé‘:,) ~ 5’7(11, + 18

o+ 3500,5% - 5@% (B.0.9)






C FNC < Conformal chart

transformations

We used two different charts in presenting the quadrupole field, the FNC restricted to the

static patch and the conformal coordinates covering the Poincare patch which overlaps

with the static patch. To relate these two sets of coordinates, (1, &) and (1, x'), consider

the geodesic equation in the conformal coordinates. In conformal coordinates,

- #)

2
. 3
ds* = a—2[—dn2+2(dx’)2], o= T (C.0.1)
o L 0 i
w = —= . I = 0 , r,=-—, (C.0.2)
n n
i i 1 i
'y = 0,1, = —Eaj L I =0 (C.0.3)
d’n 1 (dn 0ijdx' dx’ (C.04)
diz  nl\da n dA dA’ o
d?  nddda dA

A
c f AV ) + % where C is a constant vector, and (C.0.5)
0

o)y

d2  p\da

7 (C.0.6)

The choice % = 0 corresponds to ‘radial’ geodesics.
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To define FNC, we have to choose one time-like geodesic whose proper time provides the
time coordinate, 7. We choose this to be the line AD in figure 3.1. This corresponds to
the choice % = 0 and C = 0. The 7 equation can be immediately integrated to give the

reference geodesic as:

n.(t) = - \/ge_T AB () =0. (C.0.7)

For future convenience, we have chosen an integration constant to be — v3/A while the
integration constant in the exponent is determined by the proper time condition (norm =

-1) which makes 7 to be one of the FNC.

To determine & coordinates, we consider spatial geodesics, emanating orthogonally from
the reference geodesic. Clearly, we consider a radial geodesic, Xy = 0 and defining X(0) :=
Cr(o) where C := C/|C|. The geodesic is determined by solving the equation for 7(o)

with initial conditions reflecting the orthogonality, —d.n. d,n + d.r. d,r = 0,

o)

d*n CP =0, n0) = n.(x) , dn©0) =0, r0) = 0, dr(0) = v.

(o

(C.0.8)

Let P be the point with conformal coordinates (1p, rp) and FNC (7, s). Taking the norm

of the initial tangent vector to be s, the pairs of coordinates are related as:

3

— — — — 2 _
np =noc=1), rp :=r(oc=1), s —my.

Using the first integral of the r-equation, we get

= A =) A
d,r(0) = |Cl?(0) = y = \/;|n(0)|s = s¢e ™V = |0 = 53¢ A (C.09)

To obtain (n7p, rp), we need to solve the n—equation.

For this, we first take out a scale ¢ by defining 7(c) := {y(c) which gives y”’ — y?/y —
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ICI?¢2y® = 0 and choosing ¢ = 1,(t), we get |C2Z% = As?/3 =: €. The desired coordinates

are then given by,

1
rp = rlc=1) :se_Tmf do'y* (o) (C.0.10)
0
3 VAR .
np = nlo=1) = - 1 *y(o = 1) with, (C.0.11)

y”? A
0 = Y-—-&', yO=1,y0) =0, =35 (COI2)
y

To order e, the solution for y(o) := yo(0-) + €y; (o) is obtained as, y(o-) = 1 + eo?/2 which

leads to the coordinate transformation,

2 2
r(t,s) = se’“m(l ﬂ%) , n(t,s) = — \/ge_T A/3(1 +A%) (C.0.13)

For inverting the transformation, it is more convenient to use the combinations: a(n) :=

—V3/An7", A(t) := "V 50 that,

A, 5) = %(1 +/§‘s2) CaAs) = A(l —%sz) (C.0.14)
s(a,r) = (ra)(l +1£8(ra)2)  Ala,r) = a(l ; %(m)Z) (C.0.15)

Note that ra is a physical distance such as the commonly used luminosity distance in
cosmology while s is also a physical distance but along a spatial geodesic. The equation

(C.0.15) gives the relation between them.

From these relations, it is easy to verify that the stationary Killing vector field,

— V3/AT = 30, +X'0; = 1nd, +rd, = 0, (C.0.16)

For completeness, we list the transformations between the conformal chart and the FNC
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chart in the static patch, up to order H>..

