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PREFACE

This thesis comprises the work done by the author

durisg the years 1968-1962 on quantum mechanical eollisions
with special reference to scattering and photoproduction of
plons from nuclei, under the guidance of Professor slladi
I. Ramekrichnan who has been till recently Professor of Physics,
University of Madras and mow the Director, Institute of Mahhe-
matical Sckences, Madras. It consists of three parts, the
sezankt first dealing with rearrangement collislons, the second
! with the seattering ané photoproduction of pions from nuelei
and the third with some problems in electrodynamics and deu-

teron disintegration processes.
L §ix papers relating to part of the subject-matter of
this thesis heve been publisned by the author and two more are
in course af pu:blinntiun. The avallable reprints are enclosed
in the form of a booklet. Collaboration either with my gulde
Professor Alladil Reamakrishnan or with my collesgues G. Rama-
ehandran and X. Venkatesan wan necessitated by the nature and
.-; the range of problems dealt with in this thesls and due acknow-
ledgment of this has been made in each chapter.

The author 1s deeply indebted to Professor Allndi
Ramakrisinan for his guldance throughout the preperation of
this work and very grateful to the 'miversity of Madras for
providing excellent facllities for research work.

University of Madras, V% Wﬁﬂ*‘

.Imulr.;'. 1963, (8 V. Devanathan)
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Collision problems cam be broadly divided into two
elasses based on the nature of the complications involved;
one dealing with slementary particle interactions, the study
of which has asssumed inereasing complexities due to strong
interactions involving the production of strange particles
and the other with the collision of composite systems, the
interaction between the constituents of which iIs somewhat
understoad. The former belongs to the domain of high energy
physics wherein the perturbation theory is found to be inade-
quate due to the strong nature of the intersctions involved
and the situation, it is felt, recuires radically new concepts
and ideas, whereas the latter deals with compara‘ively low
energy collislons involving complex muclel. This thecsis
deals mainly with the latter eclass of problems and in par-
ticular the resrrangement collisions snd the scattering and
photoproduction of pion= from nuclel.



Part I deals with rearrangement collisions and a
time dependent formulation is given as a simple generalisae-
tion of the scattering thmﬂm « In discussing the scat ering
process, it has been found convenient to introduce the inter=-
action representation, and the tsmporal dasvelopment of the
state vector in the interaction representetion iz completely
determined by a unitary transformation operater U (E,t.)
which takes the state vector in the intersction representation
at time [, to the time 2’;7 . Ths extension to the case of
rearrangement collisions 1= baseé on the resalisation that
the initial and finsl systems are described in different inter-
action representations and hence it 1s necessary to define a
new unitary transformation operator UEA@,J_) which
takes the state veector at time [, deseribed in one interaction
representation, say A to another interaction representation,
say B at time £ . Once such an operator is defined, it is
then possible to adopt the time-dependent formalism of the
ordinary scattering theory to the case of rearrangement cslli-
sions. The general theory 13 discussed in Chapter I. Chapter
II 13 devoted to the discussion of some specific processes of
rearrangement collisions such as exchange scattering,
pick-up and stripoing reasctions. The matrix

1) B.A.Llppmanmand J. Sehwinger, Phys. Rev., 79, 469 (1259)
M. Gell-Mann and E.L.Goldberger, m-.m. 398 (1953)
Ce Moller : Kgl. Danske Vid. Sﬂ.sk *ln 1945)
Alladi qukrhhnm G. Ramaghandran and Y. Devanathan,
tuwovo Cimento, 21, 145 {1981)
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glements are presented in a form suitable for further evalua-
tion. This chapter is included for the sake of completeness
though not much of originality is claimed.

Part II is devoted to the study of the scattering and
photoproduction of pilons from nuclei. In Chapter III , an out-
line of the method is givem. It includes a briefl discus=ion of
the Chew-low scattering and photoproduction uputudum from

free nucleons which 1s found to give reliable results bhelew L0909 Mev,

The extension to the study of seattering and photoproduction process
in the e=se of complex nuclel is made possible by the impulse
nppﬂ:iutianﬂ developed and justified by Chew himself. In
Chapters IV and V , we discuss the scattering and photoproduction
of plons from the lightest nuclel viz., the dtut-rnnsm' E)*
The multiple scettering and the effect of the potential are neg-
- lected and the eross section is obtained in pure impulse spproxie-
mation using the Chew-Low amplitude for free nucleon=. 0f the
various possible processes, the elartlc processes viz., the
elastic scattering of plons end the *elastic' photoproduction
of neutral pions from deuterons are of consideresble importance
since a reliable calculation is possible in these cases for there

exists no uncerteinty in the final state of the system. Hence,

3 §) G.¥.Chew and F.FE.Low, Phys. Rev., ;9%, u?u, 1579 (1958)
0. F.Chow, M. L.Gal&hurgnr ¥.E.Low
Phys. Rev., 108, 1345 (19567)
A. Ramakrishnen, Rlementary amft Particles and Cosmic Rays,
Pergamon Press (19882)
“; B-F.Gm Phys. HRev. 196 (19“)
GoF.Chew and G.Colic s. Rev,, 636 (1952)
G. F.Chéw and M. L.Goldberger, Phys. Rev., 87, 778 (19562) .

3 (for 6) and 6), see rext page) o
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much attention has been pald to the discussion of these

elastic processes. In the case of elastic scattering of pions,
numerical caleulations have been made at various energies 60,
85, 149, 195,xrd 250 and 200 Mev and comparcd with the avallable
experimental data (60, 85, 140 and 300 Mev). 4 good fit has
been obtained at low energles &0 and 85 Mev und also at higher
energy 300 Mev , but at 140 Mev there sesms to be some disere-
pency, the thesretical values obtained being much higher than

the experimental velues at.large angles. The good agreement
at low and high energy and the discrepancy at 140 Mev seem to
suggest the fallure of the method of lmpulse aporoximation at

energies in the pelghbourhood of the plor-mucleon resonance
(190 Mev). This inf-mnaﬁ is based on the =0le discordant
result thet we have obtzired at 149 Mev. This disagreement at
140 Mev has also been corroborasted by other imdependent ealeula-
tion but they have made some sceptical remarks regarding the
velidity of the impulse approximation at emergies In the Tange
140 Mev =nd above. But as we have ohserved earlier, the agree-
ment seems to be good at higher energy (300 Mev).
In view of the earlier observation, it will be highly

desirsble to restrict our investigation in the case of neavier

5£) V. Devanathen and G.Ramachandran, Fuclear Physlics,
25, 512 (1961)
A. Ramakrishnsn, V. Devanathan and G. Rasachandran,

Wuelear “hysiecs, 163 (1961)
A. Ramakrishnan, V. Devanathen snd K. Venkatesan,
Nuclear Physics, 630 (1962)

6) V. Devanathan, Buclear Phaysies (in press).



lﬂﬂili to the energy range iln wiileh a good fit has been
obtalned for the deuteron. This is essential to draw reliable
inferences. The scatterlng and photoproduction of pions from
nuclel may be used to probe the strueture of the rnueleus. For
this purpose, the free mucleon amplitudes and the lspulse appro-
ximation can be used. If we assume the shell model deseription
of the nucleus, then we can ezleulats the potential well-depth
which gives a good {it with the experimental data on the scat-

tering and photoproduction of plons from nueclel. Conversely,
if we assume the potential well depth from other considerations,
we can caleculete the cross sections and compare them with the
experimantal results. It is ;?a latter purpsse we have in mind,
The early experiments on the photoproduction of charged
plons from npuclel have been devoted to the measurement of the
totel cross section, mostly accompanied by nucleon emisslon and
they indicate an éfﬂsﬂ-pundanun for the sum of the ' and m
eross sections. In order to explaln this gross feature, HutlerE)
has proposed the model of the surface production aeccording to
whieh the pilon production from the core is suppressed and only
the outer nucleons i.e., the nucleons veyord the boundary /X, ,
the radius of the central core of constant density, are effective

in the process, But we consider the transition of the nucleus

e

7) R.M.Littauer and D. Walker, Phys. Rev. 206, (1956)
where further reforences c;n te rhund.' £

a) SI'T' htl-.r' mla m-, ﬂ. 111?, (1“2)
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from the given initial state to a well defined fizal state
with the procduction of a charged plon by the ineident photon.
such -:parlnantnﬁ) have been reported recertly =2nd they are of
eonsidersble interest to us sirce a rigorous theorstieal treat-
ment is possible in these cases. Lalng und.nnurhnus-;u} have
attempted to treat such cases using the independent particle
model but they have digressed into a discussion on the surface
and volume production. We hold the view that the elements of
the surface production model of Butler are ingr:ined ir any
treatfment based on shell-model and hence a complete and rigo-
rous treatment of the photoproduction process based on the shell
model description shonld precede any dlscussion of the surface
and volume produetion.
The free nucleon photoproduction amplitude of Chew

et al , which is used for the irvestigation involves the magz-
netic moments of the proton and the neutron. The magnetie
moments of the free nucleons are not usually the same as the
megnetic moments within the nmuclel =nd consequently, the ambi-

guitr;li arises as to the sets of values that have to be taken
for the purpose of caleulation. This has been investigated in

Chapter VI and numeriecal czleunlations are separately presented

9) I1.8.%ughes and P,V.March, Proc, Phys. Soc., A 259(1953)
_ P.V.Mareh and T.C.%alker, Proc.Phys.foc., ;%, (1981)
- 10) E.W.® Lelng and R.G.¥oorhouse, Proc. Phys. Sac.,

A72, 288 (1968)
11) V. Dovenathan snd G, Ramachandran, Wuclear Physies,
388, 654. (1982).



using (2) free nucleon magnetic moments and (b) maznetic
moments within the nuclel. One e¢zn decide in favour of the
one or the other by observing the amgular distribution of the
emitted plon.
I In Chapter VII, we outline a complete and rigorous
method of evaluating the eross section for the photaproduction

of charged pions from e-mpla;u:hf; treating both the spin depend-
ent and spin in%;ganﬂmt terms alike and summing over magnetie
quantum numbers . The cross section is obtained in terms of
the square of single particle matrix elements using the covcent
of fractional parentage coefficients. The j-) ecoupling shell
model deseription is used in the study.
Chapter VIII is devoted to The gtudy of scattering
of pions by complex nuclel based on the method that has been
. developed j.n the earlier chapter. The advantage of studying
both the scsttering and photoproduction of pions from complex
puclel by the ssme method is stressed.
pPart IIT deels with some electrodynamie and deuteron
disintegration processes. In Chapter IX, we discuss the equi-
valence of field theoretic and Feynaman rnl';i:!ilm and make n

13)
comparative study of the methods of Wick and Remakrichnan

15)
et al . Chapter X deals with tha application of ITow's

V. Devsnathan and G.Ramachandran, Nuclear Physies,

12)
i in press.

13) A. Remekrishnan, K. Venkatesan and V. Devanathean,
._” Je. Msth. Anal. and l'lpplnﬂ- {1.'.1 'F"Il)_

14) G.C.vlek, Phys. Rev., 288 (1950)

€. 5. Scheweber, H. i,Bethe and F.D.Holfmann,
Mesons and Flelids, Vol. 1 (Bow, Peterson a#nd Co.,

Wew York) p. 207, (1966). , .
.o (for vef.'16),,see next page)
e RN ;



procedure to the study of electrommgmatiw dynamic processes
with a view to understand the role of the equal time commatator
term. In Chapter XI, we study the disintegration procerses
in deuterium (photo, meso und eleetro disintegration) in a

upd fied way using Tow's method which brings out the similarity

and interconnection between the matrix elements for these

processes.

186) A« Ramakrlshnan and W. R-Rmmﬂtm' J« Hath.
inal, and Appln.,Tg, 261 (1361)
A. Remakyichnan, T.K.Radha end R. Thurga,
J. Math. Anal. and Applm., 4, 494 (1962)
A. Ramakrlshnar, Elantn{:-w Particles and
Cosmic Rays, Pergamon Press (1962)

16) #.B.Low, Phys. Rev., 97, 1392 (1958)
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The & -mgtrix theory of scattering is concerned

with the transition of a system of particles from an initial

to a linal state. The system of particles remains the same
and can be described as the eigenstates of the same unperturbed
familtonian before and after scattering. This is a particuler
case though an important one, of a more general elaess of phe-
nomena. When two ecomposlite systems of particles (muclei, for
example) eollide, they often glve rise, after eollision, to
systems whieh nmay comprise of muclei different from thaose of

the initisl system. For instance,
A+ A, — B+ By
—= G, + C,
Such collislons are referred to as rearrangement collisions

or collisions leeding to reaction channels. It is the pursose
of this chapter to suggest a simple generslisation of the
usual 5 -matrix theory to include rearrangement collisions.

1¥* Alladi Ramakri , GeRamachandran and V.Devanathan,
Nuovo Cilmento g_}_. 45 (196l1); Proce. of the snnual
Low Energy Pﬂrl ¢s Symposium, Sombsy (138l1).
1 %) B.a.Lippman and J.S3chwinger, hﬂ'ﬁl-!i‘h, 469 (18850)
2% M. Gell-Mann and M.L.Goldberger, Phys, Rev.,

898 (1963)
38) C.doller, Kgl. Danske, vid. “el 23, lo.l (1945)
4) ©.c.3chweber, i.A.Bethe and F.D.Ho Hesons

and Fields, Vol. 1, (Row,Peterson end Co.) p.192
(198¢)



Such processes have been deseribed in great detail
using a time-independent tpg:;nnh, espaclally by the
TR «matrix theory of Wigner . The growth and the success
of this theory has been reviewed in an extensive article by
Lane and Thnil!ﬁ)- Some attempts have also been made to
develop a time-dependent theory which has claimed uttantiu:}
for example in conneetion wi.i}.h the problem of axchange
scattering. The generalised scattering natrix (\q{,;} \ 1},?3>
which 1s indeed the definition of the O -matrix in the sta-
tionary state (time-independent) scattering formalism, includes
also the case of rearrangement collisions and this can be ob-
tained using a time-dependent theory.

In dealing with esllisions of composite systems of
particles, we seek the transition amplitude from am inltial
state consisting of one set of composite systems, say A,

and A, to a final state consisting of a different set

say DB, and B, . Since the interaetion narenntntiunm
has been found to be convenient to deseribe the scattering
theory, we saull use the seme rayﬂsnntnﬂnn for deseribing
the rearrangement collisions also. By Ilnteraction representa-
tion, we mean a description of the system with the time~

depsndence associated with & speeified pair of free parts

5) E.P.Wigner, Phys. Rev., 72, 29 (1947)
6) A.M.Lane end R.G.Thomas, Rev., Mod.Phys., 50,2567(1958)
7) B.A.Lippmann, Phys. ReV., 264 (1958)
8) sStueckeberg, Ainn. der Phys. 367 (1924);
Helv. Phys. Act %}, 43 (1 H
lature, 183, 143

944)



removed and 1f the total Hamiltonian can be split into a2 sum of
unperturbed and interaction parts in more than one way 1t becones
possible to define different interaction pilctures for the descrip-
tion of the system. This is exactly the situation in the case of
rearrangement collisions, wherein the initilal and final states are
to be described in different interaction pletures. However, in the
case of ordinary scatlering, we have the unique way of deseribing
the system in a single intersction representation.So, the treatment
of rearrangement collision reduces to the study of transition from
one interaction picture to another.

The temporal development of the state of a system is usually
described independent of the initial state by regording the evolu-
tion as the unfolding of s unitary transformation. It is of interest
to observe the relationship bestween such unitary operators in dif-

ferent interaction pletures and to study the properties of thet
c¢lass of operators deseribing the time-davelopment of the =ystem
~ from one sicture to another. This is done in section 2.

The & -matrix for rearrangement collisions is defined
in section 3 and the adlabatic h.rpothuhm invoked to obtain
well-defined 1limits., The wmatrix elements appear in forms similar
. to l:hnsa??nt ﬂ:g)in auattulﬂuﬂ}lmﬂ and provide agreement with
Iipsmann , Low and Sunakawa . The alternative approach
using the operator technique is also deseribed and used to obtain
the matrix elements.

9) F.J.Dyson, "#m adivenced Quantum Mechaniecs', Lithoprinted
notes, t:urml]. Umiversity {1951)5"
Phys. Rev., 428 (1951}1 Phys. 83, 608 (1961);
Procs Boys B3ecLlend) A 207 5

396 (198l
Pays. Rev., 83, 1207 (1951)
'10) F.E.low, Summer Institute Lectures (1969), Erandeis :
University. . =

11) 5.Sunckawa, Prog. Theor. Phys., 24, 963 (1960) o



Consider a system whose Schrodinger equation is given by

A.'.',izf E_H_J_(E) - H ?f’(&)
a € (1)

Y(t) represents the state of the system in Schrodinger repre=-
sentation and in treating seottering problems, it is of advan-
tage to work in intersotion representation wherein the Hamlle
tonien of the system cmn be separnted into two paris as

A A
H = Ha 5 v
(2)
A
where ||, represents the unperturbed Hamiltonisn of the collid=
ing parts of the sysiem and \/’q, the intersction between them.

A
The state Y (¢)of the system in interaction representation
is defined by

;:Hﬂ&
v = e /% w®
(3)
snd obeys the equation

wppdt ;
RS I I L HEL/ ¢ wh®
ot (4)

The temporsl development of the state can be represented by

W) = ULt BED "

where U (€,t.)1s the unitary trensformation operator.
Expressing the evelution of the siate vector in intersction
representation end it obeys the differential equation




14 °

el a“ﬁ"’ et R e D

‘ (6)

with the boundery condition U A(_én;(—‘,jz | « The integral form
of equation (6) is given by

2 € .LH:; ¢ /f& Cﬂnﬂéyﬁ A \ /
(E,6) =1-=% f E’, () (E’_,EQO(E
(7)
Suppose the total Hemiltonian |4 of the system ean also
be aeperated as
H= Ho+ M=
(8)
corresponding to a different pair P of interscting parts and
their inferaction. Then we ean define a corresponding irnteraction
state WD(£) as vefore and the time-development of the system
 could be expressed in terms of a unitary operator UE Cf:_, Es) =
To meke a comparison between the two unitary operators des-
eribing the evolution of the system, we obmerve thet, starting with
en initiel state U/(Ec) at time (,, the state y(¢) at €
obtained vis elither representation must be the ssme

O s
¥ EJ_.-.LHa f’/}& UHCE E) yﬁ.ﬁ@_ 9/1:
T HE
= E.-- He f/.& ,ﬂ,({_} E';.J EJ. ?p({t{g{
Similerly - HBt
'l)UG-J J.Hn i‘/i— Eé'&' &) & /-—ﬁ Ilu({.?) )

(w0) -
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Bquations (9) esnd (10) represent the time development of the

ginte vector Y (£) 4n the Sehrcdinger representstion obteined .
by different intersction pieturcs. ¥Writing

w(&) — Us ﬁ&j &QD ’}'P@‘_D

(11)

we obtain %

—cHlE/y

Wailktsits) = € /
L RTE L

A UR(L ) e

A
"Ha Eaq
Uhieee T e
£ Ho €e/p
(12)
end thus the transformation lew for thes eoperstor [J @:J 65)
from one interaction picture to mmother is

WP ey —snht cHEbr —cudely
UiiEs = il D) e a

(13)
The operstor .“Eiém UAU.‘._, i"::;‘! the limits being taken
- using the.vmimﬁn”ﬁ'xﬁthnu, ia the usuel S -matrix des-
eribing scetiering of the separated parts A and it cpnecis &
state () deseribing the initislly free parts A off:the
system with & state c;f desoribing the msme finally free parts.
Similer is the role of ()P (00,-00) . The suffices a er L
denote the energy, relative momentum, angular momentum end any

other attributes of the system. The problem of resrrengement
BA

collisions is olearly that of prescribing sn S -matrix S
representing a transition from the state qbf of the initially
free parts A to a state cﬁf of the finally meperated parts
P which are different from A . Therefore we seek @




BA ( b i_
operstor | 3 a) transforming a satete in interaction
representation /A et time [, to o state at time [ in inter-
action representation T .

Since
w(E) = U (& &) pED
or equivalently

B s :
pBE) = U (8D ETTE 10

(14)
the reletionship between the trensformation operstors
ma U (£, €,) is given by _
B
LHOE /£ —ehitEs
UEE k) = @ Us (6 &) € - (15)

Using (12), BR=ia ( LLJE:,) e¢an be represented in terms of
either ()A(¢,6,) e UP(E€) as follewas
{ i .,B'E o AL
UBA(E b)) = gt HE S h(ee)

CHEL/E —cHA by
= Ut (6&)e 2 (16)

It 1o essily seen that ()7 (hfn)umu-a elso the group
propexty | | g
U pa CE_,J- E'n) = UBA CEJ E") U (EFIJEED

UP(E, &) UPA(ELED
- UBS(e ) U LEs &)

1

(17)

16



where ( denotes snother possible intersetion representatien
of the system. The differentisl equation satisfied by

Gl 5k

o A A nEE - +HnE£-
o+ .gaU (k,6) _ EJLH /tVE’EL‘L /£ UEH(EJ&'D
Y€
(18)
with CHPE L ontEe

(19)
T
The hermitian conjugaté operater U= (£,€) gefinea by

{v® | = (vt i iy

obeys the differentisl equation

(20)

A Huﬁéx.t VE éf_ H;E"E'/Zi:

—

.
ok DG (.6 _ UBATC&}@ o

i L (21)
with the cendition H& B
Vi e il =
2 {22)

It is ensily sean that LJ‘-E'HI (b.,_,{-.) is unitory l.e.
=

.1—
UB* (E,6) = USP (e, e
s
- EEH:EQ/A{ E""H‘-" bo/t UBCf:uQ

= UAB Cﬁ-ﬂgé)

(23)
uging the properties (16) and (17).
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Thus Ugﬂf(&u'{') operating on the right on a state
in intersction representation P at (. evelves it into the .
atate at [ in intermotion representation A . Therefore
UE’“T(E.,,E) obeys mlso the equation

\ Eﬁ}*— “} AE’ '--L'HnA'E' 7
;‘& ?'_E [tn:E): E_LH‘ /‘fque /-é_ UBAC£_“Jé)
dE
(24)
with the initisl condition
EAT cHS Cosy ol Eof s
U (Ea_‘j Eo) —a0 oA <4
In a similar way, UEA(:&; ts) operating on the "bra'

state <}t‘3[te)f st Hme L. takes 1t into the state
at time e« Thus UEA@.,,E-) obeys the equation

c U-E'A{h k) BA CHy E/ A ‘c#-:f t’.—/__lp:
— Li == El = ,fﬂ r: e -& v e
& L= € . (25)
ﬁth . :IE{"Q - -l-'{""n:l:.ml {'u ,l..t_'
= (L .E’A(_L'n__, i'.'a) = EL 5 /ﬁ = /

It may also be observed that the initial conditions at (.
oan be set as unity by defining the interasction representn-
%ions so as to ecoincide with the @uﬂnﬁhw equatd represen—
tation at time ( _ rather tham at mero.

5. The O ematrix

The O -matrix for rearrmmgement eollisions cen be
defined as

SBA =k L &)

£ — +oo
bo = —2o

(26)




and it is nesessary now to invoke the adisbatic hypothesis to
obtain well-defined limite. This is accomplished byattaching .
e faotor exp(-2(El) to the interaction Hamilenian where
¢ 48 e small gquentity which may be allowed to tend to the
1imit » mero after s e¢aleulation is performed. An element

<¢f} S'E”“Cp_;> of the S-matrix is now written as

Lgp . ™ gly = Lk L4, vPh LD e L)

S U maD , UPto-sd >
(27)

using (16) md (17)e (@ +c0) are the wellknown Moller
matrices

Vq-‘?a_ —= ’Ilui_i)

dli¢m C}"n. Ea.—H:L'J'E

m -
> A B
O R O

‘Bquation (29) is the definition of the generalised S -matrix
in the siationery state formeliam,

(28)

The integral equation form of (19) under the adiabatie
hypothesis is

;H. f/gg _& HE 64/;5 - gle’)
Bﬂ (i' faj L E'-l

—

——

. Byt
i f‘i*fHu E/fv E?E{E}'E--t He i'/_fU'BACHEQJEr
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The trensition matrix element e¢sn now be written as

<¢; S qb > = L4 <¢f “Het/y -“:*-/st d?’> '

E «-ar-aﬂ

‘& : (31)

Ihe first term venishes on energy integration in the limit

E.—» —c2 . However, it should be noted that in the cese
of ordinary sesttering | = HZ= H_ , the first term reduces

%o <@J¢ﬂ>mmnuqfu Oy, * In the cose of re-
arrengement eollisions, Hﬁ is not egual to Hf‘mﬁ hence

€O e qbf)
BFA L j/ qﬁ_ﬂ e“‘t‘H" va - E;’ ’! LH, {-é

I

UACE‘_-.‘Q&:) qba. 0{6”

(32)
fising the relation (i6). Ve now have
BA 13 i B B A £
Too = =& 4P VT vl (=) -
vihere
AG) TP L(e-nE)E/E -‘ElEJ / A e
W ey =e U EL-=) da
i (34)
which sstisfies the well-lmown Lippmmn~Schwinger eguation
A (2 !“F}
ya LE) Lo Zl.ﬂ"f_ g(_E g,_) ¢q. E-—H,;!:.F"E yﬂ. )

(35)
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Removing the Smmmnmﬂmu:mtum

'Hﬂj ﬁti}g) =2 A (E-Ea) 1;/:{"*}

(36)
"{f‘iia sn elgen state of the totsl Hamiltonian and is given
by (28).
Ve have
BA B B A®
= -2 i 8(E-EBa) L 5V Yo
Tga k < ) (37)

In & similar way one can show, using the integrel equation £xum
form of ( 25 ) for UPA(c0,-0) that the trensition matrix

BA
plement |,  1s nlse given by

o

BA :
Tpo =2 8Bt ST, VA QLY

BA
and thus the transition matrix element T‘Eram the ensrgy

shell is
‘ o B

A
T, = <2V W)
= <y£:j}v:4 CP'-:>
(39)

The sbove ralations (37) and (38) cmm also be obiained
from the equation (29) using the technigue of operator algebro.
ﬁ- matrix elenent can be writtem using the Noller expressions
(28) in the following ways
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CUa R SR R E S T (T S T

B A
<. (’bﬂ- 2 ¢“~"- >+ <¢¢E> EVEE£"L+cE+ Eﬂ-;....:gvﬁj 4-{:>
i <¢f’vﬁ Fli-tL'E E.L-*Hw:'z ok ¢3>

Ep=

!

