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INTRODUCTION

·This report concentrates entirely on the concept
of pathos graphs of a graph. ·The emphasis of the work
has geen on th~ graph throertic properties of these special
kinds of graphs. Various characterizations am other
results discussed here pervade a large part of the graph
theory. In most of the cases we have restricted our dis-
cussion to pathos graphs of a tree.

The work has been divided into six papers of which
the first three papers deal with pathos graphs (in parti-
cular pathos graphs of a tree) and the last three deal

\with point pathos graph (in particular point pathos graphs
of a tree) the relation between pathos graphs am point
pathos graphs has been also established.
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The concept of a .uatpo.s of a graph G was introduced by

Harary(l), as a collection of minimum number of line diSjoint

open paths Whose unt on is G. The path number pn( G) of a

graph G is the number of paths in a pathos. L'ater R.G.Stanton,
. C~ emD.P.Cm-.ran, and L.O.James and Harary have calculated the

path number for certain classes of graphs like trees, cubic

graphs, complete graphs, complete bipartite graphs etc.

Here we shall define pathos graph of a graph G, and study

some general properties of pathos graphs of a tree and obtain a

characterization of pathos graph of a tree.

1.1. DEFINITIOr~ Let P be a pathos of a graph G. The

intersection graph pe G) of P is called a lLathos graph of G.

Thus points in peG) correspond to the paths in P, and two

points in peG) are joined if and only if the corresponding

paths in P have a point in common.

Unless otherwise stated, by a graph we mean a finite, un-

directed, connected graph without loops or multiple lines.

vie observe that PC G) is connected if and only if G is

connected. Also it f'oLLows that a cycle of length n is covered

--'-----~----'---------.-....-.-.-
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by two line disjoint paths. Clearly, there may exist different
sets of pa't hos for a graph G. Corresponding to these different
sets of pathos, we may have different pathos graphs of G.
For example see figure 1.

T
pn(T)=4

Pta·1
The possible set of pathos P of the above tree T are, the
following.

PI I 123 , 5467, 86, 24

P2 , 867, 645, 324, 12
P3 • 1245, 32, 467, 86•
P4 • 12467, 68, 45, 32•

P5 • 32468, 67, 45, 12•
P6 • 3245, 12, 468, 67•

The different pathos grauhs of the tree T corresponding
to the pathos PI' P2' P3 are the trees P1(T) , P2(T) and P3(T)

--, -
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respectively. See fig-ure 2.

It ••
PI (T)

P3( T)

Figure 2

Here we note that PI (T) = P2(T) f. P3 (T)•

1.2. S.O~l!t...9~JiERAL J:>ROPERTIFB OF PATHOS GRAPH OF A TREE

A gTaph G is said to be homeomorphic to H if G can
be obtained by introducing some points of degree two in some
lines or : H.

We observe that the path number pn(T) of a tree T is
equal to the path number of any tree homeomorphic with T. Further,
it is easy to see that,

~HEO~i~ All trees homeomorphiC to a given tree T,
have the same collection of pathos graphs as that of T.
Illustration: See figure 3.

"-<'.-- - •

Figure 3
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It can be easily seen that these t.wo -c:cees Tl and T2

have the following pathos graphs, whi.ch are one and the same,

see figure 4.

f+.c--. ---~
P(-'~)

Figure 4

Nowwe state an important theorem without proof which

fol101rTSeasily. As usual let ir}

greater than or equal to r.

THE0RE.kl-2.Let T be a tree and P be a pathos of T. Then

denote the smallest integer

P( T) correspondi ng to P is the completethe pathos graph

graph on r~}
homeomorphic to

points if and only if T = KI or T is,n

Given a tree we now give an algorithm to determine a pathos

P of T.

ALGOIi.ITHli.Choose an odd point and proceed along a

path until 'de reach another odd poIrrt say v2. Let P t be the

VI - v2 path thus obtained. Let v....u be another odd point r " _"
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different from and Then again start from and
proceed along a line not previously traversed, until we obtain
a new odd point v4- Let pH be the v3 - v4 path thus obtained.
Continuing this process ve get a pathos P consisting of paths

p' plt pltf, ,
whi.ch cover the given tree T.

REMARK 1.. The end points of each path in any pathos of a

tree are odd points.
RID-Y;lliK 2...No two paths in a pathos of a tree, have a

common end point.
Rm'UlR~-L The path number pn(T) of a tree T is.equal

to k, where 2k is the number of odd vertices in T.
Before going to the next theorem we Shall make it a point

that the nath number ota statPo~~ v of T is the path
number of the star-subgraph of T at v.

THEOREV~ Let vl,v2,v3' •••••••,vk be the set of all
star-points of a tree T, and ~ be the path-nmuber of Vi-
Then the nTh~berof lines in any pathos graph of T is

l
2

k
L n. (n. - 1).
1 ~ ~

PROOF. We observe that the path number of v.a is

wher-s di is the degree of the star-point Vi.

Corresponding to each star-subgraph at Vi in T, we have
(Theorem 2). An;la complete sub~~aph on n.

~
points in P(T).

-.•.•...._----_._----------_. ------]
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clearly the number of lines in such a subgraph is

-21n. (.n. - 1).3. 3.

, .. ... 0" :~:'J .J J - .; ;.:".

Hence the total nrunberof lines in peT) is

l ;::
2 n. (n. - 1)3. 3.

i

This proves the theorem.
THEOREl,L5......Let T be a tree. Then for any pathos P of

T,P(T) is a tree if and only if 6(T) ~ 4, where 6(T) is
the maximum deGree of any point in T.

PROOF. Let peT) of a tree T be again a tree. Suppose
T contains a point of degree n ?!- 5. Then corresponding to
t~ star-sub8Taph Kl in T, we have a complete subgraph on,n

~~j
P( T)

~.ll2).points in peT). Since ( 1 is ~ 3, it follows that
contains a cycle and hence is not a tree, a contradiction.

Converse part is obVious.
COROLLARY. If one of the pathos graph of a tree T is a

tree, then all the other pathos graphs of T are also trees•
.1.3. Q..HARAfJ]:lLIZATION OF PAT..HO.§..,_GRAffiOF A TREE.

THEO~l 6. Let G be a connected graph. Then G = P(H)
for some tree H if and OlllY if every b~ock in G is complete.

PROOY.• (NECESSITY. Let G = P(H) for some wee H and vI
be a star-point of H. Then corresponding to the paths in P
containing vI' we have in peR) a complete subgraph say Gl•

Also, if v2 is another star-Doint adjacent to VI' then corres-
ponding to the paths in P containing v2' we have in Pf H)

..-.-------------------------



aoother complete subgraph G2, It is easy to see that there is

exactly one path belonging to the pathos P whf.ch contains vl
and v2' The point corresponding to this path in peR) 'vlill be

and This implies that everythe cut point comm(hnto Gl
block in G is complete.

