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R. PI> Lbar,.ml
H...iTSCIENCE, The Insti tute of Hathcmst.Lca.L Sciences, H.tDR.:iS-60002e

In inte:J.'polation 1..1:'0110""';n'.,' Lne0.,.ua1ities 2.1:'e 1,-[e11-'- ,j.Li~,,,,

TEEORE·i1. If the n times corrt.Lrruo us Ly differentt8,b1e

f'un c t.Lori x( t) ha s in [2, bJ n zeros

(k') .
X ~ (Q;) -= 0

( 1)

0- <:. Q, <G.2..L •. •

.
\ « J"...•..

iL
.. <0. c:.b Qck· ~~."-._ -, -- (.~L t,

oF l= \
'"l\- k

/J. (b- 0.)

+ Il.= 'iI- ••

Then

,• rz:: 0 ~, '). . . ) "1\ - l
( 2)

'dhere

'.There pis in (2., b), a.nel the 0bserva tion that the k th deri 'jCl. ti ve

of x( t) has at Lcas t 1~1-1-_. z"'ro'" 1"- ('" b)• V..J 11 •.,' • The constants -----'-r(n-k) •

in (';:') 1 •~ are o bvi ous Ly the best;)ossible. However, if »te consider

only the segment , 11hich cor-r e spcnd s to inter')ol2.tion

in t11e exac t f th . l . t r (~,) C:l- be-- sense 0 e word, then the anequa.ra J G Ul



TdEORE}:[2. If (1) and (2) are sat.i.sf'Lo d , then the in-

"\,- 1-.1,..

\ X (P.)(+ ')\ ~ C l\ > R l'f\ (Q.A.- - G.\') ( 4)

k == 0) ; ) •.~, ~ 1\ - ~
II
IIIIIi
II

'Ii I, I
II
I'
i I, I

I!
!

I
II
I
I

II

I
II
'II,
II
II
iI

IiIi
I[

II
II
i

;1
I,
'III
'I

1/

'III

!
I~I:~"').',."

hold, ,,111ere

( 5)
-- (~- ~)~ ~

L - \ 2- ." ,,,1'\- \r, - , ') "

( 6)
H

ikuhar a 8:] Lndi.cat.e s that 'I'umura [6] has proved the above

TIns r'e sul. t is also mentioned in [2J ,L3] L5 J
A.

result.

The constants c (~ - 0 1 n D are the best possible, as,n,k '- - , , ••• '".-
they are exact for tile f'unct Lons

and only 1'0:' these t'unct ions , up ttcJ. .3., coris t.arrt fa ct.o r , Naturally'

the e s t.Lrn. ':ies (5) are free frc.,l any nature ot 22111 tiplici ty at the

:l. <, -i < r,- - -
o bt a.l n the f'o Ll.owi ng;

THEOREi'l3. If (1) and (6) are sat i sf'Led, then the inequ,:,'li-

*C,n,kties (4) will , -t d 'no.i , wne r e

( 7)

\
- (-r\-~..)\

, "
'*C t-.,) .-<.

~. .

I

!

I
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The os t.i.ma tos (7) <ode better than (5).

pr pi'.. First we shall prove for k = ),1, ••• ,0(. Since

lS the rm.lltiplicity of zeros at 2.
r

re spec t.i vely vIe f i.nd Lhat x( 1::)(t) 'trill h.ivo at Lecs t

(n - k1 - kr +

and (1;: -k+ 1)1

k - 2) zeros (counting witll multipli ci ty) in (0.
1

' <1r)

8:1~ aLso (k -1c+1) atr a •r aI so (l:_~ -1-<.:+1) at
1.

(t-

-
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wh8re in O '0 +a i rri nO'v( ....~ ~_ .il.b f( t) ~ we used n-k1-j-c(+k-2 ~ 0 (since

V
i < n-Ic,-- ;

and g( t) f'o.Lows from l:~l-c'~+j )...0"k 2 and
Now an absolute maxtmumof f( t) is at

,t == r +.' "1'\- 0( - I~.tf
"'1",,- k

an d of g( t.) D..t

t-:::. Q -+ (o<.-k+t) (qA- a.,')
\ -n - k

also, <'.1.1 absolute maxlrnum vs.Lue of f(t) and. get) is same wlrich is

t.hi, s ~:Jrove s (7) .•

To, show 'clvt (7) is better tlF3.11 (S), \1e note t.hat

k = 0, f*( t) hasand for

h8 S :;"11s bso Lut.eand

in both the cases
"Y\

the abso l.ute maxi.nun voLue is (" ....\) ')..,-•
.....•

"(\

f*(t) has an absolute= o.

tl18 C,8. sn s t.no :.··..·hSr..' 1 ut e j'-lr,v-i C", r· --.-0 Lue l' skin_ •.• ~ ~ • _ V i·.c,.I,--i:! W,' 'J c.. L, _.



1..'0 I'»r ovc + 2~.~a, ,'1--1.. ,
.- ...•• • ( ) •. r ) ..• .1. ~ _."

'letS ODe zro;'c ;c.] or <'1,.. -rL~ 2X a 'or :.., rcay 03 i:'.ore l.,,, .... v,
. .!. J.~ r \

N01:.r, VICe! de f'Lne

(T'- ~)
1- _ \ 1... _ ' ." ~,--(\ - ':..:,- \
R - ~, ,

Also, it is

obtained usL1.2;the identi ty obto.inecl in [1]
the Gr een 1 S f'un c t i ori,

2. *Cn,o is the best possible, as this is ex-The co nscmt

~ c t fOI' che f'un c t i.on s
. . . .,,-~ -I~~'X (-I;) - . + - C,I" ((\_- + 'J

• - ) r-. '. )

'-'''u·' 'T f'or';"-'rPce f·~"'C;·.l·()· ")<e l11 "", .: cc ns tcn t r":'c+orv~ t1..... u•... --,...; _ ~....L .~ 1.1. ~ , ~.. v'-" v~ "-....._1.) v .. J I., ..•• \..J •

o:cdi!'lf ..ry clifferenl~J.3.1 0ql1.atiC',:lS. We shall consi.de r the folJ.owing

( 3)

'l\ •



II
I

pr ohl.en (8) is eoui valent to the so.Lut.i.on of the integral elu.';:~:iC),-',

0. "'"'.

oJ... (+") z; y\..\. J'T } ell (+) h)

°i
f /'
1- i /,..,.:u, t: ) • ~ • ., ...(.
,} -; j ( 9)

,
III ","here pet) is a polynomial of the (n-l)st deg11ee s-c--::tisfyin.gt.heI I

I boundar y ccnd.i tions 0 f (8), ;:U1C~ G(t ,s) l s the Green IS f'unct.l on of

the homo genoou s problem.

tie 3;1211 (enote IiI 3.3 the set of runc tf.ons n times COITGi-

nuously Gifferentiable 0 on [2.1' urJ and satisfying t.ho boundar-y

condi t.Loris of (8). We define on N an 0')er2.tor B by the formula
Q

(B :x: ) (tJ z: -p (-t) 1; J C:0, h,} + (f" X[/:,\ • ", XC" ~~.) ') d,., (10)
~ .,

T~lis operator evidently map s H into itself if f is continuous on

x RU
, wht cn Ive shall as sune wtthout mention.

TFlEOREN 4. Let Ki > 0, i ::: 0,1, .••• , n-l be given reaL

nucber s and let Q be. the max.l.mum of I f (t, Uc ')VI ) ~ ~ • ")It.r\_\) \ on

the comp ac ::wt

{( + n \i .. \<--2.k. ;::::0 \ , •. .,-r-'_I~t' U I. U '\. r. <... <. d h. ,_. ~~. -.. l ") ~ , .j ••o ~\, - """) '"l\-\ J. 0'-1\ - - -- '\_,) ~ ,

. Then, if ~ •.

(
o q) <; ( \,,~.•.f,. ) '/\ - 1.0

'.,.,;~ I - r> /? 0'0 ' _ 0 I ..." 'i v- !
o "' ~! "-~{\, ~ ~ J... - ) )

(t\ \
o.'nd mC\ J:, \ P 0 C'i") .:::k. , the boundar-y value pro bl em (8)<\ 'E:-.t ~c 'h. l
solution.

( 11)

has a

l.
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is a clo s ed COll\·-OX s~bset of tjo Banach space ~. onere.tors: BThe

defined by (10) is compIret eLy corit.f.nuous , and (Ex) (t) - p (t)

sctisfies cond i.t.Lo ns (1). 1li80, for x(t) 8 H* ,(Bx)(n)Ct) - pC.l)Ct)

= f(t,x(~ , •••• ,xCn-1)Ct), hence

'it'
HO~1 using Lheo r-em ::j, for x( t) 8 1'1 , 1:re .: find .

\ CBJ'(\") p\l)" \ < r-. j'l-¥... ( C..\.,I\-;
. J C-t) - (f) l 'QI...JL,,(,\, i .0),.- ),

2.Yl r} hence

Thus, cond" tion C 11) implies t'.1.t D map s 1"1*i ';.:)i t se Lf', It t:le~

foll0lJS from t:18 Schaudcr t s Fi:~·~ed Point t.heor em tlLi.t B has c. L •.••• , ••

point in 11'1*. The fLcod no l rrt is ·D. s oLut.i.on o~· (._;.

~l .. (12)

THEOREL 5. Let +(t ')u().,0 .• ') U~ _ ,) sat.i sfy tue cond i tioD

\tCt.)~-o./ .. ")U-n_~ \ ~ L+L() \ Ub\+·· .. tL"r~_I\L\.r.-1 \ (1,'.)
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Then the problem (8) has at ~east one solution.

Let

If we introcluce in it the met.r t c

f M)

then l-I becomes a corno LeLe met r l c sp ceo i'le shall Sh0\1 chat the

oper at.o r B maps a sphere. of racli us (L+ t,) I (l- C,,) of the so ac e N

inco itself. Indl1ed, if )' 8 H arid S ( 'd, p) :s: (L +~)4-v) ~then

L+~,
t _'). II
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one. ,r.o i nu,orre

s ol.ut i on x( t) sJ.U.sfyin::; the cond i tLon

Lne cua l l ties

\
(I~)

X Ct)

ol:; OJ I) ••. '~ "'(\-1

THEOR.EVl 6. L' r (1 t '\et J T, \.,10,· ~ • ') l.l 'h-\ J sntisfy the CODultlon

ltCt,uDj,,· ••)u.rn-I)-1Ct) \)0,)''':> \J~_I)\ (1t1)
,'\-1

~L L.1LJ·-\).~
- l t t,

lor 2,11 (1:- ~ ll. \ ( t t -::C)) "r\ ,
, ) •.. , ""-II ·'\Tll, •.· •.)'J~_\ E:.[G.I~O",.Jx.R

vrher e L "". L sc-tisfy the il18qualitv (12). 'I'han the
0., ) "1"1_\

be: ..mdir y vu.l.ue )J:'ob1em (8) na s cO un i que so Luc Lon , for any A,~,,>\<.
tile O-:JeI'2.toI' 1-3 "Y;COF}8Sa oorrtr-ac-

J.

tioD operator on~h8 "'_,18°-{'..," C sn "',::.ce 1\1' ("'10 i- '''-'1' ('> rl Co .Pl· "E·J?, l' 1'1 'I'h eo r ern F))v .__ ~ _ ,! .•.....•.~u..L •..•.•. _...•...._, -'_ •.•..1.. ~ \.~., •.•...•• - ~.I.-_ '. •

for

D ( 0 Y 0 \"\ 'l..-v-,X \ r ( . ('(\ -\ ') { (. " I' '\J ,~ -s; , D -1 ) = . '''-'- t' .+ X Ct) ..•~')x.. ( -+ ')" -'\' .:1:- •. A !'t, 11
(J 0\<-1.<:.0. '») r=>: /\,1 .

I - JI..

"(\- \

L

-
_ ~ ~ ( X 7 \~) •--------- -"-- ----
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Thus the operator B in H, 11:'.3 one fL:ed »o int , .• I't.. .•ann "C1US lS 8r:--.i-

valent to the ex Ls tence and ili1~_\':1uenessof 2.

( 8) •

H. P. Ag2I'ual, An identity for GrcenTs f'unc tl on of iiLlltipoint
bOUI1~arY.'lJ.lue ):coblems (to appear)

G•.•\.Bessmetnyl and ..l.Ju.Le\lin, Some inequali'cies s,J.tisfied by
differentiable functions of one variable, SovietHati.l. Dolcl ,
3 (1962), 737-740. . . )

. .(~

James Brink, LnequaLf, ties involving \ \1! \~and 1\f 1\ rfor

"lith n zeros, Pacific J. Hath, 42 (1872) ,.289-311,

f

4, .. ,

N:asuo Hakuhara On the zeros of solutions of linear ordinary
differential equations, SUGaku, 15 (1963) ,108-109,-
He.th. RevieHs 29 (1965),709, Eo.370"1•

5. .:t,Ju. Levt.ri, A bound for R function vrith monotono Ly districuted
zeros of successive deriv2tives, Mat. st" (N.S.)64 (106)
(1964), 396-409.

6. 10'- T T-"', . Z "b' b h..•..' . . ki .1'1, UInUl'3., i.oicaa. yo l un ocea si ':::L III

30 (1941), 20-35.
t . J V' '" 7T""t . . 1- •tu t.e, J.\.D.l1.SU nO -8l31 a,

NSS/9.1.1979
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D.Bathaiah
:De:::,artffient of j;[athematics,

Sri Venkates\-]8Ta Un.i ve r s i ty:;
TirLl.,:a.ti-· 517502 < (Ind:~a)

**-l('

Abstraot.•....•...••.~ ..•- •...--
The author s tu.di es the un;Jtcad;, tviO--di,.lC'lwioaJ. .incoi.ip're s s i b.l e

d i s·t~.nt '-"-=' 'I a)Grt j.li thE: )re,3(;;[Ce of 8. un.i fo ri.i 'Gr;msvers(; HlaLnetic

and steady caae s . ~'hc coef ri ci er.t.s of skin f ri c ti o.. at bot h the

walls wh.ich are subjected to injection 8nd suction are ev a.Lua.t.ed

and th!' e f'f'e c t of magnetic field on ve Loc.i t;f ,.:j.stri bu ti ori .is

investicated.

F'Lu.i..' f Low tl"lTcUgh porou lJedia is of d·.ldamental ilIrrjOrtance

science and tcctiloloU'.

Pe t r'oLeuu enei:nccrs cllld h;:,droLeologist~: <,ire interested in' see:nau

pherlOji~c-::nonfor r f'fi.c i en t laj cu t of drainaLe sys teu for irri;.atio:d

and recover. of ,]vla,'ln'\T ar e e,
\.... • .•• &) 2:h8 nuclear engi.,eer is interested

The tezti1e technclo:ist is interested in

1dater uove.ucn t thr''Juth Lan t roots arid tl1rouLh and out of the



, .,1.6

Ve rma and ~Iathur5 have studied .nagne tohydrodynaraic f'Lov'

be tween '>tlO par-a l Le1 plate s ~ one in uni f'orn ;;.otion and the 0 the r

at rest w i 'th um f orm suction at the s t at.Lcnar'y )late. ':rhev h2.vev

observed that the coefficient of skin friction decreases \.Jiththe

increase of Hartmann nuube r, Satyaprak8sh3 has obtained the exact

s oLutLor. of the )roblel.!J. of unate ady viscous f10\.; throuLh a porous

s t ra.i gh t channel. He has ootad ne d the re su.l t that the velocity

Lncre aae s -with tirae and tend.s ul timatel;; towards the steady state

at both the :'7ointf)~ as should have been the case in the »r-e sence

of a pressure gradient whieh remains constant for all times.

In this ,:;a;,!er the flo-w of a viscous incompressible slii:.htly

conducting fluid throuch a:jorous straight channel unde r a un.i f orm

tr,'Ylsverse maLnetic field is considered. Tne pressure gradient is

taken as ccnstan t quan t i ty ao a special case. Under the constant

pressure gradient thA case of steady flow is obtained b;y takinL the

time since the start of ';,he motion to be infini te.

2. Formu'lat i on and solution of 'the 'OrouLem~---- - .- -- - ---- .•._+- .... ~ - ..• - •.• - -- ..... ~ .• - •.... '"- --...,----- - .. -~.-, ..•

Unsteady tvJo-diillei.1sioYlal Lncompz-es s i DIe' vi r.colJ.S f'Lo v throut:h

8. straie:,ht Ch8J.111elw.ith por-ous flat -walls distant h apart in the

presence of a un i.f'orm tr2J1SVerSe .nagnet i o field is considered. The

Lower plate is talcen as x-cax.i s and a straight line perpendicular

tr) that as y-·axlS. It is a s sumed that t]1e fluid injected into the

channel throu!"h the \la11 at J =0 and eucke d throue.h the 1,-;a11at

y=h. Let 1.1. and v be the veLooi ty comporien ts of the fluid at a point

(x~y) in the direction of axe e of coordinates res:lec-cively. It is

aasume d that the fluid is of aua.LL eLec trical conduc ti vi ty w i th

Ii1ai':11e~,icReynolds num-ber much less than un:i ty so that the Lnduce d



1')
'-'

magnetic

liI[l112 ti c

fiell Crol be neeleeted in

c, "jCl ('Q d C 4:~:Le-,-u uparrO\'J 8.11 (:38,

The e qu a't i on s of hie tiOIi of' 21:1incoi,:)T8 s s i b'l e 9 vi seaus slj.Gh iil~:

ccnducting fluid, in the abse~',ce of Lnput c.Lcct.r-i.c field, are

t r: -; \\L"J....;

(2.2)

QU-t~:::o
oX o~-

where r is the density of the fluid, ~ thef'coefficii:mt' of

kinematic viscosity~ t the tLae iae aeu.red since the start of the

mo ti on , lJ the ;,ressure at a :joint (x~y) > ([ the electrical

conduc t i v i ty, I"'e the rnagncd;j.c. 8n,18abili ty D1Ll l-'o the un i f'orm

8.'T~,lied maL-netic fi eld.

when t L 09 U - 0 811Cl 17 ::: 0 for 0 .: v C h,
'" u ..,.,..-

whcri t ) 0 u = 0 and v -. v ::: constant » 0 for y=O ~ 'h"
a

(2.4)

Pr orn the ini t i nJ. and bound ar-, condi tions (2.4) ve ~Jay sa} that the

vel or i t~,;-- ~.._.J.i distri but i on is ind8:"enJ.ent of x ,

Hence ~ ••U=O
Q)t

On substitutinL
L

and (2.5)~\J - 0--- -oX
~ -=c and using (2.4) the equation (2.3)

t"
yields
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Substituting v = Vo in equations (2.1) and (2.2)/ we obtain

and

(2.7)

LetV
o

be the ch2racteristic ve Loc i Ly , 11 the ch ar-ac te r-i s td c

lenL th f \/;-the char<"cteristicires;Jure and h/v 0 the characteristic

Xl ~time. '\:~edefine the dimensionless quanta ties u",

as follows~

and tl

(2.8)

In vi.ew of equation (2.8L equat.ions (2.5) to (2.7) reduce to

." ic)u-d Xl
o

and

(2.9)

( r-. ~ 0').::::• .l ,

(2.-11)



)

• ,J

'..~-, 15

vlhere
2- I 2-1' .

K == ('5-- ,!L{e -10• \

."rvo
K -::.. ".,/c ~

-y
The ini tjJal and boundar;y

= Itagn~,ti~ parailleter

= R8~jnolds number

conditions (2.4) in view of (2.8) lead to

wheri t' L.. O~ u' :::: 0 for 0 < y' e: 1- - "' .....• '" (2.12)

when tt" G~ ,ut 0 for -- , Oyl= y' ::::

.i c

It is observed that 1.1 ; .is inde)endent of x\ from equ.ation (2.9).

)

Hence u ' is a f'unc t i on of~y' and, t' only . From the equation (2.11)

we may sa,:, th8;t p' is inde ?~id~Pt of y'. . ,Jlerefoi'e i t £0110vJ8

from the equation (2.,10) that"'t:"j?"p.1 ..s a f'lUlction of t' only.
a x/

",i' Wea8sume that

"'",-

~ b'v ,~
.~

''\, IoX

(2. 13)

Then equation (2.10) becomes

vie define Laplace TrcD'lsformas
••.c.:>\:\.. _ f Cf)L.' I -> -t,' ~. +'

. . ,l e a,
D

whe re ijj, 'e. (" ') ) 0 and-{

the, singulari ties of lit .

(2.15)

is freater than the real~jart of all

\~e denote w,
\ t (t') e'At d{
(') .

(2.17)- -
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In vi e w of e qr.acj on s (2.l~» and (2.17) the e-ua t.i on (2.14) is

transformed into

d2. u: I

cl ~I 2.

The tr,:1:!si'Qrllwd

(r, -18"
L. I )

boun.iar'y COL1itions are

u' = 0 for r' = 0,1 (2.19)

In v i.ew of the c ond i ti cns (2.19), the s oLu t.i cn of equation

, (2.20)

Let us as sume that the ~Tessure {,rad.ient .is a const ant 'cl"uanti t:/.

Hence let
I' ( "-=::: - -L { -t )j \. .

where' P is a posi t.ive constant

r co
L'1--'

o
P
\ (2.22)

II
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By taking the inversion 'JI equation (2.20) (Carsl;{vJand Jae;c:c'''-)

vie 0 bt.ar n ve Loc i t~1 distri but i on

u=-

(2.23 )

i
111e f'Low be corae s s te ady c"ft(~r a lapse of i:llfi:;~ite till18 s iuce

~,'1 +. d' ('1 - 1 ." .,' , , . . (. 2 '3)"r e S ce a ~r L,J..OV, Lia;,/ DC o.ed.i:.cea tro:u '(;j.'le e qua to.on ;:. • In the
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, ,
. -1'

(2.24)

NOy1 let 1;8 find the s t e ady state s o Lut.i.o n dire c t.L; from the e qua.t.i on

of motJ.on.

After su bs t.i tutill[. P for f(tV
) for s te ady s tatev the equat i cn (2.14)

become s

-PR (2.25)

The bound ar-y condi tions are s a.ue as those Liven in (2.19). In vi ew

of the bound ar'y conditions (2.19) s the so Li.c.i ou U..L e quat.i on (2.25)

is

The r-e su.Lt8 (2.24) arid (2.26) are tden ti tcal.



i

Sl-l'n T.1 ' "_ A l' rlc"tl (,,"
•..•..•.. -- -- ---.-- - "- ::-.......:::...::...:::

The

(
"\ 1\= 2-. () v,." J

R 0~\ "-1'-0
-.J J-

The coefj-P';r'; en t ~ -t

, -~~~ n~ 01 sKin frictioll at the:; \';0.11 y' =0 is

(2.27)
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We obtain the velocity di st.r-ibuti on in unsteady- and s te ady cases.

parameter K ar.a.i ns t vc'Lo ct ty distribution u ' (Fiture 1) 0 It is
observed that the velocitv increases with the increase of magnetic

"

parameter. \r~e draw another l~ra::h (FiL:ure 2) taking veloci t;y distri-

bution against 't ime0 "ie find that the veloci ty increases wi t11 time

and tends ul tLlatel;y towards the steady state at both the point.s ,

as shoo.l.d have been the case in the ~)resence of a pressure gradient

whi ch r-eiaatne cons tarrt for all time. It is also obst:;rved that the

steady state is obtained earlier than in the norr-magne tj o case.

From Fit..ure 2 we conclude that the veloci ty- at the point near the

wall whi ch is eubj eoted to in~iectjon is Los s than that at the point

near the VIall whi ch is sub.je c te d to suction. Verma and Mathur5 have

observed -t.l;:)t the coefficient of skin frictioi" decreases as the

magnetic field strength Lncre aae s at the eta t.i onar-y wall which is

aub je cte d to suction. But ""c observe f'r'om the figures 3 and 4 that

the coefficients of skin f r Lct.Lon increase as the H1aLnetic parameter

increases both at the wa.lLs whi ch are sub.i ec ted to Lnje ot i.on and

suction. From fit-_ure:::;3 and 4 i tis also obae r-ved that the coeffi-

cient of si~in friction at the )oint near the \JaIl whi ch is eub.j ec te d

to suction is less thi'll1 that at thEi-:'loint near the Hall vh.ich is

subjec ted to Ln., ection.

I thank Professor K. Si 'tar-ain for his constant encoura<Q,ement.
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*Rav l P. ..tga r waL arid E. T:1EI.n(L-·~<ll1i
i'he Institute of l~D.the;·[la.tical3c:!.e"'C'r)C',

I~..lc.j_ 2.
: : . :r}~ S-SOO ,,,", "-.1 :~~

.1....; : -' ~•.•..•

art:;l.1Illentshas boen very \!od.kl.y :fOrked out. The only suc h el1~:~2.tiC)2i.3

encountered ii,. 2:Jpltcntions h<:~1edeviations 1.-Ji th respect to only

one var-La ..ble [) '] - [3 ] In this paper 1vehave ;i ven sone

sufficient coneli tions of un.l quenes s for the solutions of the hj".')e~L--

bolic delay differential e queLLons, The r esu.lt s obtained here .c~.L'E'

based Or! t'lOse given in and [5 J for 'che equat.Lcns Hic".'.-

We shall consider a general uni que.ne s s cheer-em of Pe i-r on

type for the hyperbolic de Lay differential e(TL1.'oltion

uX ~ ::::f (X, ~, U ( x , ~) ,U (~, p.)> 'J ) , U X ex, ~),uX (~t.<), I l( 1)

U~ (~) ~), D'd ( d~(X), ~))

subject to the conditions

u l x.) a ') :::! cp ex ) .,U (0, 1.3) = 't'{ I}), cP ( 0) = 'f-I (0") =- lAo ( ;:n
t.no functions cp (::(") and '*' (\5) be l ng continuously differentiabLe

on 0 ~ y. ~ 0, ") 0 .:: d ::. b I'()specti vely.

