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Synopsis

Changing a graph by either deleting vertices/edges or editing edges such that the resulting

graph satisfies certain properties or becomes a member of some well-understood graph

class is one of the basic problems in graph theory and graph algorithms. These problems

are called graph modification problems. A typical graph modification problem takes as an

input a graph G, a positive integer k and the objective is to add/delete k vertices (edges)

so that the resulting graph belongs to a particular family, F , of graphs.

One of the classical way to define F is by defining what is called as a graph property. A

graph property Π is a set of graphs, which is closed under isomorphism. The property Π

is called non-trivial if it includes infinitely many graphs and also excludes infinitely many

graphs. The property Π is called hereditary if for any graph G ∈ Π, all induced subgraphs

of G are also present in Π. A hereditary property Π always has an induced forbidden set

characterization i.e. there is a family Forb(Π) of graphs such that, a graph G is in Π if and

only if no induced subgraph of G is in Forb(Π). We note that F can be defined as well by

excluding some forbidden minors instead of forbidding induced subgraphs.

For any Π which is non-trivial and hereditary, Lewis and Yannakakis have shown that

the corresponding vertex deletion problems are NP-Complete [70, 101]. In addition,

for several graph properties the corresponding edge editing problem are known to be

NP-Complete as well [14]. This motivates the study of these problems in algorithmic

paradigms that are meant for coping with NP-hardness, such as approximation algorithms
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and parameterized complexity. We study yet another kinds of graph modification prob-

lems in the framework of parameterized complexity. It is known that whenever Π has a

finite induced forbidden set characterization (that is, |Forb(Π)| is finite), the corresponding

deletion problem is FPT [16]. Similarly, whenever Π is characterized by a finite forbid-

den set of minors, the corresponding problem is FPT by a celebrated result of Robertson

and Seymour [94]. These problems include classical problems such as Vertex Cover,

Feedback Vertex Set, Split Vertex Deletion.

Graph modification problems have been at forefront of research in parameterized com-

plexity and several interesting and important results have been obtained recently. In fact,

just over the course of the last couple of years there have been results on parameter-

ized algorithms for Chordal Editing [19], Unit Interval Editing [17], Interval Vertex

(Edge) Deletion [20, 18], Proper Interval Completion [10], Interval Completion [11],

Chordal Completion [42], Cluster Editing [39], Threshold Editing [35], Chain Edit-

ing [35], Trivially Perfect Editing [36, 37] and Split Editing [46]. Even more recently,

a theory for lower bounds for these problems has also been proposed [9]. We would like

to mention that the above list is not comprehensive but rather illustrative.

Changing Rank of a Graph by Modification

In this thesis, we study a class of graph modification problems that are defined alge-

braically rather than structurally. Given a graph G, two most important matrices that can

be associated with it are its adjacency matrix AG or the corresponding Laplacian LG. One

could study graph modification problems where after editing edges/vertices, the associ-

ated matrices of the resulting graph satisfy some algebraic property. This thesis concen-

trates on these kind of problems. One of the problems we study is when we want the rank

of the adjacency matrix of the resulting graph to be at most some fixed constant r. To

define these problems formally, for a positive integer r, define Πr to be the set of graphs G

such that the rank of the adjacency matrix AG is at most r. The rank of the adjacency ma-



trix AG is an important quantity in graph theory, having connections to many fundamental

graph parameters such as the clique number, diameter, domination number etc. [2]. These

things motivate the study of following problems.

r-Rank Vertex Deletion Parameter: k

Input: A graph G and a positive integer k

Question: Can we delete at most k vertices from G so that rank(AG) ≤ r?

For two sets X and Y , we define the symmetric difference as X 4 Y = (X \ Y) ∪ (Y \ X).

r-Rank Editing Parameter: k

Input: A graph G and a positive integer k

Question: Can we find a set F ⊆ V(G)×V(G) of size at most k such that rank(AG′) ≤

r, where G′ = (V(G), E(G) 4 F)?

The set F denotes a set of edits to be performed on the graph G. The 4 operation acts on

the sets as follows: if (u, v) ∈ F and (u, v) ∈ E(G) then we delete the corresponding edge

from G and if (u, v) ∈ F and (u, v) < E(G) then we add the corresponding edge to G. We

also consider a variant r-Rank Edge Deletion, where only deletion of edges is allowed.

These problems are also related to some well known problems in graph algorithms. Ob-

serve that if rank(AG) = 0, then G is an empty graph and if rank(AG) = 2 then G is a

complete bipartite graph with some isolated vertices. For r = 0, r-Rank Vertex Deletion

is the well known Vertex Cover problem. Similarly for r = 2, a solution to r-Rank Edge

Deletion is a complement of a solution to Maximum Edge Biclique, where the goal is to

find a bi-clique subgraph of the given graph with maximum number of edges [87].

We obtained following results about these problems based on structural observations on

graphs with low rank adjacency matrix and applications of some elementary methods in

parameterized complexity.

1. We first show that all the three problems are NP-Complete.



2. Then we show that these problems are FPT by designing an algorithm with running

time 2O(k log r)nO(1) for r-Rank Vertex Deletion, and an algorithm for r-Rank Edge

Deletion and r-Rank Editing running in supexponential FPT time 2O( f (r)
√

k log k)nO(1).

3. Finally, we design polynomial kernels for these problems.

We also extend our results to oriented graphs from undirected graphs in the realm of

classical and parameterized complexity. A directed graph D = (V, E), is referred to as an

oriented graph, if for any two vertices u, v ∈ V(D) only one of the arcs between them,

either (u, v) or (v, u), is contained in E(D). For an arc (u, v) ∈ E(D), the (u, v)th entry of

the adjacency matrix AD is defined as AD(u, v) = −AD(v, u) = 1. If (u, v) < E(D), then the

corresponding entry is set to zero. This gives us a skew symmetric matrix.

We consider r-Rank Vertex Deletion and r-Rank Edge Deletion when the input is an

oriented graph. Similar to the case of undirected graphs, the oriented graph versions of

these problem are also related to Vertex Cover, Maximum Edge Biclique, and the concept

of “rigidity of matrices” [78]. We obtained similar results for the oriented graph versions

of r-Rank Vertex Deletion and r-Rank Edge Deletion as mentioned earlier for the case

of undirected graphs. To obtain the results, we show that the “reduced” oriented graphs of

rank r have size at most 3r. This result could be of independent interest. This together with

standard methods in parameterized complexity easily imply FPT and kernel result for r-

Rank Vertex Deletion. To obtain sub-exponential algorithm for r-Rank Edge Deletion

we do a modification to an algorithm of Damaschke et. al. [29] and use it as a subroutine.

Matrix Rigidity

The concept which generalizes the problems discussed above is that of matrix rigidity.

The problems we studied earlier [80, 81] are related to Matrix Rigidity but are different

from it in the way that the input matrices are restricted to being either symmetric or skew-

symmetric. Another difference is that whenever we modify an entry (u, v) in the matrix



we are forced to modify the corresponding (v, u)th entry as well. In the matrix rigidity

problem one gets rid of both of these restrictions along with the restriction on the field

over which the input matrix is provided. We next provide the necessary definitions and

motivation for this problem.

The rigidity of a matrix is a classical concept in Computational Complexity Theory, which

was introduced by Grigoriev [49, 50] in 1976 and by Valiant [99] in 1977. Constructions

of rigid matrices are known to imply lower bounds of significant importance relating to

arithmetic circuits. Yet, from the viewpoint of Parameterized Complexity, the study of

central properties of matrices in general, and of the rigidity of a matrix in particular, has

been neglected. We conduct a comprehensive study of different aspects of the computa-

tion of the rigidity of general matrices in the framework of Parameterized Complexity.

Formally, given a matrix A over a field F, the rigidity of A, denoted by RFA(r), is defined as

the minimum Hamming distance between A and a matrix of rank at most r. In other words,

RFA(r) is the minimum number of entries in A that should to be edited in order to obtain

a matrix of rank at most r. Naturally, given a parameter k, the Matrix Rigidity problem

asks whether RFA(r) ≤ k. The case when F = Q or the edited entries must contain integers,

it is not known whether the problem is decidable [95]. Thus, we focus on the cases where

F = R or F is any finite field and study the following forms of Matrix Rigidity.

RealMatrix Rigidity Parameter: r, k

Input: A matrix A with integer entries, and integers r, k ∈ Z+.

Question: Is RRA(r) ≤ k?

The finite field case of FF Matrix Rigidity problem includes Fp as part of the input.

FF Matrix Rigidity Parameter: p, r, k

Input: An order p finite field Fp, a matrix A over Fp, and integers r, k ∈ Z+.

Question: Is RFp

A (r) ≤ k?

Valiant [99] presented the notion of the rigidity of a matrix as a means to prove lower



bounds for linear algebraic circuits. He showed that the existence of an n × n matrix A

with RFA(εn) ≥ n1+δ would imply that the linear transformation defined by A cannot be

computed by any arithmetic circuit having size O(n) and depth O(log n) in which each

gate of the circuit computes a linear combination of its inputs. Later, Razborov [90] (see

[72]) established relations between lower bounds on rigidity of matrices over the reals

or finite fields and strong separation results in Communication Complexity. Although

many efforts have been made in this direction [43, 97, 73, 67] (not exhaustive), proofs of

quadratic separation lower bounds for explicit families of matrices still remains elusive.

For a recent survey see [74]. The formulation of the Matrix Rigidity as stated in this

thesis was first considered by Mahajan and Sarma [78], and it was shown to NP-hard

for any field by Deshpande [31]. We established that both Real Matrix Rigidity and FF

Matrix Rigidity are FPT with respect to r + k. Specifically, we proved the following.

Theorem 1. RealMatrix Rigidity can be solved in time O∗(2O((r+k)·log(r·k))).

Theorem 2. FF Matrix Rigidity can be solved in time O∗( f (r, k)) for a function f that

depends only on r and k.

The dependency of the running times on the dimension of the input matrix is polynomial,

and in the case of FF Matrix Rigidity, the dependency of the running time on p is also

polynomial. Interestingly, in the case of Real Matrix Rigidity, the dependency of the

running time on the maximum bit-length of any entry in both input and output matrices is

polynomial! We find these results quite surprising, particularly due to the fact that in case

F = Q or the edited entries must contain integers, it is not even known whether Matrix

Rigidity is decidable [95]. We also show that,

Theorem 1. The FF Matrix Rigidity problem is solvable in time O∗(2O( f (r,p)
√

k log k)) for

some function f that depends only on r and p.

Here, the dependency of the running time on k is subexponential, but the dependency of

the running time on p is unsatisfactory, in case p is not fixed. This algorithm is based on a



technically involved adaptation of ideas already used in the papers [80, 81]. To obtain our

main results, we develop a simple to describe dimension reduction procedure. Given an

instance of Matrix Rigidity, it outputs (in polynomial time) an equivalent instance where

the matrix contains at most O((r · k)2) entries. Furthermore, the entries of the output

matrix are a subset of the entries of the input matrix. This procedure establishes that FF

Matrix Rigidity admits a polynomial kernel with respect to r + k + p. Our procedure is

modular—it handles rows and columns in separate phases.

Using the dimension reduction procedure, we tackle RealMatrix Rigidity and FF Matrix

Rigidity by employing central tools in Algebraic Geometry. For this purpose, we first

recall that the rank of a matrix is at most r if and only if the determinant of all of its

(r + 1) × (r + 1) submatrices is 0. Since at this point we can assume that we have a

matrix containing only O((r · k)2) entries at hand, we may “guess” which entries should

be edited. Yet, it is not clear how these entries should be edited. However, with the above

observation in mind, we are able to proceed by viewing our current problem in terms of

an algebraic variety. In particular, this viewpoint gives rise to the applicability of firmly

established tools that determine the feasibility of a system of polynomials [7, 62].

Our main results are complemented by a W[1]-hardness result. Our earlier papers [80, 81]

already imply that both of these problems are para-NP-hard with respect to the parameter

r. To complete the picture, we show that both Real Matrix Rigidity and FF Matrix

Rigidity are W[1]-hard with respect to the parameter k using a series of four reductions.

We first define a special case of Odd Set, which we call Special Odd Set, and observe

that its W[1]-hardness follows from the proof of the W[1]-hardness of Odd Set that is

given in [33]. The correctness of our reductions crucially relies on the implications of

the properties of this special case. Our first reduction translates Special Odd Set to a

problem involving matrices rather than sets, which we call Special OddMatrix. Then, to

be able to discuss any finite field as well as the field of reals, we introduce new variants

of Special Odd Matrix and the Nearest Codeword problem, called F-Odd Matrix and



F-Nearest Codeword, respectively. The application of our second reduction results in

an instance of F-Odd Matrix. Then, the application of our third reduction, which builds

upon [12], results in an instance of F-Nearest Codeword. Finally, we devise a reduction

whose application results in an instance of Matrix Rigidity.

Above Guarantee Algebraic Compression of Vertex Cover

We also study the problem of compression of VertexCover instances above the guarantee

of maximum matching. Formally, given a graph H and a parameter k, the Vertex Cover

AboveMM problem asks whether H admits a vertex cover of size at most µ(H)+k, where

µ(H) is the maximum size of a matching of H, and the Vertex Cover Above LP problem

asks whether H admits a vertex cover of size at most `(H)+k, where `(H) is the fractional

vertex cover number of H.

Several parameterized algorithms for these two problems have been developed in the last

decade [91, 89, 28, 84, 75]. Currently, the best known algorithm for Vertex Cover

Above LP, which is also the best known algorithm Vertex Cover Above MM, runs in

time 2.3146k · nO(1) [75]. On the other hand, the question of the existence of polynomial

kernelizations of these two problems has been a longstanding, notorious open problem

in Parameterized Complexity. Five years ago, the breakthrough work by Kratsch and

Wahlström on representative sets has finally answered this question in the affirmative

[66]. Up to date, the kernelizations by Kratsch and Wahlström have remained the only

known (randomized) polynomial compressions of Vertex Cover AboveMM and Vertex

Cover Above LP. Note that since `(H) is necessarily at least as large as µ(H), a polyno-

mial compression of Vertex Cover Above LP also doubles as a polynomial compression

of Vertex Cover Above MM. We also remark that several central problems in Param-

eterized Complexity, such as the Odd Cycle Transversal problem, are known to admit

parameter-preserving reductions to Vertex CoverAbove LP [75]. Hence, the significance

of a polynomial compression of Vertex Cover Above LP also stems from the observa-



tion that it simultaneously serves as a polynomial compression of additional well-known

problems, and can therefore potentially establish the target problem as a natural candidate

to express compressed problem instances.

Recently, a higher above-guarantee parameterization of Vertex Cover, resulting in the

Vertex Cover Above Lovász-Plummer, has been introduced by Garg and Philip [45].

Here, given a graph H and a parameter k, the objective is to determine whether H ad-

mits a vertex cover of size at most (2`(H) − µ(H)) + k. Garg and Philip [45] showed

that this problem is solvable in time 3k · nO(1), and Kratsch [65] showed that it admits a

(randomized) kernelization that results in a large, yet polynomial, kernel. We remark that

above-guarantee parameterizations can very easily reach bars beyond which the problem

at hand is no longer FPT. For example, Gutin et al. [52] showed that the parameterization

of Vertex Cover above m/∆(H), where ∆(H) is the maximum degree of a vertex in H and

m is the number of edges in H, results in a problem that is not FPT (unless FPT =W[1]).

We present an alternative, algebraic compression of the Vertex CoverAbove LP problem

into the RankVertex Cover problem. We remark that RankVertex Coverwas originally

introduced by Lovász as a tool for the examination of critical graphs [76]. Given a graph

H, a parameter `, and a bijection between V(G) and the set of columns of a representa-

tion of a matroid M, the objective of Rank Vertex Cover is to find a vertex cover of H

whose rank, which is defined by the set of columns corresponding to its vertices, is upper

bounded by `.

We obtain a (randomized) polynomial compression of size Õ(k7 + k4.5 log(1/ε))1, where

ε is the probability of failure. Here, by failure we mean that we output an instance of

Rank Vertex Cover whose size is not within the claimed bound or that is not equivalent

to the input instance. In the first case, we can simply discard the output instance, and

return an arbitrary instance of constant size; thus, we ensure that failure only refers to

the maintenance of equivalence. Our work makes use of properties of linear spaces and

1Õ hide factors polynomial in log k



matroids, and also relies on elementary probability theory.

Parameterized Complexity of Strip Packing

The problem of packing objects optimally inside a bin/box is studied in various forms.

Two prominent examples are the Bin Packing problem and the Knapsack problem. We

study generalizations of these problems in a geometric setting. A natural generalization

of the Knapsack problem to two dimensions is the Cutting Stock problem [8]. More

specifically, we study the problem of packing axis-parallel rectangles inside a rectangular

box when only translations are allowed. This restriction of not allowing rotations does not

make the problem artificial as it still finds practical application [71]. These problems also

find applications in VLSI design [83], scheduling [100], packing television commercial

into station breaks [13] etc.

We consider two versions of this problem. In the Strip Packing problem, given a set of

n axis-parallel rectangles and a rectangular box (strip) of width W, the goal is to pack all

rectangles into this strip so that the height used is minimized. In the Minimum Volume

Packing problem, given a set of n axis-parallel rectangles, goal is to pack these rectangles

in a rectangular container so that the volume of the container is minimized. We also study

these problems in higher dimensions. Formally, the problems are defined as follows:

d-Strip Packing

Input: A list of boxes {bi ∈ N
d | 1 ≤ i ≤ n} and a vector of positive integers W ∈ Nd−1.

Output: The minimum integer k such that all the boxes can be packed under transla-

tion into a strip with dimension vector W × k, k being the height of the strip.

Volume packing in two-dimensions is an active area of research due to its immense prac-

tical importance [56].



d-Volume Packing

Input: A list of n boxes {bi ∈ N
d | 1 ≤ i ≤ n}.

Output: The minimum volume rectangular container into which the input boxes can

be packed under translation.

The decision versions of both these problems are proved to be NP-Complete and are

well studied in the context of approximation algorithms. Two-dimensional Strip Packing

admits an AFPTAS [63]. Since Bin Packing, which is a special case of Strip Packing,

cannot have a PTAS [4], the same holds for Strip Packing. For recent approximation

algorithms and results on Minimum Volume Packing see [3]. The online version of these

problems are also studied [53, 102, 59]. For a survey of these problems we refer the reader

to [71, 26].

We study Strip Packing and Minimum Volume Packing from the perspective of parame-

terized complexity, and consider the standard parameterized version of these problems,

namely the case when the parameter is the size of the solution. To the best of our knowl-

edge, this is the first study on the parameterized version of these problems. For the Strip

Packing problem, we prove that the parameterized version is W-hard for the general case.

However, the problem becomes FPT for a special case where the dimensions of the boxes

and therefore the number of types of boxes is bounded by a constant, this special case

is also inspired by a variant of the Bin Packing problem with similar constraints [47].

We also consider several special kind of input box dimensions where PTAS and even

polynomial time algorithms exist.

We obtained the following results:

1. We prove that 2-Minimum Volume Packing is in FPT by giving an algorithm with

running time (2 ·
√

2)k · kO(1). This algorithm can be generalized to d-dimensions.

2. We prove that Strip Packing is W-hard even in two dimensions.



3. We consider a special case of Strip Packing where every dimension of the input

boxes is bounded by a constant. For this case, we show that Strip Packing problem

admits an FPT algorithm.

4. We consider some special cases of Strip Packing where the input rectangles are

squares whose dimensions come from a special set and show that they are solvable

in polynomial time.
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Chapter 1

Introduction

This chapter provides an outline of the thesis and serves as a collection of various defini-

tions which are the underlying principles used everywhere in this thesis. The framework

for all our analysis is the concept of parameterized complexity. It is different than the

classical complexity in the sense that it analyses the problems with respect to various pa-

rameters associated with a problem. For instance, for an NP-Complete decision problem,

a parameterized version can effectively point out the source of hardness in the problem.

This informal notion is used a lot in parameterized complexity and shows us that vari-

ous NP-Complete problems are not equivalent in terms of hardness. There are several

approaches to deal with NP-Hard problems. When we want an approximate solution

with a guarantee on the quality of solution we turn to approximation algorithms, the main

advantage of these algorithms is that we get an approximate solution in time which is

a polynomial in input size. Often it is important in practical applications to solve the

problem exactly, for this we turn to the paradigm of parameterized complexity.

In practice, for a computationally hard problem a lot of input instances can be solved

very quickly. This could be due to various reasons, one being the presence of certain

structure in the input instance which can be exploited to solve the problem faster than

brute force. Intuitively, an extra parameter is provided as input which quantifies some
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structural complexity of the input instance of a problem. A very well known example is

the tree-width of a graph. The Vertex Cover problem can be efficiently solved on a tree,

one of the natural ‘distance’ function of any graph from a tree is the tree-width of the

graph and it is possible to get a parameterized algorithm for the Vertex Cover with tree-

width as the parameter. As the tree-width of graphs increases (or as the graph becomes

far from being tree like) the running time of finding a vertex cover increases. A lot of

research has focused on considering a subset of input instances or special input classes

of a hard problem and giving efficient algorithms for them. In parameterized complexity,

a similar approach has proved very useful, which consists of defining ‘distance’ to a an

efficiently solvable input class and treating that as a parameter. Another parameter used a

lot is the size of the output. In this thesis, one of the parameters we consider is the rank

of the adjacency matrix as a measure of the structural complexity of a graph.

1.1 Outline of the Thesis

The three chapters 2, 3 and 4 study the modification problem of reducing the rank of

matrices to a target rank r when at most k operations are allowed on the matrices. These

chapters are the main theme of this thesis. We start with undirected graphs in chapter

2. We start with the adjacency matrix of an undirected graph where modification is done

in a special way on the matrices as these operations correspond to graph operations like

vertex deletions or edge editing. The adjacency matrix of a graph is symmetric and its

entries are restricted to take only zero/one values. Moreover, the vertex deletion operation

corresponds to deletion of a column and the corresponding row from the adjacency matrix,

the modified matrix always stays symmetric. In the case of edge editing, whenever we

change the (i, j) entry of the adjacency matrix we also set the ( j, i) entry of the matrix to

the same value. Similarly, chapter 3 studies these problems on oriented graphs. Finally,

in chapter 4 we work with general matrices, the entries in the matrix can be arbitrary and

the matrix is no longer restricted to being symmetric or skew-symmetric.



The second last chapter, chapter 5, deals with compressing instances of vertex cover in

which the compressed instance size is guaranteed to be at most a polynomial in the above

guarantee parameter above the maximum matching size. This is achieved via an interme-

diate problem which defines a notion of rank of a vertex cover.

Finally, chapter 6 deals with the strip packing problem, which has received a lot of at-

tention recently mostly in the approximation algorithms paradigm. We study its behavior

with respect to various parameters.

1.2 Notations and Definitions

The set of natural numbers {1, . . . , n} will be denoted using [n]. The set of integers and

reals are denoted using Z and R respectively. The set of non-negative integers is denoted

using Z+. We shall use the letters G,H, . . . to denote graphs. A family of sets over a

universe set U consists of subsets of U. A family of sets is said to be k-uniform if each

element in it has cardinality equal to k. A k-uniform family over the universe U shall be

denoted using the symbol
(

U
k

)
.

We shall refer to an algorithm as being efficiently computable if the number of steps taken

by it is a polynomial in the length of the input instance.

1.3 Graphs

A directed graph is a structure consisting of the tuple (V, E), where V is a finite set of

vertices and E ⊆ V × V is the set of edges. A vertex u ∈ V is said to have a ’loop’ if (u, u)

is an edge. We would be concerned with loopless directed graphs.

An undirected graph is a graph in which for any edge (u, v) ∈ E, the ’reverse’ edge (v, u) is

also contained in E. Another way to define an undirected graph is by restricting its edges



to be a subset of
(

V
2

)
i.e. a edges are sets having two vertices. We would be dealing with

loopless undirected graphs, which are also known as simple graphs. The graph definition

can be relaxed to allow for multiple edges between vertices, such a graph is referred to as

a multigraph. We shall use the letters G,H, . . . to denote undirected graphs.

We now list out some important definitions related to a graph G = (V, E).

Excluded Neighborhood of a Vertex Given a vertex u ∈ V , its excluded neighbourhood

N(u) is equal to the set {v : (u, v) ∈ E}.

Included Neighborhood of a Vertex For a vertex u ∈ V , it is equal to N(u) ∪ {u} and is

denoted using N[u].

Degree of a Vertex For a vertex u ∈ V , it is denoted using du and is equal to |N(u)|.

Adjacency Matrix An undirected graph G having n vertices can be represented using an

n × n table in which (i, j)th entry is one if (i, j) is an edge otherwise it is zero. This

table can also interpreted as a matrix and is referred to as the adjacency matrix of

the graph G.

Subgraph A graph G′ = (V ′, E′) is said to be a subgraph of a graph G = (V, E) if V ′ ⊆ V

and E′ ⊆ E.

Induced Subgraph A subgraph G′ = (V ′, E′) is said to be an induced subgraph of G =

(V, E) if E′ consists of all the edges between vertices in V ′ which are contained in E.

As an induced graph of G over a vertex set depends only on G and V ′, it is denoted

using G′ = G[V ′].

Connected Graph A graph G = (V, E) is said to be connected if between any pair of

vertices in V there exists a path connecting them. A path is a sequence of vertices

u1, . . . , u` such that (ui, ui+1) is an edge for i ∈ [` − 1].

Clique A set U ⊆ V is said to be a clique in G = (V, E) if every pair of elements of U



is adjacent to each other. Thee clique number of G is the number of vertices in a

largest clique in G. A clique on three vertices is also called a triangle.

Independent Set A set U ⊂ V is said to be an independent set in G = (V, E) if no two

elements of U are adjacent to each other. The independence number of G is the

number of vertices in a largest independent set in G.

Vertex Cover A set U ⊆ V is said to be a vertex cover of G = (V, E) if every edge in G

is adjacent to at least one vertex in U.

Isthmus/Leaf A vertex u ∈ V(G) is called as an isthmus or a leaf if its degree is exactly

one.

1.4 Parameterized Complexity Primer

Given a problem Π the decision version consists of deciding if an instance x is Yes or No.

Therefore, each problem Π can be thought of as a set and the the decision question is

one of deciding the membership of an instance in this set Π. The problem Π can be

parameterized by assigning a number k, which is called the parameter and represents

some property of the instance. For example, a typical parameter is the size of the optimum

solution to the instance, as this is the most common way to parameterize a problem we

shall refer to it as the standard parameterization. We define a parameterized problem as

follows.

Definition 1. A parameterized problem is a set Π ⊆ Σ∗ × N, where Σ is a finite alphabet.

For an instance (x, k) ∈ Σ∗ ×N of a parameterized problem, we refer to x as the input and

k is referred to as the parameter.

The definition above can be extended to problems where there are many more parameters.

For example, a problem Π ⊆ Σ∗ ×Np is a problem with p many parameters. The problem



Vertex Cover when parameterized by the output size k admits an algorithm with running

time 2knO(1), where n is the length of the input graph.

A parameterized problem is called as fixed parameter tractable (FPT), if a parameterized

instance (x, k) of the problem is solvable in time f(k)nO(1), where n is the size of the

instance. Formally, we define the idea of fixed parameter tractability as follows.

Definition 2. A parameterized problem Π ⊆ Σ∗ × N is fixed parameter tractable (FPT)

if there is a computable function f : N → N, a constant c ∈ N, and an algorithm which

decides the membership of an instance (x, k) in Π using at most f(k) · |x|c steps.

1.4.1 Kernelization

Often the input instance x for a problem Π can be pruned or preprocessed to produce an

equivalent instance depending on the value of the parameter k. Suppose the preprocessing

algorithm runs in time which is a polynomial function of |x| and k. Its output is another

instance (x′, k′) of Π which is equivalent to (x, k) in the sense that (x, k) is a Yes-instance

of Π if and only if (x′, k′) is a Yes-instance of Π. In many cases, the preprocessing itself

may solve the problem by outputting an instance for which it is very easy to verify its

membership in Π. As the preprocessing is allowed to take polynomial number of steps,

all the instances of an NP-Hard problem can not be solved by it. Thus, the preprocessing

algorithm has to stop at some point when the preprocessing rules are no longer applicable

on the input. If the output (x′, k′) of the preprocessing algorithm always satisfies that

|x′| ≤ g(k) and k′ ≤ g(k) for some function g which depends on k then the problem Π is

said to admit a kernel size g(k) and the output instance x′ is referred to as the problem

kernel. We condense this explanation into one sentence to get the following.

A parameterized problem admits a polynomial kernel if there is a polynomial time algo-

rithm that given an instance of the problem, outputs an equivalent instance whose size is

bounded by a polynomial in the parameter.



We provide the definition formally as follows.

Definition 3 (Kernelization). A kernelization algorithm for a parameterized problem Π ⊆

Σ∗ ×N is an algorithm that, given (x, k) ∈ Σ∗ ×N, outputs, in time polynomial in (|x| + k),

a pair (x′, k′) ∈ Σ∗ × N such that: (a) (x, k) ∈ Π if and only if (x′, k′) ∈ Π and (b)

|x′|, k′ ≤ g(k), where g is some computable function. The output instance x′ is called the

kernel, and the function g is referred to as the size of the kernel. If g(k) = kO(1), then we

say that Π admits a polynomial kernel.

In many cases the problems are not FPT. For example, the problem Graph Colorability

which requires one to find if a given graph G is properly-colorable using k colors. Sup-

pose, it admits an FPT algorithm of the form f (k) · |G|O(1). It is known that the problem

3-Colorability is NP-Complete as well. Therefore, using the claimed FPT algorithm

for Graph Colorability it would be possible to solve 3-Colorability in time which is a

polynomial in graph size, contradicting the widely held assumption that P , NP.

A lot of problems which seemingly do not admit an FPT algorithm have no known way

to be reduced to the classical complexity theoretic questions like P , NP. A series

of complexity classes were introduced above FPT by Downey and Fellows [32] which

are helpful for proving a problem to be not in FPT. One such class hierarchy is the W-

hierarchy, it is a series of classes satisfying W[1] ⊆ W[2] ⊆ · · · . We would mostly be

concerning ourselves with using this hierarchy for the purpose of proving that a problem

is not FPT based on the assumption that FPT , W[1]. In classical complexity the notion

of "hardness" of a problem with respect to the class NP is defined using polynomial time

reductions. Analogous to that we have a notion of parameterized reductions.

Definition 4. Let Π ⊆ Σ∗ × N and Π′ ⊆ Σ∗ × N be parameterized problems. An FPT-

reduction from Π to Π′ is an algorithm that computes for every instance (x, k) of Π an

instance (x′, k′) of Π′ in time f (k) · |x|O(1) such that k′ ≤ g(k) and

(x, k) ∈ Π ⇐⇒ (x′, k′) ∈ Π′ (1.1)



(for computable functions f , g : N→ N and a constant c ∈ N ).

To prove that a problem Π does not admit a FPT algorithm we reduce a known W-Hard

problem Γ to it using a parameterized reduction. This suffices to show that Π is unexpected

to have an FPT algorithm as that would imply that Γ is in FPT.

1.4.2 Bounded Search Trees

Informally, a bounded search tree or branching is used to represent the execution of an

algorithm which solves a problem based on the solution of sub-problems. It can be rep-

resented as a tree and the algorithm can be imagined to solve the sub-problems one at

a time by traversing this tree. The correctness of a branching algorithm can be justified

by arguing that in the case of a Yes-instance some sequence of decisions captured by the

algorithm leads to a feasible solution. The running time of the algorithm is given by the

size of the branching tree. For a parameterized instance, if the size of the branching tree is

bounded by a function of the parameter and each step of the algorithm takes polynomial

time then such a branching algorithm leads to an FPT algorithm.

One method to bound the size of a branching tree employs the notion of branching vectors.

To each node of the tree we associate a value using a function which depends on the

instance to be solved at that node. This function, usually referred to as a measure function,

is set up in such a way that it takes a smaller value for a sub-problem. It should also

satisfy the property that it is a bounded function. Now the size of the tree can be upper-

bounded by looking at the drop in value of the measure function at each branch of a

node. This drop is represented as a tuple of numbers and is referred to as a branching

vector. Formally, suppose that the algorithm executes a rule which has ` branches (each

corresponding to a recursive call), such that in the ith branch, the current value of the

measure decreases by bi. Then, (b1, b2, . . . , b`) is the branching vector of this rule. We say

that α is the branching number of (b1, b2, . . . , b`) if it is the (unique) positive real root of



xb∗ = xb∗−b1 +xb∗−b2 +. . .+xb∗−b` , where b∗ = max{b1, b2, . . . , b`}. If r > 0 is the initial value

of the measure, and the algorithm returns a result when (or before) it becomes negative,

the running time is bounded by O∗(αr). For more details we refer the reader to [27].