1]

(40)
Applying the familiar operator relations
' ' I
= = — e
ol — 5 of o[> =<
= e B S phes
e = (41)
One con write
A
Vs f = v l N/ B e —
Eyg—Hres E,E.-—“f*f*'i Eg= s = Ep—-HoxrE
| A | B | VA
| V "4 _ = : T\.‘/ -+ = _iv ————__Eh‘- I
Ea-H+£E Es= HE et s En= R es
e (a2)

 @sn now replsce Hf:nn H;Ehr E. and Eimduing
hﬁ.m property in the limit € -, we obtain

| = '.,1:: — LT 8 (_Ea_— Ej,)
Ea— E.L —+ 4Z Ea- Ej.- {‘3}

gimplification, we get

=3 + el i A
Ly, yiy - (g2 e 2 v o)
S LSl Eae Eﬂ) {<1‘PE{H; V..n.¢;> “+ <¢£ >V 7{*:‘*?>j

(44)

<¢f’){l Eq-Ei(vﬂ u’B)El qﬁa =dps i#i




Also

V AN B A a,a.
<¢£ 2 q}"m < 27 ¢ > ‘g}

on the energy shell aince
A5 vP gl D> —LaP vt
= L &8, (r-s2) 32>

= (47)
Thus we obtein

T = s steeen (4P VP I
= puard S(Em-‘E.ﬂ)< Eh’;vﬂ ¢$>

(48)
Using sinilar technigques, the following useful relations
on the energy shell ere also estsblished

(Y, i > =W Ty = dayy A=
= o

, A#B

(49)
The transition rate wf: for rearrangement ecllisione is
&lven by

23
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The theory that we have outlined in Chapter T is rigorous
and the expression (859) for the unatrix element is exact. Put in
order to evaluate the matrix element for any specifiec Process,
we have to resort to some approximations : FSorn approximation
or distorted wave Borm approximation. ¥or the purpose of illus-
ftration, we shsll deal with the following proecesses :-

a) exchange scattering,

b) 1ionization process,

e) plek-up reaction,

d) stripping reaction, and

e) ~bresk-up reaction.

In the last section, we briefly refer to the different meehanisms
of puclear reactions that have been developed hitherto to explain
the experimental datz and indicate how the contribution from each
of these mechanlems can be separated out and studied in a unified
way starting from the exsression (29) of Chapter I, obtained for

rearrangement collisions.

* This chaster is included for the suke of completenass
though mot muech of originality is elailmed.



2. Zfapecific processes

(e) Exchange sesttering.

Conzider a projectile (1 to Le inecident on a target
conslsting of a particle /?:r bound to an inert Inart El as
As a result of the reaction, re-arrangement takes place. The
projectile (4 gets bound while the particle jy is ejected.

a + @a c) — &+ (@, c)

The unperturbed and interaction lamllitonians are

(1)

i, = Ta+Tg+Up 5 V72 Uar Vay (2)
gl s S e e e (e
(3)
where Ta_i_ad T;;_ are the kinetic energy operatfors of the
particles . and [, U, and ([, the interaction of
the particles (& and {- with the core, and \/ y, the
interaction between (L and /6- .
The transition amplitude for the exchange scattering

~ ean be written in either the *'' post ** or 't prior "¢




1) - 4)

form

M = <qp(a)'7(‘@]\;'5[ 1{»"‘9? 4 (a)
=B 2RpA e ‘F{"@ 4 (v)

"’1 represents the free state (plcone wave) and gD the bound

state wave Tfunetion which satisfles the equation

(EauTa.~Ui)?7(-‘U=G (65a)
or

(G = W Jplld 3

EG_ or E,,L’r is the energy of the bound particle @ or fr » The
' Al

(5 v )

sutgoing wave solution 1}) end the ingoing wave solution

'lPBEJ of the total Familtonlan ean he written as

Aar Al
A= M) + g Watvar) v (6 a)
- : aXVat rq{ﬂ)(f:('ﬂ}
= ’]T[.a')cpi'ﬂ-)+gr|-(f~Ua.' ¢£+LE@ . ) (6 b)

BED

«-‘)DB(-—J ,)?[f”'} 5‘39(_5:1]—}. == Hn_LELUL&Va__ﬂ) Fq" (7 &)

8 Vop) L)@@
= M) @@ + @fr* at)
188 E —Ha'—Up~Var © (7 )

2) WHe.Lippmann and J. Schwinger, Phys. Rev., 469 (1962)
#J B. Gerjuoy, Annals of Phrniu 58 (19
8) &. Sunakawe, Prog. Theor. Pw:. 962 (1980)
4) 7T.8.Day, L.S.Bodberg, GeA. now and J.Sucher,
Phys. Rev., 128, 1051 (1961)

1) Gell-Mann and M.L.Goldberger, Phys. Rev., g, 39s (1953)



Since the interaction Hemiltonian consists of two terms, we
gan make use of the two-potentizl formula of Cell-Mann and
ﬁﬂl&hulnru and write the matrix element (4 a ) in terms
of the outgoing =nd ingolng waves distorted by the potential

() due to the core

+
tay = i) -+ Y (e
e = Ea~Ta-Ua+rs o s %)
o) = A ' &)
A= Eg-Tp-Up*< (8 b)
F, snd [, represent the kimetic energy of 4 and [ and

therefore
Eal = E— €4
G pin = £ = Evs
Combining (6) and (8) and using the identity

e Ednet i | S i Sty b, Ao

:E— Hf*‘-&'ﬂ ¥ =2 Hﬂ—U&+A‘E_ E—H:—UQ+A.'E E-H. -E*-gi'i
- we obtain
Al+) + l e @
s e=ua ) & \/, , X@> M@
A = Y@ M) + ——= e

The matrix element (4 a ) ean now e written as

M= @@ | Upt Vay | #57D
- g Uy 74 g vea 7
I ST A

. oy

-

ik <CF]&? W@JI Ut Eﬁ__:-,ﬂ.'ujr*'*;ivai\ ’LFAM>
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H:m equation 8 (b). Since Efr: E- €., and U,Er comrutes
with T, + U, , we ecan use & (a) to replace the Green's function
in the last term of (11) by (E— H.++£)

where

Ho = Ta+ Tp+lUa+ Uyg AR

Combinigg this last term with the first and making use of (10)
we finslly obtain

)
M= (W e | Uy | X ey
©) AW
+ @ X | Vas | ¥4
X,{g} represents the scattering solution and q?@} the bound
state solution of the sime Hamiltonmlan | , + U, with different

elgen values and hence they are orthogonal. fo, the first term

- vanishes identically. llence
’ )

M= ( @ @> X VaL! "J"aw> (14)

ST
ixpanding 'y/”q(ﬂ in terss of X%J "?C/@J using equation
(19), we obtain

M = {p@) X Mag+ Vas — e Vad

There 1s a great symmetry and there exists no prior or post

Yoy QPQQ>

(15)

dlserepancy. The guantity in the braecket represents the effective
interaction, the E matrix, representing the secattering of (L
by fr in the presence af the core. If we negleet the second
term in (18), we obtain the transitiorn amplitude in the die-
torted wave Zorn lppz.'uxiuﬂun



= - ) _
M'D-B_-.q 3 <¢@:X@}, Vaz,| X@ 919(.@9
(18)
!"1“t’-n; all the distortion .rrﬂt’l we ‘.t the loweat order

Sorn approximation term

My a = { @B Vur [ T0FD) )

Instead, 1f we substitute the approximations in (13) directly,
we will get

Maa = 1@ E@ | U [ 1@ W)
Tt <CPG1;' 11@‘) ‘ Va.ﬁrl e {P{EJ> (18)

fiere the first term will contribute, sinee V](2) smd P(a)

are no longer orihogonal because they are elzenfunetions of

3) 4)
different Hamiltonlans. However, expression (18) is wrong

and it has been emphasiged by Day et al* that the approxima=-
tions should bhe made only at the finel stage.

(e) Ionization Process.

In this process, the projectile A knocks out the particle ya

initially bound to the inert core (.

a+(he)—> a+ b+ @) '

3]

* Dey et al have pointed out that expression (18) has been
used wrongly in certailn ealeulations. A recent example is
that of the ecalculation of the relative capture probanili-
ties of the meson into various atomie states with the
ejection of an atomie eleetron (R.A. Mann -nd M, E.Rose,
Pays. Rev. 121, 293 (1961)).




The unperturbed and intersetion Hemiltonlans are

Hf = Tat+ Tp Uy 35 = Wa +Veai
(29)
HF = TpeTp V= Uat Ug+Vo g
(21)
The transition amplitude fHr the ilonlzation process can now be
written as
M= G| VB |y .
= 3| VA | @ ew)
(22 b )

If we =spply the Horn approximation direetly, we obtain

My = {0160 M| Uat Upt Voo [ 1 PE) (23 o)

St <"’Ita1“'][!')[ Uat v"‘-frl e @Cﬂ% (23 b)

.~ The difference between (23 a ) and (23 b) 1is vhat is called the
prior and post discrepanrcy and this arises due to inadequate
approximation. Expressions (22 a ) and (22 b) are however wrong.
 In order to obtain the correct expression under “orn approximation,
it is essential that the initisl and final states shoulé " repre-
‘sented as the elgenstates of the same Hasiltonian

Hn = Tn_"l- T,Er+ Ua-—k- U,er

(24)
‘the common interaction Hemiltonian beirng \/, ; . For this purpose,




p o < Y@ K + VK@ K

e s
(25)
where
X X = 1MW+ gtz ber ) M)

'XE&T} and xtb}i) represent the partieles ( and fﬂ- sezttered
by the potentials (/ 4 and U 1, respectively. Now the transition
~ smplitude can be deduced in a form suitable for making Torn
approximation, using the procedure outlined earlier.

M = e X | Vg | wAP) o &
) 2o | v, | K@ g
Ly k t| ? > (27 © )

The correct transition matrix element in Zorn aporoximation is

glven by
I;IEHA & <,,1@J & \ Vat \Wl@j'qur}) (28)

(e) Pick-up resction
The ineident particle (} plcks up the extra-core particle
/@- forming a bound state

ot (Loe)—> (2, )4 e i
There is a = asymmetry in the type >f reaction and hence it is
‘desireble to take the S-matrix defined by expression (29) of
Chapter I, as the starting point of our discuse=ion

SBA _ <,1P1:5c-:[ wﬂ{-ﬂ>



The unperturbed apd intersetion Hamiltonians of the inltial
and final states are ’

A .
Hr.r = a_+_f_£-|— U‘L P Nl Uq_+va_L

B
-E:Tﬂ"i“—ré'\'vﬂ__ﬂ :Un_'*'uﬁ

He 5

(31)
The ingoing wave solution . ° obeys the integral equation

B &

Y- = @R +

Cua.‘i' U I["'
25 = He ‘L) (32)

where () represents the internal wave function of the two=
particle bound system and " (R) the plane wave resresenting the

motion of its centre of mass. REquation (32) ean be rewritten
as follows:

B3 BE2 f B
Bk =Y. =y E;;*H:-A-'EV&L W

(33)
B
R O (e ——t— (Ua+ U~V ) @ (D M(R)
(34)
with
Hﬁ = T,:_-I—TL-F Ul‘i' U‘g_

(35}
It ean be shown that the inhomogereous term of eguation (33)
vanishes and consequently

B2 | B2
P ——— v, W
Eg—Ha—eg & (26)
‘The outgoing wave solutlon obeys the equation
+ @)
PAY - gl M + — L — Vo FOX® @

Epo- H4++4T




Substituting equations (57) and (36) in eguation i30), we
obtain |

<y; H[ X@ gr.Jt.!rJ> + Y q,e,l%)xf‘”>
Lt v ™) X e

E* #Hn'*{

..f.-

<11“EH | Vo | yic cFCM>

(12

(32 Gl )

Ei.-‘_E.a:_J"E E.__,.: '_Ef

E,~Ept++*

1

B
e S(E LB LR Vi @B ,m;.>

(23)
In this case, it 10 not possidble to obtaln the reeiproecal
formula u.’-niuh is however possible in the earlier cases (e.g.
Seo equatlons (25 a ) and (25 b). This is due to the asymmetry
inherent in the pick-up reaction. For caleculational purposes,

we can approximate "4 PR b @(rd Wi (R) .« thus

L

o —ame §(Ea-eg) (Er®)| qu,[t}ﬂ@)ﬁag”
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(d) Stripoing resction

This 1s just the reverse process of the plek-up reaction.
Initially, the particles (. and [ form a bound system, of
which one of the particles is stripped off by the target nucleus

[{l,,ﬂ')-ﬁ— et—Siia + (faed) i3

The unperturbed and interaction llamiltonlans of the initial

svetem are

Ho = gt Tpt Vo

v = U.+ Up (41 =)
For the final system

H-ﬁE = _rﬂ-""'T.Er"'UI-

vE = Ua+ Vag (41 b)

The Se-matrix element for the stripping process can be written

S*M = LWEL-J l IFF&J>

This msy be written in a form analogous to equation (39) obtained

in the case of pick-up reaction. For this purpose, we defire

A} ____—-—- LU + ?/A(ﬂ
— @I (R) + 2T

W = e ):E; + > 'L_‘,iva ATy dcy
(43)

The integral equation (42) can be wrltten in the form

sl e e N
i s Eptoie & (44)
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W= @M (R)+ %_Jﬂ”i@a+ Up-Var) @(mM(R)
(45)
A :
It ean be shown that /) vanishes and hence
Al A @)
¥ Y E.—J-:4+J-‘f Var ¥ (48)
= 3), &)
lNow the JS-matrix element for the stripping reaction
ean be written as
B =1 -
BT <f;9(£) @ , y/"“ﬂ>
=1 .'!
+ <¢@Jﬁﬁ‘}lv""£’ Eg-H+sE l 1’LAW>
i . =2 | A7
= <$)@’) 2:'-'-‘1}[ E,.—Hetx % va"f' l - >
£ I | PYSAN
+<EP(__‘€r)x{a'J lV&L B —H-i":[\y} /
5_
i Lok 1 SN A\
- (E_‘;-E__,_-r-t--i‘-‘: = _E‘IHJ <Q?C€-)X@Jl at|¥ 7

— — 3L SCEL- —E:»;) <C,?9 @)X@S l Vﬂfv\w ﬂw>

_ (47)
f the distortion of the initial two-particle bound system
in be neglected, we obtain

) K.M.Watson, Phys. Rev., 83, 1163 (1952)
HeCeFranels and X.M.Watson, Phys. Rev., 33, 313 (1964)



(V]
e

BA

SRS :_rr-t-'ECEt.—E_}) <§U@)Zgjib‘aﬁl¢’@7@)> ;
(43) -

The matrix element can be interpreted as represanting the dis-

tortion of two particle bound system by the nuelesr potential

and a uuh:-qn-ht impulsive btresk-up by their mutual intersction

Maifs _

t-rainﬂ.w._-_ns.mam
This problem is different from the previous one only in

that the final state nmow consists of free particles (& epd 96-.

B
kil 20 Ta_ﬁ‘ T_E_

VB = Wl Uy Ve (49)
As before, the matrix element for the process is
LS =]
it <'}Ccn;1 X(fFJI Var | 'V"H{ﬁ> (50)

vhere ~
Lk =770 + g (Uar ) Ko X

(51)
One can give a physieal interpretation to the matrix element
(50) that the two-particle system, after break-up by their
mitual interaction, undergoes elastie seattering in the ruclear
potential.

6) James B. Young, Phys. Rev., 116, 1201 (1969)




In recent years, attempts are belng made to develop a
unified theory of nuclear resetions. They mark a departure

from the conventionel Re-matrix theory of nuclear resctions
introduced by H‘:I.gnar?J and reviewed in an extensive article
by Lane amnd ‘rhmua). Different mechanisms of nuclear reactions -
mupngii;! nuclsus mdﬂ”, opiteal mdﬂm, end direct interaction

madel =~ have been introduced to explain the experimental data.

7) EH.P.Wigner, Phys. Rev., 72, 29 (1947)
B) A.M.Lane ard R-G-Thﬂlll, « Mod. m.i, _a_ﬂ' 2567 {19&8)-

9) HN.Dohr, Nature, %, 244 (1938)
G. brelt and E.P.Wlgner, Phys. Rev., 49, 519 (1936)

lﬂ] He h'h‘“h, CsE.Porter snd V. 7. H!lsshpf,
Phys. Rev., 96, 448 (1954).

S. Fernbach, R. Server and T.I.Taylor, Phys.Rev.,
75, 1852 (1349).

11) s.T.Butler, Proc. Roy. Soe., A 202, 569 (1961),
Austern, Butler and McManus, Phys. Rev., 92, 350 (19563)

SeT.Butler, N, Austern and C. Pearson, Phys. Rev.,
112, 1227, (1958) :

C. “.Levinson und M.K.Eennerjee, Annals of Physies,
2, 471, 499 (1957); 3, 67 (1958)

N- Austern, ''Direct reaction theories'' in
Fast Weutron Physies (Interscience Publishers
Inc., New York (1969) Chapter V.




38

Bach model appears to be successful in a eertain energy region.
At low energy, the cross section exhibvits elosely speced peaks
ealled reson=nces and they can be explalned by the compound
nucleus model. At higher energy, the optieal model seems to be
guccessful. The velocity of the incident partiele is =till so

low that the nueleons of the target nucleus rearrange very

often while the incident nucleon traverses the nuecleus, and it

iz possible to represent the effeet of the target nueleus by

an average potential. :r‘ the eénergy of the ineldent particle 1s

further inereased, the interaction of the nucleons of the nucleus

ean be neglected, 'nd the nucleus treated as an aggreogate ol free

particles, with which the reaction of the inelident particle takes

:-'plnn tirough direct interaction. Sokh the latter =modelrs are

sometimes ealled direct interaction medels to express the zbsence

of the mmﬂ etate as an intermediery bLetween the initiel

and ﬁnnl-stat.u. In =ome c¢ases, the direct intersetion may

become 2ignificant between the resoninces aleo at low energles.
Theze different mechanisms of nmuclear reaction: are opera=-

tive under different ideslized eonditions and in any actusl situa-

tion, one msy expect each of those mechanisms to contribute to

a less or greater extent. 50 1t has been found desirable to

;‘- velop a sligle sathematiecal apparatus to treat the scettering

by an optlical potertial as well as direet interactions and

pesses involving the formstion of & eompound mueleuns.




12)=16)
Dispersion formulae inthe frimework of a unified :‘gs;nry
of nuclear "“th“ﬁ?’ been studied by rﬂ?mh ’ Bmi
Yoshida and Teresawa , Fonda and Newton , Serdobolsky

and others.

&)

Starting from the expressions (39) of Chapter T obtained
by the formal theory of re-asrrangement eccllisions, it is possible
to separate the individual contributions of the different mecha-
nisas of nuclear reactions. For this: purpose, let u= introduce
an optiecal potential \/_, and the wave funections "qJE” and

.,  describe the sesttering by sn opticel potertial in each
of these chennels. The indices A, B ete. are used to distinguish
between different channels. Let W=\-V, « The following

fdentity can be obtalned
AN\

<¢E(v'&|w’“‘*"> (P | VB ve
v v

% <waﬂﬁlm{/ _r-q.w.iqv\wAEﬂr?
(52)

,4&1\

12) H. Feshbaeh, Annals of Physies, 5, , (1958)

1 M. Sano, S.Yoshida and T.Teres Fucleer “hysie
& 6, 20 (1968)s k - s,

4) L. Fonda and R.(0.Newton, Annals of Physies, 10, 490 (1960)
L6) V.I.Serdobolsky, Kuclear Physics, 21, 245 (1969)

6) A igodi and E. Bberle, Nuovo Cimento, 18, 718 (1960).



T he first term desctibes an oplteal intersction and
vanishes for ™ = A . The second term ﬂprismt: the
smplitude of direet processes in the distorted wave
approximation method., The third term can be regarded

as a resonance term.







The theory of scattering end photoproduction of pions
from nucleons hes been the subject of study for the psat many
yeers ever since the plons were experimenitally discovered;
enéd at present the theory of Chew et at) is widely nccepted
gnd it is found %o yleld relinble results helow 500 MHev.

The smplitude for the seattering and photoproduction of pions
from free nucleons, as given by Chew-Low theory cem be t=ken
over end applied to the problem of senttering end photo-
produetion of picns frem nunlnizj. This extension to the
cose of complex muclei is mede possible by the impuxlse

"

u.p;ru:mtﬂ.mj} developed 'md justified by Chew himself,

1) 8.P.Chew :nd P.B.Low, Zhys. Hev., 101, 1570, 1579 (1956)
G.?.Chew, M.L.Goldbexrger P.EJLow snd Y, Hembu,
Phys. HeVey ¥ 1345 (i“ﬂ'ﬂo
G.P.Chew, Handbuch der Physik, Springer Verlsg, 43 (1959).
2} Ve Devanathen and G, Aamachandran, Nuclesr Physles,
-z, 312 (1961)3 B3, 674 4(17¢2) (1962} ; in pross.
Ramgkrishnan,

. Ve.Devoanathan and £, Feassdesany G.Romachandran,
¥uelesr Phyaiece, 24, 163 (1961).

A« Rapakrishnen, V. Devenathsn and K, Venikatesan

Woclear Physies, 29, 680 (1962)

51 GeF.Chew, Phys. RevV., s 196 (1950)
GFaOhew and G.C.¥lck, « ReVey ﬁ; 636 (1952)
vs 81, T78 (1952).

GeF.Chew and HtLﬁﬂ‘ﬁl‘mw, MU
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In sec. 2, & brief sccount of the scattering end photo- 2
production of pions from free nucleons is given. No attempt .
1s sade $0 @ive the genersl theory™ %) but omiy the results
which are relevent to our work are presented. Section 3k is

devoted to & disoussion on the Impulse opproximation end its
miﬂi‘rn

The Cpew—low smplitude for the pion-nucleon sestiering
in the static spyroximetion is given by

— i_-- : I (1‘1_) /EL
L) = = 2 e i (1)
where

Ry = Tyand, e
/ﬁ' . EJ.: ém Smgﬂ
ol C’/ LS (2)
J_ena 4 _ sre the projection operators fur the iscborie
spin and engular momentum sistes, (U the meson energy, C[/ ita

momentum end cg‘x the |D ~wive phese shiftas. In the above,

4) A. Remakrishnen, Hlementary Particles and Cosmic inys,
gﬂ“ﬂl Press t'.!.

# Throughout, we use natursl umits l.e. )EZ:C:I
and the plon mgss is teken as unity.

962), where further references can be




ot stends for any one of the four states 33, 31, 13, 11
in Permi's notation, sccording to which & state is designa-
ted by (;II, ;I), T amd ] representing respectively the
total isobarie spin and fotal angular momentum of the pione
nucleon system.

It is to be cbserved that the serttering asmplitude given
by expesismert (1) inveolves only the F-muphm-hifhainu
the mucleon is considered to be static. Also 5,525'51

The projection operators 3; and ég_r are glvenm by

(20 = G Ty < 2. (TurxT,
:.g-‘ l

ZGL%(;_, D

I
=
2
=l
\
9
A
(5%
!
-
A
<
LS,

(3)
where E‘t is the spin operator for the nucleon, ?17, end _‘17¥
sre the momsentu of the incident and seattered pion and the
sulfixes f{‘r" and 9/ eve the plon indices. ihe projection
operstors msy be evaluated between the epecified initiel and
final stotes of the pion=nucleon system to cbtain the following
agmplitudes for the direct snd cherge exchenge sentteringe:
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expression
( 5), 6 reprecents the mmgle between the

direction of the incident pion and that of the sentiered pimm.
In the above , we have considered the particulay case of scate
tering of s positively cherged plon by 2 nucleon, but a sinilar
expression can be obtuined for the seanttering of s negative plen.

Chew smd his uouahnraturl” have also discussed the
problem of photopreduction of plons from free nucleong, first none
reletivistie=lly using the cut-off form of the Yukews theory snd
later on relaiivistieclly using dispersion theory. The relativie-
tie version Includes recoil eorrectlons to the nucleon snd 5 -wave
phsse ahifte. The complete amplitude cen be written down, intro-
ducing for convenience, the three isotopiec spin procjleection opers-
tora, &s originelly suggested by Wntaﬂnﬂ.

(o)

N :
g::} = 5 LTALT:') R TA«-—) = 5,0-3
g:: = -I-:: (TALTE_' TE: TA-) = —t:f TJ“JT?-"}

(6)
AL is the pion index and in table I sre listed the

. 5
slues token by 5((*) for the four possible charge Eawju-
2 corfigurstions.

