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INTRODUCTION

-This report concentrates entirely on the concept
of péthos graphs of a graph, ‘The emphsasis of the work
has been on the graph throertic properties of these special
kinds of gréphs, Various characterizations and other
results discussed here pervade a large part of the graph
theory, In most pf the cases we havé restricted our dis-

cussion to pathos graphs of a tree,

The work has been divided into six papers of which
the first three papers deal with pathos graphs (in parti-
cular pathos graphs of a tree) and the last three deal
VAL, potn pattios gragh (in partiieniar podint pethcs Saphs
of a tree) the relation between pathos graphs and point

pathos graphs has been also established,
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The concept of a pathos of a graph G was introduced by

Harary(l)

, as a collection of minimum number of line disjoint
open paths whose union is G, The path number pn(G) of a
graph G is the number of paths in a pathos, Later R,G,Stanton,
ﬁ.D.Cowan, and L.O.James(G) and Harary(g) have calculated the
path number for certain classes of graphs like trees, cubic

graphs, complete graphs, complete bipartite graphs etc,
Here we shall define pathos graph of a graph G, and study

some general pronerties of pathos graphs of a tree and obtain a

characterization of pathos graph of a tree,

1.1, DEFINITION, Let P Dbe a pathos of a graph G, The

intersection graph P(G) of P 1is called a pathos graph of G,
Thus points in P(G) correspond to the paths in P, and two
points in P(G) are joined if and only if the corresponding
paths in P have a point in common,

Unless otherwise stated, by a graph we mean a finite, un-
directed, connected graph without loops or multiple lines,

We observe that P(G) is connected if and only if G is

connected, Also it follows that a cycle of length n is covered
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by two line disjoint paths. Clearly, there may exist different
sets of pathos for a graph G. Corresponding to these different
sets of pathos, we may have different pathos graphs of G,

For example see figure 1.

3
1
T |
2 pr(T) =4 5
' Frg.1
The possible set of pathos P of the above tree T are, the
following,
P, s 123, 5467, 86, " 24
Py s 867, 645, 324, 12
Py 1245, 22, 467, 86
P, : 12467, 68, 45, . 32
P, i 32468, 67, 45, 12
Py ¢ 3245, 12, 468, 67

The different pathos graphs of the tree T ‘correSponding

to the pathos P,, P P, are the trees Pl(T), PZ(T) and P3(T)
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SO,

respectively, See figure 2,

Pl(T) | PZ(T)

PS( T)
Figure 2
Here we note thaﬁ Pl(T) = P2(T) - PS(T).’

1.2, SOME GENERAL PROPERTI&S OF PATHOS GRAPH OF A TREE

A graph G is said to be homeomorphic to H if G can
be obtained by introducing some points of degree two in some
lines of - H,

We observe that the path number pn(T) of a tree T is
equal to the path number of any tree homeocworphic with T. Further,
it is easy to see that,

IHEQREM 1, All trees homeomorphic to a given tree T,
have the same collection of pathos graphs as that of T.

Illustration; See figure 3.
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It can be easily seen that these two trees Tl and T2

have the following pathos graphs, which are one and the same,

see figure 4,

A

£

p(T) p(T2)
Figure 4
Now we state an important theorem without »nroof which
follows easily, As usual let {rg_ denote the smallest integer

greater than or equal to I,
THEOREM 2. Let T be a tree and P be a pathos of T, Then

the pathos graph P(T) corresponding to P is the complete
graph ?n {%}D points if and only if T = Kl,n or T 1is
homeomorphic to Kl,n’
" Given a tree we now give an algorithm to determine a pathos
P of T,

ALGORITHM, Choose an odd point Vi and proceed along a
path until we reach another odd point say Voo Let P' Dbe the

V1 = V5 path thus obtained, Let Vo be another odd point r . _




5

different from vl and Vo Then again start from v, and
o

proceed along a line not previously traversed, until we obtain

3
Continuing this process we get a pathos P consisting of paths

a new odd point v . Let P'" De the v, - VA path thus obtained,

1 n g
Pty PV 4 P
which cover the given tree T,

REMARK 1, The end points of each path in any pathos of a

tree are odd points,

REMARK 2, No two paths in a pathos of a tree, have a
common end point.

REMARK 3, The path number pn(T) of a tree T 1is equal
to k, where 2k is the number of odd vertices in T.

Before going to the next theorem we shall make it a point

that the path number of a stappoint v of T 1is the path

number of the star-subgraph of T at v,

be the set of all

n
THEOREM 4, Let vl’v29V

star-points of a tree T, and ng be the path-number of Ve

3, ..Oﬂl.l’Vk

Then the number of lines in any pathos graph of T is

1 k
_2- Z n.(n. -~ 1);
1 i1 1

C‘d.l
PROOF, We observe that the path number of v, is [_‘2;1, |

where di is the degree of the star-point Vs

Corresponding to each star-subgraph at vy in T, we have

& Complete subgraph on n, points in P(T), (Theorem 2)., Ard
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clearly the number of lines in such a subgraph is

- -
510y -1

e . ey

Hence the fbtai numbef of lines in P(lefis

1 -
S § ni(n.:.L 1

This proves the theorem,

THEOREM 5, Let T be a tree, Then for any pathos P of

T,P(T) is a tree if and only if A(T) L 4, vhere A(T) is
the maximum degree of any point in T,

PROOF, Let P(I) of a tree T be again a tree. SUppose
T contains a point of degree n = 5, Then corresponding to

the star-subgraph K in T, we have a complete subgraph on

1,n
Cn
%121} points in P(T), Since i'Z_P is 2 3, it follows that
P(T) contains a cycle and hence is not a tree, a contradiction,
Converse part is obvious,
COROLLARY, 1If one of the pathos graph of a tree T is a
tree, then all the other pathos graphs of T are also trees,
1.3, CHARACTERIZATION OF PATHCS GRAPH OF A TREE,

THEOREM 6, Let G be a connected graph. Then G = P(H)
for some tree H if and only if every bdock in G is complete,

PROOF, 7 NECESSITY, Let G = P(H) for some tree H and vy
be a star-point of H, Then corresponding to the paths in P

containing vy, Ve have in P(H) a complete subgraph say Gl'

Also, if v, is another star-point adjacent to Vi then corres-

2
ponding to the paths in P containing Vyy We have in P(H)
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another complete subgraph G I+ is easy to see that there is

20
exactly one path belonging to the pathos P which contains vy
and Voge The point corresnonding to this path in P(H) will be
the cut point commén to G1 and GZ. This implies that every

block in G is complete,

SUFFICIEICY, TLet G Ybe a connected graph in which every

block is complete, We now construct a tree.T, whose one of the
pathos graphs is G, as follows,
Let Gi denote the blocks of G, For each Gi we take a

point Ve Supnose G1 is an end block (i.e, the block having

one and only one cut point) and Gy Gy G

2? "3? _
common out point. Then corresponding to this configuration we draw

eeessyG, have a

a path vy, Voy Vo, «eeneyV.e Tow let G(s > 1) be a block

having a common cut point with some Gi(l < i £ 1), Then we

Join vy and Vs Repeating this process for all the blocks of

G, i1t is easy to see that the graph thus obtained on the points \f

is a tree T', See the figure 5.