1.5 Linear Algebra

The use of linear algebra in the thesis would mostly be concerned with the rank of ma-

trices and representable matroids. To define a vector space V we need two ingredients,

one is a field F and a the other is a set of two binary operators which act on the elements

of a vector space. The elements of F are referred to as scalars and the elements of V are

referred to as vectors. The two binary operators acting on V are referred to as addition

and multiplication and are denoted using standard mathematical notations for these op-

erations. For example, the sum of two vectors u, v ∈ V is denoted using u + v and the

product of a vector v with a scalar a ∈ F is denoted using av. The vector space V forms

an abelian group along with the addition operator. Additionally, the scalars and vectors

satisfy the following properties:

1. c(u + v) = cu + cv,

2. (a + b)u = au + bu, where a, b ∈ F,

3. a(bu) = (ab)u,

4. 1v = v, where 1 is the multiplicative identity in F.

For a vector spaceV, a subspace ofV consists of a subset of vectors ofV which form a

vector space.

Given a set of vectors V = {v1, . . . , vn}, the set V is said to be linearly dependent if there

exists a set of scalars {a1, . . . , an}, not all zero, such that
∑n

i=1 aivi = 0; otherwise the set V

is said to be linearly independent. The dimension of a set of linearly independent vectors



is equal to its cardinality. Given a set of vectors V , its rank is defined to be the dimension

of its maximal linearly independent subset. It can be easily seen that the rank of V is a

uniquely defined number.

The dimension of a vector space V is defined to be the maximum value of rank over all

the subsets of vectors of V. Let d be the dimension of a vectors space V over a field F.

We would be concerned with vector spaces with vectors drawn from the set Fd. It can be

checked that its rank is d.

A matrix A of size r × c over a field F is a collection of scalars ai j, for i ∈ [r] and j ∈ [c].

We can interpret a matrix A as a collection of vectors also. The ith row of A is the vector

Ai = (ai1, . . . , aic). The jth column of A is the vector A j = (a1 j, . . . , ar j). The column rank

of A over a vector space V over F is defined to be the rank of its columns {A1, . . . , Ac}.

The row rank can be defined similarly. It can be proved that the row rank and column

rank of a matrix are equal. Thus, we refer to the row rank or column rank of a matrix as

the rank of the matrix.

Let A be a square matrix of size n × n. We denote the (i, j)th element of a matrix A by

Ai, j. Let S n denote the set of all permutations over n elements and let sign denote the

sign function of a permutation. The determinant of a matrix is defined as the following

quantity:

Det(A) =
∑
σ∈S n

sign(σ)
n∏

i=1

Ai,σ(i). (1.2)

The determinant can be used to define the rank of a matrix. For an r × c matrix A, let

I ⊆ [r] and J ⊆ [c] be subsets of row and column indices of A respectively. A submatrix

AI,J of A is a matrix which consists of the elements (Ai, j), where i ∈ I and j ∈ J. The rank

of a matrix A can also be defined in terms of the determinant of square submatrices of a

given matrix.

Lemma 1. The rank of a matrix A is equal to the maximum of the number of rows of a



square submatrix of A having non-zero determinant.

We shall find use of the above definition of rank in later chapters even though computing

the rank of a matrix using above lemma is computationally inefficient. As can be easily

seen the rank of a matrix can be computed in polynomial number of steps in input size by

finding the maximum size linearly independent set of rows of a matrix. To find the rank

using the above lemma one needs to enumerate all the square submatrices and evaluating

the determinant which needs checking an exponential number of submatrices in the input

matrix.





Chapter 2

Reducing Rank of the Adjacency

Matrix by Graph Modification1

The main topic of this chapter is to study a class of graph modification problems. A

typical graph modification problem takes as input a graph G, a positive integer k and

the objective is to add/delete k vertices (edges) so that the resulting graph belongs to a

particular family, F , of graphs. In general the family F is defined by forbidden sub-

graph/minor characterisation. In this chapter rather than taking a structural route to define

F , we take algebraic route. More formally, given a fixed positive integer r, we define Fr

as the family of graphs where for each G ∈ Fr, the rank of the adjacency matrix of G is at

most r. Using the family Fr we initiate algorithmic study, both in classical and parame-

terized complexity, of following graph modification problems: r-Rank Vertex Deletion,

r-Rank Edge Deletion and r-Rank Editing. These problems generalize the classical Ver-

tex Cover problem and a variant of the d-Cluster Editing problem. We first show that all

the three problems are NP-Complete. Then we show that these problems are fixed param-

eter tractable (FPT) by designing an algorithm with running time 2O(k log r)nO(1) for r-Rank

Vertex Deletion, and an algorithm for r-Rank Edge Deletion and r-Rank Editing run-

1This chapter is based on a joint work with Pranabendu Misra and Saket Saurabh [80].
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ning in time 2O( f (r)
√

k log k)nO(1). We complement our FPT result by designing polynomial

kernels for these problems.

2.1 Introduction

A typical graph modification problem takes as an input a graph G, a positive integer k and

the objective is to add/delete k vertices (edges) so that the resulting graph belongs to a

particular family, F , of graphs. One of the classical way to define F is by defining what

is called as a graph property. A graph property Π is a set of graphs, which is closed under

isomorphism. The property Π is called non-trivial if it includes infinitely many graphs

and also excludes infinitely many graphs. The property Π is called hereditary if for any

graph G ∈ Π, all induced subgraphs of G are also present in Π. A hereditary property

Π always has an induced forbidden set characterization i.e. there is a family Forb(Π) of

graphs such that, a graph G is in Π if and only if no induced subgraph of G is in Forb(Π).

Another way of defining F is by excluding some forbidden minors. A graph H is said

to be a minor of a graph G if H can be obtained from G by deletion of some edges and

vertices or contraction of some edges. A hereditary property Π has a forbidden minor

characterization if there is a family Forb(Π) of graphs such that no graph in Π has a graph

in Forb(Π) as a minor. For a graph property Π, the Π-Graph Modification problem is

defined as follows: given a graph G and a positive integer k, can we delete (edit) at most

k vertices (edges) so that the resulting graph G′ is in Π?

For any Π which is non-trivial and hereditary, Lewis and Yannakakis have shown that

the corresponding vertex deletion problems are NP-Complete [70, 101]. In addition,

for several graph properties the corresponding edge editing problem are known to be

NP-Complete as well [14]. This motivates the study of these problems in algorithmic

paradigms that are meant for coping with NP-hardness, such as approximation algorithms

and parameterized complexity. In this chapter, we study yet another kinds of graph mod-



ification problems in the framework of parameterized complexity. It is known that when-

ever Π has a finite induced forbidden set characterization (that is, |Forb(Π)| is finite), the

corresponding deletion problem is FPT [16]. Similarly, whenever Π is characterized by

a finite forbidden set of minors, the corresponding problem is FPT by a celebrated result

of Robertson and Seymour [94]. These problems include classical problems such as Ver-

tex Cover, Feedback Vertex Set, Split Vertex Deletion. There has also been extensive

study of graph modification problems when the corresponding Forb(Π) is not finite, such

as Chordal Vertex Deletion, Interval Vertex Deletion, Chordal Completion and Odd

Cycle Transversal [20, 42, 92].

In this chapter, we step aside and study a class of graph modification problems that are de-

fined algebraically rather than structurally. Given a graph G, two most important matrices

that can be associated with it are its adjacency matrix AG and the corresponding Laplacian

LG. One could study graph modification problems where after editing edges/vertices, the

resulting graph has a certain kind of eigenvalue spectrum or has a certain upper bound on

the second eigenvalue or the corresponding adjacency matrix satisfies certain properties.

The topic of this chapter concerns modifying the adjacency matrix of an undirected graph.

In particular, we want the rank of the adjacency matrix of the resulting graph to be at most

some fixed constant r. To define these problems formally, for a positive integer r, define

Πr to be the set of graphs G such that the rank of the adjacency matrix AG is at most r.

The rank of the adjacency matrix AG is an important quantity in graph theory. It also has

connections to many fundamental graph parameters such as the clique number, diameter,

domination number etc. [2]. All these motivate the study of the following problems.

r-Rank Vertex Deletion Parameter: k

Input: A graph G and a positive integer k

Question: Can we delete at most k vertices from G so that rank(AG) ≤ r?

We use 4 to denote the standard symmetric difference of sets. For two sets X and Y , we

define X 4 Y = (X \ Y) ∪ (Y \ X), i.e. the set of all elements which are exactly in X or Y



but not both.

r-Rank Editing Parameter: k

Input: A graph G and a positive integer k

Question: Can we find a set F ⊆ V(G)×V(G) of size at most k such that rank(AG′) ≤

r, where G′ = (V(G), E(G) 4 F)?

The set F denotes a set of edits to be performed on the graph G. The 4 operation acts on

the sets as follows: if (u, v) ∈ F and (u, v) ∈ E(G) then we delete the corresponding edge

from G and if (u, v) ∈ F and (u, v) < E(G) then we add the corresponding edge to G. We

also consider a variant of r-Rank Editing, called r-Rank Edge Deletion, where we are

allowed to only delete edges.

These problems are also related to some well known problems in graph algorithms. Ob-

serve that if rank(AG) = 0, then G is an empty graph and if rank(AG) = 2 then G is

a complete bipartite graph with some isolated vertices. There are no graphs such that

rank(AG) = 1. If indeed there was a graph such that rank(AG) = 1, then each of the row

of AG must be either a non-zero vector ~z or an all zero vector. Assume w.l.o.g that ~z is the

first row of AG. The first entry of ~z cannot be one as the diagonal entries are zero in AG.

Hence, the first entry of ~z must be zero. As the matrix AG is symmetric and the vector ~z is

not all zeros, there is a row which is neither all zero nor is it equal to ~z. This implies that

the rank of AG must be at least 2, a contradiction. Observe that, for r = 0, r-Rank Vertex

Deletion is the well known Vertex Cover problem. Similarly for r = 2, a solution to

r-Rank Edge Deletion is a complement of a solution to Maximum Edge Biclique, where

the goal is to find a bi-clique subgraph of the given graph with maximum number of edges

[87]. A graph G is called a Cluster Graph if every component is a clique. We may also

view the above problems as variants of the d-Cluster Vertex Deletion and d-Cluster

Editing. In d-Cluster Vertex Deletion, we wish to delete at most k vertices of the graph,

so that the resulting graph is a cluster graph with at most d components. Similarly in d-

Cluster Editing we wish to add/delete at most k edges to the graph, so that the resulting



graph is a cluster graph with at most d components. These problems are known to be

NP-hard and they admit FPT algorithms parameterized by the solution size [39, 51, 57].

In our problems, instead of reducing the graph to a disjoint union of d cliques, we ask that

the graph be reduced to a graph of low rank adjacency matrix. In this chapter, we obtain

following results about these problems.

• We first show that all the three problems are NP-Complete.

• Then we show that these problems are FPT by designing an algorithm with running

time 2O(k log r)nO(1) for r-Rank Vertex Deletion, and an algorithm for r-Rank Edge

Deletion and r-Rank Editing running in time 2O( f (r)
√

k log k)nO(1). Observe that the

edge-editing problem r-Rank Editing admits a sub-exponential FPT algorithm.

• Finally, we design polynomial kernels for these problems.

Our results are based on structural observations on graphs with low rank adjacency matrix

and applications of some elementary methods in parameterized complexity.

2.2 Preliminaries

We use R and N to denote the set of reals and integers, respectively.

Linear Algebra

A vector v of length n is an n-tuple with values fromR. A collection of vectors {v1, v2, . . . , vk}

are said to be linearly dependent if there exist values a1, a2, . . . , ak; not all zeros, such that∑k
i=1 aivi = 0. Otherwise these vectors are called linearly independent.

A matrix A of dimension n × m is a collection of real numbers (ai j) arranged in an n × m

grid. The i-th row of A is defined as the vector (ai1, ai2, . . . , aim) and the j-th column



of A is defined as the vector (a1 j, a2 j, . . . , an j). The row set and the column set of A

are denoted by R(A) and C(A) respectively. For I ⊆ R(A) and J ⊆ C(A), we define

AI,J =
(
ai j | i ∈ I, j ∈ J

)
, i.e. it is the submatrix (or minor) of A with the row set

I and the column set J. The rank of a matrix is the cardinality of the maximum sized

collection of columns which are linearly independent. Equivalently, the rank of a matrix

is the cardinality of the maximum sized collection of rows which are linearly independent.

It is denoted by rank(A).

Graph Notations and Definitions

For a graph G, we use V(G) and E(G) ⊆ V(G) × V(G) (a symmetric subset) to denote

the vertex set and the edge set of G. For a set of vertices V and a set of edges E on

V , we use (V, E) to denote the graph formed by them. Let the vertex set be ordered as

V(G) = {v1, v2, . . . , vn}. We only consider simple undirected graphs in this chapter, i.e.

every edge is distinct and the two endpoints of an edge are also distinct. As we use only

undirected graphs, whenever we refer to an edge (u, v) ∈ E(G) we mean it to refer to the

pair (u, v), (v, u) ∈ E(G).

The adjacency matrix of G, denoted by AG, is defined as the n×n matrix with values from

{0, 1} whose rows and columns are indexed by V(G), such that AG(i, j) = 1 if and only if

(vi, v j) ∈ E(G). For a vertex v ∈ V(G), we use R(v) to denote the row of AG corresponding

to v. Similarly we define C(v) to denote the column of AG corresponding to v. For a

set of vertices S ⊆ V(G), we use R(X) and C(Y) to denote the set of rows and columns

corresponding to the vertices in S . Similarly for X,Y ⊆ V(G), we use AX,Y to denote the

submatrix of AG corresponding to rows in R(X) and columns in C(Y).

For a vertex v ∈ G, N(v) = {u ∈ G|(u, v) ∈ E(G)} denotes the neighbourhood of v, and

N[v] = N(v) ∪ {v} denotes the closed neighbourhood of v. The complement of a graph G

is defined as the graph G = (V(G), E(G)) where E(G) = {(u, v)|(u, v) ∈ (V(G) × V(G)) \



E(G), u , v}. An independent set in a graph G is a set of vertices X such that for every

pair of vertices u, v ∈ X, (u, v) < E. A clique on n vertices, denoted by Kn, is a graph

on n vertices such that every pair of vertices has an edge between them. A bi-clique is

a graph G, where V(G) = V1 ] V2 and for every pair of vertices v1 ∈ V1 and v2 ∈ V2,

there is an edge (v1, v2) ∈ E(G). When |V1| = |V2| = n we denote the biclique by Kn,n.

We can similarly define complete multipartite graphs. For a set of vertices U and a graph

G, G[U] denotes the induced subgraph of G on U ∩ V(G), and G \ U denotes the graph

G[V(G) \ U].

2.2.1 Some useful results

Given a graph G, we define a relation ∼ on V(G). Two vertices u and v are u ∼ v if and

only if N(u) = N(v). Let AG denote the adjacency matrix of G. This definition gives us

the following lemma.

Lemma 2. (i) u ∼ v, if and only if the uth and vth column of AG are equal.

(ii) ∼ partitions V as V1,V2, . . . ,Vl where each Vi is an independent set in G.

(iii) For each pair of Vi and V j, either there are no edges between Vi and V j, or G[Vi]V j]

is a bi-clique.

The subsets V1, . . . ,Vl of V are referred to as the independent modules of the graph G.

We also refer to Vi as an equivalence class in G. The reduced graph of G is the graph

G∼ defined as follows. The vertex set is V(G∼) = {u1, . . . , ul} where l is the number of

independent modules of G. The edge set is E(G∼) = {(ui, u j)|G[Vi ] V j] is a bi-clique }.

The adjacency matrix of G∼ is denoted by A∼G. Every vertex of G∼ has a distinct neigh-

bourhood which implies that all the columns (rows) of A∼G are distinct. We now have the

following lemma.

Lemma 3 (Proposition 1. [2]). rank(AG) = rank(A∼G).



The following result by Lovas̈z and Kotlov [64] gives us a bound on the number of vertices

in G∼, when rank(AG) = r.

Theorem 2 (see Lovas̈z and Kotlov [64]). If the rank of the adjacency matrix of a graph

G is r, then the number of vertices in G∼ is at most c · 2
r
2 for an absolute constant c.

The following corollary of the above theorem is used extensively in our algorithms.

Theorem 3. For every fixed r, the number of distinct reduced graphs G∼ such that rank(G∼) =

r, is upper bounded by c · 22r
, for some absolute constant c.

Proof. Since any such graph has at most c · 2
r
2 vertices which have an edge incident on it,

therefore the number of possible edges is c2 · 2r. So, the number of such graphs is upper

bounded by 2c2
· 22r

. �

We will be using the following lemma as well.

Lemma 4 (see Proposition 7 in [2]). The only reduced graph of rank r with no isolated

vertices and Kr as a subgraph is Kr itself.

We also need the following results in the subsequent proofs.

Lemma 5. G∼ is isomorphic to an induced subgraph of G.

Proof. Let the vertex set of G and G∼ be as defined above. Consider the map φ from

V(G∼) to V(G) defined as φ(ui) = vi, where vi belongs to the equivalence class Vi of

G corresponding to the vertex ui. Let W ⊆ V(G) be the images of φ, and consider the

subgraph G[W]. Then observe that for every edge (ui, u j) ∈ E(G) there is an edge (vi, v j) ∈

E(G[W]), and similarly for non-edges. Therefore G∼ is isomorphic to G[W]. �

Observation 1. If G′ is an induced subgraph of G, then rank(AG′) ≤ rank(AG).

Proof. This follows from the fact that AG′ is a submatrix of AG. �



The following lemma provides an operation to create new graphs preserving the rank.

Lemma 6. For a graph G let v ∈ V(G) be a vertex. Let G′ be the graph obtained by

adding a new vertex to G which has the same adjacency as the vertex v. Then rank(AG) =

rank(AG′).

Proof. Adding a copy of v in G corresponds to adding a repeated column and a repeated

row in the adjacency matrix of G. Thus the rank is preserved. �

Observation 2. Let G1 and G2 be two graphs and let G′ be the disjoint union of G1 and

G2. Then rank(AG′) = rank(AG1) + rank(AG2).

2.3 Reducing Rank by Deleting Vertices

This section considers the problem r-Rank Vertex Deletion.

A solution set is a set of vertices whose deletion reduces the rank of the adjacency matrix

of a graph to at most r. We call the given integer r the target rank. We start with a

structural observation on the solution set of a given instance of r-Rank Vertex Deletion.

Lemma 7. Let (G, k) be an instance to r-RankVertexDeletion and ∼ be the equivalence

relation on V(G). If S ⊆ V(G) is a minimal solution for the instance (G, k), then it either

contains all the vertices of an equivalence class defined by ∼ on V(G) or none of it.

Proof. Let S ⊆ V(G) be a minimal solution containing at least one vertex of an equiv-

alence class V1 but not containing all the vertices in V1. All the vertices of V1 \ S have

the same neighbourhood in G \ S , and hence they are contained in the same equivalence

class of G \ S . Let S ′ = S \ V1, we claim that S ′ is a valid solution. Observe that G \ S ′

can be obtained from G \ S by adding |S \ S ′| copies of any vertex in V1. By Lemma 6

rank(AG\S ) = rank(AG\S ′).



So S ′ ( S is also a solution which contradicts the minimality of S , implying that no such

S exists. �

The lemma above gives us the following corollary which will be used to get a kernel for

the problem.

Corollary 1. A minimal solution to an instance (G, k) of r-Rank Vertex Deletion is

disjoint from any equivalence class of G which has cardinality greater than k.

The following observation tells us about the solution set of an induced subraph of G.

Observation 3. Let S be a solution to an instance (G, k) of r-Rank Vertex Deletion. Let

U ⊆ V(G). Then S ∩ U is a solution to the instance (G[U], k).

Proof. Since G[U] \ S is an induced subgraph of G \ S , therefore by Observation 1,

rank(AG[U]\S ) ≤ rank(AG\S ). �

2.3.1 NP-Completeness

Recall that r-Rank Vertex Deletion may be defined as a node-deletion problem with

respect to the graph class Πr. Since Πr is non-trivial and hereditary, therefore this problem

is NP-Complete [70, 101]. We provide the proof for it to show how the Vertex Cover is

related to this problem.

Theorem 4. r-Rank Vertex Deletion is NP-Complete.

Proof. Let (G, k) be an instance of Vertex Cover. Let H be the complete r-partite graph

Kk+1,...,k+1, a graph having exactly k + 1 vertices in each partition. The ∼-reduced graph

of H is Kr, a clique on r vertices and each equivalence class has k + 1 vertices in it. By

Lemma 4, the rank of adjacency matrix of H is r. Let G′ be the graph which is the disjoint

union of G and H. We claim that Vertex Cover (G, k) is yes if and only if r-Rank Vertex

Deletion (G′, k) is yes.



In the forward direction, if Vertex Cover (G, k) is a yes instance having S as a solution,

then the graph G′[V \ S ] consists of disjoint union of isolated vertices and H. By Ob-

servation 2, rank(G′[V \ S ]) = r, therefore S is a solution of r-Rank Vertex Deletion

(G′, k).

For the backward implication, let S be a solution of r-Rank Vertex Deletion (G′, k), by

Corollary 1, S does not contain any vertex from H. We claim that S is a vertex of G.

Suppose not, then there is at least one edge not covered by S , and therefore the rank of

G[V \ S ] is strictly greater than zero. Thus, the rank of G′ \ S , which is the sum of rank

of G[V \ S ] and rank of H, is strictly more than r, a contradiction. �

2.3.2 A parameterized algorithm for r-Rank Vertex Deletion

In this section, we give a parameterized algorithm and a kernel for r-Rank Vertex Dele-

tion. Let (G, k) be an input instance of r-Rank Vertex Deletion. Let G∼ be the reduced

graph of G. We have the following corollary of Lemma 7.

Corollary 2. Let G′ be obtained from G by removing all but k + 1 vertices from each

equivalence class of vertices in G. Then the instances (G, k) and (G′, k) are equivalent

instances of r-Rank Vertex Deletion.

Proof. In the forward direction, let S be a solution to the instance (G, k). As G′ is an

induced subgraph of G, by Observation 1, rank(AG′\S ) ≤ rank(AG\S ). So S ∩ V(G′) is a

solution to the instance (G′, k).

Conversely, let S ′ be a solution to the instance (G′, k). For contradiction assume that S ′

is not a solution to (G, k), therefore rank(AG\S ′) > r. By Corollary 1 S ′ is disjoint from

any equivalence class having at least k + 1 vertices in G′. Let D = V(G′) \V(G) be the set

of deleted vertices. We add deleted vertices one by one in G′. Observe that the reduced

graph after addition is the same as reduced graph of G′. By Lemma 6 rank(AG′\S ′) =

rank(AG\S ′) > r, which is a contradiction.



Therefore the two instances are equivalent. �

The rank of a matrix can be defined alternatively in terms of determinant of its square

submatrices using the following well known theorem.

Theorem 5. A matrix A over real numbers has rank at most r if and only if all the (r +

1) × (r + 1) submatrices of A have determinant zero.

Let H be a collection of subsets of a set U. A set S ⊆ U is called a hitting set of H if

S has non-empty intersection with every set in the collection H . We shall use the notion

of hitting set to show that r-Rank Vertex Deletion admits a polynomial kernel and a

parameterized algorithm. Let G be a graph and let A be its adjacency matrix. For a graph

G and a positive integer r, we define a family of setsHr(G) as follows. Let

Hr(G) = {X ∪ Y |X,Y ⊆ V(G), |X| = |Y | = r + 1, rank(AX,Y) = r + 1} (2.1)

be a family of sets over V(G).

Lemma 8. For any S ⊆ V(G), the rank of the adjacency matrix of G \ S is at most r if

and only if S is a hitting set ofHr(G).

Proof. Let A be the adjacency matrix of G and let H = Hr(G). For a set S ⊆ V(G), let

A \ S denote the adjacency matrix of the graph G \ S . Note that A \ S denotes the matrix

obtained from A by deleting the rows and columns corresponding to the vertices in S .

Let S ⊆ V(G) be a set such that A \ S has rank at most r. Assume that S is not a hitting

set of H . Then there is a set in H which is not hit by S and corresponds to a set of rows

and columns whose submatrix has rank equal to r + 1, which is present in A \ S . This is a

contradiction.

Conversely, let S be any hitting set ofH . Assume that A \ S has rank greater than r + 1.

Then there is a submatrix of A \ S of dimensions (r + 1) × (r + 1) which has rank equal



to r + 1, which is also a submatrix of A. By the definition of H , the set of vertices

corresponding to this submatrix is present inH . But S hits this set, which contradicts the

fact that the rows and columns corresponding to these vertices are present in A \ S . �

The Hitting Set problem is defined as follows.

Hitting Set Parameter: k

Input: A set family F over a universe set U and a positive integer k.

Question: Does there exist a set S ⊆ U of cardinality at most k such that S is a

hitting set of F ?

By Lemma 8, an instance (G, k) is a yes instance of r-Rank Vertex Deletion if and only

if (Hr(G), k) is a yes instance of Hitting Set. This gives us an FPT algorithm for r-Rank

Vertex Deletion by branching on any set inHr(G).

Theorem 6. r-RankVertexDeletion admits an FPT algorithm running in time 2O(k log r)nO(1).

Proof. Let (G, k) be an instance of r-Rank Vertex Deletion and let (Hr(G), k) be an

instance of Hitting Set. By Lemma 8, we know that a solution must contain at least one

element of each set inHr(G). Pick an arbitrary element S ∈ Hr(G), for each vertex v ∈ S

recursively solve the sub-problem ({U |U ∈ Hr(G), v < U}, k−1) and add v to the solution.

We continue with this branching algorithm until we reach a stage where, either k ≥ 0 and

Hr(G) is empty and so we return the empty set, or k = 0 and Hr(G) is non empty and so

no solution exists for this sub-problem. The branching tree of this algorithm is of depth at

most k and at each step it creates at most 2r + 3 sub problems, which gives us the claimed

running time.

Observe that if the instance has a solution of size k, then there is always a choice of v

in each branching step which leads to an empty sub-problem. Conversely, any solution

found by the branching algorithm is a solution to the instance by construction. �

Now we show that r-Rank Vertex Deletion admits a polynomial kernel by an application



of the well known Sunflower lemma. We begin with the definition of a sunflower. A

sunflower with k petals and a core Y is a collection of sets S 1, . . . , S k such that S i∩S j = Y

for all i , j; the sets S i \ Y are called petals, and we require that none of the sets S i is

empty. Note that a family of pairwise disjoint sets is also a sunflower.

Lemma 9 (Sunflower Lemma [61]). Let F be a family of sets with each set having car-

dinality equal to s. If |F | > s!(k + 1)s, then F contains a sunflower with k + 2 petals.

Theorem 7. r-Rank Vertex Deletion admits a kernel having at most (2(r + 1)) · (2(r +

1))!(k + 1)2r+2 vertices.

Proof. For any fixed r, the collection H = Hr(G) can be enumerated in nO(r) time. The

set H is not a uniform family. The cardinality of each set in H is a number between

r + 1 and 2(r + 1). We make the family uniform by padding each set in H with distinct

new elements increasing the cardinality to 2(r + 1). These ‘new’ elements occur exactly

once in each set and the sets contain at least r + 1 ‘old’ elements. Any new element can

hit exactly one set of the family. Suppose some solution picks a ‘new’ element, one can

replace it by any other ‘old’ element in the set. The new elements have no other purpose

than to make the set family uniform.

If |H| > (2(r + 1))!(k + 1)2r+2, by Lemma 9 , there is a sunflower in H with k + 2 petals.

Any hitting set of size k must hit each of the k+2 sets present in the sunflower, therefore it

must pick an element from the core of the sunflower. Moreover any core will not contain

any of the new elements. If the core is empty, then there is no hitting set of size k for

H and we return no. Otherwise, delete one of the sets of the sunflower. We repeat this

process until we are left with at most (2(r + 1))!(k + 1)2r+2 sets. LetH ′ be a sub-collection

ofH , such that all the sets inH \H ′ may be safely ignored and all the new elements have

been deleted. Observe that H has a hitting set of size k if and only if H ′ has a hitting

set of size k. Since each set in H ′ contains at most 2(r + 1) vertices there are at most

2(r + 1)(2(r + 1))!(k + 1)2r+2 vertices corresponding toH ′. Let G′ be the graph induced on

the vertices corresponding toH ′. Observe thatH ′ is a subset of the collectionHr(G′).



Any solution S to the instance (G′, k) of r-Rank Vertex Deletion is a hitting set of of

Hr(G′) having size at most k, which is also a hitting set of H ′. Any hitting set of H ′

is also a hitting set of H , therefore by Lemma 8 S is a solution to the instance (G, k).

Conversely, since G′ is an induced subgraph of G, by Observation 3, any solution to

(G, k) is a solution to (G′, k). We output G′ as the kernel. �

2.4 Reducing rank by editing edges

This section considers the problem of reducing the rank of a given graph by editing its

edge set. As before, we designate the solution size k as the parameter of the problem. For

ease of presentation we define the following notation. Let G be a given graph and F be

a set of edits performed on G. Let G′ = G 4 F be the edited graph and H = G′∼ be its

reduced graph. Each vertex h of H corresponds to an equivalence class V ′h of G′. Let φ

be a map from V(G) to V(H) which maps a vertex v ∈ V(G) to the vertex h ∈ V(H), if

v ∈ V ′h. Observe that for a given graph G, F uniquely determines (φ,H).

Suppose we are given a pair (φ,H) such that for every vertex h ∈ V(H), there is a vertex

v ∈ V(G) satisfying φ(v) = h; then we can find a unique set F of edits to E(G) such

that the reduced graph of H is the same as the reduced graph G 4 F. We now show how

to construct F given a pair (φ,H). We start with an empty set F and add edges to it as

follows. For each pair of vertices u, v in G, if (u, v) ∈ E(G) and (φ(u), φ(v)) < E(H), then

we need to delete the edge (u, v); therefore we add (u, v) to F. Similarly, if (u, v) < E(G)

and (φ(u), φ(v)) ∈ E(H), then we add the edge (u, v) to F. This completes the description

of F and we see that it is uniquely determined by φ and H.

We start with the following lemma about the structure of minimal solutions of r-Rank

Editing.

Lemma 10. Let F be a minimal solution to an instance (G, k) of r-Rank Editing. For

any two independent equivalence classes Vi and V j of G, either F contains all the edges



Vi × V j or it contains none of them.

Proof. Let G′ = G4F denote the graph obtained after performing the edits in F on G. Let

H = G′∼ and φ be the map as defined above. If F contains some but not all edges from

Vi × V j, then there exists an equivalence class V1 in G whose vertices go into different

equivalence classes of G′. Let u be a vertex in V1 which received the minimum number

of edits among all the vertices in V1, and let hu = φ(u). Pick a vertex v ∈ V1 which goes

into a different equivalence class than that of u in the edited graph G′. Define a new map

ψ from V(G) to V(H) as follows. Let ψ(v) = hu and ψ(w) = φ(w) for all w ∈ V \ {v}.

Let F′′ be the set of edits corresponding to (ψ,H) and G′′ = G 4 F′′. Let H′ be the

induced subgraph of H such that every vertex of H′ is the image of some vertex of G

under the map φ. If V(H′) = V(H), then G′′∼ is the graph H. Otherwise, by Lemma 5,

H′∼ is an induced subgraph of H′. Since H′ is an induced subgraph of H, therefore H′∼ is

isomorphic to an induced subgraph of H. Since G′′∼ = H′∼, therefore by Observation 1,

rank(AG′′) ≤ rank(AH) = rank(AG′). Let F′u be the set of edits in F′ with u as one endpoint,

and let F′′v = {(v,w)|(u, v) ∈ F′u,w , v}. Observe that F′′ = (F′ ∪ F′′v ) \ (F′v ∪ {(u, v)}),

where F′v denotes the edits in F′ with v as one end point. Then clearly |F′′| ≤ |F′|.

We iteratively perform the above operation for all those vertices in V1 which are mapped

to a different equivalence class in G′. Thus, we can find a solution such that all the vertices

of V1 go to the same equivalence class after editing. Moreover, applying this operation

ensures that all the vertices in an equivalence class in G receive the same set of edits.

To complete the proof, observe that the graph induced on two equivalence classes is a

complete bipartite graph. After editing, suppose Vi and V j are contained in Wi and W j

respectively, where Wi and W j are the equivalence classes of the edited graph. If Wi = W j,

then all the vertices between Vi and V j have been deleted. If Wi , W j, then all the edges

of Vi × V j are present if and only if Wi and W j have an edge. �

This gives us the following corrollary.



