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Synopsis

Introduction

Let G be a connected real semisimple Lie group with Lie algebra g. An element
X € g is called nilpotent if ady : g — g is a nilpotent operator. Let Ox denote
the corresponding orbit {Ad(¢g)X | ¢ € G} under the adjoint action of G on g.
These orbits form a rich class of homogeneous spaces which are extensively studied.
Various topological aspects of these orbits have drawn attention over the years; see
[CoMc] and references therein for an account. In this thesis, we describe the second
cohomology groups of the nilpotent orbits in real classical non-compact Lie algebras
which are non-complex. Considering the non-compact non-complex exceptional Lie
algebras we also compute the dimensions of the second cohomology groups for most
of the nilpotent orbits. For the rest of cases of nilpotent orbits in the exceptional
Lie algebras, which are not covered in the above computations, we obtain upper
bounds for the dimensions of the second cohomology groups. The methods involved
above steered us to describe the first cohomology groups of the nilpotent orbits in all
the simple real Lie algebras except Eg_14) and E7(_s5). For the nilpotent orbits in
Eg—14y and E7(_25) we give upper bounds for the dimensions of the first cohomology

groups.

We next fix some notation. The center of a Lie algebra g is denoted by 3(g). We

denote Lie groups by the capital letters, and unless mentioned otherwise, we denote
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their Lie algebras by the corresponding lower case German letters. Sometimes,
for convenience, the Lie algebra of a Lie group G is also denoted by Lie(G). The
connected component of a Lie group G containing the identity element is denoted
by G°. For a subgroup H of G and a subset S of g, the subgroup of H that fixes S
point wise is called the centralizer of S in H and is denoted by Zy(S). Similarly, for
a Lie subalgebra h C g and a subset S C g, by 35,(S) we will denote the subalgebra

consisting elements of h that commute with every element of S.

If G is a Lie group with Lie algebra g, then it is immediate that the coadjoint
action of G° on the dual 3(€)* of 3(£) is trivial; in particular, one obtains a natural
action of G/G° on 3(¥)*. We denote by [3(g)*]¢/%* the space of fixed points of 3(g)*

under the action of G/G".

The second and first cohomologies of homogeneous

spaces

We first formulate a convenient description of the second and first cohomology groups
of a general homogeneous space of a connected Lie group. In [BC1, Theorem 3.3] the
second cohomology groups of any homogeneous space of a connected Lie group are
described under the additional restriction that all the maximal compact subgroups
of the Lie group are semisimple. Our result holds under the mild restriction that
the stabilizer of any point in the homogeneous space has finitely many connected
components and hence generalizes [BC1, Theorem 3.3]. Thus the results are of
independent interest in view of its applicability to a very large class of homogeneous

spaces.

Theorem 0.0.1. Let G be a connected Lie group, and let H C G be a closed subgroup

with finitely many connected components. Let K be a maximal compact subgroup of
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H, and M be a mazximal compact subgroup of G containing K. Then

m

H*(G/H,R) ~ QQ(W

) @ [(3(€) N [m, m])*)F/ 5

and
m

HY(G/H,R) ~ Ql(m

).

The next result, which follows from [CoMc, Lemma 3.7.3] and Theorem 0.0.1,
is crucial to our computations of the second and first cohomology groups of the

nilpotent orbits.

Theorem 0.0.2. Let G be an algebraic group defined over R which is R-simple. Let
X € LieG(R), X # 0 be a nilpotent element and Ox be the orbit of X under the
adjoint action of the identity component G(R)° on LieG(R). Let {X,H,Y} be a
sly(R)-triple in Lie G(R). Let K be a mazimal compact subgroup in Zqry (X, H,Y)

and M be a mazimal compact subgroup in G(R)® containing K. Then
H?*(Ox,R) = [(5(&) N [m, m])"]*/%°

and

1 if t4+[mm]Sm
dimg H'(Ox,R) = =

0 4f ¢+ [mm|=m.

In particular, dimg H'(Ox,R) < 1.

Theorem 0.0.1 and Theorem 0.0.2 appear in the thesis and in [BCM].
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Nilpotent orbits in non-compact non-complex real

classical Lie algebras

We need the notion of Young diagrams and signed Young diagrams to state our
results on the second and first cohomology groups of nilpotent orbits in real classical
non-complex non-compact Lie algebras. Let n be a positive integer. By a partition
of n we mean the symbol [dtldl,...,dids] where t4,,d; € N, 1 < i < s satisfying
Yo tadi = mn, tg, > 1 and dipy > d; > 0 for all i. Let P(n) denote the set of
partitions of n. For a partition d := [didl, . ,dids] we set Ng := {d; | 1 < i < s},
Eq:={d € Ng|dis even} and Oq4 := {d € Ngq | d is odd}. The size of a rectangular
array of empty boxes of height o and width § is denoted by a x 5. A Young
diagram corresponding to a partition d := [didl, . ,dzds} of n is a disjoint union
of rectangular arrays of empty boxes such that the sizes of the rectangular arrays
are tg, X dy,...,tq, X ds. Since there is an obvious correspondence between the set
of Young diagrams of size n and the set P(n) of partitions of n, the set of Young
diagrams of size n is also denoted by P(n). A signed Young diagram is a Young
diagram together with appropriate signs +1 or —1 placed in the empty boxes in each
rectangular array t4, x d;, for all 1 <7 < s. This is defined as follows. We consider
the usual ordering of the signs, —1 < +1. In the first column of the rectangular
array tq, X d;, the signs of 1 are non-increasing as we go down along the first column.
It now remains to allot signs to the boxes in each row of the rectangular array 4, X d;.
We divide into two cases according as d; # 3 (mod 4) or d; = 3 (mod 4). In the
first case, when d; # 3 (mod 4), the signs of 1 alternate across each row. In the
latter case, when d; = 3 (mod 4), for each row, the signs of 1 alternate across the
row till the last but one box, and in the last box of the row the sign of the last but
one box is repeated. For d € Ng, let p; (resp. g4) be the number of +1 (resp. —1)

in the 1% column of the rectangular array of size t4 x d in a singed Young diagram.

The signature of a signed Young diagram is the ordered pair (p, q) where p (resp. q)

21



is the total number of boxes with the sign +1 (resp. —1).

The Young diagrams and the signed Young diagrams, with some more additional
restrictions in some cases, parametrize the nilpotent orbits in all the classical Lie
algebras. There is a natural surjection from the set of nilpotent orbits in sl,(R)
to P(n) such that the fibers have cardinality either one or two. There is a natural
bijection from the set of nilpotent orbits in sl,(H) to P(n). For a pair of integers
(p,q) there is a natural bijection from the set of nilpotent orbits in su(p, q) to the
set of signed Young diagrams of signature (p,q). As before, for a pair of integers
(p, q) there is a natural surjection from the set of nilpotent orbits in so(p, q) to the
set of signed Young diagrams of signature (p, ¢) such that rows of even length occur
with even multiplicity and have their left most boxes labeled by +1. Furthermore,
the fibers of the above surjection have cardinality either one or two or four. In the
case of 50*(2n) there is a natural bijection from the set of nilpotent orbits to the set
of signed Young diagrams of size n in which rows of odd length have their leftmost
boxes labeled by +1. There is a natural bijection from the set of nilpotent orbits in
sp(n,R) to the set of signed Young diagrams of size 2n in which rows of odd length
occur with even multiplicity and have their left most boxes labeled by +1. For a
pair of integers (p, q) there is a natural bijection from the set of nilpotent orbits in
sp(p, q) to the set of signed Young diagrams of signature (p, ¢) in which rows of even
length have their leftmost boxes labeled by +1. The details of parametrization can
be found in [CoMec, §9.3]. We also refer to Chapter 4 of the thesis and [BCM, §5]
for an exposition of the above parametrizations and correction of certain errors in

[CoMc, §9.3].

We use the notation as in the first paragraph of this section and the parametriza-

tions of nilpotent orbits mentioned above to describe our main results.

Theorem 0.0.3. Let X € sl,(R) be a nilpotent element. Let d = [didl, L d) e

P(n) be the partition associated to the orbit Ox.
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1. Ifn >3, #04 =1 and tg = 2 for the 6 € Oq, then dimg H*(Ox,R) = 1.

2. In all the other cases dimg H*(Ox,R) = 0.

1 ifn=2
Moreover, dimg H'(Ox,R) =

0 ifn>3.

Theorem 0.0.4. Let X be a nilpotent element in s, (H). Then dimg H(Ox,R) =0

fori=1,2.

Theorem 0.0.5. Let X € su(p,q) be a nilpotent element. Recall that the orbit Ox
corresponds to a signed Young diagram of signature (p,q). Let d = [didl e ,dé‘is] €

P(n) be the partition associated to the corresponding Young diagram. Let | := #{d |

dENd,pd#O}—l—#{dlde Nd,qd#O}.

1. ]f Nd = Ed, then dlmR HQ(O)(, R) ={—1 and dlmR Hl(OX, R) =1.
2. If 1l =1 and Nq = Qq, then dimg H*(Ox,R) =0 and dimg H'(Ox,R) = 1.

3. If1 > 2 and #0q > 1, then dimg H*(Ox,R) =1—2 and dimg H'(Ox,R) = 0.

We next deal with so(p, ¢). However, to avoid technical complications, we further
assume the additional restrictions p # 2,q # 2 and (p,q) # (1,1). The complete

results without these restrictions appear in the thesis and in [BCM].

Theorem 0.0.6. Let p # 2,q # 2 and (p,q) # (1,1). Let X € so(p,q) be a
nilpotent element. Recall that the orbit Ox corresponds to a signed Young diagram
of signature (p,q) such that rows of even length occur with even multiplicity and have
their left most bozes labeled by +1. Let d = [didl, _...ds] € P(n) be the partition

associated to the corresponding Young diagram. Let | := #Egq.

1. If#{0 € Oq | pp # 0} =1, #{0 € Oq | g9 # 0} = 1 and ps, = qp, = 2 for the
Gle{GEOd\pQ;«éO}, ‘926{960(1’(]97&0}, thendimRHQ((’)X,R):l—i-Q.
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2. Suppose either #{0 € Oq | pg # 0} = 1 and py, = 2 for the 6, € {0 € Oq | py #
0}, or #{0 € Oq | gop # 0} = 1 and qp, = 2 for the 63 € {6 € Oq | g9 # 0}.
Moreover, suppose that both the conditions do not hold simultaneously. Then

dimR HQ(O)(,R) =1 + 1.

3. In all other cases dimg H*(Ox,R) = I.

Moreover, in all the above cases we have dimg H'(Ox,R) = 0.

Theorem 0.0.7. Let X € s0*(2n) be a nilpotent element. Recall that the orbit Ox
corresponds to a signed Young diagram of size n in which rows of odd length have
their leftmost boxes labeled by +1. Let d = [didl,...,dids] € P(n) be the partition

associated to the corresponding Young diagram. Let | == #Q0q. Then

0 if =0
dimR Hz(OX,R) =
-1 afl>1
and
1 ifl=0
dimg H'(Ox,R) =
0 ifl>1.

Theorem 0.0.8. Let X € sp(n,R) be a nilpotent element. Recall that the or-
bit Ox corresponds to a signed Young diagram of size 2n in which rows of odd
length occur with even multiplicity and have their leftmost bozes labeled by +1. Let
d = [dtldl, ..., ds*] € P(n) be the partition associated to the corresponding Young
diagram. Let | == #Q0q. Then

0 ifl=0
dimg H*(Ox,R) =

-1 fi>1
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and

1 ifl=0
dirnR H1<Ox, R) =

0 fl>1.
Theorem 0.0.9. Let X € sp(p,q) be a nilpotent element. Recall that the orbit Ox
corresponds to a signed Young diagram of signature (p,q) in which rows of even
length have their leftmost boxes labeled by +1. Let d := [didl, ..., d=] € P(n) be the

partition associated to the corresponding Young diagram. Let | := #Eq. Then

dimg H*(Ox,R) = and dimg H'(Ox,R) = 0.

Theorems 0.0.3, 0.0.4, 0.0.5, 0.0.6, 0.0.7, 0.0.8, 0.0.9 appear in the thesis and in
[BCM].

Nilpotent orbits in non-compact non-complex real

exceptional Lie algebras

To describe our results we use the parametrizations of nilpotent orbits as given in
[Dj1], [Dj2]. We consider the nilpotent orbits in g under the action of Int g, where
g is a non-compact non-complex real exceptional Lie algebra. We fix a semisimple
algebraic group G defined over R such that g = Lie(G(R)). Here G(R) denotes
the associated real semisimple Lie group of the R-points of G. Let G(C) be the
associated complex semisimple Lie group consisting of the C-points of G. It is easy
to see that the orbits in g under the action of Int g are the same as the orbits in
g under the action of G(R)°. In this case, for a nilpotent element X € g, we set
Ox :={Ad(g)X | g € G(R)°}. Let g = m+p be a Cartan decomposition, and let 6
be the corresponding Cartan involution. Let gc be the Lie algebra of G(C). Then

gc can be identified with the complexification of g. Let mc and pc be the C-spans
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of m and p in gc, respectively. Then gc = m¢ + pc. Recall that, if g is as above and
g is different from both Eg_o6) and Ege), then g is of inner type, or equivalently,
rankmc = rank gc. When g is of inner type, the nilpotent orbits are parametrized
by a finite sequence of integers of length [ where [ := rankm¢ = rank gc. When
g is not of inner type, that is, when g is either Eg_s6) or Eg), then the nilpotent
orbits are parametrized by a finite sequence of integers of length 4. We refer to [Djl]
and [Dj2] for the details of parametrizations of the nilpotent orbits in non-compact

non-complex real exceptional Lie algebras.

Now we state the results on the second cohomology of the nilpotent orbits in

non-compact non-complex exceptional Lie algebras in this set-up.

Recall that up to conjugation there is only one non-compact real form of G5. We

denote it by Ga2). There are only five nonzero nilpotent orbits in Gy(); see [Dj1,

Table VI, p. 510].

Theorem 0.0.10. Let the parametrization of the nilpotent orbits in Goyp) be as in

[Dj1, Table VI, p. 510]. Let X be a nonzero nilpotent element in Gy).

1. If the parametrization of the orbit Ox is given by either 1 1 or 1 3, then
dimR H2(OX,R) =1.

2. If the parametrization of the orbit Ox is given by any of 22, 04, 4 8, then

dimR HQ(OX, R) =0.

Recall that up to conjugation there are two non-compact real forms of Fy. They
are denoted by Fjy4y and Fy_p). There are 26 nonzero nilpotent orbits in Fj4); see

[Dj1, Table VII, p. 510].

Theorem 0.0.11. Let the parametrization of the nilpotent orbits in Fyy) be as in

[Dj1, Table VII, p. 510]. Let X be a nonzero nilpotent element in Fy).
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1. Assume the parametrization of the orbit Ox is given by any of the sequences :

001 1, 001 3, 110 2, 111 1, 131 3. Then dimg H2(Ox,R) = 1.

2. Assume the parametrization of the orbit Ox is given by any of the sequences :

100 2, 200 0, 103 1, 111 3, 204 4. Then dimg H*(Ox,R) < 1.

3. If the parametrization of the orbit Ox is either 101 1 or 012 2, then
dimR HQ(OX, R) S 2.

4. If Ox is not given by the parametrizations as in (1), (2), (3) above (# of such
orbits are 14), then we have dimg H*(Ox,R) = 0.
There are two nonzero nilpotent orbits in Fy_og); see [Djl, Table VIIL, p. 511].

Theorem 0.0.12. For every nilpotent element X € Fy_s0), dimg Hz(OX, R) = 0.

Recall that up to conjugation there are four non-compact real forms of Fg. They
are denoted by Fge), Fg2), Fg—14) and Eg_s5. There are 23 nonzero nilpotent
orbits in Eg(); see [Dj2, Table VIII, p. 205].

Theorem 0.0.13. Let the parametrization of the nilpotent orbits in Ege) be as in

[Dj2, Table VIII, p. 205]. Let X be a nonzero nilpotent element in Egg).

1. If the parametrization of the orbit Ox is given by either 1001 or 1101 or 1211,

then dimg H*(Ox,R) = 1.

2. Assume the parametrization of the orbit Ox is given by any of the sequences :

0102, 0202, 1010, 2002, 1011. Then dimg H2(Ox,R) < 1.

3. If Ox is not given by the parametrizations as in (1), (2) above (# of such
orbits are 15), then we have dimg H*(Ox,R) = 0.

There are 37 nonzero nilpotent orbits in Fg); see [Dj1, Table IX, p. 511].

27



Theorem 0.0.14. Let the parametrization of the nilpotent orbits in Egz) be as in

[Dj1, Table IX, p. 511]. Let X be a nonzero nilpotent element in Eg ).

1. Assume the parametrization of the orbit Ox is given by any of the sequences :
00000 4, 00200 2, 02020 0, 00400 8, 22222 2, 04040 4, 44044 4, 44444 8.
Then dimg H*(Ox,R) = 0.

2. Assume the parametrization of the orbit Ox is given by any of the sequences :
10001 2, 10101 1, 21001 1, 10012 1, 11011 2, 01210 2, 10301 1, 11111 3,
22022 0. Then dimg H*(Ox,R) = 2.

3. If the parametrization of the orbit Ox is given by either 20002 0 or 00400 0
or 02020 4, then dimg H?*(Ox,R) < 2.

4. If the parametrization of the orbit Ox is given by 20202 2, then
dimg H?(Ox,R) < 1.

5. If Ox is not given by the parametrizations as in (1), (2), (3), (4) above (# of
such orbits are 16), then we have dimg H*(Ox,R) = 1.
There are 12 nonzero nilpotent orbits in Eg_14y; see [Dj1, Table X, p. 512].
Theorem 0.0.15. Let the parametrization of the nilpotent orbits in Eg_14) be as in
[Dj1, Table X, p. 512]. Let X be a nonzero nilpotent element in Eg(_14).
1. If the parametrization of the orbit Ox is given by 40000 — 2, then
dimR HQ(O)(, R) =0.

2. If Ox is not given by the above parametrization (# of such orbits are 11), then
we have dimg H*(Ox,R) < 1.

There are two nonzero nilpotent orbits in Eg_s6); see [Dj2, Table VII, p. 204].

Theorem 0.0.16. For every nilpotent element X € Eg_ag), dimg H*(Ox,R) = 0.
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Recall that up to conjugation there are three non-compact real forms of E;. They

are denoted by FEr(7), Erz_s5 and E7(_g5). There are 94 nonzero nilpotent orbits in

FEr(7y; see [Djl, Table XI, pp. 513-514].

Theorem 0.0.17. Let the parametrization of the nilpotent orbits in Ery be as in

[Dj1, Table XI, pp. 513-514]. Let X be a nonzero nilpotent element in Er(7.

1. If the parametrization of the orbit Ox is given by 1011101, then
dimR HQ(O)(, R) = 3.

2. Assume the parametrization of the orbit Ox is given by any of the sequences:
1001001, 1101011, 1111010, 0101111, 2200022, 3101021, 1201013, 1211121,
2204022. Then dimg H*(Ox,R) = 2.

3. Assume the parametrization of the orbit Ox is given by any of the sequences :
0100010, 1100100, 0010011, 3000100, 0010003, 0102010, 0200020, 2004002,
2103101, 1013012, 2020202, 1311111, 1111131, 1310301, 1030131, 2220222,
3013131, 1313103, 3113121, 1213113, 4220224, 3413131, 1313143, 4224224.
Then dimg H*(Ox,R) = 1.

4. Assume the parametrization of the orbit Ox is given by any of the sequences:
2000002, 0101010, 2002002, 1110111, 2020020, 0200202, 1112111, 2022020,
0202202, 2202022, 0220220. Then dimg H*(Ox,R) < 1.

5. Assume the parametrization of the orbit Ox is given by any of the sequences:
2010001, 1000102, 0120101, 1010210, 1030010, 0100301, 3013010, 0103103.
Then dimg H*(Ox,R) < 2.

6. If the parametrization of the orbit Ox is given by either 1010101 or 0020200,
then dimg H*(Ox,R) < 3.

7. If Ox is not given by the parametrizations as in (1), (2), (3), (4), (5), (6)
above (# of such orbits are 39), then we have dimg H*(Ox,R) = 0.
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There are 37 nonzero nilpotent orbits in Fr(_s5); see [Djl, Table XII, p. 515].

Theorem 0.0.18. Let the parametrization of the nilpotent orbits in Er(_s) be as in

[Dj1, Table XII, p. 515]. Let X be a nonzero nilpotent element in Eq(_s).

1. If the parametrization of the orbit Ox s given by either 110001 1 or 000120 2,
then dimg H*(Ox,R) = 2.

2. Assume the parametrization of the orbit Ox is given by any of the sequences:
000010 1, 010000 2, 000010 3, 010010 1, 200100 0, 010100 2, 000200 0O,
010110 1, 010030 1, 010110 3, 201031 4, 010310 3.

Then dimg H*(Ox,R) = 1.

3. If the parametrization of the orbit Ox is given by either 020200 0 or 111110 1,
then dimg H*(Ox,R) < 2.

4. Assume the parametrization of the orbit Ox is given by any of the sequences:

020000 0, 201011 2, 040000 4, 040400 4. Then dimg H*(Ox,R) < 1.

5. If Ox is not given by the parametrizations as in (1), (2), (3), (4) above (# of

such orbits are 17), then we have dimg H*(Ox,R) = 0.

There are 22 nonzero nilpotent orbits in E7(_s5); see [Dj1, Table XIII, p. 516].

Theorem 0.0.19. Let the parametrization of the nilpotent orbits in E7_as) be as in

[Dj1, Table XIII, p. 516]. Let X be a nonzero nilpotent element in Er(_ss).

1. Assume the parametrization of the orbit Ox is given by any of the sequences:
0000002, 000000 — 2, 000002 — 2, 200000 — 2, 200002 — 2, 400000 — 2,
000004 — 6, 200002 — 6, 400004 —6, 400004 —10. Then dimg H*(Ox,R) = 0.

2. If Ox is not given by any of the above parametrization (# of such orbits are

12), then we have dimg H*(Ox,R) < 1.

30



Recall that up to conjugation there are two non-compact real forms of Fg. They
are denoted by FEgi) and Eg_g4). There are 115 nonzero nilpotent orbits in Egg);
see [Dj1, Table XIV, pp. 517-519].

Theorem 0.0.20. Let the parametrization of the nilpotent orbits in Fgs)y be as in

[Dj1, Table XIV, pp. 517-519]. Let X be a nonzero nilpotent element in Egg.

1. Assume the parametrization of the orbit Ox is given by any of the sequences:

10010011, 11110010, 10111011, 11110130. Then dimg H*(Ox,R) = 2.

2. Assume the parametrization of the orbit Ox is given by any of the sequences:
01000010, 10001000, 30000001, 10010001, 01010010, 01000110, 10100100,
00100003, 11001030, 10110100, 21010100, 01020110, 30001030, 11010101,
11101011, 11010111, 11111101, 21031031, 31010211, 12111111, 13111101,
13111141, 13103041, 31131211, 13131043, 34131341.

Then dimg H*(Ox,R) = 1.

3. If the parametrization of the orbit Ox is given 00100101, then
dimR H2(OX, R) S 3.

4. Assume the parametrization of the orbit Ox is given by any of the sequences:
10001002, 10101001, 01200100, 02000200, 10101021, 10102100, 02020200,
01201031. Then dimg H*(Ox,R) < 2.

5. Assume the parametrization of the orbit Ox is given by any of the sequences:
11000001, 20010000, 01000100, 11001010, 20100011, 01010100, 02020000,
20002000, 20100031, 10101011, 00200022, 11110110, 01011101, 01003001,
11101101, 11101121, 10300130, 04020200, 02002022, 00400040, 11121121,
30130130, 02022022, 40040040. Then dimg H*(Ox,R) < 1.

6. If Ox is not given by the parametrizations as in (1), (2), (3), (4), (5) above
(# of such orbits are 52), then we have dimg H*(Ox,R) = 0.
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There are 36 nonzero nilpotent orbits in Fg_a4y; see [Dj1, Table XV, p. 520].

Theorem 0.0.21. Let the parametrization of the nilpotent orbits in Eg_a4) be as in

[Dj1, Table XV, p. 520]. Let X be a nonzero nilpotent element in Eg(_os).

1. Assume the parametrization of the orbit Ox is given by any of the sequences:
0000001 1, 10000002, 0000001 3, 1000001 1, 1100000 1, 10000102, 0000012 2,
10000111, 10000113, 10000031, 01100012, 10100111, 1000031 3.

Then dimg H*(Ox,R) = 1.

2. If the parametrization of the orbit Ox is given by either 2000000 0 or 2000020 0,
then dimg H*(Ox,R) < 1.

3. If Ox is not given by the parametrizations as in (1), (2) above (# of such
orbits are 21), then we have dimg H*(Ox,R) = 0.

Theorems 0.0.10, 0.0.11, 0.0.12, 0.0.13, 0.0.14, 0.0.15, 0.0.16, 0.0.17, 0.0.18,
0.0.19, 0.0.20, 0.0.21 appear in the thesis and in [CM].
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Chapter 1

Introduction

The nilpotent orbits in the semisimple Lie algebras, under the adjoint action of the
associated semisimple Lie groups, form a rich class of homogeneous spaces. Such
orbits are studied at the interface of several disciplines in mathematics such as Lie
theory, symplectic geometry, representation theory, algebraic geometry. Various
topological aspects of these orbits have drawn attention over the years; see [CoMc],
[Mc] and references therein for an account. In this thesis we contribute by studying
two specific topological invariants, namely the second and the first de Rham co-
homology groups, of such orbits in non-compact, non-complex simple Lie algebras.

The results of this thesis appear in [BCM] and in [CM].

To put our work in proper perspective we first recall that all orbits in a semisimple
Lie algebra under the adjoint action are equipped with the Kostant-Kirillov two
form. For complex semisimple Lie groups, a criterion was given in [ABB, Theorem
1.2] for the exactness of the Kostant-Kirillov form on an adjoint orbit of a semisimple
element. In [BC1, Proposition 1.2] the above criterion was generalized to orbits
of arbitrary elements under the adjoint action of real semisimple Lie groups with
semisimple maximal compact subgroups. This in turn led the authors to the natural

question of describing the full second cohomology group of such orbits. Towards this,
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in [BC1], the second cohomology group of the nilpotent orbits in all the complex
simple Lie algebras, under the adjoint action of the corresponding complex group,
are computed; see [BC1, Theorems 5.4, 5.5, 5.6, 5.11, 5.12]. The computations
in [BC1] naturally motivate us to continue the program for the remaining cases

consisting of non-complex, non-compact simple Lie algebras.

In this thesis we carry forward what is initiated in [BC1], and compute the second
cohomology groups of the nilpotent orbits in real classical Lie algebras which are
non-complex and non-compact; see Theorems 6.1.1, 6.2.1, 6.3.4, 6.4.8, 6.4.9, 6.5.4,
6.6.5, 6.7.1. In this thesis we also compute the second cohomology groups of the
nilpotent orbits for most of the nilpotent orbits in exceptional Lie algebras in this
set-up, and for the rest of cases of the nilpotent orbits, which are not covered in the
above computations, upper bounds for the dimensions of the second cohomology
groups are obtained; see Theorems 7.1.1, 7.2.1, 7.2.2, 7.3.1, 7.3.2, 7.3.3, 7.3.4, 7.4.1,
7.4.2, 7.4.3, 7.5.1, 7.5.2. The methods involved above also steered us studying the
first cohomology groups in all the simple real Lie algebras; see Theorems 8.1.1, 8.1.2,

8.1.3,8.1.4, 8.1.5, 8.1.6, 8.1.7, 8.2.1, 8.2.2, 8.2.3.

In [BC1] to facilitate the computations in complex simple Lie algebras a suitable
description of the second cohomology group of any homogeneous space of a con-
nected Lie group was obtained in [BC1, Theorem 3.3] under the assumption that
all the maximal compact subgroups of the Lie group are semisimple; see [BC2] for
a relatively simple proof of [BC1, Theorem 3.3]. As only the complex simple Lie
groups were considered in [BC1], this condition was not restrictive because the max-
imal compact subgroups in complex simple Lie groups are in fact simple Lie groups.
However, in the present case of non-complex simple Lie groups, the maximal com-
pact subgroups are not necessarily semisimple, and hence [BC1, Theorem 3.3] can
not be applied anymore, in general, to do the computations. This necessitates a

description of the second cohomology groups of homogeneous spaces of Lie groups
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without any imposed conditions on the maximal compact subgroups therein, and
this is formulated in Theorem 5.1.3, generalizing [BC1, Theorem 3.3]. In Theorem
5.1.6 we also obtain a description of the first cohomology groups in the same general

set-up as above.

We next briefly mention the strategy in our computations. As a preparatory
step, we apply Theorem 5.1.3 to derive in Theorem 5.2.2 that the second and the
first cohomology groups of nilpotent orbits in simple Lie algebras are closely related
to the maximal compact subgroups of certain subgroups associated to a copy of
sl3(R) containing the nilpotent element. Thus, in view of Theorem 5.2.2, the main
goal in our computations of the second cohomology groups of the nilpotent orbits
in real classical non-complex non-compact Lie algebras is to obtain the descriptions
of how certain suitable maximal compact subgroups in the centralizers of the nilpo-
tent elements are embedded in certain explicit maximal compact subgroups of the

ambient simple Lie groups; see Remark 6.0.3 for some more details in this regard.
We now briefly outline the chapter-wise content of this thesis.

Chapter 2 is devoted to some notation, conventions, and background materials

which will be used throughout the thesis.

In Chapter 3 we work out certain details on the structures of the nilpotent ele-
ments in the classical Lie algebras, and then combine them in Proposition 3.0.3 and
Proposition 3.0.7. It should be noted that when D is either R or C the above propo-
sitions also follow from [SS]. However, the non-commutativity of H creates technical
difficulties in extending the results to the case D = H by directly implementing the
proofs as in [SS]|. Taking cues from [CoMc, §9.3, p.139] we take a different approach
in the proofs by appealing to the Jacobson-Morozov theorem and the basic results

on the structures of finite dimensional representations of sly(R).

Chapter 4 deals with the parametrization of the nilpotent orbits. In §4.1 we elab-
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orate in greater detail the parametrization of the nilpotent orbits in real non-complex
non-compact classical Lie algebras which are given in [CoMe, §9.3]. Following [Dj1]
and [Dj2], in §4.2 we describe the parametrization of the nilpotent orbits in real

non-complex non-compact exceptional Lie algebras.

In Chapter 5 we give a convenient descriptions of the second and first cohomol-
ogy groups of a homogeneous spaces of Lie group which are suitable for the purpose
of computations in later chapters. Theorems 5.1.3 and 5.1.6 are the main results
of this chapter, and they hold under the mild restriction that the stabilizer of any
point in the homogeneous space has finitely many connected components. Although
the general theories of cohomology groups of (compact) homogeneous spaces are
widely studied in the past (see, for example, [Bo2], [CE], [Sp], [GHV]) we are un-
able to locate Theorems 5.1.3 and 5.1.6 in the existing literature to the best of our
knowledge. The results are also of independent interest in view of its applicabil-
ity to a very large class of homogeneous spaces. In the second section, we apply
Theorems 5.1.3 and 5.1.6 to derive Theorem 5.2.2 which is key to our computations
of the second and first cohomology groups of the nilpotent orbits done in the next
chapters. Theorem 5.2.2 describes the second and the first cohomology groups of
the nilpotent orbits in simple Lie algebras in terms of a maximal compact subgroup
of the centralizer of a sly(R)-triple containing the nilpotent element and a maximal
compact subgroup of the associated ambient Lie group containing the former one.
As an interesting consequence of Theorem 5.2.2 it follows that the first cohomology

group of any nilpotent orbit in a simple Lie algebra is at the most one dimensional.

In Chapter 6 the second cohomology groups of the nilpotent orbits in non-
compact non-complex classical real Lie algebras are computed; see Theorems 6.1.1,
6.2.1, 6.3.4, 6.4.8, 6.4.9, 6.5.4, 6.6.5 and 6.7.1. The results are described in terms of
the parametrizations given in §4.1. In particular, our computations yield that the

second cohomology groups vanish for all the nilpotent orbits in sl,,(H). In view of
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Theorem 5.2.2, the main goal in our computations is to obtain the descriptions of
how certain conjugates of suitable maximal compact subgroups in the centralizers of
the nilpotent elements are embedded in certain explicit maximal compact subgroups

of the ambient semisimple Lie groups; see Remark 6.0.3 for more explanations.

In Chapter 7 we consider non-compact non-complex exceptional Lie algebras and
compute the dimensions of the second cohomology groups for most of the nilpotent
orbits. For the rest of cases of the nilpotent orbits in the exceptional Lie algebras,
which are not covered in the above computations, we obtain upper bounds for the
dimensions of the second cohomology groups; see Theorems 7.1.1, 7.2.1, 7.2.2, 7.3.1,
7.3.2,7.3.3,7.3.4, 7.4.1, 74.2, 7.4.3, 7.5.1, 7.5.2. As in the classical case the com-
putations here also use Theorem 5.2.2 crucially. In particular, we obtain that the

second cohomology groups vanish for all the nilpotent orbits in Fj_0) and FEg_gs).

The final chapter, namely Chapter 8, is devoted to computing the first coho-
mology groups of the nilpotent orbits. We begin this chapter by recording a simple
observation that the first cohomology of all the nilpotent orbits vanish in the case of
complex simple Lie algebras; see Theorem 8.0.1. The methods involved in Chapter
6 also led us describe the first cohomology groups of the nilpotent orbits in all the
non-compact non-complex real classical Lie algebras; see Theorems 8.1.1, 8.1.2, 8.1.3,
8.1.4, 8.1.5, 8.1.6, 8.1.7. Our computations yield that the first cohomology groups
vanish for all the nilpotent orbits in sl,,(H), sp(p, ¢), sl,(R) for n > 3. In Theorems
8.2.1, we prove that the first cohomology groups vanish for all the nilpotent orbits
in a non-compact non-complex real exceptional Lie algebra g where g % Eg_14) and
9 % FE7(_95. The results in Theorem 8.2.2 and Theorem 8.2.3 give us either the
exact dimensions or the bounds on the dimensions of the first cohomology groups

of the nilpotent orbits in Eg_14) and E7_os).
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Chapter 2

Preliminaries

In this chapter we assemble some notation, conventions, and backgrounds that will
be used throughout in this thesis. A few specialized notation are mentioned as and
when they occur later. We also provide a proof of the well-known Jacobson-Morozov

theorem.

2.1 Some general notation

Once and for all fix a square root of —1 and call it v/—1. The center of a group G
is denoted by Z(G) while the center of a Lie algebra g is denoted by 3(g). The Lie
groups will be denoted by the capital letters, while the Lie algebra of a Lie group
will be denoted by the corresponding lower case German letter, unless a different
notation is explicitly mentioned. Sometimes, for notational convenience, the Lie
algebra of a Lie group G is also denoted by Lie(G). The connected component of
G containing the identity element is denoted by G°. For a subgroup H of G' and
a subset S of g, the subgroup of H that fixes S pointwise under the adjoint action
is called the centralizer of S in H; the centralizer of S in H is denoted by Zy(.5).

Similarly, for a Lie subalgebra h C g and a subset S C g, by 3,(S) we will denote
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the subalgebra of h consisting of all the elements that commute with every element

of S.

Let I be a group acting linearly on a vector space V. The subspace of V' fixed
pointwise by the action of I' is denoted by V. If G is a Lie group with Lie algebra
g, then it is immediate that the adjoint (respectively, coadjoint) action of G° on 3(g)
(respectively, 3(g)*) is trivial; in particular, one obtains a natural action of G/G°
on 3(g) (respectively, 3(g)*). We denote by [3(g)]¢/%° (respectively, [3(g)*]¢/¢) the

space of points of 3(g) (respectively, of 3(g)*) fixed pointwise under the action of
G/G°.

Let G be a semisimple Lie group with Lie algebra g. Consider the linear endo-
morphism

adX:g—>g? Yi—)[X,Y]

An element X € g is called semisimple if the linear endomorphism adx is semisimple.
An element X € g is called nilpotent if the linear endomorphism ady is nilpotent.
The set of nilpotent elements in g is denoted by Nj. Consider the adjoint represen-
tation

Ad : G — GL(g)

of G on g. The adjoint orbit of X € g is defined by Oy := {Ad(¢)X | g € G}. A
semisimple orbit in g is an adjoint orbit of a semisimple element X in g. A nilpotent
orbit in g is an adjoint orbit of a nilpotent element X in g. The set of all nilpotent

orbits in g under the adjoint action of G is denoted by N (G).

2.2 Partitions and (signed) Young diagrams

An ordered set of order n is a n-tuple (v, ..., v,), where vy, ..., v, are elements

of some set, such that v; # wv; if i # j. If w € {v1,...,v,}, then write
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w € (v1,...,v,). For two ordered sets (vi, ..., v,) and (wy, ..., wy,), the or-

dered set (vq, ..., Up, Wy, .., wy) will be denoted by (vq, ..., v,) V (w1, ..., Wpy)-
Furthermore, for k-many ordered sets (vi, ..., v}, ), 1 < i < k, define the ordered
set (vf, ..., 0p ) V-V (VF, ..., vk ) to be the following juxtaposition of ordered
sets (v}, ..., v}, ) with increasing i:
k 1 1 k
(UL ) leLl> v \% (Ul’ ) Unk> - (Ulv » Unys » Uty ) Unk)
By a partition of a positive integer n we mean the symbol [d}', ..., d%], where

tiyd; € N, 1 < i < s,such that Y ., t;d; = n,t; > 1 and diyq > d; > 0 for all
i; see [CoMc, § 3.1, p. 30]. If [d", ..., d'] is a partition of n in the above sense then
t; is called the multiplicity of d;. Henceforth, the multiplicity of d; will be denoted
by t4,; this is to avoid any ambiguity. Let P(n) denote the set of all partitions of n.

For a partition d = [di‘il, o dids] of n, define

(2.1) Ng :={d; | 1 <i <s}, Eq :=NgnN(2N), Oq := Ng\Eq.
Further define

(22) Of:={d|d€04q,d=1 (mod4)},0}:={d|d€0gq,d=3 (mod4)}.

Following [CoMc, Theorem 9.3.3], a partition d of n will be called even if Ng = Egq.
Let Peven(n) be the subset of P(n) consisting of all even partitions of n. We call a

partition d of n to be very even if

e d is even, and

e ¢, is even for all 7 € Nq.

Let Py even(n) be the subset of P(n) consisting of all very even partitions of n. Now
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define

(2.3) Pi(n) := {d € P(n) | t, iseven for all n € Eq}
and
(2.4) P_1(n) :={d € P(n) | ty is even for all § € Oq4}.

Clearly, we have Py cven(n) C Pi(n).

Following [CoMe, p. 140] we define a Young diagram to be a left-justified array
of rows of empty boxes arranged so that no row is shorter than the one below it;
the size of a Young diagram is the number of empty boxes appearing in it. There is
an obvious correspondence between the set of Young diagrams of size n and the set
P(n) of partitions of n. Hence the set of Young diagrams of size n is also denoted
by P(n). A signed Young diagram is a Young diagram in which every box is labeled
with +1 or —1 such that the sign of 1 alternate across rows except when the length
of the row is of the form 3 (mod 4). In the latter case when the length of the row is
of the form 3 (mod 4) we will alternate the sign of 1 till the last but one and repeat
the sign of 1 in the last box as in the last but one box; see Remark 3.0.16 why the
choices of signs in this case deviate from that in the previous cases. The sign of
1 need not alternate down columns. Two signed Young diagrams are equivalent if
and only if each can be obtained from the other by permuting rows of equal length.
The signature of a signed Young diagram is the ordered pair of integers (p, q) where

p-many +1 and g-many —1 occur in it.

We next define certain sets using collections of matrices with entries comprising
of signs 41, which are easily seen to be in bijection with sets of equivalence classes
of various types of signed Young diagrams. These sets will be used in parametrizing

the nilpotent orbits in the classical Lie algebras.
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For a partition d € P(n) and d € Ng, we define the subset Ay C M;,+4(C) of

matrices (mg;) with entries in the set {£1} as follows :
(2.5) A= {(mfj) € M;,»q(C) | (mfj) satisfies (Yd.1) and (Yd.2)}.
Yd.1 There is an integer 0 < pg; < t4 such that

+1 if 1< i < py

1 if pg < i < tg
Yd.2

ml = (=1)"md  if 1 < j <d, d € EquOj;
(1) md if 1<j <d-1
md. = , d e 0.

For any (mf;) € Agq set

sgny (mf) = #{(,j) | 1 < i <tg, 1 <j <d, m, = +1}

and

sgn_(ml) == #{(,j) | 1 < i <tg, 1 < j <d, ml = —1}.

