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Synopsis

A discussion on the preliminaries required to understand this thesis and brief intro-

ductions to the chapters are given here.

Preliminaries

This thesis is based on a few observations on applications and analogues of certain features
of Probability theory in non-commutative W*-probability spaces. A non-commutative W*-
probability space is a pair (A, ¢) of an algebra and a linear functional on it. For us, A
is a finite von Neumann algebra ([Tak02]) (or finite W*-algebra) with a separable pre-
dual. More precisely A is a unital *-subalgebra of the algebra of bounded operators on a
separable Hilbert space - closed in the weak* topology (known as the o-weak topology),
with ¢ - a unital, positive, faithful, tracial linear functional on it - continuous with respect
to the o-weak topology; in other words ¢ is a faithful normal tracial state ([Tak02]) on A.
Probability theory - the branch of Mathematics that analyzes random phenomena - deals
with random variables, which are scalar-valued functions on a non-empty set equipped
with a g-algebra and a probability measure on it. In the case of von Neumann algebras,
random variables are replaced by elements of non-commutative probability spaces, that
is, bounded linear operators on separable Hilbert spaces.

For the sake of simplicity we introduce a common notation here. If S is a subset of a
von Neumann algebra A, then W*(S) denotes the von Neumann algebra generated by S
in A.

Spectral theory and the theory of measurable functional calculus ([Sun97]) for a
bounded normal operator a on a separable Hilbert Space, assures the existence of a
*-algebra isomorphism from L*(o(a),v) to W*({a}), for some probability measure v.
Through this *-isomorphism the symbol f(a) - for any f € L>(o(a),r) - makes sense as

an element of W*({a}). Conversely, any element of W*({a}) can be written as f(a) for



some bounded Borel function f.

Our work is based on observations regarding certain behaviours of such non-commutative
random variables. The underlying notion of their probabilistic independence, wherever
relevant, is taken to be a well-known non-commutative analogue of the classical indepen-
dence - known as free independence ([VDN92]). We define this notion of independence

restricting to the context of von Neumann algebras:

Definition 0.0.1. (A;)ier - *-subalgebras of a non-commutative W* probability space

(A, @), are said to be freely independent or simply free if ¢p(ajas---a,) = 0 whenever

e neN;

ei; €T anda; € Ay,Vj=1,---n;

o ¢(a;)=0,Vj=1,---,n and

® iy F iy F - F iy, orin other words ayas - - - a, is an alternating product.

(Si)ier - subsets of A are called freely independent if the *-algebras generated by these
sets are free in (A, ¢). In particular, (a;)ier - elements of A are called freely independent

if the *-algebras generated by these elements are free in (A, ¢).

The following result, assumed frequently in this work without clarification, is well

known ([VDN92)):

Proposition 0.0.2. If(A;)cz - *-subalgebras are freely independent in W*-non-commutative

probability space (A, @), then (W*(A;))ier are also freely independent in (A, ¢).

Introduced by Ching in 1973 ([Chi73]) for I]; factors (infinite-dimensional finite WW*-
algebras), and later in the '80s by Voiculescu for general operator algebras, Free probability
theory studies non-commutative random variables in various *-algebras and their distri-
butions, with ‘freeness’ or free independence property as the analogue of the classical
notion of independence in Probability theory. This theory gives rise to the notion of free
product of algebras - a universal product of non-commutative probability spaces, denoted

by ‘x’. We define this notion in the context of von Neumann algebras:
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Definition 0.0.3. Given a collection of W*-non-commutative probability spaces (A;, ¢;)iez,
their free product is defined as a universal W*-non-commutative probability space (A, ¢),
with the notation A = x;c1 Ay, ¢ = *;e1¢;, such that there exist *-algebra homomorphisms

W; » Ay = A with the following properties:
* po; = ¢,
o A=W"(Uiez ¥i(A;)) and
o (V;(A;))ier are freely independent in (A, @).

Free probability theory is closely related to the theory of non-commutative distribu-
tions. The natural non-commutative analogue of distributions of random variables in

classical Probability theory is given in the following definition:

Definition 0.0.4. Given a non-commutative probability space (A, @), a self-adjoint ele-
ment a of A is said to have distribution u - a compactly supported probability measure

on R with its support contained in o(a), if for all Borel subset E of R, ¢(1g(a)) = u(E).

The above definition and the previous discussion regarding measurable functional

calculus together imply that for a = a* € A with distribution g,

W*({a}) = L=(o(a), ).

An alternate way of defining the distribution of a self-adjoint operator is through
the moments of the operator. We now define the moments and free cumulants of non-
commutative random variables. The definitions of these objects hold for any *-algebra,
hence in particular for von Neumann algebras and are discussed in various books and

articles, for example in [NS06].

Definition 0.0.5. o Given a *-algebra A, a family of functions (f, : A" — C)pen

is said to be multiplicatively extended, when for all n € N, a new family of



functions is defined on A", indexed by NC(n)= the set of non-crossing partitions
on n, as follows:

fw(ala"' aan) = HVG’/I’ fV[a1>"' aa'n]7

where for V.= {iy,- -+ ,i,} withi; € {1,--- ,n},

fV[alv'” 70%] = f?‘(ain"' 7air)'

In particular fi, = fn,V n, where 1, is the full partition on {1,---  n}, that is,
{{17 e ’n}}

Given a non-commutative probability space (A, @), where A is a *-algebra and ¢ is
a unital linear functional on it, the multiplicatively extended family obtained from

(On)nen is called the family of moment functions, where

¢n(a17 T 7an) = gb(al t 'an)'

In particular for a single element a € A, ¢p(a,--- ,a) = ¢(a™) is simply called its

h

n'" moment. For more than one element, the term ‘joint moment’ is used.

The multiplicatively extended family of functions obtained from (ky)nen, where

"fn(ala' e 7an) = Z ¢7r(ala' e 7an) : [L(’/T, 1n)7

TeENC(n)

where p(-,-) is the Mobius function on the lattice NC(n) x NC(n), is called the

h

amily of cumulant functions. Similarly as moments the terms n'* cumulant’
Ji y of Y

and ‘joint cumulant’ are used.

The moments and cumulants form the base of combinatorial Free probability theory

(as developed in [Spe94], [NS96] [NS97], [Spe97], [KS00] etc.). Moments of a self-adjoint

bounded operator are closely related to its distribution in a W*-non-commutative prob-

ability space. In fact distribution of a self-adjoint bounded operator a can be defined as

6



the compactly supported probability measure p, for which

o) = | )

The study of free cumulants is an equivalent analogue of studying moments since each
can be expressed in terms of the other explicitly - as can be observed in the following
chapters. In particular, being additive for free non-commutative random variables, free
cumulants make various computations easier.

The theory of W*-free probability can be generalized in an operator-valued setup (as
introduced in [VDNO92|, [Spe98], [Sh198], [Sh199], [NSS02] etc.), by replacing (A, ¢) with
(A, ), where A is as above and £ : A — B is a conditional expectation ([Tak03]) onto
a von Neumann subalgebra B of A. In this setup the moments and cumulants take
values in B and we use such B-valued free probability in the second chapter of our work.
For B = C, the operator-valued free probability theory coincides with the usual free

probability.

This thesis is divided in three chapters. The first two chapters describe certain non-
commutative probabilistic models in Free Probability theory. The main tools for the
discussions in these two chapters are the moments and cumulants of non-commutative
random variables. The last chapter proves an analogue of a minmax theorem - character-
izing a certain extremal behaviour of sums of eigenvalues of finite dimensional Hermitian
matrices - for a bounded self-adjoint operator with continuous spectra, involving its dis-
tribution function - denoted by F), - corresponding to the distribution p of that operator

- as the main tool.

I Positivity and unital property of ¢ imply that p defined as above indeed gives a unique probability
measure ([Akh65]). Stone-Weierstrass theorem, Lusin’s theorem, measurable fucntional calculus and
continuity of ¢ in the o-weak topology determine .



Introduction to the chapters

Chapter 1: In this chapter we compute free products of certain finite dimensional W *-
probability space. The motivation behind the computations done in this chapter
comes from trying to understand [Dyk94] and [Dyk93]. Most of the results here
were proved in those two papers in much more general context. However as against
Dykema’s general results, our proofs are elementary and require little prior knowl-
edge beyond basic trigonometry and combinatorics; but they do have the disad-
vantage of constraining us to direct sums and matrix algebras equipped with the
‘uniform trace’, and consequently to results, where powers of 2 keep cropping up as

certain rational indices of the resulting interpolated free group factors.

The results in this chapter are in the form of isomorphisms between W*-probability
spaces, where the left hand side is always a free product of two W*-probability
spaces. Our idea is to find equivalent models of these two spaces inside the W*-
probability space on the right hand side and prove that

(i) they are free inside the latter, and that

(ii) they generate the latter.

We start with the proof of:
e (CapC)*(CaC)=M(C) LZ,

For the proof, the suitable choice of models of the spaces on the left hand side, turn
out to be the two well-known projections in generic positions on the 2-dimensional

Hilbert space.

Using the above, we continue with the following results:

o (CapC)x*My(C)= M,y(C)® LFy; and

o My(C) * My(C) 2 My(C) ® LF,



where LF,, denotes the free group factor ([MvN43]) corresponding to the free group

F,, with n generators.
In the following sections we give further alternate proofs (using similar models) of
results in [Dyk94] that extend the above results to:

[ ] (Al P Ag) * (Bl @ Bg) & MQ(Al * AQ * Bl * BQ * LZ),

o (A1 ® Ay) x My(B) = My(Ay % Ay x B x LF;); and
In the final section of this chapter we portray a few applications of our method of
computation. The main proposition of this section enables one to easily compute

free products involving certain finite dimensional commutative and non-commutative

W+*-spaces as well as certain free group factors:

For mn € N, k,l e NU{0} and LF, = C,

1%

° (LFk)2“ * (LFZ)T" o MQ(LF5+2(I@71)+2(1711)

on—1 om—

). In particular (LZ)*" x (LZ)*"
My (LF5).

1%

o Mon(LEFy)*(LE)?" = My(LF, i

. 20— ). In particular Mon (LZ) x (LZ)*"

gqn—1 + om—1

My(LFs).

® Mon(LFy)*Maym (LEy) = My(LFy, x-1 , 1-1 ). Inparticular Mon (LZ)%Mym (LZ) =
gqn—1 qm—1

My (LFs).

We conclude this chapter by reproving Dykema’s result involving the hyperfinite

I factor ([MvN43]), as an application of our computations:
e RxR= LF2

Chapter 2: This chapter is devoted to graphical models for finite von Neumann algebras,
associating them to finite weighted graphs ([KS11]). The motivation behind this
work comes from trying to understand [KKS09] and [KS11], in which V. Kodiyalam

and V. S. Sunder introduced this graph-von Neumann algebra association and gave
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independent proofs of some of the results proved in [GJS10] and [GJS11] by A.
Guionnet, V. Jones and D. Shlyakhtenko, from slightly different viewpoints. How-
ever, unlike [KS09] and [KS11] we allow non-bipartite graphs that leads us to the
pleasant, but not surprising fact that the von Neumann algebra associated to to a
‘flower with n petals’ (i.e. a graph with a single vertex and n loops) is isomorphic
to the group von Neumann algebra of the free group on n generators. In general
too, the associated algebra gives a free product of algebras corresponding to sub-
graphs ‘with one edge’ (actually a pair of dual edges), with amalgamation over a
finite-dimensional abelian subalgebra corresponding to the vertex set. This yields

certain natural examples of

(i) a non-commutative random variable with a free Poisson distribution;

(ii) non-commutative random variables with operator-valued circular and operator-

valued semicircular distribution.

The intuitive idea of associating a weighted graph I' = (V, &, u) (V' is a (finite) set
of vertices, £ is a (finite) set of directed edges and p: V' — (0, 00) is a normalized
weight or spin function to a finite von Neumann algebra, was to identify a path in
the graph - in the form of concatenation of edges from & - to a suitable product of
operators in the algebra. However we discuss two different but isomorphic notions
([KS11]) of the graph-von Neumann algebra association, one of which is equipped
with the above notion of product and a complicated tracial state on it, where as the
other one is equipped with a complicated product but a simple trace on it. In our
work we first consider the latter and later on we bring in its equivalent graph-von

Neumann algebra associate that eases the cumulant calculation considerably.