Corollary 3. If F is a minimal solution to an instance (G, k) of r-Rank Editing, then F

does not affect any equivalence class of G having at least k + 1 vertices.

The results in this section also holds for r-Rank Edge Deletion as deletion of edges is a

special case of edge editing. In particular, for a graph G, if one restricts the set of edits F

to be a subset of E(G), then G 4 F corresponds to the graph obtained after deleting edges

in F from G.

2.4.1 NP-Completeness

We give a reduction from the d-Cluster Editing which is known to be NP-Complete for

any d ≥ 2 [96]. Additionally, this probem is FPT when parameterized by k [39]. The

input for d-Cluster Editing consists of a graph G and two positive integers d and k. The

problem is to find a set F of k edges such that the graph (V, E 4 F) is the partition of at

most d disjoint cliques.

Theorem 8. r-Rank Editing is NP-Complete for any r ≥ 3

Proof. The problem is in NP as one can verify a claimed solution in polynomial time.

We reduce 2-Cluster Editing to r-Rank Editing to show that the problem is NP-Hard for

a fixed r ≥ 3. To simplify notation, let (G, k) be the given instance, V = V(G), E = E(G),

E = E(G) and n = |V |. An input instance for r-Rank Editing is created as follows. Let Z

be the complete (r − 2)-partite graph Kk+2,...,k+2, each partition has exactly k + 2 vertices

and all the edges between any two partitions are present. By Lemma 4 it has rank r − 2 as

it has Kr−2 as its reduced graph. We construct a new graph H by taking the complement G

of G, a copy of the graph Z and adding all the edges between the vertices of Z and vertices

in G. Then the input instance of r-Rank Editing is (H, k).

In the forward direction, suppose that the instance (G, k) has a solution F of size at most

k such that G′ = (V, E 4 F) is a graph consisting of at most two disjoint cliques. Thus



G
′

consists of either isolated vertices or a complete bi-partite graph. Therefore H′ =(
V ∪ V(Z), (E 4 F) ∪ E(Z) ∪ E(Z,V(G))

)
is a graph with either Kr or Kr−1 as its reduced

graph and has rank at most r.

In the reverse direction, suppose F is a minimal solution of size at most k for (H, k). Let

H′ = H4F be the edited graph. Each equivalence class of H[Z] has k+2 vertices and |F| ≤

k, therefore by Corollary 3, F is disjoint from all the edges incident on the vertices of Z i.e.

F∩{(E(Z)∪E(Z,V(G))} = φ. This means that only the edges between the vertices of G can

be edited implying F ⊆ V(G)×V(G) and H′ =
(
V ∪ V(Z), (E 4 F) ∪ E(Z) ∪ E(Z,V(G))

)
.

Hence, any equivalence class of H′ is contained entirely in either V(G) or V(Z). Let X

and Y be two equivalence classes of H′ which are contained in V(G), then H′[X ∪ Y] is

a bi-clique. Then observe, that the induced subgraph H′[X ∪ Y ∪ V(Z)] has no isolated

vertices and it has Kr as it’s reduced subgraph. Moreover there are no isolated vertices in

H′, as every vertex has at least k + 1 neighbours in H; therefore, by Lemma 4, the reduced

graph of H′ is also Kr, which implies that X and Y form a partition of V(G). If we cannot

find such an X and Y , then H′[V(G)] contains no edges and the reduced graph of H′ is

Kr−1. Therefore, H′[V(G)] is either an independent set or a bi-clique and H′[V(G)] can be

partitioned into at most 2 cliques. As (V, E 4 F) = H′[V(G)], we have that F is a solution

to the instance (G, k). �

To prove the r-Rank Edge Deletion problem is NP-Complete, we give a reduction from

the Maximum Edge Bi-Clique Problem [87].

Theorem 9. For any fixed positive integer r ≥ 2, r-Rank Edge Deletion is NP-Complete.

Proof. We give a reduction from the Maximum Biclique Problem, which is defined as

follows: Given a graph G and an integer K, find a bi-clique (A, B) in G such that |A|× |B| ≥

K. This problem was shown to be NP-Complete by Peeters [87].

Given an instance (G,K) of Maximum bi-clique Problem, we define an instance of 2-Rank

Edge Deletion as (G,m − K), where m is the number of edges in G. If (G,K) is a yes



instance, then deleting all the edges other than the edges of the bi-clique gives a graph of

rank 2. Conversely, if 2-Rank Edge Deletion(G,m − K) is a yes instance, then the edges

remaining after deleting the solution form the required bi-clique.

Similar to the proof of NP-Completeness for r-Rank Vertex Deletion, we can generalize

the reduction above for any r ≥ 2 �

2.4.2 A parameterized algorithm for r-Rank Editing

In this section, we show that r-Rank Editing is FPT parameterized by the solution size

and admits a polynomial kernel. The results and algorithms for r-Rank Edge Deletion

follow in a similar manner using the same techniques. A vertex v ∈ V is called an affected

vertex with respect to the solution F if there is some edge in F which is incident on

v. By Lemma 10, if a vertex in an equivalence class V1 is affected with respect to a

minimal solution F, then every vertex in V1 is also affected. In that case, we say that the

equivalence class V1 is affected by F.

Lemma 11. Let (G, k) be an instance of the r-Rank Editing problem. If G∼ has more than

c · 2r/2 + 2k vertices, then it is a no instance.

Proof. Let (G, k) be a yes instance and G′ be the graph obtained from G after k edits.

Since the graph G′ obtained after editing has rank at most r, by Theorem 3 it has at most

c · 2r/2 equivalence classes. By Lemma 10, any minimal edit affects all the edges between

two equivalence classes, therefore there are at most 2k equivalence classes of G which

are affected. Observe that, if V1 and V2 are two distinct equivalence classes of G, then

they have distinct neighbourhoods. If they end up in the same equivalence class of G′,

then at least one of them must be affected. Every equivalence class of G ends up in some

equivalence class of G′ which may have at most c·2r/2 equivalence classes, therefore there

can be at most c · 2r/2 + 2k equivalence classes in G. �



Using the result above and Corollary 3, we have the following kernel for r-Rank Editing.

Theorem 10. r-Rank Editing admits a kernel with O((2r/2 + 2k) · (k + 1)) vertices.

Proof. If (G, k) has more than c ·2r/2 +2k equivalence classes then, by Lemma 11, there is

no solution for this instance. Otherwise, consider the graph G′ obtained by removing all

but k + 1 vertices of each equivalence class of G. We will show that the instances (G, k)

and (G′, k) are equivalent.

In the forward direction, let F be a solution to (G, k). By Corollary 3, F only affects

those equivalence classes of G which have at most k vertices. All the vertices of affected

equivalence classes are present in G′, hence F ⊆ V(G′) × V(G′). Therefore G′ 4 F, is an

induced subgraph of G 4 F implying it is a solution to (G′, k).

Conversely, let F′ be a solution to the instance (G′, k). Let D = V(G) \ V(G′) be the set

of deleted vertices. For every vertex w ∈ D there is a vertex x ∈ V(G′) which has the

same neighborhood as w, this so because F leaves the neighborhood of x unchanged by

Corollary 3. By Lemma 6, adding the vertices in D to G′ 4 F does not change its rank.

Hence rank(AG′4F′) = rank(AG4F′) implying that F′ is a solution to the instance (G, k).

We output (G′, k) as the kernel for the instance (G, k). Observe that the instance (G′, k)

has at most c · 2r/2 + 2k equivalence classes and each equivalence class has at most k + 1

vertices, so V(G′) has the claimed size bound. �

In the rest of the section, we would be presenting the algorithm for r-Rank Editing. We

can get an algorithm using the techniques introduced so far. Let A be the adjacency matrix

of G and let AX,Y be a submatrix of A having dimension (r + 1)× (r + 1) and rank equal to

r+1. Any solution to the instance (G, k) must edit an entry of AX,Y . This observation gives

us an FPT algorithm for r-Rank Editing which is similar to the algorithm in Theorem 6.

Theorem 11. r-Rank Editing admits an FPT algorithm running in time 2O(k log r)nO(1).



However, an asymptotically faster sub-exponential algorithm for r-Rank Editing can be

obtained by using an algorithm of Damaschke et. al. [29]. We will reduce r-Rank Editing

to a problem called as H-Bag Editing. For that, we next state some definitions and nota-

tions used. We begin with the definition of ≈, which is a relation defined using the closed

neighbourhood of vertices in G. For two vertices u, v ∈ V(G), we say u ≈ v if and only if

N[u] = N[v] in G. Observe that ≈ is an equivalence relationship on vertices of G and each

equivalence class induces a clique in G. Let V1, . . . ,Vl be a partition of vertices V(G). We

define the ≈-reduced graph G≈ as follows: the vertex set is V(G≈) = {u1, . . . , ul} and the

edge set is E(G≈) = {(ui, u j) if and only if all the edges between Vi and V j are present in

E(G)}. Note that G≈ may contain isolated vertices.

We next define the H-Bag Editing problem formally.

H-Bag Editing Parameter: k

Input: Graphs G, H and an integer k.

Question: Can we find a set F of k edges such that ≈-reduced graph

of G′ = (V(G), E(G) 4 F) is an induced subgraph of H ?

Theorem 12 ([29]). The H-Bag Editing problem with a fixed graph H can be solved in

O∗(2O(
√

k log k)) time2.

We show how to use the theorem above to obtain a sub-exponential FPT algorithm for

r-Rank Editing. To accomplish this we need to find how the ∼-reduced and ≈-reduced

graphs are related. This information is provided by the following lemma.

Lemma 12. Given a graph G, let G∼ denote the reduced graph with respect to the ex-

cluded neighborhood relation ∼ and let G≈ denote the reduced graph with respect to the

closed neighborhood relation ≈. Then the graph (G)≈ is the complement of G∼.

Proof. It suffices to prove that the equivalence classes of ≈ in G are exactly the same

as the equivalence classes of ∼ in G. For u, v ∈ V(G), suppose u ∼ v which implies
2The O∗ notation hides the terms depending on r which is assumed to be a constant, and polynomial

multiplicative factors.



NG(u) = NG(v). Therefore NG[u] = V(G) \ NG(u) = V(G) \ NG(v) = NG[v], moreover

(u, v) ∈ E[G], which implies u ≈ v in G. We can show the reverse direction in a similar

way. Since the ∼-equivalence classes of G are same as the ≈-equivalence classes of G,

their corresponding reduced graphs are complements of each other. �

Corollary 4. If H is a ∼-reduced graph, then its complement is a ≈-reduced graph.

Theorem 13. An instance (G, k) of r-Rank Editing can be solved in O∗(2O(
√

k log k)) time.

Proof. For a fixed r, the number of reduced graphs whose adjacency matrix has rank r is

a function of r alone by Theorem 3 [2]. We generate all such reduced graphs H, using

algorithm in [2](Section 3), and we check if a given graph G can be edited such that its

reduced graph is H. If there is one such H, then by Lemma 12, (G,H, k) is a yes instance

of H-Bag Editing and a solution to it can be computed using Theorem 12.

Finally, we note that the solution returned by H-Bag Editing is the solution of r-Rank

Editing. Let F be the solution returned by H-Bag Editing, this means that the ≈-reduced

graph of G 4 F is an induced graph of H. By Corollary 4, the ∼-reduced graph of G 4 F

is an induced graph of H. �



Chapter 3

Rank Reduction of Oriented Graphs by

Vertex and Edge Deletions1

In this chapter, we continue our study of graph modification problems defined by reduc-

ing the rank of the adjacency matrix of the given graph. We extend our results from

modifying the rank of adjacency matrix of an undirected graph to modifying the rank of

skew-adjacency matrix of oriented graphs. An instance of a graph modification problem

takes as input a graph G and a positive integer k, and the objective is either to delete k ver-

tices/edges or to edit k edges so that the resulting graph belongs to a particular family F

of graphs. Given a fixed positive integer r, we define Fr as the family of oriented graphs

where for each G ∈ Fr, the rank of the skew-adjacency matrix of G is at most r. Using

the family Fr we do algorithmic study, both in classical and parameterized complexity,

of the following graph modification problems: r-Rank Vertex Deletion, r-Rank Edge

Deletion. We first show that both the problems are NP-Complete. Then, we show that

these problems are fixed parameter tractable (FPT) by designing an algorithm with run-

ning time 2O(k log r)nO(1) for r-Rank Vertex Deletion, and an algorithm for r-Rank Edge

Deletion running in time 2O( f (r)
√

k log k)nO(1). In addition to our FPT results, we design

1This chapter is based on a joint work with Saket Saurabh [81].
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polynomial kernels for these problems. Our main structural result, which is the fulcrum

of all our algorithmic results, is that for a fixed integer r the size of any “reduced graph” in

Fr is upper bounded by 3r. This result is of independent interest and generalizes a similar

result of Kotlov and Lovász [64] regarding reduced oriented graphs of rank r.

3.1 Introduction

Editing a graph by either deleting vertices or deleting edges or adding edges, such that the

resulting graph satisfies certain properties or becomes a member of some well-understood

graph class, is one of the basic problems in graph theory and graph algorithms. These

problems are called graph modification problems. Most of the graph modification prob-

lems are NP-Complete [101, 70] and thus they are subjected to intensive study in al-

gorithmic paradigms that are meant for coping with NP-Completeness [44, 77, 41, 79].

These paradigms among others include applying restrictions on inputs, approximation

algorithms and parameterized complexity.

Graph modification problems have been at forefront of research in parameterized com-

plexity and several interesting and important results have been obtained recently. In fact,

just over the course of the last couple of years there have been results on parameter-

ized algorithms for Chordal Editing [19], Unit Interval Editing [17], Interval Vertex

(Edge) Deletion [20, 18], Proper Interval Completion [10], Interval Completion [11],

Chordal Completion [42], Cluster Editing [39], Threshold Editing [35], Chain Edit-

ing [35], Trivially Perfect Editing [36, 37] and Split Editing [46]. Even more recently,

a theory for lower bounds for these problems has also been proposed [9]. We would like

to mention that the above list is not comprehensive but rather illustrative.

To the best of our knowledge, all the articles on graph modification problems in parame-

terized complexity (except Ladder Graphs which are defined using forbidded topological

minors) is about modifying the input graph to a graph in a family F , defined by either



forbidden induced subgraphs or minors. In Chapter 2, we studied graph modification

problems on undirected graph defined by reducing the rank of the adjacency matrix of

the input graph. Our main goal in this chapter is to continue our study of graph mod-

ification problems defined by some algebraic properties like rank of a given adjacency

matrix. In particular, we extend our results to oriented graphs (loopless directed graphs

with at most one arc between vertices) from undirected graphs in the realm of classical

and parameterized complexity.

An oriented graph can be obtained from a simple undirected graph by assigning direction

to each of its edges. For an oriented graph D the spectral properties of its skew-symmetric

matrix AD have been studied in the past by Cavers et al [21]. Bicyclic oriented graphs with

skew-rank 2 or 4 have also been characterized by the rank of their skew-adjacency matrix

by Qu and Yu [88]. This chapter studies the problem of modifying the rank of the skew-

adjacency matrix. In particular, given a fixed positive integer r, we define Fr as the family

of oriented graphs where for each G ∈ Fr, the rank of the skew-adjacency matrix of G is

at most r. We study the following problems.

r-Rank Vertex Deletion Parameter: k

Input: An oriented graph D and a positive integer k

Question: Does there exist a set S ⊆ V(D) of size at most k such that rank(AD\S ) ≤ r?

r-Rank Edge Deletion Parameter: k

Input: An oriented graph D and a positive integer k

Question: Does there exist a set F ⊆ E(D) of size at most k such that rank(AD′) ≤ r,

where D′ = (V(D), E(D) \ F)?

These problems are also related to some well known problems in graph algorithms. If

rank(AD) = 0, then D is a disjoint union of isolated vertices. So for r = 0, r-Rank

Vertex Deletion is the well known Vertex Cover problem. Similarly for r = 2, after

converting an undirected graph to an oriented graph, a solution to r-Rank Edge Deletion



is the complement of a solution to the Maximum Edge Biclique problem. In the Maximum

Edge Biclique problem the goal is to find a complete bipartite subgraph of the given

graph with maximum number of edges [87] possible. These problems are also related to

the concept of “rigidity of matrices” [78].

Our Results and Methods. In this chapter, we obtain the following results about these

problems.

1. We first show that both the problems are NP-Complete.

2. Then we show that these problems are FPT by designing an algorithm with running

time 2O(k log r)nO(1) for r-Rank Vertex Deletion, and an algorithm for r-Rank Edge

Deletion running in time 2O( f (r)
√

k log k)nO(1). Note that the edge deletion problem

admits a sub-exponential FPT algorithm.

3. Finally, we design polynomial kernels for these problems.

The main difficulty in extending our result from undirected to oriented graphs is that the

entries of an adjacency matrix of an undirected graph are from {0, 1}, while the entries

of the skew-adjacency matrix of an oriented graph are from {0, 1,−1}. Also, the adja-

cency matrix of an undirected graph is symmetric while for an oriented graph it is skew-

symmetric. Our algorithmic results are based on a structural result regarding oriented

graphs whose adjacency matrices have low rank. In particular, we define an equivalence

relation on the neighborhood of oriented graphs and show that the size of oriented graphs,

in which each equivalence class has size one, is upper bounded by a function of the rank

of its adjacency matrix. In case of undirected graphs, such results were proved by Kotlov

and Lovász [64]. In particular, they showed that if a graph is reduced (if no two vertices

have the same set of neighbours) and its adjacency matrix has rank r, then its size is upper

bounded by 2r/2. See Akbari et al. [2] for more details. We show that the “reduced” ori-

ented graphs of rank r have size at most 3r. This result could be of independent interest.

We use this result to define a subfamily of Fr (which is sufficient for our purposes) whose



size is upper bounded by a function of r alone. This together with standard methods in pa-

rameterized complexity easily imply FPT and kernel result for r-Rank Vertex Deletion.

To obtain sub-exponential algorithm for r-Rank Edge Deletion we do a modification to

an algorithm of Damaschke et. al. [29] and use it as a subroutine.

3.2 Preliminaries

We would be reusing the notation from Chapter 2. We next define the new notations

which are used in this chapter. The span of a set of vectors {v1, . . . , vm}, denoted as

span(v1, . . . , vm), is defined as the set {a1v1 + · · ·+ amvm : a1, . . . , am ∈ R}. The i-th row of

A is the vector (ai1, ai2, . . . , aim) and is denoted using Ai. The j-th column of A is the vec-

tor (a1 j, a2 j, . . . , an j) and is represented using A j. We define A[I, J] =
(
ai j : i ∈ I, j ∈ J

)
,

i.e. it is the submatrix of A with the row set I and the column set J. When I = J, the

submatrix A[I, I] is called as a principal submatrix of A.

We use D to denote an oriented graph and its edges will be referred as arcs. In this chapter

we will be exclusively concerned with loopless oriented graphs; they have at most one

arc between any two vertices i.e. for two vertices u, v ∈ V(D) only one the following

conditions holds; (i) (u, v) ∈ E(D), (ii) (v, u) ∈ E(D) or (iii) there is no arc between u and

v. For an oriented graph D, given a vertex v ∈ V(D) we denote the set of vertices with an

outgoing arc to v by N−(v) = {u : (u, v) ∈ E(D)}. Similarly, we define the set of vertices

with an incoming arc from v as N+(v) = {u : (v, u) ∈ E(D)}. A vertex in D is called as

an isolated vertex if N+(v) = N−(v) = 0. The skew-adjacency matrix of D, denoted by

AD, is a |V(D)| × |V(D)| skew-symmetric matrix (A = −AT) with entries from {−1, 0,+1}

whose columns and rows are indexed using vertices and AD(u, v) = −AD(v, u) = 1 if and

only if (u, v) is an arc in D. For simplicity, we will refer to the skew-adjacency matrix

of an oriented graph as the adjacency matrix. A directed bi-clique is a directed graph

D defined over two disjoint vertex sets V1 and V2, where V(D) = V1 ∪ V2 and for every

pair of vertices v1 ∈ V1 and v2 ∈ V2, there is an arc (v1, v2) ∈ E(D). Note that in a



directed bi-clique all the arcs are directed from one part to the other and both V1 and V2

are independent sets. Given any two graphs G1 and G2 their disjoint union is denoted by

G1 ]G2.

For a vertex v ∈ V(G), we use R(v) to denote the row vector of AG corresponding to

v. Similarly we use C(v) to denote the column vector of AG corresponding to v. For

X,Y ⊆ V(G), we use AG[X,Y] to denote the submatrix of AG corresponding to rows in

R(X) and columns in C(Y). For a graph G and a set of vertices U ⊆ V(G), G[U] denotes

the induced subgraph of G, and G \ U denotes the graph G[V(G) \ U].

3.3 A structural result on oriented graphs of rank r

In this section we give our main structural result about oriented graphs of low rank. This

result will be exploited heavily in all the algorithms presented here. We start by defining

an equivalence relation based on the neighborhood of vertices in oriented graphs. Using

this we show that the number of vertices in an oriented graph of rank r, where each

equivalence class of this relation has size exactly one, is upper bounded by 3r.

Given an oriented graph D we define a relation ∼ on V(D). Two vertices u, v ∈ V(D) are

u ∼ v if they have the same neighborhood. That is, u ∼ v if and only if N+(u) = N+(v) and

N−(u) = N−(v). This equivalence relation is similar to the one defined in the context of

undirected graphs in [2]. From the definition of the equivalence relation ∼ the following

properties regarding it easily follow.

Lemma 13. Let D be an oriented graph and ∼ be the relation as defined above. Then,

(i) u ∼ v if and only if R(u) = R(v).

(ii) ∼ partitions V(D) as V1, , . . . ,V` and each Vi is an independent set in D.

(iii) For each pair of distinct Vi and V j, either there are no edges between Vi and V j or

D[Vi ∪ V j] is a directed bi-clique.



When the graph is clear from the context, an equivalence class of ∼ will be referred to

as a module or an equivalence class. Given an oriented graph D, we define D∼ to be the

reduced graph of D obtained as follows. Let V1, . . . ,V` denote the equivalence classes of

∼ in D. The vertex set of D∼ is V(D∼) = {Vi : i ∈ [`]}. The edge set of D∼ is

E(D∼) = {(Vi,V j) : D[Vi ∪ V j] is a directed bi-clique with all arcs from Vi to V j}.

For an oriented graph D the operation of obtaining the reduced graph can also be thought

of as selecting one vertex from each equivalence class arbitrarily and then constructing

the induced subgraph of D over them. This gives us the following.

Observation 4. D∼ is an induced subgraph of D and the columns of adjacency matrix of

D∼ are distinct.

The operation of obtaining a reduced graph preserves the rank, as the operation simply

removes repeated columns.

Lemma 14. rank(AD) = rank(AD∼).

In the rest of the section, we prove that the number of oriented graphs whose adjacency

matrix has rank r is bounded by a function of r. Similar result exists for the case of

undirected graphs [64]. It is well known that any symmetric matrix A has a principal

submatrix of rank equal to rank(A) (see Theorem 3.9.8 in [38]). Similarly, for a skew-

symmetric matrix the following holds.

Lemma 15. Any skew-symmetric matrix A has a principal submatrix of rank equal to

rank(A).

As the determinant of an odd sized skew-symmetric matrix is zero we get the following

lemma.

Lemma 16 (see Theorem 6 in Section 10.3 of [55]). The rank of a skew-symmetric matrix

is an even number.



Using Lemma 15, along with the observation that for a skew-symmetric matrix B we have

B = −BT we get the following corollary.

Corollary 5. Any rank r skew-symmetric matrix A, with full rank principal submatrix

B = A [[r], [r]], can be written in the following form for an appropriate sized matrix X,

 B BX

XT B XT BX

 . (3.1)

Theorem 14. Any rank r skew-symmetric matrix A with entries from {−1, 0,+1} and pair-

wise distinct columns has at most 3r columns.

Proof. For an n × n matrix A, let R = [r] and assume without loss of generality that the

principal submatrix B = A[R,R] is of full rank. By Corollary 5, matrix A can be written in

the form as shown in Equation 3.1. We prove that no two columns in the matrix A[R, [n]]

are repeated. As B is of full rank it has no repeated columns. Assume that the columns

i and j in BX are repeated. As A is skew-symmetric, the rows i and j are repeated in

XT B. Therefore, the product (XT B)X has rows i and j repeated which again, as A is skew-

symmetric, implies that the columns i and j are repeated in XT BX. Hence, the columns

i and j are repeated in A. Therefore, it suffices to enforce that no column in A[R, [n]]

is repeated. For an upper bound notice that the maximum possible number of distinct

vectors of length r with entries from {−1, 0,+1} is 3r. �

As a consequence of the theorem above, we have the following.

Corollary 6. Let D be an oriented graph having adjacency matrix A of rank r. Then the

number of vertices in D∼ is at most 3r.



3.4 Reducing Rank by Deleting Vertices

We will be considering r-RankVertexDeletion in this section. For a graph D, we denote

the graph obtained after deleting a set of vertices S ⊆ V[D] by D\S . We begin with some

structural lemma about modules of induced graphs.

Lemma 17 (folklore). Let D be an oriented graph, S ⊆ V(D) and u, v ∈ V(D) \ S . If u

and v have the same neighborhood in D, then they have the same neighborhood in D \ S

and rank(AD\S ) ≤ rank(AD).

As a corollary of Lemma 14, we have the following.

Corollary 7. Given an oriented graph D and a vertex u ∈ V(D), let D′ be the graph

obtained by adding a new vertex u′ in D which has exactly the same neighborhood as u.

Then, rank(AD) = rank(AD′).

We will be working with solutions of a special form, we define S to be a minimal solution

to an instance (D, k) of r-Rank Vertex Deletion if it either contains all the vertices of an

equivalence class defined by ∼ on V(D) or none of it.

Lemma 18. Let (D, k) be an input instance of r-Rank Vertex Deletion and ∼ be the

equivalence relation on V(D). If S ⊆ V(D) is a solution for the instance (D, k), then there

exists a minimal solution S ′ such that S ′ ⊆ S .

Proof. Let V1, . . . ,Vt be the modules of ∼ in D. Assume that Vi is a module such that

Vi \ S is nonempty and some vertex v ∈ Vi is contained in the solution S . Pick any vertex

u ∈ Vi\S . Denote the graph obtained by deleting a vertex subset X ⊆ V(D) as DX = D\X.

Consider the graph DS \{v}, observe that both u and v are present in DS \{v}. Moreover, both

u and v have the same neighborhood in DS \{v} by Lemma 17. Hence, by Corollary 7,

rank(ADS ) = rank(ADS \{v}).



Using the argument above, on deleting the vertices in Vi∩S from S we find that rank(AD\S ) =

rank(AD\(S \Vi)). Repeating this procedure for all the modules which are partially contained

in S gives a solution of the desired form. �

As an immediate consequence of the lemma above, we have the following.

Corollary 8. Any solution S for an instance (D, k) of r-Rank Vertex Deletion is disjoint

from a ∼-module of size strictly more than k.

3.4.1 Complexity of r-Rank Vertex Deletion

The r-Rank Vertex Deletion problem generalizes Vertex Cover. In this section, for

a fixed r we give a reduction from Vertex Cover to r-Rank Vertex Deletion which

would prove that no FPT algorithm is possible for r-Rank Vertex Deletion which uses

rank alone as the parameter. This is so, because an algorithm parameterized by rank alone

would solve VertexCover in polynomial time, contradicting the assumption that P , NP.

We first make some observations about the rank of the adjacency matrix of a graph and

then proceed to the hardness result. The adjacency matrix of a graph which is the disjoint

union of two graphs D1 and D2 is of the form

AD1]D2 =

AD1 0

0 AD2

 . (3.2)

Hence, we get the following observation.

Observation 5. Let D1 and D2 be two oriented graphs with disjoint vertex sets. Let

rank(AD1) = r1 and rank(AD2) = r2. Then the rank of adjacency matrix of the oriented

graph D1 ] D2 is r1 + r2.

The case when the adjacency matrix is a zero matrix, we have the following.



Observation 6. For a graph D the rank of AD is zero if and only if D is the disjoint union

of isolated vertices.

Theorem 15. r-Rank Vertex Deletion is NP-Complete.

Proof. Let F be a reduced oriented graph with rank(AF) = r. Obtain the graph Fk+1 by

making k + 1 copies, keeping the neighborhood same, of each vertex in F, observe that

rank(AFk+1) = r by Corollary 7. Let (G, k) be an input instance of Vertex Cover. The

graph G is undirected, we convert it into an oriented graph D by arbitrarily assigning

“direction” to each edge in G, i.e. for each pair (u, v), (v, u) ∈ E(G) we keep only one in

E(D). Then, the input instance for the problem r-Rank Vertex Deletion is (D ] Fk+1, k).

For the forward direction, assume that S is any solution set for Vertex Cover. Then S is

also a solution set for r-Rank Vertex Deletion by Observation 5, as D \ S is a disjoint

union of isolated vertices and rank(AFk+1) = r.

For the backward direction, observe that any solution S of r-Rank Vertex Deletion is

disjoint from V(Fk+1) by Corollary 8. Moreover D \ S must consist of isolated vertices,

otherwise rank of the adjacency matrix of Fk+1 ] (D \ S ) will be strictly more than r by

Observations 5 and 6, contradicting the fact that S is a solution set. Finally, observe that

if D \ S consists of isolated vertices, then S is a vertex cover of G. This completes the

proof. �

3.4.2 An FPT algorithm and kernel for r-Rank Vertex Deletion

We start by recalling that the rank of any skew-symmetric matrix is always even. In the

rest of the chapter we always assume that target rank r is even. We will be using the

following result that characterizes skew-symmetric matrices that have rank less than or

equal to r.

Theorem 16 (see Chapter 7 of [98]). For an even positive integer r, a skew-symmetric



matrix A has rank at most r if and only if all its submatrices of size (r + 2) × (r + 2) have

rank at most r.

We obtain an algorithm and a kernel by reducing r-Rank Vertex Deletion to (2r +

4)−Hitting Set, which has a parameterized algorithm and a polynomial kernel [1]. Given

a set family F over a universe U, a set S is said to be a hitting set of F if S ∩ F , ∅,

∀F ∈ F . An input to d−Hitting Set consists of (U,F , k) where F is a family of subsets

of U of size at most d and the objective is to check if there exists a set S ⊆ U of size at

most k which is a hitting set of F . Given an oriented graph D with adjacency matrix AD,

define the set familyHr(D) as follows,

Hr(D) , {X ∪ Y : X,Y ⊆ V(D), |Y | = |X| = rank(AD[X,Y]) = r + 2} (3.3)

Lemma 19. An input instance (D, k) is a yes instance of r-Rank Vertex Deletion if and

only if (Hr(D), k) is a yes instance of (2r + 4)-Hitting Set.

Proof. In the forward direction, suppose S is a solution for an instance (D, k) of r-Rank

Vertex Deletion. We claim that S is a hitting set of Hr(D). Suppose not, then there

exists a set H ∈ Hr(D) which is disjoint from S . The definition of Hr(D) shows that H

corresponds to a submatrix of AD which is a submatrix of AD\S as well. Therefore by

Theorem 16, rank(AD\S ) > r, which contradicts the fact that S is a solution for (D, k).

In the backward direction, suppose S is a hitting set of Hr(D). If S is not a solution of

(D, k) then, by Theorem 16, there exists a submatrix AD\S [X,Y] of AD\S of size (r + 2) ×

(r + 2) having full rank. By the definition of Hr(D), X ∪ Y must be contained in it. As

X ∪ Y is disjoint from S , S is not a hitting set ofHr(D), a contradiction. �

Lemma 19 allows us to reformulate our problem as (2r + 4)-Hitting Set and thus using

the known algorithm and kernel for the problem (see Theorem 2 in [1], Chapter 2 in [27]

or Theorems 8 and 9 in [80]) we get the following result.



Theorem 17. r-Rank Vertex Deletion admits a kernel of size O(k2r+4) and an algorithm

with running time 2O(k log r)nO(1).

Proof. For any fixed r, the collection H = Hr(D) can be enumerated in nO(r) time. The

set H is not a uniform family. The cardinality of each set in H is a number between

r + 2 and 2(r + 2). We make the family uniform by padding each set in H with distinct

new elements increasing the cardinality to 2(r + 2). These ‘new’ elements occur exactly

once in each set and the sets contain at least r + 2 ‘old’ elements. Any new element can

hit exactly one set of the family. Suppose some solution picks a ‘new’ element, one can

replace it by any other ‘old’ element in the set. The new elements are added just to make

the set family uniform.