.-: K.M.Wateon, Thys. Rev., 2:, 228 (1954)

-
-
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F
Zable 1
P"'} P"\‘ TI’D 'YL-—}‘"Y\..-I—"ITH P—y "h.ﬁ—'l"l'+ Yo —> ‘:,:'-y-T'I"-
-
(o3
g 1 -1 + 2 |+ 2
L
-+)
g #1 +1 0 0
AL
=3
0 0 + 2 - 2

S

-+ =3
‘h give below the eorresponding uplitndan F FL
{e =3
end | 'Irhioh con be connidered as the nuafrimmtu of Ef »

§ ma 9
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_l___. F(,'?_: | [,L:-j_j_'_-g o C}_"(E_"“"" #v? .
ey R E-2)"+ |
el e=nRagead . = . 0B S
+ £ & . € 4k -J:—-L.fu —+ < & 33
ik C%-%&D}j
oy = - - 4 o
_1_4.:5-5’"_’&{@!”__3_:,{;_ B e 3'35%‘3‘132
A g er*“'iFh)J
Nl A R {%#_%h )il =k *5335*613FM3
b M4*
—_  —a — T l
— Ao .4k M E 2 M Ao
(8)
AR e iy,
e+ 2 M
B o Ll ) %_Lli:
b I o
—= _ — /
e PO R S o MAta
(2)

where 5 ie the spin operstor for the mucleon smda ™ its
mese ( C-GS ) in unite of rion mass. ﬁ and 2O,
are the momentum and energy cf the incident photon, -EJE? its
polarisation wveetor and ,Z,t md AL, the momentum and energy
&+ -2 (==}
of the pien. N /ﬂL and /?L are the combinations
of f:)-m seattering smplitudes defined helow:




= “é_('g'-i +J-|-/£.,=_+}+j._3)
/&E_—i-—) = _é_ (,ﬂ_l+ 191_:_-— 1/9\.-5)
£ (

/E\[:--‘J— ,E\_Iv-ll‘g\-g_'i"i\_?:)
(10)
where ,_5"
/E"'I = ’2'" 3 S:EH
AL .5 S
e P Sl s
/H.:_';/El-l?_,r:“ /g‘-?:l = z’b‘-?:
£33 & D
> (=8 Mare
/‘Q‘-S :"E‘?ﬁ?& i - /LL—?’ B2
(11)

The quantitites F. , F mma Fgy ocourring in (7), (8) end
(9) are given by

T l-"U’
Homl= C"" o T
L = 1=
P = 2 (l T ’ETE I-I-'U'
=
FG»..: —-—"' {l-‘ ir"U'"(l ﬂ._&t.l.'l_r)\‘j
where
= A= 12
AF e (12)

The dominant terms in the above smplitudes exe those contaln'ng
the 33 smplitude muliiplied by the factor ¢ -, besides the
first torm in (8). %P and ¢, are the proton and neutron
‘magnetic moments in units of mhu- nmtm. ( ‘3 = 2,783

: %‘ = = 1,91). Zhe smplitude F' hunnlu-mpurtmﬁw

-
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chief significance of Fm is that it gives rise to a dif-
ference between the oross-seotions for positive end negative
meson production.

Yow we ¢an write down the tremsition smplitude for the
nucleon with the photoproduction of nmeutrsl or charged pions

E(v+p—> T+ P) = Fm—l- Fm

& (}—’r ey .n.r.n+ %) F('l'} FLc:J

L (}'+F-%"WT+“> ! \E(FH“" F@:)
{:(}'+%—3~ T+ {D) = -—\ECFH— F@})

N

: (14)
in subsequent chepters, we will be uning theso single

sucleon smplitudes for cbteining the eross-aection for the
photoproduetion of pions from complex mieiei, the extension
%o which is made possible by the impuise sporoximation.
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According to the impulse aporoximation, the smplitude
for the senttering or photoproduction of pions from a complex
nuecleus cen be written as s linear superposition of the indi-
vidusl free nucleon mmplitudes 1.e.

T = kb, wik 4 & 5% (15)

It involves the negleet of multiple scottering Jalﬂ-thn-anlrgy
shell matrix elements and the infternuclecn potentinl. However,
the correct wave function may bve used for the initisl end final
states in conputing the nmatrix elements.

The assumptlons under which the spproximation is wvalid
are the followings-

(1) The incident perticle interacts only with one single
micleon &t a time.

(2) The emplitude of the incident wave is not appreciably
diminighed in erossing the mucleus.

(3) The binding force has = megligible effeet during the
interval of atrong intersction.

The errors involved in these sssumptions and the-seleodds
- velidity of the impulse spproximation heve been investigrted
by Chew and his collsbrators®) snd we briefly reproduce the
necessary correctiocns. %Yo be specific, we conslder the scaottering
of @ particle by a complex nucleus emtsining [N nucleons,
the natriz element of which can be written aa
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Tha=<2, .V 1JE’T>
=& .V 3,) -

where (O _ and @, are the eigen funotion s of the unper-
turbed Hemiltcnien [ _with the ssme eigenvelue E .
H.= K+ U

%
()
where K is the totsl kinetic enerzy operstor end | ) the poten-
tisl energy of the nucleus. The total Hamiltonien of the system is
H= H.xV
(18)
with

V= % V,k

I (19)
A represents the intersetion of the incident purticle with the
4™ mucleon in the target micleus. . s the eigen-

function of the totel Hamiltonim. The operstor J}Eﬂ in (16)

is given by

ST = ' ; V
Eg SR == (20)

The operator | which when teken between the unpertwbed siates
giveas the natrix element, em be formally written s

c ‘ V
=Rl E— HaNaie (22)
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This expression, though exnot, is not in & fora for easy

evaluation. For this purpose, the two-body seattering metrices
are introduced.

(t}q)wh: < Ky » Vi ql":},a

where the 1{/'5 are siutions of the equations

(+2 | )
Yop = Kt Ep—ik+<< Ve Yok (23)

The ;Jf,:n are eigenfunctions of K and E’Ehthnima.hu
of K belonging to x A mmmmbmmmt;ﬁu

(22)

E f;i'j
= Va (24)
‘ vV

o
g R S5 E p-ReVgree *
8 (25)

md rewriting lqunt.tan (21) in the form

= {v + Vo ~ V&%

,Fa r SThRVass (26)

we con obtsin the required form, if we use the identity

VG e

-_EQ_HQ_V"!_'{'-E-
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[N
== > t’ II ) o)
T %t{ "E—_l_an_—Hn_V-t-.‘_'F_ [LJLA__JA
{+}
+C+V - H,—V+x )@ J'q_)( j

(z8)

The first term in (28) represents the linesr superposition

of the individual free nucleon emplitudes snd it is ¥nown as
the impulse spproximation mnd the second and third terms the
correqgiftons for the srme. The second term denotes the core
rection due to binding erergy snd the third term the correction
due to multiple senttering. An adequate and workable mpproxi-
mation in many cases is thus obisined by evalusting z €p
exsetly ond either neglecting completely the last two tunll

of (28) or spproximating them by further iteration.

- .
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Fernbach, Creen and Hntlnmn and HWE’

ptudied earlier the sostiering of pions by deuterons using
the impulse aporoximation which involves the neglect of Inter—
micleon potentisl, multiple scettering and off-the energy shell

heve

seotterdng of plon by mueleon. The correction due to the
internmucleon potentisl has been invesiignled by HocKumore mnd

is found to be less than 10 % . But there seems to be a coniro-
versy as regerds the multiple seatlering. The multiple seai-
tering offect’) has been initially studied by Brueckner and

ke finds a considerable reduction in the cross-secticn of about
50 % at %D' and at 135 Mev. However Rockmore points out thet
the neglect of off-the-energy shell matrix elements in Elu]:tpll
-nuntmins is certainly invelid. He has cerried out the esl-
culations at only one energy ( 85 Mev ) ueing pure impulse
eprroximation and finds =n excellent agreement with the experi-
mental resul#s of Rogers and Im#m‘].

1} Squ, T.L"ﬂrﬂm and E‘H.'atﬂﬂn' HWB-R“. ﬂ’m (1951]
2) R.¥M.Rookmore, ‘hys. Rev., 105 o 256 El?ﬁ?}. .a' 715 (1953

KohJSrueckner Ph{-. HeVey 854, (1953 tt?ﬂ
?) S.0.Drell end e erlet, %h%: He‘r:, 11329 {1955

V.Je Alfero snd R.Stroffelini, Nuovo Uimento, 11, 447 (1959).
‘) K.ﬂ-Rum and L.M.Lederman, Phys. RoVe, m' 247 {1957}



The elnstic senttering of pions dy deuterons hae also
besn studisd by Ersnsden and Noorhouse®) employing the varise
tionsl methed and the numeriesl results are presented at verious
incident pion emergies from 85 to 378 Hev. Inhhn n;miun they
have derived, they are able %o identify the terms correeponding
to muliple seattering and show that the inclusion of those terms
glters the cross-section by leas thsn 5 ¥ even st the most
favoursble sugles snd energles in the energy renge conzidered.
Their mumeriecsl results sgree well with the exsrimental results

of Hogers and‘Luﬂamm”, Arese el alﬁ)

snd Perwitt et all).
The iwestisations of Rockmore scnd Prensden and Moorhouse
geem %o show thet the impulse eporoximation is certeinly en
epproxinetion valid in the energy region 85 teo 300 Hev. Seo
we thought it worth while to carry out the eanlenlantions using
the ChevieLow mlitudlll} for the pior-nucleon scottering and
present mmerionl resultefor the elastic, ineslstiiec and chorge-
exchenge sostiering of pioms by deuterens at varlous incident
pion energies 65, 140, 195 snd 250 Mev. Calculations have
gloo been done st energies 60and 300 iev for the elastie
process alone for the specifie purpose of comparing with the
experinentsl results of Sache el ﬂlﬂ} gnd Dul'kovo et 5113)

reported nt these cnergles.

E. Arase, G.Coldhaber end S.Goldneber, Phys.Rev., 90,160 (1953)
E.CPewitt et al, Proc. of the 1960 Annual Internetional
Conference or High Energy Phymics (Kochester) p. 196, (1960)
11; GoF.Chew cnd T'.B.Low, Phys. Rev., 101, 1570 (1956)

12) A.H.Sachs, H.Vinick snd S.A.%ooten, o Rav.,109, 1753 (1958)
1}] LeOsIul"kov I.l«30kolova =nd H-G.ﬂh’pmm *

5% B.l!.Braanen and R.G.Moorhouse, Fucl, Physies, 6, 310 (1958)

-

Soviet Physies, JETP , 8 , 217 (1959

L L
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Recently, Prank snd Sprigzs®’ have osleulated the

on-the-energy shell muliple sesttering contribution using the di-
nucleon formalism developed carlier by ?rnnk?} and finda sn agree=
ment with the observetions of DPrueckner. Pendleton'®) hes nmede
an excheuvstive study of the elsatie menttering of charged picus
by deutercon at laborstory energy 142 Mev in a form foctocr npodo-
}EE::;un which Includes double scetiering effects snd the values
that he hes obtsined for the angnlar distribution of the pions
45 not very much difienemt from thet of ours.

The mumerical resulis that we have obtained sgree well with
the experinental Talusn of Sachs et &l at 61 Mev smd that cf

he osse of elastic scettering st 140 Mev. Eerlier Greent?) nhas
reported aglinpulue spproximution ealenlatior for elestic secat-
- nfzﬁhnrgeﬂ plona by deuterons at 135 Hev and he hes also
%00 large veolues for the cross—sections as compsred with
f‘ then eveilsble experimental result ef Arase et =al. E! a
pesult, he has made core scepilesnl remarks sbout the validity

if the iumpulse epproximsetion st the energy 135 Mev snd above.

)) V. H.Frank end T.Spriggs, innals of Physies.
J V. M,Prank, Amnnels of Physiocs, 17, 205 (1968)
0) Pendleton, Private communication
2.A.Creen, Phya, Rove, ﬂ’ 161 {195’}

-




The only experiment that is available in the higher energy
renge is that of Dul'kova at 300 Mev. It is to be pointed

out thet the theoretical curve (reported ss obtsined from the
impulse spproximation) which they have presented for comparison
with their experimental values, is not, however, eorreect. Their
experivental velues are in exeellent agreement with the eslou-
lated veluea of ours bul are in complete discordsnce with

those of Pransden and Hoorhouse,

Thus our investization indiestes thet the impulse appro=-
ximation is a velid approximation in the low (85 Mev) and es
well es high energies (300 Mev) but meems to fail in the neirhe
bourhood of the pion-nucieon resonance. Unfortunately there
&re no experimentsl datn at energies of gbout 200 Mev (i.e. in
the neighbourhood of remonence). The continusnce of experimene
tal iovestigations in this energy renge is atrongly suggeated for
it is huu;ﬂ that these experiments will clearly indicnte the
‘renge of valldity of the impulse spproximation.

The impulse spproximetion hes also been used for enalysing
the various other nuclesr processes snd hence the investigation

)f the snergy range in which the impulse spproximetion is velid
g o grester importsnce.

2. General congiderations
The following processes vis., elsstic, inelsatie and
jarge exchange seattering of pesitive plona by deuterons are

@ e
-
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(1) ma+D—> T+D
{i1) Th b ey | T P+ |
(443) 2D —> T+ PP
The matrix element for snyone of the ambuve ﬁaum can
be written using the impulse sprroximstion as
Q = <_5_| Tm EA‘JE-hu £ Tuu:: EL‘E-*'—:. | ,:_'> 5
1
where P;) is the initiel state represented by
_ e Fig s 7
|,f_> = :L/‘:_ (PU] wla) — P{.’-J 'Y'"-UJ') K u..i{vFJ(‘l ’J {2}
and |4) , the finsl state which is d@ifferent for different
processes. For process (1) , the finzl state is -
! = A =3
l}? = 1'/"(1101 n@) — p@ maaxﬂ U.OLLE) e em (3)
Por process (ii), the following sre the possible finel stetess
M
. I% =3
]-}E> (PLJ&@J— P@)m-) X, g E_LE P et {E"E)
I{-n>s' f"z (PLJ w2 — PC‘J_J"\-LL'.J) x 'LL LE F) -‘-—ZFR 11-,—_‘]—3;/1
(4 v )
Oharge triplet
H.> — 2 (F’U’?t(l-3+ {a@:an) X LLS_ [.-Eeal?) EL'&‘RLHJ
7 (4¢)

RR,_ A
=4 oo pomw)3x L (k) € an’
1%/ - 2 (t:m P (4a)
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For process (iii), only the charge triplet final stetes sre
pooaible,

<ER

- 5 a)
<k R

5oy, = a5 ™ pon b, g e

. =i - e s (R P)e
\'JC.:?T*L”) PO R EK . M ) )
The subsoripts € end O refer to even and odd spatisl parts of
the weve function respectively, snd S and T denote the cherge-
singlet and chexrge-triplet states. In the cbove expressions, hﬁ,
and }31 refer to the position coordinates of the nucleons,

—_— =

and R = Ri+hr ana ?: H.-Fk,  the centre of mssa and
relative unar:inntea of the twe-nuclecn system. ;E denotes
mer&m trensfer to the target nucleon nnd is the difference
between the momenta of the ineident and the scstiered p:l.;n

and :R, a represento the reletive momentum of the two nucleons

in the final stuate. TU) is the transition opersater for the
socttering of pions by the ) - nucleon and is teken from the
theory of Chew et nl.

3 e DIESL i B ti

(a) Elastie scattering
i
The transition operator T( J!.n (1) esnt be written as

(3 (EBIRTILC)) () -2
= t"_f’ T %3 i E 3
W E:m Li':;

(3

0 (3
= EE +£Z-L, 2 JEE"' o x
z 2 (6)

T

e



|+ 5’ (2o
= end 2_3 are the projeotion operators for the

proton end the neutron respectively. The 1, part in (6) dces

not comnect the chmrge pinglet atates and the matrix element for
the elastic scattering ( process (ii) ) after seghoting the spa=
tial perts and performing the isotopic spin operation reduces to

i E
(1)

Kol

Q, <x I&Eﬂ—f:h £

() {13
|‘.: + 'E [hs

where
vl A ‘I;T, - —
S f[ud{PH e dP
(8)
I(: p and i':h rapresent the emplitude for direct scnttering
of 1 by proton and neutron. These smplitudes have been ob-
tained by Chew et ¢l ond discussed in the preceeding chapter.

They esn be written in the fornm
ot £ bl wai) (% )

'
&h = C 4+ d(s"- ‘5'_)

(9% )
_ (L =md ,Er ere the coefficlienta invelving the pion energy,
its momentum, sngle of scsttering and seattering phase shifts end
y are defined in Chepter 111 .
We choose for cur frame of reference the direction of the
ident pion ms 7 -axis, and the plane containing the momentum
gotors of the ineldent and scottered piens ss X-Z plane.

E be the sngle between the two momentum veotors. SV
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Squaring, summing over finsl states and sveraging over
initial statea, we obtain
1: @1 5 FE 2 uf+d)2r El:.
where
4
q Y

]fitu‘_l — Lcaalﬁ[@&hléga_;-LSleE,

r
=} S-u'\..l'a-“
+(83-u35'53—|- S-S.;fé-ﬁl

+ 2 224 .Jl:l

N - 1
f — e : : . '
l +dt = J-%j, E-LMLé [(Em_lé_as‘"-;t S'_'m"l'é‘af_'?i5:+ 13’”:'

pu
i Cls*"'“l 833 =Sl dyy — Sk 5”) J i

n (11)
The uﬂrﬂp integral | c¢an be evaluated using the YNulthen wave
| function for the deutoron
—xf —Af

: s o T = —
(B {Fw —fl o umn O

where of = ME o f! = 1.74 x 10727 o y the effective

triplet scnttering renge smd 4 isx given by

—% = FJ[I-&- -%—D(Fl;]

(13)
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M is the mase of the nucleon and < , the binding energy of the
deuteron. Using (12) in (8), we obtain

e

4L A
e
3 (zm@) j (14)

Itmhmntimdthuttnthawtnnfmitu{,fr-c = pion
mass = 1 ) that we use, the constmts o , 5 end [, assume the
following values:

oK = 0.32743 /5= 2,068 and F’ = 1,231 (15)

The overlap integrals have been evaluated at verious sngles and
energies and they ere tabulated in Teble I .

The differentiesl cross-sectilion ia given by

.': @rrjl ‘?/Ld' [&ll

- (16)
(> 4s the enmergy of the pion, 9/ its momentum and 1 the
veloeity of the inecident piem. If we take into account only the

dominant phase shift J. 23, &8nd neglect others, the expression for
cross sectlon assumes a very simple form.
(ﬂf) = e scae) [E |~
d vt ol 179 (x7)
n the above, we have made the justifisble sssumption that the
iling deuteron receives only momentum but no appreéh:l.- enerey.

-
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(b) Inelestic seattering

In the cese of inelastic sestiering (process ii) four dif-
ferent final states enumerated in sec. 2 are possiblej; and so

the square of the matrix element is a sum of four terms i.e.

Q1= (Gell + Q)2+ [Qe], + Q.

(18)
*hre where
Qe =<2%, | £ L8 mﬂ?m‘;m«n)[ guvie G
’ Q. e Lt €0 - E-ET) XW>O i
L) - - R )P E
(19 ¢ )
Q=i | & (EF -0 - £) | "2y 0
N (19 a )
2 the =bove
€= fuge hb)exp(« £.7) 1@ d? (20 )
= S u+*0 (Ea-?)ﬁxfa (4_‘ v:E;_Ig) ll.dfﬁ) fi?
J (20 v )

—=

and () are funetions of /Fz., s the relative momentum of the
jgoing mulun-. The cross-section is given by

_,dr-@rﬂ & 25C5+M+Mﬂw,)dﬁ
A ) M
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where (U, end ©, are respectively the energies of the incident
and the outgoing pion. The integration over Iﬂ can easily be
performed if we negleet the binding emergy of the deuteren amd
invoke the eclosure spproximation according te which all possible
relative momentum of the final states of the two nucleons may be
taken into account without considering iha relstive energy invaved.
This iz a useful approximation which simplifies the numerilocl ecole—
ginkteex culntions enormously but the cross-—sections we get are not
for the inelsatio seanttering but for the sum of elastic mnd in-
elestic soattering. Since we have earlier calculated the crose=
pection for the elastlc aentlering separastely, we con essily find
the contribution from the inelmsstic sonttering selone,

Heglecting the binding energy of the deuteron and invoking

the closure spproximption the integral f.‘aj""o{ £. e easily
be eveluated mince

(B 2 Lovs
floyd & = £0-T)

(22)
T :jcm.&-f) u @) o P
= L2 {ta (’k + £ “(”&>-2P (‘,.;_,,;g,
(23)

we obbain the differsntisl cross section for the sum of
¢ and inelsatio socttering as




s Spment 85 () ot |2 (4] el ol

42T {mamc e e Tkl
4k RebRed + T T )|

(24)
The quantities a , b, ¢ snd d ere listed in Chapter
The differentisl cross section aasumes & simple form if we
retain only the dominant phsoe shift 5-5-5
&
q{“__ ) — = S-iw-tég'_a, T C i+ 3 C.r'::LS')
d v Gy &
IEA&: +m—4fﬂ.bf§- o
—+G—|—Hﬂa‘3 {9:’:‘:3 {25}

In the case of Gharge exchange scattering (process 1ii)
the trensition operator in (1) is ziven by
@Y W) G
0 = éc Gy {26)
vhere T, is the operator whiel: chonges the neutron into the
pintm but yields mero when scting on the proton. f:,.._iu the

emplitude for the charge exchange scattering which can be writtem

in the form .

o= ELTamsntp) = A+ B(ot—o7)

(27)
the quantities A and 3 having been defined in the preceding

chapter.

-




There are two possible fingl states (charge triplet stotes)
and the square of the metrix element csm be writien as

|G.[l= [QEILT IGL:.]L

(29

where
G,E 2 l'.f:- <| [lj : (:m{ X'h—-—> 'El (30 &)
Qs = 1""=<3th1 Rt X %>1G| (30 ©)

Yollowing ®e procedure adopted earlier, the differential cross
‘pection can be obtained using the closure approximation snd neg-
-Mtins the binding energy of the deutsrom.
K .‘I. L
B ) e e[l S {3k By

.

CL&L}Q escﬂm?_

he quentity ] bes slrendy been defined in exp. (23). If we
» into sccount only the dominsat O, phase shift, the dif-

(31)

ferentinl crecss section becomes

é_ﬁ:) = % Lj&.?:il#-'?_:ﬂaﬁlﬂ- %Clﬁ-”da’-‘l‘-g)
C-{‘ﬂ*‘ﬁl e;q,ﬁm.-g,c_ 32)
It will be instructive to compare the cross-nections for the

deuteren with the free nucleon cross sections

e A A

Ci':ﬂ- n:r"_P_JTTT'f'P

(0{ r) = @ njrlml Ci’ﬂ’? lﬁ’”? (34)
s

fim" G T




) et e
s T p (35)

We find that in the cuae of the sum of the elastic and inelastie
.ﬁtming by deuteron, the cross-pection ie larger than the sum
of the free-proton emd the free-neutron eross=sections. In the
oace of charge exchange secttering, te which omly the neutron
gontributes, we find that the mBaatinn is reduced by the
presence of the other particle (proton). This effect iz to be
_ buted to the Pouli exelusicn principle, In the former case
(elestic snd inelsstic sesttering by deuteron) this effect is
ded by the presence of the interference terma. The overlsp
grala [ and T are decreasing functions of both energy
pl engle as shown in Table I « Henoe at high energies and at
large sngles, the differenticl cross-section for the process (1)
md (1i) ta‘ﬂm together, approcches the sum of the free-proton

d the free-neutrcn eross-sectlons snd for the process (iii)
he eross-section approsches that of the charge-exchange secate
g of Trf‘hy free neutrons.

The differential cross-gections for the elestic, inelestie
cherge-exchengge scatiering of plons by deuterons have been
loulated numericslly using (16), (24) and (31) at vericus incident
g energies 85, 140, 195 and 250 Mev and nlso at 60 and 300 Hev

-,




for the elmstic process slone. It nay ‘bt noted that the ex—
pressions (16), (24) end (31) have to be eveluated in the c.m.
system of the pion-nucleon system (and not the pion-deuteron
| system), since in the impulse spproximation, the inecident pion
"seca" only fe individusl nucleons snd the intersetion is des-
- eribed as the sum of the invididuel scattering amplitudes. The
repulta zre tebulated (Tabies 2, 5 and 4) end they are given in
the lmboratory aystem to facilitate direct comparison with the
experisentel date. Only the dominant O . phese shifte have been
teken into smccount in the numeriesl calculation snd in the cese
of elantic secattering st B85 and 140 Hev, the effeét of inecluding
the cther [ -wave phase shifta have elso been studied end as
ghown in figures 2 and 4 , the effect is to reduce ke the cross-
seotions slightly.
| At pion energiles 60, 85 smd 300 Nev, there exists good
agreement between the numericsl resulfsthet we have obtsined and
he experimentel dets of Sachs et al, Rogers and Lederman snd bul'
kove et als Fige. 1 represenis the differential cross section in
laboratory system for the elsstie meattering of " by deuterons
it 60 Mev slong with the experiuental points of Sachs et al.

Mpgn, 2 and 3 correspond to the energy 85 Mev and the experimental
joints marked therein sre those of Rogers end Lederman. The
glastic sozttering crose seotion is presented in Fig. Zkmd the
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sun of elastic and inelestio scattering cross section in fig. 3.
The selid curves represent the theoretical velues caleulated using
only the dominant J.:phase shifts. Pigs. 1, 2 and 3 depict &
good agreement between the csloulated and experimentsl velues.
However, in the e=se of oharge exchenge secattering, the valueo

- thet we have obtained are much lower than those of Rogers and
Lederman at large angles and that may be due to the neglect of

A un;tf‘;_mﬂ phasé ahifts,.

The sgreement at 140 Mev between theory and experiment
geens tobe poor and the large cross-sections at beckward angles
sammot be explained sway by the on=the-energy shell muitiple
soatlering effecta and the inclusion of 5 -wave phese ahifts
D state wave function. An exheustive study of the elastie
3 ring at 142 Hev and the effect of various corrcetions hes
peen gade by Pendleton using the Forn factor spproximation; bub
his final result dees not seem to differ much frum the mmeriesl

lues we have obteined by this simple spprosch.

