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Abstract

Let L, — X, be a holomorphic line bundle over a compact complex manifold
for i = 1,2. Let S; denote the associated principal circle-bundle with respect
to some hermitian inner product on L;. We construct complex structures on
S = 51 x Sy which we refer to as scalar, diagonal, and linear types. While
scalar type structures always exist, diagonal type structures are constructed
assuming that L; are equivariant (C*)™-bundles satisfying some additional
conditions. The linear type complex structures are constructed assuming
X; are (generalized) flag varieties and L; negative ample line bundles over
X;. When H'(X};R) =0 and ¢;(L,) € H?>(X;;R) is non-zero, the compact
manifold S does not admit any symplectic structure and hence it is non-
Kahler with respect to any complex structure.

In the case of diagonal type complex structures on S, we determine their
Picard groups and the field of meromorphic function when X; = G;/P; where
G, are simple and P, maximal parabolic subgroups.
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Chapter 1

Introduction

The main aim of the thesis is to construct and study the complex structures
on the product of circle bundles, where these circle bundles are associated
to holomorphic line bundle over compact complex manifold X;, : = 1,2. In
the special case when the X; are projective spaces and the circle bundles
are associated to the tautological line bundle over X;, we get complex struc-
tures on the product of odd dimensional spheres. The complex structures on
S?m=1 x §27=1 for positive integer n and m, were first studied by Riemann
for the case m = n = 1, H. Hopf for the case m = 1 and for the rest of
the case by Calabi-Eckmann [5]. Later, Loeb-Nicolau [19] constructed and
studied a more general family of complex structures on S?"~! x §?~! for
positive integer m,n . The class of manifolds we consider here is obtained
by generalizing the construction of Loeb-Nicolau [19].

The general case of construction of complex structures on the product
of sphere bundles over compact complex manifolds can be reduced to the
case of line bundle. This is obtained by identifying the sphere bundles to
circle bundles associated to canonical line bundles over the projective space
bundles associated to the vector bundles. See the Section 3.4. Thus complex
structures on product of sphere bundles are obtained as that of complex
structures of product of circle bundles.

1.1 Hopf and Calabi-Eckmann Manifolds and
their Generalizations

Compact Riemann surfaces are Kahler manifolds and are in fact projective
varieties. H. Hopf [13] gave the first examples of compact complex manifolds
which are non-Kéhler by showing that S* x S?*~! admits a complex structure
for any positive integer n. Complex structures on S' x §?"~! are obtained



by identifying it with the quotient of C" \ {0} under a free and properly
discontinuous holomorphic action of Z. Here the Z-action on C" \ {0} is
generated by the automorphism

(21,22, .-y 2n) = (exp(2mV —171) 21, exp(2mV —173) 2, . . ., exp(2mV —173,) 2,,)

for some fixed constants 7y, 7, . . ., 7, such that Im(r;) > 0, fori =1,2,...,n.
As their second Betti number vanishes, these manifolds are non-Kéhler.
Complex manifolds thus obtained are called Hopf manifolds. In the case
when 7 := 717 = 75 = --- = 7, the corresponding Hopf manifold is the total
space of a holomorphic principal bundle over a projective space P*! with
fibre the elliptic curve C*/Z, where the Z-action on C* is generated by

z = exp(2mv/—17)z ; for z € C*.

Haefliger [10] generalized Hopf’s construction by considering a free and
properly discontinuous Z-action on C" \ {0}, now generated by a more gen-
eral holomorphic automorphism f of C” fixing 0 and such that eigenvalues
A1, A2, ..., Ay, Of the derivative f/(0) at 0 are inside the unit circle. See also
[8].

Calabi and Eckmann [5] showed that the product of any two odd dimen-
sional spheres admit complex structures and thus obtained a new class of
simply connected non-Kahler compact complex manifolds. To obtain com-
plex structures on S+ x §?™+1 for n,m > 0, they explicitly constructed
complex analytic charts such that the following differential fibre bundle

St x St ey §7F x §?HL s CP" x CP™

becomes a holomorphic bundle with fibre an elliptic curve.

Loeb and Nicolau [19], inspired by Haefliger’s paper [10], constructed
a much larger class of complex structures on the product of odd dimen-
sional spheres. To achieve this they considered certain proper holomorphic
C-actions on CV. These actions arise as a one-parameter family of biholo-
morphism associated to a vector field € on CV. The vector field considered
here is of the form & = & + & + &. The diagonal part {, = fo:l \iz;0/0z;
is required to satisfy the so called weak hyperbolicity condition of type (m,n)
for N = m + n. The linear part & + & = Z” a;;2;0/0z; is such that the
matrix (a;;) is in an upper triangular form. The non-linear part & is a sum
of resonant monomial vector fields. This C-action induces a one dimensional
foliation on (C™\ {0}) x (C™\ {0}). They showed that there is an embedding
of §?m~1 x §?"~1 in (C™\ {0}) x (C™\ {0}) transverse to each leaf and hence
inducing a complex structure on this manifolds. This new class of mani-
folds contains as special cases the elliptic curves, the Hopf manifolds and the
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Calabi-Eckmann manifolds. They studied the Dolbeault cohomology groups
and the Picard group of these manifolds, and, moreover, they were also able
to obtain a versal deformation of these of manifolds.

Recently, there have been many generalizations of Calabi-Eckmann man-
ifolds leading to new classes of compact complex non-Kéahler manifolds by
Lépez de Medrano and Verjovsky [20], Meersseman [21], Meersseman and
Verjovsky [22] and Bosio [4]. See also Ramani-Sankaran [27] and Sankaran
[29].

Lépez de Medrano and Verjovsky [20] considered the one dimensional
foliation on CV associated to a diagonal vector field & = 211\721 Xizi0/0z;,
where the sequence of complex numbers (A1, g, ..., Ay) satisfy following
condition: For no pair of indices 7, j does the segment [);, A;| contains 0. Let
S be the union of Siegel leaves, that is, leaves which do not contain the origin
in their closures. Then S is either empty or is an open dense subset of CV.
Then the action of C given by the diagonal vector field &, commutes with
the scalar multiplication of C* on CV. The quotient space N := §/(C x C*)
is a compact complex manifold and is non-symplectic. As a special case,
they obtained the complex manifolds considered by Loeb and Nicolau [19]
corresponding to diagonal vector field.

Meersseman [21] generalized the construction of Lopez de Medrano and
Verjovsky [20] to obtained a large class of compact complex manifolds. In
this case Meersseman considered the foliation obtained by an action of the
C™ on C" such that n > 2m. This C™ action is given by a system of m
diagonal vector fields satisfying certain condition. In the case m = 1 this
condition is similar to that of Lopez de Medrano and Verjovsky [20]. The
quotient N := §/(C™ x C*) of the union § of Siegel leaves under the action
of C™ x C* is a compact complex manifolds. Here the C*-action is by scalar
multiplication. In particular, it gives many examples of complex structures
on connected sums of products of spheres. If n = 2m+1 then N is a complex
torus. In other cases, NV in non-symplectic and non-Ké&hler.

Ramani-Sankaran [27] introduced the notion of generalized Hopf man-
ifolds which are connected compact complex homogeneous manifolds and
which fibres over a projective variety G/ P, where G is a simple complex Lie
group and P is a maximal parabolic subgroup of GG, with fibre and structure
group a one dimensional complex torus. For this they consider a free and
properly discontinuous Z-action on total space E of the principal C*-bundle
associated to the negative ample line bundle over the projective variety G/ P,
which generates the Picard group of G/P. The Z-action, via the structure
group action of C*, on E is generated by the bundle isomorphism

e — exp(2myv—171).e



for e € E and 7 is a fixed complex number with Im(7) > 0. The resulting
space W := FE/Z is a non-Kéhler homogeneous compact complex manifold
which is diffeomorphic to S' x S(E) where S(E) is a total space of the
circle bundle associated to a U(1)-invariant hermitian metric on the line
bundle E. For example, when G = SL(n,C) and P"~! = SL(n,C)/P for a
maximal parabolic subgroup P of SL(n,C), the total space of the principal
C*-bundle associated to the tautological line bundle over the projective space
P! = SL(n,C)/Pis C"\{0} and the quotient C*\{0}/Z is a Hopf manifold.
They showed that the algebraic dimension of W ( i.e. transcendental degree
for the field of meromorphic functions on W) is equal to dim¢ (W) — 1. Now
suppose that we have two such pair P; C G; where G;,P; for i = 1,2 are as
above and that L; is the total space of the principal C*-bundle associated to
the negative ample line bundle on G;/P;, which generates the Picard group of
G;/P;. The bundle Ly X Ly is a principal C* x C* bundle over G /P, X G5/ Ps.
For 7 € C, Im(7) > 0 take a C-action, via the structure group action of
C* x C*, on L1 x Ly as follow

(e1,€2) = (exp(2my/—172).e1, exp(2my/—12).¢5)

for z € C, e; € Ly and e € Ly. The quotient space L; X Lo/C is the total
space of a principal bundle over G1/P; x G/ P, with an elliptic curve as the
fibre and the structure group. Identifying S(L;) x S(Lg) with the quotient
space Ly X Ly/C, we obtain a class of homogeneous, non-Kéhler, compact
complex manifold. Sankaran [29] called them generalized Calabi-Eckmann
manifolds.

1.2 Standard Action of a Torus

We extend the above construction in a more general setting. Let X, X5 be
connected compact complex manifolds and let L; be a principal C*-bundle
on X;, for i = 1,2. The bundle L := L; X Ly is a principal C* x C* bundle
over X 1= X; X Xyo. For 7 € C, Im(7) > 0, we get a C-action on L as
in the construction of generalized Calabi-Eckmann manifolds and we have a
diffeomorphism of S(L) := S(Ly) x S(Lg) with the quotient manifold L/C.
The complex structure thus obtained on S(L), will be called scalar type.
Following Loeb-Nicolau [19], we consider more general C-actions on L to
obtain a larger class of complex structures on S(L). In this case the basic
construction involves the notion of standard action by the torus (C*)™ on
the total space L; of the line bundle associated to the principal C*-bundle
L; over a complex manifold X;, for ¢ = 1,2. Fixing a hermitian metric on



the line bundle L; which is invariant under the maximal compact subgroup
(= (SH)™), we denote the corresponding circle bundle again by S(L;).

Let E — B be a T = (C*)"-equivariant principal C*-bundle over a
complex manifold B. The associated line bundle £ — B is again T-
equivariant. Identifying B with the zero cross section of the line bundle
E, we have E = E'\ B. Fix a hermitian metric on the line bundle £ which is
invariant under the maximal compact subgroup (22 (S')"). We shall denote
by €; : C* C (C*)" the inclusion of the jth factor and write te; to denote
¢;(t) for 1 < j <n. Thus any (t1, -~ ,t,) € T equals [[,.;., t;¢;. Let d be
a positive integer.

Definition 1.2.1. We say that the T-action on E is d-standard (or more
briefly standard ) if the following conditions hold:

(i) the restricted action of the diagonal subgroup A C T on E is via the
d-fold covering projection A — C* onto the structure group C* of E — B.
(Thus if d =1, the action of A coincides with that of the structure group of
(i) For any 0 # v € E and 1 < j < n let v,; : Ry — Ry be defined
as t = |[tej.v||. Then v, ;(t) > 0 for all t unless Rye€; is contained in the
1sotropy at v.

When L; — X;, i = 1,2, admit standard actions of torus (C*)™, any
choice of a sequence of complex numbers A = (Ay,...,An), N = nj + no,
gives a C-action on L, via the embedding a, : C — (C*)™ x (C*)"* which is
defined as follow:

2z — (exp(A12),exp(A22), ..., exp(Ayz2)).

Definition 1.2.2. We say the above C-action on L := Ly X Lo 1s admissible,
if de 0 for 1 < k < N and \ satisfies the weak hyperbolicity condition of
type (n1,na) (in the sense of Loeb-Nicolau [19, p. 788]), i.e.,

0 <arg(\) <arg()j) <m, 1<i<mn <j<N.

It can be shown that any admissible C-action on L is free and each orbit
is closed and properly embedded in L.

1.3 The Main Results

We shall continue with the notations of the previous section.



Theorem 1.3.1 (Theorem 3.3.3). Let L; be a principal C*-bundle over a
compact complex manifold X; with a standard action of torus T;, fori=1,2.
Suppose that ay : C — T =T} X Ty defines an admissible action of C on
L = Ly x Ly. Then L/C is a (Hausdorff) complex analytic manifold and
the quotient map L — L/C is the projection of a holomorphic principal
C-bundle. Furthermore, L/C is diffeomorphic to S(L). O

The complex structure thus obtained on S(L) is called diagonal type.
The scalar type structure arises as a special case of the diagonal type where
(C*)™ = C* is the structure group of L;, i = 1,2. In the case of scalar type
complex structure the differentiable S' x S'-bundle with projection S(L) —
X is a holomorphic principal bundle with fibre and structure group an elliptic
curve.

By the above construction a new class of non-symplectic, non-Kahler
compact complex manifolds are obtained:

Theorem 1.3.2 (Theorem 3.3.9 ). Suppose that H'(X1;R) = 0 and that the
Chern class c1(Ly) € H*(X;R) is non-zero. Then S(L) is not symplectic
and hence non-Kdahler with respect to any complex structure. [

Remark 1.3.3. The above construction of complex manifold S(L) is even
valid in the more general setting when the complex manifolds X;,i = 1,2,
are non-compact. In this thesis, the computation of the Picard group and
the algebraic dimension of S(L) are done in the case when X; are certain
compact manifolds. And hence we shall restrict ourselves to the case where
X;,1=1,2, are compact complex manifolds.

The action of the structure group (& C*) of a principal C*-bundle is
a standard action in a natural way. We construct a standard action of a
complex torus T' ~ C'*! on a line bundle over a class of homogeneous complex
manifolds, namely the generalized flag variety which are of the form G/P,
where GG is a simply connected semi simple linear algebraic group over C of
rank [ and P a parabolic subgroup of G.

The construction of a linear type complex structure is carried out under
the assumption that X; is a generalized flag variety G;/P;, i = 1,2, where
G is a simply connected semi simple linear algebraic group over C and P; a
parabolic subgroup and L; is a principal C*-bundle associated to a negative
ample line bundle L; over X;. In this case L, is acted on by the reductive
group G = G; x C* in such a manner that the action of a maximal torus
T; C G’ on L; is standard. Fix a Borel subgroup BV D TZ and choose an
element \ € Lze(B) where B = By x By C Gy x Gy =: G. Writing the
Jordan decomposition A = A\;+ A\, where A, belongs to the the Lie algebra of



T =T x fQ, we assume that A, satisfies the weak hyperbolicity condition.
For each such A we have a C-action on L = L; X Ly, induced by the embedding
C — @ defined as follow,

z — exp(Az) ; for z € C.

We say that this C-action is admissible if A, satisfies the weak hyperbolicity
condition. As in the diagonal case we show that for an admissible C-action,
S(L) is diffeomorphic to the quotient space L/C. Thus we obtain a complex
structure on S(L) of linear type and we denote it by Sy(L). When A = A,
we get back the diagonal type complex structure.

This description of complex structures on S(L) helps to compute the
cohomology H?(S\(L); ©). In the case when the X; are generalized flag
manifolds, using the Kiinneth formula due to A. Cassa [7] we show that
H%(S\(L); O) vanishes for most values of g. Namely, we prove:

Theorem 1.3.4 (Theorem 5.0.7). Suppose that L = Ly X Ly where the
L; is principal C*-bundle associated to a negative ample line bundle over
generalized flag variety X; = G;/P;, for i = 1,2. Suppose that 1 < r; < 1o
where r; = dim X;. Let S\(L) be the complex manifold associated to \ such
that the semi-simple part \s of A satisfies the weak hyperbolicity condition.
Then H1(S\(L); O) = 0 provided q ¢ {0,1,7,r1 + 1, 79,79 + 1,7 + 19,71 +
ry+ 1}, O

Theorem 1.3.5 (Theorem 5.1.2). If P, are mazimal and L; are negative
ample generators of Pic(X;) = Z, then Pic(Sy\(L)) = Pic®(S\(L)) 2 C. O

We have the following result concerning the field of meromorphic func-
tions on Sy (L) with diagonal type complex structure.

Theorem 1.3.6 (Theorem 5.2.1). Let L; be the negative ample generator of
Pic(G;/P;) & Z where P; is a maximal parabolic subgroup of G;,i = 1,2.
Assume that Sx(L) is of diagonal type. Then the field k(Sx(L)) of meromor-
phic functions of Sx(L) is purely transcendental over C. The transcendence
degree of k(S\(L)) is less than dim Sy(L). O

Construction of linear type complex structure, applications to Picard
groups and the field of meromorphic functions when X; = G;/P; involve
some elementary concepts from representation theory of complex Lie groups.
We shall describe these preliminaries in Chapter 2.



Chapter 2

Preliminaries

In this chapter, we recall certain well known definition and results which will
be used in the thesis. As described in the introduction, the aim of the thesis
is to construct a family of complex structure on the product of circle bundles
over compact complex manifolds X;,7 = 1,2. In the case when complex
manifolds X; are (generalized) flag manifolds, we shall study the cohomology
groups and the field of meromorphic functions of the constructed manifolds.