-

(57 9
;"?9 g{! o



Further st each point V. of T' we introduce 2n, - di
end lines, vhere n, is the number of points in the complete
block Gi and di is the degree of vy in T', Let H be :

the tree thus obtained, Sece the figure 6,

A\
\

NNV VN
/\/\/ /N

We now indicate the method of selection of a pathos P of

H, such that P(H) = G,

Corresponding to each cut-point Ci of G, 1let P, be

the path in H defined as follows. Let Gy,Gp5cee0e.,G  be
the complete blocks"incident at Ci in G, Corresponding to this
configuration consider the path P' in H consisting L TACIERREENS

in some order, say
P‘ ' Vl, v2, VB, OQQQO,VkO

Ir the degree of vy in H is g¥en then we add an end line to P!

at vl.' And similarly, if deg v

also, If the degree v

i 1s even, we add an end line at v,

1 is odd we may or may not add an end line

to P' gt vl, and likewise at vk'

obtaimd , We now choose a pathos P of H such that for each

Let P; be the path thus




cut-point Ci of G, P contains a path P, defined as above.
ke

The other paths in P can be chosen arbitrarily. Now it is not

hard to verify that P(H) = G,

The above construction may be seen in the following figure 7

4s in Harary(g) the granh LZ(G) of a graph is defined &s

9

L(S(G)). When G is a tree, it is easy to see that every block

of LZ(G) is complete. Hence we have

COROLLARY 6,1, Iy T is a tree, then L2(T) is a pathos
graph of some tree,
Since every block in a pathos graph P(T) of a tree is a

~ clique and comversely, we have

COROLLARY 6,2. For a tree T,

B(P(T)) = Q(P(T)),

that is the block graph(é) of P(T) is the same as the clique

- grapn!® o (D).




10

References

(1)

(3)

(D

(6)

¢

Harary, F., 'Covering and packing in graph-I", Annals of the
New York Academy of Sciences, 175 (1970) »p.198-205

Harary, F., and Schwenk, A.J,, 'Evolution of the path number
of a graphs Covering and packing in granhs-II, Graph theory
and computing', ed. Read, R.C.,, (Academic Press, New Yyrk
1972), pp.39-45,

Harary, F., 'Graph theory', Addison-Wesley, Reading, Mass.,,
(1969) pp.80,

Harary, F., 'A characterization of block graphs', Canad. Math.
Bull.,, 6 (1963)

Roberts, F, and Spencer, J., 'A characterization of clique
graphs ', Memorandum RM-5033-PR, The Rand Corporation, Santa
Monica, California, February 1969,

Stanton, R.G., Cowan, D,D,, and James, L.0., 'Proceedings
of the Louisiana Conferance on Combinatories, Graph Theory
and computing (1970) , pp.l12-135,

Sampathkumar, E, and Gudagudi, B,R,, 'On minimum number of
line disjoint paths', Karnatak University Science Journal

17 (1972), pn.257-258,




ded

ON PATHOS GRAPHS OF A GRAPH-IT

B.R, Gudagudi
MATSC IENCE, The Institute of Mathematical Sciences
Madras~600 020, INDIA
s o T
his is a continuation of Paper 1.
Here we study the following:
(1) Planarity of pathos graphs
(2) Traversibility of pathos graphs

(3) Some miscellaneous results

2.1, PLANARITY OF PATHOS GRAPHS

THEOREM 1, Let T be a tree ad P Dbe a pathos of T.

Then the pathos graph P(T) is »nlagnar if and only if deg v £ 8,
for every v in T.

PROOF, NECESSITY. A graph is planar if and only if every

block in it is planar, But in P(T) every block is complete,

And a complete graph is planar whenever its order is at most 4.
§ But the order of any complete block in P(T) can be 4, only when
deg v £ 8 in T, for every v in T, This proves that the

condition is necessary,

SUFFICIENCY, Let T be a tree in which deg v < 8, for

all points v, Then in P(TI) every block is complete of order at

most 4, This implies that P(TI) is planar. This proves the theorem
THEOREM 2, Let T be a tree and P be a nathos of T.

Then P(T) is outer planar if and only if deg v £ 6, for every

vV in T,
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PROOF, NECESSITY, Supnose T contains a point v, such

that deg v =2 7. Then Lftheorém 2, Paper 1.7 P(T) contains
a complete subgraph corresnonding to v of order > 4, which

is non-outer planar, a contradiction,

SUFFICIENCY, If deg v € 6, for every v in T, then

order of every complete block in P(T) is < 3, and hence every

block is outer planar, This proves the theorem,

2,2, TRAVERSIBILITY,

THEOREM 3, Let T be a tree and P be a pathos of T,

Then P(T) is eulerian if and only‘ f every star-point of T is

of degree n = 5, such that §‘§>% is not even,

PROQF, NECESSITY, Let P(T) be eulerian., Then every point
of P(T) 1is of even local degree(s)°

Now supnose T contains a point of degree n < 4., Then
P(I) contains a block which is complete on §‘§’\ < 2 points.

(Theorem 2, Paner 1), This impliesthaot P(Tf' is not cuvlerian,
Ir T contains a point of degree n, such that “§‘§ is even
then P(I) contains a complete block, which is regular of degree
; } - lj) and is odd, But that is not true.
SUFFICIENCY, TILet G = P(T), for some tree T and G

satisfy the given condition of the theorem. Then it follows that
every point in P(T) belongs to a complete block on an odd number
of points, This implies that every point in P(Y) is of even

degree, Hence P(T) 1is eulerian.




THEOREM 4, P(T) of a tree T 4is hamiltonian if and only
if T is homeomorphic to Kl b for n =2 65,
2

PROOF: NECESSITY, If T contains more than one star-point,

then P(T) contains more than one complete block and hence 1t
contains a cut point. This implies that P(T) is not hamiltonian

And hence T should be homeomorniic to K .
. 1,n

N

I n is < 4, then P(T) is either K, or K"_L’ and

nence it is not hamiltonian, This proves that n 1is = 5.