In fig. 5, the eazlculsted erces section (sclid curve) for
e elsstic Iﬂlttlai‘im_{ 2t 300 Mev is presented together with the
perinentsl results of Jul'kova et sle The egreement is execellent,
mover, Dul'kova et al have reported that their experizental
gults sre in couplete disegreement with the theoretiesl values
teired from the impube sprroximation celeulation. Thet eonclusion
ip based on the Lhesi coloulation reported therein (shown by the
tted line in £ig.5). It may be observed that the values of




Brefigen and Moorhouse' ere ulso in complete dissgreement with

the experimentel results at 300 Mev snd slso with thet of ours. '
Ve present in Teble V , the three sets of values for the purpose
of conparison. We obtaln goodngreement not only with regard to

the engular distribution but mlse with the integrated cross-
section (Table VI)., Although we have conzidered the seattering

of TFTIlI deuterons, our resilis are essenticlly the s:me Lfor the

17 seattering by deuterons emd we do not distinguish between
then.

Unfortunately there sre no experimental dsta to compare with

- for the inelastic and charge~sxchange seattering at 140 lMev and
sbove. The recent experiments of Pewitt et al and that of Dul'kova
et al are on the elantic sonitering slone smd that too at energies
140 end 300 Mev only. In feet, the experiments cn the elsstic
‘soattering are the most importent cnes for testing the validity
of the impulse approximation since 2 relisble csloulation csm be
irn this cese, the finel state of the system being well defined.
inveatigation seema To indicate Bat the impulse sporoximation
g valid spproximetion in the law (85 Hev) as well as high
erglens (300 NMev) but fails in the neighbourhood of the pion-
cleon resonance, Ihis conclusion is besed on the discordant

' Pendletenobserves that BSramsdem and Mocrhouseuse an inconsige
tent atatic model which assumes thei nucleons sre infinitely
passive within the deuteron but which gives the deuteron its
gorrect nass.” Their results agree well with the experimentsl
dats st 85 and 140 Nev but fails completely et 300 Mev, yleld-
ing too low velues,




results that we obtain at 140 Mev. The continuance of
experimental investigations at emergies in the close
Beighbourhood of resonsnce (200 Mev) is strongly suggested
for it is hoped that these exveriments will clearly deeide
the issue @and, 1f an conjecture is confirmed, will stimulate
the theoretieal investigation of the influence of the plon-
‘mucleon resonance on the Impu]ii approximation. One plausible
explanation is that in the resonsnce region, the pion-nuecleon
a quesi-bound state and consegquently the interaction
time 1s much longer, thus invalidating the impulse assumption
that the other nucleon is a spectator.
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Zgble I
fhe overlap integrals E and I as s function of pion ke %
' kinetic energy (lab,) end the leb. sngle.
0 30 60 90 120 150 180
0.7902 0.5105 0.3541 0.2770 0.2419 0.2313
1 0.9200 0.7415 0.6027 0.5196 0.4772 0.4646
1 0.7158 0.4127 0.266% 0.,1995 0.1704 00,1623
1 0.8598 0.61T79 0.46235 0.3786 0.3388 0.3264
1 0.,5880 0.2797 0.1609 ©0.1128 0.0928 0.0875
0.8002 0.5235 0,3709 0.2815 0.2461 0.2418
1 0.4922 0.1973 0.1068 0.0635 0.0573 0.0541
0.7454 03911 0.2987 0.2285 0.1960 0.1867
0.4186 0.1194 0.0753 0.0493 0.0382 0.0355
1 0.7020 0.%859 0.2520 0.1869 0.,1591 ©0.1510




Zoble II

The differentlisl cross seetion ﬂ’ for the elastie
UL

seattering of 177 by deuterons in units of wm.b./stersd

74

Lab.

angle o® 30° co® 90° 120° 150° 180°
60 5.044 3,838 0.8351 0.3346 0.5808 0.8026 0.8742
85 12,62 7.568 L1.747 0.6359 1.039 1.388 1.495
140 T 45.19 23.66 4.342 1.340 1.974 2,505 2.641
195 68471 31.17 4,737 1.311 1.650 2,008 2,186
250 38.44 15.15 1.480 044756 0.6106 0.7131 0.7352
300 22,79 74954 0.8543 0.2007 0.2426 0.2785 0.2852




and inelnaté scottering of m by deuterons in units of

Zable JIT

The differentisl oroas section Ed_f for the sum of elastie
ol L=

13

n.b. / sterad
0° 30° 60° 90° 120° 150° 1g0°
12.62 8.104 2.844 1,674 2.928 4.263 4,751
45.19 27.54 9.754 5.B53 10,08 14.63 16,31
68.71 40.18 14.43 8.794 14,99 21.82 24.34
38444 21,75 74857 4.884 8,333 12.08 135.47

R —



Zeble IV

The differentisl cross section Ef.% for the charge

exchange scntiering of T by deuteron in units of

Bebe / aternd

76

60° 90° 120° 150° 180°
0 0.3865 0.3708 0.2826 0.4489 0.6488 0.7252.
0 1.878 1.471 1,058 1.T740 2.530 2.829
0 2,153 1397 9315 1.563 2.2T7 2.544
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Zgble V
The differentinl cross section %{i in laboratory system
for the elastie scuttering of charged pions from deuterons
at 300 Mev in units of mb/stersd
ngle =~ 0°  30° 60° 90°  120°  150°  180°
B.H, 10.48 2,72 0.25 0.03 0.02 0.03 0.03
-stﬂt
Theoreti- — 18.00 4.00 0 4] 0 0
eel)
kS -51

2.C. 22,79 7.95¢ 0.8543  0.2007 0.2426  0.2785 -

Bl. = The thmoretieal volues of Hromsden snd Moorhouse given
in ref. 5 at energy 298 Mev,

8.5 The theoretical velues at 300 Mev obtained on the

pore- = impulse spuroxdmation ns reported in ref, 13. The

gel) valuea are taker from the curve given for the PUT=
pose of comparison with their experimental results,.

kS.3e The experinentsl valuee at 300 Eev taken from the
Peri~ = experimniel curve given in vef. 13,

i6s = The present celeulmstion st 300 Mev based on the

@ approxination ueing the Chevelow amplie
tude for the sentierings of plons from free nu-
cleons.




Zgble VI

The integrated cross seciion for the elaatic scap-
tering of charged pions by deuterons at 300 Mev in
the angular range 157 - 170° in the laboratory
systenr in unita of mb.

Experimental Experizmental
7t D T D F+D->m+D Theoretical

21 +6 14+ 4 14

78
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CHAPSER V.

PHOTO PRODUCTION OF PIONS FROM DECTERIUM
1. Introduetion

The photo profuetion of piora from deuterium hes been
studied earlier by many mthu:ﬂl) v 2)s 3) under the impulse
: pﬁximtimu using 2 phenomenclogicol aprroseh, asmuming for
the emplitude of photo=production of pion from nmucleon & generasl
ture ( ?_}2 4+ L ) where tho first term reprosents the
n dependent and the sccond the apin independent part. Since
he complete ampl tude for photo=plen production from nneluum*)
8 now avsilable, we use it to derive the cross—-sections for
hoto production of neutrsl snd cherged pions from deuterium,
iriesl evaluation of crose-sectiorna i poseible in this cuse
i the Bmﬁﬂnium involve only the Jmown quentitles: the pione
peleon montiering shase shifte snd overlep integrels. The soni-
fering rhuse-shifta csm be obtained either by using the solutions

i Salmann and Salemen®) or from experimentnlft dnte, The gverlap
Itegrels sre evelosted walng Hulthen wave function for the deuteron.

V. Devanathen snd G.Renechandren, Fuclear Physics, 23, 312 (1961)

Allc-di Remakrishnan, V. Jevanathen and G. Remeghandran,

. Kuclear Physics 163 (1561)

§ 6.7.Chew and H.U ﬁia, Phym. Rev., B4, T79 (13R51)

’ u. Lax snd H.Peahbach, “hys. Rev., 509 (1952)

Y. Saito, Y. ¥stanabe snd Y.fsmaguchl, Prog. Theor. hyd.,
10% (1952).

. John Chapplear, Phys. Rev., 93, 254 (1955).

- E.F.Bmw Feiadiowy M.L.Coldberger and Y, ¥aniu, Phys. Hev,

13#5 (1957) «
Jelgasn and P, Salmuan, ihys. Keve, 108, 1619 (1957)




In section 2, we corsider the photo production of

neutrsl plons from deuterium, the ‘elastie' process of
which is of particular importence for it presents no un—
certainty regarding the final state of the system. A re-
liehie eslenliation is poasible in this ease sinee the spatisl
wave function of the deuteren iz known end the complete empli-
tude for the photo preduction of 17° from nucicons is given

by Chew et al, The differential cross-sections for the
elaeatic phote profuction of 7T~ from deuterivm are obtained
@t verious photon energies 1.5, 2.0 snd 2.5 in units of pion
megse A deteiled comporison ia mede with the experimentel
results of Weglfe, Silverman and De Rirnﬁ), Duvis snd ﬂormnﬁ
and Hosengren and ?ln.mna}.

Ae Chew and Laﬂinl} have pointed out, 1t would be of
intercat %o study thelfinal spin state of the reecciling deu=
teron in the case of 'eleatic process'’. The differential
groas=sectionn for the various final spin statesz are slso
given separstely in sce. 2.3 for the incident photon of
energy 2 pion mase and it xemnfx is found thet they are
nerrly equal at lerge angles of pion emissien but at for-
werd sngles . - o stute predemingtes,

Bection 3 1s devoted to the charped plon production.
fhe cross sectlon for the meson speetrum is obtnined using

80

6) B. Volfe, A.Silvermun snd J.¥.le¥ire,
M-ﬁﬂfigﬁ' 268 1955}- )
Heleluvis aml DR.Corsaon, Phys. Rev,., ﬂ' 273 (1955)

8) J.W.Rosengrasn snd N.Baron, Phys. Rev., 101, 410 (1956)
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the overlar integrals of Lax and hnhbnchal. The energy
gpectrum of meacna for o gilven production sngle and also
the angular distribution of mesons are obtained for the
ineident photon of emergy 3520 Mev sni the agreement with
the experimentel results is satiafsetory.

In evibating the overlap integral, Lex and PeshbaohZ)
ﬁnve taken into sccount the dinding energy c¢f tha deuteron
and also the relative kXineilec energy of the twe rucleons
in the firnal stote, But the esleulations beccue very much
simplified Lif the dentercon binding energy ls negiscted
and the closure approximation ie used for the intesgration

of the moumentum of the two nucleon system in the final state,

UYging the motation followed in the earlier chapter,
the matrix element for the photo production of T1° from
deuterons may be written ss

47 2 3 ol '
= ¥ o A i ' o s A
Q= (F| TVexpeRR) £ TVemp (RIS
‘where ’,..> is the initinl state represented by

; _yz . o ._:jyl-
I“"> = 9 { "J{n m(3) — Pa) nly 3 E‘Xh‘_ LLd(FJ(l ﬂ-r;} (2)

36
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and [+ the final state which may either be charge singlet
or charge triplet. Por the ‘elastic’ process V+ D—> T~ D,
the final state ia
16 = P po e perol S @) e A B0
(3)
Por the "inelastie' process Y-+ D — s pam

we have the following final statess
(=) charge singlet

3a

I-_E-E = {FGJ ~{ay — pG2 T\-EJJS x 'I,L Llﬁe F) EKP{,LIR_)&, 2

|'f> /,,{ pus MG — PG ) } X, Wy (,EL -£) exp (£E3 Dam -
(4 v )
{h} charse triplet

el

| y : —_ l_;_"!f:.
I 5‘e>; L gk 5_ pus mGd + P@’m}} !9(5 uéﬁ(&“@ enp(%g?(; :

[ :{_> { PO may + Pad fnwﬁ 3;(% u&ﬁ[,ﬁgﬁ) e:#[zlﬁ){&'ﬁh‘
(5 )

The subseripts € and O refer fto even and odd spatisl parte

of the wave funetion reapectively. It cen be shown that the
contribution from the cherge triplet final st te is almost
negligible singe the Cheve=Low smplitudes for the photo nroduc=
tion of T from proton end neutron are nenrly egusl. The

najor eontribution te the cross—-seotion comes from the charge

| singlet final stote (both elastic snd imelastic). Ve shell,
however, desl in some detmil the ‘elastie process’ wherein
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the finsl state is weli~defined mnd presents no uncertzinties
md for which the experimental dats are aveilable for comparison.
The trensiticn operator “[“:’ in ( 1 ) ean be written as

(3) ) W) £, i)
T L b (et e e S ) (6 =)
or as

U) (., W () Q) &)
T Ji(b" +b’“) - te) (6 b)

where t‘, snd C. are the smplitudes for the photo=production
of T from proton snd neutwron mnd S (1+T) @md £ (1= 7))
the projection operators for the proton mund neutron respectively.
the <, part in ( 5 ) does not cormect the charge asinglet st-tes
and the matrix clement (1) for the elastic process ultimately

reduces to
2 5L r PEN RS DI *1'3})\3}("'“>E n

where

E = [ ey exp(<2P) dF

/E(T-_-—-j..-__? * _-‘: E‘l"ﬂ"‘-
i sl (9)

(8)

|

= —»
Here, 1 ie the umouentunm of the incident photon smd AL the
monentum of the outgeing weson.
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¥e shall use ke for {‘*. and (., the complete
amplitudes as given by Chew et sl ,

Ao e

ek G s
—= et (F=F2) o

In the nbove, [° is m mmall term which we shell neglect and

(10)

retaining only the dominant terms, F+ can be written as

+ - - — - "
F = & o= x (D= €) ap [ ,E_+
L Mg*
+ 430 x€ -dv
where L MET
45 £
/R, = — -—1—_—:_ 2 533 S—-—uu—g i e
3
Bt b o F,
B

9 b ahara the megnetic moments of the proton snd the
naut;rqn resproiively, ), is the cnergy of the incidemt photon,
€ 4its polarisntion, {4 _ is the energy of the cutgoing meson,
E‘}‘ is the spin operator for the nucleons and 533 is the phase
ghift for the meson=-nugleon senttering in the (3.3 ) state.
The other phase shifts sre neglected,

To eveluate the matrix element ( 7), we negliect the
motion of the micleons in the deuteron and choose for the
operntor '!:P and IE% the expreseions (10) smnd (11), which
for a particuler stnte of polarisation, say £__, cen be

written as ( negleeting the [ term)



&F:e’h: axﬁ+.€r;ﬂ__“f’cxrz+0{ac (13)
¥e choocase for our frmme of reference the directicn of
the incident photon sa 7 saxis end the plene which contains
the vectors 3 send 4. 88 x-z planes Let O be the smgle
— —r
between . mmd A~ o

Squaring, sumning over fingl stntés and cveraging over
initisl epin statea and photon polarisations, we obtain

i_-_é‘ i o 3 ID{L
2 1 8 Bl et ) (14)

where

2 ES L i
al*= 2= +[a4] ] by
2| = , K] B

1__ (:'xl.l—i— & 5 1__ IG{I}L-H- d‘j =
e ™= [ 1I Y | . |d| = l[ l (2s)
Euhsnrip';n x and 4 refer to photon polarismtions €. amd < g -
Substituting the values of a , by ¢ and & , weffinally obtain

e

IQIZt 2> CLALJ-‘L San-tdas (H" - 5“"‘}5) hE}L

BTAL (16)
where
gibe RUET SHR T 0 1
a o F I e Y 2

end [ is given by ( 8 ) . Uaing the Hulthen wave fungtion
for the deuteron, L cmn be evaluated snd it is identical
with the exp. ( /4 ) obtsined in chepter |v.

== () [ ) e )

— 2 Eﬁ;’( s 3 an

2 (a3



91
The crosp-section is given by
-2 N T I
de _ et lal™ § (u+ B2 20
d A~ ™ (18)
or
d o Sh i S
_— = Llfr} |Q1 AL A, é *aﬂ'i'km————-_#} — 2,
ol Mo d v 2 | ™M (19)
The integration over ol 4, om esasily be performed if we make
the juetifisble assumption that the recoiling denteron recelves
enly momentum but no appreciasble energy. Then
e -+ z
— = (a2 A M,
o i ) &l (20)
whereln 44, = 2 s A=l —1 end \Q]L ia

given by ( 1 6 ).

If the finsl state of the deuteron is not obzerved, we
gbtain the total cross section for the 17° photeproduction which
ineludes both the elastic and inelsstic evento. ¥or this, we
have to sum cver the four different final states that are
possible. However if EP = £,  » the contribution for the
gharge triplet finel states venishes sirge it is the T, »art
of T that connects the cherge singlet to the charge trirlet
atote.

Phe differe¢ntisl eross-seetion for the totnl 17° photo-
produetion from the deuterons csm be cbtalned eusily neslecting
the binding enersy of the deuteron and using the closure spiroxie

‘mation



E‘-;‘; = @m)  #te (latd X
(21)
where
51@]"& - B s

In the sbove, we have auuumad that the entire energy of

the photon is given to the meson ( At. = 1, )« The overlap
integrel I hnrs besn evaluated in the previons chapter

( eg. (23) of Chapter IV ).

= l-D{f' /Fi {E ﬁ;c + ta< ““‘F’* 1&0.-21;‘%‘(23}

2.2 Kumerienl remulis and ecomper.son
with experiments
Uning (20) the differentisl eross-sections for the "elsntieg"

process have been esleulated at three photon energles 1.5, 2.0
and 2.5 in units of pion mess and the resulis are reprezented
in figs 1. For completenesa we also give the numeriesl resulis
in Tsble 1 . :It:perizaantnl resulte sre availsble at photon
energy of asbout 2 plon mass snd they sre plotted in fig. 2,
i‘hﬂ experimental voluegpf WVolfe, Hilvermsn and Jlewirae) are
for photons of 50 Mev spread centrafat 280 Mev and those of
Devis and ﬂn:uun?) at 270 Mev . The results of Rosengren

and Toron®) ave the latest and they wers obtained for photoms
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Iable I
‘The differential eross-section {%gi_fur the slastie
phote produetion of 7° from deunterons as a funetion
of photon energy and laboratory angle of meson emission
in 10770 (em)® / sterad
2, . g !
" Lok uﬂ' 300 wﬂ 90 mﬂ 150,“ 180
1.5 14155 1.481 2,346 1.109 0.5961 0.2568 0.1439
2.0 1i.44 11,50 8,549 4,642 2,055 0.8044 0.4360

2.5 21.18 16.66 6,198 4,085 1.028 0.54T4 0.2912
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Ieble II
fhe differential cross-section %—E for the elastie
photo production of 71~ from deuterons st photon energy
2 pion mass as = funetion of finel spin state of the
deuteron snd leboratory angle of mass emission in
10-30 (em)? / sterad
SN
Nk 0° 30°  60°  90°  120° 150°  180°
=
B x4
1 2,861 3.538 2.974 1.658 0.,7183 0.2475 0.1090
0 5.722 4,423 2.602 1.326 0.6235 0.3094 0.2180

-1 2.861 3.638 2,974 1,658 0.T183 0.2475 0.1090




99

of 30 Mev scread centred at about 280 Yev. The atandard
statisticel errors are indiceted in figure. They apply

only tc relative cross-seetion at varicus smgles snd the
absolute oross-seetion is subjected to & further experi-
mental error of 20 # , Curve 1 of fig. 2 represents the
theoreticel velues obtained st photon energy of 2 pion mass.
The genersl sgreement of the theory with the experiments is
good and especinlly the experiments with the results of

Rosengren and Corson is remeriable.

2+35. 1 % eut the
Zelestie! process

Formula ( 20 ) was obtained after summing over the
three finel apin stetes (W, = + | o - 1) of the reeoiling
deuteron. It would of intersst to study the differentisl

=]

eross—-pection for elmstic [7° produstion for ench of the

finel epin atstes separstely. The sguares of the matrix ele-

nents are as followat

& 1__ 9’ B e = o ST
}Q“\ = Q. = o, Xt i U+ 4sa20) (26)
ML B T e e e (BN
lin T A D So. das o

the subseripts + 1 , 0 , «1 indicste the fimel W, state of
the deuteron.s The numerieslvelues for the differentisl erosse-
sections are obtained for the incident photon of energy 2

pion mass snd they are presented in Teble 2 . Curvis are also cdhrawn
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30° 60° 90° 120° 150° 1BO°
B LAB .
FIG. 1. ELASTIC PHOTOPRODUCTION OF TT° FROM D AT
PHOTON ENERGIES ['5, 2°0 AND 25 I[N PIONMASS UNITS
|
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in fig. 2 , Curves 2 mand 5 ere for particular final spin
states "™ _ - o snd ™M, -4+ | oF — | « It omm be meen that

at lerge sngles of pion emission, the cross~sections for the
different finel spin stutes are nearly the smme but at forward
angles the ™ - o stote predominatea. Exact expresaions for
the croas—-sections esn also be derived if the initianl target
deuteron ic polarized snd the effect of circulsrly polarised
photor beam on the polarised deutercns may alsc be inveatimated;
elthough the exrerimental verifiecstion of these results will be
rather difficult if not imposaible.

For the snke of definiteness, we shall consider the
photoprodueotion of T from deuterium, nlthough the procedure
iz essentislly the some for the  production.

Ve spply the amplitude for the photo produetion of m™
from a proton (retaining only the dominant terms)

; - s s e
o= P e e : ‘[.J.‘E"‘.E 4 22 "L;)# }
JAE |+ &= (R=F) =1

v eRUABR =@ <)) XA

+ Z.(ZExE) 3’\«‘3»_'*} (26)
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to the problem of deuteron snd follow ecsentially the
eppreoach of Chew end mnl] « In the impulse approxime-

tion, the matrix element for the process can be writien as
LEB-ED Ry SRR Ly
<5'IT,E Ty = Toud "t:.\"*>
' (27)
where T 4is the isotopic spin operator which conmerts the
sroton into neutron but ylelds szero when 1t sets on the neutron.
The ixixink final state is that of the dsuteron snd the finel
atete consiste of two neutrons which may either be symmetrie
or antisymmetric in space
DR
'-3?6. { - == 42 {.-"'-"' A
4oy = @m) " mtomes X, Uy ket @

(28 a )
LG-AOR

l:h> = @rriaﬁ T w«b&sxh uhéﬁ.-—@ £
(28 b )

ﬁ
In the sbove, ,ﬂq, is the relative momentum of the twe neutrona
end 'P’ and TR) are the relasiive snd centre of mess co-

crdinates of the di-necutron system.
The matrix elements for the symmetrie and antisymnetrie

crses reduce %o

Q.= - SRy

q. =it T 20

(29) = )

(29 b )
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where
* (RSB Coo(s BB [BLD)] 4F
£ = g o Re®) Ca g B) |
( 30 a )
0= [ uj, (BB 2229 (0] oF
{30bp)
To evaate the sbove matrix elements, we choose for the
‘operator T the expression ( 26 } whieh for a particuler
state of polarisation of the photon, sny €_. omn be con=
veniently writteslin the form
T At + B =7 @L o= 4D
il = (31)

Squering, sumning over final states and averaging over
initinl spin states and photon polarisations, we obtain

[T Prap] = Bl 2er) o,
|[<x, | Tl 5?{;} Il i Ll 11:1131131‘){32 b )

l@.\l = (G_e.]l-i* th)l
= L (jalr+BlI*+ 2(cl*) |€]
2 (JAP (B 2lel+ 3127) 0]

(33)

vhere e B 2z
*_ [Bx)+ [By]

a1= 1A= (AT gy
L3 FL
e )= C=l &)™y = (B o [DﬂL(“)

5 4
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Jubseripts x snd ‘4 correspond to photon peolsrisction

€ and EL{}. %Mmu—mﬂmiagimhy

dﬁ" = zrr_JL = c'i € + o + "E’:-_/éf +J&_.i-‘-:""ﬂ

AZdR G jaluail M j) (35 a )

or

_de -.—_Lm)'l,ua.gl@l}'éiﬂm—rj‘/*r*j‘ o) d R
e ("35 v)

where £ 4is the binding energy of the deuteron (2.226 Mev)

and ‘E‘H is the finsl relative kinetic energy of the two
neutrons in the finsl atate.

(E_’Land ‘(jlz heve been evaluated by Luax snd Feshlack
choosing the Hulthen funetion for the initial specliel wave
furction of the deuteron =md

» uﬁ).-u@ e kP

VRS T GD™ Se (Beif)

( 36 a)

( 36% b)
for the final staten of the di-neuiron.

Using the results of Lax end Feshbeoh®), the eross-
psection for the meson spectrum ¢on be writtenin the finsl form

des T [ =LA D
——— =2 Ll W e Do = S ILJ
Seiae e i 5 (37)



= AT+ BT+ 2 |e|*+ 2|D|*

- ez =
pee L2\ femn ‘3’1)

I boA f3,5:%g
L 25 Co 8 -
H-fﬁ DAL (Lﬁ*ﬂ-}il 3 i- G iy
Sy g e
.Lq ! [+ 3 s076)Sv"dqa (39)
ok
LD = Smes | g >0 S
e [ Gpaeries @ L“Lé_ﬂj
T = 2 Mae il ‘
| s, | T LI ! (39)

e R e
TT'(f-ﬂfPJ Pd_iﬁ“'kt %Fﬁﬂ'ﬁl

— g (k) (b )
Rk (3o (B4 Ank) (=2 k)

o = Mo [ Pt Fnfe s

(- 6) ,&(ﬂg P;J be- Rnk
P Dl ik
ﬁ P '&’“'&]
/ﬁ; =aMilas=s— E')—-_l O
& (42)
B

Puc: =2 1 (30 i D e s ~4o)
b = M (vo-La—€) + " = Mot A=e™ (1)
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Expression (37) for the meson spectrum has been evaluated
mumerieslly for sn ineident photon of energy 320 Hev st
englen 0%, 45°, 00°, 135° ona 180° and the results
are given in the form of curves in fig. 1. The engular dis-
tribution of mesons 18 given by curve 1 of fig. 2.
The experimentsl resulte of Vhite, Jacobaon ond ﬁmulzgj
are ineluded in fig. 2 for ecamparison, They have made messure=
ments st three lsborstory angles 45° ’ 90° anda 135°
ueing & "spread-out" bremvetrahlung photon beam of 318 +_ 10
lev end hence their results represented by pointa in fig. 2
are for an "equivalent qus:.tm": Curve 2 (e) is a smooth
curve drawn by them ithrough the experimentsl peints by
utmpq%ntian snd the curve 2 (b) is obteined from the
curve 2 (@) aftes making corrections for muclear interactions.
It io %o be noted that the curve 2 (&) does not include the
ungertainties of exverimentel obzervations end so alec does
the curve 2 (b).

