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Abstract

This thesis is a study of the Chari-Pressley-Loktev (CPL) bases [5,7] for local Weyl
modules of the current algebra sl,1[t]. As convenient parametrizing sets of these bases,
we introduce the notion of partition overlaid patterns (POPs), which play a role analogous
to that played by (Gelfand-Tsetlin) patterns in the representation theory of the special

linear Lie algebra.

The notion of a POP leads naturally to the notion of area of a pattern. We observe that
there is a unique pattern of maximal area among all those with a given bounding sequence
and given weight. We give a combinatorial proof of this and discuss its representation

theoretic relevance.

We prove the “stability”, i.e., compatibility in the long range, of CPL bases with
respect to inclusions of local Weyl modules in the case r = 1 and state it as a conjecture
for » > 1. In order to state the conjecture, we establish a certain bijection between

colored partitions and POPs, which is of interest in itself.

Irreducible representations of the special linear Lie algebra occur as grade zero pieces
of the corresponding local Weyl modules. The CPL basis being homogeneous, those basis
elements that are of grade zero form a basis for the irreducible representation space. We

prove a triangular relationship between this basis and the classical Gelfand-Tsetlin basis.
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Synopsis

Let g be a finite-dimensional complex simple Lie algebra. Let g[t] = g ® CJt] denote the
corresponding current algebra, namely, the extension by scalars of g to the polynomial
ring C[t]. We think of g[t] as a Lie algebra over the complex numbers, graded by ¢, and are
interested in the representation theory of its graded finite-dimensional modules. Local
Weyl modules, introduced by Chari and Pressley in [7], are interesting graded finite-
dimensional representations of g[t] . Let us fix  a Cartan subalgebra of g and b = hdn™

a Borel subalgebra of g containing b.

Corresponding to every dominant integral weight A of g, there is one local Weyl
module denoted by W (A). Recall that an element u # 0 of a g[t]-module is said to be a

highest weight vector of weight X if
(nt @ C[t])u=0, (h @ tC[t])u =0, and Hu=(\ Hyu, VHEHM.

The W(A) is universal among finite-dimensional g[t]-modules generated by a highest
weight vector of weight A, in the sense that any such module is a quotient of W () [7]. The
grade zero piece of the local Weyl module W () is isomorphic to the finite-dimensional
irreducible representation V() of g, and the h-weights of W (\) are precisely those of
V(N).

Let us now specialize to the type A case, i.e., when g is the special Linear Lie algebra

sl..1. Let h and b be respectively the diagonal and upper triangular subalgebras of

14



g = sl.41. In [7], Chari and Pressley produced nice monomial bases for local Weyl modules
in the case g = sly. Chari and Loktev in [5] clarified and extended the construction of these
bases to the case g = sl,,1, and used it to prove the conjecture [6] about the dimension
of local Weyl modules and to show that local Weyl modules are in fact isomorphic to
Demazure modules of certain representations of the affine Lie algebra g. In this thesis,

we undertake a deeper study of these bases.
This thesis consists of six chapters, which we briefly describe below:
e In Chapter 1, we recall some basic concepts and preliminaries that will help present
our results in this thesis.

e In Chapter 2, we present our results on the “stability” of the Chari-Pressley bases

for local Weyl modules of sly[t].

e In Chapter 3, we introduce the notion of a partition overlaid pattern (POP). We also
introduce the notion of area of a Gelfand-Tsetlin pattern and describe our results

on area maximizing Gelfand-Tsetlin patterns.
e In chapter 4, we give a bijection between colored partitions and POPs.

e In chapter 5, we state a conjecture about the “stability” of the Chari-Loktev bases

for sl3 and beyond, using the bijection in chapter 4.

e In chapter 6, we present our results on triangularity of Gelfand-Tsetlin and Chari-

Loktev bases for representations of sl ;.

The main results in this thesis are explained in the following sections.
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Stability of the Chari-Pressley-Loktev bases for local

Weyl modules of sl,|t]

In chapter 2 of the thesis, we investigate further the Chari-Pressley bases for local Weyl
modules of g = sl,, taking into account the perspective gained from the later work of
Chari and Loktev [5]. The dominant integral weights for g = sly being parametrized by
the non-negative integers, there is one local Weyl module W (n) for every integer n > 0.
Let us restrict ourselves here, for the sake of simplicity, to the case when n is even. The
local Weyl modules then get identified with Demazure modules of the basic representation

L(Ao) of the affine Lie algebra g[; . As such, they are related by a chain of inclusions:
(1) W) —=W(2)—=>WME)—- = Whn)—Wn+2) - L(A).

First, we give the corresponding chain of inclusions of indexing sets of the Chari-Pressley
bases for these modules. Once the inclusion of indexing sets is established, it is natural
to ask if the Chari-Pressley bases respect these inclusions. In the first part of this thesis,

we focus on this question.

To state a little more precisely what we do, let 3(n) denote the paremetrizing set of the
Chari-Pressley basis for W (n): the elements of 3(n) are pairs (k, A) where k is an integer
with 0 < k < n, and X is a partition whose Young diagram fits into an (n—k) x k box. We
assign a weight for an element of P3(n) as the weight of the corresponding Chari-Pressley
basis element of W(n) in L(Ag). We first define a weight preserving embedding 1) of
PB(n) into P(n + 2) for each n, thereby obtaining a chain P(0) — P(2) — P(4) — - - -.
We study the compatibility of the Chari-Pressley bases with respect to this chain of

embeddings.

As a first step, we define a normalized version of the Chari-Pressley bases by replacing

the powers in the monomials by divided powers and introducing a sign factor. These
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normalized bases, which we refer to throughout as the CPL (short for Chari-Pressley-
Loktev) bases. For & € B(n), denote ¢(£) as the corresponding CPL basis element of
W(n). For £ € B(n), the CPL basis elements ¢(£) € W (n) and ¢(¢(&)) € W(n+2) lie in
the same weight space of L(Ag). However, it is not true in general that ¢(¢) and ¢(¢(§))

are equal as elements of L(Ay), as the following example shows.

Example 0.0.1. Let A be the partition 2+ 1, i.e., A = (2,1,0,0,---). Let £ = (2,)\) €

B(4), then ¥(&) = (3,)) € PB(6). Using the commutation relations in sly, it is easy to

compute:
1 -3 —1\3
¢(§) = g(h@)t — (h®@t™")?) vp,,
(€)= (het”+(hat ) (hat™)) v,
1 0
where h = is the element of the standard Cartan subalgebra of sly and vy, is
0 —1

an element of L(Ay) of weight Ag. Both these vectors have weight Ay — 3. It is well
known that the vectors (h @ t=3) vy, (h@t72)(h @t Hwp,, (h@t71)3vs, form a basis
for the weight space L(Ag)a,—3s5- Thus, we conclude ¢(§) # c¢(¥(€)).

However, in our main result (Theorem 0.0.2) we show that ¢(§) = ¢(¥(&)) for all

“stable” £&. More precisely, let

PP (n) = {(k,)\) € B(n) : |A| < min(n — k, k)},

where |)\| is the sum of parts of the partition \. We note that ¢ € 5%P(n) implies
P(€) € PP (n + 2). The main theorem of this part of thesis is the following (see [20,

Theorem 6] for the journal version):

Theorem 0.0.2. For every £ = (k, )\) € Pstab(n), we have



i.e., they are equal as elements of L(Ag).

The proof of Theorem 0.0.2 uses certain translation operators introduced by Frenkel

and Kac [11] for completely different purposes.

As a consequence of Theorem 0.0.2, we obtain a basis for L(Ag) consisting of the
stable CPL basis elements. More precisely, given an element & of B(n), let & be its
image in P(n+2k) (where k is a non-negative integer), and let ¢(&,) be the corresponding
CPL basis element. Consider the sequence ¢(&), £ = 0,1,2,..., of elements in L(Ay).
Our main result (Theorem 0.0.2) implies that this sequence stabilizes for large k. In
fact, it says that ¢(&) equals the stable value as soon as k is such that the weight space
of W(n+2k) corresponding to the weight of £ equals that of L(Ag). Passing to the direct
limit, we obtain a basis for L(Ag) consisting of the stable CPL basis elements. Moreover,
we obtain an explicit description of the stable CPL basis in terms of elements of the Fock

space of the homogeneous Heisenberg subalgebra of ;[\2 )

On area maximizing Gelfand-Tsetlin patterns

One of our tasks in this thesis is to reinterpret the paremetrizing set of the Chari-Loktev
basis for local Weyl modules of sl,,[t]. Towards this end we introduce the notion of
a partition overlaid pattern or POP. To define a POP, we first recall the notion of a

Gelfand-Tsetlin pattern. A Gelfand-Tsetlin pattern (or just pattern) P is an array of

18



integral row vectors M = (/\{, .. .,)\g), 1<j<r+1:

M

NNt
subject to the following conditions:

NP >N>MH vi<i<ji<on

)\’r'+1

We call the last sequence of the pattern P is its bounding sequence. For example,

the pattern consisting of row vectors 5; 7, 4; and 7, 5, 3 is written (r = 2 here):

A partition overlaid pattern (POP for short) consists of a GT pattern P : A", ... A"
and for every ordered pair (j,7) of integers with 1 < j <rand 1 <i < j, a partition ml
that fits into the rectangle (\J*' — M, M — A1), Here, a partition fits into a rectangle
(a,b), where a and b are non-negative integers, means the number of (non-zero) parts is
at most a and the largest part is at most b. Example: a partition overlay on the pattern
displayed in (2) consists of three partitions 7(1)", 7(2)", and 7(2)* that fit respectively

into the rectangles (2,1), (0,2), and (1,1).

Dominant integral weights for g = sl,..; may be identified with non-increasing se-

quences of non-negative integers of length r+41 with the last element of the sequence being

19



0. Patterns with bounding sequence (corresponding to) A\ parametrize the Gelfand-Tsetlin
(GT) basis for V() [13]. Analogously, POPs with bounding sequence A\ parametrize the
Chari-Loktev (CL) basis for W(A). The weight of a pattern is the sequence of differences
of successive row sums; this gives the h-weight of the corresponding GT basis element of
V(A). The weight of the underlying pattern of a POP equals the h-weight of the corre-
sponding CL basis element of W (), and further the number of boxes in the partition

overlay is its grade.

The notion of a POP leads naturally to the notion of the area of a pattern: For a
pattern P: A',..., A" we define the number Zlgiggr()\gﬂ — M) (N = M) as its area.
Example: the area of the pattern displayed in (2) is 2+ 0+ 1(= 3). For a weight
of V()), it turns out that the piece of highest grade in the u-weight space of the local
Weyl module W () is one dimensional. We give a representation theoretic proof of this
fact. This suggests—even proves albeit circuitously—that there must be a unique pattern
of highest area among all those with bounding sequence A and weight . We give a direct,

elementary, and purely combinatorial proof of this.

To state our result more precisely, we recall the notion of majorization. For an element
z = (x1,...,2,) in R™1 let b = (aF,...,2}) be the vector whose co-ordinates are
obtained by rearranging the z; in weakly decreasing order. For elements z and y in R+

we say that z majorizes y and write z =y, y if

xf—l—---—l—a:tZy%—i—---—i—yt, forall 1 <k<r+1, and x4+ -z =y1+ - +Yrs1.

We are now ready to state our main result in this direction (see [21]). In the following

theorem we will allow patterns to have real entries.

Theorem 0.0.3. Let A = \y > ... > A\, be a non-increasing sequence of real numbers
and p = (1, ..., pri1) an element of R that is majorized by \: X = p. Then there

1s a unique pattern P of maximum area among all those with bounding sequence A and
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weight . More over, if X and pu are integral, then the pattern P has integer entries.

The proof of Theorem 0.0.3 is purely combinatorial. In the course of the proof, we

also prove that the pattern P : X', ..., A"™, has the following properties:

e For any j, 1 < j < r+1, its j™ row M majorizes the j** row s/ of any pattern

with bounding sequence A and weight 1 M = k7.

e Its area equals 1 (||A|[* — ||u|[?), where || || is the Euclidean norm on R"**.

A bijection and the stability conjecture

In chapter 6 of the thesis, we state a conjecture about the “stability” of the Chari-Loktev
bases for sl3 and beyond. Note that the conjecture is proved for sl, in Chapter 2. To
describe what is meant by stability, let 6 be the highest root of g = s, ;. We then have

natural inclusions of local Weyl modules:
(3) W) = WA+0) = WA+20) — ...,

for a dominant integral weight A of g. For g = sly, the above chain of inclusions is
just (1). We may ask if there are corresponding natural inclusions of indexing sets of
the Chari-Loktev bases for these modules. To prove that this is indeed the case, we first
establish a combinatorial bijection, which is a generalization of the construction of Durfee
squares [1]. Loosely speaking, the bijection identifies POPs with r-colored partitions. We
use this bijection to give inclusions of indexing sets of the Chari-Loktev bases. Once the
inclusion of indexing sets is established, we may ask if the Chari-Loktev bases respect
the inclusions. We believe that they do have this stability property, and in fact formally

commit ourselves to this effect (Conjecture 0.0.4).

We first describe below, a motivation for the bijection which identifies POPs with
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r-colored partitions. Given a dominant integral weight A of g = sl,.,;, the local Weyl
modules W (A+ k@), for every non-negative integer k, are identified as Demazure modules
of a fundamental representation L(A) of g. Hence, we have the chain (3) of Demazure
submodules of L(A), whose union is L(A). Given a weight of L(A) (which corresponds to
a non-negative integer d), there exists large k such that the corresponding weight space
of W(A + k0) equals that of L(A). Hence, we have a bijection from certain POPs onto
the set of r-colored partitions of d. Indeed, the dimension of weight space of L(A) of the
weight corresponding to d is the number of r-colored partitions of d [16, §12.13], and the
Chari-Loktev basis for W (A + kf) parametrized by POPs. We prove this by constructing
an explicit bijection, and use this construction to state a conjecture about the “stability”

of the Chari-Loktev bases.

We explain below what we do little more precisely. For the sake of simplicity, we
consider here the weight A — dé of L(A) corresponding to a non-negative integer d. Let
L(A)a—as (resp. W(A + kO)a_g4s) denote the weight space of L(A) (resp. W (A + k0)) of
weight A — dd. We find a positive integer Kj, and construct a bijection 2y, for k > Ky,
from the set of r-colored partitions of d onto the set P, of POPs whose corresponding
Chari-Loktev basis elements lie in W (A+k0)x_q5. We use the bijection Wy := Q4 oQ,;l,
for k > Ky, from Py to Py, to state a conjecture about “stability” of the Chari-Loktev

bases.

As a first step, we slightly modify the definition of these bases as in [20, §3.2], by
normalizing the generators of the local Weyl modules and replacing the powers in the
monomials by divided powers. We call these modified bases as the CPL bases. For
¢ € Py, denote ¢(§) as the corresponding CPL basis element of W(A + kf#)p_45. For
k > Koy, for £ € P, and Wi (§) € Pry1, the corresponding CPL bases elements respectively
c(§) € W(A+Ek0) and ¢(Vx(§)) € W(A+ (k+1)0), lie in the same weight space L(A)r—_gs
of L(A). We conjecture below that they are in fact equal as elements of L(A) up to a

sign factor (see [21]).
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Conjecture 0.0.4. Let £ € P,. For k > Ky, we have

¢(§) = £ c(T(§)),
i.e., they are equal as elements of L(A) up to a sign factor.

Theorem 0.0.2 establishes the g = sly case of this conjecture. However, generalizing

our methods to g = sl and beyond presents formidable technical difficulties.

Triangularity of Gelfand-Tsetlin and Chari-Loktev bases

for representations of sl

We recall that Chari and Loktev [5], in their study of local Weyl modules of the cur-
rent algebra sl..1[t], constructed a nice monomial basis for these modules consisting
of homogeneous elements. Since the grade zero piece of the local Weyl module W (\)
is just the finite-dimensional irreducible representation V'(\) of sl,.,q, the Chari-Loktev
basis elements of degree zero give a monomial basis for V(\) [5, Corollary 2.1.3]. We
shall call this the Chari-Loktev (CL) basis for V' (\). Recall that for V' (\), we also have
the Gelfand-Tsetlin (GT) basis [13], which is paremetrized by the set of patterns with

bounding sequence .

In the last part of this thesis, we compare the Gelfand-Tsetlin and the Chari-Loktev
bases for the irreducible representation V' (A) of sl 1. In order to compare them, we will
assume that our bases are normalized such that the same highest weight vector belongs
to both bases. Note that Chari-Loktev basis elements of the grade zero piece of W (\)
are corresponding to POPs with empty partition overlays or in other words simply to
patterns. Thus, the CL and GT bases for V(\) are both parametrized by the set of

patterns with bounding sequence A\. We now ask a very natural question: is it true that
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one basis is upper triangular with respect to the other, relative to some partial order on
the set of patterns? We answer this question in the affirmative, and show that this holds
with respect to the row-wise dominance partial order on patterns. We also compute the
diagonal elements of the transition matrix. The row-wise dominance partial order > on
patterns is defined by P > Q if for every j, 1 < j < r+ 1, the j* row )\ of P succeeds

the 7 row s/ of Q in the dominance order on partitions, i.e.,

Nt o+ N >wltotrl, VI<i<y

To state our result more precisely, let GT(\) denote the set of patterns with bounding
sequence A\. For P € GT(\), let (p (resp. CL(P)) denote the corresponding GT basis
(resp. CL basis) element of V(\). We then prove (see [21]):

Theorem 0.0.5. Let A be a dominant integral weight of sl..1. Let P € GT(\) with the

array of integral row vectors X = ()\{, .. .,)\5), for 1 < 57 < r+ 1. Then we have the

following:
(4) CL(P) = Z coCo, for some cg € C,
QeGT(N)
Q>P

where the co-efficient cp of (p in (4) is equal to

DY VA B |

11 H H)\Jl/\]1+d

1<i<j<r+1  d;;=0 1+1 ) (]l — 14+ 1)
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Chapter 1

Preliminaries

In this chapter, we recall certain well-known definitions and results which will be used in

this thesis. We begin with brief history.

The theory of semisimple Lie algebras and their representations lies at the heart of
modern mathematics. The finite-dimensional simple Lie algebras over the field of complex
numbers were classified in the works of Elie Cartan and Wilhelm Killing in the 1930’s.
There are four infinite series A, (r > 1);B,,C, (r > 2); D, (r > 4) which are called
the classical Lie algebras, and five exceptional Lie algebras Fg, E7, Fg, Fy, Go. The Lie
algebras of type A, D, and E are called of type simply laced. The structure of these Lie
algebras is uniformly described in terms of certain finite sets of vectors in a FEuclidean
space called root systems. The theory of finite-dimensional representations of semisimple
Lie algebras is largely reduced to the study of their irreducible representations, due to
Weyl’s complete reducibility theorem. The irreducibles are parametrized by their highest

weights.

In the late 1960’s, Victor Kac and Robert Moody built on this work and independently
defined and studied a class of Lie algebras, now called the Kac-Moody Lie algebras. These

are generalizations of the finite-dimensional simple Lie algebras. The theory of Kac-
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Moody Lie algebras and their representations has numerous connections with other areas
of mathematics and physics. The reader is referred to, e.g., the books of Bourbaki [2],

Carter [3], Dixmier [8], Humphreys [14], or Kac [16] for a detailed exposition of the theory.

Throughout the thesis, C denotes the field of complex numbers, Z the set of integers,
Z>o the set of non-negative integers, N the set of positive integers, C[t] the polynomial ring
in an indeterminate ¢, C[t,¢™!] the ring of Laurent polynomials, and U(a) the universal

enveloping algebra corresponding to a complex Lie algebra a.

1.1 The simple Lie algebra g

Let g be a finite-dimensional simple Lie algebra over C of rank r, with Cartan subalgebra
h. Set I = {1,2,...,r}. Let R(resp. RT) be the set of roots (resp. positive roots)
of g with respect to b and let § € R™ be the highest root in R. Let (. | .) be a non-
degenerate, symmetric, invariant bilinear form on h* normalized so that the square length
of a long root is two. For a@ € R, let a¥ € h be the corresponding co-root and let g,

be the corresponding root space of g. It is well-known that dim g, = 1,V a € R. For

+
«a

\%

each a € R", we fix non-zero elements 2 € g4, such that [z}, 2z ] = o¥. We set

+
n" = Quept Gta-

The weight lattice P (resp. the set of dominant weights P*) is the Z-span (resp.
Zso-span) of the fundamental weights w;,i € I of g. The root lattice @ is the Z-
span of the simple roots «;, i € I of g. The dominant root lattice QT = >, ; Z>o0y.

Set d; = 2/(ey | «;),Vi € I. We define L = )., Zd;w;, a sub lattice of P, and

iel
M = .. Zd;a;, a sub lattice of (). We note that L and M are the images of the
co-weight and co-root lattices respectively under the identification of h and h* induced

by the form (. | .).
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1.1.1 The Weyl group of g

For each i € I, the fundamental reflection s,, (or s;) is given by
Sa;(N) = A — (N, o))y, YV AEB

The subgroup W of GL(h*) generated by all fundamental reflections s;, i € I is called
the Weyl group of g. Given w € W, let £(w) be the length of a reduced expression for w.