In first section of this chapter we state the definition and describe some
basic properties of flag manifolds. To study the cohomology groups we shall
require the Kiinneth formula for analytic sheaves. The second section of this
chapter deals with the Kiinneth formula. The third section deals with the
description of Loeb and Nicolau’s construction of complex structures on the
product of odd dimensional spheres S™ x S" for m,n > 0 [19].

2.1 Flag Manifolds

Let G be a connected complex Lie group. A homogeneous complex manifold
X = G/P is called a flag manifold if P is a parabolic subgroup of G. Since a
parabolic subgroup contains radical of the group G, we can assume, without
loss of generality that a flag manifold is of the form G/P, where G is a
semisimple complex Lie group and P is a parabolic subgroup of G. For
detailed expositions on complex homogeneous varieties we refer to [3] and
[14].

We now fix some basic notations about complex Lie group.

Fix a maximal torus 7" and a Borel subgroup B, containing 7', of a complex
semisimple Lie group G. Let P be a parabolic subgroup containing B. Let



X(T) := Hom(T,C*) be the group of character of T'. Let R C x(T") denote
the root system of the pair (G,T") with g, the root space corresponding to
a root u € R. Let RT be the set of positive roots corresponding to the
Borel subgroup B. Let ® = {u,ps,..., i} be the set of simple roots.
Corresponding to ®, let S = {w;,ws,...,w;} be the set of fundamental
weights. Let A be the weight lattice. When G is simply connected we have
A = x(T). Let AT C A denote the set of dominant weights.

The set of parabolic subgroups are in one to one correspondence with the
power set of ®. For a weight w = ) ¢;w;, consider the subset J := {p; | ¢; #
0} of ®. We denote P, for the parabolic subgroup which corresponds to
‘omitting’ the subset @\ J of the simple roots. Thus P, = B if w is regular.

For a dominant weight w, we denote the corresponding finite dimensional
irreducible G-module with the highest weight @ by V(w). Furthermore, for
a dominant weight w, the dual G-module V(w)* is again an irreducible G-
module with the highest weight —wq(w), where wy is the element of largest
length in the Wely group W of G with respect to 7.

Example 2.1.1. For the semisimple complex Lie group SL(n,C), the sub-
group of upper triangular matrices is a Borel subgroup B. All maximal
parabolic subgroups of SL(n,C) containing B are of the form:

P :={g9=(9im) € SL(n,C) | gin =0for i +1 <1 <n,1<m <}
where 1 <3 <n—1.

Example 2.1.2. For a parabolic subgroup P of the semisimple complex
Lie group SL(n,C), containing the Borel subgroup B of upper triangular
matrices, there exist a subset {ky, ko, ..., k. } of {1,2,...,n — 1} such that:

P=PFP,NP,N...N0F,
where Py, P,, ..., Pk, are as defined in the Example 2.1.1.

Example 2.1.3. Let V be a complex vector space of dimension n. A flag F
inV is:
F:0cV,CVi,C---CW, CV

where V. is of the dimension k;. Let F be the set of all such flags in V. The
group SL(n,C) acts transitively on F. Let {ej,es,...,e,} be a basis for the
vector space V' and let Wy, be the subspace generated by {ey,eq,..., e}
Then the isotropy subgroup of the flag F': 0 C Wy, C Wy, C --- C W, CV
is a parabolic subgroup P. Thus F acquires the structure of a flag manifold
SL(n,k)/P. In particular, when r = 1 , we get the Grassmann manifold

Gn.k-



2.1.1 Line Bundles over a Flag Manifold

Let G be a simply connected semisimple complex Lie group. Let T be a
maximal torus in G and let B be a Borel subgroup containing 7. Any char-
acter w € x(T') extends to a character @w : B — C* obtained by composing
the natural map B — T (as B = T.B,, B, is unipotent part of B) with
w: T — C*.

The character @ : B — C* can be further extended to give a character
w : P, — C*. For the character w : P, — C*, one has a G-equivalent
line bundle, whose total space is

G xp, C:=G x C/ ~, where (gb,z) ~ (g, (b)z)

for g € G,z € C,b € P,. We denote this line bundle on G/P, by L_,.
These are all the line bundles over G/ P.

Theorem 2.1.4. For a dominant weight w,
H(G/Py, L) 2V (w) and H*(G/P,, Ly) = V(—wy(w)). O

For a dominant weight w, let v, be “the” highest weight vector in V' (w).
Let P be the subgroup of G which stabilizes one dimensional vector space
Cvg. The subgroup P is a parabolic subgroup as the Borel subgroup B is
contained in P and moreover P = P,,. Every parabolic subgroup arises in
this manner. This gives an algebraic embedding of G/P, — P(V(w)). The
line bundle L? = L_, over G/P, is the pull back of the tautological bundle
over P(V(w)).

2.1.2 Cone over a Flag Manifold

Let Y C P" be a closed holomorphic submanifold. By the Theorem of Chow,
Y is an algebraic projective variety. Let I(Y') be the ideal consisting of all
homogeneous polynomials in n+ 1 variables which vanishes on Y. Forgetting
the homogeneous structure of I(Y), let Y € C"*! be the affine subvariety
corresponding to the ideal I(Y'). We call the affine variety Y as the cone over
Y. We call 0 € Y the vertez of the cone Y.

Let G be a semisimple complex Lie group. Fix a maximal torus 7" and a
Borel subgroup B of G containing T'. Let w € x(7') be a dominant weight.
Let P be the parabolic subgroup associate to . Let Ly be the line bundle
associated to the weight o. We have an embedding of the flag manifold G/ P,,
into projective space P(V(w)) determined by the line bundle L. For this
embedding the line bundle L_., over G /Py, is the pullback of the tautological
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bundle over P(V (w)). We shall denote the cone over G/P, by L_. Then
L__, is the affine subvariety of the affine space V(w).

The homogeneous coordinate ring of the projective variety G/ P, for the
projective embedding G/ P, — P(V(w)) is given by:

R = @TZOHO(G/PEN Erw) = @TZOV(TW)*'

Moreover, the cone L_. over G /P, is an affine variety with the coordinate
ring R.

Let X be an analytic variety. We say X is Cohen-Macaulay (resp. nor-
mal) at a point p € X, if the local ring Ox , at the point p is Cohen-Macaulay
i.e., depth Oy, = dim Oy, (resp. Oy, is normal i.e., it is integrally closed
domain). The analytic variety X is called Cohen-Macaulay (resp. normal) if
it is Cohen-Macaulay (resp. normal) at all its points. Similarly, an algebraic
variety is Cohen-Macaulay (resp. normal), if the local ring at all its point is
Cohen-Macaulay (resp. normal).

An algebraic variety Y has a unique structure of an analytic variety.
We shall show that the cone L_. over G /P, for the projective embedding
G/P, — P(V(w)) is Cohen-Macaulay and normal as an analytlc variety.

For a point p € Y we denote the algebraic local ring by (’) , and analytic
local ring by Of Yo

Lemma 2.1.5. (1) O%lf, is Cohen-Macaulay if and only if O} v s Cohen-
Macaulay.
(2) Og,{f) is normal if and only if (9{}’]) normal.

Proof. Since the completion of the local rings (’)?/lg and O , are the same, the
first statement follows because of the fact that a local ring (A, m) is Cohen-
Macaulay if and only if its completion (A,m) is Cohen-Macaulay. Second
statement is a theorem by Zariski [33, p.320,Theorem 32]. O]

The Lemma 2.1.5 implies that an algebraic variety Y is Cohen-Macaulay
(resp. normal) if and only if it is Cohen-Macaulay (resp. normal) as an
analytic variety.

Theorem 2.1.6. [26] Let L, be an ample line bundle over G/Py. The
projective variety AG/Pw is arithmetically Cohen-Macaulay with respect to
Ly i.e., the cone L_,, is a Cohen-Macaulay affine algebraic variety. [

Theorem 2.1.7. [25] Let L, be an ample line bundle over G/Pg. The
projective variety G/ P, is arithmetically normal with respect to L, i.e., the
cone L_o is a normal affine algebraic variety. [

11



The above results hold also for Schubert varieties in flag manifolds and
also over any algebraically closed field of arbitrary characteristics.
From the Theorems 2.1.6, 2.1.7 and Lemma 2.1.5 it follows that the affine

analytic variety L_.is Cohen-Macaulay and normal.

Let X be a smooth connected projective variety of dimension ¢ and let L
be a negative ample line bundle over X. Let X be arithmetically Cohen-
Macaulay for the projective embedding determined by the ample line bundle
L*. This means that the cone L is a Cohen- Macaulay affine analytic space.
We denote the vertex of the cone L by a. We identify the space X with the
image of the zero cross section of the line bundle L — X . Let L be the
total space of the holomorphic principal C*-bundle over X corresponding to
line bundle L. We have the following identification:

L=L\{X}=1L\{a}.
We have the following computation of the cohomology groups H'(L,Op).

Proposition 2.1.8. Let L be a negative ample line bundle over a smooth
connected projective variety X of dimension q. Suppose X is arithmetically
Cohen-Macaulay for the projective embedding determined by the ample line
bundle L*. Then,

HY(L,01) =0 for all i # 0,q, where ¢ = dim X.
Moreover, H(L,Or) = H(L, O;).

Proof. The local ring at the vertex a € L is Cohen-Macaulay ring. This
means that the depth of the local ring O; , at the vertex a is ¢ + 1, i.e.,
depth O , = ¢+ 1. In this case, by [2, Corollary 3.9], the restriction maps

H'(L,0;) — H(L,0y)

is isomorphism for ¢ < ¢q. Now since L is an affine analytic space and hence
a Stein space, Cartan’s Theorem B [6] implies that the cohomology groups
Hi(I:, O; ) vanish for ¢ # 0. This implies that H(L,Or) = 0,0 < i < q.
Vanishing of the cohomology group H4™ (L, Op) follows by [9, Theorem
3.4] because L is non-compact and connected. All other higher cohomology
groups H'(L,Op),i > q+1, vanishes as L is a complex manifold of dimension
qg+1. O
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2.2 Kinneth Formula for Analytic Sheaves

The main aim of this section is to state the Kiinneth formula for the analytic
coherent sheaves over complex manifolds. The Kiinneth formula will enable
us to compute the cohomology groups of the complex manifolds that will be
constructed in the later part of the thesis.

In the case of algebraic category we have the following Kiinneth formula
due to J. H.Sampson and G.Washnitzer [28]. Let X and Y be algebraic
varieties over C. Let F and G be algebraic coherent sheaf on X and Y
respectively. Then:

HY(X x Y, pxF @0 pyG) = €D H'(X,F) ®@c H(Y,G)

i+j=k

where py : X XY — X and py : X XY — Y are the canonical projections
and O is the structure sheaf on X x Y. A similar kind of formula holds in
the analytic case in the situation that we are in.

Before we state the formula in the analytic case we shall describe the
basic ingredients involved in it, which includes the notion of completed tensor
product of analytic Fréchet-nuclear coherent sheaves. For more details and
examples we refer to [24].

A subset A of a linear space E over Cis absolutely convex if ax+ Py € A,
whenever z,y € A and «, § € C with |a|+|5| < 1. If for each element x € E
there is a positive number ¢ with x € pA then A is called absorbing. Finally
we shall call an absorbing absolutely convex subset A central if z € A
whenever ax € A for all a € C with |of < 1.

A semi-norm on a linear space F is a real valued function p with the
following properties

(1) p(z +y) < p(x) +ply) for z,y € E

(2) p(ax) = |a|p(z) for « € K and x € E.

In each linear space F there is a one to one relation between semi-norms and
central subsets. For each central subset A, the equation

pa(x) =inf{o > 0|z € pA} forx € E
determines a semi-norm p4 for which
A={x € E | pa(x) < A}.

Conversely each semi-norm p can be obtained in this way from the central
subset
A={z € E|plx) <1}
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Let p(E) be a system of semi-norms p on a linear space E with the
following properties:

(1) For any finitely many semi-norms py,ps,...,p, € @(E) there is a
semi-norm p € p(F) with p.(z) < p(x) forx € Fand r=1,2,... n.

(2) For each element zy # 0 of E there is a semi-norm py € o(F) with
po(x) > 0.
The system o(F) determine a topology by demanding that the all semi-norms
p € (F) be continuous. The linear space E which is made into a topological
Hausdorff space in this way is called a locally convexr topological space. The
sets

U={z€E|pl)<e}forpecp(E)ande>0

then form a fundamental system Uz(E) of central zero neighborhoods. The
set U(F) is the collection of all central subsets U for which there is a set
Uy € Uz(E) with Uy C U.

For a central subset U of a linear space F, if the semi-norm py,

pu(z) =inf{o>0 |z €U} for x € E

is such that py(x) > 0 for x # 0, then the linear space F is a normed linear
space with the norm py. Given a central subset U € (F) in a locally convex
space E, the quotient space E(U) := E/p;'(0) is a normed space and the
norm is given by:

x|zl == pu(x).
Moreover, any normed linear space E with the norm p, is obtained in this
way with p = py, where

U={zeE|p)<1)

is a central closed subset. In this case U is the closed unit ball in the normed
space F.

The topological dual of a locally convex space E is the linear subspace
E’ of the algebraic dual E* which consists of all continuous linear forms. For
every subset A of a locally convex space E we denote by A° the polar

A" ={ac E : |(z,a)| <1forzec A}.

Definition 2.2.1. Let E and F' be locally convex normed spaces, with closed
unit balls U C Fand V C F. A linear operator T : E — F'is called nuclear
if there are continuous linear forms a, € £’ and elements y,, € F with

S puo(an)py () < +o0
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such that the 7" has the form

Tx = Z(w,an>yn, forx e E
i=1
Definition 2.2.2.

1. A locally convex space E is called a nuclear space if for each U € U(FE)
there exists V' € U(F) with V' C oU for some positive number p, such
that the canonical mapping from E(V') onto E(U) of normed spaces is
nuclear.

2. A Fréchet space is a locally convex topological space which is metrizable
and complete.

A closed subspace of a Fréchet space (resp. nuclear space) is a Fréchet
space (resp. nuclear space). A Hausdorff quotient, i.e. quotient of a topo-
logical vector space by its closed subspace, for a Fréchet space (resp. nuclear
space) is again a Fréchet space (resp. nuclear space) with the usual quotient
topology.

For a separable complex analytic space X and a coherent analytic sheaf
F on X, the vector space I'(X, F), of global analytic sections of F, has a
natural structure of topological vector space with respect to which I'( X, F) is
a Fréchet-nuclear space. For F = O, this topology on I'( X, F) is the same as
the topology of uniform convergence of analytic functions on compact subsets
of X.

2.2.1 Analytic Tensor Product

Let E and F' be two linear locally convex topological space. On the algebraic
tensor product E ® F' we shall construct two locally convex topologies using
two system of semi-norms on £ ® F'. In the case when E and F' are nuclear
spaces, these two topologies turns out to be identical. In this case, the
completion of this topology on E' ® F' will be called the completed analytical
tensor product of F and F.

For arbitrary central subsets U € {(F) and V' € U(F') we associate a
semi-norm 7,y by:

7r(U,V)(Z) = inf {ZPU(xT)pV(yr)} .

r=1

Here the infimum is taken over all possible representations of the element z
in the form, z =", =, ® y,, with , € E and y, € F.
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Similarly for U € (E) and V' € U(F') we associate a semi-norm €y as
follow:

n

> (e, a)(yr, b)

r=1

E(Uy)(z):sup{ : aEUO,bEVo}.

The above expression of €1y(2) is independent of the representation of the
element z => " x, Q y,.

Using these two system of semi-norms we obtain two locally convex
topologies on the algebraic tensor product F ® F', called w-topology, de-
noted by F'®, F', and e-topology, denoted by F ®. F'. The m-topology is finer
than e-topology. We denote the respective completion by E®,F and E® F.

Theorem 2.2.3. If E and F are nuclear space, then £ @, ' = E ®. F.
Moreover, E ®, F = FE ®, F' is nuclear space. [

Under the hypothesis of the Theorem 2.2.3, we shall denote the completed
analytic tensor product EQ,F = EQ.F by EQF.

Example 2.2.4. If U is an open subset of C" and V' is an open subset of C™,
then the set of holomorphic functions, I'(U XV, Oy yv) = T(U, Oy )QT(V.Oy).

2.2.2 The Kiinneth Formula
Definition 2.2.5.

1. A coherent analytic sheaf F on a complex analytic space X is a Fréchet
sheaf if F(U) is a Fréchet space for any open set U C X and if the
restriction homomorphism F(U) — F(V') is continuous for any open
set V. CU.

2. A Fréchet sheaf F is said to be nuclear if F(U) is a nuclear space for
any open set U in X.

3. A Fréchet sheaf F is called normal if there exists an open cover for X
which is a Leray cover for F i.e there X can be covered with open sets
U, such that H*(U;, F) = 0, for k > 0.

