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Synopsis

For an integer r > 1, consider the open subset U, of C" given by
U={(s1,...,8)€C" : R(sy+---+s;) > forall 1 <i<r}.

The multiple zeta function of depth r, denoted by (,.(s1, ..., s,), is a function on U, defined
by
Go(s1y.00,8) = Z ny*teeen, 5.

ni>-->ny>0

Note that the above series converges normally on any compact subset of U, and hence defines

an analytic function on U,. When r = 1, this is the classical Riemann zeta function.

Riemann zeta function has been the focus of study for sometime now, playing a central role
both in the development of modern number theory as well as arithmetic geometry. However,
the study of multiple zeta functions has achieved prominence only in recent times though its
origin can be traced back to Euler who studied the case » = 2 (see [11] for more details).

Euler showed that the Riemann zeta values are inter-connected to the multiple zeta values. In

Xxi
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particular, it is easy to see that

C1(s1) - Ci(s2) = Ca(s1,82) + Ca(s2,51) + Ci(s1 + s2). (0.0.1)

Thus the question of algebraic independence of Riemann zeta values gets related to the ques-
tion of linear independence of certain multiple zeta values. There have been some recent
developments by Hoffman, Goncharov, Terasoma, Zagier, Kaneko, Brown among others in
the context of discovering possible structures in the set of special values of the multiple zeta
functions at integral points.

In another direction, one can ask the question of analytic continuation of these multiple zeta
functions. The first result in this direction is due to Atkinson who considered this question for
r = 2. The question for general r was studied by Arakawa and Kaneko [4]. They showed
that for a fixed tuple (k1,- - , k,—_1), the function ¢,.(ky, - - , k._1, s) has a meromorphic con-
tinuation to the complex plane. The analytic continuation of the multiple zeta functions as a
function of several complex variables was first proved by Zhao [33]. He also provided a list
of the possible polar singularities. The exact location of these polar singularities was later de-
termined by Akiyama, Egami and Tanigawa [1]. The vanishing of the odd Bernoulli numbers
played a crucial role in their work.

In order to establish the analytic continuation of the Riemann zeta function, Ramanujan
[28] wrote down an identity involving the translates of the Riemann zeta function. More

precisely, Ramanujan proved the following theorem.

Theorem 0.0.1 (S. Ramanujan). The Riemann zeta function satisfies the following identity:

1= (s—Di(Gls+k)—1), R(s)>1

k>0

where for k > 0
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Since this identity involves translates of the Riemann zeta function, from now on we refer

to it as the translation formula for the Riemann zeta function. In this thesis, we built upon

this idea of Ramanujan to study the analytic continuation and singularities of the multiple zeta
functions and their various generalisations.

A later work of Ecalle [10] alluded to the possibility of extending the idea of Ramanujan

for the multiple zeta functions. In a recent work with Mehta and Viswanadham [24], following

the idea of Ecalle, we prove the following theorem.

Theorem 0.0.2. For each integer r > 2, the multiple zeta function of depth r extends to a

meromorphic function on C" satisfying the translation formula

Goalsitsa—1,85,.0,8,) =Y (1= DGolss+ k52,0, 5,), (0.0.2)

k>0

where the series of meromorphic functions on the right hand side converges normally on all

compact subsets of C'.
We could also recover the following theorem of Akiyama, Egami and Tanigawa.

Theorem 0.0.3 (Akiyama-Egami-Tanigawa). The multiple zeta function of depth r is holo-
morphic in the open set obtained by removing the following hyperplanes from C" and it has

simple poles at the hyperplanes given by the equations

81:1; 81+82:2,1,0,—2,—4,—6,...;

s14+---+s;=n forall n € Z<; forall 3 <1 <r.
Here Z<; denotes set of all integers less than or equal to 1.

In order to prove Theorem 0.0.3, we introduce the method of “matrix formulation" to
write down the residues along the possible polar hyperplanes (listed by Zhao) in a computable

form. Here we would like to mention that while Zhao had given a formula to calculate the
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residues along the possible polar hyperplanes, the non-vanishing of these residues could not
be concluded from that expression.
As a natural generalisation of the multiple zeta functions, Akiyama and Ishikawa [2] intro-

duced the notion of multiple Hurwitz zeta function.

Definition 0.0.4. Let » > 1 be an integer and a,...,a, € [0,1). The multiple Hurwitz
zeta function of depth r is denoted by (,(s1, ..., S,; a1,...,a,) and defined by the following

convergent series in U, :

Gr(S1yveySpy 1y ey ) 1= Z (g +ay)™* - (ny +ay) .

n1>-->np>0

The analytic continuation of this function was established by Akiyama and Ishikawa. In
the same paper [2], they also provided a list of possible singularities and were able to determine

the exact set of singularities in some special cases. Here is their theorem.

Theorem 0.0.5 (Akiyama-Ishikawa). The multiple Hurwitz zeta function of depth r can be
extended as a meromorphic function to C" with possible simple poles at the hyperplanes given

by the equations
s1=1;8+--+s;=n forall n € Z<; and 2 <1 <.

Later Kelliher and Masri [19] extended Zhao’s method to reprove this theorem. They also
obtained an expression for the residues along these possible polar hyperplanes but could not
isolate the exact set of polar singularities.

We are now able to determine the exact set of singularities of the multiple Hurwitz zeta
functions. Just as the vanishing of odd Bernoulli numbers plays a central role in determin-
ing the exact location of polar hyperplanes of the multiple zeta functions, in the case of the
multiple Hurwitz functions an analogous pivotal role is played by the zeros of the Bernoulli

polynomials. The Bernoulli polynomials B,,(t) € Q]t] are defined by the following exponen-
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tial generating function.

n>0

In this context we proved the following theorem.

Theorem 0.0.6. The multiple Hurwitz zeta function (,.(s1,...,S;;Q1,...,q,) of depth r can

be analytically continued to an open subset V,. of C", where the V,. is obtained by removing the

hyperplanes given by the equations
si=1; 514+~ +sp=nforalln € Zcy, forall2 <k <r

from C". It has at most simple poles along each of these hyperplanes.

Further suppose that I is the set of i € N such that B;(ay — «1) = 0. Let us define
a subset J of Zico by J = {2 — i : i € I}. Then the multiple Hurwitz zeta function
(81,00, S, ..., ) of depth 1 can be analytically continued to an open subset W, of

C", where W, is obtained by removing the hyperplanes given by the equations

s1 = 1; 51+32:nf0ralln€Z§2\J;

s1+ -+ sg=nforalln € Z<y, forall3 <k <r

from C". It has simple poles along each of these hyperplanes.
Akiyama and Ishikawa [2] also considered the multiple Dirichlet L-function.

Definition 0.0.7. Let » > 1 be an integer and x4, . . ., X, be Dirichlet characters. The multiple
Dirichlet L-function of depth r is denoted by L, (s1,...,S,; X1,--.,X,) and defined by the

following convergent series in U,.:

Xl(nl) T Xr(nr)
Lr(sla"'757"; Xl;-"7X7") = Z nst...nsr ’
ni>-->n>0 1 "
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When r = 1, classically the analytic continuation is achieved by writing the function in
terms of the classical Hurwitz zeta function. For r > 1, one may attempt to do that. In this case
some variants of the multiple Hurwitz zeta functions come up. The exact set of singularities
of the multiple Dirichlet L-functions are not well understood. For r = 2 and specific choices
of characters y; and y2, Akiyama and Ishikawa provided a complete description of the polar

hyperplanes and for general r, they could prove the following theorem.

Theorem 0.0.8 (Akiyama-Ishikawa). Let x1, ..., X, be Dirichlet characters of same conduc-
tor. Then the multiple Dirichlet L-function L,(s1,...,8:; X1,---,Xr) of depth v can be ex-
tended as a meromorphic function to C" with possible simple poles at the hyperplanes given

by the equations

s1=1;81+--+s,=mn forall n € Z<; and 2 <1 <.

To address this difficult question, we aim to obtain a translation formula satisfied by the
multiple Dirichlet L-functions. In this direction, we are able to establish such a translation for-
mula for the classical Dirichlet L-functions and obtain their meromorphic continuation in [31],
the proof of which in fact carries over for Dirichlet series associated to periodic arithmetical

functions.

Theorem 0.0.9. Let f be a periodic arithmetical function with period q. Then the associated

Dirichlet series D(s, f) := zn21 fr(::) satisfies the following translation formula:

Z fs 0 Z — 1)t ( s+k, f)— Z a(5+k)) (0.0.3)

k>0

where the infinite series on the right hand side converges normally on every compact subset of

R(s) > 1.

Using Theorem 0.0.9, we can derive the meromorphic continuation of D(s, f).
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Theorem 0.0.10. Let f be as in Theorem 0.0.9. Then, by means of the translation formula
(0.0.3), the Dirichlet series D(s, f) can be analytically continued to the entire complex plane
except at s = 1, where the function has simple pole with residue % I fla). IfFY30_ fla) =

0, then D(s, f) can be extended to an entire function.

However, obtaining such a translation formula for multiple Dirichlet L-functions seems
harder and we plan to take it up in near future. On the other hand, if we consider additive
characters, that is, group homomorphisms f : Z — C* in place of Dirichlet characters, the

problem becomes tractable.

Definition 0.0.11. For a natural number » > 1 and additive characters fi, ..., f., the multiple
L-function associated to fi, ..., f, is denoted as L.(f1,..., fr; S1,...,5,) and defined by

following series:

L'r'(fla' . 'afr; S1, .- '78r) = Z fl(]-)nl . fr(l)nr

S1 s
n P ’rl/ T
N> >n,.>0 1 T

The necessary and sufficient condition for absolute convergence of the above series is given
by

lgi(1)] < 1foralll <i<r,

where ¢g; := Hl <j<i fj forall 1 <14 < r. With these conditions, the above series converges
normally on any compact subset of U, and hence defines an analytic function there. If f;(1) =
e?™Xi for some \; € C, the conditions |g;(1)| < 1 can be rewritten as S(A; +---+);) > 0. For
simplicity, we will assume that \; € R for all 1 < ¢ < r so that the conditions are vacuously

true. In this context, we have the following theorem which is valid also for complex \;’s.

Theorem 0.0.12. The multiple L-function L,.(f1,..., f.;$1,...,5S.), associated to additive

characters f1, ..., f. has different set of singularities depending on the values of

i ::Z)\j, forl1 <i <.
j=1
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(a)Ifpu; € Zforalll <i <, then L,(fi,..., fr;51,...,5) can be extended analytically
to the whole of C'.

Let iy < --- < iy, be all the indices such that i;, € Z for all 1 < k < m. Then the set of
all possible singularities of L.(f1, ..., fr; 1, ..., 5) is described in the following two cases.
(b) Ifiy = 1, then L.(f1, ..., fr;51,...,58,) can be extended analytically to an open subset

V.. of C", where V. is obtained by removing the hyperplanes given by the equations

si=1; 81+ +s;, =nforallnc Zey, forall2 < k <m

from C". It has at most simple poles along each of these hyperplanes.

(¢)Ifiy # 1, then L.(f1,..., fr; S1, .- ., ) can be extended analytically to an open subset

W, of C", where W, is obtained by removing the hyperplanes given by the equations

Sl+...+3ik:nforallnGZSk,foralllSk‘ﬁm

from C". It has at most simple poles along each of these hyperplanes.

We further determine the exact set of singularities when \; € R for all z. We call the

corresponding additive characters to be real additive characters.

Theorem 0.0.13. The exact set of singularities of the multiple L-function associated to real
additive characters fi, ..., f. differs from the set of all possible singularities as described in
Theorem 0.0.12 only in the following two cases.

(a) If iy, = 1 and iy = 2 ie. both \y = Xy = 0, then L.(f1,..., fr;51,...,8-) can
be extended analytically to an open subset X, of C", where X, is obtained by removing the

hyperplanes given by the equations

s1=1; s1+ss=nforalln € Zoo\ J;

S14 - +s8;, =nforalln € Z<y, forall 3 <k <m
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from C", where J := {—2n—1:n € N}. It has simple poles along each of these hyperplanes.
(b) If iy = 2and \y = 1/2 i.e. both \y = Ny = 1/2, then L,.(f1,..., fr;81,...,5,) can
be extended analytically to an open subset Y, of C", where Y, is obtained by removing the

hyperplanes given by the equations

s1+ sy =nforalln € Z< \ J;

S1+---+s8;, =nforalln € Ly forall2 <k <m

from C", where J := {—2n—1:n € N}. It has simple poles along each of these hyperplanes.

In fact, one can unify the previous notions and consider the following general function. For
a natural number » > 1 and two sets of real numbers Ay, ..., A, and ay,...,«, in [0, 1), one

can consider the complex valued function defined by the following convergent series in U,.:

Z e(Aing + -+ A\ny)
(nl _|_ &1)51 ‘e (nr _l_ ar)57'7

ny>-->np>0

where for a real number a, e(a) means the complex number €™, This function is a gener-
alisation of one variable Lerch zeta function, and hence we call it as the multiple Lerch zeta
function of depth r.

We extend the idea of Ecalle to obtain a translation formula for the multiple Lerch zeta
functions analogous to the one discovered by Ramanujan for the Riemann zeta function. Using
this translation formula, we can then establish the meromorphic continuation of the Lerch zeta

function, of which Theorem 0.0.12 and first part of Theorem 0.0.6 are particular cases.






Introduction

1.1 Riemann zeta function and its special values

For a complex number s with R(s) > 1, the Riemann zeta function ((s) is defined by the

absolutely convergent series

) =Y

n>1
Before Riemann, this function was considered by Euler for positive integer values, and is there-
fore also referred to as the Euler-Riemann zeta function. Euler derived many beautiful results

about these special values. For instance, he proved that ((2) = 72 /6, and more generally that

—1 n7122n71B n
g(zn):( ) i 222 forall no> 1. (1.1.1)
n).

Here B,, denotes the n-th Bernoulli number which is defined by the generating function

t t"
et—1 ZBRE

n>0

1



2 CHAPTER 1. INTRODUCTION

The relation (1.1.1) together with the fact that 7 is transcendental, proved by F. Lindemann
in 1882, yields that the zeta values at positive even integers are transcendental numbers and
furthermore linearly independent over Q.

On the other hand the arithmetic nature of the zeta values at odd positive integers are yet to
be determined and any relations among these special values are yet to be found. In this context

we have the following conjecture which is regarded as a mathematical folklore.

Conjecture 1.1.1. The numbers w,((2n + 1) for all n > 1 are algebraically independent
i.e. there are no polynomial relations among any of these numbers. In particular they are all

transcendental.

While this conjecture is far from being proved, there have been a number of recent devel-
opments in this direction. Besides 7, the lone number in the above list whose arithmetic nature
has been revealed to some extent is ((3). R. Apéry [3] proved it to be irrational in 1978. Later
in 2000, K. Ball and T. Rivoal [6] proved the following notable theorem from which it follows

that there are infinitely many odd zeta values which are irrational.

Theorem 1.1.2 (Ball-Rivoal). Given any ¢ > 0, there exists an integer N = N(¢€) such that

for all n > N, the dimension of the Q-vector space generated by the numbers

1,{(3),...,¢(2n+ 1)

exceeds

About the specific values, Zudilin [34] proved that at least one of the numbers ((5), ((7),
¢(9) and ((11) is irrational.

As we can see that Conjecture 1.1.1 predicts no algebraic relation among the odd Riemann
zeta values, but on the other hand when we consider the set of special values of the so-called

multiple zeta functions, which also contains the Riemann zeta values, has a rich structure with
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a number of known relations and hence is more amenable for investigation. These multiple
zeta functions and their various generalisations are the principal objects of study in this thesis

and we introduce them in the following sections.

1.2 Multiple zeta functions and their special values

For an integer > 1, consider the open subset U, of C":
U ={(s1,...,8)€C" : R(s1+---+s;) >i forall 1 <i<r}.

The multiple zeta function of depth r, denoted by (,.(s1, ..., s,), is a function on U, defined
by
G810y 8) = Z ny*teeen, 0.

ny1>-->np>0

The above series converges normally on any compact subset of U, (see §3.2 of Chapter 3 for
a proof) and hence defines an analytic function on U,. This is a multi-variable generalisation
of the classical Riemann zeta function. The origin of these functions can again be traced
back to Euler who studied the case » = 2. Euler showed that the Riemann zeta values are

inter-connected to the multiple zeta values. In particular, it is easy to see that

C(s1) - C(s2) = (a1, 52) + (52, 51) + (51 + 82). (1.2.1)

Thus the question of algebraic independence of special values of the Riemann zeta function
gets linked to the question of linear independence of some other special values of the multiple
zeta functions.

In this context it is convenient to introduce the following terminology. The special values
of the multiple zeta function of depth r at the points (ki,...,k.) of U, such that k;’s are

positive integers for all 1 < ¢ < r, are called the multi zeta values of depth r. The number
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(k1 + -+ + k) is called the weight of multi zeta value (,(k1, ..., k,). Besides the relations

coming from (1.2.1), Euler could also prove that

¢(3) = G(2,1).

More generally, he proved the following theorem.

Theorem 1.2.1 (Euler). For any integer k > 3, we have

A generalisation of this theorem was later proposed by M.E. Hoffman [16], which is now
known as the sum theorem. It has been proved independently by A. Granville [14] and D.

Zagier.

Theorem 1.2.2 (Granville-Zagier). For any integers s > 2 and r > 1, the identity

Cky= > Glk k)

k1>1,ko>1,.. kp>1
k4 +kr=k

holds.

The relation ((3) = (2(2, 1) can also be seen as a special instance of the so called duality
relation. To elaborate on this we need some more notations. For any r-tuple of positive
integers k = (ky, ..., k), we associate a (k; + - - - + k,)-tuple with entries in the set {0, 1} by

the following prescription:

(k1,.... k)< (0...010...01...0...01). (1.2.2)
—— N~ N——

ki1—1 ko—1 kr—1

We denote this tuple by w(k). One often writes (,.(w(k)) to denote (,.(ky, ..., k).

We now introduce the dual map 7 on the set of tuples with entries in {0, 1} to itself as
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follows. First of all, for ¢ € {0,1}, let € := 1 — . Then for any tuple w = (€ ...¢,) with
entries in {0, 1}, we define its dual 7(w) = W to be the tuple w := (€,...& ). Note that
if w = w(k) for some r-tuple of positive integers k = (ki,...,k.) € U,, then w is also
associated to an (k; + - - - 4+ k, — r)-tuple of positive integers in Uy, 1.1k, —r), SAY k. We call
k to be the dual of k. In this context, the following theorem, due to Zagier, is known as the

duality theorem.

Theorem 1.2.3 (Zagier). Let k = (kq,...,k.) € U, be an r-tuple of positive integers and

ke Uky+-+k,—r) denote its dual. Then we have

Gr(K) = Gty vt —r) (K).

For example, note that (3) <> (001) and 7(001) = 011. Further, (011) <> (2,1). Hence,

Euler’s identity ((3) = (2(2, 1) follows as a special case of this more general theorem.

Further, we also have the shuffle product formula of multi zeta values. The formula (1.2.1)
can be seen as a special case of the stuffle product formula of multiple zeta functions. Below

we define the notion of shuffling and stuffling.

Let p and ¢ be two non-negative integers. We define a stuffling of p and ¢ to be a pair
(A, B) of sets such that |A| = p, |B| = gand AUB = {1, ...,r} for some integer r. We then
have max(p,q) < r < p+ ¢q. We call this r to be the length of the stuffling. Such a stuffling
is called a shuffling when A and B are disjoint, i.e. when » = p + ¢. We denote the stuffle

product by x and the shuffle product is denoted by II1.

Let (s1,...,s,) and (t1,...,t,) be two sequences of complex numbers and (A, B) be a
stuffling of p and ¢, with AU B = {1,...,r}. Let o and 7 denote the unique increasing

bijections from A — {1,...,p}and B — {1,..., ¢} respectively. Let us define a sequence of
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complex numbers (z1, ..., z.) as follows:
(
So(i) wheni € A\ B,
Zi =Nt wheni € B\ A,
So@i) +tr Wwhenie€ ANDB.

\

We call it the sequence deduced from (si,...,s,) and (t1,...,t,) by the stuffling (A, B).
Clearly, if (si1,...,s,) € Uy and (t1,...,t,) € U, then (2y,...,2,) € U,. With the above

notation one has the following theorem, which is known as the stuffle product formula.

Theorem 1.2.4. Let (sq,...,s,) € Uy and (t,...,t,) € U,. Then we have,

Gols1,--8) Gt tg) = > Gz, 2), (12.3)

(A,B)

where in the summation on the right hand side (A, B) runs over the stufflings of p and q, and

(21, ..., z») denotes the sequence deduced from (s, ..., s,) and (t1,...,t,) by this stuffling.

On the other hand, the shuffle product formula of multi zeta values involves the correspon-

dence given in (1.2.2).

Theorem 1.2.5. Let k = (ki,...,k,) € U, be a p-tuple of positive integers of weight m and

1= (ly,...,1;) € U, be a qg-tuple of positive integers of weight n. Then we have,
Cp(kb ) ) Cq lla s Z Cerq . €m+n)7 (124)

where in the summation on the right hand side, (A, B) runs over the shufflings of m and n,

and (€; . .. €1y denotes the sequence deduced from w (k) and w(1) by this shuffling.