In what f'oLl.ows, vre shn.l1 aLway s (lenote Ro as the J:'8ct0n[;le

-- o::~_.'_- __ ,~~ ..~_- _



"t<i ,), [0,QJ- in
r '

~l q (X.li \C\ -C,V' \, \ClI -C!, , '\,c\, -;;v \ \(VA-CV)~
()' '0")"1 II") V'l. V2,/'') 3' '\ "

'\Jhere ,(, 'R'l " ,'IC;s--'::-Vs;-\) \CVc.--::Vtt)
5f c: l 1<.0 )( R + ~ / 1--t , ~ ( Y. :' \d, o.0 ~0, () > o )0 !~0 ".> c~(~'" 'd ;\'\ ' ,,' ., ~v~1

l"S l'10"O~-O""i C 'l.""lr1ec"~e')C'l''.•(7' L V') r: C': S :"l"r'! boun de d1 s: G '--'-'- 1 \',L<...l 1. G'd "·0 .u -V \ ) '( ~ ') • ~,., V b .,,~LA 'J W~'A,J ,

(iii)z..()()~) o is'the onLy SOl11tioll'of the hyper boLi c c1(~L:y'

diffe:l'ential equat.Lori

such t.hot
o.

Then, t.he r o is at most one so L,~ion for (l), (;).

lX~\)fOr (1), (m on Ro • :;fc, clefine

A ( .x'd~) z: I LA ( =, ~) - \fC f :> ~f)\
P (-' l "\ _ \ u (X '1') _ v: (:x, Lj ) Io ),-,~) - :x "(J "'- d

C. ( x, 'f) _ \ l)~ ( L, ~ ) - v'l( x, J) \
Since we have



1IIIIIIIIII'I1·1'1I1I1I1I1·'I'111116+.'¥4 •• §~ge"".!eN~C~~~aB~a"Ej""""""--------------------

I'"
e
l
~
I

I
I

(i) ~. (:x) (i = 1,2,:,).J.'8 cc.:;i:rou.s
~ 6 -

(i L) f f: C [ Rc'>\ R, Rj ,:;'f'.d

and '"'t-r, .), [0,Q} in
1 '

\t ( - r- r.' r ( - -. - - -'.-. "1. \, C", c. ,( +x \( ~. C.r r:. ,-) d J V \ , V 2.? V3) y 4- "J Y') ")V {. ') - " '- -, U ") V\ j CY .l."\ Y3>" -V1'" Y5" '/6~\

such tho,t
0, z (:x.) 0) ;: D) Z (0) d) (c

Then, the:cc is n.t most one so:L',,~ioD. for (1) i ().

B(x,~)

C.CX,'{)

tA (::c > 0') -:: 'V ( X) 0) = <P (x), Ux (:r, 0') = \;-"X_ '>. a"):: ~(Y. \ 0 5: x ~ Q

LA, \. D) y") ::: V- <.0:> \'1) - ~ ( '1 ') U \.j (0, '1'\ - v~,(0, ~ '\ - \J,; '( lj) C., .: '" ' b
o o - (J' a a/- tf0J-r a~'-d-'



A (o~.o)::::0, B(X,D) _0., C (0, d) =- D.

Furthernore, by CO:1r]'cj_ons (i), (ti), 1;[8 obtain

A (X'd) ~ ~ :l( ) ~ d ( J" +, A (;,,.0 ,Md, (6),+), B(.I>,t ), 1j(:J/ .'0),+),

o 0 C (j" t), C (d, (J \ -\:)) cI", dt

/' (l~ cJ C 'y- + A (x -t) ,L\ (q ( )) +) B ( J,.t) B (~.,(J )")+)~ ,) a .~, , '-') ) ... 0, >.) '"

to C(I,+),C(~;(J),-t)d+
x

~id (h, ~>A(/"'d)'~(';j,(,,),~) .B(6,'f),t(d.i'j),i~
C (h, ~) , C ( ~h(J2;,):; ~ ') ) d <> •

Let us defirle the sequence of successi ve a'-nI'o~=~Lm2.ttons to the
solution of (3l, (1) as fallows
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95'h"\ 0< ~ (;t j 'J ")
"n.....:;> <b

"\

r. ( '\ -._ \)r.. ( "' •• '0'.<' :i'~ .1.';) . J)
I 't-- ! (j

Qt:-rv'\ 111 (.~, d ')
7\-{ en

On using Lebesgue ,;:; .ronotone converjence theorem o(:;:,y) is ,.

c: oL;LJ.1-I,' 1"' 0 I" ( ....:)'), (".":). - - 1~ v ~_l r s Henco , \le ':l.',.ve

;"n,,[, by 2.SSUE1;)·t";ion (iLL) oZ. (l)'J ):: 0, f:-'(~">~)::" OJ '\l(~jJ)~ D -'i.lt:

tIlls iJrOVeS A(X"'\1}:::::O)~(;f:;\:)=(J?r (J ...I,j-::. O. This corF,le'>~s. "v - () ~ 'lj--

ne33 for the solutions of

( 5)

subject to ';~l1e cond.tt tcris

( 6)

-----_. -- .
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wher a the frlnctions tC)!) and are same 2S defineQ e2r~

L1EOREt" 2. ASS1.1I11e t.hat

(i) (J Co is corit.Inuous and ~ (0() ~ ~ for:dl~.~~~O~ ~~,~l~
(i i) t E-c. [Ro 'i. R2.., RJ and be ~)l1ded, and it sati s1'i8S ill addi t.Lor: ~

the fol1o\:Jinc

\f (x., ';j ., 'i>\ ., ct>.:L ) - !(X/ \j ,~ , -;P2.'\ \ _ :l
~ h. , ~ [- q \ A-- -~ \ t b \ ~ - ¢;l)J'--. - 1'\ I I l.

J.. I{ , '<. \
4' ~ '> 0) q,i-b\-

\ -t( 1,d) t, .,4>2 ') - +(:\,J~<p. ,t )I~S,-lq z, \ <t; -1; \i b.<\ ¢z,- c;}
~l~ , ,~x; J' C > 0) q 1-i-.J2. ~ \

With 0 <.-< <. I , P <:. ~ and k ( \_0<)"2...<. (/_ p)2 for [,11

('x., ~) 11 j cfD..) E Ro X R ~. Then, there exists at lllCSt one

sol ut Lori for (.5), (6).

proof.. Let 1'1 =- i~,:tR:lJf( x.,'/) cf.>, cf>,"; I and assume tIl,\i;

lJ. ex., ~J ' \r (:~~d ') ar e TO solutions f'c: (1), (2) on R.C) •

Then, VIe h~ove

\u(d(:n)~J -\j(dC~)t~)\ s 2~d(~)\-d

e; 1. ~J\:( \-j
- U j

From (7) it follocJS that



.X l~

<- \ ~ G I ~( J~!>t ,U. ( J~,+')? U ( d C ~,,) ~+)')
o D

, ."\\ I dt-1(/:.,1::) \T(/O)i:)? \r(~~)(/~\+)) (v~

X. C 0(:::>\- ~ ?I\ :..\- b
~ C ~ \ lo..2 (1 M") (J:1,") +- b 2. (21Jt") C~+) i' J

C) 0 d/~ld+
«, (1- \~) + D(

~ C (1M) (J\d) _
~. _ -, 2-L ( I ....Pc» t 0(-1

C}{ C-\-~) -t 0(.

::::c (~k\) (:r_ ~ ) .

Since (\ - p') + 01., '> I on us i n« (i) ;18 find

r-- 0\ (\-r~)+':X.
\ Ldd< 1), ~1- \f (~(;,1,~) \ :s ( (21'\) (~( j) ) d(I-r l+ '"

0/. (\-~)t~
~ C (2-~'~') ('X"J)

Novr it :['0110;18 by induction tho.t •

( 8)

•

---- - _._- - .... '_.' ...._ ... -----
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IJoV!for k > o ,1Je d.lsnus s se:)c1I'8,"L;ely the f'o Ll.owi.n j tvJO

po ss.l b.Lltte s (i) R ~. o.ncl:ii) 'k ~ \
Let\-Z ~ ( and de I'Lne the f'unc tLon

•

Hence, \jIe have ~ ~ LA, ) -:::: 0
'A -/ 1:.0

he E. 1) := \ h~. 10 '=:. R(;) end X:::: 0 art ~ _ D j . Cle:o>rly Q is

continuous in D if we defi118 a(hb') -::: 0 for ~o E ])

and, where

•

We shall show tho.t Q (;X, y }::: 0
~ -

2 point (x ~\i ) such that

If not, then there exi.st s
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(_Je .•:

r i)1 --~
\ .L,

-.Lso

.t mo S t

E.C2...9 f. A:;;-"l)EiC LJ (x.) ~ ) 2.nd \J ( X, 1) ar e -C'dO so l ut i.ons 0 r

(5), (6). D(]fLw B ( "X.,~ ') ::: ~ (X/t') - \j-( 'J.~'6) \ for -::z '-d > 0

Xl
• SLIC(';

r . , .
l S CO!.1'Cll1l~i.;US, lIe ~10toi;h:.:~t

or ~ .;-r.
'''';' ..•.

ci.nc~ UYV' R ( I:: ') = 0
h -/ 1;'0

SL'lce B (:(~j ~)

E (:(-; '<3) .~ 0 .i'-or .:'.11 (:x. ') \d ') E:.. D

';ih8l'8 h = ('\.,~) E- R an d ,/:'o ~ }).
d::J

l· 0," :lO~'- cont i "1"'0"0 0··r81' R~ ..• ,/ '-' 1 v .• L... •••••••••. v b

its j·-'ZLX:.l.l;: a t so:.;o'Ol.l1t (J:iJ) ~C)) • USLlg (S), 1,18 OOS8L'7C _

~ (.:(0) \Jo} ~ k ()o~Jo)-l )"XD (lj\) [c\ B(~;t'J -t 6\ J?:,C~\/~.\4:.)j
o ~ \ ~;A+

I D \..\.--

L. \<. ( XIJ \j o )- \ B (")'--1)) ~ 0) y~~ j 0

<... B (f:'),"-jCl)
."'"

·--~c~..'. is t~1C (tesi~~ed cor1Jcl~;:.(ic-tio:....•

-Ji-
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We obtain here a vari. "tional alLori thnl for the stability of

the flow of 'cos ser-a t f'Lu: ds in en arbitrary domain in sIlace. The

ali~_ori thm can be used for sharpening the estLlate of the cr-rt t coL

Reynolds nuube r beLow uhi ch the flow is stable. A theorem concerning

the exf s tcnoe of sta.ble ~ yeriodic solutions of the Cosserat fluid

.iLow equations is next established. It is also observed that t:1e

kinetic energ~7 or Cossera:t fluid no tdon over ~a domain boun.Ie d by

. rigid. walls decays faster than the exponential.

The e qua tao ns governing the f'Low of Cosserat fluids are

-a (1.1)

P.~dt
Pf +- ± C~VJt](f c) + Dtv C-C;

+t u.vJ D \'\1 (''1) (1.2)

where d. denotes theiiaterial tLie-deriv!?te "nd f ~7f are resycc--ctt.-
tivel~~! the dene i ty and f'Low veLoci ty of the fluid. The vector f G!~·d

the second orue r te:nsor._ --C ar e the body-force and force-streSf:'

tensor. The ~resence 01' the vector c and the -second order te~~:i():r-
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distintuishes the Cosserat .aat.e r-i al. from the c Las e.i c a l one and

these de: . te the body ccup l.e vo o <~orand t1>r'"1J_;:Jle-stress tensor.

Across any surface bound i.nj c-; vo Luiue in the ina+e t-Lal. ~ besides

the forceT =y..
V) ...,...
J...... \. there is also exertion of the couvl.e

llln = n.M on acc oun t of the o.;.!cretj,on of the coup Le s t re as in the

me df.um, The fo:rce-stress vec t.or "t: and the bod,
'\"'..

where as the couo.Le= acr-c s s ve c to r' ill, n

force fare "!IolOT

vectors aJ1U the boJ.y coupl.e

The an t.i eymmet.rLc :Jart TA of theve eta' -c are axial 'lee tor s ,

force-stress tensor does not contribute to the momentum b81ance.

A1so~ on'Ly the uev i atcr- ~'art MDof the ooupLe-e s t.re s s tensor contri-

butesto the mo.uentum b~.lance. For Cosserat fluids the Lovern5ng

consti 'tu ti ve equations are linear and are exu-es si b.l.e in the

f o ru. ([lJ [2] ~[3J)
-c s = - P I +).. Cell V ~) I -+ f1..p-- ( ~Y ad ?V) :, (1.3)

.-1 d (\_.\ If - /1 'LT~ :1.') (y'-o..cl ( GN0{ . ;I ) T '2../ t dJu>-.J c"'/~ ~) J . (1.4)

•
I the -1' c:· + ' -1-;"', .. ' t ., t ;, -".,,~-::--;c-, C"',,_, ,COT,·" v (,yo-.r", .. -.,-'-n 1. c above ,.~enoues LJuEo Uul .ua r..L.x. Llc;cu. '1 -LOJ l;c.~ " .... :"J~,~~ b~~-~,~·l;

."

of the veLoci ty vector and the aupe rs cr'Lp t T denotes the transpose

of the ua.t r-Lx in question. Thesu)erscrJvts S and d denote the

eyuuae t r.i c :part and the deviatoric part. T~l.e coef'i'Lc i en ts A, Jv-.,
I1.,~ are materj_al constants and conform to the f'oILowing rest:cic-

tions. 1~7 O~ 3 A + 2f~)0~ 1) 01 I "ry'l L... '] • (1.5)

At po.in t s OIl a bound ar; the condition to be oatisfied b:~' the

field vector q, is the hY;ierstick or su;,;er-adherence conch 't i on whi ch

in effect means that the veLoc.i t;{ q awl the sI!in ~I -=1- curl q
~

C::JU be 80 re sc='i bed as to IHateh v;i th 'the i r value s on the·bou~!d2.IJ

- 1 -At a riLid 311d fixed bound ar-, the vectors q and -2' 01'-1'1 q would

then have to vsnish.
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In section 2 0111' aim is to obtain a variational altori Lhin

f or the !lie811 s tab.i Li t~, of Cos -,era t f l.ow in 811 arbi trar;y domain

in [ci]ace. In the next section 1t!e)rove the exi s t ence of pe r.i.o dic

:301!'.tions of the Co s se r-a't 1'10\ equation. In the last section we

cvaLuate the rate of decay of the k.ine t.i c ene r ..:1' of a Cosserat

fluid uo t.i on in a dOL12inboundedb:y riLid wal.L.s, Thr,oughout the .
•••••?apcr the field vector q and the other field f'unc ti ons that occur

are presurued to be smooth e110u1.hto allow the conversion of volume

integr;c·ls into aur-f'ace intetrals b:/ Gauss "s di ve r-ge.uce theorelJl.

Also the conventional infini tesiLlal voLume or surface area eLe.uent

in the"; inte£.rals is omitted throll.;."hout •

2. Yariati*ol1§.l__al,gori tJ:>Jil. .l9..r_...:tge_2.iapi-lity oLCQ..~I.5~:tj.'lui.d.

The equations Loverning the f'Low of Lncompr-esa.i bl.e Cosserat

fluid are

div q :::0 ,(2,.1)

D d~I -.;,
. d f::

::: - grad p - fJ' curl curl q -I curl curl curl curl q
(2.2)

••••• 1 -
and on a boundary vectors q aud -2 curl q are ~)rescri bed. If

~(x~., • z , t) is the veLoc.i t:> sl')ecifJinL a flow over the domain

D(t) and q*(x~Y$z~t) is the ve Loc.it; 01' ano the r possible flow

conf'ornung to the aa.ae boundary cond i tions as the foriller and

~(X9Ylz~t) is the difference velocity ~* - ~J we see easily that

div U :::0 (2.3)
,-o \..A. - - .....,. -e 0 t:- + r (q*.Lra d) u + (u.gr2d) q

::::- €;rad (,* .- p) -fJ' curl curl u - y) curl curl curl curl u (2.1l-:'
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over the domain D(t) awl that on the boundary d D(t)

u = ~ curl u = 0 (2.5)

\~e may adopt the kinetic energy of the difference motiori u9 viz 0 J

(2.6)

(the inteLral extends over the voLume of the domain D(t) as the

Lie.punoff measu r-e of the stabili t;y.

From (2.3) - (2.6) we see that

dl =-jrr·D.U: -f-Lj (curl u)2 -1) J (curl curl u)2
dt .'

wher e D is the rate of def ormat Lon matrix for the unstarred or

:Slrimar;l flow. The equation (2.7) from which the cr-i tez-i or for the

mean s t ab i.Li. ty oi' the f'Lo w is readily de duce d , is e f'f'e oLfve Ly the

S8.lile as the equa+Lon (2.9) in [3J by M.Shahimpoor and G.Ahmadi.

fhe relation (2.7) can also be rendered into the alternative for~

(" 0)L. c:

We in t:" oduce the syubo'l s;

ci = diameter of a ball in which the bounded domain D(t) is

embeddable.

Vo= max.i.ununspeed of the uris tar-r-ed or ;)rilnary flow

'7j,(x~t)over the time interval (09 t)

-m = lower bound for the eigenvalues of the rate of de f orma't Lon

matrix D of the unS.tarred f'Lo v over (O? t)

~ = Pilld 2;tJ.= Rejl10lds numbe r of the priHlar~ flow

R2 = PVo d/fA = RevnoI ds number- of the 'L)rimary flow" -

C -- ~)i f-d2 -- COSE3erat nUlliber of the fluid0
,

E, = 2m(80 + 6400~ C6, --Rl~!I11.

E,> = 1~"(oO + 12800 C - R~)/ f d2
0



From (2.7) one in [3] thatC 21'1 deduce as

~ -f:. T
- 1

(
r) 9 ')
L 0 )

and so T(t)J-
o

as tl'CO if E\ >0. Simila.rly from (2.8) VIe can

f ind that

dT
dt

L - (~T_ 2.
(2.10)

The eq',-atior;. (2.7) can be cast into t.he non-dimensional f'o rm

On ado:r;ting the f'o l l ow.i.ng s cheine ro f non-d unens.ional.Lea't.i on and

-11, r~ d r

(2.12)

The mean 's t.abf.La t;y of the DOBle f'Low is assured as long as T(t)-) 0

as t -> CO and this in turn i[3 assured as 1on-: as

~ LJ (cur L u)2 + co1(c;rl curl u)2j +]u.n.u:)0
for all ve ct.o r s '0, that are d.i.vergence -free over the domain and

(2.13)

have the nronert" that u = -2' cur'L U = 0 on the boundary "0 DC t) .
..).. .L "/ ••••

-----.-----~-----------------------
----
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I1(u) = S u.D.u
== f (C1:.rlu) 2 + CQo ~ (c':.:rl - 2C1)rl u)

Weconsider the f'o Ll owf.ng var ; a tional ~)robl.em :

Mxtmum t -I( ii) ~.

sub jo c t to the con8traintE~:

d.i.v ii == 0 over D(t)

F(U) ~ 1

and the boundary -conditions

u = 0 $ curl it" = 0 on ~ D(t) .

- (2.14)

_«2 1 r:; ')
I' 0 .-/ ~

(2.16)

(2.17)

(2.18)

To obtain the solenoidal vector u that uiaxinu ze s the f'lUlctional

seek the var.t s.ta cn of the fl)I.lctional

(2,19)

The Euler-LaExanf,e e qi.at i on s of the above v ar-La't.i ona.L problem Le o d

to the equ.at.Lon

2 li.D - grad P + 2 curl, cur-l u + ~,Co curl cur-L curl cur-L u ==-
.-
Ii
1-

R
o

(~.20)

Scalar product .of the ecuata on (2.20) \vi thu and Lnte gz'at i on over

i!' the domain ~rields the r-e su.l t
n

II (u) +1- F(u) == 0,
R

(2.21)
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Thus a solution vectoru of the var La t Lona.L »r-ob.lem aati sf'Le s

t...he r-eLac ..•..on

- 11(~) := + 1-
R

;' r r- .. · -,\.L.c:.C.)

From the cal.cu'Lue of va.ri ati.cns it ..s known that [4J there cxi st

uraxinu zdng f'unc t.Lo ns u whi ch solve the variational l'TGblem (2.15)··

(2.18) and that these fm1ctians are also eigenf1mctions of the

variational equation (2.20) (cf. [5J ) with the ei genva'Iue

(2.3)

It follows from (2.22) and (2.23) that
,..qR L... R...•. (~.24)

The variational -;roblem Lenerates a complete set of eigenfunctions

(U() with a ccrres;'o:nding set of eii;,envalues (F.i) and for any

admissible solution u~ we have

- 1II eii)} ~ 1. •• b. ( *')
'llie left hand side can be made arbi trarily close to its maximum.

val.ue b,/ a S1,.U table choice of~. and hence it IollovJS that

(2.26)--
Hence the followiL.g theorem:
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Theorem.; Let u be aoLu'tt on of the variational problem

(2.15) - :2.18) for fixed v al.ue s of the C08S:'-;l~8tnumber Co and let
. I

Max- L-11(U)j = 'Jt (2.27)

~hen the eiten val.ue :.'roblem (2.15 L (2.16), (2 .18L (2.20) has

a least eigen value R and the uns ta.rr-ed flowq(xi t) is stable if
.,-1

the Reynolds numbe r R2 <. E. Fu.r thez- ~ given a compl.e te se t of eigen-L::nctions (Ui) and the corres)ondini-~ eigenval1~.es Ri' »se have
,...
R = g.l. b. (Ri).

The variat.i.onal problem. seen above is constn:.cted to obtain
,

a cri tical estimate of the Ee;Sno~ds number R of the primary flow

flow for eriaur-Lng its universal stabili ty by accen tua t.tng its role

aud prescribing the value of the Cosseratnumber. In principle

it is conceivable to accentuate the role of the Coe se r-at number ,j ~

however this does not compeL our attent.ion for the reas-on that _t

is a numbe r ohar-ac te.r.Lstj o of the material and no t of the flow

under consi-dera tion.

3.Existence of oe r tod.Lc s o.Iu t.tons .~.~--. ----'.,.;. -..-~~--"----- -...••.. ----- ---
Let the velocity qCx~t) arid ap i n wC'X, t) = tcurl q (x, t) be

prescribed at each point of the boundaryoD(t) and let the domain

D(t) as we Ll, as the quaUtities 'prescribed on )D(t) be pe rd od.ic in

t. He assume that to ever~'- con tc.nuoua Lni. tial d.t at r.t bu ta on of the

ve Loc t;: over the douiaf.n there ex.Lsts a ao Lut.Lon of the Cos sd r-at

f'Low eqL.a'Gions vali.d for all tihle t ~ 0 and satisfJinL. the prescribed

condi tions on the bcund ar-y , F'urther; »te also :)resmne that there

is a ao Lu.tLon for wh.i ch the ?,e<inolds number R2 Ls such that E2.

.LS po s i t.Lv e and that thiS solution is e quf corrt.Lnuou s in x = (x:;yz)

for 8~1 t.
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n

bed

Then there ex.is ts a un: ... '..e.~ siablef .:Iex'iadie soLu.t.i on

-q{x\ t) OJ.. line Co s se r-at f'Low ~'lc ..-ations in D( 1I) wh i ch takes the

yreseri bed values on the boundary D(t)<-

Let q(xs t) be the velocity ve ctor f'Le Ld of the f'Low gt:..aranteed

bv one of the cond.itions of the theorell1 and \-6 thout any loss of~.
generali. is, Le t the pe r i od of the assitned boundary v a.Lues be one.

The sequence of vector functions

(n = 1 f 2, ••. )

is bounded and eqcicontinu.ous :i.n x. Hence by Arzela's theorem [5J
thi.s sequence contains 8. subsequence wh.i ch converges un.i.f ortn.Ly to

a continuous vector function 'X(X-) in the domain D( t) e He shall

see that the entire sequence q(x$n) converges to A(x). If thJ.s .i s

no t true, there "'!~11 be 2l'.other subsequence convertinL uni f'o rinl.y

to the oorrtmuous vector f1~11ctj.onE(x) .::let

and let ill) n , The vector Lnctj.on <i' (x , t) is a sol·:._-'0ianof the

Cosserat flow e quati ons and satisfies the prescribed boundary

cond i tions. Let the kinetic energy of the flow q(x, t) be

(3.2)

From the defintiions of q(x, t) and ql (x~t) and a condition as sumed

in' the be gi.nn.i.nj, of the present section both .tile. above f'Lo ws are

S1)C~ that E which stands for f. is :)osi tive and from the dibe·;.~3'--~C:l
2-

in Section (2) it follows that

Where

T lq 1 (x, t) - qCx~t)j ~-'T(O)

T(O) = T t q' (x,C;) - ~(x,O))

ex}? C-tt) C 3 02)



40

d th' . " d d b b ..l. t A - ~" d 3 l J 2-an .~s lS DOlU1. e a ove 'v COilS \.Ian ., ~ - _. v. .
.30

On
putting t ;:;:n (3.3) vie see that

f 3 .'\ .4)

Allowing n to infini ty in (3.4) and takin!::, limi ts "'e Gee that

(7., ~)
\..././

The domain of integration in (3.4) and (3.5) is D(n) = D90).

11' v18 allow 1It9 n to infillj. ty through sequences of inte{~ers such

tha t ~ (x) ?B(X) and Tn (x) ~ A(i) vie see that (3.5) contz-ad.icis

the earlier ass1..-:.:mptionthat the vector f:.mc-~ionsACX) and B(x) are

different. Hence 'the assertion that the e:nii~ seq~.ence Q(x
9
n)

converges to the continuous function A(x). By an as sumpt.ion made

earlier there ex! sts then a f'Lo w Q*(X9 t) such that

Vieshall see that the solutio:n q*(x,t) is I)eriodic and stable.