Lemma 2.2.6. [7, p. 927]. For a complex manifold X, any coherent analytic
sheaf is Fréchet-nuclear and normal. [

On a complex space X with countable topology, one has the notion of
completed tensor product F®G of coherent analytic Fréchet nuclear sheaves

F and G. By definition F&G(U) := F(U)®G(U), for U open in X.
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Example 2.2.7. The structure sheaf of complex manifold is Fréchet nuclear
and from the Example 2.2.4, it follows that Oy y = pri Ox®pri-Oy, where
prx denotes the projection X x Y — X.

Let now X be a complex space with countable topology. Let F be a
Fréchet-nuclear coherent sheaf on X. Let U be a countable Stein open cov-
ering of X. We have a canonical isomorphism H*(U,F) = H*(X,F). If we
put on I'(U, F), for an arbitrary open set U of X, the usual Fréchet-nuclear
topology, then C*(U, F) becomes a Fréchet nuclear space and so by passing
to cohomology, we get the quotient topology on H*(X, F), which is generally
not separated. The cohomology group H*(X,F) is Fréchet-nuclear locally
convex space if the quotient topology obtained on H*(X, F) is separated.

We now state the Kiinneth formula in case when the cohomology groups
H*(X,F) and H*(Y,G) are separated. For more general treatment see [7].

Theorem 2.2.8. [7, Teorema 3] Let F and G be Fréchet-nuclear and nor-
mal coherent analytic sheaves on complex space X and Y. Assume that X
and Y are second countable and that the cohomology groups H (X, F) and
H{(Y,G),¥ i >0, are separated. Then for every non-negative integer k there
exists a topological isomorphism

HY(X x Y, F&G) = @ H'(X, F)®H(Y,G)
itj=k

of topological vector space. [

2.3 Complex Structures on S*1~! x §?2-1

Let S(L;) be the S'-bundle over a complex manifold X; associated to a holo-
morphic principal C*- bundle L, — X; for ¢ = 1,2. We shall be con-
cerned with complex structures on S(L;) x S(Lg). We first consider case
where X; := P%~! the projective spaces, for positive integer n;,i = 1,2,
and L; := C™ \ {0} the holomorphic tautological principal C*-bundle over
X;,1=1,2. For a fixed hermitian inner product on the vector space C", the
unit sphere §?%~1 c C™ \ {0} is the total space of the S'-bundle S(L;).

Complex structures on the product of odd dimensional spheres S?"1—1 x
S?m2=1 were first studied by Riemann for the case n; = ny, = 1, by H. Hopf for
the case ny = 1,no > 1 and for the case n; > 1,7 = 1,2 by Calabi-Eckmann
[5]. Later, Loeb-Nicolau [19] constructed and studied a more general family
of complex structure on S?™1~1 x §?"2~1 for positive integers n; and n,. In
this thesis we shall generalize the construction of Loeb and Nicolau to obtain
a family of complex structures on the more general space S(L1) x S(Ls).
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2.3.1 Classical Examples
Elliptic Curves:

Complex structures on the compact torus S! x S! are obtained by identifying
it with the quotient space C*/Z, where the Z-action on C* is generated by the
automorphism: z + exp(2my/—17)z, for 7 € C* such that Im(7) > 0. The
Z-action on C* is properly discontinuous and free. Thus we obtain a complex
structure on C*/Z and hence complex structure on S! x S'. The compact
torus S' x S!, endowed with the above complex structure, and denoted by
E,, is the elliptic curve. Moreover, elliptic curves are algebraic manifolds.

Hopf Manifolds

Hopf manifold is a compact complex manifolds which is the quotient C™ \
{0}/Z, for n > 2, where the Z action is generated by an automorphism g,
obtained as follow: Fix complex numbers 7; € C,1 < j < n, where Im(7;) > 0
for all j. Then for z = (21, 29,..., 2,) € C"\ {0},

g(2) = (exp(2mV/—171) 21, exp(27V/ =173 20, . . ., exp (27— 17) 2.

As a differential manifold, the Hopf manifold is diffeomorphic to St x S§?*~1,
See [16, p.49]. Complex manifolds considered by Hopf [13] are those when
7; = 7 for all j, where 7 is a fixed complex number with Im(7) > 0.

Calabi-Eckmann Manifolds

Calabi and Eckmann [5] constructed complex structures on the product of
odd dimensional spheres, S?"1~1 x §2"2=1 n, ny > 2. The complex structures
were obtained by explicitly constructing holomorphic chart. The complex
manifolds thus obtained are first examples of compact, simply connected,
non-Kéhler manifolds. The Calabi-Eckmann manifolds are total spaces of a
holomorphic principal bundles over P~ x P"2~1 with fibre an elliptic curve.

2.3.2 Loeb and Nicolau’s Construction

A larger class of complex structures were obtained by Loeb and Nicolau
[19] on the product of odd spheres S*"1~! x §?"2~! than those considered by
Calabi-Eckmann [5]. Their construction was greatly inspired by Haefliger’s
paper [10]. We start this section by discussing the results of the Haefliger’s
paper [10] and then we shall describe Loeb and Nicola’s construction.
A.Haefliger, in [10], described the versal deformation of transversely holo-
morphic foliations on the sphere S*¥~! induced by the holomorphic flows
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associated to certain vector fields on CV. Let ¢ be a vector field such that
£(0) = 0. Then

0 0
§(z) = Z @ij i — + Z Zizjfijk(z)a_zka
J

where z = (21,22,...,2n) and fijx(2),1 < 4,75,k < N, are holomorphic
functions on CV. We say ¢ is in the Poincaré domain if the convex hull
in C of the set of eigenvalues of the matrix (a;;), associated to the linear
part > aijzia%j of &, does not contain 0. The orbit of the holomorphic flow
associated with a vector field &, which is in the Poincaré domain, will induce
a one dimensional holomorphic foliation F; on U \ {0}, where U is a small
enough neighborhood of the origin. Haefliger showed that there exists an
embedding S*¥~! — U\ {0} transverse to leaves of the foliation F¢. Thus the
restriction of the foliation F¢ induces a transversely holomorphic foliation
F¢ on the sphere S*¥~'. Recall that a foliation F of codimension k on a
differentiable manifolds M is defined by a family (U;, ¢;) where {U;} is an
open covering of M and ¢; : U; — R* are smooth submersions such that
there exist cocycle {g;;} of local transformation of R* such that ¢; = g;; 0 ;.
The foliation F on M is said to be transversely holomorphic foliation of
(complex) codimension ¢ if submersions ¢; takes value in C? = R* and the
cocycle {g;;} are local holomorphic transformation of C.

Let A = {A\1, A2, ..., An} be a sequence of non-zero complex numbers. A
A-resonant monomial vector field in CV is a vector field of the form

my m2

m _ mN
a.z i SR -y acC,
2

8zk
such that

)\k = (m, )\) = ml)\l + mg)\g +---+ mN)\N.
Let gy be the set of vector fields commuting with the diagonal vector field
& = Zf\il )\izia%. The set g, is a Lie subalgebra of the Lie algebra of
holomorphic vector fields on CV. If the convex hull of A\, \s,..., Ax does
not contain 0 € C, then g, is of finite dimension. The set of A-resonant
monomial vector fields forms a basis for the subalgebra g,. Elements of g,
are called A-resonant vector fields.

Given a vector field 7 in the Poincaré domain, let A = {Ay, A, ..., Ay} be
the set of eigenvalues of linear part of 7. The theorem of Poincaré-Dulac |1,
p.190] states that there is a biholomorphic map h defined in a neighborhood
of the origin such that h,(n) := £ is a A-resonant vector field in normal form,
i.e, £ can be written as a sum

E=bh+ba+L=6+ ), afnzm£ (1)

(m,0) = k
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where & is the diagonal vector field Zfil )\izia%, &o+&; is the linear part of £
in lower Jordan form and &; is the sum of A-resonant monomial vector fields.
By a further diagonal coordinate change by a diagonal matrix with diagonal
entries e 1, e72 ... e for small enough €, one can make the coefficients a3,
of the non-diagonal part & + & as close to the zero as possible. In this case

we shall say that non-diagonal part of £ is close to the zero vector field.

Lemma 2.3.1. Let & = Zfil )\izia% be a diagonal vector field on CN such
that convex hull of A1, Ao, ..., Ay does not contain 0. Then the leaves of the
foliation Fe, on C°\ {0} are transverse to the unit sphere S*N=1.

Proof. Let v = Zf\;l pia%. The real vector v is tangent to S?¥~! at a point
z = (z1,29,...,2y) if and only if

N
i=1

Hence F, is not transversal to S*V—!

only if for all non-zero a € C*

at a point z = (21, 29,...,2y) if and

N
> “Re(a))|z[* =0.
=1

This is possible only if |21 |?A; + |22/* A2+ -+ |2n[2Ax = 0. Since > |z]* = 1
as z € S?M~1 this implies that 0 belongs to the convex hull of A\, Aa, ..., Ay.
Hence we get a contradiction. O

Now let & be a vector field on CV, which is in the Poincaré domain.
In the view of the Poincaré -Dulac theorem, without lost of generality, we
assume that £ is a A-resonant vector field in normal form (1) and that the
non-diagonal part if £ is sufficiently close to the zero vector field. The orbit
of the flow associated to the vector field £ induces a foliation F¢ on CN\ {0}.
Using the Lemma 2.3.1 it can be shown that the leaves of the foliation F
are transverse to the unit sphere S?¥~! and hence induces a transversely
holomorphic foliation F¢ of dimension one on S*V~!. Haefliger obtained a
versal deformation of the transversely holomorphic foliation F¢ on §*¥~!.

Theorem 2.3.2. [10, p.243] Let £ be a vector field in the Poincaré domain.
Assume that & is N\-resonant vector field in normal form (1) and the non-
diagonal part of & is close to zero vector field. Let S be a small enough
netghborhood of 0 in a vector subspace of g complementary to the vector
subspace generated by [€, g)] and €.
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The family F¢,, of the transversely holomorphic foliations on S*N~! 0b-
tained by intersecting the orbits of the flows generated by £ + s is a versal
deformation of]-'g parametrized by s € S.

The above theorem is proved by showing that the Kodaira-Spencer map
p:TyS — HY(S*N L, Qtf”g) is an isomorphism. Here 9?;2 is the sheaf of germs

of transversely holomorphic vector fields for the foliation F7 on S*V~1.

Loeb and Nicolau obtained a transversely holomorphic foliation on S?"1~1 x
S?m2=1 a5 in the same way by a mean of a vector field on CN, N = n; + ny,
satisfying certain hypotheses. The transversely holomorphic foliations on
Srunz = §2u—l e §22=1 tyurns out to be of zero dimensional and hence
endows a complex structure on it. We now describe the construction.

A vector field ¢ on CV in Poincaré domain is called weakly hyperbolic of
type (nq,nz) if the the set of eigenvalues, A = {\1, Aa, ..., Ay} of the linear
part of £ fulfills the following condition:

0<arg)\; <arg)\; <mforl<¢<nyandn <j<n; +ny=N.

Upto to a change in the coordinate order and multiplication by a non-zero
constant we can assume that the eigenvalues i, Ao, ..., Ay fulfill the follow-
ing mormalization conditions

0<arg\ <argh <---<argAy <7

and
Ak < [Argal if arg A, = arg A1

Theorem 2.3.3. [19, Theorem 1] Let £ be a holomorphic vector field, which
in the Poincaré domain, defined in a neighborhood of origin in CV. Assume
that & is weakly hyperbolic of type (n1,n2) and fulfilling the normalization
conditions. Then there are two complex submanifolds Y, and Ys of dimension
ny, Ny respectively, contained in a neighborhood U of the origin and which are
saturated by the foliation F¢|U. Moreover there is an embedding T of S™ x S™?
in CN transverse to Fe|U and meets each leaf of Fe|U \ (Y1 UYz) at exactly
one point. [

Using the Poincaré-Dulac theorem we can assume that the vector field &
is A-resonant in the normal form (1) and furthermore, the non-diagonal part
of £ is sufficiently close to zero vector field. Under these assumptions on &,
in the above theorem one can take U = CV, Y; = C™ x {0}, Yo = {0} x C
and 7 to be the canonical embedding of S™™"2 in CV.
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Corollary 2.3.4. [19, Corollary 2] Let & be a vector field on CV in Poincaré
domain satisfying the weak hyperbolicity condition and normalization con-
ditions. Assume that £ is a A\-resonant vector field in the normal form
(1) and the non-diagonal part of & is sufficiently close to the zero wvector
field. Then the canonical embedding i : S™"* — CV induces a complex
structure on S™"2. This complex manifold, denoted by Sg U2 s naturally
identified with the leaf space of F¢. Moreover the vector field £ defines on
(C™\ {0}) x (C"\{0}) a structure of holomorphic principal C- bundle over
S; v O

The above corollary provides a general method of constructing complex
structures on a product of odd dimensional spheres. By this method, the clas-
sical examples, namely elliptic curves, Hopf manifolds and Calabi-Eckmann
manifolds, can also be obtained as particular cases. We describe this as
follow.

Elliptic curve: Let n; = ny = 1 and take 7 such that Im(7) > 0. Consider
the diagonal vector field £ = 218%1 + 2276%2 on C2. The C-action on C* x C*
induced by £ is given by:

(t, 21, 22) > (exp(t)z1, exp(7t)z2).

Each orbit of this C-action intersect {1} x C* and in this case, for (1,z2)
and (1,w) of {1} x C*, t.(1,2) = (1,w) only if t = 27/—1k, for some
k € Z. Hence the orbit space (C* x C*)/C is then identified to the quotient
of {1} x C* = C* by the discrete subgroup of C* generated by exp(2m/—17).
Any elliptic curve is obtained in this way.

Hopf manifolds: Hopf obtained a family of complex structures on S! x
S?»=1 n > 1. These complex manifolds can again be obtained by the method
of Loeb and Nicolau. For this case we take n; = 1 and ny, = n. Let
T1,To, ..., Tp be non-zero complex numbers such that Im(7;) > 0, for 1 <
1 < n. Consider the diagonal vector field

=z —twimng— twemas—+  +WaTny —

0z Oow; 0wy owy,
on C"*'. The C-action induced by & on C* x C" \ {0} is given by
(t, 21, Wy, we, ..., wy,) — (exp(t)z1, exp(mit)wy, exp(Tat)ws, . . ., exp(Tut)wy,)

Each orbit of the C-action on C* x C"\ {0} intersect {1} x C™\ {0}. And
as in the case of elliptic curve, the orbit space (C* x C™\ {0})/C can be
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identified to quotient of {1} x C™\ {0} = C™\ {0} by the action of group Z
generated by the automorphism

(w1, wa, ..., wy) — (exp(2my =11 )wy, . .., exp(27V —17,)wy,).

Thus we obtain a Hopf manifold.

Calabi-Eckmann manifolds: Calabi-Eckmann [5] constructed a family
complex structures on S?1=1 x §?"2=1 n; ny, > 1. These manifolds are the
total spaces of a principal bundles over P ~! x P"2~! with fibre an elliptic
curve. They can be viewed as the orbit space of the C-action on (C" \ {0}) x
(C™ \ {0}), induced by the vector field

for non-zero 7 such that Im(7) > 0.

Loeb and Nicolau studied the Dolbeault’s cohomology and deformation of
the complex manifolds ng,nz’ where the vector field ¢ is as in the Theorem
2.3.3. A versal deformation were obtained much the same way as by Haefliger
[10]. Using the cohomology computation, they gave the description of the

holomorphic principal C-bundle and the holomorphic line bundles over S¢* ™.

The open subset C™ \ {0} of C™, for i = 1,2, is the total space of
the tautological principal C*-bundle over the projective space P"'~!. For
a fixed hermitian inner product on C", the unit sphere S?*~! is the total
space of the corresponding circle bundle over P*~!. Now, by the assertion
of the Corollary 2.3.4, complex structures on S?~! x S22~ are obtained by
identifying it to the quotient of (C™ \ {0}) x (C"\ {0}) by a C-action. This
C-action is a flow associated to a vector field in the Poincaré domain, on the
product (C™ \ {0}) x (C™2\ {0}).

We extend this idea of Loeb and Nicolau to obtain a family of complex
structures on the product S(Ly) x S(Ls), where S(L;) is the circle bundle
associated to a holomorphic principal C*-bundle L; — X, over complex
manifold X; for ¢ = 1,2. For this we consider an admissible C-action ( see
Definition 1.2.2) on the product L; x L;. We show that each orbit of an
admissible C-action intersects S(L;) X S(Ls) transversely and at exactly one
point. Thus by identifying S(L;)x S(Ly) with the quotient space (L x Ly)/C,
we get a complex structure on S(L;) x S(L2) in a natural way. Moreover, L X
Ly is viewed as holomorphic principal C-bundle over the obtained complex
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manifold S(L;) x S(Ls). The complex structures obtained on S(L;) x S(Ls)
will correspond to complex structures on S™""? obtained by Loeb and Nicolau
[19] by considering only linear vector fields.
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Chapter 3

Basic Construction

Let X1, X5 be any two compact complex manifolds and let p; : L; — X;
and ps : Ly — X5 be holomorphic principal C*-bundles over X; and X5
respectively. Denote by p : Ly X Ly =: L — X := X; x X5 the product
C* x C*-bundle. We shall denote by L; the line bundle associated to L; and
identify X, with the zero cross-section in L, so that L; = L, \ X;. We put
a hermitian metric on L; and denote by S(L;) C L; the unit sphere bundle
with fibre and structure group S!'. We shall denote by S(L) the compact
torus S* x S'-bundle S(L;) x S(Ly) — X. Our aim is to study complex
structures on S(L) := S(Ly) x S(Ls).