. -Hrt H2$2 . _ . H2g2
n(r, &) = —eH (1+ 2S ) L X(r, &) = gle—HT(1+ SS ) (C.0.17)
2 i 2
M) = —pH (|1 - o inx) = ——[1+—] (Co.1
e (1, x) n ( o7 » £, X) i\ T e (C.0.18)

With these, it can be checked that the two metrics go into each other.



D An averaging procedure

In the main body we specified an averaging procedure by stipulating its properties namely,
(1) average of odd powers of & vanishes and (i1) average of space-time divergence is sub-
leading. This was then used to simplify the expression for the ripple stress tensor. An
averaging procedure satisfying these properties is indeed given by Isaacson [21]. We will

use the same one and give more explicit details in the present context.

Isaacson defines the space-time average of a tensor by using the parallel propagator bi-

tensor, g,1' (x,x’) as:

fcell d*x' +/Ig (x')|guﬂl (x, X)g,) (%, X)X (X')
Jron @2 18]

<X,uv>(x) = (D.0.1)

In the present context, we need average of the stress tensor for ripples due to an retarded
solution which has certain explicit form. We will use this information to choose suitable
integration variables and corresponding ‘cell” denoting the averaging region. Because of

this, we have not used any weighting function as given by Isaacson [21].

To keep track of the powers of H, we begin by going from the conformal chart (1, x') to
the cosmological chart (¢, x'), n := —H 'e™#" with the spatial coordinates unchanged. In

the cosmological chart:

Metric : ds* = —di* +a*(t)(0;dx'dx’) , a(t) =™ (D.0.2)

Connection : T', =0, r,=0, I"’l-j = Ha*(1)5;;
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r,=0, r,;,=Hs;,, I',=0. (D.0.3)

The parallel propagator is computed in terms of the parallel transport of an arbitrary co-
tetrad (or tetrad): glf‘ '(x, x') = e#“(x)eu” / (x"). The averaging region is small enough that
for a cell around a point P with coordinates x“, there is unique geodesic to points P’ with
coordinates x’*. The parallel transported co-tetrad is obtained using Taylor expansions
of the co-tetrad, the affine connection and the coordinates along the geodesic, in terms
of its affine parameter and eliminating the affine parameter afterwards in favour of the
coordinate differences 4x® := x’* — x®. Details may be seen in the appendix B. There is a
slight difference from appendix B, since that calculation was given in the context of Fermi
normal coordinates where the connection is already of order H? while in the cosmological

chart, the connection is of order H. The final expressions are:

ef(¥) = of|6)+ I x4 (a T+l “rap)AxPAx”] (D.0.4)
4 ’ / o a 1 (— H o oa log
gl () = G~ ax = S (T - T, )avax (D.0.5)

In the above, the hatted quantities are evaluated at x.

The connection dependent terms are linear and quadratic in H4x. Although the coordinate
differences are much larger than the length scale A they are much smaller than H~!. Hence,
these terms can be neglected and effectively the parallel propagator reduces to just the
Kronecker delta. For purposes of illustration of averaging, this suffices. It remains to
integrate the X, over the cell and as noted in the main text in the paragraph below
equation (4.3.43), the components of the ripple stress tensor are essentially determined in

Q! (n r)

T (n-r)
terms of d,x}; = 27 —-—— or alternatively in terms of d,x] = 27 ~-—— Ry o)

n—-r
The angular dependence is introduced due to the ‘tt’ part, eg as is explicit in the A, jkl(?)

projector. The (7, r) dependence has a convenient factorised form. It is thus natural to

change the integration variables from (7, r) to (¢, p), where t is the retarded synchronous
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time defined through, n—r := —H 'e/" and Hp := —f] defines p. For definiteness, consider

the average,

fcezz di dr r* d*s a>(D)0,x", (DO (1)
L dtdr r2 d?s a’(t)

O mnOnX i, 1, ) (D.0.6)

Here 7 denotes a point on S? (a spatial direction). We will specify the cell after changing

over to (t,p, 7).