If |H| > (2r+4)!(k+1)2r+4, by the well known Sunflower Lemma [61], there is a sunflower

2 inH with k + 2 petals. Any hitting set of size k must hit each of the k + 2 sets present in

the sunflower, therefore it must pick an element from the core of the sunflower, moreover

any core will not contain any of the new elements. If the core is empty, then there is

no hitting set of size k for H and we return no. Otherwise, delete one of the sets of the

sunflower. We repeat this process until we are left with at most (2r + 4)!(k + 1)2r+4 sets.

Let H ′ be a sub-collection of H , such that all the sets in H \ H ′ may be safely ignored

and all the new elements have been deleted. Observe that H has a hitting set of size k if

and only if H ′ has a hitting set of size k. Since each set in H ′ contains at most 2(r + 2)

vertices there are at most 2(r + 2)(2r + 4)!(k + 1)2r+4 vertices corresponding to H ′. Let

D′ be the graph induced by the vertices corresponding to H ′ in D. Observe that H ′ is a

subset of the collectionHr(D′).

Any solution S to the instance (D′, k) of r-Rank Vertex Deletion is a hitting set of of

Hr(D′) having size at most k, which is also a hitting set of H ′. Any hitting set of H ′ is

also a hitting set of H , therefore S is a solution to the instance (D, k). Conversely, since

2A sunflower with k petals and a core Y is a collection of sets S 1, . . . , S k such that S i ∩ S j = Y, ∀i , j;
the sets S i \ Y are called petals, and we require that none of the sets S i is empty.



D′ is an induced subgraph of D, any solution to (D, k) is a solution to (D′, k). We output

D′ as the kernel.

The running time of the algorithm follows from Theorem 8 in [80]. �

3.5 Deleting arcs to reduce rank

This section considers the problem of rank reduction of the adjacency matrix of an ori-

ented graph D by deletion of arcs. We prove several properties for the general case of

editing arcs. In the case of editing a graph, a solution F is a subset of V(D) × V(D) and

if an arc of F is not in D, then it is added to D, otherwise it is deleted from D. As D is

an oriented graph, only one of the arcs (u, v) or (v, u) can be present in F. The graph D

edited using F is denoted using D 4 F. Note that deletion corresponds to the case when

F ⊆ E(D). Let the modules of ∼ in D be V1, . . . ,Vt.

Definition 5 (Minimal Edit). We call F a minimal edit if D 4 F is an oriented graph and

for all i ∈ [t] it

• either contains all the arcs in Vi × V j or none of them, for all j ∈ [t], and

• does not contain the arc (u, v), for all u, v ∈ Vi.

We call a vertex v ∈ V(D) an affected vertex if it receives an edit i.e. there exists an e ∈ F

such that v is contained in the arc e. Let F be a set of edits on D and u ∈ V(D) be any

vertex, we use

Jin(u) = {w : w ∈ V(D), (w, u) ∈ F} and

Jout(u) = {w : w ∈ V(D), (u,w) ∈ F}

to denote the set of affected vertices due to edits on arcs incident on u.



Lemma 20. Let the equivalence classes of ∼ in D be V1, . . . ,Vt, and the equivalence

classes of ∼ in D′ = D 4 F be U1, . . . ,Us, for some set F ⊆ V(D) × V(D). Then, F is

a minimal edit of D if and only if for all i ∈ [t] there exists a unique j ∈ [s] such that

Vi ⊆ U j.

Proof. Let w ∈ V(D) be any vertex and let i ∈ [t]. Since F is a minimal edit, for all v ∈ Vi,

exactly one of the following happens; either (v,w) ∈ F, (w, v) ∈ F or v is not affected by

any edit performed on w. This implies that every vertex in Vi has the same neighborhood

in D′, therefore Vi is contained in some equivalence class of D′. This proves the forward

direction.

For the backward direction, assume that F is not a minimal edit. Then, there exist i, j ∈ [t]

with i , j and x ∈ {in, out}, such that there is a vertex w ∈ V j for some u, v ∈ Vi with

w ∈ Jx(u) \ Jx(v). In words, this means that u and v have different neighborhoods which

implies that u and v are in different equivalence classes in D′, which is a contradiction. �

Lemma 21. Let D be an oriented graph with V1, . . . ,Vt as modules of ∼ in D. For any

vertex v ∈ Vi, let Dv
i, j be the graph obtained by moving vertex v from module Vi to any

other module V j and performing necessary edits to make its neighborhood same as any

other vertex in V j. Then rank(ADv
i, j

) ≤ rank(AD).

Proof. The operation of moving a vertex consists of three operations, deleting v from D,

copying a vertex u ∈ V j and relabeling the copy as v. Relabeling a vertex does not change

the rank and the result follows by Lemma 17 and Corollary 7. �

Lemma 22. Any set of edits F on an oriented graph D can be transformed into a minimal

set of edits F′ of D such that |F′| ≤ |F| and rank(AD4F′) ≤ rank(AD4F).

Proof. Let the modules of ∼ in D be V1, . . . ,Vt. We execute the following procedure on

D and F until we obtain a minimal edit.



1. Initialize a = 1.

2. Let Fa = F and Da = D 4 Fa.

3. If Fa is not a minimal edit, then repeat the following.

• Let the modules of ∼ in Da be U1, . . . ,Us.

• By Lemma 20, there exists a Vi such that Vi ∩ Uh , ∅ and Vi ∩ U j , ∅ for

some h , j, h, j ∈ [s].

• For x ∈ {in, out}, let Ja
x(u) denote the edits received by u due to the edits

in Fa. Let Ca(u) = |Ja
in(u) ∪ Ja

out(u)| be the number of edits performed on a

vertex u by Fa.

• Let va = argminy∈Vi
Ca(y) be a vertex receiving the minimum number of

edits amongst all the vertices in Vi.

• Assume w.l.o.g. that va ∈ Uh.

• Move every vertex w ∈ Vi \ Uh to the module Uh. Denote the new graph

by Da+1.

• Let Fa+1 be the new set of edits required to get Da+1 from D. By

Lemma 21, rank(ADa+1) ≤ rank(ADa).

• Increment the value of a by 1.

Notice that the rank of graph Da never increase inductively. The procedure stops when

we have obtained a minimal edit and the procedure above terminates in a finite number

of steps as it decreases the number of modules which violate the minimality condition in

each iteration. We now prove that for each a the number of edits |Fa+1| ≤ |Fa|. For each

Vi, as va is the vertex with minimum number of edits in it, moving any u ∈ Vi \ Uh to Uh

does not increase the number of edits. Each vertex u receives the same number of edits



as the number of edits received by va in the graph Da+1. Notice that the number of edits

received by va in Fa+1 is Ca+1(va) ≤ Ca(va), as any arcs between u and va get deleted in

Da+1. �

Using Lemma 22 we get the following.

Corollary 9. Any solution F of an instance (D, k) of r-Rank Edge Deletion is disjoint

from the arcs incident on any module having strictly more than k vertices.

3.5.1 NP-Completeness

In this section we prove the hardness result for the arc deletion problem r-Rank Edge

Deletion; we show that it is NP-Complete for r ≥ 2. We will first prove a lemma which

characterises bipartite oriented graphs of rank 2.

Definition 6. A bi-digraph is an oriented graph D whose vertex set consists of two disjoint

sets V1 and V2 and its arc set E(D) is a subset of (V1×V2)∪ (V2×V1). A simple bi-digraph

is a bi-digraph having at least one edge, such that for i ∈ [2] and any two non-isolated

vertices a, b ∈ Vi, exactly one of the following conditions holds,

i) N−(a) = N−(b) and N+(a) = N+(b).

ii) N−(a) = N+(b) and N+(a) = N−(b).

Note that a directed bi-clique is a bi-digraph as well as a simple bi-digraph.

Lemma 23. A bi-digraph is a simple bi-digraph if and only if the rank of its adjacency

matrix is 2. In addition, a simple bi-digraph is the disjoint union of isolated vertices and a

non-empty oriented graph D such that the underlying undirected graph of D is a complete

bipartite graph.



Proof. A bi-digraph D, by construction, has an adjacency matrix of the following form

AD =

 0 A

−AT 0

 , (3.4)

where A is a matrix whose rows are indexed by V1 and the columns are indexed by V2 and

0 is the all zeroes matrix of appropriate size.

For the forward implication, observe that rank(AD) = 2 · rank(A). Therefore it suffices to

prove that rank(A) = 1. By Definition 6, for any two non-isolated vertices a, b ∈ V2, the

columns Aa and Ab are related as Aa = ±Ab. Therefore, a column of A is either all-zero or

one of ±Aa, which implies that rank(A) = 1.

For the backward implication, suppose D is a bi-digraph with rank(AD) = 2, which im-

plies that rank(A) = 1. Therefore, there exists a non-zero column A j such that every

column of A is contained in its span. As the entries of A are restricted to take values from

{−1, 0, 1}, each column of A is equal to one of A j, −A j or the all-zero column. Thus D is

a simple bi-digraph.

To prove the last property, observe that deleting the all-zero columns and rows (which

correspond to isolated vertices) from A results in a matrix which consists exclusively

of +1 or −1. The adjacency matrix of the underlying undirected graph is obtained by

mapping each −1 to +1 in the adjacency matrix of an oriented graph, in this case it results

in the adjacency matrix of an undirected complete bipartite graph. �

The problem r-Rank Edge Deletion is polynomial time solvable for r = 0 as the solution

consists of deleting all the arcs. We prove that r-Rank Edge Deletion is NP-Complete

for any r ≥ 2.

Theorem 18. r-Rank Edge Deletion is NP-Complete for r ≥ 2.

Proof. We give a reduction from the Maximum Bi-Clique problem which was shown to



be NP-Complete by Peeters [87]. The Maximum Bi-Clique problem takes a loopless

undirected graph G and a positive integer K as input and outputs “yes” if and only if there

exists a bi-clique (a complete bipartite graph) on disjoint vertex sets A, B ⊆ V(G) such

that |A| × |B| ≥ K.

Given an undirected graph G construct the bi-digraph D as follows: the vertex set V(D) =

{ui : u ∈ V(G), i ∈ [2]} and arc set E(D) = {(u1, v2) : (u, v) ∈ E(G)}. For i ∈ [2], let

Vi = {xi : x ∈ V(G)}. For any xi ∈ V(D) for i ∈ [2], we use the unsubscripted symbol x to

denote the corresponding vertex in the undirected graph G. Denote the number of arcs in

D by m = 2 · |E(G)|. Let (G,K) be an instance of the Maximum Bi-Clique problem then

(D,m − K) is the input instance of 2-Rank Edge Deletion.

For the forward implication, assume (G,K) has a bi-clique on the sets A, B ⊂ V(G). Let

S = {(a1, b2) : a ∈ A, b ∈ B} be a set of arcs; since (A, B) is a solution, |S | ≥ K.

Now S ′ = E(D) \ S is a solution of (D,m − K) as D \ S ′ is a directed bi-clique from

A1 = {a1 : a ∈ A} to B2 = {b2 : b ∈ B} and is also a simple bi-digraph, by Lemma 23 rank

of its adjacency matrix is 2.

For the backward implication, let S be a solution for (D,m − K). By construction, the

remaining number of arcs in D\S is more than K. Since rank(AD\S ) = 2 and D\S is a bi-

digraph, by Lemma 23 it is a simple bi-digraph and consists of disjoint union of isolated

vertices and a directed bi-clique over sets A1 ⊆ V1 and B2 ⊆ V2. Let A = {a : a1 ∈ A1}

and B = {b : b2 ∈ B2} be subsets of V(G). We claim that (A, B) is a solution of (G,K).

Observe that A∩ B = ∅, otherwise let x ∈ A∩ B. As A1 and B2 induce a directed bi-clique

in D, (x1, x2) is an arc in D which is not possible as that implies (x, x) is an edge in G

which contradicts the assumption that G is a loopless undirected graph. Therefore, (A, B)

is a solution of (G,K).

The statements above prove that r-Rank Edge Deletion is NP-Complete for r = 2. To

prove it NP-Complete for arbitrary r ≥ 4 we employ a trick similar to Theorem 15. Let F

be a reduced oriented graph with rank(AF) = r−2. For an instance (G,K) of the Maximum



Bi-Clique problem, obtain the graph Fm−K+1 by making m − K + 1 copies, keeping the

neighborhood same, of each vertex in F, observe that rank(AFm−K+1) = r−2 by Corollary 7.

Let (D ] Fm−K+1,m − K) be the input instance of r-Rank Edge Deletion. By Corollary 9,

any solution of this instance must not affect any edge of Fm−K+1. Therefore, all the edits

must be performed on D and since the target rank is r, by Observation 5, the graph D after

deletion of edges must result in a graph having rank at most 2. Using these arguments,

the equivalence of instances follows in an easy manner. �

3.5.2 A parameterized algorithm for r-Rank Edge Deletion

In this section we design a polynomial kernel and a sub-exponential parameterized algo-

rithm for r-Rank Edge Deletion.

Lemma 24. For any instance (D, k) of the r-Rank EdgeDeletion problem, if D∼ has more

than 3r + 2k vertices then (D, k) is a no instance.

Proof. Let (D, k) be a yes instance and D′ be the graph obtained from D after deleting a

minimal solution having at most k arcs. The graph D′ has rank r, by Corollary 6 it has

at most 3r modules. Any minimal solution having size at most k can affect at most 2k

modules of D. If two distinct modules of D end up in the same module of D′ then at

least one of them must be affected. Every module of D ends up in some module of D′,

therefore there can be at most 3r + 2k modules in D. �

An application of Lemma 24 and Corollary 9 results in the following kernel for r-Rank

Edge Deletion.

Theorem 19. r-Rank Edge Deletion admits a kernel with O((3r + 2k) · (k + 1)) vertices.

Proof. Let (D, k) be an input instance of r-Rank Edge Deletion. If D has more than

3r + 2k modules then by Lemma 24 it is a no instance. Otherwise, construct the graph D′



by removing all but k + 1 vertices from each module of D, we call the modules whose

vertices were deleted as modified modules. We will show that the instances (D, k) and

(D′, k) are equivalent.

In the forward direction, observe that the graph D′ is a subgraph of D hence any solution

of (D, k) is also a solution of (D′, k). Next, we prove the backward direction of the equiv-

alence of instances. Let F′ be a minimal solution of (D′, k). By Corollary 9, F′ does not

affect any vertex in any of the modified modules of D′. Therefore, the reduced graphs of

D′ \ F and D \ F are isomorphic and have the same rank. This implies that F′ is also a

solution of (D, k).

We output (D′, k) as the desired kernel. The instance (D′, k) has at most 3r+2k equivalence

classes and each module has at most k+1 vertices, so the claimed bound on the size V(D′)

follows. �

The family of undirected ∼-reduced graphs of rank equal to r can be constructed in time

which is a function of r alone [2]. With very minor changes in the algorithm (Section

3, [2]), we have the following theorem.

Theorem 20. The family Dr of reduced oriented graphs of rank at most r can be con-

structed in time which is a function of r alone.

Oriented H-Bag Deletion To solve our problem we will be making use of an algorithm

for the Oriented H-Bag Deletion problem which is defined as follows.

Oriented H-Bag Deletion Parameter: k

Input: Oriented graphs D, H and an integer k, where H is a ∼-reduced graph.

Question: Does there exist a set F with at most k arcs of D such that the ∼-reduced

graph of D′ = (V(D), E(D) \ F) is an induced subgraph of H ?

The rest of the section gives an algorithm for Oriented H-Bag Deletion and shows how

to use it for solving r-Rank Edge Deletion. Our algorithm for Oriented H-Bag Deletion



is similar to the bag-editing algorithm of Damaschke et. al. [29] but is novel in the sense

that it handles a different equivalence relation and works with oriented graphs. We now

present the algorithm for Oriented H-Bag Deletion.

We begin with a known lemma about branching vectors and then proceed to the algorithm.

Lemma 25 (Lemma 1, [29]). The branching vector (1, r, . . . , r), with r repeated q times,

has a branching number bounded by 1 +
log2 r

r if r is large enough compared to the fixed

q.

Theorem 21. The Oriented H-Bag Deletion problem with a fixed graph H and an input

instance (D, k) can be solved in 2O(
√

k logk)nO(1) time.

Proof. To each vertex of H we associate a bag which will be filled in with the vertices of

D while respecting the adjacency relations of H. Let b = |V(H)| denote the number of

bags in H and use B = {Bi : i ∈ [b]} to denote the set of bags. Assume that the vertices in

H are v1, . . . , vb and Bi corresponds to the vertex vi, for all i ∈ [b]. The set of ∼-modules of

D is denoted usingM = {V1, . . . ,Vt}, where t ≤ b+2k by Lemma 24. In the preprocessing

phase of the algorithm we first add vertices to bags and then add arcs which are a subset

of arcs in D to simulate deletion of arcs.

Preprocessing Phase: The bags can be in two states “closed” or “open”. If a bag is

marked open, then we are allowed to add vertices in it, otherwise is is marked closed.

At the start of the algorithm all the bags are empty and open. In every bag we create

s = b
√

kc empty slots to be filled later, thus, there are a total of b · s slots to be filled.

We call a bag free if it is open and less than s slots have been filled in it. The state of

a node in the branching tree is denoted using (M,B). In the ith branch, for i ∈ [t], pick

an arbitrary vertex u from Vi, delete it from Vi and add it to the lowest number free bag

in B. In the (t + 1)th branch we mark the lowest number free bag as closed. We stop

the branching when no bag is free. At each leaf node (M,B) of the branching tree, we

construct a graph H′ over the vertices in ∪B. For every arc (vi, v j) in H we add all the



arcs Bi × B j in the graph H′. Next we check if the neighborhood of every vertex in the

graph H′ is a subset of its neighborhood in D[∪B], in this case we reduce the parameter

k by |E(D[∪B])| − |E(H′)|; otherwise we discard this branch and return, as this bag filling

cannot be obtained by deletion of some arcs in D. This completes the description of this

phase of the algorithm. Observing that there are a total of t + 1 branches and the depth of

the branching tree is b × s, we get the following.

Lemma 26. The total running time of the preprocessing phase is bounded by (b + 2k +

1)b·s = 2O(
√

k log k).

Observation 7. At the end of the preprocessing phase, if each open bag is not full then

we have assigned all the vertices of D in the bags of H and we answer yes if k ≥ 0 for that

branch, otherwise we discard that branch. Thus, we can assume that all the open bags

have exactly s vertices in them.

Assigning bags to undecided vertices when all the bags are open: We first consider

the special case when all the bags are open, later will show how to handle the general

case when closed bags are also present. This phase of the algorithm begins at the leaf

node (M,B) along with the graph H′ and the reduced parameter k as provided by the

preprocessing phase. The vertices in V(D) \ ∪B are not yet added to any bag and are

called as undecided vertices. So far the arc deletions have been done within the bag

vertices only, these arcs will remain fixed for the rest of the algorithm and we will not

delete them. At the end of the algorithm we will add undecided vertices to H′ along with

some of the arcs present in D. In the rest of the proof we will be working with the graph

H′ and will be deleting edges in order to accommodate undecided vertices in the bags of

H′.

We first correct the adjacency relation of every vertex u with respect to the bags. If there

exists an undecided vertex u and a bag Bi ∈ B such that u and Bi does not induce a

directed bi-clique then we delete all arcs between u and Bi and decrease the parameter

k accordingly. We do this for all such undecided vertices. Note that we do this without



branching. For now, u is not yet added to any bag. Now every undecided vertex u is either

completely adjacent or completely non-adjacent to each bag in B.

Fitting undecided vertices in bags: We say that u fits in a bag B(u) ∈ B, if u has the

same neighborhood as vertices in B(u) in the graph induced on bags. As H is a reduced

graph and all the vertices have distinct neighborhoods, every vertex u fits in at most one

bag. If there exists an undecided vertex u that fits in no bag, we branch and decide on

a bag for u, put u in this bag, and do the necessary deletions. If deletions cannot put u

in this bag, we discard this branch. Since u does not fit in any bag, we need at least s

deletions as each open bag has s vertices by Observation 7. Thus the branching vector, of

length b, is (s, . . . , s) or better. Now, every undecided vertex u fits in exactly one bag B(u).

Remember that we can not add undecided vertices to bags yet, as we may need to correct

the adjacency relation amongst the undecided vertices; this is done in the next paragraph.

Correcting adjacency amongst the undecided vertices: Suppose that two undecided ver-

tices u and v have the “wrong" adjacency relation. We now enumerate all the possibilities

and show how to handle them.

• If (u, v) is an arc but B(u) and B(v) are not adjacent, then we delete the arc (u, v) and

decrease k by 1.

• There are two more cases to consider,

– If (u, v) is not an arc but B(u) and B(v) are adjacent, or

– If (v, u) is an arc but B(u) has all the arcs to B(v).

Since u and v cannot be simultaneously put in their respective bags, we decide on

a new bag for both u and v and branch if both of them can fit in with deletion of

arcs in the new bag. For the second case above, we have the option of deleting the

arc as well, we consider both branches i.e. in one branch we delete the arc and in

second branch we keep it. We keep on repeating these steps in order to correct the



adjacency relation amongst undecided vertices until we exhaust the deletion budget

k.

Putting undecided vertices in bags: If k < 0 in any branch above, then discard it. If

there is a branch such that all the vertices have the correct adjacency relation pairwise and

k ≥ 0, then we can put the undecided vertices in the bags they fit in and answer “yes”

for the instance. We answer “no” if none of the branches output “yes”. Note that we also

keep track of deleted arcs. The branching vector is (1, s, . . . , s), with s repeated at most

2b times, or better.

Lemma 27. For the branches which have all the bags open at the end of the preprocessing

phase, the branching vector is (1, s, . . . , s), with s repeated at most 2b times, or better.

Filling bags when closed bags are present: The closed bags do not guarantee at least s

deletions when we are fixing bags for undecided vertices. This paragraph will show that

they can be handled after the open bags have been dealt with.

Dealing with open bags: Let U be the set of vertices of H′ corresponding to the open

bags. In this case, H′[U] may not remain a ∼-reduced graph. In that case we group

together bags which are ∼-equivalent in H′[U] and call each group a superbag. So each

bag in H′[U] is either a “normal” bag or a superbag. Observe that each superbag has at

least s vertices in it. On H′[U] containing the superbags, we perform exactly the same

branching rules as described for the case when all bags are open. We have fewer branches

and the branching vectors do not get worse. After branching, we have that the undecided

vertices fit in one of the bags in H′[U] and they have correct adjacency relation amongst

themselves.

Dealing with closed bags: While actually adding a vertex u to a bag we also decide on

the bag within a superbag S that will host u. Adding u to a bag does not change the

adjacency relations within the union of open bags and undecided vertices. Therefore we

can take these decisions independently for all u, and add it to any bag in S that causes the



minimum number of arc deletions between u and the closed bags. We discard the branch

if u cannot be added to a bag in S with deletion of arcs between it and the closed bags.

The worst branching vector we encounter anywhere in the algorithm is (1, s, . . . , s) with

s repeated at most 2b times. Combining this with Lemmata 25 and 27, we obtain the

bound on the running time for assigning undecided vertices to be (1+
log
√

k
√

k
)k = 2O(

√
k log k).

Multiplying it with the running time of preprocessing phase, as given by Lemma 26, we

get the claimed running time.

Finally, observe that the algorithm terminates as each branch decreases k by at least 1. It

is also straighforward to check that if (D, k) has a solution S then the algorithm outputs

either an equal sized or a smaller solution. �

Making use of the algorithm above we get the algorithm for r-Rank Edge Deletion.

Theorem 22. An instance (D, k) of r-Rank Edge Deletion can be solved in 2O(
√

k log k)nO(1)

time.

Proof. We generate family Dr of ∼-reduced graphs using Theorem 20. For each graph

H ∈ Dr, we check if arc deletions can convert D into a graph having H as reduced graph

using Theorem 21. If the answer is “no” for all H, we output “no”, otherwise we output

“yes”. For the correctness of algorithm observe that after k deletions the reduced graph of

D is a member ofDr if and only if it’s rank is at most r. �



Chapter 4

Matrix Rigidity from the Viewpoint of

Parameterized Complexity1

The rigidity of a matrix A over a field F is the minimum Hamming distance between A and

a matrix of rank at most r. Rigidity is a classical concept in Computational Complexity

Theory: constructions of rigid matrices are known to imply lower bounds of significant

importance relating to arithmetic circuits. Yet, from the viewpoint of Parameterized Com-

plexity, the study of central properties of matrices in general, and of the rigidity of a matrix

in particular, has been neglected. In this chapter, we conduct a comprehensive study of

different aspects of the computation of the rigidity of general matrices in the framework

of Parameterized Complexity. Naturally, given a parameter k, the Matrix Rigidity prob-

lem asks whether the rigidity of A is a most r. In case F = Q or the edited entries must

contain integers, to the best of our knowledge, it is not even known whether the problem

is decidable [95]. Surprisingly, we show that in case F = R or F is any finite field, this

fundamental problem is fixed-parameter tractable with respect to k + r. To this end, we

present a simple yet powerful dimension reduction procedure, which we believe to be a

valuable primitive in future studies of problems of this nature. We further employ central

1This chapter is based on a joint work with Fedor V. Fomin, Daniel Lokshtanov, Saket Saurabh and
Meirav Zehavi [40].
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tools in Real Algebraic Geometry, which are not well known in Parameterized Complex-

ity, thus establishing their ability to form a bridge between Matrix Theory and Parameter-

ized Complexity. In particular, we view the output of our dimension reduction procedure

as an algebraic variety. Our main results are complemented by a W[1]-hardness result

and a subexponential-time parameterized algorithm for a special case of Matrix Rigidity,

highlighting the different flavors of this problem.

4.1 Introduction

The rigidity of a matrix is a classical concept in Computational Complexity Theory, which

was introduced by Grigoriev [49, 50] in 1976 and by Valiant [99] in 1977. Constructions

of rigid matrices are known, for instance, to imply lower bounds of significant importance

relating to arithmetic circuits. Yet, from the viewpoint of Parameterized Complexity, the

study of central properties of matrices in general, and of the rigidity of a matrix in partic-

ular, has been neglected. The few papers that do consider such properties are restricted

to the very special case of adjacency matrices, and therefore they are primarily studies in

Graph Theory rather than Matrix Theory [80, 81]. In this chapter, we conduct a compre-

hensive study of different aspects of the computation of the rigidity of general matrices

in the framework of Parameterized Complexity.

Formally, given a matrix A over a field F, the rigidity of A, denoted by RFA(r), is defined as

the minimum Hamming distance between A and a matrix of rank at most r. In other words,

RFA(r) is the minimum number of entries in A that need to be edited in order to obtain a

matrix of rank at most r. Naturally, given parameters r and k, the MatrixRigidity problem

asks whether RFA(r) ≤ k. In the case when F = Q or the edited entries must contain

integers, it is not even known whether the problem is decidable [95]. We therefore focus

on the cases where F = R or F = Fp is a finite field for some prime p. Formally, we study

the following forms of Matrix Rigidity. Here, FF Matrix Rigidity is not restricted to a



specific finite field Fp, but includes Fp as part of the input.

RealMatrix Rigidity Parameter: r, k

Input: A matrix A with each entry an integer, and two non-negative integers r, k.

Question: Is RRA(r) ≤ k?

FF Matrix Rigidity Parameter: p, r, k

Input: A finite field Fp of order p, a matrix A over Fp, and two non-negative inte-

gers r, k.

Question: Is RFp

A (r) ≤ k?

Valiant [99] presented the notion of the rigidity of a matrix as a means to prove lower

bounds for linear algebraic circuits. He showed that the existence of an n × n matrix A

with RFA(εn) ≥ n1+δ would imply that the linear transformation defined by A cannot be

computed by any arithmetic circuit having size O(n) and depth O(log n) in which each

gate of the circuit computes a linear combination of its inputs. Later, Razborov [90] (see

[72]) established relations between lower bounds on rigidity of matrices over the reals or

finite fields and strong separation results in Communication Complexity. Although many

efforts have been made in this direction [43, 97, 73, 67] (this is not an exhaustive list),

proofs of good lower bounds for explicit families of matrices still remain elusive. For

a recent survey on this topic, we refer the reader to [74]. The formulation of Matrix

Rigidity as stated in this chapter was first considered by Mahajan and Sarma [78], and it

was shown to be NP-Hard for any field by Deshpande [31]. In this chapter, we study the

concept of the rigidity of a matrix from a different perspective, given by the framework of

Parameterized Complexity (see Section 4.2).

We remark that, in Chapters 2 and 3, we studied the following problems, which are related

to Matrix Rigidity but are simpler as they are restricted to graphs. Given a graph G =

(V, E) and two non-negative integers r, k, the problem r-Rank Vertex Deletion (r-Rank

Edge Deletion) asks whether one can delete at most k vertices (resp. edges) from G so



that the rank of its adjacency matrix would be at most r, while r-Rank Edge Editing asks

whether one can edit k edges in G so that the rank of its adjacency matrix would be at most

r.2 For undirected graphs, in earlier chapters, we also proved that these problems are NP-

Hard even if r is fixed, but they can be solved in time O∗(2O(k log r)). We also showed that

r-Rank Edge Deletion and r-Rank Edge Editing can be solved in time O∗(2O( f (r)
√

k log k)).

We also obtained similar results for directed graphs in Chapter 3.

Our Contribution In this chapter, we establish that both RealMatrix Rigidity and FF

MatrixRigidity are FPT with respect to r+k. Specifically, we obtain the following results.

Theorem 23. RealMatrix Rigidity can be solved in O∗(2O(r·k·log(r·k))) time.

Theorem 24. FF Matrix Rigidity can be solved in O∗( f (r, k)) time for a function f that

depends only on r and k.

Observe that the dependency of the running times on the dimension of the input matrix is

polynomial, and in the case of FF Matrix Rigidity, the dependency of the running time on

p is also polynomial. In the case of RealMatrix Rigidity, the dependency of the running

time on the maximum length (in binary) of any entry in both input and output matrices is

polynomial. In this context, recall that in case F = Q or the edited entries must contain

integers, it is not even known whether Matrix Rigidity is decidable [95]. We also show

that,

Theorem 25. FF Matrix Rigidity is solvable in time O∗(2O( f (r,p)
√

k log k)) for some function

f that depends only on r and p.

Here, the dependency of the running time on k is subexponential, but the dependency of

the running time on p is unsatisfactory in case p is not fixed. This algorithm adapts ideas

from Chapters 2 and 3.

2Editing an edge {u, v} means that if {u, v} ∈ E then {u, v} is deleted, and otherwise it is added.



To obtain our main results, we first present a dimension reduction procedure, which we

believe to be a valuable primitive in future studies of problems of this nature. Our proce-

dure is simple to describe and given an instance of Matrix Rigidity, it outputs (in poly-

nomial time) an equivalent instance where the matrix contains at most O((r · k)2) entries.

Furthermore, the set of entries of the output matrix is a subset of the set of entries of

the input matrix. We believe this procedure to be of interest independent of our main re-

sults as it establishes that FF Matrix Rigidity admits a polynomial kernel with respect to

r +k+ p. The simplicity of our procedure also stems from its modularity—it handles rows

and columns in separate phases. On a high-level, this procedure is defined as follows.

For k + 1 steps, it repeatedly selects a set of maximum size consisting of rows that are

linearly independent, where if the size of this set exceeds r + 1, it is replaced by a subset

of size exactly r + 1. Each such set of rows is removed from the input matrix, and then it

is inserted into the output matrix. At the end of this greedy process, rows that remain in

the input matrix are simply discarded. The correctness of our procedure relies on two key

insights: (i) if the input instance contains more than k + 1 pairwise-disjoint sets of rows

that are linearly independent, and each of these sets is of size at least r + 1, then the input

instance is a No-instance; (ii) by the pigeonhole principle, any row discarded from the

input matrix belongs to the span of at least one set of rows that cannot be edited. Having

an intermediate matrix with a small number of rows, the procedure applies the exact same

process to the input that is the transpose of this intermediate matrix, thus overall obtaining

a matrix with a small number of entries.

Armed with our dimension reduction procedure, we tackle RealMatrix Rigidity and FF

Matrix Rigidity by employing central tools in Algebraic Geometry, which are not well

known in Parameterized Complexity, as a black box. For this purpose, we first recall that

the rank of a matrix is at most r if and only if the determinant of all of its (r + 1) × (r + 1)

submatrices is 0. Since at this point we can assume that we have a matrix containing

only O((r · k)2) entries at hand, we may “guess” which entries should be edited. Yet, it

is not clear how these entries should be edited. However, with the above observation in



mind, we are able to proceed by viewing our current problem in terms of an algebraic

variety (such a formulation was also used in the context of complexity analysis in [95]).