By (3.3)

T { q*(x , t) - g.' ' eX, t») L cs. e xp (- t:t) (3.8)
whe r-e

(3· ..9 )

On putting t = 1 in (3.9) we ~et

(3. 10 )

1)" -~.
-~. 4.. .• u



•••

4t

= 0 (3.11)

since ().11)deti ncd in (3.9) tends to zero \oUlen n ,",?<lJ

\-/e co ncLude that

( 3 12',• - J

and the f'unctio n --q''(- (x, t) is »e r i odi c , Vie kn a \-J that

( --') 13'-' . )

Since are equi can tinuous f ve

have

(3.14)

and so

max q*(x~t)
t x)

(3.15)

Since -qCKJ t) _1.S l'eriodic 9 \8 see f'r-o.I the above that

-1- '.\
q\~1"'~) ( -.16)

Hence the Reyno I ds number-s R for tl1e flows are such that

(3.17)

Since f-2)O vie conclude; th[J.t the flow q*(x~t) is stable. The

aoove .rcsu'I t ~:s an ext.errs Lon of the result established for classical

fluids by -James SC:"'ln [6 J 811d for micropolar fluids by Lalr shuana



42

It must be noted however that the boundary conditions

:vrescri bee. must be coTIll) ati ble vJith a flow for wru ch ~)O . This

errta.i.Ls th8.t on the boundarv the urescri 'te d values are euf'f.i c I en t.Lv<I • oJ

low. \-1henthe a,ssj.eJled conditions on the boundary are ste.§..<tY.9

the theorem assures the existence of a unique, stablep time-

Lndependen t solution of the Cosserat flow equations 1 taking tlw

prescri bed boundary vanes. The corid i tion regarding the ext stence

for 311 time t ~ 0 of a solution corresponding to every continuous

ini ti~11 distribution is ma'thema ta cal.Ly stringent, though we required

this condi tioD only for those ini tial data for whi ch f >0 .

Consider the motion of incompressible Cosserat fhud over a

domain D bound b~yrigid wG,lls D. The k.inetic energy of the f'Low

is

T = t f p (q) 2

and on the bou..ndary we have

- -q = curl q = 0 (4 0\.t-;

From the momen tUJuba'l auce we can arrive at the eq1)ation- O~ P (-) 2),--, Cy - grad (p 1

" • = - q. + "2- . q

0+ - /'\ q. cu.rLqcurl -OJ q. curl curl curl -curl q
(4.3)

and hence by integration and use 0 f di vert,ence theorem vJe can

arri ve at t:ne equation
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In vi.ew of the Lnequal i t.ic s ([8]

~ (ou r-L q)2 '1 ~.~[<q)2

f (c-"rl cur-L Q) 2 >t- ~ f (q) 2
04"'

we find thClt

<iT L - I bo,u
dt- - rd'J-

This sube tarrtd a.Ll.j -2roves th8t the kinetic enerfi-Yof the flow

(1 + 80 C ) To
(4.7)

of a Cosserat fluid over a riLid container decreases faster thpn
-e d

the exponent.ial and th8,t the decay constant

I bO/'{l + 80 °0) (4.8)0<.::: -pdl-
is larger for Cosserat fluids th8n for the classical Navier-Stokes

fl\~J.ds. ~2heresult is all extension of a classical r-esul. t due to

J .Kampe de Per i,et [11] and R. Berkel' [12] and corres;)ondint:, Te sul ts

in ID':.cro',}olaI'f'Lu.i ds have been noticed by L~kshrual1aRao [1~9(13,.

---._. --- -
-" ... .-. . ..- .--. '--'" - ---- _..... ------. _.-_ .. __ .- .....•. " -- .~
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+*+*+*+

1 INTRODUCTION;!J, _

This DaTJer gives J. gU2.rCC'llteefor the e.xi stenc e and unique-

iJi th the diffeFential eo uatLon

ne s s of solutions of f'our+po i.r.t boundar-y value ~l~coblens 2,ssoci,:'1.ter1

"'111e1'e

(\\1)
~ "::+(:X:>d?dl)~It'dll\)

f(x,y,;v,w) is a ss umed

(1.1)
5to be continuous on a subset 0 f R ?

01 initial value pro b.l ems associ2.ted with (1.1) exists and ar e uni cue

and extend throughout a fixed subinterval of R.
In section 2, a monotonicity restriction of f, insures thOlG

the following tvlO-point boundary value problems

~ \ I V) -j- ( )( ; '-~, \J I, IJ II ~ ,!' )
(I' ) ~ J' /I} ( -y 1. J" -- k) V,d' ( ~11,)~ ( '\ _ \ ~. (' "'::::" A......._

" \1.1- I - h...\ d ~ 3 ) .>

(~\Jl . I }1

l~ ; \ ;) ) Ij ,i) \J j

( t 11 Ll-1
/ ) I

-------,~.,._" ....---- .....

~ ~ VI (:;(3):: ~3
~ ~ (l,.: 1)1..)

(1.4. )
l

- \
- I"ts

(1.5.)
l
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hcve c tmost one solution, 8.nd':Jith added hy-pothesis that solutions

solution to the tour-point boundary ~2lue problem is constructed.

Thi s is done by 'n:.tcl1ing I

Se c tLo n ~ l' nve s t l ."""''-''8_ ~', 1 ,=,c. L.,~. ccnd i tions unde r s oLut Lons

exist to the,)i.'oblems (1.2.), (1.~;.), (1.4.) and (1.5.) (i =,l,~:).
' 1 1 1 1

Length of i:iltervc~.l estimates for the existence and uni quenes s of

301 utions 0 f t,-JQ-point boundar-y value problems are derived.

In till s section vie ar e conc erneo with the cri teri.:l unde r

which solutions of (1.1) ,,1hich satisfy boundar-y conditions at lJoLlt

boundar-y va.l.ue problems. TheoreEl 2.1 displays the technique of

T 1:1(.), t.chi.ng I solutions of h'To-;ioint boundary vr.Lue p ro b.l.en to obtain

a ull.iquer.'lution of' four-poic'~ boundary pro b:·,ems.

THEOREl1 1 L i:. t: I '\.2.1.

1:[i th --:J \ <-. :;~ < J 3<-:'Xlf and sup 'lose t.ha.t

( L) For each there exist solutions of (1.2.), (1.3.), (l"/~.)1 1 . -'1
ill 8 R

and (1.5. )
1

(i ., i,2).
(ii) For each ill 8 11. and ea.ch t there ez i.s ts atmo s tone soLu-

tion of of theeach

~ (~ u~ ) ();
l \ i I \/,1\ I)
o ) 0

I' ,

dll({) ::r0)d,'I(jJ}\ .. (. )" ")d \
( », j I )~\
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Then there exists un oue solucLon of the ~Jroblem

~Iv ) = -t c )(, i'
~ (il2.) =-

r (,)m ')

I,,' i.!' lIlt)
'i , -f I 0

11:z . \:~ ( 1( j) ::-~J) J (-;,1 ~) -=- ~ t. (2. /.)

denote a solution of (1. 2?) wi t.h
'-'

l~\ )~,) ~ ~ I )
ProQ.,.f. Let

s ecorid derivative m a t 1 :: -x2• It Hill be fik'st s hown that

f' I (12 ) Tn )

()( /) )(l-l

is ::.11 ~Lncre2.si116f'unct Lc.n of E1 in the interval

By definition if Pl2; m) I q" ( 'fl,2J m1-)

it is claimed t.hvt cp/l ( Ii, r(i,~ ), Cf / I ( )1/

•
Fur t.hcr'mo 1'e,

To the contrary suppo se there exists an Y (- (;/, J)f L) such tha.t

,(11(, "')) rr;IJ(l,f'{i).) . (OjIC>' ) - Ilrh!,)'! . ) '1 • SHl c e l '}tr '- an Cl C( ,\I' i I'; I

fll.lJ.ctions, there exl. sts ,J. point J- ( (r. 1d) such that

are C():ntLlU01.1S

q: II (! .rn, ') • Hence Cf (') IYl J) and cpe I , V'" I )

tinct solutions of (2.1) wh.i ch is a cont.rada ct ion,

are -Cv[O di,s-

Since f (j" ft,,)

:::. Cf' ( J:.J, 1YI.l) and 1( >IL) IY}J-)':'" CP(IL, (Yl) there exists and (X i.J.)

such t.ha t cp' ( , ) YY\1,) -:::: c/ (') '(,"'I') • Thi s toe;ether 1..rith the above

claim implies that?' (~, =i ) -= cr'( J, fYI, ') for all x f (;/, ,\J
Thus Cf Ie '» ) i (Yl ') is a strictly Lnc r eas i.n , function of m,

-----.~-.---~--~--
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Let C/ ( x rn): ) ,

~I', ( " ...•"f r.)IY)) i 3 3. Stri. ctly decr~j3.sin:; function of
111 alone ill the interval

i s f~ r'un ct ton of malone

,,{hen 'FYI'l "r-f) \

I

\
G' I'and r an ge of is R it f'o l.l.ows tl'::.:~~.;

(rl ( ) l! ~ ') is.c:. strictly incl'easing continuous function of

alone 1,<r.i.th rai1:~e R. Similarly CP( j 1, • ) is a strictly

III

ing continuous f'un ct i.on of Ll 8.10ne wit h ran:~:e R. Therefore tte 28 e "':.:..

e]~ists a unique mo , +' , cp ! ( L, I Y),) \,sucn vil3.-c "

Let be so Lut.Lons of (l~ Ll-J (:,CJr}
G

and

(1••52) resp ecti vely. Then in 8. s.irui.Lc;r UB.y it C2D be conc Ludan

th::t; cr' ( . ) p') is em incr(~2:.sil1:Z f'un ctLori of

()( L) )\ '5 ] an d L') r") is '1 decreasing f'un t.fcn of r alone .L'

the interval ()., 1 Ill.../'")
':>1 ,

po such that Q'. ( ?I 3, Po! -=- "Y)' ( XI .. p.)) •

I~ -r ~\
Cl ' (-." ~ G-- "oj r '\ n ~ 1 "Y, ,re _:x z , .A : jalIH~ 'f " I "It)) = " "i \.) \ lor <''-..L A.

\ L' I " ) A II \ ( ';),I ,,1
; l...{ V' \..\st yo I[C i..t ()("! I Y)-,,» :::. e ( j.,. \c'" ') '+ \ \ ( 'f ). ; a'lL') ::' ,~ 1 '

d 1 - 1 'I! L: <r It" '.2.110. lL (" \'" ') _ D. ('1 \.c. '\ • If 8-" (-:f" fo ') =F Y' J" L, ,,)
-. \ ;,) 0 - 'J" ~ :,) r, )

then S- an d '-tl EJ.. reb:!O di 8 tinct solutions of (:::;.2)

alone in

• :ience 3.8 above there ex.i st s

whi.ch is d. contradiction. Thus '"j ( X \ - e ( J "> ~ :x ( ['X, :{.,-\
i \) -- .L) ..:._1

By de f'Lrri tion of
an d Y'l ( "J. I r~')

r}j \,)' Idefined by
--v I.
/I. Jct' (); (i"'")

er( Xj'Y'J)

J ( Y, fv )

c

X < -',( c. )(IY
\? -,j

, -;

, -~-.,- .~

l



(b, (X ') '-d (A I f'o Ll.o vrs -Chat t.he r'e exists .; C::. C ). J; -=r:.' '1 I -, J I) ,! L

I . ~ I

\'J..:> c:: C -'" 2- / ?J';,) and '"'/ (- (~"3: )-~) such that Cf> (d.) -::::cy (( D', ), (~) (r'

rJ and 2!? II , ) =- 't I( Y) , which aGain imply t.hat there ex.ist s f t- (r.:!) p)' tI:

I
!

.s-·

i .
-. --- ~ ',-

)
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is a solutio~ of (2.4).
To ec,:':'::~blishuni quenoss , Sl1DOSe(i.) ,~:.( .::~~ be solutions

of ( 2. 4) • Then If;. ( ..••I )

and S ~ (r) '( )
~ \I ( s')-::t \I(~),

- 1\
that ~' ("5)such

e. .~:~s .~~.:.

which is a contradiction to (ii). Thus uni quene ss is Gst2.blishc-:lQ.

In thi s section r esul. ts c.re established [:;ivin~ conditions for

the validity of. hyoo t.nes l s (i) in TheoreEl 2.1. Length of in::::'e2\[['.1

estimates for the existencep.nd uniqueness of solutions of tvlO-

:point boundar y value pro nl.erns are derived. v.fe ",;.;st1nn thrOl~ .1'10~,-t,:..;'_

f sa tLsf'Le s the Li')schitz condition

I + t> )\~\)Z \ )\J i )\I\J I") - t (:x ) '-d :l ) L"1-, V ~L) 'v\I2.. ') \ L. k o \ Lj \- I,,~1. \

-\- 'R \ \ Z I~ Z 2.. \ T ~ J Vi - \fJ -\kJ \N \ - \NJ, (8. 1)

Theorem 2.1. Let

arid suppose that there exi st.s .'2, constant N '> 0 such th"'t f is
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Then there ex.l t Lut.i r r r.s.: (1'-')so U J.ons 0, J...c~. , ~.,j. -;
" J. J. / and (1.5.)1.

(i = 1,2:).

Proof. The proof of ex.l stance of a solution of the bour:,(;;:2:'

value pr obl.em (1.~)2)' vn i be Given. SiJ,ular »r'oof's "fill es-ce,bJ.ish

existence of solutions of the other boundar-y va Lue problems. Let

Write <t( "~3 f oZ ') ~ cF (:( L+

:::::f ()L) eX ') t ((I ~- )' J.
~-+ (j..3 - y ';)) (1/( ) .I )cp \ '2)

12

Therefore

. 1-
~S - --X z, ) k. -t 0:" - J't, ) ~+

L'),

'l.

(x,< -A'L)
\ --' I'll,",

From wh.lch it can be observed that there ezists 0<
o such tha,t

I:

S:

II

T

]

1
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f-'ol101..'s1:l::·t..
'S- ..~;"t;

Since the solution of an ini ti ~~l·value ,)roiJle:'

such th.::.t

r:1- ( J\ '/ 0<. 1 = \..j
J =: 2 v~_

Thus cf ( ;.1 101,-.1 is a solution (Df (1. 32) •

Theorem

real cons t.ant s ~ l>

wher e

sati sfies a Lipschitz condition \<r1 th nos Ita ve- ~

and k.-:; Ct" el k-O ~ V t· J h (
'2_(~ 91

J 1 L ( . l{ana L, I.. L. J \ ) l-
'}. I

then there exi sts D. uni que solution of the boundary vr.Lue pl'oblc:,

Proof. The proof is an2~ogous ~s in

REFERENCES.---~...--.--.....-
1..!...

vulue ):1.'0 !)l81]S, Acadeuic Press, ;:'j e\'J Yorl; and London , 1968.
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*Renuka Ravindran and Phoolan Pr easd
Depar traen t of Al)l)lied Mathematics, Iridf.an Institute: of SCience,

Bangalore-560 012 "

One of the most commonand simpLe methods to study wave pro-

pagation in 8. continuum physical system is to linearise the

governing equatioYls and to derive the dispersion relation

f(a:>, 10 = 0 or co = Q (!y (1)

connecting the frequency co and the I,;ave number vector ~.

~'le can even vrrite the solution of the general initial or boundary

value problem by superposition of harmonic waves w lth GO .. and

k satisfying the dispersion relation (1). The phase mid group

veloci ties of the harmonic wave s is given by

vph v = grad QE. ( 2),
.~.

respectively, wher-e in the second expr ess.i.on the gradient of Q

is taken over the sp ace of t.be "',';avenumber vector. The phase
J .L

veloci ty r epr'eserrt s the veloci ty of an individual periodic

sinusoidal Waveperpendicular to the "\'!avecrest and the group

veloci ty r-ep re serrt s the energy propagat.Lcn veLoci,ty (Lighthill

(1965), Hayes (1970), Bhat.nagar (1978)). Therefore, it turns

out that the bulle of the wave moves "vi th the group velocity,

wlu.ch is, thel"efore, more Lrap or-t ant than the phase velocity.

The question ard scs , what does the phase velocity r epr esent ?

It represents the velocity of propo.:;o..tion of the individual

har'morri.c \'[0.'18S in a direction normal to the Have-crest. Does the

*Paper pr eserrt ed by Phoolan Pr-as ad;
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phase veloci ty give 2. measure of the signal propagation veloei ty ?

By s.i gna. p rop agat.Lon veloci'~J "l'le mean the 'nlocity '\tiith wrn cn

3. dd st.urbance , whi ch is initially non-zero only in a closed b01..inded

domain, spr-eads at subsequent tines. Since an arbitrary pcr-t.ur ba-

tion can be expressed as a superposition of harmonic wave s \dth

the help of the Fourier Lnt.e gr'aL t.heor eu , it appears that the

si&(1al pr opagat Lon velocity in the system can be obtained by taL:ing.

the maximumof the phase velocity vn. th respect to the components

of the VJ[,-ve'number. ~ve,shall show that the phase velocity does

not give even this Lnf'ormatLcn, Irif'ac t , for the surface '<Tater

,..r'Lwes, the l')112.sevelocity is bounded but the signal propagation v

velocity is infinite, a r esul t whi ch seems to be wrong at

first sight.

Let us consider the surface wat.e r wave s undar the action of

gr2.vit y as sum.tng the :mediumto be Lncomp re s si ble and as surai.ng

that the motion is tvlO dimensional. The motion of wat.cr is

governed 1J:- the equation

¢xx + ¢ yy = 0 , - CD < X -< m, -11<. y <. 0 (~))

",·ri th the bound.u-y conditions

rI~ e: dJ - 0 on y = 0I tt + '" T Y -
( 4)

and

o on y = -11 ( 5)

I'There ¢ is the velocity potential, tr the acceleration dueb

to gravity in the negative y direction and h the depth of the

:; undisturbed wate.r assumed to be constant. It is vJ811 known tI1o~t;

this system gives surface "Tater waves moving in the horizontal
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direction along the x-axn s , The linear ':~heol"Ygives the follm,Jin::;

dLspar-si.or :-cel··);'cion see tJhi;~h:C111(1974)

2co = gk tanh (kh) ( 6)

Therefore, the phase velocity satLsf'Les

=
2

( ~ )
g tanh (kh)

( 7)=
k

The right hand side of (7) is an even f'unctLo.i of Ie, decreases

monotoni.ca.l Ly as k varies from 0 to 00 and attains the

maxi.mumvalue gh at k = O. The phase velocity is bounded and

satisfies I Vphl <. f'ih •

Howevor , tile signal pr-opagation velocity of surface water

';Taves (a:s:sur,ling the mediura to be Lncorapre s si ble) is inLini t.e ,

This f'oLl.ows f'r om the fact that the irrotational motion of the

vvetter is governed by the Lap.Lace eql.:1tion in the variables

and y. J.':lerefol"e, if ';Te have 2. non-zero confined disturbance

on the sur f'ece of wato r , it uill af'f'ect the entire f'Low region

for all x and -11 L.. Y < o, VievTing this as an initial value pro-

b.Lern, ,;le note that en Lrrit l a.ll.y confined disturbanco on the sur-

face of wat.e r is felt every vrhcre in the f'Lowfield at. the S2.L.le

instant of tiLle. The d.is t.ur-bance ceases to bo confined and the

signal propagation velocity is infinite. 'I'hi.s is clearer from the

f'oLLowi.ngconsLderc+Lons , The function f(x, t) = f(x,}y = 0, t) ,

!ii1 the value of the velocity potential at the sur f'ace , satisfies

the pseudo-partial differenti8~ equation [Ravindran and P'ras ad

(1978) J
::, 'j'

.: ~ I:

. j,i
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fe;:, t) == 0 ( 8)g p

initial values in -chefon1

The Fourier t r ans f'or-m (wi t.h rcsne cf to x) f (~,t) 0 f the so 11.,1.-

tion. when foe::;;:)=- 0 is given by

wher e

r r--:---- j

s~_~L~J_~_5~~~~~~~)
J g ~ t.anh (hO

fl (~) is the Fourier transform of f1(x) •

is of COl!lI)ElCt support, the f'uric t.l.on fl (0, when ~

f (~,t.) (10)

If the f'unct.Lori

fl (x)

r eu.l.aced b'JT a comoLex var i abj e 'e -~, is ne cessar l l.v an entire ana l v-~ ~ .J . U _

ti c f'uncta on of') [ Hormande.r, (1964) J • Howeve r , if '.Je r epLr.c.

~ by -:5
(10) ,
1\
f( -j, t)

in the rest of the factors on t;lC ~:.i e:;ht hand side 0/

due to the presence of tho Lerra t anh (h -e, ) the f'un ct.ion
----.J

Em entire analytic f'un ct Lon of j • Corisequenis not

the suppor-t of f(x, t) Ls not bounded in for any va.l ue of

t ) O. The signal propogation velocity is, therefore, not

finitoli ~le concLude tllZ.'t the --,hase c:eloci ty is the velocity of

propagation of a periodic vlcX'IlG of a permanent f'orm and h2S no

rele,tion to the signal p rop ar.at.Lon velocity.

If '\"e talce the compr essrba Lf.t.y of the liquid into account,

\--Te expect a si gnal in wat.e r ,:1:;,V8S to t r aveI VIi t.h a finite speed.
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The governing equat ion of notion of the water for the veloci t~:/

potential cp is the wave ecuation

cttt - a2
( cp xx + rj y.) = 0 (

1 -r '\J.....L)

vlbere a is the snecd of sound in vIe:ter. Taldng the boundar-y

condi tions (4) and (5) we get the following dis-

persion l~elation for a harmonic wave propo.gatil1g along the x ...ax.l s ;

1-~2-=-::2j~2- tanh [ h r;«: ro%2] =

for 00
2 < a2 h:

2 (12)

0,

and

[ h
:1-(~:2-I·~a.2-)'-_lr2' j ~.

tanh If (UJ - ,'- J -

for 002> a2 k2 (13)

g

Howeve r , it is simpler to show the finiteness of the speed of

propagation from the theory of a hyper bold c equation applied to

(11) in ex ,yt) «space, The m.vtnemata.ce.L nr ol.Lemis to find the

solution of (11) in the semi-infini te domain t ~ 0 be twaen

the tVlo planes y = 0 and v = -h satisfying the homogeneous

boundary col:liltions (4) and (6) on the planes y = 0 and y = -h

respecti vely and the ini tial conditions prescribed at t = 0
',.

if o(x,y)

f 1(x,y) - '. -i. < y < 0

in -co < x <, co,
(14)

o
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1'ihen r-I... and'--r 0 are of coiap act support in x, say they

are non=zar-o only in Xl <. x < x2, then. the solution "l;Jill

also be non-zero only in the doriad n .•..,rhich is bounded by the.
characteristic pLanes of (11) passing through the lines X = Xl'

t = 0 e.nd:x::::: x2' t ::: 0_ These planes are x + at ::::Xl and

x - at = XC) respectively. Till s S110\1Sthat the surface v.T.'ltervTD.ves
'-'

propagating along the x-axi s in the plane y ::: 0 have 2. finite

sin:.:;al propagation veloci ty when conpr ess'ibili ty of water is in-

eluded. We cannot infer about it by ana'l.ys.i.ng the phase valoci ty

v 1-P 1

The motion of the f'Lui.d is governed by a hyp er-bo.Li,c partial

differential equation in the nhysLce.Lspace, L, e., (x , y, t) -space

but the surface vmve, even with t.he inclusion of the compressibi-

li ty, is governed by an operator whi.ch consists of the equat ion

(11) along I'litll the bra boundary condf,tions (4) and (5). This

leads to an operator equation in the pr opagatd on space which is

(x,~-space here.

For a hyper bo.Lf.c partial d.l f'f'er enti a'l. equation, the finj.te-

n8SS of the speed of propagation f'ol Lows iEnediately [ Courant

and Hl.Lbert (1962) .J. Conversely if the s tat.e of a phy sLca'L

system is char acter-i sed by n variables, if the motion of the

sys t.era is unl queLy deterrnined by the kncwl.euge of these varip,bles

at a given tine and if the signal propagation veloci ty is f'Lrrite ,

then it f'ol.Lows that the sy st.em is gover-ned by a hyperbolic

partial differential equation [Lax (1963) J. It is clear f r om

Lax's article that if the governing equation is not a hyperbolic



.58

par td a.L differential equation, then one of the tyro conditions must

necessarily break down, L, e. either 1) the si.gna.L propagation

val.o cdtv ':8 f'Lrrl t or 2) " ,'-','"1 "p the c'TcTp'" l' C' not urri quc.Ly de'!-er'-~ _. 1. i_ e L10 GlJJ... OJ.. v .•l ,Jj .~v 'h,l~' I-UJ _ ~ V

raf.ned by the knowl.edgc of the n=var Lab.Le'sat a'given time. Which

of these condi tions breaks down Dust be separately investigated in

each case.

In any system sustaining l,oJavepropagation and governed

by a differential or a more general operator e quet.Lon, \Vehave a

dispersion r eLat.Lon an d it is th.i s that 1-1e we vi.Ll, have to exp Lo.i t

in order to test if the signal propagation velocity is finite.