—

SUFFICIEICY, Let T be homeomrophic to Xy ., for n > &
$

Then P(T) will be complete on {%?2 % points and thus it is

hamiltonian, This proves the theorem,

2,3, SOME MISCELLANEQUS RESULTIS,

THEOREM 5, P(T) of a tree T is bipartite if and only if

AT < 4, Where A(T) is the maximum degree of any noint in T.

PROCF, NECESSITY, Lot P(T) of a tree T be bipartite.

if T contains a point v of degree n > 5, then P(T) contains

/’

a complete subgraph on %121%) 3 points and hence P(T) 1is not

bipartite, a contradiction.

SUFFICIENGY, Suppose A(T) < 4, Then (Theorem 5, Paper 1)

P(T) 4is again a tree for every set of pathos of T and hence

(2

it is bipartite'™ . This proves the theorem,

Now to discuss the next theorem we make use of the following

(2)

theorem due to J.Krausz , the English version of which is found
in(l)

L)
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THEOREM 4, A graph G is the lime graph of some graph if
and only if its lines can be partitioned in to complete subgraphs
in such a way that no_point lies in more than two of the subgraphs,

THEOREM 6, Let T be a tree and P be a pathos of T.

Then the pathos graph 2(T) is a line graph if and only if every
path in P passes through at most two star-points.

PROOF, NECESSITY, Ikt P(T) be a line graph. Ir P con-

tains a path which passes through more than two star-points, then
it is easy to see that in P(T) we have a cut point belonging to
more than two complete blocks. This implies that P(T) is not a
line graph, a contradiction,

SUFFICIENCY, Lgt P be a set of pathos of a tree T

satisfying the given condition of the theorem, Thenm every block
in P(T) is complete and at each out cut point there are exactly
two blocks. Keeping in view, the above theorem A, it follows that

P(T) is a line graph.

THEOREM 7, Let T be a tree and P be a pathos of T,

Then chromatic number of P(T) is é%éélli§~, where A(T) is
the maximum degree of a point in T,

PROF ., We observe that every block in P(T) is complete
and the maximum order of a complete block in P(T) is {%‘m‘} .
Also it is well known that the chromatic number of a connected
graph G is equal to max ’)ﬁ(Bi)s where Bi is a block of G,

Hence the result follows,
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THEOREI 8, The pathos of a complete graph Ky on n points

~ 4
is again complete on {é‘lf_ points, where as usual {'g"} is the

least integer greater than or equal to !2-1 .

PROOF, Let n be an even integer, say n - 2k, Then by

gection & ':_L‘n( 4),' the number of paths'in K - 1$ 2 ke :Now by the

help of the lemma 5#1?'&}!—1‘3@:1;9 wé .shall label the pathos of Kn as

feollows:

a
1 % %k fy ok vt 0 % Yer1
8 8 & &y A5y v w e Bgaa S0
8.8 a4: a2 d 8.5 8.1 . * . a.k+,2 ak+3
8y B8y 8 8¢

Qg | e . . a3 Aera
% 1 k-1 Fer2 -2 I et Qox*

Case 2. Let n Dbe an odd integer, say n=2k+l. Again
. { 4
with the help of the lemma 5.2 in'™ , the pathos of K may be

written in the following wav.

1% g B Ay 0 e e By B,
2 B8 7 2 forl 0 e Y3
B % % - B I R L B W B 0]
% 3% & T L T T

a [
ko el Y1 Hmo g ¢ 0 e B Agg
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I, this case we observe that there will be some lines

missing, which may be of the type,

(e ag1)s (B 8(gny 1)y (33 B ) o0

And clearly these lines may be covered by drawing a path of

the type,

: | vees. and
Bop1 3 % Fore1) -1 (2l) -2 93 RGO,
deleting some points of the type

a]_’ ak——l’ a2k etc., there by shortening the related paths.
Now we observe that from the above labelling, each of the

'%%!? paths of the pathos has at least one point in common with

the remaining paths, This clearly shows that every point in

corresponding pathos graph has adjacency with every other point in

it, Hence it follows that the nathos graph of a complete graph on

n points is again complete on 2 2~2 points., This proves the

theorem.

The following two theorems are the consequences of some

theorems already proved. We state them without proof.

" THEOREM 9, The connectivity of a pathos graph of a tree is

— o~

Ch
= é‘g‘r such that X. _ is the star,

either one or p-1, where p 1.5
?

THEOREM 10, The line connectiviity of P(T) of a tree T 1is

o (3} )

where n, is the degree of the point in T,
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ON UNIQUENESS OF THE PATHOS GRAPH OF A TREE

»

B,R, Gudagudi
MATSCIENCE, The Ipstitute of HMathematical Sciences, Madras
) TNDIA,

L

In general the pathos graph P(T) (Paper 1) of a tree T
depends on the pathos P ‘of T, and two pathos graphs of T may
not be isomorphic, We now investigate trees for wvhich all pathos
graphs are isomorphic.

As observed earlier, all trees homeomorphic to a given tree
T, have the same collection of pathos graphs as that of T. Hence
without loss of generality, in this section we consider trees which
do not have points of degree 2, |

It is noted earlier (Theorem 2, Paper 1) that all pathos

graphs of the star Kl o are isomorpnic to the complete graph on
b

-{%} points where %%} denotes the least integer greater than

or equal to % . Hence the pathos graph of Kl n is unique.
9

By a twg star we mean the graph obtained by joining the
central points of two stars., For example, the graph G of

figure 1 is a two star.

U1

Figure 1.
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It is easy to see that all pathos graphs of G are iso-

morphic to the graph in figure 2, which 1s Ky . K ., that is the

4%
graph obtained by identifying a point of KB with a point of K4.

Figure 2
In general, if G is a two star, with star-points of degree. m

and n respectively, then all pathos graphs of G are isomorphic

to i{m K o and hence the pathos graph of G is unique.
ARREL,

A super star is a tree T obtained by joining central points

Vis Vgy Vgy eveessVy of two or more stars to the same point Vv,

called the central point of T. The points Vs Vo VageeeeesVy

are called semi-central points of T. For example, the trees T
S P )y 1

T2 in fig,3 are super stars,.

o
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Let T be a super star and Vl V29°°'°°’vk be the semi-

central points of T and v, be the central point of T. Let

n. be the path number of v, for 1 =0,1,25sec¢.5K%e Then the
ol 3

./
pathos graph of T consists of the complete graph Kn , and at
(¢
each point of Kn , there are at most two complete and blocks.
5 ,

Each such end bBlock corresponds to a unique semi-centre v for
some 1 = 1y256000009Ke

We illustrate this by means of two examples.