Let wy be the longest element in W.

1.1.2 The finite-dimensional irreducible g-modules

It is well-known that the finite-dimensional irreducible g-modules (up to isomorphism)
are indexed by the elements of PT. For A\ € P, the corresponding finite-dimensional
irreducible g-module V() is the cyclic g-module generated by an element v, with the

following defining relations:

=0, hoy=\ R, ()M, =0, VaeRY heb.

«

1.2 The affine Lie algebra g

Let g be a finite-dimensional simple Lie algebra over C as in §1.1. Let g be the corre-

sponding (untwisted) affine Lie algebra defined by
g=9gxC[t,t '@ Cca Cd,
where c is central and the other Lie brackets are given by

[z @ty @t"] = [z,y] @ " + mbm _n(z|y)c,
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[d,z@t"] =m(z@t™),

for all z,y € g and integers m,n. The Lie subalgebras H, nt, and b of g are defined as

follows:

h=haCedCd, ar=n"eClHtemn oh)eiCl, b=hont

We regard h* as a subspace of H* by setting (A, ¢) = (\,d) =0 for A € h*. For £ € /b\*, let

€|y be the element of h* obtained by restricting & to h. Let d,Ag € E* be given by
(0,h+Cc) =0, (0,d) =1, (Ao, h+ Cd) =0, (Ag,c) = 1.

Extend the non-degenerate form on h* to a non-degenerate symmetric bilinear form on

6* by setting,

(B*|C6 + CAy) = (5]6) = (Ag|Ag) =0 and (8]Ag) = 1.

Set I = I U{0}. The elements a;, i € I where ag = d — 6 are the set of simple roots

of §, and the elements Y, i € T where af = ¢ — 6" are the corresponding co-roots. The

~

Chevalley generators e; and f; (i € I) of g are given by following:

=1, @t, fo=x5t", e =1, ®1, fi=z, ®1, (i€l).
Let R+ be the set of positive roots,
R*={a+nd:ae€R neNUR"U{nd:neN},
and R~ be the set of negative roots,

R - ={a+nd:a€R ne—-N}UR U{nd:ne—N}.
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Let Rye = {a+nd: o € R, n € Z} be the set of real roots, and Ry, = {nd : n € Z\ {0}}
be the set of imaginary roots. The set of roots Rof g is given by R=R,.URy, = R-UR*.

The root space decomposition of g is given by

9:®97 69/[]\’

weﬁ

where g, = {z € § : [h,z] = (v, W)z, Vh € b}. It is well-known that dim §, =
1, Vv e ﬁre. For each real root o + nd, we have the Lie subalgebra of g generated by
{z} ® t", x2 ® t~"} which is isomorphic to sl,. Let Q = > iciZa; be the root lattice,
and @+ =Y 7 Z>o;. The weight lattice (resp. the set of dominant integral weights) is
defined by

P (resp. Pt) ={\ € b (N, o)) € Z (vesp. Zsg), Vi€ I}

For an element A € P, the integer (), ¢) is called the level of A.

1.2.1 The Weyl group of g

For each i € I, the fundamental reflection s,, (or s;) is given by
Sas(N) = A — (X, 0y, VAED.

The subgroup W of GL(E*) generated by all fundamental reflections s;, i € I is called

the affine Weyl group or the Weyl group of g. We regard W naturally as a subgroup of

— -~

W. Given a € b*, let t, € GL(h*) be defined by
1 ~
ta(A) =X+ (A\0)a— (Na)d — 5 (A0) (a]a)d  for A € b™.

The translation subgroup Ty, of W is defined by Ty = {ta € GL(G*) ca € M} (where,

you may recall the definition of M from §1.1).

29



The following proposition gives the relation between W and W. It is well-known and

may be found in [16].

Proposition 1.2.1. [16, Proposition 6.5] W=Wx T

The extended affine Weyl group W is the semi-direct product
W =W x ij7

where T = {to, € GL(h*) : a € L}. Let C = {A € b* : (A,aY) > 0V i e I} be the
fundamental Weyl chamber for g. Let X = {0 € W 0(6) = 6}, it is a subgroup of
the group of diagram automorphisms of g. Then ¥ provides a complete system of coset

representatives of W / W and we have W = W x & (see [10], as also [2]).
Given w € W, let ¢(w) be the length of a reduced expression for w. The length
function ¢ is extended to W by setting

(1.1) l(wo) = l(w),

forwGWandaEZ.

1.2.2 The category O

A g-module V is called H—diagonalizable if it admits a weight space decomposition

V=DV
neb*
where V, ={veV:hv=(u h)v, Vhe h}. A non-zero vector of V,, is called a weight
vector of weight p. Let P(V) := {p € b : V,, # 0} denote the set of weights of V. For
A e E*, let us denote D(A) := {pu € f)\* : i < A}. Recall that the partial order < on E* is

defined by u < Aiff A — pu € Q+.
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Definition 1.2.2. A g-module V is said to be in category O if

1. It s H—diagonalizable with finite-dimensional weight spaces, and

2. There exist finitely many elements Ay, -, A, € b* such that P(V) C U™, D(A,).

The morphisms in @ are homomorphisms of g-modules. The category O is abelian.

1.2.3 Highest-weight modules

Highest-weight modules are important examples of objects from the category O.
Definition 1.2.3. A g-module V is said to be a highest-weight module with highest weight
A e H* if there exists a non-zero vector vy such that

(1.2) ntoy =0, hux = (A, h)oa, Vh €D, and U(g)vy = V.

Remark 1.2.4. By condition (1.2) it is easy to see that U(n~)vy =V, and we have
V = @u<aVy, Va = Cop, dim V, < ooV € 6* Therefore, a highest-weight module is

an object of category O.

Now, we recall an important family of highest-weight modules known as Verma mod-

ules.

Definition 1.2.5. A g-module M(A) with highest weight A is called a Verma module if

every g-module with highest weight A is a quotient of M(A).

The following proposition justifies the importance of Verma modules.

Proposition 1.2.6. [16, Proposition 9.2]

1. For every A € H* there exists a unique (up to isomorphism) Verma module M(A).
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2. Viewed as a U(n™)-module, M (A) is a free module of rank 1 generated by the highest

weight vector.

3. M(A) contains a unique proper mazximal submodule M'(A).

It follows from part 3 of the above proposition that for A € E*, there is a unique
irreducible module of highest weight A which we denote by L(A) := M(A)/M'(A). The
g-modules L(A), for A € H*, exhaust all irreducible modules of the category O [16,

Proposition 9.3].

1.2.4 Integrable modules

Definition 1.2.7. A g-module V is said to be integrable if the following holds:

o [tis H—diagonalizable with finite-dimensional weight spaces.

~

e The Chevalley generators e; and f; (i € I) are locally nilpotent on V. i.e., given

any v € V, there exists n > 0 such that e} v =0= fl'v.

We will further restrict our attention to the category O™(g) of integrable modules in

category O. We record the following fact from [16].

Proposition 1.2.8. [16, Lemma 10.1] The g-module L(A) is integrable if and only if
A e Pt

The following Proposition gives the defining relations for the modules L(A), A € pP+.

Proposition 1.2.9. [16, Corollary 10.4] Let A € PT. The g-module L(A) is the cyclic

module generated by vy, with defining relations

huy = (A, hyvy YV heD,

~

e;oa=0 (iel),

~

ey =0 (i el).

1
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In particular, an integrable highest-weight module of g is automatically irreducible.

The g-modules L(A), for A € P+, exhaust all irreducible integrable modules of the

category O [16, Corollary 10.7]. Denote by P(A) the set of weights of L(A).

The following proposition may be found in [16]. For g = sl,, see also [3, Proposition

20.22].

Proposition 1.2.10. [16, Lemma 12.6, Proposition 12.13] Assume that g is simply laced

of rank r. Let A € Pt be of level 1. Then

1. P(A) = {t,(A) =nd: p € Q, n € L},

2. For p e Q, n € Zsgy, we have

dim L(A)¢, (A)—ns = the number of partitions of n into r colors.

1.2.5 Demazure modules

Let L(A) be the irreducible integrable highest-weight module of g corresponding to a
dominant integral weight A. Given an element w of /V[7, define a b-submodule Viw(A) of
L(A) by

Vi(A) = U®)(L(A)un).

We call the b-module Vw(A) as a Demazure module. Since f; L(A),a = 0 holds if and
only if (wA, «)) < 0, we see that V,,(A) is g-stable if and only if (wA, o) <0, Vi€ I.

The notion of Demazure module associated to an element of W is defined by setting
Viwo (A) = Vi (o A),

foraEZandwEﬁ/\.
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1.2.6 Inclusions of Demazure modules

—~

We first recall the notion of Bruhat order on W. Let wy,ws € W. Bruhat order is
the partial order relation < on W defined by w; < ws if given a reduced expression
$189 -+ - 8, for wy, wy can be obtained as a subexpression of this reduced expression. i.e.,

Wy = 84,84, -+ 55, for some 1 <y <idg < -+ < iy <1 (see [15, §5.10]).

Let A € P+ and W, = {w € W wA = A}. We now recall the notion of Bruhat
order on /W/ W,. For elements wy, ws of 171/\/ Wa, let w) (resp. w}) is a minimal length
element of W in the coset wy (resp. wy). Bruhat order < on W / /WA is defined by w; < ws

if w] < w) in the usual Bruhat order on w.

For elements w; < wy of W/ /WA, where < denotes the Bruhat order on W/ /WA,
the Demazure module V,,, (A) is included in V,,(A) (as submodules of L(A)) (see [17,
Proposition 3.2.4]).

1.3 The current algebra gt]
The current algebra g[t] associated to g is defined as g ® C[t], with the Lie bracket

[z@t" y@t"] =[r,y] @ ™" Vax,y€g, mne Lso.

The degree grading on Clt] gives a natural Zs¢-grading on U(glt]): the element (a; ®
t") - (a @ t"F), for a; € g,1; € Z>p, has grade r1 + -+ - + 1. A graded g[t]-module is a

Z-graded vector space V = @, ., V'[n] such that
(g@t™VIn] CVn+m], Vmé€EZsy, neZ.

Let evg : g[t] — g be the morphism of Lie algebras given by setting ¢ = 0. The pull back

of any g-module V' by evy defines a graded g[t]-module structure on V, and we denote
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this module by evy V. We define the morphism of graded g[t]-modules as a degree zero
morphism of g[t]-modules. For m € Z and a graded g[t]-module V, we let 7,V be the
m-th graded shift of V| defined by setting (7,,V)[n] = V[n — m].

1.3.1 The local Weyl modules of glt]

In [7], Chari and Pressley introduced the notion of local Weyl modules for the loop
algebra g @ C[t,t~']. In [9], a more general case was considered by replacing the Laurent
polynomial ring with the co-ordinate ring of an algebraic variety. Later in [4], a functorial
approach is used to study local Weyl modules associated with the Lie algebra g® A, where

A is a commutative C-algebra with unit.

Definition 1.3.1. Given A € P, the local Weyl module W (X) is the cyclic g[t]-module

generated by an element wy, with following defining relations:

Mt @C[t))wy=0, (hRIClt]))wy=0, and hwy=(\h)wy, VhEHbH,

(1.3) (z; @ MMy, =0, VaeR*.

We set the grade of wy to be zero. Since the defining relations of W(\) are graded, it
inherits a Zso-grading from the grading on U(g[t]). For s € N, the subspace of grade s

is given by
W(A)[s] =span{(a1 @t™) - (ap @t™*)wy : k >1,a; € g,7; € Lo, Zm = s},

and the subspace of grade zero is given by

The following proposition is well-known and the proof is analogous to that in [7, §§1-2].
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Proposition 1.3.2. [7] For A € P*, we have the following:

1. W(X) has a unique finite-dimensional graded irreducible quotient, which is isomor-

phic to eviV(X). In particular, W (\) # {0}.
2. The zeroth graded piece W(A)[0] of W(A) is isomorphic to V(X).

3. W(A) is finite-dimensional. Moreover, any finite-dimensional g[t]-module V' gener-

ated by an element v € V' satisfying the relations
(14) (" eC[t)v=0, (HhtC[t))v=0, and hv=(\h)jv, Vheb,

is a quotient of W ().

Definition 1.3.3. For A € P*, an element v # 0 of a g[t]-module satisfying the relations
(1.4) is said to be a highest weight vector of weight \.
1.3.2 The graded character of local Weyl modules

For s > 0, the subspace W(\)[s] of grade s of the local Weyl module W(\) is a g-

submodule, and we have the following weight space decomposition for W (A):

W()‘) = @ W()‘)u,&

(1,8)EPXZ>0

where W(A), s :={w € W(A)[s] : hw = (u, h)w, Vh € h}. For 1 € P, let

W) =W ={we W) : hw = (u,h)w, Vh € b}.

s>0

36



The p for which W(\),, # 0 are the weights of W (\). The graded character ch, W () of
W (M) is defined as,

(1.5) chy, W)= Y dim W(\),.q e € Z[P)[q).

(;L,S)EPXZZO

1.3.3 Local Weyl modules as level one Demazure modules

The following theorem gives the connection of local Weyl modules with Demazure mod-
ules. For g = sly, it follows from a result in [7]. For g = sl 1, it is proved in [5] by using

the result in [7]. For g simply laced, it is proved in [10] also by using the result in [7].

Theorem 1.3.4. [10, Theorem 7] Assume that g is simply laced. Given A € P*, let

w e W,U €Y and A € P+ such that
woA = wo + Ay mod Zé.

Then we have the following isomorphism of g[t]-modules,

1.4 The Lie algebra g = sl

Throughout this section g = s, 1, the Lie algebra of (r+ 1) x (14 1) trace zero matrices

over the field C of complex numbers.

1.4.1 Notation

Let b be the standard Cartan subalgebra of g consisting of trace zero diagonal matrices.

For 1< i < r + 1, let ¢; € h* be the projection to the " co-ordinate. Let w; =
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€1+ -+¢ei, 1 < i < r, be the set of fundamental weights of g. Let a; = ¢;—¢;41, 1 <7 <1,
be a set of simple roots of g with respect to b, and o; ; = a; +---+«a;,1 <1 < j <7, be
the set positive roots of g. For 1< 4,5 <r+1, let E;; be the (r + 1) x (r + 1) matrix

with 1 in the (7, )" position and 0 elsewhere. Define subalgebras n* of g by

+ +
wt= P Cop

1<i<j<r

where a:j] = E;j+1 and 2;; = Ej11,;. Now we have the following decomposition for g

g=n ohdn'.

1.4.2 The Gelfand-Tsetlin bases for irreducible representations

of 5[T+1

Definition 1.4.1. A Gelfand-Tsetlin pattern (or just pattern) P is an array of integral

rowvectorsy:()\{,...,A?), 1<j<r+1:
M

AA

] AT

r+1 r+1 r+1
)\1 )\2 e A'I“+1

subject to the following conditions:

- . - o
NT>XN>N, V1Ki<ji<r

We call the last sequence A"t of the pattern P is its bounding sequence. For a
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sequence A of non-increasing integers, we let GT(A) denote the set of patterns with

bounding sequence .

The following theorem is originally given in [13] (see [19, Theorem 2.3] for the current

formulation).

Theorem 1.4.2. [15] Given A=Y, m;w; € PT, set \y=my+---+m; V1 <i<r,
and consider the non-increasing sequence A : Ay > --- > . > 0. Then there exists a
basis {(p} for the irreducible representation V(X) of g parametrized by the set of patterns

P € GT(A) such that the action of generators of g is given by the formulas

k k—1 k+1
(B — Ers111) Cp = (2 Z Af — Z AT — Z Y ¢p,
=1 =1 =1
k
(lki - lk+1 1) e (lki - lk+1 k+1)
E — ’ ’ ’ ’ }
kb1 6P ; (s —Tr) (s — Ds ) (et — o) (s — o) 7 7%
k
(Ui — le—11) -+ (lgi — le—1,6—1)
E — S ikl o
b1k P 121 (Ui = Uep) -+ (i = Uiie1) (i — Uivn) -+ (Li — lk,k;)cp O

where l;.; = N\ — i+ 1, and the arrays P =+ 6x; are obtained from P by replacing \¥ by

N 41, It is assumed that Cp = 0 if the array P is not a pattern.

We know E;; = [Ej -1, [Ej_1j-2, [, [Bit2it+1, Eiy14]---]]], for i # j. Hence for
J > 1, the action Ej; (p of E;; on (p is a linear combination of elements (., where x is a
pattern obtained from P by decreasing each of indices A" , for ¢« <m < j —1, by 1 while
leaving all other indices unchanged. The action of E;; on (p, for j < ¢, is defined in a

similar way.

We call the set {(p : P € GT(A)} as the Gelfand-Tsetlin (GT) basis for V/(A). The
weight of a pattern is defined as the sequence of differences of successive row sums; this

gives the h-weight of the corresponding GT basis element of V().
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1.4.3 The Chari-Pressley-Loktev bases for local Weyl modules
of 5[T+1 [t]
In this subsection, we recall some results of Chari-Pressley [7] and Chari-Loktev [5]. We
begin by introducing some notation.
Given a non-negative integer [, for s = (s({) > --- > s(1)) € leo and 1 <i<j<r,
let x; (1, s) be the element of U(n~ @ C[t]) defined by

(1.6) X;j(l7 s) = (x;j ® ts(l)) e (:1:;] ® tS(l))’

if 1 >0 and x;;(0,0) = 1.

Fix A = > myw; € PT. The set €(\) consists of elements (I; j, s; j)1<i<j<r with

li,j € ZZO7 si,j = (S@j(l@j) Z s Z Si,j(]-)) € lelg) such that

either l@j =0 or li,j > 0 and Si,jai,j) <m;—+ Z li—l—l,s — Zl@s.

s=j+1 s=j

The set B(\) consist of elements
(1.7) Xil(h,h S1,1)Xi2(l1,2, 51,2)X£2(12,2, 52,2)X1_,3(l1,3, S13) - "X;r(lr,m Syr) W,

in W(/\) with (lm‘, Si,j)lgigjﬁr S Q:(/\)

The following theorem gives bases for the local Weyl modules of sl,,4[t]. For g = sl,
it is proved by Chari and Pressley in [7]. Later, in [5], Chari and Loktev proved it for

g = sl,41 using the result in [7].

Theorem 1.4.3. [5,7] For A\ € P*, the set B(\) is a basis for the local Weyl module
W(N.
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Chapter 2

Stability of the
Chari-Pressley-Loktev bases for local

Weyl modules of sly|t]

The results of this chapter have appeared in [20].

2.1 Notation and Preliminaries

In this section, we recall results from chapter 1 which will be used in this chapter, for

g = sly.
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2.1.1 The affine Lie algebra g[\z

Let sl; be the Lie algebra of 2x2 trace zero matrices over the field C of complex numbers

with standard basis

Let h = Ch be the standard Cartan subalgebra and (A, B) — trace(AB) the normalized

invariant bilinear form on sl,.

Let ;[; be the affine Lie algebra defined by
sl = sl, ® Ct,t"!] @ Cc @ Cd,
where c is central and the other Lie brackets are given by

(2.1) [At™, Bt"] = [A, B]t™" + m.6,_n (A, B) c,

(2.2) [d, At™] = m (At™),

for all A, B € sly and integers m, n: here, as throughout this chapter, At® is shorthand
for A ®t*. We let H = Ch & Cc @ Cd, and regard h* as a subspace of 6* by setting
(A, ) = (\,d) =0 for A € b*.

Let ag, a; denote the simple roots of 5/[\2 and let oy = ¢ — h, oy = h be the corre-
sponding coroots. Let e;, f; (i = 0,1) denote the Chevalley generators of 5/[\2; these are
given by

€1 =7, f1:y7 eozytv f():xt_l'

We have

(o, h)y =2, (a1,¢) =0, (a;,d)=0 and (ag,h)=-2, (a,c)=0, (ap,d)=1.
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Let 6 = ag + aq denote the null root, @ = Zagy + Zay the root lattice, and @+ the non-
negative integer span of ag, ;. The weight lattice (resp. the set of dominant weights) is

defined by
P (resp. PY)={\eb*: (\,a)) € Z (vesp. Zso), i = 0,1}.

We define Ay € P+ by (Ao, h) =0, (Ao, c) =1, (Ag,d) = 0.

The Weyl group W of sly is the subgroup of GL(E)\*) generated by the simple reflections
S, 51. These are defined by s;(\) = A — (\, &) a; for \ € 6*, and ¢ = 0,1. There is
a non-degenerate, symmetric, bilinear W-invariant form (+]') on /f)\*, given by requiring
that Cay be orthogonal to C§ 4+ CAy, together with the relations (aq|ay) = 2, (6]0) =

(Ao|Ao) =0, (0|Ao) = 1.