We let P,, = P,(I") denote the set of paths of length n in I" (P := V') and let P,(I")
denote the vector space with basis {[¢] : £ € P,([)}. £ = &€+ &, is thought as

the ‘concatenation product’ where &; denotes the i-th edge of £.
Then F(I') := @,>0P,(I") - equipped with the a slightly complicated multiplication,

10



but with an easy choice of tracial state on it given as p?oE, where F : F(T') — Py(T),
is the natural conditional expectation (u? is the linear extension of the original p? to
Py(T")) - is a *-probability space and the finite von Neumann algebra that we want
to associate with I', denoted by M(T', i), is chosen as the von Neumann algebra

generated by F(T).

With the above association and the fact that any such finite graph can be thought
of as concatenation of the following three types of graphs: |V| =1,|€] =1 (a single
vertex with a self-adjoint loop), |V| = 1,|€| = 2 (a single vertex with a non-self-
adjoint loop and its adjoint) and |V| = 2,|€| = 2 (two vertices with an edge and
its adjoint), we first compute the von Neumann algebras associated to these three
graphs. In the first two cases the results turn out to be LZ and LF; respectively.
In the third case, M(I', ) is shown to be C & My(LZ), the LZ being the singly
generated von Neumann algebra generated by a certain operator that we denote by

a. We give an analytic proof of the fact that a follows free Poisson distribution.

In the next section we move on to the alternate concept of graph-von Neumann

algebra denoted by Gr(I'). The main result of this section is:

o The Py(I')-valued mized cumulants in Gr(I') are given as, rk,([e1], [ea], -+, [en]) =

0, unless n = 2 and ey = €1, in which case with the source and range of ey as

v and w respectively, ka([eq], [61]) = L [o].

This leads us to the examples of Py-valued circular and semicircular elements. We
end this section with a corollary, stating a slightly more generalized version of the

result regarding the graph of a ‘a flower with n petals’ as mentioned above:

o Gr(I', n) = xpyy{Gr(Te, pe) : {e,€} C €}, and hence, also

o M(F,,u) = *PO(F){M<F€7M€) : {eaé} C 5}
We conclude this chapter with an alternate (combinatorial) proof of the fact that
the operator a that appears in the computation of M (I, 1) in the case of a graph

11



with two vertices and two edges, does indeed have free Poisson distribution. This
proof involves Narayana polynomials N, (T') = Y_7_, N(n, k)T*, with coefficients

as Narayana numbers, denoted by N(n, k).

Chapter 3: This chapter extends a well-known minmax characterization by Ky Fan
([Fan49]), of the sum of the k largest eigenvalues of an n x n Hermitian matrix
(k,n € NJk < n), to a statement about a self-adjoint element of an appropriate

finite von-Neumann algebra.

We were motivated by Lemma 3.2 of [BV93]) that suggested a possible analogue
for self-adjoint operators in finite von Neumann algebras, of the classical Courant-
Fischer-Weyl minmax characterization ([CH89]) of eigenvalues of Hermitian matri-

ces:

If a € M,,(C) has eigenvalues A\; < Ao < --- < A\ Aj € R, then

A; = min max {(a .
) NC(Cn 56./\/ < 57 €>
dimN=j |l¢||=1

Ky Fan’s result says: For an operator a as above,

k k

Aj = min max E af: &
Z ! MiC--CMCCn &EM; ‘ < €J7£J>
7=1 dlmMj:j (5]) orthonormal j=1

k

= min Z(afj,gj) .

(§j)§:1 orthonormal in H =

We extend Ky Fan’s theorem - or more precisely Ky Fan’s theorem for the case,
where the Hermitian matrix a has distinct eigenvalues - to an analogous result for
a self-adjoint element of a I, factor M equipped with faithful normal tracial state
7, with the help of the quantile function. We use certain properties of the distri-

bution function F, (or F,,) and the quantile function X, (or X, ) corresponding

12



to a, where a is assumed to have a compactly supported probability measure -
given by pu, - with no atoms, as its distribution, i.e. p,(E) = 7(1g(a)). For us,
F,.(t) == pa(—00,t), and X, (s) := inf{t € R : F(t) > s}, i.e. we follow the
same convention as Voiculescu and Bercovici, wherein the distribution function is

a left-continuous function. Consequently for us, the quantile function turns out to

be right-continuous. The main result of this chapter is:

e Let a be a self-adjoint element of a finite von Neumann algebra M equipped
with a faithful normal tracial state 7. Let A be the von-Neumann algebra

generated by a. Then, for all s € F,(R),

inf{r(ap) : p € P(M),7(p) > s}

= min{7(ap) : p € P(A),7(p) > s}
= /S X, dm,

if either (i) (‘continuous case’) u, has no atoms, or (ii) (‘finite case’) M =

M, (C) and a has spectrum {A\; < --- < A\, }.

We also give an alternate proof of Ky Fan’s original result for Hermitian matrices
- not just for the special case stated in the above result - but even for non-distinct

eigenvalues.

13



Chapter 1

Free products of certain finite

dimensional algebras

This chapter is dedicated to working out some ‘bare hands’ computations of a few finite
von-Neumann algebras. We start with the most elementary possible free products involv-
ing C? (= C& C), with the ‘uniform trace’ given by tr(z1, 22) = 3(¢r(z1) + tr(22)), and
M, (= M5(C)), with the normalized trace of the matrix. Using these, we identify all free
products of the form C'x D, such that {C, D} C {A; ® Ay, M2(B)}, where A;, B are finite
von Neumann algebras, as is A; @ A, (with the trace §(¢r(a;) + tr(ap)) for the element
(a1, a2)), and Ms(B) (=2 My ® B) (with the trace try, ® trg, where try;, and trg are the
‘uniform trace’ on M, and the tracial state on B respectively). Those results are then
used to compute various possible free products involving certain finite dimensional von-
Neumann algebras, the free-group von-Neumann algebras and the hyperfinite 11; factor.
In the process we reprove Dykema’s result ‘R x R = LI, ([Dyk94]), and construct some

interpolated free group factors with certain rational indices.

1.1 The building blocks

The interval [0, 7/2] and the unit circle T in the complex plane are both non-atomic com-

pact Borel spaces with respect to the corresponding Haar measures. Hence (L>°([0, 7/2], % fow/ 2. dt) =

14



L>°(T), which in turn, as we have seen in Lemma 2.6.5 of [VDN92], is isomorphic to LZ.
Often as an interpolated free group factor of the form LF; appears in our computation
with t > 2, we make use of the fact that LF, x LFy = LF, . ([Dyk94]), and work with
the model L([0,7/2], 2 [7/*. dt) * LF,_, of LF;.

Let u and v be Haar unitaries generating the two copies of LZs, and let ¢,s €
L>([0,7/2]) be the functions defined by ¢(f) = cos 6 and s(0) = sin 0 respectively.

Let the trace (as described above) and cumulant on Msy(LF;) with ¢ > 1, be denoted

by Tr and k, and the same for LF; by tr and k respectively.

U 0 v c —S —cvs  cuce

0
Let U = V= W = ,andlet X = WVW* =
0 0 00 s c —SvUS  SvC

Then U and X are partial isometries satisfying U*U +UU* = 1 and X* X + X X* = 1;
so each of them generates a copy of M.
10 c* cs
Let P = UU* = and Q = XX* = = WPW?*. Then P,(@Q are

00 cs §°

projections of trace %, each generating a copy of C2. Our proofs, are strictly restricted to
the case where C? has the ‘uniform trace’, whereas [Dyk93] considers the most general
(possibly non-uniform) trace.

Also, for finite von-Neumann algebra A, B, we will often use the notations A* and
My(B) for A A --- (k times) & A and M, (C) ® B respectively, with the trace always

being taken as the ‘uniform trace’.

1.2 C*xC* = My(LZ)

In this section, we compute the free product of the simplest finite dimensional algebra,
namely C? with itself, depending only on the definition of free independence and basic
trigonometry. The two free copies of C? here are taken to be generated by projections P

and Q. We prove that P and @ freely generate My(LZ) as a von-Neumann algebra.

Lemma 1.2.1.

W ({P,Q}) = My(LZ)

15



0 cs
Proof. We have PQ(1—P) = . Since cs is positive (in L>=([0, 3]), 2 fOW/Q - dt) and
0 0

0 cs

has no kernel, we see that the polar decomposition of PQ(1 — P) is given by =
0 0

01 0 O
. Thus W*({P, @Q}) contains all the matrix units, viz., P = ey, 1 — P =

00 0 cs
€29, €12 and ey = €3,. On the other hand W*({ P, Q}) clearly contains PQP = e;;®c?, and

hence also e; ® W*({c?}); therefore we see that W*({P,Q}) D e1y ® L°([0, ]); finally,
by pre- and post-multiplying by appropriate matrix units, we see that W*({P,Q}) D

ei; @ L*([0, 3]) for all ¢, j, and the proof of the lemma is complete. O

Lemma 1.2.2. P and Q are free in My(LF3).

/2 0 A —1/2 cs
Proof. Let Py =P—1/2 = and Qo = Q—1/2 = be
0 —1/2 cs s2—1/2

the trace-less versions (i.e., translates with trace 0) of P and (). We shall find it convenient
to write ¢,, respectively s,, for the elements of L*([0, 7]) defined by c,(¢) = cos n#,

respectively, s, (0) = sin nf.

1 0
We need to verify that the trace of any alternating product in 2F, = and
0 -1
C2  S2 ). . . . .
2Qo = is zero. Since we are working with a trace here and since (2P)? =1 =
S22 —Co

(2Q0)?, it is enough to prove that Tr((2P.2Q0)") = 0 = Tr((2Py.2Q¢)"2P,).

However,

(2P).2Qo)" = = —

16



whereas

Cop Sor 1 0 Cor —Sor
(2P0.2Q0)T2P0 — — 5

—Sor  Cor 0 -1 —S82r —Cor

and the desired assertions follows from

2 2 21
—/0 CQTdQ = ;2_(527'<7T> - 527‘(0))

™ T

=0VreN

O

Now the validity of Proposition 1.2.3 follows immediately from Lemmas 1.2.1 and

1.2.2.

Proposition 1.2.3.
C? x C* = My(LZ)

1.3 Mg * MQ = MQ(LFg)

In this section, we compute the free products of the smallest non-commutative finite
dimensional matrix algebra, namely My = (M5(C)), with C? and with itself, using the
results of the previous section. The copies of M(C) used here are taken to be generated
by partial isometries U and X, and the copies of C? are taken to be generated by P and @
as above. As in the previous section, we now prove that U and X freely generate My (LF3)
(and also that X and P freely generate Ms(LFy); though their free independence in fact
follows from that of X and U).

The two main propositions of this section, along with Proposition 1.2.3 above, are
the basic steps for computing free products of von-Neumann algebras of the general form

Al & A2 and MQ(B)

17



Proposition 1.3.1.
MQ * (C2 = MQ(LFQ)

Proposition 1.3.2.
M2 * M2 = MQ(LF:),)

The key for proving Proposition 1.3.1 is contained in the proof of 1.3.2. We start with

the following crucial lemma.
Lemma 1.3.3. U and X are *- free in My(LF3).
Proof. Observe the following simple facts:

1. U?=0=(U")*Vi=0=(V*)2

2. P?.Q3eC,

3. PU=U,QX =X, UP=0,XQ =0,

4. P,Q are free in My(L>).

In view of the above relations, the sets of trace zero words in W*({U}) and W*({X})
are linearly generated by A = {U,U*,2P,} and B = {X, X*,2Q} respectively. So we
need to check that every alternating product of elements from A and B has trace zero.

We may dispose of the ‘trivial case’ when II is an alternating word in only P, and @,
since that is covered by Lemma 1.2.2.

Consider a typical such product, say II; we shall prove that ¢r(Il;;) = 0 for all 4, j (for
- tr(nl,l);tr(nz,g) _0

the non-trivial case). Thus in particular we will have Tr(II) =

One can see that each II;; is a sum of elements of the form

w = fole, s)wofi(c, s)wifa(c,s) - wn_1falc,s) - (1.3.1)

where the f;s are (possibly constant) polynomials in {¢, s} and w; € {u,u*,v,v*}. The

assumption that we are not dealing with the trivial case (cf. the previous paragraph)
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implies that there must exist at least one w; in the string in the right hand side of equation
1.3.1.
Now, fix any such word w is (of total length m, say) as in equation 1.3.1, which occurs

as a summand of II; then

tr(w) = Z ka[f()(c’S)uwmfl(Cu 8)7"' 7wn—17fn(cu 3)7"'} .

ceNC(m)

We shall show that k,(= ko[fo(c,s),wo, fic,s), - ,wn_1, fulc,s),---]) = 0 for each
o € NC(m), for each such w.