Let the degree of v, be even, say 10, Then k = 10, and
the path number of v, is 5, Corresponding to the star Kl,io
at VQ in T we have the complete subgraph K5 in a pathos graph
of T; and a pathos graph of T is of the form as shown in Fig.4,

where Ki is the complete graph on ir points and
T

lr 6 gr)j-, n2, ‘l..‘l,I]—_]_o}’ L
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We observe that corres-onding to the star subgraph at vi

for i =1,2,3,s...,k, we have a comnlete subgraph Kn in a
i

pathos graph of T and this is an end block attached to KS’ as
shown in the figure 4.

If deg v is od? say 9, then k = 9, and the path number
of Vg is again 5. Corresponding to the star-subgraph K1 9 at

)

Vo we have again the complete subgraph KS in any pathos graph

of T, Iy this case the pathos graph of T 1is of the form as

shown in Figure 5. @

Thus we see that
(L) If deg v is even, then there are exectly two comnlege sub-

graphs Khi for 1 = 1, at each point of Kn.'
o)
(2) Ir degv, 1s odd, then there is exactly one complete sub-
graph K = for i = 1, at one vpoint and two complete subgraphs
i
at allcother points of Kn .
o
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For different such combinations of comslete end blocks as

m

shown in figure 4 or 5, we may have different pathos graphs of T.
We now examine when all pathos graphs of T are isomorphic.

Case 1. Supnose deg vV, is even, In this case as observed

above there are exactly two comnlete subgranhs K for i 53. 1,

1

at each point of Kn . Hence it is easy to see that all pathos
¢

sraphs of T are isomorphic if and only if all the complete
graphs K~ for i = 1, except possibly one, are isomorphic. In
i

otherwords all the nathos graphs of T are isomorphic if and only
if the path numbers of all points vy for 1 = 1,25s00e09K;
except possibly cone, are equal.

Case 2. Supnose deg v, is odd, As observed earlier, in
a péthos graphs of T, there is one complete subgraph Kn. for
i %Z'l et one point of X , and two complete subgraﬁhslat all
other points of Kn.' In.tgié case also, clearly all pkhos graphs

o}
are isomorphic if and only if all the complete subgraphs Kq for

i1 ina pathos graphs of T are isomorphic., In otherwords,
all the pathos graphs of T are isomorphic if and only if all
the path mumbers of v, for i = 1,2y.....,k are equal. We now
prove, |

THEOREM 1. The pathos graph of a tree T is unique if and
only if it is in one of the following forms,

(1) T 4is homeomorphic to a star

(2) T 4is homeomorphic to a two star
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(3) T 1is homeomorphic to a super star T,

Satisfying the following conditions:
Let v be the centre of Tl and vl Vo gesecsssyVy
be the semi-centres of Tl‘

(a) If deg v is even, then the path numbers of all points Vi
for i =1,2y5¢4..4k except possibly one, are all equal,
(b) Ir deg v, is odd, then the path numbers of all points vy
for 1 = 1,2,¢00e4se9k are all equal.
PROOF, 4s we have discussed already, a star, a two star,
a super star satisfying the above conditions have unique pathos
graphs. So any tree homeomorphic to any one of these graphs also
has a unique pathos graph. This proves sufficiency,
We now indicate the necessity by‘én example, For this we
take a tree (Fig, 6) which is not homeomorphic to any of the trees

mentioned in the theorem,

Let P = g&ﬁ) P2,...=...,P15?} be the set of pathos as
shown in figure 6, The pathos graph P(T) of the tree T, corres-

ponding to P is the graph in figure 7, Let P' = %.Pi’Pé"""PiE{}

be the pathos of T as shown in figure 8, Then the pathos graph
P'(T) of T corresponding to P' is given in fiigure 9. We
observe that P(T) # PY'(T), This proves the necessity and hence

the theoren,
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Now, consider the set of pathos

P' :gpis PZ‘S PB‘ ® ¢ 46089 ¢ Co P]‘_5}in T

where

P] « by By by by by by P§ « Py Pi3 by

Pa o by Poy by Plo + Dbig iz Prg
P3 o Doy Doy Pog Fl1 + - Py P13 Pig
)+ Dy by Pys Pl » Pyg Pyg Py
P5 « Dgg by Py Piag « P11 P5 Pyg
Pe + DPog by Pla s By Ps Pg

Ph « Pog Py Py Pis+ Pg Pg
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Similarly, one can observe that any tree which is not

homeomorphic to the trees mentioned in the theorem will have ot

least two non isomorphic nathos graphs, This proves the tlmoren,
&3 AL (=g i i



Qi POINT PATHOS GRAPHS OF A GRAPH

{Graphs Aefined on (0,1) matrix)
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INTROUCTION:

S——

Tet A = [%ij”j Ye o (0,1) matrix. The graph G(A) of the
- matrix A is defined as follows. The point set of G(A) consists

of all aij's vith aijzl. Two such points are adjacent if and

3

only if they eppear either in the same row or in the same column

of A.
The ides of the matrix graphs was provided by the well known

2)

theoren of Konig-Bgervary~’ on (0,1) matrices.

THEOREM: (XKonig-Egervary). Iet A be a (0,1) matrix of size m X n.
The minigum nuesber of lines that cover 211 the 1's in A is equal

to the paximum mumber of 1°'¢ in A with no 40 of the 1's on a line,

In ((3) p.2) Hede+niemi indicated that the matrix graph thus
constructed has its point independence number equal to the maxinmm
number of 1's in the matrix witli no two of the 1's on a line.

Inf{i] C.R.Cook has defined the clique-vertex graph as one
of the special case of the matrix graphs and discussed some of
its properties.

The concept of a_ﬁgﬁgggﬁof a greph G was introduced by
F.Harary as a collection of minimum runber of line disjoint open
paths whose union is G . The path number P,,Q(G:) of a graph G is
the number of paths in a pathos. P.G.Stasston, D.D.Cowan and

L.0.James have calculated the path number for certain classes of




2
graphs like trees, cubic graphs complete graphs etc, L.Lovasz6)
has also produced some good bounds for T%ul% .

The point-pathos matrix A of G is a pxk matrix [g" ;;
e e 1

J
where a.ij = 1 if the point vy belongs to the p=th Dy in P where
P is the set of pathos in G and aij = o otherwise.