Given a € h*, we define t, € GL(E*) by

(2.3) ta(\) = A+ (A\|8) @ — (Aa) 6 — % (A\8) (a|a) 8 for A € B,

Now let w; = ;1 /2; then @ = Zay and P = Zw; are the root and weight lattices of the
underlying sly. We also let Pt = Z w; be the set of dominant weights of the underlying
finite-type diagram. The translation subgroup Ty of W is defined by To = {tja, : j € L}.

We have W = W Tq, where W = {1, s1} is the underlying finite Weyl group.

The extended affine Weyl group W is the semi-direct product
/_W/ =W x Tp,

where Tp = {t;w, : j € Z}. Now consider the element o = s1t_, € W. This induces the
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diagram automorphism of the Dynkin diagram of g@ ; we have
o0y = (1, 01 = Qg, OP = pP.

Here, p € 6* is the Weyl vector, defined by (p,a;’) =1 for i = 0,1 and (p,d) = 0. We

also have W = W x %, where ¥ = {1,0} is the subgroup generated by o.

2.1.2 The basic representation L(A) of sl

Given A € P+, let L(A) be the irreducible g[;—module with highest weight A. It is the

cyclic g[;—module generated by vy, with defining relations

(2.4) hvy = (A, hyvs VheD,
(2.5) e;on=0 (i=0,1),
(2.6) FRet L — 0 (i=0,1).

It has weight space decomposition L(A) = & . L(A),. The p for which L(A), # 0 are
the weights of L(A). The module L(Ag) is particularly well-understood; the following

well-known proposition describes the weight spaces of L(Ag) (see Proposition 1.2.10).

Proposition 2.1.1. [16]

1. The set of weights of L(Ao) is {tja,(Ao) —do | j € Z,d € Z>p}.
2. dim (L(Ao)tjal(AO)*d(S) = p(d), the number of partitions of d.

We let Ay = 0Ag. Then, Ag, A; are (a choice of) fundamental weights corresponding

to the coroots ay,ay, i.e., (A, af) = 0y for i,5 € {0,1}. We let v,, denote a highest

weight vector of L(A;) for i =0, 1.
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2.1.3 The current algebra and its local Weyl modules

The current algebra sl,[t|=sl, ® C[t] is a Lie algebra with Lie bracket is obtained from
that of sly by extension of scalars to C[t]: [At™, Bt"| = [A, B]t"*" for all A, B in sl, and

non-negative integers m, n. As such, it is a subalgebra of g@ .

Definition 2.1.2. (see §1.3.1) Given n € Zs, the local Weyl module W (n) is the cyclic
sl,[t]-module with generator w,, and relations:
(2.7)

(xt®) w, =0, (ht"™ Y w,, = 0, hw, = nw,, y" " w, =0 for all s > 0.

2.1.4 Local Weyl modules as Demazure modules

We recall that the standard Borel subalgebra of EE is
b=slL®tClt] ®Czah.

Let w be in W and A in P*. The weight space L(A)ya of L(A) has dimension one (since

two weights that are Weyl group conjugates have the same multiplicities).

Define V,,(A) := U(b) (L(A)wa). Then, V,(A) is a U(b)-submodule of L(A), called
the Demazure module of L(A) associated to w. More generally, given an element w of
the extended affine Weyl group W, we write w = ur with u € /W, 7 € ¥ and define the
associated Demazure module by V,,(A) := V,, (7(A)) (see §1.2.5).

We will consider the modules V;, (Ag) for A € P. It is convenient to use the notation
of [10] and set
D(1,)) :=Vi_, (Ag).

Since ¥ = {1,0}, the D(1,\) are Demazure modules for L(Ag) (when A € Q) or L(A;)
(when A & Q). Further, D(1,)) is sk[t]-stable (not just b-stable) if, and only if, A € P*.
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The following theorem identifies the sly[t]-stable Demazure modules with the local

Weyl modules of the current algebra (see Theorem 1.3.4):

Theorem 2.1.3. [5] The local Weyl module W (n) is isomorphic to the Demazure module

D(1,nw,), as modules of the current algebra slyt].

The isomorphism maps the generator w,, of W(n) to a vector of L(Az), which we will
also denote w,. Here 7 is 0 if n is even and 1 if n is odd. By [5, Corollary 1.5.1] (see
also [10, Corollary 1]), the weight + of the vector w, € L(Az) is a Weyl conjugate of Az.
Further, we must have (v, h) = n. It follows from (2.3) that v = t,q,/2(Ao) (respectively

tin—1)a1/2(A1)) if n is even (respectively, if n is odd).

Since the y-weight space of L(Az) is one-dimensional, this isomorphism identifying
the local Weyl module as a Demazure module is unique up to scaling. We will fix the

following choice of w, for the rest of this chapter:

(28) (a:t_%)(%) VA, if n is even,
2.8 Wy, 1=

<$t_n21>( =) vy, if mis odd.

Here we have used the “divided power notation”: X® := X?/pl. It is clear that w, has
weight v; the fact that w,, # 0 will follow from Proposition 2.3.8(1) for n even, and from
the arguments of §2.3.3 for n odd. We will henceforth identify W (n) with D (1, nw;) by

the isomorphism defined by this choice of w,, and think of W (n) as a subspace of L(Az).

2.1.5 Inclusions of local Weyl modules

Let A € P+ and W, := {w € /W|wA = A}. For elements w; < wy of W/W\A, where <

denotes the Bruhat order on W / W,, the Demazure module Vi, (A) is included in V,,, (A)
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(as submodules of L(A)) (see §1.2.6). Specializing to our case, we have, for n even,

(2.9) W(n) = Vi_,., () C Vi oy (No) = W(n +2),

since t_pe; < t-(n42)m; = S150t—nw,- For n odd, we have W(n) = Vt7<n71>w181(A1>a since
t_w, = s10. A similar argument to the above establishes W (n) C W(n + 2) in this case

as well. We thus have the following chains of embeddings:

(2.10) W(0) = W(?2) = ... >W(2n) — W(2n+2) — ... = L(Ay).

(2.11) W1) =>W(@3) = ..=>W2n+1) = W2n+3) = ... = L(Ay).

2.2 The main results

2.2.1 Bases for local Weyl modules

We first recall some results of [7] (see §1.4.3) which give a basis for the local Weyl
module W(n). We begin by introducing some notation. Let )’ denote the set of all
integer partitions. Elements of ) are infinite sequences A = (A1, A2, A3, -+ ) of non-
negative integers such that (i) A; > A4y for all ¢ > 1 and (ii) A\; = 0 for all sufficiently
large j. We let |A| = >, A, and write A = 7 to mean A € ) with |[A\| = r. Let

supp A = min{j > 0: A\;;; = 0}. Given non-negative integers a, b, let

(2.12) V(a,b) :={A €Y : A <band supp A < a}.

We identify partitions with Young diagrams in the standard way: the Young diagram
corresponding to a partition A is also denoted A and consists of an arrangement of square
boxes, all of the same size (the sides are of unit length), numbering |A| in all, arranged

left-and top-justified, A\; on the first row, Ay on the second row (which is below the first
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row), and so on:

At
A2

where s = supp A. In this language, )(a, b) is the set of partitions whose Young diagrams

fit into a rectangular a x b box:

Next, we define the set which will parametrize bases for local Weyl modules:

(2.13) P:={(m,k,\):m,ke€Zwithm>k>0, and A € Y(m — k,k)}.

In light of [5] a triple (m, k, ) € P should be thought of as the pair (GT,,, A) where

GTm,k =

is a Gelfand-Tsetlin pattern for sly (see Definition 1.4.1). Associated to this pattern is a
box of size (m — k) x (k — 0), and the condition in (2.13) says that the Young diagram

of X should fit into this box.

For each non-negative integer n, we also define

PB(n) :={(m,k,\) €B:m=n}

Given £ = (n,k,\) € PB(n) with A = (A, Ay, A3, -+ ), define the following element of
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(2.14) B(§) = (H yt’“) Wy,

=1

We note that since [yt/, yt*] = 0 for all j,k > 0, the order of terms in the product in
equation (2.14) is irrelevant. We now have the following important theorem due to Chari

and Pressley [7] (see Theorem 1.4.3):

Theorem 2.2.1. [7] Let n > 0. Then {B(&) | £ € B(n)} is a basis for the local Weyl
module W(n).

2.2.2 The CPL basis elements ¢(&)

Our primary goal in this chapter is to study the compatibility of the Chari-Pressley bases
for W (n) with the chain of embeddings in equations (2.10) and (2.11). As a first step,
we slightly modify the definition of these bases, introducing normalization factors and
parametrizing them by the complements of partitions in Y(n — k, k), rather than by the

partitions themselves. More precisely, given £ = (n, k, \) € B(n), define

(2.15) (&) == 2(§) (1:[ ytk)”') W,

where z(£) is a normalization factor. To specify z(§), we first let m; == #{i : \; = j}
denote the multiplicity of the part 7 in A for each j > 1, and let mg := n — k — supp A.

Then, we have [} ytF > = H?:o (yt*=9)™ . The normalization factor is given by
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Here, [z] denotes the greatest integer less than or equal to x. We may also rewrite (2.15)

in terms of divided powers; we have

¢(€) = sgn(&) y ™) (yt!) 1) o (yth) o) gy,

where sgn(¢) = (—1)l4-1"2"],

Given £ = (n,k, \) € PB(n), with s = supp A, define \* € Y(n — k, k) by
A= (k7k7 )k7k_)‘sak_>\s—17"' 7]{;_)‘170707'”)7

where the initial string of k’s is of length n — kK — s. The Young diagrams of \° and A,
the latter rotated by 180° and appropriately translated, are complements of each other

in the (n — k) x k box: 2

)\C

)\ rotated

Letting £¢ = (n, k, X9), it is clear that £&¢ € P(n) and ¢(£) = z(&) B(£°). This of course
implies that the set
C(n) :={c(§) : £ € P(n)}

is also a basis for W (n). We call this the CPL basis of W (n).

We now view W(n) as a subspace of L(A;) as in equations (2.10) and (2.11). The

weight of ¢(§) in L(A5) is given by the following lemma.

Lemma 2.2.2. Let { = (n, k,\) € B. Then
1. Weight of ¢(§) = tk—n)a, (weight of wy,) — |A]0.
2. If n is even, the weight of ¢(§) in L(Ao) s t(r—n)a, (Ao) — |A[0.

20



3. If n is odd, the weight of ¢(€) in L(Ay) is t(kinTJrl)al(Al) —|Al9.

Proof. From (2.15), we have
n—=k

wt(c(€)) = wt(w,) — (n— k)ay +0 Y (k= N)

=1

= wt(wy,) + (k —n)ay + k(n — k)o — |A|9.

Let 3 = 2ay if n is even, and %%y if n is odd. Then wt(w,) = t5(Ag). Since tp_p)a,
and tz commute, the first part of the lemma is implied by the following identity, which

can be verified directly using (2.3):
te—n)ar (Am) = A + (k — n)t_g(a1) + k(n — k)d.

Assertions (2) and (3) are obvious from (1). O

2.2.3 The main theorem: stability of the CPL bases

We wish to study the compatibility of the bases C(n) and C(n + 2) with respect to the
embedding W (n) < W (n+2). As a first step, we define a weight preserving embedding

at the level of the parametrizing sets of these bases. Define the map ¢ :  — P by
(n,k,\)=(n+2,k+1,)).

This is well defined, since Y(n — k, k) is a subset of Y(n — k + 1,k + 1). Further, ¢ is
injective, and maps P(n) to P(n + 2) for all n. Now, the following is immediate from

Lemma 2.2.2.

Lemma 2.2.3. Let £ € P(n). Then the basis vectors ¢(§) € W(n) and ¢((€)) € W (n+2)

lie in the same weight space of L(Az).
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However, it is not true in general that ¢(¢£) and c(1(€)) are equal as elements of L(Az),

as the following example shows.

Example 2.2.4. Let A be the partition 2 + 1, i.e., A =(2,1,0,0,---). Let £ = (4,2, \).
Then & € P(4), and (&) = (6,3, ). Using (2.15), (2.8) and the commutation relations

—

in sly, it is easy to compute:

(ht™ — (ht™")?) wa,,

Ll —

¢(§) =
c((&)) =

~~

ht=* + ht*ht™") vy,

Both these vectors have weight Ay — 35. It is well known that the vectors ht=3wv,,,

ht=2ht Y vy, (ht71)3 vy, form a basis for the weight space L(Ag)a,—35. Thus, we conclude

¢(§) # c((S))- 0

We will however see below that ¢(£) = ¢(¢(&)) for all stable £&. More precisely, let

{(n,k,\) € B(n) : |\ <min(n —k,k)} if n is even,
(2.16)  PP(n) =
{(n,k,\) € B(n) : |\ <min(n —k,k—1)} if nisodd,

and q:;stab — |_|n20 ;Bstab(n)‘

We note that & € P52P(n) implies ¢(¢) € P4 (n + 2). The following is the main

result of this chapter.

Theorem 2.2.5. Let n be a non-negative integer and &€ = (n, k,\) € P>, Then

i.e., they are equal as elements of L(Az).

This theorem is proved in §§2.3.1-2.3.3.
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2.2.4 Passage to the direct limit: a basis for L(A)

Theorem 2.2.5 allows us to construct a basis for L(A,) (p = 0,1) by taking the direct
limit of the C(n) (for n = p (mod 2)). We explain this below for p = 0, the case p = 1
being similar. Consider L(Ay), and let = t;4,(Ao) — dd (j € Z,d € Z>() be a weight of

this module. Define
(2.17) Po={(n kN eP:k— g = j and |\ = d}.

We note that £ = (n, k, \) € P, forces n to be even; further, it is clear from Lemma 2.2.2

that ¢(§) has weight p iff £ € B,,.

Now, let B, (n) = B, NP(n). This set parametrizes the basis elements of W(n) of

weight p. By (2.17), the cardinality of 3,(n) is the number of partitions of d which fit

into a (§ —j) x (5 +j) box. Thus, for large enough n, *B,(n) contains exactly p(d) (the
number of partitions of d) elements; in particular this implies that ¢ induces a bijection
of the sets B, (n) and P, (n+2). Further, it is also clear that for large n, every £ € ,,(n)

is stable. More precisely, we have
(2.18) B (n)| = p(d) and B, (n) C P for all even n > 2(d + |j]) .

Choosing any such n, say n = 2 (d + |j|), we define the following (linearly independent)
subset of L(Ag),:

B, = {c(§) : £ €PBu(n)}.

By Theorem 2.2.5 and the remarks above, this is independent of the choice of n. Since
by Proposition 2.1.1, the dimension of L(Ay), is also p(d), we conclude that B, is a basis
for the weight space L(Ag),. Finally, to obtain a basis for L(Aq), we take the disjoint

union over the weights of L(Ag):

B = |_|Bu'

0
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We may view B as a direct limit of the CPL bases C(n) (n even) for the Demazure

modules (=local Weyl modules) of L(Ay).

2.2.5 A variation on the theme

We note that the generator w, of W(n) = D(1,nw;) is not a lowest weight vector of
the Demazure module D(1, nwy); while the lowest weight in D(1, nwy) is t_pe, (Ag), the
weight of w, is in fact t,,(Ag). From the basis B(&) of equation (2.14), it is easy to
construct a basis consisting of monomials in the raising operators of the current algebra
acting on a lowest weight vector v,, of the Demazure module. Given £ = (n, k, \) € B(n),

with A = (A1, Ag, A3, - -+ ), define the following element of W (n):

n—=k

(2.19) B(¢) = (H m) Vn.
i=1

We now have:

Proposition 2.2.6. The set {B(¢) | £ € B(n)} is a basis for the local Weyl module

The proof appears in §2.3.3. This basis also admits a normalized version which exhibits

similar stabilization behavior as the CPL basis.

2.3 Proof of the main theorem

2.3.1 The key special case

In this subsection we prove Theorem 2.2.5 in the special case that £ = (n, k, \) € §stab

with n even and k = n/2. In this case, the weight of ¢(£) in L(Ag) is Ag — |A]6. From
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equations (2.15) and (2.8), we have
k

220 () = (0 (Hytk-&) () 0y,
i=1

Now, let t = @,czCht™ & Cc denote the homogeneous Heisenberg subalgebra of
5/[\2. Recall that the subspace @®,>0 L(Ag)a,—ps is invariant under t, and is isomorphic
to the canonical commutation relations representation (Fock space) of t. Thus, each
element of this subspace can be uniquely expressed as a polynomial in (the infinitely many
variables) ht™! ht=2, .- acting on vy, [11]. In particular, there is a unique polynomial

fe(ht™', ht=2,---) such that

C(f) = fﬁ(ht_la ht_27 e ) VA

Our first goal is to determine f¢ explicitly by applying the straightening rules in U(;[\Q)
to equation (2.20). We will then show that fe = fy () for £ € PP, thereby establishing

Theorem 2.2.5 in this case.

For r > 1, we let [r]:= {1,2,---,r}. Let # € ) be a partition such that |7| = r and
suppm = s. A set partition of [r] of type 7 is a collection B = {By, By, - -+ , B} of pairwise
disjoint subsets of [r] such that Ui_,B; = [r| and |B;| = m; for all i € [s]. We let Y(r)

denote the set of all set partitions of [r] of type .

Now, let B = {By, By, ,Bs} € Y(n); given o € S, (the symmetric group on r
letters), p = (p1,p2,---,pr) € N and ¢ = (q1,¢2," -+ ,¢.) € N, define the following

element of U(t):
(2.21) W(B,o;p,q) = H h12=i€B; (pﬁqg(i))'
j=1
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We also define

1

ml.m!

(2.22) H(m;p,q) = > W(B,o;p,0q).

Be)Y(n)
UGST

With these notations we can state the following theorem.

Theorem 2.3.1. Let r > 1. For every triple (p,q,v) with p = (p1,p2,--- ,pr) € N,

q=(q1,q2, -+ ,q-) € N and v € L(Ay), satisfying

1. p; < qj foralli,j e [r],
2. Y iea Pi = Y jep ¢ for all subsets A, B of [r] such that |A] = |B| + 1,

3. yt<ZiEA Pi=Yien %) y = for all subsets A, B of [r] such that |A| = |B| + 1,

we have

(2.23) (H ytp") (H wt“”) v= (=1 C(m) H(mp,q)v,

hr

where for m = (my,m, -+ ), C(m) = [[2F" m! (m; — 1)L

Proof. We proceed by induction on r. First, for r = 1, consider yt**xt~% v. Since

ytP' v = 0 and p; # ¢q1, we have
ytplfﬁt_ql V= [ytp1,$t_Q1] v = —htPr v,

as required. Now let 7 > 2, and assume the result for r—1. Consider ([[;_, yt")(I[;=, #t~%)v.

Since yt** v = 0 and p, # ¢; for all j, we may replace ytP (H;’:1 xt~%)v by

[ytpT,th_qf] v=(-1) Z ( H xt_qJ) htPr—a (1:[ :z:t_qJ) v.

=1 \j=l+1
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Next, using [htPr—% xt~%] = 2xt~%~%Pr we can commute the htPr~% term past the

(ITihat ). This yields

T

—1) ﬁytpi ﬁxt‘qﬂ' v = Z Hytpl th % (htPr=v)
i=1 j=1

=1 =1 l
(2.24) i#

+2 XT: Hytpz H wt ™ (gt I wAPr) g

e ];élm
We now consider the first sum in equation (2.24). Fix [ € [r] and let p’ and ¢’ denote
the r — 1 tuples obtained by deleting p, from p and ¢; from ¢ respectively. We also let
v = htPr~% v. Then, we claim that the triple (p', ¢/, v’) satisfies the hypotheses (1)-(3) of
the theorem. The first two hypotheses are clear; now given A C [r — 1] and B C [r]\{l}

with |A| = |B| + 1, we have

yt<2ieA Pi—jecB qj)U’ — yt<2ieA Pi—2jen qj)7 hiPr—a
(2.25)
— Qyt(ZieAU{r} pi*ZjeBu{l} qj) v = O’

thereby verifying hypothesis (3). By the induction hypothesis, we obtain

r—1 I
(2.26) Hytpi Hmt’qi (htPr=v) = )t Z C(r"YH(x"; 0, ¢") htPr % .
=1 7=1 er—1
J#l
The second sum in equation (2.24) is treated analogously. Fix [,m € [r] with m <[
and let ¢” denote the r — 1 tuple obtained from ¢ by deleting ¢, ¢, and appending
Qi+ qm—pr. Wealso let p” = (p1, pa, - -+, pr—1) and v” = v. The triple (p”, ¢”,v") evidently

satisfies the hypotheses of the theorem. Again, the induction hypothesis implies

r—1 T
(2.27) Hytpi H ot (gt~ TP g = (1)1 Z C(r"YH(=";p", ¢ ) v
i=1 j= w''r—1
J#lm
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Fix a partition 7w - r, with 7 = (7,79, -+ ) and s = suppm. We can now find the
coefficient C'(7) that occurs in equation (2.23). Since the yt?* commute pairwise and
likewise the 2t~%, it is clear that the expression for ([ [;_, yt*)([[;—, t~%) v is invariant
under the S, x S, action that permutes the p; and —¢; among themselves. Thus, to find

C(m) it is enough to find the coefficient of the canonical word

(2.28) hthil(prqi)htZE:ffl(pz'—qi) o izt 1 (PTG

in the RHS of (2.24).