Note that in the above theorem, by (,+,(€; . . . €,4,) We mean the multi zeta value (4 ,(u),

where u € U, is the element corresponding to (¢ . . . €,,4,,) as per (1.2.2).
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One can further equate the right hand sides of (1.2.3) and (1.2.4) to obtain more relations.

The relations obtain this way are called the double shuffle relations. For example,

(2) % (2) = 2(2,2) + (4).

Now
(2) «» (01) and (01) III (01) = 4(0011) 4+ 2(0101) <> 4(3,1) +2(2, 2).
Thus we get,
a0 = S0

The most significant property of all these relations among multi zeta values that we have
discussed here, is the ‘preservation of weight’, i.e. the weights of all the multi zeta values
involved in any of the above discussed relations are the same. In view of this observation, the

following conjecture seems reasonable.

Conjecture 1.2.6. There are no non-trivial Q-linear relations among multi zeta values of

different weights.

Here by a non-trivial Q-linear relation we mean that such a relation cannot be further
reduced to two or more uniform-weight relations. An example of a trivial relation is the fol-
lowing:

C(B) + C(4> = C2(27 1) + 4 C2(37 1)'

The above conjecture can also be formulated in an abstract setting.

We define a graded Q-vector space Z of multi zeta values where the grading is over the

weight of the multi zeta values. Let us set

Z = 2.

neN
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where Z, := Q, Z; := {0} and for n > 2
Zn = Q(C(ky, ... k) i1k, ... k. areintegers > 1 with ky > 1 and ky+---+k, =n).
Then the above conjecture can be reformulated as the following one.
Conjecture 1.2.7. For all m,n € N such that m # n,
Zn N Zy = {0}

There are some other conjectures concerning the structure of Z. For instance, the following

conjecture due to Zagier predicts the dimension of each Z,,.
Conjecture 1.2.8. The dimension d,, of Q-vector space Z, is given by the recurrence relation
dn = dn72 + dnfi’n

with the initial data that dy = 0 and dy = dy = 1. In other words, the generating series of d,,

is the following:

n 1
2 X" = T

n>0

This conjecture is far from being proved. Though this conjecture predicts exponential

growth of d,,, till date we do not have a single example of d,, > 2. For alln € N, a set D,, of

basis elements of Z,, was predicted by Hoffman. Recently, Brown [8] has showed that D,, in
fact generates Z,, for all n € N.

The theory of multi zeta values has been expanded to a great extent in the past couple

of decades by the likes of Hoffman, Zagier, Goncharov, Terasoma, Kaneko, Ohno and more

recently, by Brown. Beside this, the analytic theory of the multiple zeta functions has also

been a subject of development in these years. In the following section we discuss this briefly.
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1.3 Analytic theory of the multiple zeta functions

1 .
n>1 - Riemann

We begin this section by recalling the analytic properties of ((s) = >
showed that the function defined by the above series on the half plane R(s) > 1 can be
continued analytically to the entire complex plane except at s = 1, where it has simple pole
with residue 1, i.e.

lim(s — 1)((s) = 1.

s—1

In fact, it is possible to extend the Riemann zeta function to the half plane (s) > 0 by just

using the Abel’s partial summation formula.

For a real number z > 1 and complex number s such that $(s) > 1, we get that

Zn_s = %jts/x tz]ldt.

n<x

Then letting x — oo we get

o6 =s [ - - [T

s—1

where the integral
= {t

converges in R(s) > 0. Thus using the above expression one can extend the Riemann zeta
function to the half plane R(s) > 0 as a meromorphic function with a simple pole at s = 1

with residue 1.

In 1859, Riemann [30] established its meromorphic continuation to the entire complex

plane satisfying the functional equation

((s) = 2°7° 'sin <%8> I'(1—s)¢(1—s),
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where [ denotes the gamma function. This is undoubtedly the most fundamental and the most
referred functional equation of the Riemann zeta function. But there is another elegant but
not so well-known functional equation of the Riemann zeta function due to Ramanujan [28].

Ramanujan proved that the Riemann zeta function satisfies the following formula:

1= (s—1u(C(s+ k) — 1),

k>0

where for k > 0
s(s+1)---(s+k)
(k+ 1)! ’

(S)k =

and the series on the right hand side converges normally on compact subsets of %(s) > 1. It
is convenient to define (s)_; := 1. One can deduce the meromorphic continuation of the Rie-
mann zeta function from the above translation formula. Since this identity involves translates
of the Riemann zeta function, from now on we refer to it as the translation formula for the

Riemann zeta function.

A similar translation formula was obtained by V. Ramaswami [29] in 1934. He proved that

the Riemann zeta function satisfies the following translation formula:

(120 = Y Y,

where the series on the right hand side converges normally on compact subsets of R(s) > 0.

On the contrary, even though the multiple zeta function of depth 2, often called the double
zeta function, was known since the time of Euler, its meromorphic continuation was studied
much later. In 1949, almost a century after Riemann’s fundamental work, F.V. Atkinson [5]
addressed the question of meromorphic continuation of the double zeta function while studying

the mean-values of the Riemann zeta function.

For general 7, initially the meromorphic continuation of the multiple zeta function of depth

r was obtained for each variable separately. Such treatment can be found in [4]. As a function
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of several variable, the analytic continuation was first established by J. Zhao [33] in 1999. He

used the theory of generalised functions.

Theorem 1.3.1 (Zhao). The multiple zeta function of depth r can be extended as a meromor-

phic function to C" with possible simple poles at the hyperplanes given by the equations

s1=1;8+--+s=n forall n € Z<; and 2 <1 <.

Here Z<; denotes set of all integers less than or equal to 1.

Around the same time, S. Akiyama, S. Egami and Y. Tanigawa [1] gave a simpler proof
of the above fact using the classical Euler-Maclaurin summation formula. Besides, what was
even more special in their work is that they could identify the exact set of singularities. The

vanishing of the odd Bernoulli numbers played a central role in this context.

Theorem 1.3.2 (Akiyama-Egami-Tanigawa). The multiple zeta function of depth r is holo-
morphic in the open set obtained by removing the following hyperplanes from C" and it has

simple poles at the hyperplanes given by the equations

81:1; 81+82:2,1,0,—2,—4,—6,...;

S14+---+s;=n forall n € Z<; and 3 <1i <.

Thereafter, the problem of the meromorphic continuation of the multiple zeta functions
received a lot of attention. In this process, a variety of methods evolved to address this prob-
lem. For instance, Goncharov [13] obtained the meromorphic continuation using the theory
of distributions. Alternate proofs using Mellin-Barnes integrals was given by K. Matsumoto.
Later he went on to apply this method to a set of other related problems. His expositions can
be found in [22, 23]. Matsumoto’s work has further been generalised in [26].

However, the simplest possible approach to this problem was indicated by J. Ecalle [10].

His idea germinated from Ramanujan’s translation formula for the Riemann zeta function. In
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his article [10], he indicated how one could have obtained Ramanujan’s identity in an elemen-
tary way and extend it for the multiple zeta functions. His idea has recently been penned down
explicitly in a joint work [24] with J. Mehta and G.K. Viswanadham, carried out under the
supervision of J. Oesterlé.

In this work we further introduce the method of matrix formulation to write down the
residues along the possible polar hyperplanes (listed by Zhao) in a computable form. Here we
would like to mention that Zhao [33] had also given a formula to calculate the residues along
the possible polar hyperplanes. But the non-vanishing of these residues could not be concluded
from that expression, whereas our expression of residues enabled us to isolate the non-existing
polar hyperplanes from his list and recover the above mentioned theorem of Akiyama, Egami
and Tanigawa.

Soon after Zhao and Akiyama, Egami and Tanigawa’s work, several generalisations of the
multiple zeta functions were introduced and their analytic properties were discussed. One
important example is the multiple Hurwitz zeta functions. In 2002, Akiyama and Ishikawa [2]

introduced the notion of multiple Hurwitz zeta functions.

Definition 1.3.3. Let » > 1 be an integer and a4,...,q, € [0,1). The multiple Hurwitz
zeta function of depth r is denoted by (,(s1, ..., S,; a1,...,a,) and defined by the following

convergent series in U, :

Gstyodes any o) = > (i an) T (o) T

ny>-->ny>0

Following the method of [2], they established meromorphic continuations of these func-
tions as well as listed possible polar singularities for them. They were able to determine the

exact set of singularities for some specific values of «;’s.

Theorem 1.3.4 (Akiyama-Ishikawa). The multiple Hurwitz zeta function of depth r can be

extended as a meromorphic function to C" with possible simple poles at the hyperplanes given
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by the equations

s1=1;,8+--+s;=n forall n € Z<; and 2 <1 <.

Perhaps motivated by the classical relation between the Hurwitz zeta function and Dirichlet
L-functions, Akiyama and Ishikawa also considered the following several variable generalisa-

tion of the Dirichlet L-functions in [2].

Definition 1.3.5. Let » > 1 be an integer and X1, . . ., ), be Dirichlet characters of any modu-
lus. The multiple Dirichlet L-function of depth r is denoted by L, (s1, ..., S X1,---,X-) and

defined by the following convergent series in U,

ni) - xr(n,
Lo(S1y oy Sr X1y e ooy Xor) = Z X1(n1) - xe( )

S1 s
n PEEEEY n T
n1>->np>0 1 r

It is classically known that the Dirichlet L-functions can be written as linear combinations
of the Hurwitz zeta functions. Thus the meromorphic continuation of Dirichlet L-functions
follows from that of the Hurwitz zeta functions. To obtain the meromorphic continuation of

the multiple Dirichlet L-functions, they followed this very approach and derived the following

theorem.
Theorem 1.3.6 (Akiyama-Ishikawa). Let x1, . . ., X, be primitive Dirichlet characters of same
conductor. Then the multiple Dirichlet L-function L.(s1,...,5:; X1,--.,Xr) of depth v can

be extended as a meromorphic function to C" with possible simple poles at the hyperplanes

given by the equations

si=1; 814+ --+s;=n forall n € Z<; and 2 <1i<r.

But till date, we do not have precise information about the exact set of singularities of

the multiple Hurwitz zeta functions and the multiple Dirichlet L-functions. Major part of this
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thesis is devoted to study these yet to be resolved problems, following the methods developed

in [24]. In the next section we give a brief outline of this thesis.

1.4 Arrangement of the thesis

In the second chapter, we derive translation formulas and thereby the meromorphic contin-
uation of certain families of Dirichlet series along the line of Ramanujan. To establish such
formulas we follow Ecalle’s indication to obtain an elementary proof of Ramanujan’s theorem.

In the third chapter we discuss the analytic properties of the multiple zeta functions. We
obtain translation formulas for these functions and then write them in terms of infinite matrices
to obtain a matrix formulation of these translation formulas. We also deduce the meromorphic
continuation of the multiple zeta functions by means of such a translation formula and induc-
tion on the depth. We use the matrix formulation to write down an expression for residues
along the possible polar hyperplanes and study the non-vanishing of these residues.

In the fourth chapter we consider the multiple Hurwitz zeta functions. Building upon
the work on the previous chapter, we derive translation formulas for the multiple Hurwitz
zeta functions. We then deduce the meromorphic continuation and derive a list of possible
singularities. Using a fundamental property of the zeros of the Bernoulli polynomials we then
determine the exact set of singularities of the multiple Hurwitz zeta functions.

In the penultimate chapter, we consider multiple Dirichlet series associated to additive
characters and derive their meromorphic continuations as well as their exact list of polar sin-
gularities. We next show that the multiple Dirichlet series associated to additive characters are
related to the multiple Dirichlet L-functions. Using such relations, we then derive meromor-
phic continuations and possible list of polar singularities for multiple Dirichlet L-functions.

Our last chapter deals with a weighted variant of the multiple zeta functions. Study of this
weighted variant is not esoteric. We show that this weighted variant has some rich arithmetic

structures and their location of singularities have an uniform pattern.



Dirichlet series and their
translation formulas

We begin this chapter by proving the aforementioned theorem of S. Ramanujan following an
outline by J. Ecalle [10]. We then extend Ecalle’s idea to prove analogous theorems for certain
Dirichlet series. To the best of our knowledge, such results were not known before. In later

chapters we extend some of these results for certain multiple Dirichlet series.

2.1 Proof of Ramanujan’s theorem

We first recall Ramanujan’s theorem.

Theorem 2.1.1 (S. Ramanujan). The Riemann zeta function satisfies the following identity

1= (s—Di(C(s + k) = 1) for R(s) > 1, (2.1.1)

k>0

where the series on the right hand side converges normally on any compact subset of R(s) > 1

and for any k > 0, s € C,
s(s+1)---(s+k)

() = (k+1)

15
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Since this identity involves translates of the Riemann zeta function, from now on we refer
to it as the translation formula for the Riemann zeta function. Proof of this theorem is obtained
following an elegant idea of Ecalle [10]. However in order to write down the complete proof,
we need couple of short lemmas. We state and prove these lemmas here so that we can refer to
them whenever required. The notion of normal convergence is integral to our study. We first
recall the definition.

For a complex valued function f on a set X, let || f||x := sup,cx |f(x)|. We say that a
family (f;);e; of complex valued functions on X is normally summable if || f;||x < oo for all
i € I and the family of real numbers (|| f;||x)ics is summable. In this case, we also say that

the series ) ., fi converges normally on X.

Lemma 2.1.2. Let m € R and K be a compact subset of R(s) > —(m + 1). Then the family

(=l ...

is summable. Here for a function f : K — C,

1
ns+m+2

£ ll7 = sup | f(s)].
seK
Proof. We have that K is a compact subset of R(s) > —(m + 1) and the set
L:={seC:R(s)=—-(m+1)}

is closed. Hence we get that the distance of L and K is positive, as they are disjoint. More

precisely, there exists a 6 > —(m + 1) such that R(s) > ¢ forall s € K. Thus

1
ns+m+2

1
ns+m+2

1 1
R(s)+m+2 < ndtm+2°

= sup
K seK

= sup
sek T

Since 0 +m + 2 > 1, we get the desired result. L]
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Lemma 2.1.3. Let m € R, K be a compact subset of R(s) > —(m + 1) and ¢ > 1 be an

integer . Then the family

k+1

(S — 1)k—q

ns+k
n>q,k>m+2

is normally summable in K.

Proof. Let S := sup,cy |s — 1|. Then for n > ¢, we have

k41 - q k—(m+2) 1
(S_l)kn”k KSC] (S)k <q?) ez ||
Further note that the series
S) (L) o
k; 2( ¥ qg+1
is convergent. This together with Lemma 2.1.2 proves our claim. [

We are now ready to prove Ramanujan’s theorem.

Proof of Theorem 2.1.1. Following Ecalle, we start with the following identity which is valid

foranyn > 1 and s € C:

(n—1)'"=n""" =) (s—1)pn*" (2.12)

k>0

This identity is easily obtained by writing the left hand side as n'~* ((1 — 2)'~* — 1) and

expanding (1 — %)1*5 as a Taylor series in % We know by Lemma 2.1.3 (for m = —2 and

1
(S — 1)k’ B )
( nsth n>1,k>0

is normally summable on every compact subset of $(s) > 1. Then we sum the left hand side

q = 1) that the family

of (2.1.2) for n > 1 and R(s) > 1. Upon interchanging the summations, we get (2.1.1). U
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2.2 Ramanujan’s theorem for some Dirichlet series

We now generalise Ramanujan’s idea in order to derive meromorphic continuation of some
classes of Dirichlet series. In this process we recover some classical results in this direction.
But the aim of this chapter is to unify some of these proofs and to provide an elementary and
simple way to reach the state of the art.

By an arithmetical function we mean a function f : N — C. Now for an arithmetical

function f and complex parameter s, we define the associated Dirichlet series D(s, f) by

s, f) =31

n
n>1

If the function f has polynomial growth then the above series converges in some half plane.
More generally, the necessary growth condition on f, so as to make sense of the above defini-
tion, can be given in terms of the partial sums F'(z) := »_ _ f(n). If F'(x) has polynomial
growth i.e. F(z) = O(2°) for some positive real number &, then the Dirichlet series D(s, f)
converges absolutely in the half plane R(s) > 9.

Here we mainly consider two types of arithmetical functions. First we consider an arith-

metical function f which is periodic i.e. there exists a natural number ¢ > 1 such that
f(n+q) = f(n) forall n € N.

Note that for such an arithmetical function f, the Dirichlet series D(s, f) converges absolutely
for ®(s) > 1. Such Dirichlet series are known as periodic Dirichlet series.

Next we consider a non-zero arithmetical function f which satisfies
f(m+n) = f(m)f(n) forall m,n e N.

Such an arithmetical function can be extended to Z so that it becomes a homomorphism from
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7. — C*. These homomorphisms are known as additive characters. On the other hand, an

additive character f : Z — C* gives rise to such an arithmetical function. In this case,

f(n)

TLZl ns

the function is determined by its value at 1 as f(n) = f(1)". Hence the sum )

converges only if | f(1)| < 1 and in that case the Dirichlet series D(s, f) converges absolutely
for R(s) > 1. In factif | f(1)| < 1, then the Dirichlet series D(s, f) converges normally on
any compact subset of C, hence defines an entire function. For Dirichlet series associated to

these arithmetical functions we prove the following theorems.

Theorem 2.2.1. Let f be a periodic arithmetical function with period q. Then the associated

Dirichlet series D(s, f) satisfies the following translation formula:

Z a]:al)) = Z(s — 1)pg" ! (D(s +k,f)— Z %) : (2.2.1)

k>0

where the infinite series on the right hand side converges normally on every compact subset of

R(s) > 1.

The above theorem includes Ramanujan’s theorem as a special case. Using Theorem 2.2.1,
we can now derive the meromorphic continuation of D(s, f). Classically it was derived by
writing such Dirichlet series as linear combinations of the Hurwitz zeta functions and then

using the meromorphic continuation of these Hurwitz zeta functions.

Theorem 2.2.2. Let f be as in Theorem 2.2.1. Then using the translation formula (2.2.1), the
Dirichlet series D(s, f) can be analytically continued to the entire complex plane except at
s = 1, where the function has simple pole with residue % I fla). IfFY°0_ f(a) =0, then

D(s, f) can be extended to an entire function.

Example 2.2.3. Besides obtaining the meromorphic continuation of the Riemann zeta func-
tion, we can also recover the following results from Theorem 2.2.2. Let x be a non-trivial

Dirichlet character mod ¢. Then it is known that 7 _ y(a) = 0. Hence, the Dirichlet L-
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function

L(s,x) = xn)

ns
n>1

can be extended to an entire function. If x = Yj, the trivial Dirichlet character mod ¢, then

?_ xo(a) = ¢(q). Hence L(s, xo) has a simple pole at s = 1 with residue #.

Next we consider additive characters. The Dirichlet series associated to the trivial character
is the Riemann zeta function. Hence we consider a non-trivial additive character f : Z — C*

such that | f(1)| < 1. For such functions we prove the following theorems.

Theorem 2.2.4. Let f : Z — C* be a non-trivial additive character such that |f(1)| < 1.

Then the associated Dirichlet series D(s, [) satisfies the following translation formula:

F) = (1= fF)ND(s, )+ Y () (D(s +k+1, ) = f(1)), (22.2)

k>0

where the series on the right hand side converges normally on any compact subset of %(s) > 1.

It is not difficult to see that for a non-trivial additive character f : Z — C* such that
|f(1)] < 1, the Dirichlet series D(s, f) itself is an entire function. But for any non-trivial
additive character f : Z — C* such that | f(1)| < 1, Theorem 2.2.4 enables us to deduce the

following theorem in general.

Theorem 2.2.5. Let f be as in Theorem 2.2.4. Then using the translation formula (2.2.2), the

Dirichlet series D(s, f) can be extended to an entire function.

2.3 Proof of the theorems

Now we give the proofs of the above mentioned theorems.
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2.3.1 Proof of Theorem 2.2.1

We start with the following identity which is valid for any n > ¢ and s € C:
(n _ q)lfs . nlfs — Z<8 _ 1)k qk+1 nfsfk_ (2.3.1)

This identity is obtained by writing the left hand side as n'~* ((1 — %)1_5 — 1) and expanding

(1 — £)'=5 as a Taylor series in £. Now by Lemma 2.1.3 (for m = —2), the family

( s
(S — 1)k_>
nstk n>q,k>0

is normally summable on compact subsets of $(s) > 1. Now we multiply f(n) to both the
sides of (2.3.1) and sum for n > ¢ and R(s) > 1. By interchanging the summations we

obtain (2.2.1). ]

2.3.2 Proof of Theorem 2.2.2

To prove Theorem 2.2.2, we establish the analytic continuation of (s — 1) D(s, f) to the entire

1 q

complex plane which takes the value - > .,

f(a) at s = 1. This is done recursively.

First we establish the analytic continuation to R(s) > 0, then to R(s) > —1 and so on.
Since the half planes R(s) > —m, for m € N form an open cover of C, we will obtain the
desired analytic continuation. Note that the left hand side of (2.2.1) is entire, and all but finitely
many terms on the right hand side of (2.2.1) are holomorphic in any proper half plane of C.
Analytic continuation to R(s) > 0

If R(s) > 0, then all the summands corresponding to £ > 1 on the right hand side of

(2.2.1) are holomorphic. Next note that by Lemma 2.1.3 (for m = —1), the family

( qk+1
(s - m—)
nstk n>q,k>1



22 CHAPTER 2. DIRICHLET SERIES AND THEIR TRANSLATION FORMULAS

is normally summable on every compact subset of R(s) > 0. Hence the sum

Z(S — 1)rg™! (D(S +k f) — Z aﬁﬁ))

k>1

defines a holomorphic function on R(s) > 0. Thus by means of translation formula (2.2.1),
we can extend (s — 1) D(s, f) as a holomorphic function on R(s) > 0. Note that for all £ > 1,

D(s + k, f) is holomorphic in #(s) > 0. Hence from (2.2.1) we get

s—1

lim(s — 1)D(s, ) = éZf(a).