Inspired by Loeb and Nicolau’s construction [19], we shall obtain complex
structures on S(L) by identifying it with the orbit space L/C, where the C-
action on L is the flow associated to certain holomorphic vector fields.

In this section we consider holomorphic C-actions on L; X Lo which lead
to a complex structure on S(L) of scalar and diagonal types. The scalar
type complex structures always exist. The construction of diagonal type
complex structures involves the notion of standard action by a torus (C*)™,
n; > 0,7 = 1,2, on a principal C*-bundle L; over a complex manifold Xj;.
See Definition 1.2.1. Such standard actions always exists in the case when
X;,i = 1,2 are flag manifolds. In the case when X; are flag manifolds, we
shall use the setup to construct linear type complex structures on S(L) (see
Chapter 4).

3.1 Examples of Standard Action of a Torus

Let £ — B be a holomorphic principal C*-bundle over a complex manifold
B. To the principal bundle we associate a line bundle £ — B, where the
total space £ := E x¢« C is constructed from E x C by the identification :
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(e,2) ~ (et ! tz) for (e,2) € E x C and t € C*.

Identifying B with the image of the zero cross section of the line bundle E,
we have £ = F'\ B.

Let T be a complex torus group. We identify 7" with (C*)™ by choosing an
isomorphism 7" == (C*)" for some n. We shall denote by ¢; : C* C (C*)" the
inclusion of the jth factor and write te; to denote €;(t) for 1 < j < n. Thus
any (t1,---,t,) € T equals [, tje;. One has the polar decomposition
T =(S")" xR%.

Suppose that the total space F and the base space B of the associated
line bundle are acted upon holomorphically by the torus 7'(= (C*)™) such
the line bundle £ — B is T equivariant. Fix a hermitian metric on the line
bundle £ which is invariant under the maximal compact subgroup (= (S')")
of T. Let d be a positive integer. Recall the definition of standard d-action
of T on E from Definition 1.2.1. In this section we give examples of such
actions.

Note that condition (i) in the Definition 1.2.1 implies that the A-orbit of
any e € E is just the fibre of the bundle £ — B containing e. The exact
value of d will not be of much significance for us. However, it will be too
restrictive to assume d = 1. See Chapter 4.

We shall see below some examples of a standard action of a torus on
a holomorphic principal C*-bundle. For a line bundle v over a complex
manifold B, we shall denote the total space of by E(v). The total space of
the corresponding holomorphic principal C*-bundle is denoted by E(7).

Example 3.1.1. For any principal C*-bundle £ — B, the corresponding
line bundle £ — B is C*-equivariant, where the C*-action on F is that of
the structure group. For a hermitian metric on the line bundle £ — B, we
have : ||(t.e)]| = [t|||e]|, for t € C*,e € E. Tt readily follows that this action
gives a d-standard action on the principal C*-bundle £ — B, where d = 1
in this case.

Example 3.1.2. Consider a complex projective space P!, Let 7,1 be the
tautological line bundle over P"~'. The total space E of the bundle 7, is
the subset of P*~! x C" define by:

E:={(V,v) |veV}.
The natural action of the torus T:= (C*)™ on C" given by

t.(z1, 22, .oy 2n) = (t121,t220, . . ., tn2y), for t = (t1,ta,...,t,) € (C*)"
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can be extended to give an action of (C*)" on P"~! x C" given by
(tl,tg, e ,tz).([zl 7> S Zn]7 (21722, e 7211)) =

([t121 . tQZQ e thn], (tlzl, tng, Ce ,tnzn)).

This action can be restricted on F to give an action of T’ on the line bundle
E — P"'. The corresponding holomorphic principal C*-bundle is C" \
{0} := E — P!, The standard hermitian metric on C",

H(Zl,ZQ,...,Zn)H - Z|2i|27

yields a hermitian metric on the line bundle £. The induced T action on
the holomorphic principal C*-bundle, C" \ {0} — P" !  is d-standard with
d=1.

Example 3.1.3. Consider a collection of n monomials Py, P, ..., Py, all
of fixed degree d > 0, in variable tq,%s,...,t, for some positive integer n.
Suppose that for each variable ¢;, there exists j such that P; is dependent on
ti, i.e, positive exponent of ¢; occurs in the monomial P;. As in the Example
3.1.2 we consider a more general action of a torus group 7' := (C*)" on C¥
define as :

Lzt 7o) = (Pi(t)z1, Pa(t)2s, - Pu(t)zn), for o= (b1, b, ).

This torus 7" action on CV can be extended to give a T action on the
line bundle E(yy;1) — P¥~!. Under our hypothesis on the polynomials
P, P, ..., Py, it is clear that the induced torus 7T action on the principal
C*-bundle CV \ {0} is d-standard. Here we take the hermitian metric on the
line bundle 7y ; as that in the previous Example 3.1.2.

Next we shall give some examples of standard action of a torus group on
certain holomorphic principal C*-bundle E over a flag manifold SL(n,C)/P
for a parabolic subgroup P. The bundle E over SL(n,C)/P is assumed to be
such that there is a T-equivariant embedding of SL(n, C)/P into a projective
space PV~1 for some large positive number N, such that the tautological
principal C*-bundle CV \ {0} — P¥~! restricts to £ on SL(n,C)/P. Here
T = (C*)". The T action on the principal C*-bundle CV \ {0} — PV-!
turns out to be d-standard and thus we shall obtain a d-standard action on
the principal C*-bundle £ — SL(n,C)/P, for some d.
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Example 3.1.4. Let v, ; be the k-plane bundle over the Grassmannian G,,
of k-dimensional subspace of C". The total space of 7, is the subset of
Gy x C" define as :

{(Viv) [ve Vi

The k**-exterior bundle /\k'ymk, is the “tautological” line bundle over G, j
with the total space:

E(N ) = {(V,o1 AvaA...Awy) | V € C"of dim k and v; € V,1 < i < k},
The natural action of the torus (C*)" on C" given by
t.(z1, 22, ..y 2n) = (t121, 1220, . . ., tn2y), for t = (t1,ta,...,t,) € (C*)"
can be extended to give an action of (C*)" on E(A*y,.4),
t.(Viuog Avg Ao Awg) = (8 V tog Atog AL A tay),

where ¢t.V is the image of V under the action of t on C". We have the
following embedding of the line bundles for N = (Z)

E(Nyng) = E(na)
\ \
Gn,k — IP’(/\’“C")
The embedding G, , = P(A*C") is the Pliicker embedding given by:
Vi Coup Avg A ... Avg, the line spanned by v1 A vy A ... A v,

where {v1, vg, ..., v} is a set of basis for the subspace V' and the embedding
is independent of the choice of the basis. The corresponding embedding of
the principal C*-bundle E(A*y, 1) — E(yy1) = APC™\ {0} is given by:

(Viop Avg Ao Avg) = og Avg A e Ay

where {v1,vq,..., v} is a set of basis for the subspace V.
We denote by I(n, k) the collection

{(ilai%-"aik) ’ 1§11 <i2<--- <Z]c§n}
For the standard basis {ej, e, ...,e,} of C" | the set

{er=ey Ney, N~ Neyy | T = (i1,19,...1) € I(n, k)}
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is a basis for the vector space A*C". The action of (C*)" on C" induces an
action of (C*)" on CN = AFC", N = (}), in a natural way. Namely, on a
basis vector ey,

ter =t.(e; Ney N+ Nej ) =tey, Nteyy, N -+~ ANtey, = Pr(t).eq

where Pj =t t;, ...t , for (i1,42,...,1;) € I, is monomials in t,t9,- -, tp.
More generally,

t( Z Z]G[) = Z P](f)Z]@[, for t = (tl,tg,...,tn) e C".

Iel(n,k) Iel(n,k)
It is clear that the embedding E(A*y,x) < E(yn1) = AFC™\ {0} is T-
equivariant. Using the monomials Py, P, ..., Py, as in the Example 3.1.3,

the k-standard action of (C*)" obtained on the principal C*-bundle E(yy 1) =
AEC™ \ {0} — P(A*C") restricts to give a k-standard action of the torus
(C*)™ on the principal C*-bundle E(A*y, 1) — Gy 4.

Remark 3.1.5. In the above example, the vector space AF(C") can be de-
composed into sum of one dimensional weight spaces corresponding to the
action of torus (C*)” on CV. Each basis element e;, I € I(n,k), generates
the weight space of with character P : (C*)" — C*.

Example 3.1.6. Any negative ample line bundle over a projective space
P71 is of the form fy??fll for some positive d. Let P, P,,..., Py be all the
monomials of degree d in n variables, where N := (d+g_1). For the line
bundle 75¢ we have the d-tuple embedding P! — PN=! := P(sym?(C"))
given as
210200 i 2zp| > [Pr: Py:o-- Pyl

For the d-tuple embedding, the line bundle v£{ over P"~! is the pullback of
the tautological bundle vy ; over PY~! and we have the following diagram
for the holomorphic principal C*-bundles,

E(Vfi(f) =  E(ya)

\ 1
Pl P(symiC")

The natural action of the torus 7' := (C*)™ on C" extends to give an action
of T on E(v2{) and E(yn:1) = sym?(C") \ {0}. Moreover the embedding
E(vZY) < E(yn,1) is T-equivariant. Using the monomials P, P,,..., Py,
as in the Example 3.1.3, we can construct a d-standard action of the torus
(C*)™ on the holomorphic principal C*-bundle E(vyy,1) — PN~1. This (C*)"-
action on E(vyy ) restricts to give a d-standard action on the principal C*-
bundle E(y5]) — P,
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Remark 3.1.7. For any sequence J := {i; < iy < ... <ig}, 1 < i, <n the
standard basis element e; = e;,¢;, - - - €;, of sym?(C") generates the weight
space with character Py : T — C*; (t1,ta,...t,) = ti,ti, ... t;,. The set of
all monomials {P;} of degree d in n variables ti,t,,...,t, are T-weights of
symd(C"). (cf. 3.1.5).

Example 3.1.8. More generally, let F be the set of flags, in a vector space
V, of the form
F:0cVy,CcVp, C---CV =V,

where V, is of the dimension k; (see Example 2.1.3). The set F acquires
the structure of a flag manifold SL(n,C)/P for a parabolic subgroup P.
Conversely, for any parabolic subgroup P of SL(n,C), the flag manifold
SL(n,C)/P can be identified to a set of flags. We have a projection map of
the flag manifold SL(n,C)/P onto the Grassmannian G,, j,

g SL(n,C)/P — Gy,

Any negative ample line bundle over a Grassmannian G,,;, is of the form
(AR, k)% for some positive integer d;. A negative ample line bundle v
over SL(n,C)/P is of the form ®; (o7 ((AFiv, 1, )®%)). For this line bundle we
have an embedding of the flag manifold SL(n,C)/P into a projective space
PN~ = P(®;(sym® (A*C"))) such that the line bundle v over SL(n,C)/P
is the pullback of the tautological bundle over PY~!. We have,

Eiv) — E(XN’I)
SL(n,C)/P — P(®;(symdi(AkFC")))

Let {e1,eq,...,e,} be a basis for the vector space C". Let {f1, fo,..., [n}
be the corresponding basis for the vector space W := ®;sym% (AFC")). Now
the natural action of 7" := (C*)™ on C" yields an action of torus (C*)™ on W.
Under this action, each basis element f; of W generates a weight space with
character P, : T — C*,1 < i < N. The set of characters P, P, ..., Py
are monomials of degree d = ZZ k;d; in n variables t1,ts,...t,. As in the
Example 3.1.3, we obtain a d-standard action of the torus (C*)" on the
principal C*-bundle E(yy;) := CN \ {0} — P(W). This action restricts
to give a d-standard action of the torus (C*)™ on the principal C*-bundle
E(y) — SL(n,C)/P.

In Chapter 4, we shall construct a d-standard action of a torus on a
negative ample line bundle over a more general flag manifold G/P where G
is a semi-simple algebraic group and P is a parabolic subgroup of G. We use
the similar argument as in above examples to obtain the standard action.

30



Lemma 3.1.9. Suppose that E — B be a principal C*-bundle with a d-
standard action of T(= (C*)"). Then:

(1) One has ||te;.v|| < ||v]| for 0 < |t| < 1 where equality holds if and only
if RY¢; is contained in the isotropy at v.

(ii) For anyt = (t1,...,t,) € T, one has

[tio|“II0l] < [1t0ll < [t 0], VE € TV v € E,

where jo < n (resp. ko) is such that |t;)| > |t;| (resp. |tx,| < |t;]) for all
1 < j <mn. Also |[to]| = |tj|%]|v|] if and only if |t;| = |t;,| for all j such
that (tj/t;,)ejv # v and |[t.v]| = |ty |1 |v]] if and only if |t;| = |tx,| for all j
such that (t;/tg,)e;.v # v.

Proof. (i) Suppose that R e; is not contained in the isotropy at v. Since
the compact subgroup (S')" C T preserves the norm, we may assume that
t € Ry. In view of 1.2.1(ii), 1, ; is strictly increasing. Hence ||te;.v|| < ||v]|
for 0 <t < 1.

(i) Write s = (s1,...,5,,) where s; = t;/t;, Vj. Denoting the diagonal
imbedding C* — T by §, we have t = 6(tj,)s. Now 6(tj,).0 = t4 v in view
of 1.2.1 (i).

By repeated application of (i) above, we see that ||t.v|| = ||s(d(t;,)v)|| =
|[s.t3 v|| < [tj|"|Jv]] where the inequality is strict unless |t;| = [t;,| for all
j such that s;e;.v # v. A similar proof establishes the inequality ||t.v|| >
Itk |%||v|| as well as the condition for equality to hold. O

3.2 Admissible C-action

Let L; — X;,7 = 1,2, be a holomorphic principal C*-bundle such that the
corresponding line bundle L; — X;,i = 1,2, is a (C*)" =: Tj-equivariant
line bundle. Let the action of T; on L; — X, be d;-standard. We denote
the torus T x 15 by T. We get a principal C* x C*-bundle L := Ly X Ly —>
X1 x Xy =: X, with the torus T" := T} x T, action on L = L; X Ly. In
this section we consider holomorphic C-actions on L which lead to complex
structure on S(L) := S(Ly) x S(Lz) of scalar and diagonal types. Whereas
scalar type complex structures always exist, in order to obtain diagonal type
complex structure we need additional hypotheses.

Let A € Lie(T) = CN,N := n; + ny. There exists a unique Lie group
homomorphism «a;, : C — T defined as

z > exp(zA).
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When A is clear from the context, we write o to mean . We denote by a ;
(or more briefly o;) the composition C — T 2% T}, i = 1, 2.

We recall the definition of weak hyperbolicity [19]. Let A = (A1, ..., An),
N = n; 4+ ns. One says that \ satisfies the weak hyperbolicity condition of

type (n1,n2)(in the sense of Loeb-Nicolau [19, p. 788]) if
0 <arg(\) <arg(\;) <m, 1 <i<mn; <j<N. (2)

X =X V) <ni,Aj = Ay Vj > ny, we say that A is of scalar type.

We denote by C; the cone {> r;\; € C|r; > 0,n;-1+1 < j <n;} where
no = 0. We shall denote C; \ {0} by C? and referred to it as the deleted
cone. Weak hyperbolicity is equivalent to the requirement that the cones are
disjoint and are contained in the half-space {z € C | Im(2z) > 0} U R>,.

The weak hyperbolicity condition implies that (A, ..., Ay) € CV belongs
to the Poincaré domain [1], (that is, 0 is not in the convex hull of A, ..., Ay €
C) and that a, is a proper holomorphic imbedding. Thus C, = C. When
there is no risk of confusion, we merely write C to mean C,.

We get a C-action on L, via the embedding a : C — T7 x T5. Recall the
notions of an admissible C-action from Definition 1.2.2.

Example 3.2.1. Let T; = C* be the structure group of L; — X; so that
the T;-action on L; is standard (refer eq.3.1.1). If 7 € C* is such that
0 < arg(7) < 7, then the imbedding a(z) = (exp(z),exp(7z)) € C* x C* is
admissible.

Proposition 3.2.2. Any admissible C-action of diagonal type on L1 X Lo is
free.