In particular, this viewpoint gives rise to the applicability of firmly established tools that

determine the feasibility of a system of polynomials [7, 62].

Our main results are complemented by a W[1]-hardness result and a subexponential-time

parameterized algorithm for a special case of Matrix Rigidity, which overall present the

different flavors of this problem and the techniques relevant to its study. We show that

both RealMatrix Rigidity and FF Matrix Rigidity are W[1]-hard with respect to the pa-

rameter k. (The papers [80, 81] already imply that both of these problems are para-NP

with respect to the parameter r.) Our reduction is inspired by studies in Parameterized

Complexity that involve the Odd Set problem [33], and consists of four reductions, one

of which builds upon the recent work of Bonnet et al. [12].

The complexity of our reduction stems from the fact that unlike previous studies of this

nature, we establish the W[1]-hardness of our problem of interest over any finite field and

over the field of reals rather than only over a specific finite field. Thus, we first need to

define a special case of Odd Set, which we call Partitioned Unique Intersection, and ob-

serve that its W[1]-hardness follows from the proof of the W[1]-hardness of Odd Set that

is given in [33]. The correctness of our reductions crucially relies on the implications of

the properties of this special case. Our first reduction translates PartitionedUnique Inter-

section to a problem involving matrices rather than sets, which we call Partitioned Unit

Multiplication. Then, to be able to discuss any finite field as well as the field of reals, we

introduce new variants of Partitioned Unit Multiplication and the Nearest Codeword

problem, called F-Unit Multiplication and F-Nearest Codeword, respectively. The ap-

plication of our second reduction results in an instance of F-Unit Multiplication. Then,

the application of our third reduction, which builds upon [12], results in an instance of

F-Nearest Codeword. Finally, we devise a reduction whose application results in an in-

stance of Matrix Rigidity. Here, we make explicit use of the fact that the rank of the target



matrix can be large. The overall structure of the reduction may be relevant to studies of

other problems where the field is not fixed.

4.2 Preliminaries

The Hamming distance between two strings of equal length is the number of positions at

which they differ.

Linear Algebra The symbols R, Q and Fp are used to denote the field of real numbers,

the field of rational numbers, and a finite field of order p, respectively. We also use the

unsubscripted symbol F to denote a field, in which case its order is denoted by |F|.

We use S n to denote the collection of all permutation functions of n elements. We call a

matrix Ã a jumbled matrix of A if one can perform a series of row and column exchanges

on Ã to obtain the matrix A. Equivalently, for an m × n matrix A and its jumbled matrix

Ã, there exist two permutations σr ∈ S m and σc ∈ S n such that Ã j
i = Aσc( j)

σr(i) , for all i ∈ [m]

and j ∈ [n]. Similarly, we call a matrix Ã a jumbled submatrix of A if there exists a

submatrix of A which is a jumbled matrix of Ã. A mixed matrix is a matrix having either

an indeterminate or a value at each entry. We will be dealing with mixed matrices where

the values belong to a finite field or Z. We use In to denote the identity matrix of size n×n.

System of Polynomial Equations Let x1, . . . , xn be variables. Then, a monomial is

defined as a product
∏n

i=1 xai
i for non-negative integers a1, . . . , an. The degree of a variable

xi in a monomial
∏n

i=1 xai
i is defined to be the number ai, for i ∈ [n]. The degree of a

monomial is defined as the sum of degrees of each variable occurring in it. A polynomial

over a field F consists of a sum of monomials with coefficients from the field F. The total

degree of a polynomial is the degree of a monomial having maximum degree. Given a

system of polynomial equations P = {P1 = 0, P2 = 0, . . . , Pm = 0} over a field F, we



say that P is feasible over F if there exists an assignment of values from the field F to the

variables in P which satisfies every polynomial equation contained in P.

Bounded Search Trees Informally, a bounded search tree or branching is used to rep-

resent the execution of an algorithm which solves a problem based on the solution of

sub-problems. It can be represented as a tree and the algorithm can be imagined to solve

the sub-problems one at a time by traversing this tree. The correctness of a branching

algorithm can be justified by arguing that in the case of a Yes-instance some sequence

of decisions captured by the algorithm leads to a feasible solution. The running time of

the algorithm is given by the size of the branching tree. For a parameterized instance, if

the size of the branching tree is bounded by a function of the parameter and each step

of the algorithm takes polynomial time then such a branching algorithm leads to an FPT

algorithm.

One method to bound the size of a branching tree employs the notion of branching vectors.

To each node of the tree we associate a value using a function which depends on the

instance to be solved at that node. This function, usually referred to as a measure function,

is set up in such a way that it takes a smaller value for a sub-problem. It should also

satisfy the property that it is a bounded function. Now the size of the tree can be upper-

bounded by looking at the drop in value of the measure function at each branch of a

node. This drop is represented as a tuple of numbers and is referred to as a branching

vector. Formally, suppose that the algorithm executes a rule which has ` branches (each

corresponding to a recursive call), such that in the ith branch, the current value of the

measure decreases by bi. Then, (b1, b2, . . . , b`) is the branching vector of this rule. We say

that α is the branching number of (b1, b2, . . . , b`) if it is the (unique) positive real root of

xb∗ = xb∗−b1 +xb∗−b2 +. . .+xb∗−b` , where b∗ = max{b1, b2, . . . , b`}. If r > 0 is the initial value

of the measure, and the algorithm returns a result when (or before) it becomes negative,

the running time is bounded by O∗(αr). For more details we refer the reader to [27].



4.3 Dimension Reduction Procedure

In this section, we show how to compress an input instance of Matrix Rigidity to an

equivalent instance in which the matrix has at most O(r2 · k2) entries. This is a crucial step

in obtaining our FPT algorithms for Real Matrix Rigidity and FF Matrix Rigidity. In

particular, this step will imply that FF Matrix Rigidity admits a polynomial kernel with

respect to r + k + p.

Our algorithm is based on the following intuition. Suppose that A is a matrix of rank `.

If we could obtain a sequence B1, . . . , Bk of pairwise disjoint sets of columns of A where

each set forms a column basis of A, then the answer to the question “can we reduce the

rank of A to a number r < ` by editing at most k entries in A” would have been completely

determined by the answer to the same question where the editing operations are restricted

to the submatrix of A formed by columns in the sets B1, . . . , Bk. The same conclusion is

also true in the case where each Bi is not necessarily a basis, but simply a set of r + 1

linearly independent columns. Keeping this intuition in mind, we turn to examine an

approach where we greedily select and remove (one-by-one) k + 1 pairwise disjoint sets

of linearly independent columns. In each iteration, we attempt to select a set whose size

is exactly r + 1, where if it is not possible, we select a set of maximum size.

Now, let us move to the formal part of our arguments. Note that the relation “is a jumbled

matrix of” as defined in Section 4.2 is an equivalence relation. We need the following

simple observations which follow from the definition of the rank of a matrix.

Observation 1. Let A ∈ Fm×n be a matrix of rank equal to r. To make the rank of A at

most r − 1, one needs to change at least one entry in A.

Observation 2. For a matrix A, let Ã be a jumbled matrix of A. Then, the instances

(A, r, k), (AT , r, k), (Ã, r, k) and (ÃT , r, k) are equivalent instances of Matrix Rigidity.

Observation 3. For a matrix A, let Ã be a jumbled (sub-)matrix of A. Then rank(Ã) =

rank(A). If Ã be a jumbled submatrix of A, then rank(Ã) ≤ rank(A).



Using Observation 3, we have the following.

Observation 4. If Ã is a jumbled submatrix of A and (Ã, r, k) is a No-instance of Matrix

Rigidity, then (A, r, k) is also a No-instance of Matrix Rigidity.

A solution S to an instance (A, r, k) of Matrix Rigidity is a set of size at most k consisting

of tuples having three values. For an element (i, j, e) ∈ S the value of A j
i is set to the value

e in the edited matrix. We denote the matrix edited using the solution S by AS .

Lemma 28. Let Ã be a jumbled matrix of an m× n matrix A. Let σr ∈ S m and σc ∈ S n be

the permutations which generate the jumbled matrix Ã. If S is a solution of the instance

(A, r, k) of Matrix Rigidity then a solution of (Ã, r, k) is given by S̃ = {(σr(i), σc( j), e) :

(i, j, e) ∈ S }.

Proof. Using the definition of jumbled matrices and the set S̃ , we get that ÃS̃ is a jumbled

matrix of AS . By Observation 3, we get that the rank(ÃS̃ ) ≤ r. The size of S̃ is equal to k,

this proves that S̃ is a solution of (Ã, r, k). �

As stated before, our procedure greedily selects a set of columns of A of appropriate

dimension iteratively. A detailed description of the procedure, called Column-Reduction,

can be found in Figure 4.1. We will now explain the ideas necessary to understand this

procedure, which is the heart of this section. The input to Column-Reduction consists of a

matrix A over any field, given along with non-negative integers k and r. It outputs a matrix

Ã whose number of columns is bounded by a function of k and r such that the instances

(A, r, k) and (Ã, r, k) are equivalent instances of Matrix Rigidity. The computation of

a column basis and linearly independent vectors are done in the field F over which the

matrix A is provided.

The procedure employs several variables. The variable i is used as an index variable

whose initial value is 0, and it is incremented by 1 at a time. The case when the value

of i exceeds k we will show that we are dealing with a No-instance, otherwise the value



depends on a particular input matrix A and is at most k. The variables M0,M1, . . . are

submatrices of the input matrix A, satisfying the property that Mi is a submatrix of Mi−1

with M0 = A. In the first loop of Column-Reduction (line 3), if the matrix Mi has rank

at least r + 1 then the variable Li stores a set of r + 1 linearly independent columns in the

matrix Mi. Additionally, Mi can be obtained by appending the columns in Li to the matrix

Mi+1. The variable i≤r is set to the value of i where the rank of Mi falls below r + 1—

after its initialization the value of i≤r is not changed. In the second half of the procedure,

similar to the set of variables Li, we define a set of variables Bi which store a column basis

of the matrix Mi (line 6). Recall that in this half of the procedure i ≥ i≤r, and therefore

each matrix Mi is of rank at most r. Additionally, Mi can be obtained by appending the

columns in Bi to the matrix Mi+1, for i ≥ i≤r. Finally, the matrix L is constructed using all

the columns in each matrix Li, and the matrix B is constructed using all the columns in

each matrix Bi for appropriate values of i. By Observation 1, we have to edit at least i≤r

entries of L to make its rank at most r.

In the procedure Column-Reduction, a Yes-instance of appropriate size can be obtained

by taking the matrix Z = [0] (of rank 0), which contains 0 as its only entry. Clearly,

(Z, r, k) is a Yes-instance of Matrix Rigidity irrespective of the values of r and k. On the

other hand, the instance (Ir+k+1, r, k) is a No-instance of Matrix Rigidity. Therefore, the

matrix Ir+k+1 can be used in place of a No-instance of appropriate size. We need Z and

Ir+k+1 to satisfy the constraint that a kernel is an instance of the same problem as the input

instance (even though, if the output is given by either line 1 or 4, we have actually solved

the input instance (A, r, k) of Matrix Rigidity in polynomial time). Using the procedure

Column-Reduction, it is straightforward to reduce the number of rows as well. The details

of this procedure are given in Figure 4.2.

Lemma 29. Let A be a matrix over some field F, and let r and k be two non-negative

integers. Given an instance (A, r, k), the procedure Matrix-Reduction runs in time poly-

nomial in input size and returns a matrix Ã satisfying the following properties:



1. Ã has O(r2 · k2) entries.

2. If the output is produced by lines 6c and 9 of Column-Reduction (when called by

Matrix-Reduction), then Ã is a jumbled submatrix of A.

3. (A, r, k) is a Yes-instance of MatrixRigidity if and only if (Ã, r, k) is a Yes-instance.

Proof. The steps of procedure Column-Reduction are all computable in polynomial time,

and therefore Matrix-Reduction runs in polynomial time. We now prove the desired

properties one by one. Let the matrix Ñ denote the output of Column-Reduction on the

input instance (N, r, k).

Proof of 1: We first bound the size of the output of Column-Reduction. The output of this

procedure can occur at lines 1, 4, 6c and 9. If the output happens at line 1, it has 1 column

by construction. Similarly, if the output happens at line 4, it has r + k + 1 ≤ (r + 1) · (k + 1)

columns by construction. If the output occurs at line 6c or line 9, then the number of

columns in Ñ is at most (k + 1) · (r + 1) as it is constructed using columns of at most i ≤ k

matrices, L0, . . . , Li≤r−1, Bi≤r , . . . , Bi, each having at most r + 1 columns.

The procedure Matrix-Reduction first obtains a matrix CA with the aforementioned num-

ber of columns by running Column-Reduction. Then, it runs Column-Reduction again on

the transpose of CA to get its rows bounded. Thus, the dimensions of the output matrix

are as claimed.

Proof of 2: The relation “is a jumbled submatrix of” is a transitive relation, therefore it

suffices to show that the procedure Column-Reduction outputs a jumbled submatrix of

A. If the output happens at lines 6c and 9, then the columns in the output matrix are a

subset of the columns in the input matrix. Therefore, in the first line of procedure Matrix-

Reduction CA is a jumbled submatrix of A. Similarly, RA is a jumbled submatrix of CT
A .

Finally note that for matrices X and Y , X is a jumbled submatrix of Y if and only if XT is

a jumbled submatrix of YT . Hence, the output matrix RT
A is a jumbled submatrix of A.



Proof of 3: We first show that the procedure Column-Reduction produces an equivalent

instance of Matrix Rigidity. In the forward direction, suppose that (N, r, k) is a Yes-

instance of Matrix Rigidity. If the output occurs at line 1, it is a Yes-instance by con-

struction. The output cannot occur at line 4 as (N, r, k) is a Yes-instance. At lines 6c and

9, by property 2, Column-Reduction outputs a jumbled submatrix Ñ of the input matrix

N. Let S denote a solution of the instance (N, r, k) of Matrix Rigidity. By the definition

of a jumbled submatrix, there exists a jumbled matrix N′ of N such that Ñ is a submatrix

of N′. Construct a solution S ′ of N′ from S using Lemma 28. Now construct a set S̃

from S ′ by discarding the elements of S ′ with indices not occurring in the submatrix Ñ.

Observe that ÑS̃ is a submatrix of N′S ′ , therefore it is a jumbled submatrix of NS . By

Observation 3, rank(ÑS̃ ) ≤ rank(NS ) ≤ r, hence (Ñ, r, k) is a Yes-instance of Matrix

Rigidity.

In the backward direction, suppose (Ñ, r, k) is a Yes-instance of Matrix Rigidity. If the

output of Ñ occurs at lines 1 or 4, then we actually know the solution to the instance

(N, r, k) of Matrix Rigidity as explained in the comment of the pseudocode. If the output

occurs at line 6c, then the output Ñ of Column-Reduction is a jumbled matrix of N and

the result holds by Observation 2. Now we are left with the case when the output occurs at

line 9. Let S̃ be any solution to the instance (Ñ, r, k) of MatrixRigidity. The matrix edited

using a solution S̃ is denoted by ÑS̃ . Notice that the matrix Ñ consists of two submatrices

L and B. As L consists of i≤r blocks having rank r + 1, by Observation 1, we need to

edit at least i≤r entries in L. So, we can afford to make at most k − i≤r edits in the matrix

B. As B consists of k + 1 − i≤r blocks, by pigeonhole principle there exists at least one

block in B, say Bt, which is not subject to any edit by the solution S̃ . Construct the matrix

N′ by concatenating the columns of Mk+1 (the columns discarded by the procedure) at the

end of the matrix Ñ. By construction N′ is a jumbled matrix of N and Ñ is its submatrix.

Moreover, the matrix N′
S̃

has rank at most r due to the presence of the unedited block Bt

in ÑS̃ which spans the matrix Mk+1. As S̃ is a solution of (N′, r, k), use Lemma 28 to get

a solution S of (N, r, k). Thus, rank(NS ) = rank(N′
S̃
) = rank(ÑS̃ ) ≤ r, proving that the



instance (N, r, k) is a Yes-instance of Matrix Rigidity.

To complete the proof, observe that in the procedure Matrix-Reduction, the instances

(A, r, k) and (CA, r, k) are equivalent by the argument above. By Observation 2, (CA, r, k)

and (CT
A , r, k) are equivalent. As RA is the output of Column-Reduction, (RA, r, k) is equiv-

alent to (CA, r, k). Finally, by Observation 2, again (RA, r, k) and (RT
A, r, k) are equiva-

lent. �

If the matrix A is over a fixed finite field F, we obtain a kernel as well.

Theorem 26. Given an instance (A, r, k) of FF Matrix Rigidity over the field Fp, the

procedure Matrix-Reduction outputs an O(r2 · k2 · log p)-kernel.

Proof. The number of entries in the output matrix of Matrix-Reduction is bounded by

O(r2 · k2), and the bit length of each entry is at most dlog2 pe. �

In case the field F is infinite—for example, if F is either Q or R—the procedure is not

guaranteed to produce a kernel as the bit lengths of matrix entries may not be bounded by

a function of r and k.

4.4 Fixed-Parameter Tractability with Respect to k + r

This section describes an algorithm for Matrix Rigidity. The formulation it presents was

also used in the context of complexity analysis in [95].

Using Lemma 29, we can reduce any instance (A, r, k) to an equivalent instance (A′, r, k)

such that the matrix A′ is a jumbled submatrix of A and the number of entries in A′ is

O(r2·k2). Once we have such a matrix A′, it is useful to examine an alternative definition of

the rank of a matrix, which is given in terms of the determinant of its square submatrices.

Specifically, we will rely on the following proposition. We include a proof for the sake of

completeness.



Proposition 1 (see Chapter 7 in [98]). A matrix A over R has rank at most r if and only if

all the (r + 1) × (r + 1) submatrices of A have determinant 0.

The correctness of our algorithm MatRig-Alg for Matrix Rigidity, which is described

in Figure 4.3, follows in a straightforward fashion using Proposition 1. This algorithm

for Matrix Rigidity crucially relies on a procedure which can decide the feasibility of a

system of polynomials over a given field. This procedure shall be the object of discussion

in the rest of the section.

Observe that each polynomial in P, as defined in the algorithm MatRig-Alg, has at most

k unknowns and its total degree is at most k. The size of P is of order (r · k)O(r). The bit

sizes of the coefficients of polynomials in P are bounded using the following.

Lemma 30. Let A be a matrix over R. If the longest length entry in A has bit length L then

the bit lengths of the coefficients of the polynomials in P, as computed by the algorithm

MatRig-Alg, are of size O(r · L + r · log r).

Proof. The coefficients of polynomials in P are obtained by computing the determinant

of matrices which have size at most r×r. Moreover, the coefficient of a monomial is given

by the determinant of a single matrix (as opposed to being the sum of many determinants)

because the indeterminates occur only once in the mixed matrix. By Hadamard’s inequal-

ity (for a proof see [69]), for a r × r matrix M, we have det(M) ≤
∏

i∈[r] ‖Mi‖2. As the

bit length of entries in A is at most L, the coefficients of polynomials in P are at most∏
i∈[r]

√
r · 2L+1 = (r · 2L+1)

r
2 ; taking its logarithm gives us the bit length. �

We use the following proposition to check the feasibility of the system of polynomials P

when it is defined over R.

Proposition 2 (see Proposition 4.2 in [93]). Given a set P of ` polynomials of degree d

in k variables with integer coefficients of bit length L, we can decide the feasiblility of P

with L log L log log L(` · d)O(k) bit operations.



Applying the proposition above on the system of equations P, we get the following.

Theorem 27. Given a matrix A over R such that the bit length of each of its entries is

bounded by L, and let r and k be two non-negative integers. Then, the instance (A, r, k) of

RealMatrix Rigidity can be solved in time O∗(2O(r·k·log(r·k))).

Proof. The algorithm MatRig-Alg generates O((r · k)2k) systems of equations. Each sys-

tem of equations has ` = (r · k)O(r) equations, where the degree d = k and there are k

variables. Using Proposition 2 along with Lemma 30, we get the required running time.

Notice that a system of equations P is feasible if and only if the chosen entries of the

matrix can be edited to reduce the rank. Since we exhaustively try all possible entries that

can be edited, the correctness of MatRig-Alg follows. �

In the case where the underlying field Fp is finite, the coefficients of the polynomials are

elements of Fp and hence have bounded bit lengths. The feasibility of P over a finite field

can be decided using the following known algorithm which also gives us an algorithm for

FF Matrix Rigidity.

Proposition 3 (Kayal [62]). There is a deterministic algorithm which, given an input

consisting of a finite field Fp and system of polynomials f1, . . . , f` ∈ Fp[x1, . . . , xk] of total

degree bounded by d, decides its feasibility in time dkO(k)
· (` · log p)O(1).

Similar to the proof of Theorem 27, we obtain the following.

Theorem 28. The problem FF Matrix Rigidity, where the input matrix A is an m × n

matrix over a field Fp, can be solved in time f (r, k)(log p + m + n)O(1) for some function f .

This algorithm for FF Matrix Rigidity has the advantage that it runs in time which is

polynomial in the logarithm of the order of the field, even though the dependence on k is

exponential.



4.5 W[1]-Hardness with Respect to k

In this section, we first reduce (in two steps) a special case of Odd Set to a problem that

has a formulation easier to use in our context. The latter problem is reduced to a variant

of Nearest Codeword, which, in turn, is reduced to RealMatrix Rigidity and FF Matrix

Rigidity.

Odd Set Parameter: k

Input: A family F of sets over a universe U and a non-negative integer k.

Question: Does there exist a subset S ⊆ U of size at most k such that the intersection

of S with every set in F has odd size?

Nearest Codeword Parameter: k

Input: An m × n matrix M and an m-dimensional vector b over F2, along with a

non-negative integer k.

Question: Is there an n-dimensional vector x over F2 such that the Hamming distance

between Mx and b is at most k?

Theorem 29. Real Matrix Rigidity and FF Matrix Rigidity for any choice of a finite

field Fp are W[1]-hard with respect to k.

Proof. Let F denote the field, which is either R or some finite field Fp, over which we

define Matrix Rigidity. First, we observe that the reduction from Multicolored Clique

given in the book [27] (Theorem 13.31) to show that Odd Set is W[1]-hard actually shows

that the following special case of Odd Set is W[1]-hard. That is, the constructed instances

have the form specified in the special case.



Partitioned Odd Set Parameter: k

Input: A family F of sets over a universe U, a non-negative integer k, a partition

(U1, . . . ,Uk) of U such that for every i ∈ [k], Ui ∈ F , and for every F ∈ F , there

exist i, j ∈ [k] for which F ⊆ Ui ∪ U j.

Question: Is there a subset S ⊆ U of size at most k such that the intersection of S

with every set in F has size 1?

The arguments below will crucially rely on the fact that we restrict ourselves to this special

case. Given a vector v, we let supp(v) denote the indices of the entries of v that do not

contain 0. Now, we reformulate Partitioned Odd Set in the language of matrices as

follows.

Partitioned OddMatrix Parameter: k

Input: A t × r binary matrix L over R, a non-negative integer k, a partition

(U1, . . . ,Uk) of [r] such that for every i ∈ [k], there exists j ∈ [t] for which

Ui = supp(L j), and for every i ∈ [t], there exist j, ` ∈ [k] for which supp(Li) ⊆ U j∪U`.

Question: Is there an r-dimensional binary vector x such that |supp(x)| ≤ k and

Lx = 1?

Given an instance (F ,U, (U1, . . . ,Uk), k) of Partitioned Odd Set, it is straightforward to

obtain (in polynomial time) an equivalent instance (Lt×r, (U′1, . . . , U′k), k
′) of Partitioned

OddMatrix as follows. First, we let t = |F | and r = |U |. We assume w.l.o.g. that U = [r].

Now, we associate a row Li with each set F ∈ F by letting Li contain 1 at each entry whose

index belongs to F and 0 at each of the remaining entries. That is, supp(Li) = F. Finally,

we let (U′1, . . . ,U
′
k) = (U1, . . . ,Uk) and k′ = k. It is easy to see that S ⊆ U is a solution

to (F ,U, (U1, . . . ,Uk), k) if and only if the binary vector xr×1 such that supp(x) = S is a

solution to (Lt×r, (U′1, . . . ,U
′
k), k), and therefore the instances are equivalent.

We now incorporate the input field F.



F-OddMatrix Parameter: k

Input: A t × r binary matrix L over F and a non-negative integer k.

Question: Is there an r-dimensional vector x over F such that |supp(x)| ≤ k and

Lx = 1?

We reduce Partitioned Odd Matrix to F-Odd Matrix as follows. Given an instance

(Lt×r, (U1, . . . ,Uk), k) of Partitioned OddMatrix, we simply output (Lt×r, k) as the equiv-

alent instance of F-OddMatrix. In one direction, let x be a solution to (Lt×r, (U1, . . . ,Uk), k).

Recall that L is a binary matrix. Thus, since x is a binary vector satisfying Lx = 1 over

R, it must also satisfy Lx = 1 over F. Since |supp(x)| ≤ k, we get that x is a solution to

(Lt×r, k). In the second direction, let x be a solution to (Lt×r, k). Assume w.l.o.g. that for

s ∈ [k] we have supp(Ls) = Us. As the given k sets Ui form a partition and |supp(x)| ≤ k,

for every s ∈ [k] we have |supp(x) ∩ Us| = 1. Since L is a binary matrix and for every

s ∈ [k] we have Lsx = 1 over F, it implies that x is a binary vector. It remains to show, that

Lx = 1 over R. For any index i ∈ [t], there exist j, ` ∈ [k] such that supp(Li) ⊆ U j ∪ U`.

As L and x are both binary, over R we have 1 ≤ Lix ≤ L jx + L`x ≤ 2. To complete the

proof, we claim that Lix , 2 over R. Assume that F = Fp i.e. the order of field is some

prime number p. On the contrary, assume that Lix = 2 over R. For Lix to equal 1 over F,

we must have (2 mod p) = 1, which is impossible as p ≥ 2. This allows us to conclude

that Lix = 1 also over R.

In what follows, calculations are performed over F. Next, we reduce F-Odd Matrix to

the following variant of the Nearest Codeword problem which is inspired by a reduction

from Nearest Codeword to Odd Set of Bonnet et al. [12].

F-Nearest Codeword Parameter: k

Input: An m × n matrix M, an m-dimensional vector b over F, and a non-negative

integer k.

Question: Is there an n-dimensional vector y over F such that the Hamming distance

between My and b is at most k?



Given an instance (Lt×r, k) of F-Odd Matrix, construct an instance (Mm×n, b, k′) of F-

Nearest Codeword as follows. First, let k′ = k. Now, let M be an m × n matrix, where

m = r and n = r − rank(L), such that the rows of L form a basis for the subspace orthog-

onal to the column space of M. Then, an r-dimensional vector v over F satisfies Lv = 0

if and only if v belongs to the column space of M (i.e., there is an n-dimensional vector y

over F such that My = v). Finally, let b be an r-dimensional vector such that Lb = −1. If

no such vector exists, then there is no r-dimensional vector over F such that Lv = 1, which

in particular implies that (Lt×r, k) is a No-instance, and thus we can return a trivial No-

instance of F-Nearest Codeword. Therefore, next assume that b exists. To prove that the

reduction is correct, first let x be a solution to (Lt×r, k). Then, Lx = 1, and since Lb = −1,

we have that L(x + b) = Lx + Lb = Lx− 1 = 0. Therefore, by the choice of M, there exists

an n-dimensional vector y over F such that My = (x+b). Since |supp(x)| ≤ k, we have that

the Hamming distance between My and b is at most k, which implies that y is a solution

to (Mm×n, b, k′). In the other direction, let y be a solution to (Mm×n, b, k′). Then, since the

Hamming distance between My and b is at most k, there exists an m-dimensional vector

x such that |supp(x)| ≤ k and My = x + b. Therefore, by the choice of M, L(x + b) = 0.

Since Lb = −1, we get that Lx = 1, which implies that x is a solution to (Lt×r, k).

Finally, we reduce F-Nearest Codeword to Matrix Rigidity over F. For this purpose,

let (Mm×n, b, k) be an instance of F-Nearest Codeword. We can assume that the columns

of M are linearly independent. To see this, let n′ = rank(M) and let M′ be the m × n′

submatrix of M whose columns are a column basis of M. Notice that the span of columns

of M and M′ are exactly the same. For any choice of vector y, the vector My lies in

the column space of M′. Thus it easily follows that the instances (M, b) and (M′, b)

are equivalent instances of F-Nearest Codeword. Therefore, for the rest of the proof

we assume w.l.o.g. that the columns of M are linearly independent. We construct an

equivalent instance (As×t, r, k) of Matrix Rigidity over F as follows. Let s = m, r = n and



t = (k+1)n+1. The matrix A consists of k+1 repeated copies of M and b as the last column:

A = [M, . . . ,M︸     ︷︷     ︸
k+1 times

, b].

On the one hand, let y be a solution to (Mm×n, b, k). Then, there are at most k entries that

should be changed in b to obtain an m-dimensional vector b′ over F such that My = b′.

In the matrix A, replace the last column b by b′. Denote the resulting matrix by A′. Then,

the last column of A′ is a linear combination of its other columns, by the construction

of A and since My = b′. Therefore, rank(A′) = n, which implies that (As×t, r, k) is a

Yes-instance. In the other direction, suppose that (As×t, r, k) is a Yes-instance. Then, it is

possible to change at most k entries in A and obtain a matrix A′ such that rank(A′) = n.

Besides the last column of A, A consists of k + 1 repeated copies of M (i.e., more times

than the number of changes), it must be that one copy of M remains unedited in A′. Let b′

be the last column of A′, as the rank of A′ is n, we get that there exists an n-dimensional

vector y over F such that My = b′. Since the Hamming distance between b and b′ is at

most k, we have that y is a solution to (Mm×n, b, k). �

4.6 An Algorithm for FF Matrix Rigidity with Subexpo-

nential Dependency on k

In this section, we will also rely on the classic technique of bounded search trees, which

is presented in the Preliminaries. Our objective is to prove the following theorem.

Theorem 30. For some function f , the FF MatrixRigidity problem is solvable inO∗(2O( f (r,p)
√

k log k))

time.

Let Fp be a finite field. We will prove that Matrix Rigidity over Fp is solvable in the

desired time. Let (Am×n, r, k) be an instance of this problem. In Theorem 14 of Chapter 3,



we proved that any rank r skew-symmetric matrix A with entries from {−1, 0, 1} has at

most 3r distinct columns. That proof with a straightforward modification gives us the

following corollary which we state here without proof.

Corollary 10. Any rank r symmetric matrix A with entries from Fp has at most pr distinct

rows and at most pr distinct columns.

Given a matrix M, let I be a maximum sized set of distinct rows of M, and let J be a

maximum sized set of distinct columns of M. Then, we define distinct(M) = M[I, J]. To

be more precise, distinct(M) should be defined as an equivalence class of submatrices up

to reordering of rows and columns, but here we slightly abuse notation and consider some

specific submatrix M[I, J] as distinct(M). Now, let Dr be the set of all rank r matrices

with distinct rows and distinct columns. As each matrix inDr has at most pr rows as well

as at most pr columns, we get the following observation.

Observation 8. The value of |Dr| is bounded by a function of r and p.

To solve (Am×n, r, k) in the desired time, for each D ∈ Dr, we need to check in time

O∗(2O( f (r,p)
√

k log k)), for some function f , whether it is possible to change at most k entries

of A to obtain a matrix M such that distinct(M) = D.

We would be reducing this problem into a graph problem. Next, we show how to interpret

a given matrix as the adjacency matrix of a weighted undirected graph. Given an m × n

matrix M, let

sym(M) =

 0 M

MT 0

 ,
where 0 is the matrix of appropriate dimension that contains zero at each of its entries.