Analytic continuation to ®(s) > —1 and so on

Now we establish the analytic continuation of (s—1)D(s, f) to R(s) > —(m+1) assuming
that it has been analytically continued to R(s) > —m. Note that if R(s) > —(m + 1), then all
the summands corresponding to £ > m + 2 on the right hand side of (2.2.1) are holomorphic.

Again by Lemma 2.1.3, the family

k+1
1 q
(S_ )k s+k
n n>q,k>m+2

is normally summable on every compact subset of (s) > —(m + 1).

Now the analytic continuation of (s — 1)D(s, f) to R(s) > —m implies the analytic con-

tinuation of (s + k — 1)D(s + k, f) to R(s) > —(m + 1) forall 1 < k < m + 1. Hence the

)

defines a holomorphic function on R(s) > —(m + 1). Thus by means of translation formula

sum

D (s = 1)pg™! (D(s SLEDY a{s(fzz)

k>1

(2.2.1), we can extend (s — 1) D(s, f) as a holomorphic function on R(s) > —(m +1). O
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2.3.3 Proof of Theorem 2.2.4

To prove the Theorem 2.2.4, we need the following variant of Lemma 2.1.3.

Lemma 2.3.1. Let m € R and K be a compact subset of R(s) > —(m + 1). Then for integers

k > m + 1, the family

((S)k ”757k71)n>1,k2m+1

is normally summable in K.

Proof. This proof almost follows the argument presented in the proof of Lemma 2.1.3. Let

S 1= sup,ck |s|. Then for n > 1, we have

1 (S)k 1
H (S)km . < ok—m—1 || pstmt2
Note that the series
3 (S)k
k—m—1
k>m+1
is convergent. This together with Lemma 2.1.2 completes the proof. 0

Now we resume the proof of Theorem 2.2.4. Here we work with a variant of (2.1.2). The

following identity is valid for any n > 1 and s € C:
(n—1)"°—n"°= Z<S)k’ ns R (2.3.2)
By Lemma 2.3.1 (for m = —1), we get that the family

((3>k‘ n_s_k_l)n>1,k:20

is normally summable on every compact subset of f(s) > 1. In fact they are normally

summable on every compact subset of R(s) > 0. Now we multiply f(n) to both the sides
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of (2.3.2), and then sum for n > 1 and R(s) > 1. Since f(n) can be written as f(1)f(n — 1),

we obtain (2.2.2). ]

2.3.4 Proof of Theorem 2.2.5

As in the proof of Theorem 2.2.2, here also we first establish the analytic continuation of

D(s, f) to R(s) > 0, then to R(s) > —1 and so on.

By Lemma 2.3.1 (for m = —1), we know that the family

((5>k nisikil)nx,kzo

is normally summable on every compact subset of R(s) > 0. Hence the sum
> (i (Dis+k+1.1) = f(1))
k>0

defines a holomorphic function on the half plane R(s) > 0. Thus by means of the translation

formula (2.2.2), we can extend D(s, f) to (s) > 0.

Next we establish the analytic continuation of D(s, f) to R(s) > —(m + 1) assuming that
it has been analytically continued to R(s) > —m, for m € N. Note that if R(s) > —(m + 1),
then all the summands corresponding to £ > m + 1 on the right hand side of (2.2.2) are

holomorphic. Further using Lemma 2.3.1, we see that the family

((S)k n_s_k_l)n>1,k2m+1

is normally summable on every compact subset of ®(s) > —(m + 1).

Now the analytic continuation of D(s, f) to R(s) > —m implies the analytic continuation
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of D(s+k+1,f)toR(s) > —(m+ 1) forall 0 < k < m. Hence the sum

D () (D(s+k+1,f) = f(1))

k>0

defines a holomorphic function on the half plane R(s) > —(m + 1). Thus by means of the
translation formula (2.2.2), we can extend D(s, f) to R(s) > —(m + 1). This completes the

proof, as the half planes of the form R(s) > —m for m € N cover C. O

2.4 Hurwitz zeta function and shifted Dirichlet series

One considers Hurwitz zeta function as another natural genralisation of the Riemann zeta
function. For a complex parameter s and a real number = € (0, 1], the Hurwitz zeta function

is denoted by ((s, =) and defined by the following absolutely convergent sum for R(s) > 1:

1
((s,x) = Z o

n>0

A. Hurwitz [17] proved that the above function can be extended analytically to the entire
complex plane except at s = 1, where it has simple pole with residue 1.

Now for an arithmetical function f such that its partial sums F(y) := >_, _ f(n) have
polynomial growth i.e. F(y) = O(y°) for some positive real number J, we can define the
following analogue of Dirichlet series, which we denote by D(s, z, f) and call it the shifted
Dirichlet series associated to f. For ®(s) > ¢ and x € (0, 1],

D(s,z,f) =Y —<nfi”i>s.

n>0

For the function f(n) = 1 for all n, we get back the Hurwitz zeta function.
For the shifted Dirichlet series associated to the arithmetical functions we have considered

in this chapter before, we can prove the following analogous theorems. The proofs of these
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theorems are omitted, as they can be obtained by imitating the proofs of the theorems in the

case of Dirichlet series. However, we indicate how to obtain the relevant translation formulas.

Theorem 2.4.1. Let f be as in Theorem 2.2.1. Then the associated shifted Dirichlet series

D(s, x, [) satisfies the following translation formula:

@ 1 2 f@
2 (a+z)6=D D (5= Dig* (D(s ko f) =) m) . (240

a=0 k>0 a=0

where the infinite series on the right hand side converges normally on every compact subset of

R(s) > 1.

To obtain this theorem we follow the proof of Theorem 2.2.1 starting with the following

identity which is valid for any n > ¢, any x € (0,1] and s € C:

(ntz—q)' " —n+2)=> (s— "™ (n+2)"" (2.4.2)
k>0

As a particular case of the above theorem, we get a translation formula for the Hurwitz zeta
function. The meromorphic continuation of the Hurwitz zeta function and the shifted Dirichlet

series D(s, z, f) for periodic arithmetical function f, follows from Theorem 2.4.1.

Theorem 2.4.2. Let f be as in Theorem 2.2.1. Then using the translation formula (2.4.1), the
shifted Dirichlet series D(s,z, f) can be analytically continued to the entire complex plane
except at s = 1, where the function has simple pole with residue % Zg;é (a). If EZ;(I) (a) =

0, then D(s,x, f) can be extended to an entire function.

The shifted Dirichlet series D(s, z, f) associated to an additive character f : Z — C*
is a specialization of the famous Lerch transcendent. The Lerch transcendent is denoted by

®(z, s, ) and defined by the following convergent series

n

D(z,8,7) := Z m,

n>0
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forz € C\{0,—1,—-2,...} and |z| < 1 with s € C or |z| = 1 with (s) > 1. Now for this

type of shifted Dirichlet series D(s, x, f) we can prove the following theorems.

Theorem 2.4.3. Let f be as in Theorem 2.2.4. Then the associated shifted Dirichlet series

D(s, z, f) satisfies the following translation formula:

— = (1= f)D(s,z, f)+ > _(s) (D(s +k+1,x,f)— ﬁ) , (2.4.3)

k>0

where the series on the right hand side converges normally on any compact subset of %(s) > 1.

To obtain this theorem we follow the proof of Theorem 2.2.4 and we work with the fol-

lowing variant of (2.3.2). The identity is valid for any n > 1,z € (0, 1] and s € C:

(n+ax—1)"=n+x)"=>Y (s)(n+z)*F" (2.4.4)

k>0

This theorem enables us to deduce the following theorem about the analytic continuation of

such shifted Dirichlet series D(s, z, f).

Theorem 2.4.4. Let f be as in Theorem 2.2.4. Then using the translation formula (2.4.3), the

shifted Dirichlet series D(s,x, [) can be extended to an entire function.

Example 2.4.5. A prototypical shifted Dirichlet series of this kind is the Lerch zeta function,
which is also a genralisation of the Hurwitz zeta function. These zeta functions were first
considered by M. Lerch [21]. For real numbers A\, € (0, 1], the Lerch zeta function is

denoted by L(\, «v, s) and defined by the following convergent sum in R(s) > 1:

L\ a,s):= Z %,

n>0

where for a real number a, e(a) denotes the uni-modulus complex number e2™¢, Lerch [21]

showed that the meromorphic continuation of the Lerch zeta function L(\, «, s) depends on
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the values of the parameter \. If A = 1, the Lerch zeta function has an analytic continuation
to the whole complex plane except at s = 1, where it has simple pole with residue 1. If A # 1,
the Lerch zeta function can be extended to an entire function. These two assertions follow

from Theorem 2.4.2 and Theorem 2.4.4 respectively.



Multiple zeta functions

3.1 Introduction

We begin this chapter by recalling the definition of the multiple zeta functions.

Definition 3.1.1. For an integer » > 1, the multiple zeta function of depth r, denoted by

¢r(81,...,8:),1s a function on U, defined by

where

U i={(s1,...,8) €C" : R(sy+---+s;) >i forall 1 <i<r}.

When r = 1, the multiple zeta function of depth 1 is nothing but the Riemann zeta function,

which is generally denoted by ((s), in place of (;(s). The series
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converges normally on any compact subset of U, and hence the function (s,...,s,) —
¢-(81,...,$,) is holomorphic on U,.

For any r» > 1, the multiple zeta function of depth r can be extended meromorphically
to C". This was proved by J. Zhao [33] in 1999, using the theory of generalised functions.
Later in 2001, a simpler proof was given by Akiyama, Egami and Tanigawa [1], where the
coveted meromorphic continuation was obtained by applying the classical Euler-Maclaurin
summation formula to the first index of the summation n;. An alternate proof using Mellin-
Barnes integrals was given by K. Matsumoto. In fact he applied this method to a number of
variants of multiple zeta functions. A brief summary of his works can be found in [22, 23].
The most recent contribution to this topic is due to T. Onozuka [27] in 2013.

In this chapter we explain, to the best of our knowledge, the simplest proof of the mero-
morphic continuation of the multiple zeta functions. In fact, expanding on a remark of J. Ecalle
[10], in [24] we prove that the meromorphic continuation of the multiple zeta functions follows

from the following identity.

Theorem 3.1.2. For any integer v > 2 and any (sy, . .., s,) € U,, we have
Gro1(s1+ 82— 1,83,...,8.) = 2(81 — D (o(s1+k, 82,0, 8), (3.1.1)
k>0

where the series on the right hand side converges normally on any compact subset of U, and

forany k > 0and s € C,
s(s+1)---(s+k)

(e i= =51

We call (3.1.1) the translation formula for the multiple zeta function of depth » > 2. This is
the several variable generalisation of the identity (2.1.1) proved by Ramanujan for the Riemann
zeta function.

Note that the left hand side of (3.1.1), only involves the multiple zeta function of depth

(r — 1), whereas the multiple zeta functions appearing on the right hand side are all translates
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by non-negative integers in the first variable of the multiple zeta function of depth . This
feature of this formula allows us, by induction on r, to meromorphically extend the multiple
zeta function of depth r from U, to C" essentially in the same way as we did in case of the
Riemann zeta function and its variants in Chapter 2.

It 1s very useful to view the translation formula (3.1.1) as the first of an infinite family
of relations, each obtained successively by applying the translation s; — s; + n forn > 0,
to both the sides of (3.1.1). We express this infinite family of relations in terms of infinite
matrices. This method allows us to write down explicitly the residues along the possible polar
hyperplanes as certain matrix coefficients which in turn helps us to examine the non-vanishing

of these residues.

3.2 Normal convergence of the multiple zeta functions

For the sake of completeness, we include the properties of normal convergence of the multiple
zeta functions.

For a complex valued function f on a set X, let

[fllx == sup | f(x)].
zeX

Recall that we say that a family ( f;);c; of complex valued functions on X is normally summable
if || fillx < oo for all i € I and the family of real numbers (|| fi|| x)ics is summable. In this
case, we also say that the series ) ., f; converges normally on X

As a consequence of Weierstrass M-test, it is easy to show that normal convergence implies
uniform convergence. Thus if X is an open subset of C" and all the f;’s are holomorphic on
X, then their sum is also holomorphic on X.

The normal convergence of the multiple zeta functions follows from the following propo-

sition as an easy consequence.
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Proposition 3.2.1. Let r > 1 be an integer and (04, . .., 0,) be an r-tuple of real numbers in

U,. Then the family of functions

(n1_81 tet n;5'r‘)nl>“.>nr>0 (32.1)

is normally summable on D(oq,...,0.) :={(s1,...,8,) € C" : R(s;) > 0; for 1 <i <r}.
Proof. Note that for sequence of integers ny > --- > n, > 0, we have

[n7 ™ - Do) = 10 7 (3.2.2)

Thus we have to prove that the family of real numbers

—0or

(nfal C T, )m>--~>nr>0

is summable. We have o; > 1 by definition of U,. Hence our assertion is true for » = 1. If

r > 2, then note that for every integer n, > 1, we have

o 1
> omm < / ™ = ni=on. (3.2.3)
o1 — 1
n1>na+1 n2
Since (01, ...,0,) € U,, we get that (07 + 09 — 1,03, ...,0,) € U,_;. Thus our claim follows
from induction on r. ]

We conclude this section with the following corollary.

Corollary 3.2.2. For r > 1 is an integer, the series

§ —S81 —Sr
nl e nr ,

ny>-->n.>0

converges normally on any compact subset of U,..
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Proof. Any point of U, has a neighbourhood of the form D(oy,...,0,) with (oy,...,0,) in
U.NR". To see this, let (s1,...,s,) € U,. Set 7; := R(s;) for all 7. Since (sy,...,s,) € U,,
wehave 71 + -4+ 7 >iforalll < <r.

Hence it is possible to choose €1, . . ., €, such that
0<6i< (7_1+"'+7_i)_Z._(€1+"'+6i71)

for all 1 < ¢ < r. For these choices of ¢;’s, let us set o; := 7, — ¢; forall 1 < ¢ < r. Then
(01,...,0,) € U.NR"and (s1,...,8.) € D(0o1,...,0,).
Now any compact subset K of U, can be covered by finitely many open sets of the form

D(o4, ..., 0,) and hence applying Proposition 3.2.1, we get the corollary. O

3.3 The translation formula

In this section, we establish the translation formula (3.1.1) for the multiple zeta functions. As
in the case of Riemann zeta function, we deduce it from the following identity which is valid

for any integer n > 2 and any s € C:

(n—1)""=n'" =Y (s—1)pn " (3.3.1)

k>0

The following proposition is key to the interchange of summations involved in the proof of

Theorem 3.1.2.

Proposition 3.3.1. Let r > 2 be an integer. The family of functions

((s1 = D)gny ™ Fny=2 - M) 0, k0

(3.3.2)

is normally summable on any compact subset of U,.
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Proof. Let K be a compact subset of U, and set

S:=  sup |s;—1
(81 ..... ST)EK
Since r > 2, for any strictly decreasing sequence nq, . .., n, of r positive integers, we have

ny, > 2. Hence for k£ > 0, we get

(S) —81,, —82 —Sr

k
K S _anl US) N, ||K

e P

T

By Corollary 3.2.2, we know that the family (||, " - - - n, || k) ny > >n,.>0 1S sSummable. Fur-

ther, by ratio test one can see that for any real number a, the series

X

k>0

is convergent. This completes the proof of Proposition 3.3.1. [

We are now ready to prove Theorem 3.1.2.

3.3.1 Proof of Theorem 3.1.2

If we sum the family (3.3.2) successively with respect to the variables &k, nq, ..., n, and use
identity (3.3.1) with (n, s) replaced by (n, s1), we get the left hand side of (3.1.1). On the
other hand, if we sum it successively with respect to the variables nq,...,n,, k, we get the
right hand side of (3.1.1). As this interchange of summation is justified by Proposition 3.3.1,

we obtain (3.1.1).

From Proposition 3.3.1, we also get that the series on the right hand side of (3.1.1) con-

verges normally on any compact subset of U,.. This completes the proof of Theorem 3.1.2. [



3.4. MEROMORPHIC CONTINUATION 35

3.4 Meromorphic continuation

Let (f;)icr be a family of meromorphic functions on an open subset U of C". We say that the
series ) ., fi is normally convergent on all compact subsets of U if for any compact subset K
of U, there exists a finite subset .J of I such that each function f; fori € I'\ J is holomorphic in
an open neighbourhood of K, and the family of functions (f;|K );cy\ s is normally summable
on K. The sum of the family (f;);cs is then a well defined meromorphic function on U. This
definition agrees with the one given before in case of holomorphic functions.

We now establish the meromorphic continuation of the multiple zeta function to C".

Theorem 3.4.1. For each integer v > 2, the multiple zeta function of depth r extends to a

meromorphic function on C" satisfying the translation formula

Go1(s1+s2—1,83,...,8,) = Z(Sl — g (51 + Ky 52,00y 80), (3.4.1)
k>0

where the series of meromorphic functions on the right hand side converges normally on all

compact subsets of C'.

Proof. We argue by induction on 7. When r = 2, the left hand side of (3.4.1) is the Riemann
zeta function and hence has a meromorphic continuation. For r > 3, the left hand side of
(3.4.1) can be extended to a meromorphic function on C” by induction hypothesis. Now for

each integer m > 0, let
U (m):={(s1,...,8)€C" : R(s1+---+s)>i—m for 1 <i<r}.

We shall prove by induction on m that the multiple zeta function of depth r extends to a
meromorphic function on U, (m) satisfying (3.4.1) and the series of meromorphic functions
on the right hand side of (3.4.1) converges normally on all compact subsets of U,.(m). Since

{U,(m) }m>o is an open covering of C", Theorem 3.4.1 will follow.
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The case m = 0 is nothing but Theorem 3.1.2. Now suppose that m > 1 and our assertion
is true for (m —1). Then all terms of the series on the right hand side of (3.4.1), except possibly
the first one, are meromorphic on U, (m). In fact, those corresponding to indices k& > m are

even holomorphic on U,.(m). It is therefore sufficient to prove that the series

Z<81 - 1)k C’r‘(sl + k) 52y . 7ST)

k>m

is normally convergent on any compact subset K of U,.(m).
Here we follow the argument as in the proof of Proposition 3.3.1. We just have to note that
if S is the supremum of |s; — 1| in K, then for any strictly decreasing sequence n1, . ..,n, of

r positive integers and any integer £ > m,

—s1—k, —s —Sp
H(sl_l)knl g
is bounded above by
(S)k
—8$1—m,, —S2 . —Sr
ok—m Hnl Ny el g
Now as (s1,...,s,) varies over K, (s; +m, Sa...,s,) varies over the compact subset of U,

which is obtained by translating K by (m, 0, ..., 0). Hence the family

—81—m,. —S2 —Sp
(Hnl n2 IR n’,‘

K)n1>~~~>m>0

is summable by Proposition 3.2.1. Finally, we note that the series >, 2(,5,)52 is convergent.

This completes the proof of Theorem 3.4.1. [

3.5 Matrix formulation of the translation formula

In this section we deal with infinite upper triangular matrices. Let R be a ring and T(R)

denote the set of upper triangular matrices of type N x N with coefficients in R. Adding or
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multiplying such matrices involves only finite sums. Hence T(R) has a ring structure. The
group of invertible elements of T(R) consists of the matrices whose diagonal elements are
invertible. With the topology induced by the product topology on RN*N where each factor
is considered as a discrete space, T(R) becomes a topological ring. Now if M is a matrix in
T(R) with all diagonal elements equal to 0, and f = }_ - a,2" € R[[z]] is a formal power
series, then the series ), -, a,M" converges in T(R) and its sum is denoted by f(M). For

our purpose we take R to be the field of rational fractions Q(¢) in one indeterminate ¢ over Q.

As indicated before, we shall now give a matrix formulation of the translation formula (3.4.1).
For this we set up some further notations. Let M/ = (m;;) be a matrix of type N x N, where
for each (7, j) € N x N, m;; is a meromorphic function on C". Also let u = (u;), v = (v;) be
column vectors with entries indexed by N, where each u;, v; is a meromorphic function on C”.
Then we write Mu = v if for each i € N, the series of meromorphic functions » /. \ m;u;

converges normally on compact subsets of C”, and its sum is equal to v;.

With these notations, the translation formula (3.4.1), together with the relations obtained
by applying successively the change of variables s; +— s; +n forn > 0in (3.4.1), are

represented on C” as follows:

Vr—l(sl —|— S9 — 17 S3,..., ST) = AI(Sl — 1)VT(817 ey 37‘)7 (351)
where V,.(s1, ..., s,) denotes the infinite column vector
CT<817 52,... 787’)
Cr(s1+1,89,...,8,
V,(s1,....8) = (5 ? s (3.5.2)

Gr(s1+2,89,...,58)
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and for an indeterminate ¢, A4 (¢) denotes the matrix in T(Q(¢)) defined by

Aq(t) ==

t
0
0

CHAPTER 3. MULTIPLE ZETA FUNCTIONS

t(t+1)  t(t+1)(t+2)
2! 3!

t+1 (t+1)(t+2)

2!