We consider two cases (a) ms = 1, and (b) ms > 2. In case (a), it is clear from equations
(2.24), (2.26) and (2.27) that the canonical word above occurs only in [/, yt¥ H;: xt™ % (htPr—T v),

and with coefficient C'(7’) where ' = (w1, w2, -+ ,ms—1) F r — 1. Thus,

(2.29) C(r)=0(r") = ﬁm!(m - 1l= Hm!(m -1

since 7w, = 1.

In case (b), we have 7w, > 2. Again, examining equations (2.24), (2.26) and (2.27), it

follows that the canonical word in this case occurs only in

r—1 r
Hytpz' H 2t (xt_Qm_ql"l‘pr) v,
i=1 j=1

jALm

for all [, m such that

T4t me+1<m<Ii<r.

Each such pair (I, m) contributes a coefficient C(n”) where " = (71, w9, -+ , T, ms—1) I

: -1
r—1. Since r — Y 0", m; = w5, we get

C(m) = (7;8> 20(r") = my(ms — 1) (1:[ il (m; — 1)!) (s — Dl(ms — 2)! = Hm!(m — 1)
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as required. This proves Theorem 2.3.1. [

Let A = (A, Ag,--+) be a partition with suppA = r > 1. Let 7 F r with suppm = s,
and let B={Bj, By, ,Bs} be an element of ))(r). Define the following elements of
Uh @t 'C[t7Y):

(2.30) W(B,\) := Hht s€mp % and
(2.31) H(m A= Y W(B,\).
Be)Y(m)

Example 2.3.2. H(m = (3), A = (A1, Mg, A3)) = ht~MiFAetds),
H(m = (2,1),A = (A1, Ao, Ag)) = ht =M pp=s o pp=(aids)pp=o o pp=(Qotds) py=s,

H(ﬂ' = (]_, 17 1), A\ = ()\1, )\2, )\3)) = htiAlhtiAthf)‘?’, 0

We now have the following important corollary to Theorem 2.3.1:

Corollary 2.3.3. Letr > 1. Fiz a partition A = (A1, A, - -+ ) with supp A = r. Then, for
all k >| X|, we have
(2.32) (H ytk_’\’) (:L‘t_k)( ZC" (7, \) va,-
i=1 Tr
Here, for m = (my,m,---), C'(7) is given by
supp T
C'(m) =[] (m -1

=1

Proof. Consider p = (p1,p2,- -+ ,pr) and ¢ = (¢1,¢2, -+ ,¢;) with p; =k — A; and ¢; = k
for all i € [r]. We claim that the triple (p,q,vs,) satisfies the hypotheses of Theorem

2.3.1. To see this, observe first that p; < ¢; for all i, j € [r]. Further, if A is a non-empty
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subset of [r], we have

Y opi=) (k=) 2 [AJk — Al = (J4] ~ Dk.
i€A icA
Finally, the highest weight vector vy, € L(Ag) clearly satisfies yt? vy, = 0V p > 0. Thus,

by Theorem 2.3.1, we obtain

(2.33) (H yt“i) (2t7%)" va, = (1) Y C(m)H(m;p, q)-

wr

with C(m) = [[[25"" m!(m — 1)!I. Now since ¢; = k for all j, it is clear from equations

(2.22) and (2.31) that

rl

(2.34) H(m;p,q) = H(mw, ).

mlmyl - m!

Equations (2.33) and (2.34) complete the proof. O

We observe that while the expression on the left hand side of equation (2.32) depends
on k, the one on the right hand side is independent of it. The fact that these two
expressions are equal for & >| A | is precisely what leads to the stability properties of

interest.

The following lemma collects together the straightening rules in L(A) that are used in
the course of proving Theorem 2.2.5. In principle, these can all be proved directly by
working in the vertex operator realization of L(Ag) [11]. The proofs below are simpler,

and are included here for the sake of completeness.

Lemma 2.3.4. Let vy, denote a highest weight vector of L(Ay). Then
1. (yt™) D (zt=m) M gy, = (xt™™) Dy, V1 KL< m.
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2. H::1 w1 H::1 yt~ (=1 Upg = Up, V7 €N
3 T, vt 11, ot~y = vy, Vr €N,

4. Let p>q >0 and let v € L(Ay) satisfy yt*? v = ht*?"9v = 0. Then

yt? (2t~ Sy = —(at™) D P2y Vs > 2.

5. Forr € 2N and 0 < j < 5, we have

5+i 37J

H yt2i—1 (xt—r)@j) H ot~ (1) vp, = (—1)vy,.
i=1 ‘

6. Forr e 2N —1 andOSjg%, we have

r+1 r—1_,
L z

H ytZi—l (xt_r)(sz) H rt— (21 vp, = (—l)ijO.
i=1 1=1

7. (H;:l thifl) (xtﬂ”)(ﬂ Vp, = (—1)[%] UAg Yr € N.

8. (wt7") My, = (=) Thg, (va,) #0 V7 €N,

Proof. (1) Consider the Lie subalgebra of 5/[\2 spanned by E := yt™ F := xt™™ and
H := —h + mc. This is isomorphic to sl,. Further, E, F' act locally nilpotently on

L(Ay), and we have Hvp, = muy,, Fvy, = 0. The standard sly calculation now shows

EOFmy, = Fm=Dy, .

(2) Using Proposition 2.3.7, it is easy to see that this is just a restatement of the identity

T—TOqTTOqUAO = Upq-

(3) As in (2), this is now the identity Ty, T ra,Va, = VA

0*
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(4) With the given hypotheses, we compute

—_

yt(at™ ) v = [yt?, (2t 1) v == (xt™9) P (2t 1) o,

i

I
o

We also have [ht?P™4, (xt~7)%] = 2u(xt™9)" ' 2tP=2¢ for all u > 1. Applying this to the

above equation completes the proof.

(5) For j = 0, this is just the statement of (3). For 1 < j < 7, define v; := f:_lj zt= Dy,
From weight considerations, it can be easily seen that v; satisfies yt"™* 1y, = 0 =

ht*~1v;. Thus, by (4), we obtain
ytr+2j_1($t_r)(2j) v; = _(xt—r)(Qj—Z)xt—(r—%-l-l) v; = _($t—r)(2j—2) v;_1.

The result now follows by induction on j.
(6) This is analogous to (5).

(7) For r even, put j = % in (5) to obtain

s

[Tt at )0 vay = (—1)5 wa,.
=1

Similarly, for r odd, put j = % in (6):

[Tvt @t ) vy, = (1) vy,

=1

The equations above give us the desired result for all » € N.

(8) Let r € N. Then (xt™")" vy, and Ty, (va,) = [[i—, 2t~ @ Y vy, belong to the 1-

dimensional space L(Ag)pgira;—r26, and so we must have

(xt™) Doy, =a H at= @Dy,
i=1
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for some a € C. But by (3) and (7), it follows that a = (—1)z! and that these vectors

are non-zero. O

We can now deduce the key special case of Theorem 2.2.5 that we are after, namely for &
of the form (n,n/2,\) with n even. Firstly, given a partition A € ), let r = supp A and
m;(X) = #{i : \; = j} denote the multiplicity of the part j in A for each j > 1. If r > 1,

define the following element of U(h @ ¢t 'C[t™1]):

(2.35) TN e P et

72 O

HJ>1 mj Tr

where C'(7) = [[2" " (m;—1)! as in Corollary 2.3.3. If r = 0, i.e., A is the empty partition,

we let f) :=1.

Now, let £ = (n, %, A) € P*** with n even. As mentioned before, the weight of ¢(¢)

in this case is Ay — |A\|d. The expression of ¢(£) as a polynomial in At~ ht=2,--- acting

on vy, is given by the following theorem.

Theorem 2.3.5. Let n be even and let & = (n,n/2,\) € PP, Then
(236) C(f) = f,\(htil, htiz, ce ) Vpg-

Proof. Letr = suppAand k = n/2. If r = 0, then ¢(&) = (ytF) " Fw, = (yt*)®) (xt=F)*) g, =

Upy, by Lemma 2.3.4 (1). Now, for r > 1,

i=1 i=1

again by Lemma 2.3.4(1). The theorem now follows from this and equations (2.32),
(2.15) and (2.35). O
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We now observe that f, depends only on A and not on n, thereby proving Theo-

rem 2.2.5 when ¢ is of the form (n,n/2, \):

Corollary 2.3.6. Let n be even and let £ = (n,n/2,\) € P, Then ¢(&) = c(v(€)).

2.3.2 The general case when n is even

We now turn to the remaining cases of Theorem 2.2.5 for even n, i.e., £ = (n, k, \) € Jstab
with n even and k # n/2. We will now show how to reduce these to the case k = n/2 using
the translation operators of Frenkel and Kac. We recall the necessary facts from [11],

stated for our context.

Let A := {1, —a;} be the set of all roots of sl,, and set E,, := z and F_,, := y.
Let (V,7) be an integrable representation of ?[2 with weight space decomposition V =

@ ,cp-Vu- For areal root a =+ kd (v € Ak € Z) of sly we define

—7(Ea) W(Efa)e_ﬂ'(Ea) .

(2.37) r

where E,, := E,t*. The operator 7 is a linear automorphism of V' such that r7(V,) =

Vsa(n)» Where s, € W is the reflection defined by «a.

Next, we introduce the translation operators T on V for each § € @) = ZA. For

v € A, define
(2.38) 17 =ri_ rl.

and let T := (TJ)?Vp € Zxo. These operators satisfy T7(V,) = Vi, for all p € 6*,
feq.

We will only need these operators in two cases, namely when (V,7) is either the

adjoint representation or the basic representation of ;[\2 . We note that T gd is in fact a
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Lie algebra automorphism of ;[; For ease of notation, we will denote the translation
operators corresponding to the basic representation simply by 7j, suppressing the 7 in

the superscript.

The key properties of the translation operators are given by Propositions 1.2 and 2.3

of [11]. We summarize them for our context below:

Proposition 2.3.7. (Frenkel-Kac)

1. T™ (pth) = ath=2P Y p, k € Z.

poa

2. T2 (yth) = yt**P V p. k € 7.

pa

3. Tpon Lyay = T(p-i—q)m Vp,qeZ.
4o Tpay AT o, (v) = T2 (A) v ¥ A € 51y, v € L(Ay), p € Z.

pan

5. Tpay (vag) = [Ty 2t~ @Dy, V p > 0.
6. Tpoél (UAO) = H;:pl yt_(%_l) VAo v p < 0.

The following is the key proposition that allows us to carry out a reduction to the

case k =n/2.

Proposition 2.3.8. Let n be even. Then, we have:

1wy = (=D Ty o (vay).-

2. Given 0 < k <mn, let v=(k—n/2)ay. Then
(2.39) (=D w, = (=) (wag )

3. Given € = (n,k,\) € PP et & = (2(n — k),n — k,\) and v(¢) = (k — n/2)a;.
Then &7 € B2 and

(2.40) ¢(€) = The (c(h).



Proof. The proof of (1) will be given in the appendix (see Lemma 2.3.4(8)). Equation
(2.39) follows easily from (1) and Proposition 2.3.7(3). To prove (3), we start with

equation (2.15) and use Proposition 2.3.7 again to obtain

(2.41) TLWQ(dE»:=2%5)(r17”%@(yﬁM))(le@wn)~

n—~k

Now, Tfi(g) (yt*=*) = yt"~*=*. Further, it is clear from definition that z(£) = (—1)l41="27 1z (¢1).

Plugging these and (2.39) into (2.41), we obtain (2.40). O

We can now complete the proof of Theorem 2.2.5 for n even. Given £ = (n,k,\) €

pstab recall that ¢(€) = (n + 2,k + 1, ). It is now immediate from the definitions that

(&) = 1(¥(€)) and (") = v (&)".

Proposition 2.3.8 and Corollary 2.3.6 now imply Theorem 2.2.5 for the case that n is

even. O

2.3.3 The proof for odd n

In this subsection, we show how to reduce the case of n odd to that of n even, using

automorphisms of ;[;

Let 7 be an automorphism of ;[\2 such that T/f)\ = H We have the induced action of 7 on
b* by (tA,h) = (\,77'h). Given an sly-module V, let V™ denote the module with the
twisted action

gov:T_l(g)vforgeg[;,UEV.

T1

Observe that for automorphisms 71, 79, we have V772 ~ (1/72)
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We now study the twisted actions on L(Ag) by two specific automorphisms &, ¢ of g[\z .
First, recall from §2.1 that 0 = s1t_,, € Wex is an automorphism of the Dynkin diagram
of 5/[\2 ; it swaps «p, a1 and fixes p. Consider the Lie algebra automorphism & of ?[2 given

by the relations
dle;)) =ei1i, o(fi) = fii, 0(a)) =af , (i=0,1) and 5(p*) = p".

Here p¥ € b is the unique element for which {ag, p¥)y = 1,{a1,pY) =1 and (Ag, p¥) = 0.

Clearly ¢ is an involution, and
F(yt™) = xt™ ', G(xt™) = yt™ ! G(ht"™) = —ht"™ + Smoc Ym € Z.

Further, & leaves b invariant, and its induced action on h* coincides with o.

To define the second automorphism ¢, we employ the following simple lemma, which

follows directly from the Lie bracket relations (2.1), (2.2).

Lemma 2.3.9. Let ¢ be an automorphism of sl,, which preserves the Killing form. Then

¢ can be extended to an automorphism ¢ Of;[\Q by defining ¢(c) = ¢, ¢(d) = d and

O(At™) = p(A)t" VA € sl,,m € Z.

Now, consider the involution ¢ of sly defined by

(2.42) ¢(z) =y, oly) =z, ¢(h) = —h.

This preserves the Killing form, so by Lemma 2.3.9, it extends to an automorphism (in
fact, an involution) ¢ of sl,. It is again clear that (i) ¢ preserves b, and (ii) the induced

action of ¢ on 6* coincides with the simple reflection s;.

Proposition 2.3.10. With notation as above, we have (i) L(Ag)” ~ L(A;), and (i)
L(Ag)? ~ L(Ay).
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Proof. To prove (i), consider the U(g[\g)—linear map L(A;) — L(Ag)? which sends vy, to
vp,- To show this is well defined, we only need to check that vy, € L(Ag)? satisfies the
relations (2.4)-(2.6) for A = A;. Since ¢ interchanges each pair (eg, e1), (fo, f1) and acts
as o on E*, all three relations follow. Now, this map is a surjection, since v,, generates

L(Ag)?. Since L(A) is irreducible, it must be an isomorphism.

A similar argument establishes (ii). We map L(Ag) — L(Ag)? by sending vy, to
vp,- To show that this extends to a well-defined U(s/[;)—linear map on all of L(Ay), we
verify that vy, € L(Ao)as satisfies (2.4)-(2.6) for A = Ag. As above, (2.4) holds since
the action of ¢ on E* coincides with s, and s;Ag = Ag. Further, in L(Ag), we have
¢ eg)ua, = 2tvy, = 0 and ¢~ '(ey)va, = yva, = 0. This establishes (2.5). Finally, for
(2.6), we compute in L(Ag): ¢~ (f1)va, = zva, = 0, and ¢ (fo)?va, = (yt=1)? Up,- Since
yt~! is in a real oot space of g[\g, it is easy to see that this last term is also zero by a

standard sl argument (using the sly spanned by xt,yt~" and h + ¢). The fact that it is

an isomorphism follows as in (i). ]

Let 7 = 6¢. Then Proposition 2.3.10 implies

L(AY) =~ L(Ag) ~ (L(Ao)‘f;)a ~ L(Ao)".

The isomorphism F': L(Ay) — L(Ap)™ maps vp, — va,. It is then determined on all of

L(Ay) by gg—linearity, i.e., by the relation

F(Xv)=17YX)F() V X €sly, ve L)
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We now prove Theorem 2.2.5 for £ = (n, k, \) € P with n odd. From (2.15) and (2.8),

we have

¢(€) = 2(€) (Hyt> (et ) ("5 ) 0y,

Applying the isomorphism F', we obtain

n—k
F(c(9)) = () (H yt) (= 7)) vy, = e(n — 1,k — 1,0),
i=1
since (—1)lil = (=D)I"] for n odd. Observe by (2.16) that (n,k,\) € PP for n odd,
implies that (n — 1,k — 1, ) is also in B***". Theorem 2.2.5 now follows for ¢ since we
have already proved it for all even n. This completes the proof of that theorem in all

cases. O

Finally, we observe that the above ideas also give us a proof of Proposition 2.2.6. With no-
tation as in that proposition, first let n be even. If G : L(Ag) — L(Ag)? is the isomorphism
constructed in the proof of Proposition 2.3.10, observe that G(w,,) = (yt_%)<%) Ury = Un,
say, is a lowest weight vector of D(1,nw;). Further, for £ € P(n), we have G(B(E)) =
B(&), thereby proving Proposition 2.2.6 in this case. The stable basis elements in this set
up are simply the images of the c(£), £ € P2 under the appropriate isomorphism G.

The case of odd n is analogous, via the isomorphism G/ : L(Ay) — L(A;)7% .
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Chapter 3

On area maximizing (Gelfand-Tsetlin

patterns

The results of this chapter will appear in [21].

3.1 Notation

This section establishes notation and terminology. The notion of a partition overlaid
pattern, or POP, is introduced in §3.1.8. POPs parametrize Chari-Loktev bases for
local Weyl modules of sl (just as patterns parametrize the Gelfand-Tsetlin bases for
irreducible representations). The notion of area (triangular and trapezoidal) of a pattern

introduced in §3.1.3 plays an important role in what follows.

3.1.1 Interlacing condition on sequences

We will be dealing with finite non-increasing sequences of real numbers, like so: Ay >

... > A, It is convenient to fix terminology and notation as follows:
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(3.3)

A sequence such as \; > ... > A, will be denoted for short by \.

The sequence \; > ... > A, is integral if the \; are all integers. It is non-negative

integral if the \; are all non-negative integers.

The number of elements in the sequence is the length of the sequence.

Let A and p be sequences of lengths n and n — 1 respectively. We say that they
interlace and write A 2 p if

(3.1) A > > Ao, Ay > g = As, cey and Ane1 > fno1 = Ay

The interlacing condition may be remembered easily if A and p are arranged like

SO:

/’Ll /’L2 P oo o o /,Ln72 /Jl/nfl
Al A2 A3 e e An—2 An-1 An

(3.2)

If we now imagine > relations among numbers as we move in the north-easterly or

the south-easterly direction, that is precisely the condition for interlacing.

Given sequences A and p of lengths n and n — 1 respectively, we will feel free to use

several alternative expressions to express the condition that they interlace:

i 2 A;  pinterlaces A; A interlaces p; A and p are interlaced;  etc.

Weak interlacing

Let A: Ay > --- > A, be a non-increasing sequence of real numbers and p = (pu1, . . ., ftn—1)
be an element of R"~!. We say that A weakly interlaces p and write Az, p if for every j,

1 <j<n-—1,and every sequence 1 <i; < ... <1%; <n— 1, we have:

)\1+“'+/\j2,ui1+"‘+,uijZ)\n—j+1+"'+)\n
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It is evident that, for non-increasing sequences A and p of lengths n and n — 1, if A

interlaces p then A weakly interlaces p.

3.1.2 Gelfand-Tsetlin patterns

A partial Gelfand-Tsetlin pattern, or partial GT pattern, or just partial pattern is a finite
sequence of interlacing sequences. More precisely, a pattern consists of a finite sequence

M., ..., A" of sequences, where j < n are positive integers, such that

e the respective lengths of the sequences are 7, ..., n, and

e ) interlaces ™', ..., A" interlaces A": that is, M = M=o = A=\

A Y

Extending the arrangement as in the previous item of two interlacing sequences, the
sequences in a pattern are arranged one below the other, in a staggered fashion. For

example, the pattern consisting of the sequences 5; 7, 4; and 7, 5, 3 is written:

(3.4) T4

A Gelfand-Tsetlin pattern or GT pattern or just pattern is a partial pattern of a
particular kind. Namely, it consists of finite sequences \', ..., A" of respective lengths
1, ..., n. The last sequence of the pattern is its bounding sequence. For instance, the
bounding sequence of the pattern (3.4) is 7, 5, 3. When we speak of a pattern \', ...,

A", it is often convenient to let \° denote the empty sequence.

Integral patterns

A pattern is integral if all its entries are integers.
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Rows of a pattern

Let P be the pattern A, ..., A". The entries of \* are sometimes referred to as the
entries in row k of P. The lone entry in the first row of the pattern (3.4) is 5; the entries

in its second row are 7, 4; and those in third are 7, 5, and 3.

The weight of a pattern

The weight of a pattern with bounding sequence of length n is the n-tuple (a4, ..., a,),
where a; is the difference of the sum of the entries in row j and the sum of the entries
in row j — 1. It is understood that the sum of the entries in the zeroth row is zero. The

weight of the pattern in (3.4), for instance, is (5, 6,4).