Now, suppose that we are given a matrix D ∈ Dr. Observe that at most k entries in A can

be changed to obtain a matrix M such that distinct(M) = D if and only if there are at most

k pairs (i, j), 1 ≤ i ≤ m and 1 ≤ j ≤ n, such that the entries ai, j+m and ai+n, j in sym(A)

can be changed to obtain a matrix M such that distinct(M) = sym(D). Now, we think of



the matrices sym(A) and sym(D) as adjacency matrices of weighted undirected complete

graphs where the weights belong to Fp. More precisely, given a symmetric matrix Mt×t

with zeros at its diagonal, the construction of graph(M) is performed as follows. For each

index i ∈ [t] we introduce a vertex vi, and the weight of an edge {vi, v j} is given at the

entry mi j. Given a weighted undirected complete graph G = (V, E), let (V1, . . . ,V`) be a

partition of V minimizing ` such that for all i ∈ [`], the weight of each edge between any

two vertices in Vi is 0, and for all distinct i, j ∈ [`], v, v′ ∈ Vi and u ∈ V j, the weight of

{v, u} equals the weight of {v′, u}. Observe that this partition is unique up to reordering the

sets Vi. Informally, two vertices of the graph are in the same partition if they correspond

to entrywise equal columns. Now, we let distinct(G) be the weighted undirected complete

graph having one vertex representing each set Vi, and letting the edge between the vertex

representing Vi and the vertex representing V j have the same weight as any edge between

a vertex in Vi and a vertex in V j in G. Since changing an entry in a matrix M is equivalent

to changing the weight of an edge in graph(sym(M)), we conclude that to prove Theorem

30, it is sufficient to prove the following lemma.

Lemma 31. Let G and H be weighted undirected complete graphs with weights from Fp

such that distinct(H) = H and |V(H)| = g(r, p) for some function g. Then, it is possible to

determine in time O∗(2O( f (r,p)
√

k log k)), for some function f , whether the weights of at most

k edges in G can be changed to obtain a graph G′ such that distinct(G′) = H.

Thus, in the rest of this section, it is sufficient to focus on the proof of Lemma 31, which

is based on the proof of Theorem 21 given in Chapter 3 (which, in turn, is inspired by

the paper [29]). The proof idea relies on a branching algorithm in which the branching

parameter is the number of edits allowed for a particular branch. The proof transforms

a given graph G into another fixed graph H, satisfying distinct(H) = H, whose rank is

already known to be at most r, the target rank. To do so, the vertices of H are treated

like bags which need to be filled in with vertices of G. The operation of placing a vertex

inside a bag corresponds to creating a repeated row and a column, which does not change



the rank. Finally, we need to keep track of number of edits required for a vertex to be

placed in a particular bag of H. This procedure ensures that the graph G is step by step

transformed into another graph G′ such that distinct(G′) is a subgraph of H, thus the rank

of G′ is at most the rank of H. Next, we state a lemma about the branching vectors.

Proposition 4 (see [29]). For t > 0, let (1, t, t, . . . , t) be the branching vector in which t

appears s times. If t is significantly larger than s (t > 2s), then its branching number is

bounded by 1 +
log2 t

t .

Proof of Lemma 31. A vertex of H will be referred to as a bag and will be filled in with

the vertices of G. Let b = |V(H)| denote the number of bags in H and useB = {Bi : i ∈ [b]}

to denote the set of bags. Assume that the vertices in H are v1, . . . , vb and Bi corresponds

to the vertex vi, for all i ∈ [b]. The collection of vertex-sets of G corresponding to the

vertices in distinct(G) is denoted byM = {V1, . . . ,Vt} (recall thatM is a partition of V(G)

and each Vi denotes a set of vertices in G represented by the same vertex in distinct(G)).

Observe that each change of a weight of an edge in G can decrease the number of vertices

in distinct(G) by at most 2, and therefore if t > 2k + |V(H)|, the answer to (G,H, r, p, k)

is No. Therefore, we may next assume that t ≤ 2k + |V(H)|. If at any point during the

calculations below, the value of the parameter k drops below 0, we return the answer

No at the current node of the search tree. If at least one leaf of the search tree returns

Yes, we propagate the value Yes – that is, if a node has several children (corresponding to

different branches considered by a branching rule) and at least one of them returns Yes,

we return Yes. In the preprocessing phase of the algorithm, we add a “sufficient” number

of vertices to each bag, which will allow us later to perform branching rules associated

with branching vectors where the drop in the parameter at all but one branch is large.

Preprocessing phase: Each bag can be in one of two states: closed or open. At the start

of the algorithm all the bags are empty and open. In every bag we create s = b
√

kc empty

slots. Overall there are b · s slots that can be filled. We say that a bag is free if it is open

and less than s slots have been filled in it. The state of a node in the bounded search tree is



denoted using (M,B). As long as there is a free bag, we perform the following branching

rule, consisting of t + 1 branches. In its ith branch, for i ∈ [t], pick an arbitrary vertex u

from Vi, delete it from Vi and add it to the lowest number free bag in B. In the (t + 1)th

branch we mark the lowest number free bag as closed. The application of branching rules

in the preprocessing phase is finished when no bag is free. At each leaf node (M,B) of

the search tree, we construct a graph H′ over the vertices in
⋃
B. For every weighted edge

{vi, v j} in H we add all the edges Bi × B j in the graph H′ with the same weight as {vi, v j}.

Edges between vertices of the same bag have weight 0. Next, for every edge {v, u} in H′,

we check whether the weight of the edge in H′ is the same as its weight in G – if this is

not the case, we decrease k by 1. This operation is equivalent to changing the weight of

the edge in G to its weight in H′.

At the end of the preprocessing phase the following two cases arise. For each vertex vi of

H either we know exactly which are the at most s vertices of G that should be equivalent

to it in a solution graph G′ (i.e., distinct(G′) = H), or we know exactly s vertices of G

equivalent to vi in G′. In the first case, the bag has been closed, and in the second case,

it remains open. In the preprocessing phase, each branching rule consists of at most t + 1

branches and the depth of the search tree is b · s. This gives us the following.

Observation 9. The preprocessing phase can be performed in timeO∗((t+1)b·s) = O∗((b+

2k + 1)b·s) = O∗(2O( f ′(r,p)
√

k log k)) for some function f ′.

Assigning bags to undecided vertices: This phase of the algorithm begins at a node (M,B)

along with the graph H′ and the reduced parameter k as provided by a leaf of the search

tree procedure in the previous phase. The vertices in V(G) \ (
⋃
B), which have not yet

been added to any bag, are called undecided vertices. We note that so far the weight mod-

ifications have been done only within the bag vertices added in the preprocessing phase,

and that the (possibly modified) weights of edges between these bag vertices remain fixed

for the rest of the algorithm. The branching rules stated in the next paragraph are applied

exhaustively in the given order – if at any node of the search tree a rule is applied, then



none of the previous rules is applicable. We first consider the case when all the bags are

open and handle the closed bags later.

Before an undecided vertex is placed in a bag, as a first step we need to ensure that its edge

weight with all the vertices of particular bag are the same. If there exists an undecided

vertex u and a bag Bi ∈ B such that not all of the edges between u and the vertices in Bi

have the same weight then we apply the following rule. For each weight in Fp, we have

a separate branch. In the branch corresponding to some weight w ∈ Fp, for each edge

between u and a vertex in Bi whose weight is not w, we change the weight of the edge to

w and decrease k by 1. For now, u is not yet added to any bag, and remains an undecided

vertex. Let us denote Fp = {w1,w2, . . . ,wp}. Then, for all j ∈ [p], we let s j denote the

number of edges between u and Bi whose weight is not w j ∈ Fp. Let us denote ` = |Bi|.

Notice that
∑p

j=1 s j = `. As Bi is an open bag (due to our current assumption), it has at

least s slots filled, which means that ` ≥ s. Observe that the branching vector we obtain

is precisely (` − s1, ` − s2, . . . , ` − sp).

We now show that the branching number of (` − s1, ` − s2, . . . , ` − sp) is upper bounded

by 1 +
log2(s/2)

(s/2) . For this purpose, since ` ≥ s, it is sufficient to show that the branching

number of (`− s1, `− s2, . . . , `− sp) is upper bounded by 1 +
log2(`/2)

(`/2) . As
∑p

j=1 s j = `, there

can be at most one j ∈ [p] such that s j > `/2. Without loss of generality, suppose that

this j equals 1. Then, (`− s1, `− s2, . . . , `− sp) is at least as good as (1, `− s2, . . . , `− sp),

where each s j is at most `/2. In turn, this means that the latter branching vector is at least

as good as (1, `/2, `/2, ..., `/2), where `/2 occurs (p − 1) times. Then, by Proposition 4,

we derive that the root of this branching vector is upper bounded by 1 +
log2(`/2)

(`/2) . Now,

after applying this rule exhaustively, given any undecided vertex u, for each bag in B the

weights of the edges between u and the vertices in this bag are the same.

We say that a vertex u fits a bag B(u) ∈ B, if u has edges of the same weights as vertices

in B(u) in the graph induced on the bags. That is, the weight of each edge between u and a

vertex in B(u) is 0, and the weight of an edge between u and a vertex v ∈ (
⋃
B)\B(u) is the



same as the weight of an edge between any vertex in B(u) and v. Since distinct(H) = H,

all the vertices in H have distinct weighted neighborhoods, and therefore every vertex u

fits at most one bag. If there exists an undecided vertex u that fits no bag, we branch and

decide on a bag for u, put u in this bag, and perform the necessary changes of weights of

edges between u and vertices in
⋃
B, updating k accordingly. Here, we have b branches,

and at each branch the weights of all of the edges between u and at least one bag are

changed, and therefore the parameter decreases by at least s. That is, we obtain a branch-

ing vector at least as good as (s, . . . , s), where s appears b times. Below we will obtain a

worse branching vector.

After the last step, every undecided vertex u fits exactly one bag B(u). If there are no

two undecided vertices u and v such that if we put u in B(u) and v in B(v), no conflict is

created (that is, the weight of the edge between u and v is the same as the weight of any

edge between a vertex in B(u) and a vertex in B(v)), we can simply return the answer Yes.

Indeed, in this case, since k ≥ 0 (else recall that we would have already returned No), we

have used at most k changes to modify G to a graph G′ such that distinct(G′) = H – each

undecided vertex can be put in the only bag it fits and no changes are required. Therefore,

we now suppose that there are two undecided vertices u and v that do create a conflict. We

apply a branching rule that is an exhaustive search consisting of the following branches:

1. In the first branch, we address the conflict by changing the weight of the edge be-

tween u and v to the weight of any edge between a vertex in B(u) and a vertex in

B(v), decrease k by 1, and then put u in B(u) and v in B(v).

2. Next, we consider b − 1 branches that find a new bag for u. More precisely, in each

of these branches, we put u in a different bag Bi in B\ {B(u)}, update the weights of

the edges between u and other vertices in
⋃
B accordingly (that is, if the weight of

an edge between u and a vertex in Bi is not 0, we update it to 0, and if the weight of

an edge between u and a vertex in a different bag B j is not the same as the weight

of the edge {vi, v j} in H, we update it to this weight). Moreover, in each of these



branches, we decrease k by the number of the changes that were made. Observe

that since u fits only B(u), in each of these branches k is decreased by at least s.

3. Finally, we consider b − 1 branches that find a new bag or v. These branches are

symmetric to those considered in the previous item.

The branching vector we obtain is at least as good as (1, s, . . . , s), where s appears 2(b−1)

times. By Proposition 4, the branching number is bounded by 1 +
log2 s

s .

Thus, if there are no closed bags the branching rules mentioned above will be sufficient to

decide the fate of that branch. Next, we will show that closed bags can be ignored safely

during the branching procedure and the branching rules can be applied on the graph in-

duced on open bags.

Handling the closed bags: The closed bags do not guarantee branching vectors as good

as those given previously. For example, when we change all of the weights of the edges

between some undecided vertex u and the vertices of a closed bag, we are changing less

than s values, and therefore the drop in k is smaller than s. However, the closed bags do not

really pose a problem due to the following arguments, which rely on the fact that after a

bag is marked closed in the preprocessing phase, no vertex will ever be added in it later. In

what follows, we show that we can handle the closed bags by making greedy choices after

the branching choices have been made according to the graph induced on the open bags.

Let U be the set of vertices of H′ corresponding to the open bags. Note that H′[U] may

not remain a graph satisfying distinct(H′[U]) = H′[U]. In that case we group together

bags which are equivalent in H′[U] and call each group a superbag, where two bags Bi

an B j are equivalent if the weight of each edge between them is 0, and for every bag B`,

the weight of an edge between a vertex in Bi and a vertex in B` is the same as the weight

any edge between a vertex in B j and a vertex in B`. So each bag in H′[U] is either a

“normal” bag or a superbag. Observe that each bag in H′[U] has at least s vertices in it

as we are only merging open bags together, which had s vertices in them to begin with.



Considering the graph H[U] with the superbags, we perform exactly the same branching

rules as above, where we assume that all the bags are open. We have fewer branches

and the branching vectors do not get worse. After branching, at the point where we have

previously returned Yes, we have that the each undecided vertex fits one of the bags in

H′[U] and the weights of the edges between them are fixed without conflicts. Now, while

actually adding a vertex u to a bag we also decide on the bag within a superbag S that

will host u. Adding u to a bag does not change the weights of edges within the union of

open bags and set of undecided vertices. Therefore we can take these decisions indepen-

dently for each u, adding u to any bag in S that causes the minimum number of changes of

weights of edges between u and vertices in the closed bags, and updating k accordingly.

Time complexity: Recall that the preprocessing phase is performed in the desired time.

Thus, it remains to analyze the time necessary to perform the calculations following this

phase. The worst branching number we obtained was bounded by 1 +
log2(s/2)

(s/2) , assuming

that s is significantly larger than r and p. Therefore, since s = b
√

kc, we obtain that the

running time of our algorithm is bounded by

O∗

2 f (r,p) ·

(
1 +

log2(s/2)
(s/2)

)k = O∗(2O( f (r,p)
√

k log k))

for some function f . �



Algorithm: Column-Reduction
input: A matrix A over some field F, and two non-negative integers r, k.
output: A matrix having O(r · k) columns.

1. if rank(A) ≤ r then return a Yes-instance of appropriate size and exit.

2. Initialize M0 = A and i = 0.

3. while rank(Mi) ≥ r + 1:

(a) Let Li be a set of columns of Mi which is linearly independent in F and
whose size is r + 1.

(b) Let Mi+1 be the matrix obtained by deleting the columns in Li from Mi.
(c) Increment i by 1.

4. if i > k then return a No-instance of appropriate size and exit.

// The matrix A has more than k pairwise-disjoint blocks of the form L j for j ≤ i,
each having r + 1 linearly independent columns. By Observation 1, each block
Li requires at least 1 edit, hence, by Observation 4, (A, r, k) is a No-instance of
Matrix Rigidity.

5. Let i≤r = i store the index where the rank of Mi falls below r + 1.

6. while i ≤ k:

(a) Let Bi be a column basis of Mi.
(b) Obtain Mi+1 by deleting the columns in Bi from Mi.
(c) if Mi+1 is empty (in other words, Bi = Mi) then return A.
(d) Increment i by 1.

7. Let L be a matrix formed by the columns in each Li for i ∈ {0, . . . , i≤r − 1}.

8. Let B be a matrix formed by the columns in each Bi for i ∈ {i≤r, . . . , k}.

9. Return the matrix formed by the columns in L ∪ B .

//Note that Mk+1 is non-empty if output occurs here.

Figure 4.1: The column reduction procedure.



Algorithm: Matrix-Reduction
input: A matrix A over some field F, and two non-negative integers r, k.
output: A matrix having O(r · k) × O(r · k) entries.

1. Let CA = Column-Reduction(A, r, k).

2. Let RA = Column-Reduction(CT
A , r, k).

3. Return RT
A.

Figure 4.2: The dimension reduction procedure.

Algorithm: MatRig-Alg
input: A matrix A over a field F, and two non-negative numbers r, k.
output: Can we edit at most k entries of A to obtain a matrix of rank at most r?

1. Let A′ =Matrix-Reduction(A, r, k).

2. for each set E of k entries in A′:

(a) Replace each entry of A′ indexed by an element in E by a distinct indeter-
minate to obtain a mixed matrix A′E.

(b) Let P be the set of equations obtained by setting the determinant of each
(r + 1) × (r + 1) submatrix of A′E to 0.

(c) If P is feasible over F then return Yesand exit.

3. Return Noand exit.

Figure 4.3: Description of the algorithm for Matrix Rigidity.





Chapter 5

Rank Vertex Cover as a Natural

Problem for Algebraic Compression1

The question of the existence of a polynomial kernelization of the Vertex Cover Above

LP problem has been a longstanding, notorious open problem in Parameterized Complex-

ity. Five years ago, the breakthrough work by Kratsch and Wahlström [66] on representa-

tive sets has finally answered this question in the affirmative. In this chapter, we present

an alternative, algebraic compression of the Vertex Cover Above LP problem into the

Rank Vertex Cover problem. Here, the input consists of a graph G, a parameter k, and

a bijection between V(G) and the set of columns of a representation of a matriod M, and

the objective is to find a vertex cover whose rank is upper bounded by k.

5.1 Introduction

The field of Parameterized Complexity concerns the study of parameterized problems,

where each problem instance is associated with a parameter k that is a non-negative in-

teger. Given a parameterized problem of interest, which is generally computationally

1This chapter is based on a joint work with Fahad Panolan, Saket Saurabh and Meirav Zehavi.
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hard, the first, most basic question that arises asks whether the problem at hand is fixed-

parameter tractable (FPT). Here, a problem Π is said to be FPT if it is solvable in time

f (k) · |X|O(1), where f is an arbitrary function that depends only on k and |X| is the size of

the input instance. In other words, the notion of FPT signifies that it is not necessary for

the combinatorial explosion in the running time of an algorithm for Π to depend on the

input size, but it can be confined to the parameter k. Having established that a problem is

FPT, the second, most basic question that follows asks whether the problem also admits

a polynomial compression. Here, a problem Π is said to admit a polynomial compression

if there exist a problem Π̂ and a polynomial-time algorithm such that given an instance

(X, k) of Π, the algorithm outputs an equivalent instance (X̂, k̂) of Π̂, where |X̂| = k̂O(1) and

k̂ ≤ k. Roughly speaking, compression is a mathematical concept that aims to analyze

preprocessing procedures in a formal, rigorous manner. We note that in case Π = Π̂, the

problem is further said to admit a polynomial kernelization, and the output (X̂, k̂) is called

a kernel.

The Vertex Cover problem is (arguably) the most well-studied problem in Parameterized

Complexity [33, 27]. Given a graph H and a parameter k, this problem asks whether H

admits a vertex cover of size at most k. Over the years, a notable number of algorithms

have been developed for the Vertex Cover problem [15, 6, 34, 85, 24, 22, 25]. Currently,

the best known algorithm solves this problem in the remarkable time 1.2738k · nO(1) [25].

While it is not known whether the constant 1.2738 is “close” to optimal, it is known that

unless the Exponential Time Hypothesis (ETH) fails, Vertex Cover cannot be solved in

time 2o(k) · nO(1) [58]. On the other hand, in the context of kernelization, the picture is

clear in the following sense: It is known that Vertex Cover admits a kernel with O(k2)

vertices and edges [15], but unless NP ⊆ co-NP/poly, it does not admit a kernel with

O(k2−ε) edges [30]. We remark that it is also known that Vertex Cover admits a kernel

not only of size O(k2), but also with only 2k vertices [24, 68], and it is conjectured that

this bound might be essentially tight [23].



It has become widely accepted that Vertex Cover is one of the most natural test beds

for the development of new techniques and tools in Parameterized Complexity. Unfortu-

nately, the vertex cover number of a graph is generally large—in fact, it is often linear in

the size of the entire vertex set of the graph [33, 27]. Therefore, alternative parameteriza-

tions, known as above guarantee parameterizations, have been proposed. The two most

well known such parameterizations are based on the observation that the vertex cover

number of a graph H is at least as large as the fractional vertex cover number of H, which

in turn is at least as large as the maximum size of a matching of H. Here, the fractional

vertex cover number of H is the solution to the linear program that minimizes
∑

v∈V(H) xv

subject to the constraints xu + xv ≥ 1 for all {u, v} ∈ E(H), and xv ≥ 0 for all v ∈ V(H).

Accordingly, given a graph H and a parameter k, the Vertex Cover AboveMM problem

asks whether H admits a vertex cover of size at most µ(H) + k, where µ(H) is the maxi-

mum size of a matching of H, and the Vertex Cover Above LP problem asks whether H

admits a vertex cover of size at most `(H) + k, where `(H) is the fractional vertex cover

number of H.

On the one hand, several parameterized algorithms for these two problems have been de-

veloped in the last decade [91, 89, 28, 84, 75]. Currently, the best known algorithm for

Vertex Cover Above LP, which is also the best known algorithm Vertex Cover Above

MM, runs in time 2.3146k · nO(1) [75]. On the other hand, the question of the existence

of polynomial kernelizations of these two problems has been a longstanding, notorious

open problem in Parameterized Complexity. Five years ago, the breakthrough work by

Kratsch and Wahlström [66] on representative sets has finally answered this question in

the affirmative. Till date, the kernelizations given by Kratsch and Wahlström are the only

known (randomized) polynomial compressions of Vertex Cover AboveMM and Vertex

Cover Above LP. Note that, since `(H) is necessarily at least as large as µ(H), a poly-

nomial compression of Vertex Cover Above LP also implies a polynomial compression

of Vertex Cover Above MM. We also remark that several central problems in Param-

eterized Complexity, such as the Odd Cycle Transversal problem, are known to admit



parameter-preserving reductions to Vertex CoverAbove LP [75]. Hence, the significance

of a polynomial compression of Vertex Cover Above LP also stems from the observa-

tion that it simultaneously serves as a polynomial compression of additional well-known

problems.

Recently, a higher above-guarantee parameterization of Vertex Cover, resulting in the

Vertex Cover Above Lovász-Plummer, has been introduced by Garg and Philip [45].

Here, given a graph H and a parameter k, the objective is to determine whether H ad-

mits a vertex cover of size at most (2`(H) − µ(H)) + k. Garg and Philip [45] showed

that this problem is solvable in time 3k · nO(1), and Kratsch [65] showed that it admits a

(randomized) kernelization that results in a large, yet polynomial, kernel. We remark that

above-guarantee parameterizations can very easily reach bars beyond which the problem

at hand is no longer FPT. For example, Gutin et al. [52] showed that the parameterization

of Vertex Cover above m/∆(H), where ∆(H) is the maximum degree of a vertex in H and

m is the number of edges in H, results in a problem that is not FPT (unless FPT =W[1]).

Our Results and Methods. In this chapter, we present an alternative, algebraic com-

pression of the Vertex Cover Above LP problem into the Rank Vertex Cover problem.

We remark that Rank Vertex Cover was originally introduced by Lovász [76] as a tool

for the examination of critical graphs. Given a graph H, a parameter `, and a bijection

between V(G) and the set of columns of a representation of a matroid M, the objective of

Rank Vertex Cover is to find a vertex cover of H whose rank (see Definition 10), which

is defined by the set of columns corresponding to its vertices, is upper bounded by `. Note

that formal definitions of the terms used in the definition of Rank Vertex Cover can be

found in Section 5.3.1.

We obtain a (randomized) polynomial compression of size Õ(k7 + k4.5 log(1/ε))2, where

ε is the probability of failure. Here, by failure we mean that we output an instance of

Rank Vertex Cover whose size is not within the claim bound or that is not equivalent

2Õ hide factors polynomial in log k



to the input instance. In the first case, we can simply discard the output instance, and

return an arbitrary instance of constant size; thus, we ensure that failure only refers to

the maintenance of equivalence. Our work makes use of properties of linear spaces and

matroids, and also relies on elementary probability theory. One of the main challenges it

overcomes is the conversion of the methods of Lovász [76] into a procedure that works

over a finite field.

5.2 Preliminaries

In this chapter, the notation F will refer to a finite field of prime size. Accordingly, Fn

is an n-dimensional linear space over the field F, where a vector v ∈ Fn is a tuple of n

elements from the field F. Here, the vector v is implicitly assumed to be represented as a

column vector, unless stated otherwise. The span of a subset of columns of a representable

matroids is simply their linear span.

For a graph G and a vertex v ∈ V(G), we use G \ v to denote the graph obtained from G

after deleting v and the edges incident with v.

5.2.1 Matroids

Definition 7. A matroid X is a pair (U,I), where U is a set of elements and I is a set of

subsets U, which satisfies the following properties: (i)∅ ∈ I, (ii) If I1 ⊂ I2 and I2 ∈ I,

then I1 ∈ I, and (iii) If I1, I2 ∈ I and |I1| < |I2|, then there exists x ∈ (I2 \ I1) such that

I1 ∪ {x} ∈ I.

A set I′ ∈ I is said to be independent; otherwise, it is said to be dependent. A set B ∈ I

is a basis if no superset of B is independent. For example, Ut,n = ([n], {x : x ⊆ [n], |x| ≤

t}) forms a matroid known as a uniform matroid. For a matroid X = (U,I), we use

E(X),I(X) and B(X) to denote the ground set U of X, the set of independent sets I of X,



and the set of bases of X, respectively.

We are interested in linear matroids, which are defined as follows. Given a matroid

X = (U,I), a matrix M having |U | columns is said to represent X if (i) the columns of

M are in bijection with the elements in U, and (ii) a set A ⊆ U is independent in X if

and only if the columns corresponding to A in M are linearly independent. Accordingly,

a matroid is a linear matroid if it has a representation over some field. For simplicity,

we use the same symbol to refer to a matroid M and its representation. For a matrix M

and some subset B of columns of M, we let M[?, B] denote the submatrix of M that is

obtained from M be deleting all columns outside B. The submatrix of M over a subset of

rows R and a subset of columns B is denoted using M[R, B].

We proceed by stating several basic definitions related to matroids that are central to our

work. For this purpose, let X = (U,I) be a matroid.

An element x ∈ U is called a loop if it does not belong to any independent set of X. If

X is a linear matroid, then loops correspond to zero column vectors in its representation.

An element x ∈ U is called an isthmus if it occurs in every basis of X. Note that for a

linear matroid X, an element x is an isthmus if it is linearly independent from any subset

of U \ {x}. For a subset A ⊆ U, the rank of A is defined as the maximum size of an

independent subset of A, that is, rank(A) := maxI′⊆A{|I′| : I′ ∈ I}.

The rank function of X is the function rank : 2U → Z+ that assigns rank(A) to each subset

A ⊆ U. Note that this function satisfies the following properties.

1. 0 ≤ rank(A) ≤ |A|,

2. if A ⊆ B, then rank(A) ≤ rank(B), and

3. rank(A ∪ B) + rank(A ∩ B) ≤ rank(A) + rank(B).

A subset F ⊆ U is a flat if rank(F ∪ {x}) > rank(F) for all x < F. In words, a flat is a

subset of U such that the insertion of any additional element increases its rank. Let F be



the set of all flats of the matroid X. For any subset A of U, the closure A is defined as

A =
⋂

F∈F {F : A ⊆ F}. In other words, the closure of a set is the flat of minimum rank

containing it. Let F be a flat of the matroid X. A point x ∈ F is said to be in general

position on F if for any flat F′ of X, if x is contained in span(F′ \ {x}) then F ⊆ F′.

Deletion and Contraction. The deletion of an element u from X results in a matroid

X′, denoted by X \ u, with ground set E(X′) = E(X) \ {u} and set of independent sets

I(X′) = {I : I ∈ I(X), u < I}. The contraction of a non-loop element u from X results in

a matroid X′, denoted by X/u, with ground set E(X′) = E(X) \ {u} and set of independent

sets I(X′) = {I \ {u} : u ∈ I and I ∈ I(X)}. Note that B is a basis in X/u if and only if

B ∪ {u} is a basis in X. We remark that linear matroids are closed under contraction, and

the representation of the contracted matroid [48] can be found in polynomial time.

When we are considering two matroids X and X/u, then for any subset T ⊆ E(X)\{u},

T represents the closure of T with respect to the matroid X.

A matroid can be also be represented by a ground set and a rank function, and for our

purposes, it is sometimes convenient to employ such a representation. That is, we also

use a pair (U, r) to specify a matroid, where U is the ground set and r is rank function.

Now, we prove several lemmas regarding operations on matroids, which are used later in

the chapter.

Observation 10. Let M be a matroid, u ∈ E(M) be a non-loop element in M and v be an

isthmus in M. Then, rank(M/u) = rank(M) − 1 and v is an isthmus in M/u.

Given a matrix (or a linear matroid) A and a column v ∈ A, by moving the vector v to

another vector u, we refer to the operation that replaces the column v by the column u in

A.

Lemma 32. Let X = (U,I) be a linear matroid, W ⊆ U, and let u, v < W be two elements

that are each an isthmus in X. Let X′ be the linear matroid obtained by moving u to a

general position on the flat spanned by W. Then, v is also an isthmus in X′.



Proof. Let u′ denote the vector to which u was moved (that is in general position on the

span of W). Notice that the only modification performed with respect to the vectors of X

is the update of u to u′. Suppose, by way of contradiction, that v is not an isthmus in X′.

Then, there exists a set of elements S ⊆ E(X′), where v < S , whose span contains v. If

u′ < S , then S ⊆ U, which implies that v was not an isthmus in X. Since this results in

a contradiction, we have that u′ ∈ S . As u′ is in the span of W, v must be in the span of

(W ∪ S ) \ {u′}. Since (W ∪ S ) \ {u′} ⊆ U and v < (W ∪ S ) \ {u′}, we have thus reached a

contradiction. �

We remark that the statement in Lemma 32 does not require the vector u to be moved to

a general position on the flat, but it holds true also if u is moved to an arbitrary vector in

the span of W. Even though we proved a stronger result, we stated a weaker Lemma 32

as it will be useful in its present form.

Lemma 33. Let X = (U,I) be a matroid and u ∈ U be an element that is not a loop in X.

If v ∈ U is an isthmus in X, then v is also an isthmus in the contracted matroid X/u.

Proof. Suppose, by way of contradiction, that v is not an isthmus in X/u. Then, there

exists an independent set I ∈ I(X/u), where v < I, whose span contains v. In particular,

this implies that I ∪ {v} is a dependent set in X/u. By the definition of contraction, I ∪ {u}

is an independent set in X. As v is an isthmus in X, I ∪ {u, v} is also an independent set in

X. By the definition of contraction, I ∪ {v} is an independent set in X/u, which contradicts

our previous conclusion that I ∪ {v} is a dependent set in X/u. �

Lemma 34. Let v be an element in a matroid X = (U,I), which is not a loop in X. Let T

be a subset of U such that v ∈ T. Then, rankX(T ) = rankX/v(T \ {v}) + 1.



Proof.

rankX/v(T \ {v}) = max
I⊆T\{v}

{|I| : I ∈ I(X/v)}

= max
I⊆T\{v}

{|I| : I ∪ {v} ∈ I(X)}

= rankX(T ∪ {v}) − 1

= rankX(T ) − 1 (because v ∈ T ).

This completes the proof of the lemma. �

The lemma above can be rephrased as follows: if T is a set of elements in a matroid

X = (U,I) such that an element v ∈ U is contained in the span of T , then the rank of T in

the contracted matroid X/v is smaller by 1 than the rank of T in X.

5.3 Compression

Our objective is to give a polynomial compression of Vertex Cover Above LP. More

precisely, we develop a polynomial-time randomized algorithm that given an instance of

Vertex CoverAbove LP with parameter k and ε > 0, with probability at least 1−ε outputs

an equivalent instance of Rank Vertex Cover whose size is bounded by a polynomial in

k and ε. It is known that there is a parameter-preserving reduction from Vertex Cover

Above LP to Vertex Cover Above MM such that the parameter of the output instance is

linear in the parameter of the original instance [66]. Thus, in order to give a polynomial

compression of Vertex Cover Above LP to Rank Vertex Cover where the size of the

output instance is bounded by Õ(k7 + k4.5 log(1/ε)), it is enough to give a polynomial

compression of Vertex Cover Above MM to Rank Vertex Cover with the same bound

on the size of the output instance. Given a graph H, we use µ(H) and β(H) to denote the

maximum size of a matching of H and the vertex cover number of H, respectively. Let

(G, k) be an instance of Vertex Cover AboveMM. Let n = |V(G)| and In denote the n × n



identity matrix. That is, In is a representation of Un,n. Notice that (G, k) is a Yes-instance

of Vertex Cover Above MM if and only if (G, In, µ(G) + k), with any arbitrary bijection

between V(G) and columns of In, is a Yes-instance of Rank Vertex Cover.

In summary, to give the desired polynomial compression of Vertex Cover Above LP, it is

enough to give a polynomial compression of instances of the form (G, In, µ(G)+k) of Rank

Vertex Cover where the size of the output instance is bounded by Õ(k7 + k4.5 log(1/ε)).

Here, the parameter is k. For instances of Rank Vertex Cover, we assume that the

columns of the matrix are labeled by the vertices in V(G) in a manner corresponding to a

bijection between the input graph and columns of the input matrix. As discussed above,

we again stress that now our objective is to give a polynomial compression of an instance

of the form (G, In, µ(G) + k) of Rank Vertex Cover to Rank Vertex Cover, which can

now roughly be thought of as a polynomial kernelization. We achieve the compression in

two steps.