0 t+2

(3.5.3)

This matrix A4 (¢) is invertible in T(Q(t)). To see this note that A (¢) can be written as

where

0 t+1

0

0

t+2

U)A(t) = AUt + 1),

20 3l
0 1 &
and U(t) =
0 0 1

3.54)

(3.5.5)

Hence the matrix A (¢) is invertible in T(Q(¢)) and its inverse matrix B4 (¢) is given by

AU =0+ 1) TAR) T

Next we note that the matrix U(¢) can be written as

where f is the formal power series
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and
0t 0
0 0 t+1
M(t) = (3.5.6)
00 O
Thus
U(t)™ = g(M(t)),
where ¢ is the exponential generating series of Bernoulli numbers
T B,
et —1 Z e
n>0
Thus we have
Bi(t) = A(t) "g(M(t)) = g(M(t + 1)) A1),
or equivalently, we have
1 By (1B (t4+1)(t+2)Bs
T 2! 3!
1 B (t+2) B>
0 51} 2!
_ 1 B
Bit)=| 0 0 B (3.5.7)
1
0 O 0 3
This suggests that one may attempt to express the column vector V,.(sq,...,s,) in terms
of V,_1(s1 +s2 — 1,83,...,8,), s0 as to obtain an expression of the multiple zeta function of

depth r in terms of the translates of the multiple zeta function of depth (r — 1), by multiplying

both sides of (3.5.1) by By (s; — 1). However this is not allowed. The reason is that the product

of infinite matrices B1(s; — 1)V, _1(s1 +s2 — 1, s3, . .., s,-) is not defined, as the entries of the

formal product of the matrix By (s; — 1) with the column vector V,._;(s1 + s9 — 1, s3, . .

-y Sr)
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are not convergent series.

We get around this difficulty by writing (3.5.1) in the form

A(s; —1)7'V,_1(s1 +83—1,53,...,5) = U(s1)V,(51,...,5,). (3.5.8)

We then choose an integer ¢ > 1 and define

I=1,={keN:0<k<qg—1} and J=J,:={keN:k >q}.

This allows us to write the previous matrices as block matrices such as, for example

UH 51 UIJ s1
e | U160 U6
OJI UJJ(Sl)

From (3.5.8) we then deduce that

AI[(Sl - 1)71V7{—1(Sl + 52 — 17 EPII 81“)
(3.5.9)
=U"(s1)Vi(s1,...,8) + U (s1) VI (s1,...,50).

Now U?!(s,) is a finite square invertible matrix and we have

UII<81>_1AII(81 — 1)_1 = BIII(Sl — 1)

Hence from (3.5.9) we get that

Vi(si,...,s5) =B (s1 — 1)V (51485 —1,83,...,8)+Wl(s,...,5), (3.5.10)

where

Wi(sy, ..., 8.)=—=U"(s) U (5))VI(51,...,5,). (3.5.11)
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All the series of meromorphic functions involved in the products of matrices in formulas
(3.5.10) and (3.5.11) converge normally on all compact subsets of C". Moreover, all entries of
the matrices on the right hand side of (3.5.11) are holomorphic on the open set U,.(¢q), trans-
late of U, by (—q, 0, ...,0). Therefore the entries of W (s, ...,s,) are also holomorphic in
Ur(q)-

If we write &,(s1,...,s,) to be the first entry of the column vector W/ (sq,...,s,), we

then get from (3.5.10) that

1
CT(817‘.~7ST) = (T—1<81+82_1)837"‘)87‘)

S1 — 1
s (s +k—1)

+ 1 : Biy1 Goa(s1+s2+k,s3,...,8,) (3.5.12)

(k+1)!

k=0

+§q(817 787")7

and ¢, is holomorphic on the open set U,.(¢). In fact, this formula can also be obtained by using
the Euler-Maclaurin summation formula. This has been done in [1]. Note that in (3.5.12), we

get a more explicit remainder term.

3.6 Poles and residues

In this section, we shall recover the exact list of polar hyperplanes of the multiple zeta func-
tions and write down the residues explicitly along these polar hyperplanes as certain matrix
coefficients. We shall proceed by induction on . When r» = 1, it is well known that the Rie-
mann zeta function has meromorphic continuation to C with simple pole at s = 1 with residue
1. So from now on we fix the depth » > 2 and we shall prove Theorem 3.6.1, Theorem 3.6.2
and Theorem 3.6.3 below by assuming that they hold for multiple zeta functions of smaller
depths. For 1 < i < rand k£ > 0, we denote by H,; the hyperplane of C" defined by the

equation sy + - - - + s; = ¢ — k. It is disjoint from U,.(¢) when g < k.



42 CHAPTER 3. MULTIPLE ZETA FUNCTIONS

3.6.1 Set of all possible singularities

In the following theorem, we give a tentative list of polar hyperplanes. This theorem was

proved by Zhao [33] in 1999.

Theorem 3.6.1. The multiple zeta function of depth r is holomorphic outside the union of the
hyperplanes H, o and H; j, where 2 < ¢ < r and k > 0. It can have at most simple poles

along these hyperplanes.

Proof. Let g > 1 be an integer. We adopt the notations from previous section and in particular
denote by / and J the sets {k € N: 0 < k < ¢g— 1} and {k € N: k > ¢} respectively. We
will make use of equation (3.5.10) for our proof.

The entries of the first row of the matrix By’/(s; — 1) are holomorphic outside the hyper-
plane H; o and have at most simple pole along this hyperplane. By the induction hypothesis,
the entries of the column vector V! (s; + sy — 1,s3,...,s,) are holomorphic outside the
union of the hyperplanes H; ;, where 2 < ¢ < r and £ > 0 and have at most simple poles
along these hyperplanes. Finally, the entries of the column vector W (s, ..., s,) are holo-
morphic in U,(g). Since C" is covered by the open sets U,(q) for ¢ > 1, Theorem 3.6.1
follows. ]

3.6.2 Expression for residues

To check if each H;, is indeed a polar hyperplane, we compute the residue of the multiple
zeta function of depth r along this hyperplane. We define this residue to be the restriction of
the meromorphic function (sy + - - +s; — i+ k) (. (s1,. .., s,) to H; ;. This definition, while

somewhat ad hoc, is the one generally used in the literature on multiple zeta functions.

Theorem 3.6.2. The residue of the multiple zeta function of depth r along the hyperplane H,

is the restriction of (,_1(S2,...,S,) to Hyo and its residue along the hyperplane H, y, where
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2 <i<randk > 0, is the restriction to H,}, of the product of (,—;(Si+1, ..., S,) with the
i1

(0, k)™ entry of the matrix || Bi(sy + -+ + sq — d).
d=1

Proof. Let ¢ > 1 be an integer. As in the proof of Theorem 3.6.1, we deduce from (3.5.10)

(or (3.5.12)) that

1
81—1

CT(Slv cee 787“) -

C?“—l(sl + So — 17837 cee 781“)

has no pole along H,, inside the open set U,(q). These open sets cover C". Hence the
residue of (.(s1,...,s,) along Hy g is the restriction to H; of the meromorphic function
Gro1(81 + s2 — 1,83,...,5,) or equivalently of (,_1(s2,...,s,). This proves the first part of

Theorem 3.6.2.

Now let 7 and k& be integers with 2 < ¢ < r and k£ > 0. Also let ¢ € N be such that ¢ > k.

Now if one iterates (¢ — 1) times the formula (3.5.10), one gets
i—1
V,{(Sl, R (HBln(Sl torrt Sa— d)) Vifi+1(51 +otsi— i+ LSS
d=1
+ Whl(s), ..., 5,),

where WoZ (s, ... s,)is acolumn matrix whose entries are finite sums of products of rational
functions in sy, . . ., s;_1 with meromorphic functions which are holomorphic in U,.(g). These

entries therefore have no pole along the hyperplane H; ; in U,.(q). The entries of

i—1
HBlll(Sl —+ - +Sd—d)
d=1

are rational functions in sy, ..., s;_; and hence have no poles along H; ;. It now follows from

the induction hypothesis that the only entry of V!_, . (s1+ -+ s —i+ 1,841, ..., s,) that
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can possibly have a pole along H; ; in U, (q) is the one of index k, which is

Cr7i+1(51+“-+5i_i+k+1>si+1>---73r)-

Its residue is the restriction of ¢,—;(S;41, - - ., ;) to H;;, N U,(q). Since the open sets U,.(¢) for
q > k cover C, the residue of (,(s1, ..., s,) along H, ; is the restriction to H, ; of the product
of the (0, k)™ entry of the matrix Hil_:ll Bi(sy + -+ + sq — d) with {,_(si11,-..,S,). This

proves the last part of Theorem 3.6.2. [

3.6.3 Exact set of singularities

We shall now deduce the exact list of poles from Theorem 3.6.2. The exact set of poles of the
multiple zeta function of depth r (with a proof for r = 2) were mentioned by Akiyama, Egami
and Tanigawa (see [1], Theorem 1 for details). But the residues were not determine explicitly

in their work.

Theorem 3.6.3. The multiple zeta function of depth r has simple pole along the hyperplane
H, o. It also has simple poles along the hyperplanes H,, for 2 < i < r and k > 0, except

when i = 2 and k > 3 is an odd integer.

Proof. When 1 < i < rand k > 0, the restriction to H; ;, of (,_;(S;41,...,s,) iS a non-zero
meromorphic function. Hence in order to prove Theorem 3.6.3 we need to show that when
2 <i<randk > 0,the (0, k)" entry of the matrix Hil;ll Bi(s1 + -+ sq— d) is identically
zero if and only if 7 = 2, £ > 3 is odd. By changing co-ordinates, the above statement
is equivalent to say that when ¢;,...,¢; | are indeterminate, the (0, k)™ entry of the matrix
' " By (t4) is non-zero in Q(ty, ..., t; ;) except when i = 2 and k > 3 is an odd integer.

We complete the proof by induction on . For i = 2, our matrix is B4 (¢1) and hence our

assertion follows from the fact that the Bernoulli numbers Bj, are non-zero except when k£ > 3

is an odd integer.



3.6. POLES AND RESIDUES 45

Now assume that i > 3. The entries of the first row of the matrix []’,_2 B1(t) belong to
Q(t1,...,ti_2). The first two of them are not equal to zero, by above discussion when i = 3

and by the induction hypothesis when ¢ > 4.

The entries of the k-th column of By (#;_1) belong to Q(¢;_;) and the non-zero entries are
linearly independent over @, as can be seen on formula (3.5.7), hence also over Q(¢1, . .., t;_2).
At least one of the first two entries in this column is not equal to zero. This implies that the
(0, k)™ entry of []'_} Bi(t4) is a non-zero element of Q(t,,...,#; ;). This completes the

proof of Theorem 3.6.3. ]

Remark 3.6.4. Theorem 3.6.2 implies that, when 1 < ¢ < r and £ > 0, the meromorphic func-

tion (. (s1,...,8) — Gi(s1,.--,8i) G—i(Sit1,---,S) has no pole along the hyperplane H, .

This in fact follows from Theorem 3.6.1. The function (;(s1, ..., S;) (r—i(Sit1,- - -, S») can be
expressed as the sum, over all possible stufflings of 7 and (r — 7), of (;(z(sy,. .., s,)), where
z(s1,. .., S, ) is the sequence of complex numbers deduced from (s1, ..., s;) and (s;11,- .., S;)

by the chosen stuffling and [ is the length of the stuffling. Moreover, Theorem 3.6.1 implies
that the meromorphic function (;(z(s1, ..., s,)) has no pole along the hyperplane H; ;, except

for the unique stuffling for which z(sy,...,s,) = (s1,..., ;).

Remark 3.6.5. By Theorem 3.6.2 we get that, for » > 1 and k& > 0, the residue of (,(s1, .. ., s,)
along the hyperplane H, ;, is a rational function of the variables s, ..., s,_;. More precisely,

this rational function can be written as

2 : By, By, _
Fkl ..... krfl(sla"‘78’r—1) ‘1 ;7 (361)
k1! ky_1!
kl 7777 kT‘—lZO
ki++kr—1=k

where the B;’s are the Bernoulli numbers, the rational functions £y, , are defined by

Fk1 77777 kr,1<817--'7sr—1) = H le<81++81—l+l€1++kl_1), (362)

1<i<r—1
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and the rational fractions G;(¢) in one indeterminate ¢ are defined by

Go(t)=t" and G;(t) = (t+1)---(t+5—1) if j > 1. (3.6.3)

The rational fractions G;(t), for j > 0, are linearly independent over Q. Hence it follows
from (3.6.2) that the rational functions F}, _j, , in the (r — 1) variables s1, ..., s,_1, Where
k1,...,k._1 > 0, are linearly independent over Q. Hence, Theorem 3.6.3 can also be deduced

from Remark 3.6.4, formula (3.6.1) and the following observations :

1. When r > 3, any integer £ > 0 can be written as k; + - -- 4+ k,_1, where k; > 0 and

By, #0for1 <¢<r—1.

2. When r = 2, the same is true except when k is an odd integer > 3.



Multiple Hurwitz zeta functions

4.1 Introduction

In this chapter, we discuss the analytic properties of the multiple Hurwitz zeta functions which
are several variable generalisations of the classical Hurwitz zeta functions. These functions
were introduced by S. Akiyama and H. Ishikawa [2] in 2002. Some of the notations that have

been introduced earlier will be used here as well.

Definition 4.1.1. Let » > 1 be an integer and a,...,q, € [0,1). The multiple Hurwitz
zeta function of depth r is denoted by (,(s1, ..., S,; a1,...,a,) and defined by the following

convergent series in U,

. I -5 —Sr
G(S1y ey Sy 1y ey i) 1= E (ng +ap)™* - (ny +a,) .
n1>-->ny>0
Normal convergence of the above series follows from the normal convergence of the mul-

tiple zeta function of depth r and we have the following proposition.

Proposition 4.1.2. Let r > 1 be an integer and «y, . .., o, be non-negative real numbers.

47
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Then the family of functions

((m + &1)751 s (nr + Oér)isr)

ny>->ny>0

is normally summable on compact subsets of U,.

Hence (s1,...,8:) — (- (S1,...,8 ai,...,q,) defines a holomorphic function on U,.
Following the method described in [1], Akiyama and Ishikawa [2] established its meromor-
phic continuation to C". They also obtained a list of all possible singularities and determined
the exact set of singularities in some specific cases. Later J.P. Kelliher and R. Masri [19], fol-
lowing the work of Zhao [33], wrote down expressions for residues along these possible polar
hyperplanes but could not conclude their non-vanishing. Another proof for the meromorphic
continuation of these multiple zeta functions, using the binomial theorem and Hartogs’ theo-
rem, can be found in the work of M. R. Murty and K. Sinha [25].

In this chapter, we determine the exact set of singularities of the multiple Hurwitz zeta
functions. In this process, we also obtain their meromorphic continuation following the method
of Ramanujan and Ecalle.

In [24], we exhibited how one can obtain a translation formula for the multiple Hurwitz
zeta function. Following that indication and the proof in case of the multiple zeta functions it

is not difficult to prove the following theorem.

Theorem 4.1.3. For any integer v > 2, vy, ..., € [0,1) and all (s1, . .., s,) in the open set

U,, we have

Cr,1(51 + 89 — 1,83, ey Spy 0, (3, . ,CYT)

= (1= (14 a1 — a2)* " = (o1 = 2)"™) (o (s1 + by 52, Spi o, 0y o),
k>0

where the series on the right hand side converges normally on any compact subset of U,..

But for our purpose we prove the following translation formula for the multiple Hurwitz
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zeta functions. This particular translation formula has the advantage that its matrix formulation

is somewhat similar to the one for the multiple zeta functions.

Theorem 4.1.4. For any integer r > 2 and oy, ...,«, € [0,1), the multiple Hurwitz zeta

function (,.(s1, ..., S04, .., ) satisfies the following translation formula in U,.:

Z (51— 1 (a2 — 0é1)k+1 Cro1(s1+ 82+ kK, s3,...,5;00,a3,...,0;)
E>—1

= Z(sl — g (st + kySa, .oy Spyaq, Q... o),

k>0

(4.1.1)

where the series on both the sides of (4.1.1) converge normally on any compact subset of U,.

From now on, we will call (4.1.1) the translation formula for the multiple Hurwitz zeta
function of depth » > 2. The left hand side of (4.1.1) involves the multiple Hurwitz zeta
function of depth (r — 1) and its translates by integers k& > —1 in the first co-ordinate, and
the right hand side of (4.1.1) comprises of the translates of the multiple Hurwitz zeta function
of depth r by non-negative integers in the first variable. As in the case of the multiple zeta
functions, here also we use induction on r and the translation formula (4.1.1) to extend the

multiple Hurwitz zeta function of depth r to C" meromorphically.

Next we obtain a matrix formulation of the translation formula (4.1.1) so that we can write
down an expression for residues along the possible polar hyperplanes, from which we are

going to determine the exact set of singularities of the multiple Hurwitz zeta functions.

4.2 The translation formula

In this section we prove the translation formula (4.1.1) for the multiple Hurwitz zeta functions.

To begin with we need the following two identities. For any integer n > 2, « € R with o > 0
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and s € C, one has

n+a—-1D"*—(n+a) == Z(s — Dp(n+a)7" (4.2.1)
k>0

We prove this identity by writing

n+a-1D" —m+a) " =mn+a)® ((1 - ni&)ls — 1)

and then expanding (1 — nﬁ)lfs as a Taylor series in ——.

The next identity is valid for any natural number n > 1, s € C o, € R with o, 8 > 0

and |o — | < 1. We have

(n+a) ™= (s— (B — ) (n+p)" (4.2.2)

k>—1

1-s
The proof follows by writing the left hand side as (n+3)!~* <1 = ?Toﬂ[) and then expanding

1~ 8=a)""" 45 a Taylor series in #=2
_n_-l—ﬁ as a ay Or series 1in m

We now prove the following propositions which are needed to justify the interchange of

summations involved in the proof of Theorem 4.1.4.

Proposition 4.2.1. Let r > 2 be an integer and «y, ..., «, be non-negative real numbers.

Then the family of functions

((81 — 1)k(n1 + 061)7817]{(%2 + &2)782 s (nr -+ Oér)isr)

ni>-->n,>0, k>0
is normally summable on any compact subset of U,..
Proof. This proposition is an immediate consequence of Proposition 3.3.1. 0

Proposition 4.2.2. Let r > 2 be an integer and o, . . . , ;. be non-negative real numbers such
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that |y — | < 1. Then the family of functions
((81 — 1)k(a2 — Oél)k+1(n2 -+ 062)781782716(713 + CK3)753 s (nr -+ Odr)isr)

ng>-->n.>0, k>—1

is normally summable on any compact subset of U,.

Proof. Let K be a compact subset of U, and

Then for k > —1,

H(sl — Doy — a) T (ng 4+ ) ™72 F (ng 4+ a3) ™ - - (0, + )7

K

< (S laa — [P ng ™ g

Now since |a; — as| < 1, using normal convergence of the multiple zeta function of depth

(r — 1), we get the desired result. O

We are now ready to prove Theorem 4.1.4.

4.2.1 Proof of Theorem 4.1.4

We first replace n, v, s by ny, aq, s1 in (4.2.1) and then multiply (ns + )2 -+ - (n, + ;) 7"

to both the sides of (4.2.1) and obtain that

((m +ap — 1)1_51 — (n1 + 041)1_81) (ng + )2+ (N + )%

4.2.3)
= Z(Sl — 1Dg(ng + al)_‘”_k(ng +o) 2 (e 4 ay)

k>0
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Now we sum both the sides of (4.2.3) for n; > --- > n, > 0. Using Proposition 4.2.1, we get

S (e e+ a2) " (g ay)

ng>->n,>0

= Z<81 — D Go(s1+ K, 82,y Spy 0, Q0,02 Q).

k>0

4.2.4)

To evaluate the left hand side of the above expression, we use (4.2.2) with n, o, 3, s re-
placed by no, a1, 9, 51 respectively and then appeal to Proposition 4.2.2. With the interchange

of summations being justified by Proposition 4.2.2, we obtain

Z (31 - 1)k (042 - al)kH Crfl(sl +sy+k,s3,...,8500,03,. .., OCr)
k>—1

= Z(sl - 1)k’ C?“(sl + k7827 ceey Spy 0, O, 7a7“)-

k>0

This together with Proposition 4.2.1 and Proposition 4.2.2, completes the proof of Theo-

rem4.1.4. O]

4.3 Meromorphic continuation

In this section, we establish the meromorphic continuation of multiple Hurwitz zeta function

Gr(S1y- oy Spaq, ... a,) to C.

Theorem 4.3.1. For integer r > 2, the multiple Hurwitz zeta function (. (S1, . . ., Sp; 0, . . ., (t)

extends to a meromorphic function on C" satisfying the translation formula

Z (81 — 1)k (OZQ — al)kH Cr—l(sl + S9 + k‘7 83,...,8r; 09,03, ... ,()ér)
k>—1

= Z(Sl — g (st + kySa, .oy Spya, Qg .oy o),

k>0

(4.3.1)

where both the above series of meromorphic functions converge normally on all compact sub-
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sets of C.

To complete the proof, we need the following propositions which can be viewed as ex-
tensions of Proposition 4.2.1 and Proposition 4.2.2 respectively. We start by recalling the

following notation. For an integer m > 0,
Us(m):={(s1,...,8)€C" : R(sy+---+s;)>i—m forall 1 <i<r}.

Proposition 4.3.2. Let r > 2 be an integer and o, . .., «, be non-negative real numbers.