Robert H. Lmdm, has studied the ' meson spectra

at 120° using a monochromatic photon bem of 292 Mev snd
his repults are given in mrbitrary units. ¥e reproduee in

¥ The number of equivilent quanta is defined oa the totsl
energy in the besm divideé by the naximum photon energy.

9) R JH.¥hite, M.J.Jacobson and A.C.Schults, Phys. Rev.
%., 836 (1952).
10) Ro

?

bert H. Land, Phys. Rev., 113, 1141 (1959). '

e ——RE R S R R ERRSBB:EinigiimmmiEiERRRR
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. Pig. 3, his experinentsl points along with the theoretical
curve that we have obtained for 1’ meson spectrum at 120° |
for en ineident photon of the ssme energy (292 Mev). The
agreement is satisfactory. The ocurves of %¥hite, Jamcobson
end Schuls for meson speetra are, however, broader which may
be due to the “spread cut® photon besm they have employed.

3.3. Discussion

In section 3.1, we have obtsined explicit expres~
sions for the meson apeectrum in terms of pion-nuelecn
gscnttering phase shifts and the overlap integrale of Lax
and Feshbnch, If ve are interested only in the anguler
distribution of the pions end not in the energy distribu-
tion of the plons amitted, we ean obtain the former from
the latter either by numeriesl or graphieal Q-thndﬂ. But the
ealeulstione becone very much simplified if the deuteron
binding energy 1as neglected snd the closure approximetion
is used for the integration of the fingl momentum of the

two-nucieon eystem., The differential cross-~section can

then be written se

= i
dﬂ"' = Cl ﬂ")l .-’f"-*{"":‘ (-z = 1+31+:D' I)
L

(45) |
where the quentities 7 , D and T are givenm in '
expressions (38), (39) and (23) . |
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It will be instructive to compare the deuteron crosse
gegtion with the single nucleon cross section vim.,

9[.3-—‘_ :Llrr:‘;rl A Mo ol
= (46)

A ut
The reduction in the oross section is to be atiributed to
the Pauli principle. It may, howover, be pointed out that
we have not taken into account the final state intersctions
of the two outsoing mucleons. Thiis, in principle, may be stu=
died by snclysing the finsl stale of the two nucleons into
partial waves which axe distorted by the nucleon-nucleon

phase shifts.

—
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In earlier chapters, we have discussed the photo-production
of charged smd neutral plors from deuterons snd csloulated the
cross=pections using the Chew-low smplitude for the photo-produc-
tion from free nucleons which has been found to give reliable
resulsé below 500 lieve In the present chapter, we extend our
results to include complex nuclei. First we shall restrict
oursolves to the ense of nuclei with one nucleon outside the
closed shell or subshell. Of the following processes

A A A -
R i | B T N B

A q NG A S AT
Kol T T ), bl s enonidal Tog i) S OYeE
in vwhich only the outer nucleon participates in the resotion,
the firet one which we gshall enll the "el:astie"™ process, is of

-

gpecial interest since it presenta no unecertainty regerding the
final state of the mle}ﬁ- and hence amensble to relisble cal-
cidation. Such upnrimnhl}' 2) are also feasible if the final
muclel are A -emitters for the oross-sections of sueh "elsstic”

* ¥, Devenmathen end @. Ramachandrsn, Huclear Physics, 3% 654(1962)

Algo presented at the Summer School in Thecreticsl Physics,
Simla (1962).

1) D.V.Hughes snd P.V.Merch, Proc. Phys. Soc., A T2, 259 (1958) °
2) P.V.Harch andT.G.%olker, Froc. Phys. OSoce., A4 77, 293 (1961)
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processes can be found by messuring the 2 -activity.
As pointed out by Meroh and Valker®) , the experimenstal
study of the resction is much easier if the residual nucleus
is a positron-emitier for advantage cam be taken of the snni-
hilation quenta o use colncidence technigue.

We give below explicit expressions for the cross-sections

for such resctions G.ge,
|7 2

L0 Fy o 8a )
but earry out the numericel computation only for the second
case whioh is simpler. In both the cases cited above, the resi-
Gusl nucleus is a positron emitter and hence smensble to experi-
nental reaults to compare with, We use the independent particle
model end represent the initisl and final state by the harmonie
oscillator wave functions. The Chew~lLow photo production smpli-
tude which has been used for ssleulation invelves the magnetie
moments of the proton snd the neutron. The megnetic moments of
the free nuecleons are not usunlly the same sas the magnetic moments
within the nuelei and henece numerieal results are seperately
presented uvaing
a) free nucleon magnetic moments and
b) mognetic moments within the nuclei,>)® )¢ 5

3) J :P.Elliut and A.H.Lane Hnnﬂhunh der Physik, Vol. 39,
Springer-Verlag, 248, 264 (1957).
4) E. Peen 8hell Theory of the Fucleus, Princeton
: Univeralty 8y Princeton, p. 45 (19555
5) H.Miyasawa, Theor. » 253 (1561
A, m1t. B&?- m 3

2? 1951
F. 10 - Hl"-, 8'59 951
S« De 1l and J.D. ¥ « HovVe, m' 1069 '[1950}-
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I% is ressoneble to expeot the lestter %o glve correet results,
This point has not been observed by earlier suthors who have
used without eny modificetion the free nucleon cross-sections.

24

The matrix element for the trensition from the imitisl
to the final ground sitate with the phntn.pruduatim of cherged
pion ean be written as

$5 (1)
where 4% represents the momentum trsnsfer to the outer-shell
nucleon whose position cocrdinate is demoted by )‘_'i « The
tremsition operator [ hss the gemersl structure - K + L
where Tz represents the spin dependent part end |, the
non~-gpin dependent parts. The velues of Tz and | om be
token from the complete mplitude given by Chew et. sl. for
the photo=production of cherged pions from free nucleons,

&(_T-&-h%‘ﬂ-ﬁ‘ﬁj == -""—"-’:':;:J e £ [;f.;% {AE"E
-f-:.cE%%-q-g;_z x@x-_é’)()\i_‘—rﬂ{)

— — — 4 = N = -—-!-.—-s- '
—i-jLL-l.JxE-A,E_ .._1‘;_(3,—,/&__,(,4.5 2 ML

de IE o © oc/bcf]
(2)

Q=5 O s [ b e |, 001055k
—

|

WSEE B
# Ve use natural units in which ,!C-:fl:{mlthapim

mess is taken as unity.
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where —
>\"—f C_&_F_r__%_‘".‘ St B %I"—i_ &~ X B =S A
L, 1‘{‘ 2 Mg
Loia_ . _ ,
/E..- L € Ew}ga.a ] Jf\_"’ T—La EJ'JEES_AABEE |
3 ac 3 A |

teking into account only the dominamt (3, 3) phase shifts,

ﬂl:md %._sre the magnetic moments of the proton and
neutron respectively, . and At. the Gﬂltﬂ' of the
incident photon end the outgoing meson end 3—1 and ,/-CJ— »
their momenta. o 4as the spin operator for the nucleon,
-éb the polarization vector for the photon sndé |~ , the mass
of the nucleomn. o

Bxpanding £ AR into definite engular momentum

states end seperating the redlsl and sngulsr integrels, ex-

puxx pression (1) cen be written s

{u—:: el ) e bt | BB a s

f{_ (AD j (IFQ;L\I-S— -J jiet” &8
(3)
Following the notation adopted in earlier chapters, t'
esm be written in the form
(4)
Operating them on the anguler momentum state expanded in terms
of orbitel and spin wave funotions

)
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IL'E;E'___":M>_C(L"—'§« M= L_)\L M,%’>l_l_ _|_>
CLL T3 Mtz - 1)\1. M+ ,,/ < -—>

(5)
we obtein

B TEH-}l € '?gﬁﬁz ﬁ)[ L% T He>
}.L. 3:(') (ﬁ)[}@hsﬁ He %o %
e (Lot e sMarss-4) e Mo xmmp,”m}ﬂ
dellesme st el s Sashtt L)
(i M | NS | Ley Moty B
+ by g Mt L) ie s 3 Mot L)
<L_J,;Hf—~LJ W | L sty (249

+ie(Le £ T sMe+LaL) el ET s e ru—g-_D

<L5-JH§ !\( {_m}rl H¢+?_>(p_¢g

wherein we haove used the expsnsion of ?’E[Eﬁ_:] in
of sphericnl harmenics

—

7

A i 4 - Py =a 5 T N
SRAVYSESSLIS NG MO AO
After pumming and sveraging over the muclear spin states,
the square of the natrix element is finslly obtained as

(7)



i | /{ i B8 Foon

o T+l _
M H:E—

{C.. CL-}LE.I&; H‘{_"L:'..J 'I?L_) CCLL '_1_3..: 5 M,,_' ""l;i._'n_'ii
(e Me-4| XTR | Las tersy A
4 C (et et t)eCes™es Meosos)

<L:‘r g+ S I Yﬁh(ﬁ-ﬁ

Lo Ma=5hB

T a@v} Xy Bl 5% ,—J—,;)CG;%LL g M= d
Che o] Y B | Les M —5y (D+0)

+e(lests, ; s s =) C (Lo Te s Harsis

Ly Myt | Yy R | Lot +4,:>@> . e_)}
&)

| (9)
‘*_ i
M Eoo (500 ) (AR f ot d

vhere | i[ﬂu‘u) denctes the sphericel Bessel function, The
matrix elements involving the spherieal hermonies Yﬁm
een be ensily evalusted using the Wigner-Eekart theorem
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<ﬁ.ju,m& \ \(ﬁ""“l,ﬁﬂm,c> =" (R X s )
| = o, <1.£'.a;+l‘) Lli@] /4
C,Cﬁ;f(z[,&_,ao) I; chlﬁ&+9
(10)

A more elegent form for the matrix element can be obiained
using Hacsh algebra as shown in the sppendix,
The differentisl cross-section for the process is given by

A ol §(TEKD E(aled)

de _ @r)* ppe QL

A (11)
with /L-Lu ey Y

3. ZEartigular ogse

¥We shall consider for the purpose of illiustration, the
two resctions (r) HO%@,”’)”E? end (b) l?gd.,#@’; ) l?P.,r
in these two cases, there is only one nmucleon in the osuter
shell ond the residusl mucleus is a positron emitter, In
the former case, the outer mucleon is in | d 5, state and
in the latter, 1t is in 2.0,  state. Iince there are no
expericental results to compare with, we have chosen for
mmerical esleulation the second cese which is simpler,.

Por the reaction (b) , the square of the matrix element
is obtained after averaging over photon polarisation, as



Q"= LR | (A B+ 2ler+ 2| 21

(12) :'

where i.

v 1 - 13 o e P B A g ::

Pl B+ 2 fel™s 2D/~ ETES [Gj&);(,_uma |
(=] -] H

B ran [L*l”\ &35‘33%333(33‘*"‘15 2 Ewrﬂ)
|

I+ IR B G

I

el 5“"‘3’9(7@ (i~ p2cnd) + 4o (luas2tcns)
2+ | =
4 2l gt
MAo

+(3_1_J- )ﬁlg_‘;v_"é' (2+ 3‘34;.?-9)
BAL i

225 A : o 23 25) e 2 Mo
“+ 3 ﬂdﬁg‘ﬁaﬂwgaa{‘—j’:([+m5) —— Cﬂ&z"

: <+ 2= QCL/U'-:. C.-‘a:_ — 2 VU L3 49_)

i rgl o= (s cne)

A !— IS b & &
- e Lh g Mg pme R G
ML, ] s

(13)
and

oo > :
Fa :.E :’ﬁlJc(h‘) Jﬂ'(ﬁ&) 3%;"-3[}'} Lj'-dh (14)
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For evaluating the radial integral we use the osecillator
wave hnutimﬂ {properly normalised)
g N 3 (= LB)
&> :(___j pro—2 ) exp(- £
S-:.Ja 5\]?1' ( ) P (15)
subatituting (10) in (9), we get
N e ,ﬁ \ € X (
= = o 2
Fo C > (26)

where (5> = 0.3708 obtained from the relation

/
</L L= e )" (17)

,f};
The differentinl cross-sections sre eveluated a$ photon

energies 1.5, 1.75, end 2.0 pion mass using
a) the free nucleon megnetic moments ( J, = =1. 913,

Tp= 24793

and b)  the gquenched rnluu’)' 4)s 5) { aﬂv = =0.555

e %) = 2435 A Oy

and they m prumhﬂ in Teble 1, The cross-sections in

general show a forward peaking ss we are considering sn "elamstie®

proceas but this tendenoy is accentuated in cese (b). At large

mmgzles, the eross-sections for the cese (b) fslls below that of

(a) whieh however is small. The total cross-sectlons evslusted

using these two different sets of megnetic moments sre presented

in Teble 2 end they are found to be nearly equal. Hence itfis

rother diffioult to deeide in favour of any particuler aset of

megnetic moments by mesauring the totsl cross-sections slone.
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Zehle 1
de
The differentisl crops-sectiom ﬁ for the process

o F P =)
‘15.4_-*#(‘5)??') ,P,ﬁ.:l.nuni.tu of #b/&_muhncﬂm

of photon energy in units of pion mase and laboratory angle of
meacn emission.

N

<]

0 10 200 30 60 90" 1200 150 180

(a) 5.027 3.978 2.246 1.044 0,1184 0.3326 0.3789 0.2186 0,1779
1.5
(D) 6.572 5.034 2.758 1.209 0,1120 0.2913% 0.3232 0.1852 0.1494

(8) 3.124 2.160 1.014 0.3659 0.2074 <3618 0.1270 0.0295 0.0023

1.75 _
(b) 4.495 3,087 1.329 0,4183 0«1766 .3035 0.1001 0.0235 0,0019

1 () 5.832 3.368 1.175 0.3370 0.3453 01688 0,0132 0,0013 0.0005
(b) T.930 4.626 1,382 0,3180 0.2621 Q1234 0.,0098 0.0010 ©.0004
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ZIptle 2

The totel oross-section for the process m&m(?‘, Trjlq?,ﬁ_
in wnita of 46 ss o function of photon energy in unite of
pion mams. The column (a) corresponds %o the cross-section
evoluated with free nucleon megnetic moments and the column {b)
to the vnlues obtsined with quenched mesgetic moments.

1.5 5.453 5.738

1.75 3442 34359

2.00 3.063 2.972
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. However, the sngular distribution offers a chance. The

prodominange of the differentisl cross-sectlon evaluated

with gquenched magnetic moments over that evaluated with free
megnetic momen® st low ongles snd the subsecuent off-set at
large sngles may be tnken adventnge of, in deciding the lssue.
At ineident photon energies 1.75 snd 2.0 in units of pion nmass,
the differentisl oross-section in cese (b) is about 1.5 times

thet in cese (o) at forwsaxd mmgle snd hence pusgeptible to

The good agreement cbtained with experiment in the earlier
enloulntions on photo production of pions from deunéroms using the
Chew=-Low cmplitude encoursges one to beliwwein the validity of
the use of this emplitude for the photo-production from bound
mecleons. HSinee the photoproduction process involves the
nagnetic moment intersetion, there occurs in the Chww-Low ampli-

tude the terms with A = %E‘?f-n_ end of = Dt dna 2
s Hj’-" 2 MAo
The magnetic moment of the bound nucleon is not usuelly the

game as the free nucleon magnetic moment and hence the ambiguity
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arises as to the velues that have to be fed in the exp. (2).

It is hoped that this diffienliy will be overcome by considering
the "elastic® photoproduction of charged pions from nueclei with
one nucleon in the outershell, since it is a single nucleon
proceas with no unceriainty in the finsl atate eand hence smenshle
to reliable esleoulation. Although in the particular case we
have considered vis., =1 S.._-M(ﬁ} Tr_)'l_“f "Pi — the total oross-—
sections obtmined for the two sets of velues of magnetic moments
were almont the same ond only the anguiar distributions showed
devietions suscepiible to experinental cbmervation, it 1s expected
that this difference will be more enhanced in the case of n,é:lr-
able mueleus,. Conversely, the photeproduction of pilons from
nuclei can be used as o method of determining the magnetie

moments of bound nueleons and hence as o test on the ides of

quennhi.nas} .
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Apoendix

The matrix element () oen be obteined in an alternas
tive form using Racsh algelrm. TFor this we introduece a
complete set of intermediate stnter snd the matriz slement is
written as
-
Q = g"' o ﬂxm“i‘ 2 K<L§%T&H+\ E[Lgs ’"’>

M

Ly Largf e "Ih’lL 2.0 H>~’y G

(4-1)
Expressing cx [:CA-‘ zf!_f:ﬂ} in terms of spherlcal harmonics
as before end writing /E in the form
== Ei i:f‘ =L
(4~2)
with
— — i :
O R = 2 5 e S
2 R i (1=3)

where S 4. are the components of the spin angular momentum

operator in spherical tensorf form, (7 csn be obtained in
the following form using Haeeh technique



C(T; ,Q'_TJJ‘ M’:"rw:) UCLJ_‘XG"‘:_IZL&'IQ

P S _J;'-!--'{J,fa-%_

™

|
{JZ@@ >N K, e 1es MUY U 1 L £ I

e 5'5{5! 5“&;“’ 3 |

(A=4)

where (! 18 related to the Recoh coefficient |./ by

U (C&ﬁqﬂt‘i S E_E.) :[@E-HJ (lf'*oj:ﬁ [,-.J{a,{a{:d 5 E_:F.)

(A=5)
and
K+1:_% > I{'_‘:_?_I SR =G 5 L= D
(A=6)

(A-6) gives the relationship between the two sets of coefficients,
one used here sand the other used in the text.
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The eerly mmu” 2) on the photo production of
charged plons from nuclei have been devoted to the messurement
of the totel cross-section, mostly accompanied by the nueleon
emission. The most exhaustive of them is that of Littojfier and
¥elker?) who have used n bremsstrahlung spectrum of maximum
_energy 310 Mev snd measured the yield of charged photo mesons
produced at an angle of 135° in the efhgy range 65 + 15 Nev
from a wide veriety of targeta totalling seventeen in number.
These experiments do not distinguish between remctions in which
the meson is the only particle emitted and those in which meson
eniseion is accompenied by the emission of one or more nuclecns.
The following brond features nre observed.

(1) The yleld is considerably less M@Mhﬂ from
the corresponding number of free nucleons.
(1) The sum of the 77 and T oross-section exhibite

3
A /s dependence.

) J. Steinberger ond A. Bishop, « Reve, T8, 494 (1350)3
R.¥. sy Phys. Rev., 80, 49 9'5‘02!

Gaor : . S50Cey A 63, 110 (1
WeRoHogg mgnn.m,'mf'm., el 8, 1, 466 (1956)

RJi.Jdttaser snd D. Welker Rev, 206 (1956)3
88, 538 (1952) » Yhys. » B3,

X . Devanallan ﬂ_'ﬁ.ﬂ( G. Ramaclanoro—, N‘..c,fa.a..-- T'Lé"‘“ (s P‘*‘M)
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In order to explain these gross fesbures, Butler)
has proposed the model of surface production according to
which the pion production from the core is suporessed amd
only the outer nucleons i.e,, the nucleons beyond the boundery

/i, » the radius of the central core of constant density,

are effective in the process. ‘The mechanism of suppression
inside the core has been explained by Wilsom' as due to the
competing process of photo~disintegration of the mﬂu&s
by the ospture of produced pions by the other strongly intere
acting nuecleons in the core.

Although this model has met with some esrly cuccesses,
certain diserepnncies have also been reported by Laing mnad
Huurhuun” and March end ’I'alhrﬁ). It is to be observed

that Butler's nodel is meant only to explain the btroad fes-
tures of totnl cress sections and eny attempt to extroct the
finer details by specifying the final state of the nuclous nay
yield poor repults.

We propose to work the other way t from finer details
to gross features. Ve consider the tremsition of the mueleus
from the given initiel stote to a well defined final siate with

S

3) 9.T.Butler, Phys. Rev., 87, 1117 (1952)
4) H.R.VWilsen, Phys. Rev., 86, 125 (1952)
W and R.G. Proo. e Boc.
5) %59‘%{9&;?. Hoorhouse, Procs Phys. Boc.s A 70,

‘] I1.5.Haghes and P,V . Mareh, Proc. s S0Cay A
259 (1958) - Wt i
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~ the production of a cherged pion by the inpihntphotm; Sugh

minnt-ﬁ n have been reported recently and they are of

corsiderable interest to us since a rigorous theoretiesl trestment

is possible in these csses. Laing end Moorhouse®) have attempte

ed earlier to treat such cases using the independent particle |

model but they hnve digressed :fn discunsion cn the asurface ||
. end volume production. ¥e hold the view. that the elements of
the surface production model of Buthr 7) %a ingreined in mny
treatment besed on shell-model anéd hence & complete snd rigorous :l
freatment of the photoproduction process bused on the shell T
model desoription of the mucleus should precede any discussion |
of the surface and volume production. |

In the eerlier chapter, we have investigeted in impulse |

spproximation the "elmstic" phote production of charged pions
from muclei wherein it was sssumed that olosed shells do not con-
tribute and the matrix elements were sviluated between initisl
and finel states with specified masnetic quantum numbers, the
summation over the masnetic quantum numbers heving been done as
the last step. This reatricted the scope of spplication of the
method to a bound nucleon in /) -ghell or b -shell. Por bound
micleons in shells of highr:EMMn, the method will prove elmoat
: dable due to the summntion over magnetic quantum m¢
and Hoorhouse?) have overcome this difficulty by en
xinate nethod. In this - clapfer ., we outline a rigovous

} PV, Mareh and E.ﬂ.fnlknr, ﬁﬂ'ﬂt Phys. Hm-, n' 293 (1*1)



method of evaluating the cross-section by treating both the
gpine-flip and non-spin-flip terms slike and summing over the
magnetic quantum musbers. In section 2 ; we eveluate the square
of the metrix element between the single pariiele states and the
 pesulting expression is free from the sumnetion over magnetie
quentum numbers. For the purpose of enleculation, the indepen-

- dent particle shell model is used ond the initisl =nd final
stotes are represented by the hermonic oscillator wave functions.
- The transition overntor which has the general structure Kl
is taken to correspond to the Chev-lLow amplitude for the photo-
production of pions from free nuclecna.

In section 3, extenszion is made to the complex muelel
with N nucleons in the outer shell and eross sections are obw-
tolned in terms of single pariicle matrix element uging the cone
‘cept of Irq?tionul perentage enftiniants.th ell model
deseriptiony sse used in the study.