SUFFICIENJY. Let G be a connec tod graph in which every

block is complete. We now construct a tree:,T, who se one of the

pathos graphs isG, as f'o'LLows ,

Let G. denote the blocks of G. For each G. we take a
l ' l

point Vi' Supyose Gl is an end block (i.e. the block having

one and only one cut ~oint) and Gl, G2, G3, " ••• ,G'I' have a

commonout point. Then corresponding to this configuration we draw.

a path VI' v2' v3' ••••• ,vr' No,,,let Gs(s> r) be a block

having a commoncut point vIi th sane G.(1 ~ i ~ r). Then we
l

join Vs ani v.•a Repeating tlns process for all the blocks of

G, it is easy to see th~t the gra-p'l1.th bt· d t . t~ _ us 0 aane on he poa,n s Vi

is a tree T'. See the figure 5.

.. - ..- -~'------'-- -- - -- - ····1-~--- ---- ---- --
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Further at each point v. of Tl we introduce 2n. - d.
l l l

n. is the nmaber
l

is the degree off

end lines; where of points in the complete
T I.block G. and d.

l l

the tree thus obtained.
H be i,Letv.

l
in

See the fi~Jre 6.

Fi~ 6.
We now indicate the method of selection of a pathos P of

H, such that P(H) = G.
Corresponding to each cut-point Ci of G, -let P. be

l

the path in H defined as follows. Let Gl'G2'••••••,Gk be
in G.Corresponding to thisthe complete blocks'incident at C.

l

configuration consider the path p1

in some order, say

If the degree of vI in H is gv.en'thenwe add an end line to P'
at vI. And similarly, if deg vk is even, we add an end line at Vk
also. If the degree vI is odd »te mayor may not add an end line
to P' at vI' and likeiviseat vk• Let Pi be the path thus
obtaina. We now choose a pathos P of H such that for each
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cut-point C
i

corrt af.ns a path P.
l

defined as above.of P

The other paths in P can be chosen arbi t.r ari Ly, No"T it is not
hard to verify that peE) = G.

The above construction may be seen in the following figure 7.

As in Harar/3) ,
r\~ n.

the graph L2(G) of a graph is defined as
L(S(G)). 'When G is a tree, it is easy to see that every block
of L2(G) is complete. Hence we have

gOROL.LARY 6. :1... If T is a tree, then L2( T) is a pathos
graph of SOlle tree.

Since every block in a pathos graph peT) of a tree is a
Clique and conversely, \V8 have

COROLLARY.6.2. For a tree T,

B(P(T») = Q(P(T)),
that is the block graph(4) of peT) is the same as the clique
graph(5) 0f P(T)•
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This is a continuation of Paper 1.

Here we study the following:

(1) Planarity of pathos graphs

(2) Traversibility of pathos graphs

(3) Some miscellaneous results

2~1. PLANA.RU_YOF PATijPS~Q.P!.4.EHS

THEOmg1~~ Let T be a tree and P be a pathos of T.

Then the pathos graph peT) is planar if and only if deg v ~ 8,
for every v in T.

PROOF~.NECEp~ITY. A graph is planar if and only if every

block in it is planar. But in P( T) every block is complete.

And a complete graph is planar whenever its order is at most 4.
But the order of any complete block in peT) Can be 4, only when

deg v ~ 8 in T, for every v in T. This proves that the

condf tion is necessary.

SUFFICIEN:!Y..Let T be a tree in which deg v ~ 8, for

all points v. Then in peT) every block is complete of order at

most 4. This implies that peT) is planar. This proves the theorem.

TFEOREM2~ Let T be a tree and P be a nathos of T.

Then P( T) is outer planar if and only if deg v ~ 6, for every

v in T.

--.....•-.....•-----------~-..--~----.-----.-.--~- ...-------.
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NECESSITY---=---_._. Supyose T contains a point v, such

that deg Then Ctheorein 2, Paper VPC T) containsv > 7_. .
a complete subgraph cor-r espondLng to v of order ~ 4, which

is non-outer planar, a contradiction.

SUFp'ICIENCY. If deg v ~ 6, for every v in T, then

order of every complete block in PCT) is ::::; 3, and hence every

block is outer planar. This proves the theorem.

2.2. TRAVERS:Q?JLIE(.

THEOREH3.. Let T be a tree and P be a pathos of T.

Then peT) is eluerian if and only if every star-point of T is

of degree n ~ 5, such that S n -? is not even.( 2 .J

EROQF. l~CESSI~~. Let P(~) be eulerian. Then every point

of peT) is of even local degree(3) 0

NowSUpl)ose T contains a point of degree n ~ 4. Then
(n)

P( T) contains a block whtch is complete on t '2 f ~ 2 points.

(Theorem 2, Paper 1). This impliestha.t peT) is not cnLer Lan,

If T contains a point of degree n, such that {~} is even

then peT) contains a complete blocl~, which is regular of degree

(t~} - 1) and is odd. But that is not true.

?u!.f.:r;CI~J':P.x'LLet G = P( T), for some tree T and G

satisfy the given cond.i tion of the theorem. Then it f'o.l Lows that

every point in PCT) belongs to a complete block on an odd number'

of points. This implies that every point in P(Y) is of even

degree. Hence peT) is eulerian •
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THE_OREl'l..1. P( T) of a tree T is hamil tonian if and only

if T is homeomorphic to K for n '4 5..
1 ' or v,n

PROOF.: NECESSITY__ ... .......-c_. If T contains more than one star-point,

then P(T) contains more than one complete block and hence it

contains a cut point. This implies that P(T) is not hamiltonian

And hence T should be homeomornhi.c to 1\1· •,n
n is <-...... K2 or Kl, and

n is:2:: 5.

K, ,for n ~.L,n 5.

4, then PCT) is either

hence it is not hamiltonian. This proves that

S UFFICIEI\1C Y•.. _. "...-...• T be homeomrophic toLet

Then peT) 'dill be complete on f~1~:9 points and thus it is

hamiltonian. This proves the theorem.

THEOREH5 PCT) of a tree T is bipartite if am only if
_:::.L

6(T) < 4, Where ~CT) is the maximumdegree of any ootnt in T.•...•...

P1WC! • NECESSITY Let P( T) of a tree T be bipartite.~~.----~.~..-..•
degree n?:- 5, then P(T)

PCT)

containsIf T contains a point v of

a complete subgraph on ~ ~ ~ ~

bipartite, a contradiction.

SUFFE::IEN;Y. Suppose 6( T) ~ 4. Then (Theorem 5, Paper 1)

3 points and hence is not

P( T) is again a tree for every set of pathos of T and hence

it is bipartite(2). This proves the theorem.

NOvI to discuss the next theorem we make use of the follo\dng

theorem due to J .Kraus zC 2), the English version of whi.ch is found

inCl) •

--.--------------.------.-.-..----.-----.----....;---~......•---~----...,..j
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T~OREM 4.. A graph G is the lirregriph of some graph if
and only if its lines can be partitioned in to complete subgraphs
in such a way that no point lies in more than two of the subgraphs,

TP~REH .§.. Let T be a tree and P be a pathos of T.
Then the pathos graph peT) is a line graph if and only if every
pa th in P passes through at most tHO star-points.

PROOF. I~C~SITY. LBt peT) bG a line graph. If P con-
tains a path which passes through more than two star-points, then
it is easy to see that in peT) we have a cut point belonging to
more than two complete blocks. This implies that p(T) is not a
line gr-aph,a contradiction.