But u and v are free Haar unitaries and hence R-diagonal. So following Proposition
15.1 in [NS06], in order for k, to be possibly non zero, it must be the case that the blocks
of o must consist of either only {u,u*} in alternate positions, or only {v,v*} in alternate
positions (in each block the number of v = number of u* and same for v,v*), or only
{fi(c,s) : i}, all occurring in a non-crossing fashion. Note that in effect w must have the

same number of u and u* as well as the same number of v and v*.

Example 1.3.4. wy = u(cs)v (es(c® — 1/2)s) v*(c2s)u* = ufi(c, s)vfa(c, s)v* f3(c, s)u* -
with m = 7 - can possibly give non zero cumulant only corresponding to two elements of

NC(7), namely

((1,7),(3,5),(2),(4),(6)) and ((1,7),(3,5),(2,6),(4)) .

(Here, fi(c,s) = cs, falc,s) = cs(c? —1/2)s, f3(c, s) = c2s) O

As at least one w; and necessarily also w; must occur in the string defining w, and o
is non-crossing, we see that k, can hope to be non-zero only if w has a substring of the
form wf(c, s)w*, with w € {u,u*,v,v*} and f(c, s) as above, and with w and w* in the

same block of ¢; thus w must contain one of the one of the following four substrings:

1. uf(e, s)u,
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2. u*f(c, s)u,
3. vf(c,s)v*,
4. v*f(c, s)v.
Now we consider the above four cases in the following way:

1. uf(c,s)u* can occur as a string in some summand w of II;; only if USU* occurs as

a substring in the alternating product expression of II, where S = (2Q02F)"2Qp.
—UCoriou” 0
Observe in this case that USU* = and that f(c,s) = —copio.
0 0

2. Similarly u*f(c, s)u can occur as a string in some summand w of II;; only if

U*SU occurs as a substring in the alternating product expression of II, where

0 0
S = (2Q02F)"2Q)y. Observe in this case that U*SU = and that

0 u*corsou

fle, s) = carga.

3. Similarly vf(c, s)v* can occur as a string in some summand w of II;; only if X .SX*

occurs as a substring in the alternating product expression of II, where S =

—CUCr12V*C  CUCopi VS
(2P)2Q)"2P,. Observe in this case that XSX* =

—SVUCop 12V C  —SVUC12V*S

and that again, f(c,s) = tcopyo.

4. Similarly v* f(c, s)v can occur as a string in some summand w of II;; only if X*SX

occurs as a substring in the alternating product expression of II, where S =
) ) SV CopyoVs  —SV*CopioVC
(2Py2Q0)"2P,. Observe in this case that X*SX = ' "
—CU*Copy9VS  CU*CopyaVC

and that again, f(c,s) = fcopyo.

Thus, in any case, we find that for any ¢ € NC(m) for which k, can possibly be
non-zero, it must be the case that w must contain a substring of the form wcy, ow* with

w € {u,u*,v,v*} and with w and w* in the same block of 0. Since W*({c}) and W*({w})
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are free, we see that the only way k, can be non-zero is for {cy,42} to be a block of o;
but then k, has k(co.42) = tr(cer12) = 0 as a factor. Hence, indeed, every k, = 0, as

asserted, and the proof is complete. O
Corollary 1.3.5. P and X are free in My(LF3).
Proof. This follows from P € W*({U}). O

Lemma 1.3.6.

W*({P, X}) = My(LF3)

Proof. Since @ = X X*, it follows from Lemma 1.2.1 that W*({P, X'}) contains each
matrix unit e;;. It follows that W*({P, X'}) contains Ms(N') where N is the von Neumann
algebra generated by the entries of X. By the last line in the proof of Lemma 1.2.1 shows
that L>([0,3]) C V.

=

t>
Consider the bounded Borel functions f,, defined on [0, 1] by f,(t) = B

Y

Sl= 3=

0 t<

observe that f,(c)c converges strongly to 1 (since ¢ is injective). Since cve € N, deduce
that v = lim,(f.(c)cvef,(c)) € N. Since ¢ and v are x-free, and ¢,v € N, it follows
that N’ O LF,. Since the entries of P and X all lie in LF,, the proof of the Lemma is

complete. O

Remark 1.3.7. We can prove the above lemma also by proving W*({U,Q}) = My(LF5)

(where U and Q) are free), in an exactly similar way.

Lemma 1.3.8.

W*({U, X}) = My(LF3)
Proof. In view of Lemma 1.3.6, we only need to observe that {u,v,c}’ = LF3. O

Finally, Proposition 1.3.1 follows from Lemma 1.3.6 and Corollary 1.3.5, while Propo-

sition 1.3.2 follows from Lemma 1.3.8 and Lemma 1.3.3.
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1.4 (Al D Ag) * (Bl D B2> = MQ(Al x Ao x By % Bo % LZ)

Let A, Ay and By, By be finite von-Neumann algebras. In this section, we compute the
free product of A;@® Ay and By @ B (with uniform traces, as mentioned above). We denote
the trace and cumulant on matrix algebras over the finite von-Neumann algebras as T'r
and k and those on the finite von-Neumann algebras themselves as tr and k respectively.

Following the steps in the previous proofs, here too we find freely independent copies
of Ay @& Ay and By @ B, inside Ms( Ay % Ag x By * By x L7) as subalgebras generating it
as a W*- probability space.

The computations in this section and the next are dependent on the Kreweras com-
pliment ([NS06]) of a non-crossing partition 7 € NC({1,---,n}), i.e. the biggest
element, say 0 € NC({1,---,n}) such that 7 U o is a non-crossing partition over
{1,1,2,2,--- ,n,n}. The Kreweras compliment of 7 is denoted by K ().

For example, if 7 = {{1,2,7}, {3}, {4, 6}, {5}, {8}}, then K () = {{1},{2,3,6},{4,5},{7,8}},

as is clearly seen from the following diagram:

11223344556¢6T778S8

1]

Figure 1.1: 7 and K () for 7 = {{1,2,7},{3},{4,6},{5},{8}} € NC(8)

We start with a simple but useful lemma on K (7):

Lemma 1.4.1. Let m € NC(n) and 1 ~; n. Let V.= (k',--- ,(k+1)’) be an interval in
its Kreweras compliment K(mw) for 1 <k <n,0 <l <n—k. Thenk ~, (k+1+1),

where all positive integers are taken modulo n.

Proof. Note that if (k) is a singloton block then (k — 1)’ ~k(» k', a contradiction since
V is an interval. Similarly (k + [ + 1) cannot be a singleton block. More generally

suppose 1, € {1,--- ,k} and s, € {k,(k+1+1),---,n} are minimum positive integers

22



such that k ~, rp and k ~, s,. Suppose 14401 € {1, ,k,(k+1+ 1)} and sp441 €
{(k+1+1),---,n} are the same for (k + 1+ 1). We already saw that we cannot have
Ty = Sp = k O Tjyyy1 = Skrir1 = (K+1+1). For simplicity, we assume 1 < k,l < (n—k).
The cases k =1 or [ = n — k will follow similarly.

Case s, > k: In this case s, being minimum in {(k+ 14 1),--- ,n} such that k ~, sy
we must have (s; — 1)’ ~g () (kK +1), a contradiction unless k +1+1 = 55, ~ k.

Case s; = k: In this case r being minimum in {1,--- k& — 1} such that k ~, 7y, unless
1y = 1 we must have (1, — 1)" ~g(n k', a contradiction. On the other hand if r, = 1,
then 74,1 is forced to be (k+1+1). Thus similarly we must have s;,;11 = n, otherwise
leading into a contradiction. But 1 ~, n. Hence k ~ 1y =1 ~p = g1 ~q (K+141)

O

Proposition 1.4.2.
(Al D Ag) * (Bl D BQ) = MQ(Al * AQ * Bl * BQ * LZ)

Al 0 Bl 0
Proof. Consider the two matrix subalgebras (2 Ay®Ay) and W W (=

0 AQ 0 B2
B1® By) of Ay % Agx By % Byx LZ, where W is the unitary matrix of the previous sections.

Following the method used in Lemma 1.3.6 we know that these two subalgebras indeed

generate the matrix algebra on the right side. We need to show that these are free.
by 0 cbic+ sbas c¢cbis — sbyc

Note that W W =
0 by sbic — cbas  sbys + cbyc

aq
Suppose I is an alternating product of matrices of the form and W W,
0 a9 0 b2

with a; € Aj, bj S Bj, tr(al + (12) =0= t’l"(bl + bg)
Instead of directly proving Tr(Il) = 0, we will prove a stronger statement: tr(IL;, ;) =

0Viy € {1,2}.
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We will need to look at alternating products of the form

aj 0 chic + sbis cbs — sbic a0
1= ...
1 2 2 2 2 2r—1
0 ay sbjc — cbzs sbys + cbsc 0 a
cb3"c + sbs  cbi"s — sb3Tc a0
sb¥c — cb3’s  sbis + chic 0 ayt!

where a} € A;,b5 € By, tr(aj 4 ay) = 0 = tr(b] + b3)Vi - as well as three other kinds of

products (depending on which sort of matrix the product starts or ends with).

1 1 2r+1

a; 0O a; 0O ay 0 1 0
Note that by taking or both and as ,
0 a 0 al 0 ayt! 0 —1

and using the fact that we are working with traces here, we find that it is sufficient to
consider the one special case listed above.

For iy € {1,2}, the (i1,4,)™ diagonal entry II;, ;, of II is a sum of words of the form

11,81

_ 2 3 1 2r—1 or 241
W = @, iy i () Ui () Eh () () By () s (), (00) D (00) P () 5 (o ) G oy bisro1 @)z (@) Vg () iy ()i By
for ig(w), - iz (w) € {1,2} and t;; ()i, (), b @)isaa(w) € {c, s} (the reason behind using

the cumbersome notation i;(w) is to emphasize the dependence of the indices ¢; on the
particular summand w).
Now since the a’s and b’s are free from the t’s and t"’s, we see from Theorem 14.4,

[NS06], that

tr(w) = Z kr (a’z117 bl22( YT 7a?f+l)trK(F) (til,iz(w)v t”ig(w),ig(w)’ w s Lig, (W) iz (W) t;w(w),ip 1)'
TENC(2r+1)

Thus, in order to prove that tr(Il; ;,) = 0, it is enough to prove that for any 7= €
NC(2r+1),i; € {1,2},
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2r+1
Z kﬂ(az11 ) b?z(w)» T aailH— )tTK(ﬂ') (ti17i2(w)7 t22(w),i3(w) T ’ti?r—l(“’)vi%(“’)’ t;%(w)vil’ 1)
w a summand of IT; Vi
iz(w),m ,igr(w)e{l,Q}

(1.4.1)

The crux of the proof lies in the following key lemma.

Lemma 1.4.3. Let p € N,iy € {1,2}. For al € A;,b] € By, wherei = 1,2, j =

Lo . 4o o a0 . e+ sbys cbls — sbyc J
, 2, ,p+ 1, write a - an 2 g . S
0 a; sbi’c —cby’s  sb)’s 4 cby’c
define
' = a'b'a®- - aPbPaP™ and 11" = ba?- - - aPlP.
Then
1 32 2 2p+1
Z Kooy 1 (aila big(w)? Tt bii(w)’ ailp )t7’12p+1 (T ia(w) tgz(w),is(u))’
w a summand of Hi17i1 (142)

iQ(w)v"' 7i2p(w)e{172}

/ 1)=0.

" biny 1 (@),i2p (@) Ling (@) in

0
In particular, when o' = a?*! = 7
0 —1
2 3 2 ’
Z kOQp—l (b,L2 (UJ)? als(w)> SN bl:; (w))tr]-Qp (ti17i2 (UJ)7 t’Lz (w),i3 (w)’
w a summand of 1'[;’1’1.1 (143)

ig(w), - iop(w)e{1,2}

=0.