]
Remark 2.2.1. Form the above definitions of Yd.1 and Yd.2 the following obser-

vations are straightforward. For d € Ng, let My := (m{;) € Ag (see (2.5) for the

definition of Ay).
1. If d € Eq, then we have

sgn, (Mg) =t4d/2 and sgn_(My) =tq.d/2.
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2. If d € O}, then we have

sgn, (Mg) = (tad +pa — qa)/2 and  sgn_(My) = (tad — pa+qa)/2.

3. If d € O3, then we have

sgn, (Mg) = (tad — pa +qa)/2 and  sgn_(My) = (tad + pa — qa)/2 .

Let Sq(n) := Ag X -+ X Ay,. Now define the subset Sq(p, q) C Sa(n) by
(26) Sd(p7 Q) = {(Md17 ) Mds) S Sd(n> | ngn+Mdi =D, ZSgn_Mdi = q}
i=1 i=1

where p + ¢ = n. For a pair of non-negative integers (p, q) define

(2.7) Y(p, ¢) == {(d, sgn) | d € P(n), sgn € Sa(p, 9)}-

It is easy to see that there is a natural bijection between the set )(p, ¢) and
the equivalence classes of signed Young diagrams of size p + ¢ with signature (p, q).
Hence, we will call Y(p, q) the set of equivalence classes of signed Young diagrams

of size p + q with signature (p, q).
For any d € P(n) and d € Ng, define the subset A;; of A, by
Ay = {(mf) € Ag | mf, =+1 V1 <i <t}
Further define S (p,q) C Sa(p, q) and 83%(n) C Sa(n) by

(2.8) S p, q) = {(My,, ..., My,) € Salp,q) | M, € A,; ¥V n € Eq}
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and

(29) Sfjdd(n) = {(Md17 Cey Mds) c Sd(n) ‘ Mg c A971 VY 0 ¢ Od}

For a pair (p,q) of non-negative integers we define the sets Y*V*"(p,q) and

TV (p, q) by
(2.10) Y& (p,q) == {(d,sgn) | d € P(n), sgn € S§"(p,q)},
(2.11) 7"(p,q) :={(d,sgn) | d € Pi(n), sgn € Sg""(p,q)}.

Similarly, for a non-negative integer n, set

(2.12) V°4(n) == {(d, sgn) | d € P(n), sgn € Sgdd(n)},

(2.13) V°44(2n) == {(d, sgn) | d € P_1(2n), sgn € S5 (2n)}.

Let d € P(n). For § € Oq and My := (m?,) € Ay, define

rSs

i (Mp) i= #{j | ml; = +1} and Iy,(My) == #{j | m}; = —1}
forall 1 < i < ty; set
(2.14)

, even lg:l(Mg) iseven VO € Oq, 1 <1 <ty
Sa(p,q) :=¢(May, ..., Mq,) € S§"(p,q) :

or l;i(Mg) iseven VO € 0q,1<i <t
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2.3 Hermitian forms and associated groups

The notation D will stand for either R or C or H. We define the usual conjugations
o.on Cby o.(z1 ++v—1x9) = x1 —+/—1lay, and on H by o.(z1 +ize + jrs + kay) =

r1 —ire —jrg —kxy, x; e Rfore=1,...,4.

We now take a right vector space V' defined over D. Let Endp(V') be the right
R-algebra of D-linear endomorphisms of V', and let GL(V) be the group of invertible
elements of Endp(V'). For a D-linear endomorphism 7" € Endp(V) and an ordered
D-basis B of V, the matriz of T" with respect to B is denoted by [T]s. Recall that if

D = C then Endp(V) is also a (right) C-algebra. When D is either R or C, let
tr : Endp(V) — D and det : EndpV — D

respectively be the usual trace and determinant maps. Let A be a central simple
R-algebra. Let
Nrd4 : A — R

be the reduced norm on A, and let Trdy : A — R be the reduced trace on A.

Remark 2.3.1. Let F be a field and F be the algebraic closure of F. Recall that if A
is a central simple algebra over F, then there is an isomorphism ¢: A®QgF — M, (F)

where n? = dimg A. Thus we have
A= M,(F), ar— ¢la®1).

Recall that the reduced norm Nrd, and the reduced trace Trdy on A are defined
by, Nrda(a) := det¢(a ® 1) and Trdy := tr(¢(a ® 1)), respectively. By Skolem-
Noether theorem the above definitions do not depend on the isomorphism ¢. We
now consider the specific case of the matrix algebra A := M, (H) over H. As the

center of H is R it is easy to see that M, (H) is a central simple algebra over R.
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Consider the R-algebra embedding A : M,,(H) — My, (C) given by

P —0o. (P
AP) = ' (P2) ,
Py UC(P 1)
where Py, P, € M,(C) such that P = P, + jP,. It is easy to see that the above
R-algebra embedding A induces a C-algebra isomorphism between M,,(H) ®g C and
My, (C). Thus the reduced norm Nrdy, ) and reduced trace Trdy, ) on M, (H)

are given by

. Py _UC(P2)
Nrdyg, wy (P + jP) = det
P2 O'C(P1>
and
. P —o.(P)
Trdw, my (P +jF2) = tr = tr(P, + 0.(P)) = 2Re(tr(P)).
P2 O'C(Pl)

Thus it is immediate that Trda, ) (M,(H)) € R. Now observe that, if P, P, €
M, (C) then j(Pi+jP)j ! = 0(Py)+joe(P;). Thus det(A(Py+jP,)) = o.(det( AP+
jP))). This proves that Nrdy,wy(M,(H)) € R. These facts also follow from the

generalities in the theory of central simple algebras. [

We now define the associated groups. When D = R or C, define

SL(V) :={z € GL(V) | det(z) = 1} and sl(V) :={y € Endp(V) | tr(y) = 0}.

If D = H then recall that Endp(V) is a central simple R-algebra. In that case,
define
SL(V) = {Z € GL(V) ’ NrdEnde(Z) = 1}

and

5[(V) = {y € EHdD(V) | TrdEndD(V)(y) = 0}
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Let D be R, C or H, as above. Let ¢ be either the identity map Id or an involution
of D, meaning ¢ is R-linear with 0> = Id and o(xy) = o(y)o(x) for all z, y € D.

Let ¢ = £1. Following [Bol, § 23.8, p. 264] we call a map
(w):VxV —D
a e-0 Hermitian form if

e (., -) is additive in each argument,
* (v, u) = eo({u,v)), and

o (va, u) = o(a)({u, v) for all u, v € V and for all & € D.

A e-0 Hermitian form (-, -) is called non-degenerate if (v, u) = 0 for all v if
and only if u = 0. All -0 Hermitian forms considered here will be assumed to be

non-degenerate.

We define
UV, (-, ) = {T € GL(V) | (Tv, Tu) = (v,u) ¥ v,u € V}
and
w(V, (-, ")) == {T € Endp(V) | (Tv, u)+ (v, Tu) = 0 ¥ v,u € V}.
We next define
(2.15) SUV, () :=U(V, (- -)) NSL(V) and su(V, () :=u(V, () Nsl(V).

Recall that su(V, (-, -)) is a simple Lie algebra (cf. [Kn, Chapter I, Section 8]).

If D = C, then multiplication by y/—1 sends the non-degenerate e-c Hermitian
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forms on V with e = —1, ¢ # 1d to the non-degenerate e-o Hermitian forms with
¢ = 1, 0 # Id, and this mapping is a bijection. Hence, when D = C and ¢ # Id,
we consider only the case where e = 1. If D = H and ¢ = Id, then it can be easily
seen that (-, -) = 0. As (-, -) is assumed to be non-degenerate, this, in particular,

implies that there is no form (-, -) on V with D = H, ¢ = Id.

Define |z| := (z0.(2))"/?, for z € D. For a € H* define

Co:H—H, z+— aza™'.

Clearly C, is a R-algebra automorphism, and C, = Cy/jo|. When D = H, the
following facts justify that it is enough to consider the involution o, instead of

arbitrary involutions. The proof of the next lemma is a straightforward application

of Skolem-Noether theorem which can be found in [Bol, § 23.7, p. 262].

Lemma 2.3.2 (cf. [Bol, § 23.7, p. 262]). Let 0 : H — H be R-linear with o(xy) =
o(y)o(z) for all z, y € H. Then o is an involution, meaning o = 1d, if and only

if either 0 = o, or 0 = C, 00, for some o with o? = —1.

Lemma 2.3.3 (cf. [Bol, § 23.8, p. 264]). Let o : H — H be an involution, e = +1
and

(wy:VxV —D

a e-0 Hermitian form. Let§ = +1 and o € H such that |a| = 1 and ac(a)™! = 4.

Then af-, -) is a 6e-C,, o ¢ Hermitian form.

As a consequence of Lemma 2.3.3 if 0 : H — H is an involution, ¢ = £1 and

(,):VxV —D

a e-o Hermitian form, then a(:, -) is a e-0, Hermitian form with @ € H being

such that ¢ = C, 00, and o> = —1 (as in Lemma 2.3.2). In particular, an
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immediate consequence is that if o, € and (-, -) are as above, then there exists a e-o,
Hermitian form, say, (-, -) : V- x V' — D such that SU(V, (-, -)) = SU(V, (-, -)')
and su(V, (-, -)) = su(V, (-, -)"). In view of the above observations, without loss of
generality, we may only consider the involution o.. From now on we will restrict to

the involution o. instead of arbitrary involutions on D.

The case where D = C, 0 = Id and € = =1 is already investigated in [BC1].

Here the remaining three cases

1. D=R,0 =1dand ¢ = %1,
2.D=C,0 =0.and e = 1, and

3. D=H,0 =0.,and e = £1

will be investigated.

We next introduce certain standard nomenclature associated with the specific
values of € and 0. If 0 = 0. and € = 1, then (-, -) is called a Hermitian form.
When 0 = 0. and € = —1, then (-, -) is called a skew-Hermitian form. The form
(-, -} is called symmetricif o = Id and € = 1. Lastly, if 0 = Id and ¢ = —1, then

(-, -y is called a symplectic form. If (-, -) is a symmetric form on V', define

(2.16) SOV, (-, -)) == SU(V, (-, -)) and so(V, (-, -)) := su(V, (-, -)).

Similarly, if (-, -) is a symplectic form on V', then define

(2.17) Sp(V, (-, -)) = SUV, (-, -)) and sp(V, (-, -)) == su(V, (;, ).

When D = H and (-, ) is a skew-Hermitian form on V', define

(2.18) SO*(V, (-, ) == SU(V, (-, -)) and so*(V, (-, -)) = su(V, (-, -)).
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As before, V' is a right vector space over D. We now introduce some terminologies
associated to certain types of D-basis of V. When either D = R, 0 = Id or
D=C,o=o0.0orD = H o = o for a 1-0 Hermitian form (-,-) on V, an
orthogonal basis A of V' is called standard orthogonal if (v, v) = +1 for allv € A.

For a standard orthogonal basis A of V, set

p=#{veAd|(v,v) =1} and ¢q:= #{v e A| (v,v) = —1}.

The pair (p, q), which is independent of the choice of the standard orthogonal basis
A, is called the signature of (-,-). When D = C and ¢ = o, if (-,-) is a skew-
Hermitian form on V' then /—1(-,-) is a Hermitian form on V; in this case the

signature of the skew-Hermitian form (-,-) is defined to be the signature of the

Hermitian form /—1(-,-).

In the case where D = Ror C, ¢ = Id and ¢ = —1, the dimension dimp V'
is an even number. Let 2n = dimpV. In this case an ordered basis B :=
(U1, <.+, Un} Ungt, - -, Uzy) Of Vis said to be symplectic if (v;, v,4;) = 1 for all
1 < i < nand (v,v;) = 0forall j # n+i. The ordered set (vy, ..., v,) is
called the positive part of B and it is denoted by B,. Similarly, the ordered set
(Unt1, - -, U2y) is called the negative part of B, and it is denoted by B_. The com-
plex structure on V' associated to the above symplectic basis B is defined to be the

R-linear map

Jg iV —V, v = Unyi, Unyi V> —0; V1 <@ < n.

If D = Hand (-,-) is a skew-Hermitian form on V', an orthogonal H-basis

of V. (m := dimy V) is said to be standard orthogonal if (v, v,) = j for all 1 <
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r < m and (v,, vs) = 0 for all r # s.

Take P = (pi;) € M,xs(D). Then P' denotes the transpose of P. If D = C or
H, then define P := (0.(p;;)). Let

(2.19) L, = LT, =

The classical groups that we will be working with are:

SL.(R) := {g € GL,(R) | det(g) = 1},
SL,(H) := {g € GL,(H) | Nrd,(9) = 1},
SU(p,q) = {9 € SLy+4(C) | 909 = Lpg},
SO, q) = {9 € SLysq(R) | 909 = L4},
SO*(2n) == {g € SL,(H) | 7'jl.g = jl.},
Sp(n,R) = {g € SLan(R) | g'Jng = Ju},

Sp(p,q) == {g € SLp+q<H) | gtlp,qg = Ip,q}-

The corresponding Lie algebras are:

slh(R) := {z € Mw(R) | tr(z) = 0},

s, (H) = {= € My(H) | Trdy, ¢ (2) = 0},
su(p,q) = {z €sl,,,C) | z'l,, + L,,2 = 0},
s0(p,q) = {2 € shg(R) | 2T, + 1,7 = O},
50*(2n) = {z € sl,(H) | Z'jL, + jl.z = 0},
sp(n,R) = {z € 55, (R) | 2'J, + T,z = 0},

sp(p,q) == {z € sl,4(H) | Etlp,tz'*‘lpqu = 0}.
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For any group H, let HX denote the diagonally embedded copy of H in the n-fold
direct product H™. Let V' be a vector space over D. Define 9y : Endp(V) — D*
to be 0y = det if D = C or R, and dy := Nrdgyg,v if D = H. Let now Vj,
1 < i < m, be right vector spaces over D. As before, D is either R or C or H.
For every 1 < i < m, let H; C GL(V;) be a matrix subgroup. Now define the

subgroup

([T ) = {(hl,...,hm) e [T | TTovn) = 1} c [[#-

i=1

The following notation will allow us to write block-diagonal square matrices
with many blocks in a convenient way. For r-many square matrices A; € M,,. (D),
1 < i < r, the block diagonal square matrix of size Y m; x > m;, with A; as the
i-th block in the diagonal, is denoted by A; & --- @ A,. This is also abbreviated
as ®I_,;A;. Furthermore, if B € M,,(D) and s is a positive integer, then denote

B :=B®---®B.

s-many

The following lemma is a basic fact which readily follows from the Skolem-

Noether theorem.

Lemma 2.3.4. Let o, B € H* be such that Re(a) = Re(f) and |a| = |B|. Then

there exists an element X\ € H* with |\| = 1 such that o = A\GA™L.

Proof. It is enough to prove the lemma under the additional conditions Re(a) =
Re(8) = 0 and |a| = |B] = 1. Note that a®* = —1 and R[a] is a simple ring with

unity (isomorphic to C). Consider the R-algebra homomorphisms
f:Rla] —H, a+— p; and ¢:R[a] —H.

Then by Skolem-Noether theorem there exists a A € H* such that f(a) = Au(a) A7,

hence B = AaA~!. This completes the proof. n
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Recall that Nrdy, ) is real valued on M, (H); see Remark 2.3.1.

Lemma 2.3.5. For g € GL,(H), Nrdy,n)(g) is a positive real number.

Proof. First note that g € GL,(H) if and only if Nrdw,#)(g) # 0. Thus we
have a continuous group homomorphism Nrdy, ) : GL,(H) — R*. Since the group

GL,(H) is connected, Nrdy,n)(g) > 0 for all g € GL,(H). O
We next include the following basic result which will be used in Chapter 6.

Lemma 2.3.6. Let G be a Lie group and H be a closed normal subgroup in G.
Assume that both G and H have finitely many connected components. Let K be a

mazimal compact subgroup of G. Then KN H is a mazximal compact subgroup of H.

Proof. Let M be a maximal compact subgroup in H. As G has finitely many
connected components g Mg C K for some g € G. As H is a normal subgroup
of G, we have g 'Mg C H. In particular, g-'Mg C K N H. The conclusion now

follows form the fact that ¢~ 'Mg is a maximal compact subgroup in H. O

We will use the next lemma in Theorem 4.1.6. Let G be a group. For a € G,
let O(G,a) :={gag™ | g € G}. Let H C G be a normal subgroup. Then for any
r € H, O(G,r) C H and hO(G,z)h™' = O(G, z) for all h € H.

Lemma 2.3.7. Let H C G be a normal subgroup with finite index. Let S =
{O(H,y) |y € O(G,z)} where x € H. Then

#(G/H)

) = L) 2n@)

Proof. As H C G isnormal, for any a € G we have O(H, gag™') = gO(H, a)g™*
for all ¢ € G. In particular, gO(H,y)g~' € Sforally € O(G,x) and gO(H,x)g" =

O(H,gxg™"). Thus the action of G on S induced from the conjugation action is
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transitive.

Stabilizer of O(H,z) = {g € G | O(H,gxg™") = O(H, )}
= {9€G|grg ' = hah™! for some h € H}
={9eGlgeZalx)H}

Recall that Z¢(z) normalizes H. So Zg(z)H is a group. Thus

¢ _ G/H _  G/H

"% 2ol © Ze@H/H © Zelw)/Za(@)

2.4 The Jacobson-Morozov Theorem

We now give a brief exposition of the well-known Jacobson-Morozov theorem. For
a Lie algebra g over R, a subset {X, H, Y} C g is said to be a sly(R)-triple if
X # 0, [H,X] = 2X, [H,Y] = —=2Y and [X, Y] = H. It is immediate that
Spang{ X, H, Y} for a sly(R)-triple {X, H, Y} C g is a R-subalgebra of g which
is isomorphic to the Lie algebra sly(R). We now state the well-known Jacobson-

Morozov theorem.

Theorem 2.4.1 (Jacobson-Morozov, cf. [CoMc, Theorem 9.2.1]). Let X € g be
a non-zero nilpotent element in a real semisimple Lie algebra g. Then there exist

H,Y € g such that {X, H, Y} C g is asly(R)-triple.

Remark 2.4.2. When D = R, C or H the Jacobson-Morozov theorem for g = sl,(D)

can be easily verified using the well-known Jordan canonical forms for nilpotent
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matrices. First let

(2.20) X, = o1 € sl,(D).
nxn

Clearly X, is a non-zero nilpotent element in sl,, (D). We now set

H, = diag(hy, ..., hy),

where h, = (n —1) = 2(r — 1) for 1 <r <n. We also set

0
i 0

Y, = 0 3w O )
0 - 0 ypy O

where y, = hy + -+ h, for 1 < r < n — 1. Then it can be easily verified by a

straightforward computation that {X,, H,, Y,} is a sly(R)-triple in s[, (D).

For d := [didl, ..., ds] € P(n) set
(2.21) Xq 1= (Xg)2" @ @ (Xg,)"
where X, is as in (2.20) and see §2.3 for the above notation. Set
(222)  Ha:=(Hy)" @ @ (Ha)i" and Ya:= (Ya)" @ @ (Ya)i".

As {Xq,, Hy,, Ya, } is a sly(R)-triple for all 4 it is clear that {Xq4, Ha, Ya} is also a

sly(R)-triple in sl,,(D). Now the Jacobson-Morozov theorem for sl,(D) follows from
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the fact that any nilpotent element in s, (D) is conjugated by an element of GL,, (D)
to Xq where Xg is as in (2.21). In case D = R or C, the fact that any nilpotent
element in sl,(D) is conjugated by an element of GL, (D) to some Xg, where X is
as in (2.21), follows from the basic results on Jordan canonical forms of matrices
over fields; see [Her, §6.5] and more specifically [Her, Lemma 6.5.4]. We now observe
that [Her, Lemma 6.5.4], which is crucial in proving the Jordan canonical forms of
matrices over fields, remains valid when fields are replaced by division rings. Thus

when D = H the above fact still holds to be true. O]

We next include a proof of the Theorem 2.4.1. The following lemma is a key fact

required in the proof.

Lemma 2.4.3 (cf. [CoMc, Lemma 2.1.2]). Let gc be a reductive Lie algebra over C

and X € gc be a semisimple element. Then 34.(X) is a reductive Lie algebra.

Let gc be a semisimple Lie algebra over C. Let X € gc. As the image of the

linear map adx: gc — gc is [X, gc| and kerady = 34.(X) it follows that

(2.23) dime gc = dime [X, gc] + dime g (X).

Let B be the Killing form of gc. Let 3, (X)* := {4 € gc | B(A, 35(X)) = 0}.

As gc is semisimple B is nondegenerate, and hence, we have

(2.24) dime ge = dimg 3go (X) + dime 30 (X)*

For A € gc and Z € 34 (X) we have B(Z, [X, A]) = B([Z, X], A) = 0. Thus
(X, gc] C 340(X)*. Now in view of (2.23) and (2.24), it follows that

(2'25) [X7 gC] = 5QC<X)J_'

We next prove the complex version of the Jacobson-Morozov theorem.
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Theorem 2.4.4 (Jacobson-Morozov, cf. [CoMc, Theorem 3.3.1]). Let X € gc be a
non-zero nilpotent element in a complex semisimple Lie algebra gc. Then there exist

H,Y € gc such that Spanc{X, H, Y} ~ sl,(C).

Proof. We will use induction on the dimension of gc. If dimcgec = 3, then
gc is isomorphic to sl3(C) and we are done. Assume dimcge > 3. If X isin a
proper semisimple subalgebra of gc, then the conclusion follows from the induction

hypothesis. So we assume that X does not lie in any proper semisimple subalgebra

of gc.

Let B be the Killing form of gc. For Z € 3,.(X), we have adyocad; = adzoadx
and hence adx o ady is a nilpotent linear operator. Therefore B(X, Z) = 0. This
implies that B(X, 34.(X)) = 0 and thus by (2.25),

X € 3. (X)" = [gc, X].

Thus there is a H' € gc such that [H', X] = 2X. Considering adg € Endc(CX),
let H = H, 4+ H, be the Jordan decomposition of H' in gc where H is semisimple
and H, is nilpotent. Thus [H,, X] = 2X and [H,, X] = 0. Hence we conclude

that there exists a semisimple element H € gc such that [H, X] = 2X.
Claim: H € [gc, X].

On the contrary, assume that H ¢ [gc, X|. Thus by (2.25), we have

(2.26) B(H, 34(X)) # 0.

Using the Jacobi identity it follows that ady leaves 34.(X) invariant. As H is

semisimple, we have the eigenspaces decomposition

3BC<X) = (ZQC(X))H S - D (590(X>>TT
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where (35.(X))r, = {Z €35c(X) | [H, Z] =71,2}, 7, € C. If Z € (34(X)), s a

(3

non-zero element, with 7; # 0, then

~B(H, Z) = B(H, :Z) = B(H, |H,Z)) = B(|H,H], Z) = 0.

This implies that H € (35¢(X))5 for all 7; # 0. When 7; = 0, we have (34.(X))o =
3300 (H). Thus from (2.26), we conclude that there exits Z € 3;,_ (x)(H) such
that B(H, Z) # 0. Let Z = Z; + Z, be the Jordan decomposition of Z where
Z, is semisimple and Z, is nilpotent. If Z is nilpotent (i.e., Z; = 0) then we argue
as before (see second paragraph of this proof) to conclude B(H, Z) = 0 which is a
contradiction. Thus Z, # 0. Using the Jordan decomposition, we moreover conclude

that

(2.27) Zs is a non-zero semisimple element in 3, _(x)(H).

By Lemma 2.4.3, 34.(Z;) is a reductive subalgebra of gc, and hence [34.(Zs), 3gc(Zs)]
is a semisimple subalgebra of gc. Since Z; # 0 and gc is semisimple, it follows that
30c(Zs) is a proper subalgebra of gc. By (2.27) we have H, X € 34.(Zs). Thus,
2X = [H, X] € [3¢c(Zs), 34c(Zs)]. This contradicts the fact that X lies in a proper

semisimple subalgebra of g¢, proving the claim.

Let Y € gc be an element such that H = [X, Y]. As H semisimple, we have

the decomposition of g¢ into ady-eigenspaces as follows:

(2.28) gc = (gc)n © - D (gc)n s

where (gc)x, ' ={A € gc | [H, 4] = MA}. Let Y =Y, +---+Y,, with Y}, € (gc),-
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Then [X, (g¢c)x,] C (gc)r+2, for 1 <i < k. Now,
k
Y IX, Y] = [X,Y] = H € (gc).

=1

Hence, in view of (2.28), we have H = [X, Y_5]|. Replacing Y by Y_5 we conclude
that [H, Y] = —2Y and Spanc{X, H, Y} =~ sl5,(C). This completes the proof of

the theorem. N

We need the following lemma to prove the Jacobson-Morozov Theorem for real

semisimple Lie algebra g.

Lemma 2.4.5 (Jacobson, cf. [CoMc, Lemma 9.2.2]). Let g be a real semisimple Lie
algebra and H, X, Y' € g satisfy the relation [H, X] = 2X and [X,Y']| = H. Then
there exists Y € g such that {X, H, Y} is a sly(R)-triple in g.

Proof. Let gc := g ® C be the complexification of g. We use Jacobi identity to

conclude the following:

e adyx maps the generalized A-eigenspace of ady in gc to the generalized (A+2)-

eigenspace, for any A € C. This shows that X is nilpotent.

e ady (3,(X)) C 34(X).

o [X, [HY]+2Y'] =0.

Claim: All eigenvalues of adpy: 34(X) — 34(X) liein N.

Suppose the above claim is true. Then
adg +21d @ 3,(X) — 3,(X), A—[H, A]+2A

is non-singular, and hence (ady +21d)(Z) = —[H, Y] — 2Y’ for some Z € 34(X).
Replacing Y’ by Y := Y’ + Z, we see that {X, H, Y} is a sly(R)-triple in g.
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It now remains to prove the claim. For this let g; := 3,(X) N ad(g). Using

induction on 7, and the relation ady = adx o adys — ady- o ady, it follows that

adg o ady (W) = 2iad’ (W) + ad’y o adgy (W),
(2.29)
ady™! o ady/ (W) = (i + 1)ady o ady (W) —i(i + 1)ad’y (W) + ady o adiH (W),

for W € g. Set Z := ad’ (W) € g;. Then again using induction on i and the above

relations we conclude that

(i+DadgZ = i(i+1) Z + ad¥" o ady(W).

Using (2.29) it is easy to see that ad'y' o ady: (W) € 34(X), for ad’ (W) € g;. Thus,
for all 4, the operator ady acts on the vector space g;/g;+1 by the scalar i. Since X

is nilpotent, we have g; = 0 for some large i, and hence all the eigenvalues ady on

35(X) lie in N. O

Proof of Theorem 2.4.1. Let gc := g ® C be the complexification of g.
Then X € gc¢ is a non-zero nilpotent element. Using Theorem 2.4.4, we have
{X, Hg + v/—1H}, Yg + v/—1Y3} C gc such that Spanc{X, Hgr + v/—1Hp, Yr +
V—=1Y%} =~ sl,(C) where Hg, Hi, Yr, Y4 € g. Note that {X, Hg,Yg} C g with
[Hr, X] = 2X and [X, Yg] = Hgr. Now the theorem follows from Lemma 2.4.5. [

The following result relates two sly(R)-triples with a pair of common elements.

Lemma 2.4.6 (cf. [CoMc, Lemma 3.4.4]). Let X be a nilpotent element and let H
be a semisimple element in a Lie algebra g such that {X, H, Y1} and {X, H, Y}

are two sly(R)-triples in g. Then Y] =Y.

Proof. Let Y := Y; —Y,. Then we have [X, Y] = 0 and [H, Y] = —2Y.

We fix the natural action of the R-span of one of the sly(R)-triple, say {X, H, Y1},

60



and consider g as a module over the span. Decomposing g into a direct sum of

irreducible submodules we see that the above pair of relations forces Y = 0. O

We now record an immediate consequence of the above result.

Lemma 2.4.7. Let {X, H, Y} be a sly(R)-triple in the Lie algebra g of a Lie group
G. Then Z5(X,H) = Z5(X,H,Y).

Proof. To prove the lemma it suffices to show that Z4(X,H) C Z4(X, H,Y).
Take any g € Z¢(X, H). Then {Ad(9)X, Ad(g9)H, Ad(9)Y} = {X, H, Ad(9)Y'}
is another sly(R)-triple in g containing X and H. Using Lemma 2.4.6 we have

Ad(g)Y =Y, implying that ¢ € Z¢(X, H,Y). O

We now state a result relating two sly(R)-triples with a common nilpotent ele-

ment.

Theorem 2.4.8 (cf. [CoMc, Theorem 9.2.3]). Let X € g be a non-zero nilpotent
element in a real semisimple Lie algebra g and G be the adjoint group of g. If
{X, H, Y} and {X, H', Y'} are two sly(R)-triple in g containing X, then they are

conjugate under Zq(X).
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Chapter 3

Basic results on nilpotent orbits

This chapter is devoted to working out certain details on the structures of the
nilpotent elements in classical real semisimple Lie algebras. This is done in two
steps. As suggested in [Mec, § 3.1-3.3, pp. 174-180] and in [CoMc, § 9.3, p. 139],
considering a classical Lie algebra, we first apply the Jacobson-Morozov Theorem
to assume that a given non-zero nilpotent element is a part of a sly(R)-triple of the
classical Lie algebra. We then use the standard basic theory of finite dimensional
sly(R)-representations to describe the structures of the sly(R)-isotypical components
of the vector space of the underlying natural representation of the classical Lie
algebra. When the corresponding classical groups are over R or C, Proposition
3.0.3 and Proposition 3.0.7 follow from results [SS, p. 249, 1.6; p. 259, 2.19] due
to Springer and Steinberg which they proved in a direct manner without using the
standard theory of finite dimensional sly(R)-representations. It should be mentioned
that the non-commutativity of H does not allow direct extensions of this approach
to the classical groups over H. The above two-step approach allows us to treat all
the cases involving R,C and H in a uniform manner. We also detect an error in
[CoMc, Lemma 9.3.1, p. 139] which we point out in Remark 3.0.16. This led us

to modify the definition of signed Young diagrams as given in [CoMec, p. 140] and
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choose different signs in the last columns of the associated matrices, as done in Yd.2.

Given an endomorphism 7' € Endg(W), where W is a R-vector space, and any
A € R, set

Wry = {w e W | Tw = wA}.

Let V' be a right vector space of dimension n over D, where D is, as before, R or C
or H. Let {X, H, Y} C sl(V) beasly(R)-triple. Note that V' is also a R-vector space
using the inclusion R < D. Hence V' is a module over Spang{X, H, Y} ~ sl (R).
For any positive integer d, let M (d — 1) denote the sum of all the R-subspaces A of
V' such that

e dimg A = d, and

e A is an irreducible Spang{ X, H,Y }-submodules of V.

Then M(d — 1) is the isotypical component of V' containing all the irreducible sub-

modules of V' with highest weight d — 1. Let
(3.1) L(d—1) == VyoNM(d—1).

As the endomorphisms X, H, Y of V are D-linear, the R-subspaces M (d — 1), Vy

and L(d — 1) of V are also D-subspaces. Let
tg := dimp L(d — 1) .

Remark 3.0.1. Let d := [d}", ..., d'*] € P(n). Let Xq € M,(D) be as in (2.21)
and Hg,Yq be as in (2.22). We consider the space of column vectors D" as a
Spang{Xq, Hq, Ya}-module (under the usual left multiplication of matrices from

M,,(D) on the column vectors D"). Let Ng := {d; | 1 < ¢ < s}; see (2.1) for the
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definition. Then it is clear that, for 1 <r <'s

(32) M(dT - 1) = SpanD{€t1d1+'"+tr—1dr—1+17 s 7€t1d1+~--+trdr}>
where (e, ..., e,) denotes the standard ordered basis of D". O

The next lemma is an elementary application of the standard structure theory

of irreducible sly(R)-modules.

Lemma 3.0.2. Let V' be a right D-vector space, and let {X, H, Y} C sl(V)
be a sly(R)-triple. Let d be a positive integer such that M(d — 1) # 0. Let
{wy, wo, ..., wy,} be any D-basis of L(d — 1). Then

1. Xw; = 0 and H(X'w;) = X'w;(2l +1—d) for all 1 < j < ty;
2. the set {X'w; | 1 < j <tq, 0<1<d—1} isaD-basis of M(d—1);

3. the R-Span of {wj, Xwj, ..., X" w;} is an irreducible Spang{X, H, Y }-
submodule of M(d — 1), and moreover, if W; is the D-Span of {w;, Xwj, ..

*

X1, }, then

Md=1) =W, oWy & - & W,,
(3.3)

=Ld-1)®XLd-1)® &X' L(d-1).

Proof. As M(d — 1), Vyo and L(d — 1) of are D-subspaces of V, it suffices to

prove the lemma for D = R. We have the following relations: for 1 < 57 < t; and

0<i<d-1,
Using induction on [, it follows from the relations [H, X]| = 2X, [H, Y] = -2Y,

[X,Y] = H, that YX'v = (X'"")l(d—1) forall v € L(d—1) and { > 0. This in
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turn implies that
(3.5) YIXlw; = w;(1)(d—1)(d—2)--(d—1).

Note that X%w; = 0 because d — 1 is the highest weight. From (3.4) it follows that
Xhw; and X*w; are linearly independent if | # k; 0 < I, k < d—1;1 < j,i < tg.
Furthermore, (3.5) implies that for each [ with 0 < [ < d, the vectors {X'w; |
1 < j < t4} are R-linearly independent. It is a basic fact that dimg M (d — 1) =
ddimg L(d — 1). Consequently, {X'w; | 1 < j <t 0 <1 < d—1}is a R-basis

of M(d —1). This proves (2). Part (3) follows immediately from (2). O

Consider the non-zero irreducible Spang{X, H, Y }-submodules of V. Let {d;,
..y ds}, with dy < -+ < dg, be the integers that occur as R-dimensions of such

Spang{X, H, Y }-modules. From Lemma 3.0.2(2) we have

thidi == dlmDV =Nn.

=1

Thus
(3.6) d:= [d", ..., du] € P(n).
Consider Ng, Eq and Og4 as defined in (2.1). Then we have

(3.7) V=P Md-1) and L{d—1) = VyyNVyi_q for d > 1.

deNg

When D = R or C Proposition 3.0.3 follows from [SS, p. 249, 1.6].

Proposition 3.0.3. Let {X,H,Y} C sl(V) be a sly(R)-triple, where V' is a right
D-vector space. For all d € Ng and for any D-basis of L(d — 1), say, {v;?l |1 <

Jj < tq := dimp L(d — 1)} the following two hold:
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1. def =0 andH(XlU?) = le;-i(QH—l—d) forl1 < j <ty,0<1<d-1,
d € Ng.

2. For all d € Ng, the set {le? |1 <j <ty 0<1<d—1} is aD-basis of
M(d—1). In particular, {X'v¢ | 1 < j < ty, 0 <1 <d-1,d e Ng}isa
D-basis of V.

Proof. This follows from Lemma 3.0.2 and (3.7). O

Henceforth, ¢ : D — D will denote either the identity map or o. (defined in
Section 2.3) when D is C or H. Let (-, -) : V. xV — D be a e-0 Hermitian form.
Let X be a non-zero nilpotent element in su(V, (-, -)); see (2.15) for the definition
of su(V, (-, -)). Using Theorem 2.4.1, there exists H, Y € su(V, (-, -)) such that
Spang{X, H, Y} is isomorphic to sly(R). Thus, V becomes a Spang{X, H, Y}-

module.

We record the following straightforward but useful fact.

Lemma 3.0.4 (cf.[Mc, § 2.4, p. 171]). Let 0 : D — D be either the identity
map or o, when D is C or H. Let (-, -) : V. XV — D be a e-0 Hermitian form.
Suppose A € Endp(V') such that (Az, y) + (z, Ay) = 0 for all z,y € V. Let v
and w be two nonzero elements in V such that Av = v\ and Aw = wu for some

AN €ROIFA+p # 0, then (v, w) = 0.

Proof. As (Av, w)+(v, Aw) = 0, it follows immediately that (v, w)(Au) = 0.
Now the lemma follows because A + pu # 0. m
Lemma 3.0.5 (cf. [Mc, § 3.2, p. 178]). Let V' be a right D-vector space, and e = +1.
Let o be as in Lemma 3.0.4, and let (-, -) : V. xV — D be a e-0 Hermitian form.
Let {X, H,Y} C su(V, (-, -)) be a sly(R)-triple. Let d be as in (3.6), and let
d, d € Nq be such that d # d'. Then M(d — 1) and M(d — 1) are orthogonal
with respect to (-, -). In particular, the Hermitian form (-,-) on M(d — 1) is non-

degenerate for all d.
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Proof. We may assume that d > d'. Let v € L(d—1) and u € L(d —1). By
Lemma 3.0.4 we have that (v, X'u) =0 when 0 <[ < d' — 1. Moreover, X'u = 0 if
[ >d'. Thus (v, X'u) =0 for all I > 0. Hence, (X"v, X'u) = (=1)"(v, X!T'u) =

0. Now the lemma follows from (3.3) of Lemma 3.0.2. O

The next lemma, which further decomposes each isotypical component M (d —
1) C V into orthogonal subspaces, seems basic. However, as we are unable to locate

it in the literature, we include a proof here.

Lemma 3.0.6. Let V' be a right D-vector space, and ¢ = £1. Let 0 : D — D
be either the identity map or o, when D is C or H. Let (-, ) : V. XV — D be a
(non-degenerate) e-oc Hermitian form. Let {X, H, Y} C su(V, (-, -)) be a sly(R)-
triple. Let d be as in (3.6), d € Ngq and ty := dimp L(d — 1). Then there ezists a
D-basis {wy, ..., wy,} of L(d — 1) such that the set

{(X'wj | 1<j<ty, 0<1<d—1}

is a D-basis of M(d — 1), and moreover, the value of (-, -) on a pair of these basis

vector is 0, except in the following cases:

(1) If o = o., then (X'w;, X 'w;) € D*.

(2) Ifo = 1d and e = 1, then (X'w;, X" 'w;) € D* for d odd, and

(X'w;, X' w,,) € D

for d even and j odd.

(3) Ifo = 1d and e = —1, then (X'w;, X" lw;) € D* for d even, and

<Xle, Xd_l_le+1> e D*
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for d odd and j7 odd.

Proof. We use induction on dimp V. The proof is divided into two parts.

Part 1. In this part assume that one of the following three holds:

eD=R,0=1Id, and (—1)4te = 1;

e D=C,0=o0.and e = %1;

e D=H o0=o0.and e = £1.

We claim that there is an element x; € L(d — 1) such that (z;, X4 12;) # 0.

To prove the claim by contradiction, assume that (x, X% 'z) = 0 for all z €
L(d —1). Lemma 3.0.4 implies that (2, X'25) = 0 forl # d—1 and 2, 29 €
L(d —1). Fix a nonzero element x € L(d — 1). Since (-, -) is non-degenerate on
M(d—1)x M (d—1), there exists an element y € L(d—1) such that (z, X4 1y) # 0.

Asx+y € L(d—1), we also know that (z +y, Xz +y)) = 0.
Now we will arrive at a contradiction considering the three cases separately.

First assume that D = R, ¢ = Id and (—1)¢"'e = 1. Then

0= (z+y, X" z+y) =2z, X y).

This is evidently a contradiction.

Next assume that D = C, 0 = o.and e = £1. Writing (x, X 'y) = a++/—1b
and multiplying y by an appropriate scalar from C if required, we may assume that
a # 0 as well as b # 0. Now the condition (x + y, X9 1(z +y)) = 0 implies that
(a ++/—1b) + (=1)?te(a — /=1b) = 0. This contradicts the fact that both a and

b are non-zero.
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Finally, assume that D = H, 0 = 0, and ¢ = +1. Writing (z, X4 ly) =
a1 +1ib; + je; + kdy and multiplying y by an appropriate scalar from H if needed, we

may assume that a; # 0 and b; # 0. Then,

(@, XThy) + (=) Teo((z, X)) = 0.

From this it follows that (a; +iby + jei +kdp) + (=1)e(a; — iby — jey —kd;) = 0.
This gives a contradiction as both a; and b; are nonzero. This completes the proof

of the claim.

Let W be the D-Span of {X'z; | 0 < [ < d — 1}, where z; is the element of
L(d — 1) in the above claim. As the vectors {X'z; | 0 < | < d— 1} are D-linearly
independent, and (x;, X% 1x;) # 0, it follows that (-, -) is non-degenerate on W.

Hence,

V=WaeWw,

where Wt = {v € V | (v, W) = 0}. As {X, H, Y} C su(V,(-,-)), it follows

immediately that X, H, Y leave W+ invariant. Let

X]_ = wal, Hl = H’Wla }/1 = waL .