3.1.3 Trapezoidal Area and (Triangular) Area of a pattern

Let A and p be two sequences of lengths n and n — 1 respectively that are interlaced. The

triangular area or just area of the pair (A, p) is defined by:

(3.5) A p) = ‘ (A = ) (i = Aigr)

And the trapezoidal area of the pair (A, i) is defined by:

(3.6) Do) = Y (=) — A1)

1<i<j<n-—1

The above definitions make sense even when n = 1: p is empty and both areas vanish

(since they are empty sums).

The (triangular) area of a pattern P with rows A', ..., A" is defined by:

(3.7) AP) == AQS XN+ AQTHAT) 4+ A% + AR L)
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Its trapezoidal area is defined by:
(3.8) O(P) == 0" A" + 022" 4+ - + 0% M) + 0N )

Observe that both areas are zero for a pattern with a single row (with only one entry).

3.1.4 Majorization

For an element z = (zy,...,2,) in R”, let 2t = (2f,...,z%) be the vector whose co-

ordinates are obtained by rearranging the z; in weakly decreasing order. For elements x

and y in R", we say that x weakly majorizes y and write x =ym y if
(3.9) st >y 44y foralll <k<n

The right hand side in the above equation is evidently the largest possible value of Zle Yj,
over all sequences 1 < j; < ... < jx < n. Thus (3.9) is equivalent to the a priori stronger
condition:

(3.10)

x%—}—---—l—xtz%l—i—---%—yjk forall1<k<n andforalll<j<...<jr<n

We say that x majorizes y and write x =, y if 2 =ym y and z1+ ...+ T, = Y1+ ... + Yn.

Observe the following: for real n-tuples x and y with z =, y, given any k, 1 <k <mn,

and any sequence 1 < iy < ... < i, <n, we have

(3.11) Yo T Y 2 Ty T

Indeed, let {ixi1,...,4,} := {1,...,n} \ {i1,...,i}. Then, on the one hand, when
Yi1 T+ ¥s, is added to the left hand side and o} + -4z _, to the right hand side

the resulting quantities are equal, and, on the other, y;, ., +---+y;, < y% 4+ yiﬁk <
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3.1.5 Majorization and weak interlacing

Let A: Ay > ... > A, be anon-decreasing sequence of real numbers and py = (1y ey ) €

R™ such that A =, . Then A2, (1, .., ftn—1). (Proof: (3.10) and (3.11).)

3.1.6 Partitions

A partition consists of a finite sequence of non-negative integers, possibly with repetitions,
arranged in non-increasing order. Example: 6, 4, 4, 3, 1, 0, 0. The non-zero elements of
the sequence are called the parts of the partition. If the sum of the parts of a partition
m M > My > ... is n, the partition is said to be a partition of n, and we write |x| = n.

The example above is a partition of 18 with 5 parts.

The trailing zeros in a partition are non-significant. Thus 6, 4, 3, 3, 1, 0, 0 is the
same partition as 6, 4, 3, 3, 1. We allow the empty sequence to be a partition: it is the

only partition of 0.

Each partition has an associated shape. Given a partition w : 7 > my > ... of n, its
associated shape consists of a grid of n squares, all of the same size, arranged top- and
left-justified, with 7; squares in the first row, w3 squares in the second, and so on (the
rows are counted from the top downwards). The shape corresponding to the partition 6,

4,3, 3,1, 0, 0, for example, is this:

(3.12)
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We say that a partition fits into a rectangle (a,b), where a and b are non-negative
integers, if the number of parts is at most a and the largest part (if it exists) is at most
b. The terminology should make sense if we think of the shape associated to a partition.
The partition whose shape is displayed above fits into the rectangle (a,b) if and only if

a>5andb> 6.

Complementary partitions

Let m : my > m > ... be a partition that fits into the rectangle (a,b)—in other words,
b>m and 7; = 0 for j > a. The complement to 7 in the rectangle (a,b) is the partition
7 defined as follows: 77 = b — w441 for 1 < j < aand 7; =0 for j > a. For example,

J

the complement of the partition 6, 4, 3, 3, 1 in the rectangle (7,6) is 6, 6, 5, 3, 3, 2.

3.1.7 Colored partitions

Let r be a positive integer. An r-colored partition or a partition into r colors is a partition
in which each part is assigned an integer between 1 and r. The number assigned to a
part is its color. We may think of an r-colored partition as just an ordered r-tuple of
(z',..., ") of partitions: the partition m/ consists of all parts of color j of the r-colored

partition. An r-colored partition of n is an r-colored partition with |x!| + - + |7"| = n.

3.1.8 Partition overlaid patterns

A partition overlaid pattern (POP for short) consists of an integral GT pattern ', ...,
A", and, for every ordered pair (7,4) of integers with 1 < j <n and 1 <14 < j, a partition
7(5)" that fits into the rectangle (A" — X, ) — A1), Example: a partition overlay on

the pattern displayed in (3.4) consists of three partitions 7(2)", 7(2)*, and 7(1)" that fit

respectively into the rectangles (0,2), (1,1), and (2,1).
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POPs parametrize bases of local Weyl modules of current algebras of type A (as proved
by Chari-Loktev [5] and recalled in §3.3.6) just as integral GT patterns parametrize bases
of irreducible representations of simple Lie algebras of type A (as proved by Gelfand-

Tsetlin and is well known).

The bounding sequence, (triangular) area, trapezoidal area, weight, etc. of a POP are
just the corresponding notions attached to the underlying pattern. The number of bozes
in a POP 9 is the sum >_; |M1| of the number of boxes in each of its constituent
partitions. It is denoted by [B|]. Among POPs with a fixed underlying pattern, the
maximum possible value of the number of boxes is evidently the (triangular) area of the
pattern. The depth of a POP ‘B is defined by depth®P := O(P) — |B|, where P is the

underlying pattern of .

3.1.9 Weights identified as tuples

Let g = sl.1 be the simple Lie algebra consisting of (r + 1) x (r + 1) complex trace-
less matrices (r > 1). Let h and b be respectively the diagonal and upper triangular

subalgebras of g. Linear functionals on b are called weights.

Let ¢;, 1 < i < r + 1, be the weight that maps a diagonal matrix to its entry in
position (i,7). Observe that €; + -+ 4+ €41 = 0. Every weight may be expressed as
aje; + -+ app16041, with a € C. Two elements in C™*! are said to be equivalent
if their difference is a multiple of 1 := (1,...,1), so that weights are identified with

equivalence classes in C" 1.

We will use this identification often tacitly. For a weight 1, we denote by 1 an element
in the corresponding equivalence class in C"*!. Depending upon the context, this 7 may

denote a particular representative: we will see two instances of this below.

A weight is integral if there exists a tuple a in C™*! consisting of integers that corre-

sponds to it; it is dominant if a; > ... > a,,1. These notions correspond to the respective
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notions in the representation theory of g. Dominant integral weights are thus in bijection
with integer tuples of the form \; > ... > A\, > A\"*! = 0. As an example, consider the

highest root 6 of g. The corresponding element of C"*' is § = (2,1,...,1,0).

A weight p is a weight of the irreducible representation V() with highest weight a
dominant integral weight X if and only if 4 < A, where the tuple pp = (p1, ..., pr41)
representing p is so chosen that A\j+- - -4+X.11 = p1+- - ~+p-11. (See also Proposition 3.2.1
and Theorem 3.2.2 in §3.2 below.)

Fix an invariant form ( | ) on h* such that for every root o we have (a|a) = 2.
Given A € b*, how do we compute (A|\) in terms of the corresponding tuple A? We have
(AJA) = |]AI]? :== A + -+ + A2, provided that A is so chosen that A + -+ + A1 = 0.
We will have occasion to compute (A|JA) — (u|p) for A, g in h*. We observe that it equals

|AI]> = [|u]|* provided that A and p satisfy Ay + - + Ayr = g+ + fhrp1.

3.2 On area maximizing Gelfand-Tsetlin patterns

This section is elementary and combinatorial. Its purpose is to prove Theorem 3.2.2
below. The representation theoretic relevance of the theorem is discussed in §3.3. For

an n-tuple z := (x1,...,x,) of real numbers, the norm is defined as usual: |[|z|| :=
1/$%+_|_x’%

We begin with a proposition which should be well known. We state and prove it in

order to put things in context and in the interest of completeness.

Proposition 3.2.1. Let \', ..., A" be a GT pattern with weight p. Then \" =n .

Proof. Proceed by induction on n. In case n = 1, we have y = Al and the result is

obvious.

n—

Now suppose that n > 2. By the induction hypothesis, A\"~" =, p"~!, where p":
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[, -, fn1 is the weight of A', ..., A""!. Since A" ' = An_li, this means the following:

for any k, 1 <k <mn —1, and any sequence 1 <i; < ... < i <n— 1, we have:

(3.13) A R R S ey

Since A" = A™, in order to show A" =, i, we need to prove the following two sets of

inequalities: for any k, 0 < k <n — 1, and any sequence 1 <i; < ... < iy <n—1:

(3.14) AV ND o N > e
Equation (3.14) follows by combining (3.13) with the inequalities A} > At~ ... A7 >

A7~ (which hold since \"™" = A"). As to (3.15), since g, = (A} +--- 4+ A7) — (AP +

-4 A1), it is equivalent to:
(3:16) AT AT AT (N ) E A NN 2

But each of (A}7] — AlL,), ..., (AlZ{ — A") is non-negative (because A"~' = \"), and

thus (3.16) too follows from (3.13). O

Here is the main result of this section:

Theorem 3.2.2. Let A = \y > ... > A\, be a non-increasing sequence of real numbers

and pt = (fi1,. .., ftn) an element of R™ that is majorized by A\: A = p. Then there is a

unique GT pattern P : X', ..., \" with bounding sequence A\™ = \, weight i, and satisfying
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the following:

(3.17)
For any j, 1 < j < n, its j*® row X’ majorizes the j®® row k’ of any pattern with

bounding sequence A and weight p: M o= K

This unique pattern P has the following properties:

(A) It is integral if A and p are integral.

(B) Its triangular area equals 5(||A||* —||p]|?), which is strictly more than the area of any

other pattern with bounding sequence A and weight .

For the proof of the theorem, which appears in §3.2.1 below, we now make preparations.

Proposition 3.2.3. Let A and X be sequences of lengths n and n — 1 respectively that

are interlaced: A\ 2 N'. Then the trapezoidal area O(A, X') is given by

(3.18) 2000 X) = AP = 117 = (A -+ Aa) = (A 4+ X))

Proof. Proceed by induction on n. In the case n = 1, both sides vanish (when correctly
interpreted). Now suppose that n > 2. Let k and &’ be the sequences of length n — 1 and
n — 2 obtained by deleting respectively A, from A and X/, _; from \: the sequence £’ is

empty in case n = 2. Also, let

(3.19) T(n) = A+ Z_:()\j ) Tn—1):= A1+ Z_:(/\j )

so that the last term in the desired equation (3.18) is —T'(n)?.

Then, firstly, by induction:

(3.20) 20(s, &) = |||[* = [|&/|[* = T(n — 1)*

80



Secondly, as is easily seen:

(321) LX) = D ) + (Vs = A S0 = X)
(322 O k) + (Vs = M) (T (= 1) = Xy)

Finally, since T'(n) =T(n —1) — (X_; — A\):

(3.23) T =Tn -1+ N, = ) =2\, —\)T(n—1)

Adding twice of (3.22) with (3.20) and (3.23), we get

200, X) + T(n)* = |8l = [I£II* = (Nyo1 = M) Ny + An)

= (llal® +X3) = (1&IP + Ay

= [JAIP* = [IX]?
and the proposition is proved. O
Corollary 3.2.4. The trapezoidal area of a pattern P: X', A2, ..., \" is given by
1 2 2
(3.24) BP) = SURAI" = {1l

where A = A" is the bounding sequence and p the weight of P.

Proof. By the proposition:

o 1 . .
(3.25) O, M1 = 5(HAJH? — [N = ) forj=n,n—-1,...,1

Adding these n equations gives us the desired result. O]

Lemma 3.2.5. Let \" : AP > ... > A" and A" " : A771 > ... > A"71 be non-increasing

sequences of real numbers that are interlaced: \" 2 AL Suppose that
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1. \" is integral;
2. APV 4o+ NI ds an integer; and

5)‘ D(An’Anfl) — A(An’énfl)'
Then A"~ ' is integral.

Proof. Let k be the largest integer, 1 < k < n — 1, such that A?’l = A} for all j < k.
From (3) it follows that )\?_1 = A7, for all j > k. From (1) it follows that )\?_1 is an

integer for j # k. From (2) it follows that A\}~' is also an integer. O

Corollary 3.2.6. Let A: Ay > ... > A, be a non-increasing sequence of integers. Let
be in Z" such that A =y p. Let P be a GT pattern with bounding sequence A, weight p,

and triangular area 5(||A||* — ||p|[?). Then P is integral.

Proof. Let ) denote the 5" row of P. By Corollary 3.2.4, O(P) = A(P), so O, V1) =
AN N7 forall j, n > j > 1. Since p; = (M + -+ M) — (M7 + -+ ND)),
it follows (by an easy decreasing induction) that )\{ + -+ )\; is an integer for all j,
1

n > j > 1. By applying Lemma 3.2.5 repeatedly, we see successively that A" ™%, ..., A

are all integral. O

3.2.1 Proof of Theorem 3.2.2

Lemma 3.2.7. Let A" : AT > ... > A\ be a non-increasing sequence of length n of real
numbers and p = (1, -+ o) an element of R™ such that \" =, p. Then there erists a
unique non-increasing sequence A1 X'V > 0> XN'TL of length n — 1 of real numbers

such that the following hold:

1. An—l 2 An

2N AT = e



3. Let k™ : K} > ... > K]! be a non-increasing sequence of length n of real numbers and

K= (k7Y RPTD) an element of R such that:

(i) A" = 57, (i) K"Z,6"Y,  and

(iti) kP -+ R

e e

Then N1 =, k1.
Moreover, the unique sequence \"~' has the following properties:

(a) A" 1 is integral if A" and u are integral.
(b) D(&n)&n—l) — A(An,én_1>-

(c) Let k"' : k771 > ... > k"1 be a non-increasing sequence of real numbers such that:

(i) K"V Z N () K A KT = e e, and
(i4i°) \"F # k"L

Then O™, k™71 > AN, 5"71).

Proof. The uniqueness of A" is easy to see. Indeed, if Q"A be a another sequence
with properties (1)-(3), then by applying (3) with " = A and £"~' = "', we see that

1

P Q”_l. By the same argument with the roles of "~ and M1 switched, we see

that Q”” =n ML Tt follows from the definition of 3=, that it is a partial order, so we

conclude 5" ! = AL

We now turn to the existence of \"~'. Consider the auxiliary non-decreasing sequence

of terms XL : 5\? <...< S\Z, where

(3.26) AP = (AT AT — AR
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Since A™ = A", it follows from equations (3.11) and (3.10) that

(3.27) AV < i+ e <A

Fix a jp, 1 < jo < n — 1, such that

(3.28) NS i ey <A

In fact, there is a unique such j, except when py + -+ + p,—1 = 5\? for some j.

Set

A" for j < j
(3.29) U J=a

A7 for g > jo

(3.30) )\?0—1 =t 1) — AT A A AL

jo—1 J

From (3.30) and (3.28), we see that
(3.31)

)\?0 - )\?0_1 = 5\?0-5-1 - (:ul +-- '+Nn*1) >0 & )‘?0_1 - )‘?o-i-l = (Ml +- '+lu”*1) _)\?0 >0

To observe that \"~' is a non-decreasing sequence, first note that, from (3.29) and the

fact that A" is non-decreasing, we have:

(3.32) AT > > A VI

And, combining (3.29), (3.31), and the non-decreasing property of A", we have:

n—1 _ \n n n—1 n—1 n n _ yn—1
(3.33) Aot = Ajg1 = Ay = A Ao Z N1 = Ao = i
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Item (1) follows from (3.29) and (3.31), item (2) from (3.29) and (3.30). As to item
(3), we must show that for any j, 1 < j < n—1, and any choice 1 <i4; <...<i; <n—1,

the following holds:

(3.34) )\’1"‘_1 4+t )\?—1 > gl /i?,_l

- i1 j

For j < jo, we have, by successively using (3.29), (i), and (ii):
(3.35) AN{ 714+ AT = NP AT > TR > R R

For j > jo, substituting for A’ from (3.29) and (3.30), the left hand side of (3.34)

becomes:
AN X = (e ) — (A AT
Using (iii), we get

AN X = (R T = (W e AT

Letting {441, ..., n—1} denote the complement {1,...,n—1}\{4,...,4;}, the right hand

side of the last equation may be rewritten as

in—1

e I (W‘l R ) = (W e AZD)
The second parenthetical term here is non-negative, for by (ii) and (i)

KD > Kl + ot hp = AN+ AL

and the proof of item (3) is complete.
Assertion (a) is immediate from the definitions (3.29) and (3.30) of A"™'. As to
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(b), it is clear from definitions (3.5) and (3.6) that it holds, since either A} = )\;‘_1 or

AL =\

J Iy for every j # jo. Towards the proof of (c), let £ and p be respectively the

smallest and largest 7, 1 < j < n — 1, such that )\;‘_1 + /4:’;_1. Taking k" to be A" in
(3), we obtain A\"™! =, k"', which implies that \}~' > s} and rpt > An7l In
particular, £ < p. From (1), we have A} > A}~ > ;"' and KJZ'_I > )\2—1 > Ap.1, 8o that

(A} — /{2‘_1)(&2*1 — A%,,) is a non-trivial contribution to O(A", ") — A", &), O

Corollary 3.2.8. With hypothesis and notation as in the lemma, X"~ = (i1, - - -, fn_1).-

Proof. Put k" = A" and k"' = (uy, ..., l,—1) in item (3). Hypothesis (ii) holds by the

observation in §3.1.5. O

Proof of Theorem 3.2.2

The uniqueness of the pattern P being obvious, it is enough to prove its existence. Apply
Lemma 3.2.7 to the given pair A and u (by taking A" in the statement of the lemma to be
A). The A\"~! we obtain as a result is such that A" ™' =, (y1, ..., ttn_1) (Corollary 3.2.8) so
we can apply the lemma again, this time to the pair A" ' and (y, ..., fta_1). Continuing
thus, we obtain, by items (1) and (2) of the lemma, a GT pattern—let us denote it P—

with bounding sequence A and weight p.

We claim that the pattern P satisfies (3.17). To prove this, proceed by reverse in-
duction on j. For j = n, we have \" = k" = A, so the statement is evident. For the
induction step, suppose we have proved that N =, /. Note that \’~! is constructed
by applying Lemma 3.2.7 with )/ in place of A" (in the notation of the lemma). Asser-

tion (3.17) follows from item (3) of the lemma, by substituting respectively s/, k/~!, and

(1, -y pjor) for &7, k"1 and (p1, ..y fn1)-
The pattern P is integral if A and p are so (Lemma 3.2.7 (a)), so (A) is clear.

Finally we prove (B). Let P’ be a pattern distinct from P with bounding sequence A
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and weight p. By Corollary 3.2.4, O(P) = O(P’) = (||Al[*—||x]|?)/2. By Lemma 3.2.7 (b),
O(P) = A(P). Let j be largest, 1 < j < n, such that the j® row s/ of P’ is distinct
from the j*® row of P. Then j < n and, by Lemma 3.2.7 (c), O(s/ 1, &7) > A(r7H, &7),

so J(P") > A(P'), and (B) is proved. O

3.3 Relevance of the main theorem to the theory of

Local Weyl modules

In this section we discuss the relevance of our main theorem (Theorem 3.2.2) of §3.2 to
representation theory. We do this by means of giving a representation theoretic proof
of a version of the theorem: see §3.3.7 below. The proof is based on the theory of local

Weyl modules for current algebras. We first recall the required results from Chapter 1.

3.3.1 The current algebra g[t] and the affine algebra g

Let g be a complex simple finite dimensional Lie algebra. The corresponding current
algebra, denoted g[t], is merely the extension of scalars to the polynomial ring C[t] of g.
There is a natural grading on g[t] given by the degree in ¢: thus X ® ¢* has degree s (here
X isin g and s is a non-negative integer). There is an induced grading by non-negative
integers on the universal enveloping algebra U(g[t]). We can talk about graded modules

(graded by integers) of gt].

Let g = g®Cl[t,t '] ® Cc @ Cd be the affine algebra corresponding to g. The current

algebra g[t] is evidently a subalgebra of g.
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3.3.2 Fixing notation

Fix a Cartan subalgebra § of g and a Borel subalgebra b containing § of g. Let g =
n~ @ hdnt be the triangular decomposition of g with b = h @ n™. Let ( | ) denote the

invariant form on h* such that (a|a) = 2 for all long roots «.