Let P be a »athos of a graph G. The point pathos graph

Fp{g;of G is the matrix graph of point-vathos matrix of G. That
paIvg
., V.) where
(pys v4)

N

Vj is a point of G on the path p; in P and two ordered pairs

is the point set of F@{@} is the set of ordered

(pi, vj) and (p,_, v,) are adjacent if end only if either p, = p,

rv. =V
6] 3 ne

Recall that in general path number of any graph is not
determined. However, path number is determined for tree and some
special classes of graphs.

In this paper we mainly deal with point pathos graph PP(T)

of a tree T and ovtain its characterisation. We also show that
the vow graph of the point pathos matrix of a graph G is isomorphic
to the pathos graph P(G)7). And the clique graph (or block graph)
of é colvmn graph of the voint pathos matrix is also isomorphic
to the pathos granh P(G).

Let T be a tree and P be a set of pathos of T, The rows of
the point pathos matrix of T correspond to the paths in P of T
and the columns correspond %o the points of T. The column sums of
this matrix correspond to the number of pathos in P, in which a

Point appears.,
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In figure 1 a tree T and the set of paths in P are given.
In +able 1, the point pathos matrix corresponding to the tree T

and paths in it are given., In figure 2, the point pathbs graph

p

P(T) of a tree (T in figure 1) is given.
0-\% 79

Figure 1
Pt 2 ayag Pg  : 2o 85 85 3g
Pp ¢+ 8y 85 85 8g &y Pg . 210 11
Pz : &g &g P P g 3 85

Pyt 8533 Ay Pg A7 *13
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Figure 2
Point pathes graph pP(T) of a tree T in figure 1.

4

THEOREM :1 Tet T be a tree. Then the number of points in

pP(T) is 223&? , where n.  is the path number of a point v, in
{

H3

PROOF: If n, is the path mumber of a point v, in T then v, lies

on n, paths in P. Thus the total rnumber of 1's appearing in the
i-th column of the point pathos matrix of G is n, . And hence total
number of 1l's appearing in that matrix is §?ni. This is the

number of points in DP(G). This »roves the theorem.

&

THEQREM:2. ILet T be a tree with pn(vi) as the path number of a
non pendant peint v, in T and n, as the length of a path p; of

Y in 7. Then the total number of lines%,pP(T) is given by

A ) 4 B (D (pr(0)-1) -
5 & 1

——~

7 Ny
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PROOE 3 In a point pathos matrix of a tree, the number of 1°'s

is every ow corresponds to tae mumber of po.nts in the corres-
pending path 1 of Pin T. And by definition of point pathos
graph, points corresponding to 1's in a row induce a complete
block in pP(T). If =, for i = 1,2,........,01 are the lengths

of the paths Py in P of 1, then the number of lines in the corres-

ponding complete blocks in pP(T) will be clearly

P (ni+’-_) -gni+ 1)-—;
L

" 2
ni(ni+1)

—— .

2

-~

(&)

similarly, the points corresponding to the number cf 1's in
each column form a complete block in pP(T), which corresponds to
the number of paths P; in P having v, as a common point. This is
clearly path numher pn(vi) of the point v;. So again the number
of lines corresrcnling to such complete blocks will be

e (o %N
| jé; pn(#éz_i???ﬁvi{w}# TSR - (B)

*

1 2

From (A) and {B) it follows that the total number of lines

in pP(T) is

fgf ni(niél} ,APH(Vi) {Pn(vi)‘1>
Z A

This proves the theoren.
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Let A = §?i:§ be a (0,1) point pathos matrix with m
R
rovs. Taien the points of the row graph

R(AJ?‘gﬁl, u2,,.,..°..,uﬁ¥ , correspond to the rows of A and
; by .
two points of R(A) are adjacent if and only if there is a column

of A with 1's in the two rows corresponding to the points,

THEOREM: 3. The row graph R(A) of a point pathos matrix of a

tree T is isomorphic to P(T), the pathos graph of the tree T,

PROOF: Clearly, there is a one-one correspondence between the
points of the row graph of the point pathos matrix and the points
of the pathcs graph P(T) of the three T. Two points in the row
graph of the point-pathos matrix of the tree T, are adjacent if
and only if the tw® rows have a 1 in the same column. This is
equivalent to saying that the corresponding paths of the pathos
have a point in common. This implies that the row graph R(A) is
the interaction graph of the pathos P of the tree T. This proves
that the rov graph of the point pathos matrix of the graph T is
isomorphic to its pathos graph P(T).

Example. The following graph in figure 3 is the row graph of a

tree T shown in figure 1,
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Iet A = Yéigl be 2 (0,1) point pathos matrix with n columns.

Then the points of the column fraph C(A), %vi,vj,....,véi correspond
to the columns of A and two points of C(A) are adjacent if and only
if there is a row of A with 1's in two columus coxresponding to

the points.

THEOREM:4 ILet T be a tree and P be the set of pathos in T. Then
the clique graph (or block graph) of the column graph of the point-
pathos matrix is again isomorphic to the pathos graph P(T) of the

tree T.

PROOF: By the definition of the pathos graph P(G) of a graph G,
there is one-one correspondence between the paths in P of G and thd

points in P(G),

By the definition of a column graph there is a one-one corres-
pondence between the complete blocks of C(A), the column graph of
point-pathos matrix &, and the paths Py in pathos P of tree T.

Also, by the definition of the clique graph, there exists
one-one correspondence between the cliques (or blocks) of G and
the points of clique graph (or blocks) of G and the points of clique
graph (or block graph).

Now, since every block in the column graph C(A) of a tree T
is complete, it follows that there exists one-one correspondence
between the paths P; in P of T, and hencé the number cf points in
the corresponding pathos graph P(T) of a tree T and the points of
the clique graph (or block graph) of the column graph of the point

Pathos matrix of the tree T.
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On the other hand any two points are adjacent in P(T) implies

that the corresponding paths Ds s pj in P of T have a point in

comuon. Consequently this implies that the complete blocks (or
cliques) Qi Qj in C(A) corresponding to p;s Py in P of T, have

a point in comnon, This in turn implies that the two points in the
cligue greph (or block graph) of a column graph of a point pathos
matfix, corresvonding to Qi,'Qj are adjacent. Thus it follows that
clique graph (or block graph) of the column graph C(A4) of the point

pathos matrix of a tree T is isomorphic to the pathos graph P(T).

This proves the theorem.

Example.