Sl.JFFICIEr-&x.Le t P be a set of pathos of a tree T
satisfying the given condition of the theorem. The~ every block
in peT) is complete am at each out cut point there are exactly
two blocks. Keeping in view, the above theorem A, it follows that
P( T) is a line graph.

THEOREN z, Let T be a tree and P be a pathos of T.
Then chromatic number of PC T) is \~f where 6(T) isZ 2 '
the maximum degree of anoint in T.

PROCF • We observe that every bloclcin P( T) is complete
and the maximum order of a complete block in P( T) is £~} •

Also it is well known that the chromatic number of a connected
graph G is equal to maxX (Bi), where
Hence the result follows.

B. is a block of G.
~
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TlIEpREJ:L.8._The pathos of a complete graph
(n)

is again complete on 125- points, wher e as usual
.llleast integer greater than or equal to •
2

~ROOF. Let n be an even integer, say n _ 2k. Then by

paction 5 '+h(4) ,the-'.numbet of paths ',in Kn" ,il? ::.~k.:. Jjqwby'.the.

help of the"l:ennna 5tL':1:a~~~~':/'ilNG,shail label the pathos of Kn as

follows:

• • •

a
4 • ••

• • •

• ~+3• •

• • •• • • •• •

• • •• .. ••• •

• • • • • • · .•

• ••

K , on1~}n points

is the

~+l

~+2

~+3

~+4

•

•

Case 2. Let n be an odd integer, say n==2k+l. Again
(4)

with the helD of the lemma 5.2 in" ,the pathos of Kn may be

wri tten in the f'o.Ll.owl ng way,

• ak+l•

• • ~+2
• • ~+3

• ~+4•

• • • • •
• • • • • • •
• • • • •

a a1:+2 k-2 • • •

•
•
•

------------------------------
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In this case \,[e observe that there wl.Ll, be s orne lines

nri s s Lng, which may be of the type,

And cLearLy these lines may be covered by dr awf.ng a path of

the tYlJe1

deLeting some points of the type

al'~_l' a
2k

etc., there by shortening the related pathso

Novr we observe that from the above labelling, ,each of the

,paths of the pathos has at leas t one point in common ,vi th

the remaining paths • This clearly shows that every point in

corresponding pathos graph has adjacency '!,vith every other point in

it. _Hence it f'o.l.l.ows that the p at.hos graph of a c omp.Le te graph on

n (n}points is again comnl.e t e on ~ 2 points. This proves the

theorem.

The following t.wo theorems are the consequences of some

theorems already provedQ We state them ~~thout proof.

-' THEOREH9. The pathos graph of a tree iscOILnectivity of a
en ~\

"There p > t~~
-'

such that K is the stm~.
l,neither one or p-l,

THEpRElvI~O. The line connectivi.ty of PC T) of a tree T is

[Cn'1 1\
min ~L-tJ - ~ '

Where n. is the degree of the point in T.
l

-------------------------------_._----------------------- 1
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ON UNIQJENESS OF THE~l:!QS Gi1.APHOF A TREE

B. R Gudazud i~~TSCIENCE, The IHstitute of Mathematical Sciences, Madras
INDIA~

+*+*+

In general the pathos gTaph peT) (Paper 1) of a tree T
depends on the pathos P of T, and two pathos graphs of T may
not be isomorphic. vie now investigate trees for whf.ch all pathos
graphs are isomorphic.

As observed earlier, all trees homeomorphic to a given tree
T, have the same collection of pathos graphs as that of T. Hence
,vithout loss of generality, in this section we consider trees which
do not have points of degree 2.

It is noted earlier (Theorem 2, Paper 1) tha.t all pathos
graphs of the star K are isomorphic to the complete graph onl,n

S-2n?~1 J denotes the loast integer greater thanpoints where

or equal to n
2 • K.. is unique..L,nHence the pathos graph of

By a ~~ star we mean the graph obtained by joining the
central points of two stars. For example, the graph G of
figure 1 is a two star.

Figure 1.
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It is easy to see that all pathos gr-aphs of G are iso-

J( • K , that is the~ 4rnorphLc to the graph in figure 2, wrri ch as

graph obtained by identifying a point of

Figure ~

In general, if G is a two star, "lith star-points of degree. m

and n respectively, then all pathos graphs of G are isomornhic

to Ksm} K S.n} and hence the
(2 1.2.

A su.~')erstar is a tree

pathos graph of G is unique.

T obtained by joining central points

V
l
, v

2
,.v

3
, ••••• ,vk of two or more stars to the same point vo?

called the cent~~_ yQint of T. The points vl' v2,v3'·····,vk

are called ~.emi-centI'& points of T. For exampLe, the trees Tl

in fig.3 are SUDerstars •...

Figure 3 T?v
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Let T be a super star and vI v2,oo •• o,vk be the semi-
be the central point of T. Letcentral points of T and va

ni be the path number of vi for i = O,I,2, ••••.,k.

pathos graph of T co~~ists of the complete graph
Then the

each point of

K , and atno
, there are at most t.wo complete and blocks.Kno

Each such end block corresponds to a unique semi-centre V.
l

for
some i = 1,2, •••.••,k.

We illustrate this by means of t.wo examples.
Let the degree of be even, say 10. Then k = 10, andv

o

the path number of Vo is 5. Corresponding to the star Kl,lO
at v in T vie have the complete subgraph 1\5 in a pathos graph

9
of T, and a pathos graph of T is of the form as shown in Fig.4.

where K. is the complete graph on ir points andlr

ir e i '1.' ~, ''1.0 }
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We0bse rve tha t cor-r e.s+ond Lng to the star subgraph at v.
l

in afor i = 1,2,3, •.••• , k, He have a complete suograph Kn.
l

pathos graph of T and this is an end block attached to

shown in the fi gure 4:.

of

If is odd say 9, then k = 9, and the path numberdeg v
o

vo is again 5. K.- at
-~,9

in any pathos graph

Cor-r-espondd.ng to the s t.ar=-s ubgr aph

v , we have again the complete subgr aph
o

of T. In this case the pathos graph of T is of the form as

shown in Figure 5.

Thus we see that

(1) If deg v is even, then there are exac t.Ly two comp Lege sub-
o

for i ~ 1, at each point ofgraphs KT'i. K •
no

is odd, then there is exactly one complete sub-If deg vo
gr aoh K for i ::::::.-1, at one 'Joint and tvlO complete subgraphsni
at 8.l1cother points of

--'-~--'------------------------I
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For dLf'f'er errt such combinations of corr.-)lete end blocks as

shown in figure 4 or 5, we may have different pathos graphs of T.

Wenow examLne vhe n all p at.hos graphs of T are isomorphic.