From the definitions, we arrive at the coordinate transformations,

ry _ 1 —HF - _ P —HF
np) = A1+ Hp) +Hp)€ , r(t,p) = —1+Hpe =
a(t) = a1+ Hp) , with a(?) := " . (D.0.7)

The Jacobian of transformation is gg D = {a(@)(1 + Hp))~'. We choose the cell so that

telty—0,tp+d6]land p € [pg — 4,p9 + 4] and 7 € Aw. The coordinate windows 8, 4 and
Vr2Aw are several times the ripple scale while (7, po) are the transforms of (z, 7). In terms
of these choices, the average becomes,
5 4 g -
frdi [ dp p? [, s [452Q, QD]

Ol nOX N1 F) 1= = — (D.0.8)
fis at [ do o [, @

Consider the angular integration. The angular dependence arises in taking the ‘tt’ part
of the solution y;;(n,r). For illustration purpose, consider r to be sufficiently large so
that we can use the A, /() projector, giving 9, O] ~ A3, 0, xu. For large r, the
angular coordinate windows are ~ A/r < 1. Using the mean value theorem in the angular

integration in the numerator, we get

Lw dZS(’c./)Aijkl(f./)
[, d*s()

~ AP (D.0.9)

In effect, the A—projector comes out of the averaging and the angular average trivializes.
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Of the remaining integrations, the p integration can be done explicitly and is independent

of 4 to the leading order in 4/py. Thus, in the numerator of (D.0.8) we get,

t_()+5 p()+A l_0+5
f i [ dp 4@DQ@ D QU ~ 84 f dF EOQD Qud)
fo—0 fo

po—4 -0

= 84 fdy a*(fy + y)Qiijl(f_o +y)
-5

)
= 84d*(f) f dy a*(Q"Qu(f +y)
-5
= (84)a® (o) (20)Q 7 Qu)i(Ho) (D.0.10)

In the third line, we have used a being an exponential function and in the last line we
have defined the average over the retarded time around 7, and put the suffix on the angular

bracket as a reminder.

The (); averaging has the extra factor of a*(y). However, over the integration domain
(=6, 6), we can approximate a*(y) ~ 1 + 2Hy + --- and neglect o(Hy) terms since H5 ~
kA/L ~ ke < 1. The extra factor thus introduces a small deviation from the usual averag-
ing without the extra factor and we neglect it henceforth and the reminder suffix, t is also

suppressed.

In the denominator we get,

fo+3 00+4 f0+0
f dr f dpp* ~ 204 f dif = 24)(26)p; (D.0.11)
t_() fO

-5 po—A4 -5

Combining equations (D.0.8, D.0.9, D.0.10, D.0.11), we get

.
! TNEER

(O X OX N, 1, 7)) = 4(1;20) (Qﬁ; Q(to, 7) (D.0.12)
0

In the last equation, we have combined the averaging over retarded time and the (trivial)
angular average. We have also inserted the A—projector. The averaging over a space-time

cell has been reduced to averaging over a 3-dimensional cell on a p =constant hypersur-
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face. The pre-factor on the right hand side of the above equation exactly equals the last
square bracket in the first line of the equation (4.3.43). In effect, the (%)2 factor has

come out of the averaging.

We can also reduce the space-time average to a hypersurface average for an/\(iTjT(?,,)(iTjT.
Following the same steps as from eqn.(D.0.6) onwards, we will arrive at eqn.(D.0.8) with
Q! — RIT We cannot do the angular averaging as before, but we don’t need to. Cru-
cially, the p dependence has factored out exactly as before and the average over p gives
N 2 as before. The  averaging too gives a*(fy) and we get the desired result,

a*(fo)

OOt P) = 4 g (RET R (o, 7) (D.0.13)
0

We can relate the averaging over the retarded time, 7, to the averaging over the Killing
time, 7 along the p = py curve. From the coordinate transformation, we have n — r =
—H'e7H while along p = py Killing trajectory, 5 — r = (1, — r.)e ™ = —(H e~ f)e~H7,
Hence, f = 7 + £, and the temporal averaging is related to averaging over a Killing time.
Note that the averaging cell being bounded by two hypersurfaces of constant retarded
times, the temporal averaging may be evaluated along the source worldline, r = 0 or

along the Killing trajectory on .

We also have mixed and spatial components of the ripple stress tensor. These involve
oxtr, = 20", = —xi0,xn,. While taking the average, the X; can be taken out of the
average since the angular coordinate windows are of very small size ~ A/r. This allows
us to take &' across the angular averages and replace all components of the ripple stress

tensor by t,, in the conformal chart or by 7y in the cosmological chart.
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