Proof. . Suppose that z € C,z # 0,(p1,p2) € L. Let z.(p1,p2) = (q1,G2)-
It is readily seen that one of the deleted cones zC7, 2C35 lies entirely in the
left-half space R_ := {z € C | Re(z) < 0} or the right-half space R, :=
{# € C| Re(z) > 0}. Consider the case zC7 C R_. Then |exp(z);)| <1 for
all j < mny. We claim that there is some j such that exp(zA;)e;.p1 # p1, for,
otherwise, the action of Tj-action, restricted to the orbit through p; factors
through the compact group Ti/{exp(z\;)ej, 1 < j < ng) = (SY)?"1. This
implies that the Tj-orbit of p; is compact, contradicting 1.2.1 (i), since by
the definition of standard action of the T}, orbit through p; contains the fibre
C* of the principal C*-bundle L; — X;. Now it follows from Lemma 3.1.9

that |[g1]| = [|(ITi<j<n, exp(zAj)€;)-p1l| < |[p1l]. Thus g1 # pi in this case.
Similarly, we see that (p1,p2) # (¢1,¢2) in the other cases also, showing that
the C-action on L is free. O

Lemma 3.2.3. The orbits of an admissible C-action on L are closed and
properly imbedded in L.
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Proof. Let p = (p1,p2) € L. Let (z,) be any sequence of complex numbers
such that |z,|] — oo. We shall show that z,.p has no limit points in L.
Without loss of generality, we may assume that the z, are such that z,/|z,|
have a limit point zy € S'. By the weak hyperbolicity condition (2), one of
the deleted cones z,C{ is contained in one of the sectors Sy (6) := {w € C |
—0 < arg(w) <0} C Ry or S_(0) =—-84(0) C R_ for some 0, 0 < 6§ < /2.
Say zC? C S_(6). Then 2,C; C S_(0) for all n sufficiently large. Tt follows
that |exp(2,A;)| = 0 as n — oo for n,_1 < j < n;_1 +n; (where ny = 0).
By Lemma 3.1.9 we conclude that the sequence («;(z,)(p;)) does not have a
limit in L;. ]

3.3 Complex Structures on S(L;) x S(L2)

We continue with the notation from previous section.

Definition 3.3.1. Given standard T; = (C*)™-actions on the L;, i = 1,2,
we obtain holomorphic vector fields vy,...,vy on L = Ly X Ly as follows.
Let p = (p1,p2) € L. Suppose that 1 < j < ny. The holomorphic map
pp, * Ty — Ly, s — s.p1, induces duy,, : Lie(Ty) = C" — T, L. Set
vj(p) = (dpp(€;),0) € Tp, L1 X Tp, Lo = T,L. The vector fields vj,ny < j < N,
are defined similarly. We refer tov;,1 < j < N as the standard vector fields
on L.

Remark 3.3.2. Let 1 < j < n;. Consider the differential dvy : T,L — R
of the norm map v; : L — R, defined as ¢ = (q1,¢2) — ||q1||. Tt is
readily verified that, if Rye; is not contained in the isotropy at p;, then
by standardness of the action, dvi(v;(p)) = v;(p)(v1) = v}, (1) > 0. (Here
Vjp, is as in the Definition 1.2.1(ii) of standard action.) On the other hand,
since v (s.p) = v1(p) for all s € (S})™ = exp(v/—1R™) C T} we obtain that
dvi(v/—1v;(p)) = 0. Thus, for any 2 € C, we obtain that dv(zvj(p)) =

Re(z)v; , (1). An entirely analogous statement holds when n; < j < N.

Assume that A € C¥ yields an admissible imbedding a: C — T, a(z) =
exp(zA). We obtain a holomorphic vector field v, on L where

n) = Y Aus(p) € ToL.

1<j<N

The flow of the vector field vy yields a holomorphic action of C which is just
the restriction of the T-action to C,. This C-action on L is free and the
C-orbits are the same as the leaves of the holomorphic foliation defined by
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the integral curves of the vector field v,. By Lemma 3.2.3 each leaf is biholo-
morphic to C. It turns out that the leaf space L/C is a Hausdorff complex
analytic manifold and the projection L — L/C, is the projection of a holo-
morphic principal bundle with fibre and structure group the additive group
C. The underlying differentiable manifold of the leaf space is diffeomorphic
to S(L) = S(L1) x S(Ly). These statements will be proved in Theorem 3.3.3
below. We shall denote the complex manifold L/Cy by S\(L). The complex
structure so obtained on S(L) by scalar type A is referred as scalar type and
those by diagonal type A is referred as diagonal type.

We shall denote by D(L) C L = L; x Ly the product of the unit disk
bundles D(L;) = {p € L; | ||p|| < 1} C L;,i = 1,2. Also we denote by
Y(L) C L the boundary of D(L). Thus %(L) = D(Ly) x S(Ly) U S(L;) x
D(Ls). Observe that S(L) = D(L;) x S(Ly) N S(Ly) x D(Ly) C %(L).

Theorem 3.3.3. With the above notations, suppose that oy : C — T
defines an admissible action of C of diagonal type on L. Then L/C is a
(Hausdorff) complex analytic manifold and the quotient map L — L/C is
the projection of a holomorphic principal C-bundle. Furthermore, each C-
orbit meets S(L) transversely at a unique point so that L/C is diffeomorphic
to S(L).

Proof of the above theorem, which is along the same lines as the proof
of [19, Theorem 1] with suitable modifications to take care the more general
setting we are in, will be based on the following two lemma.

Lemma 3.3.4. Each C-orbit in L meets S(L) at exactly one point.

Proof. We first show that each orbit meets S(L) at not more than one point.
Let p = (p1,p2) € S(L). Suppose that 0 # z € C is such that ¢ := z.p =
a(z).p € S(L). This means that, writing ¢ = (¢1, ¢2), we have

g=a()p)=( [  epO2)epni=12,

ni—1<j<n;—1+n;

(where ng = 0). Now ||¢|| = ||pi]| = 1,i = 1,2, and p # ¢. Since the
hermitian metric on L; is invariant under (S')™, we see that ||p:|| = ||q1]| =
[(TTi<j<n, (exp(t;)€;))p1| Where t; = Re();2). Standardness of the Tj-action
implies that either Re(\;z) = 0 for all ¢ < ny or there exist indices 1 <
i1 < i3 < ny such that Re(z\;;).Re(zA;,) < 0. In the latter case there
exists positive reals ay, as such that a;Re(z);,) + aaRe(z)\;,) = 0. Similarly,
either Re(z);) = 0 for all n; < j < N or there exist indices n; < j; <
Jj2 < N and positive reals by, by such that bjRe(zAj,) + baRe(2A;,) = 0.
Suppose Re(ai A,z + ag\i,2) = 0 = Re(biAj, 2 + baAj,2). This implies that
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ari, +az i, = (b1 Aj, +b2)j,) for some positive number . This contradicts
the weak hyperbolicity condition (2). Similarly we obtain a contradiction in
the remaining cases as well.

Next we show that Cp N X (L) is path-connected. We shall write D_ and
D, to denote the bounded and unbounded components of L\ X(L).

Without loss of generality, suppose that p = (p1,p2) € X(L) and let

q = (q1,q2) € (L) N Cp be arbitrary. Say, ¢ = z1.p with z; # 0. Then

r — 121.p defines a path o : I — Cp with end points in 3(L). We modify
the path o to obtain a new path which lies in ¥(L). For this purpose choose
29 € C, arg(zo) > 5 such that zC7 U zCy is contained in the left-half space
R_={z€ C|Re(z) <0} and (—z9)C] U (—2¢)Cy is contained in the right-
half space Ry = {z € C | Re(z) > 0}. In particular, lim,_,, | exp(rzoA;)| =0
and lim, _, |exp(—r2oA;)| = 00,Vj < N, where r varies in R;. By the
second statement of Lemma 3.1.9, we see that for ¢ = 1,2, and any z; € L;,
i (r20).2;]| — 0 and || (—7rz20).2;|] = 00 as r — 400 in R.

For any r € I, let y(r) € R be least (resp. largest) such that v(r)zg.0(r) €

Y(L)when o(r) € Dy (resp. o(r) € D_). Then v is a well-defined continuous
function of r. Now r — a(y(r)zo +721).p is a path in CpNS(L) joining p to
q.

To complete the proof, we shall show that there exist points ¢ = (¢}, ¢5),
&' = (¢}, ) € Cp¥(L) such that ||g}|| < 1, lg4l| = 1 and ||| = 1, ||g4]| <
1. Then any path in Cp N X(L) joining ¢’ and ¢” must contain a point of
S(L).

Choose w, € C*,1 < k < 4, such that the deleted cones w,;C? C
Ry, weCy C R, for i = 1,2, and, wsCy,w,C5 C R_, w3Cs,wsC} C Ry
Then |exp(rwgA;)| — 0 (resp. oo0) as r — +oo (r € Ry) if A\; € CP and
wpC? C R_ (resp. Ry). Now ||a;(rwi)p]| < 1,||ai(rwe)pi|| > 1,4 =
1,2 for r € R, sufficiently large. It follows that any path in Cp joining

a(rwg)(p), k = 1,2, must meet 3(L) for some r = ry. Thus we may as
well assume that p € X(L). Suppose that ||pi|| = 1,||p2|| < 1. For r > 0
sufficiently large, ||a;(rws).p1|| < 1 and ||ag(rws).pa|| > 1. Therefore there
must exist an r; such that setting ¢, := a;(rjws).p;, we have ||gj|| < 1 and
|g5|| = 1. Then ¢’ = (¢}, ¢,) € CpNX(L) and ¢” := p meet our requirements.

If [|p1|| < 1,]|p2|| = 1, we set ¢’ :== p and find a ¢ € Cp N X(L) by the
same argument using wy in the place of ws. O

Lemma 3.3.5. Every Cy-orbit Cp, p € S(L), meets S(L) transversely.

Proof. Denote by 7 : L — S(L) the projection of the principal (C*/S')? =
R?-bundle. Evidently, the inclusion j : S(L) < L is a cross-section and
so L = S(L) x R%. The second projection v : L — R? is just the map
L > p = (p1,p2) = (1(p),1a(p)) where vi(p) = |[pi|| € Ry One has
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therefore an isomorphism 7,L|s1) = T,5(L) @ R?, and the corresponding
second projection map 7,L — R? is the differential of v. Therefore Cp
is not transverse to S(L) if and only if avy(p) € 7,5(L) for some complex
number a # 0; equivalently, if and only if dv;(avy(p)) = 0,7 = 1, 2, for some
a # 0.

By Remark 3.3.2 we have:

dvi(ava(p)) = Y dvi(adui(p)) = Y Re(a)))v, (1).

1<j<m 1<j<m

Similarly, avy(p)(v2) = >_,, ;j<n Re(aA;)v],,(1). Therefore, Cp is not trans-
verse to S(L) if and only if 3, .., Re(a);)r; =0=3" .\ Re(a);)s; for
some complex number a # 0 and reals r;, s, > 0 (not all zero). This means

that v/—1R C aC{ N aCs and hence CY N Cy # 0, contradicting the weak
hyperbolicity condition. O]

Proof of Theorem 3.3.3 : We shall first show that L/C is Hausdorff by
showing that m\ : L — S(L) which sends p € L to the unique point in
Cpn S(L) is continuous.

Let (p,) be a sequence in L that converges to a point pg € L. Let ¢, :=
m(pn) € S(L) and choose z, € C such that z,.p, = ¢,. Since ||p,||, ||gal], 7 >
1, are bounded, it follows by an argument similar to the proof of Lemma 3.2.3
that (z,) is bounded, and, passing to a subsequence if necessary, we may
assume that it converges to a z5 € C. By the continuity of C-action, z,,.p, —
20.po as m,n — oo. Therefore z,.p, = ¢, — z0.po and mx(py) = go and so
7y is continuous and that the restriction of 7, to S(L) is a homeomorphism
whose inverse is the composition S(L) < L — L/C.

By what has just been shown, L/C is in fact a Hausdorff manifold and
that 7y is a diffeomorphism. The orbit space L/C has a natural structure of
a complex analytic space with respect to which the projection L — L/C
is analytic. Using Lemma 3.3.5 we see that L — L/C is a submersion. It
follows that L is the total space of a complex analytic principal bundle with
fibre and structure group C. The last statement of the theorem follows from
Lemmata 3.3.4 and 3.3.5. 0

We get the classical examples of elliptic curve, Hopf manifolds and Calabi-
Eckmann manifolds by the above construction and more precisely complex
structures on these manifolds are that of scalar type (cf. Section 2.3.1 ).
We generalize the Loeb and Nicolau [19] construction only in the case corre-
sponding to diagonal vector fields.
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Example 3.3.6. The action of the structure group 7; = C* is a standard
action on the holomorphic principal C*-bundle L; — X;,i = 1,2. Given
any complex number 7 such that Im7 > 0, one obtains a proper holomorphic
imbedding C — C* x C* defined as z +— (exp(2miz),exp(2miTz)). We
shall denote the image by C,.. The action of the structure group C* x C*
on L := Ly X Ly can be restricted to C via the above imbedding to obtain
a holomorphic principal C-bundle with total space L and base space the
quotient space L/C,. The projection L — X factors through S;(L) to
yield a principal bundle S;(L) — X with fibre and structure group E :=
(C*xC*)/C,. Since E is a compact Riemann surface with fundamental group
isomorphic to Z?, it is an elliptic curve. It can be seen that E = C/T" where
[ is the lattice Z + 7Z C C. The quotient space L/C is diffeomorphic to
S(L) = S(Ly) x S(Ls). The resulting complex structure on S(L) is of scalar
type and denoted by S, (L).

Example 3.3.7. When X; is a point, one has X = X5, L =2 C* X Ly. In
this case, the orbit space L/C is readily identified with Lo/Z where the Z
action is generated by v — [ o<y exp(2my/—1);/A1)€j.0 where v € Ly. The
projection Ly — S\(L) is a covering projection with deck transformation
group Z.

Remark 3.3.8. (i) When ) is of scalar type, the projection L — X factors
through S\ (L) and yields a complex analytic bundle S)(L) — X with fibre
and structure group the elliptic curve (C* x C*)/C. When endowed with
diagonal type complex structure the projection Sy(L) — X of the principal
S' x S'-bundle, which is smooth, is not complex analytic in general. (Cf.
Theorem 5.2.1.)

(ii) When the X; do not admit any non-trivial 7;- action, we obtain only
scalar type complex structures on S(L). For example, this happens when the
X; are compact Riemann surfaces of genus at least 2, as Aut(X;) is finite.

We conclude this section with the following observation.

Theorem 3.3.9. Suppose that H' (X ;R) = 0 and that c;(L;) € H*(X;R)
is non-zero. Then S(L) is not symplectic and hence non-Kdhler with respect
to any complex structure.

Proof. In the Leray-Serre spectral sequence over R for the S'-bundle with
projection ¢ : S(L;) — X, the differential d : Ey' =~ H(S";R) R —
E° = H?*(Xy;R) is non-zero. It follows that Ey' = E%' = 0. Since
HY(X;R) = 0, we see that H'(S(L,);R) = 0. Hence, by the Kiinneth
formula, H?(S(L);R) = H*(S(L,);R) & H*(S(Ly); R).
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Let u; € H?(S(L;);R),i = 1,2, be arbitrary. Since dim S(L;) is odd for
i =1,2, ufuj = 0 for any r, s > 0 such that r+s = n, where 2n := dimg S(L).
Hence w™ = 0 for any w € H*(S(L); R). O

3.4 Complex Structures on Product of Sphere
Bundles

Let 7 : E — X be a vector bundle over a compact complex manifold
X. Let P(E) be the compact complex manifolds obtain by identifying one
dimensional subspace of each fibre £, := 7~ !(x) forx € X. Let L C ExP(E)
be defined as

L={(e,V)|ecV ePE)} (3)

The projection map L — P(E); (e, V) + V, is the projection of a holomor-
phic line bundle. We have the following identification:

E\ X =L\ P(E), where E 3 e +— (e,Ce). (4)

A hermitian metric on the vector bundle £ — X yields a hermitian metric
on the line bundle L — P(E). The total space S(L) of the circle bundle
associated to the line bundle L — P(E) is same as the total space S(E)
of the sphere bundle associated to the vector bundle £ — X under the
identification (4).

Let £; — X, be holomorphic vector bundle of rank k; over compact
complex manifolds X;,7 = 1,2. Fix a hermitian metric on the bundle E; —
X;. Let S(E;) be the associated unit sphere bundle over X;,i = 1,2. In the
previous section we showed that in the case when k; = 1 complex structures
on S(E;) x S(E,) always exist such as complex structures of scalar type. See
the Example 3.3.6. For arbitrary k; the existence of complex structures on
S(Ey) x S(Es) follow readily as S(E;) is same as S(L;), where L; is as defined
as in (3). Thus we obtained a family of complex structures on the product
of sphere bundles associated to holomorphic vector bundles over compact
complex manifolds. We call the complex structures thus obtained as scalar
type. We have the projection S(F;) x S(E;) — X; x X5 of holomorphic
fibre bundle with fibres a Calabi-Eckmann manifolds. This implies that in
the case k; > 1, the complex manifolds S(FE;) x S(E,) thus obtained are
non-Kéahler and hence non-algebraic.

The analogue of the diagonal type complex structures on S(E;) x S(FE>)
are obtained by considering an action of a torus 7; := (C*)™ on the fibre
bundle E; := F; \ X; — X, which satisfies the condition similar to that in
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the Definition 1.2.1. We call this action again ‘standard’ actions. See the
Definition 3.4.1 below.

The matrix group GL(n,C) is the structure group for any vector bundle
E — X. The torus subgroup C*, the subgroup (= C*) of scalar matrices,
is the centre of GL(n,C). The scalar action of C* on the vector space C"
extends to give the scalar action of C* on the vector bundle £ — X.