Then the family of functions

((31 — Dp(ny 4+ o)™ F(ng + ag) ™2 -+ (n, + ozr)_ST)

ni>-->n,.>0, k>m

is normally summable on any compact subset of U,.(m).

Proof. Note that if (s1,...,s,) € U.(m), then (s; + m, sa,...,s,) € U,. Now the proof

follows from the proof of Proposition 4.2.1 (or Proposition 3.3.1). [

Proposition 4.3.3. Let r > 2 be an integer and o, . . . , . be non-negative real numbers such

that |y — | < 1. Then the family of functions

((81 — 1)k(a2 — al)k+1(n2 + ()ég)_sl_SQ_k(ng + 063)_83 tee (nr + Oé,«)_ST)

ng>--->np->0, k>m—1

is normally summable on any compact subset of U,.(m).

Proof. Note that if (sq,...,s,) € U.(m), then (s; + s2 — 1, s3,...,8,) € U,_1(m) and hence
(s1+s2+m—1,83...,8,) € U,_1. Now the proof can be completed following the proof of

Proposition 4.2.2. 0
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4.3.1 Proof of Theorem 4.3.1

We first show by induction on depth r that (,(s1, . . ., S;; a1, . . . , ;) can be extended meromor-
phically to U, (1) satisfying (4.3.1). We then extend it to U,.(m) for all m > 1, by induction.
This will complete the proof as {U,.(m) : m > 1} is an open cover of C".

When r = 2, all the terms on the left hand side of (4.3.1) are translates of the Hurwitz
zeta function and hence have a meromorphic continuation to C2. If » > 3, then by induction
hypothesis all the terms in the left hand side of (4.3.1) have a meromorphic continuation to C".

In fact, for any integer » > 2 and m > 0, all the summands for £ > m — 1 on the left
hand side of (4.3.1) are holomorphic in U,.(m). Hence by applying Proposition 4.3.3, we can
now extend the left hand side of (4.3.1) as a meromorphic function to U,(m). Since U,(m)
for m > 0 form an open cover of C", we see that the left hand side of (4.3.1) extends to a
meromorphic function on C”.

Now by Theorem 4.1.4, the identity (4.3.1) is valid on U,.. We have already proved that the
left hand side of (4.3.1) extends to a meromorphic function on C”. Applying Proposition 4.3.2,

we see that the series

Z(sl — D ((s1+k, 82,0, 800, 00,...,0;)

k>1

defines a holomorphic function on U,(1). Hence (.(s1,...,s,;aq,...,q,) can be extended
meromorphically to U, (1), by means of (4.3.1).
We now assume that for integers m > 2, the function (.(sq,. .., S,; a1, ..., a,) has been

extended meromorphically to U,.(m — 1) and it satisfies (4.3.1). Again by Proposition 4.3.2,

the series
Z(Sl - 1)k CT(Sl + k7 82y ..y Sp; 0, O, . 7047“)
k>m
defines a holomorphic function on U,.(m). As (.(s1,...,S:;aq,...,a,) has been extended

meromorphically to U,.(m — 1), we can extend (,.(s1 +k, ..., S;; aq, . . ., . ) meromorphically
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to U,(m) forall1 <k <m — 1.

Thus we can now extend (,(s1, ..., S,; a1, ..., q,) meromorphically to U,(m) by means
of (4.3.1). This completes the proof as the open sets U,.(m) for m > 0 form an open cover of

Cr. ]

4.4 Matrix formulation of the translation formula

As in Chapter 3, we now write down the matrix formulation of the translation formula (4.3.1).
The translation formula (4.3.1) together with the set of relations obtained by applying succes-

sively the change of variable s; — s; + n forn > 1 to (4.3.1), can be written as

Ag(ag — ;81— D)V,1(s1+ 82— 1,83,. .., 850, ..., Q)
(4.4.1)
=Ai1(s1 = D)V,.(S1,- -, 81, o, Q).
Here for an indeterminate ¢, we have
p D ()
b 30
0 ¢+1 &b
Aq(t) = > : (4.4.2)
0 0 t+2
1 t(OéQ — Oél) t(t;!l) (062 — Oél>2
0 1 t+ 1) (g — « e
Aslas —an;t) == -+ 1){az —au) (4.4.3)
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and

CT(517527 sy Spy e 7ar)
G(s1+ 1,80, 00,8501, .., )
V(81,0 y S, 0p) 1= ) 4.4.4)
Gr(s142,83...,8501,...,04)

Note that the matrix A;(¢) has also featured in the previous chapter. Thus we have that

Aq(t) = A1) f(M(t+ 1)),

where f is the formal power series

t 0 0 0 t 0

0 t+1 0 0 0 t+1
A(t) = and M(t) =

0 0 t+2 ... 00 0

It is easy to see that A(t), M(t) satisfy the following commuting relation:

AM(t + 1) = M(H)A(2). (4.4.5)

Thus using (4.4.5), we have
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Further, it is also possible to write that
Az — agst) = h(M(2)),
where . denotes the power series

€(a2ial)m = Z(O{ — )nﬁ
2 1 n' .

n>0

Clearly the matrix Az (s — aq;t) is invertible and we see that

Asfas — ari) " Ax () = L(M() At) = A1)

>

Hence the inverse of the matrix Ag(ay — ay;t) 1A (t) is given by

Bo(ay —ag;t) := Ay (t) P Ag(ay — g t) = %(M(t +1) A =A)!

h

where 7

is the exponential generating series of the Bernoulli polynomials evaluated at the

point (s — ), i.e.

More precisely, we have

|=

Bl(agfal) (t+1)Bg(a27a1) (t+1)(t+2)Bg(a27a1)

t 1! 2! 3!
O 1 Bl(ag—al) (t+2)Bz(O¢2—O¢1)
t+1 1! 2!
Balas—ait)=[ 0 0 o frlogmen) e | (446
0 0 0 .
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As in the case of the multiple zeta functions, here also we can not express the column vector
V. (s1,...,8;a1,...,q,.) as the product of the matrix Ba(as — aq;s; — 1) and the column
vector V,_1(s1 + 89 — 1,83,...,8,;Q9,...,q,). To get around this difficulty we essentially

repeat what we did in the case of the multiple zeta functions.

We first rewrite (4.4.1) in the form

A(s; — 1)V, (51 + 83— 1,83,...,8;09,...,0,)
(4.4.7)

= L M)V, son ).

For notational convenience, let us denote %(M(sl)) by X(s1). We then choose an integer

q > 1 and define
I'={k|0<k<qg—1} and J:={k|k>q}.

Then we write our matrices as block matrices, for example

XII(Sl) XIJ(Sl)
OJI XJ‘](Sl)

X(s1) =

Hence from (4.4.7) we get that

All(s) — 1)V (s +55—1,85,...,8 00,...,0)
(4.4.8)

= X" (s))VEi(sy,..., 8000, ... ,a0) + X (s))VI(s1,...,8000,...,0q.).

Since X’/ (sy) is a finite invertible square matrix, we have

XII(Sl)ilAII(Sl — 1)71 = lel(OQ — (1,81 — 1)
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Therefore we deduce from (4.4.8) that

Vs, ... 8000, ,0)
=By (g —an;s1 — 1)VE (s 4+ 85— 1,83,...,5;00,...,0,) (4.4.9)

—I—YI<81,...,S7«;041,...,Oér>,

where

Yi(s1,.. 0,801, ,0,) = =X (s)) X (5)) VI (s1,. .., 5000,y a). (4.4.10)

All the series of meromorphic functions involved in the products of matrices in formulas
(4.4.9) and (4.4.10) converge normally on all compact subsets of C". Moreover, all entries
of the matrices on the right hand side of (4.4.10) are holomorphic on the open set U,.(q),
translate of U, by (—q,0,...,0). Therefore the entries of Y/(sy,...,s,;01,...,q,) are also

holomorphic in U,(q). Let us denote &,(s1,...,s.;a1,...,,.) to be the first entry of the

column vector Y (s1,...,s,;a1,...,a,). Then we get from (4.4.9) that
G(S1, .oy Spy g, .o, )
1
= Gro1(s1+ 82— 1,83,...,8500,...,0;)
81 —1
(s1+k—1) (4.4.11)
Z G Biii(ag —aq) Gro1(s1+ 82+ k, 83,00, Sp 0,0, )
. +1)!
+ 5(1(817 sy Spy Q.. 7aT)7
and &,(s1,...,sr;01,...,q,) is holomorphic in the open set U,(g). In the above formula,

whenever empty products and empty sums appear, they are assumed to be 1 and 0 respectively.
Formula (4.4.11) can also be obtained by using the Euler-Maclaurin summation formula which

was done in [2].
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4.5 Poles and residues

As we have already mentioned in §4.1 that the exact set of singularities of the multiple Hurwitz
zeta functions were only known for some specific values of «;’s from the work of Akiyama
and Ishikawa [2]. In this section, we shall determine the exact list of polar hyperplanes of the
multiple Hurwitz zeta functions for any values of «;’s and write down the residues explicitly
along these polar hyperplanes as certain matrix coefficients.

We shall proceed by induction on 7. When r = 1, it is well known that the Hurwitz zeta
function has meromorphic continuation to C with simple pole at s = 1 with residue 1. So from
now on, we fix the depth r > 2 and we shall prove Theorems 4.5.1, 4.5.2 and 4.5.6 below by
assuming that they hold for multiple Hurwitz zeta functions of smaller depths. As in Chapter

3,for1 <7 <randk > 0, we define the hyperplane H; j, as follows:

Hi7k::{(51,"',ST)ECr’81+"'+Si:’i—I€}.

It is disjoint from U,.(q) := {(s1,- -+ ,s,) € C" | R(sy +--- +s;) > i —q} when ¢ < k.

4.5.1 Set of all possible singularities

Before deriving the exact set of polar hyperplanes, in the following theorem we derive a pos-
sible list of polar hyperplanes. This result was proved by Akiyama and Ishikawa [2] and later

reproved by Kelliher and Masri [19]. Our proof here is different from the works [2, 19].

Theorem 4.5.1. The multiple Hurwitz zeta function of depth r is holomorphic outside the
union of the hyperplanes H, o and H;y, where 2 < i < r and k > 0. It has at most simple

poles along each of these hyperplanes.

Proof. We will make use of equation (4.4.11) for our proof. For ¢ > 1, consider the open set
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U,(q) of C". By induction hypothesis, we know that in U,(¢), the functions

Gro1(81+S2+m,83,...,8;0a2,...,q,) forall —1<m<qg—2

are holomorphic outside the union of the hyperplanes H; j, where 2 < ¢ < rand 0 < £ < ¢
and they have at most simple poles along these hyperplanes. Also &,(s1,...,S;a1,...,0;) 18
holomorphic in U,(q). Hence from (4.4.11), we see that the only possible polar hyperplanes
of G;(s1,...,850a1,...,0,)in U, (q) are Hy g and H; i for2 < i <r, 0 < k < g. Since C" is

covered by the open sets U,.(q) for ¢ > 1, Theorem 4.5.1 follows. [l

4.5.2 Expression for residues

To check if each H; j, is indeed a polar hyperplane, we compute the residue of the multiple Hur-

witz zeta function of depth r along this hyperplane. Recall that it is defined as the restriction

of the meromorphic function (sy + -+ +s; —i + k) (- (S1, ..., Sr; 01y, ;) to Hy .
Theorem 4.5.2. The residue of the multiple Hurwitz zeta function (,.(S1,...,8;Q1,...,Q;)
along the hyperplane H, is the restriction of (,—1(Sa,...,Sp;0Q0,...,q,) to Hyo and its

residue along the hyperplane H;j, where 2 < i < r and k > 0, is the restriction to H,

of the product of C,—i(Sit1, - - - Sr; Qig1, - - -, ) with the (0, k)™ entry of the matrix
i1
HBQ(Ozd_H — Q4 S1 + 4 Sd — d)

d=1

Proof. Let ¢ > 1 be an integer. As in the proof of Theorem 4.5.1, we know from (4.4.11) that

1

81—1

Cr(sla"'787’;a17'”aa7“)_ CT—I(SI—’_SQ_1)837'-‘78T;a27"-aar)

has no pole along H ( inside the open set U,.(g). These open sets cover C". Hence the residue

of (;(s1,...,8;04,...,q,) along Hy ; is the restriction to H; o of the meromorphic function
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Go1(81+ 82 — 1,83,...,8;Qa,...,,) or equivalently of (,_1(s2,...,S;aa,...,qa,). This
proves the first part of Theorem 4.5.2.
Now let ¢, k be integers with 2 < ¢ < rand 0 < k£ < ¢. Also let / and J be as in §4.4.

Now if one iterates (i — 1) times the formula (4.4.9), one gets

i—1
Vv{(sla S, 0y) = <H32H(@d+1 —Qg; 81+ >+ 8Sqg— d))

d=1

I . .
XVr7i+1(5’1+“‘+Si—’l+1,Si+1,...,8r,ai,...,ar)

i ,
+ Y (S1,.. 0,800, Q)

where Y*/(sy,..., 8,501, ..., q,)is acolumn matrix whose entries are finite sums of products
of rational functions in sy, ..., s;_; with meromorphic functions which are holomorphic in

U,(q). These entries therefore have no pole along the hyperplane H; ; in U, (q). The entries of

i-1
HBzI[(Oéd_H — Qg S1 + -+ Sd — d)
d=1
are rational functions in sy, .. ., s;_; and hence have no poles along H; ;. It now follows from
the induction hypothesis that the only entry of VLiH (s1F- - +8i—i+1, Sit1, ooy Sp Gy ooy Q)

that can possibly have a pole along H; j, in U,.(q) is the one of index k, which is

Croivi(S14+ .o+ 8 —i+k4+ 1,801, 0, S, ., Q).

Its residue is the restriction of (,—;(Sit1,. .., 87 Qit1, ..., ) to H;, N U,.(q), where 2 <

i <rand0 < k < g. Since the open sets U,(q) for ¢ > k cover C", the residue of

C(S1y- .oy S, ... ) along H;y is the restriction to H;y of the product of the (0, k)™
entry of the matrix

i1

T[] Baeus — s+ +sa—d)

d=1

with —;(Sit1, -+, Sp; @iy, - - -, ;). This proves the last part of Theorem 4.5.2. O
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4.5.3 Exact set of singularities

We shall now deduce the exact list of poles from Theorem 4.5.2. For this we need the following

important theorem due to Brillhart and Dilcher.
Theorem 4.5.3 (Brillhart-Dilcher). Bernoulli polynomials do not have multiple roots.

This theorem was first proved for the odd Bernoulli polynomials by Brillhart [7] and later
extended for the even Bernoulli polynomials by Dilcher [9]. Theorem 4.5.3 amounts to say that

the Bernoulli polynomials B, (t) and B,,(t) are relatively prime as they satisfy the relation

B, .1(t) = (n+1)B,(t) foralln > 1.

where B]_ (t) denotes the derivative of the polynomial B,,;(t). With the theorem of Brillhart
and Dilcher in place we can now describe the exact set of singularities of the multiple zeta

functions. For that it is convenient to have the following lemmas in place.

Lemma 4.5.4. Let x, y be two indeterminates. Then all the entries in the first row of the matrix

B2(8 — a;2) Ba(y — B5y),

where 0 < «, B, < 1, are non-zero rational functions in x,y with coefficients in R.

Proof. Since entries of these matrices are indexed by N x N, the entries of the first row are
written as (0, k)™ entry for k > 0. Let us denote the (0, k)™ entry by ag ;. Then we have the

following formula:
k
z(y + k) ao = Z(x)zfl(y +i+ Dy—im1Bi(B — a) By—i(y = B)

1=0

for all £ > 0. As the Bernoulli polynomial By(t) is equal to 1, we get ago = xiy and hence
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non-zero. For k£ > 1, we first note that the set of polynomials

P:={(z)ici(y+i+1)j_i—1:0<i<k}

is linearly independent over R.

Now suppose, By (5 — «) # 0. We know by Theorem 4.5.3 that at least one of By (v — [3)
and By_1(y — ) is non-zero. Hence using the linearly independence of the set of polynomials
P, we getag # 0.

Next suppose, B1(f — a) = 0,ie. § —a =1/2. Thusy— 3 # 1/2as0 < «,y < L.
Hence B;(y — [3) # 0. Again by Theorem 4.5.3 we know that at least one of By (f — «) and
By_1 (8 — «) is non-zero. Hence using the linearly independence of the set of polynomials P,

we get ag # 0. This completes the proof of Lemma 4.5.4. [

Lemma 4.5.5. Let n > 0 be an integer and x, x+, . . ., x, be indeterminates. Suppose that D
be an infinite square matrix whose entries are indexed by N x N and coming from the ring
R(z1,...,x,). Further suppose that all the entries in the first row of D are non-zero. Then

forany o, € R, all the entries in the first row of DB2 (5 — «; x) are non-zero.

Proof. We first note that each column of B, (5 — «; x) has at least one non-zero entry and the
non-zero entries of each of these columns are linearly independent over R as rational functions
in x with coefficients in R. Since all the entries in the first row of D are non-zero, the proof is

complete by the above observation. 0

Theorem 4.5.6. The multiple Hurwitz zeta function (.(S1, . . ., Sy; 04, . . ., ) has simple pole
along the hyperplane H, . It also has simple poles along the hyperplanes H; y, for 2 < i¢ <r
and k > 0, except when i = 2 and k € J, where J denotes the set of indices j such that
Bj(ag — 1) =0, ie.

J={jeN:Bjlaz—ay) =0}

Proof. When 1 < ¢ < rand k > 0, the restriction of (,—;(Sit1, .-, Sr, Qig1, ..., ;) to H; is
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a non-zero meromorphic function. Hence in order to prove Theorem 4.5.6, we need to show

that when 2 <4 < r and k > 0, the (0, k)™ entry of the matrix
i1
T Balcass — s+ + sa—d)

d=1

is identically zero if and only if 7 = 2, k£ € J. By changing co-ordinates, the above statement

is equivalent to say that when ¢y, . .. ,¢;_; are indeterminates, the (0, k)™ entry of the matrix
i1
[ B2 — aq;ta)

d=1

is non-zero in R(¢,...,%;_1) except wheni = 2 and k € J.
For i = 2, our matrix is B2 (s — aq; t1) and hence our assertion follows immediately. Now

assume that 7 > 3. By Lemma 4.5.4, we know that all the entries in the first row of the matrix
B2(042 — Q5 tl)B2<043 — Qg; tz)
is non-zero in R(¢q,?2). Hence the theorem follows from Lemma 4.5.4 if i = 3 and from

repeated application of Lemma 4.5.5 if 7 > 3. U

We have precise knowledge about the rational zeros of the Bernoulli polynomials due to

K. Inkeri [18].

Theorem 4.5.7 (Inkeri). The rational roots of a Bernoulli polynomial B,,(t) can only be 0,1/2

and 1. This happens only when n is odd and precisely in the following cases:
1. B,(0) = B,(1) =0 forall odd n > 3,
2. B,(1/2) =0 forall odd n > 1.

Using Theorem 4.5.7, we deduce the following results as an immediate consequence of

Theorem 4.5.6.
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Corollary 4.5.8. If ay — a1 = 0, then the exact set of singularities of the multiple Hurwitz zeta

function (,.(s1,...,8;aq,...,q.) is given by the hyperplanes

Hyo,Hy1,Hs9, and H;y, forall k>0 and 3 <i <.

If as — a1 = 1/2, then the exact set of singularities of the multiple Hurwitz zeta function

Gr(S1, .0y, ..., ) is given by the hyperplanes

Hyo,Hoor and H;y, forall k>0 and 3 <1i <.

If ay — o is a rational number # 0,1/2, then the exact set of singularities of the multiple

Hurwitz zeta function (.(sq, . .., Sy; a1, ..., Q) is given by the hyperplanes

Hyp and H;j, forall k>0 and 2 <i<r.

A particular case of this result, namely when «; € Q for all 1 < ¢ < r, was proved by

Akaiyama and Ishikawa [2]. Corollary 4.5.8 above shows that such condition can be removed.



Multiple Dirichlet series with
additive characters

5.1 Introduction

Akiyama and Ishikawa [2] introduced the notion of multiple Dirichlet L-functions which are

several variable generalisations of the classical Dirichlet L-functions.

Definition 5.1.1. Let » > 1 be an integer and x4, ..., X, be Dirichlet characters of arbitrary
modulus. The multiple Dirichlet L-function of depth r associated to the Dirichlet characters
X1, -- -, Xr i denoted by L,.(s1,...,8:; X1,---,Xr) and defined by the following normally

convergent series in U,

3 x1(m) -+ xr(ny)

S1.,..ms
n =

Lo(S1y oy 8m Xiyee s Xor) =

ny>-->n->0

It is worthwhile to mention that Akiyama and Ishikawa defined the multiple Dirichlet L-
functions for characters with same conductor, but their definition also makes sense for Dirichlet

characters of arbitrary modulus. The normal convergence of the above series follows from the

67
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normal convergence of the multiple zeta function of depth r as an immediate consequence and
we record it here in the following proposition. Throughout this chapter, whenever we consider

a set of characters, they are not necessarily of same modulus unless otherwise stated.