Let (-,-) be the restriction of (-,-) to WL. Then

{X,, H, Y1} C su(W+ (-,-))

is a sly(R)-triple. Let My, . (d — 1) be the isotypical component of W+ consisting
of sum of all R-subspaces B of W+ with dimg B = d which are also irreducible
Spang{ X1, Hy, Y; }-submodules of W+. Then we have My, 1 (d—1) = WANM(d—1)
and M(d—1) = W& My, (d—1). Since dimp W+ < dimp V, from the induction
hypothesis, Myy.(d — 1) has a D-basis satisfying (1), (2), (3) of the lemma. This
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D-basis of Myy1(d—1) together with the D-basis {X'z; | 0 < I < d—1} of W will

give the required D-basis of M (d — 1). This completes the proof using induction on

dimD V.
Part 2 : Here we deal with the remaining case where D = R, 0 = Id and
(=) te = —1.

For all x € L(d—1), as
(o, X0y = (1) efe, XOMa) = —(a, X*1a),

it is clear that (x, X4 'z) = 0. Lemma 3.0.4 gives that (2, X'z) = 0 for | #
d—1, z,2 € L(d—-1). Fix any nonzero x; € L(d — 1). Since (-, -) is non-
degenerate on M(d — 1) x M(d — 1), there exists y; € L(d — 1) \ 21D such that
(w1, X4 1y) # 0. Let W’ be the D-Span of {X'zy, X'y; | 0 < I < d—1}.
As the vectors { X'z, X'y; | 0 < [ < d— 1} are D-linearly independent, and
(w1, X4 1y) # 0, it follows that (-,-) is non-degenerate on W’. As before, define
Wt={veV ]| {W)=0}) AsV = W e W+ and dimp W'+ < dimp V,

repeating the argument in part 1 the proof is completed. O

The next result is an analogue of Proposition 3.0.3 in the presence of a e-o

Hermitian form. When D = R or C Proposition 3.0.7 follows from [SS, p. 259, 2.19].

Proposition 3.0.7. Let V' be a right D-vector space, ¢ = £1, 0 : D — D 1is either
the identity map or it is o, when D is C or H. Let (-,-) : V.xV — D be a €0
Hermitian form. Let {X, H, Y} C su(V, (-, -)) be a sla(R)-triple. Let d € Nq and
tq := dimp L(d—1). Then for alld € Ngq, there exists a D-basis {v} | 1 < j < t4}

of L(d — 1) such that the following three hold:

1. de;l =0 andH(le;l) = le?(2l+1—d) foralll < j < t3,0<1<d-1
and d € Nq.
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2. For all d € Ng, the set {lef | 1 <j <ty 0<1<d—1} is aD-basis of
M(d—1). In particular, {X'v] | 1 < j < tq, 0 <1 <d—1,d e Ng}isa
D-basis of V.

3. The value of (-, -) on any pair of the above basis vectors is 0, except in the

following cases:

o Ifo = o, then (X'vf, X41"lyd) e D*.

o [fo =1Id and e = 1, then (legfl, Xd_l_lvﬁ € D* when d € Oq, and

(X', Xt ) € D

when d € Eq and j is odd.

o Ifo = Id and e = —1, then (X'v¢, X*'"lo) € D* when d € Eq, and

(X', X7 ) € D

when d € Oq and j is odd.

Proof. Lemma 3.0.5 gives the orthogonal decomposition V' = Py, M(d —1)
with respect to the non-degenerate form (-,-) on V. The proposition now follows

from Lemma 3.0.6. L]

Remark 3.0.8. We follow the notation of Proposition 3.0.7 in this remark. Set
Vil := Spanp{X'v} | 0 <1< d—1}. The following observations are straightforward

from Proposition 3.0.7.

1. When o = o, we have

v= & Vv

1<j<tq,deNg

where the above direct sum is an orthogonal direct sum with respect to (-, -).
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2. When ¢ = Id and € = 1, we set V[/j?7 = an + Vﬂrl where 7 is an odd integer,

1<j<t,n¢ckEq. Then

v=( @ Vel D W

1<j<ty,0€04 j is odd, 1<j<ty,n€Eq
is an orthogonal direct sum with respect to (-, -).

3. When o = Id and e = —1, we set VVJQ = Vje —l—VﬁH where 7 is an odd integer,

1 <5 <ty,0 € Oq. Then

v=( @ vhe( P wy)

1§J§t7]777€Ed J is odd, 1<j<ty,0€04

is an orthogonal direct sum with respect to (-, -).

Let (-,-) be a e-0 Hermitian form on V. Define the form
(3.8) (v )a: L(d=1)x L(d=1) — D, (v, u)q := (v, X ')

as in [CoMc, p. 139].

Remark 3.0.9. In [CoMc, §9.3, p.139], starting with a nilpotent element X in
su(V, (-,-)), the form in (3.8) is defined on the highest weight space of M(d — 1)
involving the element Y of an sly(R)-triple {X, H, Y'}. However, in Section 5.2 we
work with a basis of M (d—1) constructed using X (see Proposition 3.0.7 (2)). Hence

for our convenience the form in (3.8) is defined using X. O

Remark 3.0.10. Observe that if {X, H, Y} is a sly(R)-triple in the Lie algebra
5u<va < ) >)7 and g € ZGL(V)(X7 Ha Y)a then (gxa gy)d = (1‘, y)d for all T,y €
L(d — 1) if and only if (gv, gw) = (v, w) for all v, w € M(d—1). O
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Remark 3.0.11. It is easy to see that when (-, -) is Hermitian, then the form (-, -)4
is Hermitian (respectively, skew-Hermitian) if d is odd (respectively, even). When
(-,) is symmetric, then (-, -)4 is symmetric (respectively, symplectic) if d is odd
(respectively, even). When (-, -) is symplectic, then (-, -)4 is symplectic (respectively,
symmetric) if d is odd (respectively, even). Lastly, when (-,-) is skew-Hermitian,
then (-, -)4 is skew-Hermitian (respectively, Hermitian) if d is odd (respectively,

even).

From Lemma 3.0.6 it follows that (-, -)4 is non-degenerate. The D-basis elements
{vf | 1 < j < tq} of L(d —1) in Proposition 3.0.7 are modified as follows:

1. If D = Rand e = 1, by suitable rescaling each element of {vf | 1 < j < 4}

we may assume that

o (vf, X*'vf) = £1 when d € Oq, and

o (vf, X 1wd ) = 1 whend € Eq and j is odd.

J+1
In particular, (vf, ..., vf) is an standard orthogonal basis of L(d — 1) with
respect to (-, -)g for d € Oq. If D = R and ¢ = —1, analogously we may

assume that the elements of the R-basis {vf | 1 < j < tq} of L(d — 1) in
Proposition 3.0.7 satisfy the condition that

o (vf, X*'vf) = £1 when d € Eq, and

° <v§", Xd_lvfd/2+j> = 1whend € Og and 1 < j < t,4/2.

d d

In particular, (vf, ..., vf,) is an orthogonal basis for d € Eq4, and

d d .,d d
(/U17 "'7Utd/2’ /Utd/2+1’ ...7/Utd)

is a symplectic basis for d € Oq of L(d — 1) with respect to (-, -)q.

2. IfD = C,e = land 0 = o, rescaling the elements of the C-basis {v§ | 1 <

j < tq} we may assume that

73



o (vf, X 1) = £1 when d € Oq, and
° <v;-i, Xd’lvﬁ = ++/—1 when d € Eq.
d d

In particular, (vf, ..., v{ ) is an orthogonal basis of L(d — 1) with respect to

(', ')d for d € Nd.

3. If D =H, e = 1and ¢ = o, after rescaling and conjugating the elements
of the H-basis {vf | 1 < j < tq} of L(d — 1) by suitable scalars (see Lemma
2.3.4) the elements of the H-basis, we may assume that

o (vf, X*'vf) = £1 when d € Oq, and
o (vf, X*'vf) = jwhend € Eq.
IfD =H,e = —1and 0 = 0., analogously we may assume that the elements
of the H-basis {v] | 1 < j < t4} of L(d — 1) satisfy
o (vf, X 1v¥) = £1 when d € Eq, and
o (vf, X9y = jwhend € Oq.
d d

In particular, (vf, ..., v{) is an orthogonal basis of L(d — 1) with respect to

(+, )q for all d € Ng.
O

Let (vf, ..., v{) be an ordered D-basis of L(d — 1) as in Proposition 3.0.7 sat-
isfying the properties as Remark 3.0.11. The proofs of the following lemmas are

straightforward and they are omitted.

Lemma 3.0.12. LetD = R, 0 =Id ande = 1. Fixd € Ng and1 < j < ty.

1. Ifn € Eq and 7 is odd, define

, ) (XX ) O if 0<1

IN
3
|
—_

(X2 1ty —X""U?H)\/% if <1< 2p—1
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Then (W}, wi,, 1 ) = 0, and (wj]

bk w;71> = (_1)l <U;7a Xyl

11
2. For 0 € Ogq, define

/

(X! + X0l 5 if 0 <1 < (0-1)/2

wj = Xlyf if 1=(0-1)/2

if 0—1)/2<1<6-1.

(—1)Hwf, X~ 1?) if 0<1<(0—-1)/2

<wj9'lv 5l>

= { (1), X010 if 1=(0-1)/2

(=D X0 if (0-1)/2 <1 < 6—1.

Therefore, for any 0 € Oq,

<w§’lv w?‘l’)) =0

whenl # 1" and 0 < [, 1'6 — 1.

Lemma 3.0.13. LetD = C, 0 = 0. ande = 1. Fird € Ngq and1 < 57 < t,.

1. Forn € Eq, define

o (X' + X1l =T) 55 if 0. <1< n/2
gt

(X7 = XWiV-T) 5 if n/2 <1 <n-1.

Then (f&?l, 177;7(77_1_1)) =0 and (@;7[, 175;71) = (—l)l\/—1<v;7,X”*12);’>.
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2. For 0 € Oq, define

.

(X + X7 l) 5 if 0 <1 < (0-1)/2

Wl = Xy if 1= (0—1)/2

J

(X0 ) = X)) 5 if (0-1)/2 <1 <0-1.
\

Then (" wyy, ?(9_1_“) = 0, and

(—=1)H?, XO0=19) if 0<1<(0—1)/2
(@5, Wh) = (=1)'0, X1)  if 1= (0—1))2

(=DM X0 if (0-1)/2 <1< 0—1.

Therefore, for any 8 € Oq,

whenl #1" and 0 < [, " < 6—1.

Lemma 3.0.14. LetD=H, 0 =0, ande = 1. Fixd and 1 < 57 < 4.
1. Forn € Eq, define

(le?+X"_1_lv;7aj)\/L§ if 0<1<n/2

(Xn 1-1 ! leﬂa])

v; if /2 <1 <n-1

V2

where o = (v], X" ]). Then

(@0, @, ) =0 and (@), @) = (~1)FNed((0], X7 00)).
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2. When 6 € Oq, define

(

(lef + X010y

s if0<1<(0-1)/2

wy = § Xl if 1= (0-1)/2

J

(X010 X109)

\

if 0—1)/2 <1<6-1.

1
V2

Then (@?l, @5(9_1_“) = 0, and

N 0<l<(0-1))2
(@5, W) = (=DM, XOW)  if 1= (0—1)/2

(=D 8, X008 i (0-1)/2 <1< 60-1.

\

Therefore, for any d € Ng,

<{‘7§l17 @?ﬁ =0
whenl #1" and 0 < [, I' < d—1.
The next corollary, which closely follows [CoMc, Lemma 9.3.1], gives a direct
correspondence between the signature of (-, -); on L(d — 1) and the signature of

(-, -) on M(d — 1) when both (-,-) and (-, -)4 have signatures. In part (3) of the

corollary we record a correct version of a result in [CoMc, Lemma 9.3.1].

Corollary 3.0.15. Let (-,-) be a e-0 Hermitian form on V. Assume that e = 1,

that is, the form (-,-) is symmetric or Hermitian.

1. If d € Eq then the signature of (-, -) on M(d — 1) is (dimp M (d — 1)/2,
dimp M (d — 1)/2).

2. If d € O, and (pg4, qq) is the signature of (-, -)4, then the signature of {-,-)
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on M(d—1) is

8. If d € 03, and (p4, qa) is the signature of (-, -)q, then the signature of (-, )
on M(d—1) is

((dlmD M(d - 1) + qq —pd)/Q, (dlmD M(d - 1) + Pa — qd)/2)

Proof. This follows directly from Lemmas 3.0.12, 3.0.13 and 3.0.14. O

Remark 3.0.16. We will now point out an error in [CoMc, p. 139, Lemma 9.3.1],
and also explain why the definition of m¢, in the case of d € 03 as in Yd.2 (in
Section 2.2) is different from that in the case of d € Eq U O}. Let D, V be as in
Section 3, and let (-,-) be a Hermitian (respectively symmetric) form if D = H, C
(respectively, D = R). Take a sly(R)-triple {X, H, Y} C su(V,(-,-)). Note that if
d € 03, then the form (-, -)4 in (3.8) is Hermitian (respectively, symmetric) when
D = H, C (respectively, D = R). Let (p4, g4) be the signature of (-, -); when
d € 03. Corollary 3.0.15(3) says that the signature of the form (-,-) restricted to
M(d—1)is

((dimp M(d — 1) + qa — pa)/2, (dimp M(d — 1) + pg — qa)/2)

when d € O}. Set the signs in first column of the matrix (mg;) as in Yd.1, and thus

define m¢ = +1 when 1 < i < pg, and define m¢, = —1 when p; < i < tg.

However, in the case of d € 03, if we, following [CoMc, p. 139, Lemma 9.3.1],

define mg; = (=1)7"'mf, for 1 < j < d, then it can be easily verified that

dimpM(d—1)4+pg—qqs dimpM(d—1)+qs—p
(sgn+(mfj),sgn,(m§lj))=< > ( 2) . dv > ( 2) - d)'

78



Thus, if d € 03 and p; # qq, then appealing to Corollary 3.0.15(3) we see
that the signature of the form (-,-) restricted to M(d — 1) does not coincide with
(sgny (mg;), sgn_(m¢;)). This shows that the second statement of [CoMc, p. 139,
Lemma 9.3.1] is not true when d € 03 and p; # ¢q (this means that r = 2
(mod 4) in the notation of [CoMec, p. 139, Lemma 9.3.1]). Recall that in Yd.2 (see
Section 2.2), when d € O} we have defined m;, = (=1)7"'mf; when 1 < j < d—1

while m?, := —m{,. Using the definitions of m¢, as above we have that

dimp M(d — 1) + qg — pa dimp M(d — 1) + pg — g
(sgn+(mfj),sgn,(m?j)):< o M( 2) ¢~ Pa o ( 2) d d>‘

Thus, if we define m{; as in Yd.1 and Yd.2, then the signature of (-,-) on M(d—1)

does coincide with (sgn, (mg;), sgn_(mg%)) for d € Nq ; see Remark 2.2.1. O
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Chapter 4

Parametrization of nilpotent orbits

In this chapter we describe certain parametrizations of the nilpotent orbits in non-
compact non-complex simple real Lie algebras. We use the parametrizations to state
the main results on the second and first cohomology groups of the nilpotent orbits

in Chapters 6, 7, 8.

4.1 Nilpotent orbits in non-compact non-complex

classical real Lie algebras

The results on the parametrizations of nilpotent orbits in non-compact non-complex
classical real Lie algebras using Young diagrams and signed Young diagrams are well-
known; e.g. see [CoMc, §9.3]. For the convenience of the readers, in this section we

provide detailed proofs of these results.
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4.1.1 Parametrization of nilpotent orbits in s[,(R)

In this subsection we will recall a standard parametrization of N (SL,(R)), the set
of all nilpotent orbits in sl,(R); see the last paragraph of §2.1 for notation. Let
X € Ny, (r) be a nilpotent element and Ox be the corresponding nilpotent orbit
in sl,(R) under the adjoint action of SL,(R). We first assume X to be non-zero.
Let {X,H,Y} C sl,(R) be a sly(R)-triple. Denoting R™, the right R-vector space
of column vectors, by V we recall that left multiplication by matrices in M, (R)
act as R-linear transformations of R™. Let {dy,...,ds} with d; < --- < d; be the
finite set of natural numbers that occur as dimension of the non-zero irreducible
Spang{ X, H, Y }-submodules of V. Recall that M (d—1) is defined to be the isotyp-
ical component of V' containing all irreducible submodules of V' with highest weight
d—1andasin (3.1), weset L(d—1) := VyoNM(d—1). Let t4, := dimg L(d, — 1)
for 1 < r <s. Then [didl, . ,dids] € P(n) (the set of partitions of n) because

> _, ta,d, = n. This induces a map, say,
(4.1) Yan®): Noww) \ {0} — P(n), X — [d)", ..., dl].
The above map 1y, (r) has the following properties :

(4.2) Yo, ®)(X) = Vst r)(RXR™Y) for h € SL,(R) .

(4.3) g, r)(X) does not depend on the sly(R)-triple {X, H,Y} containing X.

First we will prove (4.2). Let h € SL,(R). Then it is easy to see that {hXh™!,
hHR™, hY h~'}is a sly(R)-triple in sl,, (R). Considering V' as Spang{hXh™', hHh ™,
hY h='}-module, it follows that hM (d — 1) is the isotypical component of V' contain-
ing all irreducible submodules V' with highest weight d — 1. Moreover, hL(d, — 1) =
Viva-10 N hM(1 — d,). Therefore in both the cases we have the same partition
[dy™ ..., d%]. This proves that v, @) (X) = s, @) (hXh ).
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To prove (4.3), let {X, H', Y’} be another sly(R)-triple in s[,(R) containing X.
By Theorem 2.4.8, there exists g € SL,(R) such that ¢X¢g™' = X, gHg™ ! =
H', gYg~ ' =Y’ Now (4.3) follows from (4.2).

It is easy to see that 1), r)(X) # [1"] when X # 0. We set g, (r)(0) := [1"]. In

view of (4.3) and (4.2), ¥, (r) as in (4.1) induces a well-defined map

(4.4) Vs, m): N(SLu(R)) — P(n), Ox — [d,... d4].

We next prove the well-known result which says that Vg, (r) is “almost” a
parametrization of the nilpotent orbits in s, (R). Recall that P(n) denote the set of
all partitions of n and Peyen(n) is the subset of P(n) consisting of all even partitions

of n; see §2.2. We need the following lemma.

Lemma 4.1.1. Let d € Peyen(n), and let Xq € sl,(R) be as in (2.21). Let T €
GL,(R) be such that TXq = XqT. Then detT > 0.

Proof. In this proof D stands for either C,R. Recall that D™ denotes the space
of column vectors with entries in D. We let the matrices in M, (D) act on D™ by left
multiplications. For w = (x1,...,2,)" € C" we set W = (0.(x1),...,0.(x,))" where

‘o.” is the usual conjugation on C.

Using the multiplicative Jordan decomposition it is enough to assume that T
is a semisimple matrix in GL,(R). For a € C we set E, := {v € C" | Tv =
av}. As T € GL,(R), if p € C is an eigenvalue of T then so is o.(u). Let
Ay ooy Ay 1, 06(f1),s -y s, 0c(ts) be all the eigenvalues of T where \; € R for

1 <i<randpu; € C\Rfor1l<j<s. Then we have the decomposition
Cn = (E)\l @ e @ E)\r) @(Eﬂl @ EOC(:U'l)) @ T @ (Eﬂs @ Eac(ﬂs))

of C" into eigenspaces of T'. Set Ey,(R) := Ey, "R and F,, :={w+w |w € £, }.
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Now it follows that
(4.5) R* = (Ex(R)® - ® E\(R)EP (F, & @ F.,).

Note that det(T'|F,,) > 0. Thus to show det 7" > 0, it is enough to prove dimg Ej, (R)
is even for all @ = 1,...,r. Since TXq = X47 and Xq € M,(R), each direct
summand in (4.5) remains invariant under Xq. Let X, := Xq[p, for 1 <i <rand
Xy = Xd’Fuj for 1 <j <s. Then X,,;, X,,; are nilpotent. For each i =1,...,r and
j=1,...,5 we define H,,,Y), € sl(E),) and H, Y, € sl(F,,) as in the following

way:

o If X, =0 weset Hy, =Y), =0, and similarly if X, = 0weset H,, =Y, =0.

K

o If X,, #0and X,, # 0 welet {X,,, Hy, Vs }, {X,,, Hy,, Yy, } e sly(R)-triples

pgs Hpgs By

in sl(E),) and sl(F),, ), respectively.

J

We now define
H:=Hy, & --®H, ®H, ©---©H,, andY =Y, ©---®Y), @Y, ©---DY,,.

Then clearly {Xq, H,Y'} is a sly(R)-triple in sl,(R). Moreover, for all i = 1,...,r
the spaces E),(R) are {Xgq, H,Y }-submodules. Since d € Peyen(n), each irreducible
Spang{ X4, H, Y }-submodule of R™ has even dimension. Hence dimg F),(R) is even

for1 <q¢<r. O

Theorem 4.1.2 ([CoMc, Theorem 9.3.3]). For the map Vg, (r) in (4.4),

B 1 forall d € P(n)\ Peven(n)
#\PSLH(R) (d) =
2 for all d € Peyen(n).

Proof. First we will show that the map Wgr,, (r) is surjective. This follows
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easily from Remark 2.4.2 and Remark 3.0.1 by applying them in the case D = R.
Let d € P(n). Let Xq € M,(D) be as in (2.21) and Hgq,Yq be as in (2.22). We
consider the space of column vectors D" as a Spang{Xq, Hq, Y4 }-module (under the
usual left multiplication of matrices from M, (D) on the column vectors D"). Let
Ng := {d; | 1 < i < s}; see (2.1) for the definition. Then from (3.2) it follows

immediately that \IJSLn(R)(OXd) =d.

Next we compute the cardinality of the fiber of the map Wgr, (r). For d =
[dy, ..., ds) € P(n), let X,Y € sl,(R) be such that gy, r)(Ox) = Ysp,,v)(Oy) =
d. Then gXg=' =Y for some g € GL,(R). Without loss of generality, we may
assume X = Xq, where Xg is as in (2.21), and detg = +1. If detg = 1, then

Ox = Oy. Now we will show that if det g = —1, then

e Ox = 0Oy when d ¢ Peyen(n),

e Ox # Oy when d € Peyen(n).

For d € P(n) \ Peven(n), we assume that d, is odd for some r (1 <r < s). Set
A= (1) e o 1 )0 8 (L) & (1)L 8- 6 (1n)L"

Then AXqA™! = Xg, det A = —1 and gA € SL,(R). Thus Ox = Oy as Y =
(gA)X4q(gA)™!. When d € Peyen(n) and det g = —1, we conclude Ox # Oy using
Lemma 4.1.1. L]

4.1.2 Parametrization of nilpotent orbits in sl,(H)

In this subsection we will recall a standard parametrization of N (SL,,(H)); see §2.1
for notation. Let X € sl,(H) be a nilpotent element and Ox be the correspond-
ing nilpotent orbit in sl,(H) under the adjoint action of SL,(H). Let X # 0 and

{X,H,Y} C sl,(H) be a sly(R)-triple. Denoting H", the right H-vector space of
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column vectors, by V' we recall that left multiplication by matrices in M,,(H) act as
H-linear transformations of H". Let {di,...,ds} with d; < --- < ds be the integers
that occur as R-dimensions of non-zero irreducible Spang{X, H,Y }-submodules of
V. Recall that M (d — 1) is defined to be the isotypical component of V' containing
all irreducible Spang{X, H,Y }-submodules of V' with highest weight (d — 1), and
as in (3.1), we set L(d — 1) := Vyo N M(d — 1). Recall that the space L(d, — 1) is
a H-subspace for r = 1,...,s. Let ty := dimy L(d, — 1) for 1 < r < s. Then as
> te,d, = n we see that [dtldl, ..., d#] € P(n), the set of all partitions of n. This

gives a map, say,

(4.6) Vet - Newry \ {0} — P(n), X v [d),... dla] .

By an argument similar to the one given for the map 1, (r) in (4.1), it follows

that the map g, 1) satisfies the following properties :

(4.7) wsln(H)<X) = Q/JE[H(H)(ngfl) for g € SLn(H)

(4.8)  Wer,,ny(X) does not depend on the sly(R)-triple {X, H, Y’} containing X.

It follows easily that 1)y, ) (X) # [1"] when X # 0. By declaring s, 1y (0) = [17],

we have a well-defined map
Usr, ) : N(SLu(H)) — P(n), Ox s [d", ... d%].

The following well-known result says that Wgr, ) parametrizes the nilpotent orbits

in s(,(H).
Theorem 4.1.3 ([CoMc, Theorem 9.3.3]). The map Vs, n): N (SL,(H)) — P(n)

1S a bijection.

Proof. First we will show that the map gy, () is surjective. This follows
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easily from Remark 2.4.2 and Remark 3.0.1 by applying them in the case D = H.
Let d € P(n). Let Xq € M,(D) be as in (2.21) and Hgq,Yq be as in (2.22). We
consider the space of column vectors D" as a Spang{Xq, Hq, Ya} -module (under the
usual left multiplication of matrices from M, (D) on the column vectors D"). Let
Ng := {d; | 1 < i < s}; see (2.1) for the definition. Then from (3.2) it follows

immediately that \IJSLn(H)(OXd) =d.

Next we will show that the map Wgr, ) is injective. Let d = [didl ey
dé‘ﬂ € P(n), and let X, N € sl,(H) be two non-zero nilpotent elements such that
Usp, 1y (Ox) = Yer,,(1)(On) = d. Let V := H" be the right H-vector space of col-
umn vectors. Using Proposition 3.0.3, V has two H-bases of the form {X'v? | 0 <
| <d—1,1<r<s,deNg}and {Nu? |0<1<d—-1,1<r <s,de Ng}. Let
g € GL,(H) be such that g(X'v9) = Nlud forall 0 <1< d—1,1 <7 < s,d € Ng.
Then gX (X'v?) = NFlyd = Ng(Xd) forall 0 <1 < d—1,1 <r < s,d € Ng.
This in turn shows that gX g~ = N. As the reduced norm Nrdy, m (9) is a positive
real number (see Lemma 2.3.5), multiplying ¢ by a suitable positive real number we
obtain ¢’ € SL,(H) such that ¢X = N¢g'. Hence Ox = Op. This completes the

proof of the theorem. O

4.1.3 Parametrization of nilpotent orbits in su(p, q)

Let n be a positive integer and (p,q) be a pair of non-negative integers such that
p+q = n. As we are dealing with non-compact groups, we will further assume
that p > 0 and ¢ > 0. For = (x1,...,2,)" € C" we set T := (0.(x1),...,0:(z,))"
where ‘o, is the usual conjugation on C. Throughout this subsection (-, ) denotes

the Hermitian form on C" defined by (z,y) := 7'l, ,y, where I,, is as in (2.19).

We begin by recalling a standard parametrization of the set of nilpotent orbits

N(SL,(C)); see the last paragraph of §2.1 for notation. Let X’ € N, (c) be a
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nilpotent element. We first assume X’ # 0. Let {X’, H',Y'} C s[,(C) be a sly(R)-
triple. Let V' := C™ be the right C-vector space of column vectors. Let {cy,..., ¢}
with ¢; < --- < ¢ be the finitely many integers that occur as R-dimensions of non-
zero irreducible Spang{ X', H', Y'}-submodules of V. Recall that M (c—1) is defined
to be the isotypical component of V' containing all irreducible Spang{X’, H', Y'}-
submodules of V' with highest weight (¢ — 1), and as in (3.1), we set L(c — 1) :=
Vyro N M(c—1). Recall that the space L(c, — 1) is a C-subspace for 1 <r <[. Let
te,

te, = dimg L(c, — 1) for 1 <7 < 1. Then as 3.\_, t. ¢, = n we have e ... ¢ e

P(n). This induces a map, say,
(4.9) ¢sfn(C) : ./\/;[n(c) \ {0} — P(n) R X' — [Cicl, c.. ,Cfel] .

By an argument similar to the one given for the map vy, gy in (4.1), it follows that
Yo, (0)(X') = e, c)(9X g™ ") for g € SL,(C). In particular, using Theorem 2.4.8 it
follows that the map g, (c)(X’) does not depend on the sly(R)-triple { X', H', Y’}
containing X'. Note that g, c)(X’) # [1"] when X' # 0. We set 1y, (c)(0) := [17].
It is a basic fact (see [CoMc, Theorem 5.1.1, p. 69]) that the map vy, c) induces a

well-defined bijection
(41()) \IISLn(C) : N(SLTL(C)) — P(n)7 OX’ — [Ctha < 701261} .

As SU(p, q) C SL,(C) (and consequently as, the set of nilpotent elements Nyy(p,q) C

N, (cy) we have the inclusion map, say, Usu(p.q): Noupg) — MNatn(c)- Let

Veu(pg) = Yotn(©) © Isu(pg) * Nowipg) —> P(n)

be the composition.

Let now X € su(p,q) be a nilpotent element, and Ox be the corresponding

nilpotent orbit of X in su(p, ¢), under the adjoint action of SU(p, ¢). Assume X # 0,
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and let {X, H,Y'} C su(p, q) be a sly(R)-triple. As before, we let V' := C", the right
C-vector space of column vector C”. Analogously as above, we also enumerate the
finite set of natural numbers of the form dimg ) for all the non-isomorphic non-zero
irreducible Spang{X, H,Y }-submodules @ of V by {d;,...,ds} in such a way that
the relation dy < --- < d; is satisfied. Let t4, := dim¢ L(d, — 1) for 1 <r < s. Then

d:= [dtldl, . ,dids] € P(n), and moreover, w;u(p’q) (X)=d.

We now consider S4(p,q) as defined in (2.6), and assign an element sgny €
Sa(p,q) to the element X € Nyyp,q)- Let Ng := {d; | 1 < i < s} see (2.1) for
the definition. For all d € Ng, we first define a ¢4 X d matrix, say (m;(X)), in Ag;
see (2.5) for the definition. Recall that the form (-,-)s: L(d —1) x L(d —1) — C,
as defined in (3.8), is Hermitian or skew-Hermitian according as d is odd or even.
Let (pa,qq) be the signature of (-,-)4; see §2.3 for the definition of the signature of
a skew-Hermitian form. Consider Eq, Oq as defined in (2.1) and O}, O3 as defined

in (2.2). Define,

+1 if 1<i<py
mgl(X) = ; dENd,

—1 ifpd<i§td

and

(4.11) mi(X) = (=1)"'m}(X)  ifl1<j<d, deEquUOy;
(=1 'mf(X) ifl<j<f-1

(4.12) m,(X) = ' L0 €0

—m (X) if j =0

d

The way the matrices (mg;(X)) are defined, immediately implies that they verify

(Yd.1) and (Yd.2). Set sgny := ((m®(X)),..., (m%(X))). It then follows from

i i
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Remark 2.2.1 and Corollary 3.0.15 that

S sgn, (mi(X)) =p, Y sgn_ (mi(X)) =q.

In particular, we have sgny € Sa(p,q). We next show that sgny = sgn y,1
for all g € SU(p,q). Clearly {gXg~',gHg !, gY g1} is a sly(R)-triple in su(p, q).
It is also clear that gM(d — 1) is the isotypical component of V' containing all
irreducible Spang{gXg~!, gHg™ !, g¥ g '}-submodules of V" with highest weight d—
1. Moreover, gL(d — 1) = Vyy 410N gM(d —1). Asin (3.8), let (-,-),: gL(d — 1) x
gL(d — 1) — C be defined by (v,u); == (v, (¢Xg )% ) for all v,u € gL(d — 1).
As g € SU(p, q), for all u,v € L(d — 1) we have

(u,v)q = (u, X '0) = (gu, gX ') = (gu, (9X g7 ") 'gv) = (gu, gv),.

Hence the signatures of (-,-); and (+,-)!, are the same for all d € Ngq . In particular,

San — Sgnngfl .

Thus we have a map

1/}511(29» q) : -/\[su(p,q) — y<p7 Q)7 X — (w;u(p,q) (X)7 San) )

where Y(p, q) is as in (2.7). The map gy, ¢) satisfies the following properties :

(4.13)  Yau(p,g)(X) = Ysu(p,q) (ng’l) for all g € SU(p, q).

(4.14)  Ygy(p,q)(X) does not depend on the sly(R)-triple {X, H, Y} containing X.

It is immediate from above that (4.13) holds. To prove (4.14), we let {X, H',Y"}
be another sly(R)-triple in su(p,q) containing X. By Theorem 2.4.8, there exists
h € SU(p, q) such that hXh ' = X, hHh™' = H', hYh™' =Y’. Now (4.14) follows
from (4.13).
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Thus tsy(p,q) induces a well-defined map

(4.15) Vsupg : N(SUP,q)) — Y(@,0), Ox +— (Yiypg(X), sgny) .

Using our terminologies we next state a standard result which says that the map

above gives a parametrization of the nilpotent orbits in su(p, q).

Theorem 4.1.4. The map Vsyp.q: N(SU(p,q)) — V(p,q) in (4.15) is a bijec-

tion.

Remark 4.1.5. On account of the error in [CoMc, Lemma 9.3.1] mentioned in
Remark 3.0.16, the parametrization in Theorem 4.1.4 is a modification of the one

in [CoMc, Theorem 9.3.3]. O

Proof. We divide the proof in two steps.

Step 1 : In this step we prove that Wgy(p,q) is injective. Let X, N € su(p,q)
be two non-zero nilpotent elements such that sy (Ox) = Vsupe)(On). Let
d = V(X)) = Ve (V) Let {Xf [0 <1 <d—1,1<j <ty,de Ng}
and {le? |0<1<d-1,1<j <ty,de Ng} be two C-bases of V = C", as in
Proposition 3.0.7, which satisfy Remark 3.0.11 (2). We also have sgny = sgny.
Thus, after reordering the ordered sets (v, ..., v{ ) and (w{,... wf ) for all d € Ng,

if necessary, we may assume that

(4.16) (v?,Xd_lv;i} = <w?, Nd_lw?> forall 1<j<t;déeNg.

Let h € GL,(C) be such that h(X'vf) = N'wf forall 0 <1 <d—1,1<j <ty de
Ng. Then

hX (X)) = hX"" o) = N*lwf = N(N'wf) = Nh(X"])

forall 0 <1 <d—1,1<j <tgde&Ngq. This in turn shows that hXh™' = N. We
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next show that h € U(p, q). Using the equalities in (4.16) above it follows that
ld 1 yd=1—0 d\ _ /nrl, d nrd—1—1 dy _ 1/, d ard—1, d
(hX "5, hX vj) = (N'wj, N w§) = (=1)(wj, N wj)

= (—1)l(v§l,Xd’1v;-i> = (le?,Xd’lflvﬁ,

forall0 <1<d—1,1<j <tgdeNg. As{X"§|0<1<d-1,1<j<tydeNg}
is a C-basis of V, it is now clear from the relations among the basis elements in
Proposition 3.0.7(3) in the case of 0 = o.,e = 1,D = C that h € U(p,q). Let
a € C be such that o™ = deth, and let ' = a~'h. Then I/ € SU(p,q) and
WXKW'=gXg!t=N. Thus Ox = Oy which proves the injectivity of the map

\IJSU(I?,Q)'

Step 2 : In this step we prove that Wgy(,q) is surjective. Let us fix a signed
Young diagram (d,sgn) € Y(p,q). We set n = p+¢q. Then d € P(n), and
sgn € Sa(p,q). Let X € Ny, (c), and {X, H,Y} C sl,(C) be a sly(R)-triple such
that g, (c)(X) = d; see (4.9) and (4.10). Our strategy is to obtain a P € GL,(C)

such that P~'X P € su(p, ¢q) and sgnp-1yp = sgn.

We next construct a nondegenerate Hermitian form (-, ),ew on V. = C" with
signature (p, ¢) such that {X, H,Y} C su(V, (-, )new); see (2.15) for the definition of
su(V, (-, Ynew). Let d :=[d}, ..., d¥]. Using Proposition 3.0.3(2), C" has a C-basis
of the form {X'v§ |0 <1<d—1,1<j <tq,d e Ng}. Let sgn:= (My,,..., Mg,),
and let pg, g4 be the number of +1, —1, respectively, appearing in the 15 column

of the matrix of M, (of size ty x d) for all d € Ngq. For d € Ngq, 1 < j <, and for

0 <1l,r<d—1 we define b(X'vf, X"v) € C by

b(X'vf, X"vd) =0if l+7#d—1
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and

(-1)! ifdeOq, 1 <j<pa

(—1)l+1 ifd e Od, pa <7 <ty
(4.17) b(X', X ) =

V=1(=1)"* ifde€Eq, 1 <5 <py

\/-1(-1)1 ifdekEq, ps<j<ty

It now follows that for 0 <[, <d—1
(4.18) b(X'0f, X"of) = b(X7vd, Xtv).

Recall that, for all d € Ng, 1 < j < tq, the R-Span of {vf, Xvd, ... X}
is an irreducible Spang{X, H,Y }-submodule of C"; see Lemma 3.0.2 (2). We set
V= Spanc{X'v¢ [0 <1 <d—1}. As {X'v¢ |0 <1 <d—1}is a C-basis for V}’

the equalities in (4.18) allow us to define a Hermitian form (-, -)4 on V;* such that
(4.19) (X!, X"y = b(X'], X)) for0<1,r<d-—1.

From the definition it is clear that (-,-)4 is nondegenerate on V;-d, and moreover

(X, y)g + (x, Xy)g; =0 for all z,y € de. Recall that

(4.20) c'= @ v

deNg,1<j<tq
Let (-, )new be the new Hermitian form on C" such that its restriction to de agrees
with (-, )4, and so that (4.20) is an orthogonal direct sum with respect to (-, -)new-
Then (-, -)new is nondegenerate on V x V. Clearly, (X, y)new + (€, XY)new = 0 for all
z,y € V. Recall that in Proposition 3.0.3 (1) we have that Y X'vf = (X""'0f)i(d—1)
for0 <l <d-—1,1<j <ty dENd,ande? = 0for1 <j <ty de Ng As

{le;l |0 <1 <d-1,1<j < tgd e Ng}is a basis of C", using the above
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relations, (4.17) and (4.19), we conclude that (Hz,y)new + (€, HY)new = 0 and
(Y, Y)new + (T, YY) new = 0 for all z,y € V. Thus {X, H, Y} C su(V, (-, )new)-

We next show that the signature of (-, )new i (p,q). Let d € Ngq. Recall
that M(d — 1) denotes the isotypical component of C" containing all irreducible
Spang{ X, H,Y }-submodules of C" with highest weight (d — 1), and L(d — 1) =
Vyo N M(d—1); see (3.1). Asin (3.8), let (-, )new,: L(d —1) x L(d — 1) — C be
defined by (v, %) new, = (v, X9 M) ey for all v,u € L(d—1). From the defining prop-

erties of (-, )new it follows that M(d—1) is a direct sum of the subspaces Vi, ..., V}*

d
tq

which are mutually orthogonal with respect to (-, -)pew. In particular, (vf,... v?) is
a orthogonal basis of L(d — 1) with respect to (-, )new,. Using this orthogonal basis
and putting [ = 0, in (4.17), we obtain that the signature of (-, *)new, S (Pa, qa); se€
§2.3 for the definition of the signature of a skew-Hermitian form. Now from Remark
2.2.1 and Corollary 3.0.15 it follows that the signature of (-, ), on M(d — 1) is
(sgn, Mg, sgn_Mg). Recall that, as sgn € Sa(p, q), we have >,y sgn, My = p and

> den, Sen_Mg = g. Thus the signature of (-, )new is (p, q)-

Since the signatures of both the forms (-, )pew and (-,-) coincide there is a

P € GL,(C) such that

(4.21) (x,y) = (Px, PY)pew for all z,y € C".

Clearly {P~'XP, P"'HP, P~'Y P} is a sly(R)-triple in su(p,q). Now we will show
that sgnp-1yp = sgn. Note that P~'M(d — 1) is the isotypical component of C"
containing all the irreducible Spang{P~'X P, P"'HP, P~'Y P}-submodules of C"
with highest weight (d — 1). Moreover, P~'L(d — 1) = Vp-1ypo N P~1M(d — 1).
As in (3.8), let (-,-)4: P7'L(d — 1) x P*"L(d — 1) — C be defined by (z,y)}
= (z,(P71XP)%¥Yy) for all x,y € P~1L(d — 1). Using (4.21) it follows that

u, )] = (P, PV)pew, foru,v € P7'L(d—1); d € Nqg.
d d
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Thus the signatures (-,-); and (-, -)new, are both equal, which, in particular, shows
that signature of (-, )7 is (p4, qq) for all d € Ng. This proves that sgnp-1yp = sgn.

Hence Wsy(pq)(Op-1xp) = (d,sgn). This completes the proof of the theorem. [

4.1.4 Parametrization of nilpotent orbits in so(p, q)

Let n be a positive integer and (p,q) be a pair of non-negative integers such that
p+ q = n. We will further assume p > 0 and ¢ > 0 as we deal with non-compact
groups. Throughout this subsection (-, -) denotes the symmetric form on R defined

by (z,y) := a'l, 4y, for ,y € R, where I, , is as in (2.19).