Put h:=hHCcdCdand b:=g ®tClt]® b @ Ccd Cd. Denote by Ag and § elements
of b* such that (Ao, c) = (6,d) = 1 and (Ao, h) = (Ao, d) = (6,h) = (4,¢) = 0. Extend
(1) to 5 by setting (5[Ao) = (516) = (AolAg) = (416) = 0, (Agls) = 1, where b* is

identified as the subspace of H* that kills ¢ and d.

Fix a dominant integral weight A of g (with respect to b and b).

3.3.3 The local Weyl module W (\)

An element wy, of a g[t]-module is of highest weight X if:
(3.36) (T ®@Clt])wy =0, (h @ tC[t]) wy = 0, Hwy =\ Hyw, for Heh

The local Weyl module W () corresponding to A is the cyclic g[t]-module generated by
an element w) of highest weight A (in other words, subject to the relations (3.36)) and

further satisfying:

(3.37) gy, = 0 for every simple root a of g

—

where o the co-root corresponding to o and g_, is the root space in g corresponding
to —a. It is evident that W () is graded (since the relations in (3.36) and (3.37) are all
homogeneous). We let the generator wy have grade 0, so that W(\) = U(n~ @ C[t]) wy is
graded by the non-negative integers. It is well known—the proofs are analogous to those

in [7, §2]—that W () is finite dimensional and moreover that it is maximal among finite
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dimensional modules generated by an element of highest weight A (which means, more
precisely, that for any finite dimensional cyclic g[t]-module W generated by an element w
of highest weight A, there exists a unique g[t]-module map from W (A) onto W mapping u

to w).

3.3.4 Local Weyl modules as Demazure modules

Let wqy be the longest element of the Weyl group W of g. Let A be the dominant integral

weight of g and w an element of the affine Weyl group such that
(3.38) WA =ty Ao (w in the affine Weyl group, A dominant)

where (see [16, (6.5.2)]):

(3:39) 0= CHGAr— () + 30MGAS oy in b and ¢ in b

From the above two equations, we obtain that A has level 1, or, in other words (A, ¢) = 1:
(3.40) (A, ) = (Alw(e)) = (A|0) = (wA|wd) = (wA|d) = (fupaBo|d) = (Ao]d) =1

where v : h — §* is the isomorphism as in [16, §2.1]: (wA|wd) = (wA|5) because of the
invariance of the form under the action of the affine Weyl group and the fact that ¢ is

fixed by the affine Weyl group; the penultimate equality holds because of (3.39).

Let L(A) be the integrable g-module with highest weight A. With w as above, denote

-~

by Vi (A) the Demazure submodule U(b)(L(A)ya) of L(A): here L(A),a denotes the

(one-dimensional) H—Weight space of L(A) of weight wA.

We recall the identification of local Weyl modules as Demazure modules (see Theorem

1.3.4):
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Theorem 3.3.1. ( [5, 1.5.1 Corollary] for type A and [10, Theorem 7] in general) Let g be
simply laced and \ be a dominant integral weight of g. With w and A as in (3.38), let v be
a non-zero element of the one-dimensional E-wez’ght space of the Demazure module V,,(A)
of weight wowA = tyxwoAg = tyxAg. Then v satisfies the relations (3.36) and therefore,
since Vi,(A) is finite dimensional, there exists a unique g[t]-map from the local Weyl

module W () onto Vi, (A) mapping the generator to v. This map is an isomorphism.

3.3.5 The key proposition

The following lemma will be useful in proving the main proposition of this section. It

may be well known, we give a proof here for completeness.

Lemma 3.3.2. Assume that g is simply laced and X\ be a dominant integral weight of
g. Let A € P+ is of level 1 such that the local Weyl module W () is isomorphic to a
gl[t]-submodule of L(A). Let p € H* is a weight of W(X). If p+0 is not a weight of W(\),

then it is also not a weight of L(A).

Proof. We know that any weight of L(A) is of the form ¢,(A) — dd, where v € ) and
d € Z>g [16, §12.6]. Therefore, we take p = t,(A) — dd, for some v € Q and d € Zxo.
Let v (a) be a non-zero element of L(A) of weight ¢,(A). Let v, be a non-zero element
of W(A) of weight p. Consider the Lie subalgebra a = @,,c7 (h ® t™) of g, and also
its representation V = P,z L(A)tv(A),m;. It is well-known that V is an irreducible a-
module [16, Proposition 9.13]. This gives that V is the cyclic a-module generated by

Vg (n)- Since v, € V and (h @ t™) vy (a) = 0V m € N, we get
vy = (b @) (hy @) vy (),
for some h; € h and m; € Z>o. Thus, we have

(hp @ ™) -+ (hy @ ™ )0, = (hy @ ™)+ -+ (hy @ ™) (hy @ t7™) -+ (hy @ ™) vy, (n),
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which is a non-zero scalar multiple of v, (). Hence, we get that v, (n) € W(A), i.e., t,(A)
is a weight of W (X). Suppose p+ 6 is not a weight of W (), then we get that p =t (A)

and therefore p + § is not a weight of L(A). This completes the proof. O

We now state and prove the main proposition of this section. Observe that the
g-weights of the local Weyl module W () are precisely the weights of the irreducible
g-module V' (\) with highest weight A: indeed this follows from the finite dimensionality
of W () and the fact that W(\) = U(n~[t]) w, where w is the generator.

Proposition 3.3.3. Let A\ be a dominant integral weights of g and p a weight of the
irreducible g-module V(X\). Let M be the mazimal integer such that the MY“-graded
piece W(X),[M] of the p-weight space of the local Weyl module W () is non-zero. Then,

under the assumption that g is simple of simply laced type, we have:

1. M =1 ((AN) = (ulp)

2. W(A)[M] has dimension 1

Proof. Fix notation as in §3.3.4. Identify W (A) with the Demazure module V,(A) as
explained there. Since W(A) = U(n~[t]) - w and the generator w is identified with an

element of V,,(A)¢,a,, the b-weights of W () are of the form
(3.41) t)\Ao —n+ dd

where 7 is a positive integral linear combination of the simple roots of g, and d is a

non-negative integer. From (3.39) we have:

1
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so we may rewrite (3.41) as:
1
(3.43) A=n+ Ny — 5()\|/\)5+d5

Observe that this weight acts on h as A — 7.

Let n be such that A —n = p. Then by the hypothesis of maximality of M, we have:

o =1t Ao+ (L — )+ Mé is a weight of W ()

e but k1 :=t\Ag + (u— A) + M0 is not (a weight of W()) for M' > M.
Then x; is not a weight of L(A) either (see Lemma 3.3.2). Thus & is a mazimal weight
of L(A) in the sense of [16, §12.6]. Since A is of level one (3.40), there exists, by [16,
Lemma 12.6], an element 7 of the root lattice of g such that x = ¢,A. In particular, &
is a Weyl group translate of the highest weight A of L(A), and so the multiplicity of the

r-weight space in the Demazure module V,,(A) (and so also in W (A)) cannot exceed 1.

This proves (2).

We now prove (1), by equating two expressions for x. On the one hand, by the

definition of x and (3.42), we get
1
(3.44) n:A0+u—§(A|A)5+M5

On the other hand we have x = t,A. Since A is of level 1, we obtain using [16, (6.5.3)]

that
(3.45) ﬁ:tWA:AO%—(K—I—V)%—%((MA) — (A +~|A+7))6

where A denotes the restriction to b of A. We have (A|A) = (wA|wA) = (tworAoltwrNo) =

0, where the last equality follows from (3.42).
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Equating the h* components on the right hand sides of (3.44) and (3.45), we get

i = A+ 7; now equating the coefficients of §, we get (1). O

We now derive a consequence of the proposition above (Corollary 3.3.5) by combining
it with a result of Kodera-Naoi [18], which we first recall. While Corollary 3.3.5 may be
well known to experts, including a proof of it here is not out of place, particularly since
we use it crucially later in the later sections. For a dominant integral weight v of g, let b,
denote the minimum value of (x|x) for a weight x of the irreducible representation V (v).
It is clear from item (1) of the proposition that the maximum grade in which the local

Weyl module W(v) lives is ((v|v) — b,)/2.
Recall that the socle of a module is by definition the largest semisimple submodule.

Theorem 3.3.4 ( [18, §3]). For a dominant integral weight v of a simply laced simple Lie
algebra g, the socle (as a g[t]-module) of the local Weyl module W (v) is its homogeneous

piece of largest possible grade, namely ((v|v) —b,)/2. Moreover, the socle is simple.

Corollary 3.3.5. Let g be a simple algebra of simply laced type. Let X\ and p be dominant
integral weights of g such that p is a weight of the irreducible representation V(X) of g
with highest weight X. Then the space Homgy (W (1), W (X)) of g[t]-homomorphisms from
the local Weyl module W () to the local Weyl module W () is one dimensional. Any

non-zero element of this space is an injection.

Proof. Let ¢ be an element of Homg (W (i), W(X)). Write pw,, = vo+vy+-- -, where w,
is the generator of W (p), and v; are homogeneous elements of weight £ and pairwise differ-
ent grades, with vy being of maximum possible grade M := ((A|A) — (|u))/2. Then each
v; is a highest weight vector in the sense of (3.36), so there exists a g[t]-homomorphism
w; » W(p) = W(XA) defined by ¢(w,) = v;. The image of ¢, is homogeneous and the
maximum possible grade in it is at most M + ((u|p) —b,))/2 = ((A|JA) — by)/2 (since
b, = by from the hypothesis). Thus the image of ¢, for j > 0, does not meet the socle of

W (A) (by the theorem) and hence is zero. This proves that the v; are all zero (for j > 0).

93



Thus pw, = vg. By (2) of Proposition 3.3.3, the M*" graded piece W(\),[M] of
the weight space W (X), is 1-dimensional. This proves that Homgy (W (1), W (X)) has

dimension at most 1.

On the other hand, it is clear that h ® C[t] kills W (X),[M] since M is maximal. Since
w is dominant, (u|a) > 0 for every positive root «, so that (u + alu + ) > (u|p). By
item (1) of the proposition, W(A),+o[M] = 0, so n™ ® C[t] kills W (\),[M]. Thus the
space W (A),[M] consists of highest weight vectors of weight s in the sense of (3.36). We
thus obtain dim Homg, (W (), W(X)) = dim W(X),[M] = 1.

Let ¢ # 0 be a g[t]-homomorphism from W (u) to W(A). To show that it is injective,
it is enough to show that its restriction ¢’ to the socle of W (u) is injective (because every
non-zero submodule meets the socle). Since ¢ is homogeneous of degree ((AJN) — (u|p))/2
(that is, it shifts grades up by that amount), and the socles are the pieces of highest
grade (by the theorem), it follows that Im ¢’ = Im ¢ N socle W (A). But Im ¢ meets the
socle (since ¢ # 0), so it follows that Im ¢ # 0, so ¢’ # 0, and so ¢’ is injective (by the

simplicity of the socle of W (pu)). O

3.3.6 The Chari-Loktev bases for local Weyl modules in type A

We now recall, in the language of partition overlaid patterns or POPs (see §3.1.8), the
result about bases of local Weyl modules in type A proved by Chari-Loktev [5] (see
§1.4.3).

We tacitly use the correspondence as in §3.1.9 between weights and tuples. Fix a
dominant integral weight A with corresponding tuple A : \y > ... > A\, > Ay = 0.
The local Weyl module W () has a homogeneous weight basis indexed by POPs with
bounding sequence A\. The h-weight of a basis element indexed by a POP equals the
weight of the pattern underlying the POP; the grade of the basis element equals the

number of boxes in the POP. Thus we obtain a formula for the graded character of W (\)
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(see §1.3.2):

(3.46) ch, W(\) = Z emeisht(B) %]
A

where the subscript A in the summation indicates that the sum is over all POPs with

bounding sequence .

Chari-Loktev (CL) monomials and basis elements

Let x;;,

for 1 <i < j <r, denote the (r+1) x (r+1) complex matrix all of whose entries
are zero except the one in position (j + 1,7) which is 1. Let a, b be non-negative integers
and 7 a partition that fits into the rectangle (a,b). For k an integer with 1 < k < b,
let m(a, b, m, k) denote the number of parts of = that equal k. Let m(a,b,m,0) denote
a—Y0_ m(a,bm k). Let z;;(a,b, ) denote
b
(z;; ® 1)(m(a,b,£,0)) Az ® tl)(m(a,b,z,l)) ceee (25 ® tb)(m(a,b,g,b)) _ H(xi ® ti)(m(a,b,ﬂ,i))
) ) ] 1) ’
i=0
where X®) denotes the divided power X?/p!. The order of factors in the above product

is immaterial since they commute with each other.

Let 9B be a POP with bounding sequence A. Let A', ..., X", A" = )\ be the rows

of the underlying pattern of 9B, and 7(j)’, 1 < i < j < r, be the partition overlay. For

1 < j <r, denote by pgp the monomial

J
i o S
H‘rij()‘fr — AL - )‘211 ,7(j)")
i=1
where again the order is immaterial in the product. We finally let

95



where now the order of the factors matters. The monomial (3.47) is called the Chari-

Loktev (or CL) monomial corresponding to .

Theorem 3.3.6. [5, Theorem 2.1.3] The elements vy = pypwy, as P varies over all

POPs with bounding sequence A, form a basis for the local Weyl module W ().

We call vy the Chari-Loktev (or CL) basis element corresponding to .

3.3.7 Representation theoretic proof of Theorem 3.2.2

We are now ready to give a representation theoretic proof of the following version of our

main theorem (Theorem 3.2.2):

Let A : Ay > ... = A\, be a non-increasing sequence of integers. Let ji €

Z" such that A\ =, p. Then there is a unique pattern (with real entries)

with bounding sequence A, weight pi, and (triangular) area 5([|A[|* — ||u|[?).
This pattern is integral. Any other pattern (with real entries) with bounding

sequence A and weight p has (triangular) area strictly less than 5 (|| Al[*—]|u[|?).

Subtracting A, from all entries of a pattern sets up an area and integrability preserving
bijection between patterns with bounding sequence A and weight p on the one hand and
those with bounding sequence A\; — A, > ... > X1 — A, > 0 and weight g — (A, ..., An)
on the other. Moreover passing from A and p to Ay — A, > ... A1 — A, > 0 and
= (An,..., Ay) does not affect the hypothesis A =, 12 We may therefore assume

without loss of generality that A\, = 0.

Let M be the maximal (triangular) area attained among all integral patterns with
bounding sequence A and weight p. Then by the theorem of Chari-Loktev recalled above
in §3.3.6, it follows that M is the maximal such that W (A),[M] # 0 and moreover that the

dimension of W ()

u [M] equals the number of integral patterns with bounding sequence
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A, weight p, and (triangular) area M. It now follows from Proposition 3.3.3 that the

number of such patterns is 1 and that M = (||Al]* — [|u[[?).

Now suppose that we have a pattern with real entries with bounding sequence A and
weight . Then its trapezoidal area is £ (||A||* — [|u/|?) (Corollary 3.2.4). So its triangular
area is at most this number. Moreover, if its triangular area equals this number, then it

is integral (Corollary 3.2.6).
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Chapter 4

A bijection between colored

partitions and POPs

The results of this chapter will appear in [21]. This chapter is entirely combinatorial and
may be read independently of the rest of the thesis. Its goal is Theorem 4.5.2, which gives
a certain bijection between colored partitions of a number and POPs of a certain kind.
Quite apart from any interest this bijection may have in its own right, we use it in the
next section to state the conjectural stability of the Chari-Loktev bases. The stability
property expresses compatibility of the bases with inclusions of local Weyl modules, and
in order to make sense of this there must be in the first place an identification of the
indexing set of the basis of the included module as a subset of the indexing set of the
basis of the ambient module. The combinatorial bijection of this section establishes the

desired identification.

4.1 Breaking up a partition

In this section, we describe a procedure to break up a partition into smaller partitions

depending upon some input. This can be viewed as a generalization of the construction
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of Durfee squares. We first treat the case when the input is a single integer. We then

treat the general case when the input is a non-decreasing sequence of integers.

4.1.1 The case when a single integer is given

First suppose that we are given:

e a partition 7 :m > my > ..., and

e an integer c.
It is convenient to put my = co. Consider the function m + 7, + ¢ —m on non-negative
integers. It is decreasing, takes value oo at 0, is non-negative at c if ¢ is non-negative, and

is negative for large m. Let a be the largest non-negative integer such that 7, > a — c.

Note that a > c.

Put b := a — c. Consider the partitions 7! : m, —b > ... > 7, — b and 72 : w4y >
Ta+2 > ... The former has at most a parts; the latter has largest part at most b (since

Tar1 < (a4 1) — ¢ by choice of a). The last assertion can be stated as follows:

(4.1) g <bford>a

It is easily seen that

(4.2) n| = ab+ |z'| + |77

Consider the association (¢, ) +— (a,b;x!,7%). Since (¢, ) can be recovered from
b;m!, ), th iation i -to- Its i i 1l int d
a,b;m', m*), the association is one-to-one. Its image, as ¢ varies over all integers and 7
over all partitions, consists of all (a,b; ', 7%) such that a, b are non-negative integers,

7! is a partition with at most a parts, and 72 is a partition with largest part at most b.
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Figure 4.1 illustrates the procedure just described. Note that the ¢ = 0 case is the

Durfee square construction.

b
- b ]
C
4 ) T T
1 1
1 1
- Tl r--2
1 a 1
¢ 1 ,___JI r--':
! L--4J
1
1
1
Y : ,__|
r--d !
' T2 -
1 1
1 1
1 1
1 1
\ __g :
,___J F---
1 1
r___: case When C 1S pOSlthe ___________ _: case when c is negatlve
- -2

Figure 4.1: Hlustration of the procedure in §4.1.1

4.1.2 The case when a non-decreasing sequence of integers is

given
Now suppose that we are given, for ¢ > 2 an integer, the following:

e a partition 7w :m > m > ..., and

e a sequence ¢ : c; < ... < ¢ of integers.

As before, it is convenient to set mp = oo. For 1 < j < ¢ — 1, let a; be the largest
non-negative integer such that m,, > a; — ¢;. Since the ¢; are non-decreasing, it is clear

that the a; are also non-decreasing: a; < ... < a;—1. Set b; == a; — ¢;.

Proposition 4.1.1. The b; thus defined are non-increasing: by > ... > b;_;.

Proof. Fix j such that 1 < j < t — 2 (there is nothing to prove in case t = 2). If

Qi1 = ay, then bj+1 = Qj41 — Cj41 = A5 — Cj41 S a; — Cj = bj. If Qj41 > Qj, then, on the
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one hand, 7,,,, < b; by (4.1); and, on the other, bj;; < 7,,,, (by the definitions of a;,

and bj+1). ]

We define ¢ partitions !, 72, ..., '’ as follows. Set ag = 0, a; = 00; by = 00, by = 0; and

for j,1<j <t

(4.3) dE Tay 141 —bj > Ta;_jq0—b; > ... > 7y, —b;

The above equation can be rewritten as follows:

(4.4) wi_aj =T — b; for k such that a;_; < k < a;

-1

Note that 7/ fits into the rectangle (a; — a;_1,b;—1 — b;) in the sense of §3.1.6 (since

7Taj,1+1 S bj,1 by (41)) We have

t—1
(45) [z] = |z'[+- +|wt|+2 —aj)b =T D ag(b =)
j=1
Consider the association (¢, ) — (a,b;7!,...,x), where a, b refer respectively to
the sequences a; < ... < a4 and by > ... > b;_;. Since (¢,m) can be recovered
from (a,b;x', ..., "), the association is one-to-one. Its image, as ¢ varies over all non-

decreasing integer sequences of length ¢ — 1 and 7w over all partitions, consists of all
(a,b; 7', ..., ") such that a, b are non-negative integer sequences of length ¢t — 1 with a
non-decreasing and b non-increasing, and for every j, 1 < j < t, 7/ is a partition that fits

into the rectangle (a; — aj_1,b;—1 — b;).

The picture in Figure 4.2 describes the procedure just described.
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/ / / /
b, b,_, by b,
C3 C2N &) L
/ v 1
CLI —,__l
I
-
il & g
J
-
/ _——
az =0
3 Ci—9 _-J 3.
r 7”18 empty
el
I
r__J
______ J . . .
\C\t—l :r In this instance, ¢y, c9, c3 are negative,
. --- and ¢;_3, ¢;_o, ¢;_1 are positive
a;_
t—2
t—2 -
7718 empty
/ t—1
[0 T r=----- 4
t—1 T r e I el B
t = j = a5 — 5y and bj =bj_1—0b;
oo so that 7 fits into (a}, b))
S
1
1
1

Figure 4.2: Mlustration of the procedure in §4.1.2

4.2 Producing nearly interlacing sequences with ap-

proximate partition overlays
Fix an integer s > 1 and an integer sequence n: 71, ..., Nsy1 With gy > ... > 7, An
integer sequence 7': 7y, ..., n, with 75 > ... > ng is said to nearly interlace n if either

s =1 (in which case no further condition is imposed) or s > 2 and

(4.6) m > ny, nh > Nsr1, and 7, > ... >n._, interlaces gy > -+ > n,.
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The following is a pictorial depiction of this definition (where x — y means = > y, and

x indicates the absence of any relation):

T 72 UE! Ts—1 Ns Ts+1

In case s = 1, the definition imposes no further constraint on 1’ and so the pictorial

depiction is:

T Uy

We define the proper trapezoidal area of the nearly interlacing sequences 7, 1’ as above

by:
(4.7) PP () o= Y (= 1) (m) — M)
1<i<j<s
Given sequences 7, 7/ as above that nearly interlace, a sequence !, ..., @ of partitions

is said to approxvimately overlay 0, 1/, if either s = 1 (in which case no further condition
is imposed) or s > 2 and

(4.8)
! has at most 1, — 7] parts, 7 has largest part at most 7, — 1y, and

for j =2,...,s — 1, the partition z/ fits into the rectangle (1; — n}, 1} — n;11).