Definition 3.4.1. Let E — X be a hermitian vector bundle over X. We
say that the T-action on E is d-standard (or more briefly standard) if the
following conditions hold:

(i) the restricted action of the diagonal subgroup A C T on E is via the d-fold
covering projection A — C*, where C* action is that of scalar multiplication
on the bundle E — X.
(i1) For any e € E and 1
t = |[tejel|. Then v, (1)
1sotropy at e.

<j<mn,letv;: Ry — Ry be defined as
> 0 for all t unless Rye; is contained in the

Example 3.4.2. Let £ — X be a holomorphic hermitian vector bundle
over compact complex manifold X. The scalar action of the torus C* on the
fibre bundle F — X is a standard action with d = 1.

Example 3.4.3. Let 7, be the k-plane bundle over the Grassmannian Gy, x
of k-dimensional subspace of C". The total space E(7, ) of 7, is the subset
of G, x C" define as :

E(yng) ={(V,v) |[veV}
The natural action of the torus 7' = (C*)" on the vector space C" given by
t.(Zl, 29y ... 7Z'n,) = (tlzl, tozo, ... ,thn), fort = (t17t2, e ,tn>.

In the case when £ = 1 we have seen in the Example 3.1.2 that this action
of T'= (C*)" extends to give a d-standard action of 7" of the fibre bundle
E(yn1) — G, = P! with d = 1. The general case of arbitrary k is
similar.

Let E; — X; be a hermitian vector bundle. Let T; := (C*)™ be a d;-
standard action on the fibre bundle E; := E; \ {0} — X;,i = 1,2. Such
T; action gives a d;-standard action of T; (in the sense of the Definition
1.2.1) on the principal C*-bundle L; := L; \ P(E;) — P(E;). For any
A € C™ x C™ satisfying weak hyperbolic condition of type (ni,ns), let
ay be the admissible C-action on the principal (C* x C*)-bundle E; x Ey =
Lix Ly — P(E;)xP(E,). We obtain a complex structures of a diagonal type
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on S(E;) x S(E») by identifying it with the orbit space (Ey x E,)/C. See the
Theorem 3.3.3. Furthermore, the quotient map E; x Ey — S(FE) x S(E»)
is the projection of a principal C-bundle.

Remark 3.4.4. The above construction of complex manifolds S(L) is valid
even in the more general setting when the complex manifolds X;,7 = 1,2 are
non-compact.
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Chapter 4

Complex Structures of Linear
Type

In the previous chapter, we constructed a family of complex structures on
S(Ly) x S(Lg) where S(L;) is the circle bundle associated to a principal C*-
bundle L; over an arbitrary compact complex manifolds X;,7 = 1,2. Complex
manifolds thus obtained are of diagonal type. The basic construction involves
the notion of standard action of a torus 7; on L;. In this chapter we shall
construct the complex structure of linear type on S(Ly) x S(Lg) in the
case when the complex manifolds X; are flag manifolds and the C*-bundle
L; — X, = 1,2 are associated to a negative ample line bundle over Xj.
These linear type complex structures will correspond to complex structures
on S~ x §?"~1 m n > 1 obtained by Loeb and Nicolau [19] by using linear
resonant vector fields. (refer Section 2.3). We first start with constructing
some non-trivial standard action of a torus on the principal C*-bundle over
a flag manifold and then we shall use this set up to construct linear type
complex structures on S(Ly) x S(La).

For notations and basic fact of Lie groups and flag manifolds we shall
refer to the Section 2.1 of Chapter 2.

4.1 Standard Action of a Torus on Principal
C*-Bundles over Flag Manifolds

Let G be a simply connected complex simple Lie group. Let P be a parabolic
subgroup of G. Let L be a G-equivariant non-trivial line bundle over the flag
manifold G/P. Let L — G/P be the associated principal C*-bundle over
G/P. Note that G acts almost effectively on G/P and hence on L. (Almost
effective means that the subgroup of G which fixes every element of L is
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finite, and since G simple, is contained in Z(G), the centre of G). Let T be
any maximal torus of G. We claim that the T-action is not d-standard (with
respect to any isomorphism 7' =2 (C*)!) for any d > 1. For, if the T-action
were d-standard, then T" would contain a subgroup A = C* whose restricted
action is as described in the Definition 1.2.1(i). Since the G-action commutes
with that of the structure group C* of L, it follows that z.g(v) = g.z(v) for
allv € L,z € A, g € G. Since the G-action on L is almost effective, we see
g 'zg = (z where ¢ € Z(@G), the centre of G, which is a finite group. This
implies that A/Z(G) is in the centre of G/Z(G) contradicting our hypothesis
that G is simple. However, in the case when L is a negative ample line bundle
over G/ P, we shall show that there is a d-standard action of the torus 7" x Ty
on the principal C*-bundle L — G/ P, where the T, = C* acts via a d, fold
covering projection Ty — C* on the structure group of L — G/P. Here
d = (I + 1)dp, where [ being rank of G.

In the Section 3.1, we constructed some examples of standard action of the
torus (C*)™ on certain principal C*-bundle over flag manifolds SL(n,C)/P.
We shall extend the same idea to obtain a standard action of a torus on
principal C*-bundle over more general flag manifolds G/ P.

Fix a maximal torus 7" in a simply connected simple complex Lie group
G. Let B be a Borel subgroup containing 7. For a dominant weight o,
let V(w) be the corresponding finite dimensional irreducible G-module with
the highest weight w. Let P, be the parabolic subgroup of G obtained by
‘omitting’ w. Let L, — G /P be the G-equivariant ample line bundle. In
this case we have an embedding of G/ P, into the projective space P(V(w))
such that the G-equivariant line bundle L__, dual to L, is the pullback of
the tautological line bundle.

Let A(w) C A denote the set of all weights of V(w). For p € A(w)) we
denote the multiplicity of p in V(w) by m, ie. m, = dim V,(w), where
Viw) = {v € V(w) | t(v) = p(t)v,V t € T}, is the p-weight space in
V(w). We put a hermitian inner product on V(w) with respect to which the
decomposition V(@) = €D ,,c4 () Vu(@) is an orthogonal. Such an hermitian
product is invariant under the compact torus K C T. Indeed, without loss
of generality we may assume that the inner product is invariant under a
maximal compact subgroup of GG that contains K.

Let @y, wo, ..., w; be the fundamental weights. Consider the homomor-
phism ¢ : T — (C*)! of algebraic groups defined as t — (@i (t),..., @ (t)).
It is an isomorphism since wi,...,w; is Z-basis for x(7"). We shall iden-
tify T with (C*)! via ¢. Let w € A* be a dominant weight. Write pu =

42



> i<j<t Q@ for p € A(w) so that

= [ ¢ wheret=(t1,ts,--- 1) €T.

1<j<i

If v € V,,(w), then t.v = [Tt .v. It is not difficult to see that the T-action
on V(w ) \ 0 — P(V(w)) is not standard since wy(w) € A(w) is negative
dominant, i.e., —wo(w) € AT, as in this case all ayy(z);, 1 < j < 1 will be
negative. Set d’ 14" |a,, | where the sum is over p € A(w),1 < j <.
The group 7" := T x C* acts on V(w) where the last factor acts via the
covering projection C* —» C*, z — z~% where the target C* acts as scalar
multiplication. Thus (, 2).v = u(t)z~%v where v € V, (@), (t,2) € T". Now
consider the (I + 1)-fold covering projection T = (C*)*L — T, defined
as (tr,....tu1) = (Lt toht, [licjcin ty ). The torus T acts on the
principal C*-bundle V(w) \ {0} — P(V(w)) via the above surjection.
Denote by ¢; : C* — T the jth coordinate imbedding. For any u €
A(w), and any v € V,,(w), we have z¢,, 1.0 = 2% [licjc 2 iv = 24 =X angy,
and, when j < I, we have z¢;.v = 2@ +%iv. Also, if 2 = (20,...,2) € T,
then z.v = z(()lﬂ)d/v = zdv, where d = (I +1)d'. Observe that the exponent of
2 that occurs in the above formula for ze;.v is positive for 1 < j <141 by

our choice of d’. We shall denote this exponent by d,, ;, that is,
d +ay,, 1<j<I
d . = 122% = — Yy
" { d = ciciQui, J=1+1, (5)

where = Z1gjgz a,;w; € ANw).

Next note that the compact torus K==KxS'cTxC* preserves the
hermitian product on V(w) and hence the (induced) hermitian metric on the
tautological line bundle over P(V (w)). From the explicit description of the
action just given, it is clear that conditions (i) and (ii) of Definition 1.2.1
hold. Thus we have extended the T-action to an action of T-action which is
standard. We are ready to prove

Proposition 4.1.1. We keep the above notations. Let @ € AT be any dom-
inant weight of G. Then the T-action can be extended to a d-standard action
of T:=TxC* on L_,, — G/P, where d=d'(l+1).

Proof. Since L is a very ample line bundle over G/P, one has a G -
equivariant embedding G /P, — P(V(w)) where V(w) = H*(G /Py, L)*.
By our discussion above, the T-action on the tautological bundle over the
projective space P(V(w)) has been extended to a d-standard action of T for
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an appropriate d > 1. The tautological bundle over P(V (w)) restricts to L_
on G/P,. Clearly the L_zis T-invariant. Put any K-invariant hermitian

metric on V(w) where K denotes the maximal compact subgroup of T. As
observed above, z€;.v = z%-iv where d,,; > 0 for v € V,,(w@), it follows that

condition (ii) of Definition 1.2.1 holds. Therefore the T-action on L__ is
d-standard. ]

Let G = GXC* Letm: G =G xC* — G xC* be the (I + 1)-
fold covering obtained from the (I + 1)-fold covering of the last factor and
identity on the first. The maximal torus 7—(T" x C*) of G can be identified
with 7. With respect to an appropriate choice of identification T = (C)+t
we see that the action of G on L__ extends to G in such a manner that the
T-action is d-standard where d = (I + 1)d’ as above. Since G/P, = G/P,
where P = 771 (Ps x < C*), the C*-bundle L_, — X is G-equivariant. The
parabolic subgroup P contains the Borel subgroup B:=n" (B x C*). We
shall refer to L_,, — X as a d-standard G—homogeneous line bundle.

4.2 Linear Type Complex Structures on S(L;)
X S(Lg)

Let L; — X, @ = 1,2, be d;-standard Gi -homogeneous line bundles over
— G,;/P, which are negatlvely ample. Let G = G X Gz, (C)N = T =
T1 ><T2 where N = Tank(G) =ni;+ny withn; :=[;+1 and B = El X B2 The
torus T is a maximal torus contained in the Borel subgroup B of G. Denote
by ®+ the set of simple positive roots determined by T'C B C G. Tt is clear
that &+ = &7 U &} where ®; is the set of simple positive roots determined
by T C B C Gz,l = 1,2. Here we considered an element RES X(T) as an
element of X(T1 X Tg) by composing it with the projection T, x TQ — T
Let A € Lze(B) and let A = A\; + A, be its Jordan decomposition, where
As = (A1,..., ) € CN = Lz’e(f) satisfies the weak hyperbolicity condition
(2) of type (nl, ny) and \, € Lie(B, ), the Lie algebra of the unipotent radical
B, of B. Thus [Ay, As] = 0 in Lie(B). The analytic imbedding ay : C —
B where a,(z) = exp(zA) = exp(z),). exp(z)A,) defines an action, again
denoted a, of C on L := Ly X Ly and an action ay on V' (wy) x V (ws). Denote
by C, the image a,(C) C B. We shall now give an explicit description of
these actions. Let v; € V/(w;) and write v; = Y 5 () Vu Where v, € V().

Set
o Z Ajlu,; (6)
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where the sum ranges over n; ;1 < j < n;_1 +n; with ng = 0. Then

ay, (2)(vy,v9) = (ug, us), where

Z Hexp (2Aj)€5.v, = ZH exp(zA;d, ;)v, Zexp (2A) U4,

HEA(w;)
(7)
where the product is over j such that n,_1 < j < n;,_1 +n;.

The C-action ay, on L is just the restriction to L C V(w;) x V(ws) of
the C-action ay,. Since the A, are all positive linear combination of the A;,
the action of C on V(wy,wsy) := (V(w1) \ {0}) x (V(w2) \ {0}), the total
space of the product of tautological bundles, is admissible.

Fix a basis for V(w;) consisting of weight vectors so that GL(V (w;)) is
identified with invertible r; X r;-matrices, where r; := dim V' (w;). Note that
action of the diagonal subgroup of GL(V (w;)) on V(w;)\ {0} is standard and
that 7T} is mapped into D, the diagonal subgroup of GL(V (w1)) X GL(V (w3)).
We put a hermitian metric on V(@) x V(wy) which is invariant under the
compact torus (SY)"*2 C D. Considered as a subgroup of GL(V (w;)) x
GL(V (ws2)), the C-action a,, on V(wy,ws) is the same as that considered
by Loeb-Nicolau corresponding to As(wi,@2) = (Au, Av)ued(mr)ver(zs) €
Lie(D) = C™ x C™, where it is understood that each A\, occurs as many
times as dim V,,(wy), u € A(wy), and similarly for \,,v € A(WQ).
Observation: The A(w;, ws) satisfy the weak hyperbolicity condition of
type (71, r2) since the A\, are positive integral linear combinations of the A;.

The differential of the Lie group homomorphism Gy x Gy — GL(V (w)) X
GL(V(ws)) maps As to the diagonal matrix diag(As(wy,wsz)) and A, to
a nilpotent matrix A,(w;, ws) which commutes with As(cwy, ws). Indeed
Moo, w2) = As(w1, wa) + A\y(w1, w2) has a block decomposition compat-
ible with weight-decomposition of V(w;) x V(ws) where the p-th block is
Milu) + Ay, where A, is nilpotent and I, is the identity matrix of size
m(u), the multiplicity of p € A(w;),i = 1,2.

Recall that, for the C-action a,, on V (wy, ws), the orbit space Sy (w, ws)
= V(wy,w2)/C is a complex manifold diffeomorphic to the product of
spheres S*1~1 x §*271 by [19, Theorem 1]. Indeed, the canonical projec-
tion V(wy,wy) — Sy(w1, we) is the projection of a holomorphic principal
bundle with fibre and structure group C. When A\, = 0, these statements
also follow from Theorem 3.3.3. B

Since rank(G) > |®T|, for any ¢ > 0 we can find t. € T such that
y(t.) = ¢ for all y € &,

Theorem 4.2.1. We keep the above notations.
(i) The orbit space, denoted L/Cy, of the C-action on L = Ly X Ly defined
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by A = As + Ay is a Hausdorff complex manifold and the canonical projection
L — L/C, is the projection of a principal C-bundle. Furthermore, L/C, is
analytically isomorphic to L/Cyx. where A. == Ad(t.)(\) and t. € T is such
that y(t.) = ¢ for all v € .

(i) If |e| is sufficiently small, then each orbit of Cx_ on L meets S(L) trans-
versely at a unique point. In particular, the restriction of the projection
L — L/C,, to S(L) C L is a diffeomorphism.

Proof. When A\, = 0, the theorem is a special case of Theorem 3.3.3. So
assume A, # 0.

Since the C-action «, is conjugate by the analytic automorphism ¢, :
L — L to ay, we see that L/C, = L/C,_ as a complex analytic space.
Thus, it is enough to prove the theorem for |¢| > 0 sufficiently small.

Consider the projective embedding ¢ : X; = G;/P, — P(V(w;)) defined
by the ample line bundle L. The circle-bundle S(L;) — X; is just the
restriction to X; of the circle-bundle associated to the tautological bundle
over P(V(w;)). Thus ¢, yields an imbedding ¢; : S(L;) — S~ Let
¢:S(L) — S(V(wy,ms)) =S¥~ x §?271 be the product ¢ X ¢s.

Set Ay = Ad(t:)\, so that \. = A\; + A\,.. Let § € RT be a positive
root. Let Xg € Lie(B,) denotes a weight vector of weight 5. Note that, if
B=1lcor v*84 (‘i.e. in additive notation 8 = > e+ kayy ), then

Ad(t) X5 = B(t) X = [ 4 (1) X5 = 291X,

yePF

where |5| = > ks, > 1. This implies that \. — A; as ¢ — 0, and, fur-
thermore, A\ (w1, @s) — As(w1,w2) as € — 0. By [19, Theorem 1], for |¢|
sufficiently small, each C-orbit for the a)_-action on V(wy, ws) is closed and
properly imbedded in L(w, @) and intersects S*171 x §?271 at a unique
point. In particular, each orbit of the C-action corresponding to A. meets
S(L) C §*171 x §*271 at a unique point when |e| > 0 is sufficiently small.
Consider the map 7w, : L — S(L) which maps each «,_ orbit to the
unique point where it meets S(L). This is just the restriction of the map
V(wy, @) — S~ x §?271 and hence continuous. It follows that the orbit
space L/C,_ is Hausdorff and that the map 7, : L/C — S(L) induced by
7. is a homeomorphism, whose inverse is just the composition S(L) —
L — L/C. Since each C-orbit for a, -action meets S(L) transversely by
Lemma 3.3.5, and since S(L) is compact, the same is true for the a)_-action
provided |e| is sufficiently small. For such an ¢, the 7,_ is a submersion and
7. is a diffeomorphism. The orbit space L/C,_ has a natural structure of a
complex analytic space with respect to which 7,_ is analytic. We have shown
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above that L/C,_ is a Hausdorff manifold and that m,_ is a submersion. It
follows that m_ is the projection of a principal complex analytic bundle with
fibre and structure group C. [

Definition 4.2.2. The manifold S(L), with the complezx structure induced
from L/Cy will be said to be of linear type, and will be denoted S\(L).