The assunption that closed shell nucleons de not contrie-
bute in impulse aperoximation is quite ressonablesinece we cannot
‘eonvert, for exemple, & neutren into a proton in a closed shell
and s%il1l keep it there as it would need a two particle operator
o bring this proton to outer shells snd substitute one of the

it is sufficient im impulse approximation to consider the muclesr
funetion as 2 product of closed shell wave fung tion snd the

e function of the outer rmecleona and consider only those single

ter shellx nucleons instead., But the guestion vﬂi erise wvhether




particle operztors operating ane the outer shell nucleons to
‘esleulate the emplitude sinee thie is what the result of our
‘pssumption would be, Section 4 is dewoted to this question smd
:ltu;t:lng with completely antisymmetrised nuelesr wave functions,
we conclude thet such an mssumption holds elther if the single
particle opersiors ere spheriesl tenmsor operators of non-sero rank
iiu- if the nucleus goes into an excited state. This result shows
f‘.tnr example that oclosed shells do not contribute for neutrsl meson
production whenthe nucleus goes into en excited state but meke =
nom-gero contribution when the process io elasstie,

2. 8 on of t e 1.

matrix element

The matrix element for the photo-production of pion from a

bound rucleon is given by

e — .E"}:— o
0 - (oo LR R L s g
The initial and final states are explioitly represented ss the pro-

duct of the rediel part . (") (fsble I ) and the smgular and
tn part || & TH> « The tramsition operator has the genersl

e — A S gy T
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. proton end the neutron snd their complete structure can be
obtained from the “hew-Low emplitude. The momentum transfer
to ‘the bound mucleon is takenlinto account by the factor
EL'&"L where :F: represents the difference between the
momentum of the incident photon 1) end the outgoing pion
J. end /i the position coordinate of the bound muclecn.
The differential oross-section is given by

OLGH — o <] f-—d,—-x) a_(.mn_’a?)
) Ql AL
W A B BTl lQledl

=
Integrating over uf_ﬁl s We obtain

(2m)

de _ (lwflf‘“ i, l@l”
ol L (2 b)

with [c, = 2, , meking the sssumption that the entire energy
of the pheton 1), 1s given to the outgoing pion. The quantity
|@Q| 13 the siuare of the matrix element (1) after perfoming the
sun over the finel { 2 J; + | ) spin stetes snd sversging over
the initial ( 2 J,.+ | ) states, This sum embe performed with
ease if we treat the spin-deperdent ond spin-independent parts

alike by defining a unit operator, o, in spin space. ¥riting
e — [ A e
K +L @ 5 6..K, wnaempmiing exp(<kK)

=0,

into sphericsl hermonics, the produet may be written as

*!umemtualmitaiuminh,ﬁ- C = pion mass = 1,
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(;f§+ =) ex[;ulé._ﬁ.] =B 'E jzl_m(g:)li Jo(kRR)
07 YR YR
E e G’j’ Kf
(3)

Separating the angular and radipl parte and forming the tensor
products of the operators in pairs, we obtain

T,

[)’E'l—'h-'}‘ G- 5

= Aar ¥y & L»'-‘J'EFJ,L &

HL-’_T Mj’. /EJ-H" }‘JT“L}&

&ELE*) % l<hj:’h <L+ I '5+M+\ (v o cr,j:\ LT H.>

(4)
wherein the orthogonality property of the Clebsch-fordon co-
efficients has been used. The quentity F’E represents the radisl
integral
i o Ry | (kh) .5_ (R rodn
L I g™ e (5)
Applying the Vigner-Iokert theorem,



W 13
Llok TM (B = 62) 5 L s Mo i
= (T AT 3 M)
<L{.-l_:. J “ (\fib"—] x G‘%j}“ B 'I'_ﬂ'..'>
(6)

snd squaring, averaging and summing over the initial mnd final
atetes,we obtain

2 = T x
7= — SN G P ES X
[Ql 2 T4 r"‘ézhf Lm ! A.w} ?x’,"rh",\ ir i [_—JE
! 4 A {+ J_-",\f
(_{}f- C__rﬁj,ﬁ.yn [__i),ﬁ » C_I)'VKA-FW)\
—Tny """'*"*:“.h *

/
dEDE ;mm\]a{m Nives mm)

I 3

PKJ-H:{--_M“: -h‘): I."'I.E_-P"[.C

L, s 7l (i xa5 )yl LasS _\

b || (1B x 65 L ¢>

(7
Using the symmetry properties of the Clebsch-Gordon coefficients
and summing over [M. , we finelly obtain after cmitting the redun-

dent summation over [V],
¥



< Le & g “(Yj_{ﬁjl x 51])\( I i1>
< Led S I Q@LR) x d;)%\l i 1->*

(2)

Y.
where [T = (23+1)
Meking use of the following standmrd relstions

(L, £ (00« =) ) L >
=[Le T [£TI=T[A] {/L o ij%

ACTIRYE I o= >

Lg_“ \i[ﬁj “ L.-L:> —/E CLJ;J.T Jr_g_ =, ._f_':.-)

[LJ[A]

(9)

\ﬁ_ﬁ I: E ] (10)

132
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<§ [| o= L"—> =L (11)

ﬁ-mnttMuthMHMhmtm“

@] P ik plenly
i = [_T,_ll fj-ﬁ, ,.hj,_.rhi 1‘:%}\ "z! T CJ._]
/ !
F,Q F‘_T (:"J L 9@-
{\(ﬁ(ﬁ;) x Kn,n. C‘(ﬁaﬁﬁh *'f»«) A

[5] * Do’ feed [ Leg o3 1 ]
C CL_; ,E.Lé 5 aﬂ) C_CL...‘JEEJ’-—* 5 dﬂ)

w1
b 1 8 lg L, ik L* .
-'_:_, i '_II_ {‘}{_ ’1"-’ !,.FL_ zj

In the sbove sumuation 7 amd .’ ¢m teke anly two velues
/
0 ond 1 end the values of { and [ are nighly restricted
by e parity Clebach~Cerdon coafficients. The Wigner G=3 symbols

{h & also restriet the value of /\ and so the ealeulation

om be perforesed with ease.

In exp. (12), the only term that depends un'hﬂuku

(Yﬁ(,&] X \‘(k>>\ CY (R x K,

and the summation m?w}\mhpuxmdhaiu the squere

_'}1...)\

‘—#
end interference terms invelving the quantitiea K Ihi.nl:r f"
c.f_a.. 5 O
related to the coefficients A, B, C and D of refy7)8} by
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! =1 =
|<|:_-% = Ki:%: K, =C K::D

(13)
The coefficients, L , B, C and T are determined from the Chow
Tow expression for the photoproduction of plons from free nucleons.
It is to be observed that the argument j’\e_ of ‘T’i(f&j does
not represent the direction of pion emission But that of momentum
tremafer,

The square of the matrix element is evelunted between the verious
pingle perticle states of the shell model and they are presented in
febles IT , III snd IV . The quentities 7 0,47 ‘tebulsted
{febles II and 111) are defined by

Q}LE’

—
b B i | ,EJ.E,

Hy oo Rl Bl

@l =

(14)
where F,E represents the radiel integrsl given by expression
(5) end evoluated in Table Ii. e denotes the resl part.

Since the trensition operator with which we are concernmed
is espentially a single particle one, the transition operstor
between any two muclesr states cam be expended in the forn®)

T Ot

(15)

_} AJli.Lane ond D H.¥ilkinaon, Phys. Rev, 97, 1199 (1955) L




‘where each term in the sum operstes on only one particle A
represented by the ususl space, spinend isotopie spin co-
urd:;nnm h, s 0, ed T, « To find the tramnsition pro=-
bability the matrix element of the corresponding operator tsken
beiween the initinl ond finsl states must be evaluated. If

tiere sre present in the system N outer shell mucleons that

are congerned in the tramsition” y then gince the wave funetion
of these initisl end fingl stetes ere antisymmetrie in sll poartie
cles, the matrix element for = tronsition e=m be written in terms
of the metrix element of just ane particulaer partiecle

(e T = N L& Elhe, o, Te) £
(16)

If now we assume that the fraoctionsl mmtuﬁe expensions of the
initiel end fingl states are lnown, the evaluation of this quane
11‘-#1 is lﬁi@t forwerd. The total matrix element is expressible
a8 = product of three fectors

<& l N “*'> =N x (Single particle x parentage oveilap
everles motrix element) (17)

The parentege overlap oem in no case be greacter than one and in

pome ¢emes be less than % g0 that the transition probability

is reduged to less than the single particle value. A detailed
study of this may throw some light on thes grosa featurese.
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* 1%t is ghown in gection 4 that c¢logsed shell nucleons do not
contribute for the photo production of charged pions.



To be speeifie, we give below the expansion in terms of

the coefficient of fractionsl plr-ntago”' 10) in the ense of

phu'ﬂn production of cherged pioms from a nueleus containing N

evsdued eguivalent mucleons in the outer shell. The matrix element

in this cocse can be written aa

e R

oy TR o) € ey )
(18)

where [ T: M. Te M )amd Y(5 M Ty Mp) represent the initiel snd

finel nuclesr atates, and the summation 7 is over nll the

outer shell micleons. The isotopie spin eperator "E+ corresponds

Yo the photoproduction of negstive pion converting o neutran into

& proton, and similarly T ocorresponds to the photoproduction of

positive pion. T =md MT denote the totsl isotopie spin

quantun number and its projection. Since the initisl emd finsl

muclesr states are completely antisymmetric, the matrix element

{18) cun be written as

i ;;E.._'N +
Al o N Ly CTdrM;T}H@)I CrnE+L)e > T \W(EHIEHTD>
[ iz ¢

(19)

notea, Princeton (1

M} G. Haoah, Thys. Rev., ﬁl 1352 tlg‘gl

F.A.Jadm, Proc. Roy. Soc. (Lond) 4 , %ﬂ_ » 192 (1951)
EeA.Jahn end H. van Wierigngen, Proc. Loy. Soce.(Londen),
4 209, 502 (1951)

A.R.Edmonds snd B.!l.Flowera, Proc. Roy. Soec. {Ilﬂ'ﬂﬂﬁn)g
A, 214 , 515 (1952) .

) ©. Reeah, Group theory end Spectroseopy, Nimemographdd Lecture
951)
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. The transition operator in ( 19 ) corresponds to that of Nbﬁ'
nucleon in the outer shell and this has to Le evaluated between
the two nuclear stetes. The procedure is now essentislly the
sume g8 outlined in seetion 2 . Expending the transition opera=
tor as shown in equation (3), we obtain for the square of the
matrix element after summing over the final spin states and

averazing over the initisl stntes

o 5 2/ " 97
]Q_] = J}le sie !Eﬂ'l[—-"]‘f.'r + MR (A’)fﬁ
[3] L0 S Ay
A
—™

31 (v, 8 D), ey (&) x K s
AT Ui lR) e iy )X
<’t,u(:rjn"{r MTf)“ (‘Q(EN} X G }\jﬁ(jq n,\,)fff'j" Wz Mﬁ)>

x
<+L:’F£—Tf M) “ C(,ﬂf{‘?t”) s ‘5:{):& jﬂ(ﬁﬂu) Tmi " W JI'L"‘1'¢D>

(20)
This is essentislly the seme ss expression (8) , but the reduced
matrix elements now invelve the nuclear ststes. In order to eve-
luate them, we have %o decouple the wave function of the |\ b
nucleon from the nuclesr wave function using the fractionsl
parentage expsnsion. Ye shall sssume |- | eoupling shell model

for the nuelesr wave function

W SIF M‘j it = .2_.:’ <(-J.)N'; (EKHIITIJ ’_} J} JN(T T'»

T

l jN-—lCd;?rTi’J:j JTTH3H7>{21}
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Cwmemre 7 {7 (w207 1Y IS  sepresents Ba the
coefficient of fraetional parentege and the quantity o ’ denotes
the symmetry =mnd other guanum numbers.

To evaluate the reduced matrix element in (20), first we
sholl weparate the radisl snd sngulsr perts

(o (37 1) [ (B x 02.) 5 5,k o 9 G Te M)

=gk rhﬁ,)><:r+ T My [| (lien) x 65 }\'rjﬂ Tl HT;/
(22)
vhere <j£(ﬁm,)> is the expectation velue of Ji(,@;h.)
over the normslised radisl wave function - (") of particle N

o5
Lphnd) = [ ol dylhm) o dr
: (23)
The evaluation of the engular snd imotopie spin pert is straight
forwerd. Using the fruetional parentoge expasnsion (21) we
finelly obtain by the method of Racah's recoupling coefficients
thot

(v G Mg B x 65, Uk Tl ¥
=L T M s I | MDY

e, sier

N ') i| IMGs T§>>
(t E) (Tl T 5 My 71)
(eoits)



U £ Tl 5 Teg) UGBTI 3 A ;

i)l G ~ Cﬁﬂ)}\ l J>

(24)
The recoupling coefficient |/ 1s related to the Rmcah co=
efficient I\ by

U(J J i 'J'!:- 3 |;L 1-;5) ["hi.j[_‘j:-E]NCJ Jljjajjujzs
(25)

The matrix element < ]| (1, ("> x 55.),\|| j}>
can be evslusted using equationa (9), (10) ama (11).

How we can write down the differentisl cross-section for
the process. Negleoting emall differences in binding energy end
nuelear reccil energy, we have

.9{__‘5: — zrr)_l,{,L ,{Laltﬁr,‘l
with ((,=7), . The squere of the matrix element |Q|”

is obteined by substituting equation (24) in equation (20).

Ql*= [—f‘_ij{ AN PENT ;L)> Re Mg ﬁ,j

<J”"Co¢’:f’?’) i et (T§T+)>
<jh.r—r ({x#:_r,T.i)J I‘IIJN(I}‘I}»

5



(Elj\ct'rg \ Ty 5 Mo, = I)lL

VI GRE A = U G 5 S e pO0 )
(st '.IJ_,r)\;':L;:!) (G 88 B D5 e Q}

(27)

Expression (27) represents the reduction of transition probebiliity
between eny two nuclesr pystems to that of single particle. The
firast eurly braecket in (27) represents the contribution due teo
~ single particle trensition and the second curly bracket represents
the influence of the presence of other particles, The guantities
Mianu- tebulated (Tebles III and IV ) and since we &re
conaidering only equivalent particles in the outer shell, we need
only disgeonal terms in the single pertiele transitions.

4. pDiscussion on closed shells

In the shell model description, we conpider the nucleus to
conaist of A nucleons placed in m normaliged asingle perticle
states Y Y, .- - --.-.}, where the suffixes 1, 2, + » « A dencte

shells, the remaining A - N  particles occupy states, say

quentum numbers of which add to gero and the totally mniisymmetrie
‘wave function generasted out of Y, - "'-'q".ﬁ-nh elso en eigen

befiides energy, the anguler momentum nnd isotopie spin quantum num-
bers of aingle particles. If there are N particles outside closed

l,vl s avelTs ]{IA-Nm anguler momentum snd isotopie spin prejection

!
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- state of total mmgular momentum and isoteopie spin with sere

eigen values. The sum of the projection quantum numbers of the
N states %vNH' - -, ere the angular momentum and
isotopie spin projection queantum numbers ™ and M -sssociated
with the nucleus.

The antisymmetric wave funetion of the A particle

syatem is the Slater determinant
['L[/lf_:j o 'L;.,-If_p.:}

Jar

AR (28)
Using the Leplace upanainnu] of a determinant (28) esn be
written as = sum of terms each of which is 2 product of the

11) A.C.Aitken, Determinants =nd metrices, Oliver and To
p. 78 (1958) + ™

Consider a determinant |A| of order 1. . Lot us take
any Yr. rowsj no generality will Ye lost by taking the first
m rows. From these we may form Cm:;'lh ; miners of
order . « Fulplying each minor by its cofactor, a signed
winors of order - , we obtain terms of |A| . None of
theme terms duplicetes any other, for they involve different
selections of rows end columms, and so esch term has a different
arreongement of suffixes from every other term. Counting up sll

the terms of |A| , so arising, we have altogether
( s e -']r'h..ftl"l_-"'rrh)! ==y

Y ! (- !

terss. Hence we heve oll the terms of |A| without emission
or repetition.
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entisymmetrised wave funetion of A-N particles oceupying
I‘Ihl states '1})1 = ---HJA_HEIII the entisymmetric wave function
of N particles cccupying the stetes %_N“— - Y mlti.pl'if'ﬁ
by the facter (@-N) ! N-’) gince |
! J@-N)!

Al
and \W are the normalissation feetors associsted with the two
wave functions in the produect end we have in addition —1_ from

J@D
expression (28). The number of terms in the expansion is

Al :
(A-nN)! V! corresponding to the number of ways in whieh A -7V

out of A particles emn oceoupy the first A-N gtates of the
closed shellsy which is the same em every possibdle set of N

out of A particles ocoupying the /' states in the cuter shell.
The sign of eaoh term is essily found by considering the 'olass':l)
to which it belonga to.

In genersl, corresponding to given values of M and M
we will have more than one Slater determinent with aifferent
Yane, = ¥, @iffering in individusl projection quantum
numbers but adding up to the seme M and M. . Suitsble
linesr unnhinnttﬁnllz ) of these determinsnts repreceunta
different eigen stotes of tofel mmgular momentum, total iso-

tople spin end seniority. 9ince sll these different determinants
have the seme quentum numbers m for the first A-N rows, it

'12) J.C.Slater, Quantum theory of Atomic Strueture, Vol. II

) fabram it (1960) » B
E. Peenberg, Shell Thecry of the Nucleus, Princeton
University Presa (1955)



: follows that using he Laplace exparsion for esch of these,

any mucleer state with given seniority ol , totel sngulsr momen-

tum end isotopic spin quantum numbers § (or L. S5 J ) and T end

their projeetions K (er M, M M. ) end M__can be written

£8 a sum of Serms esch of which consistes of a product of the

antisymnetrised closed shell wave furction and the antisymmetrised

wave function of the outer N nucleons.forming en eigen stote of

total snguler momentum and totel isotopic spin multiplied by a

- tutnr/(CA N)! ”’). We have sgein [A_:‘j"! 7 Sueh terms
ﬂliﬂh ere orthogonal to each other since between

any two terms there will atlesst be one pair of particles which

have changed their occupation between closed shell and outside

closed shell orbitals.

How u we consider the matrix element of a sum
: A
s v paiy (29)
of single particle operators £ ( [, operating on perticle <)
 between twe such ststes the matrix elementean also be written as

4% matrix elements of 7 since [ . do net
(A-m) ! N! =

connect different pariiele labela, In ecch of those matrix ele=

a sum of

ments of | we een group the f;_- into two parts one acting on
ﬂb_n particles oecupying stntes forming the cloped shells and the
other on the outer N particles. If [, is a spheriesl tensor
.operator of non-zere runk either in configwration or isotopic
spin space the first part contributes sero sinee a spheriesl
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tensor operator of non-szerc rank cannet connect states of =
gero sngular momentum and isotopie spin. The firet pert con=
tributes sero, also in the case, when thqzlz N perticles
form initiel and finel states which are orthogonsl to each other.
Thus, for charged meson production closed shells do not
gontribute sincs LF,:L contains sn over all Tim‘iﬂ cr beccuse
the volues in the initisl and final states differ by one. Also
if the outer perticles sre in equivalent orbitels, the desired
matrix element is just N times the matrix element of eny ome
single particle operafor between the nuclear states (i.e. between
the N particle states, since closed shells remain clomed shells
and contribute one gince the states mre properly normaliged),the
footor _@%;!—N-! obtained on sumsation csmcelling with the
nornalisation factors \/ (&N_l:/w) in the initial and
final statea. However, for the “;alantiu“ photo production of neu=-
trel mesons the initiel snd final [N particle states sre the same
and the €. are of the form

355 K&?*Ew) «(bp ey el et

where only the segond terms of EZA,?"E' contein the isobaric spin

operator 7  and consequently comtribute sero to the first part

of the maitrix element of T « To evalunte the contribution of

the terus (k'r'* &N) Ex;:[fﬁﬁ.?i)m E forming the first part of
TJ we write




L — A
e s dnas e 0T eo

oz, | j:a },T‘r\}

P e A Ly
(R )5 O o™

where <., = (K.t K n). » treating spin dependent and spin

independent terms allke as in seection 2. The operative part is=
(Y, (R)x 5. ) and for our purpose only the terms with A= O

need be considered, sll other terms contribiéting zero. The
A=oterms are explieitly

Ko I 08D + 2 e 3R Y (Rx k), (iRox 57),
(32)

of which only the first teram contributes since the second term
with {= ) vanishes due to parity Clebseh-Gordon coefficient.
Thus for elastic photoproduction the contribution from the
elosed shells is to be added to the contribution from the
outer shell nucleons whieh is |\/ times the matrix element
of asingle particle operator t,; sy « referring to one of
the outer /\/ nucleons, taken between the [V particle states.
If however, the final nucleus is left in an excited state
( when the process is inemlastic ) the elosed shell



term agein gives mero since the secaler product of the initial
and finel [N perticle ststes multiplying the term is smero as

the N particle stntes arem now orthogonsl.




IfBle I |

 Wave-Functions for the lowest sistes of the Harmorde
oscillator in terme of the dimensionless quantity

q = (Mf
Orbital q= dependence Bornalising factor
N L

1.5 == 4
‘}"3. qf’

1 P Ve , B 8/3

2 5 @/ ~3)e 8/3
Z “-’/2_ "1{’ 5

3 d 9°e 16/15

LY~
2 p (9=-%9) € 16/15
1 _5_ : ?/.BE*V;. Y _52/105

To obtain the wave-functions jt (9/) that are proserly

nornalised to unity [£,,(4) 9"y =] the functions of the

gecond colum should be mltiplied by N,'% / ;Y% ~ where

Ny = G5537701 is 1isted in the third column, The dimension-
less quantity 0 determines the 'sise’ parameter’ A by the
relation J"L/ and the ‘'eisze peremeter' in turn, is determined
by <h."> s the expeotation velue of the squere of the radius of
the nucleus.

® J.P.Elliot sand A.M.Lane d der Phyaik Epriﬂm
f;rlag, Vol. 39, »p. ZiB nﬁ?fﬂ . !
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Radial integral between various single particle states
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CHAPTER VIII
TT G PIOHNS L
1. Introduetion

Extensive experimental study of the elastie and inelastie
seattering of charged plons by complex nuclei l]’:?l been made uning} )
verious deviees such as photographic emulsions , eloud echambers
and ecounter trchn*.quusm "}. Of these, 1t is claimed that the
eounter tschniques affer & better energy resolution and henece
more reliable for the investigation of elastie secattering of
charged plons. iUpecial mention na;; be made of the experiments

of Baker, Rainwater and Williams who have investigated the
elastic seattering of 80 Mev 77 meson by lithium, cerbon, alue
munium and copper using a 7T detector which gives improved dis-

erimination against low-energy loss inelastic events. The di fferential

1) Bernardini, Sooth, Lederman end Tinlot Phys. Rev. 106 (1951)
Bernardini, Dooth and Lederman, Phys. ¥ 1075, 1277(1951)
Heil.Heckman and L.E.Ralley, Phys.Rev. 91, 1 {1965)

2) uyfield, Kessler and Lederman, Phys. Rev., 86, 17 (1952)
J-F&Tr'ﬂﬂ!' Phys. Rev. 969 (1953)
J« 0. Kessler and L.M.lederman Phys. Rev. 24, 689(1954)
Ge Sapnir, Phys. Rev. EBB (1966)
V.P.Dzhelepov et al , JUIP 4 , 864 (1957)

3J) Faﬂm:hll?inggi;ﬂ, Williams and Tindenbaum, Phys. Rev.,

19

Williams, Reinwater and Pevsner, Phys. Rev., 101,419 (1858)
Williams, Baker and Relnwater, Phys. Rev. 104, 1695 (1356).
T.7. Mjti, Phys. Rev., 695 (1959)

4) W.F.Baker, J.Ralnwater #nd R. E. Willi=ms, Pbys. Rev.,
112, 1763 (1958). ’
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_eross-sections they have obtained agree well with the previously
reported results at small amgles but smaller at large angles by
a factor verying between two and ten.

Theoretical studles of the elastie seattering of fast particles
by atomie nuclei have frequently been made within the framework of
the 'optieal model'. According to this model, one replaces the inter-

action betwesn particle and nucleus by a complex potential well
having the form

V, (=2 = V(wd f(x)
where f{x} is the nuelear density smd \/(tw) 1is a eomplex
quantity ealled the 'well~depth' and is a funetion of (O » the
energy of the incldent particle.

The application of the optical model to nuelear sezttering
has becn two-fold. The most fregquent application is to abtain
the well-depth \/(w) for some f (o) which best fits the
scatterlng data at emergy (O . The second spplieastion 1: comple-
mentary in character snd 1t attempts o deduce the value of
from the knovledge of the elementary two-particle interaections.
This has been done by Frenk, Gammel and '&'atuanﬁ} who have eva-
luated both the resl and imaginary parts of the potentiszl from
the krowledge of the plon-mucleson secattering.

The usuzl optieal model does not make use of the angular
distribution of the elementary plon-mucleon seattering srocess .
but uses only the forward scattering amplitude gt(ﬂj « Thus
the predicted angularxk distribution of the sesttering is

$) R.M.Frank, J.L.Gamsel and K.M.Watson, Phys.Rev. 101,
891, (1953). .



~ determined by the nuclear density and the forward seattering
1mp11.tnd. :f-(_ﬂ.} for neutrons and protons. But ncmtl;}a modi-
fied optiec=zl analysis hes veen developed by Kisslinger and
this &k takes betier account of (&) . The need for sut:g)n
modiflicatlion has been felt by Baker, Byfield and Rainweter

wiio have found it not possible to fit thelr experimental data
with the usual optical potential model having elther a souare
or diffuse edge but found 1t necessary to use a Kisslinger-type
model which takes account of the P -wave nature of the basie
T7- nucleon scattering process.

We attempt to develop in thi:= chapter the opposlte extreme
point of view bused on the ‘'impulse approximation' which uses the
complete angular dependence of the elementary plon-nucleon scate
tering amplitude mocdified by a form factor »f the nuclsus. Such
an atteapt lias already been made by Williams, Rainwater and ?ﬂrsnura]
who have tried to fit in their Lheoretical eross-section obtained
by comblning coherently the scattering amplitude for the plon-
nucleon intersetions welghted by a form factor with their experi-
mental results of the scattering of charged pions from 1ithium
at 78 Mev. It may be pointed out that L,,-, has spin 3/2 and hence
the splr-dependent term of the plon-mucleon scattering amplitude
will contribute along with the spin independent term even for the
elastiec scattering process; but Willlsms et al have nezlected the

splo-dependent part without much justillcation. We osutline below

6) L.S.Kisslinger, Phys. m.,aﬂ‘:ﬂ (1965)
7) ¥.F.Baker, H.8yfield and J. ter, Phys. Rev. 112, 1773 (1968),
8) Williams, Reinwater and Pevsner, Phys. Rev., 101, (1956).




& rigorous method of evaluating the c¢ross section and the pro-
cedure 1= essentlally the same =5 outlined in Chapter VII.

2. b 9 so ation

The plon-mucleon scattering amplitude can be symboliezlly
written as Etfiz-k L of which the first term is the spin-dapend-
ant part and the second, the spin-independent part.The soefliclents
_ﬁ and | sre funetions of pilon energy snd momentum tnd the direetion
of the scatiersd plon and the pion~-nucleon seattering phase shifts.
We have alrea’y evaluated the square of the matriz element for such
an operator between any two nuclear states assuming that the outer-
shell nucleons alone contribute. That assumction 1s true only

for the photoproduction of charged plons and the charge-exchange
scattering of plons from muclei. In the case of photoproduction

of neutral pions and the direct scattering of pions from nyclei,
the inner closed shells also contribute besides the outer shell
nucleons.