T tiQp—l (w)viZP(w) ) tfi?? (w)’il )
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Proof. In this proof we write ¢;(w) as i; for simplicity.

1 2 2p+1 ! /
E k02p+1 (ail ) bi27 Ay )tr12p+l (ti17i27 tiQ,i:),’ T ti2p717i2p’ tizp,ila 1)

w is a summand of IT .
1,1

19, ,i2p€{1,2}

2p+1
= Z tr(a/ill)tr(blzg) e t/r(ailp—i_ )tr(ti11i2t;2,i3 e ti2p717i2pt;2p,i1)’

w is a summand of IT}, .
11,21

in, yigpe{1,2}

which is the (iy,4;) entry of

tr(al) 0 ctr(b?)c + str(b3)s ctr(b?)s — str(b3)c tr(a") 0
0 tr(ad) str(b)c — ctr(b3)s str(b3)s + ctr(b3)c 0 tr(ay ")
ctr(bP)e + str(by)s  ctr(b)s — str(bsP)e | [ tr(ad 0
(b1") (b3") (b1") (b5") (a1"") —A2P20,72P,
str(bP)e — ctr(b3)s  str(b¥)s + ctr(b)c 0 tr(ay’™)

=0 if 3i : tr(al) = tr(ab) =0 or tr(b}) =tr(by) =0
where \
e C\ {0} ifVi,tr(a}) = —tr(ab) # 0,tr(b%) = —tr(b}) # 0

Now the proof follows since by the proof of Lemma 1.2.2, each diagonal entry of an

alternating product in 2F, and 2Q)y has trace zero. O

Now let us fix an arbitrary m € NC(2r + 1).

If 7 = 05,41, then equation 1.4.1 follows from equation 1.4.2 for p = r.

If 7 # 09,41 then Im < n € {1,---,2r + 1} such that m ~, n.

Consider an interval, say V = (k,---,l —1)in K(m) for l <m<k<l-1<n<
(r4+1). Then by Lemma 1.4.1, k ~ [ (since m ~, n).
Case 1: Suppose |V| is odd. Then either af and b} or b} and al, are joined through =
(depending on whether k or [ is odd), which leads to corresponding k, being zero, since

A;, B; are free Vi, j (Theorem 11.20 [NS06]).
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Case 2: Suppose |V] is even, both k and [ are odd. Then afk and aél are joined through
m. Thus [ — 12> k.

Also note that if i, # ¢; then due to A;, and A;, being free the corresponding k, would
be zero. So we now assume that i, = 1;.

Let mp=nm\{(k+1)V---v({—1)}and m = K(7) \ {(k,--- , 1 —1)}.
Then

Z kr ( z17bz2(w T ’azzf—'—l)tTK(ﬂ)(til,iQ(w)v T 7t;27—(w),i1)

w is a summand of H'Ll i1

ig(w), - yior (w)

_ 2 k [+1 2r 2r+1
- § , k (Zl’blz"”7 i zlvbu_,_l"" 7bi27«’a/i1 )

w is a summand of I,

(), i (@) (=1 () ig 41 (@), yizr (W)

/ / k+1 -1 /
o (i ot 1,Zk,tlm+1,...,twl)(i Koy (V- B Nt (s o) .))

71,0
g1 (W), i1 (w)

_ 2 k I+1 2r 2r+1
- § , k (zl’bzy"'v i) zlvbu_,_l"" 7bi27«’a/i1 )

w is a summand of I,

(), i (@) (=1 ()i 1 (@), yizr (W)

/ ! 2 : k+1 -1 /
trm, <tilvi2’ o ’tlk 1,ik? bigyins ’tiQrﬂ'l)( Ko, 14 (blk+17 ) 7bzz l)trll—k(tikaik+17 et )> )

77—,k
Tog1 (W), i1 (w)

Write IT = TR TIR+LI=D2r+1)
where TI0R) = g1pt ... a%, [Tk+LI=1) = b%a% C. bl_Tl, I2r+1) — L Ch2rgrtL

Further let II = HOMIIG2 4D Note that TIA#) or TIG2+D can be trivial for the

extreme cases.

Then using the fact that ix(w) = 4;(w) the above sum may be re-written as
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Z kzm(a1 L L S )iy a? )

119 Vi) > ) T ) Vi) iy
@ is a summand of l:[i1 i

i2(3) i3 (@) (=00 (@) i1 (@) iz (@)

/ ! k+1 -1
trm (ti17i27 T tik,l,ilv tiz,izﬂv T 7ti27.,i1) < § : koszﬂ(bikH? T bil_l)
@ is a summand of H(.k—‘r,l’l_l)
- ik
Uog 1 (@), 451 (W)

/
trlsz (tikvik+17 T 7til,1,ik)) :

ppE+1i=1)

Now we put p = %, " =11 3 in equation 1.4.3 to get for any iy (W) = ix(= 14, =

a(w)) € {1,2},

k+1 e -1 ~ o .. / ~ =
> Foa (b @y O @) b @ o @) =0
H('kfl,lfl)
N ik
ik+1(a})7"' 7’”—1(‘;)

@ is a summand of

thus proving 1.4.1, as desired.
Case 3: The case when |V| is even and both &k and [ are even is proved exactly as in the

previous case. O

Corollary 1.4.4.
(Al D AQ) x L7 = MQ(Al * AQ * LFg)

Proof. Follows from Proposition 1.4.2 as well as by noting the fact that LZ = LZ & LZ,

both being singly generated von Neumann algebras with non atomic distributions O

Let A, B be finite von-Neumann algebras. In this section we compute the free product of
My(A) and My(B) (with ‘normalized’ traces, as mentioned before). While in the process
of computing the above, we also compute the free product of A; & Ay and Ms(B). The

notations for trace and cumulant remain same as above.
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As above, the proofs consist of finding representatives (models) of the free copies of
the finite von-Neumann algebras on the left hand side inside the finite von-Neumann

algebra on the right hand side, as subalgebras generating it as a WW*-probability space.

Proposition 1.5.1.

1
Proof. Set Y = and Z = in Ms(LF3), where u,v are Haar unitaries as

0 u 0 v
in the introduction, such that A, B, {u},{v},{c} are free.

We want to show that Y*My(A)Y (= My(A)) and WZ*My(B)ZW*(= My(B)) are
free in My(A * B x LF3). As before, following the method used in Lemma 1.3.6, we can
conclude that these two subalgebras generate the algebra on the right in the proposition.

For ;5 S A, b@j S B7

1 0 a1 Aai2 1 0

0 u* a1 Q22 0 u

ay1 Q12U

uazy u'asau

c —S 1 0 bl,l bLQ 10 C S
WZ*(b; ;) ZW™* =

s ¢ 0 v* ba1 boo 0 v -5 ¢

c —s b1 1 by v c s

s c V*bo1 V*bg v -5 c

cbiic — sv*by ¢ — by 2vs + sUTby 2vs by 15 — sUbe 15 4 by gve — sV by gvC

sby e+ cv*by 1 — sbiovs — cv by oUs  sby 1S 4 cvbo 15 + sby gvC 4 cv* by guUC

As above, to prove freeness, it is enough to check on an alternating product of the
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form

1 1
aLl a172u C _8
II =
u*ad , urad,u s ¢
2r
*b2r b

for tr(ai ) +tr(ah,) =0 =

T(b{,l) + tr(b%g)-

2
b1

*7.2
) bz’1 b2 2V

2r+1

* 2r41

2r+1

a1’2 u

u* agr+1

Here too we will prove that each diagonal entry of II has trace zero.

Let w be a summand of (iy,4;)"" diagonal entry of the above product. Then w is an

alternating product of the form

1 2 3 4 2r—2
ail,i2wi2,i3bi3,i4wi47i5 T Wy

k

where w);
k> 7’k+1

As before from [NS06] we can say that

1 3
11,827 V13,14 )

2r—1

tr(w) = kr(a

2.

TeNC(r+1)

Using the fact that v*u = v*v = 1, as in Lemma 1.4.3, here also

3
bi37i4’ o

2.

w is a summand of TI; 4

1
k0r+1 (ai1 ,12)

is the (i1,7;)" entry of the matrix

30

12r—1 77:27“ ’

2r—1
127 —1,127"

12r—2,82r—1 " 129 —1,12r

2r+1
12r 41,01

2r—1

2r+1
12541,11

)t’l"l

2r
121,227 41

r+1

2r+1

€ +{c, sv*, us, ucv*, vs, su*,veu*} depending on w.

2

)trK(,,) (wi27i3, w

(u?

'i47i57 “ e

12,137

12r 41,117

4

igyi50

u

2r
’ wi2r1i27‘+1 ’ 1) ’

2r
127,127 41"

1)



(tr(at U + tr(ab U™ + tr(al 2B ) (W (tr (B )V + tr(8,)V* + tr (8 )2P) W)
(W @)V + @)V + ()2 W) (a3 U + tr(adi U + tr(ad 2R )
= (tr(al)U + tr(a3, U + tr(a] )2B ) (#r(B2 )X + tr(B3,) X" + (83 1)2Q0 )

S (tr(bfg)x +tr(B2) X" + tr(bfg)on) (tr(afj“;l)U +tr(aZ U + tr(aff#)zpo),

where U, V, X are trace zero partial isometries in Ms(LF3) as defined in the introduc-
tion,

But by proof of Lemma 1.3.3, each diagonal entry of an alternating product in
{U,U*,2F,} and {X, X* 2Q} has trace zero.

Thus exactly as Lemma 1.4.3, for any i; € {1, 2},

1 3 2r—1 2r+1 2 4 2r o
§ k0r+l (ail,i2> bz‘g,i47 T bi2r7177;2r7 ai2r+1,i1)trlr+1 <wi2,i3’ Wiyisr " 7wi27.,i27+17 1) =0.

w is a summand of 1Ly ,iq
Now rest of the proof follows similarly as Proposition 1.4.2. O

Proposition 1.5.2.
(Al ©® AQ) * MQ(B) = MQ(Al * AQ * B * LFQ)

A 0
Proof. Here one needs to prove that ' (2 A @ Ay) and WZ*My(B)ZWH* (=

0 A
M, (B)) are free and they generate the right hand side. The proof is exactly similar to

that of Proposition 1.4.2 or Proposition 1.5.1 using Corollary 1.3.5. O

Remark 1.5.3. As in Remark 1.3.7 here too we can have an exactly similar alternate

A 0
proof using W ' W* and Y My(B)Y™ as model.

0 A
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Corollary 1.5.4.

Corollary 1.5.5. For ky, ko, 11,1, € NU{0},
1. (LFy & LEy,) « (LF, ® LF,) = Ma(LFyy gk vt405+1);
2. (LFy, © LFy,) * LZ = My(LEFy, 11y13);
3. My(LEy) % Ma(LE) = My(LFys115);
4 (LEy, & LEy,) * Ma(LEFy) = Mo(LFyy yr,11+2);
5. L7 % My(LEF) = My(LFyys).

Proof. (1), (3) and (4) are direct consequences of Proposition 1.4.2, Proposition 1.5.1 and
Proposition 1.5.2 respectively. (2) and (5) follow from those as well as Corollary 1.4.4
and 1.5.4 (In fact (3) follows directly from Theorem 5.4.1 [VDN92]). O

1.6 Applications

In this section, we use the results proved in the previous sections and compute various
possible free products involving the hyperfinite I} factor R, (LF;)?" and My (LE}),
where m,n € N, k,l € NU {0} (LF} is considered as C). These results were proved in
section 1-3 of [Dyk93] in a much more general context, but with a different approach.
The resulting von-Neumann algebras, as we know from [Dyk93], turn out to be certain
I, factors known as interpolated free group factors (|[Dyk94], [Rad94]). In particular,
these interpolated free group factors appearing here, are of the form LF5, 4, where d is a
dyadic rational number > —2.

We now need to use Theorem 5.4.1 of [VDNO92]. For our purpose it will be enough to

stick to the following 2-dimensional version of the theorem: For k > 2,k € N,
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LEFy, = My(LEFj—1)a41)-

However Theorem 2.4 of [Dyk94] shows that even for k not an integer, the above

result holds, i.e. Vt > 2/t € R,

LF, = My(LFy_1y411), (1.6.1)

and it is this version of the theorem that we will frequently use for the following

computations.

Example 1.6.1. C*" x C*" = My(LF; 1, 1 y),n > 1. In particular, C*" x C*" =

on—1 T om—1

MQ(LFE)_%),TL Z 1.