Remark 4.2.3. (i) Loeb and Nicolau [19] consider more general C-actions
on C™ x C" in which the corresponding vector field is allowed to have higher
order resonant terms. In our setup we have only to consider linear actions—
the corresponding vector fields can at most have terms corresponding to
resonant relations of the form “A; = \;”.

(ii)) When the P; are maximal parabolics and L; the negative generators
of the Picard group of G,/ P;, the smooth manifold S(L;) is simply-connected
and is a homogeneous space H;/Q); where H; C G; is simply-connected com-
pact and @); is the centralizer of a circle-subgroup contained in H;. Thus
S(L) = S(Ly) x S(Lg) are among the manifolds classified by Wang [32]
which admit homogeneous complex structures. In fact S(L) admits complex
structures invariant under the action of H; x Hy. The homogeneous complex
structures on S(L) correspond to the scalar type. The more general linear
type should be thought of as a deformation of the homogeneous complex
structure constructed by Wang.

(iii) One has a commuting diagram

L — V(wl,w2)

™4 4 Tx(w1,2)
Sy(L) = §n-lx gt

in which the horizontal maps are holomorphic and the vertical maps, projec-
tions of holomorphic principal C-bundles.
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Chapter 5
Cohomology of S)(L)

In this Chapter we shall compute the cohomology groups of the complex man-
ifold S\(L) with values in the structure sheaf. Using this we shall compute
the Picard group and the algebraic dimension of Sy(L).

Let L; — X;,7 = 1,2 be holomorphic principal C*-bundle over complex
projective manifolds X;, with dim X; > 1. We assume that the principal
C*-bundle L, — X, is associated to a negative ample line bundle L; —
X;. Further we assume that X; is arithmetically Cohen-Macaulay for the
projective embedding determined by the ample line bundle L?. This means
that the cone L; over X; is a Cohen-Macaulay affine analytic space.

We apply the Kiinneth formula established by A. Cassa [7, Teorema 3]
to obtain the following lemma. We refer to Theorem 2.2.8 for the Kiinneth
formula. Let L = L; x Ly. Then Op, 1, = priOp, @priOr,, where pr}
denotes the projection Ly x Ly — L;,7 = 1,2. Here we denote the structure
sheaf of an analytic variety Y by Oy-.

Lemma 5.0.4. Let L; — X; be negative ample holomorphic line bundle
over a smooth projective variety X;, i = 1,2. Assume that X; is arithmetically
Cohen-Macaulay for the projective embedding determined by the ample line
bundle L}. Then, H(L;Or) = 0 fori # 0,dim X;, dim X5, dim X, +dim X5.
Also, HO(L; Op) = H(Ly; Op, )®H(Ly; Op,).

Proof. By Corollary 2.1.8 we have H'(L;, Or,) = 0 for i # 0,dim X;. Rest of
the proof now follow readily by the Kiinneth formula 2.2.8.
O

Remark 5.0.5. We remark that the vanishing of the cohomology groups
HI(L;Op) for 0 < ¢ < min{dim X, dim X5} in the Lemma 5.0.4 (ii) fol-
lows from [2, Ch. I, Theorem 3.6]. To see this, set L := Ly x Ly \ A
where A is the closed analytic space A = Ly x {as} U {a1} x Ly. The ideal
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Z C O; of A equals Z,.Zy where 7,7, are the ideals of the components
Ay = Ly x {as}, Ay == {a1} % Ly of A. Then depth, O = depth;O; =
min;{depthy O;} = min;{depth, O; } = min{dimX; + 1,dim X, + 1}.
Thus we see that depth,O; = min{dim X; + 1,dim X, + 1}. Therefore
HY(Ly x Ly;0; ;) = HYL;Op) if ¢ < min{dim X;,dim X,} by [2, Ch.
I, Theorem 3.6] where the isomorphism is induced by the inclusion. Since
Ly x Ly is Stein, the cohomology groups H(L;Op) vanish for 1 < ¢ <
min{dim X7, dim X, }.

Note that the hypothesis of the above lemma are satisfied in the case
when X, i = 1,2 are flag manifolds G;/P; where G, is a semi-simple com-
plex Lie group over C, P, is a parabolic subgroup and L; any negative ample
line bundle, over G;/P;. This follows because the flag manifold X; are arith-
metically Cohen-Macaulay for the projective embedding determined by any
ample line bundles. For this fact refer to the Section 2.1.2. If we assume that
L itself is very ample, then it is not possible to blow-down X. However, in
this case, the following lemma allows one to compute the cohomology groups
of L.

Lemma 5.0.6. Let E be any holomorphic principal C*-bundle over a complex
manifold X. Let E* be the dual to E. Then E = E* as complex manifolds.
In particular, HY*(E) = HY(E*).

Proof. Let ¢ : E — E* be the map v — v* where v*(Av) = A € C. Then 1
is a biholomorphism. O

Suppose that a,, is an admissible C-action on L — X of scalar type, or
diagonal type, or linear type. It is understood that in the case of diagonal
type, there is a standard Tj-action on X;,i = 1,2, and that X; = G;/P; and
L; negative ample in the case of linear type action. Denote by v, (or more
briefly v) the holomorphic vector field on L associated to the C-action. Thus
the C-action is just the flow associated to v. We shall denote by O the
sheaf of germs of local holomorphic functions which are constant along the
C-orbits. Thus O} is isomorphic to 75(Og,(r)). One has an exact sequence
of sheaves

Since the fibre of my : L — S\(L) is Stein, we see that HI(L; OF) =
H(S)\(L); Og,(ry) for all q. Thus, the exact sequence (8) leads to the follow-
ing long exact sequence:

0— HO(S)\(L)7 OSA(L)) — HO(L; OL) — HO(L; OL) — H1<S,\(L), OSA(L)) —
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s —> Hq71<L; OL) — Hq(S)\(L%OSA(L)) — Hq<L; OL) — Hq(L; OL)
— Hqul(S)\(L); OS)\(L)) — Hq+1(L; OL) — Hqul(L; OL) — (9)

Theorem 5.0.7. Suppose that L = Ly x Ly where the L; satisfy the hypothe-
ses of Lemma 5.0.4. Suppose that 1 < dim X; < dim X,. Then HY(S\(L); O)
=0 provided q ¢ {0, 1,dim X, dim X;+1, dim X; +dim X5, dim X; +dim X5+
1;i = 1,2}. Moreover one has C C H'(S\(L); O), given by the constant func-
tions in H°(L; O).

Proof. The only assertion which remains to be explained is that the constant
function 1 is not in the image of v, : H°(L;O) — HY(L;O). All other
assertions follow trivially from the long exact sequence (9) and the Lemma
5.0.4.

Suppose that f : L — C is such that v(f) = 1. This means that
Ll _o(fopp)(z) =1forallp € L,z € C, where p, : C — L is the map
z = ax(z).p = z.p. Since py,,(2) = z.(wp) = (z +w).p = py(z + w), it
follows that <|,_,(f o p,) =1 Vw € C. Hence f o y,(2) = z+ f(p). This
means that the complex hypersurface Z(f) := f~1(0) C L meets each fibre
at exactly one point. It follows that the projection L — Sy(L) restricts to
a bijection Z(f) — S\(L).

In fact, since v(f) # 0 we see that Z(f) is smooth and since v, is tangent
to the fibres of the projection L — Sy(L) for all p € Z(f), we see that
the bijective morphism of complex analytic manifolds Z(f) — S\(L) is an
immersion. It follows that Z(f) — S)(L) is a biholomorphism. Thus Z(f)
is a compact complex analytic sub manifold of L C L. Since L is Stein, this
is a contradiction. O

5.1 Picard Group

For a complex manifold Y, the group of isomorphism class of line bundle on
Y is isomorphic to the cohomology group H!(Y, 0*) =: Pic(Y). We denote
the kernel of the natural map H*(Y,0) — H'(Y,0*) by Pic°(Y). The
vector space Pic’(Y') is isomorphic to the class of line bundles with trivial
Chern class. Our next result concerns the Picard group Pic(S\(L)).

Proposition 5.1.1. Let L; — X; be as in the Theorem 5.0.4 . Suppose
that X; is simply connected. Then Pic®(S\(L)) = C! for some l > 1.

Proof. Since L is negative ample, ¢;(L;) € H?(X;;7Z) is a non-torsion ele-
ment. Clearly H'(Sy(L);Z) = 0 by a straightforward argument involving the
Serre spectral sequence associated to the principal St x S'-bundle with pro-
jection S(L) — X; x X5. Using the exact sequence 0 - Z — O — O* — 1
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we see that Pic®(Sy(L)) = H'(S\(L); ©) = C!. Now [ > 1 by the Theorem
5.0.7. -

The above proposition is applicable when X; = G;/P; and L, are negative
ample. However, in this case we have the following stronger result.

Theorem 5.1.2. Let X; = G;/P; where P; is any parabolic subgroup and
let L — X, be a negative line bundle, i = 1,2. We assume that, when
X; = P!, the bundle L; is a generator of Pic(X;). Then Pic®(S\(L)) = C.
If the P; are mazximal parabolics and the L; are generators of Pic(X;) = Z,
then Pic(S\(L)) = Pic®(Sy\(L)) = C.

Proof. Tt is easy to see that H'(S(L);Z) = 0 and that, when P, are maxi-
mal parabolics and L; generators of Pic(X;) = Z, S(L) is 2-connected. If
dim X; > 1 for i = 1,2, then H'(L;O) = 0 by Theorem 5.0.4 and so we
need only show that coker(H°(L; O) -2+ H°(L;©)) is isomorphic to C. In
case dim X; = 1—equivalently X; = P'—L, is the tautological bundle by
our hypothesis. Thus L; = C?\ {0}. In this case we need to also show that
ker(H'(L; O) = H'(L;0)) is zero. Note that the theorem is known due to
Loeb and Nicolau [19, Theorem 2] when both the X; are projective spaces
and the L, are negative ample generators—in particular when both X; = P'.

The validity of the theorem for the case when A is of diagonal type implies
its validity in the linear case as well. This is because one has a family
{L/C,.} of complex manifolds parametrized by € € C defined by A, = \; +
Aue, where Sy (L) = L/C,, = L/C, if € # 0 and A\ := A, is of diagonal
type. (See §3.) The semi-continuity property ([15, Theorem 6, §4]) for
dim H'(Sy.(L); O) implies that dim H'(S,(L); O) < dim H'(S,,(L); O). But
Theorem 5.0.7 says that dim H*(S\(L); ©) > 1 and so equality must hold,
if H'(Sy,(L); O) = C. Therefore we may (and do) assume that the complex
structure is of diagonal type.

First we show that coker (v, : H°(L; O) — H°(L;0)) is 1-dimensional,
generated by the constant functions. Consider the commuting diagram where
v is the holomorphic vector field defined by the action of C given by A(cwy, w2)
on V(wi,wy). Note that v, = v, if z € L.

H(V(wy,m,);0) = H(V(w,ws); O)
\ \
HO(L; 0) = HO(L; 0)
By Hartog’s theorem, H°(V (wy,,); O) =2 HY(V(w;) x V(ws); O). Also,
since L; is normal at its vertex [25], again by Hartog’s theorem, H°(L; O) =
HO(Ly x Ly; ©). Since L; C V(w;) are closed sub varieties, it follows that the
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both vertical arrows, which are induced by the inclusion of L in V(wy, w3),
are surjective. From what has been shown in the proof of Theorem 5.0.7,
we know that the constant functions are not in the cokernel of v,. So it
suffices to show that coker(v,) is 1-dimensional. This was established in
the course of proof of Theorem 2 of [19]. For the sake of completeness we
sketch the proof. We identify V(w;) with C™ where r; := dim V' (w;), by
choosing a basis for V(w;) consisting of weight vectors. Let r = 1 + ry so
that C" = V(w;) x V(wz). The problem is reduced to the following: Given
a holomorphic function f: C" — C with f(0) = 0, solve for a holomorphic
function ¢ satisfying the equation

Jd9
Zi:bizja—zi = f, (10)

where we may (and do) assume that ¢(0) = 0. In view of the Observation
made preceding the statement of Theorem 4.2.1, we need only to consider the
case where (b;) = (Ay, \v) pei(mr)ver(ms) € C satisfies the weak hyperbolicity
condition of type (11, 72). Denote by 2™ the monomial 2{"* ... 2" where m =
(m1,...,m,) and by |m] its degree >, ;. m;. Let f(z) = 3 150 am2™ €
HO(C"; 0). Then ¢(z) = > am/(b.m)z™ where b.m = >_ b;m; is the unique
solution of Equation (10). Note that weak hyperbolicity and the fact that
lm| > 0 imply that b.m # 0, and, b.m — oo as m — oo. Therefore ¢ is a
convergent power series and so ¢ € H°(C™; O).

It remains to show that, when X; = P!, L; = C?\ {0}, and dim X, > 1,
the homomorphism v, : H'(L;O) — H'(L;O) is injective. Let z;,1 <
j < r, denote the coordinates of C* x V(ww,) with respect to a basis con-
sisting of T-weight vectors. Since dim X, > 1, we have H'(Ly,0) = 0.
Also HY(Ly;©) = H'(C?\ {0}; O) is the space A of convergent power series
D iy imy<0 mama 21 230 in 27, 25t without constant terms.

By Lemma 5.0.4 and Kiinneth formula 2.2.8, H*(L; O) = AQH(Ly; O)
>~ AQH(Ly; 0). Let T € HO(V (w3); O) denote the ideal of functions van-
ishing on Ly so that HO(Ly; ©) = H°(V (w,); ©)/Z. One has the commuting
diagram

0 - ARZT — AQH(V(ms);0) — ARH(Ly;0) —0
v, Uy ) Ux
0 = ART — AQH(V(wy);0) — ARH(Ly;0) —0

where the rows are exact. Theorem 2 of [19] implies that

U, AQH(V (w2); O) — AQH (V (w3); O)
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is an isomorphism. As before, this is equivalent to showing that Equation
(10) has a (unique) solution ¢ without constant term when f =" cnz™ €
ARH (V (w,); O), is any convergent power series in z; ', 25 ', 2,3 < 2; <7,
where the sum ranges over m = (my,ma,...,m;) € Z",my,mg < 0,m; >
0, V5 > 3. It is clear that ¢(2) = > ¢m/(b.m)2z™ is the unique formal so-
lution. Note that weak hyperbolicity condition implies that b.m # 0 and

bm — oo as } . |m;| — 0o. So ¢(z) is a well-defined convergent power

series in the variables 2!, 25!, 25,7 > 3 and is divisible by 2z;'2;'. Hence

¢ € ARH (V(w3); O) and so 0, : AQH(V (w3); O) — AQH(V (w3); O)
is an isomorphism. The ideal Z is stable under the action of TQ, and so
is generated as an ideal by (finitely many) polynomials in zs, ..., 2, which
are TQ—Weight vectors. In particular, the generators are certain homogeneous
polynomials h(zs, ..., z,) such that v, (27" 25"2h) = b.mz{" 25> h ¥Ymy, mqy € Z
where 2™ is any monomial that occurs in z7"'z5"?h. It follows easily that v,
maps A®T isomorphically onto itself. A straightforward argument involving
diagram chase now shows that v, : AQH?(Ly; O) — AQH(Ly; O) is an
isomorphism. This completes the proof. m

Remark 5.1.3. In the case when X, is any projective space P™ and L, is the
tautological bundle over X7, then the map v* : H™(L,O0) — H™(L,O) is a
isomorphism. This can be showed as similar to the case r; = 1 which is done
in the last part of the previous theorem. Using this, as in the Theorem 5.0.7,
we can deduce that H™ (S)(L),O) = 0,7, > 1. Moreover if |r; —ry| > 2 then
we can further deduce that H™ (S5 (L), ©) = 0. This is slight improvement
of the Theorem 5.0.7 .

Assume that P, C G; are maximal parabolics and the L; are the negative
ample generators of the Pic(G;/P;) = Z. We have the following description
of the principal C-bundles over Sy(L). Let z # 0. Let {g;;} be a 1-cocyle
defining the principal C-bundle L — Sy(L). Then the C-bundle L, repre-
senting the element z[L] € H'(S,(L); O) is defined by the cocylce {zg; ;} for
any z € C. We denote the corresponding C-bundle by L.. Note that the
total space and the projection are the same as that of L. The C-action on
L, is related to that on L where w.v € L, equals (w/z).v = ay(w/z)(v) € L
for w € C,v € L. The vector field corresponding to the C-action on L, is
given by (1/z)vy. Of course, when z = 0, L, is just the product bundle.