In this subsection we will describe a suitable parametrization of the nilpotent
orbits in s0(p, ¢) under the adjoint action of SO(p, ¢)°. Let Wgr,, ry: N(SL,(R)) —
P(n) be the parametrization of N (SL,(R)) as in Theorem 4.1.2. As SO(p,q) C
SL,(R) (consequently as, the set of nilpotent elements Nyo(pq) C Nt (r)) We have

the inclusion map, say, Vso(p,q): Neo(p.g) —> Nt (r)- Let

Veotoa) = Valn(R) © Usa(pg) * Noopg) — P(n)

be the composition map. Recall that ¢, (Nao(p,g)) C P1(n) where Pi(n) is as in
(2.3); this follows form the first paragraph of Remark 3.0.11. Let X € so(p,q) be a
non-zero nilpotent element and Ox be the corresponding nilpotent orbit in so(p, q)
under the adjoint action of SO(p,q)°. Let {X, H,Y} C so(p,q) be a sly(R)-triple.
Let V := R"™ be the right R-vector space of column vectors. Let {di,...,ds} with
dy < --- < ds be the finitely many integers that occur as R-dimensions of non-
zero irreducible Spang{X, H,Y }-submodules of V. Recall that M (d — 1) is defined
to be the isotypical component of V' containing all irreducible Spang{X, H,Y }-
submodules of V' with highest weight d — 1 and as in (3.1) we set L(d—1) := VyoN

M(d—1). Let ty := dimg L(d,—1) for 1 <r < s. Thend := [d,"", ..., d"*] € Pi(n),
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and moreover, 1, o(p)

(X)=d.

We now consider 85" (p, ¢) as defined in (2.8), and assign an element sgn, €
S (p, q) to the element X € Nyo(pq)- Let Ng := {d; | 1 < i < s}; see (2.1) for
the definition. For all d € Ng we first define a t; x d matrix, say (m;(X)), in Ag;
see (2.5) for the definition. Recall that the form (-, )4: L(d—1) x L(d—1) — R, as

defined in (3.8), is symmetric or symplectic according as d is odd or even. Consider

Eq, Oq as defined in (2.1). Let (py, go) be the signature of (-, -)y when 6 € Oq. Define,

mA(X) = +1 it 1<i<t, ne€kEq;

11 1<i<pg
m?ol(X) = ,0 € 0q;

-1 ifp9<i§t9

and for j > 1 we define (mf;(X)) as in (4.11) and (4.12). The way the matrices

(m& (X)) are defined, immediately implies that they verify (Yd.1) and (Yd.2). Set

ij
sgny = ((m?j1 (X)),..., (m?j (X))). It then follows from Remark 2.2.1 and Corollary

3.0.15 that

> sen, (mif (X)) =p. Y sen (miF(X) =1q.

Now from the above definition of m], (X) for n € Eq we have sgny € S5"(p,q). We

next show that sgny = sgn_y -1 for all g € SO(p,q)°. Clearly, {gXg7 ', gHg™ !,

9Xg~
gY g7} is a sly(R)-triple in so(p, q). It is also straightforward that gM (d — 1) is the
isotypical component of V' containing all irreducible Spang{gX g™, gHg™!, gV g7 '}-
submodules of V' with highest weight d—1. Moreover, gL(d—1) = Vyy4-1 0NgM (d—
1). Asin (3.8) for 6 € Ogq, let (-,-)p: gL(0 —1) x gL(6 — 1) — R be defined by
(v,u)p == (v,(gXg™ ") u) for all v,u € gL(d —1). As g € SO(p,q)°, for all

v,w € L(# — 1) we have

(v,w)g = (v, X 'w) = (gv, g X" 'w) = (gv, (¢Xg~")" gw) = (gv, guw)j.
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Hence, the signature of (-,-)y and (-,-); are same for all § € Oq4. In particular,

sgny = sgn x,—1 € S (p,q).

Thus we have a map

Uso(p.a) * Neotpa) —> T (01q), X +— (1/’;0(;3,(1) (X), san);

where Y1V (p, q) is as in (2.11). The map )s,(p,q) satisfies the following properties:

(4-22) ¢so(p,q)(X) = Q/fso(p,q)(ng_l) for all g € So(pv C])O-

(4.23) Vso(p,q) (X)) does not depend on the sly(R)-triple {X, H,Y'}.

It is immediate from the above that (4.22) holds. To prove (4.23), let {X, H', Y’}
be another sly(R)-triple in so(p,q) containing X. By Theorem 2.4.8, there exists
h € SO(p,q)° such that hXh™! = X, hHh™' = H', hYh™! = Y'. Now (4.23)

follows from (4.22).

Thus tg(p,q) induces a well-defined map

(424) \I]SO(IM])O : N(SO(p, Q)O) — yfven(pv q)7 OX — (@%o(p,q) (X>7 San)'

Using our terminologies we next formulate a standard result which says that the map
above “almost” parametrizes the set N (SO(p, ¢)°). Recall from §2.2 that P, even 18
the subset of P(n) consisting of all very even partitions of n, Py(n) is as in (2.3)
and S5(p, q) is as in (2.14).

Theorem 4.1.6. The map Ysopq)e i (4.24) satisfies the property that

(

4 for all d € Pyeyen(n)
#‘I’gé(p,q)o(da sgn) = < 2 for all d € Pi(n) \ Pyeven(n), sgn € S4(p, q)

1  otherwise.

\
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Remark 4.1.7. Taking into account the error in [CoMec, Lemma 9.3.1], as pointed

out in Remark 3.0.16, the above parametrization in Theorem 4.1.6 is a modification

of Theorem 9.3.4 in [CoMc]. O

Proof. We divide the proof in two steps.

Step 1 : In this step we prove that WUgo(, ) is surjective. Let us fix a signed
Young diagram (d, sgn) € Y (p,q). Set n = p+ ¢. Then d € Pi(n), and
sgn € 83" (p,q). Let X € Ny, (r), and {X, H,Y} C sl,(R) be a sly(R)-triple such
that 1y, r)(X) = d; see (4.1) and Theorem 4.1.2. Our strategy is to obtain a

P € GL,(R) such that P! X P € so(p,q) and sgnp_:yp = sgn € S3*(p, q).

We next construct a nondegenerate symmetric form (-, )y on V- = R™ with
signature (p, q) such that {X, H, Y} C s0(V, (-, )new); see (2.16) for the definition of
50(V, (-, Jnew). Let d :=[d™, ..., d"*]. Using Proposition 3.0.3(2), R™ has a R-basis
of the form {X'v¢ |0 <1<d—1,1<j <tq,de Nga}. Let sgn:= (My,,..., Mg,),
and let py, go be the number of +1, —1, respectively, appearing in the 15 column
of the matrix of My (of size ty x ) for all § € Oq. For d € Ng, 1 < j < t4 and

0<Il,r<d-1we define b(le}i,X’"v?) € R by

b(X'Y, X)) =0 ifl+r#6—1,0€0q;
b(X'0], X"0]) =0 ifneEa;
b(le?,X”v;’H):O ifl+r#n—1,j0dd, nekEqg;

b(X'],, X0]) =0 ifl+r#n—1,jodd, neEq,

and

(—1)! when 1 < 7 < py
(4.25) b(leg,Xe_l_lv?) = ; 0 € Og,

(=D when py < j <t
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(426 b(XlU;’,X”_l_lU;’H) = (=1) when j is odd, n € Eq, 1 < j <t,,

b(X!

T X s = (=1)"! when jis odd, n € Eq, 1 < j <t

It now follows that
(4.27)

b(X'0Y, X™0%) = b(X v, X"]) for € 04,0<1,r<6—1,

(4.28)

b(XlU;?/,XTU;],,) = b(X"v;?,,,le;?,) forn €Eq,0<l,r<n—1,5<7,7"<j+1.
Recall that, for all d € Ngq, 1 < j < tg4, the R-Span of {v;-l, Xv}i, ce Xd_lv?} is an
irreducible Spang{X, H,Y }-submodule of R"; see Lemma 3.0.2 (2). For 1 < j <
tg,0 € Oq, we set V/ := Spang{X'? | 0 <1 < § —1}. For n € Eq, and an odd

integer j, 1 < j < t,, we set V;" := Spang{X"0], X", | 0 <1 <n—1}. As

i+
{X"?]0<1<6—1}is aR-basis for V/ the equalities in (4.27) allow us to define

a symmetric form (-, -)s; on V such that
(4.29) (X9, X")g; = b(X"], X™07)  for 0<1,r<6—1.

Similarly as {X'v], X'v]

7010 <1 <n—1} is a R-basis for V;” the equalities in

4.28) allow us to define a symmetric form (-,-),; on V." such that
7 J
(4.30) (X", X"0),)p; = b(X"W), X"0),)  for 0 <l,r<n—1,j<j,j" <j+1.

From the definition it is clear that for all d € Ng, (-,-)q; is nondegenerate on V!

and moreover, (Xz,y)q + (z, Xy)g = 0 for all z,y € V}d. Recall that

(4.31) R'=( @ Vhe( @ V).

j 0dd,1<j<t,n€Eq 1<j<tg,0€04

Let (-, )new be the new symmetric form on V' = R™ such that its restriction to
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de agrees with (-,-)4, and so that (4.31) is an orthogonal direct sum with re-
spect to (-, )new- Then (-, -)pew is non-degenerate on V' x V. Clearly, (X, ¢)new +
(, XY)new = 0 for all z,y € V. Recall that in Proposition 3.0.3 (1) we have that
VX = (X""whi(d—1) for 0 <1 <d—1,1<j <tq, de Ng,and Yvf = 0
for 1 < j <ty, d € Ng. AS{XZU?\Oglgd—l,lgjStd,dENd}isabasis
of R", using the above relations,(4.25), (4.26), (4.29) and (4.30), we conclude that
(Hx, Y)new + (2, HY)new = 0 and (Y&, Y)new + (¢, YY)new = 0 for all z,y € V. Thus

{X,H,Y} Cso(V,{", Jnew)-

We next show that the signature of (-, -)new is (p,q). Let d € Ng. Recall
that M(d — 1) denotes the isotypical component of R™ containing all irreducible
Spang{X, H,Y }-submodules of R" with highest weight (d — 1), and L(d — 1) =
Vyo N M(d—1); see (3.1). As in (3.8), let (-, )new,: L(d —1) x L(d —1) — R
be defined by (v, u)new, = (U, X U)pew for all v,u € L(d — 1). From the defin-
ing properties of (-, )new it follows that M(0 — 1) = D, V? for § € Oq and
M(n—1) =B oaa,1<j<s, V;' for n € Eq where both the direct sums are orthogonal
with respect to (-, )new. In particular, (vf,... v} ) is a orthogonal basis of L(6 —1)
with respect to (-, )new, for all § € Oq. Using this orthogonal basis and putting
[ =0, in (4.25), we obtain that the signature of (-, )new, i (Pg, go). Now from Re-
mark 2.2.1 and Corollary 3.0.15 it follows that the signature of (-, ) pew on M(d —1)
is (sgn; Mg, sgn_Mg). Recall that, as sgn € S§™"(p, q), we have ).\ sgn, My = p

and ZdeNd sgn_My = q. Thus the signature of (-, ) pew i (P, q).

Since the signatures of both the forms (-, )new and (-,-) coincide there is a

P € GL,(R) such that
(4.32) (x,y) = (Pz, Py)ney, for all x,y € R™.

Clearly {P™'X P, P"'HP, P~'Y P} C s0(p,q) is a sly(R)-triple. Now we will show

that sgnp_1yp = sgn € S85°(p,q). Note that P~'M(d — 1) is the isotypical
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component of R" containing all the irreducible Spang{ P! X P, P"'HP, P~'Y P}-
submodules of R™ with highest weight (d — 1). Moreover, P~'L(d —1) = Vp-1ypoN
P~'M(d—1). Asin (3.8) for § € Oq, let (-,-)j: P7'L(0 —1) x P7'L(A—1) — R
be defined by (z,y)) := (x, (P71 X P)?ly) for all z,y € P~1L(# — 1). Using (4.32)

it follows that
(u,v)y = (Pu, Pv)pew, for u,v € P~*L(d —1); 0 € Ogq.

Thus the signatures (-, -); and (-, )new, are both equal, which, in particular, shows
that signature of (-, -)j is (ps, qo) for all § € Oq4. This proves that sgnp-1yp = sgn €

55" (p, q). Hence \Ifso(nq)o(oP*lXP) = (d,sgn).

Step 2 : In this step we will compute the cardinality of the fibers of the map in
(4.24). To do this first we will prove that if Wgo g0 (Ox) = ¥so(pe)° (On) = (d, sgn)
for some X, N € Nyo(p,q), then there exists g € O(p, q) such that X = gNg~*. Let
d = Y0 (X) = Vi V). Let {X'0f [0 <1< d—1,1<j <ty,d€ Ng}
and {le? |0<1<d-1,1<j<tygde Ng} be two R-bases of V' = R", as in
Proposition 3.0.7 which satisfy Remark 3.0.11 (1). We also have sgny = sgny €
S$™(p, q). Thus, after reordering the ordered sets (v{, ..., v{ ) and (wf,... w{ ) for
all d € Ng, if necessary, we may assume that

(!, X0 = (w?, N 1wl) for all 6 € Oq, 1 < j <tp;

(4.33)

(W], X!

)= <w;7’N’7*1w’7 ) forallpeEq, 1<j<t,.

j+1
Let g € GL,(R) be such that

(4.34) g(X"!) =Nw! forall0<I1<d—1,1<j <ty deNq.

Then gX(X'vY) = Ng(X'v), which in turn implies gX = Ng. Using (4.33) and
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(4.34) we observe that

(gle?, gXe’l’lv;?) = <le]9., Xe’l’lvje) for 0 € Oq, 1 < j <tp;

(gX'0], g X" ] ) = (XN, X)) forn € Bq, 1< <t

As {le;l |0 <1 <d-1,1 <j <ty,de€ Ng} is a R-basis of R", it is now clear
from the relations among the basis elements in Proposition 3.0.7(3) in the case of

o =1d,e =1,D =R that g € O(p, q).

We appeal to Lemma 6.0.1 (4) and Proposition 6.4.5 to make the following

observations.

1 It d € Pyoven(n), then Zo(o)(X, H,Y) = Zsogpge (X, H, Y).

2. If d € Pi(n) \ Pyeven(n), sgn € Si(p, q), then
#(Zowa) (X, H,Y)/ Zs0(pq (X, H,Y)) = 2.

3. In all other cases #(Z0(p,q) (X, H,Y)/Zs0(p,q° (X, H,Y)) = 4.

As #0(p, q)/SO(p, q)° = 4, in view of Lemma 2.3.7, the proof is completed. ]

4.1.5 Parametrization of nilpotent orbits in so*(2n)

Let n be a positive integer. In this subsection we describe a suitable parametriza-

t e H™ we set w =

tion of the nilpotent orbits in so*(2n). For w = (x1,...,2,)
(0e(x1), ..., 0.(x,))" where o, is the conjugation on H as defined in §2.3. Through-
out this subsection (-, -) denotes the skew-Hermitian form on H" defined by (z,y) :=

z'jl,y, for x,y € H™.

Let Wgr, ny: N(SL,(H)) — P(n) be the parametrization as in Theorem 4.1.3.

As SO*(2n) C SL,(H) (consequently as, the set of nilpotent elements Nyox(2n)y C
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Nii,,y) we have the inclusion map, say, Usex(2n) : Neow(2n) — Nt (H)- Let

Vot (2n) = Vst (H) © Vso=(2n) * Neox2n) — P(n).

be the composition. Let X € s0*(2n) be a nilpotent element and Ox be the cor-
responding nilpotent orbit in s0*(2n). First assume that X # 0. Let {X, H,Y} C
50%(2n) be a sly(R)-triple. Let V' := H" be the right H-vector space of column vec-
tors. The left multiplication by matrices in M,,(H) act as H-linear transformations
of H". Let {dy,...,ds} with d; < --- < dg be the finitely many integers that occur as
R-dimensions of non-zero irreducible Spang{ X, H, Y }-submodules of V. Recall that
M(d — 1) is defined to be the isotypical component of V' containing all irreducible
Spang{X, H,Y }-submodules of V' with highest weight (d — 1), and as in (3.1), we
set L(d—1) := VyoNM(d—1). Recall that the space L(d, —1) is a H-subspace for
1 <r<s. Letty :=dimy L(d.—1) for1 <r <s. Thend := [didl, .., d&) e P(n),

and moreover, ¥, ., (X) = d.

We now consider S3%4(n) as defined in (2.9), and assign an element sgny €

83%(n) to the element X € Ngpr(2n). Let Ng := {d; | 1 < i < s}; see (2.1) for
the definition. For all d € Ng we first define a ¢4 x d matrix, say (m;(X)), in Ag;
see (2.5) for the definition. Recall that the form (-,-)q: L(d — 1) x L(d — 1) — H,
as defined in (3.8), is skew-Hermitian or Hermitian according as d is odd or even.
Consider Eq4, Oq as defined in (2.1). Let (p,,q,) be the signature of (-,-), when

n € Eq. Define,

mi(X):=+1 if 1<i<ty 0€Oq;

1 if1<i<p,
mj(X) = ,n € Eq;

1 ifpy,<i<t,

and for j > 1 we define (m{(X)) as in (4.11) and (4.12). The way the matrices
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(m& (X)) are defined, immediately implies that they verify (Yd.1) and (Yd.2). Set

v]

sgny = ((m%l(X)), .., (m%(X))). It then follows from the above definitions of

v

mf (X), 0 € Oq that sgny € S3%(n). We next show that sgny = sgn_y,1 €

9Xg~
85%4(n) for all g € SO*(2n). Clearly, {gXg™t, gHg™ !, gY g7 '} is a sly(R)-triple in
50%(2n). It is also clear that gM (d — 1) is the isotypical component of V' containing
all irreducible Spang{gXg¢g~!, gHg™!, gY g~ }-submodules of V with highest weight
d—1. Moreover, gL(d—1) =V,

g

vg-10NgM(d—1). Asin (3.8), let (-,-)}: gL(d—1) x
gL(d — 1) — H be defined by (v,u); := (v, (¢Xg 1) u) for all v,u € gL(d — 1).
As g € SO*(2n) for all u,v € L(d — 1), we have

(u,)q = (u, X '0) = (gu, g X" v) = (gu, (9X g ") gv) = (gu, gv);.

Hence the signatures of (-,-), and (-,-); are the same for all n € Eq. In particular,

sgny = sgn y,1 € S3%(n).

Thus we have a map
(4.35) Yaor(2m) © Neoram) — V4n), X = (Ve ony(X), sg0) |
where Y°%4(n) is as in (2.12). The map ths+(2n) satisfies the following properties:

(436) ¢50*(2n) (X) = wso*(2n) (ng_l) for all g€ SO*(QH)

(4.37)  1Psox(20)(X) does not depend on the sly(R)-triple {X, H,Y'} containing X.

It is immediate that (4.36) holds. To prove (4.37), let {X,H",Y'} C s0*(2n)
be another sly(R)-triple containing X. By Theorem 2.4.8, there exists h € SO*(2n)

such that hXh™' = X, hHh™' = H', hYh™! =Y’. Now (4.37) follows from (4.36).
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Thus 150+ (2n) induces a well-defined map
(438) \Ifso* 2n) N(SO ( )) — yOdd(n), OX — (w (2n)(X>7 Sgl’lX).

Using our terminologies we next state a standard result which says that the map

above gives a parametrization of the nilpotent orbits in so*(2n).

Theorem 4.1.8 ([CoMc, Theorem 9.3.4]). The map Vso=2n): N(SO*(2n)) —

Y°dd(n) is a bijection.

Proof. We divide the proof in two steps.

Step 1 : In this step we prove that Wgo« (o, is injective. Let X, N € s0*(2n)

be two non-zero nilpotent elements such that Wgo«(2n)(Ox) = Wsor(20)(On). Let

ror 2n)(X) = Voo (N). Let {X'0f |0 <1 <d—1,1<j <t4,de Ng}

and {N'w? | 0 <1 <d—1,1<j <ty4de Ng} be two H-bases of V' = H", as in

Proposition 3.0.7 which satisfy Remark 3.0.11 (3). We also have sgny = sgny €

83%(n). Thus, after reordering the ordered sets (vf,...,vf) and (wf,... w{) for
all d € Nq, if necessary, we may assume that

(4.39) (W, Xy = (wd, N twd) for all 1< j <tq,de Ng.

J

Let g € GL,(H) be such that
(4.40) g(X") = N'w! forall 0 <1<d—1,1<j<tqd€Nq.

Then it follows that gX(leJ”-l) = Ng(leJ‘-l) forall 0 <1 <d—1,1<j<ty,d€ Ng.
Thus gXg~' = N. Now we show that g € SO*(2n). Using (4.39) and (4.40) above
it follows that

<de’ng1ld> <deXd1ld>

forall0 <1<d-1,1<j <tgdeNg. As{X"§[0<1<d-1,1<j<tgdeNg}
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is a H-basis of V, it is now clear from the relations among the basis elements in
Proposition 3.0.7(3) in the case of 0 = 0., = —1,D = H that g € SO*(2n). Thus

Ox = Oy which proves the injectivity of the map Vgox(op)-

Step 2 : In this step we prove that Wgo«(op) is surjective. Let us fix a signed
Young diagram (d,sgn) € Y°¥(n). Then d € P(n) and sgn € S5%(n). Let
X € Ny, ny, and {X, H,Y} C sl,(H) be a sly(R)-triple such that 1y, )(X) = d;
see (4.6) and Theorem 4.1.3. Our strategy is to obtain a P € GL,(H) such that

P71XP € 50*(2n) and sgnp_1yp = sgn € S3%4(n).

We next construct a nondegenerate skew-Hermitian form (-, ) e on V- = H" such
that {X, H,Y} C s0"(V, (-, )new); see (2.18) for the definition of s0*(V, (-, ")new)-
Let d := [dtldl, o ,dids]. Using Proposition 3.0.3(2), H" has a H-basis of the form
{X'] |0<1<d—-1,1<j<tgde Ng}. Let sgn:= (My,...,My,), and let p,
¢, be the number of 4+1, —1, respectively, appearing in the 1% column of the matrix
of M, (of size t,, x n) for all n € Eq. For d € Ng, 1 < j <tgandfor 0 <[,r <d-1

we define b(X'v¢, X"v) € H by
(4.41) b(X'0, X"0f) =0 ifl+r#d—1
and

(—1)lj ifdeOq, 1 <7<y
(4.42) b(XlU;l,Xd_l_lU;l) = (_1)l ifdeEq,1<j<py

(—1)l+1 if d e kg, pa<j <ty

It now follows that for 0 <[, <d—1

Ld srody _  7ovrd od)
(4.43) b(X 0§, X"vf) = —b(Xvd, Xvd).
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Recall that, for all d € Ng, 1 < j < g, the R-Span of {vf, Xvd, ..., X}
is an irreducible Spang{X, H,Y }-submodule of H"; see Lemma 3.0.2 (2). We set
Vi = Spany{X'v¢ | 0 <1 <d—1}. As {X"}|0<1<d—1}is a H-basis for V/
the equalities in (4.43) allow us to define a skew-Hermitian form (-, -)4 on Vj* such

that
(4.44) (X', X0l g = b(X'0), X™0f)  for 0<l,r<d—1.

From the definition it is clear that (-,-)4 is nondegenerate on de, and moreover

(X, y)g + (x, Xy)qj = 0 for all 2,y € V*. Recall that

(4.45) H'= & V"
deNqg,1<j<tq

Let (-, )new be the new skew-Hermitian form on V' such that its restriction to de
agrees with (-, )4, and so that (4.45) is an orthogonal direct sum with respect to
(-, Ynew- Then (-, ) ew is nondegenerate on Vx V. Clearly, (X, y)new+ (T, XY)new =
0 for all z,y € V. Recall that in Proposition 3.0.3 (1) we have that Y X0} =
(lelv;l)l(d—l) for0 <l <d-—1,1<j <ty de Ng, and Yv}i =0forl1 <j<
tq, d € Ngq. As {le? |0 <1<d—1,1 <j<tgd€ Ng}isa basis of H*, using
the above relations, (4.42) and (4.44), we conclude that (Hz, y)new + (€, HY)new = 0
and (Y, y)new + (2, YY)new = 0 for all z,y € V. Thus {X, H, Y} C s0*(V, (-, Jnew)-

Since both the forms (-, )new and (-,-) are nondegenerate and skew-Hermitian

on V = H", there is a P € GL,(H) such that
(4.46) (x,y) = (Px, PY)peyy forall xz,y e V.

Clearly {P~'X P, P"'HP, P~'Y P} is a sly(R)-triple in s0*(2n). Now we will show
that sgnp_1yp = sgn € 8344 (n). Note that P~*M(d—1) is the isotypical component
of H" containing all the irreducible Spang{P !X P, P"'HP, P~'Y P}-submodules
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of H" with highest weight (d—1). Moreover, P~*L(d—1) = Vp-1ypoNP M (d—1).
As in (3.8) for all n € Eq, let (-,-)7: P~'L(n —1) x P7'L(n — 1) — H be defined
by (z,y)y = (x,(P~'XP)"y) for all z,y € P~'L(n —1). Using (4.46) it follows
that

(u,v)y = (Pu, PV)new, for u,v € P7'L(n—1); n € Eq.

Thus the signatures (-,-); and (-, )new, are both equal, which, in particular, shows
that signature of (-,-); is (p,,q,) for all n € Eq. This proves that sgnp-.yp =
sgn € 83%(n). Hence Ugo+(2n)(Op-1xp) = (d,sgn). This completes the proof of

the theorem. O

4.1.6 Parametrization of nilpotent orbits in sp(n,R)

Let n be a positive integer. In this subsection we describe a suitable parametrization
of the nilpotent orbits in sp(n,R) under the adjoint action of Sp(n,R). Throughout
this subsection (-, -) denotes the symplectic form on R*" defined by (z,y) := z!J,y,

for x,y € R?", where J,, is as in (2.19).

Let Wgr,, ) : N(SLan(R)) — P(2n) be the parametrization of nilpotent orbits
in sly,(R); see Theorem 4.1.2. As Sp(n,R) C SLy,(R), (consequently as, the set
of nilpotent elements /\/;p(n,R) C /\/;[QH(R)) we have the inclusion map, say, YspnR) :
NopmR) —> Nepu(r). Let VipnR) = Ystan(®R) © Usp(nR): Nepnry — P(2n) be the
composition. Recall that ¢, g (N r)) C P-1(2n) where P_1(2n) is as in (2.4);
this follows form the Remark 3.0.11 (1). Let X € sp(n,R) be a non-zero nilpotent
element and Ox be the corresponding nilpotent orbit in sp(n,R). Let {X, H,Y} C
sp(n, R) be a sly(R)-triple. Let V' be R?", the right R-vector space of column vectors.
Let {dy,...,ds} with d; < --- < ds be the finitely many integers that occur as
R-dimensions of non-zero irreducible Spang{ X, H, Y }-submodules of V. Recall that

M (d — 1) is defined to be the isotypical component of V' containing all irreducible
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submodules of V' with highest weight d — 1 and as in (3.1), we set L(d — 1) =
VyoNM(d—1). Let tgq, :=dimg L(d, — 1) for 1 <r <s. Thend := [didl,. dit] e
P_1(2n), and moreover, ¥, o (X) = d.

We now consider 83%4(2n) as defined in (2.9), and assign an element sgny €
853%(2n) to the element X € Nyyr)- Let Ng == {d; | 1 < i < s}; see (2.1) for
the definition. For all d € Ng we first define a tq X d matrix, say (m;(X)), in Ag;
see (2.5) for the definition. Recall that the form (-,-)4: L(d—1)x L(d—1) — R, as
defined in (3.8), is symmetric or symplectic according as d is even or odd. Consider

Ed, Oq as defined in (2.1). Let (p,, g,) be the signature of (-, ), when n € Eq4. Define,

mi(X):=+1 if 1<i<t, 0€Oq;

+1 if1<i<p,
mjy (X) = , € Eq;

~1 if p,<i<t,

and for j > 1 we define (m;(X)) as in (4.11) and (4.12). The way the matrices
(m(X)) are defined, immediately implies that they verify (Yd.1) and (Yd.2). Set

)

sgny = ((mfj1 (X)),..., (mfj (X))). It now follows from the above definition of

mf (X) for 6 € Oq that sgny € S344(2n).

We next show that sgny = sgn_y 1 € 8%4(2n) for all g € Sp(n,R). Clearly,

9Xyg
{9Xg™', gHg™, gV g7'} is a sly(R)-triple in sp(n,R). It also clear that gM(d — 1)
is the isotypical component of V' containing all irreducible Spang{gXg¢~!, gHg™ !,
gY g~ }-submodules of V with highest weight d—1. Moreover, gL(d—1) = Vyy,-1 0N
gM(d —1). Now as in (3.8) for all n € Eq, let (-,-),: gL(n—1) x gL(n —1) — R
be defined by (v, u); = (v, (¢Xg~")" " u) for all v,u € gL(n —1). As g € Sp(n,R),

for all u,v € L(d — 1) we have

(u,0)y = (u, X" '0) = (gu, g X" ') = (gu, (9Xg~")" " gv) = (gu, gv);,.
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Hence the signatures of (-,-), and (-,-); are the same for all € Eq . In particular,

sgny = sgn y,1 € S3M(2n).

Thus we have a map

(4.47) YepnR) © Napgy — Y214U2n), X +— (Vipmp(X), sgny)

where Y°94(2n) is as in (2.13). The map g r) satisfies the following properties:

(448)  upur(X) = tupny(9Xg™") for all g € Sp(n,R).

(4.49)  Yep(n,r)(X) does not depend on the sly(R)-triple {X, H, Y’} containing X.

It is immediate from above that (4.48) holds. To prove (4.49), let {X, H', Y’}
be another sly(R)-triple in sp(n,R) containing X. By Theorem 2.4.8, there exists
h € Sp(n,R) such that hXh™' = X, hHh™' = H', hYh™! = Y’. Now (4.49) follows
from (4.48).

Thus we have a well-defined map
(450) “IISp(n,R) . N(Sp(n> R)) — yg(id(Qn)a OX — (w;p(n,R) (X)> San)'
Using our terminologies we next state a standard result which says that the map
above gives a parametrization of the nilpotent orbits in sp(n,R).
Theorem 4.1.9 ([CoMc, Theorem 9.3.5]). The map Vsymr) : N(Sp(n,R)) —
Y°44(2n) in (4.50) is a bijection.

Proof. We divide the proof in two steps.

Step 1 : In this step we prove that Wg,, g) is injective. Let X, N € /\/.sp(nR) be two
non-zero elements such that Wsp(,r) (Ox) = Yspur)(On). Let d = 4, o (X) =
mr) (V) € P1(2n). Let {X'0f |0 <1< d—1,1<j <tgde&Ng} and {N'wf |
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0<1<d-1,1<j<tyde Ng} be two R-bases of V = R?" as in Proposition

3.0.7 when 0 = Id,e = —1,D = R. We also have sgny = sgny € 83%(2n). After

d

suitable rescaling each element of the ordered sets (v¢, .. ., v,

) and (wf,... wi ) for
all d € Ngq, if necessary, we may assume that
(7, X1 = (w], N" " w?) for all n € Eq, 1 <j <tp;

(4.51)
(!, X070, ) = (wl, N° 'l ) forall 6 €0q,1<j <t

Let g € GLg,(R) be such that g(X'vf) = N'w§ for all 0 <1 <d—1,1<j <tg,d e
Ng. It is now straightforward that ¢ X (X'vf) = Ng(X'vf) forall 0 <1 <d—1,1 <

j < tg,d € Ng. Thus we have ¢X = Ng. Using the equalities in (4.51) and the

definition of g as above it follows that

<gle;7, gX”_l_lv;?> = (le?, X"‘l_lv;’) foralln € Eq,1 <j<t,;

(gX"00, X110 ) = (X?, X1 h? ) forall @ € Oq,1 < j < ty.

As {X"§ ] 0 <1 <d—-1,1<j <tg,de Ng}is a R-basis of R*, we conclude
from the relations among the basis elements in Proposition 3.0.7(3) in the case of
o = 1Id,e = —1,D = R that ¢ € Sp(n,R). Thus Ox = Oy which proves the

injectivity of the map W, ).

Step 2 : In this step we prove that Wg,(,r) is surjective. Let us fix a signed
Young diagram (d,sgn) € Y°94(2n). Then d € P_;(2n), and sgn € S3%(2n). Let
X € Ny, r) and {X, H, Y} C sl,(R) be a sly(R)-triple such that 1, &) (X) = d;
see (4.1) and Theorem 4.1.2. Our strategy is to obtain a P € GLs,(R) such that

P7'XP € sp(n,R) and sgnp_1 yp = sgn.

We next construct a nondegenerate symplectic form (-, -),e on V = R?*" such
that {X,H, Y} C sp(V, (-, )new); see (2.17) for the definition of sp(V, (-, )new)-
Let d := [dtldl, ..., d]. Using Proposition 3.0.3(2), V has a R-basis of the form
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{X'§]0<1<d—1,1<j<tgde Ng}. Letsgn:=(My,...,My,), and let p,,
¢, be the number of 41, —1, respectively, appearing in the 1% column of the matrix
of M, (of size t,, x n) for all n € Eq. For d € Ng, 1 < j <tjandfor 0 <[,r <d-1
we define b(X'v¢, X"v}) € R by

l r _ :
b( X', X™])=0 ifl+r#n—1,n€kq,
1.0 r 0\ :
b(X'vj, X™v;) =0 if 6 € Oq,
b(X'Y, X9, ) =0 ifl+r#6—1,jisodd,0 € 0q

b(X'Y,, X)) =0 ifl+r#6—1,jisodd,0 € Oq,

and

(—1)! when 1 < j<p
(4.52) b(XT0Y, X1 T) = " inek,

(=) when p, < j <t,

b(X'?, X7 ) i = (=1)'  when jis odd, § € Oq, 1 < j <,
(4.53)
b(XlU?HaXe*l*lU?) := (="' when jisodd, #€0q,1<j<ty.

It now follows that
(4.54)

b(le;?,X”U;’) =— b(X’"v?,leg) for n € Eq,0 <Il,r <np-—1,

(4.55)
b(X'00, X 0%) = = b(X 0, X'Y) for 6 €0q,0<,r <—1,5<j,7"<j+1.

Recall that, for all d € Ng, 1 < j < tg4, the R-Span of {v}, Xo?, ..., X4 ¢} is
an irreducible Spang{X, H,Y }-submodule of R?"; see Lemma 3.0.2 (2). For 1 <
j < ty,n € Eq, we set V! := SpanFy{XlU;-7 | 0 <1 <n-—1}. For § € Oq, and an
odd integer 7, 1 < j < tg, we set Vj(’ = SpaunR{lee,legJrl |0<1<60—-1}. As

J
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{X'] |0 <1< n—1}is a R-basis for V; the equalities in (4.54) allow us to define

a symplectic form (-, -),; on VJ" such that
(4.56) (le?, X"} = b(le;’, X)) for 0<1l,r<n-1

Similarly as {X'vf, X'0? | | 0 <1< 60—1} is a R-basis for V/ the equalities in (4.55)

allow us to define a symplectic form (-,-)g; on V such that
(4.57) (X", X"00)e; = b(X"W0, X™00)  for 0 <lr<6-1,5<j ;" <j+1.

From the definition it is clear that for all d € Ng, (-,-)q is nondegenerate on V!

and moreover, (X, y)q + (x, Xy)q = 0 for all 2,y € V. Recall that

(4.58) R*=( @ V)e( f V).

j Odd71§.7§t97060d 1§]§t7]777€Ed

Let (-, )pew be the new symplectic form on V' = R?*" such that its restriction to
Vi agrees with (-,-)q, and so that (4.58) is an orthogonal direct sum with re-
spect to (-, )new. Then (-, -)pew is non-degenerate on V' x V. Clearly, (X2, ¥)new +
(€, XY)new = 0 for all z,y € V. Recall that in Proposition 3.0.3 (1) we have that
VX! = (X""twhi(d —1) for 0 <1 <d—1,1<j <tq, d e Ng,and Yo} = 0
for 1 < j <ty, d € Ng. As{lejd|0§l§d—1,1§jStd,dENd}isabasis
of R*™ using the above relations,(4.52), (4.53), (4.56) and (4.57), we conclude that
(Hz, Y)new + (T, HY)new = 0 and (Y, Y)new + (T, YY) new = 0 for all z,y € V. Thus

{X,H, Y} Csp(V, (-, )new)-

Since both the forms (-, -),ew and (-, -) are nondegenerate and symplectic on R*",

there is a P € GLg,(R) such that

(4.59) (x,y) = (Px, PY)new forall z,y V.
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Clearly {P~'XP, P"'HP, P'YP} C sp(n,R) is a sly(R)-triple. Now we will
show that sgnp-iyp = sgn € 85%4(2n). Note that P~*M(d — 1) is the isotypical
component of R*" containing all the irreducible Spang{ P! X P, P"'HP, P~'Y P}-
submodules of R*" with highest weight (d —1). Moreover, P'L(d—1) = Vp-1ypoN
P~'M(d—1). Asin (3.8) for all € Eq, let (-,-);: P7'L(n—1)x P"'L(n—1) — R

be defined by (z,y)" := (z, (P7* X P)"1y) for all z,y € P~'L(n — 1). Using (4.59)

"
n -

it follows that
(u,v); = (Pu, PV)new,  for u,v e P 'L(n—1); n € Eq.

Thus the signatures (-, )Z and (-, )new, are both equal, which, in particular, shows
that signature of (-,-); is (p,,q,) for all n € Eq. This proves that sgnp-1xp =
sgn € 85%(2n). Hence Vs, r)(Op-1xp) = (d,sgn). This completes the proof of

the theorem. O

4.1.7 Parametrization of nilpotent orbits in sp(p, q)

Let n be a positive integer and (p,q) be a pair of non-negative integers such that
p+ g =mn. As we deal with non-compact groups, we will further assume p > 0 and
g > 0. In this subsection we describe a suitable parametrization of the nilpotent
orbits in sp(p, ¢) under the adjoint action of Sp(p,q). For w = (x1,...,z,)" € H"
we set W = (0.(x1),...,0:(x,))" where o, is the conjugation on H as defined in
§2.3. Throughout this subsection (-,-) denotes the Hermitian form on H" defined

by (z,y) := 71, 4y, for z,y € H", where L, , is as in (2.19).

Let Wgr,,ny : N(SL,(H)) — P(n) be the parametrization as in Theorem 4.1.3.

As Sp(p,q) C SL,(H) (consequently as, the set of nilpotent elements Ny q) C
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N,

1)) we have the inclusion map, say, Usp(p.q) : Nep(p.g) — Natn(ny- Let

In

w;p(p,q) = Yat, (H) © Ysp(p.a)  Nap(p.g) — P(n)

be the composition. Let X € sp(p, q) be a non-zero nilpotent element and Ox be the
corresponding nilpotent orbit in sp(p, ¢). Let {X, H,Y'} C sp(p, q) be a sly(R)-triple.
Let V' be H", the right H-vector space of column vectors. The left multiplication
by matrices in M,,(H) act as H-linear transformations of H". We enumerate the
finite set of natural numbers of the form dimg () for all the non-isomorphic non-zero
irreducible Spang{X, H,Y }-submodules @ of V' by {d;,...,ds} in such a way that
the relation dy < --- < d; is satisfied. Recall that M (d — 1) is defined to be the
isotypical component of V' containing all irreducible Spang{X, H,Y }-submodules of
V' with highest weight (d — 1), and as in (3.1), we set L(d — 1) := Vyo N M(d—1).
Recall that the space L(d,—1) is a H-subspace for 1 <r < s. Let t4, := dimy L(d, —

1) for 1 <r < s Thend:=[d",... d%] € P(n), and moreover, ¢/, (X)=d.

sp(p,q)

even

We now consider §§°"(p, ¢) as defined in (2.8), and assign an element sgny €
S (p, q) to the element X € Ny Let Ng := {d; | 1 < i < s}; see (2.1) for
the definition. For all d € Ng we first define a ¢4 x d matrix, say (m;(X)), in Ag;
see (2.5) for the definition. Recall that the form (-,-)q: L(d — 1) x L(d — 1) — H,
which is defined in (3.8), is Hermitian or skew-Hermitian according as d is odd or
even. Consider Eq, Oq as defined in (2.1). Let (pg, go) be the signature of (-, )y when
0 € Oq. Define,

m}(X) :=+1 it 1<i<t, neckEq;

F1f 1<i<py
mfl(X) = ,0€0q;

-1 ifp9<i§t9

and for j > 1 we define (m{(X)) as in (4.11) and (4.12). The way the matrices
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(m& (X)) are defined, immediately implies that they verify (Yd.1) and (Yd.2). Set

v]

sgny = ((mfj1 (X),..., (m?j (X))). It then follows from Remark 2.2.1 and Corollary

3.0.15 that

Y osen (mif (X)) =p, ) sgn_(mif(X))=q.