Proof. We first prove inductively that C*" x C*" = My(LF,,) for some a, € [1,00), for
all n > 1. Then the basic step follows from Proposition 1.2.3. Also a; = 1 by the same

Proposition.

C O 2 (CT @ C) x (CT a C)
>~ My(C*" % C*" % C*" % C*"  LZ), by Proposition 1.2.3
>~ My(Msy(LF,,) * My(LF,,) = LZ),by induction hypothesis
= My(Msy(LFs,, v3) * LZ), by Corollary 1.5.5
o~ MQ(LFWJ’_Q x LZ), by equation 1.6.1

>~ My(LFep 5) .

oy

| ot

Thus the induction is complete. Moreover we have the recurrence relation a,.; =
an 4 5
2 T2
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Now,

a, 5 L4323 5
e R R T

Ap—1 5 5 aq 5 1 1

= _— _— = — —_— DY 1
22 +2.2+2 2”+2(2”—1+2”—2+ +1)
15,1 1 1 52" —1) 4

— —_ e 1 = — —:5__.
omn + 2<2n—1 + 2n—2 + + ) on + i n

From the above calculations and equation 1.6.1,

C*" +C*" = My(LF,__4 ), as required
on—1

%JLFQ_ 1o,n>1.

on—1

Without loss of generality we can assume that n > m. For m = n = 1 the proof
follows from Proposition 1.2.3.

Let n > 2. Then,

C¥ % C¥" = My(C¥ ' 4 C¥ 5 C 5 C¥ x L2)

%]\42([/}7’27#2>I<LF27#2 *LZ)

2n— 2m—

g*M2(LF572( + o ))'

om—1

1
on—1
O

Before stating the final result of this section, we compute few more similar examples

using Corollary 1.5.5:

Example 1.6.2.
C* * LF, = My(LFy .2 ),n k> 1.
on—1
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Proof. Let k= 1. First let n = 1. Then

C? * L7 = M,(LF3),by Corollary 1.5.5

= My(LF,,,__2_), thus proving the Proposition for this case.

2
21—
Again,

C'+LZ 2 (C°C?) * (LZ® LZ)
> My(C? x C? * LZ * LZ x LZ), by Proposition 1.4.2
= My(My(LZ) % LZ % LF,), by Proposition 1.2.3
= My(Msy(LFs) = LEy), by Corollary 1.5.5
= M,y (LFy), by equation 1.6.1

- M2(LF4.1+1722%1) :
Now let n > 3. Then by Proposition 1.4.2 and equation 1.6.1,

C" % LZ=(C*" oC* )« (LZ® LZ)
~ My(LF,_ 1)

on—2

- M2(LF4‘1+1—L>

on—2

= 1;}75__;L .

on

Finally let £ > 2. Then

C* %« LF, = LF,_ 3 * LF
= LFk+1—2Ln

= M2(LF4k+1—2n%l) :
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Example 1.6.3.

Myn % LFy & My(LFy oy 1 )ym,k > 1.

gqn—1

Proof. We first prove it for k = 1.
My« L7 = My(LFy),by Corollary 1.5.5

Similarly as before, we inductively prove that for n > 1, Man x LZ = My(LF,, ), where

b1 = 4 by the above calculation.

Maynss % LZ = My(Man) + (LZ @& LZ)
= My(Man x L7 x LZ x LFy)
=~ My((Maon x LZ) % (LZ % LF5))
= My(Msy(LF,,)) * LF3), by induction hypothesis
o MQ(LF%+1 « LF3), by equation 1.6.1

=~ My(LFo y15)

So we have b, 1 = bz" + % (by = 4), solving which, we get b, =5 — 4"%1' Hence,

Mo % L7 2 My(LF,__1 ) (1.6.2)

gqn—1

Let & > 2.

MQn * LFk = (M2n * LZ) * LFk—l
= M2<LF5_471%1> * LF),_q
>~ LF%%” x LF}_1,by equation 1.6.1
= LFkJrl—%n

= ]\/[Q(LFMHPM%I),by equation 1.6.1.
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O

Remark 1.6.4. The above result was proved for a more general case in Theorem 5.4.1
of [VDN92], using approzimation of semicircular elements by random matrices in distri-
bution. It also uses the fact that a symmetric square matriz with free entries such that
the diagonal entries follow standard semicircular distribution and the off diagonal entries

follow circular distribution, is free from the matriz algebra over the scalars'.
Corollary 1.6.5. C*x LE}, & My x LFy, = My(LFy,), k > 1.

Example 1.6.6. Mon x C*" X My(LF, 1+ 2 ),n,m>1.

gqn—1 om—1

Proof. Note that the case of n = m = 1 follows from Proposition 1.3.1. Let n =1,m > 2.
Then

My % C?" = My(C*" " %« C*"  LF,), by Proposition 1.5.2
~ Mo(C* ' % LZ« C¥" ' % LZ)

= My(LFyy_ 1), by Example 1.6.2 and equation 1.6.1

om—1

~ My(LF,_ > ).

om—1

Finally let n > 2. Then,

Mon % C?" 2 My(Man—1 % C¥" ' C*" ' % LF)

= My(Manr % LE, 1+ LF), by Example 1.6.1

2m—

> My(Mynr % LFy % LF,__ 1 )

om—2

= My(My(LFy_ 1+ )+ LF, 1 ),by Example 1.6.3
4”

-2 om—2

= My (LF, )

1
Tan—1 +2

__1
om—2

~ My(LF, 1 _

qan—1 om—2

IThis can also be argued from Lecture 20 of [NS06], according to which, such a matrix turns out to
be R-cyclic, where the value of a mixed cumulant depends only on its size, and thus is free from scalar
matrices
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In particular,

Mo % C" = My(LFy_ 1 2 ). (1.6.3)

qn—1 on—

Example 1.6.7.

M2n * MQm = MQ(LF5_( 1oy 1 )),n,m Z 1.

gan—1 T gm—1

Proof. Without loss of generality let us assume n > m. We first note the following facts:

e The case of n = m =1 follows from Proposition 1.3.2.

o Mon s My = My(LF, 1 ),n > 2, which follows from Proposition 1.5.1, Example
gqn—1

1.6.3 and equation 1.6.1.

e For all n >m > 1, My * Maym = My(LF.

€n,m

) for some e, ,, € [1,00).

€n,m 1

15 1 : :
® Chtim+l = 1 + 10 where €nt+1-m,1 = 4 — InFi—m—1 — 4 — dn—m> COHSlderlng the

free product of My» and M, as given above.

Solving the above doubly recursive relation, we get e, = 5 — (4,1%1 + 47,%1), as
required.

In particular,

MQn * Mgn = MQ(LF5_ 2 1),n 2 1. (164)
I

O

We are now ready to state the following proposition that summarizes the promised
computations of the free products involving certain finite dimensional von-Neumann al-
gebras and the free-group von-Neumann algebras. We will omit the proof since it is a

simple exercise of induction using the previous sections, similar to the above examples.
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Proposition 1.6.8. For m,n € N, k,l € NU{0} and LF, = C,

1. (LFk)2n*(LF’l)2m = MQ(LF5+2(k71)+2(l711)

on—1 om—

). In particular (LZ)*" *(LZ)*" = My(LF5).

2. Mon(LEy) % (LF)?" = My(LF. ..

L 2a-n). In particular Mon(LZ) % (LZ)?" =
gqn—1

om—1

+

M,y (LF5).

8. Man(LFy) * Mom(LEy) = Mo(LFy, 1 ). In particular Mon(LZ) % Mam (LZ) =

-1
gqn—1 +4m71

My(LF5).

Equation 1.6.1 shows that these resulting interpolated free group factors are indeed

of the form LF;, 4, where d > —2 is a dyadic rational number.

Remark 1.6.9. There ezist explicitly computable functions f,q : [1,00) — [1,00), such
that whenever finite von-Neumann algebras A, B satisfy Ax B = LF; for somet € [1,00),

then, for all n € N, we have
® A2n * B2n = MQ(LFf(t)),'
[ ] Mzn (A) * MQn (B) = MQ(LFg(t))

Remark 1.6.10. One can obviously extend the above proposition by taking LFy, & --- &
LFy,, for k; >0, instead of (LFy)*".

We know that the hyperfinite /], factor R can be constructed as an infinite tensor
product of type I factors, i.e. scalar matrix algebras of dimension 2". Again LZ =

L>([0, Z]) can be thought of as an infinite tensor product of C*".

Proposition 1.6.8 suggests that on ‘taking the limit as m,n — oo’ , with k =1 =0,
1. LZ % LZ = My(LF5) (trivially true);
2. Rx LZ = My(LF5) (Theorem 5.4.3 [VDN92]);

3. R« R My(LF5).
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We could not come up with a matrix model to prove the above statements, approx-

imating LZ and R as by finite dimensional algebras as n — oo in Proposition 1.6.8.

But we shall indeed give a rigorous proof for the assertion about R x R, as against the

‘limiting’ heuristics:

In view of the uniqueness of the hyperfinite I17; factor ([MvN43]), we know that

R My(R)

Now using Theorem 5.4.3 of [VDN92], i.e.

LFk * R LFk—H

we may deduce the following:

Proposition 1.6.11. For finite von-Neumann algebra Ay, Ay, B,

1. Rx (Al EBAQ) = MQ(Al * A2 * LF3)7'

Proof. By above equations and Proposition 1.5.2

R x (Al D AQ) = MQ(R) * (Al D Ag)
&= MQ(Al *A2 * R LZ)

= MQ(Al * AQ * LFg)

The other statement follows similarly using Proposition 1.5.1.

Corollary 1.6.12. R R = M,(LF5)

Proof. 1t follows from equation 1.6.5 and the above proposition.
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We now observe that our proof can also be led to the strengthened version Propo-
sition 1.6.13 of Corollary 1.6.12). Following [Dyk94], let us write the left side as R * R
to emphasize the distinction between the two free copies of the hyperfinite /1 factor.
Consider R = My(R), R = M,(R). Then we notice that by proof of Proposition 1.5.1,
M(R) on the left hand side gets mapped into Ms(R) on the right hand side (which

is Mo(R % R * LF3) = My(R = LF})) as conjugated by the unitary matrix Y* where
10

0 wu
On the other hand, by Proposition 1.5.2 and Theorem 5.4.3 of [VDN92|, we have

My(R) * LZ = My(R) * (LZ & LZ)

~ My(R = LF)),

where by Remark 1.5.3, Ms(R) on the left hand side is mapped into Ms(R) on the right
hand side in exactly the same manner as above, i.e. as conjugated by the same unitary

matrix Y*.

10
In fact we note here that for projection P = € My(R),

0 0

P(My(R) * My(R))P = PMy(R)P * LF, = P(M,(R) * LZ)P,

where the isomorphisms restricted to PMy(R)P (which is naturally isomorphic to R), in
all three cases are the identity maps.

Thus similarly as in Corollary 3.6 of [Dyk94], we can conclude that

Proposition 1.6.13.
R+ R RxLZ =~ My(LF),

where the first isomorphism restricted to R on the left hand side is the identity map to R

on the right hand side.
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Chapter 2

Graphical models for von-Neumann

algebras

In this chapter we discuss the construction of a graphical model for finite von Neumann
algebras by associating them to finite weighted graphs ([KS11]). The resulting associated
algebra to a given graph gives a free product of algebras corresponding to subgraphs ‘with
one edge’ (actually a pair of dual edges), with amalgamation over a finite-dimensional
abelian subalgebra corresponding to the vertex set. This yields certain natural examples
of a non-commutative random variables with free Poisson distribution, operator-valued

circular and operator-valued semicircular distribution.

2.1 The graph-von-Neumann algebra association

This short section is dedicated to revisiting the construction in [KKS11] of the associated
W*-probability space to a weighted graph, without assuming that the graph is bipartite!.

A weighted graph is a tuple I' = (V, &, 1), where

e U is a (finite) set of vertices;

! Actually, [KS11] treated only the case of bipartite graphs, and sometimes restricted attention to the
case of the Perron-Frobenius weighting; but for the proof of statements made in this section, none of
those restrictions is necessary.
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e £ is a (finite) set of edges, equipped with ‘source’ and ‘range’ maps s,r : € — V
and ‘(orientation) reversal’ involution map £ > e — € € &£ with (s(e),r(e)) =

(r(€), s(€)); and
e 11:V — (0,00) is a ‘weight or spin function’ so normalized that »° ., p*(v) =1

Let P, = P,(I') denote the set of paths of length n in I' and let P,(I") denote the
vector space with basis {[{] : £ € P,([')}. £ = &€ -+ - &, is thought as the ‘concatenation
product’ where &; denotes the i-th edge of &.