We shall denote the line bundle (i.e. rank 1 vector bundle) corresponding
to L, by E.. Observe that if z £ 0

E,. =L, x¢c C, where (w.v,t) ~ (v,exp(2nv—1w)t), w,t € C,v € L,.

If z # 0, any cross-section o : S\(L) — E, = L, x¢ C corresponds to a
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holomorphic function h, : L. — C which satisfies the following:
ho(w.v) = exp(—2mv/—1w)hy(v) (11)
for all v € L,,w € C. Equivalently, this means that
ho(cx(w)v) = exp(—2my/—1wz)hy(v) for w € C and v € L.

This implies that

va(he) = =21/ —1zh,. (12)

Conversely, if h satisfies (11), then it determines a unique cross-section of E,
over Sy(L).

5.2 Algebraic Dimension

For a complex manifolds Y, we shall denote the field of meromorphic func-
tions on Y by M(Y'). The algebraic dimension of a complex manifold Y is the
transcendence degree tr.dege(M(Y). We have the following result concern-
ing the field of meromorphic functions on Sy(L) with diagonal type complex
structure. The proof will be given after some preliminary observations. In
the end of the section we shall give explicitly the algebraic dimension of

Sy(L).

Theorem 5.2.1. Let L; be the negative ample generator of Pic(G;/P;) = 7
where P; is a maximal parabolic subgroup of G;, i=1,2. Assume that S\(L) is
of diagonal type. Then the field k(Sx\(L)) of meromorphic functions of S\(L)
is purely transcendental over C. The transcendence degree of k(S\(L)) is less
than dim Sy(L).

Let U; denote the opposite big cell, namely the B; -orbit of X; = G;/P,
the identity coset where B, is the Borel subgroup of G; opposed to B;. One
knows that U; is a Zariski dense open subset of X; and is isomorphic to C"
where 7; is the number of positive roots in the unipotent part P, , of F;. The
bundle 7; : L; — X; is trivial over U; and so U; := 7,1 (U;) is isomorphic to
C" x C*. We shall now describe a specific isomorphism which will be used
in the proof of the above theorem.

Consider the projective imbedding X; C P(V(w;)). Let vy € V(w;) be
a highest weight vector so that P; stabilizes Cuvy; equivalently, m;(vg) is the
identity coset in X;. Let Q; C P; be the isotropy at vy € V(w;) for the
G; so that G;/Q; = L;. The Levi part of P; is equal to centralizer of a
one-dimensional torus Z contained in 7" and projects onto P;/Q; = C*, the
structure group of L; — X;.
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Let F; € HYX;; L) = V(w;)* be the lowest weight vector such that
Fi(vg) = 1. Then U; C X; is precisely the locus F; # 0 and Fi|7r_71([v}) :

Cv — C is an isomorphism of vector spaces for v € U;. We denote also by
F; the restriction of F; to U;.

Let Y3 be the Chevalley basis element of Lie(G;) of weight —f8,5 €
R™(G;). We shall denote by Xz € Lie(G;) the Chevalley basis element of
weight 5 € RT(G;). Recall that Hg := [X3,Yj] € Lie(T') is non-zero whereas
(X, Y] =0if 5 # 5.

Let Rp, C RT(G;) denote the set of positive roots of G; complementary
to positive roots of Levi part of P, and fix an ordering on it. (Thus 5 € Rp,
if and only if —f is a not a root of P;.) Let r; = |Rp| = dim X;. Then
Lie(P;,,) = C" where P, denotes the unipotent radical of the parabolic
opposed to P;. Observe that P, N P;, = {1}. The exponential map defines
an algebraic isomorphism ¢ : C™ = Lie(P;,)” — U; where 0((ys)pery,) =
(Iser, exp(ysYs)).-Fi € Gi/ P;. 1t is understood that, here and in the sequel,
the proauct is carried out according to the ordering on Rp,.

If v € Cuy, then 6 factors through the map 0, : C" = Lie(P;,) — U;
defined by (ys)ser, — [l exp(ysYs).v. Moreover, F; is constant —equal to
F;(v)—on the image of 0,.

We define § : C™ x C* = Lie(P,) x C* = P

w X C° — U; to be
5((y5),z) = ([Texp(ypYs))-2v0 = 0..,((yg)). This is an isomorphism. We
obtain coordinate functions z,yz, 3 € Rp, by composing 0~ with projections
C"i x C* — C. Note that E(g((yﬁ), z))) = z. Thus the coordinate function
z is identified with F;.

Since F; is the lowest weight vector (of weight —w;), YsF; = 0 for all
b e R+(Gl) Define Fiﬁ = X/B(E),B S Rpi. Then Y,B(Fi,,é’) = —[Xﬁ,YB]E =
—Hg(F;) = w;(Hp)F; for all 5 € Rp,. Note that w;(Hg) # 0 as Hz € Rp,.
If 3',8 € Rp, are unequal, then Yg F; 5 = 0. It follows that Y'(F;5) = 0
unless ' = 8 and m = 1.

The following result is well-known to experts in standard monomial the-
ory. (See [18].)

Lemma 5.2.2. With the above notations, the map 171 — C"i xC* defined as

v ((Fiﬁ(U»BER}ti; E(v)), v € Ui, is an algebraic isomorphism for i =1,2.

Proof. 1t is easily verified that 0f/0ys|v, = Ys(f)(vo) for any local holomor-
phic function defined in a neighborhood of vy. (Cf. [18].) N N
Let y = 0((y),2) = [L g, (exp(y,Y;) € ;. Denote by I, : Uy — U;

the left multiplication by y. If v = y.vo € U;, then (0/0ysly,)(f) equals
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(0/0yp)|w, (foly). Taking f = F, g, 5 € Rp, a straightforward computation us-
ing the observation made preceding the lemma, we see that (9/0ys|,)(Fi ) =
Y5|uo (Firy0ly) = F;(v)w;(Hp)ds (Kronecker 0). We also have

(8/8ysy)(Fy) = 0 for all v € U,.

Hence (0/0yg)|,(Fi~/F;) = wi(Hp)ds,. Thus the Jacobian matrix relating
the F; 3/F; and the yg, 8 € Rp,, is a diagonal matrix of constant functions.
The diagonal entries are non-zero as w;(Hg) # 0 for 8 € Rp, and since F; is
nowhere vanishing, the lemma follows. O

We shall use the coordinate functions F;, F; 3,8 € Rp,, to write Taylor
expansion for analytic functions on U;. In particular, the coordinate ring
of the affine variety U; is just the algebra C[Fi 4, 8 € Rp]|[F;, F,"']. The
projective normality [25] of G;/P; implies that C[L;] = ®,50H%(X;; L") =

@0V (rw;)*. Since U; is defined by the non-vanishing of F;, we see that
C[l] = CIL[1/F.

Example 5.2.3. In the particular case of Grassmannian, we shall describe
the lemma explicitly as follow.

Let X be the Grassmannian Gy 9, the space of all vector subspace of dim
2 in C*. Let My be the space of 4 x 2 matrices of rank 2. Let o : My —
Gy be the projection map, where 7(A) is the subspace of C* generated by
the column vectors of A. The flag manifold X can be identified with the
quotient Myo/ ~, where ~ is the relation in which A ~ B if and only if there
exit C' € GL(2,C) such that A = BC. We have the Pliicker embedding
0 : Gyo — P(A’C*) ; 0(A) = vy A vy where v; and vy are column vectors of
A. Let I(4,2) = {I = (i1.i2) | 1 <4y < iy < 4}. We denote the homogeneous
coordinates of points in P(A*2C*) by (pr, I € I(4,2)). Then for A € Gy, p;
is 2-minor of A with row indices I = (i1,142). Fix Iy = (1,2). We denote by
the open subset Uy, C G432 the locus py, # 0. Every element A € Uj, has
unique representation of the form

1 0
0 1
Ty T2
T3 T4

i oz, eCforl <i<A4.

This gives a structure of affine space to Uy, with coordinate function xy,x9,x3,
and x4. The functions p;/py,, I € 1(4,2), gives a well defined functions on
Uj, = C*. These functions can be expressed in terms of coordinate z1,z9,3

and z, as follows: p13/p12 = $2,p14/p12 = 14,]723/]?12 = —171,1924/1?12 =
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—Z3,P34/P12 = T14—Tox3. This give a new coordinate system on Uy, with co-
ordinate functions plg/plg,p14/p12,p23/p12 and p24/p12. Let T E(/\Z’)QLQ) —
G4, be the holomorphic principal C*-bundle over G4 3, corresponding to the
tautological bundle A%y, 5. The Pliicker embedding 6 : G4 — P(A?C*) can
be “lifted” to an embedding E(A2y42) < A2C*\ {0}. Let Uy, := 7 1(Uy,)
be the open subset of E(A%yy5). Then U;, = C* x Uy,. The functions

P12,p13/p12,p14/p1~2,p23/p12 and poy/p12 gives a coordinate functions on Uy,.
Since py2 # 0 on Uy, the functions pia, p13, P14, P23 and pay gives a new coor-
dinate system on Uy,.

Now let X = X; x Xy and T = Ty x Ty = (C*)N, N = ny + ny, where
the isomorphism is as chosen in §3. Let d; > 0,4 = 1,2, be chosen as in
Proposition 4.1.1 so that the Tj-action on L; — G;/P; is d;-standard. Let
A=)\ € Lie(’f ). Suppose that A satisfies the weak hyperbolicity condition
of type (ny,ns).

Recall from (6) and (7) that for any weight p; € A(w;), there exist el-
ements A\, , A\, € C such that for any v = (vy,v2) € V), (w1) X Vi, (w2),
the ay-action of C is given by ay(2)v = (exp(zA,, )v1, exp(zA,,)vs). In fact
Ay = Zni—1<j§ni—1+ni d,, j\; where d,, ; are certain non-negative integers. It
follows that, as observed in the discussion preceding the statement of Theo-
rem 4.2.1, the complex numbers \,, € C, u; € A(w;),i = 1,2 satisfy weak
hyperbolicity condition:

0 <arg(\,) <arg(Ay,) <m, Yy, € AMw;),i=1,2. (13)

We observe that if o = g +-- -+ p, = 4 +- - - + 1, where p;, v; € A(w;),
then Ay, := > A, = > A, (This is a straightforward verification using (5)
and (6).) Therefore, if v € V(w;)®" is any weight vector of weight i, we get,
for the diagonal action of C, z.v = exp(A,,2)v.

Any finite dimensional éi—representation space V' is naturally él X 62—
representation space and is a direct sum of its T-weight spaces V,,. If V arises
from a representation of G; via él — G, then the T -weights of V' are the
same as T-weights.

Definition 5.2.4. Let Z;(\) C C,i = 1,2, be the abelian subgroup generated
by A, v € Aw;) and let Z(N) := Z1(X) + Z2(\) C C.

The A-weight of an element 0 # f € Hom(V,(w;);C) is defined to be
wir(f) == Ny. If h € Hom(V (w;)®",C) is weight vector of weight —u, (so
that h € Hom(V,(w;)®"; C)) we define the A-weight of of h to be A, .

If f € Hom(V,(rw;),C) is a weight vector (of weight —p), then it is the
image of a unique weight vector fe Hom(V (w;)®", C) under the surjection
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induced by the Gy-inclusion V (rw;) — V (w;)®" = V(rw;)® V' where fIv' =
0. We define the A\-weight of f to be wit (f) := wtr(f).

If h; € V(rjw)* C C[ﬁi], i = 1,2, are weight vectors, then hihy is a
weight vector of V(r1wq)* @V (rawq)* C C[Ly X Ly] and we have wty(hihy) =
wity(hy) +wty(he) € Z(A). Note that wix(fi ... fr) = > <o wir(fy) € Z(N)
where f; € C[Ly X Ly| = @y, rys0V (rimy)* @ V(ryms)* are weight vectors.
Also wt,\(f) € Z(\) is a non-negative linear combination of A\;,1 < j < N
for any T- weight vector f € (C[L1 X Lg]

If f € V(w;)*, it defines a holomorphic function on V(w;) x V(ws)

and hence on L, and denoted by the same symbol f; explicitly f(uy,us) =
f(ul), V(ul,ug) e L.

Lemma 5.2.5. We keep the above notations. Assume that A\ = A\, € Lie(f)
= C¥. Fiz C-bases B; for V(w;)*, consisting of f—weight vectors. Let zy €
Z(X). There are only finitely many monomials f := fi... fx, fj € B1 U Bs
having A\-weight zo. Furthermore, vy(f) = wt\(f)f.

Proof. The first statement is a consequence of weak hyperbolicity (see (13)).
Indeed, since 0 < arg(\,) < 7 for all p € A(w;),7 = 1,2, given any complex
number zy, there are only finitely many non-negative integers c; such that
Z Cj/\p,j = 20-

As for the second statement, we need only verify this for f € B;,i =1, 2.
Suppose that f € By and that f is of weight —u, u € A(wy), say. Then, for
any (uq,u2) € L, writing u; = ZVGA(WI) u,,, using linearity and the fact that

fur,uy) = f(u,) we have

on(f)(wr,u2) = limgo(f(an(w)(ur, uz)) — f(ur, u2))/w
= limyo(f(exp(Auw)uy) — fur))/w
= Timyo( 2221y £(y,)
= )‘,uf(ul)
= )‘uf(uhUQ)'
This completes the proof. n

We assume that F}, F; 3,8 € Rp,, are in B;, i = 1, 2.

Let M C (C(ﬁl X (72) denote the multiplicative group of all Laurent
monomials in F;, F; 3,8 € Rp,,7 = 1,2. One has a homomorphism wt) :
M — Z(\). Denote by K the kernel of wty. Evidently, M is a free abelian
group of rank dim L.

Lemma 5.2.6. With the above notations, wty : M — Z(\) is surjective.
Any Z-basis hq, ..., hy of K is algebraically independent over C.
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Proof. Suppose that v € Z;(\). Write v = ) a,\, and choose b, € B; to be
of weight p. Then wty([], ;) = v. On the other hand, wtx(b,) equals the
A-weight of any monomial in the F; ', F;, Fj 5, 3 € Rp, that occurs in bu|l7i.
The first assertion follows from this.

Let, if possible, P(z1,...,2;) = 0 be a polynomial equation satisfied by
hi,...,h;. Note that the h; are certain Laurent monomials in a transcen-
dence basis of the field C(Uy x Us) of rational functions on the affine variety
(N]l X (N]Q Therefore there must exist monomials 2™ and 2™, m # m/, oc-

curring in P(z,...,2,) with non-zero coefficients such that h™ = ™ ¢
C(U1 X Ug) Hence h™~™" — 1. This contradicts the hypothesis that the h;
are linearly independent in the multiplicative group K. D

We now turn to the proof of Theorem 5.2.1.

Proof of Theorem 5.2.1: By definition, any meromorphic function on Sy (L) is
a quotient f/g where f and g are holomorphic sections of a holomorphic line
bundle E,. Any holomorphic section f : S(L) — E, defines a holomorphic
function on L, denoted by f, which satisfies Equation (11). By the normality
of L1 X Lg, the function f then extends uniquely to a function on L1 X L2
which is again denoted f. Thus we may write f = Y, f.s where f, ;€
V(rw)* ®@V(swy)*. Now vyf =af and vy f, s € V(Tw1)7*7§§> V (sw9)* implies
that vz(f,.s) = af,s for all ;s > 0 where a = —27+y/—12. This implies that
wtz(frs) = a for all ;s > 0. This implies, by Lemma 5.2.5, that f,, = 0 for
sufficiently large r, s and so f is algebraic.

Now writing f and g restricted to U; x Us as a polynomial in the the
coordinate functions FZ ,Fig,i = 1,2, introduced above, it follows easily
that f/g belongs to the field C(K) generated by K. Evidently K—and hence
the field C(K)—is contained in x(Sx(L)). Therefore x(Sy(L)) equals C(K).
By Lemma 5.2.6 the field C(K) is purely transcendental over C.

Finally, since Z()\) is of rank at least 2 and since wty : M — Z()\)
is surjective, tr.deg(k(Sx(L)) = rank(K) < rank(K) —2 = dim(L) — 2 =
dim(Sy(L)) — 1. O

Remark 5.2.7. (i) We have actually shown that the transcendence degree
of K(S\(L)) equals the rank of K. In the case when X; are projective spaces,
this was observed by [19]. When A\ is of scalar type, tr.deg(k(Sx(L)) =
dim(Sy(L)) — 1.

(ii) Theorem 5.2.1 implies that any algebraic reduction of S\(L) is a ra-
tional variety. In the case of scalar type, one has an elliptic curve bundle
SA(L) — X1 x Xy. (Cf. [29].) Therefore this bundle projection yields an
algebraic reduction. In the general case however, it is an interesting problem
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to construct explicit algebraic reductions of these compact complex mani-
folds. (We refer the reader to [23] and references therein to basic facts about
algebraic reductions.)

(iii)) We conjecture that x(S\(L)) is purely transcendental for X; = G;/P;
where P, is any parabolic and L; is any negative ample line bundle over X,
where S\ (L) has any linear type complex structure.
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