If the dispersion r eLat.Lon is a.Lgebr at c both in co and k -rid the

power of co is the same as tile degree of the polynonual relation,

eauations r John. 1..--.then follovring the usual theory of hyperbolic

(1977) .I :» can show that t:le signal prop agatLon velocity is fini te

if the Gardin.:!;condi t.Lons is s;'l,tisfied. Fo l.Lowi.ng the same proce-
mr i I" I • T-.... '1C. e, 1,1e can S1101:J t nac l_ 'ene dispersion r'eLa'ti.on is algebraic in

co , but not necessarily in k ( , , ,as In tine cas e of surface wo ter

VT8.Ves),then the s.i gna.l, pr opagatd.on velocity Iv'lil be finite p r-ov.l ded

a Gar'dLng-rt yp e condi tion is s at.Lsf'Le d for conp Lex

ILl CD == 0 ( Still Dare complicated is the case+ 1).

when the dispersion r eLr.t.Lon is not algebraic in co (as in the ca se

of surface \'w.teruB.ves wi t.h comp re sstbf.Ll t.y) , An. analysis of this

woul.d be r'eward.l.ng,

]
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in the study of sta bili i.:.y, bcunde dne ss and various . other qEali-

tative p rop erta e s of so.l.u t.i ons of differenti~.l and L1te~;l'a.l eq'....12.-

tions (cf. [6,9]). Therefore, t.he deveLonment of such in-

aqua.Lf ties needs no rur ther explanation. Th~ basic ineqEality

is prominent in thi s direction is the f'o l l.owi ng

•

Let f( t) and g( t)

on 0 <. t < T, for vru ch the Lne qua I'i ty--- ""-

f( t) <;--
t.i g(s) f(s) ds , t l. rO,T]

°
1j +

holds) ':There 1j ~ 0 is a cons Lant , Then

fe t) <c, T)-
t

S g(3) cls
o •

Due to vor.i -v-i t e- uo t i vac Lon s 'l" riear: ncnl i -."""r'\ ••.•••-, •••.•••••....".:1 r'l~s cr ece.{. " ..L!. -LU Lt..:) .•.1.1, •..•..•II c.'. L __ ..•.~:i -L l.it:..!<.t , .1. U .LL J....!.I:':c!...l. ::.:tllU.. •.. ...L:.:J 1. ...•:..1

GeneralizE!. tions 0 f t.hi.s Lemna have been obt.a.i ned anr. used cons.i >

c1erCl.bly in v arLo us contexts ,-. .',"Cne:':'Cl~l)'J

"'t· 1t . ., 1 (" ,o l8 Jes l111:;8gl'a,3 HI1lCn no t hold in ::;ene1'al).doe s j,lso in

a few ~eneralization3 have been obtained and are used to study

\":~!-~.
;_. -:,
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ll~.-

in s

..., \
J.~) <

t:J.e st,O"L-)ility pr oper t.Le s of SOl1.1ticDS of meesur e differential

r~o\'T we :~'resent ana l ojue s of thi s Lemma for a cLas s of

distributions. We as sume s cme elementary concepts of analysis

and elistri but Lon theory [1 J and gble the f'o.LLowi.ngauxiliary

r e sult wlri ch is cruc i.a.Lty employed in p r ovdng our main results.

Let f and g be t'\>10real-val ueclfun.ctions on the real

line R such that both ~are of bounded variation on every compact

subinterval of defines ('1 d.istribution and theThen fg
derivative of fg in the sense of distributions is equal to the

locally summa nLe f'unc t.i on (fG) I given by

flex) c;(x) + f(x) g'(x) for almost 8.11 x,

That is

D(fg) = (Df) g + f(Dg) ,

wher e 'D' denotes the derivative of .-:;f'un ct.Lon in the sense of

di stri butions.

TfIEOREH., ~.

Let y( t) and u( t) be nonne gatLve f'un ctd.ons of bounded

variation -~iith liC t) increasing and k( L) be 2, nonnegative Lnt.e -

grable f'unct.i.on ".Ji th respect to ue t) on o < t <; T, for which-- -...
the ineq uali ty

y( t) ~ ~ +
tS i« s) y( s) dui x) ,

o
o<t <T- -



62

holds, where ~ ~ ° is a constant , Then

y( t) ~ ~ ,[:- +
t

j k( s) [ e~
o

t
j k( 11) due 11), J due s) ,1
s

for 0 <: t < T•••...... -
Novr-we gcncr a'l Lz e Theorem 2 in the following vJay.

Let y( t.) , f( t) and u( t) be f'un ct.Lons of bounded varia-

t.Lori, wi t.h u( t) increasing an d k( t.) be a nonnegative f'unct i.on

integrable wi t.h respect to uCt) over 0 $ t ~ T. Further let

the 1nequality
t

y( t) ~ f( t) + J, k(s) yes) du(s) ,

o
t 8 [O,T]

hold. Then
t

y( t) ~ f( t) + 1k( s) f( s)
o

t
[ exp ( j le( ''l) due T,) ) ) J due s) ,

o

for .::11 t 8 (0 ~T] •

It is interesting to note that if vie suppose u is ",bsolu-

tely can t.Lnuo us on l0, TJ ,,;,here u ' (t), whi.c h exists a. e. is

nonnegative or in par t.l cul.ar' u(t):: t , our r-e su.l t s re(uce to many

celebrated ineC!1J.2Iities of this tyPe (cr, [2-5, 10 J ).
Consid.er the C'..ifferential equation

Dx = F( t ,x) Du (1)

u
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wher-e the Euclidean n+sp., co ,'R' n~ ,
u ; lO,m) __ ;> R is a right cont.Lnuo us £\mction of bo uride d

v8.I'iation on compact subsets of lO,oo) arid .'.JJJU cieliO'~eSG~18u.J..~;-

tri butiona:l der Lv3.tive of the f'unct.i.on u, Here D'L'. 'tJill be iclen-

tifiedvJi t.h Stieltjes measure end vrill have the effect of inst;L:"-

taneously charig i.ng the state of the sy scem at the discontinuities

of 11.

Let S be an open C0l1...n ect.ed set in Rl1 and I be an

interval wi, t.h l,eft end )oint t > 0.o /'
is said to be a solution of (1) through

A f'unct i.on x(.) = x(.,to'xo)

(to'xo) on the interval,

8 BV(I,ro, x(to) = XoI if xt , ) is right continuous function

and the distributional deri vati ve of xC.). on (to'c() for any ar bi, tr-

ary c( 8 I S2.tisfies (1). ASSl.lli'18that for each ~(.) 8 BVCI, S) ,

F( t, x( t) )is intec:;rable with respect to the Lebesgue-Stieltjes

measures duo Then~ as in [7 J ,x(.) is a. solution of (1)

J = [ to' to + b J if' '::l1.donl.y if satisfiesthrough

the integral equation

xC t)

t

xo + J
to

F( s , xC s) due s) ( 2)

for t 9 J.

Now? as an ClD!)lication to our r eaul.t.s vie shall prove the

uniqueness of solution of (1) under the aSS1.1BI)tionthat B' is

L" ," t "In SCl1l -Zlan. Let, if possible, xC t) arid y( t) be b.·TO solutions
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Let Z( t) ::: \ x( t) - y( t) I
t

Z(t) ~ L J
to

wher e v
u

is the total

• Clearly and from (2)

Z(8) dv (s),uv!e see that

va,riation f'un c t.l on of u, and L is the Li~)schitz constant. liO'i'!

'I'heor em 2 ",-i bhJ.. ll....' WJ.. J .••.•• and K - L? conro Lo t.e s the n.roo r.

Details and n ro of's of the above three theorems, as we Ll, as

fur ther re sul t s, wi.Ll, app ear in

Finally, I wcul.d like to express my deep gratitude to

Professor P. Suryanarayanc: for his advnce and interest.

This wor-k is dedicated to my parents Smt , 7. Satyavathi and

(late) Sri V.Seshagiri Rao.
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PI :FF'Efl.1illil~AL l~'T~C"gALITIES _="Nl2. Sp:rGtJL.!~R PERTl[11!3-7i';l:'IOSpnOj3LEJ'1$.

Departmen'

+*+*+*+

ABSTR..i~CT•, .
This article dc.vLs with s Lngu.Lar-Ly perturbed linear,. quasi-

linear boundar-y an d ini ti8.1 va Lue pro bl.ei.is for vector second c.:'ld

first order ordinary dl.f'f'er errt.l a.L eeuqa t.i ona, It also' cous.i.ders

sinc;ular p er t.ur bata on pr'o bl.eus for systems of partial di f'f'e.r errta a.L

equa tions of ellip ti c and par aboLi.c ty;}e. !Nakr.ng use of the theory

of differential inequali ties, estimates for solution or/and its

derivatives are obtained.

1•. I}}Jroduction+

The present article is a.i med at do s cr-pf.ng our vror k on the

use of differential inequali ties in the discussion of certain as-ie ct s

of solutions of singularly perturbed linear, quasi-linear and n011-

Li ncar boundar-y =nd ini tial vaLue pro bl.ems for vector second r.nd

first order ordinary clifferenti2.1 equat.i ons (ODEs) arid systems of

p2.rtial differential equations (PDEs) of elliTcic c!.n.d p::-T:',l;olic

type.

,,-------~-------.--
+Throughout this paper ",Te shall use the no t.a tLori f :

f is defined by z.
g to mean

*P2per presented by D.TI.Srivastava
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The article is divided into bwo parts. Part ,,1 contains r e -

SlU ts conccrrd.ng sing~llarly perturbed Ld.near , ruasi-linear and norr-

Linear boundar-y and Lmtia.l 'value problems for vector seconcl ~'~,I1Cl f'Lr _..

first order ODEs. In part B, we consider singular perturbation pro- _

belms for systems of PDEs of elliptic and nar-aboLi.c types. In the

f'o.Ll.o wl.rig vre are concerned 01.:.1y1'.1.tn weakl.y coupled systems [I,
p.189 J . Infact, in part ..1, 'IJeffocus our attention to the f011m-[-

ing boundar-y and ini t.LaL value problems.

I. Linear Boundary Value Problems.

(1.1) If I?~: z: C !ie" + 0:', (t) It; ~-:S~(te) ~JJ ::.1Jtl, t ED; ca.,' b) ;
.1 j := 1- LJ L == i( i) N ,

1R, ~" ~ (~,J<t) \ or (,~,~(a) \) (Jy I~Ja) ,-f,\1" ~(a~ ",(~.[I"
l \JJ~)) \ '<ftC-h) l ~Jb) ) go)

where E. '> 0 is a small parameter-, U ('II I) and acr = {f j ~\I ' ';J 2t1'-l

'prime t denotes di.t't'er entd at.Lon 'With respect to It:· •

II. ~uasi-finear Boundar-yValue Pr-cbl.ems ,

I -1-'1' No . _ C' r t'l ,II . , . : ~~' ( I- " ) _ "," ff ) I,',
Ji.'l. - c '1 1(/\' (t U c)l/ -- L .> , l"H t: if- .:::: Il~ .,4,,;':-,,1 T ~J),o t. L I ,) I ,JL 1 "J- " .~;)

(r,2) 1 l r \ ' ," d =: i

RL!~:::((tea») uI(lJt{U)) -=(Ai,C6)\ ., i(:1)N.t ,)!J(') 'j:(./y)~ 8,· (FJ)

III. l'Jonlinear Boundary Value Problems.

.-l- --'(1
L (,. u ,

(1.3)
Al.\ \ " \

" l:: iH)i\:6

3' I;1 ' .
t I

/
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Linear Lru ti2.1 V21ue Problems •

r ,. U:i..-L ; i -l-- .) I (2/'" \ ( 'Y I J- E'J' ! r: "r, i-:if. .1 C\ \..L r E ~J + ,)t... (!:~/ ,..{-=-1 \, /., ) T. c 1)( 1. 4) '" ,J, (]

Li, ((:( E ') :::: J\ I';;:: ') Li i / '-~t £)" - (3 (' E)' ,a / J . '- '- .' ) .f,,".J. _ ...I • •

H
V • Nonlinedr Ini tial Ihl'lP. PrcbleEls.

I cjXL

(1. 5)~ d {~
I. J,
!'i:.c-ctA·, 'Q,' .', r ,« .). ,/,:"
! ,~=)); ( +, :r L, . " "X. u U c) YJ. l ,.{/ E, ==.)d' (E) ,\, ,/i l: l' ~ - '-'V) (r i J • <:» o f'1 '), - .
'-.. '., d- :-:: ,:1.(i) I~l, + E-' 1) I-

In partB, 'vTe tre'at bhe follovIing elliptic and parabolic p.robLems,

VI.

?{ (I -y .' ./ i ~T.1 '''''-1.:'' r •• > ): N , 7) 1,) , , , ') H (,-1 ", e ) J

'L - -1 ("1 '\ "i '. i-. 'D
- - .i. ) 1';1 LC"J

-A (e"l
t , <: .1 ..J L

I,i,
u
r
"~
t:
I

1
". ~.
it
Ii'
if
i

:t:. (rt/E)

If;
(1.6) U

Linear Elliptic Boundary Value Problems.
1-:' .:.., p p _, 'I",

L{: -:::. t 4 I-{~i{. -+- ~lrU,:= Ti (X) ') .:t 6- IJ cR'-\' J

D being a bounded domain, B ~ 0,
1<; '/) II (') Q l\ )

, G L ,.X. z: 6i (J:) 7 :c, E-- O.v (the boundary of D ,

wher-e

\ e'ZJ IA.

I
i P, 'Lt:

(1.7)< is.

!'L'U. _IU-l -:

N2 Q. u,
• 4 ~1'.1
l = .; "

f) -

N
-= '~I::{: u .

,£--1 lJ J
J :.::1,

)'" ~ -U./,\/) .,

, .
) l = 1(i) N,

II. , ~1'0"LA ~.(!'./. "XL_,-k t - ~ (j 1<:
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:\'1I. Linear Parabolic Boundar-y Value Problems.

f) P G" ~ foOLwher-o 1.1 and ('.2., are given by (1.7), "'Ip,', ~~ (0/ 'fll x'D, J) ( '1<

being a bounded domain, is the parabolic domain [2] ,R:p. is -eh,:;

.pez'aboj.Lo boundary and is a part of the boundary (0 ,-.l X~) rt\
/..J ,- ;.i)

is the outer normal derivative •
VIII. NonLf.naar- Elliptic Boundary Value Pr obf.ems ,

The boundar-y vnlue :')rob.l ems (1.1) - (1.3) do not appear to

have been studied using the theory of df.t'f'e, ential inequalities,

aLthough the sca.l ar' ByP has been treated extensively in the li tera-

t.ur e, For example, Dorr , Parter and Shampine (3J obtained

results (estimates) for solutions of linear, quasi-linear and non-

linear t.wo noi rrt scalar bouncar y value problems for second order ODE:::;

r...

I

(
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, . f chby maxi.n g use 0 "G. e maXiL1Ul1.1principle. We extend a few results of

[3 J froL~ sca'l.ar to vector'<':'oblems 2.n0. a.l.so obt.rd.n some new

results. Chang [4J has obt.ai.ned , using some other methods, results

on the limiting behaviour of solution and its deri v;,ti vo of the ve c-co:?

\:' V 'c. BVP:
",

S th(}
(1.1l)

8'(E)1-' )

:f':' ( t; t;, E)"
I ~/ , ')

0<

wher-e is a suall parameter, (j f' 0( ~
'0.1;> ')I~f > 0 are ri-df.mensLona.L

vector functions, .•."..is an n x n matrix function. Habets [5 J
also considered the BVP:

r E I;J-l'+ f (+.
~ - \fl, E) 0, 0 < 1:<- i )I

(1.12) 1'&(0) - ~ (F:) ) ~:f(:~t)
().. / .- -
~J ( t ). /

wher e
~ ~ ph 0 /' t L::. ED<, ., --." ~ ;;

and proved the exLsterc e of solution obt e.Lrun.; its form by the use

of Schcmder 1 s theorem under appropriate ?ssumptions.

probleEis via the max.unumprinciple but oril.y authors Li.l;e Howes [9,10,1

and Harrri s [12] expLo L ted the t.heor y of differential inequali ties

in the st udy of such problems. Subt'unct Lons and solutions of

ciifferenticd LncquaLa ties have been used in their ana'Lysds in deal-

ing with exi stence 2nd properties of solutions of second order non-

linear ODEs. It is only af't.c r going through thi sarti cle carefully

bhat one should be able to find the difference 1:B tween the work

of Howes and Harris and that of ours.
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2S author-s I kno"i;[lec12;e~~oes, it appears that much ;_~.tte:~-

tion has :.:;t been devoted t :o:"::::tel:1s(1.1) - (L3) vri.t.h the bOlm(~_,,,:::;

condi tions (BGs)

(1.1~)

f' . \
i.i" (' r, \ \

{
'i1 "J;

'j t . ~

\ .' I ., )u' I\.~ i\t1l .. f!

. '\ "i r«, \,
! -;

::: I \, II ,.:...:.. ' J
. i.j L
\ /

a.nd

( 1.14)
/\L (~l) -- t
\ u.' (.h)
\ t1l .

'\.

\( Crt) \
)

/ Ai \
I ,....,)
', Iji.

::it i.) I'J

In fact, exp.li.ci t estimtltes for solutions 2..Ed. their deriv8th~Ds of

the above ment Loried problems 3TG1 not given in the Li, t.e r at.ure (usiQ-c;

the theory of differential Lne qua.Ll ties) even in the case of ,).

single di fferential equation. life shall see in the f'o l.Lowing aneLysi s

t.hat cleri v;~ti ve of solutions of these problems f'eacure non-urn fOl~;,~

behaviour a s 2. f'unctd on of the Lndeienderrt var Lab.l.e and the snail

p ar amet.er app ear i.ng there where as solutions tnemso Lves do not ,

Here li e s:~he diffe:cence bet"Joe:'l the BVP s O£':~:18 first kind. whe r-e

solution itself shows non urrlf'orm be ho vl.our arid the BVPs of the

second and third kLnd whcrc the non-um rorrnt.tv occurs only in tile

deriv;;.tive of solutions. Consl derrrt Loris on the BVPs (1.1) -(1.:':';)

wiLh the boun dar y condi tions (1.14) have been moti vat ed by lJhy~)ic2.1

p ro bl.ems arising in the field of chemica.l, engi .eering. Se-eoro.l

auLhor s h+ve df.scus sed thes'8 ::Jrobler..is and ~,fenent i.on in par t.Lcu.Lar

,-'lld fu.rther re :C'erences given t.heze .

considers these

t.yp cs of wor ks, 1/e, in the follov!ing ana.l y s.is, discuss t.hese ty-,)e;-; o~·

,,:'1 vat.Lves of the BliPs (Ll) - (1.3) with the Be,.:; (1.13) and (l.l:~J.

of p ro hl.ems and 0 'otaill. :<. priori bOUDC.S fO~SOl utions and their Q(::I'i-

I', "
t j.f

rJE

n ;..
t1

(

i
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Th6Se r osu.l ts ;-1-1'eentirely new in the liteI':"ture and O.1'ecleri78d by

making use of the theory of ~_fferential iner~~lities.

Heins t.ei.n 2J1d Srn:Lth [i5 J , USLlg co;,lpn.rison techniques,

es t.Lm at.es for solution of the IVP

the assuLl;:)tion that the parameter E sa t.i. sfie S the ove rdaro i ng

conelition

(1.15)

'l;[e, in the present article, obtain sf.miLar r-es'ul.ts for the IVP (1.4)

not only by an entirely different al)pro.:J.chbut al so "In.t.nout as sum-

of ing the ove r dampi.ng condi tion (1.15)

The norili.near IVP (1.5) 11<::'.5 been treC\.ted by Happensteadt [lG]

and VDsileva [171 .by using some other mo thods , Halting use of

the matched asymptotic expansions, 01Malley G-S] discussed the

r.; properties of solutions of the IVP (1.5) in the case '1tTheni = j = 1.

1 From the standard theory of fir st-order differential inequ.ali tes

,EOvles [20J deduced the enstence :-.~nd the asymptotic

behaviour of solution of the TVP for scalar first order ODEs. 1~e

here , using the theory of differential inequali ties [2l dis-,
cuss the IVP (1.5) through estim2.tes of its solution.

V3.nHarten [2l,22J has considered the Bvp: s (1.6) and

.o.L (1.9) in the case when N = 1. Supposing t.hnt a formal approxiElation

'l-

) .

Z to tho solution 'll of the BVP(1.6) or (1.9) (N = 1) is given

such that the differentiC'.l eauetiol1 and the Be are satisfied uptb
~

the order }C(E)::::: c{1Y in some nOTI1,he has shm.v.1t.hat unde.r

cer t.u.n condLt.Lo ns the difference between the exact s·")lution and

Lhe f'or maL ~.p:Clroxi mat.Lcn C8.11 be made s111al1. His proofs are based

~-~-.--
o OJ'let 0 ;Z~+Ct}td.. ,~t,-, Q.Yl..-dctLt 6Yc.i,)_:'!L .~m t..()l~.

.••....------------------------_. __ ._----
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On the generalised maxtmum o r.i nc Lo.Lefor Lf ne ar and nonlinear

ellip ti c C;tl'~'.tions and 8. corrtr : Ct.iO~~lp r-incip Le dn a sui table Banach

space. ~ie) in the part B of this article, consider the vector

BVPs (1.6) - (1.10) and obt.a.i.n s.i.nrl Lar r esu.l t s ,

The urrique feature of thi s article is the uniformity in

a~proach in the discussion of the above problecs~

At this st age , it may be proper to meritLon tha.t the d.iscus s.ion

on singular perturbation Droblens for systems of PDEs of elliptic

tipe described in par t B has been accepted for publico.tion in the

.Jourrv-L of Hatherilatical A.nalysi:s and A)plicatioris • .Also, a par t of

3.;

( :

(

(

the material of part A has been subnut ted for publication else'v~J.c·u" (

The rest of the nr eserrt article, when excanded suitably, wi.Ll be

publi shed el sevner e,

In. order to save c ~ce n~a' ~l'~e . e ~l.~esent hlere o.n'y.,p cs: i:.'l~ L, iu , 'iT, . _ _..L.

.? p~Lr:-INARIES

In t.h.i s section 'de state (wit.hout proof) a f'ew f'undame nt.aI

in the rest of the sections. The basic ideas 1ilvolved in provine

seems to be slightly di

from that ::;iven there.

"',f, should be able to see the d.i.f'fe r ence bet.we en tile test I'unct Lou
.' ':1

!

::'.:

'! i~~T';
;-. "

! ,,!-.;,';

.!:\,;j,

introduced her e and t.he f'un ct.Lon 2." pear Lrig in the c;ener2.1ized Yil2.JCl-

... ,.', ', .. ', ",-.:_I:; J.c. J
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nach I' . 0ass UnB t.na '''; •

.'ri-IEOH.El;LJ.l..Cons.i clc-;r the nonlinear elliptic vector BVP (1.9) and

~8r,li:; In the case of the ncn.Li.ne ar parabolic mrp (1.10) the above

;:CW. theorem is still valid but wi, t.h (iii) replaced by the condition bhat

;sion

le

-(~:..' (~.!

,1 s, ~
_L~. v~

ino~ ,~th respect to n ~.T _rl D.~~~l·X INt l'l~ D [2 D ~O~±-\•••... - .". .- - v~ '-l _. , ,c. '-' .:»

T' . . ft· . , 1l' t .. . .l- ,. t •rn s , 1D ac, 1S 'crie e~-,_1::lC1L,y concn ca.cn ,

(ii) K (X·/lt) {),qJ
j t L

is monc tone decreasing with respect to U_;:i

L -' ~ =- i (:L) N (quasi~monotoni c i ty condition) ,

(iii) there ez i st s a vector f'uncti.on 'IJ _ (~~ ,'1<t.,) , known as
c- .,' U i <j , • • / v ("

a test function, such that

. .) r rUl..' ( X') > 0 Q1I\ 'DI 1Yt' E U :(2.1 I ' .' , I

I({L'it + e '&J - Pc 1t > 0 , L ~ 1(1.) rJ I C -r> z: (c», '''., cl}'\J ), J ~
1 for all c: c- 1~+ (the set of all positive r ea.l, numbers),

lfor all LA.JUt E- U J Z = ~(1..)'r'.j.

Then the following LinpLa cation (2.2) is true for all

'f?} <-

ff~i x.) c>h. 'f)-- ./
'LL: ('X) ~ U· ( X)•... 1)1. '

there exists a vector function V-(,..,~ .,~)
- ui',.·'? VN

, kno ..•.m as a test

i - fllL'1ction, such that
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--1)" ~ 1)i ( ~ z ) > 0 OY1 Gl : ::: G1pU f~t.))lJLEU : -::C(lt].,!,.) /1

~ CU. -T C 'V] - f? L\ "/ C, Rr [L{ + LV- J - Rt It > 0~ t..

~~ (

l = -(l'1-) (\j") C C":" I~ I I l~,n/oj'jC

\N.

If Ive consider the Li.nea.r BVPs(1.6) and (1.8) the conditions

(i) and (ii) of theorem 2.1 ar e identical vii th the following condi-

tions:

(i)

(ii)

for f'Lxe d t , the matrix vri th elements e ~-kt

and positive definite ',lith respect to -k. and ,-t
is s ymmet.ri C

,
~ 0 ) ,j 1= L ) L"J ~ ~(i) N.

THEOREM 2.2. Let be a solution of the B\'P

(1.2) and assv~e that

(i)

(ii)

(2.4)

f? ' (-t I 'dJ E) ~ 0) ,J iLlLA "
there exists a vector fllllction 1.,. - (') i' ,'")<t ), known asv - -;» -1 '). > .:/ uN

a test function, such that

(rJq,'(..J...) "<. ()IVi ~L -: v.,

[r&-<.o/
Y; ::- CJ\ "II» n c: ( ]) iTY

e,\ ).. CD) n C':1.( D ) )

> 0 I L =: -L(i) N.I

where

rv
p ( ) :
L

N-,1R/T, 'ff/::) ( )J J

J-=:tJ

~
L -i(1-)N.

t:

(
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T~en/ fyO, r al~ X::: (Xl ~.".")X N ) ? ~::: (tJ ~ ")( t 7 '!) ~ tV )J
X't..' ~. L::- , l :;-:1..(1.) f"j ,

the f'ol Lowi.ng impli cafton is t:c'ue.
~ ,-..,.. ~~

/9 X L.. 9 II ~ 'f? 7Y F}; ~ ~~n, II L [)..y l =- ~-,-(.:i) N.)" f, ,f rl. u" \....a - Kt a '- ,,~L .- - j

~ .~

~i. l-t) .G.

..
L = ':t('1.) N .

To 3ive an idea as to ho~ the 1roof of theorem 2.1 goes about~

....se consider the simpler case defined by the problem
,'- , III Pu : - - 'U -+ 0(-1:) 1(1 -+ t~(t) '11", C it) J

( 2. 7) 1 . (A ) .1< L,t " :: ( 'U (G) \ -= I • . .
'2<.(0)) l B

In other words v1e shall Drove the follovTing st2tement. Assuming

that there exi st s a t'un ct.Lon such that

( 2. 8) 'LT (-f) '/ 6 o.n D j

',~e have for all

(2.9)

Sup;')osing that the j_mylication. (2. £l) is not true for the BVP

(2.7). Then there exists.J. pOi:lt ,t:Lt:: 'D
'u( t 1- ') - t/J (t:r.) '/ 0 '

such that

Xo :::)'>\0. ~ leu «:- W"( OJ /1)-( t:-!] E- 1\-+ ,
tE-J) . t

Cl jx::{Yl ~
and hence ~n~ e:x..\....;.;~ l i --to /'\u.(h,.f::}fC\.c

"f GX'o'lJ ( to) - u(to) LO ( to), to E-- J))

LGXo 't1 (t) ) U(+) - U-"r( t) ()Yl :D /

Let I,

""

'j
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That is, c,(,_ Y1- -H + t,U--
'-' a t t ai ns absol uteI:linimlUl1 at

Therefore,

[ «, 'tJ-- '"it -+ LdJ I( ,to") = 0,

Further at

- -- lIe )r I t<;,..,,- . - _

L rv ("\u., -i- Lu .,- J,t J t,v\c V J.. ~ •.•

we have

o <, c( Pv-
D

Q (to) C «. 19- -+ U~~---VJ i (to) -+ -t7(1~;) [(;<D:-04- + clt -'UJ (
-:;0 .