Now suppose that we are given:

e a partition 7 :m > my > ..., and

e an integer pu.

Our goal first of all in this section is to associate to the data (u,m) a nearly interlacing
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sequence with an approximate partition overlay (s and 7 are fixed once and for all). The

map is denoted by =,. We then investigate the nature of =, (Lemma 4.2.2).

Put ¢y :=p—mg, ..., cs—1:= p—mns. Then ¢; < ... < ¢, 1. We apply the procedure
of §4.1.2 with t = s and ¢ as above to obtain (a,b,7%,...,7°). In case s = 1, we take a
and b to be empty and set 7' := 7. In case s = 2, the procedure of §4.1.2 reduces to that

of §4.1.1.

We now define the sequence 1'. In case s = 1, set

(4.9) M=+ n— (case s = 1)

Now suppose s > 2. As before, it is convenient to set ag = by, = 0 and as = by = oo.
Define
(4.10)

/

n;=mn;—(a; —a;—y) forj=1,...,s =1 and 7} := g1 +bs_1 (case s > 2)

Proposition 4.2.1. Suppose that s > 2. Then:

~

. Forj=2,...,s, we have n; = njy1 + (bj—1 — by).

2. 1 and n' are nearly interlaced.

co

The sequence ©*, ..., & of partitions approzimately overlays n, 1.

4o (mA+- ) =+ +n) =

R

O (n, ) + (I + -+ + |z°]) = |z

T (mi—n)=a; for0<j <sand Y5 i1 (M = i) = bj for 1 < j <s.

K2
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Proof. For j = s, (1) is just the definition of n,. Fix j in the range 2, ..., s —1. We have:

;= mn; — (a; — aj-1) definition of
=n; — ((¢j + b;) = (cj—1 + bj—1)) definition of b
=n; — (g —nj41 +b;) — (L—mn;+bj1)) definition of ¢

= Nj+1 + (bj—1 — b;)
This proves (1). For (2), we observe:
e For 1 < j <s—1, wehave n; > n; — (a; — a;_1) = 7 since a is a non-decreasing
sequence.
e For 2 < j <s, we have 1} = n;11 + (bj—1 — b;) > 1;41 by (1) and the fact that b is
a non-increasing sequence (Proposition 4.1.1).
Assertion (3) follows since 7/ fits into (a; — aj_1,b;—1 — b;) by construction.

Assertion (4) is just the definition (4.9) in case s = 1. Now suppose s > 2. By the

definition (4.10) of 7}, we have

Mt tng=0m—(a—a)) + - + (1= (a1 —as2))  + (o1 + bs1)
=M+ N1+ N1 — As—1 + by
=m+- 401+ Nsp1 —Cs—1  (since b1 = as_1 — ¢s_1 by definition)

=m+-+n-1+ns+ 001 —p (since cs_1 = p — n, by definition)

For (5), first rewrite the definition (4.7) to get:

P, ) = > (m—nﬁ)( > (né—nm))

1<i<s—1 i+1<j<s
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Substituting from (4.10) and item (1) into the right hand side above, we get

DPFOP(Q’ l/) = Z (ai — a'i—l) ( Z (bj—l — b])) = Z ((IZ' - ai_l)bi

1<i<s—1 i+1<j<s 1<i<s—1
Assertion (5) now follows from (4.5).

For (6), using (4.10) we obtain 37_ (i — 1) = 320_,(a; — a;_1) = a;. Similarly, using

(1) we obtain 27 (1 — nir1) = 3 2i_;1(bics — b;) = by 0
Lemma 4.2.2. Fiz an integer s > 1 and an integer sequence n: 11, ..., Nsy1 With
N > ...>ms. Let Eﬂ denote the association described above:

e from the set of all pairs (u, ), where w is an integer and ™ a partition

e to the set of all tuples (1), b, ..., m®), where n': ), ..., 1. is an integer sequence
nearly interlacing n, and ', ..., © a sequence of partitions approzimately over-
laying n, 1’

The association =, is a bijection. More precisely, the association E; wn the other direction

to be defined below (in the course of the proof of this lemma) is the two-sided inverse of

[1]

n-
Proof. We define Z]. Let 1’ and ml, ..., m® with the specified properties be given. The
image of (1, x', . ) under = is defined to be (p*, 7*) where p* and 7 are as defined
below. Set

(4.11) pr= (ot A ) = ()

To define 7*, we take k to be a positive integer and define 7. For j, 0 < j < s —1, set

aj = T_ (i — ). Put at == 0co. We have 0 = af < a} < ... <a'_, < a’ = oo. Thus
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there exists unique j, 1 < j < s, such that aj_; <k < aj. Set

S

(4.12) T 1= W%_a;l + b} where b} := Z (n: — Mix1)
i=j+1

Since n; > n;y1 for all i > 2, it is clear that b5 and hence also 7 is non-negative.

Let us verify that 77 > m,, for all k. If @] ; < k < aj, then ] ; < k+1 < a,

so that, from (4.12), mp — 5 = T,

T e > 0 (since 7/ is a partition). Now

suppose that k = aj. Then, from (4.12),
* * j * j+1 * j i+1
T = Mhy1 = (ﬂ-i—a;_l + %) — (m ™ + big) = Wi;._a;._l + (41 — Mjg2) — ™) =0

where the last inequality holds since 7/*! has largest part at most Njv1 — Mj+2 by hypoth-

esis. This proves that 7* is a partition and finishes the definition of =/ .

We now verify that =] o =, is the identity. Suppose we first apply =, to (1, ) to get

n

(, @'

;- -+, m°) to which in turn we apply =] to get (1*, 7*). From (4) of Proposition 4.2.1
and (4.11) it follows that p* = p. It follows from the definitions of a* and b* above and
(6) of Proposition 4.2.1 that a* = a and b* = b. It now follows from the definitions (4.4)

and (4.12) respectively of 7/ and 7* that 7 = 7.

Finally we verify that =, o E’ﬂ is the identity. Let (u*,7*) be the result of application
of E’Q to (1, wt, ..., 7). To calculate the action of =, on (p*, "), we must compute ¢, a,
and b as in §4.1.2. From the definition of ¢ at the beginning of this section and those of

w*, a*, and b* above, we have:

J s
(4.13) = —=ni = (m—n) = () 0 —min)) = af — b
i=1 i=j+1

We claim that a* = a. Assuming this claim, it follows from (4.13) and the definition of b
in §4.1.2 that b = b*. From (4.10) and the definition of a* above, it follows that the nearly

interlacing sequence part of the image of =, is /. From (4.4), (4.12), and the equalities
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a = a*, b= 0", it now follows that the image under Z, of (u*, ) equals (7, T ..., T).

It remains only to prove the claim above that a = a*, or in other words that for 7,
1 <j <s—1,aj is the largest integer such that ng > af — ¢;. From (4.12) and (4.13),
we have

* o= g > 0 = af —c;
T = T, *_1+bj_bj a; — ¢

We now show that 7T2;+1 <aj+1—¢. Fix{, j+1< {0 <s, such that af = aj ;| <

a5 +1 < aj. From (4.12) and (4.13), we get

1+aj*~—cj—7r;;+1:1+(a;—cj)—7rf—b}
=1+ (by — b)) — 7

=1+ (g — mjs2) + -+ (i_y — me) + (0, — Mes1) — 77)

Since (7} — niy1) > 0 for 2 < i < s and the largest part 7! of 7 is at most (1, — 7,11),

the right hand side in the last line of the above display is positive. O

4.3 Near patterns with approximate partition over-

lays

Fix an integer r > 1. Suppose that, for every j, 1 < j < r + 1, we have an integer
sequence X: M, ..., )\g of length j with )\g > ... > )\;_1. We say that this collection of
sequences forms a near pattern if X’ nearly interlaces M for every j, 1 < j < r. The
last sequence A" is called the bounding sequence of the near pattern. The following is

a pictorial depiction of this definition for r = 4 (where + — y means z > y, and X
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indicates the absence of any relation):

Al
X X
A A3
/! X X p
Al A3 A3
/! x / N x pN
Al A2 As Al
/! x /! N /! pN x hN
Al A3 A3 Al A3

The proper trapezoidal area of a near pattern P = {Aj |1 <j <r+1} is defined by:
A1) OURP) = IO = S (N - M- M)
j=2 j=2 1<i<h<j
The weight of a near pattern P as above is the tuple (u1, ..., fty41), where
j+1 J

Mt i= Z)\z—ﬂ — Z)\Z for1<j;j<r and M% = )\i
i=1

=1

Let P = {) |1 < j <r+1} be a near pattern. Suppose that we are given partitions

w(j)i, for 1 <j <rand1 <i<j. Wesay that this collection of partitions approximately

overlays the near pattern P if:

e for 2 < j < r, the partition 7(j)" has at most X" — X parts

Jj+1

e for 2 < j < r, the partition 7(j)’ has largest part at most )\g — X

efor3<j <rand?2< i< j—1, the partition 7(j)* fits into the rectangle
N =N N =N

i+1
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The above conditions can also be expressed by saying that for every j, 1 < j < r, the

sequence W(j)i, 1 <1 < j, of partitions approximately overlays the nearly interlacing

sequences M’ 7', ) in the sense of (4.8).

The number of bozes in an approximate partition overlay as above of a near pattern is

defined to be 3, ., |7(j)’|- The terminology is justified by thinking of the partitions

in terms of their shapes.

We sometimes use the the term approximately overlaid near pattern, AONP for short,

for a near pattern with an approximate partition overlay.

4.3.1 A bijection on AONPs

Fix an integer s > 1 and an integer sequence A"+ AX[H .0\ with ApT > 00> ArfL
Let M denote the set of tuples (y;7(1),...,7(r)), where p: po, ..., pr41 is a sequence of

r integers and 7(1), ..., w(r) is a sequence of r partitions (the reason for the indexing of

p; starting with 2 will become clear presently). Let .45+ denote the set of all AONPs

with bounding sequence A" .

Given an element of (u; 7(1),...,7(r)) in M, set (A", (). ) = Eyrtt (frgr, (1)),

where Zyr+1 is as defined in §4.2. By (2) of Proposition 4.2.1, it follows that A" is such

that A5 > ... > A7_;. We may thus inductively define:

(4.15) N, w(@G)' o m(G)) o= By (g0, ()

From (2) and (3) of Proposition 4.2.1, it follows that the sequences X’ (1 < j < 7+ 1)
and partitions W(j)i (1<j<r 1<i<y)forman AONP with bounding sequence AL

Thus we have defined a map from M to A5-+1, which too we denote by Z,r+1 by abuse

of notation.

Lemma 4.3.1. The map Zyr+1 from M to Nyr+1 just defined is a bijection.
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Proof. We construct a two sided inverse. For an element {M;7(j)' |1 <j <r1<i<j}

<

of Ajr+1, set

—_

(M;-Ha@*) = :/)\Hl (Ajv W(j)lv s 77r(j)j)

where =}, is as defined in the proof of Lemma 4.2.2. Since Z;,, is the two sided inverse

of Z,;+1 (by the assertion of that lemma), it follows that the map

{Aj; ﬂ(])J} = (,u;, s a:u:—i—l; 71—(1)*7 s ,W(T)*)

is the required two sided inverse. By abusing notation again, we denote it by =,,,. [

Proposition 4.3.2. The underlying near pattern P in the image of (2, . . ., thra1;7(1), ..., w(r))

under Zyr+1 has bounding sequence N and weight (juy, pra, . . ., ftry1) where pig := (Z;j )\;H)—

(Z;g wi). The number n of boxes in the approximate partition overlay satisfies:

(4.16) OPP(P) +n = |w(L)] + -+ |z(r)

Proof. The first assertion is immediate from the definition. From the definition of =,-+1
and Proposition 4.2.1 (4) and (5), we obtain, for j such that 1 < j < r, (327X N*) —
(7 X)) = pypq and PPN M) + 527 n(5)'] = |7(j)|. Adding the first set of

equations, we get A\l = (Z;g A — (Zgi; pj) = p1. Adding the second, we get

(4.16). 0

4.4 Shift by &

Let an integer k be fixed. Given a sequence 1: 7y, ..., 7541, Where (s > 0 is an integer)
we denote by 7) the sequence 7, ..., 7541, where
(4.17)
moi=m + 2k nj=mn;+k for2<j<s and 7,41 1= Ny (if s> 1)
m:=m-+k (if s =0)
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We refer to 7} as the shift by k (or just shift if k is clear from the context) of n. The

suppression of the dependence on k in the notation 7) should cause no confusion.

The shift 7, ﬁ’ of a pair 7, ﬁ’ of nearly interlacing sequences is also nearly interlacing.
A sequence of partitions approximately overlays n, 1’ if and only if it approximately

overlays 7, 77'.

The shift of a near pattern consists of the shifts of the constituent sequences of the
pattern. It is also a near pattern. A collection of partitions approximately overlays a

near pattern if and only if it approximately overlays the shifted pattern.

To shift a near interlacing sequence or near pattern with an approximate partition
overlay, we just shift the constituent sequences. The partitions in the overlay stay as they

are.

Shift preserves proper trapezoidal area (of a near interlacing sequence or near pattern).
If a near pattern has weight (p1,...,uss1), the near pattern shifted by k& has weight
(w1 + k, ..., pusi1 + k). Positive shifts of interlacing sequences (respectively patterns)

continue to be interlacing (respectively patterns).

Proposition 4.4.1. Let an integer s > 1 and an integer sequence n: ny, ..., Nsp1 with
M2 > ... 2> s be fired. For p an integer and & a partition, if Z,(p, ) = (17, t .., m),

then Zy(p + k,m) = (7, o', ..., 7°).

Proof. Indeed, the sequences ¢, a, and b involved in the calculation of =, (11, 7) (see §4.1.2)
are the same as the corresponding ones involved in the calculation of =5(u + k, ). The

result now follows from the definition (4.3) of 7/ and (4.9), (4.10) of 7'. O

Lemma 4.4.2. Let n: ny, ..., Nep1 and q': ny, ..., 1, be integer sequences (for some
s > 1) let p = (f1, ..., tsi1) be a tuple of integers, and ©', ..., 7 a sequence of

partitions. Assume that:

1. n is non-increasing: M 2 ... 2 Nsy1
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2. m, ' nearly interlace and m, ..., @ is an approximate partition overlay on n,n

3.

=

<m 1
4o (4 A negr) — (0 + - +100) = ot

Let k be an integer and 7), i be the shifts by k of n, o/. If k > O (n, ') + |z'| + |z°|,

then

(a) 7, 7 interlace (which in particular implies that i is non-increasing: 7, > ... > 1,)

(b) =, ..., = overlays 7, 7' (i.e., ™ fits into the rectangle (7; — 7}, 7; — T41) for

1<j<s)

(c) (i+k, ... ps+k) <m
Proof. For (b), since 7!, ..., m* approximately overlays n, ﬁ’ , it is enough to show:
(4.18) «' has largest part at most 77, — 7 and ° has at most 7, — 7], parts

These assertions imply in particular that 7} > 7, and 75 > 7, from which (a) follows

(since 7, 7' nearly interlace).

To prove (4.18), we first show that 7] — 7, > m{. Putting 77} = 5] +2k and 75 = n9+ k,

we see that the desired inequality is equivalent to

(4.19) (m = m2) + k= (m —ny) +m

We consider two cases. First suppose that 1} —n;,1 > 1 for some 2 < j < s. Then, since
ko> O, n)+ x| > (m = 0D —nj) +71 > (m—m) +m

and (g — n2) > 0 by hypothesis (1), we obtain (4.19). In the second case, we have

1; = nj1 for all j > 2. Then, by hypothesis (4), we get 11 — 7, = fis11 — 72. Substituting

113



this into (4.19), we get

(4.20) (m = pss1) + k> m

But since k > |x'| > 7] and 1, > peyq by hypothesis (3), we obtain (4.20).

The proof of the latter half of (4.18), namely that 7, — 77541 > p (where p denotes the
number of parts in 7%), is analogous to that of the former half above. Putting 7y = 1, +k

. = 1., we see that the desired inequality is equivalent to

(4'21) (775 - 773+1) +k > (77; - 775+1) +p

We consider two cases. First suppose that n; — 7} > 1 for some 1 < j <'s. Then, since

k> OPP(n,n) +1z°| > (=) (s — ner) + 0 > (15 = Negr) +p

and (ns — ns11) > 0 by hypothesis (1), we obtain (4.21). In the second case, we have
n; = n; for all j < s. Then, by hypothesis (4), we get 1, — 1511 = 1)s — fts1. Substituting

this into (4.21), we get

(4.22) (fst1 = Nsp1) + k> p

But since k > |7°| > p and 541 > 1541 by hypothesis (3), we obtain (4.22).

We now turn to (c). That 7] +--- + 7, = (w1 + k) + - -- + (us + k) follows from the
definition of 7', hypothesis (4), and the fact implied by hypothesis (3) that 7+ - 41,1 =
p1 4 -+ pisyr. It follows from (a) that 7 > ... > 7.. It only remains to show that for

any j <sand 1 <1 <...<i; <s we have

(4.23) Mot e+ = (e + )+ (g, + k)
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Substituting the definitions 77, = 7] + 2k and 7, = 0, + k for 1 < ¢ < j, we may rewrite

(4.23) equivalently as

(4.24) (m A+ my) = (g + ) k> (0 —my) + -+ (0 —m5)

We consider two cases. First suppose that 7, — n;.; > 1 for some j < i < s. Then, since

k> 0P, n) > (o —n) 4+ =) (i —ni1) = (m—n1)+- -+ (n; =)

and (m + --- + ;) — (i, + -+ 4 p5,) > 0 by hypothesis (3), we obtain (4.24). In
the second case, we have n, = 74, for all i« > j. Then, by hypothesis (4), we get

(m —m) + -+ (0 — M) = psy1 — N1 Substituting this into (4.24), we get
(4.25) (- nmy1) = (pay + -+ gy + psi) + 620

But since £ > 0 and (11 + - - +1;51) > (iq, + - -+ + f1s; + pts1) by hypothesis (3), we are
done. ]

Corollary 4.4.3. Let A : Ay > ... > A\41 be a non-increasing integer sequence (where

r > 1 is an integer). Let pu € Z'Y be such that A\ =y p. Let P be a near pattern

with bounding sequence A and weight p. Let {r(j)"'|1 <i < j <r} be an approzimate

partition overlay on P. Then the shift by TP™P(P) + Zlgjgr(|7r<j)1| + 7(5)]) of the
AONP (P, {x(j)'}) is a POP.

Proof. We proceed by induction on 7. Let M, 1 < j < r+1, be the constituent sequences

of P. We have A = \"*!. Consider the shift P of P by k, where
b= DX [0 + () |

By the lemma, we obtain:
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~r+l v
(a) A, A interlace
(which in particular implies that X is non-increasing;: 5\71“ > ... 2 5\772)

(b) w(r)', ..., w(r)® overlays XH, N

©) (o +ky oo+ k) <m A

In particular, this gives a proof in the base case r = 1 of the induction.

Now suppose r > 2. Let P; denote the pattern obtained from P by omitting its last
row. We may apply the induction hypothesis to X, (w1 +k, ...,y + k), and the AONP
(P, {wl |1 <i<j<r—1}),toconclude that the shift by mep(ﬁl)—i-zlgjq(’wl!—k
|7(7)’|) of this AONP is a POP.

Note the following:

(PP is preserved under shifts
° Dprop('])) — Dprop(Ar—Fl’Ar) + Dprop('])l)

upward shifts of XH, A" do not affect (a) and (b)

shift by OPrP(Py) + Zl§j<T(|7r(j)1] + |7(5)’]) of P, (respectively P

shift by PP (P) + Zlgjgr(|7r(j)l| + |7r(j)j|) of Py (respectively X" \")

, X) equals

The result follows. 0

4.5 Bijection between r-colored partitions and POPs

We are at last ready to state and prove the desired theorem. Fix integers » > 1 and

d > 0. Let Z,.(d) denote the set of all r-colored partitions of d.