C as.§...l.. SUTInOS e de rr V is even.
J: ,,- ~b 0 In this case as observed

above there are exactly two comp.l et.e s ubgr-aphs K for i ~ 1,
ni

that all pathosat each point of Hence it is easy to seeiT
1"-

~
graphs of T are isomorphic if and only if all the complete

graphs for i ::: 1, except possibly one, are Lsomor-phi.c , InKn.
1

o tner wor-ds all the pathos graphs of T are isomorphic if and only

if the path numbers of all points for i = 1,2, ••••• ,k,V.
1

except possibly one, are equal.

is odd. As observed earlier~ inCase 2. SUP:90se deg vo
a pathos graphs of T, +her e is one complete subgraph for

i ~l

Kn.
1

K , and bwo comnt ete subgr aohs atn -
o

In thiS. case also, c13arly all pt1hos graphs

at one point of all

other points of K
no

are isomorphic if and only if all the complete sub graphs K, forn.
1

'>11_ are Lsomor-prri c , In obher-wor'ds ,in a pathos graphs of T

all the pathos graphs of T are isomorphiC if and only if all

the path nurnbers of for i = 1,2, ••... ,k are equal. Wenow~T
V •

1

prove,

THEORElJi~. The pathos graph of a tree T is unique if and

only if it is in one of the follovring forms,

T is homeomorphic to a star

T is homeomorphic to a t.wo star

-'''---' ..---..1
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(3) T is homeomorphic to a super star Tl

Satisfying the following conditions:
Let vo be the centre of and

be the semi-centres of Tl•

( a) If deg v is even, then the path numbers of all points vI'0

for i = 1,2, ••••,k except possibly one, are all equal.
If deg v is'odd, then the path numbers of all points v.

0 l

for i = 1,2,_•••••••,k are all equal.
( b)

PROOF~ As we have discussed already, a star, a two star,
a super star satisfying the above conditions have unique pathos
graphs. So any tree homeomorphic to anyone of these graphs also
has a unique pathos graph. This proves sufficiency.

We now indicate the necessity by 'an example. For this we
take a tree (Fig. 6) which is not homeomorphic to any of the trees
mentioned in the theorem.

Let P = lPI' P2•••·· •• ·'PI5Jr be the set of pathos as

shown in f'Lgure 6. The pathos graph P(T) of the tree T, corres-
ponding to P is the graph in figure 7. Let P' = i pl,p 2" .. · ,P15}
be the pathos of T as shown in figure 8. Then the pathos graph
P'(T) of T correspondine to pI is given in fngure 9. We
observe that P(~ ¢ Pt(T). This proves the necessity and hence
the theorem.

----------- -------------------- - -----
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The set of pathos P =

P1 I '\ a2
P2 • a a25 a1 8.18 a24• 26
P0

""

• a19 a18 a20...,

P4 •• a21 a18 a22

P5 • a,),:<a18• CJ"-'

P6 • ac(? a25 a31<J~

P7
•
• .&30a25 8.29

P8 · a28 CJ.
9
h.• a27~V

24

Figure 6

alo

°3
ag

P11 • a a3 8.
" 6 5

P12 · a4 a3 a2 all a12•

P13 • a13 all•

P14 : a14 all a15

P15 : a16 all a17
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Pg I:;> P9 RIG
P7

Now, consider the set of pathos

pI ~fpl P2' pI • • •• • •• •••• Pl~in T
l' 3

wher-e

P.I· • PI b2 b3 b4 b5 b6 p' b4 b13 b121 9 •

P I • b21 b20 b3 .pio • b19 b13 b182
pI • b22 b20 b23 P11 • b17 b13 b163

pI • b24 b~ b25 Pi2 • b15 b13 b144

P!- • b25 b20 b27 P13 • b11 b5 b10Q

pI • b28 b2 P14 • b9 b5 b86
pI • b29 °2 °30 P15 • blj b57
pI • b31 b2 b328

l
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~

/
"",--+---> I~

113 /.:

Similarly, one can observe that any tree wlri ch is not

homeomorphic to the trees Jill ntioned in the theorem "Hill have at

least t.wo non Lsomorurri.c pathos graphs , This proves the thEorem.



(Graphs ~efined on (Opl) matrix)

Bhalachroldra Gudagudi
MATSC1ENCE

9
The L~stitute of Mathematical Sciences

Madras-20. (INDIA)

INTRO.DUCTION:- .

Let A = ~ij~] be a (0,1) matrix.:f!:';;.e gaph G(A) of the

matrix A is defined as follows. The point set of G(A) consists
---
of all a .. 's 'Ii tll a .. 0:=1. Twosuch points are adjacent if andl.J lJ
only if they appe ar' either in the same row or in the same column

of A.
The idea of the matrix graphs was provided by the well known

theorem of Kardg-Egervary2) on (0,1) matrices.

THEQ~M: (Konig-Egerva~y). Let A be a (Opl) matrix of size m x n.

The minimumnumbe-rof lines that cover all the l's in A is equal

to the iaxmmm number of l' r in A with no i Fa of the l's an a line.

In ((3) };).2) Hede+ruemi. Lnut.ca'ted that the matrix graph thus

cons truc ted thae its point independence number equal to the maxiLIUID.

number of l' s in the matrix '-lith no two of the l' s on a line.

InQ-} C.R.Cook has defined the clique-vertex graph as one

of the special case of the matr~x graphs and discussed some of

its yro:perties.

The concept of a pathos of a graph G was introduced by---~ ...

F•Harary as a collection of nu.nf.mumnumber of line disjoint open

paths whose union is G. The pa'th number' -P~.(G{ J of a graph G is

the number of paths in a pathos. P~G~Stasston? D.D.Cowanand

L.O.James have calculated the path number for certain classes of

-------,---------"----:--- - --..1
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graphs like trees9 cubic graphs complete graphs etc. L.Lovasz6)

has also produced some good bounds for V,.,,/~ •

whe re

The point-paWts matr~ A of G is a PyJ\: matrix [aijJ"

aij :: I if the point vi belongs to thl'>p?th Pj in P where

the set of pathos in G and a .. = 0 o the rwi ee ,lJ
Let P be a ~)athos of a graph G. The point pathos graph

P is

rptc~of G is the matrix graph of po Ln't=pa tho s matrix of G. That
- ~ f!~'''fS

is the set of orderedL(p. ~ vo) where,,1 J
is the point set of

Vj is a point of G on the path Pi in P and two ordered pairs

(Pi' Vj) and (Pm' Vn) are adjacent if and only if either :Pi = Pm

or v , = v •
J n

Recall that in general path number of any graph is not

determined. Howeve.r, path number is determined for tree and some

special classes of g:raphs.

In thi s pape-r we mainly deal with point pathos graph j:P( T)

of a tree T and: oo+ai.n i ts char-ac ter-Ls at.i.on, 1:Jealso show that

the row graph of the point pathos matrix of a graph G is isomorphic

to the pathos graph p(G)7). &~dthe clique graph (or block graph)

of a colU1lL.YJ.graph of the point pathos matrix is also is omorphf.c

to the pathos gra:;?hpeG).
Let T be a tree and P be a set of pathos of T. The rows of

the point pathos matrix of T correspond to the paths in P of T

and the columns correspond to the pOints of To
.

The column sums of

this matrix correspond to the number of pathos in P, in whtch a

POint appears.