I t is a contradiction and hence the claim.

Frau the above discussion, 1,-Ie under st and that it is enough

that c{ (-t) and ,0-(i-) appe ar t.ng in (2.7) need exist but not

necessarily cOltinuous and bo underi, Here lies the difference bet-

ween the c;enerali sed maxi.mun principle Cl 1 and the re sul, t proved

here.

We now Give test i'unc ta ons for 30[,1eof the BVPs (1.1) -(1.10)

-Ll!;,-:-:~ersui t:b.l.o condi t.Lon s,

(A) Consider the BVP (1. 1) vith the corid.i tions ({t: (c() ~ 4/ (A;-Y) 11
'- L J,,' t: _

prescribed, and ClSSlJJ:lethat

(the set of all :;:'eal number-s)d

The test function is Given by

(I. "

(:

(

T
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( B)

rr
Consider the BVP (l.l) vlith the cond'i tions (~~(O)} \1[ (h))

p~~scribed and assume that

Then a test function1J:: .('.-ct.,-,<1-. )i)' . ,? LJN

is sufficiently soall, is

for

given by
C1.

1Ji. (t) -:= Ex p[- k ( t - 0)] 6H 1; I -k ~ R+? i' ~ '-f ii) I".J •

(C) Consider the parabolic Bv~ (1.8) and ass~une that

L ::: 1{i) N ~

Then a test function is given by

In this part '1;]econsider singularly perturbed linear, quasi-

Li.ncar and nonLi.near boundary and tnt t i.e.L v:-.>lueproblelils (1.1) -(1. 5).

Based on the theorems of the previous section we now give estimates

and 2.sym~)totic benav i.our of solution or/and its deriv,,-,,tive of the

sb~.ted problems. The results ar e :Ziven in the form of theorems.

-•..------~------------ ----_.. .- ... ----.



THEOREH 3.1. Consider the BVP (1.2) and let ~ (+) ::::~(t)E) cr~

78

In the f'o.l.Lowi.ng ana Lysi s,

are constants indenendent of

3. BOllil.dal"YVolue Prqble1llil.

be its solution. Further aSSUiJethet .'•

(L) c:(iltt lj-;c) ~ -~o -<-0,
N

(ii) ~ Rt< (L:) y/ £) ~ a E- R )
d z, i 1.1

(iii) t.. > 0
LL)

where l ::~ -1 ('i) N:

Then ve have for 0 Z f .::;

small,

c ,1-There\..-1 is sufficiently

(3.1) I Lt,L' (t,,~) I {. L -1 .~i'l Cl X .. f t /t -(E) 1 .) p). (E) I] -t-
.;f, 1- J:: j..(-ij r"j t- J J

f'"'l t. II"rlloo / au ")t E J) } L= i (i) f\J,

where

Ij'Y 1ltA; ·

It should be noted that the e rt Lmat.e (3.1) is true for both the

B.V.P s (1.2).

THEORElI 3.2.

( 1. 2) ,·n th

Let tg-( t) -:::l' (c" £) be a solution of the BVP

~LE) := 0, L=-:L( L) I\) • Further as sune that
r-J t

(l ~L) If (3 ,( t·, ~ j E) I ~ (3 e 1< J. I~J 0J=:"i .

~ -6 z C ,(iV) Ai (co) =- 0 ~

f:- (t.L'" 0)

(ii) :x' ({- u. C'. '\
t.- .. j (f./ C .)

\There L - i ('1) N •

ThE

smc

(3,

wh

(3

ar

r

c

i

I
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Then "Fe have for c; «::: .of is sufi'iciell.tlj

small, the follovrin8 results. :hth (\{~c'n) \1IL,{Y))~

cri bed, vie have

I 'if.' J. r) I ~ C' 'hl6 X \' r;,. i;,; )/-11C-x' /., 11' ., .(' (.h .-t)J'? C fl -1
(

::. 2) I v , I I. c;: . , . ,1~. , \. t:., , 0 , -' ••...J «: .
L' ! \. 'j - J :.:0 ::L( i': f'J' d -' . r' L ,-; )

t ED) L - .J[ -:.L) r --J .J

vThereas with (It (Ct) , H.:I (.A~) ) 'T' prescribed, vIe have

( 3.3) \ U. {J... f \)( < (2' Et/6 ) L ':t~c~t~('1 1{~llei(£) ('J b;< (-.(--0 {),_-t)j';;, c.k"} -'
r.) t . t I - I J .. "- - J ~ \..' .

.t e- j), ~.z, 1. ( L') ,\1 )

and

Using tho t.heor emsSs L and 3.2 one Gall.',)l'ove '1.:;110 fol10v,>in3

resul t s, The following result has been proved in [3J

BVP(1.1) wi.t h Dirichlet1s Bels under the assur:tptiol1. that the

coefficient of deC)endent variable is non-posa ti ve; .an another

important point to be observed here is bhat i.e give resultts fOl' 2.11

BVPs (1.1).

... -.- -.- ..------_ •.. _-------
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THEORE< 3.3. Let ld -::.(tAt .• ,· ( .) itL~)
BVP (1.1). Fur t.her assume th,:!c'c:

be the solution of the

(l·) (; I..+- I <" !; d *" "(~. (r.; --=:;: ': c· (quctsi-Enno-conicj.ty conc~ition) ,II·X . . - -
~ .. . r

(i t.) /)' {~; (i t )( ':=':; ,/:; (- R T 'l (LL-i ) !;(L (i-) ~ -0 Z 0)
. '''---1 ' .' 0 .
,j 'o.;::,. _1.. (..d

wher e I~. i ==- :1(1) N ,.
,-'

Let 7A.:.:. i u , 'J' ") ?t,'V')
J
c:', " L.... /,,1
I LA I//Vl} -- . l » •

!.,./t:- .~

s; I

J
~ rJ. (t·) I J: (t-) - ~ f:.' { t) u: (t) .:-:Y

L
, (-t)"\.l . v\. L J L. r: -,

• L' (](3.5) . d =.1.. dL 1(i ((i / - A L J i: -1 ( 1-) /\J "

be the solution of the following IVP

(3 ••5) such that

Then we h2ve,

with (LJi(6), lJ'2 ct~))'r
( 3 .6) J \rn.\. U. ( t-. E) -=i.{· (t· ')

E _.::;0 + ,11. . '" I. /

and v.d.th (\h (0) , u! ( ).5) ) 'T'
•.. '0' L· ".

prescribed

t.,'\:. ) L ::: :1 (1..) rJ •

or

prescribed

(3.7) l·· l t i: r: .. )(Y{\. if:. r t j c:
E--'1o+···\.

- "'11. (1.J.) L. :i ;<...._.':: t: ~)~ ~- -I r , )' f'J
- !,A..,C \. L. 1 -'.- . ~o.~ - - \. - .J

and

( , I, ) 1 t ! I' .•••..j? + /' /....r L z; -, t -! ') (\ I(3.8) L ['1ft.· I.J. (.J... c.- _ I. I'r J c··, Z . <-.... /'" ••••..•.\. .- / . ' •• 'a L) c - .....-t....t \.. '- ~., ---
E '70+ "(. -

I'he conclusions (3.6) - (3.8) are made after finding appropr Lat;e

estima.tes for I' LL [t ) r (t" I(it. /t -fAi. ) or/and I q! (·t c) --H: ('.f: ) I ,
(! L / '- . L··.-•

L :;; -1 [1 ) N .

..-.~

w:
B

(
i·

v

i
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In the theorem,

When ,....,t, (t'-" " r
J\ i .. ) /;/ ()

BVP (1.1), VIe can

'> 0 Q11d
/'

n~ri ('1h1 e t s PCs' ar e nr e s cro hr:::c'l t'o,':"hpv__- ;,.J.1_ L.J.J ~ ( .." .•_ "" 1 u __-'- .-,J '........ ...L ..J- lJ .•.._ oJ

( :3.9) l..''i}'\,

E 7C)-t-

-: , . / + 1
ulL \ c j

i.

IJhere is the solution of the follO\ril'<~( U '.1..: : •.. ?;

I' Ii)'!'A 100 ~t'erl;lina.l value probleL1 (3.10) vi t.h
1".1r ~L ( t) 'LL/ (+) ~2:, (? ( 1-) '7..1J (-[) =- '( ( t-) )

J
I d :::-1 l.l '

(3.10) . '-J
,-, 'I '\ r-' . I (A,) i( I - l v:::;. .I ••..• • L _1_, -> / •

.•.• "t.. "./ L.,_)

For other BCs IIi t.h , ve are not able to con-

tJ ~~r-:
I Ld j L

valid.

c.. ,~l
t:
(j

thing. ~:lhel1the coeffi cients (X.' ~I. ./
depend also

the
.'"

results (3.6) - (3.9) "Jill still be

fies

TEEOREH !lse'l'1no;-t'1",J- ,,11 t.he-~ ...; ·~J.""'l .L 0. I..J Cl.-1- V.l conditions of except3. <!:.

the qrt.:.'.sirJol1otor.d..city condi tion

(." .... )...t. .'
( 3.•ll) t>. " -(

i ( ,IJ

,,' '. /-..'.., (-f .' ,,,
_L'._.!..--)''.J,* L

spti s f'Le d, Then also the conc Lus i.ons (3.G) - (3.8) are valid

for the BVP (1 .•1) .•

To 01~)tc'''']·.1.-: +}"G result s stat.ed ~'" + hi c: "-11e· 0 .•..•ern one has to in-,.•.:..•.• _ .•. v.l _ •..J .•••..••• 1.,,-, ,Uf .. ~~J.-' ..L._-,- ,-'._ .•.._ •..., '-'_ •.•.. __ ,..... r.;.l.,:) OJ

very pop ul.ar and therefore 'de ur gc the reader to note it care-
n -, 1l1.:L.L_y.

r-r
consider the BVP (1.1) vrith(\ji:((I), ~~()))) IFor
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Set

I ~,+- -- f!, ' I f ~ :;..0, and '0 I

(3.12) lt; =: C!. - il,t .l= il L ) IV.
Then the required auxi Lt ar y p ro b.l.cm is defined by

("'--

i /\. />. /,,-f
P v : c {':!l 't I 1 .A I n"li <:::::::"""i r ,'-',-f- -'\ ' - ,/\ '-..,

, t1 • - <, *. + {~L(r; ~J-- I -<, '1'/ _. / !-< "~ (> '~.' i
I., '.' , ( if: i' l L-, I -', l f., - -r', . . " i i

: " - L/ tfl LA CJ+N jJ ::= 1. c :1' I)

d -j.i

ot he.rwl, se,

(3.13)
, :::

·-f('t\ -tt--n
l r , -~,'

t, (+) f (::'.D ;I ' . / \.. .

uhere /',

~~N ) ,
~ - -1 (-1.) (1)0,
l.,..... - - -. J:::J I.

It cc1J1 be see;'1 readily 'chait the above s vscem is cua s i-unono t.one ," --
is a .soLut.Lon of the BVP (1.1) w.i t.h BCs

then

solution of the B'ilP(3.13).

t hi, s sequence VIe f'Lna.l.Ly i5iv e results for nont.t near t.wo

;,Joint 13VPs (1.3) by making use of t.heor-ern 2.1. Us.i n; sub-f'unct ion s

for solutions.
c11

1.1 Il'\ <,\'1" " ,,)) 1/.)
" ;:.,t ' J

obtained e s t.Lrna t es

case wheriill the

..i.

(

is e.
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arid.

THEOREi'1 ~).5. Consider nonlinear tHO point BVPs (1. )

a s sumo > 0.nt s 5

. '1 fi"iJ, ) At I '.1 d ~ J - '. ' -
L..1."J " J z. J ' L'~ l

( .• lr::) fr
' (-t' " I )..).;:) . ,y, " . " >/' . ,tj. -'-'

L !:/ 1) "UjV L I, .
/1_ " i , 'X I)' ~; I '.' •\'[",'A,~",:»j)·,·,l. ?'". .. ~:.L.- ,) N.I .

crith (
I J ' " ' ' ) \ T'

'-d~ L0) : Hi (·b ) pres cri bed,

or

.nd kLj

prescribed

- uii t)- :"'L\i_;
»

r"., (~I'Y: \c'" . -- A· I:.L l/,?

C'
~.I

\
( r-, )

~, Y.c' ';. -, J.i. L :J 'f 1 ,I -.J )::> C/ :;;-- -L !, I "'.J , t...

L ' i / t t- r: ., 'U,~(,-1..,1) "(3 16) ('h'\ \..;"~,Lie / -
• _ '" .. (, l ,.. • I

E -1'-' + '
whece as wi, t.h

(3.18) ~('f>\
'::--10+

~,Ihere L' (' ! Ia-:::. (J.1 -~.. I' , :)

8'1 utions of the B'vrp

Then VTe hElve,

Ifq (<,i- f- U' f:,)
',i f ~ i}; \

( 3. 1 7) L l!'VA

s -jt +
and

(t i i t ;;:")::;::,-'lt~. (' J. '/',1, ',j - 'L L, ,
" t

Y "\. .
('l)

(1.3)

and t » .),t ..'l •..,;)UN

and the f'o'Ll.ovzl.ng rvrp

t -- ~.(.1) !'I .•~

a
L - .~1 /j ) f I_ ..L.\ _, / ,\l "

are

(].19) respectively.

-1 ('. -.f ) r )___ .J-., ,\i ;.
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The same ona.Lys i s can be car r Lod out .in the case when

In the present section »ie: 0 bt3.in results for the IVPs (1.•')

and (1.5). The 8.) uro ach £:.,ie:·1 :Cor the I VP (1. 4) is entirely differ-

ent f'r-orn t.hat of and [28] •
T}IEO?~':14.1. Consider the IVP (1.4) and as sune that

arid ) •.(.t '.::)' "> I~ > 0u }'- '/'" .'C c • Then \iTe have '

'U(t) a. .: ·t L:. 0 "
= 'Ul(-t) a <t ~ .& .(-t-CX) J

whe r o ~ are sol LJ.ti011s of the I VP s

r-e sp e c t.l ve Ly,

(4.3)
{

J.~ (r) L{t + c; Ct) 'u

V (a):= A{o) y Lt,L,&·,/(':

cl,(t)) CI <-t~ ~ &,
h tt) E) ::::bcJ-f:) -+ ()(E).J ere,

THEOHEIYI4.2. AssurJe bhat all t.he conditions of theorem 4.] .

except the quasimonotonicity cond.i tion i. e., ('(if E) L 0 are sstis-

f'Led , (/. 1) c.> ,},1 (/1 .• -::::)" ........• ..l... '_'.1. \.....l. _ '-_ are va Li, d.Then 2.180 the r-e s ul t s

To obtain the r'esult s «:.1) and (Ii:. 2) in theorem 4.1, one can

make use of r e su.Lt.s available in [2 J by reducing the second

order equation in (1.4) into s system of first ord~r equations, and

for t.heo r'em 4.2 8.1'J. auxf.Ll e.ry »r-o bl em 2~S Ln tr-oduce d in (3.13) can be

made use of. JUSO, using modi.f'Led version of theorems available

in section 12 of [2l.-'
"II" have "-'l1e follo~;ri 1-, r' re sul ts f'o r t.ho~'.v _ v --' \J, • _ \oJ -L J. -'-0 • l.I •.J ~L.. J ~ ..•.

I VP (1. OJ•
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THEOREtl4.3.

and

C:Ol_utd Ill! s o -f the I 'Tn ~ (1[:",) ':> ~,,;; (11 /1) (L':::;)_ __~__ ~ ___ v.r;:, ~. '--' aLd_ ":.'=', ct. '--' •

(4.4)
. '" \.

'\ ~ i r: i-= n, {1..Jj !. •... -,' .•."

i := ~C-i)N,

(4. 5) ~9-. (t· X .. X·. \/ \I \/ (,\-d . J . 1.;; • • .....1 ..• !\J:; r 1-. 'J l'iv'~" 1, ·'1'1") .' /
o y j.::: ilL) ('1 c

Further assume th3.t:

Hl. lJ..£ (1: j X; y, s) ::: u~ t+. X I' Y 0.) -1- () (E )

') '1. (....1.. X \i -z: -J' - '1..<;" L' t )< Y c] +{)(E) )vJ l..) '-/ 1/ L. - J- I/'I v -

\

L· - --I (' -I') r\]
._ ' -1..'. -'- ! I ")

". -1 (. 1 .....""1d :::= -,--.~,/I.)

H2.

H3. there exists a vector f'un ct.Lori Y::: (0.:, ,.. J Y/'-1), satisfy-

ing (4.5) such that after subst.i tuting t.hi.s ;1 the 1"e5u1 tin:; non-

Li near IVP defined by (4.1:::) has a unique solution ){·=(X1".o1,.)X,,-1)

on D and that

(4.6) l-~'( -t) X; Y +X- ;) E) - 'L~i+. X-' X E) -< -

J: -= (7l~~") X) ) X' ( t, E) ) 0 )-f-;:: )0 .
"and

H4. that for some constantt "> 0
(l{:I,.( +, X +'ilf' j Y +It . E;l --- 'Lti (+; X-, }~ f) ~ 1.[llr -+ xJ .J~ ~ . . . ~

( !~.7) \ '. - . r-, IL'4;-> i: ('\+i"' ') • I , ') '1,p) , 1ft Lt.; f.) .). 0/ L c::::i{ i') J \J .r

(4. 8) ~~i(~I X'-tlV~ Y; E') -- ~GJ(-c.J X) ~ f) :S.t '1f--) j == :i(i) M,

-_._--_ _--

J
•l:'
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Then we have

. 'YrJ(i. -a.)
(4.9) \ 'X i(~E) - Xdt)( ~ 'E N b Q +

"'.N ,)hal(. Iq . r',;:) ._\/ /,-,) I (t::/11 (t- :A) 1::-;- k (t-o )/ ~ l(. 7' I 1:'-d ." r i "...·v - c, J"
d ~1(i) N I diE- ]) ~:::;'i (i) N J iI

(4.10) l~,(t/e)- YJ-(C)I -S E f'vlx' em(i-Q)+..;~}~t1q~ IH'(f)-)!;(~!)(Er)(t
j {,.... <... '-15 {::.i(J7M ~ d·

T :r~1o.~ 1/}(~)~\j;(o)1 e-f~(I:-o.)/€ -t-f-l> 1-::: ui: 1"1.J ::1.(:1.) N a o '? j <1

In other words,

(4.11) Ll.(h~ :Xi ( t.' ~) - Xi.. (-r)) Q L.. -c ~ A." '.{-1 (i) N.»

C 70 +

( iL '12) Ll 'VYl LA· (tiE):.:. ~ .'~ d
E --=;0+ '

\1, (t)'111. ,( .

Maki.rig use of theorem 2.1, 1,I}'eobtain estimates -for solutions

o;C the BVPs (1.6) and (1.9).

Coris t ant s G L i l := J..:; :~, r :» appearing in the present and the

fo.Ll.c w.l.ng section are incle:penclent of the »ar ame t e i- £. •

TIIEOREH S.l. Consider the linear elliptic BlIP (1.6) and a ssume.

that

(i) ~ 0 )
( quasi -rnono torn ci ty cond.l tLon)

I '

''i.a,
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(i t) there ex i s t s a ve c to r f'un c t Lori 1.,1"" -' ii'" 1"';"- )-' - ( '1?" ') -'-"j'i

E-:- \) : -~; G 2. OJ () C (Ii ) ;;the. t I,": ( ,.\
'<., ~ ~.)\. / on-) ,"lj

hi i!j't
:l ",,-' L ::::: .i t, iN'-'- ~---, - .

Then 'liTe have

( 5.1) Ir: I' (..i- ",'\ (
I C,,·- L l_ l ; '-. i

,
L::. (!l~::..i\If II -~Ii (flit J,

p-t
•... .~)

Ilf Ii (utol

,.~ ,:J1J,.p
X G-,:~D

T1-IEOREl'1 £5.2. Assume th::J.t all tile conditions of t.heo r...em 5.1

J" C" .• .•
S3, C·J.S ilea. Further let be a f'o.rmaL ap)roximation to thez

solution uf the BVP (1.6) such t.hat

( c; n\
'-'a G) p (u- 2) -=-17

t

whe r e 111r-\\

D.nd
!\ tl

Ci
)

Then vie have

order

If system (1.6) .i s not qua si E10 notone , ,,\Ie5.3.

introduce an auxi.Li.ar y pro bleLl c'lefined as in (5.5) beLovr and as sume /

that there exists a vector I'un cti on {). _ (;/\, :,~, ,) SUCil t:la.t ;'~!I~ -. '_\.1,...·'" " r- , hJ"}/ /.::.)/' ':i
'1

'II
')1

'!
~

CV\ u
> r,

v' .,

I

,:i
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Further lot Z .. ' be a formal aD~)roxirilation to the solution 'U., of

the BVP (l. 6) and satisfy~' , (5.2).

'"
.:

(5.4)
(
i

\
f,
I
I
I

\
I

I
I,

(5.5) ./."
'-.

j

f
l

I
I
I
I
I
I
)
I
I
I

r
f

I
'-

Ill{ - 2.11
/\ A .'

R ii : (r .'. L. .:::: f "(I, ,
~' - AL(,..

,,-\-- /""

+ (,YL,,f') 'U(} + r~

1.'

n l ,.,A

+ (L) u, _
.. ..1, ""'L l 1,1.('k. T ')1'\

,
,.,. z; 1) L=·.(c ' )

/'. f ".' \'7.1 i. {.J'-j

, -. - ,

-1( ;L)I~ Jj- ct'- (·;,-1
,/ L t. .r-. j

THEOREt·f 5. Ii. Consider the BVP (1.9) and 2.SSl...U118 t.ha t the

implication (2 .•2) is true for tile BVP,1.9). Fur-t.he r a s sume tr12t:

<J P I 7: ---\- =: ) f.) 2, ' .••.. j~ I1 I--r i I( i) for 82.811 L- ( ·-4 l I -: i ,.Lto !\ ~ <- '- .,I

f\ -+-
i< is"), nonneg(;,tive constant vector1:Tl1ere

is 0. formal apJroximation to tl,e so.l.uta on U of mip (1.9)

:~

SiC

(

(
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-.there I\ri~ ,!iI' - r: i: I : \ ')
. -- I ' " : ,~ I

'J 1,'- , 'I

TheIl

X'" .-, C' (' :,! \
I (f):::: Tn a X 0.j 0 : <

THEOREl'l 6.1. Cons.i de r the Li.ne ar par abo l.Lc BVP (1. C)::nd

(i) E k all
. d

f

~ A '* L ,

(ii) there exi st s :::.ve cto r I'unct.i.on

-
/"':'VI r::.;,__., t. U I

?- R rt\ it) ~
/ .....• <, C L t ( i ) r~,--, '--f - ,/ -- IJ '" L .(".~....; ,

lu" 1,.1.. ·-Y
1.. ~ l J ~I../

1.:here II fll ·

I
/I j-iI :

G1
J
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and N ~,
~ l If ~(i', J( ) 1"'" ( ~
~-j: "f.-..I ,...,J

'L =!

)' P 'i11~ 1\

·f ::::(+:L)···.,

THEOHEH6.2. Assume t.hat ,1"11the conditions of t.heor em 6.1 are

satisfied. Further let Z be a formal 2JDroximation to the solu-

1v-l'01l. Li: f' , B m (1 )- - o: "Cne vr- .8 srch that
(, ..., .

( 1--:: I Lt - L)' ::: <t :
\ Ll , ~L
I

"iI ., ,
I I (~ (U -. Z / /S L
L

(6.2)

-' f ,Ai /' Il -. _1.\..1.-) V,
")

Where ,. -' )1 !
\"- .

1/ ...."(/.111
\ ! r-= /' /:'\/ ) ·f \

(.1 (() (<.') -== c , '1 )Ii c; 1\ (• , L.

Then vie have

(63) Ilt,tI.
• ! 'L . J ~.) 2 (.j-. ./-) I

t. - L" ~./.A/ C

THEORm·i6.3. Coris i de r the linear BVP (1.8) and a ssume that

( L) .. { i--I- (\ . , ,
I ,$ t ' {

d
" ."'\ '... .-1' (--1 \ J\j

--c ..L/

. (ii) -t· .c.. l L.

Let be a f'o r-ma.L approximation to t he solution 'f 1 of the"'~

BlIP (1.8) 2J.'1dsat i.s f'y (6.2). Then the r esu.lt (6.3) is vaLf d,

The E: bove t.heor era cr.n be proved by introducing an a1J...'CilL=u:'7

problem as in (5.5) since the quas.Lmcno tont ct t.y condat i.on is not

as sumod here.
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th.:::.t t~le im,)li Ci'lCiOD(2. Q) is t rue for' U1e }WP(1.10).

assUfi1e that~ :

for eJ.chCixed i,( L)

j::/J-'y~"'" FI,
'1;·.. ,L;,..··;L-.~WI· ;')

, j -)3
r Ii... -..,r: l / ..(..'\. .