1. In the first step, given (G,M = In, µ(G) + k), in polynomial time we either con-

clude that (G, In, µ(G) + k) is a Yes-instance of Rank Vertex Cover or (with high

probability of success) output an equivalent instance (G1,M1, `) of Rank Vertex

Cover where the number of rows in M1, and hence rank(M1), is upper bounded by

O(k3/2). More over we also bound the bits required for each entry in the matrix to

be Õ(k5/2 + log(1/ε)) This step is explained in Section 5.3.2. Notice that after this

step, the graph G1 need not be bounded by kO(1).

2. In the second step, we work with the output (G1,M1, `) of the first step, and in

polynomial time we reduce the number of vertices and edges in the graph G1 (and

hence the number of rows and columns in the matrix M1). That is, output of this

step is an equivalent instance (G2,M2, `) where the size of G2 is bounded by O(k3).

This step is explained in Section 5.3.3.

Throughout the compression algorithm, we work with Rank Vertex Cover. Notice that



the input of Rank Vertex Cover consists of a graph G, an integer `, and a linear rep-

resentation M of a matroid with a bijection between V(G) and the set of columns of M.

In the compression algorithm, we use operations that modify the graph G and the ma-

trix M simultaneously. To employ these “simultaneous operations” conveniently, we first

define (in Section 5.3.1) the notion of a graph-matroid pair. Then, we define deletion

and contraction operations on a graph-matroid pair, and state some properties of these

operations.

5.3.1 Graph-Matroid Pairs

We start with the definition of a graph-matroid pair.

Definition 8. A pair (H,M), where H is a graph and M is a matroid over the ground set

V(H), is called a graph-matroid pair.

Notice that there is natural bijection between V(H) and E(M), which is the identity map.

Now, we define deletion and contraction operations on graph-matroid pairs.

Definition 9. Let P = (H,M) be a graph-matroid pair, and let u ∈ V(H). The deletion of

u from P, denoted by P \ u, results in the graph-matroid pair (H \ u,M \ u). If u is not

a loop in M, then the contraction of u in P, denoted by P/u, results in the graph-matroid

pair (H \ u,M/u). For an edge e ∈ E(H), P \ e represents the pair (H \ e,M)

In this chapter, these operations are performed on graph-matroid pairs. We remark that

matroid deletion and contraction can be done time polynomial in the input size. For details

we refer to [48, 86].

Definition 10. Given a graph-matroid pair P = (H,M), the vertex cover number of P is

defined as τ(P) = min{rankM(S ) : S is a vertex cover of H}.

For example, if M is an identity matrix (where each element is an isthmus), then τ(P) is

the vertex cover number of H. Moreover, if we let M be the uniform matroid Ut,n such



that t is at least the size of the vertex cover number of H, then τ(P) again equals the vertex

cover number of H.

Let P = (H,M) be a graph-matroid pair where M is a linear matroid. Recall that M is also

used to refer to a given linear representation of the matroid. For the sake of clarity, we

use vM to refer explicitly to the column vector associated with a vertex v ∈ V(H). When

it is clear from context, we use v and vM interchangeably.

Lemma 35 ([76]). Let P = (H,M) be a graph-matroid pair and v ∈ V(H) such that the

vector vM is an isthmus in M, where M is a linear matroid. Let P′ = (H,M′) be the

graph-matroid pair obtained by moving vM to a vector vM′ in general position on a flat

containing the neighbors of v, NH(v). Then, τ(P′) = τ(P).

Proof. Note that the operation in the statement of the lemma does not change the graph

H. The only change occurs in the matroid, where we map an isthmus vM to a vector lying

in the span of its neighbors. It is clear that such an operation does not increase the rank of

any vertex cover. Indeed, given a vertex cover T of H, in case it excludes v, the rank of T

is the same in both M and M′, and otherwise, since vM is an isthmus, the rank of T cannot

increase when M is modified by replacing vM with any other vector. Thus, τ(P′) ≤ τ(P).

For the other inequality, let T be the set of vectors corresponding to a minimum rank

vertex cover of the graph H in the graph-matroid pair P′ (where we have replaced the

vector vM by the vector vM′). In what follows, note that as we are working with linear

matroids, the closure operation is the linear span. We have the following two cases:

Case 1: vM′ < T In this case T is still a vertex cover of H with the same rank. Thus,

τ(P′) = rankM′(T ) = rankM(T ) ≥ τ(P).

Case 2: vM′ ∈ T Here, we have two subcases:

• If vM′ < T \ {vM′}, then note that τ(P′) = rankM′(T ) = rankM′(T \ {vM′}) + 1 =



rankM((T \ {vM′}) ∪ {vM}) ≥ τ(P). The third equality follows because vM is an

isthmus.

• If vM′ ∈ T \ {vM′}, then as vM′ is in general position on the flat of its neighbors, by

definition this means that all of the neighbors of vM′ are also present in T \ {vM′}.

Since vM and vM′ have the same neighbors (as the graph H has not been modified),

all of the neighbors of vM belong to in T \ vM′ . Thus, T \ {vM′} is a vertex cover of H.

Therefore, τ(P′) = rankM′(T ) = rankM′(T ) = rankM′(T \ vM′) = rankM(T \ vM′) ≥

τ(P). The second equality crucially relies on the observation that rank of a set is

equal to the rank of the span of the set.

This completes the proof of the lemma. �

Lemma 36 ([76]). Let P = (H,M) be a graph-matroid pair, and let v be a vertex of

the graph H that is contained in a flat spanned by its neighbors. Let P′ = P/v. Then,

τ(P′) = τ(P) − 1.

Proof. Recall that the contraction of a vertex v in P results in the graph-matroid pair

P′ = (H \v,M/vM), i.e. the vertex is deleted from the graph and contracted in the matroid.

Denote the contracted matroid M/vM by M′.

We first prove that τ(P) ≤ τ(P′) + 1. Let T be a minimum rank vertex cover in P′,

i.e. rankM′(T ) = τ(P′). Let W be a maximum sized independent set in I(M′) contained in

T . Then, by the definition of contraction, W ∪ {v} is a maximum sized independent set in

I(M) contained in T ∪ {v}. Moreover, T ∪ {v} is a vertex cover in H, and therefore we get

that τ(P) ≤ rankM(T ∪ {v}) = |W ∪ {v}| = rank′M(T ) + 1 = τ(P′) + 1.

Now we prove that τ(P′) ≤ τ(P)−1. Assume that T is a minimum rank vertex cover of P.

In case v < T , it holds that all of the neighbors of v must belong T to cover edges incident

to v. By our assumption, v is in the span of its neighbors in M. Therefore, v necessarily

belongs to the span of T . Note that T \ {v} is a vertex cover of H′. By Lemma 34, we have

that τ(P) = rankM(T ) = rankM′(T \ {v}) + 1 ≥ τ(P′) + 1. This completes the proof. �



5.3.2 Rank Reduction

In this section we explain the first step of our compression algorithm. Formally, we want

to solve the following problem.

Rank Reduction

Input: An instance (G,M = In, µ(G) + k) of

Rank Vertex Cover, where n = |V(G)|.

Output: An equivalent instance (G′,M′, `)

such that the number of rows in M′ is at most

O(k3/2).

Here, we give a randomized polynomial time algorithm for Rank Reduction. More pre-

cisely, along with the input of Rank Reduction, we are given an error bound ε > 0, and

the objective is to output a “small” equivalent instance with probability at least 1 − ε. We

start with a reduction rule that reduces the rank by 2.

Reduction Rule 31 (Vertex Deletion). Let (P, `) be an instance of Rank Vertex Cover,

where P = (G,M) is a graph-matroid pair. Let v ∈ V(G) be a vertex such that vM is

a isthmus in M. Let M1 be the matrix obtained after moving the vM to a vector vM1 in

general position on the flat spanned by NG(v). Let P1 = (G,M1) and let P′ = P1/vM1 .

Then output (P′, ` − 1)

Lemma 37. Reduction Rule 31 is safe.

Proof. We need to show that (P, `) is a Yes-instance if and only if (P′, ` − 1) is a Yes-

instance, which follows from Lemmata 35 and 36. �

Lemma 38. Let (P, `) be an instance of Rank Vertex Cover, where P = (G,M) is a

graph-matroid pair. Let (P′, `−1) be the output of Reduction Rule 31, where P′ = (G′,M′).

Then rank(M′) = rank(M) − 2.



Proof. In Reduction Rule 31, we move a isthmus vM of M to a vector vM1 , obtaining a

matrix M1. Note that vM1 lies in the span of NG(v), and therefore vM1 is not a isthmus

in M1. Hence, we have that rank(M1) = rank(M) − 1. By the definition of general

position, it holds that vM1 is not a loop in M1. Notice that M′ = M1/vM1 . Therefore, by

Observation 10, rank(M′) = rank(M1) − 1 = rank(M) − 2. �

The following lemma explain how to apply Reduction Rule 31 efficiently. Later we will

explain (Lemma 41) how to keep the bit length of each entries in the matrix bounded by

polynomial in k.

Lemma 39. Let M be a linear matroid with |E(M)| = n and let p > 2n be an integer.

Then, Reduction Rule 31 can be applied in polynomial time with success probability at

least 1− 2n

p . The number of bits required for each entry in the output representation matrix

is O(log p) times the number of bits required for each entry in the input representation

matrix3.

Proof. Let F be the set of columns in M corresponding to NG(v). Using formal inde-

terminates x = {xh : h ∈ F}, obtain a vector g(x) =
∑

h∈F xhh. Suppose the values of

the indeterminates have been fixed to some numbers x∗ such that for any independent set

I ∈ M which does not span F, I ∪ {g(x∗)} is also independent. We claim that g(x∗) is in

general position on F. By definition, if g(x∗) is not in general position, then there exists a

flat F′ with g(x∗) ∈ F′ \ {g(x∗)} but it does not contain F. Let I be a basis of F′ \ {g(x∗)},

clearly I does not span F but I ∪ {g(x∗)} is a dependent set, which is a contradiction due

to the choice of x∗.

Let I be an independent set which does not span F. We need to select x in such a way

that DR,I(x) = det(M[R, I ∪ {g(x)}]) is not identically zero for some R. First of all, note

that there is a choice of R for which the polynomial DR,I(x) is not identically zero and has

total degree one. This is so because DR,I(x) =
∑

h∈F xh det(M[R, I∪{h}]); if it is identically

3We remark that we are unaware of a procedure to derandomize the application of Reduction Rule 31.



zero for every R, then det(M[R, I ∪ {h}]) = 0 which implies that every element h ∈ F is

spanned by I. Thus, this case does not arise due to the choice of I. If we choose x ∈ [p]|F|

uniformly at random, for some number p, then the probability that DR,I(x) = 0 is at most

1
p by Schwartz-Zippel Lemma. The number of independent sets in M, which does not

span F, is at most 2n. By union bound, the probability that DR,I(x) = 0 for some I, an

independent set of M, is at most 2n

p . Therefore, the success probability is at least 1 − 2n

p .

The procedure runs in polynomial time and the process of matroid contraction can at most

double the matrix size, this gives us the claimed bit sizes. �

In the very first step of applying Reduction Rule 31, the theorem above makes the bit

sizes O(log p). On applying the the rule again the bit length of entries double each time

due to Gaussian elimination performed for the step of matroid contraction. This can make

the numbers very large. To circumvent this, we show that given a linear matroid (U,I) of

low rank and where the ground set U is small, along with a representation matrix M over

the field R, for a randomly chosen small prime q, the matrix M mod q is also a linear

representation of M (see Lemma 40). To prove this result, we first observe that for any

number n, the number of distinct prime factors is bounded by O(log n).

Observation 11. There is a constant c such that number of distinct prime factors of any

number n, denoted by ω(n), is at most c log n.

The well-known prime number theorem implies that

Proposition 5. There is a constant c such that the number of distinct prime numbers

smaller than or equal to n, denoted by π(n), is at least c n
log n .

Lemma 40. Let X = (U,I) be a rank r linear matroid representable by an r×n matrix M

over R with each entry between −nc′r(1/δ) and nc′r(1/δ) for some constants c′ and δ. Let

ε > 0. There is a number c ∈ O(log 1
ε
) such that for a prime number q chosen uniformly

at random from the set of prime numbers smaller than or equal to cn2r+3(n log n+log(1/δ))2

ε
, the

matrix Mq = M mod q over R represents the matroid X with probability at least 1 − ε
n .



Proof. To prove that Mq is a representation of X (with high probability), it is enough to

show that for any basis B ∈ B(X), the corresponding columns in Mq are linearly indepen-

dent. For this purpose, consider some basis B ∈ B(X). Since B is an independent set in

M, we have that the determinant of M[?, B], denoted by det(M[?, B]), is non-zero. The

determinant of Mq[?, B] is equal to det(M[?, B]) mod q. Let a = det(M[?, B]), and let

b = a mod q. The value b is equal to zero only if q is prime factor of b. Since the absolute

value of each entry in M is at most nc′r(1/δ), the absolute value of a is upper bounded by

r!nc′r2
(1/δ)r. By Observation 11, the number of prime factors of a is at most c1(log(r!) +

c′r2 log n + r log(1/δ)) for some constant c1. The total number of bases in X is at most nr.

Hence the cardinality of the set F = {z : z is a prime factor of det(M[?, B]) for some B ∈

B(X)} is at most nr · c1(log(r!) + c′r2 log n + r log(1/δ)) ≤ c2nr+1(n log n + log(1/δ)) for

some constant c2.

By Proposition 5, there is a constant c3 such that the number of prime factors less than or

equal to c n2r+3(n log n+log(1/δ))2

ε
is at least

t = c3c
n2r+3(n log n + log(1/δ))2

ε log(n2r+3(n log n+log(1/δ))2

ε
)
.

The probability that Mq is not a representation of X (denote it by Mq . M) is,

Pr[Mq . M] = Pr[q ∈ F] ≤
|F|
t

≤
c2

c3c
·

log(n2r+3(n log n+log(1/δ))2

ε
)

nr+1(n log n + log(1/δ))
·
ε

n

For any ε > 0, there is a number c ∈ O(log 1
ε
) such that the above probability is at most ε

n .

This completes the proof of the lemma. �

By combining Lemmata 39 and 40, we can apply Reduction Rule 31, such that each entry

in the output representation matrix has bounded value.

Lemma 41. Given ε > 0, Reduction Rule 31 can be applied in polynomial time with



success probability at least 1 − ε
n . Moreover, each entry in the output representation

matrix is at most c n2r+3(n log n+log(1/ε))2

ε
, where c ∈ O(log 1

ε
).

Proof. Let M be the input representation matrix. Let ε′ = ε/(2n). Now we apply

Lemma 39 using p > 2n

ε′
. Let M′ be the output representation matrix of Lemma 39.

By Lemma 39, M′ represents M with probability at least 1− ε′. Observe that the absolute

values of matrix entries are bounded by the value of q as given in Lemma 40, thus each

entry in M′ has absolute value bounded by nc′n/ε2 for some constant c′. Now, applying

Lemma 40 again completes the proof. �

We would like to apply Reduction Rule 31 as may times as possible in order to obtain a

“good” bound on the rank of the matroid. However, for this purpose, after applying Re-

duction Rule 31 with respect to some isthmus of the matroid, some other isthmuses need

to remain isthmuses. Thus, instead of applying Reduction Rule 31 blindly, we choose

vectors vM whose vertices belong to a predetermined independent set. To understand the

advantage behind a more careful choice of the vectors vM, suppose that we are given an

independent set U in the graph G such that every vertex in it is a isthmus in the matroid.

Then, after we apply Reduction Rule 31 with one of the vertices in U, it holds that every

other vertex in U is still a isthmus (by Lemma 32 and Observation 10). In order to find

a large independent set (in order to apply Reduction Rule 31 many times), we use the

following two known algorithmic results about Vertex Cover AboveMM.

Lemma 42 ([75]). There is a 2.3146k · nO(1)-time deterministic algorithm for Vertex

Cover AboveMM.

Recall that for a graph G, we let β(G) denote the vertex cover number of G.

Lemma 43 ([82]). For any ε > 0, there is a randomized polynomial-time approximation

algorithm that given a graph G, outputs a vertex cover of G of cardinality at most µ(G) +

O(
√

log n)(β(G) − µ(G)), with probability at least 1 − ε.



In what follows, we also need the following general lemma about linear matroids.

Lemma 44 ([48]). Let M be an a× b matrix representing some matroid. If M′ is a matrix

consisting of a row basis of M then M′ represents the same matroid as M.

We are now ready to give the main lemma of this subsection.

Lemma 45. There is a polynomial time randomized algorithm that given an instance

(G,M = In, µ(G) + k) of Rank Vertex Cover and ε̂ > 0, with probability at least 1 − ε̂

outputs an equivalent instance (G′,M′, `) of Rank Vertex Cover such that the number of

rows in M′ is at most O(k3/2). Here, M′ is a matrix over the field R where each entry is

Õ(k5/2 + log(1/ε̂)) bits long.

Proof. Recall that n = |V(G)|. If k ≤ log n, then we use Lemma 42 to solve the problem

in polynomial time. Next, we assume that log n < k. Let δ = ε̂/2. Now, by using

Lemma 43, in polynomial time we obtain a vertex cover Y of G of size at most µ(G) +

c′
√

log n · k ≤ µ(G) + c′ · k3/2, with probability at least 1 − δ, where c′ is some constant.

If we fail to compute such a vertex cover, then we output an arbitrary constant sized

instance as output; and this will happen only with probability at most δ. Otherwise, let

S = V(G) \ Y . Since Y is a vertex cover of G, we have that S is an independent set of G.

Hence, |S | ≥ n−(µ(G)+c′ ·k3/2). Since M = In, all the elements of M, including the ones in

S , are isthmuses in M. Now, we apply Reduction Rule 31 with the elements of S (one by

one). By Lemma 32 and Observation 10, after each application of Reduction Rule 31, the

remaining elements in S are still isthmuses. In particular, we apply Reduction Rule 31

|S | many times. Let (G′,M′, `) be the instance obtained after these |S | applications of

Reduction Rule 31 using Lemma 41 (substituting ε = δ in Lemma 41).

By Lemma 38, we know that after each application of Reduction Rule 31, the rank reduces



by 2. Hence,

rank(M′) = rank(M) − 2|S |

= n − 2
(
n − (µ(G) + c′ · k3/2)

)
= −n + 2µ(G) + 2c′ · k3/2 ≤ 2c′ · k3/2 (because 2µ(G) ≤ n).

During each application of Reduction Rule 31, by Lemma 44, we can assume that the

number of rows in the representation matrix is exactly same as the rank of the matrix.

Now, we return (G′,M′, `) as the output. Notice that the number of rows in M′ is at most

O(k3/2).

Now, we analyze the probability of success. As finding the approximate vertex cover Y

using Lemma 43 fails with probability at most δ = ε̂
2 , in order to get the required success

probability of 1− ε̂, |S | applications of Reduction Rule 31 should succeed with probability

at least 1 − ε̂
2 . We suppose that the matrix M = In is over the field R. Recall that the

instance (G′,M′, `) is obtained after |S | applications of Reduction Rule 31. The failure

probability of each application of Reduction Rule 31 is at most δ
n . Hence, by union bound

the probability failure in at least one application of Reduction Rule 31 is at most δ. Hence

the total probability of success is at least 1 − (δ + δ) = 1 − ε̂. By Lemma 41 each entry in

the output representation matrix is at most cn2r+3(n log n+log(2/ε̂))2

ε̂
. Hence the bits required to

represent an entry in M′ is at most Õ(r log n + log(2/ε̂)) = Õ(k5/2 + log(1/ε̂)). �

5.3.3 Graph Reduction

In the previous subsection, we have seen how to reduce the number of rows in the matroid.

In this subsection, we move to second step of our compression algorithm. That is, to

reduce the size of the graph. Formally, we want to solve the following problem.



Graph Reduction

Input: An instance (G′,M, `) of Rank Vertex

Cover such that the number of rows in M is at

most O(k
3
2 )

Output: An equivalent instance (G′′,M′, `)

such that |V(G′′)|, |E(G′′)| ≤ O(k3)

Here, we give an algorithm to reduce the number of edges in the graph. Having reduced

the number of edges, we also obtain the desired bound on the number of vertices (as

isolated vertices are discarded). Towards this, we first give some definitions and notations.

In this section, we use F to denote either a finite field or R.

Definition 11 (Symmetric Square). For a set of vectors S over a field F, the symmetric

square, denoted by S (2), is defined as S (2) = {uvT + vuT : u, v ∈ S }, where the operation is

matrix multiplication. The elements of S (2) are matrices. We can define the rank function

r(2) : S (2) → Z by treating the matrices as “long” vectors over the field F.

With a rank function r(2), the pair (S (2)), r(2)) forms a matroid. For details we refer the

reader to [76].

Definition 12 (2-Tuples Meeting a Flat). For a flat F in a linear matroid S (here S is a

set of vectors), the set of 2-tuples meeting F is defined as

F2 := {uvT + vuT : v ∈ F, u ∈ S }.

The dot product of two column vectors a, b ∈ Fn is the scalar aT b and is denoted by 〈a, b〉.

Two properties of dot product are (i)〈a, b〉 = 〈b, a〉 and (ii)〈a, b + c〉 = 〈a, b〉 + 〈a, c〉.

Definition 13. Given a vector space Fd and a subspace F of Fd, the orthogonal space of

F is defined as F⊥ = {x ∈ Fd : 〈y, x〉 = 0 for all y ∈ F}.



The following observation can be proved using associativity of matrix multiplication and

dot product of vectors.

Observation 12. Let u, v,w be three n-length vectors. Then, uvT w = 〈v,w〉u.

For the sake of completeness, we prove the following lemmas using elementary tech-

niques from linear algebra.

Lemma 46 ([76]). For any flat F in a linear matroid S with rank function r, it holds that

F2 (the set of 2-tuples meeting F) forms a flat in the matroid (S (2), r(2)).

Proof. Suppose, by way of contradiction, that F2 is not a flat. Then, there exist a, b ∈ S

such that e = abT + baT ∈ S (2) is not in F2 and

r(2)(F2 ∪ {e}) = r(2)(F2).

As e lies in the span of F2, there exist scalars λuv such that

abT + baT =
∑

u∈F,v∈S

λuv(uvT + vuT ). (5.1)

Note that neither a nor b belongs to F, because if at least one of them belongs to F, then

e lies in F2 (by the definition of F2). Therefore, F , S and it is a proper subspace of

S , which implies that F⊥ is non-empty (follows from Proposition 13.2 in [61]). Pick an

element x ∈ F⊥. By right multiplying the column matrix x with the terms in Equation 5.1,

we get

abT x + baT x =
∑

u∈F,v∈S

λuv(uvT x + vuT x)

〈b, x〉a + 〈a, x〉b =
∑

u∈F,v∈S

λuv〈v, x〉u + 〈u, x〉v

=
∑

u∈F,v∈S

λuv〈v, x〉u (5.2)



The second equality follows from Observation 12, and the third equality follows from the

fact that 〈u, x〉 = 0 (because u ∈ F and x ∈ F⊥). Now, by taking dot product with x, from

Equation 5.2, we have that

2〈a, x〉〈b, x〉 =
∑

u∈F,v∈S

λuv〈v, x〉〈u, x〉 = 0 (5.3)

The last equality follows from the fact that 〈u, x〉 = 0. As the choice of x was arbitrary,

Equations 5.2 and 5.3 hold for all x ∈ F⊥.

By Equation 5.3, for all x ∈ F⊥, at least one of 〈b, x〉 or 〈a, x〉 is zero. If exactly one of

〈b, x〉 or 〈a, x〉 is zero for some x ∈ F⊥, then at least one of a or b is a linear combination

of vectors from F (by Equation 5.2) and hence it belongs to F, which is a contradiction

(recall that we have argued that both a and b do not belong to the flat F). Now, consider

the case where both 〈b, x〉 and 〈a, x〉 are zero for all x ∈ F⊥. Then, both a and b belong to

F⊥⊥. Since F⊥⊥ = F (in the case F is over a finite field, see Theorem 7.5 in [54]), again

we have reached a contradiction. �

For a graph-matroid pair P = (H,M) (here M represents a set of vectors), define E(P) ⊆

M(2) as

E(P) = {uvT + vuT : {u, v} ∈ E(H)}.

Note that E(P) forms a matroid with the same rank function as the one of M(2). Moreover,

the elements of E(P) are in correspondence with the edges of H. For simplicity, we refer

to an element of E(P) as an edge. Using Lemma 46, we prove the following lemma.

Lemma 47 ([76]). Let P = (H,M) be a graph-matroid pair, and let r(2) be the rank

function of E(P). For an edge e that is not an isthmus in (E(P), r(2)), it holds that τ(P\e) =

τ(P).

Proof. The deletion of edges cannot increase the vertex cover number, thus τ(P \ e) ≤



τ(P). Next, we show that it also holds that τ(P \ e) ≥ τ(P).

Let T be a vertex cover of H \ e. Notice that T is a flat in M. Denote e = {u, v} and F = T .

If at least one of u or v lies in F, then F is a vertex cover of H and hence τ(P \ e) ≥ τ(P).

Hence, to conclude the proof, it is sufficient to show that at least one of u or v lies in F.

Suppose, by way of contradiction, that u, v < F. Then, the edge e = uvT + vuT does not

belong to F2 (the set of 2-tuples meeting F). By Theorem 47, we have that F2 is a flat in

(M(2), r(2)). Since F is a vertex cover of H \ e, by the definition of F2 and E(P), we have

that E(P) \ {e} ⊆ F2. Recall that e is not an isthmus in (E(P), r(2)). This implies that e

belongs to the closure of E(P) \ {e}, and hence it belongs to its superset F2. We have thus

reached a contradiction. This completes the proof. �

Using Lemma 47, we get the following bound on the number of edges.

Lemma 48. Let (H,M, `) be an instance of Rank Vertex Cover and r = rank(M). Ap-

plying the reduction given by Lemma 47 on (H,M) exhaustively results in a graph with at

most
(

r+1
2

)
edges.

Proof. Observe that the dimension of the matroid (E(P), r(2)) is bounded by
(

r+1
2

)
, and the

reduction given by Lemma 47 deletes any edge that is not an isthmus in this matroid. In

other words, once the reduction can no longer be applied, every edge is an isthmus in the

matroid (E(P), r(2)), and hence the graph has at most
(

r+1
2

)
edges. �

Lemma 48 bounds the number of edges of the graph. To bound the number of vertices in

the graph, we apply the following simple reduction rule.

Reduction Rule 32. Let (G,M, `) is an instance of Rank Vertex Cover. For v ∈ V(G) of

degree 0 in G, output (G \ v,M \ v, `).

Reduction Rule 32 and Lemma 48 lead us to the main result of this subsection:



Theorem 33. There is a polynomial time algorithm, which given an instance (G′,M′, `)

of Rank Vertex Cover such that the number of rows in M is at most O(k
3
2 ), outputs

an equivalent instance (G′′,M′′, `) such that |V(G′′)|, |E(G′′)| = O(k3). Here, M′′ is a

restriction of M′.

By combining both the steps we get a polynomial compression of size Õ(k7 + k4.5 log(1/ε))

for Vertex Cover Above LP.





Chapter 6

Parameterized Complexity of Strip

Packing and Minimum Volume

Packing1

We study the parameterized complexity of Minimum Volume Packing and Strip Packing.

In the two dimensional version, the input consists of a set of rectangles S with integer

side lengths. In the Minimum Volume Packing problem, given a set of rectangles S and a

number k, the goal is to decide if the rectangles can be packed in a bounding box of volume

at most k. In the Strip Packing problem we are given a set of rectangles S , numbers W

and k; the objective is to find if all the rectangles can be packed in a box of dimensions

W ×k. We prove that the 2-dimensional Volume Packing is in FPT by giving an algorithm

that runs in (2 ·
√

2)k · kO(1) time. We also show that Strip Packing is W[1]-hard even in

two dimensions and give an FPT algorithm for a special case of Strip Packing. Some of

our results hold for the problems defined in higher dimensions as well.

1This chapter is based on a joint work with Pradeesha Ashok, Sudeshna Kolay and Saket Saurabh [5].
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6.1 Introduction

The problem of packing objects optimally inside a bin/box is studied in various forms.

Two prominent examples are the Bin Packing problem and the Knapsack problem. We

study generalizations of these problems in a geometric setting. A natural generalization

of the Knapsack problem to two dimensions is the Cutting Stock problem [8]. More

specifically, we study the problem of packing axis-parallel rectangles inside a rectangular

box when only translations are allowed. This restriction of not allowing rotations does not

make the problem artificial, as it still finds practical application [71]. These problems also

find applications in VLSI design [83], scheduling [100], packing television commercial

into station breaks [13] etc.

We consider two versions of this problem. In the Strip Packing problem, given a set of

n axis-parallel rectangles and a rectangular box (strip) of width W, the goal is to pack all

rectangles into this strip so that the height used is minimized. In the Minimum Volume

Packing problem, given a set of n axis-parallel rectangles, goal is to pack these rectangles

in a rectangular container so that the volume of the container is minimized. We also study

these problems in higher dimensions. Now we formally define the problems:

d-Strip Packing

Input: A list of boxes {bi ∈ N
d | 1 ≤ i ≤ n} and a vector of positive integers W ∈ Nd−1.

Output: The minimum integer k such that all the boxes can be packed under transla-

tion into a strip with dimension vector W × k, k being the height of the strip.

Volume packing in two-dimensions is an active area of research due to its immense prac-

tical importance [56].

d-Volume Packing

Input: A list of n boxes {bi ∈ N
d | 1 ≤ i ≤ n}.

Output: The minimum volume rectangular container into which the input boxes can

be packed under translation.



The decision versions of both these problems are proved to be NP-Complete and are

well studied in the context of approximation algorithms. Two-dimensional Strip Packing

admits an AFPTAS [63]. Since Bin Packing, which is a special case of Strip Packing,

cannot have a PTAS [4], the same holds for Strip Packing. For recent approximation

algorithms and results on Minimum Volume Packing see [3]. The online version of these

problems are also studied [53, 102, 59]. For a survey of these problems, we refer the

reader to [71, 26].

We consider the standard parameterized version of these problems, namely the case when

the parameter is the size of the solution. To the best of our knowledge, this is the first study

of the parameterized versions of these problems. For the Strip Packing problem, we prove

that the parameterized version is W-hard for the general case. However, the problem

becomes FPT for a special case where the dimensions of the boxes and therefore the

number of types of boxes is bounded by a constant, this special case is also inspired by a

variant of the Bin Packing problem with similar constraints [47]. We also consider several

special kind of input box dimensions where PTAS and even polynomial time algorithms

exist.

Our results:

1. We prove that 2-Minimum Volume Packing is in FPT by giving an algorithm with

running time (2 ·
√

2)k · kO(1). This algorithm can be generalized to d-dimensions.

2. We prove that Strip Packing is W-hard even in two dimensions.

3. We consider a special case of Strip Packing where every dimension of the input

boxes is bounded by a constant. For this case, we show that Strip Packing problem

admits an FPT algorithm.

4. We consider some special cases of Strip Packing where the input rectangles are

squares whose dimensions come from a special set and show that they are solvable



in polynomial time.

Section 6.2 gives some notations and definitions that will be used in subsequent sections.

In Section 6.3, we discuss the FPT algorithm for Minimum Volume Packing problem.

Section 6.4 gives algorithmic and hardness results for Minimum Strip Packing. Section

6.5 gives polynomial time algorithms for special cases.

6.2 Preliminaries

For the context of this chapter, it is enough to know that Bin Packing, in unary represen-

tation and parameterized by the number k of bins allowed, is W[1]-hard [60]. To show

W[1]-hardness of a given problem, it is enough to give an FPT-reduction from Bin Pack-

ing, in unary representation and parameterized by k, to the given problem.

Packing: In this chapter, we only consider axis parallel boxes and containers with dimen-

sions that are positive integer values. When the boxes are in N2 they are referred to as ei-

ther integral rectangles or rectangles. The faces of rectangles are also referred to as edges.

The dimensions of a box in Nd is denoted by a vector of length d, where the ith index indi-

cates the length of the projection of the axis-parallel box onto the ith axis in Rd. Similarly,

we can define a dimension vector for a container. For a dimension d, given a set of positive

integers `1, . . . , `d ∈ N, a container C in d-dimensions with dimension vector (`1, . . . , `d)

is formally defined to be the set of points R = {(x1, . . . , xd) ∈ Rd|xi ∈ [0, `i],∀i ∈ [d]}.