Now form the above definition of m};(X) for n € Eq we conclude that sgny €
S3*(p,q). We next show that sgny = sgn, 1 € S§(p,q) for all g € Sp(p, q).
Clearly, {gXg™', gHg™ ', gY g7} is a sly(R)-triple in sp(p,q). It also clear that
gM (d—1) is the isotypical component of V' containing all irreducible Spang{gXg~*,
gHg™', gY g~ '}-submodules of V with highest weight d — 1. Moreover, gL(d —1) =
Vevg—10NgM(d—1). Asin (3.8) for all 6 € Ogq, let (,-);: gL(#—1)xgL(6—1) — H
be defined by (v,u)) := (v, (¢Xg~1)?"tu) for all v,u € gL(0 — 1). As g € Sp(p,q),

for all u,w € L(f# — 1) we have
(u,w)p = (u, X"~ 'w) = (gu, g X"~ w) = (gu, (9Xg™")" " gw) = (gu, gw);.

Hence, the signature of (-,-)y and (-,-); are same for all § € Oq4. In particular,

sgny = sgn x,-1 € S§(p,q).

Thus we have a map

Vappa) * Nopipg) — YD), X = (Vi (X), 580x)

where YV (p, ¢) is as in (2.10). The map gy, satisfies the following properties:

(4.60)  Yap(p.g)(X) = Vap(pgy (9X g~ ") for all g € Sp(p, q).

(4.61)  Ygp(p,q)(X) does not depend on the sly(R)-triple {X, H,Y} containing X.

It is immediate from above that (4.60) holds. To prove (4.61), let {X,H',Y'}

be another sly(R)-triple in sp(p,q) containing X. By Theorem 2.4.8, there exists
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h € Sp(p,q) such that hXh™' = X, hHh™' = H', hYh™' =Y’. Now (4.61) follows
from (4.60).

Thus tsp(p,q) induces a well-defined map

(462) \I[SP(RQ) : N<Sp(p7 Q)) — yeven(p’ Q)a OX — (¢;p(p,q) (X)7 San)'

Using our terminologies we next state a standard result which says that the map

above gives a parametrization of the nilpotent orbits in sp(p, q).
Theorem 4.1.10. The map Wgpp,.q) @ (4.62) is a bijection.

Remark 4.1.11. On account of the error in [CoMc, Lemma 9.3.1], as mentioned
in Remark 3.0.16, the above parametrization in Theorem 4.1.10 is a modification of

the one in [CoMc, Theorem 9.3.5]. O

Proof. We divide the proof in two steps.

Step 1 : In this step we prove that Vg, is injective. Let X, N € sp(p,q)
be two non-zero nilpotent elements such that Vg, (Ox) = Vsy(pq)(On). Let
d = U0 (X) = Vg V): Let {X'vf [0 <1< d—1,1<j <ty,de Ng}

and {le? |0<1<d-1,1<j<t4,deE Ng} be two H-bases of V"= H", as in

Proposition 3.0.7, which satisfy Remark 3.0.11 (3). We also have sgny = sgny €

S$™(p, q). Thus, after reordering the ordered sets (v{, ..., v{ ) and (wf,... w{ ) for
all d € Ng, if necessary, we may assume that

d yd=1,dy _ /,d nd—1, d :
(4.63) (v, X ) = (w§, N wj) forall 1<j<t4,d€e Ng.

Let h € GL,(H) be such that h(leJd) = le? forall0<1<d—1,1<j<tgd¢c
Ng. Then

lydy _ +1,d _ prl+1, .d __ L, dy __ l,d
hX (X'vd) = hXHld = N'Ho? = N(N'w?) = Nh(X'0?)
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forall0 <1 <d—1,1<j <ty,d€ Ngq. This in turn shows that hXh™! = N. We

next show that h € Sp(p, ¢). Using the equalities in (4.63) above it follows that
l,d d—1—1,d\ _ /arl, d nrd—1—1 d\ 1, d ard—1,.d

= (1) X = (X, X

forall 0 <1<d—1,1<j<tgdeNg. As{X]|0<1<d-1,1<j<t4deNg}
is a H-basis of V, it is now clear from the relations among the basis elements in
Proposition 3.0.7(3) in the case of 0 = 0., = 1,D = H that h € Sp(p,q). Thus

Ox = Oy which proves the injectivity of the map Wgy,.q)-

Step 2 : In this step we prove that Wg,(, ) is surjective. Let us fix a signed Young
diagram (d,sgn) € Y***(p, q). Set n = p+q. Thend € P(n), and sgn € S§*"(p, q).
Let X be a nilpotent matrix in sl,(H), and {X, H,Y} C sl,(H) be a sly(R)-triple
such that g, ) (X) = d; see (4.6) and Theorem 4.1.3. Our strategy is to obtain a

P € GL,(H) such that P! X P € sp(p, q) and sgnp_:yp = sgn € S7(p, q).

We next construct a nondegenerate Hermitian form (-, ), on V' = H" such
that {X,H,Y} C su(V, (-, Jnew); see (2.15) for the definition of su(V, (-, )new)-
Let d := [didl, ..., d]. Using Proposition 3.0.3(2), H" has a H-basis of the form
{lef |0<1<d—1,1<j<ty,d€ Ng}. Let sgn := (My,,..., M,,), and let py,
gs be the number of +1, —1, respectively, appearing in the 15 column of the matrix
of My (of size tg x 0) for all § € Oq. For d € Ng, 1 < j <tgandfor 0 <l,r <d-—1

we define b(X'v¢, X"v¢) € H by

(4.64) b(X'!, X)) =0 ifl+r£d—1
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and

(-1 ifdeEBq, 1<j<ty

(4.65) b(X'wf, X ) == 0 (1) ifd €04, 1< < pag

(—1)l+1 if d e Od, Pd <j <ty

It now follows that for 0 < [l,r <d-—1
Ld vrod\ _ 1 vred Vi.d\
(4.66) b(X'f, XTvf) = b(XTvd, Xvd).

Recall that, for all d € Ng, 1 < j < tq, the R-Span of {vf, Xvf, ..., X"}
is an irreducible Spang{X, H,Y }-submodule of H"; see Lemma 3.0.2 (2). We set
Vil = Spany{X'v§ | 0 <1 <d—1}. As {X"} | 0<1<d—1}is a H-basis for V/

the equalities in (4.66) allow us to define a Hermitian form (-,-)4 on V* such that
(4.67) (X', X"of) g = b( X0, X™0f)  for 0<l,r<d—1.

From the definition it is clear that (-,-)4 is nondegenerate on V;, and moreover

(X, y)g + (x, Xy)g =0 for all z,y € de. Recall that

(4.68) H= & Vv
deNg,1<j<tq

Let (-, ‘)new be the new Hermitian form on V' such that its restriction to de agrees
with (-, )4, and so that (4.68) is an orthogonal direct sum with respect to (-, -)new-
Then (-, *)new is nondegenerate on V x V. Clearly, (X, y) new + {(Z, Xy)new = 0 for all
z,y € V. Recall that in Proposition 3.0.3 (1) we have that Y X'vf = (X""'0f)i(d—1)
for 0 <1 <d—1,1<j <ty deNg,and Yvf = 0for 1 <j <ty d e Ng. As
{lef |0 <1 <d-1,1 < j < tgd € Ng} is a basis of H", using the above

relations, (4.42) and (4.44), we conclude that (Hz,y)new + (€, HY)new = 0 and
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(Y, Y)new + (, YY)new = 0 for all z,y € V. Thus {X, H, Y} Csu(V, (-, )new)-

We next show that the signature of (-, -)ew is (p,q). Let d € Ng. Recall
that M(d — 1) denotes the isotypical component of H" containing all irreducible
Spang{ X, H,Y }-submodules of H" with highest weight (d — 1), and L(d — 1) =
Vyo M M(d —1); see (3.1). As in (3.8), let (-, )new,: L(d —1) x L(d — 1) — H be
defined by (v, %) new, := (v, X9 ) ey for all v,u € L(d—1). From the defining prop-
erties of (-, )new it follows that M (d—1) is a direct sum of the subspaces V..., V4
which are mutually orthogonal with respect to (-, -)new. In particular, (vf,... vf) is
a orthogonal basis of L(d — 1) with respect to (-, - )new,. Using this orthogonal basis
and putting [ = 0 when 6 € Ogq, in (4.65), we obtain that the signature of (-, -)new,
is (pg, qg) for all @ € Oq. Now from Remark 2.2.1 and Corollary 3.0.15 it follows
that the signature of (-, )new on M(d — 1) is (sgn, My, sgn_My). Recall that, as
sgn € 85" (p, q), we have ZdeNd sgn, My = p and ZdeNd sgn_M,; = q. Thus the

signature of (-, ey 18 (P, ).

Since the signatures of both the forms (-, )new and (-,-) coincide there is a

P € GL,(H) such that

(4.69) (x,y) = (Px, PY)new forall z,y V.

Clearly {P~'XP, P"'HP, P~'Y P} C sp(p,q) is a sly(R)-triple. Now we will show
that sgnp_1yp = sgn € S85°"(p,q). Note that P~'M(d — 1) is the isotypical
component of H" containing all the irreducible Spang{P~'X P, P"'HP, P~'Y P}-
submodules of H” with highest weight (d —1). Moreover, P~'L(d — 1) = Vp-1ypoN
P~'M(d—1). Asin (3.8) for § € Oq, let (-,-);: P"'L(6 —1) x P7'L(A —1) — H
be defined by (z,y)j := (z, (P71 X P)’~1y) for all z,y € P~1L(# — 1). Using (4.69)

it follows that

(u,v)y = (Pu, Pv)pew, for u,v € P~'L(d —1); 0 € Ogq.
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Thus the signatures (-, -); and (-, )new, are both equal, which, in particular, shows
that signature of (,-)j is (ps, qo) for all § € Oq4. This proves that sgnp-iyp =
sgn € 83" (p,q). Hence Wy, ) (Op-1xp) = (d,sgn). This completes the proof of

the theorem. 0

4.2 Nilpotent orbits in non-compact non-complex

real exceptional Lie algebras

We refer to [Djl], [Dj2] and [CM, Chapter 9] for the generalities required in this
section. We follow the parametrization of nilpotent orbits in non-compact non-
complex exceptional Lie algebras as given in [Dj1, Tables VI-XV] and [Dj2, Tables
VII-VIII]. We consider the nilpotent orbits in g under the action of Int g, where g
is a non-compact non-complex real exceptional Lie algebra. We fix a semisimple
algebraic group G defined over R such that g = Lie(G(R)). Here G(R) denotes
the associated real semisimple Lie group of the R-points of G. Let G(C) be the
associated complex semisimple Lie group consisting of the C-points of G. It is easy
to see that orbits in g under the action of Int g are the same as the orbits in g under
the action of G(R)°. Thus in this set-up, for a nilpotent element X € g, we set
Ox = {Ad(9)X | g € G(R)°}. Let g = m + p be a Cartan decomposition and 6
be the corresponding Cartan involution. Let gc be the Lie algebra of G(C). Then
gc can be identified with the complexification of g. Let mc, pc be the C-spans of m
and p in gc, respectively. Then gc = m¢ + pc. Let Mc be the connected subgroup
of G(C) with Lie algebra mc. Recall that, if g is as above and g is different from
both Fg_s) and Egg), then g is of inner type, or equivalently, rank m¢ = rank gc.
When g is of inner type, the nilpotent orbits are parametrized by a finite sequence
of integers of length [ where [ := rank m¢c = rank gc. When g is not of inner type,

that is, when g is either Eg_o6) or Fg), then the nilpotent orbits are parametrized
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by a finite sequence of integers of length 4.

Let X’ € g be a nonzero nilpotent element, and {X’, H', Y’} C g be a sly(R)-
triple. Then {X’, H', Y} is G(R)-conjugate to another sly(R)-triple {X, H,Y} in g
such that O(H) = —H, 0(X) = =Y. Set E:= (H—i(X +Y))/2, F:= (H +i(X +
Y))/2 and H := i(X —Y). Then {E, H, F} is a sly(R)-triple and E, F € pc and
H € mc. The sly(R)-triple {E, H, F'} is then called a pc-Cayley triple associated to
X'

4.2.1 Parametrization of nilpotent orbits in exceptional Lie

algebras of inner type

We now recall from [Dj1, Column 2, Tables VI-XV] the parametrization of non-zero
nilpotent orbits in g when g is an exceptional Lie algebra of inner type. Let hc C m¢
be a Cartan subalgebra of mc such that hc Nm is a Cartan subalgebra of m. As g
is of inner type, hc is a Cartan subalgebra of gc. Set h := hc Nwm. Let R, Ry be
the root systems of (gc, bc), (mc, hc), respectively. Let B := {ay,..., o} be a basis
of R. Let B. := B U {ap} where ag is the negative of the highest root of (R, B).
Then there exists an unique basis of Ry, say By, such that By C B.. Let Cj be
the closed Weyl chamber of Ry in h corresponding to the basis By. Let [y be the
rank of [mc, m¢]. Then either [y =l or lp =1 — 1. If [y = | we set B} := By. If
lo =1 —1 (in this case we have By C B) we set B := B. Clearly, #B) = [. We
enumerate B := {f1,...,0} as in [Djl, 7, p. 506 and Table IV]. Let X € g be a
nonzero nilpotent element, and {E, H, F'} be a pc-Cayley triple (in gc) associated
to X. Then Ad(Mc)H N Cy is a singleton set, say {Hp}. The element Hj is called
the characteristic of the orbit Ad(Mc)E as it determines the orbit Mc - E uniquely.
Consider the map from the set of nilpotent orbits in g to the set of integer sequences
of length [, which assigns the sequence [31(Hy), ..., 5i(Hy) to each nilpotent orbits

Ox. In view of the Kostant-Sekiguchi theorem (cf. [CM, Theorem 9.5.1]), this gives
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a bijection between the set of nilpotent orbits in g and the set of finite sequences
of the form S;(Hy), ..., [(Hp) as above. We use this parametrization while dealing

with nilpotent orbits in exceptional Lie algebras of inner type.

4.2.2 Parametrization of nilpotent orbits in Eg_s) or Eg )

We now recall from [Dj2, Column 1, Tables VII-VIII] the parametrization of non-zero
nilpotent orbits in g when g is either Eg_6) or Eg). We need a piece of notation
here : henceforth, for a Lie algebra a over C and an automorphism o € Autc a, the
Lie subalgebra consisting of the fixed points of ¢ in a, is denoted by a”. Let now h¢
be a Cartan subalgebra of gc (we point out the difference of our notation with that

in [Dj2]; g and b of [Dj2, §1] are denoted here by gc and hc, respectively).

Let g = Eg—26). Let 7 be the involution of gc as defined in [Dj2, p. 198 |
which keeps hc invariant. Then the subalgebra g¢ is of type Fy, and b is a Cartan
subalgebra of gZ. Let G(C)™ be the connected Lie subgroup of G(C) with Lie algebra
g¢. Let {B1, B2, B3, B4} be the simple roots of (g&, hE) as defined in [Dj2, (1), p. 198].
Let X € Eg(—26) be a nonzero nilpotent element. Let {£, H, F'} be a pc-Cayley triple
(in gc) associated to X. Then H € gf and E, F € gc". We may further assume that
H € bE. Then the finite sequence of integers 51 (H ), fo(H), B3(H), B4(H) determine
the orbit Ad(G(C)7) E uniquely; see [Dj2, p. 204].

Let g = Eg). Let 7’ be the involution of gc as defined in [Dj2, p. 199 ] which
keeps hc invariant. Then the subalgebra g& is of type C,, and hZ is a Cartan
subalgebra of gZ. Let G(C)” be the connected Lie subgroup of G(C) with Lie
algebra gZ=. Let {8y, 81, B2, B3} be the simple roots of (g% ,hZ) as defined in [Dj2,
p. 199]. Let X € FEgi) be a nonzero nilpotent element. Let {E, H, F'} be a pc-
Cayley triple (in gc) associated to X. Then H € g% and E, F € gET’. We may

further assume that H € bé. It then follows that the finite sequence of integers
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Bo(H), B1(H), Bo(H), Bs(H) determine the orbit Ad(G(C)™) E uniquely; see [Dj2, p.
204].
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Chapter 5

First and second cohomologies of

homogeneous spaces of Lie groups

In this chapter we first formulate a convenient description of the second and first de
Rham cohomology groups of homogeneous spaces of general connected Lie groups.
In the second section we use the above results to obtain a description of the second

and first cohomology groups of the nilpotent orbits.

5.1 Description of first and second cohomology

groups of homogeneous spaces

We begin this section by a well-known definition. Given a Lie algebra a and an
integer n > 0, let Q"(a) denote the space of all n-forms on a. A n-form w € Q"(a)
is said to annihilate a given subalgebra b C a if w(X7,...,X,) = 0 whenever X; € b

for some 7. Let Q"(a/b) denote the space of n-forms on a which annihilate b.

Let L be a compact Lie group with Lie algebra [. Let J C L be a closed subgroup

with Lie algebra j C [. The space of J-invariant p-forms on [ will be denoted by
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QP(1)7. Note that w € QP(I)’° if and only if

P
(5.1) dwXy, L Y X LX) =0

i=1
forall Y € jand all (X, ..., X,) € IP. For a continuous function

W J — QF(I)
and a Haar measure ji; on J, define the integral [, W(g)du;(g) € QP(I) as follows:

( / W (g)ds () (X1, ... X,) = / W(g)(Xi,.... X,)dus(g), (Xu, ... X,) € P,
J J

The above integral [, W (g)dju;(g) is also denoted by [, Wdp,. The following equa-

tions are straightforward.

(5.2) d/Wd,uJ = /de,uJ;
J J

For any a € L,
(5.3) Ad(a)*/Wd,uJ = /Ad(a)*Wd,uJ.
J J

For any w € QP(l), from the left-invariance of the Haar measure p; on J it

follows that

/J (Ad(g)w)dpus(g) € (1)’

Lemma 5.1.1. Let L be a compact Lie group with Lie algebra [. Let p > 1 be an

integer.

1. If w € QP(1) is invariant then dw = 0.

2. Every element of HP(l, R) contains an unique invariant w € QP(I).
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3. If J C L is a closed subgroup, then

Q7 N d@i(n) = d@ (1)),

4. If L is connected and w € Q*(1), then w € Q*() if and only if w € Q2(I/[1, 1]).

Proof. Statement (1) is proved in [CE, p. 102, 12.3]. Statement (2) is proved

in [CE, p. 102, Theorem 12.1].

To prove (3), note that it suffices to show that
QPN Nd(QPH(D) C (D7) .

Let uy denote the Haar measure on J such that p;(J) = 1. For any w € QP([)’ N
d(QP71(1)), we have w = dv for some v € QP (). Now as w is J-invariant, it

follows that
(5.4) w = Ad(g)"dv = dAd(g)*v
for all ¢ € J. In particular, from (5.4) we have

w = /J (dAd(g)*v)dps(g) = d / (Ad(g)"v)dps(g) -

J

As py is preserved by the left multiplication by elements of J, it now follows that

/J (Ad(g)V)dpus(g) € ().

This in turn implies that w € d(QP~1(1)7).

The proof of (4) is essentially contained in the proof of [Br, p. 309, Corollary

12.9]; we will give the details. Take any w € Q*([)L. Lemma 5.1.1(1) says that
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dw = 0. Thus, for all z, y, z € [,

(55)  dw(z, g, 2) = —w(le, yl, 2) +w(l, 2] y) —w(ly, 2], 2) = 0.

As w is L-invariant, we also have

(5.6) —w(lz, 9], 2) +wllz, 2], y) = —(w(lz, 4], 2) +wly, [z, 2]) = 0.

From (5.5) and (5.6) it follows that w([y, z|, ) = 0, therefore

W[, 1, 1) = 0.

This is equivalent to saying that w € Q*(I/[L, 1]).

Conversely, if w(]l, [}, [) = 0, then it is immediate that w satisfies (5.1) forp = 2.
In particular, as L is connected, we conclude that w € Q*(I)X. This completes the

proof of (4). O

Theorem 5.1.2 ([Mo]). Let G be a connected Lie group, and let H C G be a closed
subgroup with finitely many connected components. Let M be a maximal compact
subgroup of G such that M N H is a maximal compact subgroup of H. Then the
image of the natural embedding M /(M N H) — G/H is a deformation retraction
of G/H.

Theorem 5.1.2 is proved in [Mo, p. 260, Theorem 3.1] under the assumption that
H is connected. However, as mentioned in [BC1], using [Ho, p. 180, Theorem 3.1],

the proof as in [Mo] goes through when H has finitely many connected components.

Let G, H, M be as in Theorem 5.1.2, and let K := MNH. As M/K — G/H

is a deformation retraction by Theorem 5.1.2, we have

(5.7) H(G/H,R) ~ H'(M/K,R) forall i.
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Theorem 5.1.3. Let G be a connected Lie group, and let H C G be a closed
subgroup with finitely many connected components. Let K be a mazimal compact

subgroup of H, and let M be a maximal compact subgroup of G containing K. Then,

m

H*(G/H,R) ~ Q%m

) @ [(3(8) N [m, m])*R/5

Proof. In view of (5.7) it is enough to show that
(5.8) HY*(M/K,R) ~ Q*(m/([m, m] +€)) @& [(3(£) N [m, m])*]</*°.

As M is compact and connected, from [Sp, p. 310, Theorem 30] and the formula
given in [Sp, p. 313] we conclude that there are natural isomorphisms

Ker (d : Q'(m/&)% — Q1 (m/8)%)

301 (m/B)F) v

(5.9) H'(M/K,R) ~

Setting i = 2 in (5.9),

Ker (d : Q?(m/8)% — Q3(m/&)K)
d(Q2'(m/8)x) .

(5.10) H*(M/K,R) ~

The numerator and the denominator in (5.10) will be identified.

We claim that

(5.11) Ker (d : Q*(m/&)% — Q*(m/e)*) = Q*(m/B)M @ d(Q'(m)F).

To prove the claim, first note that d(Q?(m/€)*) = 0 by Lemma 5.1.1(1). Therefore,

we have

Q?(m/O)M +d(Q*(m)®) C Ker (d: Q*(m/B)F — Q3 (m/e)").
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To prove the converse, take any w € Ker (d : Q*(m/8)% — Q3(m/€)X). Then by

Lemma 5.1.1(2) there is an element @ € Q%*(m)™ such that

(5.12) w—o € d(Q'(m)).

Asw € ?(m)X and @ € Q?(m)M it follows that w — & € Q*(m)X. So (5.12) and

Lemma 5.1.1(3) together imply that

w— e dQ (m)").

Take any f € Q'(m)X such that w — @ = df. As f € Q(m)X, it follows that
df € Q*(m/&)K. Thus @ € Q*(m/€)M. This in turn implies that w € Q*(m/€)M +
d(Q'(m)%). Therefore,

Q?(m/O)M + d(Q*(m)*) D Ker (d: Q*(m/B)F — Q3(m/e)").

To complete the proof of the claim, it now remains to show that

(5.13) O (m/6)M N d(Q(m)F) = 0.

To prove (5.13), take any f; € Q'(m)X such that dfy € Q*(m/€&)M. From
Lemma 5.1.1(3) it follows that df; = dfy for some f, € Q'(m)™. But then from
Lemma 5.1.1(1) it follows that dfs = 0. Thus we have df; = dfy = 0. This proves

(5.13), and the proof of the claim is complete.

Combining (5.10) and (5.11),

d(2' (m)")

(5.14) H*(M/K,R) ~ Q*(m/&)" @ A (] K)
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Moreover, as M is connected, Lemma 5.1.1(4) implies that

(5.15) Q*(m/e)M ~ 92(m :

We have

Ker(d : Q'(m) — Q*(m)) = Q'(m/[m, m]).
In view of the above it is straightforward to check that

dQ'm)") Q' (m)*
A (m/6)%) — QY(m/B)F + Q' (m/[m, m])*

(5.16)

We will identify the right-hand side of (5.16).

Consider the adjoint action of K on m. As K is compact, there is a K-invariant

inner-product (-,-) on the R-vector space m. Now decompose m as follows.

m =([m, m] +£) + 3(m)

(5.17) =([m, m] + &) & ((([m, m] + ) N 3(m))" N 3(m)).

We next decompose [m, m] + £ as
(5.18) m, m|+¢ = (([m, m]N&)N[m m]) & (m, mNE)® (((m, mNETNE).
Using (5.17) and (5.18) the decomposition of m is further refined as follows:

m = ([m, m] + &) & ((([m, m] +€) N 3(m))" N 3(m))
(5.19) = (([m, m] N &)L N [m, m]) & ([m, m] Ne) @ (([m, m] N€)LNE)

& ((([m, m] +€) N 3(m))* N3(m)).
It is clear that all the direct summands in (5.19) are K-invariant. For notational
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convenience, set a := (([m, m] +&) N3(m))t and b := ([m, m]NE)L. Let

(5.20) o : Q'(m)) = m* — ([m, m]Nb)* S (fm, m]NE)*® (ENDH)* & (aNjz(m))*

be the isomorphism defined by

I = ([l mnos flm, mnes flenos flanzm)) -

As each of the subspaces of m in (5.19) is Ad(K)-invariant, the restriction of the
isomorphism ¢ in (5.20) to Q!(m)¥ induces an isomorphism

(5.21)

g Qm)" = (([m, m[nb)")" @ (([m, mne)")* @ ((EN6)")" & ((an3(m))")*.
Ast = ([m, m]N€) D (¢Nb) and [m, m] = ([m, m]NE)® ([m, m]Nb), it follows that
(5.22)

F(Q'(m/H)" + Q' (m/[m, m))*) = (([m, m] N )" @ ((€Nb)")" @ ((an3(m))")".

Thus from (5.21) and (5.22) it follows that

Q' (m)*

QH(m/B)F + QH(m/[m, m])*
(([m, mJNb)* )K@(([m mjNE)* S ((£N6))" & ((ans(m)))*
(([m, m} N b)")" @ ((EN1)*)X @ ((anz(m))*)*

(
(5.23) ~ (([m, m] Nn€)")K.

~

As m, mjNt = [& ¢ & (3(¢) N [m, m]), it follows that

(5.24) ((fm, m] €)1 2= ([e, €)% @ ((3(6) N [m, m])")* .
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In [BC1, § 3, (3.13)] it is proved that

(5.25) ([e, €] = 0.

We recall the proof for the sake of completeness. To prove (5.25), take any pu €
([e,€])%. Then po Ad(g)(X) = u(X) for all X € [&,¢ and ¢ € K. By dif-
ferentiating, one has that p(ad(Y)(X)) = 0 for all X € [¢, ¢ and Y € €. Thus
w([e, [¢,€]]) = 0. But, as [&, €] is semisimple,

[E> [&EH = [5(8) + [E>é]7 [&EH = H&ﬂ» [E,EH = [E’ﬂ'

Therefore, p([¢,€]) = 0. This proves the claim in (5.25).

Thus from (5.23), (5.24) and (5.25) we have

52 o~ (60w ).

Combining (5.16) and (5.26),

A w)") 0! m)" N e
O i) O+ i, (O OO

Moreover, as K° acts trivially on ((3(¢) N [m, m])*),
(5.28) ((3(¢) N [m, m]))" =~ ((3(¢) N [m, m])")*/="

Combining (5.27) and (5.28),

d(Q'(m)")

amgey = (GO N, m)HEE

This and (5.15) together imply that the right-hand side of (5.14) coincides with the
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right-hand side of (5.8). This completes the proof of the theorem. O

Corollary 5.1.4. Let G, H, K and M be as in Theorem 5.1.53. If dimg 3(m) = 1,
then

H*(G/H, R) = [(3(¢) N [m, m])"J*/%

Proof. As M is a compact Lie group, we have m = 3(m) & [m, m]. Thus we

have dimg(m/([m, m] +£)) < 1. Now the corollary follows from Theorem 5.1.3. [

Corollary 5.1.5. Let G, H, K and M be as in Theorem 5.1.3. If K is semisimple,

then
HXG/H,R) ~ Q*(——~ .
’ [m, m] + ¢
Proof. As K is semisimple, we have 3(¢) = 0, so it follows from Theorem
5.1.3. O

Theorem 5.1.6. Let G, H, K and M be as in Theorem 5.1.3. Then

HYG/H,R) ~ Q}(——).

Proof. In view of (5.7) it is enough to show that H'(M/K, R) ~ Q'(m/([m, m]
+ €)). As M is compact and connected, from [Sp, p. 310, Theorem 30] and the
formula given in [Sp, p. 313] it follows that there are natural isomorphisms

Ker (d: Q'(m/8)F — Q7 (m/8)F)
(= (m/e)%)

(5.29) H{(M/K,R) ~ Vi
Setting i = 1 in (5.29),

(5.30) HY(M/K,R) ~ Ker (d: Q' (m/&)% — Q*(m/8)X).
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We claim that

(5.31) Ker (d: Q' (m/&)% — Q*(m/&)%) = Q' (m/e)™ .

To prove (5.31), first note that Q'(m/€&)M C Q'(m/€)*. From Lemma 5.1.1(1)

it follows that da = 0 for any a € Q'(m/€)M. Thus

Q' (m/e)M C Ker(d: QY (m/6)K — Q*(m/e)K).

To prove the other way inclusion, take any a € Ker (d : Q'(m/€)% — Q*(m/e)K).
Then dov = 0 which in turn implies that a([X, Y]) = O forall X, Y € m. As M
is connected, using (5.1) it follows that « is M-invariant. This proves the claim in

(5.31).

As Q'(m)M ~ QY(m/[m, m]), it follows that

32 Q'(m/OM ~ Q' (— ).
(5.32) (/0" = O ()
Combining (5.30), (5.31), (5.32) we have
HY(M/K,R) ~ Q' (——>
(M/E.R) = @ (i)
As noted before, the theorem follows from it. O

Corollary 5.1.7. Let G, H, K and M be as in Theorem 5.1.5. If M is semisimple,

then
dimg H'(G/H,R) = 0.
Proof. As M is semisimple, we have m = [m, m], and hence the corollary
follows from Theorem 5.1.6. [
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Recall that any maximal compact subgroup of a complex semisimple Lie group

is semisimple. The following corollary now follows form (5.7) and Corollary 5.1.7.

Corollary 5.1.8. Let G be a connected complex semisimple Lie group, and let H C

G be a closed subgroup with finitely many connected components. Then

dimg H'(G/H,R) = 0.

In the special case where GG is a simple real Lie group, the following result is a

stronger form of Theorem 5.1.3 and Theorem 5.1.6.

Theorem 5.1.9. Let G be a connected simple real Lie group, and let H C G be
a closed subgroup with finitely many connected components. Let K be a mazximal
compact subgroup of H and M a maximal compact subgroup of G containing K.
Then

H*(G/H,R) =~ [(3(8) N [m, m])7]*/*"

and

1 if ¢4 [m, mlGm
dimg H'(G/H,R) =

0 if ¢+ [m, ml=m.

In particular, dimg H*(G/H, R) < 1.

Proof. Since M is a maximal compact subgroup of a real simple Lie group, it
follows from [He, Proposition 6.2, p. 382] that dimg 3(m) is either 0 or 1. In both
these cases we have Q?(m/([m, m] +¢)) = 0. In view of Theorem 5.1.3 and (5.7), it
follows that

H*(G/H, R) = [(3(¢) N [m, m])]*/""

As G is simple, we have dimg 3(m) < 1. Thus, we have either

E+mm Sm or €4 [mml=m.
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Therefore, from Theorem 5.1.6 and (5.7) we conclude that

1 if €4 [m, m]Gm
dimg H'(G/H,R) =

0 if ¢+ [m, ml=m.

5.2 Description of first and second cohomology

groups of nilpotent orbits

The main result in this section, Theorem 5.2.2, is crucial in our computations of the

second and first cohomology groups of the nilpotent orbits.

Lemma 5.2.1. Let G be a semisimple algebraic group defined over R. Let X €
LieG(R) be a non-zero nilpotent element and let {X, H, Y} be a sly(R)-triple in
LieG(R). Then Z4(X, H,Y) is a (reductive) Levi subgroup of Z¢(X) which is de-
fined over R.

Proof. The nontrivial fact that the group Z¢(X, H,Y) is a (reductive) Levi
subgroup of Z5(X) is proved in [CoMc, p. 50, Lemma 3.7.3]. Since X, H, Y €
Lie G(R), it is immediate that the group Z¢(X, H,Y) is defined over R. ]

Theorem 5.2.2. Let G be an algebraic group defined over R such that G is R-simple.
Let 0 # X € LieG(R) be a nilpotent element and Ox be the orbit of X under the
adjoint action of the identity component G(R)° on LieG(R). Let {X, H, Y} be a
sly(R)-triple in Lie G(R). Let K be a maximal compact subgroup in Zgry (X, H,Y)

and M a mazimal compact subgroup of G(R)° containing K. Then,
H*(Ox, R) = [(3(&) N [m, m])"]*/*"
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and

1 if t+mm &Sm
dimRH1<Ox, R) =

0 if t4+[m m] =m.

Proof. From Lemma 5.2.1 it follows that the group Z¢(X, H,Y') is a (reductive)
Levi subgroup of Z5(X). In particular, we have the semidirect product decomposi-
tion:

Zore(X) = Zore (X, HY)R,(Z26(X))(R),

where R,(Z5(X)) is the unipotent radical of Z5(X). As R,(Z¢(X))(R) sim-
ply connected and nilpotent, this implies that any maximal compact subgroup in
Zarye (X, H,Y) is a maximal compact subgroup in Zgrye(X). Since G(R)° is a

connected simple real Lie group, the theorem now follows from Theorem 5.1.9. [J
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Chapter 6

Second cohomology of nilpotent
orbits in non-compact

non-complex classical Lie algebras

In this chapter we will compute the second de Rham cohomology groups of the
nilpotent orbits in non-compact non-complex classical real Lie algebras. At the
outset we mention that the justification for some of the detailed computations done

in this chapter is explained in Remark 6.0.3.

Let V be a right D-vector space, ¢ = 41, 0 : D — D be either the identity
map or the usual conjugation o, when D is C or H, and let (-, -) : V' xV — D be
a e-0 Hermitian form. Let SL(V') and SU(V/ (-, -)) be the groups defined in Section
2.3. We now follow the notation established at the beginning of Section 3. Let
{X, H, Y} be a sly(R)-triple in sI(V), and let d = [d}", ..., d“*] be as in (3.6).
Let (vf, ..., v{) be the ordered D-basis in Proposition 3.0.7 for d € Ng. Then it

follows from Proposition 3.0.3 and Proposition 3.0.7 that
(6.1) B'(d) = (X"f, ..., X'v})
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is an ordered D-basis of X'L(d — 1) for 0 < [ < d — 1 with d € Nq. Define
(6.2) B(d) := Bd)V---vB“(d)Vd € Ng, and B := B(d,)V---V B(dy).
Let

(6.3) Ap : End(V) — M,(D)

be the isomorphism of R-algebras with respect to the ordered basis B. Next define

the character

Xa: J[ GL(L(d—1)) — D

deNg

Hj:1(det14ti)di if D=RorC
Xa (Atdl’ e ’Atds) = d d;
| (NrdEndH(L(diq))Atdi) “ if D =H.

Lemma 6.0.1.

1. The following equality holds:

g(X'L(d— 1)) € X'L(d—1),

ZSL(V) (X, Ha Y) = g€ SL(V> [9|XZL(d—1)] Bi(d) = [glL(d—l)}BO(dV

forall 0 <l <d,de Ng

2. In particular, Zs,vy(X, H,Y) ~ {g € HdeNd GL(L(d—=1)) | Xq(9) = 1}.
3. If{X, H, Y} is a sla(R)-triple in su(V,(-,-)), then
g(X'L(d - 1) cX'L(d - 1), 9] xLa-1)]B @)

ZSU(V,<~,->)<X7 H? Y): g € SL(V> - [g|L(d71)]BO(d)a (gw7gy)d = (l’,y)d,
VdeNg, 0<1<d—-1,z,ye L(d—-1)
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here (-, -)a is the form on L(d — 1) defined in (3.8).

4. In particular,

ZSU(V,<-,'>)(X’H7Y) = {gE HdeNdU(L(d_l)a( ) ) I Xd( ) = 1}'

Proof. For notational convenience, denote

g = {g € SL(V)

g(X'L(d—1)) C X'L(d—1); }

[QIXZL(dq)}BZ() [9|Ld 1] V0<l<d—1 ,d € Ng

Take any g € Zgnv)(X,H,Y). Then g(L(d — 1)) € L(d —1) by (3.7). In par-
ticular, it follows that g(X'L(d — 1)) € X'L(d — 1) because g commutes with X.
Let By = [g|r@-1)lsow@) for all d € Ngq. As g commutes with X, it follows that
[9|XlL(d—1)]Bz(d) = Byfor 0 <1 < d—1. This proves that Zg;,v) (X, H,Y) C G.

Take any h € G. Then h(X'L(d—1)) C X'L(d—1) forall 0 <[ < d—1 and

d € Ng. For every d € Ng, let (a;) denote the matrix [h|Lg-1)] € GL, (D).

BO
Then (a ”) [thlL(d 1]Bl forall0 <1 < d-1.

We will show that h commutes with X and H. From (6.2) it follows that B is a D-
basis of V. Hence to prove that Xk = hX we need to show Xh(X"vf) = hX(X'vf)
foralll < j <tjand 0 <[ < d—1 with d € Ng. However this follows from the

following straightforward computation:

tq

tq
hX (X)) = hXTod = Y XMtel, = X() X'vlad) = Xh(XW).
=1

Y; i
i=1

As H acts as multiplication by a scalar in R (in fact, by a scalar in Z) on the D-basis
B(d) (of X'L(d —1)) for all 0 < | < d—1 with d € Ng, it is immediate that h
commutes with H. In view of Lemma 2.4.7, we conclude that h commutes with Y.

This completes the proof of statement (1).

The third statement follows from statement (1) and Remark 3.0.10. ]
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Remark 6.0.2. When D = R or C, the isomorphisms (2) and (4) in Lemma 6.0.1
were proved in [SS, p. 251, 1.8] and [SS, p. 261, 2.25] using only the Jordan canonical
forms. However, as the non-commutativity of H creates technical difficulties in
extending these results of [SS] to the case of D = H, we take a different approach by
appealing to the Jacobson-Morozov theorem and the basic results on the structures

of finite dimensional representations of sly(R). N

Remark 6.0.3. We follow the notations of Theorem 5.2.2 in this remark. Theorem
5.2.2 asserts that when M is semisimple, in order to compute H?(Ox, R) it is enough
to know the isomorphism class of K. However, when M is not semisimple, it is not
enough to know the isomorphism classes of K and M, rather we also need to know
how K is embedded in M; see Theorem 5.2.2. Although the isomorphism classes
of M are well-known when G is R-simple, and the isomorphism classes of K can
be obtained immediately using (2) and (4) of Lemma 6.0.1, hardly anything can
be concluded, from these isomorphism classes, on how K is embedded in M. We
devote the major part in the next Sections 6.3, 6.4, 6.5 and 6.6 to find out how K

is sitting inside M for the nilpotent orbits in g for which M is not semisimple.  [J

6.1 Second cohomology of nilpotent orbits in

sl,(R)

We follow the notation and parametrization of the nilpotent orbits as in §4.1.1 in

our next result.

Theorem 6.1.1. Let X € sl,(R) be a nilpotent element. Letd = [didl, N =
P(n) be the partition associated to the orbit Ox (i.e., Vs, r)(Ox) = d in the

notation of Theorem 4.1.2). Then the following hold:

1. Ifn >3, #0q = 1 and ty = 2 for 0 € Ogq, then dimg H*(Ox, R) = 1.
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2. In all the other cases dimg H*(Ox, R) = 0.

Proof. This is obvious when X = 0, so assume that X # 0.

The notation in Lemma 6.0.1 and the paragraph preceding it will be employed.
Let {X, H, Y} C sl,(R) be a sly(R)-triple. Let K be a maximal compact subgroup
of Zs1,,r) (X, H,Y). Let M be a maximal compact subgroup of SL, (R) containing
K. As M ~ SO,, it follows that 3(¢) N [m, m] = 0 when n =2, and [m, m] = m

when n > 3. Thus using Theorem 5.2.2,

0 if n =2
fJQ(C)X, R) ~

58] % it n > 3.

Treating R™ as a Spang{X, H,Y }-module through the standard action of sl,(R),
construct a R-basis B as in (6.2), and consider the R-algebra isomorphism Ag in
(6.3). It now follows from Lemma 6.0.1(2) that the restriction of Ag induces an

isomorphism of Lie groups:

(6.4) Ap: Zsu,r(X,HY) = S([] GLL(R)A) .

deNg

As  Jlaen, (Otd)i is a maximal compact subgroup of [y, GL;,(R)% , and
S(ITsen, GLt, (R)A) is normal in [ ,en, GLe, (R), it follows using Lemma 2.3.6 that
S(HdeNd(Otd)‘i) is a maximal compact subgroup of S(HdeNd GL:,(R)X). In view

of the above observations it is now clear that for n > 3,

(6.5) H*(Ox, R) ~ [3(&)1/%"  where K ~ [] O, x S([] Os)-

T]GEd 9€Od

Consider the group A := S(O,, X --- x O,,) for positive integers ny, ... ,n,.