~
Z: ;.__.;

,I.-I

;:.. )(
_'('(' .1 "\ t',,1,
"...,.......,_~I J •• o)

(ii) for each fLJ?cl i ,
(,

L -1 /-: )-. N
_\._ ...J

I
r} '-)~ .> 0 is a vector

\vhere

run ctd on whose conoonent.s are ';osi tive and frmctions of I t I

Z is a formal 2,))proxima,tion to the solution '1(. of the BVP

(1,,10) sat i, sfytng

('iL Gi /:-

ct 1 1\/,~. '-0 :Hl.) N J

I' I' /' .' r )1,. )
I X II' r t t r. (~)f /~) ,! ~==t...· \ '-.-' \.....~.~

,.(--{ .)
::::;:..l/t '--E "

'-and

Then 'vIe have -
r"'-i'L G')

/

.
L .-

vrher e )c.(E) }" (':'\' < I r- II)A(.l X ("; <' ' ,...,- J '-" / \.....,. .0
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CONCLUSIONS

[

The present article deals vri. th problems related to finite

domains. Since results are available Ll t11ec11eo17 of di ifel.'endal
(r
L'

ineq ua l ; ti es cor r espondar.g to :Lnfini te domains , it should

be possible to extend. some of the results of the present paper to

infini te domains. Al " , b t.hwh.iLe vi t" l."so, 1"G lTI9.Y e wor CD.,VDl e r.nve s 1 G;p.·t..lng other

types of boundor-y conditions than the ones discussed here. 'I'ur ni n f;

point problems for scalar second order ODEs are discussed in [;]')

r
l

and Naki.ng use of our appr-oach, it should be po ssLb.l,e to•
discuss t.urrri ng po i rrt problems for vector differenti.-,l equations.

Hyperboli c sy st ems could be :mother ar ea for app.l.Lcat i.on of our

ideas.
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N.B.3adrinar~'-vcm and A.A.Kav8..ride
-0p-""y·t-'-ne1\ of F.-,t1:lC''-; ') tl' ':,s....L.'-'" _" eN..!.. .1..' .•_c.;;. .•. --J ..• c", '.. ' ~

Regional Oo:1.,1.'_;geof Educ~-~i!)n,
-M~T30re-570 006. (India)

the :,ta..iili ty bel1aviotu' of a e oLut.Lon

~ system o~ n firG~ orclc:L' ordin8~'Y differential e quat i.on s

-, --'-aue vJ /J, ".....• ~:~.~ (101- ,v11'10 introduced the o ouce p t.s --
L ..••

s taJili t:/ i asyliipto tic s tabili ty and instr3.oili ty • Hi s se co nd

the study of sta,ili ty )roper ties
-'-'0-'_ a L-iven solution. ,I

."ii
!!

without the }<:noviledL8of the actual solutions of the Liven systen.
i1'

He used ce r t.e.in 8uxiallary f}.;;_l1ctions for this 2lur~'oses, and the~ ,I

f'unc t.i on e h2ve co..re to be known as Lyapunov rU_i1ctions for

determining the s t.a oi l i ty behav i.our .

A.A.Markov Q-lJ and H. Whitney [13J indel}endently observed

th8t tIle familiar of cu rve r=c an be studied c:'llalitati veLy as one-

ti8.l equation 13arbashin [1) introduced the no ti'JD of a gClleral

of transformation of

Kayande and LaJesruilikanthaJD. 5 have used ve oto r= Lyapunov i\mctio:.:::

to study conditional, s tari Li.ty and boundc dne e s of a General

dyn~nical 8~steu on a loca11J compact separable metric space.

*Presented -'oy Dr, A. A.Kayande
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The conce p t.s of r-eLat i vc s t a oi L. ty discussed in Bhatia and

discussed in [j1
di s cur.se d in 13J .

Other uta ui 11 ty properties are ~~sa

LeeL.' ~ 1have d.i scr..

.
necessary and suf'f i.o.i en t co nd:'. tions for s ta o.i Li -» of d.i.f'f'e re n t:i 1

sy s t.eias in terJs of diL.'erel1ti-,l in eQualities.

sy s t.ern (L.d.s.) in a 10C211~r COL.)~Ct f3e)aTablr: ue t.r-i c s.\ace E

as a tuo j:·ar':-,;J.etcr fr:dily of tr2nsfol!.!lations of E Llto A (E )
the 2et of all subsets of E, and obtains the existence ,f a

Lyapunov f'un c t Lo n defined on L O? 00 ') X A ( E) if re'18rsi-

-Dilty of the g.,L~:;. is a.s sur-ed , For this purpose the cOl1.·e)ts of

strict .ind asym}?totic stabili ty of an Lnvar i an t set i.'i 'th res:;:;ect

to a dod.s. are introduced and sufficient conditions in terds of

a Ly apuno v t'unc t i on defined em Lo) 00) xA (r;) is on ta ine d

It is to oe noted t~J.at ev enth ough such a de:l.'inition of a LykCJUIl:JV

function is uiost natural ill ViE",,;of the fact t. at a g.d.G. is

de:·'ine d in E in to A(E) ~ .in the li ter~'ture av a i L [:018 'J L;yapl1I10V

functions az e defined on [s; )60)X l:::- li:.,;;',374,(3,12ilU

Thus a LY?PUllOV:i:"Lmction in .i. ts natural se tting is 0bt.a.i.ne d , The

c once pt was introduced by Kay ande JOintly in [7).
Gection 21 defining the co..I.ce t of r-evc r sio.i Lj ty

OI a g.d.s. staJility nor an .inv ar i. 211t Get A with reS]8ct to a

t.d.~_. and thr,; strict an.l a:.oy ..i_,totic s ta oi L. ty are L~ltr()duced.

These are [i venin teruls of Hau s do rf'f .aet r.i c in ACE). Also certain

c l as se s of inono t.on i c functions (con~.3idered by Hahn ~] o..nd Hoed in

the literature on s t ab i Li ty of ordinary d if'f'e r-ent i a'L e qu.at i.orrs and
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In ;3ection 3 co.apari.s on theoredS are introduced 8.:ndsuL~icicnt

condi tins for ata.b.iLi.ty of 2),. inva.r1ant set A w.i. th res~)ect to

a g. d 0 so in teLii3 of LyaIJUIlOV f'unc t i.one defined on

are obtained.

In Sectiorl. 4 .. cot.ip ar i eon tcch.,iques arc used and sufficient
II
il
ij
Ii
'i

conditioJ:is~ iclvolvi:lg the etr Li. t;y of a scalar differential

s qua.t i.on 811d the e x.is Lerrce o:,' ,) Lyapunov f'unc td o:n for the s taui Lt ty

In Se ct.i on 5 converse the 0 re.as on the . -'-exi s cence of Lyapui.o v

f'un ct i.one for a reversi. ole dynami caL svstem
v

(r.d.s.) are

derived.

In Sectj.o:{). 6 the conce pt 0 f condi tions illVari8J1cy [6J of a

set B vi t] res.;.~ect to A in a L.d.s. in E and definitions of

stability of a condi tional j.Jl'\Tcriant set B '-lith refi:!ec-[:, to A

are Ln tr-odu.ced , Suf'f i ci en t coud i,tions for e tao.i Li ty of co nd i tiona1

are traced.

invariant set B v,ith re~:=)ect to .in a {;~.d.s .. ill terms of 1ya-:;UllOv

function are )l'OveiL Alf30 cO.iNer$theoreQs ill some form for a r.eLs.

In Section 7 c()r~ditiona1 st8uilty of a coumac t set A \·jith

to a g.d.s. are de! d and 8.. general compaz-I son te chru que

involving a vector 1;yelTlmov and the notion of qu ae i.«

»iono toni cLt~ 9 (wh i ch is develo.:ed in t.he section) is used to
prove the sufficiency conditions for

fer [oet IVI.

In Section 8 t\olO converse the ore.ns for the exis t.ence of a

vector 1yapwlOv f'unc t.i.orr, in a r. d. s, are ~.ll'OVed.



100

L t T t +' > 0 /' J. c:_ t>:~,e _ d.8110 e "ne hall-line =- c

in a Lo ca.I.L; compact Se~)8TCJJJ.e .uetr i o soace E defined as f ol Lowa .

and
l. -r
\. 0 E. ..:.. there is a defined a( .i ) f 0 r c- ch o E- 1=.' \ 0 '

set \-(+,UsJPo)C.fHt')

and A (t;) the se t of all subsets ()b E ..
('I',) FC cll~!:Q~R.)") -= ~rc>S f.:-'."" c-J-t. (rO,,90) &'IX Eo, CVy.d.
(fii) for any PI E- r- C t) t;,) r» ) there .i s defined the

such that \= Ct, to J')~)::U r= (f,\,)q)
~ ~. \= (t.-., b3) ~u ') ••,

for all J- '. t' I- c- T
'-..~I . 0::> ""0 '--

set

is cal Led a motion

whi l.e the set defined in (1) is called tl1e trajectory of this

For any "'~ f: A ( E)

With this notation,the: )To])ertles (ij.) and (iii) of a g.d.s.

can De wri tten as

(i v) T=- (f 0 to 'f.- 0) ::::X o ') t:,~E- \" ~ X D ~ ,A ( E )
I >

(iil) 1= C f) ll? 1- (+ \) c'u,'f·()}) -= r= (+) G;)Xo) for all

t /;t4 )J l:Q ,

in b is a « . d. s. in E such thC),t the ]ro~)crty (iii,' is a.Leo

S 2 't i sfie d vfhen In garticu12r~ therefore

",!e have

(
i I ...J ')F . \6, r 0 ) /. 0

I '

,
}
, .
" ~}i,""
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-- r: t]~ C \
" 'i R +, L t~ -.,-

L...- \ ---" ., and V E- f 0.'~ each { I

. '-J .•..
,I

(iii)C .) A f'unc t.i on t - cr ({ ) )( ) f k* if I.-
I

q' (- ( [t'l I~+ P-rJ 3l1d (j- e- I~ for each l ( !
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.~.-

. )

a
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ThUSfor a r .d e S •
,

I' ,.: V•...... ./ .•.••,

The \i,!ord reversible~ in the oo.n te xt , is seii'·-expl311atoryc

is called (Jositively)

invariant w it h r-eape c t to a god.s. in E if

for all

In the sequel sit is convenient to u se the classes of

monotoni c functions introduced by Hahn [4]
:Defini_tion J2_...1 ~

(i) A f'unc t i on f
the cl as s 0:]-' co .tmuous

nuch that r ((,)= o

and t( I)} -) 60

(ii) A f'un ct i on cr: :::

s strictly L10notonic increasing in JL

as )( -o CO

<:)( ;'/ E: L
strictly monotonic decreasint in s and 0- (I) -:)0 as /:' -) 00

(iV)C""") A remotion 0- c: er(t) ;,) c. C if
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\!'c mcnti on be Low a lev, -,.'.30£1.1.1 resEl ts Oil JOnOLOnlC f'unc vi o .. 1S

(i) If b ~ I~
(i .i ) If (:P E- I<-)f;

, \

tr1.( n

and o/I (:-k*
ax,d.b (- J<.(iii)

i I' t:.,J / '\ /' L(iv) .-s-f. Land t c( 1<.. imply !? I, () ) ( ..•

If d is thE ~etric in E, for any tHO sets
let

. ?d (C; (») a (:- ~'1"
l" . ) ~ ) -

h / nl, (.,. 1-) •,', './jand
,I.)'.' (f) I~l)C\ , ....)

"

:-:".

wh ere f

d ( "\ 'L /i"1, \-1) !J·,c If (./ ,,/ ;; () I.> () ..J

Then the Hausdorff di s tar.l.ceoe tvee:n A and B is defined -t;f) be

ct }- (fi, fJ))

--r (fYi c'J
....::--, I:," IFor any set and

are given by
II

rf! ) c( E( rl ( X) (r ( fY'l) r: ) ') 'f . I
,~

\,

) <... /' l.
r ,I (X {'Ii \- jand \ c r! vi '-.~ ( IYl t. ) )r: 1\ . ' / \ ,

'> "- ,/

- )

(1 (IC "
(f t, Yo) Xo ~ /. iz: .I

In wh at fJl10 1th:, ~ the :flo~\" r \ ' 0) ?
)

is as sumed t') be Hausdo rff cont inuous in the tI'i)le t ell \1,- .\ -t \II :,(j.. "
.-; .I
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. ,.

definitions, ~hc ine0 .i. ties hold

,Yl:) \1 L (( r\ f)
auLl "() c....;>. N) . for scue

Tho se t A is said to be

such that

there exist f'unc t.Lons

snell that
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if there ex.is t i'1...U1.C tions

t 6~t-:

d t: F- ( ( )r01 X)) ) I~) ~

such that

( /,-
\' -'~ •...._. ~,.)

and ~ 6-). (- L au.ch tia t

( f~ 6J :::J (F ( t; to1 'I;)) /' )

~4,Cd(yo/+)c!j (+-6)
Note: 1. Unifonlo ... staJility illil1~ .... stability of A.

IQ S3 -~) ~I ; r;~ ~ S'L 0) S:7~7 ~\-
2 0 s::- -) c:, I o/\·--d '~'7 -.::)S?

-' ~

4. Strict sta0ility pre cLude s aSYd')totic stabj.li ty

OJ+' fJ .i. p ( 3]1d ( ex cl.ude +1")<" -,'''~, ss i. J"'l'l i-tv- ... . -. ~2 " --'4 'co - "," ~ .. .l.', .."_'U~' -.- '"v

()l'/ • r:::::'c- T,O ::>r-
» t'

Thus (st~Oil_L.tythe f'Lo v is 'tu0c-like dor.ra.i n

;
?J



)
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Section 3~_< .-0 - • -__.. •• _ ..••.•. "

of a set A of 0.,

and let

for

Ass1.UTI.ethat J( (t, t "l }II,)).is the Hla:x:i..J.'Jlc;'JILction of the s cal.ar

dIfferential equation

('3' 1 r.>.\, • __ '"C)

Then \I ( t =, y. 0") ~ » 0 illl:?l~{ that

\ I / I r- (, I ")\ / I { / V"\ f en all t' - 1 I- ( 3 < 1.3",)
\J,,-,,~) r- .\~,\vJ'f(j,) ':::.= ri ; to,,··cj //"<l
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)-T X (\ C..l-) J) ",.·l\Let there exist a function \J E (_ H )--r

and

fo raIl t.?t t tl ) f: t> 0: '"I ) XC) E- A (t;:-) and

Aasume that. LA (t') t.~)Lk) is the m.tru.ua.l solution of tl,::.e

scalar different1al eqt.at Lcn

LA' . -== P (-() U) U (r- ~):= u;
(3.2.2)

(3.;;:.3)

,,
I

~. i

ReIilark:~ If the h:.:octions Land,:, in (3.1.1) and (3.2.1)

are ooth identically zero , ill.en (3.1.3) a.cd (3.2.3) are re;; ecc.ive Ly

(3.1.4)
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Let ex i s -l- ..., f"!'1C -",'01" \\1 E::L r T ).< ~,'4i ':::,',', ~~ the re ~,_ _ v Q.. ur l.~,,-, L-,' ) t I
--1

such that (l' ') "'01'\ I .J.

(3.3.1)

.ineqU8J_i ty (3.1.1) holeIs w.i th d .:=.. 0

Then the set A is equ i s ta bl.e for tile [',.e1.s. in E.

2)

;)

ly

L (r1 (\ 'I. \ )"o . ..1\.. \ X ')fl )

aO')ve

Ct) bJ; ~o)
-, b Cd (F(+J).X~)A)
'/

( -'I \ /. h' 0..I ( 1-\,..-1 I \, \ o )
r. '.,'-": J

(ii) the

k~*

-: rf c+-0 , d (X o ~})-) )

so that A is e qu.i s t.ab'le for the e-,.d.s. .i.n E.

and

_iIiIo-- .,.

\

1 (I ~j . -lJ'-

'I'lle re f .J re by (3. 3.1 )

so that d__ (F (t ti X;) ') ~ A \ c\\ \ ') ) ',' .)

~ b' ct. ~ t\ c;.

C~ (F C ~ '; tu \ Xc J ) A )

?utt.tng

Hence

';

'iq
;1
:[

j!!
, il

.,·,r·,
u
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Theore.;l 3.4~ Let there exist functions --J, and \/2.. such

that \J l
(i) \j 2..E:-C ['T X H ( b)) R .,']

b f. + d ('I PI)'\ ~ V 2. (+ ) X) s 0.I (d (X, A ))
1\') ') ,)

where 61 (- )<~ and a I ( )< \

ea t.ief'Le e the hYCJtn8ses of' Theore;d 3.3 and

and for

(3.41)

(ii) the inequa1i ty (3.2.1) holds wi th := 0

Then the set A is equi-st:dct et a o.le for the L.d.s. in E.

J?roof.: Be cau se \] i satlsfies all the c ond.i tions of the

previous theorel~ the conc l.us i on of the ~)revious theorem holds

here.

vh en ( ~...~ \ a) ~ I<*
Again ~ by C. S ~ 4 ~\) ") \j 2. (to, 'X0 ) ~/

8J'1 d \J (+ f- ( + ~ X Q ') \ <- eL, Cd
2.'? ') )'-'

Hence

so that

de F( {,D:; Yo)) A) ~ (or'!11) (+;:,) dU.,Al)
(
7 4 ~\.J. .) )
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~ (~4 2' d (~ d 3).r rom \). • ) an, \ ) ,', •

so that A is equistrict stable for thovIhere

g • d • s , in', E •

let (3.3.1) be replaced by

wh~re ()./ b <:: 1< T.hen the set A is 1.miformly stable vi th

re8~ect to a [.d.s. in E.

Tlle_o.ze]ih]:6 ,Let t'nere exist f'unc t.i.orrs \f~' (' l;;:.I.) 2. )

and for all {'(Y) ( I X A~)

V,. 11, x) < 0i ( J ex) '") ) (~, b.i)

6 I a,' E '<J~ ~..i
vihere and the inequali ties (3.1.1) and (3.2.1)

hold vIith the f'l,lllctions b and "9, identically zero. Then the set

A is uru f orru.Ly strict stable viLh respect to the tod.s. in E~

Proof of these ar e parallel to those given already.
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TIle .resu.Lts on 9.S:'i!lrtotic st8.Dili ty c.m be ab-tail,edCODVE:-

ni en tLy by using compar i son techniques. For th5J3 "!:,lL,": n'::c~ \.'e

staoi1ity properties.st,,<,te the lollo1t!ing definitions for trie

the COiTY.)cu'ison e ouat i on s (3.1.2) and (3.2.2).

':rJ:H: tr::'vial ao Lr.b i on of' (3.1.2) ii] ~)[jJj t) be

their ex.ist '-< i'wlction zf ( I(

such that "f ( f / 0: t /.)) ~ (f ( (c)

{D}

If there

! r» S1)CIl that

whe re

if

all

wherey (+- to
)

". ~ ~

~ 7 and m..unbe r

s·)l '..J,·c,ion,

lTC'te;--.- --------- definitions

a f'unc t.Lon q>l
r:- J: f~ ) ((p
"'''. v '-, I

/'"ic-/ "\
I, ' J D) fo r

• -t .L' ,r' (.. 1 r) \.i s 8,.Xl;'/ SO.1:1:, t.i on 0." :;, _. L)

. ,
ann

ally solution of (3.1.2)

I

P
there exis t "uric t.i one

p ) o

" ('\t- wi

such that

all +-""'). t,~
'- //

solution (3.1.2)0:':

if' t.here

f >0
cs-( t- t;.)

SUC~l. that

for all

of end YD C t")
'-

r:~7 2.5+'oJ..

~ ,[,

.<~
~
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:B'or ·the strict,-resul ts we

J~o r the s } tioDS of he eSJatlon (3.2.2)

':rhere e x.i sts 2. f'unc t.i on ~ c k'"
! \

su ch

p
)

"'1.1. th

such tha, for any solution

any s oLrt i nn

u. , (,i) ~I Lt..,..) II c. ~ ~ ~ /> 0':) I (3. 2 •2 ) I·j i th v....o ./

and C) (.: LThere ex i s t •..~ , .
Ii)l1C '(;.1.ons such that for

IU (.~. I.. . I" '\. \ Cl> "'<,1!:»)
j )

L' ("" -r- n\ "· ..•.h
,].L ).C'..c..) v"l"

/ (L./ I

not reflect ~roperties correspondinb

the ex.is tence OJ..-F' -", ·'DC.L .: 11 V I-a J.. '-_ v.'. 0 \...

su.ch tllat for '( -f ) --;. ) E 7 X P (1=)

{ V C{ ) X) ~ CA. (+J c1 ( Y) A) )
and C{ ( k; *' and the Lne qua.La ty (3. 1• 1) holds. Then

(4.1.1)

whe r-e b c- k
the equa s tabd Ltty of the trivial solution of (3.1.2) implies that

the set A is equ.i s tab'Le,
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Proof ~ Given J tof 1as the tri v s : 1 aoLut.iori of (3.1.2) is

equi8tab1e$ aIld a pos i ti ve nunibe r 6,fra!U
euoh that ~ '/ Y

\ / CJ

Y (+) C") '(0) ~tl (f-.I ~o)
vJ.ilere 'y(i ./- 'r) dcno te any

_,) -, v , v
.Jv..e to the )ro'"erties of the f ..mc tion a ill (4-.1.1) there exists a

(4.1.2) implies that

(4.1 .•3) for all (...) L. / L-o

so Luti on of (2.1.2) trrrcugh ({j.Yo)
. .)

nuruber ~. =- 8 ( -t-0 6, ) (0 su.ch
j

and C~ ( L:l) d\ ( X'J i\ )) ~ ~)
Choose

IJ (+: 0 X b) ~ l\ (+ '. d$1,> 1+) ) -== y~ , 0

I ( ) -: '" •... nen (4.1.4) Im)l.~eo.J that (4.1.2) is
0\ Xr:.}/~) .:= o~
verLf'Le d thus (4.1.3) holds. Sii:;lilo..:~ly~the choice of 710

that ?5 C'I~ f~) ::: ~
..I

(4.1.4) hold simultaneously.

and ief.

and the Lemma3. 1 showths.t

\j (t I t= (t.1 f!» X b)) ~ YyfiO X (.r)

~ Yrri(Ji (f,

Hence from (4·. J.. .1 )ancl (4.1.3)

b ( J (,c: O,!" 'X" \ ;t)') c \j ({ 1 i: (+~ t;l, X ) )
, .: V .' /: . (- 0 ( -f-o cl (i~ j A V

_ I 1/tay \ T) . D) )
\. .

i .e . d.Iv f] I) \
'. I. AD~ I'i )

1 :

i
l'
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when Hence A is eouistaDle

2.'heorem 4.2; ASS1)lnethat the hypotheses of Theorem 4.1 hold

(4.2.1)

in )lace of (4.1.1). Then the un.if'orm s t.ab.iLi. ty of the trivial

s oLt.t i.on of (3.1.2) Li;,l:Lcs the uni f'orm stabili ty of t'1e set A.

R..:r:ooJ:~ The proof is par-al LeI to that of theorem 4.1 and is

independent of t D •

~:r.fleo.r..:.e.J:lL1.•.1.; AssWole that the cond i,tions of Theorem 4. 1 ar e

satisfied. Let there exist also a runc t.ton V 2-. satisfying the

( \ /~ ~-;;t-h~n)othesis of Lein.ra 3.2 8.11d 3 4.1). Then -. -1~oGether wi 'th ">
..~t- /

CLeo the eqn:L-st""oili ty o.f the triv5.al solution of (3.1.2)) iLJ.:11y

the equt·~·strict stab11i \/ of the set A.

R.:f.q.()J~ The cond.:L-ti:Jns of the:")reJil 4.1 are aJ.l satisfied.Hc;nqe

the conc l.us j on of the theorem 4.1 is v a.l.i d , Thus, f'o r d (1.
0
/ i)) ~ AI

d ( f' (I- (" \/.) ('\'\./ \ t=: \) /.):>: i) ) r~)
'¥-

k'

(4.3.1)

\'/11e " vcr> 2- ~
1\ -:r'
J-\-;. S:' ho Ld s ,, . L- such " I Ithat VV) < 0<-.

)
there exh,ts a number v{? 0

u c+ 7 6, , It,.) /; f3, a,) Lt.,) (4.3.2)
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" cp -'1- + _ I t I Iwnere, r: k an d - /", t ~ I. I f- ~.- 1.1..') \') '- " '-' /' '-":> \.,..( , )' i ) t:eing any

S l·"t",Yn~·f' c=. ') n)o_u. ~""''''''''';'..J-- ,..,.L...L ~ ('7 /1 1·'\ ,..,-v,...:1 ,""! ..r t.i.e .o
',/.'To / C.lJ.I....4. ):" .•.•..\)l:/e..l.. .J,.cS 0_'- tile

-"u,nction '0\ ~ tl-:.ere ez i s t,s a nura oer '0() -=- 0(\ (h). f.. ')0 such that

d ( '1,,) A ) :S c< I a;,d b I ( c, , d (:{';(1.) ) ~ '\ hold s.tmu.ltane ous.Ly.

Je f; ne S::-.,- -cr. \ "" (~,'>.', , r-/ ).•. <..J L - 91i/1\ .(. l) V'\, r

such 'c,Ila t (-1(X t' ') (. '\ .' Choose \)..i:) so thatJ\ "C.,I ,_. C-"
-, c-

\l'L C ti:;.;Xo)::; b,(r0) d CXo)ft)):= 110
(3.2.3) . (.t 1-:. {, \
\j (f.')j:- (. t) b.. ~)) ~ U (fT,l) "'I . ') L-,) ,)",J)

2- ? III . (( L~. b) (f) J (lu) A )) )( Li 3 3 \
1rr)'n i, ) r •• jI J

It follows from (3.4.1)9 (4.3.3) and (4.3.2) that

a ( I I F. ((- t 1,) A) '/ V2.. ({ ;.- ({? '(0) ):' iJ) )
J a c ., ) 0) u) / ?

--; (t (+: 0, (T c d (x Q J A ).~}
// 'j~"' J .
.2> I r: 'i-) \____q) ( -(0 ct \, >< c.)·jJ )
- ~ , )

Then (4.3.1) holds for all ):

"'-01

Then fre.l Lemma

Thus
'. "

t .' ~ :,'r-
d \\

/" /; '!