----------_ .._._-- ..----- ---.------.--.--.----.-~- ..-.---.~-----..-.-.. - --.-.
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In figure 1 a tree T and the set of paths in Pare given.

In table If the point pathos matrix cor-respo.idang to the tree T

and paths in it are given. In figure 2f the point pathos graph

pP(T) of a tree (T in figure 1) is given.

~

,,' ~'\~()
Gl\'}..

O-t\

Figure 1

Pl : ~ a2 ~ P5 · ~2 ~O a5 a9·
P2 : a4 a2 at:: a6 a7 P6 · a10 ~l, J ·
P3 : a6 as !J7 · ~6 ~3 ~5·
P4 : a5 ~3 ~4 Ps · ~7 ~3·

_.--_ .._----



a1 a2 a3 a4 2.5 a6 a7 a8 a9 ~O ~1 a12 a13 a14 a15 a16 ~7
I

Pl : 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
t,,,,,

1'2 ; 0 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0,
t,
•,,

P3 ! 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0
,,
I,

P 4- : 0 0 0 0 1 0 0 0 0 0 0 0 1 1 0 0 0
t
I
t

Ps : 0 0 0 0 1 0 0 0 1 1 0 1 0 0 0 0 0

I:
P6 : 0' 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 .t::-

I,
t,

P7 : 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0
,,,

1'8 i 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1

Table 1

Point pathos matrix of T in fi~re 1••

\,

- jjUW
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'!n /

Figure 2
Point pathos graph pP(T) of a tree T in figure 1.

~OREM:l Let T be a tree. Then the number of points in
pP(T) is ~n~~

.(.

~ where n. is the path number of a point vi in
T.
PROOF: If n. is the path number of a point v. in T then v. lies

111

on ni paths in P. Thus the total number of l's appearing in the
i-th colUTIh~of the point pathos matrix of G is ni- And hence total
number of 118 appearing in that matrix is
number of points in peG).p

This proves the theorem.

J,HEOREM:2. Let T be a tree vIi th pn(v.) as the path number of a
1

non pendrolt point v. in T and n. as the length of a path p. of
111

P in T~ Then the total number of lines~ peT) is given by, P
~ ~t f:~1'J;;)+ ~ Pn (i t') C ~'\l, )- ~)
1,. 1-, E'i. '1.-
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PROOF~ In a point pathos matrix of a tree, the number of 1y s

is every ~:'OW corresponds to t.ie number of po~:_ntsin the corres-

ponding path Pi of P in 'r. Andby definition of point pathos

graph, points correspondil~ to l~s in a row induce a complete

block in pP(T).

of the paths p. in P of' 1.'9 then the numbe r of lines in the corres-
l

ponding complete blocks in pP(T) viu be clearly

/"1 (ni +J.,) ,(no + l)-~~ ·~l ,~;'

1~ 2
ni (ni+1)--2 (A)i.e.

Simila-rly, the points corresponding tp the number of l' s in

each column form a complete block in pP(T)? whd ch corresponds to

the number of pat.hs P.; in P having v. as a COIlllL.onpoint. This is
.J.. l

clearly path numbe r pn(vi) of the point vi. So again the number

of lines correSiCl'l~;,ingto such complete blocks vlill be

• 0 e 0 0 • • • • 0 0 (B)

1 2

in

From (A) and (13) it follows that the total number of lines

pP(T) is

__~,'U. (n. +1)
c::.-" , .L l .~"--2-- +

'I
<

...-Apn(v.)
;;!:. l

(pn(vi)-l)

2

This proves the theorem~

-------, -----~------.•.•.---------~
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Let A = ra.) be a (0,1) point pathos matrix wi tn m\. J.jj

r-ows , T~len the points of 'the rovl graph

R( A) p )" ul' u2' •••••••• 'l)u~ ,correspond to the rows of A and
1. ~

two points of R(A) are adjacent if ffi1donly if there is a column

of A with 17s in the t\-IO rows corresponding to the points.

THEOREM:3. The ray! graph R( A) of a point pathos matrix of a

tree T is isomorphic to peT), the pathos graph of the tree T.

PROOF;Clearly, there is a one-one correspondence between the

points of the row graph of the point pathos matrix and the points

of the pathos graph peT) of the three T. Twopoints in the row

graph of the point-pathos matrix of the tree T, are ad j acerrt if

and only if the t~~ rows have a 1 in the same column. This is

equivalent to saying that the corresponding paths of the pathos

have a point in common. This Lmp'Li es that the .row graph R(A) is

the interaction graph of the pathos P of the tree T. This proves

that t..i1ero\-' graph of the point pathos matrix of the graph T is

isomorphic to its pathos graph peT).

Example. The follovling graph in figure 3 is the row graph of a

tree T shown in

Figure 3
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Let A = faij} be a (o~l) point pathos matrix with n columns.
Then the points of the coLumn p:raph C(A)p \Vi,VjP ••osvr1 correspond

to the columns of A and tHO points of C(A) are adjacent if and only
if there is a row of A with l's in two C01UIDllScoa-r'e spond Lng to
the points.

THEOREM: 4..----~--- Let T be a t:r:eea...'1.dP 1)8 the set of pathos in T. Then
the clique graph (or block graph) of the co:"umn graph of the point-
pathos matrix is again isomorphic to the pathos graph peT) of the
tree T.

PROOF~ By the definition of the pathos graph peG) of a graph G.

there is one-one correspondence between the paths in P of G and the

By the def'Ln i tioD of a column graph there is a one-one corres-
pondence between the complete blocks of C(A)p the column graph of
point-pathos matrix Ap and the paths p. in pathos P of tree T.

~

Alsos by the definition of the clique graph, there exists
one-one co.rrespondence between the cliques (or blocks) of G and
the points of clique graph (or blocks) of G and the points of clique
graph (or block graph) ,

Now, Since every block in the column graph C(A) of a tree T
is complete, it fo110y18 that there exists one-one correspondence
between the paths Pi in ~ of T, and hence the number of points in
the corresponding pathos graph peT) of a tree T and the points of
the clique graph (or block graph) of the column graph of the point
pathos matrix of the tree T.

--------- --._-------------------- ------------_._--_.-
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On the other h~~d ffilY two points are adjacent in peT) implies

that the corresponding paths Pi' Pj in P of T have a point in

common , Consequently this implies that the complete blocks (or
cliques) Ql"9 Q; in C(A) corresponding to p" s u. in P of T~ have

.J 1 ""J
a point in COIDh~ono This in turn implies that the two points in the
cLi.que gra.ph (or block graph) of a coLumn graph of a point pathos
matrix, corresponding to Qi, Qj are adjacent. Thus it follows that
clique graph (or block graph) of the column graph C( A) of the point
pathos matrix of a tree T is isomorphic to the pathos graph peT).
This proves the theorem.
fucamJ?le.