With the above notations, F'(I') := @,>0F,(I") is equipped with the following slightly
complicated multiplication:

If £ € Pp(I'),n € Po(I'), then

where (; € Ppin_ok is defined by

vs . . )
Z)(s—”i)k)[flfz s Cm k12 M) & = V<G <k

Ge=1"

0 otherwise.
Following [KS11], we adopt the convention throughout this chapter that if £ € P,,

then & = £,&, - - - &, denotes concatenation product, with & € £ and we write s(§;) = v5_,

(so also (&) = s(&1) = v5).
In particular, Py(I') = {v : v € V}, and if v = s(§), w = r(£) for some £ € P, and if

uy, ug € V, then [ug][€][ua] = Ou, 00us w[€]; and less trivially, if £ € Py and n € Py, m > 1,

then )
0 if (&) # s(n)
[E1# ) = q [&m - -l if (&) = s(n) but £ £y
€] + e -] 3F = 1.

However the definition of the trace 7 on F(I') is fairly simple -

T:=p?oFE,
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0 ifn>0
where E : F(I') — P, such that for £ € P,, E([{]) =

€ itn=0,
and p? is simply the linear extension to Py(T") that agrees with p? on the basis Py(T).

It was shown in [KS11] that (F(I'),7) is a tracial non-commutative *-probability
space, with e* = ¢, that the mapping y — 2y extends to a x-algebra representation
F(T) — B(L*(F(T)),7) and that M(T, ) := MFT))” C B(L*(F(T)), ) is in standard
form.

Then for &, n € U, P,(I),

T([E]#0]") = demua(r())u(s(E)),

and hence, if {€} = (u(s(€))p(r(€))) 2], then {{€} : € € UnoPn(T)} is an orthonormal
basis for H(T') = L*(F(T), T).

2.2 The building blocks

In this section we tend to observe just how M (I, ) depends on (I', ). We begin by
spelling out some simple examples, which turn out to be building blocks for the general

case.

Example 2.2.1. 1. Suppose |V| = |€] = 1, say V = {v} and € = {e}. Then we
must have e = ¢€,s(e) = r(e) = v, u(v) = 1,P, = {"} and {{(n) = {"} : n > 0}
(where {e°} = {v}) is an orthonormal basis for H(T'); and the definitions show that
x = Xe) satisfies x&, = E(n+ 1) +E&(n—1). Thus x is a semicircular element and
M) = {2} = LZ.

2. Suppose |V| = 1,|E| =2, say V = {v} and €& = {ey, e2} suppose es = €1. Then we
must have s(e;) = r(e;) = v, u(v) = 1. Further {{e1},{ea}} is an orthonormal basis

for Hy = Pi(T), and P,(T) is isomorphic to " Hy. Thus H(T') may be identified

with the full Fock space F(Ha) and the definitions show that 1 = A(ey) may be
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identified as x1 = l1 + I35, where the l; denote the standard creation operators. It

follows that z1 is a circular element and M(I") = {x1}" = LF5.

. Suppose |V| = 2,1E] = 2, say V = {v,w} and & = {e,e} and suppose s(e) =

v,r(e) = w and p(w) < p(v). Write p = Z((Z))(Z 1). If we let p, = MN[v]), pw =

A([w]), it follows that H, = ran p, (respectively, H,, = ran p,) has an orthonormal
basis given by {{n(n)} : n > 0} (respectively, {{{(n)} : n > 0} where n(n) € P,
(respectively, £(n) € P,) and n(n)y = e or e (respectively., £(n)x = € or e according

as k is odd or even).

Writing x = A(e), we see that with respect to the decomposition H(I') = H, ® H,

the operator x has a matrix decomposition of the form

le]#[eece - - - (n terms)]

[n(n+ 1)+ p~n(n —1)];

and hence,

1

t{E(n)} = (u(s(&(n)u(r(E(n)))2t[(n)]

= (p  u@)p(r(nn £ 1)) 72 (n(n + 1)) + p~ [n(n — 1))

= p:{n(n+1)} +p 2 {n(n — 1}.

It is a fact - see Proposition 2.2.2 - that t*t has has absolutely continuous spectrum.
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This fact has two consequences:

(1) if t = ult| is the polar decomposition of t, then u maps H,, isometrically onto
the subspace M = ran t of H,, and if z is the projection onto H, & M then
7(2) = p*(v) — p?(w); and

(ii) W*(|t|) = LZ.

Since py+pw = 1 and z < p,, the definitions show that M (T, 1) is isomorphic to C®H

My (LZ) via the unique isomorphism which maps py, pw, 2, u and |t|, respectively, to

10 00 00 01 00
(1, ), (0, ), (1, ), (0, ), and (0, ) for some

0 0 01 0 0 0 0 0 a

positive a with absolutely continuous spectrum that generates LZ as a von Neumann
algebra. (This must be compared with Lemma 17 of [GJS11], bearing in mind that
their p is our p?.)

O

We now analyze the operator t*t by calculating its spectrum and its distribution so

as to testify the claim made above.

Proposition 2.2.2. Let (*(Ny) have its standard orthonormal basis {0, : n € Ny}, where
Ny = NU{0}. Let €5, = 6,41 denote the creation operator (or unilateral shift), with

%6, = dp_1 (where §_1 :=0). Let p>1 and t = péﬁ + p’éf*. Then,
1. t*t leaves the subspace (*(2Ny) invariant;

2. 0o is a cyclic vector for a, := the restriction of t*t on (*(2Ny); and

3. the (scalar) spectral measure of a, associated to 0y is absolutely continuous with

respect to Lebesgue measure; in fact a, has a free Poisson distribution.

Proof. A little algebra shows that

't = (p3l* + p2)(p2l + p 3 0¥)

=G+ 02+ (p+p") = p 'm0,
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where pg is the rank-one projection onto Cdy. It is seen that this operator leaves both
subspaces ¢?(2N) and ¢?(2N + 1) invariant, with its restrictions to these subspaces being
unitarily equivalent to £+ £*+ (p+p~t) — p~Ipg and £+ ¢* respectively. Since the spectral
type does not change under scalar translation, we may assume without loss of generality
that a, = ¢ + ¢* — p~'py and establish that ay has absolutely continuous scalar spectral
measure corresponding to dy.

Write ag = £+ ¢* so that a, = ag — p~'po. Let the scalar spectral measures of ag and

a, be denoted by p and p, respectively, and consider their Cauchy transforms given by

Fa(z) = ((ax — 2) "0, 6) = / dpx(x)

R L—Z

for A € {0,p} and z € C* = {C € C: (() > 0}.

It follows from the resolvent equation that

b(2) = ((a, — 2)"160, 6o)
= ((ag — 2) " 0y, do) + ((a, — 2) g (ay — 2) 60, &)

R+ R ()

Hence

R 1 €O I 21 C)
1—pth(2)  p—Fo(2)

p(2) (2.2.1)

It is seen from Lemma 2.21 of [NS06] - after noting that the G of that lemma is the negative

of the Fj here - that Fy(z) = &=¥2= V222_4, where v/22 — 4 is a branch of that square root such

that 22 — 4 = vz + 2¢/2 — 2 where the two individual factors are respectively defined by
using the branch-cuts {F2 —it : t € (0,00). (This choice ensures that limj.|—,.Fo(z) = 0,
which is clearly necessary.) It follows that Fp, which is holomorphic in C*, actually

extends to a continuous function on CTUR, and that if we write fy(a) = limy,jo Fy(a+1ib),
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then we have

—t+ V2 —dif t > 2
2fo(t) = § —t+iva—2if t € [-2,2] (2:2.2)
—t— V2 —dift < -2,

\

It is easy to check that fy is strictly increasing in (—oo, —2), as well as in in (2, 00), has
non-zero imaginary part in (—2,2), and satisfies f(R\ (=2,2)) = [-1,0) U (0, 1]. Since
p > 1, we may deduce that Fy(z) # p Vz € CTUR, and hence F, extends to a continuous
function on C* U R, with equation 2.2.1 continuing to hold for all z € C* UR. Writing

fa(t) = Fx(t+i-0) for A € {0, p}, we find that

N Pfo(t) _ 1
fp(t) - p— fo(t) - fo(t)_l _p—l’
and hence
o Sl )*1)
‘S(fp@)) folt) L — p 12
_ Cd‘(fo(t))
1= folt)p P
> S(fo(?)
G
ST N XL
A fot) = o
Now, for ¢t € [—2, 2],
olt) — pft = [ ZEVEZE

It follows from Stieltjes’s inversion formula that our a, has absolutely continuous scalar
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spectral measure f,, with density given by

gp(t) = %%fp(t)

)02 /4 — 2

(PP +pt+1)

= 1[_272] (t) 27T

Hence the operator t*t = a,+(p+p~')1 has absolutely continuous scalar spectral measure,

with density given by

g(t) =gyt = (p+p7"))

2
P2 /A= (t—(p+ph)
2mp=2(p? + p(t —p—p~') +1)
2
PVA—(t—(p+p)
2wp~ it

= 1[(p+p*1)—2,(p+p*1)+2] (t)

= Liprp-1)-2, (oo~ 1)+2 (1)

If we write A = p?> and o = p~! (= p+p~ ' = a(l+)), then by comparing with equation
12.15 of [NS06] we see that not only does t*t have absolutely continuous spectrum, but
it actually has a free Poisson distribution, with rate p? and jump size p~!. However, we
actually discovered this fact about t*t having a free Poisson distribution with the stated
A and « by a cumulant computation that we present in the final section of this chapter,
both for giving a combinatorial rather than analytic proof of the above proposition, and

because we came across that proof first. O

2.3 Free cumulants on an equivalent alternative graph-
ical model

Before proceeding with further study of a general (I', 1), we need an alternative but
equivalent description of M(I',7), since the calculation of cumulants turns out to be
much simpler with respect to the trace that appears in this other description.

Let Gr(I') := @n>0F.(I") be equipped with a x-algebra structure, where [£] o [n] = [¢n]
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and [€]* = [6] = [6---&] for € = &---& € Pp,n € Pn. It was proved in [KS11]?
that Gr(I') and F(I") are isomorphic as *-algebras. While the multiplication is simpler
in Gr(T), the trace on it, i.e. 7 on F(I') transported by the above isomorphism, is given
by a slightly more complicated formula. (It is what has been called the Voiculescu trace
by Jones et al.) We shall write ¢r for this transported trace on Gr(I'), and F for the
tr-preserving conditional expectation of M (I', u)(= A(Gr(I"))") onto Py(I'). We shall use
the same letter F to denote restrictions to subalgebras which contain Fy(T").

Consider (Gr(I'), E) as an operator-valued non-commutative probability space over
Py(T), our first order of business being the determination of the Py(T")-valued mixed

cumulants in Gr(T).

Proposition 2.3.1. The Py(I')-valued mized cumulants in Gr(I") are given as

kn(le1], [ea], -+ s [en]) = 0, unless n = 2 and ex = ey1; in which case, with s(e;) =

ww) [v].

U,T(61> = w, /<;2([61], [gl]) - (v)

=

Proof. The proof depends on the ‘moment-cumulant’ relations, that completely determine

one another.