An ith lower face of R is the set R ∩ {xi = 0}. Similarly an ith upper face of R is the set

R∩{xi = `i}. Each rectangle in d dimensions has 2·d faces in total. A corner of a rectangle

is defined as the point of intersection of d non-parallel faces. The corner of a rectangle

which is at closest distance (L2-norm) to the origin shall be referred to as a min-corner

point. A dimension vector, where each index stores a positive integer, is also referred to

as an integral dimension vector. Given a dimension vector (`1, . . . , `d), the volume corre-

sponding to the dimension vector is
∏d

i=1 `i. Two boxes with the same dimension vector



will be referred to as the same type. In this chapter, we allow the boxes to be packed in

such a way that they are axis-parallel and only translations are allowed.

For ease of presentation, in the case of R2, we refer to directions like up, left, down, right.

In 2-dimension, the lower left corner of the container is assumed to be at the origin.

Given a container and input boxes, such that all dimension vectors are integral, we call

an arrangement of rectangles inside a container a packing if the rectangles are completely

contained inside the container and do not overlap (except at the faces). A packing is said

to be integral if the input rectangles are packed in such a way that each corner point of

every rectangle is placed on a point with integer coordinates. A packing is called as a

perfect packing if for each box b and each axis i, the minimum value taken by the ith

coordinate, over all points belonging to a face of b, cannot be decreased, while keeping

the coordinates of all other boxes fixed and maintaining a packing of all input boxes.

Given a fixed container C and a collection of boxes R, a packing of R in C is said to be

a tiling if every point inside C is contained inside some box in R. For this to happen the

sum of volume of boxes must be equal to the volume of the container.

Parameterized Packing Problems: In this chapter, we look at the following parameter-

ized variants of d-Strip Packing and d-Volume Packing.

d-p-Strip Packing Parameter: k

Input: A list of boxes {bi ∈ N
d | 1 ≤ i ≤ n}, W ∈ Nd−1 and k ∈ N.

Question: Is there a container with dimensions W × k such that all the boxes can be

packed into it under axis-parallel translation?



d-p-Strip Packing with bounded dimensions Parameter: k

Input: A list of boxes {bi ∈ N
d | 1 ≤ i ≤ n}, where each side length of a box is at

most ` ∈ N, a vector of positive integers W ∈ Nd−1 and k ∈ N.

Question: Is there a container with dimensions W × k such that all the boxes can be

packed under axis-parallel translation into it?

d-p-Volume Packing Parameter: k

Input: A list of boxes {bi ∈ N
d | 1 ≤ i ≤ n} and a positive integer k.

Question: Is there a container with volume at most k such that all the rectangles can

be packed under translation into the container?

6.3 Volume Packing

In this section, we show that d-p-Volume Packing is FPT. In order to prove this, we first

derive a few relations between optimal packings and integral packings. These relations

will be useful in later sections as well.

Lemma 49. Keeping the dimension vector of the container same, any packing of boxes

can be changed into a perfect packing. Moreover, every perfect packing of boxes with

integral dimension vectors is also an integral packing.

Proof. We apply a sweeping line algorithm to rearrange the rectangles in 2-dimensions.

In higher dimensions, it may be looked upon as a sweeping hyperplane algorithm. We

call a hyperplane perpendicular to the ith axis in d dimensions as an i-plane. For each

i ∈ [d], we take an i-plane and sweep it towards the positive direction of the ith axis

starting from the zero value of the ith axis. The moment when the face of a box gets

completely contained inside an i-plane is referred to as an event. At every event t, we

keep a list Li
t of boxes where a face, which is perpendicular to the ith axis, is contained

in it completely. As the packing is axis parallel there are only two faces for every box



which will result in an event and they can be unambiguously identified as an upper face or

a lower face depending on the value of their ith coordinate. Divide Li
t into two disjoint sets

depending on which face of the box is completely contained in it; Li
t,u denotes the boxes

where the upper face lies on the sweeping hyperplane at t, and Li
t,l denotes the boxes with

the lower face lying on the sweeping hyperplane at t. Let F i
t ⊆ Li

t,l be the set of boxes

whose lower face does not intersect with the upper face of any box in Li
t,u. Observe that

the boxes in F i
t can be “slid down” parallel to the ith axis until either they hit a face of a

rectangle below or hit a face of the container. More formally, it is possible to change the

position of a box in F i
t , without changing the volume of the bounding container, such that

the value at the ith coordinate of each point in the box is strictly less than the current value.

For each box in F i
t , we change the packing, such that all points in the boxes of F i

t have the

minimum possible value at the ith coordinate, without changing the position of boxes not

in F i
t . This operation can be thought of as “moving down” of boxes in F i

t . After all the

boxes in F i
t have been moved down, any box in Li

t,l \F i
t intersects with some rectangle face

in Li
t,u. The invariant maintained is that the boxes whose lower face has been processed by

an event have their lower face intersecting with the upper face of some rectangle whose

upper face has been processed by an event. As the boxes have integral dimension vectors,

inductively it gives us the result that, when the i-plane has swept through the lower face of

every box in the packing, the faces perpendicular to the ith axis have integral co-ordinates.

We keep repeating this procedure for every i ∈ [d] until none of the i-plane sweep results

in the set F i
t being non-empty. It is possible that multiple sweeps have to be made for each

i-axis. At the end of the procedure the corner points of each box get integral co-ordinates

as they are the intersection points of the faces of the boxes.

To see why this procedure terminates, consider the sum S b of the coordinates of the min-

corner point of each box b in the packing, let S =
∑b

i=1 S b be the sum of S bs. After each

i-plane has been swept once, by the invariant proved above, each corner point has integral

coordinates. As the container is in the positive quadrant, S is an integer greater than or

equal to zero, now if any i-sweep results in F i
t being non-empty, the value of S drops by



at least one after the sweep. Since S is bounded from below by zero and is a finite number

at the start of the algorithm, the algorithm has to terminate.

With this proof, we have also proved that an arbitrary packing can be converted into an

integral packing for boxes with integral dimension vectors. Thus, given any packing, we

can constructively convert it into an integral perfect packing without using extra volume.

For the purpose of our proofs it is enough to know that an integral perfect packing exists

that is also optimal. �

As an easy consequence of the above we have the following Lemma.

Lemma 50. There is an integral perfect packing for the input boxes, such that the volume

of the container in which this packing is done is minimized.

Now we are ready to design an FPT algorithm for d-p-Volume Packing. To illustrate the

idea, we first show that 2-p-Volume Packing is FPT.

Theorem 34. 2-p-Volume Packing is FPT with running time (2 ·
√

2)k · kO(1).

Proof. Let the input set of rectangles be represented using the set B = {bi = (wi, hi)|i ∈

[n]}, with integers wi and hi being the width and height of the rectangle bi respectively.

Each rectangle contributes an area of at least one. Therefore, if k is less than the number

of rectangles we can safely output NO. Thus, in the rest of the proof, we assume that

n ≤ k.

Fixing a container: First, we enumerate the dimensions of a rectangle having area k.

For each choice, say k1 × k2, of the dimensions of a potential container C, we do the

following. We assume that C is kept on the co-ordinate plane with lower-left corner at the

origin, each point having integral co-ordinates inside C is referred to as a grid point. We

will construct a set of tilings of the container C using rectangles. For each tiling, we try

to fit each rectangle of B inside some rectangle of the tiling. The key observation is that

that any integral perfect packing of C using B can be extended into a tiling by introducing



some extra 1 × 1 rectangles in B used to fill in the unoccupied area in a packing. By

Lemma 49, we can assume that there is an optimal packing that is integral and perfect.

Also, Lemma 50 implies that a container with optimal area will be such that k1 and k2 are

integers. Thus, there are at most k choices of containers, for which we enumerate a set of

integral tilings and try to derive an optimal integral perfect packing from at least one of

the tilings.

Grid Points in a Tiling: A grid point is referred to as an interior point if it is not contained

on any edge of C. For any tiling of a rectangular container, there are a total of eight ways in

which the edges of the participating rectangles, or tiles, may pass through an interior grid

point of a container in a tiling. We refer to each configuration of edges at a grid point as a

meeting. Figure 6.1 illustrates the meetings for an interior grid point. The meeting 6.1(a)

corresponds to a corner point of four tiling rectangles. The meeting 6.1(b) corresponds to

a grid point contained on the edges of two adjacent rectangular tiles. The meeting 6.1(c)

corresponds to a grid point which is the corner point of two tiles and contained on the

edge of another tiling rectangle. The meeting 6.1(d) corresponds to a grid point contained

inside a tiling rectangle. The meeting corresponding to a corner point of a container

consists of two unit length solid lines intersecting at 90◦. There are exactly two meetings

which correspond to a non-corner edge point of a container. The part of a meeting on the

container edge must be solid, while the unit segment perpendicular to it at the centre can

be either dotted or solid.

For any meeting M, the grid point will be denoted as Mp and will be called a meeting

point. There are exactly four line segments incident to a meeting point. The lines incident

on Mp are of two types, dotted or solid. The solid line segments correspond to the edges

of the tiles that have Mp as a corner point. The dotted line segments denotes tiles where

Mp is not a corner point. There can be at most 4 tiling rectangles that can intersect at Mp.

Generating a Configuration: We denote the dimensions of the container by k1 × k2 for

a rectangular grid RC having an area of k units. The grid RC is assumed to be contained
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Figure 6.1: The 8 possible meetings of a two-dimensional interior grid point g: (a) All
solid lines, (b) There is one other meeting obtained by rotation through 180◦, (c) There
are three other meetings obtained by rotation through multiples of 90◦ and (d) All dotted
lines.

in the co-ordinate plane with lower left corner at the origin. Each point in it is in natural

correspondence with the grid points of the actual container. For any two points u and v

in RC at a distance of one unit from each other, the axis-parallel line segment uv of unit

length is referred to an an edge. We say that two points u, v in RC are adjacent if they

are connected by an edge. Note that the line segment uv does not contain any other grid

point. A cell in RC is defined as a minimal square containing exactly four grid points at

its corners. By minimality, there is no grid point contained inside a cell of RC. Two cells

in RC are said to be adjacent if they share an edge.

A configuration of RC is obtained by associating a solid or a dotted line with each edge

contained in it. Consider the set of at most (2 ·
√

2)k configurations constructed as follows.

Firstly, we construct a new grid, referred to as an m-grid on top of the old grid points in

RC as follows. Draw a line passing through the point (1, 0) at 45◦ to the x-axis in the first

quadrant and draw lines parallel to it spaced regularly at a distance of
√

2 from each other.

We call the family of lines as L. Similarly, draw a line passing through the point (1, 0),

but now at 135◦ to the x-axis. Then draw lines parallel to it spaced regularly at a distance

of
√

2 from each other. We call this family of lines L⊥. The m-grid consists of the lines

of L and L⊥ restricted to the grid RC. The intersection points of L and L⊥ define the

grid points of m-grid. We analogously refer to a cell in the m-grid as an m-cell, it has an

area of 2 units. For clarity, it is depicted in Figure 6.2. Associate a meeting with each of

the internal grid point in RC not contained on the m-grid i.e. with the m-cells contained



Figure 6.2: An RC grid and its m-grid, the lower left point is the origin. The solid lines are
grid lines. The dashed lines represent the m-grid lines. The large black vertices represent
the internal grid points of each m-cell.

completely inside RC. Observe that this associates a solid or a dotted line with each of

the edges in RC, except some edges contained in half-m-cells, with centres lying on the

boundary of RC. In a tiling configuration, the boundary of RC is always selected i.e. it is

solid. So we only need to make a choice for one line in each half-m-cell, with its centre at

the boundary. Take two half-m-cells and observe that there are at most 4 choices for the

undetermined edges in them. Finally, the quarter-m-cells can occur only at the corner of

RC and both their edges are determined (solid). The number of m-cells in RC is b k
2c, thus

the total number of configurations is at most 8
k
2 which is (2 ·

√
2)k.

Obtaining a Tiling: Let RC be a configuration. We call two adjacent cells in RC con-

nected if they both share a dotted edge. We construct an undirected graph GC with the

cells in RC being its vertex set. For any two vertices u, v ∈ V(GC), (u, v) is an edge in GC if

the cells corresponding to u and v are connected. For each connected component in GC, we

check if the cells corresponding to the connected component in GC form a rectangle in RC.

This can be done in polynomial time. If all the connected components in GC correspond

to a rectangle in RC then we have generated a tiling of C. For a tiling RC, the connected

components C1,C2, . . . ,Cm of GC correspond to the set of tiles T = {t1, t2, . . . , tm}. Note

that ti and t j may have the same dimensions for i , j.

Obtaining a Packing: We say a rectangle a is compatible with b if the dimension vector

of a and b are the same. Informally, it means that the rectangle a can be translated to

exactly cover b. Next, for a tiling RC, we define an undirected bipartite graph MC as



follows. The graph MC consists of vertex sets B ] T , where B corresponding to the input

collection of rectangles and T corresponds to the set of tiles in RC. For b ∈ B and t ∈ T

there is an edge in MC if b is compatible with t. Finally, a tiling T of RC contains a

packing of B if and only if there exists a matching in MC which saturates B.

Proof of Correctness: By Lemma 50, there is a container with optimal area and an

integral dimension vector. If the rectangles in B can be packed inside some container

of area k, there there is a container C∗ with dimensions c1 × c2, with c1, c2 ∈ N, and

c1 · c2 = k. This choice of dimensions will be generated by the first step of our algorithm.

By Lemma 49, for a Yes instance, there is an integral packing in a container of minimum

area. As we are enumerating all possible ways in which a rectangle edge may pass through

a grid point, we effectively enumerate all tilings of a fixed container such that the tiling is

an integral packing of the participating tiles. If the given input instance is a Yes instance,

there is an optimal integral packing P∗ can be extended to a tiling T ∗, with T as the

participating set of tiles and where the corners of each tile has integral co-ordinates: this

can be done by adding sufficiently many 1 × 1 tiles to cover the gaps. The bipartite graph

on B and T will have a matching saturating B, since P∗ is contained in T ∗. On the other

hand, if there is a container C∗ and a tiling T ∗ such that there is a matching saturating B

in the bipartite graph MT ∗ , then the matching gives us a packing of B in the container C∗.

This shows that the given instance is a Yes instance.

Running time: Except for the step of generating configurations, all other steps of the

algorithm run in polynomial time (recall that finding a matching in a bipartite graph is

polynomial time solvable). The set of configurations that are generated take (2 ·
√

2)k ·kO(1)

time, for a fixed container. Therefore, the running time of the algorithm is (2 ·
√

2)k ·

kO(1). �

Theorem 34 can be generalized to higher dimensions. To get dimension vectors for a

possible optimal container we try all factorizations of k with d factors in it. To avoid

any ambiguity, we redefine the analogues of structures defined in Theorem 34. A cell in



d-dimensions is a minimal d-dimensional hypercube with unit side length and containing

2d grid points, all of which are corner points. A face of a cell is a d−1 dimensional hyper-

surface bounding it (corresponding to a rectangle edge in 2-dimensions). To generate a

configuration in d-dimensions for d ≥ 2 we assign each face to be either a solid or a dotted

face. The number of faces bounding a d-dimensional cell is 2d. For a tiling to be valid

each boundary face of container is assigned a solid face. To bound the number of internal

faces, observe that there are k unit cells in a given bounding box and each face is shared

by two of the cells. Hence the number of faces is upper bounded by k · d, this gives us a

bound of at most 2k·d configurations.

Analogous to proof of Theorem 34, we can extract a tiling T from a configuration and

check if it gives us a packing. We get the following result.

Theorem 35. d-p-Volume-Packing for a set of rectangles in Nd with parameters d and k

admits a running time of 2k·d · kO(d).

Theorem 34 gives us the following structural property, which will be useful later.

Corollary 11. Given a d-dimensional container with volume k, there are at most 2k·d

configurations, and therefore at most 2k·d tilings such that for each tile the corner points

have integral coordinates. These configurations and tilings can also be found in 2k·d ·kO(d)

time. For d = 2, the number of such configurations and tilings is at most (2
√

2)k and can

be found in time (2
√

2)k · kO(1).

6.4 Strip Packing

In this section, we will study the parameterized complexity of Strip Packing problem.

This problem is already known to be NP-Hard [71]. We first show that Strip Packing in

its general form is W[1]-hard, even when the input is represented in unary form.

Lemma 51. d-p-Strip Packing is W[1]-hard for d ≥ 2.



Proof. We prove the result by giving a reduction from Bin Packing problem to the d-p-

Strip Packing problem. An instance of the Bin Packing problem takes in as input a set of

n objects a1, a2, . . . , an, with each object ai weighing wi, and positive integers W and k.

The goal is to decide whether all the input objects can be fit into at most k bins, each of

capacity W. It was shown in [60] that Bin Packing is W[1]-hard, even when the the input

is represented in unary form.

Let ({a1, a2, . . . , an}, {w1,w2, . . . ,wn},W, k) be an instance of Bin Packing. We construct an

instance of d-p-Strip Packing as follows:

1. First we construct a vector W ′ ∈ Nd−1. The vector has W in its first index and 1 at

all other indices.

2. Next, we construct a set of n boxes. For each object ai, we create a box bi whose

dimension vector in Nd has wi in the first index, and 1 in all other indices.

This completes the construction of our reduced instance. We claim that the Bin Packing is

a Yes instance if and only if the reduced instance of d-p-Strip Packing is a Yes instance.

First, suppose the given instance of Bin Packing is a Yes instance. This means that at most

k bins of capacity W are sufficient to pack all the input objects. In the d-p-Strip Packing

instance, we construct the following arrangement for the input boxes. For 1 ≤ j ≤ k,

let {ai1 , ai2 , . . . , ai j} be the set of objects that are placed in the jth bin. Then, for each

1 ≤ ` ≤ i j, we place the box b` such that the left-most bottom-most coordinate is at

(Σ1≤`′<`w`′ , 1d−2, j − 1). By the construction, for a bin j, all the boxes, corresponding to

the objects in bin j, can be placed without overlap in such a way that their right-most top-

most coordinate is at (Σ1≤`′≤`w`′ , 1d−2, j). Also, when j1 , j2, then a box corresponding

to an object in bin j1 does not overlap with a box corresponding to an object in bin j2.

This means that all boxes can be packed within a height of k of the given container, whose

left-most bottom-most point is placed at the origin.

In the reverse direction, let the constructed d-p-Strip Packing instance be a Yes instance.



By Lemma 49, we know that there is a witnessing packing such that all the input boxes

are placed in integral coordinated in an arrangement that requires the height of the box

to be at most k. Since the height of each input box is 1, an integral arrangement would

mean that the last coordinate for the base and the top of each box is an integer. Thus, the

container of dimension W ′×k can be divided into k smaller containers, each of dimension

W ′ × 1. Let {bi1 , bi2 , . . . , bi j} be the boxes in the jth subcontainer. Then, we place the

objects {ai1 , ai2 , . . . , ai j} in the jth bin for the Bin Packing instance. By construction, in

each bin, the sum of weights of objects packed is at most W. Therefore, we require at

most k bins to pack all given objects, thereby showing that the given Bin Packing instance

is a Yes instance.

This completes the proof of W[1]-hardness of d-p-Strip Packing. �

Now we consider a special case where Strip Packing becomes FPT. This special case

is motivated by the variant of the Bin Packing problem, where the number of types of

weights is bounded by a constant. Determining the complexity of this problem was a long

standing open problem. In [47], the problem was shown to be polynomial time solvable.

We study the case where the dimension of each rectangle is bounded by a constant `. This

also implies that the types of rectangles are bounded by `2.

Lemma 52. 2-Strip Packing is FPT when the dimensions of the input rectangles belong

to a set S such that ` = maxa∈S a is a constant. The running time of the algorithm is

8k` · (nO(`2)W)

Proof. There are at most `2 shapes of boxes that have their dimensions in the set S .

Assume that among the n input boxes, ni boxes of shape i ≤ `2 are there. Let this be

denoted by the vector (n1, n2, . . . , n`2).

Consider a packing of rectangles in a strip of width W and height k. Assume this is a

perfect packing. We will consider vertical layers of fixed width in this packing. The first

layer consists of all rectangles whose right edge is at most ` distance away from the left



boundary of the strip. The second layer consists of rectangles whose right edge is at a

distance of at most ` from the rightmost point of the first layer and so on. Since this

is a perfect packing, for each layer, there is a bounding box of dimension 2` × k. Note

that a bounding box can intersect with rectangles in the previous and next layers also.

The packing contains at most W such layers. Moreover, by the bound on the number of

configurations given in Corollary 11, the number of possibilities for the pattern for each

layer is a 8k`. Let P be the set of all 8k` such patterns. We build a directed graph, G as

follows. Each vertex v in V(G) corresponds to a pattern Pv and there exists a directed

edge (u, v), from u to v, if Pu can be immediately followed by Pv i.e., for each rectangle

r1 ∈ Pv whose left edge intersects with the left boundary of Pv there is a rectangle r2 ∈ Pu

whose the right boundary intersects with the right boundary of Pu and the left boundary of

r1. The weight of edge (u, v) is a vector ((tv
1, t

v
2, . . . , t

v
`2), distuv), where tv

i is the number of

boxes of type i in the pattern Pv, and distuv is the distance(l1 norm in X axis) between the

rightmost point on the right boundary of Pu and the rightmost point on the right boundary

of Pv. Now, suppose there is a walk in the graph G of total weight ((N1,N2, . . . ,N`2),W ′),

such that for each i, Ni ≥ ni and W ′ ≤ W. Then this corresponds to an arrangement of

boxes in a container of dimension W × k. On the other hand, if there is an arrangement

of boxes in a container of dimension W × k, we can always construct a walk in G that has

weight ((N1,N2, . . . ,N`2),W ′), such that for each i, Ni ≥ ni and W ′ ≤ W.

What remains is to find such a walk if it exists, or correctly detect that the instance is

a No instance. For this, we design a dynamic programming algorithm. For each vector

(M1,M2, . . .M`2), where each Mi ≤ ni, for each W ′ ≤ W and for each pattern Pv, we want

to determine whether there is a walk of weight ((M1,M2, . . .M`2),W ′) such that the last

vertex in the walk is v. In the base case, it is trivial to update entries of walks with weight

1. As an induction hypothesis, let us suppose that for each vector (M1,M2, . . .M`2), where

each Mi ≤ ni, for each W ′′ < W ′ and for each pattern Pv, we have determined whether

there is a walk of weight ((M1,M2, . . .M`2),W ′′) such that the last vertex in the walk is

v. To determine whether there is a walk of weight ((M1,M2, . . .M`2),W ′) such that the



last vertex in the walk is v, it is enough to determine whether there is a in-neighbor u of v

such that there is a walk of weight ((M1 − tv
1,M2 − tv

2, . . .M`2 − tv
`2),W ′ − distuv) such that

the last vertex in the walk is u. By definition, W ′ − distuv < W ′. Therefore, by induction

hypothesis, if such a walk ending at u exists then we have stored the answer correctly. If

such a walk exists for an in-neighbor u of v, this also implies that there is a walk of weight

((M1,M2, . . .M`2),W ′) such that the last vertex in the walk is v. Hence, in polynomial

time, we can update each entry of the table. In the end, we search over all vertices v ∈

V(G), and all weights W ′ ≤ W whether there is a walk of weight ((M1,M2, . . .M`2),W ′)

such that the last vertex in the walk is v, and for each i, Mi ≥ ni.

The size of the table is n`
2
·W · 8k`. Each entry takes polynomial time to be updated. In

the end, searching for a required walk also needs polynomial time. Thus, we have given

an algorithm with running time 8k` · (nO(`2)W), which is an FPT algorithm parameterized

by k, when ` is a constant. �

6.5 Polynomial time packings

In this section, we look at some special cases, where square boxes of specific types are

taken. Moreover, the dimension of a smaller square divides that of a larger square. For

these cases, we give combinatorial arguments to show that an optimal packing can be

found in polynomial time. First, we consider the case when 1 × 1 squares are given as

input.

Lemma 53. Given a container whose width is a positive integer W, n1 boxes of width

1 and height 1, and n2 boxes of width l and height l, we can determine in polynomial

time the minimum height required such that all input boxes can be packed into the given

container.

Proof. We use a greedy approach where all the bigger rectangles are packed first and the



remaining space is filled with 1× 1 rectangles. n2 rectangles of dimension l× l are packed

first as tightly as possible with each row (except the top most) containing bW
l c rectangles.

Next, we pack the 1 × 1 rectangles starting with any row that is not filled and continuing

till we pack all rectangles. We claim that this packing optimizes the height used.

Let k1 be the height to which l × l rectangles are packed and k2 be the height to which

1 × 1 rectangles are packed. If k1 ≥ k2, then this is an optimum packing since packing

only l × l rectangles needs a height of k1 in the strip. Otherwise, there is no gap till height

k2 − 1. This implies that k2 is the optimum height since the combined area of the input

rectangles, A = n1 + n2l2, is such that W · (k2 − 1) < A ≤ W · k2. �

We can generalize Lemma 53 to the following.

Lemma 54. Given a container of width W, n1 boxes of width l and height l, and n2 boxes

of width cl and height cl,where c is an integer, we can determine in polynomial time the

minimum height required such that all input boxes can be packed into the given container.

Proof. We use a greedy algorithm as before and pack all the bigger rectangles first and

later fill up the gaps with the smaller rectangles. Let k1 be the height to which l × l

rectangles are packed and k2 be the height to which cl × cl rectangles are packed. If in

this packing, the rectangles are packed without leaving any gaps upto a height k′, then the

packing is optimum by reasons given in the proof of Lemma 53. Otherwise, either all the

small rectangles are packed in one layer in which case this packing is optimum since k2

is a lower bound on the height needed for packing all big rectangles. Or the rectangles

are packed to a width W ′ > W − l. Consider an optimal packing of the boxes. We show

that for any optimal packing, at each integer row of the container, the total width covered

by the rectangles intersecting with the row is at least W −W ′. This is because W −W ′ is

the smallest remainder when dividing W by l. Therefore, for any packing of height k in a

container of width W, there exists a packing of height k in a container of width W ′. By

the arguments of Lemma 53, the packing is optimum for width W ′. This implies that the



packing is optimum for width W. �

Finally, we can give a polynomial packing for the following case.

Lemma 55. We are given a container of width W, and integers a1 < a2.. . . . < at such that

for each i ≤ t, ai is a divisor for all a j, j > i. Let there be ni boxes of width ai and height

ai. We can determine in polynomial time the minimum height required such that all the

input boxes can be packed into the given container.

Proof. We give a packing for these squares as follows: We start with the largest available

square and place it as low and left as possible. We continue this process till all squares

have been packed. We claim that this is an optimal packing for the given set of squares.

We prove the optimality of this packing by induction on t. The base case, when t = 2, is

true due to Lemma 54. Suppose the algorithm finds an optimal packing when the container

has width W, the dimension vectors of the input squares are {b1×b1, b2×b2, . . . bt−1×bt−1},

and for each i ≤ t−1, bi is a divisor for all b j, j > i . Now, we try to give a packing for the

input set of squares, having dimensions a j × a j, j ≥ 1. First, by induction hypothesis, we

use our algorithm to pack the set of squares with dimension vectors ai × ai, i > 1. There

are t− 1 distinct dimension vectors. Therefore, our algorithm gives an optimal packing of

these squares. Since this is an optimal packing of these squares, the height k1 required for

this packing is a lower bound for any optimal packing of the original set of squares. Now

we try to add the squares of dimension a1 × a1 according to the algorithm. Suppose the

height taken after packing the a1 × a1 squares is k1 then we know that this is an optimal

packing. Otherwise, let the height required be k > k1. Except for the top row(which

contains only squares of size a1 × a1), all other rows incur a gap which is strictly less that

a1. As argued in Lemma 54, for any packing of the input boxes, all rows except the top

row incur at least as much gap as our packing. Let the sum of all the gaps in all but the top

row be G. By arguments similar to Lemma 53, the total sum of the areas of the squares

and G is strictly greater than W(k − 1). Therefore, k is the optimum height. �





Chapter 7

Conclusion and Open Problems

In chapters 2 and 3 we studied the vertex deletion and edge deletion problems of reducing

the “rank of the graph” for undirected and oriented graphs. We saw that even though the

considered vertex and edge modification problems are NP-Complete they still admit FPT

algorithms and kernels. We left a few problems open. Firstly, is it possible to obtain im-

proved kernels and algorithms for these problems? In particular, is it possible to improve

the exponent of the subexponential algorithm for r-Rank EdgeDeletion and r-Rank Edit-

ing (in the case of undirected graphs)? It would be interesting to get rid of the log k factor

in the exponent of running time for edge deletion and editing algorithms. Secondly, can

the bound for maximum number of vertices in a reduced directed graph of rank r be im-

proved? In the edge editing version of the problem on oriented graphs, a natural direction

to pursue from here would be to find if the problem r-Rank Editing is NP-Complete.

We note that our hardness reduction does not seem to generalize easily to the editing ver-

sion. Furthermore, what is complexity of the problem of reducing the number of distinct

eigenvalues of a graph by deleting a few vertices or editing a few edges?

In chapter 4 we generalize the results in chapters 2 and 3. In chapter 4 we initiated the

study of parameterized graph modification problems in general, and the parameterized

Matrix Rigidity problem in particular, in general matrices. First, we used a chain of
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reductions: from a special case of Odd Set to a variant of Odd Set that we called F-Odd

Matrix, from F-OddMatrix to a variant of Nearest Codeword that we called F-Nearest

Codeword, and finally from F-Nearest Codeword to Matrix Rigidity. Thus, we showed

that both RealMatrix Rigidity and FF Matrix Rigidity over any finite field are W[1]-hard

with respect to k.

Second, we showed that an input instance of Matrix Rigidity can be pruned to obtain an

equivalent instance in which the matrix has O(r2 · k2) entries. To this end, we employed

an algorithm Column-Reduction which relies on carefully decomposing an input matrix

into blocks of linearly independent columns. Then, we turned to show that both Real

Matrix Rigidity and FF Matrix Rigidity are FPT with respect to r + k. For this purpose,

we reduced the problem to checking the feasibility of several sets of polynomials over a

field. For both these we obtained algorithms running in polynomial time in the bit-lengths

of the entries of the input matrices. Finally, we carefully adapted the technique used to

design the algorithm for r-Rank Edge Deletion in chapter 3 to the study of matrices over

a finite field, and thus developed an algorithm that runs in time O∗(2O( f (r,p)
√

k log k)).

We left several problems open in chapter 4. First, we find it interesting to study the

parameterized complexity of Matrix Rigidity over rationals. Another intriguing question

asks whether Matrix Rigidity admits a parameterized algorithm with respect to k + r

that has a subexponential dependency on k, not allowing an exponential dependency on

the size of the field. In this context, it also seems non-trivial to significantly improve

the dependency on r or to shave the log k factor that are part of the O∗-running time of

the algorithm we gave in Section 4.6. Finally, we note that many natural parameterized

matrix modification problems remain to be explored, such as editing to totally unimodular

matrices or to matrices representing certain matroids.

In chapter 5 we continued on the theme of using the concept of rank in parameterized

complexity and presented a (randomized) polynomial compression of the Vertex Cover

Above LP problem into the algebraic Rank Vertex Cover problem. With probability at



least 1 − ε, the output instance is equivalent to the original instance and it is of bit length

Õ(k7 + k4.5 log(1/ε)). Here, the probability ε is part of the input. Recall that having our

polynomial compression at hand, one also obtains polynomial compressions of additional

well-known problems, such as the Odd Cycle Transversal problem, into the Rank Ver-

tex Cover problem. We note that we do not know how to derandomize our polynomial

compression, and it is also not known how to derandomize the polynomial kernelization

by Kratsch and Wahlström [66]. The following intriguing open problem still remains un-

solved: Does there exist a deterministic polynomial compression of the Vertex Cover

Above LP problem?

In chapter 6 we studied Strip Packing and Volume Packing in the parameterized setting,

when the inputs are boxes with integral dimension vectors, and the containers are also

boxes with integral dimension vectors. We showed that d-p-Volume Packing is FPT, but

d-Strip Packing is W[1]-hard. Because of extensive applications of these problems, it is

also interesting to study special variants of these problems. We studied 2-Strip Packing

with bounded dimensions. This problem is motivated from the study of Bin Packing with

bounded types. An open question is regarding the status of 2-Strip Packing with bounded

types. In other words, if the number of types of input boxes was a constant, then what is

the complexity of the problem? The same can be asked for d-Strip Packing with bounded

types. Lastly, we saw some polynomial time optimal packings for some special cases of

Strip Packing where the input boxes are squares with dimension vectors satisfying certain

constraints. It would be interesting to study these packing problems when the input boxes

are arbitrary squares.
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