/

The graph in the above example (see figure 4) is the column
graph C(A) of a point pathos matrix of a tree T in figure 1. It is
easy to observe that clique graph (or block gr-aph ) of this graph
C(A) is isomorphic to the pathos graph p(T) of the tree T,
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The following Corollary f'o Ll.ows from the above theorems.
Coroll.ar-v4.1 ~ Let T be a tree and A be its point pathos matrix •..;:;....::.>~-~.-.-.-

Then the row graph R(A) of A is isomorphic to the clique graph
(block graph) of its coLumn graph C(A) 0

CH.ARACTERIZATION OF pC T) OF A TREE T.-__ .__ ... __ .. l2.. _

The following two theorew.s characterize the point pathos
graphs of a tree T.
~BEOREM 5: A graph G is point pathos graph pP(T) of some path T
if and only if G is complete.

PROOF: If£CESSITY. fillY path T of length n contains (n+l) points and
has pnf T) = 1. So the point pathos matrix contains one and only
one row and has as many number of columns as there are points in T.
Naturally this matrix has all l's in the same row. This implies
cLear'Ly that pP(T) is complete on (ri--L) poLn ts,

SUFFICIENCY: Suppose G be a complete graph? say Kn,. Then it is
easy to see that the graph obtained by removing all chords and a
line of ~s is a path T of length n-l, which h8.s a :pathnumber
unity and n points. Clearly Kn is pP(T) of T thus obtained. This
proves the theorem.

~OREM 6: A graph G is the point pathos graph of a tree T(Which
is not a path), i.e. G = pP(T) if mid only if

(a) Every block of G is complete.
(b) There exist t".lO subsets 1t+ and 1'\'~ of the

set 1T of block:of ·G, such that

---- ----- - -- -_._--------------------
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ii) No two blocks bGlongi~g to the smne set have a
point in common.

iii) At each point of any block belonging to one of the
subsets saY-112- ~ there is a block belonging to ~.

PROOF: NECESSITY. Let G be a point pathos graph of a tree T.
Consider the point pathos mg.trix b. of T. By the defini tion of G,

the l' s in A corre aporid to the poin ts of A and every block in G

is complete. Also~ each column (or row) in A corresponds to a
com~lete block in G9 and conversely. The order of a complete
block in G i~ equal to the number of lIs appearing in the corres-
ponding column (or row) of A.

Let A be a mxp matrix and

be the se t of blocks of G corresponding to ';:,her.ows of A. Also
let )"11..' 'R! B' B? 1. th t T bl k f G~~9 -~1 3~•.. '.'.9 p} De e se 0_ oc s 0--tr =,,~
corresponding to the columns of G. It is easy to see that no two
blocks in ."*1'"1fi or in ItA.- have a common point.

Now , consider B.i of the set 1fJ- ,and let its order be r.
This block corresponds to the first column in A and there are "r"
1 t S in the first column. Let

--------- ..~--.--:
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be the r-ows of t..9 wh.ich have 1: s com.non vIi -::'hthe first column

of A. T':~eneach of the blocks

of G have a commonpoint 'Hit..hB~. LikeHise we can show that every

block in ~sat5sfies ~-':iecond.i t.ior (ii) of (b). This proves

that the cond i tions L1 the th80rem are nece saary ,

SUFF-rCIENCY~Let G be a connected graph satisfying the given

conditions in the theorem~.

Let-p(- be the set of -i)locks of G and 111, 1f2- 'be tvlO subsets

of ~ satisfying the given conditions of the theoreill. Thus at

each point for every ulcck B' in there is a block belonging

to "lfj •

Let G' be the graph obtained from G by contracting every block

belonging to ~, into a single poi.rrt s Cleexly G1 is also a graph

in whf.ch every block is complete. Hence9 by an earlier theorem

(Theoreill 6~ Chapter I) G' is a pathos graph of some tree T. Now

the construction of the tree T can be undertaken in two ways~

.Qase 1. If the tree T doe3 not contain po.irrta of degree 2, then

T can be easily constructed from G' by using the method mentioned:'

in theorem 6 of Chapter I.

SL~se2. Suppose the tree contains ~oints of degree 2. In this

case we C811 construct the required tree T' as follows.

Let G" be the graph obtained from G by contracting the blocks

belonging to -~ into a single point. Then replace every complete

block of order nfn ;9 3) by a cycle of length n , (This Call be

----~-------~---~
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easily done by removing all chords of every complete block of

order n (.n ~ 3) 0 Then furire:..' remove one Li r., from every cycle of

order n (n ~4) wh.icb is not. incident to any star-point.

In case the complete block is a: triangle, then remove the

line which is 8.djace:i.1tto an even sta.T.'-:9ointo

Also 7 in 8. case in 'tlhien each 0:Z the point of thr; complete

block is incident to 3. block~ then remove the line that is incident

te> two points of even degree suitably.

Let T' be the tree thus obtained. Nowone can easily verify

that the point pathos graph pP( T') is the graph G. This proves the

s\uficiency ~~d hence the theorem •

.~TO"l, by 'the help of the following example we can show that

the condition (b) of the theorem is irredundant.

J:'igure 5

not

He::oewe observe
P~-~s

a point\graph of

"

that every olock in G is complete but it is

any treeo

--- -_._-------------------- ..... _ ..---------------- ._.....:..-~_ •••• ~. __ • • • • .J>--_ ••.• _

. ,~
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ON POINT PATHOS GRAPHS-II

B.R. Gud ad ugf
MATSCIENCE, The Institute of Nathematical Sciences, Madras-600020

INDIA.
+*+*+*+

This is a continuation of Paper
Here ve s tud y the f'o.l Lowt ng

Traversibility of pP(T)
PPlanarity of p (R).

Some miscellaneous results.

THEOJ.i.EN1...L Le t T be a tree and P be a set of pathos in
T. denote the degree of a star-point v. in T. Then

l

is eulerian if and
Let d.

l

the point pathos graph pP(T) of the tree T
oril.y if the length of every path
star-point vi in T, i~]

PROOF. SDFFICIE~Y. Let

p. in P is even and for every
-l

is odd.

T be a tree satisfying the condi-
tion of the theorem. Then as observed above, the set 'If of comp-
lete P be divided into two subsets and 'lf2,blocks of P (T) can rr1
Such that
(1) No tHO b.Locxs in iTl or iT2 are adjacent.
(2) At every point of each complete block in iT2,

there is a complete block belonging to 'lfl•
Also, there is a one-one cor-r-e soonde nce be twee n the star-

paint of T and the blocks of 'lf2• Similarly there is a one-one
correspondence be twee n the paths in P and the complete blocks in
7T1·
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It 'carrbe seen cleal'ly, that for every path of1').
,C 1

length n in P of T, there is a complete block of order

( n+l) and conversely. And for

every in T, there is a complete

block and conversely.

the condition of the theorem then it implies clearly that the

degree of every point in pP(T) is even and hence pP(T) is

enl.er La n,

J~CESSIn" Let

PP( 'T1)every point in .J..

be eulerian. Then the degree of

is even.

Let "iT

i
and 7T2 be the two sets of blocks in pP(T) as

described earlier. Then every complete block Bi in 7Tl corres-

ponds to a path Pi in P, and conversely. If n is the order

is the length of the corresponding path p .•
1of B.

1
then n-l

Since pP(T) is eul.er i an, it f'oLLowsthat n is odd and hence

is even. This proves that the length ofn-l, the length of

every path of the tree T is even.p.
1

Further, every block Bi in 7T2

v. in T, and conversely. If d.
1 1

then the order of the corresponding block

corresDonds to a star-

is the degree ofpoint V.1.