Let a be the Lie algebra of A. It is then easy to prove (see the proof of Case-2 in
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[BC1, Theorem 5.6]) that

1 ifr=1 and n, =2
(6.6) dimg3(a)]V* =

0 otherwise.

It is also immediate that if By, By are Lie groups, By := B; X By, and b;,

1 < ¢ < 3, is the Lie algebra of B;, then

o

(67) 5(65))%/%5 2= 360"/ @ [3(6)] /%%

Now the theorem follows from (6.6), (6.7) and (6.5). O

6.2 Second cohomology of nilpotent orbits in

sl,(H)

Our next result, which we state using the parametrization as in Theorem 4.1.3, says
that the second cohomology groups of all the nilpotent orbits in sl,(H) vanish. As
the Lie algebra sly (H) is isomorphic to su(2) which is a compact Lie algebra, we will

further assume that n > 2.

Theorem 6.2.1. For every nilpotent element X € sl,(H) when n > 2,

dimg H*(Ox, R) = 0.

Proof. We assume that X # 0 because the theorem is obvious when X = 0.

Suppose that Wgr, 1y(Ox) = d. Using the notation in Lemma 6.0.1 and the
paragraph preceding it, let {X, H, Y} C sl,(H) be a sly(R)-triple. Let K be a

maximal compact subgroup in Zgr,, (X, H,Y). As Sp(n) is a maximal compact
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subgroup of SL, (H), it follows from Theorem 5.2.2 that
(6.8) H*(Ox,R) = [3(8)]/"

for all X # 0. Treating H" as a Spang{ X, H, Y }-module via the standard action of
sl,(H), we construct a H-basis B as in (6.2), and consider the R-algebra isomorphism
Ap in (6.3). It now follows from Lemma 6.0.1(2) that the restriction of Ag induces

an isomorphism of Lie groups

Ap: ZsL,en(X,HY) = S]] GL,(H)).

deNg

As [Lien, Sp(tq)4 is a maximal compact subgroup of [uen, GL;,(H)4, and

I spta)d < S]] GLu(H)A),

deNg deNg

it follows that [y, Sp(ta)A is a maximal compact subgroup of S( [Taen, GLi, (H)4).

In particular, we have

K ~ H Sp(ta) -

deNg

As 3(€) = 0, it now follows from (6.8) that dimg H*(Ox, R) = 0. O

6.3 Second cohomology of nilpotent orbits in

su(p, q)

Let n be a positive integer and (p,q) a pair of non-negative integers such that
p+q = n. As we are dealing with non-compact groups, we will further assume that
p > 0 and ¢ > 0. In this section, we follow notation and parametrization of the

nilpotent orbits in su(p,q) as in §4.1.3; see Theorem 4.1.4. Here we compute the
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second cohomology groups of nilpotent orbits in su(p,¢) under the adjoint action
of SU(p,q). As S(U(p) x U(q)), being a maximal compact subgroup in SU(p, q), is
not semisimple, in view of Remark 6.0.3, we need to work out how a conjugate of
a maximal compact subgroup of Zgy,q)(X) is embedded in S(U(p) x U(q)), for an
arbitrary nilpotent element X € su(p, ¢). Throughout this section (-,-) denotes the

Hermitian form on C" defined by (z,y) := 7', ,y, where I, , is as in (2.19).

Let 0 # X € Nagpg), and {X,H,Y} be a sly(R)-triple in su(p,q). Let
Usupg(Ox) = (d, sgny, ). Then Usypa(Ox) = d. Recall that sgny de-

termines the signature of (-, )4 on L(d — 1) for every d € Ng; let (pg, qa) be the

signature of (-, -)q, for d € Ng. Let (vf, ..., vf) be an ordered C-basis of L(d—1) as
in Proposition 3.0.7. It now follows from Proposition 3.0.7(3)(a) that (v{, ..., v{) is

an orthogonal basis for (-, -)4. We also assume that the vectors in the ordered basis
(vf, ..., v{) satisfies the properties in Remark 3.0.11(2). In view of the signature

of (-, -)q we may further assume that

+1 if1<5<p,
(6.9) V=1(v],vj), = ; when 7 € Egq,
-1 itp, <j<t,

0 o +1 i1 <7<pg
(6.10) (vi,v:)g = ; when 6 € Oq.

Jjr Y
—1 ifpg<j<ty

Let {wl | 1 < j < tq, 0 <1 < d—1} be the C-basis of M(d— 1) constructed

using (v, ..., v ) as done in Lemma 3.0.13. For each d € Ngq, 0 < I < d—1, set
Vi(d) := Spanc{w}, .. wtdl}

The ordered basis (@, ..., w{,) of V!(d) will be denoted by C'(d).
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Lemma 6.3.1. The following holds:

ZSU(p,q)(X7 HJ Y) = {g € SU(p7 q)

g(V{(d)) c VYd) and }

[9|Vl(d)}cl(d): [9|V°(d)]c0(d)Vd € Nd,O <l<d

Proof. As Zsypq) (X, H,Y) = SU(p,q) N Zsi, (X, H,Y), using Lemma
6.0.1(1) it follows that

X'L(d—1)) ¢ X'L(d—1) and
Zsu(pa) (X, H, Y)Z{g € SU(p,q) s ) e XU ) }

9l pa-1)] 9|L(d71)}80(d)Vd €Ng,0< i <d

Bl(d>: [

For fixed d € Ngq we consider the t;x 1-column matrices [fﬁ?l} 1<i<ty’ [wj (d—l—l)] l<i<ts

d—1-1,,d
S

and [X lvﬂ Rewriting the definitions in Lemma 3.0.13 when

1<j<ty’ [
n € Eq,
1

(@3] = (X4 XV s [ m] = ()= (X g ]v=T)

Sl

for 0 < I < n/2. Furthermore, when 1 < 6 € Oq,

@] = ([X') + (X 1uf]) = o] = (X0 = (x4

Sl

forall 0 <1 < (f—1)/2, while for | = (0§ —1)/2,
~6 9-1)/2, 0
(@ 6-1y72] = [X7P0]]

When 6 = 1, then [@f] = [v7].

J

In particular, if d € Nq is fixed, then for every 0 < [ < d — 1 the following
holds:

g(X'L(d—1)) ¢ X'L(d—1) if and only if g(V'(d)) c V'(d),
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and moreover,

9lxie@-—1lBi@ = [9lc@-vlso@ if and only if  [glvia]cia) = [9lvowleo) -

In fact, for any g as above, [g|L(d_1)}BO(d) = [g’VO(d)]CO(d)' ]

For every d € Ng and 0 < [ < d — 1, orderings on the sets {v € C!(d) |
(v, v) > 0}, {v € CY(d) | (v, v) < 0}, will be constructed. These ordered sets will
be denoted by C'. (d) and C' (d) respectively. The construction will be done in three

steps according as d € Eq or d € O} or d € 03.

Foreachn € Eqand 0 < [ < n—1, define

(

L) (@?p wnl) if [ is even
Ci(n) = Pn
(@7 .., @r ) if s odd,
\ (pn+1)1 tnl
(
l( ) (Z’D? RN /[E:]nl) if [ is even
Ctin)=q "
(@, ..., a@",)  iflisodd.
\ Pn
For each § € O}, define
a’ ), . @iel) if lisevenand 0 <1< (6 —1)/2
w(p9+1>z’ ...,fﬁfel) if lisoddand 0 <1< (6 —1)/2
@y, @) if l=(0—1)/2
a’ . ﬂ?ggl) if [ is odd and (0 +1)/2 <1< (0—1)

(
(@
(6.11) C.(9) :== (@
(@
(]

,w? ) iflisevenand (+1)/2<1<(§-1)

(pg+1)1’ "7 tgl

8L
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and

(w(pw)u @l )
(@, s @) )
(612) CL(O):=§ (a! . ....a,)
(w<p9+1>l’ e Nfel)
(w”, @l )

Similarly, for each ¢ € 03, define

(&, s T )
<w<p<+1)l’ wf{l)
(613) CLO = (@, oos )
(w(,,ﬁl)u wf{l)
( S 5,)
and
( T,y oo wf{l)
(@0 s @5,)
(6.14) CLO) = § (@S, ..., @)
(@, .., )
(0, e - @)

if [ is even and 0 <[ < (0 —

1)/2
if 7 is odd and 0 < 1 < (6 — 1)/2

if 1= (0—1)/2

if [is odd and (8+1)/2 <1< (6 —1)

if lis even and (+1)/2<1<(0—-1).

if liseven and 0 <1 < (¢ —

1)/2
if 1is odd and 0 < [ < (¢ — 1)/2

if 1= (¢—1)/2

if 1is even and (¢ +1)/2 <1< (¢ —1)

if [ is odd and (¢ +1)/2 <1< (¢ —1)

if [ iseven and 0 <1 < (¢ —

1)/2
if [ is odd and 0 <1 < (¢ —1)/2

if 1 =(¢—1)/2

if [ is even and (¢ +1)/2 <1< (¢ —1)

if 1is odd and (C+1)/2 <1< (¢ —1).

Foralld € Ngand 0 < | < d— 1, define

VLi(d) :== Spanc{v € C'(d) | (v,v) >0}, VL(d) :=

Spanc{v € C'(d) | (v,v) < 0}.

148



It can be verified using (6.9), (6.10) together with the orthogonality relations in
Lemma 3.0.13 that C% (d) (respectively, C' (d)) is indeed an ordered set based on the
(unordered) set {v € CY(d) | (v, v) > 0} (respectively, {v € C!(d) | (v, v) < 0})
foralld € Ngand 0 < [ < d—1. In particular, C} (d) and C (d) are ordered bases

of V!(d) and V! (d) respectively, for all d € Ng, 0 < [ < d — 1.

In the next lemma, we specify a maximal compact subgroup of Zsy ¢ (X, H,Y)
in terms of the subspaces V! (d) and V!(d) defined as above which will be used in
Proposition 6.3.3. For notational convenience, we will use (—1)! to denote the sign

‘+7 or the sign ‘—’ depending on whether [ is an even integer or an odd integer.
Lemma 6.3.2. Let K be the subgroup of Zsy(p,q (X, H,Y') consisting of all g €
Zsu(p,q) (X, H,Y) satisfying the following conditions:

1. g(Vi(d)) € VL(d) and g(V!(d)) C VI(d), for alld € Ng and 0 <1 <d-—1.

2. When n € Eq,

[9|V£(77)} B [9|Vl (’7)]
cO (*1)l Cl
9 () (i@ ; forall 0 <1 <n-—1.

0 = l
|:g’V_ (7])] CO_ (,,7) |:g“/(71)l+1 (77):| Céfl)H’l (77)

3. When 6 € O},

[ Ho<l<(6—1)/2
o)y, frat0<i<@-1)
(-1t
[Q‘VE(O)}CQ(Q): -g|Vﬂ591)/2(9)]cﬁf‘”/2(9)
[ orall(0—1)/2<1<60—1,
| -g|‘/(l1>l+1(9)]cfl>l+1(9) J ( )/ N

149



i No<l<(0—1)/2

_9| v ”HI(G)LZ L ® for all 0 < ( )/
[g’VB(G)} 0 (0) = _g’V(e1>/2(9):|C(_9_1)/2(9)

i HEH—1)/2<1<6-—1.

g’V(lfl)l(e)] (9) fOT a ( )/ —

- ()l

4. When ¢ € 03,

gl lm} for all 0 <1< (¢ —1)/2
L enrdel1©
|:g|V0(C)] (C) _g|V£C*1)/2(<)] C(<71)/2(<)
i orall ((—1)/2<1< (-1,
\ _g|V(l,1)l+1 (C):| Cf i ©) f (C )/ = g
( -
orall0<Il< ((—1)/2
o o]y o PralloSt<c-1y
[9|V9(g)] (0 = -g’VJ£§1>/2(C):|C_(f—1)/2(C)
i orall ((—1)/2<1<(—1.
vyl o foremen2<ise

Then K is a maximal compact subgroup of Zsup,q) (X, H,Y).

Proof. In view of the description of Zsy(p,q) (X, H,Y) in the Lemma 6.3.1 we

see that its subgroup

K::{QGSU@ﬂ) g(VE(d) € Vi), g(Vi(d)) C V'(d) and }

[g‘Vl(d)}Cl( q = [g’vo d):|C0 forall d € Nd, 0 < l<d

- ZSU(p,q) (X, H, Y)

is maximal compact. Thus it suffices show that if g € SU(p,q) and g(VL(d)) C

Vi(d), g(VL(d)) < Vi(d), then [glyia] [9lvo ]co @ forall0 <1 <d-—1,

cld) —
d € Nq if and only if ¢ satisfies the conditions (2), (3) and (4) in the statement of

the lemma. To do this, we first record the following relations among the ordered
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sets Cl(d),Céfl),H(d) and Cé,l)z(d) for all d € Ng: When n € Egq,

(615) CI(T]) = Cf—l)l(n) V Cé—l)Hl (77) for 0 S [ S n— 1.

When 6 € O},

;

Cé—l)l(0> \% Cé_1)1+1 (9) forall0 << (0 — 1)/2

(6.16) C'(0) = V20) v’ 020)  forl=(0—1)/2

Cf_l)m(@) Y Cf_l)l(ﬁ) forall (6 —1)/2<1<6-1.

\

When ¢ € 03,

(

C )Z(C)\/Cé_l)Hl(C) forall 0 <1< (¢(—1)/2

l
(-1
(6.17) ClO =4SV veSV(¢)  forl=(C—1)/2

Ly (O VCL(¢) forall ((—1)/2<1<(¢—1.

\

Assuming that g € SU(p,q), g(VL(d)) C Vi(d), g(Vi(d)) C V'(d) and

l9lvia]aw = [9lvew]eow
forall 0 <1 <d—1,d € Ng, we next show that ¢ satisfies the conditions (2), (3)
and (4) in the lemma.

In view of (6.15), for all n € Eq,

[g\vlm)} G ave [Q‘V’(n)} - [9|V°(n)}co(n)

(-1 (-1

[9|V£1(n)}c$1(n) 0

0 [9lve,m]eo )
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Thus forallp € Eqand 0 < [ < n—1,

! 0 and [ } [ }
[ lV( L )]cé Q) [g’V“(”)]cgl(n) 9|V it () ( 1y (1) g’V ) o\ (n)

Hence, (2) of the lemma holds.

In view of (6.16), for all # € O} and 0 <1 < (§ —1)/2,

slvo) = [ohvo] o = [otveo]
[ v ¢ OVE i ® Vi) | gy = [IV00) | o)

| lehvpele,e !

0 [g|v91<6)]c91(9)

Therefore if § € O}, then for all 0 <1 < (0 —1)/2,

bt ol o= [200)]
[g\vz i }Zml(a) [gfvol(e} ©) an g\v(lfl)lﬂ(e) ol ©) 9’1/91(9) 0. (0)

+1 (— 1)l+1

From (6.16), we have

[g’w1)/2(9)}cf—”/?(e)vcig‘“/z(e) B [9\v<91>/2(9)]c<91)/2(9) B [glvo(a)}c%e)

[g’VJ,-l ]CO 1(0) 0

0 [9lve,0] e 0
Thus,

[9|V+<071>/2( )] (o- 1)/2(9) [9|V0(9)} co0 0 [9|V(91)/2(9)]C(91)/2(9) = [9|v0(9)}co( y

When (f —1)/2 <1 <6 —1, we have

alvio = [y, = [otoo]
s e i@Vl o V0] g = 191°@] o
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[9lve,@]e, @) 0

0 [9|V91(9)]691(0)
Thus if § € O}, then for all (# —1)/2 <1<60—1,

|:g|v(l71)l+1(9)] cl () - [9|V£1(6):|c0 o) and |:g|v(l,1)l(9):|cl - [g|V91(0)]

(—1)l+1 +1 (_1)1(0) 691(9)

Hence, (3) of the lemma holds.

When g(V—il—(C)) C V—&l-(C)a g(V—l(C)) C V—Z(C) and [g|Vl(C)]Cl(C) = [g|VO(C)]co(C) for
all 0 <1< (-1, ¢ €03, using (6.17) it follows, similarly as above, that (4) of the

lemma holds.

To prove the opposite implication, we assume that ¢ satisfies the conditions
g(VE(d)) € VI(d), g(Vi(d)) € Vi(d) as well as the conditions (2), (3), (4) of the
lemma. Using the relations (6.15), (6.16) and (6.17) it is now straightforward to
check that [Q‘V’(d)]cl(d) = [g]VO(d)}CO(d) forall 0 <1 <d—1,d € Ngq. This completes

the proof of the lemma. O

We now introduce some notation which will be required to state Proposition

6.3.3. For d € Ng, define
Ci(d):=Cld)V---vCiHd) and C_(d):=C°(d)V---VvCHd).
Let o := #Eq, B := #0] and v := #03. We enumerate
Ea={n |1 <i<a}

such that n; < n;41,
Og ={0; |1 <j <5}
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such that 0; < 0,4, and similarly

0 ={¢G11<j<n}

such that (; < (j41. Now define

Ey i =Co(m)V---VCi(Na); Of = Cy(bh)V---VCy(03); OF == C(G)V---VCi(G);

E-=C(m)V++VC_(1a); OL :=C_(01) V- -VC_(05)5 O :=C_(C1)V++VC_(Gy)-
Finally we define

6.18 Hy=E VOLVOR, H_ = VO VvO® and H:=H, VH_.
+ +

It is clear that # is a standard orthogonal basis with H, = {v € H | (v, v) = 1}
and H. = {v € H | (v,v) = —1}. In particular, #H, = p and #H_ =

From the definition of the H, and H_ we have the following relations:

a B Y
i 0, +1 —1 +1
Z%tni+2(]2 Do; + +Z Ck <k2 qu):p
i=1 j=1 k=1
and
- i 0 9]' —1 8 + ]. il Ck —1
thni‘FZ( 5 Do; + +Z 5 qu) =q.
i=1 j=1 =1

The C-algebra

[T (M, (©) x M, (©) x [ (My,, (C) x My, (C)) x IT (M, (C) x M, (C))

i=1 j=1 k=1
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is embedded into M,(C) and M,(C) in the following two ways:

Dp: H (MPWZ(C) X Mqvu (C)) X H (Mpej (C H qu qu (C))

i=1 j=1 k=1

is defined by

(Am,Bm,... An&,Bna;Cgl,Dgl,... 0967D93;EC17FC17"' EC’Y7FC’Y)
0;—1
HEB (A, © By,) ””@@(Ce @Da) T @Cg @ (Cy, ® Dy,), )
j=1
C}ﬁ-l —
@@< ECk@FCk) EB(FCkEBECk) E @F4k>7
and
« B o
D,: [[ (M, (C) x My, (C)) x [ [ (M,, (C) x My, (C)) x ] (M, (C) x M, (C))
i=1 7j=1 k=1
— M,(C)

is defined by

(A B A Bna;091,D91,... 0967D95;EC1’FC17‘"7EC7’FCV)

Moy =mniy oot Tea?

%é(an@Am "/2@@( Dy, @OQ)GT & Dy, @ (Dy, @Cg)gj_l)

i=1 j=1
v Gt ~
@@ ((FCk ®E<k)A4 ¥ (ECk S FCk) ST @ECk>
k=1
Define the characters

o B Y
X, [I (GL,, (C)xGL,, (C))x] ] (GLy, (€)xGLy, (©)x] ] (GL,,, (€)xCL,, (C))

i=1 7j=1 k=1
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*

—C

(AﬁNB?Yl?"'7A7]a7B77a;0917D917"'70957D96;E417F417"'7ECA/7FC~/)

det Gy * det D, ) [[(det E,* det F. )

J

« B 0;+1 6.—1 Cp—1 ¢l
— [ (det A7/2 det B7/2
H< B un

i=1 j=

—_

k=1

and

Y

(GL, (C)xGLy, (©))x[[(GL,, (€)xCL,, (C))

k=1

R

X, H (GLy, (C)xGL, (C)) x

i=1

.
Il
—

— C*

(Am, B7717 e 7A77a7 Bna; Cgl, Dgl, Ce ,Cgﬁ, Dgﬁ; Ecl, FCM “e >EC~/7 FC«{)
o » o ;-1 Zha g Gt Gt
— [ [(det A7/% det B:/?) [ [ (det Cp * det D, 2 ) [ [(det B> det F, * ).
i=1 j=1 k=1

Let Ay : EndcC* — M,,(C) be the isomorphism of C-algebras induced by the
ordered basis H defined in (6.18). Let M be the maximal compact subgroup of
SU(p, q) which leaves invariant simultaneously the two subspace spanned by H.,
and ‘H_. Clearly, Ay (M) = S(U(p) x U(g)). In the next result we obtain an explicit
description of Ay (K) in S(U(p) x U(g)) where K C M is the suitable maximal

compact subgroup in the centralizer of the nilpotent element X, as in Lemma 6.3.2.

Proposition 6.3.3. Let X € Nupg), Ysupg(Ox) = (d,sgny, ). Let a :=
#Eq, B = #O) and v = #03. Let {X,H,Y} be a sly(R)-triple in su(p,q)
and (pa, qa) the signature of the form (-,-)a, d € Na, as defined in (3.8). Let K
be the mazimal compact subgroup of Zsy(p,q) (X, H,Y) as in Lemma 6.3.2. Then
Ay (K) C S(U(p) x U(q)) is given by

An(K) = {Dp(g) ® Dy(9)

gc H?:I (U(pm) X U(qm>) X H]@:I (U(p(?j) X U(‘ﬂ%)) }
x [Tiy (Ulpe) x Ulgg,))  and X, (9)X,(9) =1
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Proof. This follows by writing the matrices of the elements of the maximal

compact subgroup K in Lemma 6.3.2 with respect to the basis H as in (6.18). [

Theorem 6.3.4. Let X € su(p,q) be a nilpotent element. Let (d, sgny, ) €
Y(p,q) be the signed Young diagram of the orbit Ox (that is, Vsypqg(Ox) =

(d, sgny,. ) as in the notation of Theorem 4.1.4). Let

l:=#{d€Ng [ ps # 0} +#{d €Ng, | g4 # 0}.
Then the following hold:

1. [de = Ed, then dlmR H2<Ox, R) =1-1.
2. Ifl =1 and Ng = Oq, then dimg H*(Ox, R) = 0.

8. Ifl > 2 and #04 > 1, then dimg H*(Ox,R) =1 —2.

Proof. This is clear when X = 0. So assume that X # 0.

Let {X, H, Y} C su(p,q) be a sly(R)-triple. Let K be the maximal compact
subgroup of Zgy(pq)(X, H,Y') as in Lemma 6.3.2, and let H# be as in (6.18). Let M
be the maximal compact subgroup of SU(p, ¢) which leaves invariant simultaneously
the two subspace spanned by H, and H_. Then M contains K. It follows either

from Proposition 6.3.3 or from Lemma 6.0.1 (4) that

K ~ K" = S( [] (U(pa) x U(ga))A) -

deNg
This implies that dimg 3(¢) = [ — 1. We now appeal to Proposition 6.3.3 to make
the following observations :
1. If Ng = Ed, then ¢ C [m, m]

2. If #04 > L and ! > 2, then £, ¢ [m, m].
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Since K is not necessarily connected, we need to show that the adjoint action of

K on 3(#) is trivial. For this, first denote

L:= H (U(pa) x U(ga))a

deNg

and identify K with K’. Let [ be the Lie algebra of L. Then

[L, L] = H (SU(pa) x SU(qa))4 -

deNg

In particular [L, L] ¢ K C L. Thus [I, [| = [, €], and hence 3(¢) = €N 3([). Since
L is connected, the adjoint action of L is trivial on 3([). So the adjoint action of K
on 3(#) is trivial.

Proof of (1): From the above observations it follow that € C [m, m] when Ng =
Eq. As the adjoint action of K on 3(€) is trivial, we have [(3(€) N [m, m])]K/KO =

3(O)N[m, m] = 3(&). In view of Theorem 5.2.2 we now have dimg H?(Ox, R) = [—1.

Proof of (2): Suppose d = [d'¢] where t4d = p+ q. Since | = 1, it follows that
either p; = tqor g = tg. In both cases we have K ~ S(U(td)dA). So 3(£) is trivial.

Hence, in view of Theorem 5.2.2 we have dimg H*(Ox, R) = 0.

Proof of (3): From the above observations we have 3(¢) £ [m, m] when #04 > 1
and [ > 2. Since dimg 3(m) = 1, it follows that dimg(3(¢)N[m, m]) = dimg 3(¢)—1.
By Theorem 5.2.2, and the fact that the adjoint action of K on 3(¢) is trivial, we

conclude that
dimg H*(Ox, R) = dimg[(3(¢) N [m, m])*]%/E" = 1 —2.

This completes the proof of the theorem. O
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6.4 Second cohomology of nilpotent orbits in

o(p,q)

In this section we compute the second cohomology groups of nilpotent orbits in
50(p, ¢) under the adjoint action of SO(p,q)°. We assume that p, ¢ > 0 as we deal
with non-compact groups. Set n := p + ¢. In this section, we follow notation
and parametrization of nilpotent orbits in so(p,q) as in §4.1.4; see Theorem 4.1.6.
Throughout this section (-, -) denotes the symmetric form on R” defined by (z,y) :=

2'T, 4y, for x,y € R™, where I, , is as in (2.19).

Let 0 # X € Noo(pq), and {X, H, Y} C s0(p, q) a sly(R)-triple. Let Wgop,q)° (Ox)
= (d, sgny, ). Then we have Y50 (pge (Ox) = d. Recall that sgn, - determines the

signature of (-, -)g on L(0 — 1), 8 € Ogq; let (py, qo) be the signature of (-, -)y.

First assume that Ng = Oq. Let (vf, ..., v} ) be an ordered R-basis of L(/—1) as
in Proposition 3.0.7. It now follows from Proposition 3.0.7(3)(b) that (vf, ..., vf)
is an orthogonal basis for (-, -)p when 6 € Oq. We also assume that the vectors in
the ordered basis (v¢, ..., vf ) satisfies the properties in Remark 3.0.11(1). In view

of the signature of (-, -)g, # € Oq, we may further assume that

(6.19) () +1 if1<j5<py

377
-1 ifp9<j§t9.

For 6 € Og, let {wf-l |1 <5<t 0<1< 6’—1} be the R-basis of M (6 —1)

as in Lemma 3.0.12. For each 0 < [ < 0 — 1, define
VZ(G) = SpanR{w(fl, - wfgl} )

The ordered basis (w, ..., w) ) of V!(f) is denoted by C'(f).
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Lemma 6.4.1. For Nq = Og,

ZSO(P#I) (X7 H7 Y) = {g € SO(p, Q)

g(Vi(#)) c Vi(0) and }

[9|vl(9)}61(9) = [9|v0(9)}60(9)V9 €0q,0<1 <6

Proof. We omit the proof as it is identical to that of Lemma 6.3.1. m

We next impose orderings on the sets {v € C'(0) | (v,v) > 0}, {v € C!(0) |
(v,v) < 0}. Define the ordered sets by C.(8), CL(6), C\.(¢) and CL(¢) as in (6.11),
(6.12), (6.13), (6.14), respectively according as § € O} or ¢ € O3. For all § € Oq

and 0 < [ < 60 —1, set
V() := Spang{v | v € C'(0), (v,v) > 0}, VL(0) := Spang{v | v € C'(0), (v,v) < 0}.
It is straightforward from (6.19), and the orthogonality relations in Lemma 3.0.12,

that C'.(#) and C" (#) are indeed ordered bases of V[ (#) and V' (6), respectively.

In the next lemma we specify a maximal compact subgroup of Zsop,q) (X, H,Y)
in terms of the subspaces V! (#) and V'(6) defined as above which will be used in
Proposition 6.4.4. As before, the notation (—1)! stands for the sign ‘+’ or the sign

‘—" according as [ is an even or odd integer.

Lemma 6.4.2. Suppose that Ng = Oq4. Let K be the subgroup of Zso(p.q)(X, H,Y)

consisting of all g € Zsop.q) (X, H,Y) such that the following hold:

1. g(VE(#)) C VE(O) and g(VL(0)) C VL(H), for alld € Oq and 0 < 1 < 6 —1.
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2. When 6 € O},

i orall0<Il<(0—-1)/2
ol ol o Frall0SI<@-1)
[Q‘VE(Q)}CQ(Q): -g|Vi9_1)/2(9)]cfl)/2(0)
i HEe-1)/2<1<0-1,
| _g|v(l—1)l+1(9)]CE_I)H_l(@) Jor a ( )/ B
( -
nNHo<i<(0-1)/2
_g|v(l—1)l+1 (9)} Cé_1)l+1 @) for a - ( )/
|:g|V9(9)i| o (0) = _g|v(01>/2(9)i|c(91)/2(9)
i —1)/2 <6-1.
_g|‘/<l,1)l(9)] oo for all (0 )/2<1<96
\ (-1t
3. When ¢ € O3,
( -
orall0 <1< (C—1)/2
_g!VZJ)l(o} ¢ 0 f <l<(C-1)/
[g‘vfg(()] (¢ - _g|V_(C_1)/2(C)] clI2(g)
gl oral ((—1)/2<1< (-1,
[ o)y Forate-n/z<ise
( -
. orall0 <l < (C—1)/2
LTI . -1/
[glvo(q]co o _9|v+<<—1>/2(c>]c<+<1>/2(<)
i orall ((—1)/2<1<(—1.
[y o Fraicov2<ise

Then K is a maximal compact subgroup of Zsop,q (X, H,Y).

Proof. We omit the proof as it is identical to the proof of Lemma 6.3.2. m

The following lemma is required in the proof of Theorem 6.4.9 (2)(iv). This is
treated separately as Oq G Ng. Recall that B°(d) is an ordered basis of L(d — 1) as

in (6.1) with [ = 0 and satisfying Remark 3.0.11 (1).
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Lemma 6.4.3. Suppose that Wsop29(Ox) = ([1772, 2%, ((my;), (m3;))), where
(my;) and (m3;) are (p—2) x 1 and 2 x 2 matrices, respectively, satisfying mj; = +1
with 1 < i < p—2, m?l = +1 with1l < i < 2, and Yd.2. Let K be the subgroup
of Zsop,2)(X, H,Y) consisting of all g € Zsop2) (X, H,Y) such that the following

hold:

1. g(L(1>> C L(1)7 g<XL(1)) C XL<1)7 [g’L(l)]BO(Q) - [g‘XL(l)]Bl(Q) and

0 -1 0 -1

912 o) = 91 o a)-
10 10

2. g(L(0)) C L(0).
Then K is a maximal compact subgroup of Zsop2) (X, H,Y).

Proof. Note that the form (-, -); defined as in (3.8) is symmetric on L(1 —
1) x L(1 — 1) with signature (p — 2,0), and the form (-, -), defined as in (3.8) is
symplectic on L(2 —1) x L(2 —1). Moreover, it follows from Proposition 3.0.7 that
B°(2) = (v?; v2) is a symplectic basis of L(2—1) for (-, -)o. Now the lemma follows
from Lemma 6.0.1(4) and Lemma 6.6.2(1). O

We next introduce some notation which will be needed in Proposition 6.4.4 and

in Proposition 6.4.5. We assume that Nq = Oq. For § € Og, define
Ci(0) :=CoO)V---vCI'H) and C_(0) :=C°(O) Vv ---vCI0).

Let § := #0OJ and v := #03. We enumerate O = {6, | 1 < j < S} such that

0; < 041 and similarly O3 = {¢; | 1 < j < ~v} such that ¢; < (j41. Set
Of = Ci(0) V- VCi(05); OL:=C(G) V- VCi(();

OL i=C_(B)V---VC_(05) and O :=C_(G)V---VC(C).
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Now define

(6.20) Hy =0 vOl, H_:=0.vO® and H:=H,VH_.

It is clear that H is a standard orthogonal basis of V' such that H, = {v € H |
(v,v) = 1} and H_ = {v € H | (v,v) = —1}. In particular, #H, = p and
#H_ = q. From the definition of H, and H_ as given in (6.20) we have the

following relations:

B v

0;,+1 0, —1 -1 +1
2(32 Po; + J2 Q9j)+ (ng ka+§k2 qu):p
j=1 k=1

and 5

0, —1 0; +1 ! +1 —1
2(32 Do, ]2 W,) + (ng p<k+Ck2 9e) = q-
j=1 k=1

The R-algebra H§=1 (Mpgj(R) X quj(R)) x TI)-; (Mpék (R) x Mg, (R)) is
embedded in M,(R) and in M,(R) as follows:

B v
D,: [ (M, (R) x My, (R)) x [T (M, (R) x My, (R)) — M,(R)

J
j=1 k=1

(0917D917"‘70937D9ﬁ;EC17FC17"'7ECW7FCA/) —

B 0,-1 0,1 Cutl s
@( (Co,Dy,) T aC, & (Co,®Dy,) 4 )@@( Eq®F;)," ®(F,®9E,)," @Fck>

k=1

and



ﬁ 9-—1 6~—1 v Ck+1

% ((De ©Cy,) T ®Dg,®(Dg,®Cy,) T

j=1 k=1

Define two characters

B 0;+1 0;-1 7 _ 9 +1 g v
[T(detC, > det D, 7 ) []( detE detF ) =] det Co, T det B,
j=1 k=1 j =1
and
B vy
X, H (opgj X oqej) % H (Op, X Og, ) — R\ {0}
j=1 k=1

(Cgl,Dgl,...,Cgﬁ,Dgﬂ; E<17FC1""7E<’\/’FC’\/> —

+1 Cpt1

Y o1 B Y
) [[(det B> det F, = ) = ] det Do, ] det F,.
k=1 j=

ﬁ detC a detD

j=1
Let Ay : EndgR™ — M, (R) be the isomorphism of R-algebras induced by the
ordered basis H in (6.20). Let M be the maximal compact subgroup of SO(p, q)
which leaves invariant simultaneously the two subspaces spanned by H. and H_.
Clearly, Ay (M) = S(O(p) x O(q)). In the next result we obtain an explicit descrip-
tion of Ay (K) in S(O(p) x O(q)) where K C M is the maximal compact subgroup

in the centralizer of the nilpotent element X, as in Lemma 6.4.2.

Proposition 6.4.4. Let X € Niopq), ¥so(pe°(Ox) = (d, sgny, ). Assume that
Ng = Oq. Let 8 := #0O] and v := #03. Let {X, H, Y} C so(p,q) be a sly(R)-
triple, and let (pg, qo) be the signature of the form (-, -)g for all @ € Ogq as defined

n (3.8). Let K be the maximal compact subgroup of Zso(p,q) (X, H,Y) as in Lemma
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6.4.2. Then Ay(K) C S(O(p) x O(q)) is given by

ge H?:l (Opaj X Oqej) X Z:l (Opck X Oqgk) }

A (K) = {Dp(g)@Dq(g) ¢ Y X0 =1
an L9X,(9) =

Proof. This follows by writing the matrices of the elements of the maximal

compact subgroup K in Lemma 6.4.2 with respect to the basis H as in (6.20). O

As the subgroup SO(p,q)° is normal in SO(p,q), so is Zso(p,qe° (X, H,Y) in
Z50(p,q) (X, H,Y). As K is a maximal compact subgroup in Zso(,q) (X, H,Y), it
follows using Lemma 2.3.6 that Ko = K N Zs0(p,qe° (X, H,Y) = KNSO(p,q)° is
a maximal compact subgroup of Zso (. (X, H,Y). The next proposition gives an

explicit description of Ay (Ko) in SO(p) x SO(q).

Proposition 6.4.5. Let X € Niopq): Ysopa»(Ox) = (d,sgng, ). We assume that
Ng = Oq. Let B := #0O} and v := #03. Let {X,H,Y} C s0(p, q) be a sly(R)-triple,
and let (pg,qg) be the signature of the form (-,-)g for all 6 € Oq as defined in (3.8).
Let Ko be the maximal compact subgroup of Zso(p.q)° (X, H,Y) as in the preceding

paragraph. Then Ay (Ko) C SO(p) x SO(q) is given by

{Dp(g) ® Dy(9)

B
g e Hj:l (Opej X O%j) X Z:l (Oqu X Oqu) }
and X, (9) =1, X, (9)=1
Moreover, the above group is isomorphic to
B v B v

S(Hopej x Hopgk) X S(HO% x Hoqgk)_

Proof. Let V, and V_ be the R-spans of H, and H_ respectively. Let M be the
maximal compact subgroup in SO(p, ¢) which simultaneously leaves the subspaces

V., and V_ invariant. It is clear that M° is a maximal compact subgroup of SO(p, q)°.
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Hence

M°® = SO(p,q)°NM = {g € SO(p,q) | detgly, =1, detg|y. = 1}.

As K C M, we have that KNSO(p, q)° = KNM?°. The proposition now follows. [J

For the next results we set :
Og :={0 € Oq | (-, ") is negative definite}, OF :={0 € Oq] (-, ") is positive definite}.

Lemma 6.4.6. Let X € so(p,q) be a nilpotent element. Let (d, sgny ) €
M (p,q) be the signed Young diagram of the orbit Ox (that is, Ysop,qe(Ox) =
(d, sgny, ) as in the notation of Theorem 4.1.6). We moreover assume that Ng =

Oq. Let Ko be the mazimal compact subgroup of Zsop,q° (X, H,Y') as in Proposition
6.4.5. Let o be the Lie algebra of Ko. Then the following hold:

1. ]f #(Od\O;) = 1, #(Od\O;{) =1 and Do, = Qo, = 2 fOT 91 € Od\Og,
6y € 04\ O, then dimg [3(80)] /"¢ = 2.

2. Suppose that either #(04\03) = 1, pp, = 2 for 6 € 0q\Oy, or #(04\07) = 1,

qo, = 2 for 0y € Oq \ OF. Moreover, suppose that both the conditions do not

hold simultaneously. Then dimg [3(?0)}%/}(8 =1.

3. In all other cases, dimg [5({30)}1(0/}(8 = 0.

Proof. In view of (6.6), (6.7) and Proposition 6.4.5, the lemma is clear. O

Lemma 6.4.7. Let W be a finite dimensional vector space over R, and let (-,-)" be
a non-degenerate symmetric bilinear form on W. Let Wi, Wy C W be subspaces

such that Wy L Wy and W = Wy @ Ws. Let (-, ), be the restriction of (-, ) to Ws.
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Then

SOW, (-,))° N {g € SOW, (-, )) | g(W1) C Wi, g(W2) C Wa, glw, = Idw, }

:{g € SO<W7 < ) >,) ’ g(Wl) C Wl>g<W2> C WQ,Q’W1 = IdWNg’VVz € SO(W27 < ) >/2)O}

In particular,

SOW, (-,-))"N{g € SOW,(-,)") | g(Wr) € W1, g(Wa) C W2, glw, = Idw,}

is 1somorphic to SO(Wa, (-, )5)°.

Proof. Let (pa, q2) be the signature of (-,-);. If either py = 0 or ¢ = 0, then
as SO(Wa, (-, -)5) = SO(Wa, (-, -)5)° the lemma follows immediately.

Assumption that p, > 0 and ¢ > 0. In this case, considering an orthogonal
basis of W5 for the form (-, -)}, we easily construct a linear map A: W — W such
that Aly, = Idw,, A(Wy) C Wa, (Alw,)? = Idw,, and Alw, € SO(Wa, (+,-)5) \
SO(Wa, (-, -)5)°. It is then clear that

Ae SO(W7 < ) >/) \ SO(VVa < ) '>/)O :

Let I' € GL(W) be the subgroup generated by A and I' C GL(W;) the sub-
group generated by A|w,. It then follows that SO(W, (-,-)") = I'SO(W, (-,-)")° and
SO(Wa, (-, -)5) = I"SO(Wa, (-, )5)°. Now the lemma follows. O

We now describe the second cohomology groups of nilpotent orbits in so(p, q)
when p > 0, ¢ > 0. As we will consider only simple Lie algebras, to ensure simplicity
of s0(p, q), in view of [Kn, Theorem 6.105, p. 421] and isomorphisms (iv), (v), (vi),

(ix), (x) in [He, Chapter X, §6, pp. 519-520], we need the additional restriction that
(pa) € {(1,1),(2,2)}.

Theorem 6.4.8. Let p # 2, ¢ # 2 and (p,q) # (1,1). Let X € so(p,q) be a
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nilpotent element. Let (d, sgny,) € ViV (p,q) be the signed Young diagram of
the orbit Ox (that is, Vso(pq°(Ox) = (d, sgny, ) as in the notation of Theorem
4.1.6). Then the following hold:

1 If#(0a\0q) = 1, #(0a\O3) = 1 and ps, = qs, = 2 when 6, € Oq\ Oy
and 0y € Oq \ OF, then dimg H*(Ox, R) = (#Eq + 2).

2. Suppose that either #(0q \ O5) = 1 and pg, = 2 for 6 € 04\ Oy, or
#(0q \ OF) = 1 and qp, = 2 for 63 € 04\ OYf. Moreover, suppose that the
above two conditions do not hold simultaneously. Then dimg H*(Ox, R) =

(#Eq + 1).