Proposition 5.1.2. Let r > 1 be an integer and X1, . . ., X be Dirichlet characters. Then the

(Xl(nl) e Xr(nr))
ny'-ongr ny>->np>0

is normally summable on compact subsets of U,.

family of functions

Hence (s1,...,8:) — Ly(S1,...,8; X1,---,X,) defines a holomorphic function on U,.
Akiyama and Ishikawa have also discussed the question of meromorphic continuation of the
multiple Dirichlet L-functions. When r = 1, classically the meromorphic continuation is
achieved by writing the function in terms of the Hurwitz zeta function. For > 1, one may try
to mimic this. In this case some variants of the multiple Hurwitz zeta functions come up. This

is exactly what they have done and they could prove the following theorem.

Theorem 5.1.3 (Akiyama-Ishikawa). Let x1, ..., X, be primitive Dirichlet characters of the
same modulus. Then the multiple Dirichlet L-function L,(s1,...,S; X1,---,Xr) Of depth 1
can be extended as a meromorphic function to C" with possible simple poles at the hyperplanes

given by the equations

s1=1;8+-+s;=n forall n € Z<; and 2 <1 <.

The exact set of singularities of the multiple Dirichlet L-functions is not well understood.
For r = 2 and specific choices of the characters x; and Y3, Akiyama and Ishikawa provided
a complete description of the polar hyperplanes. To address this difficult question, one can
aim to obtain a translation formula satisfied by the multiple Dirichlet L-functions. However,
obtaining such a translation formula for multiple Dirichlet L-functions seems harder and so is

the analogue of Theorem 2.2.1.
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On the other hand, if we consider additive characters, i.e. group homomorphisms f :
Z, — C* in place of Dirichlet characters the problem seems to be more amenable to study and
we could derive analogues of Theorem 2.2.4 and Theorem 2.2.5. It is interesting to note that
Dirichlet characters are linked with additive characters and so is the Dirichlet L-functions with
the Dirichlet series associated to additive characters. Thus studying multiple Dirichlet series
associated to additive characters are very much relevant to the study of multiple Dirichlet L-

functions. We elaborate below.

Let a,b, N be natural numbers with 1 < a,b < N and y denote a Dirichlet character

modulo N. For R(s) > 1, we consider the following Dirichlet series:

L(s;x) =) X(:L),

n
n>1
1
O(s;a) = E —,
n
n>1
n=a mod N
627rLbn/N
U(s;b) := .
n
n>1

Here L(s; x) is the Dirichlet L-function associated to the Dirichlet character y, ®(s;a) is the
product of N~* with the Hurwitz zeta function ((s;a/N) and ¥(s; b) is essentially a constant
multiple of the Lerch zeta function L(%; 1; s). Now note that we have the following relations

among these Dirichlet series:

L(s;x) = Y x(a)®(s;a), (5.1.1)
1<a<N

U(s;b) = Y ™ No(sa). (5.1.2)
1<a<N

Further using (5.1.2), we can deduce that

1
B(s;a) = > e PN (). (5.1.3)
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Thus we get that
. 1 —2mab/N .
Lisix) = + > x(a) Y e U(s;b). (5.1.4)

1<a<N 1<b<N

In fact (5.1.4) can be generalised for multiple Dirichlet L-functions. Let r > 1 be a natural
number and foreach 1 < ¢ < r, let a;, b;, IN; be natural numbers with 1 < a;,b; < N;. Also let
X: be a Dirichlet character mod /N;. Then the depth-r multiple Dirichlet L-function associated

to x1, - - ., X can be written as follows:

Lo(S1y o805 X1y eeos Xor) = Z x1(a1) - Xr(ar)Pr(S1, ...y Sp5 a1, ... a,), (5.1.5)

1<a;<N;
for all 1<i<r

where @,.(s1,...,S,;a1,...,a,) is defined as the following multiple Dirichlet series in U,

. F— —S81 —S
D (51,0 Spya1, ... a) = E ny™te-en 5

ny>-->ng>0
n;=a; mod N;
for all 1<:<r

Next we consider the following multiple Dirichlet series in U,

binq b
QWL(T1+"'+}NV7T)

U, (81, vy 8p5 01,000, by) 1= Z ¢

n1>>n>0

n‘il - .nfj

Now we can write down a several variable generalisation of (5.1.2):

a1b arby
WS, Siby b)) = AT ) o (51 san,. 4. (5.16)

1<a; <N;
for all 1<i<r

Further using (5.1.6), we get

D, (51,00, Srya1,. .., Q)

1 —om (b4 yarbe (5.1.7)
- e (Nl NT)\Ijr(sl,...,sr;bl,...,br).
Ny---N,
1<bi<N;
for all 1<i<r
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Using (5.1.5) and (5.1.7) we then obtain that

Lr(S1y ey 8r5 Xiye o5 Xor)

:; Z xi(a1) - xr(a,) Z 6_2“<%+'“+%)\PT(31,...,sr;bl,...,br).

N,---N
1 T 1<a;<N; 1<b;<N;
for all 1<i<r for all 1<i<r

(5.1.8)

We now introduce the notion of multiple Dirichlet series associated to additive characters.

Definition 5.1.4. For a natural number » > 1 and additive characters f1, ..., f,, the multiple
L-function associated to fi, ..., f.is denoted by L,.(f1,..., fr; s1,-..,S,) and defined by the

following series:

Lo(fiy oo fos S15000580) 1= Z film)--- fr(ne) Z f1(1)n1...f7ﬂ(1)n7.'

51, .. ;s S1...ms
nit--onsr nit---nsr

ny>-->np>0 ny>-->np>0

From now on we refer to this function as multiple additive L-function of depth r associated
to the additive characters fi,..., f.. A necessary and sufficient condition for the absolute
convergence of the above series in U, is given in terms of the partial products g; :== [ [, i<i fi

for all 1 < ¢ < r. The condition is that
lg:(1)] < 1forall 1 <i<r.

The sufficiency of this condition is easily established by noting that for any arbitrary r integers

ny > --->n, > 0, one has

[A)™ - S ()] < g (D)™ T2 g (1) T g (1)

It can also be shown that if |g;(1)| > 1 for some 7, the above series does not converge absolutely

in U,., in fact, anywhere in C". To see this let i be one of the index such that |g;(1)| > 1. Now
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if possible let for a complex r-tuple (s, ..., s,), the series

3 fi(n) -~ fr(nr)

S1 s
n o« .. n ™
n1>>ne>0 1 T

converges absolutely i.e. the series

3 [fi(na) -~ fr(nr)|

n({l o e ngr
ny>-->n,>0

of non-negative real numbers converges, where o; denotes the real part of s;. Hence the fol-

lowing smaller series

[filn+i—1)fa(n+i—2)-- fi(n)fisa(r —2) - fr(1)]
Z n—i—z—l) (n_|_@'_2)02...nai(r+_i)0i+1...10r

n>r—i

is convergent. Note that the numerator of the summand in the above series is nothing but
91(1) -+ gim1(1)gi(1)" fia (r —2) -+ fr(1)]
and the denominator is smaller than
(n+i— )74 (p — )%t .. 1o,

Now we get a contradiction since the series

lg: (D"
Z (n +7— 1)01+-~-+0¢

n>r—i

does not converge for any choice of complex r-tuple (s1,...,s,) as |g;(1)] > 1.

If we write f;(1) = e2™Ai for some \; € C, the condition lgi(1)] < 1for1 < i <rcanbe
rewritten as
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For simplicity one can assume that \; € R for 1 < ¢ < r so that the above conditions are
vacuously true. If f is an additive character such that f(1) = ¢*™* for some \ € R, then we
call such an f a real additive character.

With the necessary and sufficient condition for absolute convergence of the multiple addi-
tive L-functions in place, we derive the following result as an immediate consequence of the

normal convergence of the multiple zeta function of depth 7.

Proposition 5.1.5. Let r > 1 be an integer and f1, . . ., f, be additive characters such that the

partial products g; == ], ;<; f; satisfy the condition |g;(1)| <1 forall 1 <1i <r. Then the

(fl(nl) a ﬁ-(m-))
nyt - -ngr ny>->ne>0

is normally summable on compact subsets of U,.

family of functions

Thus for a natural number » > 1 and additive characters f1,..., f, such that the partial
products g; := [], <j<i f; satisfy the condition |g;(1)] < 1 forall 1 < i < r, the multiple
additive L-function L,.(fi,..., f;; $1,...,S,) defines an analytic function in U,.

In this chapter, we will discuss the question of meromorphic continuation of such multiple
additive L-functions, their translation formulas and the location of their singularities. Major

part of this chapter is the reproduction of the work [32].

5.2 The Translation formulas

In this section, we shall derive translation formulas satisfied by the multiple additive L-functions
and using these we are going to establish their meromorphic continuation in the subsequent
section. As before, we start with a natural number » > 1 and additive characters fi,..., f,
such that the partial products g; := [, f; satisfy the condition [g;(1)] < 1 forall 1 <
i < r. Then the associated multiple additive L-function L,.(fi,..., f; s1,...,s,) satisfies the

following translation formulas depending on the condition that whether f;(1) = 1 or not.
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Theorem 5.2.1. For any integer r > 2 and additive characters fi, . .., f. such that the partial
products g; := [ <<, f; satisfy the condition |g;(1)| < 1 forall 1 <i <rwith fi(1) = 1,
the associated multiple additive L-function L,(f,..., fr; $1,...,5.) satisfies the following

translation formula in U,.:

Lr—l(f?a'-'afr; 81+ S92 — 17337---7Sr) = Z(Sl - 1)11: Lr(flv"'afr; S1 +k7$2a"'7$7“)7
k>0
(5.2.1)

where the series on the right hand side converges normally on any compact subset of U, .

Theorem 5.2.2. Let r > 2 be an integer and fi, ..., f, be additive characters such that
the partial products g; = [],.;<; f; satisfy the condition [g;(1)| < 1forall 1 < i <r
with fi(1) # 1. Then the associated multiple additive L-function L.(f1,..., fr; S1,...,5:)

satisfies the following translation formula in U,

SiD)Ly—1(g2, f3, -5 fris1+ 82,83, .00 580) + (f1(1) = D) Lo (fr, - fri 81505 87)

= Z(Sl)k L.(fiy.oosfry s1+k+1,59,...,8,.),

k>0

(5.2.2)

where the series on the right side converges normally on any compact subset of U, .

It is worthwhile to note that Theorem 5.2.2 is the multiple Dirichlet series analogue of
Theorem 2.2.4. To prove Theorem 5.2.1, we need the ubiquitous identity which is valid for

any integer n > 2 and any complex number s:

(n—1)""=n'" =) (s—1)pn " (5.2.3)

k>0

Whereas to prove Theorem 5.2.2, we need the following version of (5.2.3), obtained by re-

placing s with s 4+ 1 in (5.2.3):

(n—1)"°=—n"°= Z<S)k’ n=sTRL (5.2.4)

k>0
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Besides, we need the following proposition.

Proposition 5.2.3. Let r > 2 be an integer and f1, . . ., f, be additive characters such that the
partial products g; = H1§jgi f; satisfy the condition |g;(1)| < 1 forall 1 < i < r. Then the

family of functions

s1+k, s2 ... Sr )
ny o Ny " oy >e>n>0,k>0

((51 ) i)

is normally summable on compact subsets of U,.

Proof. This proposition is an immediate consequence of Proposition 3.3.1 as for any r integers

ny > --->n, >0, we have

<1

[fu(ny) - fr(ng) | = LA™ fo (1) < g (D)™ gpoa (1) g (1)

from the hypothesis. 0

We are now ready to prove Theorem 5.2.1 and Theorem 5.2.2.

5.2.1 Proof of Theorem 5.2.1

We replace n, s by ny, 1 in (5.2.3) and multiply w to both sides of (5.2.3) and obtain
n3Z s

that

(! L) ) ) 5, D))

1 — s k
(nl — 1)51 1 nil n22 Ce nir nil‘f’ n;2 . nir

k>0

Now we sum both the sides for n; > --- > n, > 0. Since f;(1) = 1, using Proposition 5.2.3,

we get

Lo 1(foy. oy [r; 31+32—1,83,...,3T):Z(sl—l)kLT(fl,...,fT; s1+k, s, ..., 8).

k>0

This together with Proposition 5.2.3 completes the proof. [
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5.2.2 Proof of Theorem 5.2.2

For this we replace n, s by ny, s in (5.2.4) and multiply M to both the sides of (5.2.4)
nSZ e

and obtain that

1 _L f1<n1)"'fr(nr) _ s fl(nl)"'fr(nr>
( ) 2

k .
s S1 52 . .S s1+k+1, so
n1 1) 1 ny Ny n,r =0 ny Ny~ - - nff

Now we sum both the sides for n; > --- > n, > 0 and use Proposition 5.2.3 with s; replaced

by s; + 1. We then obtain

f1(1>L7«,1<g2, fg, ceey fr; S1 + 59,83, ..., ST) -+ (fl(l) - 1)Lr(f17 ceey fr7 S1yee.y ST)

= Z(Sl)k Lr(fl; Ce 7fr; S1 + k + 1,82, .. .,87.).

k>0

This together with Proposition 5.2.3 completes the proof. [

5.3 Meromorphic continuation

In this section, we establish the meromorphic continuation of the multiple additive L-functions

using the translation formulas (5.2.1) and (5.2.2).

Theorem 5.3.1. Let r > 2 be an integer and f1, ..., f, be additive characters such that the
partial products g; == [, ;; f; satisfy the condition |g;(1)| < 1 forall 1 <i <r. Then the
associated multiple additive L-function L,(f1,..., fr; $1,...,5.) extends to a meromorphic

Sfunction on C" satisfying the following translation formulas on C’:

Lo 1(fo, .., fr; 51+ 52— 1,83,...,8,)

:Z(Sl_l)k Lr(fla---afr; 31+k7527--~75r) lf fl(l) =1

k>0

(5.3.1)
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and

fl(l)Lr—l(gQafl%a <. 7fr;81 + 59,83, ... 7Sr) + (f1(1> - 1)Lr(f17 .. ~7f7“;$1; s 757“)

= Z(sl)k Lr(fla"'afr; S1 +k+17$27"'757‘) lf f1(1> 7& L.

k>0

(5.32)

The series of meromorphic functions on the right hand sides of (5.3.1) and (5.3.2) converge

normally on every compact subset of C'.

We prove this theorem by induction on depth . Assuming induction hypothesis for mul-
tiple additive L-functions of depth (r — 1), we first extend the multiple additive L-function

L.(f1,-.-, fr; S1,-..,5,) as a meromorphic function to U,.(m) for each m > 1, where

Ur(m) = {(s1,...,5,) €C" : R(s1+---+s;) >t —m forall 1 <i<r}.

Since open sets of the form U,.(m) for m > 1 form an open cover of C", we get the coveted

meromorphic continuation to C". Here we need the following variant of Proposition 5.2.3.

Proposition 5.3.2. Let r > 2 be an integer and [, ..., [, be additive characters such that the
partial products g; == [[,,, f; satisfy the condition [g;(1)| < 1 forall 1 <i <. Then the

family of functions

((Sl)k Ll L] >
k+1
ning e ) S0 ke met

is normally summable on compact subsets of U,.(m).

-----

(5 film) -~ - fr(nr) (S)k 1
n‘i1+k+1n32 [P nir - 2k—m+1 n‘il—’—mn;Z e nf‘r
Now as (s, ..., s,) varies over U,(m), (sy+m, ..., s,) varies over U,.. Then the proof follows

from Corollary 3.2.2 as the series D ;- ; 2,}5% converges. O
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5.3.1 Proof of Theorem 5.3.1

As mentioned before, we prove this theorem by induction on the depth r. If » = 2, then the
left hand side of (5.3.1) has a meromorphic continuation to C? by Theorem 2.2.2 if f5(1) =1
and by Theorem 2.2.5 if fo(1) # 1. Similarly when r = 2, the first term on the left hand
side of (5.3.2) has a meromorphic continuation to C? by Theorem 2.2.2 if g(1) = 1 and by
Theorem 2.2.5 if go(1) # 1. For r > 3, the left hand side of (5.3.1) and the first term in the

left hand side of (5.3.2) have a meromorphic continuation to C" by the induction hypothesis.

We now establish the meromorphic continuation of the multiple additive L-function

L.(f1,.-., fr; S1,...,8.) separately for each of the cases fi(1) = 1 and f1(1) # 1.

First we consider the case f1(1) = 1. As we have shown that in this case the multiple
additive L-function L,(f1,..., fr; S1,...,s,) satisfies the translation formula (5.2.1) in U,.
Note that the translation formula (5.2.1) is exactly the same as (3.1.1) which is satisfied by the
multiple zeta functions of depth r. Hence in this case the meromorphic continuation follows

exactly as in the case of the multiple zeta function.

Next we consider the case f1(1) # 1. Now by induction hypothesis we know that

fi(1)Ly—1(g2, f3,- -, fris1+ S2,83,...,5)

has a meromorphic continuation to C" and by Proposition 5.3.2, (for m = 1) we have that

Z(sl)kLr(fl,...,fr; s1+k+1,89,...,8)

k>0

is a holomorphic function on U,.(1). Hence we can extend L. (fi,..., fr; S1,-..,5,) to U.(1)

as a meromorphic function satisfying (5.2.2).

Now we assume that for an integer m > 2, L.(f1,..., fr; $1,...,5,) has been extended
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meromorphically to U,.(m — 1) satisfying (5.2.2). Again by Proposition 5.3.2, the series

Z (Sl)k Lr(fla--'7fr; Sl+k+17$27"'75r>

k>m—1
defines a holomorphic function on U,.(m). As L,(f1,..., fr; $1,...,s,) has been extended
meromorphically to U,(m — 1), we can extend L,.(f1,..., fr; s1 +k+1,...,s,) meromor-

phically to U,.(m) forall 0 < k < m — 2.

Thus we can now extend L,(f1,..., fr; s1,...,s,) meromorphically to U,(m) by means

of (5.2.2). This completes the proof as {U,.(m) : m > 1} is an open cover of C". O

5.4 Matrix formulation of the translation formulas

Since the translation formulas (5.3.1) and (3.4.1) are similar, one can easily notice that their
matrix formulation will be identical. We briefly write down the matrix formulation of the

translation formula (5.3.1).

The translation formula (5.3.1) together with the other relations obtained by applying suc-
cessively the change of variables s; — s; 4+ n to it for each n > 0 is equivalent to the single

relation

Vr_l(fg,fg,. . '7fr; 81+82—1783, Ce ,Sr) = Al(Sl—l)Vr(fl, Ce 7fr; S1y... 737“)7 (541)

where V.,.(f1,..., f;; s1,...,5,) denotes the infinite column vector

L(fiy- s fr; 81,82, 5)

Lr(fl;-"afr; S1 + 1,52,...,Sr)
Vo(fi, oo frs S1,00.,8) = (5.4.2)

L.(fi, - s fr; S1+2,82,...,8)
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and for an indeterminate ¢, A4 (t) is defined by

¢ t(t+1)  t(t+1)(t42)

2! 3!
|0 ees)
1(t) == . (5.4.3)

0 0 t+2

As in Chapter 3, for any integer ¢ > 1, we write
I=1,={keN|0<k<qg—1} and J=J,={keN|k>q}.
We can then reformulate (5.4.1) to write

Vi(fh'"af?’; 517"-757“)
= B1]I<Sl — 1)V1{71(f2, .. ~7fr; S1 + S9 — 1,83, .. -757") —|—W1(f1, ce 7fr; Sty .- .787),
(5.4.4)

where
WI(flJ R 7f7’; Sy - 757") - _UII<51)_1UIJ(81>V;'](.]C17 R f'r7 Sty - 787")7 (545)

and for an indeterminate ¢,

1 By (4+1)Bs  (t+1)(t+2)Bs
ton > 3 1t D
0 t% % (t+22!)32 o 2! 31
0 1
Bi(t):=1| 0 HLQ % and U(t) :=
1 0 0 1
0 O 0 03

All the series of meromorphic functions involved in the products of matrices in formulas
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(5.4.4) and (5.4.5) converge normally on all compact subsets of C". Moreover, all the en-
tries of the matrices on the right hand side of (5.4.5) are holomorphic in the open set U,(q),
translate of U, by (—¢q,0,...,0). Therefore the entries of W!(fy,..., fr; s1,...,s,) are also

holomorphic in U,(q).

If we write &,(f1, ..., fr; $1,--.,5,) to be the firstentry of WI(f1, ..., f; s1,...,8.), we

then get from (5.4.4) that

Lr(flw--afr; 81,...,87‘)

1
= 1Lr—1(f27...,fr; S1+ S92 —1,83,...,8)
S1 —
3 (5.4.6)
sp--(s1+k—1) .
+Z; ] Bisr Leci(for ., fri S14 52+ k53,0, 5,)

+€q<f1>--'afr; Sla"'aST’)v

where &,(f1,..., fr; s1,...,5,) is holomorphic in the open set U, (q).

On the other hand, the translation formula (5.3.2) and the other relations obtained by ap-
plying successively the change of variable s; — s; + n to it for each n > 0, is equivalent

to

f1(1>V7'71(927 fg, ey f7'7 S1 + S9,83,... 757“) = A3<f1, Sl)Vr(fh ceey fr, Sty 757“)7
5.4.7)
where for an indeterminate ¢ and a non-trivial group homomorphism f : Z — C* with f(1) #

1, the matrix Ag(f;t) is defined as follows:

1— f(l) " t(t;l—l) t(t+13)!(t+2)

0 1-f1) t4+1 (G

As(fit) = 0 0 1—f(1) t+2 - |- (5.4.8)
0 0 0 1—f(1)
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Clearly the matrix A3(f;¢) is invertible in T(C(¢)). To find the inverse of A3(f;¢) explicitly,

we notice that

As(f;t) = e(M(t) = f(1)Inxn

where Iy, denotes the identity matrix in T(C(¢)) and as in the previous chapters

0t 0
0 0 t+1
M(t) =
00 0

We would like to invert the power series e — ¢ in C|[x]] for some ¢ # 1. Now for the sake
of convenience, let us replace the variable = by (¢ — 1)y, where ¢ # 1. Now our aim is to
invert the power series ("% — ¢ when ¢ # 1. For this we recall the generating function
for the Eulerian polynomials. The Eulerian polynomials A, (t)’s are defined by the following

exponential generating function

Thus

! _ ! ZAn(c)% as c¢# 1.