Pigore 4

The graph in the above example (see figure 4) is the column
graph C(4) of & poirt pathos matrix of a tree T in figure 1., It is
easy to observe that clique graph (or block graph) of this graph

C(A) is isomorphic to the pathos graph P(T) of the tree T,
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The following Corollary follows from the above theorems.
Corollary 4.1: Let T be a tree and A be its point pathos matrix.

Then the row graph R(A) of A is isomorphic to the clique graph

(Plock graph) of its column graph C(A4).

CHARACTERIZATION OF p;LJ(T) OF A TREE T

The following two theorews characterize the point pathos
graphs of a tree T,
THEOREM 5: A graph G is point pathos graph 1)}?(T) of soue path T

if and only if G is complete.

PROOF: NECESSITY. Any vath T of length n contains (n+l) points and

has pn(T) = 1. So the point pathos matrix contains one and only
one row and has as many number of columns as there are points in T.
Naturally this matrix has all 1's in the same row, This implies

clearly that pP(T) is complete on (n+l) points.

SUFFICIENCY: Supnose G be a complete graph, say K,. Then it is

easy to see that the graph obtained by removing all chords and a
line of Kn, is a path T of length n-1, which has a path number
wnity and n points., Clearly K, is pP(T) of T thus obtained. This
proves the theorem.
IHEOREM 6: A graph G is the point pathos graph of a tree T(Which
is not a path), i.c. G = pP(T) if and only if

(a) Every block of G is complete.

(b) There exist two subsets % end T2 of the
set 1T of block: of G, such that
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1) W ETRUT-

ii) No twe blocks belonging to the same set have a
point in comunon,

[0
[
=

~—

At each point of any block belonging to one of the
subsets say 1%, ., there is a block belonging to ‘ﬁﬁ,

PROOF: NECESSITY. ILet G be a point pathos greph of a tree T.

Consider the point pathos matrix A of T, By the definition of G,
the 1's in A correspond to the points of A and every block in G
is complete. Also; each column (or row) in A corresponds to a
comnlete block in G, and conversely. The order of a complete
block in G is equal tc the number of 1's appearing in the corres-
ponding column (or row) of A.

Tet A be a mxp matrix and

nos %?1» By, BB,..Q.;O.,BQi

be the sct of blocks of G corresponding to she rows of A. Also

let 9 = %?i» BLs Blousassons 5:§ be the set of blocks of G

corresnonding to the columns of G. It is easy to see that no two
blocks in P cr in i have a common point.
Now, consider Bf of the set T, , and let its order be r.
11 1

This block corresvonds to the first column in A and there are T

1's in the first column., Let

ily 129 iapoooougir
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be the rows of A, which have 1's comuon with the first colwmn

of A, T-en each of the blocks

of G have a common point with B;. Likewise we can show that every
block in Tesatisfies e conditior (ii) of (b). This proves

that the conditions in the theorem are necessary.

SUFFICTIENCY: TLet G be a connected graph satisfying the given

conditions in the theorem..

Letfg be the set of ulocks of G and ‘ﬁ},ﬂTL be two subsets
of ‘1? satisfying the given conditions of the theoreim. Thus at
each point for every vleck B' in there is a block belonging
to H, .

Let G' be the graph obtained from G by contracting every block
belonging to . into a single point. Clearly G' is also a graph
in which every block is complete. Hence, by an earlier theorem
(Theorem 6, Chapter I) G' is a pathos greph of some tree T. Now
the construction of the +tree T can be undertaken in two ways.
Case 1. If the tree T does not contain points of degree 2, then
T can be easily constructed from G' by using the method mentioned
in theorem 6 of Chapter I.

Case 2. Suppose the tree contains points of degree 2. In this
case we can consiruct the reguired tree T' as follows.

Let G" be the graph obtained from G by contracting the blocks
belonging to Aﬁ; into a single point. Then replace every complete

block of order n(n =2 %) by a cyvele of length n. (This can be
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easily done by remeving a1l chords of every complete block‘of
order n «n 23%). Tnen furte. remove one lir.: from every cycle of
order n (n > 4) which is not incident Vo any star-point.

In case the complete block is & triangle, then remove the
line which is adjaceat to an even star-yoint.

Also, in a case in vhich each ol the point of the complete
block is incident to a block, then remove the line that is incident
to two points of even degree suitably.

Tet T' be the tree thus obtained. Now one can easily verify
that the point pathos graph pP(T') is the graph G. This proves the ’
sufficiency and hence the theorem.

How, by the help of the following example we can show that

the condition (b) of the theorem is irredundant.

Pigure 5

Here we observe that every block in G is complete but it is

PayThet s
not a point\g}aph of any tree.
h
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ON POINT PATHOS GRAPHS-TT

B.R,Gudadugi
MATSCDENCE’ The Institute of Mathematical Sciences, Madras-600020
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This is a continuation of Pgper
Heré we study the following

(1) Traversibility of pP(T)

(2) Planarity of pP(R>.

(3) Some miscellaneous results,

TRAVERSIBILITY

THEOREM 1, Let T Dbe a tree and P be a set of pathos in
T. Let di denote the cegree of a star-point v, in T, Then
the point pathos graph pP(T) of the tree T is eulerian if and
only if the length of every path Py in P 1s even and for every
.
star-point v, in T, »'§L:?_ is odd.

PROOF, SUFFICIENCY, Let T be a tree satisfying the condi-

tion of the theorem, Then as observed above, the set = of comp-
lete blocks of pP(T) can be divided into two subsets my and T,
such that
(1) Ny two blocks in m ~or wW, are adjacent,
(2) At every point of each complete block in m,,

there is é complete block belonging to wl .

Also, there is a one-one corresnondence between the staf-

point of T and the blocks of w,. Similarly there is a one-one

2
Correspondence between the paths in P and the complete blocks in

L
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It ‘can be seén clearly, that for every path p; of
length n in P of T, there is a complete block of order
(n+1) in pP(T) belonging to T 3 and convérsely, And for
every star-point gi of degree di in T, there is a complete

block of order - 3% [ in .pP(T) ; and conversely.

Now, in view of the above discussion if T satisfies
the condition of the theorem then it implies clearly that the
degree of every point in pP(T) is even and hence pP(T) is
eulerian,

NECESSITY, Let pP(T) be eulerian. Then the degree of
every point in pP(T) is even.

Let w, amd 7, be the two sets of blocks in P (T)  as
described earlier, Then every complete block Bi in T corres-
ponds to a path Py in P, and conversely, If n is the order
of Bi then n-1 1is the length of the corresponding path Py
Since pP(T) is culerian, it follows that n is odd and hence
n-1, the length of 129 is even, This »nroves that the length of

every path p; in P of the tree T 1s even,

Further, every block Bi in Ty, corresponds to a star-

point v, in T, and conversely, If di is the degree of vy

then the order of the corresponding block Bi in pP(T) is

di : . P, d.