(a) We first define for all n € Ny, x, : (Gr(I'))" — Fy(I") to be the unique multilinear
map tuples of paths as arguments, as asserted in the proposition. Then it is easy to

see that these k,, is

e ‘balanced’ over Py(I') in the sense that
Ko (21, @imab, @y, -+ 2y) = Kp(@, -+ @i, by, -+ xy), Vo, € Gr(I),b €
Py(T") and 1 < ¢ < n; and

e Py(I')-bilinear in the sense that

K (b1, Ta, -+ Ty, b)) = bRp (21, T, - -+, Tper, )0 Va; € Gr(D), b,V € Py(T);

(b) we inductively define the ‘multiplicative extensions’ k. : (Gr(I'))" — Fy(T") for 7 €

NC(n) by requiring that if [k,[] is an interval constituting a class of . If we write

2The remark made in an earlier footnote, concerning assumptions regarding bipartiteness of T, applies
here as well.
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o for the element of NC(n — [+ k — 1) given by the restriction of 7 to {1,--- , k —

Li+4+1,---,n}, ie m= 0\ 1y, following the notation of Lecture 9, [NSO6], then

K/ﬂ'(xd?”‘ ;xn) = K;O'(x17“' 7xk71,£l7k+1(xk7"' 7'rl)7xl+17”' 7']:%)

= ficr(ﬂﬁb'" 7xk—17’fl—k+1<xk7"' 7$z)$l+1"" ,an);

(c) finally we verify that for any eq,--- e, € Pi(I),

E(led] - [eal) = D allea] el , [en)): (2.3.1)

TeNC(n)

For this verification, we first assert that
ifer,eq, -+ ,e, € Eand m € NC(n), then k. ([e1], [ea], - - , [en]) (vielded by the unique

‘multiplicative extension’ of the ,’s as in (b) above) can be non-zero only if

(i) erey--- e, is a meaningfully defined loop based at s(e;), meaning f(e;) = s(e;41) for

1 <4 < n, with e,y being interpreted as e;

(ii) n is even and m € NCy(n), i.e. 7 is a pair partition of n, such that {i,j} € 7 &

€j = €

and if that is the case, then,

rx(led, [eal -+ [en]) = (2.3.2)

We prove this assertion by induction on n. This is trivial for n = 1 since k1 = 0. By the
inductive definition of the multiplicative extension, it is clear that if k. ([e1], [ea], -+, [en])

is to be non-zero, m must contain an interval class of the form {k,k + 1} such that
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exr1 = €; if o denotes 7r|{1727...,k_1,k+2,.‘.n} we must have

u(r(er) e et e 1
’iﬂ([el]v 7[671]) M(T(ek—f—l))ﬁv([el], ’[ k—l][ ( k)]v[ k+2]7 7[ n])
) e
= L0 (er)) o(lea - len—1], [s(ex)][ensal, -+ [en])
/"L(r(ek)) e 6 ,r. e 6 DEREEY e :
M(T<€k+1))ﬁg([el]7 7[ kfl][ ( k+1)]?[ k+2]7 7[ n])?

and for this to be non-zero, we must have r(ey_1) = s(ex) = r(ex+1) = s(€xs2), in which

case we would have

p(r(er))

inled, - en]) = p(r(exsa))

KU([el]’ T [ek—l]v [ek+2]> T [en])

The requirement that k,([e1], -, [ex—1], [ex+2], -, [en]) De non-zero, along with the in-
duction hypothesis, finally completes the proof of the assertion.

Now, in order to verify equation 2.3.1, it suffices to check that for any v € V', we have

tr(fedfee] - [eallo]) = ) tr(wa(fed. el -+, en]) [0])- (2.3.3)

TeNC(n)

First observe that both sides of equation 2.3.3 vanish unless e; - - - e, is a meaningfully
defined path with both source and range equal to v (since tr is a trace and [v] is idempo-
tent). In view of our description above of the multiplicative extension k., we thus need

to verify that for such a loop, we have

(r(e:)
t?"([el-..en]) = 5ej,é‘ilu— M2(8(61)),
ﬂE]VZCQ(n) {igﬂ M(T(ej)

but that is indeed the case ([KS09] ). O

In order to derive the true import of Proposition 2.3.1, we should first introduce some
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notation:

For each dual pair e, € of edges with, say - s(e) = v,r(e) = w, we shall write I, =
(Ve, &, tte) where V, =V . = p and & = {e, e} (with source, range and reversal in &,
as in £). If e = €, the above definitions are to be suitably interpreted. Now for ‘the true

import of Proposition 2.3.1":

Corollary 2.3.2. With the foregoing notation, we have:

GT(P7/’L> = *PO(F){Gr(P&/Le) : {evg} - 5}7

and hence, also

M(Fv :u) = *PO(F){M(FE’ :ue) : {676} - g}

Proof. An operator valued analogue of Proposition 2.5.5 of [VDN92] (see Proposition
3.3.3 in [Spe98] for validity of this analogue) combined with Theorem 11.16 of [NS06]
show that if A 5 B is a ‘non-commutative probability space over B’ if {A; :i € I} is
a family of subalgebras of A containing B, such that {A; : i € I} generates A, and if G;

is a set of generators of the algebra A;, then A is the free product with amalgamation

over B of {A; :i € I} if and only if the mixed B-valued cumulants k,(xy,--- ,z,) vanish
whenever x1,--- ,---x, € U;G;, unless all the x; belong to the same G} for some k. The
desired assertion then follows from Proposition 2.3.1. O

The following corollary is an immediate consequence of Corollary 2.3.2 and Examples

2.2.1 (1) and (2).

Corollary 2.3.3. If I, denotes the ‘flower with n petals’ (thus |V| = 1,|E| = n), then

M(T) = LF,,, independent of the reversal map on E.

Remark 2.3.4. We may deduce from Proposition 2.53.1 that the x = X(e) of Example
2.2.1 (8) is a By(I')-valued circular operator, in the sense of Definition 4.1 of [Dyk05],
with covariance (c, B) where a(b) = E(x*bx) and 5(b) = E(xbz*) for all b € Py are the
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completely positive self-maps of Py(I')(= Cp, ® Cpy,) induced by the matrices

0
a = P and =

It follows that s := x+x* is a Py(I")-valued semicircular element, since k,(sby, sba, - - sb,_1,8) =

0 unless n = 2, and ko(sb, s) = n(b) where n is the (completely) positive self-map of CHC

nduced by the matriz

2.4 Narayana numbers

The Narayana numbers N(n, k) are defined for all n,k € N with 1 < k <n by
N(n,k) =|{m € NC(n) : |n| = k}|.
The associated polynomials N,, are defined by
N,.(T) = i N(n, k)T".
k=1

From [NS06] we know that a random variable in a non-commutative probability space
(A, 7) is said to be free Poisson with rate A and jump size « if its free cumulants are
given by k, = Aa™ for all n € N. An easy application of the moment-cumulant relations
shows that an equivalent condition for a random variable to be free Poisson with rate A
and jump size « is that its moments are given by u, = a" N, (\) for all n € N.

We now illustrate an application of this characterization of a free Poisson variable in
the situation of Example 2.2.1 (3). There, x = A(e) has a matrix decomposition involving
t € L(Hy, H,) where t*t was shown to have a free Poisson distribution. We will verify

below by a cumulant computation that t*t is free Poisson with rate p* and jump size
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p~ ! in the non-commutative probability space p, M (T, it)p,. Let us denote the trace on
DM (T, 1) py by tr,.

We begin by observing that z*x has a non-zero entry only in the w-corner and that
this entry is t*¢. Thus the trace in M (T, u1) of (z*z)™ is p?(w)tr, ((¢*t)™). We now compute
tr((zz)") = tr(([e]"[e])")-

We first apply the moment-cumulant relations and Proposition 2.3.1 to conclude that

TeNC(2n)

While this sum ranges over all 7 € NC(2n), Proposition 2.3.1 enables us to conclude

that unless 7 is a non-crossing pair partition, its contribution vanishes. Thus we have:

WENCQ(QTL)

Now we use the well-known bijection between non-crossing pair partitions (or equiv-
alently, Temperley-Lieb diagrams) on 2n points and all non-crossing partitions on n
points. We denote this bijection as m € NCy(2n) <» 7 € NC(n). This is illustrated
by example in the following figure for 7 = {{1,8},{2,5}, {3, 4}, {6, 7}, {9, 12}, {10,11}}
and may be summarized by saying that the black regions of the Temperley-Lieb diagram
for m € NCy(2n) correspond to the classes of 7 € NC(n). Note that in the figure the

numbers above refer to the vertices while those below refer to the black segments.

—  {{1.3.4},{2}.{5,6}}

Figure 2.1: m € NC5(12) +» 7 € NC(6)

It follows from Proposition 2.3.1 that for any 7 € NC5(2n), the term s ([e]*, [¢], - - -, [e]*, [¢])
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is a scalar multiple of p,,, where the scalar is given by a product of n terms each of which

is p = ﬁ ((:;)) or p~l = ‘; ((1;’)) . Classes of 7 for which the smaller element is odd give p, while
those for which the smaller element is even give p~!. Thus x,([e]*,[e], -, [e]*, [¢]) eval-
uates to pl7leda=Imleven)yy = — pClrloaa=n)p where, of course, |m|,qq (respectively, |7|cyen)
denotes the number of classes of m whose smaller element is odd (respectively, even).

Our main combinatorial observation is contained in the following simple lemma.
Lemma 2.4.1. For any m € NCy(2n), |7|oaa = |7

Proof. We induce on n with the basis case n = 1 having only one 7 with |7|,qq = |7| = 1.
For larger n, consider a class of 7 of the form {7,i+1}, and remove it to get p € NCs(2n—
2). A moment’s thought shows that if i is odd then |7|ogq = |ploaa + 1 = |p| + 1 = |7,

while if 7 is even then |7|,q0 = |ploaa = |p] = |7 0

Thus:

E(([ee)y =), plmap,

TeNC2(2n)

— S pEEp,

%eNC( )

= Z > P

k=1 {FeNC(n):|7|=k}

= Z N(n, k)p™ " pu
k=1

Hence tr(([e]*[e])") = >_p_y N(n, k)p** " p?(w) and thus tr,((t*1)") = Y-, N(n, k)p*~".
Now the characterization of free Poisson elements in terms of their moments shows that

t*t is free Poisson with rate p? and jump size p~*

Remark 2.4.2. 1. Thus, for t = p2/ + p’éf*(where p > 1), we have shown that

! By scaling with an

t*t is a free Poisson element with rate p? and jump size p~
appropriate constant, we can similarly obtain such simple Fock-type models of free

Poisson elements with arbitrary jump size and rate.
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2. Similar scaling, and the fact that ¢/ is unitarily equivalent to ¢ (by a unitary
operator which fixes dg) show that, in fact, if t = al 4 b¢* for any a,b € C, then t*t

is a free Poisson element.
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Chapter 3

Continuous minmax theorems

This chapter extends a well-known result by Ky Fan, regarding a ‘minmax statement’
about the sum of first £ eigenvalues of an n x n matrix (k,n € N,k < n), for a suitable
self-adjoint operator in a finite von-Neumann algebra'. We were motivated by [BV93]
describing an extremal characterization of the distribution of a self-adjoint operator af-
filiated to a finite von Neumann algebra - suggesting a possible analogue of the classical
Courant-Fischer-Weyl minmax theorem for a Hermitian matrix to the case of a self-adjoint

operator in a finite von Neumann algebra.

3.1 The building blocks

In order to describe our result, we re-prove the well-known fact that any monotonic
function with appropriate one-sided continuity is the distribution function of a random
variable X - which can in fact be assumed to be defined on the familiar Lebesgue space
[0,1) equipped with the Borel o-algebra and Lebesgue measure. (We adopt the con-
vention of [BV93] that the distribution function F), of a compactly supported probabil-

ity measure’ u defined on the o-algebra Br of Borel sets in R, is left-continuous; thus

'The only von Neumann algebras considered here have separable pre-duals.

2 Actually Bercovici and Voiculescu considered possibly unbounded self-adjoint operators affiliated to
M, so as to also be able to handle probability measures which are not necessarily compactly supported,
but we shall be content with the case of bounded a € M, having a compactly supported probability
measure as its distribution.
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Proposition 3.1.1. If ' : R — [0, 1] is monotonically non-decreasing and left continuous

and if there exists o, f € R with a < 8 such that

F(t)=0, fort <a and F(t) =1 fort> g, (3.1.1)

then there exists a monotonically non-decreasing right-continuous function X : [0,1) — R
such that F is the distribution function of X, i.e., F(t) = m({s : X(s) < t}), where m

denotes the Lebesque measure on [0,1). Moreover range(X) C [a, 5].

Proof. Define X : [0,1) — R by

X(s) = inf{t : F(t) > s} (3.1.2)

=inf{t:t e E} ,

where s = {t € R: F(t) > s} Vs € [0,1). (The hypothesis 3.1.1 is needed to ensure
that E is a non-empty bounded set for every s € [0,1) so that, indeed X (s) € R.)