Hence

1 1 T
= A,(¢c)————— wh 1.
er —c 1—cZ (c>(c—1)”n! when ¢ 7

n>0
This in turn yields that the inverse of Ag(f;t), which we denote by B3(f;1), is given by the

formula

Balfit) = 1= 30 A s (5.49)

n>0
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as f(1) # 1. It can be calculated that Ay(t) = A;(¢) = 1. Hence

1 1 A(fQ) i+ As(f1) H(E+1)(t+2)
fm-17 (F)-n* 2! (f1)-1)* 3!
1 Ap(f(1) (t+1)(t+2)
) 0 1 m=t+D Gompr o
AN 1
0 0 0 1
Thus one may attempt to express the column vector V,.(f1,..., f;; $1,...,s,) in terms of
V._1(92, f3,- -, fr; S1+S2, 83, ..., S) s0as to obtain an expression of the multiple additive L-

function of depth r in terms of translates of the multiple additive L-function of depth (r—1) by
multiplying both sides of (5.4.7) by B3( f1; s1). However this is not allowed as the coefficients
of the Eulerian polynomials grow very fast. In fact it is known that the sum of the coefficients

of A, (t) is n! for each n > 0.

To get around this difficulty we do what we have been doing in last few chapters. For an

integer ¢ > 1,let [ = I,, J = J, be as before. Then we rewrite (5.4.7) as follows:

fl(l)vi—l(g% fay-o, [r; 81+ 52,83, . .. :Sr‘)

== A3II(f1;51)V1{(f17 .. '7fr; S1y. - 75r) +A31J(f1;31)v;~](f17 . '7f1“; S1,. .- 757‘)'

Now inverting Ag’’(f1;51), we get

Vi(fla--wfr; 517"'75r>

= fl(l)B3II(f1; Sl)Vifl(g% fg, e 7f7“; S1 + S92,83, ..., Sr) =+ ZI(fl, e 7f7“; Sty ST),
(5.4.10)

where

Z'(fr,o frios1yos80) = =Bs' (fi; 1) As™ (f1;50) VI (fr o fos 81500, 80). (S411)
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All the series of meromorphic functions involved in the products of matrices in formulas
(5.4.10) and (5.4.11) converge normally on all compact subsets of C". Moreover, all the en-
tries of the matrices on the right hand side of (5.4.11) are holomorphic on the open set U,.(q).

Therefore the entries of Z(fy,..., f; s1,...,s,) are also holomorphic in U, (q).

If we write 7,(f1,. .., fr; S1,-..,8:) to be the first entry of Z7(f1, ..., fr; s1,...,5,), we

then get from (5.4.10) that

Lr(fl;---afr; 81,...,87.)

= fl(l) LT*1<927f37 .. '7f7'; S1+ 52,83, ... 787’)

1 (5.4.12)
<81>k% Lr_l(gg, fg, e 7f7«; S1 -+ S92 + /{3, S3,... 78T)
k=1

+7mo(f1, ooy for S1,-- . 8),

+ fi(1)

where 7,(f1,..., fr; s1,...,5,) is holomorphic in the open set U, (q).

5.5 Poles and residues

In this section, using the formulas (5.4.4), (5.4.10) and the induction on depth r, we obtain a
list of possible singularities of the multiple additive L-functions. When r = 1, from Theo-
rem 2.2.2, we know that if f(1) = 1 then Ly(f;s) = D(s, f) can be extended to a meromor-
phic function with simple pole at s = 1 with residue 1 and from Theorem 2.2.5, we know that

if f(1) # 1then Li(f;s) = D(s, f) can be extended to an entire function.

First we obtain an expression for the residues along the possible polar hyperplane of the
multiple additive L-functions and then we deduce the exact set of singularities of these func-
tions. A theorem of G. Frobenius [12] about the zeros of Eulerian polynomials plays a crucial

role in this analysis.
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5.5.1 Set of all possible singularities

The following theorem gives a description of possible singularities of the multiple additive

L-functions.

Theorem 5.5.1. The multiple additive L-function L,.(f1,..., fr; S1,...,8.) has different set
of singularities depending on the values of g;(1) for 1 <1 <.

(a)Ifg;(1) # Lforalll <i <, then L.(f1,..., fr; S1,...,5,)is a holomorphic function
on C".

Now let iy < --- < i\, be all the indices such that g;;(1) = 1 for all 1 < j < m. Then the
set of all possible singularities of L,(f1,..., fr; s1,...,8,) is described as follows:

(b) If iy = 1, then L.(f1,..., fr;S1,-..,8) is holomorphic outside the union of hyper-

planes given by the equations

si=1; 81+ +s; =n foralln € Zecjand2 < j < m.

It has at most simple poles along each of these hyperplanes.
(¢) If iy # 1, then L,.(f1,..., fr;81,...,8) is holomorphic outside the union of hyper-

planes given by the equations

Sl_|_..._|_3i]_:nforallﬂEZSjandlgjgm'

It has at most simple poles along each of these hyperplanes.

Proof. We prove the assertions (a), (b) and (c) separately.

Proof of (a): From Theorem 2.2.5, we know that the assertion (a) is true for depth 1
multiple additive L-function. Now let ¢ > 1 be an integer and [ = I,, J = J, be as before.
We will make use of equation (5.4.10) for our proof.

The entries of the first row of the matrix B3’/ (f1; s,) are holomorphic on C” and by the
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induction hypothesis, the entries of the column matrix VX | (ga, f3,..., fr; S1+52,83,..., ;)
are holomorphic on C". Further the entries of the column vector Z'(f, ..., f,; s1,...,5,) are

holomorphic in U,.(q). Since the open sets U,.(¢) for ¢ > 1 cover C’, the assertion (a) follows.

Proof of (b): For depth 1 multiple additive L-function, the assertion (b) follows from
Theorem 2.2.2. Again let ¢ > 1 be an integer and I = [,, J = J, be as defined earlier. We

now complete the proof of assertion (b) by making use of the equation (5.4.4).

The entries of the first row of the matrix B;’/(s; — 1) are holomorphic outside the hyper-
plane given by the equation s; = 1 and have at most simple pole along this hyperplane. By the
induction hypothesis, the entries of the column vector VI, (fo, ..., fr; s1+s2—1,83,...,5,)

are holomorphic outside the union of the hyperplanes given by the equations

s1+ - +s; =n foralln € Z;, forall2 < j < m.

and have at most simple poles along these hyperplanes. Finally the entries of the column vector
WIL(f,..., fr; s1,...,s,) are holomorphic in U,(q). Since C" is covered by open sets of the

form U,.(q) for ¢ > 1, the assertion (b) follows.

Proof of (¢): The proof of this assertion follows along the lines of the assertion (a). The
only difference is the induction hypothesis. Here the induction hypothesis implies that the
entries of the column matrix VI_ (g, f3,..., f,; 81+ 82,83, ..., s,.) are holomorphic outside

the union of the hyperplanes given by the equations

1+ + s, =n foralln € Z<;, foralll < j <m.

Now the proof of the assertion (c) follows mutatis mutandis the proof of the assertion (a). This

completes the proof of Theorem 5.5.1. 0
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5.5.2 Expression for residues

Here we compute the residues of the multiple additive L-function of depth r along the possible

polar hyperplanes.

Theorem 5.5.2. The residues of the multiple additive L-function L,(f1,..., fr; S1,...,S)
are described below. Let iy < --- < iy, be the indices such that g;,(1) = 1 forall 1 < j < m.
Ifiy = 1, then L,.(f1,..., fr; s1,...,S.) has a polar singularity along the hyperplane given
by the equation s; = 1 and the residue is the restriction of L,_1(fa, ..., fr; So,...,S;) to this
hyperplane.

In general, the residue along the hyperplane given by the equation
S+ +si; =n forn€Z<; and1 <5 <m

is the restriction of the product of L,_;,(fi,x1, .-, fr; Si;+1,.-.,5:) with (0, j —n)-th entry of

C;:= <H gi(1)Bs(gi; 51+ - + 31))

i=1

j—l ik+1—1
X H <B1(51 4+ 4 Sik — k) H gz(l)Bg(gz, S1 + -+ S; — k))
k=1

i=ip+1
to the above hyperplane.

Proof. First suppose that ; = 1. Then for any integer ¢ > 1, we deduce from (5.4.6) and

Theorem 5.5.1 that

1

Lr yeeen Jrs yre e 9Or) T
(S fri s1 Sr) s — 1

Lr—l(f?v"'af?“; §1+ Sg — 17537"'757‘)

has no pole inside the open set U,.(q) along the hyperplane given by the equation s; = 1. These

open sets cover C" and hence the residue of L,(f1,..., f-; s1,...,5,) along the hyperplane

given by the equation s; = 1 is the restriction of the meromorphic function L,_1(fa, ..., fr; Sa, ...

, Sr)
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to the hyperplane given by the equation s; = 1. This proves the first part of Theorem 5.5.2.

Nextletg > 7 —n + 1 be an integer and I = I,, J = J, be as before. Now to determine

the residue along the hyperplane
S1+ S, =n forn € Z<; and1 < j <m,

we iterate the formulas (5.4.4) and (5.4.10) according to the applicable case and obtain that

V{“(fl""af?‘; 517'--757’)
= CJI'IV{“fijJrl(gij’ fi]'—i-lu SR 7f7"; S1 4+ Si; — (] - 1)7 Sij+1s - - 757") (551)

—|—Zj’I(f1,...,fT; S1yvySp).

Here Z7(f1,..., fr; 81,...,5s,) is a column matrix whose entries are finite sums of products
of rational functions in sy, ..., s;,—1 with meromorphic functions which are holomorphic in
U,(q). These entries therefore have no singularity along the hyperplane given by the equation
$1 4 -+ s;;, = nin U.(q). The entries of C}’ are rational functions in sy, ...,s; _ and
hence again have no singularity along the above hyperplane. It now follows from the first part

of Theorem 5.5.2 that the only entry of

Vy{—ij+1(gij,fij+1, vty si s — (= 1), 841,551

that can possibly have a pole in U,.(q) along the hyperplane given by the equation s; + - - - +

Si; =N is the one of index 7 — n, which is

Le—iv1(gi, fij41, oo fos s+ sy, =n+1,8,41,...,5).

Again by the first part of Theorem 5.5.2, the residue of this function along the hyperplane

given by the equation s1 +- - - 4-s;; = n is the restriction of L., (fi, 41, .-, fr; Si;41,.--,5r)
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to this hyperplane. Thus the residue of L,(fi,..., fr; s1,...,s,) along the hyperplane given
by the equation s; + --- + s;, = n is the product of L,_; (fi,11,..., fr; Sij41,-..,5r) With
(0, —n)-thentry of C}’. Since open sets of the form U,(¢) cover C", this completes the proof

of Theorem 5.5.2. [

5.5.3 Exact set of singularities

Now we will deduce the exact set of singularities of the multiple additive L-functions. As
mentioned earlier, a theorem of Frobenius [12] about the zeros of Eulerian polynomials helps
us in determining the exact set of singularities. We recall that the Eulerian polynomials A,,(t)’s

are defined by the following exponential generating function

y" 1=t
ZA"(t)H T ety ¢

n>0

These polynomials satisfy the following recurrence relation
Ag(t) =1 and A,(t) =t(1 —t)A _(t)+ A1 (t)(1 4+ (n—1)t) forall n > 1.

Frobenius [12] proved the following theorem about the zeros of the Eulerian polynomials A,,(t).

Theorem 5.5.3 (Frobenius). All the zeros of the Eulerian polynomials A,,(t) are real, negative

and simple.

From this theorem and the above recurrence formula, we can now deduce the following

corollary.
Corollary 5.5.4. Foranyn > 0, A, 11(t) and A, (t) do not have a common zero.

Proof. To see this, let a be a zero of A, (t). Then by Theorem 5.5.3, A/ (a) # 0. Again by
Theorem 5.5.3, a # 0, 1. Using the above recurrence formula, we deduce that A, ;(a) # 0.

]
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Recall that for an indeterminate ¢ and a non-trivial additive character f : Z — C*, we have

B (t+1)BQ (t+1)(t+2)33

=

1 2! 3l
t+1 1! 21
_ 1 B
1
0 0 0 e
and
1 Ly Aa(f(1)) t(t+1)  As3(f(1)) t(t+1)(t42)
F-1"  (f(1)-1)2 2! (f(1)-1)3 3!
1 A (f(1) (+1)(+2)
1 0 1 o=+l G e
B ) = —— 1
0 0 0 1

Clearly non-zero elements of each row and each column of these matrices are linearly inde-
pendent as elements of C(¢). Also the first two entries of the first row of these matrices are

non-zero. Since we know that the Bernoulli numbers

B, =0 <= nisoddandn > 3, (5.5.2)

we get that at least one of the first two entries in every column of By (t) is non-zero. On
the other hand, Corollary 5.5.4 implies that at least one of the first two entries in every col-
umn of B3 (f;t) is non-zero. Hence we know that all entries of the first row of the matrices
Bi(t1) B1(t2), B1(t1) Bs(f;t2), Bs(f;t1) B1(t2) and B3(f;t1) Bs(f;t2) are non-zero. Here
t1 and ¢ are two indeterminates.

With this observation in place, we are now ready to determine the exact set of singularities

of the multiple additive L-functions.
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Theorem 5.5.5. The exact set of polar singularities of the multiple additive L-function
L.(fi,---, fr; 81,-..,58,) of depth r differs from the set of all possible singularities (as listed in

Theorem 5.5.1) only in the following two cases. Here we keep the notations of Theorem 5.5.1.

a)lfiy = land iy = 2i.e. fi(1) = fo(1) =1, then L.(f1,..., fr;S1,...,S,) is holomor-

phic outside the union of hyperplanes given by the equations

si=1; s1+sy=nforalln € Zy \ J;

s1+ -+ sy, =nforalln € Z<;, 3< j <m,

where J := {—2n — 1 : n € N}. It has simple poles along each of these hyperplanes.

b)Ifiy =2, then L.(f1,..., fr;S1,--.,S:) is holomorphic outside the union of hyperplanes

given by the equations

s14+ s =nforalln € Zo \ J;

31_+_..._|_3ij:nf0ralln€Z§j, 2<)7<m,

where J :={l—n:n €I} and I = {n € N: A,(f1(1)) = 0}. It has simple poles along

each of these hyperplanes.

Proof. When 1 < j < mandn € Z<j, the restriction of L,_; (fi, 41, -, [} Si;4+1,-..,5) 10

the hyperplane given by the equation s; + - - - + s;, = n is a non-zero meromorphic function.

First suppose that 7; = 1 and 75 = 2. Then by (5.5.2), we deduce that only non-zero entries
in the first row of C, are of index (0, 1) and of index (0,2n) for n € N. Also we know that
all the entries in the first row of C; for 3 < j < m are non-zero. We now conclude from

Theorem 5.5.2 that the exact set of singularities in this case consists of the hyperplanes given
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by the equations

s1=1; s1+sy=nforalln € Z \ J;

s1+ -+ sy =nforalln € Z<;, forall 3 < 57 <m,

where J := {—2n — 1 : n € N}. This completes the proof of assertion (a).

Next let ; = 2. Clearly the entries in the first row of C; that are zero are of index (0, n)
for all n € I. Also we know that all entries in the first row of C; for 2 < j < m are non-zero.
Hence using Theorem 5.5.2, we have that the exact set of singularities in this case consists of

the hyperplanes given by the equations

s1+ se =nforalln € Z< \ J;

Sttt sy =nforalln € Z<;, forall2 < 57 <m,

where J := {1 —n:n eI}

Now in all other cases, applying Theorem 5.5.1, we see that the hyperplanes given by the
equations of the form s; + sy = n are not singularities of L,.(f1,..., fr; S1,...,8.). Using
Theorem 5.5.2, we know that the expression for residues along the possible polar hyperplanes
given by the equations of the form s; + - - - + s;, = n involves product of at least two matrices
of the form B4 (z) and Bs(f; y) where = and y are two different indeterminates. Hence such

an expression is non-zero. This completes the proof of Theorem 5.5.5. U

Example 5.5.6. We know that t = —1 is a zero for the Eulerian polynomials A,,(¢) only when
n is even. Suppose that we are in a case when f1(1) = —land i; = 21i.e. fi1(1) = fo(1) = —1.

Now Theorem 5.5.5 implies that the exact set of singularities of L,(fi,..., fr; s1,...,8)
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consists of the hyperplanes given by the equation

s1+ sy =nforalln € Z \ J;

s1+ 45, =nforalln € Ze;, 2< j <m,

where J := {—2n — 1 : n € N}. Further L,.(f1,..., fr; s1,...,5,) has simple poles along

these hyperplanes.

5.6 Multiple Dirichlet L-functions

Though at this moment it seems difficult to determine the exact set of singularities of the
multiple Dirichlet L-functions, we can still extend the theorem of Akiyama and Ishikawa
(Theorem 5.1.3) for Dirichlet characters, not necessarily of same modulus. As an immedi-

ate consequence of (5.1.8) and Theorem 5.5.1, we derive the following theorem.

Theorem 5.6.1. Let r > 1 be an integer and 1, . .., X, be Dirichlet characters of arbitrary
modulus. Then the multiple Dirichlet L-function L,.(s1,...,S:; X1,---,Xr) of depth r can be
extended as a meromorphic function to C" with possible simple poles at the hyperplanes given

by the equations

s1=1; 81+ -+s;,=n forall n € L, 2<1<r.

5.7 Multiple Lerch zeta functions

We recall that the Lerch zeta function L(\, o, s) is defined by the following convergent sum in

R(s) > 1

L\ a,s) = Z %,

n>0
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where for a real number a, e(a) denotes the uni-modulus complex number €™ and A\, €
(0, 1]. This is an example of a shifted Dirichlet series associated to additive characters. Now
we can consider multi-variable generalisations of the Lerch zeta function, and more generally
of the shifted Dirichlet series associated to additive characters. Such functions, which we
studied in [15], can be viewed as a unification of the multiple Hurwitz zeta functions and the

multiple additive L-functions.

Definition 5.7.1. Letr > 1 be anintegerand Ay, ..., A\, aq,...,q, € [0,1). Then the multiple
Lerch zeta function of depth r is denoted by L, (A1, ..., A\;aq, ..., 581, ..., S,) and defined

by the following convergent series in U, :

e(A\iny)---e(An,
3 (An) - - e(Arny)

(nl + al)sl . (nr + aT)ST ’

Lo( A1, s Ay, oy Sty Sp) 1=
n1>->np>0

Normal convergence of the above series follows from the normal convergence of the mul-
tiple Hurwitz zeta function of depth 7. Hence L, (A1, ..., A\ a1, ..., S1,. .., S;) defines an
analytic function in the open set U,.. Next we define the shifted multiple additive L-functions,

which further generalise the multiple Lerch zeta functions.

Definition 5.7.2. Let r > 1 be an integer and o, ..., «, € [0,1). Further suppose fi,..., f;

are additive characters such that the partial products g; := [],;.; f; satisfy the condition

|g;(1)] < 1forall 1 <i<r.

Then the shifted multiple additive L-function of depth r associated to f1,..., frand aq, ..., a,
is denoted by L,.(f1,..., fr; a1,...,04; S1,...,5,) and defined by the following convergent

series n U,.:

Lo(fiyeooy fr; 0aye oy S1yeey Sp) 1= Z () f;fgi?:::(f;lin;)ar)sf

ny>-->np>0
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Again as a consequence of the normal convergence of the multiple Hurwitz zeta function
of depth r, we get that the above series is normally summable on compact subsets of U,., and
hence defines an analytic function in the open set U,..

Now the meromorphic continuation and the location of possible polar singularities of the
shifted multiple additive L-function L,.(fi,..., fr; a1,...,a;; s1,...,s,) are described in the

following anticipated theorem, whose proof we omit for brevity.

Theorem 5.7.3. The set of all possible singularities of the shifted multiple additive L-function
L(fi,.- s fr; 01y 0 S1,. .., 8,) depends on the values of g;(1) for 1 <i <.

a) If gi(1) # 1 forall 1 < i < r, then L.(f1,..., fr; a1,...,04; S1,...,8,) can be
extended analytically to the whole of C'.

Now let 11 < --- < 1, be all the indices such that gi].(l) = 1foralll < j5 < m, then
the set of all possible singularities of L,.(f1, ..., fr; a1,...,q;; S1,...,S,) is described in the
following two cases.

b)Ifiy = 1, then L.(f1,..., fr; c1,...,Q; S1,...,8,) can be extended analytically to an

open subset V,. of C", where V, is obtained by removing the hyperplanes given by the equations

s1=1;814+ - +s;, =nforalln € Z<;, forall2 < j <m

from C". It has at most simple poles along each of these hyperplanes.

c)If iy # 1, then L.(f1,..., fr; o1,...,0p; S1,...,8,) can be extended analytically to
an open subset W, of C", where W, is obtained by removing the hyperplanes given by the
equations

$1+ -+ sy, =nforalln € Ly, foralll < j <m
from C". It has at most simple poles along each of these hyperplanes.