The matrix element for the 'elastie' seattering of pions

by & nucleus of wmass number A can be written as

a3 LI < }
Q. <y¢ (_‘TM&THT)lZ(bP"'E _:E_.Eti*‘ '?H) c,ﬂm-'yﬁh TH>

1:""’:['

(1)

where fr" is the isotopie spin operator. The quuﬂj,ittn EF

and {, are the direct sesttering amplitudes of pion by the

proton and the neutron respectively. 5
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aicin SRR
B =5, 0 Kol
(2)
and EM = - KN —+ L'N
ve obtain
£— — —
bptEn _ ;__:(k..w N)+ L,
- =R =
=D =
=Ror R N (3)
oz, ) -]
and
t‘F“tN ) ‘;’_(ﬁ?—q,\,) 4+ Lp-in
4 2l
= — —=.
HIZ,,” T Koo . e = |
where
O = 5 o1 = =
Ko = il W K, = Kp-Ke
> : (4)
liow the metrix element (1) can be mrewritten as
SR A — . ufe'i.} A
Q :<'H'-" {-:IH:!’-THT} E- Z }__—— E-':L'll{m-w_ T-“._ 1{ (T H‘:THT\‘P
H‘_.‘—?H.j. o 1 M=oy Temay)
(5)

The evaluation of the square of such a matrix element has been
discussed in great detail in Chapter VII and here we give only the
pesults. After samming over final spin states and averaging over
initial spin states, the square of the matrix element is obtained as
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1 ! ! ¥4
I'Ql.l 2 “‘I—;_Z )_ H,Tl‘l @_Jf 'E (_r}£+.f+%+%
[_-5'] Lp_“n,-.-..‘ ™o A ey
-
[51 N

[AT* Se/ACHE ""w-) " Crthox e,

Corrll £ (b« w) LGy w5
<'.ITH a8 (\(ﬁ,(u)xc';,) (Bs) T “‘5"!>

A=l

(6)
The reduced matrix elements in (8) ean easily be ovaluated.

If the nueleus econtalns certainelosed shells plus N nucleons
in the outer shell,

A
<'.,TT|1 :{:, (Yi(?;;] > GL))\ j-.«ﬂ (&ns) {(_::i"j “ j-r>

= Kool (%, (R » ), iy thnd 2[00

(o]
i <j T” E Q{ (h...,) *® i::_h) JE(P‘LM) T (3T>
(7)
The first term will contribute only for A= - o sinee the

matrix element is taken between states of zero zngular momentum
and zero isotopic spin. Besides, the value of JE 1s restrieted to

zero by the parity €lebsch-Gordon coeffielents. Thus Bhe first
term in (7) reduces to

(8)
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A- 3 2
ool E_;N @E(m) x ﬂ‘)h Jplhn) o d D@>

"@ N ) w— <J£(4€U‘-)> B,(D hagmjg
(8)
Af there is only one closed shell oL to 2 sum of =imilar terms

if there are more shells. <J£(,&_m)> is the expectation

value of 2(,&;,_) and 1t 1s different for different shells.
The second term in (7)

A
G _Z (Y‘E("t) X 67 5 Jﬂ(;ﬁ:h) %““’"J H 3 T/

SN <3—TH (\(i[»’l,_)x Sn )\wa{hm) e |l T"f"/ (9)
ean be evaluated as shown earlier in sec.3 of Chapter 7II by
using the concept of fractional parentage cosfficients. The cal-
culation of this term is of ecourse a 1ittle tedious.

If we consider the elastic scattering of pions from nuclei
for which bsth the proton and the neutron shells are closed 2. 8.
carbon, then the problem becomes enormously simple. The square

of the mwatrix element in the case of csrbon is

QI = ] {.ﬁr ¢ Jﬂ(a&;{)}d-ﬁ S’(L(fznﬁz ; 31 553

The suffixes |5 and | P demste that the expectation value
of ja(jiﬂ.) is taken between the corresponding states. [K

(2] =]

on 18
the spin-independent term zpd thus we see that only the spin
independent part coatributes for the elastic scattering of pions
by carbon. Using harmonic oseillator wave funetions, exp. (19)

¢an be evaluated.




- r [5
- S
]Q|l: 6 [KM)L e Ase {3— ’EF{ES
(11)

where 5 1s a parameter which depends on the oseillation poten-
tial well depth, the value of which can be determined by finding
the expectation value (h* ) and equating it with the experimentally
determined value. Alternately, the experimental data of the scate
tering of pilons from nuclei can he used to determine the value of

/5 winlch gives the Test fit. Thus the scattering of pions from

nuclel can be used as a tool to probe the structure of nueclel.

3. Discussion

Preliminary caleculations have been carrled out in the case of
carbon and the agreement iz good at low smgles but the thenretieal
values obteined are much smollfer at large angles. In this connece-
tion, attention may be drawn to the experimental lindings of Baker,
Ralnwater nﬁﬂ Williams, The differential cross-section: they have
obtalned agree well with the previously reported results at small
angles but smaller at large engles by a factor varying between two
and ten. It may be pointed out that at large angles, the indlastie
events predominate due to large momentum transfers; and it is very
1likely that some of these events with low less of energy may be
counted as elastic since in almost 21l experiments, the elastie
and inelastic events are distingulshed only by measuring the energy °
of the scattered plons and the reliability of the experimental

result thus largely depends on the energy resolution of the apparatus.
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With the improvement in the experimental teehnique, the experi-
ments register & lower erose section at large angles and with
further improvement, it may be expected that the large angle
eross-sections may further deerease glving an agreement with
our prelimloary flndings. On the other hand, in order %o obtalnm
a it with the exlsting experimentsal results for the elastie
scattering at large sngles, we have to take into account some
of the #nelastic events with low erergy losses.

The preliminary investlgation of the elas=ticé scattering
of plons by carbon using the lppulse zpproximation and =2ingle
nucleon scettering amplitudes sesm to suggest that all the nucleons
participate in the process and the scattering takes plsce through-
out the volume. £ detailed study 1s belng made on the secattering
by various nuclel and it is expected that this will throw light
on the =mourt of absorption of plons by nuclei and indicate
whether the scattering is = surface or a volume process. Any
theory that is ahle to explain the photoproduction process from
nuclei should also consistently explain the scattering process
and it 1s very unlikely that it will be & surfazce process in
one case and a volume process in the other case. It is =zlso
of great importance to investigate at the resomance region,
for we have obtained discorddnt results in the case of elastie
scattering of pions f rom deuteroms in this energy region and
it is still a matter of speculation whether the impulse appro-
ximation i3 a good approximation in the resonance region. s
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APCENDLX»

We briefly discuss in this appendix, the algebra
of tensor operators, the use of whieh greatly simplifies
the caleulation of matrix elements of physical opersators,
The coneept of temsor operator 1s due to Rluahn. He
defines a tensor operator T, of degree ) to have
(1)1+I) components T;t’{ with Q/= A A-1 .. . ) &

such that they transform under rntatin:n Iike the spheriecal
tha
harmonies Y;” or in other words/they transform ascording

to the representation D}‘ of the rotatisn group R, , or
that they have the same commutation relations with the total
angular momentum operator T as do the spheriecal harmonie

operators \(f’ « Llke the spherieal harmonics, a hermitian
tensor operator satisfies the relation

_ (T;")* = 0" T:& (4=1)

The tensor product of two tensor operators of rank )\,
and A, is given by

o v
TA (i) = [T).m x Tf"\:ﬁ”

A

y _ U, Ui,
:%_c(:x,ALh 5 V) T;,('JT}L G (A=2)
!

* In this /ppendix, we 1ist only the formulae, the details
regariing the derivation may be found in any standard
text-book on Angular Momentum. H.E.Rose, Elementary
Theory of Angular Humtn"uiﬂlm ¥iley and fons.

A« R, Edmonds, Angular Momen in Quantum Mechanier,
Princeton University Press (1957). Also see
J.P.Elliott and A.M.Lene, Hendbuch der Physik,
Springer-Verlag (1957), p. 5%4.

1) Ge El:lh, Phys. n“c. iﬂ, 4338 [IME}



The value of ,K is restricted by the Clebsch-Gordon
coefficlient l)h-)\a.\ ‘é.i,. Aé }tﬁ)‘?—- The inverse formula

can be written as
7 .
Ts Cr}T‘trilj =T (] O U O ‘h‘h) Tf 153
| A N
# (1-3)
The sealar product of two tensor operators is defined by
Vi @ = ¥
REwSE: \] = P i I I
P
(_ A . 7 (_ ) Y X (1=4)
The reduced matrix element of a tensor operatcr ean be defined
by Wigner-Tekart theorem
¥ | T J0m [3r> = ey 54

ST

The reduced matrix elements of tensor operators that frequently

(A=5)

gceur are given below:
{8 Lolnleol B>
o SR A
- LATALIDT | k]
J; NI
<3/l e ol e 0>
e T 5,0 - Tp\%’."’” A j>
= En W =S AW % 8 59X0
; PN
LIT@ 4 L EN T [

(A=6)

(A=8)
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200 sl Pl Gl
= Q—ij jl_”_J_}J}L—Jnf] LJ] w( ‘:"—lljf '}"I : J-";j
<j"r " T}a" J'>§31-51f (4=7)
Lo v T 0,0 5y
= [T Wlsa s X))
<..|-:HT);L“J=.> 531.‘1{* (A=B)
= @.1+f)/”L

The - symbol can be expanded as a sum of the produets
of Racaeh eocefficients

where

a L e
4 g [ = Z Ga) Wlateg se=)
g W(dg Ll o) WW(hsda 585)

(4-9)
In the summation, the values of X are rutriatada?r the
properties of Racah coefficients. Numerical tables of
symbols and Racah coefficients are now avallsble.

2) Tables of the Racah coefficients, edited by
T.Ishiduzu, Pan Paclfic Press, i‘akyo (1980).
The 3-] and 6-J symbols, M. Rolenberg et al ,
The Technology Press, Massachusetts Institute
of Technology, cn'aridu Mass (1359).

Tables of the Wigner 9-] coefficlients,
J«.W.5tephenson and K.Smith,North Carslina State
College, Rayleign, H.C. (1957).




The reduced matrix elements of the angular momentum

operators are given by

45;'”-5” J> = ]J(J-rt) é“; {(A=10)
S LRty ERE

(s «11)

The reduced matrix element of a spherlieal harmonie is

Lell Yy |l ey = e(bellysoo [L3[LT
Lslvgll ey = e &)JLTTE.;,_I

(A=12)
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QEAPTER 1X

OF THE BQUIVALENCE OF PIELD THE(RETI I

1. Intzoductien

Reoently, Ramskrishnar, Hadha and Tngs’ (hereinafter
referred to as RRT ) ‘.hm re-excained the connection between
the field theoretic and the Feymmmm description of queantum
mechanie=1l collision progcesses and have errived st & new and
simpler procf of the eguivazlence of the two formslisms,
Therefore it seems purprising why elaborate arguments snd
notations were necessary particularliy through the introduc-
tion of normal products and the apolicetion of Wick's thlnruar‘
for proving the equivelence which is slmost trensperent withe
out recourse to such methods. Ve shall in this chapter make
a comperative study of the well-lnown method of establishing
the equivalence usingiick's theorem and the method of Reme-
Irishnan et al and prowe that if the concept of 'itypleal

* A+ Romgkrishnan, K. Veakatesan snd V., Devansthen
T Mabh - Anak. awol Applna., (an press)
1) A. REemakrishnan, T.K.Radha snd R. Thungs,
The Physical BDasis of Quantyjm Field Theory
J. Noth, Anel. end Applng., 4 , 494 (1962)

E] E-B.Eﬂhmhr, H.A,Bethe and ?-D.Hﬂfmm,
Mesore snd Pields, Vol. 1, (How, Peterson & Co.,
Yew York ), D. 20*. (1956}

G.C.¥Wick, Phiyn. Rev., 80, 268 (1950)




-
sequence of eventa' used by RAT? 4is applied to Wick's

procedure, we obtain the smme simplifieation.

We ghall first briefly reccll ¥Wick's procedure Sof
reducing the Sensirix which conteins the chronological
produet of operators into normal products. The first step
is %o replace the chronologiesal operater P which ocewra
in the S-matrix
..... de, PP ) - - p D)
Y (1)
by the time-ordered produet T of ¥Wick; the two being the

S = E("“:Jhi—f

e
b 18
R

game in the conventionnl theories eince the fermion operstors
which elone may oczume & relative sign between T and T
produets eceur in bilinear combirstion. The time-ordering
fixea the relative positions of the interscticn Hamiltonien
densities, ‘U I(:a:‘.) in the integrand of the S-matrix,
but Y () which itself 1s = product of amnihilation snd oreation

# They oconceive of the lﬂﬁi‘lm.g as though it were a stochastie
progess und of course they denl with complex smplitudes inatesd
of positive definite probabllities, "There seems to be a pre-
Judice ageinss the use of stochastic methods, n prejudice
which is sadeep rooted = it is unresscnable. As long as
we are remembering the principle of muperposition of ampli=-
tudes for 'typicel complexions' in quantum mechewnics, v
there is no reepson why we eammot view o collision as 2 ato=-
chaatie procesa."
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operators has to be srrenged im the normsl product form
i.e. with ercation operators to the left of destruetion
operators.

The motlvation for defining such a nozmel product stems
from the property that ite vecuum expectation value is zero.
Also the intrcduction of the mormsl product inm ‘MY 7 will remove
& @ifficulty regarding the definition of the current operstor
in electrodyn=mios pointed out by Heisemberg vis., the infinity
obirlned for the vaouum expectation value of the current opere-
ter  J, = WOV, W considered as the limit of

Y ¥, W=D a8 x’ > x « This infinity in the vaouum
expectation value for the current ia attributed to the nege=
tive energy ses and it oan be ovexcome by aymmetriging the
theory in particle and enti-pariicle verisbles mnd defining
the current density four veclor eas the comoutator

i .= 2 [ Weoy, o] vy writing |, in the fiormel
product form. Ye shall show that this conaiderstion doeg

not in any way enter the discumsion in a seetiering process
¢ the redue

to different times (except in the triviel csse of lowest
order potential ecattering) end in such a case the pregedure

suggegted by HRT using the conventionsl Hamiltonim is
identicel with thet using ‘Y, defined in morsel product ferm.
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The fundemental lemma used by Wick is
T(UVv) = N(UV)+ UV 7
where ) emd Vv sre two field operators and T end |
represent Wick's chronologicsl and the normel product

operators respectively. Vriting %Icr) in the normal pro-
duct form, we find the integrend of the S-matrix to involve

wmimed | products which con be expressed by me=ns of VWick's
theorem 23 a sum cf normel products with all possible contrac-
tions (omitting of course the contractions between frotora al-
ready in normsl product form). Yor instance, in quantum electro—
dynamica, the Iintegrand of the second order term in the 3—“1!‘.1'1!
exprngion omn be written as

T (v (7 o0 Ao pced) N (T Gesd K ) ?Cx»:g

=N (‘1;: (=D K Ced Y lx) Y () A () ?,bixﬁ)
+ N(F o) A0 pled) Tl A m) pixd)
+ N (T Alx) yee) v,TameJ A () be))
(T K1) W) T () A ) Yrd)
+ v (T Cep F ) ¥ § () Ale) plx)
b N (Tl Ab) Pl Tl o) yTx)
N O BT

a c . - 5
+ I (T A ¥lx) Tl A 1)
&
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where A =7, A, and the supersoriptea 2, L and c
represent cortrected pairs which are the Feynman propagators
in . configurntion space. Each normel product N corresponds
to & Peynman dlagram In configuration spage. For a given
initial snd final state, there ism one and only one type of
normel product which hes non~vanishing matrix element between
the given states. This normsl product reduces %o a product

of propagators snd the normel product of operators fto be mal-
ched with the initisl ené finsl staten, ylelding the initigl
and final state wave functlions.

It is to be noted that Wick's method is quite general
end the reduction inte normel products is nede without reference
to sny speeific process with given Initisl snd final state.

ERT have emphasised thet all the algehrsic techninues involved
in the method of Wick emn be avoided and the proimcedure much
simplified by specifiying the initisl and final stote from the
beginning iiself. They do not work with the field operatora
but with their componants, i.e. the snunihilation and ereation
operetors with their wove funetions and consider a 'typienl
gsequence' which gontributes a nonvanishing term to the metrix
element and then sum over rll momenta to get the respective
propagators corresponding to the intermediate states. O©Of course,

. the integr:sl over space-time of the non-venishing term corres—
pending to o typlesl sequence will venish if energy and momenta
sre not conserved for the process., The procedure consiste
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therefore in building up the propagator from the non-vanishing
constituents of the integrand of the S-matrix rather than
pleking out the non=vanishing matrix element from a generel

reduction of an *h

order product of field operators. Ko
ume, however, is made of the norassl product form for V6
Thig does not lead to any diserepuney sinee we can now demorsirate
that it is without consequence whether we teke 'f¢ _ im the conven-
tionsl or ncrmal produet form.

¥e shell now proeceed to show that the nethod of matching
preseribed in Ref., 1 1is identiesl with the procedure cf ¥igk
provided we take only the non=-vanishing term in the liatter.
Fellowing RRT the integrand of the S-matrix tsken between

the initisl and fingl gtates can De written as
{4 |0w3 - ‘:Jt;l---[hl-~-v[~i]----|3]l*¢>m

for = typical reslisstion of the time ordered sequence of opers-
tors with definite momentum lesbels. For simpliecity, we shall
consider the one-particle initiel ond fingl states defived by

N el T
[y=ally  me (5= a) >
in (3), each bracket contains

A S
T 7 a;, £, 7
)b {iP: -+ Q /Er o /E 7 I J'b ()
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which = leaving aside for the present the intersction potential
e A whieh is not relevent for the discussion - is the inte-

grend of 'f{ Iﬂ.th definite momentum lebels. IExpliecitly

(5)
and sinmilarly esch crestion snd snnihilation operater is accon-

panied by its eorresponding wove funetion., The ereation opera-
tor Ct‘r which gperatings on the veouum glves the initial
atate has “: be matched with the correspanding smmihiletien
operator Q@ h having the ssme nomentum label which for the
particular realisation mey ocecur in the .4& b bracket.
Looking at the structure of ihe interaction (4) , we find

that this ann:tfl:ilation apvﬂ:ntar aPI ney be accompanied =
either by a"" , or ,@

P p

ched with the corresponding smnihilation or ereatlion eperator

which in turn Lss 4o be net-

as shown by RET .

™
Cage I @ If it is &}.mnmtuhnnﬂhaﬁ
with the corresponding smhilation operator ( , in ,f th
bracket with [, > Eg o

Case IT @ On the other hand, if in the /> th bracket

A A
[, 1a aceompenicd by Jﬂ-P, which is the anmmihilation
]

operator for a positron, we vreadily see that the corresponding
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ereation operator aﬂr} should ceour in the esriier bracket
[i] with €. b, since the positron which is destroyed
sliould have been ecreanted earlier. ¥rom (4) , we find that .U-
: always ocours to the right of ﬂTuﬂrmﬂmmhrm;im
@F,tu the left of .@T, » it heas necessurily to eross over
the left hand member of the bracket containing Ji;g which
yields the negative sign, ususlly attributed to the positron
propagator.

The proceas can be continued until gll the creation and
annihilation operators are matched. The matched pairs operating
on the vacuum leave it undisturbed, for

Ay g, ap @ |7 = |7

o

, ) T T il Ss
N

Thua the integrand of the J-matrix is stripped off sll
its creation and snnihiletion operstors snd the brsckets in (3)
willx now consist only of wave functions. In case I , we have

<

(6)

< Plx{&

Uy €
=g
' (7)
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- gnd 'P”
=4 P Xy Lp'x
e / : £
D»’] ,QEP, W T, “b © - (8)
In ¢ese II , we have
LTy - - TRY -3 - - - Ll
> (9)
with
— 4!"'3‘-:& PJCA%_
A1 Ty € ), SRR
I \JIEP' : J2E; A (10)
and
_A.P"’xj | —_L:Fllrl‘j'
i1=-7= " e =y, e
L RE,. F 25, & —_—
or alternatively
[j—L P ﬁlb” E-L-P”x‘j. _.l_—_ .U_F'.r E_‘EPIJ.
QEP JR Eps (11 v )

!w-uhhmtham-m:-mdm it may be resrrsnged

ag followns—

Case I 3
<‘,| s ot PSRN [E][ﬁ]lé (12)

Cese II 3
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Feynman ordering and gives the complete Feynman matrix element
in momentum representation if we sum over £ll momente and spin.
It may be pointed out that the process of matching a

/Er ; in smy brabket with -/8':; in en earlier brescket yields
a negative sign since we have to cross & '8'25 or an &Tp
which 1s the left hand wide partmer of [’ , e« On the
other hand, in ¥ick's procedure the negative £ sign is alreandy
fed in by writing %I in normel product formy 1.e. in a typi-
cal term of f ;,mhmhtththunmﬂﬂ
sign attached. ZThis process of matehing is contimued until
all the anmihiletion snd creation operstors in the integrand
of the GS-uatrix are exhausted except the creation operator

Q?}’; which for the particular reXslisation mey ocour in

the [ th bracket. This has to be matehed with the sanihile-
tion operator élpl in the fingl state. The matehing of =1l
intermediate operators (leuving sside the operstors 61’},,
and Q4 b, corresponding to initiel and finel states )} cor-
responds in Wieck's procedure, to contracted pairsjand the matching
of fllr/s, and (L b, actusl ly yields the initial and finsl
state wave functions which are obtained in the method of Wick
from the uncontracted field operators in the non-vemishing nore
mel product whem taken between the initiel and final atates.
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Thus we see that the method of RRT is equivalent %o
taking the nor=venishing 'typiesl terms' of norssl product
between the initial end finel stetes in ¥Wick's procedure. All
nmdhmwmﬂthﬂMhth-umhtim
relations between the symihilation end ereation operators with—
out evaluating the commtation reletions of the field variables
in which gsse one is forced to consider not the spinors themselves
but their eleaents.

In sn esrlier psper, Remakrishnen smd nmmﬁhnn’ 4)

using stochastic arguments postulated the following interaction
Hemiltonien

Al T 9T g AR A ~ o
H D ?; O, Gyt Loy Gy + Lo by + s A
(14)
“here the crestion operator ./ alweys oocurs to the left of
oither A1 or A, unlike the ordering obtained from ¥ } «
ltwmmon-uttmrmmmﬂmu:m
mmﬂﬂumﬁmshﬂﬁmhpﬂrmhtutumub—
1y in the order presoribed by ¥ { « A unigue prescription con
be given for the choice of the eorrect order based on the follow-
ing arpgumentsa. The tremsition at s vertex due %o interaction

tnhlpluamtﬂaﬂnglntyﬂwthﬂphtbnttnnmll

3) A. Remekrisheen and N H.Renganathan, Stochastic methods
in Guantum Mechenles, J.Math. Anel., and Applne 3, 261(1961)

4) A. Remakrishnan, Hlementary Particles and Cosmic Rays,
Pergsmon Press ilgﬁ_z)
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intervel of time A . (This may obviate the difficulty
regerding the vacuum expectation of the current operator
mentioned nrl:l.u'.) The process of pair annihilation ab
] L represents the transition of = positive ssergy electron
at ( to = negative energy state st [+ & , the interaction
taking place inthe interval A so that the electron destruo-
tion operator should be pleced o the right of the positron
destruction opersior. In the case of palr ersation in the
interval between (- A snd [ , we view the process ss though
we tracé the negative energy state of the electron st £+ A
back to & positive energy state et L so that in thie csse
47,/ should be placed to the left of afP. Yor electron
and positron secattering, the creation operators will be to
the left of the snrnihilation operatora. Thus the interaction
Hemiltonisn reads as (14).
Having postulated the interaction Hsmiltonisn in the
above form, the matehing of ean (@ in some bracket with &T
of the initisl state is done sssuming that the partner of
is moved slong with it 4.e. by bringing the bracket con-
taining = (L and pleeing it in juxtsposition to the initial
state, ignoring dll intermediate lwackets. If L is the

# Recently Caingiello has suggested that the limiting
operation at > —>' need not negcesuarily mske the
vacuum ation value of the current operator ine
finite the latter may be merely under
such an © tor. B.E.Osinielle, Nuovo Cimento,

13, 185 (1959).




partner of A , it will now be %o the right of the bracket
eomteining the corresponding /[. which 1s to the left of its
partner therein. In matching it with fr,“m-tam
that partner and this gmtua:nmtiﬂ gign eand then wxe
get ,ﬁf«fi:rmummuthsmuhtmm
,@f,ﬁ sa (' A with opposite energy end momentum. In this
progedure, the wave functions cen be ecarried eslong with the
operators while in the methed of RRT , the operators have to
be moved separntely from the spinors mf or equivelently only
the elements of the spinors con be eerried along with the
operators as in Wick's procedure. The oholce between the
various proceduree is therefore a matfer of taste; the only
gimplification being that we work with typicael realisation
of the integrand of the Sematrix i.e. with snnihiliation
and ereation operators snd rot with field variables.
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Any new method which has been developed to tackéle problems
in meson physics for which the perturbation expansion is net valid,
should naturally be spplicable to problems in electrodynemics snd
should reproduce the well-established results under suitnble appro-
ximations., The method of I:urn which enables one to write the
matrix element in the Heisenberg representation by postulating

an interaction Hamiltonien is one such nttempt to overcome the
defeets of perturbdation expansionsy but it should be antieipeted
that this method should slpo yield identiesl results in electro-
dynemicm probiems where the perturbation methods have been proved
to le of great success. The various problems in quentum electro-
dynemics vig., the Compion effect, electron-electron seattering,
electron-positron sesmttering snd the lwremsstrahlung have been
studied using Low's procedure. Explicit expressions for the
lowest order matrix elements ere derived snd they have been

shown to be ldentiesl with those obtained by &. Feynman wmethod.

A1l the Teynman grephs have been obtained as s consegquonce without

* V. Devenathan and Ko Venkatesan, Presented st the Summer )
Sebool in Theoretical Physics, Simls (1962).

1) P.E. Low, Phys. Rev., 97 , 1392 (1955).
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the need of separate enumerstion. The relative signs of
the varicuas terms in the matrix elements are slso obtained
without amy recourse to ad hoc principles.