First deduce from the monotonicity of F' that

s1 < sy = FE;, C E,

= X(s1) < X(s9)

and hence X is indeed monotonically non-decreasing.
The definition of X and the fact that F' is monotonically non-increasing and left

continuous are easily seen to imply that F; = (X(s),c0), and hence, it is seen that

X(s) <t < Jty < tsuch that F(ty) > s

& F(t) > s (since F is left-continuous) (3.1.3)
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Hence, if t € R

m({s €10,1): X(s) <t}) =m([0,F(t)) = F(t), proving the required statement.
(3.1.4)

Moreover, if for any s € [0,1), X(s) < «, then by definition of X, 3 #' < a such that
F(t') > s > 0, a contradiction to the first hypothesis in 3.1.1. On the other hand, if for
any s € [0,1), X(s) > 3, then by 3.1.3, s > F(8) =1 (by the second hypothesis in 3.1.1)

- a contradiction. Hence indeed range(X) C [a, 5]. O

This function X is known as quantile function® of the distribution F. If F' = F, for
a probability measure p on R, then X is denoted as X,,. X can also be thought of as an
element of L>®°(R, ), where p is a compactly supported probability measure on R such
that 4 = mo X! and supp p C [o, 3]. We will elaborate on this later in Proposition
3.2.1.

In the von-Neumann algebra setting, given a a bounded self-adjoint element a in a

von Neumann algebra M and a (usually faithful normal) tracial state 7 on M, define

pa(E) :=7(1p(a))

(for the associated scalar spectral measure) to be the distribution of a. Since 7 is positivity
preserving, u, indeed turns out to be a probability measure on R.

For simplicity, we write F,, X, for the distribution and the quantile function corre-
sponding to a instead of F),,, X, , and also avoid indicating the dependence on (M, 1),
which is usually clear from the context. Note that only the abelian von Neumann subal-

gebra A generated by a and 7|4 are relevant for the definition of F;, and X,.

3This function acts as the inverse of the distribution function at every point that is not an atom of
the probability measure pu.
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For M, a, T as above, it was shown® in [BV93] that
1 — F,(t) = max{7(p) : p € P(M),pap > ta}. (3.1.5)

Example 3.1.2. Let M = M,,(C) with T as the uniform normalized tracial state on this
M Ifa = a* € M has distinct eigenvalues A\; < Ay < --+ < X,, then F,(t) = L|{j :
A<t} =30 L1yaye]- We see that the distinct numbers less than 1 in the range
of F, are attained at the n distinct eigenvalues of a, and further that equation 3.1.5 for
t = \j says that n — j + 1 is the largest possible dimension of a subspace W of C" such
that (a&, &) > N; for every unit vector & € W. In other words equation 5.1.5 suggests
a possible extension of the classical Courant-Fischer minmaz theorem for a self-adjoint
operator in a von Neumann algebra, involving its distribution (see [BS12]).

It is also true and not hard to see that the right side of equation 3.1.5 is indeed a
mazximum (and not just a supremum), and is in fact attained at a spectral projection of
a; i.e., the two sides of equation 3.1.5 are also equal to max{7(p) : p € P(A),pap > ta},
where A = {a}".

3.2 The main result

We now proceed towards obtaining non-commutative counterparts of the classical Ky
Fan’s minmax theorem formulated for appropriate self-adjoint elements of appropriate

finite von Neumann algebras.

Proposition 3.2.1. Let (2,8, P) be a probability measure, and suppose Y : Q2 — R is a
random variable. Let o(Y) = {Y"Y(E): E € Bg} and let p = PoY ™! be the distribution

4Actually Bercovici and Voiculescu consider possibly unbounded self-adjoint operators affiliated to
M, so as to also be able to handle probability measures which are not necessarily compactly supported,
but we shall be content with the case of a € M, i.e. when the distribution of a is indeed compactly
supported.
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of Y. Then, for any sy € F,(R), we have

inf{ [ YdP:Qy € o(Y),P() = so}
Qo

= inf{/E fodp : E € Bg, u(E) = so}

_ inf{/G Xodm : G € o(X,),m(G) = 5o}

50
_ / X, dm, (3.2.1)
0

where fo = idg and m denotes Lebesgue measure on [0,1).

Proof. The version of the change of variable theorem we need says that if (;, B;, F;), 1 =
1,2 are probability spaces and T : 2; — )y is a measurable function such that P, =

P, oT~ ' then

Qo Q

for every bounded measurable function g : {25 — R.
For every Qo € o(Y'), which is of the form Y ~!(E) for some E € Bg, set G = X*(E).

Notice, from equations 3.1.3 and 3.1.4 that

mo X (—oo,t) = pu({s € 0,1) : X,(s) < t})

= Iu({s & [0, 1) 18 < Fu(t)})

ie. moX, '=p=PoY ' Now,set g=1g- fo. Since go¥V =1goY Y = ly1(pY =
lg,Y, and (similarly) g o X, = 15X, we see that the first two equalities in 3.2.1 are
immediate consequences of two applications of the version stated in equation 3.2.2 above,
of the ‘change of variable’ theorem.

As for the last, if G € By with m(G) > s, then write I = G N [0,50),J =
[0,s0) \ I, K = G\ I and note that G = I [[ K, [0, s0) = I [[J (where ][ denotes disjoint
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union, and K = G \ [0,1) C [so,1). So we may deduce that

S0
/Xudm—/ Xudm:/Xudm—/X dm
G 0 K J
> X ) —

u(So)m(K Xu(SO)m(J)

>0

— Y

since s1 € J,52 € K = 51 < 50 < 59 = X,(s1) < X,(s0) < X,(s2) (by the monotonicity

of X)), and m(K) > m(J). Thus, we see that

inf{/ X,dm : G eo(X,),m(G) > so} > / X, dm ,
G 0

while conversely,

S0
inf{/ X, dm : G € Br,m(G) > so} < / X, dm :/ X, dm ,
G [0,80) 0

thereby establishing the last equality in 3.2.1. O

Theorem 3.2.2. Let a be a self-adjoint element of a von Neumann algebra M equipped

with a faithful normal tracial state 7. Let A be the von-Neumann algebra generated by a.

Then, for all s € F,(R),

inf{r(ap) : p € P(M), 7(p) = s}
= inf{r(ap) : p € P(A),7(p) > s}

= / Xo.dm (3.2.3)
0
(hence the infima are attained and are actually minima),
if either
1. (‘continuous case’) u, has no atoms, or

2. (‘finite case’) M = M, (C) for some n € N and a has spectrum {A\; < --- < A\, }.
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Proof. We begin by noting that in both the cases, the last equality in 3.2.3 is an immediate
consequence of Proposition 3.2.1. Moreover the set {7(ap) : p € P(A),7(p) > s} being

contained in {7(ap) : p € P(M), 7(p) > s}, it is clear that

inf{7(ap) : p € P(A),7(p) > s} > inf{r(ap) : p € P(M),7(p) > s}.

So we just need to prove that

inf{7(ap) : p € P(A),7(p) > s} < inf{r(ap) : p € P(M),7(p) > s}. (3.2.4)

1. (the continuous case) Due to the assumption of p, being compactly supported and

having no atoms, it is clear that F, is continuous and that F,(R) = [0, 1].

Under the standing assumption of separability of pre-duals of our von Neumann

algebras, the hypothesis of this case implies the existence of a probability space
(,B,P) and a map 7 : A — L>*(Q,B, P) such that [n7(z)dP = 7(z) Va € A,

Y :=7(a) is a random variable and 7 is an isomorphism onto L>(£2,0(Y"), P).

We shall establish the first equality of 3.2.3 by showing that if py € P(M) and
T(po) = s, then 7(apy) > min{r(ap) : p € P(A),7(p) > s}. For this, first note
that since 7 is a faithful normal tracial state on M, there exists a 7-preserving

conditional expectation £ : M — A. Then

(apo) = 7(a€(py)) = / Yy ZdP,

where Z = 7(E(po)). Since £ is linear and positive, it is clear that 0 < Z < 1, P-a.e.

So it is enough to prove that
inf{/YZdP:O§ 7 < 1,/ZdP2$}:inf{/ YdP : E € B,P(F) > s}.
Q E

For this, it is enough, thanks to the Krein-Milman theorem (see, e.g. [KM40]), to
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note that K = {Z € L*(Q,B,P):0< Z <1, [ ZdP > s} is a convex set which is
compact in the weak* topology inherited from L'(Q, B, P), and prove that the set
0.(K) of its extreme points is {1z : P(E) > s}.

For this, suppose Z € K is not a projection, Clearly then P({Z € (0,1)}) > 0, so
there exists € > 0 such that P({e < Z < 1 —¢€}) > 0. Since p,, and hence P has
no atoms, we may find disjoint Borel subsets F1, Fy C {Z € (¢,1 — €)} such that
P(E,) = P(E3) > 0. If wenow set Z; = Z+¢€(lg, —1g,) and Zy = Z+€(1g, — 1g,),
it is not hard to see that 71,2y € K, Z; # Zy and Z = %(Zl + Z5) showing that
Z ¢ 0.(K) , thereby proving 3.2.4.

. (the finite case) Since a has distinct eigenvalues \; < Ay < -+ < \,, A is a maximal
abelian self-adjoint subalgebra of M,(C). Recall that in this case, F,(t) = 1|{j :
A< tH =0 L1340 1t then follows that F,(R) = {£ : 0 < j < n} and
that X, = Z;‘:l )\jl[%%) and 3.2.3 is then (after multiplying by n) precisely the
statement of Ky Fan’s theorem (in the case of self-adjoint matrices with distinct

eigenvalues):

For1 <j5 <n,

inf{7(ap) : p € P(M,(C)), rank(p) > j}

1 0
= inf{7r(ap) : p € P(A),rank(p) > j} = - Z)\i = / Xa(s)ds.
i=1 0
It suffices to prove the following:
inf{7(ap) : p € P(A),rank(p) > j} < inf{r(ap) : p € P(M,(C)),rank(p) > j}.

For this, begin by deducing from the compactness of P(M,,(C)) that there exists a
po € P(M,(C)) with rank(py) > j such that 7(apy) < 7(ap) Vp € P(M,(C)) with rank(p) >
j. We assert that any such minimizing py must belong to A. The assumption that A

is a masa means we only need to prove that poa = apy. For this pick any self-adjoint
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x € M,(C), and consider the function f : R — R defined by f(t) = 7(e"“poe~""a).
Since clearly epye=® € P(M) and rank(epoe ) = rank(py) > j, for all
t € R, we find that f(t) > f(0) Vt. As f is clearly differentiable, we may conclude

that f’(0) = 0. Hence,
0 = 7(izpoa — ipora) = i(T(xpoa) — T(poxa)) = i(T(zpoa) — T(xapy)),

so that 7(z(poa — app)) = 0 for all x = 2* € M, and indeed apy = poa as desired.

O

Case 1 of Theorem 3.2.2 is our continuous formulation of Ky Fan’s result while Case 2
only captures the classical Ky Fan’s theorem for the case of distinct eigenvalues. However
the general case of non-distinct eigenvalues can also be deduced from our proof, as we

show in the following corollary:

Corollary 3.2.3. Let a be a Hermitian matriz in M, (C) with spectrum {\ < --- < A\, },

where not all \;s are necessarily distinct. Then for all j € {1,--- ,n},

min{7(ap) : p € P(M,(C)), rank(p) > j} = %Z i

Proof. We may assume that a is diagonal. Let A; be the set of all diagonal matrices, so
that A C A;. Pick a™ = diag(\™, A\{™ - AU™) € A; such that )\§-m)s are all distinct
and lim,,— )\gm) = ); V1 < j < n. Then the already established case of Theorem 3.2.2

in the case of distinct eigenvalues shows that for all p € P(M,,(C)) with rank(p) > j,
7(ap) = lim 7(a™p)

m—ro0

1 J
> lim ~ ) A
_mLIgo’rLizl v
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The above, along with the fact that 7(ap;) = % g:l Ai, where p; is the obvious diago-
nal projection, completes our proof of Ky Fan’s theorem for Hermitian matrices in full

generality. O

Remark 3.2.4. It is not difficult to see that equation 3.2.3 holds even if we replace the

inequality T(p) > s with equality.

Remark 3.2.5. Notice that the hypothesis and hence the conclusion, of the ‘continuous
case’ of Theorem 5.2.2 are satisfied by any self-adjoint generator of a masa in a I

factor.
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