== ( « Now, since p (T) is eulerian it follows that ¢ - pis
od

d, This completes the necessity., Thus the .theorem is proved.
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3

THEOREM 2, Let be a tree and P Dbe a set of pathos.

Then pP(T) is hamiltonian if and only if T is a path,
PROOF, By an earlier theorem' ™ »pFGT) = of a tree T 1is

complete if and only if T is a path. Also we observe that if T

et
n
ek
O

contains at lea ne star-point then the point pathos matrix
contains at least two rows and hence clearly pP(T) contains a
cut point., This completes the proof of the theorem,
PLANARITY

THEOREM 3, Let T be a tree P Dbe a set of pathos in
T, Then pP(T) is planar if and only if
(1) Length of every path p; of P in T is = 3,

d,
(2) For every star-point v, in T, {jz%i? is £ 4,

PROO¥, We observe that in pP(T) every block is complete.

Also it is knownﬁg)

that a graph G 1is planar if and only if
every block in it is planar,
As we discussed earlier, the set of complete blocks w in

p"(T) can be divided into two subsets ., and Toy Such that

1
every block of order (m+l) corresponds to a unique path Py of
length n in P, and conversely., Also every star-point \A of

degree d; corresponds to a complete block Bi in w, of order

2
e
é;é%;? , and conversely,

Now, since every block in p (T) is complete, it follows
clearly that every block in it is planar if and only if the order
of the block is 4, This in turn implies that pP(T) is

planar if and only if



(1) Length of every path p, in P ofd ’J;\is <
(2) For every star-point v, in T, {nél-f is < 4
This proves the theorem, |
We now state the following theorem for outerplanarity of
a point pathos graph pPQT) of a tree T without proof, For
the proof is analogous to the nroof of the above theoremn,
THEOREM 4, Lot T be a tree and P be a set of pathos.
Then pP(T) is outerplanar if and only if
(1) Length of every path p, in P o T ois £ 2
(2) For every star-point v, in T"{;E%_% is < 3.

MISCELLANEQUS RESULTS

In theorem 5 chromatic number of a point pathos graph

P S , ‘ . ;
PYCT) and in theorem 6 its point point covering number are
discussed,

THEOREM 5, Let T be a tree and P be a set of pathos in

T, Then chromatic number of pP(T) is given by

— - a.
X(pP(T)) = max (max / n(pi) + l_/, max ?—g?)

~

where n(p,) denotes the length of a path D in P of T and

di is the degree of a star-point v, in T, {1;} has the

usual meaning.
PROOF, We know that every block in pP(T) is complete.
Let 1w, and . Dbe two subsets of the set = of blocks of pP(T)

i 2
Ir n(p;) 1is the length of a path py in P of T, then clearly



maX[n(p.)+lf7 (4)
indicates the maximum order of a corresponding complete block
in T -

Similarliy, if d, 1is the degree of a star-point A

in T, then it follows clearly

\ d.
x{-ﬁ—} cesaconens (B)

indicates the maximum order of a corresponding complete block in

To »
2
Thus, we observe that from (4) and (B)

max (nax[n(n )+17 , max §4}>

gives the maximum order of any complete block in p (T)

But, it is known that chromatic number of a complete
graph Kn is n and also the chromatic number of a graph is
equal to the maximum of the chromatic mumber of its blocks,

Thus, it follows that the chromatic number of the point

pathos graph pP(T) of a tree T is given by

d. X
max (ma:c [’n(pi)+1_'7 , max {-421})

where { r} has the usual meaning. This proves the theorem,

Recall that for a graph G, the clique number w(G) of a

graph G 1is the number of points in the largest complete subgraph

of G'o
COROLLARY 5,1, For a tree T

X GAD = opPlm),

/

i
A
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Corollary follows easily from the above theorem and

the definition,

THEOREM 6, FYor a tree T,
&oolnt = Ty .
oolD (7)) = pn(T),

where dﬁo denotes ﬁhe point-noint covering number of G and
pa(T) represents the path number of a tree T,

PROOE ILet w Dbe the set of complete blocks of the graph
pP(T) of the tree T and Lo and T, be the two subsets of
as defined earlier, Then every point of each block in U is inci-
dent to a complete block in s And no two blocks of the same
subset have a point in common, And hence the complete blocks of
the same set are independent.

Thus, it follows that the complete blocks of my cover

all the pointsrof m., together with all the points of the blocks

1
of o and hence the‘points of pP(T),

Now, observe that all the points of each complete block in
T, are covered by a single point., That means the point-point cover-
ing number of pP(T) is same as the number of complete blocks in Tye
But there is one-one correspondence between the complete blocks in
and the paths in P of T, Thus, it follows that

o (5 (D) = pn(1),

This proves the theorem,

REFERENCES

3

(1) B.R.Gudagudi, thesis (Ch,IV) 'Oy point pathos graphs of a Graph'

(2) Chartrand, G,, and Behzad, M., 'Introduction to the Theory of
Graphs', Allyn and bacon Inc,, Beston, (1971).



33

0il UNIQUENESS OF THE POINT PATHOS. GRAPHS
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As noted earlier pathos graph of a graph need not be
unique, - Hence it follows that noint pathos graph of a graph need
not be unique,

In this Paper we investigate graphs for which point pathos
graph 1s unique. As in the case of uniqueness of pathos graph of
a graph, we show here that the point pathos graph of a tree T
is unique if and only if T is one of the following, satisfying
some additional conditions to be stated.

(L T is homeomorphic to a star,
(2) T 4is homeomorphic to a two star,
(2) T is homeomorvhic tb a super star,

Let T be a tree homeoumorphic to a star Kl,n7 and Vv be
the central point of T. TLet v ,v,yVgyeeeesy v, Dbe the pendant
points of T and r,, i =1,2,3,....,n be the number of points
in the V-vy path, i = 1,2,3,,4.¢.40. Let P be a pathos of T.
Now we have the following Cases,

Case 1. Let the degree n of v be even, Clearly the

end points of every path s in P are pendant points. So it
follows that all paths in P have exactly one vpoint in common,

and hence the voint pathos matrix corresponding to P of T con-

. C
tains i % rows such that there will be cne and only one column
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common to all rows which contain 1's in each of its rows., Thus
the point pathos graph consists of a central complete block Be
corresponding to v in T of order é}%i}' « Also at each noint
of B there is a complete block of order (ri+rj) , where (ri+rj)
is the number of w»oints in the corresyponding pdth in P, and con~

versely, This can be seen in the following illustration, taking

n = 10,

Now, corresponding to this tree T, homeomorphic to

Kl 0 (n = 10) and the set of pathos
?