3. In all other cases dimg H*(Ox, R) = #Eq4.

Proof. Let p+ g = n. As the theorem is evident when X = 0, we assume that
X # 0.

Let {X, H, Y} C so(p,q) be a sly(R)-triple. Let V' := R™ be the right R-vector
space of column vectors. We consider V as a Spang{X, H, Y }-module via its natural

50(p, ¢)-module structure. Let

Ve = @M(n—l); Vo = @M(@—l).

nekq 0€0q

Using Lemma 3.0.5 it follows that V' = Vg & Vp is an orthogonal decomposition of
V' with respect to (-,-). Let (-,)e := (-, )|exw and (-, )o = (-, )|vox1p- Let
XE = X|VE, Xo = X|Vo> HE = H|VE, Ho = H|Voa YE = Y|VE and Yo = Ylvo.

Then we have the following natural isomorphism

(6.21)  Zsopq (X, H,Y) ~ Zsowe,(1e)(Xe: He, YE) X Z50(vo,(- )0) (X0, Ho, Yo).

) e

As, the form (-,-), on L(n — 1) is non-degenerate and symplectic for all n € Egq, it
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follows from Lemma 6.0.1 (4) that

(6.22) Zso(ve. o) (Xe, He, Ye) ~ [ ] Sp(t,/2. R).

n€kaq

In particular, Zso(vg,. >E)(XE, Hg, Yg) is connected, and hence using Lemma 6.4.7,

)

(6.21) and (6.22) it follows that

(6.23)  Zso@p.ge (X, H,Y) = Zsone( e)(Xe; He, YE) X Z50(vo.(-)0)° (X0, Ho, Yo).

e

Let K be a maximal compact subgroup of Zso(ve,-,1e) (Xe; He, Ye) ~ [, e, SP(t,/2,R).

Setting #04q := r, enumerate Og = {ay, ..., a,} such that a; < a;4; for all
i. We next set dp := [ai‘”, ., a0, As > dco, tad = dimg Vo, we have do €

P(dimg Vo). We recall that Ko = K N Zs04,9° (X, H,Y) = KNSO(p,q)° is a
maximal compact subgroup of Zso(p.q)e (X, H,Y), where K is the maximal compact
subgroup of Zso(p,q) (X, H,Y) asin Lemma 6.4.2. Let K be the image of Ko x Kg un-
der the isomorphism in (6.23). It is evident that K is a maximal compact subgroup
of Z30(p,q° (X, H,Y). Let M be a maximal compact subgroup of SO(p, ¢)° contain-
ing K. Let € and @ be the Lie algebras of K and M respectively. Asp # 2, q # 2,

we have m = [m, m]. Then using Theorem 5.2.2 it follows that, for all X # 0,
H*(Ox, R) =~ [3(6)]%/%".

Let tg, £o be the Lie algebras of Kg, Ko respectively. As Kg is connected, in view

of (6.7) we conclude that
BT = 5(te) @ [3(80)] 018

From (6.22) we have tg ~ P, g, u(ty/2). In particular, dimg 3(tg) = #Eq. As

Ng, = Og,, We use Lemma 6.4.6 to compute the dimension of [3(€o)]%°/%5. This
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completes the proof. O

We will next consider the remaining cases which are not covered in Theorem

6.4.8. These cases are: (p,q) € {(2,1), (1,2)};p > 2, ¢ = 2and p = 2,9 > 2.

Recall the definition of Y{V*"(p,q) given in (2.11). If p > 2, then we list below

the set of signed Young diagrams V" (p, 2) which correspond to non-zero nilpotent

orbits in so(p, 2).

a.l

a.2

a.3

ad

(171,31, ((mi;), (m;))), where (m};) and (m$;) are (p —1) x 1 and 1 x 3

1] )

matrices respectively, satisfying m}; = +1,1 <i<p—1; m}, = +1,i =1 and
Yd.2.

([17=1,3", ((m};), (m;))), where (m};) and (m;) are (p —1) x 1 and 1 x 3
matrices respectively, satisfying m}; = +1,1 < i < p—2, m} = —1,i =
p—1; m}=—-1,i=1and Yd.2.

([1773,5', ((mj;), (m;))), where (m};) and (m};) are (p —3) x 1 and 1 x 5
matrices respectively, satisfying m} = +1,1 <i<p—3; md, = +1,i =1 and
Yd.2.

([1772,22], ((mi;), (mZ;))), where (m};) and (m?;) are (p —2) x 1 and 2 x 2
matrices respectively, satisfying m}y = +1,1 <i<p—2; m% =+1,1 <i <2

and Yd.2.

Similarly as above, if ¢ > 2, then set Y§V*(2, ¢q) consists of four elements which

correspond to non-zero nilpotent orbits in s0(2, ¢). These are listed below:

b.1

b.2

(1771, 3, ((mi;), (m3)))), where (m};) and (m$;) are (¢ —1) x 1 and 1 x 3
matrices respectively, satisfying m}; = —1,1<i<¢g—1; mj, = —1,i =1 and

Yd.2.

(1771, 31, ((m},), (m};))), where (m};) and (my;) are (¢ —1) x 1 and 1 x 3

[ v 2
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matrices respectively, satisfying m} = +1,i = 1, m};, = —1,2 < i < ¢ —

)

1; m =+1,7=1and Yd.2.

b.3 ([1973,5'], ((m};), (m%;))), where (m};) and (m;) are (¢ —3) x 1 and 1 x 5
matrices respectively, satisfying m} = —1,1 <i<¢—3; m), = —1,i =1 and

Yd.2.

b.4 ([1972,2%], ((m};), (m2))), where (ml) and (mZ) are (¢ —2) x 1 and 2 x 2

v )

matrices respectively, satisfying my = —1,1<i<q—2; m? =+1,1<i <2

and Yd.2.

Theorem 6.4.9. Let Vso(,q0 : N(SO(p,q)°) — V¥ (p, q) be the parametriza-

tion in Theorem 4.1.6. Let Ox € N(SO(p,q)°). Then the following hold:

1. Suppose (p, q) € {(2,1), (1,2)}, then H*(Ox, R) = 0.

2. Assume that p > 2, ¢ = 2.

(i) If Uso(p2)°(Ox) is as in (a.l), then dimg H*(Ox, R) = 0.
ifp=4
(1) If Wsop,2)°(Ox) is as in (a.2), then dimg H*(Ox, R
0 otherwise.
(i51) If Uso(p2)e (Ox) is as in (a.3), then dimg H*(Ox, R) = 0.

ifp=4
() If Uso(p2)e (Ox) is as in (a.4), then dimg H*(Ox, R) =
otherwise.

3. Assume p =2 and q > 2.
(i) If Uso(2,9°(Ox) is as in (b.1), then dimg H*(Ox, R) =

(i3) If Wso(2,9° (Ox) is as in (b.2), then dimg H*(Ox, R

otherwise.

{0
ifqg=14
0
= 0.

(141) If Uso(2,9°(Ox) is as in (b.3), then dimg H*(Ox, R
ifq=4

(W) If Vso(2,9°(Ox) is as in (b.4), then dimg H*(Ox, R) =
otherwise.
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Proof. As X # 0, we may assume that X lies in a sly(R)-triple, say {X, H,Y},

in s0(p, q).

Proof of (1): Let m be the Lie algebra of a maximal compact subgroup of
SO(p,q)°. As (p,q) € {(2,1),(1,2)}, we have [m, m] = 0. Thus using Theorem

5.2.2 it follows that H?*(Ox, R) = 0.

Proof of (2): As Ng = Og4 in each of the cases (i), (ii) and (iii), we will use
Proposition 6.4.5. Let K be the maximal compact subgroup of Zso(,2) (X, H,Y) as
given in Lemma 6.4.2. Let M be the maximal compact subgroup of SO(p, 2) which
leaves invariant simultaneously the two subspaces spanned by H, and H_, where
H, and H_ are as in (6.20) with ¢ = 2. Then M° = M N SO(p,2) is a maximal
compact subgroup of SO(p,2)°. Recall that Ko := K N M° = K N SO(p,2)°
is a maximal compact subgroup of Zgo(p2)°(X, H,Y’). Then, in the notation of
Proposition 6.4.5, Ay (Ko) C SO(p) x SO(2). Let o and m be the Lie algebras of

Ko and M° respectively.

We now prove (i) of (2). Suppose Yo (p2)°(Ox) is as in (a.1). Using Proposition

6.4.5 it follows that

An(Ko) = {Dy(9) ® Dy(g) | g € Op1 x O, X, (9) = 1,X,(9) =1}
(6.24)

={CoE@E®E | C€0,1,E€Oy, detCdetE =1}
Therefore, 3(¢0) N [m, m| = s0, when p = 3, and 3(o) = 0 when p > 3. From

(6.24) it follows that Ko ~ S(O2x0O;) whenp = 3. Since O2/SO; acts non-trivially

on 509, when p = 3 we have [5(30) N [m, mHK/KO

= 0. Thus using Theorem 5.2.2,
H*(Ox,R) =0

for all p > 2.
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We next give a proof of (ii) of (2). Assume that Wgo(2)°(Ox) is as in (a.2).

Using Proposition 6.4.5 and notation therein,

(6.25) Ay(Ko) = {D,(g) ®Dylg) | g € Opz x O1 x O1, X, (9) =1,X,(9) =1}

={CoFoF@D®F | C€0,5D Fec0y; detC=1,det Ddet F =1}.

It is clear from above that 3(fo) N [m, m] = soy when p = 4 and 3(o) = 0 when
p# 4, p>2. When p =4, then Ko ~ SOy x S(O; x Oy) from (6.25). As SO, acts

trivially on so05, using Theorem 5.2.2 we conclude that

1 ifp=4
dimg H*(Ox, R) =

0 otherwise.

We now give a proof of (iii) of (2). Assume that Wgo(,20(Ox) is as in (a.3).

Using Proposition 6.4.5 and notation therein,

Aw(EKo) = {Dy(g) ®Dy(g) | g € Ops x O1, X, (9) = 1, X, (9) = 1}

626) ={CeE@E®E@E®E | Cc0,3EcO, detCdetE=1}.

Therefore, we have 3(o) N [m, m| = so0, when p =5, and 3(¢o) = 0 for p > 2,p # 5.
It follows from (6.26) that Ko ~ S(O2 x O;) when p = 5. Since Oy/SO acts

K/K°

non-trivially on 05, in the case when p = 5 we have [3(to) N [m, m]] = 0. Thus

in view of Theorem 5.2.2,

H*(Ox,R) =0
for all p > 2.

We now give a proof of (iv) of (2). Let n = p+2. Suppose ¥go(p2)°(Ox) is as in
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(a.4). We need to construct a standard orthogonal basis as done before. We follow
the notation as in Lemma 6.4.3. Define, A, (2) := ((v{ +Xv3)/V2, (v — Xv?)/V2)
and A_(2) := ((v} — Xv3)/V2, (v + Xv})/V2). Finally set . = B°(1) v A, (2),
H_:=A(2) and H :=H, VH_. Then it is clear that H is a standard orthogonal
basis of V such that Hy = {v € H | (v,v) = 1} and H_. = {v € H |
(v, v) = —1}. In particular, #H, = p and #H_ = 2. Let V4(2), V_(2) be the
spans of A, (2), A_(2) respectively. Let K be the maximal compact subgroup of
Z30(p2)(X, H,Y) as in Lemma 6.4.3. We observe that if ¢ € K, then g(V,(2)) C
Vi(2), o(V.(2)) C V.(2) and

[9’V+(2)],4+(2) - [9|V—(2)]A_(2) - [g’L(l)]BO(Q)'

Let Ay : EndgR™ — M, (R) be the isomorphism of R-algebras induced by the
above ordered basis H. Let M be the maximal compact subgroup in SO(p, 2) which
simultaneously leaves the subspaces spanned by H, and H_ invariant. Then M° =
M N SO(p,2)° is a maximal compact subgroup of SO(p,2)°, and K = KnM°is
a maximal compact subgroup of Zgo(, 2y (X, H,Y"). We have the following explicit
description of Ay (K) C SO(p) x SO(2):

(6.27)

M(K)={A@BEPB|A€0, 2 B0y detAdet B=1and det B=1}.

In particular, K ~ SO,p_2 x SO2. Let t and m be the Lie algebras of K and M°

respectively. From (6.27),

_ so, ifp=4
3(6) N [m, m] =

0 otherwise.

As K is connected, the conclusion follows from Theorem 5.2.2. This completes the

proof of (2).
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The proofs of (3)(i), (3)(ii), (3)(iii) and (3)(iv) are similar to those of (2)(i),

(2)(ii), (2)(iii) and (2)(iv) respectively and hence the details are omitted. O

6.5 Second cohomology of nilpotent orbits in

50 (2n)

Let n be a positive integer. In this section, we follow notation and parametrization of
the nilpotent orbits in s0*(2n) as in §4.1.5; see Theorem 4.1.8. Here we compute the
second cohomology groups of nilpotent orbits in s0*(2n) under the adjoint action of
SO*(2n). As U(n), being a maximal compact subgroup in SO*(2n), is not semisim-
ple, in view of Remark 6.0.3, we need to work out how a conjugate of a maximal
compact subgroup of Zgo+(2,)(X) is embedded in U(n), for an arbitrary nilpotent
element X € s0*(2n). Throughout this section (-,-) denotes the skew-Hermitian

form on H" defined by (z,y) := Z'jl,y, for z,y € H™.

Let 0 # X € N 2n and {X, H, Y} be a sly(R)-triple in s0*(2n). Let
Usor2n)(Ox) = (d, sgny, ). Then Usor(2n)(Ox) = d. Recall that sgny —de-
termines the signature of (-, ), on L(np — 1) for all n € Eg; let (p,, ¢,) be the
signature of (-, -), on L(n — 1). Let (vf, ..., v{) be an ordered H-basis of L(d — 1)
as in Proposition 3.0.7. It now follows from Proposition 3.0.7(3)(a) that (v{, ..., v{)
is an orthogonal basis of L(d — 1) for the form (-, -)4 for all d € Ngq. We also assume

d

that the vectors in the ordered basis (vf, ..., vtdd) satisfy the properties in Remark

3.0.11(3). Since (-, -)p is skew-Hermitian for all § € Oq, using Lemma 2.3.4, we may

assume that (vf, ..., vf) is a standard orthogonal basis for all § € Oq. Thus
(6.28) (v, 00)g=j forall 1<j <ty 6€Oq.
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In view of the signature of (-, -),, n € Eq, we may assume that

P
(6.29) (vl o), = s ss,

277
—1 ifp,<j<t,

Forn € Eq, 1 <r < p,, define
/\/§ if liseven, 0 <1 <n/2-1

Xl + X7 1=lyn3)i/v2  iflisodd, 0 <1< n/2—1

Xn=t=lyn — Xn3)i/v2  iflisodd, n/2 <1 <n—1

Xn==tyn — XWy) /2 if lis even, /2 <1< n— 1.

Xl 4+ X7 115)i/v/2  if lis even, 0 <1< n/2 -1
i)/vV2 iflisodd, 0<1<n/2-1
/V2  iflisodd, n/2<1<n—1

Xn—1=lyn _ legjj 1/\/§ if [ is even, n/2 <1 <n—1.

Using (6.29) we observe that for all n € Egq,

{fwh |0<1<n—-1,1<r <t}

is an orthogonal basis of M(n — 1) with respect to (-,-), where (w)},, w’,) = j for

0<i<n—-1,1<r<t,.Fornekyq 0<1<n/2-1,set

(6.32) W(n) := Spany{w!;, w”

rn—1-—1 | 1 S r S tﬂ}

Moreover, we define a standard orthogonal basis D!(n) of W'(n) with respect to (-, -)
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as follows:

(6.33) (
(w?, ... ,w;’nl) v (w?(nilil), ol (niH))
Dl(n) := \ (wypn-&-l)(n—l—l)’ Y ’wa (n—l—l)) v (w?anrl)l, T =wZ7l) if [ is even
(W e V(@)
\v (wg’vﬂrl)l’ o 7w?nl) v (w?pn+1)(n_1_l), T ,wfn <n—1—z>> if [ is odd.

Now fixing 6 € O}, for all 1 < r < ty, define

)
(X'l + X0-1=Wf) V2 ifliseven, 0 <1< (6 —1)/2
(X"l + X01"f)i/v2  iflisodd, 0 <1< (0 —1)/2

wyy = X! ifl=(0-1)/2

r

(X071 — XWf) V2 iflisodd, (0+1)/2<1<6—1

(X011 — XWl)i/v2 ifliseven, (0+1)/2<1<6—1

\

For all € 0} and 1 < r < t., define

(

(X'¢ + X1 h) V2 ifliseven, 0 <1< (C—1)/2
(X' + X18)i/v2  iflisodd, 0 <1< (¢ —1)/2
= XMt ifl=(¢C—-1)/2

(Xt — XW8) V2 iflisodd, ((+1)/2<1< (-1

(Xt — XW8)i/v2  ifliseven, ((+1)/2<1<(¢—1.

\

Using (6.28) we observe that for all § € Oq,
{wl |0<1<0-1,1<7 < tp}

is an orthogonal basis of M( — 1) with respect to (-,-), where (w?, w?) = j for
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0<1<0-1,1<7r <ty Foreachf € Og,0 <1 < 0—1, set
(6.34) V() := Spany{w?, | 1 <r <t}

The standard orthogonal ordered basis (wf}, ..., w{ ) of V!(#) with respect to (-, -)
is denoted by C'(6).

Let W be a right H-vector space and (-, -)’ be a non-degenerate skew-Hermitian
form on W. Let dimy W = m, and let B’ := (vy, ..., v,) be a standard orthogonal

basis of W such that (v, v,)’ = jforall 1 < r < m. Define
Jg: W — W, Z%Zv« — Zvrjzr

for all column vectors (21, ..., z,)" € H™. In the next lemma we recall an explicit

description of maximal compact subgroup in the group SO*(W, (-,-)’). Set
KB’ :{g < SO*(W, < 5 >I) ’ gJB/ = JB/g}.

The following lemma is standard; its proof is omitted.

Lemma 6.5.1. Let W, (-,-)' and B’ be as above. Then the following hold:

1. Kg is a mazimal compact subgroup of SO*(W, (-,-)).

2. Kg = {g € SLW) | [gls = A+jB with A,B € M,,(R),A+/~1B €
U(m)}.

Recall that {z € EndyW | 2Jp = Jpz} = {z € EndyW | 2]z € M,(R) +

JM;,(R)}. We now consider the R-algebra isomorphism
(6.35) Ap: {z € EndyW | 2Jp = Jgz} — M,(C), = +— A++V/—1B,

where A, B € M,,(R) are the unique elements such that [z]g = A+ jB. In view of
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the above lemma it is clear that Al (Kp) = U(m), and hence Ay, : Kg — U(m)

is an isomorphism of Lie groups.

In the next lemma we specify a maximal compact subgroup of Zgo+(2n) (X, H,Y")
which will be used in Proposition 6.5.3. Recall that Z = (0.(2,)) € M,,(H); see

Section 2.3.

Lemma 6.5.2. Let K be the subgroup of Zso+(2n) (X, H,Y") consisting of all elements

9 € Zs0*2n) (X, H,Y') satisfying the following conditions:

1. g(V{(#)) c VY(8) for all§ € Oq and 0 <1 <6 —1.

2. For all 0 € O}, there exist Ag, By € M, (R) with Ag +/—1By € U(ty) such
that

¢

Ag+jBy  iflis even, 0 <1< (0 —1)/2
Ag—3iBy iflisodd, 0 <1< (6—1)/2
by =1 As+3Bs  ifl=(0—1)/2

Ag+3jBy iflisodd, (0+1)/2<1<6—1

Ag—jBs iflis even, (0 +1)/2<1<6—1.
\

3. For all ¢ € OF, there exist Ac, B; € My (R) with A + +/—1B¢ € U(t¢) such

that

Ac+jBe  iflis even, 0 <1< (¢—1)/2
Ac—jBe iflisodd, 0 <1< (C—1)/2
lalvioleey = Ac =B ifl=(C—1)/2

AC—FJBC Zfl 18 Odd, (C+1)/2§l§(—1

Ac—jB:  ifliseven, ((+1)/2<1<(—1.
\
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4. gWl(n)) € Win) foralln € Eq and 0 <1< n/2 —1.

5. For all n € Eq, there exist Ay, , B, ,C, ,D, € M, (R), A, Bg, G Dy, €
My, (R) with Ay, +jBy, +1(Cyp, +3Dy,) € Sp(py,) and Ay +jB; +i(Cq +jD; ) €

Sp(qy) such that

Apn +ijn _Cpn +ijn

Cpn +jDPn APn - ijn

[9|Wl(n)}fpl(n) P S ey
A% +-]Bq77 _an ~|—3an

C‘/I’n +jD‘/171 A;n - jB‘lln
Then K is a maximal compact subgroup of Zsox(an) (X, H,Y).

Proof. Let B'(d) = (X'{, ..., X'vj) be the ordered basis of X'L(d — 1) for
0 <1l <d-1,d € Ng, as in (6.1). Let K’ be the subgroup consisting of all

g € Zso2n)(X, H,Y) satisfying the following properties:

(6.36) For € 04,0 <1<60—1, g(V'(0)) C V'(0),

(6.37) glvo(ey commutes with Jeo(g),
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(6.38)

[9|V°(9)]c0(9) if [iseven, 0 <1< (0—1)/2

[ | if lisodd, 0 <1< (0—1)/2
For all § € Og, [glvi(e)] gy = [9lvo@] oy 1H1=(0-1)/2
[91voe)]

iflisodd, (@0+1)/2<1<6-1

\ [g|V0(6)]cO(9) if liseven, (+1)/2<1<6—1,
(6.39)

[9|V°(C)]CO(¢) if liseven, 0 <l < ((—1)/2

o 1= 1)/2

[9voco)]

For all ¢ € OF, [glvi(c)] o) =

[9lvo]eory 1 Lis even, ((+1)/2 <1< ¢~ 1,
(6.40)
g(X'L(n—1)) € X'L(n = 1), [glxire-n] gy = [9l06-0] o)
if € Eq,0<I<y— 1
(6.41)

g(W'(n)) € Wi(n) for n € Eq,0 <1 <n/2—1, and g|wo(, commutes with Jpo(,).

Using Lemma 6.5.1(1) it is evident that K’ is a maximal compact subgroup of
Z30*(2n) (X, H,Y). Hence to prove the lemma it suffices to show that K = K’. Let
g € SO*(2n). From Lemma 6.5.1(2) it is straightforward that g satisfies (1), (2),
(3) of Lemma 6.5.2 if and only if g satisfies (6.36), (6.38), (6.39) and (6.37). Now

suppose that ¢ € SO*(2n) and g satisfying (4), (5) of Lemma 6.5.2. Tt is clear that
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(6.41) holds. We observe that

Apn + ijn + i(cpn + ijn) 0

[9|L(n71)}30(n) =
0 Ay, +iB;, +i(C +iDy )

This proves that (6.40) holds.

Now we assume that g satisfies (6.40) and (6.41). Let A := [g|r(,—1 ]BO Then
A= [g‘XlL(n 1 ]Bl for 1 <1 <n—1. We observe that
L,.an A
[JDO ]BO(U)VB" L) — I and [9|W0(77)}B°(77)\/5"’1(77) - A

Pnsdn

From (6.41) it follows that the above two matrices commute, which in turn implies

L, E, 0
that A commutes with . Thus A is of the form A = for
—I, 0 Iy,

some matrices £, € GL,, (H) and F,, € GL, (H). Write £, = A, +jB,, +i(C,, +
jDy,) and F, = Agn +jBtlzn + i(C’(’]n +jD(’1n) where A, , B, ,Cp,, D, € M, (R),
A, Bg, Cq s Dy, € M,, (R). We now observe that

Apn + ijn _Cpn + ijn

Cpn + ijn Apn - ijn

[9|W’(n)}pl(n) - P L ey
A‘]n +‘]BQ71 _CQn +‘]D(h]

Co, 3D, Ay, =3By,
where D!(n) is defined as in (6.33).

Recall that M(n—1) = @?ﬁ) W'(n) is an orthogonal decomposition of M (1 — 1)
with respect to {-,-); see (6.32) and the paragraph preceding it. As D%(n) is a

standard orthogonal basis of W°(n), and g|wo(, commutes with Jpo(,), it follows
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that Apo(,) (9lwoem)) € U(2ty). In other words,

A, +v=1B, —C, ++—1D,,

Cpn + v _1Dpn Apn v _1Bpn EU(Qt )
n)-

A, +v-1B, = C, +v-1D

Cy, +V—1Dg A, —V-1B,

This implies that FE, € Sp(p,) and F, € Sp(g,) and (5) of lemma (6.5.2) holds.

This completes the proof. O

We now introduce some notation which will be required to state Proposition

6.5.3. For n € Egq, set
D(n) :=D(n) v --- VD> (1),

and for 0 € Ogq, set

C0) :=C’O) Vv ---vCi0).

Let o := #Eq, 8 := #0} and ~ := #03. We enumerate Eq = {n; | 1 < i < a}
such that 7; < miy1, Of = {6; | 1 < j < B} such that §; < 6,41 and similarly

03 ={¢|1<j <~} such that ¢; < (j41. Now define
E=Dm)V---VD(n,); O :=C(0,)V---VC(h); and O :=C(¢) V- V().
Also define

(6.42) H=EVOvVO°
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For an integer m define the R-algebra embedding

S -T
PmH : Mm(H> — Mgm(c>, R +— B
T S

where S, T € M,,(C) are the unique elements such that R = S + jT. The follow-

ing map is an R-algebra embedding of Hf‘zl (Mpni(H) X qui (H)) X H]@:l Mtej (C) x
p=1 My, (C) into M,,(C). Define

D:

e
1=

B ol
(M, (H) x M,, (H)) x HM% (€) x [ M., (C) — M,(C)

1

(Cnl,Dm,...,C D, ; Agl,...,AQB; BCI?"'7BC~1)

Na Na?

(SIS

— @ (@pm,H(Cm) D @qni,H(Dm)) N

D1
i

951 — %t
® ((Aaj@Zej)AT@A(’j@(AGj@A(’j)A4)
j=1
R et S S
D ((Bck@Bck)f & (B ® Boy), ! @Bck>-
k=1

It is clear that #H in (6.42) is a standard orthogonal basis of V' with respect to
(-,+). Let
Aoy o {z € EndyH" | 2Jy = Jyz} — M, (C)

be the isomorphism of R-algebras induced by the above ordered basis H. Recall that
A, : Ky — U(n) is an isomorphism of Lie groups. In the next result we obtain
an explicit description of A, (K) in U(n) where K C Ky is the maximal compact

subgroup in the centralizer of the nilpotent element X as in Lemma 6.5.2.

Proposition 6.5.3. Let X € Nyg«(2n), Ys0+(2n)(Ox) = (d,sgnox). Let o := #Egq,
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B :=#0Y4 and v := #03. Let {X,H,Y} C s0*(2n) be a sly(R)-triple; let (p,,q,) be
the signature of the form (-,-),, forn € Eq, as defined in (3.8). Let K be the maximal
compact subgroup of Zsox2n)(X, H,Y') as in Lemma 6.5.2. Then Ny (K) C U(n) is

given by

Ny (K) = {D<g> ' 0 € TT (So(pn) x Sp(a,) x T[] Ults,) x HU@@)}.

i=1 j=1 k=1

Proof. This follows by writing the matrices of the elements of the maximal

compact subgroup K with respect to the basis H in (6.42). O

As we only consider simple Lie algebras, to ensure simplicity of s0*(2n), in view
of [Kn, Theorem 6.105, p. 421] and the isomorphisms (vii), (xi) in [He, Chapter X,

§6, pp.519-520], we will further need to assume that n > 3.

Theorem 6.5.4. Let X € 50%(2n) be a nilpotent element whenn > 3. Let (d,sgny, ) €
Yedd(n) be the signed Young diagram of the orbit Ox (that is, Usor(2n)(Ox) =

(d,sgny, ) in the notation of Theorem 4.1.8). Then

0 if #0q4 =0
dimR HQ(Ox, R) =

#04—1 if #04> 1.

Proof. As the theorem is evident when X = 0, we assume that X # 0.

In the proof we will use the notation established above. Let {X, H, Y} C s0*(2n)
be a sly(R)-triple. Let K be the maximal compact subgroup of Zgo«(2n)(X, H,Y)
as in Lemma 6.5.2. Let H be as in (6.42), and let K3 be the maximal compact
subgroup of SO*(2n) as in the Lemma 6.5.1(1). Then K C Ky. It follows either

from Proposition 6.5.3 or from Lemma 6.0.1(4) that

K ~ ] (Sp(py) x Sp(ay)) x ] Ulte)-

n€Eq 004
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In particular, K is connected and dimg 3(8) = #0g4. Let €3, be the Lie algebra of
K3. We now appeal to Proposition 6.5.3 to conclude that 3(¢) C [ty, 4] when
#04 = 0, and 3(8) ¢ [ty, €4] when #04 > 0. As dimgj(ty) = 1, in view of
Theorem 5.2.2 we have that for all X # 0,

0 if #04 =0
dimR HZ(O)(, R) = dlij(E) N [E%,E'H] =

#04—1 if #04>1.

This completes the proof of the theorem. n

6.6 Second cohomology of nilpotent orbits in

sp(n, R)

Let n be a positive integer. In this section, we follow notation and parametrization of
the nilpotent orbits in sp(n, R) as in §4.1.6; see Theorem 4.1.9. Here we compute the
second cohomology groups of nilpotent orbits in sp(n, R) under the adjoint action of
Sp(n,R). As U(n), being a maximal compact subgroup in Sp(n, R), is not semisim-
ple, in view of Remark 6.0.3, we need to work out how a conjugate of a maximal
compact subgroup of Zs,;,r)(X) is embedded in U(n), for an arbitrary nilpotent
element X € sp(n,R). Throughout this section (-,-) denotes the symplectic form

on R?" defined by (x,y) := 2'J,y, z, y € R*", where J, is as in (2.19).

Let 0 # X € Nywpr and {X,H,Y} be a sly(R)-triple in sp(n,R). Let
Vspmr) (Ox) = (d, sgny, ). Recall that sgn,  determines the signature of (-, -),

on L(n—1) for all n € Eq; let (p,, ¢,) be the signature of (-, -), on L(n — 1).

Let (v{, ..., v{) be a R-basis of L(d — 1) as in Proposition 3.0.7. It now follows
from Proposition 3.0.7(3)(c) that (vf, ..., v ) is an orthogonal basis of L(n—1) for
the form (-, -),. We also assume that the vectors in the basis (v{, ..., vf) satisfy
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properties in Remark 3.0.11(1). In view of the signature of (-, -),, we may further

m

assume that

- +1 i1 <j<p,
(6.43) (vl v), = ; 1 € Eq.

32 Y5
-1 ifp, <j <t

For all § € Oy, as (-, +) is a symplectic form, we may assume that (v9, ..., vf9/2;
Utoe/2+1’ ..., v} is a symplectic basis of L( — 1); see Section 2.3 for the definition

of a symplectic basis. This is equivalent to saying that, for all # € Og,

(6.44)  (v,0] 51509 = 1for 1 < j <ty/2 and (v],v])g = 0 for all i # j +ty/2.

Now fixing 6 € QOg, for all 1 < 5 < ty, define

(

(X'f + X071 )) 5 i 0< 1< (0-1)/2
(6.45) wh = 4 xh! if 1= (0—1)/2
\ (X0 — X)L i (0 —-1)/2<1<6—1.
For 0 € Oq,0 <1 < 60 —1, set
(6.46) Vi9) = SpanR{wgl |1 < j < ty}.

The ordered basis (wf, ..., w),) of V!(6) is denoted by A'(f). Let B'(d) =
(X'f, ..., X' ) be the ordered basis of X'L(d —1) for 0 < I < d—1,d € Ng
as in (6.1).
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Lemma 6.6.1. The following holds:

Zspmr) (X, H, Y )=

g € Sp(n,R)

|:g|Vl(9)}Al(9) = [9|V0(9)}A0(9)V0 S Oda 0<i< 0;
g(X'L(n—1)) c X'L(n—1) and

[9|XZL(77—1)]B;(,7)= [9|L(n—1)}30(n)vﬁ €Eq,0<1< )

g(Vi(9)) c VY0) and

Proof. The proof is similar to that of the Lemma 6.3.1; the details are omitted.

]

Using (6.44) and (6.45) we observe that for each § € Og the space M (0 — 1) is

a direct sum of the subspaces V(#), 0 <1 < § — 1, which are mutually orthogonal

with respect to (-,-). We now re-arrange the ordered basis A'(6) of V() to obtain

a symplectic basis C'(6) of V(#) with respect to (-,-) as follows. For § € O}, define

—
~
K
~
[V
+
—
~

—~
o~
S
~
»
+
—
—~

—~
o
S
~
»
+
=
-

—~
o~
S
~
M
+
=
-

0 0 0
t0/2l) v (w(t0/2+1)l’ ' ’wt9
0 0 0
wtol) v (wu’ P g /21
0 0 0
t9/2l) v (w(t9/2+1)l7 ' ’wte
0 0 0
7wt9l> v (wu’ ’wt9/2l
0 ) v (wo w@
tg/21 (tg/2+1)1’° 7 g
¢ ¢ ¢
t</21) Vv w(tc/2+1)l7 ’wt
¢ ¢ ¢
wtcl Vv (wu’ ’wtC/Zl
¢ ¢
w Vv (wu’ ’wt</2l
¢ ¢ ¢
wtcl Vv (wu’ 7wt</2l
¢ ¢ ¢
t</2l) Vv w(tC/2+1)l’ ’wt<
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if [iseven, 0 <1< (0—1)/2

if 1is odd, 0 << (6 —1)/2
ifl=(0-1)/2

if liseven, (+1)/2<1<6—-1

if lisodd, (+1)/2<1<6-1.

if [ is even, 0 <[ < ((—1)/2

iflisodd, 0 <l < ((—1)/2

if liseven, ((+1)/2<1<(-1

)
)
) ifl=(¢C-1)/2
)
)

if Lisodd, (C+1)/2<1<¢—1.



Forn € Eq,0 <[ < 1n/2—1, set
(6.47) Win) = X'L(n—1) + X" 'L(n-1).

We moreover re-arrange the ordered basis B'(n) V B"17!(n) of W(n) and obtain
new basis D!(n) as follows:

(6.48)

Dl(n) — v (Xn_l—l'yla . ,Xn_l—lvpn) V (lepn+17 o 7let,7) if 1 is even
(anlflvl, e ,Xﬁ*lflvp") v/ <lepn+17 . ’letn)

V (lel, . 7lepn) Vv (X"_l_lvpnﬂ, . ,X”_l_lvtn) if [ is odd.

\

Using (6.43) it can be easily verified that D!(n) is a symplectic basis with respect to
<' ) >

Let Jeig) be the complex structure on V'(6) associated to the basis C'(6) for
0 €0q,0<1<60-1, and let Jpi, be the complex structure on W(n) associated

to the basis D!(n) for n € Eq,0 <1 < n— 1; see Section 2.3 for the definition of such

complex structures.

The next lemma is a standard fact where we recall, without a proof, an explicit
description of a maximal compact subgroup in a symplectic group. Let V' be a R-
vector space, (-, )’ be a non-degenerate symplectic form on V’ and B’ be a symplectic
basis of V’. Let Jg be the complex structure on V' associated to B’. Let 2m :=
dimg V’. We set

KB’ = {g € Sp(vl, < ) >/) | gJB’ - JB’g}'

Lemma 6.6.2. Let V' (-, ,B" and Jg be as above. Then

1. Kp is a mazimal compact subgroup in Sp(V', (-, -)).
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A —-B
9] B = where A+ +/—1B € U(m)}.

2. KB’ = {g S SL(V’)
B A

Define the R-algebra isomorphism
(6.49) Ap: {z € EndgV' | #Jg = Jgx} — M,(C), z+— A++/—1B

A —-B ~
where [w] g = . In view of Lemma 6.6.2 it is clear that Ag (Kp) =
B A

U(m), and thus Ag: K — U(m) is an isomorphism of Lie groups.

In the next lemma we describe a suitable maximal compact subgroup of
Zspm,r) (X, H,Y) which will be used in Proposition 6.6.4. Define the R-algebra

embedding

S -7
omc @ M, (C) — My,(R), R +—
T S

where S, T € M,,,(R) are the unique elements such that R = S + v/ —17.
Lemma 6.6.3. Let K be the subgroup of Zsymr) (X, H,Y') consisting of elements g
in Zspmr) (X, H,Y) satisfying the following conditions:

1. Forallf € Oq and 0 <1 <60 —1, g(Vi0)) c VY(0).

2. For all§ € O}, there exist Ag, By € My, ;2(R) with Ag++/—1By € U(ty/2) such

that

O1y/2.c(Ag +/—1Bg)  ifl is even, 0 <1< (0 —1)/2
@t0/2,C(A0 — \/—lBg) Zfl 18 Odd, 0< | < (9 — 1)/2
[91vio)]iiey = 3 9rac(Ao+V=1Bg) if L= (6 —1)/2

01y0.0(Ag +—1By)  iflisodd, (+1)/2<1<6—1

©1,/2.c(Ag ——1Bg)  if L is even, (0 4+1)/2<1<60—1.
\
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8. For all ¢ € OF, there exist Ac, Be € My, j2(R) with Ac + /=1B¢ € U(t¢/2)
such that

p

Orej2.c(Ac +V—=1B¢)  iflis even, 0 <1 < (¢ —1)/2
@tC/Q,C(AQ — v/ —1B<) Zfl 18 Odd, 0<l< (C — 1)/2
[9hvio ey =  orj2c(Ac — V=IBe)  ifl=(C—1)/2

ot j2.c(Ac +V—=1B¢)  iflis odd, ((+1)/2<1<(—1

91 /2c(Ac —V=1B¢) iflis even, ((+1)/2<1<(—1.
\

4. Forallp €Eqand 0<1<n—1, g(X'L(n—1)) C X'L(n—1).

5. For all n € Bq, there exist C,, € Oy, and D, € O, such that

c, 0
[g|XlL(n—1)} Bl(n) —
0 D,

Then K is a maximal compact subgroup of Zspmry(X, H,Y).

Proof. For our convenience we begin by introducing a new notation. Let m be

an integer. For a matrix Z in My, (R), define

-1

0 L, 0 L,
ARES Z
L, O I, O
T
P —R P R
Note that = for matrices P, R € M,,(R).
R P -R P

Let K’ C Zgpmpr) (X, H,Y) be the subgroup consisting of all elements g satisfy-

ing the following conditions:
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(6.50)

For all § € 04,0 <1< 60—1, g(V'(9)) C V'(9).
(6.51)
9lvo®)] eo ) if liseven, 0 <[ < (60 —1)/2

gl ieg i 1isodd, 0 <1< (0—1)/2

if lisodd, (0+1)/2<1<6-1

[9lvow)]
[9lvow)]
For all 6 € Og, [glvi()] er(g) = 9 [9lvow)] gy 1 1= (0—1)/2
[9lvow)]
[9lvoe)]

glvo@] o i Lis even, (9+1)/2 <1 <01,
(6.52)
glvo) o) if liseven, 0 <1< (¢(—1)/2
ghvoo]teg i 1isodd, 0 <1< (¢~ 1)/2

b 1FL=(C=1)/2

[9lvoco)]
[9lvoco)]
For all ¢ € 04, [glvi)] ey = 4 [glvoco)]
[9lvoco)]
[9lvoco)]

| [9lvocy b i liseven, (C+1)/2<1<C—1,
(6.53)

glvog) commutes with Jeo),

(6.54)

g(X'L(n=1)) € X'Ln = 1), [glxtpm-1)] g = [920-] oqyy) for all n € Eaq,
0<i<n-—1,

(6.55)

glwo(y commutes with Jpo(,).
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Using Lemma 6.6.1 and Lemma 6.6.2(1) it is clear that K’ is a maximal compact
subgroup of Zgpr) (X, H,Y). Hence to prove the lemma it suffices to show that
K = K'. Let g € Sp(n,R). Using Lemma 6.6.2 (2) it is straightforward to check
that ¢ satisfies (1), (2), (3) in the statement of the lemma if and only if ¢ satisfies
(6.50), (6.51), (6.52) and (6.53). Now suppose that ¢ € Sp(n,R) and ¢ satisfies (4)
and (5) in the statement of the lemma. It is clear that (6.54) holds. We observe

that

where D(n) is defined by setting [ = 0 in (6.48). From the matrix representations

as above, it is clear that Jpo(, and g|wo(, commute. This proves that (6.55) holds.