Here we would like to mention that an intricate multi-variable generalisation of the Lerch

zeta function was studied by Y. Komori [20]. He derived the meromorphic continuation of
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these functions through their integral representations. Such an integral representation is anal-
ogous to one such integral representation of the Riemann zeta function. He also obtained a
‘rough estimation’ of its possible singularities (see [20], §3.6). It seems Theorem 5.7.3 above
provides a more precise information about the singularities of the multiple Lerch zeta func-

tions.



Weighted multiple zeta functions

6.1 Introduction

Euler [11] considered (for r = 2) a variant of the multiple zeta function ((s, ..., s,), where
the summation over the sequences (nq, ..., n,) is replaced by ny > --- > n, > 1 in place of

ny > --->mn, > 0. For an integer > 1,

qu::uler(Sh-.-,Sr) — Z TL;Sl ,..n;ST' (6.1.1)

ni>ng>-2ne>1

These functions are closely related to the multiple zeta functions. It is easy to see that

Cguler(sh 82) = <2(517 82) + C(Sl + 82).

More generally, these functions can be expressed as linear combinations of the usual multiple
zeta functions of various depths. For this, we need the following notation. We say that a
partition (Aq,...,A;) of {1,...,r} is admissible if each subset A; is non empty, and the

elements of A; are smaller than the elements of A; when i < j. Let P, denote the set of all

97
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admissible partitions of {1,...,7}. We then have

CEler(sy, L 8) = Z ¢ <Z si,...,ZSi) . (6.1.2)

(A1,...,At)€7>r 1€A] 1€AL

The above formula holds on the open subset U,. of C". All functions involved in the right hand
side of (6.1.2) are holomorphic on U,. Hence Cf“ler(sl, ..., S) also defines a holomorphic
function on U,.. Further, it is also possible to extend it to a meromorphic function on C" using

the meromorphic continuation of the multiple zeta functions and (6.1.2).

In this chapter, we study the following weighted variant of the functions considered by

Euler. For an integer > 1,

—S1, —Sr

--nr

Creieht (s s,) = Z m

s w(ng,...,n,;) "

(6.1.3)

Here for a sequence of integer n; > -+ > n,, w(ny,...,n,) denotes the number of permu-
tations o of {1,...,r} such that n,; = n; forall 1 < i < r. In other words, w(n,, ..., n,)
denotes the order of the stabilizer of (n,...,n,) in the symmetric group S,, where the group
action is the permutation of the co-ordinates. We call these functions as weighted multiple zeta
functions. These functions can also be expressed as linear combinations of the usual multiple

zeta functions of various depths and we have

(Al, At EPr 1€EA 1€EAL

These weighted multiple zeta functions have some special properties, which are compara-

ble to the ones satisfied by the multiple zeta functions. We give couple of instances here.

(a) Product formulas: It is known that, when (sy,...,s,) € U, and (t1,...,t,) € Uy, then

Cp(slv )Cq t1,. ., 1 ZCT AT
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holds, where (z1, . . ., 2,) runs over the family of finite sequences of complex numbers deduced
from (sq,...,s,) and (1, ..., t,) by a stuffling (see §6.3 for the precise definition of this term).
We shall prove in §6.3 that a similar formula holds for weighted multiple zeta functions, but

with stufflings replaced by shufflings. For example,

C(51)Ca(52,83) = (3(s1, 52, 53) +(3(82, 51, 53) +(3(52, 53, 51) +Ca(51+ 52, 53) +(2(52, 51+ 53),

whereas

igh ight ight ight ight
O (51) G T (2, 83) = (37 (51, 82, 83) + (37 (52,51, 83) + (30 (82, 83, 51).
(b) Location of poles: Due to some cancellations of residues, the set of polar hyperplanes
of our weighted multiple zeta functions is smaller than that of the usual ones. More precisely,
we shall prove in §6.4 that the meromorphic extension of (*€"(s; ... s,) to C" is in fact

holomorphic outside the hyperplanes given by the equations

si=1;s1+---+s;=i—2k forall 2<i<r and k£ > 0 an integer,

and it has simple poles along each of these hyperplanes. The location of the poles in this case
has an uniform pattern, which was not the case for the usual multiple zeta functions. Here we

use some of the notations from Chapter 3.

6.2 Inversion formula

Interestingly, the formulas (6.1.2) and (6.1.4) can be inverted to express the usual multiple zeta
functions in terms of the functions (¥*'(s;, ..., s,) and the weighted multiple zeta functions
respectively. To do this, it is more useful to see these formulas in a more general setup. We

elaborate below.
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Let f = > -, a,z" be a formal power series with complex coefficients without constant

term. We define

C(f)(sl,...,sr) = Z aja,| - a4, G (Z si,...,ZsZ) ) (6.2.1)

(Al ..... At)EPT 1€ Aq i€ Ay

According to the above definition (f*'" = (/) where f = % and " = (/) where
f=e"—1.
Letg = 2@1 b,x™ be another formal power series with complex coefficients and without

constant term. We then define

(C(f))(g)(sl,...,sr) = Z biay - blay C(f) (Z Sia---:ZSz) ' 6.2.2)

1€AL €A

With these notations we now prove the following theorem.

Theorem 6.2.1. Let f = ) . a,a", g = ) -, bya" be two formal power series with

complex coefficients without constant term. Then we have ((\1))9) = ((f°9),

Proof. By formulas (6.2.1) and (6.2.2), we get that (((/))9 (s, ..., s,) is equal to
DTTITAED SPIRINEL S 3D DU 9 31
(B1,...,Bs)€Pr (A1,...,At)EPs i€Ay jEB; i€As jEB;

When (B, ..., Bs) € Pr.and (Ay,..., A;) € Py, then (C4,...,Cy) where Cy, = |, 4, Bi, is

ieAk (3]

an admissible partition of {1, ..., r} and we have

IPINED I

iEAk ]GBZ iECk

forall 1 <k < t. Thus ()9 (sy,...,s,)is equal to

(C1y..ry Ct 1€Ct 1€Cy i>1 Ji++7i=|Ck|
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If > ., c,a"™ denotes the formal power series f o g, then we have

Cle,| = Z a; Z bjl s b]z

i1 jite45=|Ckl

This completes the proof of Theorem 6.2.1. [

As an immediate consequence we get the following corollary.

Corollary 6.2.2. Let f = »_ -, a,z" be a formal power series and g = -, bya"™ be the

formal power series such that f o g = x. Then for an integer v > 1, we have

CT(Sl,...,ST): Z b|A1\"'b|At| g(f) <Zsi,...,28i).

(A1 ..... At)E'PT €A i€ Ay

Applying Corollary 6.2.2 for f = ;2= and g = {5 = > -, (—1)""'a", we get

Gst,os) = Y (=1 (ZSZS) (6.2.3)

(A1,...,At)EPr i€AL 1€AL

For f =¢” —1land g = log(l + x) = 2@1 EU" n e get

n

Glstns) = 3 Lwelg"«zsl,...,zsi). (6.2.4)

A
(Ar,., At)em| i i€A i€ Ay

It follows from Theorem 3.4.1, Theorem 3.6.1 and the definition of (/) (s, ..., s,) that it
can be extended meromorphically to C" and has possible simple poles along the hyperplanes
H, o and H; , where 2 < ¢ < r and k > 0. We end this section by the following analogue of

Remark 3.6.4.

Theorem 6.2.3. Let 1 < i < rand k > 0. The meromorphic function

CD(sy,.s0) = CD sy, 5D (si41, 000, 80) (6.2.5)
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has no pole along the hyperplane H; ;. of C" defined by equation s, +- - - +s; = i — k. In other
words, the residue of () (sy, ..., s,) along this hyperplane is the product of (/) (si41, ..., s,

with the residue of (V) (s, ..., s;) along the hyperplane of C' defined by the same equation.

Proof. By replacing each (/) by its expression (6.2.1), we see that the meromorphic function

(6.2.5)is the sum over all (A4, ..., A;) in P,, of aa,| - - - aj,| times the meromorphic function

Ct<ZSj,...,ZSj>—<p ZSj,...,ZSj thp Z Sj,...,ZSj ,(626)

JEAL JEA: JjEAL JEAp JE€EAp+1 JEAL

if ¢ is the largest element of one of the subsets A, and times the meromorphic function

G (Z TS sj> (6.2.7)

JjEA JEAL

otherwise. But the meromorphic functions occurring in (6.2.6) have no singularity along H; j,
by Remark 3.6.4, and those occurring in (6.2.7) have no singularity along H;; by Theo-

rem 3.6.1. This completes the proof. [

6.3 Product of weighted multiple zeta functions

We first recall the notion of shuffling and stuffling. Let p and ¢ be two non-negative integers.
We define a stuffling of p and ¢ to be a pair (A, B) of sets such that |A| = p, |B| = ¢ and
AUB ={1,...,r} for some integer . We then have max(p, ¢) < r < p+ ¢. We call this r to
be the length of the stuffling. Such a stuffling is called a shuffling when A and B are disjoint,
i.e. whenr = p+q.

Let (s1,...,s,) and (t1,...,t,) be two sequences of complex numbers and (A, B) be a
stuffling of p and ¢, with AU B = {1,...,r}. Let o and 7 denote the unique increasing

bijections from A — {1,...,p}and B — {1,..., ¢} respectively. Let us define a sequence of
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complex numbers (z1, ..., z.) as follows:
So(i) wheni € A\ B;
Zi =4t wheni € B\ A;

So(i) +triy wheni € AN B.

We call it the sequence deduced from (si,...,s,) and (t1,...,t,) by the stuffling (A, B).
Clearly, if (s1,...,s,) belongs to the open set U, and (t1,...,%,) to Uy, then (z1,...,2,)

belongs to U,..

It is well known that, for (si,...,s,) € U, and (¢4, ...,t,) € U,, we have
G515 08p) Glta, b)) = D Gz, 20), (6.3.1)
(A,B)

where the index of the summation on the right hand side runs over the stufflings of p and ¢, and
(21, ..., 2-) denotes the sequence deduced from (sy,...,s,) and (¢1,...,t,) by this stuffling.
Our purpose in this section is to prove that the weighted multiple zeta functions have

similar properties, where stufflings are replaced by shufflings. More precisely:

Theorem 6.3.1. For (sy,...,s,) € U,and (t1,...,t,) € U, we have
sznveight(sh s Sp) C(;mght Z Welght (%1, -+, Zptq)s (6.3.2)

where in the summation on the right hand side, (A, B) runs over the shufflings of p and q,

and (21, ...,%p1q) denotes the sequence deduced from (s1,...,s,) and (ty,...,t,) by this

shuffling.

Proof. By formula (6.1.4), the right hand side of (6.3.2) is equal to

>, X m (Zzz,...,ZzZ), (6.3.3)

(A,B) (C1,...,Ct)EPp+q i€Cy i€Ch
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where (A, B) runs over the shufflings of p and ¢, and (zy,...,2,:,) denotes the sequence

deduced from (sy,...,s,) and (Z1,...,t,) by this shuffling.

For a given choice of (A, B) and (C}, ..., C}), let o denote the unique increasing bijection

from A — {1,...,p} and 7 denote the unique increasing bijection from B — {1,...,¢}. Let
Al={i:1<i<tand C;NA#0}

and

B':={i:1<i<t and C;N B # 0}.

Suppose that p’ and ¢’ denotes the cardinalities of A’ and B’ respectively. Then A’ U B’ =
{1,...,t} and (A, B’) is a stuffling of p’ and ¢'. Let ¢’ denote the unique increasing bijection
from {1,...,p'} — A’ and 7’ denote the unique increasing bijection from {1,...,¢'} —
B'. Then the sequence (A;,...,Ay), where A; = (A N Cy;)), is an admissible partition
of {1,...,p} and (Bi,...,By), where B; = 7(B N Cr;), is an admissible partition of
{1,...,q}. Moreover, (3 ,cc, Zis- - - 2 sec, %) is the sequence deduced from the sequences

R T s; ) and n ti .., Y . t;) by the stuffling (A’, B") of p' and
€A, €A 1€By i€B g

/

q.

Note that on the other hand, when an admissible partition (A;,..., A, ) of {1,...,p}, an
admissible partition (B, ..., By) of {1,..., ¢} and a stuffling (A’, B’) of p’ and ¢ are given,

they fully determine (C', ..., C}), but correspond to

ﬁ Cil! _ Gyt G
Pl IANCIIBNC AL |[Ap |l Ba|! - - - | By]!



6.4. SINGULARITIES OF WEIGHTED MULTIPLE ZETA FUNCTIONS 105

many different choices of the pair (A, B). Hence expression (6.3.3) can be written as

1
Z ZB:,)GP(; |A1|!-.-|Ap,‘!|Bl‘!...’Bq/“ (Z)Ct (Z Zi""7zzi>

A'\B’ 1€Cq 1€Cy

Cp’ (Z’iEAl Siyeen Zz‘eAp/ Si) Cfl' <Zi€Bl ZPR Ziqu/ ti)
[Ar]l - [Ap ! Byt -+ | By !

= V™ (51, ..., 8p) QU (t, L tg).

6.4 Singularities of weighted multiple zeta functions

We have already seen in §6.2 that the weighted multiple zeta function of depth r extends to
a meromorphic function on C”, which is holomorphic outside the hyperplanes H; o and H, ,
where 2 < ¢ < r and £ > 0, and has at most simple poles along these hyperplanes. Our
goal in this section is to show that, due to some residue cancellations, not all of them are
polar hyperplanes. The precise list of polar hyperplanes has already been mentioned in the
introduction of this chapter.

For our purpose it is convenient to introduce another variant of the multiple zeta functions.

We define
Gr(S1y.00y8) 1= Z 2 (6.4.1)
ni>--2ne>1
where ¢ denotes the number of distinct terms in the sequence (n4, ..., n,). We can write f as

¢) with the notations of §6.2, where f is the formal power series 2@1 2lmngn = f_—xw Hence
as per our discussion in §6.2, we know that 5,.(31, ..., ;) can be extended meromorphically
to C" and has possible simple poles along the hyperplanes H; ( and H; ;,, where 2 < i < r and
k > 0. The following theorem about the singularities of g}(sl, ..., S;) is used to determine the

singularities of the weighted multiple zeta functions.
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For this we need to set up some notations. Let us define the modified Bernoulli numbers

En for n > 0 as follows:

- B, if n#1,
B, =
0 otherwise.
In other words,
N B, if niseven,
B, =

0 otherwise.

The corresponding generating series is

Zann_ T E_
nl” er—1 2 2tanh §

Let t be an indeterminate and ]/3v1(t) denote the infinite N x N upper triangular matrix with
coefficients in Q(¢), defined in the same way as the matrix B (¢) in formula (3.5.7), except
that we replace the Bernoulli numbers B, in B (¢) by their modified counterparts En

With the above notations, we prove:

Theorem 6.4.1. Let r > 1 and k > 0. The residue of the meromorphic function fr(sl, ceey Sp)
along the hyperplane H,}, is the (0, k)" entry of the matrix [/, ]§;(81 + -+ s4—d). In
other words, with the notations of Remark 3.6.5, it is given by the formula
Ekl Ek'rfl
Z Fkl ~~~~~ kr—l(517"'7s7‘*1)k_1!‘.' k1 (6.4.2)

Kt ooy 1>0 r=L
Kbty =k

Moreover, when r > 2, this residue is 0 if and only if k is odd.

Proof. The meromorphic function ((sy, ..., s,) is the sum of the meromorphic functions

2t-r¢, (Z Siver ) si> , (6.4.3)

€A 1€EA:
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indexed over all (A;,...,A;) € P.. Note that the equation s; + --- + s, = r — k of the

hyperplane H, j, can be written as

Zsi+---+23i:t—(k+t—r).

1€AL 1€AL

Therefore by Remark 3.6.5, the residue of the meromorphic function (6.4.3) along this hyper-

plane is
t—r le Bet71
2 E F£17_,,7et_1 E Sy ey E S; W 7 X
L., £—12>0 1€A PEAL_1 L t—1-
l1+-+l_1=k+t—1
For a given sequence (/1, ..., ¢;_1) of non-negative integers with sum k + ¢ — r, by formulas
) )

(3.6.2) and (3.6.3), we have

Frrvetin | D siv D 8i| = Fryty i (81,2 5001), (6.4.4)

€A €A1

where £; is equal to £; when 7 is the largest element of the subset A; for some index j such
that 1 < j <t —1, and k; is equal to 1 otherwise. We then have k; + - -- + k._; = k. This

observation allows to write the residue of the meromorphic function (6.4.3) along H, j, as

1 r—1—|J| Bk
Z Fk1 ..... krf1<817"'787"_1) (5) k‘z' ’
ied

kl ----- k"rleO
ki=1if idJ
kit tke 1=k

where J denotes the set consisting of the largest elements of the subsets Ay, ..., A; 1. The

map (A, ..., A;) — J is a bijection from the set P, of admissible partition of {1, ..., r} onto
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the set of subsets of {1,...,r — 1}. Hence the residue of f(sl, ..., S.) along H, j is

r—1—1J|
Z Z Fkl ----- k’r—l(Sl? cee 757‘71) (%) HJ if;
S

JC{1,r—=1} Kiyekr 10
ki=1if igJ
keretkr1 =k

1 r—1—|J| By
- Z Fkl ~~~~~ kr—l(‘gla sy Sr71> Z <§> H k"z
ieJ Y

k1,...;kr—120 Jcf{ie{l,...,r—1}:k;=1}
k’1+"‘+k’r—1:k‘

= F; Bkl Bkr 1
o ki,..., k'rfl(slﬂ 757’—1) o |
ki kr_1
kl 7777 kT‘—lZO
ki+-tkr—1=k

Here the last equality follows from the fact that % is equal to %—k By whenn =1 and % when
n # 1. This completes the proof of formula (6.4.2). Now since B, = 0 forodd n, B, # 0 for
even n, and the rational functions Fj, _; , inthe (r — 1) variables sy, ..., s,_; are linearly

independent over (Q by Remark 3.6.5, the last assertion of the lemma follows. 0
We are now ready to determine the singularities of the weighted multiple zeta functions.

Theorem 6.4.2. The weighted multiple zeta function of depth r is holomorphic outside the
union of the hyperplanes H, o and H; , where 2 < ¢ < r, k > 0 and k is even. It has simple

poles along each of these hyperplanes.

Proof. Theorem 6.2.3 tells us that the residue of (¥'®"(sy, ..., s,) along the hyperplane H; g
is Q;”_eilght(s% ..., s,) and its residue along the hyperplane H, ;, where 2 < i < rand k > 0, is
the product of ("¢ (5,1, ..., s,) with the residue of ¢***" (s, ..., s;) along the hyperplane
of C' defined by the equation sy + -+ - +s; =7 — k.

Therefore to prove Theorem 6.4.2, we are reduced to prove that, when » > 2 and k£ > 0,
the residue of (€ (s, ..., s,) along the hyperplane H, j is different from 0 if and only if &
is even.

Recall that the weighted multiple zeta function (“*¢" is equal to (), where h is the formal

power series »_ -, % = e¢” — 1. Note that h = f o g, where f is the formal power series
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dops1 2t = £ and g = Y o bya™ is the formal power series expansion of 2 tanh 5.
Hence we have ¢¥i¢" = ((9) by Theorem 6.2.1. In other words, we have for (sq,...,s,) in

U,

C:veight(sl,.”’sr) _ Z b|A1""b|At|§t (Z Si"“’zsi> ) (6.4.5)

(A1, A¢)EPy €A €A
Here, like before, P, denotes the set of all admissible partitions of {1,...,r}.

We now assume » > 2 and £ > 0 and investigate the residue of the weighted multiple
zeta function ("€ (s, ..., s,) along the hyperplane H, ;. By formula (6.4.5), this residue is
the sum, over all (A;,..., Ay) € P, of ba,|-- - b4, times the residue along this hyperplane
of §~t (Zze Ay Sive e Zie A, si). Here the numbers b,, are the coefficients of the generating
series 2tanh § = >° ., b,z". Note that b, = 0 for even n. Therefore, we only have to sum
over all (A4;,...,A;) € P, such that each subset A; has odd number of elements. For such

a partition, the residue of ¢ (i, Sir---» D ica, 5i) along H, vanishes when k is odd, by

i€,
Theorem 6.4.1. Hence the residue of (¥i€h(s, ... s,) along H,j is zero when k is odd.
Next assume % to be even. Then Theorem 6.4.1 tells us that the residue of ¢ (S1,--+,5)
along H,, is a non-zero linear combination of the rational functions Fj, _j, ,(S1,...,S—1),
where all the k;’s are even. On the other hand, for any (A, ..., A;) € P, where at least one
of the sets A; is not a singleton, Theorem 6.4.1 and formula (6.4.4) show that the residue
of ¢ (Xica, Sis---» D en, 5i) along H,j, is a linear combination of the rational functions
Fyoko1(81,...,8,_1), where at least one of the k;’s is equal to 1. By the linear indepen-
dence of the rational functions Fy, . ,(S1,...,S.—1) (see Remark 3.6.5), we deduce that

the residue of (¥®(sy,...,s,) along H,j is not equal to 0. This completes the proof of

Theorem 6.4.2. O]
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