P = ,{jvl sz, v3 vv4, V5 vv6, v7 vv8, v9 vle

we have the following point pathos graph.
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Here the orders of the complete blocks adjoint to Bv
varies acccrding to the different combination of (ri+rj). Thus
we observe that corresponding to different pathos of T, we have
different noint pathos graphs of the type as shown in figure 2,
Now, it can be seen that all the point pathos graphs will
be isomorphic if and only if all the end blocks except possibly
one are isomorphic, In othérwords, all the point pathos graphs
are isomorphic if and only if all the numbers ris except possibly
one are egual,

Case 2. Suppose the degree n of v 1is odd, say n= 9,

Let P' Dbe the set of pathos defined as follows,

~ ,
o~ ' s
P = 1 V1VV2 5 V'BVV49 \T5VV6 9 V,7VV8 3 VV9 } .

As in the above case we lmve in the woint pathos granh

~
pPl(T), a central complete block on §-%‘j 5 points, correspond-~

ing to the star K1-9 at v. Further we have the end blocks
g
I{~ K K £ Pt e 2 0 e , I{ ’
rl+r2, r8+r4, r5+f6 r9

corresponding to the »naths

V¥V V3VVy VVVgs ecrucosyVVqe
Corresponding to different pathos P' we have different point
pathos graphs pP’(T). We observe in this case that all the point
pathos grephs pP*(T) are isomorphic if and only if all the end
blocks are

somorphic, This is possible if and only if all the

i
risy, 1 = 1,2,3,......,0 are equal,
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(V]

In view of the above discussion we have the following
theorem.

THEOREM 1., Lot T be a tree, homeomorphic to Kl,n and
v be its central point. Let vi5 i=1,2,35e00..,0 Dbe the pendant
points of T and T, be the number of points in the v -~ \f path,
Then the point pathos graph pP(T) of T is unique if the follow-
ing conditions are true,
(1) If n is even, all r{s are equal except possibly one ,
(2) If n is odd, all 1rfs are equal,

A two star is a tree containing exactly two star-noints

(See figure 3)

Let T be a tree homeomorphic to a two star., Let u and
v be the two star-points such that deg u=mr and deg v = n, Let
riy 1= 1,2,000..,m Dbe the number of points in the u - u; path
and Ss9 J = 1,25,0000.0400 be the number of points in the v - V3
path, Let t be the number of points in the u - v path,

Let us consider the two star T as made up of two trees

T nd T,, each homeomornhic ay K nd K
1 @ 09 omeomornhic to a star say Iign a 1,n



37

respectively, such that their central points u and v are joined
by a u - v nath, Let P be a pathos of T. Then the noint
pathos graph of T, the two ster, will be of the form shown in
Figure 4, consisting of three parts where each closed curve re-

presents complete block, L e B

_ P P - - . . Ve .\

- = 7 Figure™ ~ o . . —-

Part I (See figure 4) together with part III corresponds

to the point pathos graph of the subtree T, at u, homeomorphic to

1
a star Kl - and part ILI together with part III corresponds to
’
the point :#hos granh of the subtree T2 at v Thomeomorphic to the
star Kl n* A£lso part III corresponds to a noint pathos granh of
9

the u~v path in T, which isvincidently a complete block, Thus
one can observe that the structure of part I together with part III
and part II together with Part III are exactly similar to the one
that we discussed in point pathos graph of a tree homeomorphic to

a star, (Theorem 1).
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Now, regarding the order of the complete block B, we have
the following three cases,

Case 1, Suppose m and n the degrees of the star points
are even, In this case u amd v camnot be end points of any

path p; in P. Any path Dy in P containing u and v will

be of the type

u; - u path + u - v path + v ~ Vj path,

corresponding to such path we have the comnlete block B, which is

of the form XK, 4. o for some 1 = 1,235,040 m and j = 1,2,3,
=

J
l..o.,n.

Case II. Suppose both m and n are odd, In this case
the complete block B may have the following possibilities,
(i) B = Kt’ This happens when there is a path p; in P,
having u and Vv as end noints,

{3ii) B = Kt+r.' This happens when there is a path 1] in P
i

of the type
u, - u path + u - v path

{is1) B = Kevs.® This is a case in which the path »; inP will
J

be of the form
u -~V path+ v - vj path,

(iv) B = K, This is possible when the »nath 1 in P

A4t+s .t
1 J

takes the following form
1 ~u pa 1=V path + v-v, ’
| w = p th + u-v path + v VJ path
Case III. Supnose one of the two numbers m and n, the

degrees of the star-points, say m 1is odd, In this case the
following possibilities may wrise for the complete block B,
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(1)

w
11
L]

rt+s This happens when there is a path o in P

of the form
u = v path + v -~ vj path,
(ii) B =K T e — . )
, ri+t+sj. 1, this case the corresponding path p; ir P
will be of the form
U~j -~ upath+ u - v path+ v - vj path.,
A careful analysis of the cases I, II and III showszthat
uniqueness of pathos graph can occur only in case I under the

conditions stated in the following theorem,

THEOREM 2, Let T he a tree homeomorphic to a two-star,

Then the voint pathos granh pP(T) of T is unique if
(1) The degree of the each star-peint in T is even.
(2) Length of every maximal star-free path is one and the same
except at most the one which joins the two star-points,
Analogously, one can nrove the following theorem,

IHEOREM 3, Let T be a tree homeomorphic to a super star,

Then the point pathos graph p (T) of the tree T is unique if

T satisfies the following conditions,

(1) The degrec of every semicentral point and the central point
is even and all the semicentral »oints have the same degree
except at most one.

05,
T

(2) 411 maximal star~free pathos of the type vi~vi incident at

the same semicentral point K have the same length,
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(3) All maximal star-free paths of the type v.-v! incident
P ype v,-v!
at all the »noints Vi 1=1,2,¢000ees.4n have the same

length excent at most one,

(4 The legth of every maximal star-free path of the type V-V
is one and the same for every i = 1,2,,.4.040
It will not be difficult to show that any tree which is
different from the trees mentioned in theorems 1, 2 and 3 will
have gt least two different non-isomorphic pathos graphs., Hence

the converse part of our main nroblem also follows,.