Fix T =)X: A > ... > Ar11 @ non-increasing sequence of integers, and po=

(f1y - prg1) € Z™ such that A =, i Let us denote a general AONP with bounding
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sequence of length  + 1 by (P, {n(j)"|1 <i < j <r}), where P denotes the underlying

near pattern and 7 ()" the partitions in the approximate overlay. Let N3 u(d) denote
the set of all AONPs where P has bounding sequence A", weight (j1, ..., ptr41), and

satisfies the following condition:

(4.26) OPP(P) + Y |x(i)| =d

1<i<j<r

Let @), be the map from Z,(d) to the set of AONPs given by

(1), ..., m(r) = Eyn(e . e m(1), ., w(r))

where Zy-+1 is as defined in §4.3.1.

Proposition 4.5.1. The map @, ,, is a bijection from Z.(d) to N .(d).

Proof. 1t follows from Proposition 4.3.2 that the image of ®) , lies in .4} ,,(d). Since Zyr+1
is a bijection (Lemma 4.3.1), it follows that ®, , is an injection. We now show that is also
onto A} ,(d). Given an element of 4} ,(d), its image under Z|,,, maps to that element

under Zy-+1 (see the proof of Lemma 4.3.1), so it is of the form (pg, . . ., ptry1; 7(1), ..., (1)),

where 7(1), ..., w(r) is an r-colored partition of d (Proposition 4.3.2). O

For an integer k, let S* denote the “shift by &” operator (§4.4). Let ,/I/Aku(d) (respec-
tively P ,(d)) denote the set of all AONPs (respectively POPs) where P has bounding

sequence A (the shift by k of A), weight (u1 + k, ..., ptrs1 + k), and (4.26) is satisfied.

Theorem 4.5.2. For k > d, the composition S* o ®, . defines a bijection from Z.(d) to

P (d).

Proof. The operator §* is evidently a bijection from .43 ,(d) to ,/Vfﬁ(d) (see §4.4). By
Corollary 4.4.3, its image lies in Pi,g(d>7 S0 t/i/fﬁ(d) = Pi,g(d>‘ The result follows from

Proposition 4.5.1. O
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4.6 The complementation involution C

For 5B = (73,7r(j)i |1 <i<j<r)aPOP with 1/ being the 5" row of the pattern P, let

B denote the POP (P, 7°(5)" |1 < i < j < r), where 7(j)" denotes the complement of

7(4)" in the rectangle (/™" —n/,n) — 1) (see §3.1.6). For 9 in Pi,g<d)7 we have

Yo =AM = Y ) = AP) +07(P) —d =0(P) —d

1<i<j<r 1<i<j<r

The association C : P — P is evidently reversible. The above calculation shows that C
defines a bijection from P} i (d) onto P§ i [d], where P} i [d] denotes the set of POPs with
bounding sequence A, weight (1 + k, ..., o1 + k), and depth d (see §3.1.8 for the

definition of depth).
Precomposing the bijection of Theorem 4.5.2 with C continues to be a bijection:

Corollary 4.6.1. For k > d, the composite map C o S* o Dy, is a bijection from Z,(d)

to Pgﬁ[d].

Proposition 4.6.2. The bijections of Theorem 4.5.2 and Corollary 4.6.1 are compatible.

More precisely, for 7 > 0, we have:

(4.27) Stk o

-----

S’o Q); (Epir 1 +F) in the theorem
O

@ —
(4.28) CoS'™o Prp = 870 & in the corollary
Proof. The left hand side of (4.28) may be written as C 0 §7 o (§¥ o ®,,). Now, by

Proposition 4.4.1, S* o Dy = D5 )- The proof of (4.27) is similar. ]

1tk prp1+k

Corollary 4.6.3. For k > d and j > 0, the map Co & oC : P [d] — ]P’Ej'[d] is a

bijection.

Proof. Co&’oC is equal to the composition of two bijections: the inverse of CoS* o ®, ,

followed by C o §7* 0 @, . O
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Chapter 5

The stability conjecture for sl3 and

beyond

The results of this chapter will appear in [21].

5.1 The stability conjecture: first version

In this section and the next, we state the conjecture about stability of Chari-Loktev bases
under a chain of inclusions of local Weyl modules (for g = sl.,1). The conjecture has
been proved in Chapter 2 in the case r = 1. We begin by recalling details about the
chain of inclusions. The theorem of the previous section (§4) gives us an identification
of the indexing set of the basis for an included module as a subset of the indexing set
of the basis of the larger module. It then makes sense to ask whether the bases are well
behaved with respect to inclusions. The stability conjecture says that this is so in the

stable range.

We state two versions of the conjecture. The first version has the advantage that

it can be stated quickly (assuming only the result in Corollary 3.3.5, and without any
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further reference to the details in §3.3 about the identification of local Weyl modules as
Demazure modules). The second version, stated in the next section, is more involved but

provides also motivation.

5.1.1 The set up

Let X be a dominant integral weight and 6 the highest root of g = sl,.,;. We identity A and

0 with (r41)-tuples of integers A and @ respectively asin §3.1.9: \: Ay > -\, > A1 =0
and 0 = (2,1,...,1,0).

5.1.2 Chains of inclusions

Consider the chain of g[t]-module inclusions (see Corollary 3.3.5), each of which is defined

uniquely up to scaling:
(5.1) W) > WA+60) = WA+20)— ...

The Chari-Loktev basis for W (X + kf) is indexed by the set P§ of POPs with bounding
sequence A + kf (§3.3.6). Mirroring the above chain of inclusions of local Weyl modules,

we have a chain of inclusions of these indexing sets:
0 2 1
Pl—=Pl—=P—...

Indeed, the map CS*C, where C is the complementation (§4.6) and S* is the shift by &

(84.4), defines an injection Pi — Pi%. These injections are compatible as j and k vary

(since C is an involution and S*S* = Sk++).
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5.1.3 Fixing the inclusions

For a POP B, let vy and py denote respectively the Chari-Loktev basis element and the
Chari-Loktev monomial corresponding to P (see §3.3.6). We fix the chain of inclusions
(5.1) such that for every j > 0, let the generator wy,j9 of W (X + jf) be mapped to:
(5.2)

Watjo = Upl = Ppilxs(j+1)0 under the inclusion W(A + j6) — W (A + (j + 1)0)

where B; denotes the unique element of IP’i of weight A+ j@ (corresponding to the gener-
ator of W (X + j6)), and B* denotes the image of P under the inclusion IP’i — ]P’?k (for
P in P4, k> 0).

5.1.4 The stability conjecture: first version

It is now natural to ask whether, for all ;7 > 0, for all £ > 0, and for all 53 € Pi, we have
(5.3) U > ok under the inclusion W (A + j6) — W(A+ (5 + k)60)

Simple instances (see Example 2.2.4) show that (5.3) is too much to expect in general.

We do however conjecture that it holds in the “stable range”:

Conjecture 5.1.1 (STABILITY of Chari-Loktev bases). With notation as above, let B3 be
a POP in ]P’i. Let i be the weight of B and d its depth. Note that p <m A+ j0 and in
particular S s = (S N) + j(r 4+ 1), The assertion (5.8) holds if § > €+ d, where
¢ be the least non-negative integer such that p — (j — )L < A+ (0. Here 1 stands for

the element (1,...,1) € R™1,
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5.2 The stability conjecture: second version

In this section, we state the second version of the conjecture about stability of Chari-
Loktev bases under a chain of inclusions of local Weyl modules (for g = sl,.,;). For a
brief description of what the conjecture is about, see the introduction to §5.1, where the

first version is stated. The conjecture has been proved in Chapter 2 in the case r = 1.

5.2.1 The set up

Let 6 be the highest root and A a dominant integral weight of g = sl,.,;.

5.2.2 Local Weyl modules as Demazure modules

Adopt the notation of §3.3. There exists a unique dominant integral weight A of g such
that t,,(n)(Ao) = wA, with w in the affine Weyl group. By results of Chari-Loktev and
Fourier-Littelmann recalled in Theorem 3.3.1 above, for k£ a non-negative integer, the
local Weyl module W (A + k@) is isomorphic as a g[t]-module to the Demazure submodule
Vewoorerey (80) = Vi, oyw(A) of L(A). The isomorphism is unique up to scaling. (At the
moment we choose the scaling arbitrarily. Later on, we will fix the scaling, so that the
isomorphism is fixed.) The isomorphism maps the generator wyiry of W(A + k) to a
vector of L(A) of weight ty,x9(Ag). We denote the image of wy kg also by the same

symbol.

5.2.3 A chain of local Weyl modules

Since A and 0 are both dominant, £(tu,(a+k6)) = {(twor) K- L(tws)s SO twe(rrke) < two(rtmo)

in the Bruhat order (on the extended affine Weyl group) for & < m. Consider the following
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chain:

Lwo(N) < twort0) < 0 < LwgAihd) < LuwgOrt(k+1)0) < 00

and the corresponding chain of Demazure submodules of L(A):
(5.4) WA) =>WA+0)— - = WA+E)) > WA+ (k+1)0) — - (= L(A))

The union of the modules in the above chain equals L(A) (because ty = sgsy and every

simple reflection of g occurs in any reduced expression for sg).

5.2.4 Weights of local Weyl modules

It is well known (see Theorem 1.2.10) that any weight of L(A) is of the form ¢, (A) — do,
where v is an integral linear combination of the simple roots of g, and d is a non-negative
integer (A is of level 1 as observed in (3.40)). Fix such a weight. The dimension of the

corresponding weight space is given by (see Theorem 1.2.10):
(5.5) dim L(A)s (a)—as = the number of partitions of d into r colors.

Since the union of the local Weyl modules in (5.4) is L(A), there exists Ky such that, for
all & > K, we have the equality W (X + k0), (n)—as = L(A)s,a—as of weight spaces. In
particular, for k > Kj, the dimension of W (X + k@), a4 equals the number of 7 colored

partitions of d.

5.2.5 Parametrizing set of the Chari-Loktev basis for the weight

space W (A +k0); (n)-ds

Following §3.1.9, identify A with a non-decreasing sequence A : Ay > ... > A\, > A\ =0,

and the highest root 6 with 6. Let  denote the restriction to b of ¢,(A) — do. Identify p
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with the tuple p = (p1, ..., fiy41) in its equivalence class such that Z:Ill i = Z:;l i

Proposition 5.2.1. The CL basis of W/(A+k6)q,(a)-as is parametrized by the set P ,[d]
of POPs with bounding sequence A+ kfl, weight pn+ k1 (where 1 denotes (1,...,1)), and
depth d.

Proof. By Corollary 3.2.4, the number n of boxes in any POP in Piu[d] is constant and
given by:
1
n= S (1A kI ||+ kL)1)~ d

Now, by the result of Chari-Loktev recalled in §3.3.6, the set Pg’ u[d] parametrizes the CL
basis for W(A+k6),[n], the n-graded piece of the p-weight space of W(A+k€). Thus it is
enough to observe that the weight space W (A + k), (a)—q4s has grade n, or, equivalently,

that the weight space W (A + kf), o has grade n + d.

We now argue that in order to prove the last claim we may assume k to be large.
Suppose we know that W(A+ (k+£)6) a has grade (|[A+ (k+0)0|]> — ||+ (k+0)1[[?)/2
for some ¢ > 0. Since the inclusion W (XA + k) <— W (X + (k + £)f) increases degree by
(JIA+ (E+ 0)8]> — ||A + k8 + ¢1]|*)/2—see Corollary 3.3.5—we conclude that the grade
of W(A+ kb)a is given by (||]A+ k@ + (1|[* — || + (k + €)1]*)/2, which as an easy

calculation shows is equal to (||A + k0|* — [|p + k1][?)/2.

Since the union of the chain (5.4) of local Weyl modules is L(A), it follows that
W(X + k0)y o = L(A) A for all large k. Since L(A). » is the highest grade piece of the
p-weight space of L(A), it follows that W (X + kf), A is the highest grade piece of the
p-weight space of W(A+ k). It now follows from Proposition 3.3.3 (1) that the grade of
WA+ EO)en is n+d. O
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5.2.6 An explicit value for the bound K in §5.2.4

Let ¢ be large enough so that p is a weight of A + £0 (it is easy to see that A and p are
equal modulo the root lattice of g, so that such an £ exists). Then A+ (0 =, p+ (1, and
we may apply the results of §4.5. From Corollary 4.6.1, we conclude that, for k£ > d, the
map C o 8" o ®y 149,101 15 a bijection from Z2,(d) to the set Pi“;k [d] of POPs bounding

sequence A + (£ 4 k)0, weight p+ (¢ + k)1, and depth d. Thus we may take Ko = £+ d.

5.2.7 Fixing the scaling

With notation as in §5.2.2, fix arbitrarily an embedding of W () in L(A), and identify
W(A) with its image in L(A). For k > 1, fix the embedding of Wy in L(A) such that

the generator w) e is identified with
(xj ® t—((/\\e)+k))(k) W

where X ® denotes the divided power X?/p!. It is clear that wy g has weight ¢y, r(Ao);

that wy,xe # 0 follows from the following observation:
(5.6) (z; ® t((Al0)+k))(k) (xf ® tf(()\|9)+k))(k) Wy = 1wy

The proof of (5.6) follows by standard sly calculations, using the following relations
in W(A):
(me_ & t((’\|9)+k)) wy =0, forallkeN

We will identify W (A 4 k) with its image Vi, (Ap) in L(A) via the isomorphism

(A+EK6)

fixed as above.
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5.2.8 The stability conjecture: second version

We now state the stability conjecture. Let A be a dominant integral weight and 6 the
highest root of g = sl,,;. Identity A with A: Ay > ... > A, > A\.i7 = 0 and 6 with
0=1(2,1,...,1,0) as in §3.1.9. Let v be an element of the root lattice of g and d > 0 a
non-negative integer. Let pu denote the restriction to the diagonal subalgebra b of g of the
weight ¢, A — dd of the integrable highest weight module L(A) of the affine Lie algebra g,

where A is as in §5.2.2. Choose the tuple u corresponding to u so that Z:ill Wi = Z:ill A

For any integer & > 0, the set ]P’i#[d] (of POPs with bounding sequence A + k@,
weight p + k1, and depth d) indexes the CL basis of W(A + k0)., (a)—qs. For B in
]P’gﬁ[d] and j > 0 an integer, let 37 denote the image of 3 in IP’;ZJ [d] under the map

CoS oC:P§ [d = Py7[d] (§4.4, 4.6).

Conjecture 5.2.2 (STABILITY of CL basis; second version). Let ¢ be the least non-
negative integer such that p+£€1 <,u A+4€0. Then for all k > {+d, for all j > 0, and for
all P € Pgu[d], we have the equality vy = vy of CL basis elements up to sign in L(A)
under the identification of local Weyl modules W (A+m8) with their images in L(A) under

isomorphisms fized as in §5.2.7.

The conjecture mirrors the fact that C o 8/ o C is an isomorphism for & > ¢ + d

(Corollary 4.6.3).
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Chapter 6

Triangularity of Gelfand-Tsetlin and
Chari-Loktev bases for

representations of sl

The results of this chapter will appear in [21]. Throughout this chapter, we will assume

that the simple Lie algebra g = sl ;. We adopt the notation of §1.4.

6.1 The main result

We first recall Chari-Loktev bases for irreducible representations of g = sl.,;. Given
A= > myw; € Pty set \y = my+---+m; V1 < i < r, and consider the non-
increasing sequence A : Ay > -+ > A\, > \..; = 0. For a pattern P : AL AT =)
in the set GT(A) of GT patterns with bounding sequence A, define an element CL(P) of
V() as follows:

CL(P) = (ay )M ()78 (M () M (g g M2 ()

127



The following theorem is proved in [5] (see also §3.3.6 for the current formulation).

Theorem 6.1.1. [5, Corollary 2.1.3] The set {CL(P) : P € GT(A)} forms a basis for
V(A).

The Gelfand-Tsetlin (GT) basis for V(\) is given in §1.4.2: corresponding to pat-
tern P the GT basis vector is denoted by (p. The pattern A with the j** row A7 =
(A1,...,A), V1 <j<r+1,is the unique pattern in GT(A) whose corresponding GT
basis element (4 has weight A. We assume (4, = v,, with out loss of generality, by suitably

normalizing the GT basis for V().

The row-wise dominance partial order > on the set GT()) is defined by P > Q if for
every j, 1 < j < r+1, the 5 row ) of P succeeds the j' row s’ of Q in the dominance
order on partitions, i.e.,

N4 N>R 4w, VI<i<i.

79

If P > Q, then we say that P dominates Q. If P > Q and P # Q, then we say that P

strictly dominates Q and write P > Q.

We are now in a position to state our main result of this chapter.

Theorem 6.1.2. Given A\ = >, myw; € PT, set \; = mqy +---+m V1 <i<r,
and consider the non-increasing sequence A\ : A\y > --- > \. > 0. For a pattern P :

AL AL AT = X in GT(A) we have the following:

(6.1) CL(P) = Z coCo, for some cg € C,

QeGT())
Q>P

where the co-efficient cp of (p in (6.1), is equal to,
)\gf)\flfl j—1

1
(6.2) I VO | fve v

i . . N
1<i<j<r+1  dj=0  j'=i+1 Dot d) + (it 1)
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6.2 Proof of the main result

We first, define the notion of length of a pattern. For a pattern P : A', ..., A", N1 we

define the length ((P) of P as follows:

We now prove Theorem 6.1.2, proceeding by induction on length ¢(P) of P. If £(P) =
0, then P = A and nothing to prove. Let £(P) > 1. We assume Theorem 6.1.2 for all P’ €
GT()) with £(P') < £(P), and prove it for P. Let jo = min{j : N} — X' #£ 0 for some 7}
and 4o = min{i : X — X°7! £ 0}.

//

Jo—1

Jo

Figure 6.1: The figure shows the first jo rows of the pattern of P. The double lines

indicate equalities, while the single lines are > relations.
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Now we define P € GT()) as follows:

) . » M 41, if i =14y and i < j < jo — 1,

(6.3) P:XN,...,\ , with AZ::

A, otherwise.

It is easy to observe that

64) P>=P, UP)=(P)—1, and CL(P)=ux ;,_,CL(P) = E;;,CL(P).

By induction hypothesis, we have

(6.5) CL(P) = Z ¢rlr, for some ¢ € C,
REGT())
R>P

and the co-efficient c; of (5 in (6.5), is equal to,

$i_5i-1 A

1
(6:6) L | O s v wwy

1<i<j<r+1 dj;=0  j'=i+1

Using (6.4) and (6.5), we get

(6.7) CL(P)= > B r.
REGT(N)
R>P

We now prove Theorem 6.1.2 for P starting with proving (6.1). To prove (6.1), it is

enough to show by (6.7) that

(6.8) Ejosio Cr = Z chCo, for some ¢y €C, YR >P.

QeGT())
Q>P

We now prove (6.8). Let R : 7!, ---,7"t! be such that R > P. Let Q : !,--- ,&"t! be
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a pattern obtained from R such that

Tj—l, i:Tjandi0§j§j0_17

T/, otherwise,

for some 1 < r; < j. We only need to show that Q > P (see §1.4.2 for the action of Ej, ;,

on (g). For 1 < j <igand jo < j<r+1, we have g/ = 7/ ZX = ). Hence we need

to show the following:
6.9 KAt wd SN d N Vig<j<jo—1, YV1<m<j
1 m 1 m

We prove (6.9) by splitting 1 < m < j into three parts; (i) 1 < m < r; (ii) r; < m < 4
(possibly empty), and (iii) ig < m < j. For 1 < m < r;, (6.9) follows from the observation
that 77 > X. Similarly for iy < m < j, it follows from the observation that 77/ > X.
We now show (6.9) for r; < m < ip. Since Q is a pattern and m < ig < j, we have

k! > K™ =7 ¥V 1 <4i<m. This gives that
(6.10) R4, 2T T

Nowzmzimandm<i0§j§j0—1gives,

(6.11) P T > AT AT S AT AT M L M

m

Combining (6.10) and (6.11), we get (6.9) in this case. This completes the proof of (6.1)
for P. We now prove (6.2) for P. We observe that (p occurs in Ej, ;, (5 and it does not
occur in Fj ;0 Cr, VR > P. Indeed, the patterns getting by adding 1 to an element of

1 row N of P,V iy < j < jo — 1, and dominates P are the only P. Hence we get by
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(6.7) that
(6.12)

the co-efficient of (p in CL(P),is equal to, (c3)(the co-efficient of (p in Ej, i, (5).

It is easy to observe that

the co-efficient of (p in Ej, ;, (5, is equal to,

the co-efficient of Cp mn EJ’OJO*l Ej0*17j0*2 s E’iOJrl,iO C75,

which is also equal to

Jo—1
H (the co-efficient of C75_5i07i0_5i0+17i0_.‘._5],”_0 in Fji; Cﬁ—igio,io_(sio-&-l,io—"'— j_uo)
j=io
(6.13)
jo—1 1 jo—1 1 Jjo—1 1
=W 1] ——)= — = T
j_zl_O[H Lo — Ljj j_l;[Jrl (N, = X))+ (J —io+ 1) j_l;[H N = A+ —do+ 1)

see Theorem 1.4.2 for the action of E;,; ;). Now the proof of (6.2) for P follows from
j+1,j

(6.12) by using (6.3), (6.6), and (6.13). This completes the proof of Theorem 6.1.2.
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