B!
1

in is

is eulerian it follows that•

odd. This completes the necessity. Thus the theorem is proved.
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THEOHElvI2._ Let T be a tree and P be a set of pathos.

Then pP(T) is hamf.L tenian II and only if T is a path.

I1illQf.. By an earlier theorem(P:;p~CT).- of a tree T is

complete if 2,n(1only if T is a path. Also ve obs er-ve that if T

contains at least one star-point then tl1.e point pathos matrix

contains at leas t t.wo r ows and hence clearly pPeT) contains a

cut point. This completes the proof of the theorem.

PLANARITX

THEOREH':) Let T be a tree P be a set of pathos in~.
T. Then P if and ifp (T) is planar only

(1) Length of every path of P in T is ~ ':)p. - o.
l i~]( 2) For every star-point Vi in T, is .: 4.-

PROOF vIe observe that in pPeT) every block is complete.-~-,.,.-.
Also it is knovrn(2) that a gl1aph G is planar if and only if

e.very block in it is planar.

As vre discussed earlier, the set of complete blocks 71' in

pP(T) can be divided into b'IO subsets "i and 1T2, such that

every block of or'd er (n+l) corresponds to a unique path Pi of

length in P, and conversely. Also every star-point v. of
l

of order

n

degree corresponds to a complete block Bl 1T2d.a in

[~2'], and conversely.

pPe T) is complete, it followsNovr, since every block in

clearly that every block in it is planar if and only if the order

of the block is 4. This in turn im:ylies that pPeT) is

planar if and only if



30

(1) Lenr.:tbof every path Pi in P of T is .::::::
0- '-'.

y .. < [di]( 2) For every star-Doint v. in T is -: 4.
l

, ---
This proves the theorem.

VIenow state the follo\'lingtheorem for outerplana.rity of
a point pathos graph pP\OT) ofa tree T va thout proof. For
the proof is analogous to the proof of the above theorem.

TF~~1 ~. Let T be a tree and P be a set of pathos.
Then Pp( T)\' t 1 . n d nl .flS ou erp anar II an o~ y l

(D Length of every path Pi in P of T is L 2.

T {~}( 2) For every star-point v. in is <: 3.
l ' -- 2 -

In theorem 5 chromatic number of a point pathos graph

pP C1') and in theorem 6 its point point covering number are
discussed.

THEO~~1 5. Let T be a tree and P be a set of pathos in
PT. Then chromatic number of p (T) is given by

A.(l(T)) = max (max [n(Pi) + V, max t ~})
where n(p;) denotes the length of a path Pi in P of T and
d.
l

is the degree of a star-point in T. has thev.
l

usual meaning.
PROOY.. vIe know that every block in PP(T)' 1 tlS comp ee.

~ of blocks of pP(T).
of T, then'clearly

Let and ~2 be two subsets of the set
is the length of a path in PPi

~i
nf p .)

l

-------------------- -- ]
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• • 0 0 • • • • • • (A)

indicates the maximumorder of a corresponding complete block

Similarly, if is the degree of a star-point v.
~

d.
~

in T, then it f'o Ll.ows cLear Ly

max{i-}

indicates the maximumorder of a corresponding complete block in

o • • • • 0 0 • • • (B)

Thus, we observe that from (A) and (B)

max (max[n(pi)+]J, max ~~ 1)
gives the maximumorder of any complete block in PP (T).

But, it is known that chromatic number of a complete

graph Kn is n and also the chromatic nlliuber of a graph is

equal to the maximumof the chromatic number of its blocks.

Thus, it folloyTS that the chromatic number of the point

pathos graph pP(T) of a tree T is given by

max (max [n(Pi)+l J ,max [~J)
"There [ r} has the usual meaning. This proves the theorem.

Recall that for a graph G, the clique number w(G) of a

graph G is the number of points in the largest complete subgraph

of G.

COROLLARY5.1. For a tree T
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Corollary f'o.I'Lows easily f'r-om the above theorem and
the definition.

THEOHEl1 6. For a tree T,
pc(oo(p (T)) :::pn( T) ,

where denotes the point-point covering number of G andc(
00

represents the path nWuber of a tree T.pn( T)
ErROOE Let ~ be the set of complete blocks of the graph

pP(T) of the tree T and ~l and ~2 be the two subsets of ~
as defined earlier. Then every point of each block in 1T2 is inci-
dent to a complete block in 71'1a And no two blocks of the same
subset have a point in co~tion.And hence the complete blocks of
the same set are independent.

Thus, it follo1-lsthat the complete blocks of 1Tl cover
all the points of 1fl together with all the points of the blocks

and hence the points of Pof 1T2 P (T).
NoW, observe that all the Doints of each complete block in

71'1 are covered by a single point. That means the point-point cover-
. b f uP(T) . th b f 1 t bl k .lng num er 0 ~ 1S same as e num er 0 comp e e oc S 1n 1Tlt

But there is one-one correspondence between the complete blocks in
1Tl and the paths in P of T. Thus, it f'o.l.Lows that

c(oo (pP(T)) :::pn(T).
This proves the theorem.
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end points of every path p. in P are pendant points. So itl.

f'o.l.Lows that all naths in P have exactly one point in common,

'".. . and hence the point pathos matrix corresponding to P of T con-

tains [~f r-ows such that there will be one am only one column

. ,.~

33

B.R.Gudagudi
MATSCIENCE,The Institute of Hathematical ScLencss , Hadras-20

IND :rA.\.'

+*+*+*+

As noted earlier pathos graph of a graph need not be

unique. Hence it follovls that point pathos graph of a graph need

not be unique.

In this Paper we Lnvcs td gate graphs for wrri ch point pathos

graph is unique. As in the ease of un.lquerie s s of pa'thos vgr apn of

a graph, we show here that the point pathos graph of a tree T

is unique if and only if T is one of the following, satisfying

some additional conditiol~ to be stated.

(1.) T is homeomorphic to a star ,
( 2) T is homeomorphic to a tv-lO star,

(3) T is homeomor-ph.lc to a SUDer star.

Let T be a tree homeomor pht c to a star Kl '
and v be

,n
the central point of T. Let vl,v2,v3'·····, vn be the pendant

points of T and be the nun1ber of points

in the v-v. pat h, i = 1 , 2,3 , ••••• ,n6]. Let P be a pathos of T.

NOv!we have the f'o'l.Lowt.ngCases.
~G

Case ~. Let the degree n of v be even. Clearly the

.~-- .-.-"- ...---.-.-----.----- ....--------- ..--~---------
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commonto all r ows wh.l ch contain 11 S in each of its r ows, Thus

the point pathos gr aph consists of a ce:~al complete block By

)- ). • Also at each point{2 Jcorrespondi ng to v in T of order

there is a complete block of order (r.+r.), where (r.+r.)
1 J 1 J

number of )oints in the cor r espondi.rg p at.h in P, and con-is the
versely. This can be seen in the f'o.Ll.ovi.ng illustration, taking

n ::: 10.