(71 .! {~>1+1)

(4<3.4)
;,' ~ " ._;- ,". ---': I" I '

d
. ~ J / '\_ {{ ~ , _ I:. ~.~. 1\ / /' \ \ ....-" (~ ,.., (;;;"x..) . A ) /,> Ci, ifJ 4 ( to ,CA. '. • , " J ) •

when ~ J \.t'~ ( ::::. rl'! Q.' - 1 I ) 7¥!'(_ 16.." <.
.:. 'I'

s

(4.3.1) and (4.3c4L r:
>.L.yuy defirL1.tion mean t~le equi- strict

stability of A.

Th~g,r.e.El.!ld: Let t,e a.asump t.i.oris of Tleo:cellJ,s 4.2 and 4.3 hold

with cOLdition (3.4.1) re;laced by

j;, (r d (X I-I)") / \f ., f Y ) ( a
..../7 " ) '/ L.-"· l

,~

\

( d (/j Ill) )
( L1. 'i 1 \

1 • Lf- • )

'3 ..~~-
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'I"en S~ tOLethe"'" with S1' imply
I ' -'"

the unilorm":::strict sta,bili 1;;] 01' ·the set A.. ( un.i.f'o rm stabili ty

wne re

of the trivial solution of 3.1.2)

R.:r_o~of~ 111"' proof is on t'le S8.111elines a.s for Theoreltl 4.3
r+:

except that 6
2

is inde2endent of t.

t~1e equi-a.syru~)"t''Jtics tab.i Li ty of t:1e trivial solution of (3.1.2)

Lmp Ldes the equi-as~nii:::)totic stability of the se t A..

Proof; Let to C "\ , be given. As the trivial solution of
, ~'

(3.1.2) is equi-as;Ylilptotj.c :.:;~able~ t:1ere exist functions ll,.) E- 1<
\ \

such that

(4.5.1)

ilLlplies t\at

(4.5.2)

, where 1(1: t \()l
) tl) "J

As in the proof of

is a solution of (3.1.2).

the earlier theorellls 'V18 can' determine

a nuiabe r ft ~ F ( fDJ f) )0 such that, d (Xo/' )~ 0
and a ( t;;) (.( (x 0) lj}) ~,f hold si.aul taJleously.

Let "lObe such that ;-"4 (if A)' c. f and choose 'Yrn", ,S1' ,.A, 0 ) . I '- I :../
that V (tV) 'Xo} =- YO z., 0. (f-o) d (X~);+))
ho Lds and:lence (4.5.2) foll.:"li1W8. FrOiilLernua 3.1~ (4.5.2) and

such

Then (4.5.1)

(4.1.1) it f'oLLows that
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b( J (F U )t , ;'1~), A )) { V UJ: (( I t oJ.0 ) )

c\ (~,~ /I! +: d tx JL) )\
_ I \..\..) \'1..)) VI \, '0) Au) r J

L It' (' ( /i ( J. ,[ (j/ (1.)1' -: ((~.1,._/.- ,
- 'f' r-, VI. \ o L.-( ~,." ~ i ' ;.) -- \ , ..••••,' "')'

"-- ,. '-' •. ). .' I _ t.-, i I v

'/ ) ,

C'fL(fOld(f)))~(C0) r- (0)

Hence
Ji ( (L L-. X"\ (\ ') L I --IL- (L d j )) 0: (6 t-b;)]Cf . r- -c) v • i ' J) ) H '-,- b ~1. l0)" ( 0 IIf I 0) ( 4 0 5 0 :3)

-x-
Nav! 6\ ~ L' Hence ~ C+ o (:-- t-Q) (. 6) (t- 0) 0 )

Thus f r om (4.5.3)

de t=- (+) b,)X~) /1) / b-l [lf2-Cfo, cj(Jo/~»)~ (f" oil
:~_~ I lji" (-I-, (I r-: p))

': 1.5' I .

/IJ) CL.") (I .D)\C~' 'J Lt \ () ) .. \ 'F\O) / /

~ )<-1--
(4.5.L~)

, where ~1
Also f r oru (4.5.3) and d (llt'l p) "-- PI

I (I-~-(J (- X) )0) ~ i~ \ (Ifa. ~,~" . h I. ~ . ) £,J l' -.. ...,/ ,) . ;' \_~..' 'L

V--
and U; (J<.'

1 L

( L, p, ) 0 (tj t- -lD il

whe re

, ,~I I " ( I ) 1~ b ' (cr;. /f-0) (: -- (; " /

L ~ ((- t_GJ
<- .::,J)

.x:.s: (-,'I,), L--
-'