Now we assume that ¢ satisfies (6.54) and (6.55). It is clear that (4) in the

statement of the lemma holds. Note that A := [g\L(n_l)] L= [gyXlL(nfl)]Bl(n)
BY(n)

for 1 <1 <mn—1. We observe that

0 A

_Ip'r] »dn _

and [g|W0(77)]BO(n)VB"_1(77) -

[JDO(W)}BO - =
(n)vVB1=1(n)
! ! Ip”]7q7l O A

From (6.55) it follows that the above two matrices commute, which in turn implies

L, c 0
. Thus A is of the form A = for some

-1, 0 D

that A commutes with
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matrices C' € GL,, (R) and D € GL,, (R). Now observe that

C

[glwoe)] DO(m) —

As glwo, commutes with Jpo(,), it follows that

C 00
+v-1 e U(t,).
0 D 0 0

Thus, C' € O, and D € O, and (5) in the statement of the lemma holds. This

completes the proof. O

We next introduce some notation which will be needed in Proposition 6.6.4.
Recall that the positive parts of the symplectic basis D(n), C(f) are denoted by
D.(n), CL(0) respectively; see Section 2.3. Similarly, the negative parts of D(n),

C(0) are denoted by D_(n), C_(6) respectively. For n € Egq, set
D.(n) == DY(n) V- vDY* () and D_(n) = D’ (n) V- VD> '(n).
For 6 € Og, set
Co(0) :=ClO)V---vCIHH) and C_(0) := C°(O)V---vCHh).

Let a := #Eq, B := #0} and v := #03. We enumerate Eq = {n;, | 1 < i < a}
such that 7; < m1, and O = {6; | 1 < j < B} such that 6; < 6;,1; similarly

enumerate O3 = {¢; | 1 < j < v} such that ¢; < (;+1. Now define

Ep = Dy(m)V-- VD1 (na); OL := Cy(B1)V---VCy(05); OF :=C(C)V---VC(();
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E_=D_(m)V---VD_(na); Ol = C_(01)V---VC_(6p); O? = C_(C)V-- '\/C—(C'y)'

Also we define

6.56 H, =E,VOLVOR H_ = vOL VO and H:=H, VH_.
+ +

As before, for a matrix A = (a;;) € M,(C), define A := (a;;) € M,(C). Let
« ﬁ 5
D: [] (M, (R) x My, (R)) x [[ My, 2(C) x [] M, /2(C) — M,,(C)
i=1 J=1 k=1

be the R-algebra embedding defined by

(Cm,Dm,...,Cna,Dna;Agl,...,Agﬂ;BCI,...,BQ,)

6;—1 ijl

a B
— @ (Cm @ Dm)T/z & @ <(A9J EBZGJ)AT ® A9j ® (Aej ®Z91)AT>

i=1 j=1
i | N
@@((Bck@Bck)f ® (Bg, @ Bg,),* @B<k>-
k=1

It is clear that the basis H in (6.56) is a symplectic basis of V with respect to (-, -).
Let Ay : {z € EndgR?™ | 2y = Jyz} —> M,(C) be the isomorphism of R-
algebras induced by the above symplectic basis H. Recall that Ay : Ky — U(n)
is an isomorphism of Lie groups. Using (6.53) and (6.55) we observe that the group
K defined in Lemma 6.6.3 satisfies the condition K C K. In the next result we

obtain an explicit description of Ay (K) in U(n).

Proposition 6.6.4. Let X € Nympr) and Vepnpr)(Ox) = (d, sgny, ). Let o =
#Eq, B := #0} and~ := #03. Let {X, H,Y'} be asly(R)-triple in sp(n,R), and let
(pys qy) be the signature of (-, -),, n € Ea, as defined in (3.8). Let K be the maximal

compact subgroup of Zsympry) (X, H,Y) as in Lemma 6.6.3. Then Ay(K) C U(n) is

195



given by

B

An(K) = {D(g) ‘ g€ H (Op,, X qu_) X HU(tgj/Q) X U(tck/Q)}.

j=1 k=

Proof. This follows by writing the matrices of the elements of the maximal
compact subgroup K in Lemma 6.6.3 with respect to the symplectic basis H in

(6.56). 0

Theorem 6.6.5. Let X € sp(n,R) be a nilpotent element. Let (d, sgny, ) €
Yoid(2n) be the signed Young diagram of the orbit Ox (that is, Vgpmpr) (Ox) =

(d, sgny,. ) as in the notation of Theorem 4.1.9). Then

0 if #04 =0
dimR HQ(O)(, R) =

#0q4 —1 if #04 > 1.

Proof. As the theorem is evident when X = 0 we assume that X # 0.

Let {X, H, Y} C sp(n,R) be a sly(R)-triple. Let K be the maximal compact
subgroup of Zg,,r)(X, H,Y) as in Lemma 6.6.3. Let #H be as in (6.56) and Ky the
maximal compact subgroup of Sp(n,R) as in Lemma 6.6.2(1). Then K C K. Let
t3; be the Lie algebra of K3;,. Using Proposition 6.6.4 it follows that 3(€) C [€3, €3]
when #04 = 0, and 3(8) ¢ [By, tx] when #04q > 1. As dimg 3(t4) = 1, it follows
that

when #04 > 1. The group O/SOy = Z/2Z acts non-trivially on so, and the group
U(m) acts trivially on 3(u(m)). We next use the observation in (6.7) to conclude

that

o 0 if #04=0
dimp [3(8) N [Er, &))" =

404 — 1 if #04> 1.
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Now the theorem follows from Theorem 5.2.2. ]

6.7 Second cohomology of nilpotent orbits in

sp(p, q)

Let n be a positive integer and (p,q) be a pair of non-negative integers such that
p+ q = n. As we deal with non-compact groups, we will further assume p > 0
and ¢ > 0. In our next result, we compute the second cohomology groups of the
nilpotent orbits in sp(p, ¢) under the adjoint action of Sp(p, ¢). To state the result
we use the parametrization of the nilpotent orbits as in Theorem 4.1.10. Throughout
this subsection (-, -) denotes the Hermitian form on H" defined by (z,y) := T'I, 4y,

for x,y € H", where I, is as in (2.19).

Theorem 6.7.1. Let X € sp(p,q) be a nilpotent element. Let (d,sgny, ) €
Y (p,q) be the signed Young diagram of the orbit Ox (that is, Wgppq(Ox) =

(d,sgng, ) in the notation of Theorem 4.1.10). Then

dimg H*(Ox,R) = #Eg4.

Proof. Let p+ ¢ = n. As the theorem follows trivially when X = 0 we assume
that X # 0. Let {X,H,Y} C sp(p,q) be a sly(R)-triple. Let V' := H", the right
H-vector space of column vectors. We consider V' as a Spang{ X, H,Y }-module via

its natural sp(p, ¢)-module structure. Let

VE::@M(n—l); Vo::@M(O—l).

neEq 0€0q

Using Lemma 3.0.5, we see that V' = Vg & V4 is an orthogonal decomposition of

V' with respect to (-,-). Let (-,-)e :== (-, )|vexwe and (-,)o = (-, )|vpxrp- Let
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XE = X|VE, Xo = X’VO, HE = H’VE, Ho = H|Vo7 YE = Y‘VE and Yo = Ylvo.

Then we have the following natural isomorphism :
(6.57)  Zspp,g) (X, H,Y) >~ Zsuwe, . 1e)(Xe, He, YE) X Zsu(vo,(-,0)(Xo: Ho, Yo).

Recall that the non-degenerate form (-, )4 on L(d — 1) is skew-Hermitian for all
d € Eq and Hermitian for all d € Oq; see Remark 3.0.11. Moreover, for # € Oq the

signature of (-,-)g is (py, gp). It follows from Lemma 6.0.1 (4) that

Z5u0.(90)(Xe, He, Ye) = ] 807(2t,)

n€Eq

and

Z5U(o (- )0)(Xo, Ho, Yo) = [ Sp(pe, ao)-
004

In particular, Zsug,(. 1) (Xe, He, Ye) and Zsup,(- ,0)(Xo, Ho, Yo) are both con-
nected groups. Let Kg be a maximal compact subgroup of Zsug,(. 1e)(Xe, He, YE)
~ HneEd SO*(2t,) and Ko be a maximal compact subgroup of Zsy(,(.,-10)(Xo, Ho,
Yo) =~ [lpco, SP(ps; qo)- Let K be the image of Kg X Ko under the isomorphism as
in (6.57). It is clear that K is a maximal compact subgroup of Zg,, ) (X, H,Y"). Let
M be a maximal compact subgroup of Sp(p, ¢) containing K. As M ~ Sp(p) X Sp(q)

is semisimple and K is connected, using Theorem 5.2.2 we have that
H?*(Ox,R) ~ 3(€), forall X #0.

Let €5 and £ be the Lie algebras of Ko and KE, respectively. As Kg is semisimple,

we have 3(€o) = 0. Hence, 3(8) ~ 3(tg) @ 3(fo) = 3(€g). Since tg ~ P u(t,), we

YIS=ET

have dimg 3(g) = #Eq. This completes the proof. ]
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Chapter 7

Second cohomology of nilpotent
orbits in non-compact
non-complex exceptional real Lie

algebras

In this chapter we study the second de Rham cohomology groups of the nilpotent
orbits in non-compact non-complex exceptional Lie algebras over R. The results in
this chapter depend on the results of [Djl, Tables VI-XV], [Dj2, Tables VII-VIII]
and [Ki, Tables 1-12].

For the sake of convenience of writing the proofs, it will be useful to divide the
nilpotent orbits in the following three types. Let X € g be a nonzero nilpotent
element, and {X, H,Y} be a sly(R)-triple in g. Let G be as in the beginning of §4.2.
Let K be a maximal compact subgroup in Zgry (X, H,Y), and M be a maximal
compact subgroup in G(R)° containing K. A nonzero nilpotent orbit Oy in g is said

to be of
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1. type Iif 3(¢) # 0, K/K° =1d and m = [m, m];
2. type II if either 3(¢) # 0, K/K° # Id, m = [m, m]; or 3(¢) # 0, m # [m, m|;

3. type III if 3(€) = 0.

In what follows we will use the next result repeatedly.
Corollary 7.0.1. Let g be a real simple non-compact exceptional Lie algebra. Let
X € g be a nonzero nilpotent element.

1. If the orbit Ox is of type I, then dimg H*(Ox,R) = dimg 3(8).

2. If the orbit Ox is of type II, then dimg H*(Ox,R) < dimg 3().

3. If the orbit Ox is of type III, then dimg H*(Ox,R) = 0.

Proof. The proof of the corollary follows immediately from Theorem 5.2.2. [

Let g be as above. In the proofs of our results in the following subsections we
use the description of a Levi factor of 34(X) for each nilpotent element X in g, as
given in the last columns of [Djl, Tables VI-XV] and [Dj2, Tables VII-VIII]. This
enables us compute the dimensions dimg 3(€) easily. We also use [Ki, Column 4,

Tables 1-12] for the component groups for each nilpotent orbits in g.

7.1 Nilpotent orbits in the non-compact real form

of G2

Recall that up to conjugation there is only one non-compact real form of Gy. We
denote it by Ga(z). There are only five nonzero nilpotent orbits in Ga); see [Djl,

Table VI, p. 510]. Note that in this case we have m = [m, m].
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Theorem 7.1.1. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in Gy().

1. If the parametrization of the orbit Ox is given by either 1 1 or 1 3, then
dimR HQ(O)(,R> =1.

2. If the parametrization of the orbit Ox is given by any of 2 2, 04, 4 8, then

dimR H2(0X7 R) = 0.

Proof. From [Djl, Column 7, Table VI, p. 510] we have dimg 3(¢) = 1 and from
[Ki, Column 4, Table 1, p. 247] we have K/K° = Id for the nilpotent orbits as in
(1). Thus these are of type I. We refer to [Dj1, Column 7, Table VI, p. 510] for the
orbits as given in (2). These orbits are of type III as dimg 3(¢) = 0. In view of the

Corollary 7.0.1 the conclusions follow. O]

7.2 Nilpotent orbits in non-compact real forms of

Fy

Recall that up to conjugation there are two non-compact real forms of Fy. They are

denoted by Fy4) and Fy_a).

Nilpotent orbits in Fjy.

There are 26 nonzero nilpotent orbits in Fyy; see [Dj1, Table VII, p. 510]. Note

that in this case we have m = [m, m].

Theorem 7.2.1. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in Fyy).
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1. Assume the parametrization of the orbit Ox is given by any of the sequences :

001 1, 001 3, 110 2, 111 1, 131 3. Then dimg H2(Ox,R) = 1.

2. Assume the parametrization of the orbit Ox is given by any of the sequences :

100 2, 200 0, 103 1, 111 3, 204 4. Then dimg H2(Ox,R) < 1.

3. If the parametrization of the orbit Ox is either 101 1 or 012 2, then
dimR HQ(OX, R) S 2.

4. If Ox is not given by the parametrizations as in (1), (2), (3) above (# of such
orbits are 14), then we have dimg H*(Ox,R) = 0.

Proof. For the Lie algebra F)4), we can easily compute dimg 3(£) from the last
column of [Dj1, Table VII, p. 510] and K/K° from [Ki, Column 4, Table 2, pp.
247-248].

For the orbits Ox, as in (1), we have dimg 3(¢) = 1 and K/K° = Id. Hence these
are of type I. For the orbits Oy, as in (2), we have dimg 3(¢) = 1 and K/K° # Id;
hence they are of type II. For the orbits Oy, as in (3), we have dimg 3(£) = 2 and
K/K° # 1d. Hence these are also of type II. The rest of the 14 orbits, which are
not given by the parametrizations in (1), (2), (3), are of type III as 3(¢) = 0. Now

the theorem follows from Corollary 7.0.1. O

Nilpotent orbits in Fj_o)

There are two nonzero nilpotent orbits in Fy_s0); see [Dj1, Table VIII, p. 511].

Theorem 7.2.2. For every nilpotent element X € Fy_), dimg H*(Ox,R) = 0.

Proof. As the theorem follows trivially when X = 0 we assume that X # 0. We
follow the parametrization of nilpotent orbits as in §4.2.1. From the last column of
[Dj1, Table VIII, p. 511] we conclude that 3(¢) = 0. Hence the nonzero nilpotent
orbits are of type III. Using Corollary 7.0.1 (3) we have dimg H*(Ox,R) =0. [
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7.3 Nilpotent orbits in non-compact real forms of

Eg

Recall that up to conjugation there are four non-compact real forms of Fgs. They

are denoted by Eﬁ((j), Eﬁ(z), EG(—14) and EG(—26)'

Nilpotent orbits in Egg)

There are 23 nonzero nilpotent orbits in FEg); see [Dj2, Table VIII, p. 205]. Note

that in this case we have m = [m, m].

Theorem 7.3.1. Let the parametrization of the nilpotent orbits be as in §4.2.2. Let

X be a nonzero nilpotent element in ).

1. If the parametrization of the orbit Ox is given by either 1001 or 1101 or 1211,
then dimg H*(Ox,R) = 1.

2. Assume the parametrization of the orbit Ox is given by any of the sequences :

0102, 0202, 1010, 2002, 1011. Then dimg H?(Ox,R) < 1.

3. If Ox is not given by the parametrizations as in (1), (2) above (# of such
orbits are 15), then we have dimg H*(Ox,R) = 0.

Proof. For the Lie algebra Egg), we can easily compute dimg 3(€) from the last
column of [Dj2, Table VIII, p. 205] and K/K* from [Ki, Column 4, Table 4, p.253].
As pointed out in the 1% paragraph of [Ki, p. 254], there is an error in row 5 of
[Dj2, Table VIII, p. 205]. Thus when Oy is given by the parametrization 2000 it

follows from [Ki, p. 254] that 3(¢) = 0.

We have dimg 3(¢) = 1 and K/K° = Id for the orbits given in (1). Thus these

orbits are of type I. For the orbits, as in (2), we have dimg 3(¢) = 1 and K/K° = Z,.
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Hence, the orbits in (2) are of type II. For rest of the 15 nonzero nilpotent orbits,
which are not given by the parametrizations of (1), (2), are of type III as dimg 3(¢) =

0. Now the results follow from Corollary 7.0.1. O

Nilpotent orbits in Eg)

There are 37 nonzero nilpotent orbits in Egy; see [Djl, Table IX, p. 511]. Note

that in this case we have m = [m, m].

Theorem 7.3.2. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in Eg).

1. Assume the parametrization of the orbit Ox is given by any of the sequences :
00000 4, 00200 2, 02020 0, 00400 8, 22222 2, 04040 4, 44044 4, 44444 8.
Then dlIIlR HQ(Ox, R) =0.

2. Assume the parametrization of the orbit Ox is given by any of the sequences :
10001 2, 10101 1, 21001 1, 10012 1, 11011 2, 01210 2, 10301 1, 11111 3,
22022 0. Then dimg H*(Ox,R) = 2.

3. If the parametrization of the orbit Ox is given by either 20002 0 or 00400 0
or 02020 4, then dimg H*(Ox,R) < 2.

4. If the parametrization of the orbit Ox is given by 20202 2, then

dimR H2(0X7R) S 1.

5. If Ox is not given by the parametrizations as in (1), (2), (3), (4) above (# of

such orbits are 16), then we have dimg H*(Ox,R) = 1.

Proof. For the Lie algebra FEg ), we can easily compute dimg 3(£) from the last
column of [Djl, Table IX, p. 511] and K/K*° from [Ki, Column 4, Table 5, pp.
955-256].
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We have 3(¢) = 0 for the orbits, as given in (1), and these orbits are of type III.
For the orbits, as given in (2), we have dimg 3(¢) = 2 and K/K° = Id. Thus the
orbits in (2) are of type I. For the orbits, as given in (3), we have dimg 3(£) = 2 and
K/K° # 1d, hence are of type II. For the orbits, as given in (4), we have dimg 3(¢) = 1
and K/K° = Zy. Thus this orbit is of type II. For the rest of 16 orbits, which are
not given in any of (1), (2), (3), (4), we have dimg 3(¢) = 1 and K/K° = Id. Thus

these orbits are of type I. Now the conclusions follow from Corollary 7.0.1. O]

Nilpotent orbits in Eg_4)

There are 12 nonzero nilpotent orbits in FEg(_14); see [Djl, Table X, p. 512]. Note

that in this case m ~ s0;9 @ R, and hence [m, m] # m.

Theorem 7.3.3. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in Eg_14).

1. If the parametrization of the orbit Ox is given by 40000 — 2, then
dimR H2(0X7 R) = 0.

2. If Ox is not given by the above parametrization (# of such orbits are 11), then

we have dimg H*(Ox,R) < 1.

Proof. For the Lie algebra FEg_14), we can easily compute dimg 3(€¢) from the
last column of [Dj1, Table X, p. 512]. The orbit in (1) is of type I as 3(¢) = 0, and
hence dimg H*(Ox,R) = 0. The other 11 orbits are of type II as dimg 3(£) = 1 and

m # [m, m]. Hence dimg H*(Ox,R) < 1. O

Nilpotent orbits in Eg_s)

There are two nonzero nilpotent orbits in Eg_s6); see [Dj2, Table VII, p. 204].
Theorem 7.3.4. For every nilpotent element X € Eg_og), dimg H*(Ox,R) = 0.
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Proof. As the theorem follows trivially when X = 0 we assume that X # 0.
We follow the parametrization of the nilpotent orbits as given in §4.2.2. The two
nonzero nilpotent orbits in Eg(_o6) are of type III as 3(¢) = 0; see last column of [Dj2,
Table VII, p. 204]. Hence, by Corollary 7.0.1(3) we conclude that dimg H*(Ox,R) =
0. O

7.4 Nilpotent orbits in non-compact real forms of

Er

Recall that up to conjugation there are three non-compact real forms of E;. They

are denoted by E7(7), E7(_5) and E7(_25).

Nilpotent orbits in E;)

There are 94 nonzero nilpotent orbits in Er(7); see [Djl, Table XI, pp. 513-514].

Note that in this case we have m = [m, m].

Theorem 7.4.1. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in ().

1. If the parametrization of the orbit Ox is given by 1011101, then

dimR H2(Ox, R) = 3.

2. Assume the parametrization of the orbit Ox is given by any of the sequences:
1001001, 1101011, 1111010, 0101111, 2200022, 3101021, 1201013, 1211121,
2204022. Then dimg H?*(Ox,R) = 2.

3. Assume the parametrization of the orbit Ox is given by any of the sequences :
0100010, 1100100, 0010011, 3000100, 0010003, 0102010, 0200020, 2004002,
2103101, 1013012, 2020202, 1311111, 1111131, 1310301, 1030131, 2220222,
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3013131, 1313103, 3113121, 1213113, 4220224, 3413131, 1313143, 4224224.
Then dimg H*(Ox,R) = 1.

4. Assume the parametrization of the orbit Ox is given by any of the sequences:
2000002, 0101010, 2002002, 1110111, 2020020, 0200202, 1112111, 2022020,
0202202, 2202022, 0220220. Then dimg H?*(Ox,R) < 1.

5. Assume the parametrization of the orbit Ox is given by any of the sequences:
2010001, 1000102, 0120101, 1010210, 1030010, 0100301, 3013010, 0103103.
Then dimg H*(Ox,R) < 2.

6. If the parametrization of the orbit Ox is given by either 1010101 or 0020200,
then dimg H*(Ox,R) < 3.

7. If Ox is not given by the parametrizations as in (1), (2), (3), (4), (5), (6)
above (# of such orbits are 39), then we have dimg H*(Ox,R) = 0.

Proof. For the Lie algebra E7(7), we can easily compute dimg 3(€) from the last
column of [Dj1, Table XI, pp. 513-514] and K/K° from [Ki, Column 4, Table 8, pp.
260-264].

The orbit Oy, as given in (1), is of type I as dimg 3(¢) = 3 and K/K° = Id. For
the orbits, as given in (2), we have dimg 3(¢) = 2 and K/K° = Id. Hence these are
also of type L. For the orbits, as given in (3), we have dimg 3(¢) = 1 and K/K° = Id;
hence they are of type I. For the orbits, as given in (4), we have dimg 3(£) = 1 and
K/K° = Z,. Thus these are of type II. For the orbits, as given in (5), we have
dimg 3(8) = 2 and K/K° = Z,. Hence these are also of type II. For the orbits, as
given in (6), we have dimg 3(¢) = 3 and K/K° # Id, hence they are of type II. Rest
of the 39 orbits, which are not given by the parametrizations in (1), (2), (3), (4),
(5), (6), are of type III as 3(¢) = 0. Now the results follow from Corollary 7.0.1. [
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Nilpotent orbits in E7_s)

There are 37 nonzero nilpotent orbits in E7_s); see [Djl, Table XII, p. 515]. Note

that in this case m = [m, m].

Theorem 7.4.2. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in Eq(_s).

1. If the parametrization of the orbit Ox s given by either 110001 1 or 000120 2,
then dimg H*(Ox,R) = 2.

2. Assume the parametrization of the orbit Ox is given by any of the sequences:
000010 1, 010000 2, 000010 3, 010010 1, 200100 0, 010100 2, 000200 0,
010110 1, 010030 1, 010110 3, 201031 4, 010310 3.

Then dimg H*(Ox,R) = 1.

3. If the parametrization of the orbit Ox is given by either 020200 0 or 111110 1,
then dimg H*(Ox,R) < 2.

4. Assume the parametrization of the orbit Ox is given by any of the sequences:

020000 0, 201011 2, 040000 4, 040400 4. Then dimg H*(Ox,R) < 1.

5. If Ox is not given by the parametrizations as in (1), (2), (3), (4) above (# of

such orbits are 17), then we have dimg H*(Ox,R) = 0.

Proof. For the Lie algebra Er_s), we can easily compute dimg 3(£) from the
last column of [Dj1, Table XII, pp. 515] and K/K° from [Ki, Column 4, Table 9,
pp. 266-268].

For the orbit Oy, as in (1), we have dimg 3(¢) = 2 and K/K° = Id. Hence
these orbits are of type I. For the orbit Oy, as in (2), we have dimg 3(¢) = 1 and
K/K° = 1d. Hence these orbits are also of type I. For the orbit Ox, as in (3), we

have dimg 3(¢) = 2 and K/K° = Z,, hence are of type II. For the orbit Ox, as in

208



(4), we have dimg 3(8) = 1 and K/K° = Z,. Hence these are also of type II. Rest of
the 17 orbits, which are not given by the parametrizations in (1), (2), (3), (4), are

of type III as 3(¢) = 0. Now the conclusions follow from Corollary 7.0.1. O

Nilpotent orbits in ;5

There are 22 nonzero nilpotent orbits in Er(_s5); see [Dj1, Table XIII, p. 516]. In

this case we have m # [m, m].

Theorem 7.4.3. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in Eq(_os).

1. Assume the parametrization of the orbit Ox is given by any of the sequences:
0000002, 000000 — 2, 000002 — 2, 200000 — 2, 200002 — 2, 400000 — 2,
000004 — 6, 200002 — 6, 400004 —6, 400004 —10. Then dimg H*(Ox,R) = 0.

2. If Ox is not given by any of the above parametrization (# of such orbits are

12), then we have dimg H*(Ox,R) < 1.

Proof. Note that the parametrization of nilpotent orbits in Er(_s5) as in [Ki,
Table 10] is different from [Dj1, Table X III, p. 516]. As the component group for
all orbits in FEr(_s5) is Id; see [Ki, Column 4, Table 10, pp. 269-270], it does not
depend on the parametrization. We refer to the last column of [Dj1, Table X III] for
the orbits as given in (1). These are type III as 3(£) = 0. For rest of the 12 orbits
we have dimg 3(€) = 1; see last column of [Dj1, Table X III]. As m # [m, m], these

are of type II. Now the results follow from Corollary 7.0.1. m
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7.5 Nilpotent orbits in non-compact real forms of

Ex

Recall that up to conjugation there are two non-compact real forms of Eg. They are

denoted by Egs) and Eg_ay).

Nilpotent orbits in Egg)

There are 115 nonzero nilpotent orbits in Eg); see [Dj1, Table XIV, pp. 517-519].

Note that in this case we have m = [m, m].

Theorem 7.5.1. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in Egs).

1. Assume the parametrization of the orbit Ox is given by any of the sequences:

10010011, 11110010, 10111011, 11110130. Then dimg H*(Ox,R) = 2.

2. Assume the parametrization of the orbit Ox is given by any of the sequences:
01000010, 10001000, 30000001, 10010001, 01010010, 01000110, 10100100,
00100003, 11001030, 10110100, 21010100, 01020110, 30001030, 11010101,
11101011, 11010111, 11111101, 21031031, 31010211, 12111111, 13111101,
13111141, 13103041, 31131211, 13131043, 34131341.

Then dimg H*(Ox,R) = 1.

3. If the parametrization of the orbit Ox is given 00100101, then
dimR HQ(O)(, R) S 3.

4. Assume the parametrization of the orbit Ox is given by any of the sequences:
10001002, 10101001, 01200100, 02000200, 10101021, 10102100, 02020200,
01201031. Then dimg H*(Ox,R) < 2.
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5. Assume the parametrization of the orbit Ox is given by any of the sequences:
11000001, 20010000, 01000100, 11001010, 20100011, 01010100, 02020000,
20002000, 20100031, 10101011, 00200022, 11110110, 01011101, 01003001,
11101101, 11101121, 10300130, 04020200, 02002022, 00400040, 11121121,
30130130, 02022022, 40040040. Then dimg H*(Ox,R) < 1.

6. If Ox is not given by the parametrizations as in (1), (2), (3), (4), (5) above
(# of such orbits are 52), then we have dimg H*(Ox,R) = 0.

Proof. For the Lie algebra FEgs), we can easily compute dimg 3(€) from the last
column of [Dj1, Table XIV, pp. 517-519] and K/K° from [Ki, Column 4, Table 11,
pp. 271-275].

For the orbits Oy, as given in (1), we have dimg 3(£) = 2 and K/K° = Id. Hence
these orbits are of type I. For the orbits Ox, as given in (2), we have dimg 3(¢) =1
and K/K° = Id. Hence these orbits are also of type I. For the orbit Oy, as given
in (3), we have dimg 3(¢) = 3 and K/K° # Id; hence they are of type II. For the
orbits Ox, as given in (4), we have dimg 3(¢) = 2 and K/K° # Id. Thus these
orbits are of type II. For the orbits Oy, as given in (5), we have dimg 3(¢) = 1 and
K/K° # Id. Hence these are of type II. Rest of the 52 orbits, which are not given
by the parametrizations of (1), (2), (3), (4), (5), are of type III as 3(£) = 0. Now

the conclusions follow from Corollary 7.0.1. m

Nilpotent orbits in Eg_o4)

There are 36 nonzero nilpotent orbits in Fg_s4; see [Dj1, Table XV, p. 520]. Note

that in this case we have m = [m, m].

Theorem 7.5.2. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in Eg_oy).
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1. Assume the parametrization of the orbit Ox is given by any of the sequences:
0000001 1, 10000002, 0000001 3, 1000001 1, 11000001, 10000102, 0000012 2,
10000111, 10000113, 10000031, 01100012, 10100111, 1000031 3.

Then dimg H*(Ox,R) = 1.

2. If the parametrization of the orbit Ox is given by either 2000000 0 or 2000020 0,
then dimg H*(Ox,R) < 1.

3. If Ox is not given by the parametrizations as in (1), (2) above (# of such
orbits are 21), then we have dimg H*(Ox,R) = 0.

Proof. For the Lie algebra Eg_o4), we can easily compute dimg 3(¢) from the
last column of [Dj1, Table XV, p. 520] and K/K° from [Ki, Column 4, Table 12,
pp. 277-278].

For the orbits Oy, as given in (1), we have dimg 3(¢) = 1 and K/K° = Id, hence
these are of type I. For the orbits Ox, as given in (2), we have dimg 3(¢) = 1 and
K/K° # 1d. Hence these orbits are of type II. Rest of the 21 orbits, which are
not given by the parametrizations of (1), (2), are of type III as 3(¢) = 0. Now the

conclusions follow from Corollary 7.0.1. [
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Chapter 8

First cohomology of nilpotent
orbits in simple non-compact Lie

algebras

In this chapter, we compute the first de Rham cohomology groups of the nilpotent
orbits. We begin by observing that in the case of complex simple Lie algebras the

first cohomology of all the nilpotent orbits vanish.

Theorem 8.0.1. Let g be a complex simple Lie algebra. Then H'(Ox,R) =0, for

all nilpotent elements X € g.

Proof. Any maximal compact subgroup of a simple complex Lie group is simple.

The conclusion follows from Corollary 5.1.8. O]
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8.1 First cohomology of nilpotent orbits in
non-compact non-complex real classical Lie

algebras

In this section we apply the results of the Chapter 6 to compute the first cohomology
groups of the nilpotent orbits in the non-compact non-complex real classical Lie
algebras. We first show that the first cohomology of all the nilpotent orbits in

sl,(H) and sp(p, ¢) vanish.

Theorem 8.1.1. Let g be either sl,,(H) or sp(p,q). Then H'(Ox,R) = 0, for all

nilpotent elements X € g.

Proof. Let G be SL,(H) or Sp(p, ¢) according as g is sl,,(H) or sp(p,q). Then
any maximal compact subgroup of G is simple. The proof now follows from Theorem

5.2.2. [l

Theorem 8.1.2. Let X € sl,(R) be a non-zero nilpotent element. Then

1 ifn=2
dimg H'(Ox,R) =

0 ifn>3.

Proof. We follow the notations as in the proof of Theorem 6.1.1. When n > 3
it is clear that m = [m, m]. When n = 2 we have m =~ so, and Ug,, r)(Ox) = [2'].
Thus, using (6.4) we see that £ = 0. Now the proof follows from Theorem 5.2.2. [
Theorem 8.1.3. Let X € su(p,q) be a nilpotent element. Let (d,sgny ) € V(p,q)
be the signed Young diagram of the orbit Ox (that is, Wsyp,qg(Ox) = (d,sgney, )
as in the notation of Theorem 4.1.4). Let | := #{d | d € Ng,pq # 0} + #{d | d €

Ndde 7& 0}

1. [de == Ed, then dlmR Hl(OX,R) = 1.
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2. If 1 =1 and Ng = Oq, then dimg H'(Ox,R) = 1.

8. If1 > 2 and #0q > 1, then dimg H'(Ox,R) = 0.

Proof. We follow the notations as in the proof of Theorem 6.3.4. We now appeal
to Proposition 6.3.3 to make the following observations :

1. If Ng = Eq4, then € C [m, m]. Hence, £+ [m, m] &

= m

2. If d = [d"], then 3(¢) = 0. Hence, € + [m, m] & m.

Z

3. If #04 > 1 and [ > 2, then £+ [m, m] = m.

As dimg 3(m) = 1, in view of the Theorem 5.2.2, the proof follows. O

We next describe the first cohomology groups of nilpotent orbits in the simple
Lie algebra so(p, ¢) when p > 0, ¢ > 0. Recall that in view of [Kn, Theorem 6.105, p.
421] and isomorphisms (iv), (v), (vi), (ix), (x) in [He, Chapter X, §6, pp. 519-520],
to ensure simplicity of so(p, q), we further assume that (p,q) & {(1,1),(2,2)}; see
§6.4 also.

Theorem 8.1.4. Consider so(p,q), and assume that p # 2, q # 2 and (p,q) #

(1,1). Then HY(Ox, R) = 0 for all nilpotent elements X in so(p, q).

Proof. Let m, £ be as in the proof of Theorem 6.4.8. Since p # 2, q # 2, we

have m = [m, m|. Using Theorem 5.2.2 we conclude that H'(Ox, R) = 0. O

We will now consider the remaining cases of so(p,¢) which are not covered in
Theorem 8.1.4; they are: p > 2,q =2; p= 2,9 > 2 and (p,q) € {(2,1),(1,2)}. In
Section 6.4 it was observed that when p > 2,¢ = 2, the non-zero nilpotent orbits
correspond to only four possible signed Young diagrams as given in (a.1), (a.2), (a.3),
(a.4), and similarly, when p = 2, ¢ > 2, the non-zero nilpotent orbits correspond to

only four possible signed Young diagrams as given in (b.1), (b.2), (b.3), (b.4).
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Theorem 8.1.5. Let Vo q)o be the parametrization in Theorem 4.1.6. Let Ox €
N(SO(p,q)°). Then the following hold:

1. Suppose (p,q) € {(2,1), (1,2)}, then H'(Ox, R) = 1.

2. Assume that p > 2 and q = 2.
(i) If Uso(p2)- (Ox) is as in either (a.1) or (a.2) or (a.3), then dimg H*(Ox,R) =
1.
(i5) If Usop2)e(Ox) is as in (a.4), then H'(Ox, R) = 0.

3. Assume thatp = 2 and q > 2.
(i) If Uso2,9°(Ox) is as in (b.1) or (b.2) or (b.3), then dimg H'(Ox, R) =
1.
(1) If Wso (2,90 (Ox) is as in (b.4), then H'(Ox, R) = 0.

Proof. As X # 0, it lies in a sly(R)-triple, say {X, H, Y}, in so(p, q).

Proof of (1): Let K’ be a maximal compact subgroup of Zso.q) (X, H,Y). Let
t’ be the Lie algebra of K’ and m the Lie algebra of a maximal compact subgroup
of SO(p, ¢)° which contains K’. When (p,q) € {(2,1),(1,2)}, we have dimgm = 1
and Vgq, 00(Ox) = [3 !. In particular, dimg L(3 — 1) = 1. Using Lemma 6.0.1 (4)

we have ¢ = 0. Hence, using Theorem 5.2.2, we have dimg H'(Ox, R) = 1.

Proof of (2): We first prove (2)(i). Let Wgo(p2)°(Ox) be as in (a.l), (a.2) or
(a.3). Let K and M be the maximal compact subgroups of Zgo2) (X, H,Y) and
SO(p,2) respectively, as defined in the first paragraph of the proof of Theorem
6.4.9(2). Recall that Ko := KN M° = K NSO(p,2)° is a maximal compact
subgroup of Zso(p2)e (X, H,Y). Let £ and m be the Lie algebras of Ko and M°
respectively. Using (6.24), (6.25), (6.26) for the signed Young diagrams (a.1), (a.2),
(a.3) respectively, we observe that in all the cases ¢ C [m, m]. Now (3)(i) follows

from Theorem 5.2.2.
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We next prove (2)(ii). Let € and m be as in the proof of (2)(iv) of Theorem 6.4.9.
Then using (6.27), we have £+ [m, m] = m. The statement (2)(ii) now follows using

Theorem 5.2.2.

The proofs of (3)(i) and (3)(ii) are similar to those of (2)(i) and (2)(ii) respec-

tively. ]

As we deal with nilpotent orbits in simple Lie algebras, to ensure simplicity of

$0%(2n), in our next result we further assume that n > 3; see §6.5 also.

Theorem 8.1.6. Let X € s0*(2n) be a nilpotent element when n > 3. Let
(d, sgny, ) € Y°U(n) be the signed Young diagram of the orbit Ox (that is,

W50+ 2n)(Ox) = (d, sgny, ) in the notation of Theorem 4.1.8). Then

1 if #0q4 =0
dimR Hl(OX, R) =

0 if #04>1.

Proof. We follow the notation of the proof of Theorem 6.5.4. Using Proposition
6.5.3 we have £ C [ty, tx] when #04q = 0, and € + [ty 84| = € when #04 > 1.

As dimg 3(3) = 1, the proof is completed by Theorem 5.2.2. O

Theorem 8.1.7. Let X € sp(n,R) be a nilpotent element. Let (d, sgny, ) €
Y°i4(2n) be the signed Young diagram of the orbit Ox (that is, Wy p (Ox) =

(d, sgny ) in the notation of Theorem 4.1.9). Then

1 if #04=0
dimR Hl(OX, R) =

0 if #04>1.

Proof. We follow the notation of the proof of Theorem 6.6.5. Using Proposition
6.6.4, we conclude that € C [y, €] when #04 = 0 and € + [ty €3] = €3 when

#04q > 1. As dimgr 3(t3) = 1, the proof is completed by Theorem 5.2.2. ]
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8.2 First cohomology of nilpotent orbits in
non-compact non-complex real exceptional

Lie algebras

In this section we derive some results on the dimension of the first cohomology groups
of the nilpotent orbits in non-compact non-complex real exceptional Lie algebras.
We begin by observing that the first cohomology groups vanish for all the nilpotent
orbits in non-compact non-complex real exceptional Lie algebra g when g 22 Eg_14)

and 8] ¢ E7(_25).

Theorem 8.2.1. Let g be a non-compact non-complex real exceptional Lie algebra
which is neither isomorphic to Eg_14) nor to Ez(_ss. Then H'(Ox,R) =0 for all

nilpotent elements X € g.

Proof. Any maximal compact subgroup of Int g is semisimple. The conclusion

follows from Theorem 5.2.2. ]

We next consider the case when g is either Eg_14) or E7_5). Recall that there

are 12 nonzero nilpotent orbits in Fg(_14); see [Dj1, Table X, p. 512].

Theorem 8.2.2. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in Eg_14).

1. If the parametrization of the orbit Ox is given by 40000 — 2, then
dimg H'(Ox,R) = 1.

2. If Ox is not given by the above parametrization (# of such orbits are 11), then

we have dimg H'(Ox,R) < 1.

Proof. For the Lie algebra Eg_14), we have m = so0;9 & R. For the orbit

Ox, as given in (1), we have ¢ = [¢, €] from the last column, row 9 of [Djl, Table
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X, p. 512]. Hence £ 4 [m,m] & m. In view of Theorem 5.2.2 we conclude that
dimg H'(Ox,R) = 1. For rest of the 11 orbits we conclude dimg H'(Ox,R) < 1

using Theorem 5.2.2. O
There are 22 nonzero nilpotent orbits in Fr(_s5); see [Dj1, Table XIII, p. 516].

Theorem 8.2.3. Let the parametrization of the nilpotent orbits be as in §4.2.1. Let

X be a nonzero nilpotent element in Er_os).

1. Assume the parametrization of the orbit Ox is given by any of the sequences:
0000002, 000000 — 2, 000002 — 2, 200000 — 2, 200002 — 2, 400000 — 2,
000004 —6, 200002 —6, 400004 —6, 400004 —10. Then dimgr H'(Ox,R) = 1.

2. If Ox is not given by any of the above parametrization (# of such orbits are

12), then we have dimg H'(Ox,R) < 1.

Proof. For the Lie algebra Fr_s5), we have m # [m, m|. We refer to the last
column of [Djl, Table XIII, p. 516] to get the Lie algebra €. For the orbit Oy,
as given in (1), we have ¢ = [¢,¢]. Hence £ + [m,m] & m. In view of Theorem
5.2.2, we conclude that dimg H'(Ox,R) = 1. For rest of the 12 orbits we conclude

dimg H'(Ox,R) < 1 using Theorem 5.2.2. O
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