TU
10

No''', corresponding to this tree T, homeomorphic to

Kl (n ::: 10) and the set of pathos,n

""10 }P :::{ vI VV2' v3 vv4' v5 VV6' v7 vV8' v
9

we have the follovling graph.

Figure 2
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Here the orders of the complete blocks adjoint to Bv

varies ac ccrd Lng t.o the different combf.na+Lon of (r .+r.) • Thus
1 J

1>Ie observe that cor-r-es nondLng to different pathos of T, voTe have

.different ;Joint p abhos graphs of the type 8.S shown in figure 2.

Now, it can be seen that all the point pa thos graphs 1-lill

be isomorphic if 8.no. only if all the end blocks except possibly

one are Lsomor phf.c , In o thcr words, all the point pathos graphs

are isomorphic if and only if all the number-s r.' s
1

except possibly

one are equal.

Case~. Suppose the debTee n of v is odd, say n = 9.

Let p' be the set of pathos defined as f'o.l Lows,

v3vV4' vSVV6' =r:8' VV9}pI = (1.. vlvv2,

the above

•

As in case liTe In.ve in the »otrrt pathos graph

pP I (T), a central complete block on i~]= 5 points, correspond-

ing to the star Kl 9 at V. Further ~JO have the end blocks,
,.•..0. ,

corresponding to the naths

VIVV2'V3VV4'vSvv61 ••.•••• ~vv9·

Corres~)onding to different pathos P I we have different point
pI

viepathos gr-aphs p (T). observe in this case that all the noint
.c .>;

pathos gr aphs pP* (T) are isomorphic if and only if all the end

blocks are isomorphic. This is possible if and only if all the

rJs, i = 1,2,3,••••••,n are equal •
. 1
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In vf.ew of the above discussion we have the foLl.owt ng
theorem.

THEOHEH 1..~. T be a tree, homeomorphic to K_ and-~,n
be the pendantv be its central point. Let v., i

1

points of T and r. be the number of points in the
1

Then the point pathos gr aph

v-v. path.
1

is uni que if the follovl-of T

ing conditions are true.

( 1) If n is even, all

( 2) If n is odd all,
A ~"1O stgg;: is a

(See figure 3)

2L,t
113

r!s are equal except possibly one.
1

r Is are equal.1-
tree containing exactly two star-noints

-rt
I

t

Figure 3

Let T be a tree homeomorphicto a bwo star. Let u and

v be the two star-points such that deg u ::: m and deg v ::: n. Let

ri, i :::1,2, •••••,m pathbe the number of oo Lrrbs in the u - u.~ 1

and s j' j :::1,2, •••••• , n be the number- of points in the

path. Let t be the nlwber of points in the u - v path.

Let us consider the bra s tar T as made up of two trees

v-v.
J

and T2, each homeomor-ohj,c to a star say KI,m and K1,n

--1._•..,.,.__ .. __ . . .-~'--~----~------ ._. • ~------.--.-. _ .. .. ._~ ~~._r" •.-~
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respectively, such that their central points u and v are joined

by a 11 - V :")ath. Let P be a nat.hos of T. Then the »oLrrt

pathos graph of T, the two star , wi.Ll. be of the for-m shown in

Figure 4, consisting of three parts wher-e each closed curve re-

presents complete block.
--~.-~,

/",/,,/Q] '\

!

\

i
\.
\

\

\
\

r

\
,;

\.
-.. - '.- ,....

Part I (See f'Lgure 4) together uitll part III corresponds

to the point pathos graph of the subtree Tl at u, homeomorphic to

a star Kl ill and part III together with part II I corresponds to,
the, point :J:thos t;raph of the subtree T2 at v homeomorphic to the

star Kl n" Also part III corresponds to a point pathos graph of,
the u-v path in T, which is Lnci.dorrt.Ly a ccrap.Let,e block. Thus

one can observe that the structure of par t; I together vlith part III

and part II together with Part III are exactly similar to the one

that we discussed in point pathos graph of a tree homeomorphic to

a star. (Theorem 1).

----------------_ .._-_._---------
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Ho,v, regarding the order of the complete block B, we have

the I'o l.Lowi.ng three cases.

Ca.se 1. Suppose m and n the degrees of the star points

are even. In this case u ani. v cannot be end points of any

path Pi in P.

be of the type

Anv na thJ .J; ~ v Hillcontaining andin P u

u. - u path + u - v lJath+ v-v. path.
1 . J .

corresponding to such path we have the comul.e te block B, whf.ch is

of the form Kr.+t+s.
1 J

for some and j = 1,2,3,

••• 0 • , n.

Case Il. Suppose both m and n are odd. I~ tr~s case

the complete block B may have the following possibilities.

(i) B ~ Kte This' happens when there is a path Pi in P,

having u and v as end 'Joints.

(ii) B = Kt+r. • This hanneris whe n there is a path Pi in P.J. •••

1
of the ty})e

u. - u path + u - v path
1

( iii) B Kt+s. • This is a case in whi.ch the path i:li in P wf.Ll.

J be of the form

(iv)

u - v path + v - v. path.
J

This is possible when the path Pi in PB = Kr .+t+s . •
1 J

takes the following form

~-u path + u-v path + v-Vj path.

Cas~ III. Suppose one of the two numbers m and n, the

degrees of the star-points, say m is odd. In this case the
following possibilities may wrise for the complete block B.
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B K •t+s.
1'-

This happens when there is a pa.th Pi in P
of the form

u .••v path + v - v j path.
(ii) B = Kr .+t+s .: In this case the corresponding path

1 J
will be of the form

i:rr p

u. - U pa bh + u - v path + v - v. path.
l J

A careful analysis of the cases I, II and III showsl that
uniqueness of pathos graph can occur only in case I lli1derthe

conditions stated in the follovnng theorem.
TREORE!"l 2... Let -':'Tbe a tree homeomorphic to a two-star.

Thon the poIrrt pathos granh p
1] (T).. is unique ifof T

(1) The degree of the each star-point in T is even.
(2) Length .of every maximal star-free path is one and the same

except at most the one which joins the two star-points.
Analogously, one can prove the f'oLl.owing theorem.
1;"9EOREH ~ Let T be a troe homeomorphic to a super star.

Then the point pathos graph pP(T) of the tree T is unique if
T satisfies the following conditions.
(1) The degreo of every selnicentral point and the central point

is even and all the semf.cerrtr aj, 'Jointshave the same degree
except at most one~
All maximal star-free -_I)uthosof the type v.-v! incident at

1 1

the same semicentral point v., have the same length.
1
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All maximal star-free paths of the type

at all ·(;hepoints v., i =
1

v. -v : incident3.. J..

1,2, ••••••• o,n have the same

(4) The Le gth of every maximal star-free path of the type v-v.J..

different from the trees mentioned in theorems 1, 2 and 3 '\ViII

have at least two d-iffel"ent non-isomorphic pathos graphs. Hence

the converse part of our main nroblemalso f'o'Ll.ows ,

is one and the same for every i = 1,2,. ••••,n,

It "rill not be difficult to show that any, tree whi.ch is

length except at most one.