This investigntion is undertaken with a view to assessing
the contribution of tie equal time commutator term in the various
processes in electrodynasmics and it is found to give, in the
lowest order, either e purt or the whole of the matrix element.
The equal term comsmtator term occurs both in Low's thecry and
in the dispersion theory = the latter being model-independent
and henoce more generzl. The difference between the two eppros-
ches is that we =re interested in the former cese the time=-
ordered product :snd in the latter the retsrded product involv-
ing a commintor. Although the name “equal time commutator
tern" has come into vogue in dispersion theory, we shell use
& the sane nonenclature for the corresponding term in Low's
npmauﬁ-

The equal time commutator term always arises when we ore
converting into current operator a psrticle in the state vector,
the field variuble of which occurs either in bilinear or multi-
linear combination in the intersetion Hamiltonism.ihis Serm
is usuelly considered troublesome for it brings in its wake

unrenormeliged guentities. In dispersion thecretic tnahmtlﬂ,

2) S.Gesiorewics, Portschritte der Phyalk, 8, 665 (1960).
¥.L.Goldberger, Fhys. Rev., 99 979 (1955)

Jd.C.Taylor, Leetures on Dispersion reletions, Hochemter

University, (1960).
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the contribution from this term is shown to be n polynomial
in the square of the totnl energy, the dependence on the
momentum tr=nafer being srbitrary. The statement is ususlly
madé that the equal time commutator which esn easily be evo-
luated once sn intersotion and the candnicsl commutation
rules are sssumed, need not be evaluated explioitly as they
esn be subiracted out since they do not depend on energy
(provided there sre no derivative intersctions invelved).

It i interesting to study the role of equal time comwutator
in the conventional Legrangisn spprosch for ss we shell show
below by examples involving the electromagnetic interaction,
thet this term in faoct forms pmrt and in some cames even the
whole of the matrix element in the lowest oarder (which would
meen thet it is dependent both on energy and momentum transfer).

) 2. Zthe Compion Effect

Pirst we shall consider the Compton effect visz., the
secttering of a photon by sn eleotron. The matrix element
for the process cs=n be written as

<P.* *b’ } Slp:;t‘,> - (_,g.}l”%%; é-‘—'?}x E_*‘-'%"'H

P PLL 3o.)| B
(1)
where p and p’ represent the initisl end finel four

= ‘!’tuunutnmlm.ttn—m-hmi=ﬁ=l end the m
in which the scalar product of twd WVectors o and »
are represented by !

a___)g- = ﬂ_.&-‘-"’&:h- = a-n-‘ﬁa—ﬂ--fg— SR A
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moment@ of the electron and ¢/ end ¢ ' the initial end
finsl four mements of the photen. J (=) emd J () ave the
Heisenberg photon current operators and they satiafy the
equation of motion

O A = 6D = ePED %, yE) ”

Using the principle of translational invarisnce

\ EPae S B = o
NSy i=vie ) @ e

where P 1s the four-momentum operator, the x and Y de-
pendence of the cperators esn be removed. The integration of

the four-momentum 13 yields the energy-momentum conservation
and we obtsin

ralisiay= r_"_x*%:, &V S (e’ p=9D
PU® LEND

where x’=x-ye 20 remove the ~«’ dependence, a complete

get of intermediste states heve to be interpoased ond the inte=-
gration of the verisble >’/ gives the momentum of the intermediate
state end the energy denominaters. Finally, we obtain

Py’ S|pa) = W‘E

'Pﬂ-i-qll'r "an—rJ;E

S(p4+v'—p- ‘L’)

ﬁL\JWI'@/\“lJ @ | Py (5)

1=FJ’$ Pﬂ s~ e FiLE

i
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FIG.1. THE COMPTON EFFECT.
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The sbove expreasion is exeet mnd if we pwiteh over to the
intersection representation, we will get the perturbation ex-
pansion. We ghell deducé the lowest order matrix element and
show that it is identieal with that obteined by the earlier
rmethods.

First we sholl evaluate the first term in (5) in the
loweat crder. For the one-eleciron intermediante state
(diagram R, in fig. 1 ) it pimplifies %o

o* EP, R Wi, Ty & Rk Bp
JIE Pa fim™ Po + Vo—ma (6)
Similerly for the tlree-particle intermediste ntate (one
electron plus electron=positren peir disgrsa R, in fig. 1 )

the contribution is

’(E Po P ) e ) s )

It con be e=aily seen that the higher particle intermediste
states will not econtribute in the lowest crder. Hence sdding

(6) snd (7) end simplifying, we obtein
{p'| Ju@ | m> (R=F+T | S | B>

Pﬁ+ Yo =

- e @, e rn ——— & LLJ
N [P ot g S b

(8)
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Expression (8) is exwectly %8 natrix ulunis} corresponding
to one of the Feymman disgrems ( Dlagram R in fig. 2 ) .
Remakrishnan et a1%) have ohown frem éifferent corsiderations
that the Peynman propagetor in momentum representation can be
conveniently split up into two parts - one arising from the
peaitive energy port of the intermediate state and the other
from the negative energy part. Accordingly

| W ]
}S‘P}U_'h"' = ol Pat Y. """--::) F""*a(_ﬁu"'?u'*“)
(9)

s . T
vhere P, is a four-vector with energy component "= 1-‘@&01%

end P, the four-vector with energy component --. . Ve
obtain exnotly the ssme remulty however we use n different
langusge = the one=particle snd three-particle intermediste
states. The three-particle intermediste mtote in field theory
nnrr-npu:;ﬂl to the Peymmen'e negative energy propagation.

In & siniler wey, the second term in (5) can easily be
evailuated. As shown earliery the one-particle anéd three-
particle intermediate stuotes slone contribute =nd adding them

obtain
b i <R =F-F] @ | p>

Pnf_ U—"H-.n““*‘-a

M &

= ——-E'L 1L =S ’ E‘m'ﬁ'mlﬁ-—
Jikt S ;

(10)

3) ReP.Feynuan, Quantum Electrodynemica, Leoture Notes,
Caltech (1953).
4) A. Remekrishnen,?.K.iadha end R. Thungs,

Proo. Ind, A‘.Eﬂ-ﬁﬂia. ﬂ, 228 (1m} :-.'
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Expression (10) is identical with the Feyrnman matrix element
eorresponding to the other diagrsm, (Diagrsm S in fig. 2 )

Adding (8) ond (10), we get the complex metrix element
for the Compton effeet inthe lowest crder (second order)

2 = = L E'L g !+ ‘,l}f—- _Ct,)
I \/(Ia Yed bo ) Ch ;

T, @[~ + L’LFE{
{Mf,fg{}{+ﬁ-"rw =7 )ﬁ (11)
One of the prineipal features of Low's method is the

transeription of some of the particles in the initisl or final
stute into current operntors and there is = variety of choice,

In the nbove discussion, we have converted the initisl snd final
photons inte current operators srd thereby avoided the equal
time commutator. Insteamd, if we convert one of the photong and
one of the electrons inte current operatora, we will obtain the
equal time comvutator term as shown below

< P’%-‘ ] g I PCU’> = —-Ul :}a = E:L_P-' Y(dxdl? e_—i—'ﬂ'x E,cf,r?
<A PGWip) + 8- e e, v, wc?iz l)P}

J ) is the electron current operator glven by

(cp-m) L) = e, v AY) +3m )

= 3(H)
Removing the x and 'BL dependence of the operstors mmd

integrating them out, we obtain
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3

.r%'.rls pas)y = — A 5(;:'.#%;’_]::—@) w %
e R R S

{; L9’ | 3 | <HR=PT ) | Ll b

f:‘a-l*q.f — e

{q’,f‘.'.u‘h><?*’i’ ¥ ow| b
»-. P/ +me— P —* &
(o' | 3@ | By
= =gl

+ ee

(13)

Bountion (13 is exset and the operaters nnd the state vectors
ere in Heisenberg representation. The third term in (13)

erises frou the equal $ime commutator and when we rewrite
it e=

(P—?;J:- s Gy (_F-'%a'j <q/"] I | IQ»

w
Fe £ind thet the £irst helf of the matrix element represents

1.'4-.#:& a

the bare eleotran-photon vertex and the second helf, the
physionl electron-photon vertex. Thus when we write the

Torner in texms of renormeliged gquantities, we will be hsving
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the remormslisstion constents s feetors and they have to |
be ovaluated suitably.

Reverting to the interaction representation snd thereby
to the perturbation expemaion, the firat term in (13) is eve-
lunted in the loweet order. The contribution from the one-
particle intermediste stute is the seme as (6). However, the
throe-partiele intermediste state venishes, in the second order,
if we make a direot “nluuﬁm. This is, of courae, not correct
and the three particle intermediste atnte do contribute ss we
have sean esrlier and hence it seemn desirable to convers
whenever possible only the bosons inte current operstors instead
of fermions snd if we do otherwise, the vertices have o be
interpreted suitably, Thia does not give rise to mny smbignity
as long a8 we work in the Heisenberg representotion snd identify
the meirix element as the product of two matrix elements wmka
whiech arise whan we have a tiree-particle intermediate state
and teke the eontribution inthe lowest order. fHow we can go
back to the intersotion representation and obfsin the complemens
tary term (7).

The mecond term in (13) identicnlly vemishes., The third
tern directly gives the propagator for the other Feynman diagram
and in the lowest order it reduces to the mecond term in (11).

# This point hss been noticed Goldbverger, Oehme end Hemlm
while studying the single able disnersion relaticns for .
nucleon=nucleon scritering; MH.L.Goldbexrger et el ,
Ann, Phys. 2, 226 (1957) .




As the third slternative, we omn pull in both the
eleotrons from the state vector and econvert them into cure
rant overstors. But, as pointed out esrlier, it is convenient
to keep the fermions in the state vectors snd convert only
the bosmons into current operatora,

3

The matrix elenent for elegtron-§lectron se-ttering

ern be written a8 produgcts of the kmown electron-photon ver—
tices by converting two of the electroms, oune from the initial
and the othor from the finel state, into aurngnt operztors.
In this cnse, the egual tine commutator term is unaveidoble
and in feet, it represemts the matrix element corresponding
to one sf the Feymnmen disgrams ( disgram R 4in fig. 3). The
euphta uatrix element can be written as

<F5P4l S| Kby = === btk -t

r_

21, Ly, \ T Teos l""><‘“ = | 3| 2%
[LL (F'-‘-) { (pl+(p) S
A RIS G el "*>j
sl R e

= 4174{ Jﬁ}ﬂ l ?“>_ .
— e U (k)7 W(P) ——G;:FE)T—— | .

(14)




Bquation (14) is enlintegrel equation, the first term being
the homogeneous term involving the electron-electron scat-
tering matrix clement, The seeond ixterm is the produet of
electron~photon vertices which esn be easily evnlusted. The
one=photon intermediste state inthe lowest order gives the
following contribution

G E(Rmeu ) e (&) Ve WLPD

W ) (B
where (D, represents the energy of the photon. The above cor—
responds to the emission of & photon by the electron of moumen-
tus P, end its sbsorptieon by the electron of momentum P e

To this the complementery term representing the emiasion of

the photon by the electron of momentum P, and its subsejuent
absorption by the eleectron of momentum Pl ie to be added. This
ylelds the complete metrix element corresponding to one of the
Teymsen disgrems { disgrsm S in fig.3)

( TPy Yt Lp,_j)( T () W L))
(Pa=Pk)*

sinee

|
| | 5 AL o I
2 L, [_ {Pﬁj._ﬂ;'(,l = £9q, (?#J,_(.H);" C-"m.] (P"*- B, s
The next higher intermediate state viz,, one photon plus
electron-positron prir gives disconnected Feymman dlsgroms

in the seocond order. - o
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The third term in (14) is the equal time commutator
term snd in the lowest order itjrepresents the matrix element
corresponding to the disgrom = R of flg. 3 .

A similer consideration shows thnt even in the case

of eleotron=-positron scsottering the egual time commtator term
forms part of the matrix e¢lement. The complele mairlz slement
for the electron-positron serntiering is given bLelow:

G NE _\]ﬁ@a S pox by~ PP
[ 20| 4H) STl Rt Dol
(Pv)j (Pe), - (00, + %
e el
G (e s

<pil i | P>
ik

The first term represents the Feynmen disgram corresponding

— e (P wu(be)

to electron positron snnihlilation and its subsequent oreation.
(diagram 8 of £ige 4 ). Aa chown esrlier, the complementary
term hes to be included to get the complete prepageator for the
virtusl photons The second term venishes. The third term is the
equel time eommutster term and it represents the mntrix elemsnt
mmwmmgwﬁunm&rﬂm{dm R of fige 4 ) »
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4. QCther Frocesses

Some further examples where the equal time commutator
term gives the whole mairix element or a part thereof, are oo
followsn:

a) Eleetron-proton seattering where in the lowest order
of the eleciromagnetilec coupling constunt, the complete muirix
element is given by th equul tine commutator term.

b) Bremstrahlung which may be considered s the limit-
ing cone 5) of radintive seozttering of electrons by = preton
as the proton moss is made infinite,

¢) Fleetro-pion produetion 5) vhere in the lowes®t order,
the equal time commuiantor term givea the complete matrix element
for the process, neking its equivalent to plon production by =
virtuanl photon.

d) Electro-disintegration of the deutercn which sgnin
czn be qquated fo disintezrstion by a virtusl photen,

e) The contribution to the matrix element for the photo=
production of pione from nueleons erising from the photon-pion
intercetion term, viz.,

(@*-Elf — Qf*) A, (D

09X 8 X

5) A. Rampkrishnen, G, Bhemathi snd 3, Indnathi,
Proc. Inﬂ- Aﬁ&d- Enl-’ 52, 5% {1351

6) S. Pubini et 8l , Phys. Reve, 111, 329 (1958).
Ehi:mltaanhabtaimd in & much essiiew ensier

way by using Low's method ond commuting both hhe
operators of the initisl end final elegtrons through

the S-matrix.
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which 1g bilineer in the pion field weriable’ and nerce conm

give rise to an equel time commutator term which is the

"plon~gurrent” term.
Inﬂlfhumu,nnuthﬂth:wyaltium

tator term forms the complete mairix element (processse

(a)s (B), (&) end (4) or & pars of it in the other cases

cons idered., Thus we ere forced to the conelusiocn that in the

oonventional «pproach using an intersction Hamiltoninn we

have to include the corntribution from the equel time commutoe

for in thoe celeulstion. Another notable feature that emerges

from our consideration is that there is no need for sepnrute
gynzetrization or entiaymmetrisation of the matrix eleuent
g3 thin 1s alrendy imbedded in this method of deriving the
mairix element.
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SINTE P D

1. Istroduetion

In Chapter IV, we have studied the elastie, inelastiw
and charge exchange scattering of pions by deuterons. In the
present chapter, we discuss the sbsorption processes

T+D—>p+ P  (plon absorption) (1)
T+ D> p+ pt¥(radiative eapture) (I1)
and also the disintegration processes initiated by a photon
and an eleetron, namely
¥+D—> p+m (photo-disintegration) (III)
€ +D—>€+p+n(electro-disintesration) (1v)
These processes are studied in a unified way using low's
method which brings out the similarity and interconnection

between the matrix elements for these processes.

Chew et -11) considered process I under the impulse
approximation. They made the observation that to explain the
observed zngular distribution, it is necessary to I.nclud;)thu

D -state wave function of the deuteron. Tater Rockmore
ealeulated the contribution of the pion absorption proeasr'c to,
the total scattering cross section of the pion on deuterium.
He used the model for plon absorption due to Hrueekner and

Watson wihleh treats the absorption as a co~operative »rocess

1) G.F.Chew, M.L.Goldberger, -teinberger and C.N. Yang, »
Phys, Rev., 84, 581 (1951)
2) R.M.Bockmore, Phys. Rev., 106, 256 (1957) b




between two nucleons, He obtalned an order of magni tude
accuraey for the eross section which, aceording to the
experiment of Rogers snd Lad.ruana is about 7 millibarns
&t plon kinetic energy of 25 Mev. The differential eross
section is of the form

E{_ﬁ: . A+Cn'g e

d L A+ hm
S0 that 1f one observes the outgoing nueleon at an angle ©
for which Cox 9 = ﬂ_ » the differential eross-section
will be independent of A and differ orly by a factor of
4 7 from the total eross section. The total eross seetion
for the radistive eapture at 85 Mev as given by Rogers and
Lederman is one milliharng. *

The photo and eleetro~disintegration of the deuteron

have been studied by different approsghes by varicus workers.
Pearlstein and l.'l!in‘“ have suggested that it is convenient
to divide the analysis of the photo-disintegration problem
into two parts eorresponding to two energy reglons. In one,
the region below 109 Hev, the experimentsal results ean be '
completely understood within the framework of econventional
quantum mechanies whiech glves the result that the process.
essentially proceeds through a dipole transition in this "

3) K.C.Rogers and I.M. Lederman, Phys. Rev., 106,247 (1967)
4) L.D.Pearlstein and A.ﬂcin, Phys. Rev., 193 (1969)




@nergy reglon. In the region above 109 Mev, however, there |
. is evidence for the presence of virtual mes=on currents whiech

make thuul‘l{n folt with inereasing shoton energy. ¥ixing

& covariant formaliem for deriving a formally exaet expression

for the matrix element for the process with a shenomenological

procedure, they show that Such & division has a theoretical

basis and that cantribations from the virtual sesons are negli- {
&ible below 109 Mev. Retaining only the one-meson exchange f
effect they conneect the matrix element for dipole transition

with the P- wave mecon-nucleon coupling constent and the ampli- :
tude for the photo-production off the energy shell.
As rezards the electro-disintagration rocess 1t has been '
most useful in studying the foram Tfaetors of the nycleon. The PR
basie non-rolativistie theory of the process was glven by Jenkus
who ealeulated the differentisl eross Section u-ing a Mmmfxiiulthen
tomtan wave Tunetion of the outgoing nucloons. The final state
interactior between the outgoing nucleons was treated approxi-
mately using a central force model for the interaction. Mmﬂn
made a more complete formulation of the problem of ezleulating 0
final state effocts and studying the influence of the D-state

¢omponent of the deuteron wave funetion on the proces % He has {4

e@lso discussed the relativistie corrections using the methods of

—

8) V.Z.Jankus, Phys. Rev., 102, 1586 (1958)
6) Purand III, Phys. Rev., 1020 (1969);
1398 (1961)
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of dispersion relations and has pointed out that the ealeula-
tionx of the finsl state interaction unulﬂ'rpquira an examina-
tinn-nf the double speetral furetion inthe Mandelstam repre-
:antntinn7) for the transition matrix element. The importance
of the final state interaction and mesonie corrections near the
threshold for deuteron break-up was also pointed out.

We have studied the above processes in a unified way
using Iow's technique. The deuteron which is of composite struc-
ture 1= always kept in the state vector and only the other
particles are corverted into current operators when necessary
and so the matrix element in each case will include a2 term
involving the vertex which has a pole, the residue of which is
the normalization factor of the deuteron-wave funetion. Integral
equations are derived for the matrix elements for the various
processes which are interrelated. A better insight into the
physical process can be obtalned by representing the various

terms of the matrix element by means of diagrams.

7) S. Mendelstam, Phys. Rev., 112, 1344 (1953)
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2. The Matrix Flements
Using Low's mathod, the matrix element for the process
D — P+ P

=ean be written as

i | T|vd) = -

= o U= Ehy
R, e [t e
<f’. ](J‘F{x) :r”w})+ + ¢ 8 (94-D 3T, 1+113\i>:l
(1)
where 7/ and Ol represent the four-momenta of the ineident pion
and the target deuteron respectively, and PI and P, , the fomr-
momentum of the oulgoing protons. The operators in eguatior (1)
are the Helsenberg operators and their dependence on the variables
> and 'Y can be removed by means of trenslational invariance.
Fe = e Py e
where P is the four-momentum operator. The intesgration of one
of the variables in equation (1) implies the corservation of
momentum and energy and the integration over the other variable,
whlch can be performed on Interposing the complete set of inter-

mediste states, yields the energy denominatjons. Finally, we obtaim

{p, BTl Q/ZJL> = — 7. w(b,) d(p,+ F;."‘b'—fi)

L (R,
{ s pulamda Ly L iﬂ—‘;@ au-m
E P ) +(|3J T, +« .
Lp | 3o [ [ 300 \52 SE-7+7)

= (R e i

i)
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Ot
% W (= P, ™

(2)

The lowest Intermediate state that contributes to the first
term im & 1s the two nuecleon state ro tha' this term will give
rise to an integral equation for the matrix slement for the
process, the kernel being the matrix element for nucleon-nuecleon

| scattering, which, in our procedure, represents the final state
interaction. Diagramatically this term 1= given by Fiz. (2).
The second term gives the 'pole' or Born approximation term 1if
we teke the single nucleon intermediate state only. The numerator
is then the produet of the plon-mucleon vertex and the deuteron=
proton-neutron (D-p=n) vertex. The latier, on the energy shell

of the intermediate nucleon, is just the normslisation of the
200 O\ V2
{=otf

where o{ = ME | M being the mass of the nucleon and &

the binding emergy of the deuteron. [ 1s the triplet

deuteron wave funetion, N , which is equal to

effeetive range. In terms of the dispersion graphs, this term

would, if we assume it to be writtem in terms of the propagator
(instead of the energy denominator) by adfditior of @ term con-
taining a sultable higher particle intermediate stute (see

earlier chapter), correspond to Pig. ( 1 & )« Fig. (1 b )°
corresponds to the third termof ( 2 ) 1T we rewrite 1t such

‘that the denominatorbecomes (d- P ) + 1™ . Nowever .
by this procedure, the first factor in the numerator,namely,

the plon-nucleon vertex, would then be written in terms of
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bare guantities whereas the second factor which 1s the 1

d-p~n vertex is given in the Helsenberg representation.

A suitable renormalkzation procedure has to be gone through
before identification with the dispersion graphs (1) is made.

The lowest two particle intermediate stste in the second
term of (2) ecorresponds to a one plon plus one nucleon state,
thus giving rise to the product of matrix elements for those
for plon-nucleon scattering and process I itselfl. This term
is represented by Flg.3.

The matrix element for the photo-prmstdisintezration
of the deuteron (process III) is similar to (2) Lf we replace
the plon-current operator J, by the photom current operator

j,_':r y the only difference being an additlional pole term
<P T | fif> <0U I Iy \é}

: (P.), +(P), = ('), +«€ 2
obtained by taking the deuteron intermediste state, This term

is absent for meso-dlsintegration because of the requirement

of conservation of isotopic spin. The pole terms are represented
by Fig. (4) and the term representing final state interaction
by Fig. (5). #g. (6) which corresponds to Fig. (3) for

process [ involves & matrix element connected with that

for photoproduetion of 2 pion from 2 nucleon and reprecsents :
the mesonle contribution to the process referred to in the i
introduction. )
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The matrix element for electro-disintegrztion of the
deuteron casn be writtenm as that for photodisintegration by

s virtual photom with polarization vector

e ﬁ(d;j Vo WA
—Ay
where 4, snd A5, are the four-momenta of the initial and

final ulac‘trons respectively. An important difference 1is in
the fact that the electromagnetic form factors for the nucleon
charge ( F _ ) and magnetic moment ( ¥, ) sppeering in the

expression for the electromagnetic vertex of the pucleon

(e | 7, > = @8 R AP

J Pﬁ

+ & FL(%‘) s (=7 ) WD
' (4)

and the 2lectromagnetic form factors of the deuteron charge

( F,a) » magnetic moment ( F,4 ) and the electric gquadrupole

moment ( ., ) #ppearing in the expression for the electro-

magnetic vertex of the deuteron

(o Tue|idkiy = J‘d [F @) ¢ ¢ (dbd),

r R, (5.5 7-5"59)
+ F (99 (’é’*-fi/ %-%) @(m’)AT
Bl (5)

are no longer constants (since the square of the momentum transfer

q/> which is the Square of the momentum of the virtual photon
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need mot be zero) but will deperd on 4/ . In (5), % 1s

& complex vector representing the polarization veetor of the
deuteron. As in the case of photodisintegration, the mesonie
eontribution arising from Fig. (6) 1s likely to become important

for energles corresponding to and above the thresheld for pilon
production.

Finally the matrix element for the radiative capture of

the plon of momentum ¢ by a deuteron of momentum, ol (proeess

II), with emissionof a photon of momentum £ is given by

B by | Sas0 [l Dda’ | Igo| >

Lok BT (gd )y = \JT% <%¢+l(h;i+|(f=3;dnuz

b | §o) pwey Lp'w | ke |
g H 9, + (b, +(8) ), r'e42
SELF-TF—F-9) A pl AT
2l ( Coib | 3@ B O | dn _at>
q, +(#), +(p), - L, %%

5 (FraFr-2-7) o db

(6)
if we retaln only one ard two-particle intermedizte states. ’
In the above, the incoming pion sand the outgoing photon are i
converted into current operators, The first term on the rieght
hand side of (6) is represented in Mg. (7 a ). The numerator
represents the produet of the matrix mm element for pure abzorp=-

tlon in deuterium (process I) and the electromagnetic vertex  : -

a -
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of the deuteron. If instead of'¥contracting' on the pion
énd photon x we had converted the initial plon snd the final
mucleon into current we would have obtalned the tm rapre-
sented by Fig. ( 7 b ) which involves the product of the matrix
element fa‘r radiative capwture of the plon by a nucleon and

the D-pen vertex. It i interesting to note that this is pre-
cisely the term we siould expect on the basis of the impulse
approximation. The second term (#g. 8 = ) involves the matrix
element for photo-disintesration and that for pian production
in nucleon-mucleon ¢olliston. The third term (Flg. 8 b ) repre-
sents the mesodisintegration of the deuteron followed by radia-
tive scattering of nucleons. The t?zue‘ particle intermediate
state containing two-mucleon and a photongives a contribution
to the two particle intermediate states if ve consider the
intermediete photon to go off as the firal photon without
interaction. T hen this term will represent the final state
interaction (between the mucleons) for the process (¥ig. 9 ).