(, 5 i:;',1,.40 0.-//

~~~f'
.',1

",1'

";~
~;:
~;I

A,

}IF
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C~""'~ ni,ng (,1 ::; 4"\ ~-.,.1 (, r; r; '.u1.!.l.i--J..,L.l ~ ,0.,,'0) cUl,V~ ,L+o,~o:.."/i

/,?--

, .-' -.f-

where 'tf f I< . >

al1.dcr:;- resr;>ecti veLy
3 ;

by definitions.

~L.

L"
. being

(-L5.6)

and 0; c.If \.. square root of ~ /i t
Hence the set A is e~Lui-asYlil:;)toticsta 01e

Theorem 4.60 Let the aasump t i.ons of theorem 4.3 hold. Then?r -~-~-,,~~~
:, { togethe r wi th:;* (the equi - aay.np to ti c s ta oili ty of' the

trivial solution of (3.1.2)) h(Jl;,T equi-strict-asYli()totic stabili t;y

of tile set A.

.E:r:o.o_f_~Tile as suu.rt.i ons of Theoreill 4.3 include those of

Theorem"4.1. T.hus the theorn" 4.5 hoLds . Hence for d(>('jA)~ PI
(4.5.6) , »Lds , As .: hold , there exists "nUJIlber f'2-/ a
such that 1.-li th q.9,....E ~and CiS- t; IT

:;

~ [ f implies- L

U U) 1:-0/1.0)7; ~- (+-0,1.4) ~ Uo) t-- (;;) (4.6.1;

As bef ore , f'r om (3.4.1) and the ::;ro)erties of the t'unc t i on /;), ~

we de te rmi.ne 2. nunrbe r f)::: G ( fj. ) fJ,) 7 0 such that J (/'1 r )~"~
and b/( ~I rI (1.,\,. f.)) (() hold atmu.L t.ane ousLy , Let f{£=. rr;!f\(~ f)\

12- 1 !~-)

Thus for J(t :(4) ( O~ (4.5.6) and (4.6.1) are sat.i af'Le d,
\6, _ rer
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Now choose t.J...{) such that
I

\JL (t o)>( c ) -==- lL:t L b \ C to) Cf l Xo J A ) )

Then from Leruua (4.6.1) and (4.5.6)

(4.5.6) togetilcr vei 'th (4.6.2) conp Lete the proof of the tlleorem.

1vial solution of

lity of the Get A.
hold. Then

"~

( + "e-} e r~ u06 - p.LG

PLsolut ion

o:~"the tri vi 11)ili ty

130 'th theue theOr"eL1SCGl1 be proved easily f'oLl.o w.i ng the

aI'2))UentLn the IJroofs of theoreiils !~.5811(1 .11,.6 res~j(~ctively.

CODlL1E:Yl ts hold f or tJ18 ~ 'ti1l1Y1C lOllS
P ~

0.1 ClciSfJ8Scomp ar a s cn

1:1/\;,,) L
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In ),i s se ct i.ori we 'or'o v ~ some the orelLlS 'In the existeJ1Ce '0)1'

the Lya}?Ul1.0Vfunctions .in the case of the reversible dynaiai.ca I

system. Thus the converse theorews are groved for r.d.s. in E.

to a r.d.s. in Ey then there exists a fWlction V satisfyinG the
assumptions of theorem ~).3.

Eroof ~ Define V as f oLLows, Let

Tnen ,,' (+ ''1 "\ -==- Cl (t:. C \ .'\..J \.')'.) t\/··· )

\J E- C U-KPr(t:J, k-tJ fo11oVJs from the

corrt.inua tv of f Lov Fov
By tJ1e rev6rsibilj.ty condition of the

~ = t=: C+)t~J F- ( f-) t~./ Xu) ) In f ac t

'< 0 F Cf-0> 1 \:- j 'X) £ ) 'X ~ F (+, \-0}Ol

(5.1,1)



With the de f j n i tion of V 7 we have

v ( {IX ) ) .; () / A/') i. 1; (t-,J V (f )X ) )

4[1 (f",d (~P)) ~ V(?) X)
,-I

( to I d 0) /'!) ) ) when 4; ~
. .

I t follows that

Thus the inequality (304.1) is now verified.

satisfied by V ~ when g and p identically v an.i ah ,

Tl}.~.o_r~lll..5,.!2n If che set A is Ulliforml~T strict-stable for the

r.d.s. in E., then there exi st s functions \), 8JldV2-satisfYing the

aS8'!lilllltions of 'I'h eor'eu 3. LL

12.'...09%0 Det i.ne the func tLon Vby

\J ( t ? ;X,) _ d ( ~ ( c, f IX ) ) fJ )
FollovJins the arguments ill the '~'Toof of Thlloreiil 5.l~ it can be

eee.iLy seen that ! /"

4 -I ( vi (XJ::J) .: 'JU )X) ~ el2- ( d N) Jl))
} .

vh en ' 4· _., , d· ~! (- / /
i t / I'~ <, •

Other conditions are silliilarly ·)roved.
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•
(i_) 'Ihe set A.is uniforfllly-stri..:;tly st8.~}::::~,so

for some ~>a J (v, C\) .: ~C..-'_ ..) - ,./\....))1-+

r>l (JU'IP))~. J (r ((;o)xJ)A) ::/\J).JXoi))
whe re Pi) t- 2- :~- <. . - (0 11J)

(H) Let d (- .: [lx12-t,!L+ 1 ? ~ ((/6) =-Oandthat

the tri vi a.L solution of y I::::: d- r ', y) is uniformly-strictly

s ~able~ so that for ~ ~ 0<.._ ~ eX ::> D ~
.)

6) C0)) _~ V,- ( ltz))

imply that

·y,r.fli_)-L (I({
JllA - '.AI. J

when 'y I ) Y"l.- c- l < and LA (+-) 0/ k;)} is any solution of

\.r \ _ a ((' \) v. i th U, (()) :.:= U ( 5. 3 •3) c, - 6 "I) t - v\)

Then tllere exist a function V --= \j ( t-) Y ) such that

(1)' \J ( C[~ >( £ (A) X) )(2. iJ

(5.3.2)

-------'------------------- ----------------- -
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Pr_()_o}:,: DU.E-: to the reversibili ty of the dy .au c a.l, sys tem ,

. :t:' '.'0 ." ,.. - '" ~ ··X 'r- ( , "\ J ~ ( i ,/1 •..C uC.:.'.'. '" oy - _ . ,'y.') <- _.. ' <; • - '- (J' 'of '. )o _ ) ') ~. / J\ - } ,) .o

Choose any function 1.. j t=- C L-- <~C" ,:) ~ ". ,n.ll such thatI~" .' --.,.. 'j c., .J ') ',.- 1 .-.i..

r»: () (. 'I. }~\\) ~_ t , (X) C 1-;/ ('"..I (y ,,1.,',')
1./ \ \ c~".,) ,__ I~ ,_' \ , 1.1..) to )

l~' / ,..., '- ,-

(5.3.4)

when (~\ ;<1... E i-; 0

/

. ':Define
\ { (.f 'I.)' - (~( + () ,)/J... ( ;= (6) t x:) ) 1( (5 •3 • 5 )\)'-\.} '- ' ) ,/ ,/ i

when C~ f f o j Ct.'.)) is a solution of (5.3.3). Due to the conti-
\. / . '

nu.i ty of f'unct i ori in (5.3.5). (1) holds.

i

·,1
1i

Also for (() X ) f ~ X S:~(jJ,1 S )
V({)X) ~.tA UfO)/' .r (6»:<)))

'\. ( t : (. f >I)))£' (l . /1 \ l: 6) , / .' ,

L t 0( ) (;= ([) ( X). q ) fr om (5. 3 •4)~ . "'. cA ' . ) .J .} r. .
,_ :-. L. /

J ',' / P - I (r J ('/ l. '\)' f r ", (5 3 1)c. :{,D'\ .:» I P "j-l) , J. o.u ••
-' L> 2- .. i l ./. . I

I
,-- '\1 - I I

.~_.(I ( (, (/! /f ) / vhe re (;f ~ '2. P\.2-{/ (/\' -,

Again, \J C ( "X):=' l.A ({ / iJ) !J ( I~ t c, (;X )))
--:> v ( t: ( o i .X )).) frou~ (5.3. 2)
t? J !~- . r: ) / "

'.. ' ':/. 1.1 ( /.,- [c .( .r !'~)\frod (5.3.4)
/) 'i I \ t v, t. t: , u) " I l , ,I

. 'J - I ("j i:» \\ f .. (5 3 ~)
7

"'1', 01 Ii' r 0/ f'l ) , rOll!,.. 1.
)' \ Y -; c/" '/., .. I .I

/ . '. -- '. .

L (( ,); ) ",,/.j /) -j -: L·-

)
f)' {: (1/" /) when b:- , i 0\, [~1. C· /",,--

, _,' I/. . .

ITlhen I ( A ( ..) V ( ,,,. -J .. 1
.!. k» ('Ii .''',\ / l,·r. It'

. d i «, Ii / /,;: \,.. \: / X ) ~. cA.. (., <. .X; /I J !

\<Ihi ch is (2)

we have

from (5.3.2)

..•..-.

1:
~
'I
{

j

I;
II
~r't

!I
I·.j

l,i,J

,I
I
I

",!

~
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FiU8,lly ~ so long as F ({ ) i:D , ,;(" J f S ( /I, ;;-)
V {() r-.{ {,J f- v i X r> ) ) -:.: ~i ( -{)~)r ( J= (0) t)

,__ (/ I '. I \ '.' '.
j- (T .i: A 0 } ) )

we have

Hence for small ~ 7 0

~ ( ( 1 h i ~ ( Ith i i: )\(")) z: U/ (-I ~.,0) /J (f. ((),+" ~,!(! !~)G.,'Gj) .

zz: II (~-+~;10 ) jJ (F(D ) {-I F (f) t <>, -: ) ) )

Couse quently.

\!It-rh) Fe f-+h) l)<,J )- \J ({, F C f:, ~D>YD))

~

_____ll (~fh)())I.../(F (u)l; FOIL/o'))) - [A i+:», ,
_ . fA.. (r-! 0) \) r- ( ( ,e, '(; ,

~ \.AI U 0 \\ ( I-I'~ cr t\,)'1~)a.1.!.c: t" ~)~LC (1-:.?:;'8~C':::'·c-t:L-.·
, )r' ,t-\..0) \) t- '- ')' ,) I ' , .

bilj, ty of u :JS c. ----':/0 .

FrOla left hand side takin" the limi t SIJf and )Jifl ~i'-f It -,).,'-)
(3) is verified.

Hence the theorEm.

, .
I
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and 0., r-:;- f- \ such t:hp_t)\....)2-'--' -

f\ (drXO)\))6jCO ~ J(r( t)o)X))))
for all t (.= arid ~X6 ( \ (A) 2: )

(ii) j f- c. Lr'~r,y12+ )f+ I ~C /f 0)- 0 ensure(I ' ' " '...-r '\' '~)' / ~
v

(
I ,', ('-;.a' I. ". \ \ r. ::'f ' ", ' ,,/ t, \ ( {\ x,) f~; d:. i4 1\'-- - 2 \ . \.. , \ J. b. J--- -

existence unj qucne ss and continuous de,)(;l•.uence of solutions of

on ini ti [;~l conditions and t:'1e trivial solutinn
i (

thee,

is ~.:;,solut.ion of t:;:co'

)~
:t~.-~.for \//a.ll i "'

i}\ )v
~:l"len there ( zi:; ts a l\,tnction\J (-( )'f )

( 1) \f { C r- "T X < (r~, s,-) f/,;]
>, • L ----" ,./ . , 1,/ C', / /i.. T

(2) for ( ! i Y. ) (<~!-·x ;) ( (I) d )
! '

b( d ( {; n' )) 5: V (+ JX) ~: C\ ( (

" 'f"'('T---.
I -- i

\:: ' J-f o r all

such that

-/ )~-I'
It) I c" <2>. I o )
»\,--" \ '. /

and,elonc to lC

reS?8ctively OD this dOffi2iYl.



~/ n
when V\d C- ,k( f'Jld l·~2_ is defined in (5. 4. -j) ,

Def Lne the Lya:mnov f'unc t.Lo n by

V ({ )'i) ::::-U (1!D) r-d r ((i (, x' )) j (5.4.5)

As in Theoreu 5. 3~ \/ s8tisfies (1) and (3). The verification

of (2) alone remains to be done ,
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Hence frOill (5.4.1)

Using (5.4.2)~ (5.4.4-) CO,J1U (5.4.6)

(iii) and (iv) VB heve, since
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Similarl;{ ~

This c'oUl:Qletesthe proof 01' the theoreIIl.

~Ju.a.r.k§.: . >ij·
;

,
(1) \~hile p rova.ng the sufficiepcy criteria intheorelus

3.4, 3.6 and 4.4 we used tv-o functions (V; Y t~)because of

the n atr 'e of the .inecu a.l i, ti .s ,

Howe ver , in Theorems 5.1, 5.2 and 5.3 a strolJLer r-esu L't,

in the form of a single 1yallU11()V functio:·, satisfying both condi-

t.Lo ne of theorems 3.4~ 3.6 and 4.4 is .:.::roved.

(2) Theorc:s 5.1 p 5.2 and 5.3 are converse theorelus for a

'r •.d.s. in E where Ln the existence of a ai.ng'Le Lyapunov function

is est8blishedo fut theorelll 5.4 is not a converse of theorem 4.6

or theorem 4.8~ f or , aGSUliling uniforHi-strict-asyl!l;)totic staoili ty

for the set .fl., vie have got a Lyafamov function that yields only

eq¢-strict-asYlllptotic stabili ty. Thus a weather resul t is

obtained •.

. .----_. ------
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Secti oE 6:

In this sectLon , earlier results are extended to st ao.i.Li. ty

of conditional invariant set B with res:gect to A for a god.so Ln

E. The concept of co ndi,tioual invariancy :L.'Ol ordinary differer..-

tial e quatio:ns vias introduced by Kayande and Lak ahrnf.Kan thani r6-1

See aLso [8J.
~fJ ...YlJ~i..i...on~ T.heset B is said to be conditionally Lnvar-i ar.t

vii th respe-ct to the set A for a [.. d. s. in E if JCet t F\)~D
"!> 0)

for all -t 'i to c;

NoJe iJ.J- ~ If B is condi t.Lona.LLy invariant \liith respect to

A for a god.s. in E and C -:> b then C is also conditionally

invariant \.Ii th r-espeot to Do

NokJ1J.; Recalling the defini ")fan of A invariant fora

i..• d . ~30 in E (( i •e .) F( C- ~ to R)( for all t:-)J t~· i t
. } A I ~

follows that A is self invariant and DCA then A is condi tion;::i.1J..f

invariant \Ji th respect to DCA 0

Let :B be C011dit.Loria'lLy invariant vi th re~j:Qect to 1. for 2

g. d. s , in E in what f'o.l Lo ws6

h1; B is said to be equi-stable \-lith rc_ ..>~c·G.:~~.L ~..Y:

a g.d.s. in E if there ex.is tc a function C/ ~ 1<- * such rt\...(L"/-
I

.2..~; B is saLd to be equi-strict-stable with respect to A

for a g.d.s. in E if there exist f'unc t i.ons 11
such that

or.d 91
)J t:_ k:~/f
-"-



I·,·1'
;I~
1:jl,

l~
~~

§...~), B is said to be uniform stable w i th respect -to A for a r .
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g.d.s. i:::~:; if there exi a'tu a :;'\),Ilctionf C ic; si..rch that

~1-(J(lD ;+))" +> i-'
\ j, I \ ". '\ ...• '

»

r > - -'I",0.:,;.1)

6.4:: Bis s~Jd toO€ im i f'o rtr-e tr.ic t-stahle \ii th respect to

A for a g. d. s , m E if there oxis t fmlCti(_)l1sCP, and cf 1 ( (such

that

4' (el (I [,'I) )' (( ) ( , )) _ X .' (' Ie. / .. ; : i '1.' ,. -, ~>.' - -' ((,.j;X") J c: I'f) J N"P) (6•4.1)TI ..

13 is s2,id to be equi-as.~lllptotic stable ",:::..11.1 r-e spec t to
(f) /.k I- - - ,..,I.-e-'r' l' ,/ and 6'/ f- LA for a g.d.s. in E if there exist fU.l1ctions

8v..c11 that

de (((t),Y')JI?)~ l' (+" IN.)ij))o(·(,/(t~L)
-( 7;'f e

6••6; B is said to bee:.uistrict-asym~'·:"Jtic stable w.i, t..'4

resgect to A for a g.d.s. in E if there exists fWlCtions f· ~ /<:~
and 0,' (. C (i :: '/z ) such that. . ~

"f, (L J ex 6 7J ) ) 0; (L. (- (~) {,J {f- ({,+" <,t /?, )
l",-,) ; " ~

,z:.1~( -I" d{f., A)) r; (f, ,f-~;t)
-(lito

,6.7: B .is said to be u.niforill as::1Ir~)toticsta'ole viith res:i)ect

to A for a g.d.s. in E if there exist flJnctions cP E J<-.
and C- (- L such that

d( F- (f,t,,/o),p) -; q( d(I.,!J») 0- ((--\;;)(6.7.1)

f· 7; {lJ

------_., ,----"

, ,
l'i

r

.j
"

'l
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with res:cct to A for a C.d.s. in E if thcr2 ~xist

and 0: r:- L (i = 1~2) eucn thc1t

h (I . 11 ' ) /" 1/ f"\, ' 'fF' (' , , V \ [\ \ ~ t.(:1(\{ Ii .~\/1,,) \ d ( X o IS) o~) (,t - b~\ ) C !~ C ,,'[; t :;) ""0) ,ti)~ T 1'"" ' } ;\..9 ) '" ""- . . t : ;.; 1"
"""""'. . j .\Vo -'0 /

. ',' r\ ( I-_ t... \ i- I 1-.
•\ <:» I .) -,// t",)

In t~le defini tions a oove , t'18 di.e t.an ce d .i.8 g i ven

(.<T' IL.,'" I (1" P. ') (~(- )'4 ]J a· rtt:, _ ; " .. /.' /

cl (u,b)
.. ,.

where

'. l', '

11'1'7 he-· B
ins 'te ad of the Hausdorff Jj.s ·';2}:.ce:; fo r the f'o Ll owirig re aG0ltS ,

v, r-, - /\ LuroL i e <s
t U - n - c .. '-' c/ (L (·f

: ~ .
~I' ,<C
-~.!~'" '-,

( 1\ \) -Y"J., '\
v'. . /i I pt:. I

.<

I I' \/ "\\8..Hd ,..., I,.. X D /-r! - \) •
(,,/ . 1_

,J

{.
'1::::\ thi S sh owa that

'I'hus t~le equi-st.aJility COil.Etian (6.1.1) 1J!ith Hausdorf'f

d is trnoe ci iLlpltes the e rrua.l ; t\, of the ae t s A 811.d B.. . . v

terms of the I s'ubset~,f (r{ cO'ltain I relation. HO\J in the Ha1.;'..s,::)r:C:L

O th +1 ' , ---./ I i(i 1'7', - 0. n J;.8 0 \lner ;L:J1Q (, In, )_
)

L. 'V (+ y ') C"
. )

o I /1./,+
j C- '" and b f:. t<.
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-t tll(-:: corid i tiOY1S bv
t.I

( __~ r ...r'
\.v.c... i)

and

br;
cc;

((
(6 2 r,\

'. • L )

\(' r : '.'., /(' \\1,2 . 'IX )

whe r e Then thel~1'1
\../ t·

6\.arid

cond i tionall~; .inva r.i ant set J3 is eql).i-str1ct-sta~lt; 'lith reslJ8ct to

A.

condition (6.1.1) is rc]laced by

b \ d (t,n))
"'>..,., J

L \( ({ ,X) c:._ V / (6.3.1)

exco pt th:;:d tttC conditions (6.2.1) and (6.2.2) are replaced by

(6.4.1j

8J.1d r, _.)
(If) { d ( j u) ,

. ~ - /

viJlere n . bl
l) r Then the conditionally
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Above thsoren;.s C8.n be proved :fol1o\'/inf; the ar'gumorrtc in

Theore!!ls (3.3) to (3.6) only the:oroof of ;rlleOreU 6.4 is given

be Lo w.

Pr-oo I" 0 f' m~1eore hO 4'- --=:-- --..--.::---~~----~_"'......:..:--:"'._~---'As the asswJptions of ~heorem (6.2)
hold s \tJe have

L VI ( i· ~.>to)
. ./.

aid

for all I 7 f\J .2)

By (6.4. 1) and (6.4·.3)

1- (I t t: (f l ,(,) B)\ ~ V (f ~ ({)t uX u) ) :: q\Cd ( /.,)J' :)19) \. r! . 1- \.! i> D;, )~. \) 1')

Hence - I (Ii )
d CF- ( c \c)" 0)p) c ~-'I 'C( I ,d (I D,P.) (6 .4. 5)

SiHlila.rl;y ~ by (6.4.2) and (6.4. L1r) ve 0 bte ..in

c\(~C+, tX,,),lS)
-)h, . C(J

7; c,; bJ d (Y" C))
,

(6.4.6)

i"' r- - \
/I, -- ()and '-r'", - "2-
! ;L

n.., t..L; ".,c: ~ _
Il..... ~~-'-..•..t.b

1-
(6.4.5) and (6.4.6) together yield

42 (d('/D)!))~. d (/= (()G/oo))'i)~· 4;
<,

"Hc.noe. the co~.di tionall;)T .invar-t.an t set B .i s un.tfo:rLi-stJ:'j.c·L.-::~t~:::u~te

vith res:ect to A.
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theoreiJ.

4.1 hold exc8:'-l:, t:18.L 'li!'ir:, concli-~~on (4.1.1) is re';)laccd oS (6.1.1) <

Then

( . \ .... .. ~ , ,
l) equl-s ta oi r i 'LY (~ '1 2) ~., l';e) •. " • .:. ..1;;>.:.,.. S

'''0 1d ; .;,i O. . ,','; "'" i ''-'1'" ri ",'n t "',.'8 t Ll '".1_;t1.·1lJ J.""' ••..•.•• -l... '-'oJ.' .!,,_ c:.L...L .1-.;' -..1.J.. c"....:.. ("..w..... ~.) .LJ respect

to A.
and
(ii) eql).i-aS~'l:(~)totic-8t8.:Ji1it~: of the trivL'l s oLut.i cn of (3.1.2)

set B V!.i. ill res:;Jf.:c,-'l; to A.

Theorbl 4,.1 hoLd , vi t.h the cond i t ion (~.• 1.1) re~)lacedoy (6.3.1)

Then

(i) Uru f'orm-o tab.i Li. t;y of the trivi;::;l soLut.ion of (3.2) Lmpl.i.e e the

un i.f'o rm stabili,t:y of cordi tj.onall;;' invariGrllt set :8 w.i th res'Qect to

A.
and

(ii) UniforIil-a~:3J;m;)tctic-s -c.a:bi1it~; of the trivial solution of (3.1.2)

iHlplies lm:Jorrn-a8~/m~)totic-st~:lui15.ty of the conditjona1ly invariant

set:8 vJithYe:T'Ject to A.•

t:lat (L;.1.1) and (4.3.1) aye rC.'l2.ced by (6.2.1) an.d (6.2.2). The~',

2nd
>I ;d-"

(L!.) 5band )( j,>il'ly equ.i > s t:ci ct-asym}')totj.c sta0i1j. ty OJ tile

conditionally inv;~.riD.nt set B vrth res:JE.:c-'cto A.
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hold with the co~ditlons (4.1.1) ~ld (4.3.1) re)laced by (6.4.1)
and r.604.2) res ct ivc Ly, Then

¥
( .ii.) C: and

J(
cond i t.I anal

~v-S) im)l~T un i fo ru strict ac.y=npt,-,t5.c

.inv arLan t set }3 v/ith reS;lcct to 1...

st,abili t-:I of

oreirs 6.5 (i)::nd (ii), 6.6 (i) and (ii) 6.7 U)

and (ii) arid (6.8) (il and (ijJ correSpondLJ theo:cems 4.17

for Tl:leorCLl. 6. 4-~

The oreLl 6.0;_____.__' , .2

" ' J
'~Ylr' \/G..J...:.,IJ.. \J;o;

~.-

s a.t.i s\1,
Proof---'-" Define

\J \ (( )X )
I

(,- 0 '1-',o • ,..,'"_.....i

\{ (1 v")
.!~_ .. \.)f\ ( -:: n "\b c :';c " C-.;

E-. 1<-. such tfl-c.tt

r s r .»i I I l~:0;' , JiC~1 r t: ( i c-- y '\ '-j l /If"C, \.! \ ) c,,, Ii),', 1./ <'_+,
.I _.'!ldi.( d

\"-
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Thus :f' or () L ,t y by the reversibili ty condi tion;

x -= 1= (( ') C)) X ( cr ') )

{> 2- C ~ ( X {' 0) )CJ) ~ d C.-<) G-) -(

we have

({) ( cf ( -{ (U-) ,~)) (6 0 '3)"1" (,,' " .' / . -.I •••

when -v (rJ"", 1\ - ,'. )

Hence y for each cr: 0 c: c;- ::;:. t
.)

J (y(e-)
,,". ./

C(i.-\
, j

so that

, '
.. .

A-lso trivir'lly ~

IC d. (.1 n), V r
./ -

(6.9.5) and (6.9.6) together gives

Thus (6.4.1) is verified"

Sihli12rlY1 \J).. ({) X ) .7/ cd (X) (2)

AI ".. -- (C: 0 ~'so l_t om C • 7 • :; )

so that

(6.9.4)

(6.9.5)

(6.9.6)

(6.9.7)

\jJ. ( {;)X) := C:;Lr~ ~ ( -x: (0-J, Po] .: cf;' ( c\ (Y,n) 16.9.8)
()CoL t-

'- ~-

-- ' ------------ - ------------ -----_~... ----
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(6.9.7) and (6.9.8) tOLet~ler given

which verifies (6.4.2).
Nov. to aho w that the Lne qua.Li tc.e s (3 A 1) nd (7 2 l'." :::w.- -'- _ • I • 2- J • • ) are

c a ti sf Led '.I1i 'th r-; P"'\,'- D and ,- 0r- - -
\)

\J! ( r -\h, /: (( 4 h '. 1;. ) X u\ ') '- V I (-f 1 != (f, t" 'f c,) )

~30 that V--Y ('(, r (( l; / 'xo) ~: 0 Thi3 V8TiLLCS (3.1.1)

vJi th d '::::'0 Also

\
r (4 ,i r.{H lo l /)("1) = \'1 d( X (cr ) , G ")

J \, ''\ V') }- 1 I
<: () (' (5' ~.. f~ h

7- 50-·-,,1·') C t ('I (c). 13))
/' "D(r":::C

~ JL (-t i t: ( t ) (-c ,Xe, ) )
so t118,t

\J! (-( r C, It, 'Y 0 \ ') -/' 0v \ I T- 0.. /1 /
./T:) ,""

\ .
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lknce '~\ alL the condi~ons

of T'nt.:ore J (6. s~
fun ot i.on for- Tt:.:;or8d 6.30 2. The Thecr eic 6.9 is 8. converse o~~

The orern 5.2 i .i f }j = A and d is Hausdorff di s trnce .

Let th(c: set ,6, f· P ( 1.:::: ') be coup ac t on E and M.be a subset of E.

I~ c f1 C E:-- '. v/o state tile folloviinc de fi.n.i. tions of oorid.i «

ticna1 stao}.lity of the set A with res]oct to a g.d.s. in E and

the Ly apun ov (vector) f'uncti cn defined on:-1 'X Ii (13) to detGrdL1C;

the auf fLo.Len t, cr.nd.i tj.ons (1.(;. those cond i tio::ns iIn)lyj.ng) for

oond i t:Lona1 s ta oi Li t~r of A \Jj.·tll r-eape ct to a [.d.s. Ln E. Tho

co nd.i ti01'.a1 sta:)ili t~r and bot•.nd edne s s of the s~t A is di acu s ocd

KaJ'Qnde ani Lak shm.i Kantham f- 5J' and the concept of r-eLa t i.ve
'-

ste.c)ili t:,' d.i acu ae ed in Bhatia end ~jzego r 21 is ~.>n-t. '.8:'1. 1.;i-:~~1L..J

7 .1 ~ Tlhe set L is t-;aid to b(~ co.rd i tionall;y oq·u.>·ste.b1c i'Ol'

the set M viLh rC8:)Cct to a g.d.s. .in E, if there cx.t s Ls 8. f'uric t.i ori

f t k-iE' such th2.t

d (F l{)b, )Y, )/1 ) c r(\, "

whe nev er- 'i b C ~~.(\s (A)?;:) for SOill8

I
I

I~
:1' .
I

!

l
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]d..::.. The set A is s id to De ccnd.i, tionall" uruf o rm.Iy

for the set M "Ii th re:J~Ject to a L. d , s. Ln E, if there

exists a fl,-mction cf') t: )z such that

d,('r (( C ,) \') A) (,f) (d (X
!, ' ! - J "p) .' --- Lf') b"/

I

P \ \ t J; f
J ) '0

/~'~--,
for SOLle -, '- --.,.

c. } c'"
I

l~.: The set l.!. is seid to be ocnd i tionaJly eQ1.1i·().SYVIY.ltottc

staJle for the set M with res~ect to a g.d.s. in E, .f there
X' -)f

exi at functions 1.2. ( I<-and CS:, (L- such that

d rr ((ir, Xo\A)'C' ~2- ((, J(lo})).~ OoL-£)
..', r I' / '" Ir J ...

whenever Xu c M n S (A ~'J for some 6"'>0 ," '"
:L...4..:. The set A is s id t'J be conditionally 'Uniformly

as;Yl]r'!toticall~i stable for the set M "'1ith res~)ect to a g.d.s. in

E 9 if. ther'e exist funct i.one Ce'7 (- 1<. and <:r; f L such that
.»

,Y,) A ) .. f; ( J (x 0) A )) ~ ( f - i:)1d u- (I( 0

whenever V /' J~!\ c. .--(~( A" 2\"')A_D- '- \/ ~~ -- \ ') I

Note s : (1) If tv) :=... f:--- the a ,JOVE; de~fini tions are the

f02' SOL18

s ame

( respectively.~7
de:i_'j.nit ions are similar t~) t~le one s given

as

(2) Tr18se

in [5J. 1tJe are E<x.IJrcsE:iDgti:leli1 in te:,:ns of the monotone

(-1)' h l "-'- ,/ aDO 'l8 .;.O.-J-as.

In order to 0 btain 8uf:t'iciont coud; tions for the conu 'tLonal.

tlle set II,.,; vIe use the cOL1l')arison tec1uU_CluC

tuDea on vector Lyamnov runc t ton ,
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vector fWlCtinn

is monotona.c
I=t J. for (';ch j. 1~cadi1y

If W has the cn:~as~.-lilonot(~C pr ope r ty in , then the

differential system

r )1)I-=. ~.I~.(.)t,.
( d \

J t· )
(7 .1)

has the maximal (in th e sense of component in IJlaJori sation)

solution existini~, -~o the riLht of to. \~8 will aSSU.c that

smoo th cl1<)ut~h to cn sure that 'Ghis maY~Llal solution ex i.et s for all

t· r ~--u)1-- '---0 ... '
.J

L~t V be an-vector

of rCBl n-·vectors \··i -eh a: "; components nOll-consists

neLative.

for



1A-O

~.lJ:ll...::~a_}..!l;Let there; ex.i s t a vector fmlctional V defined

above eucn that \J+ defined in (7.9) satislJ the vector Lnequa.Li. t:,

(7.3)

when \~ is smooth h av i.ng quas unono tcne property 0

Let \{ ( {
J

be the hlaxLaal solution o f V-cc

to the right of +0 c

(7 .4·)

wncnc vc r
'yo If f· k)o. ,(, = 'Y;-...I . .)) -1:(.)) . U I I...)

(7 5\
" /

(L r ( '\ \\ "b 'Z 6:)/ J
)\J

\J ,. J ,./ (+ "\ )rn F ) ( \.Let , ..j ) A / / Then (7.2) ar!d (7.3).

/ If'" (f rn ( ( }.')'"
V\i· ,~---

Uo Lng tho not.ion of t{tC maxf.ma.l. ao Lutd on Yo r a d.i f r'o rcrrtd a l. systeIJ.

f oILowi ng the arLUllents L; [8].

C -., \j L~) -,~1
mono to.ue proyorty -r ""J I

(YJ \ W )and the quasi-
-, ) l-

is no H euu.i. v aLe nt to '0-)', be.i.ng r;:3D.'--- \
decre8sing in Jl and \f'J),. non-decre.3.sing

"} . ")

Let A - t > )-, .) r::..... 12 .,-
- ~ 1) /';1.-. - T

in )1
}
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Let and \ 'Y \
\/ Y

1 •.\ "'-\-, '.''L

(these component '\i I" \j ? 8..1'88811.88 as the

all non-neGative)

(7,6)

i.e. "{0 i.i.:; hith the second componenta vector in

identically ZeTo. Then

be the maximal solution of (7.1) 1:Jih

defined in (7.6). Corresponding to the definitions (7.1) to (7.4)
we state the f oLl.otri nE, Tn~olc)erties for (7.1.1) ''{D is supposed

to satisfy (7.6)
such that

(PI Cf0Y~)
}

(

)''V.)) .( b-
'l....:.2~5J Tllcre exists a number .;;,. '? D such that

YC (,fUi YO) ~ 12 (Y0) /t 7; t(») q:2-t '<
1:Jhenevcr I)) ::\

01 ~ G

For a given nUillber '67 c there ex.i a functions

t 0- such that
-:»:J<+ and



Far a given number 2) >C':) ~ there exist I'uncctd ons

cp E )<--
it

\ -v \ c:...;:::-
\ lD ._ U

"{ (t--) t,~)~o)
LQt

3.11:1

implies the.t

(7.7)

We 8.1so s tate the f': 11 ow.ing .eond i. ti on s

( (, \
, ""<)X )

(J. (+
\ )

('7 c\• t....: I! ('(\ y
•... - ,)

8.l1U

(',d (\/ ,~,\'\
! J... 1-~ i\, . \.).. r) (7.9)

\
;m'i in (? 9) C{ (- /<

in uoth conditions.

together v.i.th (7.7) ;3,n'1 (7.8) c Then

(i) Corid i ti on th;"t the set A is condi 't i orial.L;

de f Ll.i t ion 7. 1 )

E.
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In each of tl1C88 C~::;3e3 M is Given by (7.7)

Pl~()S_~~; Le '(j X (1:- ) -= F (+, t C IX Q)
of ('-,;.8 ')" th ere e ''I i C't c' 6: '-- I) >,. - A ( -+- ~ ')

J -'-),......•....U JO -'- \ /" \. ~ 'o...l, __ -:: ~ ".) '.-.,

such that d, (Xv I:J. ') s ;S \ 811d 0, (+- r1 ('/~ g,) '\ «: ;-
) ,-D j/" 1"'/ -

hold c.i.uru.l.'t.aneou sLy. Choose 'f = (1 0) vii th Y\ -:: \j (to)'y,,)
0, \ '} , ,\

Let X () E- 1\/\ r':'lhc:" bJ' (7.7):; "'-J~. ( t-6 ) 'Xt:» -= a
lJ YD E S (A '~6\) y then d (X(,~A) c. s;
and the choice of 6 \ and '1) show that

Thus (7.5)

we have

Thi sine (,C".c' .li t~; componcn t in

and

( 7 -t -t \

.• 1-c ..L)

(701.2)

(7.1.3)

(7.1.4)

FrOID. these tV() and the definition of norm" it follo\.Jws'that

\ ( " ~,( L i ')" \ /\ \j ,'"\--? \- \) \- c ;-Y..;:, ) I ':::
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(7.1.5L (7.1.1L (7.1.5) and (7.8) im)ly

(ii) Proceeding on the SaLle linc::s~because of (7.3.5) ~ we get

hold simultane()usly.
st(tDle for M 'vi th

TaS)8ct to a g~d.s. in E.
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iAii 'th (7 •. ) and (7.9). Then

(i) Condition (7.2.8) i2)1188 that the set A is conditionally

un i f'o rui.l.y st2_0J.C for UF_ set NI.

ann

(ii) tIle set A is conditionally

g.d.s. on E.
The proof is sihiilar to that for 'I'he orc.u 7.2. The functions

'(f') <J" belong t.o K and 1 res)ccti.vcly instead and ~
I

is inde)8ndent

o~f t ,
(0

Let q ::: '1 ( ( ; U ) C) --:- (U i , Li h )(] U ) \. 'j 0/-...

q = r~~. C'. I U ! jl )\ be def ine d and ann tinuous
Ur _l.. ') I ) ,...•.

R)...··~;~ds::Lti;3f~Tth~ c,uaSi-LlOl1.otonc de creasing co, idi tion in

so that·
"'\~rX n ~on ~. \. K.-t

an t.o

!
LA. (8.1)

_.
for

1 r:
all T '-

.,---
\

Let Cj ( r (.\'\=O· \. \') -. /
r( ) r-l (J-,)U)\\
\ '. l LA ) G.} I. \ '. .j

q (+r
) Ud\' )v!J.--

---_.__ .----- .

.I

f
I
!
!
f
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r, ~(;-i .\ \j
(j " )

As U I ) U i 7; ()
that
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\ __ (0\ (J ! I, (' J ') q ({ 0 U ,) .J'\ ".)'
) -- _.G j' \- ")'A i) "1 J. , i U Z ') ,l d-

1 the quasi -monotone

(c, 2)
••• ~) 0

U 'r (~- 0 (.) l I ( ,( 0 (!1 \Su?)ose ~\)} '-·lA 811d V' \ \) J '>.et •.b I

G,I = CL*«. V\.) (8.3) :lnd (8.1) rC8;,)cctively through the S2Hl,c;

() J' . ",

point (() ') U~') ~ U,J:J E- Rt
Then we have

vlri tint,

~ I
LA' I (
..I \

are solutions of

~ U (+ o
, . 1 )

')....

\ Vc.~0 l 6 ) ( Rt
and f'1.) -' (II- \ 'vi /U

. )

O:I (0 3) t'J"rn11f'h (0 n '\u. .J. - '''-h-C, 1 \ - '11..-'lj

an d ., l (L ',' P' )~~,n \ C ;, '. ,
r/. I; 0-

, v /

res)ecti vel-y.

se equations 0) mpone.nt in

(Ir,r.... .=- p' \) l
\ I

\/ . \/ '\

(' I J~' II·, ,'0 \ t t r:r-" (,-+. Of' \.)!
\~n. \ (l)· ) \ - ' - ~ j ..,,''2./\') i:J;/j,,!'J __,"'') ),eI/,.
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l'hus

OVJ

(e. 5)

\J ~)~ ( t=) be Hcmsdorf:f continuous in the;A~ ~ ,~ .--'

tril,let 0:;:' its arg.-uluents.

(ii) Let there exl a t f'unc Lions o() ~ t-)< 3uch that

~->~ d (i b /d) ~-d ( F- r+j t,;X 0) ~) ~ 0{ (d f X~J?!.1 • 1. :

(Hi) Let d E~ on llXj.2~ )(Z,-J)'OUJl):::O
&"'1dL. ha~c;the J.lro~'eTties mentioned for g in (J.1)

(iv) solution laf i I"~, ~U.. \ r ') I) ) \.Jj)) 01The

v. l\)o, LVI) ~ YR ( \lh) )
~ ::: IJ~.(j a" U I D -:::. O. whc ro IJ.() -= (\Jr.) U;>o )

-: (

" ' (- :-- (8,1.2)

(v) 'The

GT (8.3) hos

cou:)oncnt

(p 1 3\u. • J

where \10 sat1sfies the deri.ru t.i.on given in (iv) above.



Then there exists a f'unc tion \j __\/ (+) X "\ \ii th the

following pro]crties·
\.... A. (.. ~

1. V is con tLnuou.s onLX t:) into

for the f Lowe X
01. II. d e f3 •

;Frog!' As the. t.,:.n. is r.u.s., X __ J=--C t) 0) 'XD)
iL~:rlie~3 that "'i b == ~ ( 6! t/'X) Choose arty fl..U1ction

It J.. ~_. C [ !-, (t::-) I> l. ] such that .I~' ,- .. ) ""t .
0(,( dC;L A))~ft!o() {o<.z (d (x';flJ)

/

.,;nde~JI) Jlli i ) )or X c. ~J
t- (X ) I( P! (y )) t- ')(1 ) )

Le t If)f (f·· ().) (I~ 'l.clon4 U;l' ( {.j 0-1J() !1/'/,) '...!} " ') ()) \r' J =>), i .2.') \' ' ',,'. j

(~ ~ ",'"." ., I). I • ./ ,

(H.1.4)

be the solutions n~\t\ ' i \ I) (/J, (r (I) ( ;y ) ) .o) )
f 1 J •

1 * Iq \) \
, / (1 (.J '\ 1\))~.[J t \, t-"\ I ' l\o I} u ! /



~-------
1!~~)

and I ~. ( ..-{ 0 {r..~ (f: I. J- (d
2

2, \.. .: (-'\ / < r ,

- -:(,.j 1- 1- '.

)
". (r ,'- (,' .! ',i.' "i'. . J' t ~;. i:.o ,{/ )i / F' )~, l:

, / \ (/V) , ( X.;."; l

'-/ \: /
)) . .

:;Yl,j, \J1- f ()110 'vi

to tic ini tic::.1 conditions

",':"',,('rt i cs of !'JI•• _ '-'.... ~ _ •••••••• J ,_ _ •

rcs)cct t·!F w i th

their Z-3.T['.UJilcnt:,).

-- , XI i \1£ \, , -1:'1 ,]0 that

t- ( t. . i,r- \, ;. -1 v )

Also r( 0 \.-+~)
t·- -- )

1,-" (, I ")- ".)) \ <.

•.~

Hence

. ,,

,I,

______ _ I
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Siiililarly ~

\j ~ (J /: (f») = ~: (+-?) ~~ tJ + 10') (~ I ( X 0) ) H} i0) ) )

With the defini tion of \l \ and \J'L

\j+ (L' It '\ - a ~.('[ ,'(f. (+- \ }' f-- (' J' i«. '\ 0\ ))
, \ 'X \_ J ) -_ \.1 "\ , VI \ \ X "J -{ '\ '\ ,11' :.))) j, 8 1 5'\'l J 0) "! ) - t; , • ,. I

and

+V.:c+,yet)) ==- a1-( +,0, '\)2-(t ,)< (-q\)

Al:30trivlall;'7

L V
l

({) X({))

S'\J, (-*, X{t))

(8.l.7)

o
Hence.Jythe quasi-monotone non-decre::1.sing_')ro-:)ertv of cd', .'. oj (

\
\'/8 have

and
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(8.1.12)

(8.1.11) and (8.1.12) verify the property 4.
Hence the proof.

Note~ The theorem proved is not a converse of either
Theorem 7.1 or Theorem 7.2 in the strict sense. \Alefind that the

hypo the si s (ii) ~n the estimates d (1-(+ (
, \..-. -, ) .•'J l implyfor

strict conditional stability for the set A wi, 'threspect to the set M.
Similarly the condi tion (iv) corresponds to (7.1.s) for the equa-
tion (8.1) 9 but \'Je also require condi tioD (v }, which is compatible
with the condition (7.1.s) similar remarks hold for the Theorem 8.2
below.

2. Using the no tioD of mini-max so'lu tions for a system, \.Je can
get theorems that will give strict-conditional stability for the set A·
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3. Theorem 8.1 cal1be considered on the extension of

Theorem 4.5,1 oi(9J on condi tional staDili ty of ordinary

di f'f'ercn t_:_',1 system to r-e ve r-a., ole
i

dynam.l c a.I ~_.'8tem. The results (:~L2,'[
"i

o f (4. 5 •2) 9 ( 4 •5 •3); PJl d (4. 5 . L'j- ) :1

I
:1

(8.4) and (S.5) are s:!)8cial cases

f r ora tbe re re rencc r9~ pp, 285~ -
\:e call also pro ve the f ol l.ow ing extension of Theorem (4.5.2)

hold. ASSwile further -

(a) there exist functions B P--2- ~ \<.. ~ o~(-L
If) )") .

such that '/0 c W\
\6 \ C Q (X0, t\ )') 6/ -1; ') "" J C F Uo » '/. a\ ,f\ ) L ~2 ( d ( )(0, 1\-)) 0; ( (-)

for +-7; 0

(b) the solution U (*) 0>, lto)of (8.1) satisfies the corid i tion

LA r t') 0 }Uo) ~ y?- ( \ ~) ) "1-1- ({") )t), 0 ) YL c: k ~~~~L

when ~ -= C \1\ IJ,\ '\ 8nd U\ (j -= (J
") ~(»)

(c) The component u* (* 0 It-t:l' of the equation (d.2) satisfies
J.L ) ) )

the condi ti on \A ~ 1-\-\/\ Uu) // ,- o (u.,\) "')\ ( ~,)

Ic\ with ~ satisfying candi tions in (b) and 'I \ ~ k and Y'I,E L
~ ') \ \ ( ~) \/J ch ~ -f/./,!b-." .\---(o~ Ov~ Y I ({ 1 7;" )/D

(d) ~ and -c: are such that I

'I 2-

-l t ~J 'r Gif" (+) 7; t-I C>L (+-) ') - 1 ~J
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There exists a function \j (-t )\
J r-. )

and (3) of 'i.heorem (8.1) and

'j#

"1ith prolJerties (1) ~ (2)~

\j (··t ')( ') L. C\
/

*end Q E- )<~'

This theorem shows the existence of a Lyapuno v runc tLon for

aeymp t ot i.c corid.l tional stabili ty.

REFERENCES~

1. E.A.13arbashin, Uc ten , Zap. rvLG.U.No.135 pp.llO-133 (-1949) (Russian)

2. N.P.J3hatia an,d G.P.Szeg09 ~)taJilj.ty Theory o:fdynamical systems?
Spr1nger-Verlag~ 13erlin.- Heidelberg-New York 1970.

3. AoS.N.Char1in9 A.A.Kayande and V.Lakshmikar~th81I).9 Stability of
motion in a tube-like domain (paper l.ulpu"blished., results
inoluded in Section 4.6 8 )

4. \lJ.Hahn9 Stability of motion9 Springer-Verlag-Nevl York 1967
(' ...ranslated by Arne P, Baartz) •

5. A. A.Kayande and V.Lakshmik2.l1tham, Pr occe d.Lngs Cambridge Philoso~)hic;,31
SocietY9 Vol.63. pp.199-208.

9 J .Eath. Anal. A:n;:>1.13(1966) 'Y}J337-347.

? 'I'echnj ca'L Re~ort9 D.E.l.No.2 (196:3).

8. Lakshmikantham and S.Leela9 Differential and Integral inequalities.
Academic Press9 New Yo.rlc-London , Vol.55-1 Mathematics in
Science and EnCilleering.

9. 9 Rev. Roun. de. l1ath. Pur e s e t AP~1.12 (1967)"
PIlo969-976.

10. A.M.Lyapunov 9 StalJility of I:Ibtiol1 (ED€~lish TraDslation)
New York (1966) •



L

155

11. ii.A.M:'rkov, On a general:,'Toperty of min~>lal sets (Russian) 9

Rusk. ,Astron. Zh 1932 >

12. E.Roxin9 J~Diff. Equations Vol.l (1965) pp.•115-15
0

0

13. H.WhitneY9 Pr oc , Hat. L\.oad.•Sci. U.S.•A.IS ~1932) pp.275-
2
7
8

340- 342.
14-0 V.I.ZUDOV9 The methods of L.•M.L-:apunov and their applicationS

(English Translation') Noordhoff 1964.


